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Zusammenfassung in deutscher Sprache

Nach den einfithrenden Kapiteln 1 und 2 untersuchen wir im ersten Teil
dieser Arbeit, bestehend aus den Kapiteln 3, 4, 5, 6, gewichtete Ungleichun-
gen fiir die dyadische Version sogenannter nicht homogener, bilinearer und
linearer, fraktionaler oder Carleson Operatoren.

In Kapitel 3 untersuchen wir auch schwache gewichtete Abschétzungen
fiir dyadische bilineare Operatoren mit Summation iiber diinnbesetzte Men-
gen dyadischer Wiirfel. In diesem Fall entfernen wir die Abhéngigkeit der
Abschétzung von der in [Zor16] eingefithrten multilinearen Fujii-Wilson A.-
Charakteristik.

In Kapitel 4 verallgemeinern wir gewichtete Spurungleichungen von Ver-
bitsky [Ver99| auf Operatoren mit nicht notwendigerweise homogenem Kern.

Die Hauptresultate des ersten Teils dieser Arbeit befinden sich in Kapi-
teln 5 und 6. Hier charakterisieren wir gewichtete L' x LP> — L9 starke
Abschéatzungen fiir dyadische bilineare Operatoren. Diese Ergebnisse erwei-
tern [HV17, Theorem 1.2|, wo die entsprechende Charakterisierung fiir lineare
Operatoren bewiesen wurde. In beiden Kapiteln betrachten wir py, ps > 1.

In Kapitel 5 betrachten wir den Fall 0 < ¢ < 1. Wir zeigen eine ex-
plizitere, aber nicht direkt vergleichbare Charakterisierung, indem wir den
bilinearen Fall auf den linearen Fall zuriickfiihren und den Faktorisierungs-
satz auf lineare Operatoren anwenden.

In Kapitel 6 betrachten wir den Fall 0 < ¢ < 7, p% + p%z = % < 1. Dafiir be-
nutzen wir eine kleine Verfeinerung des multilinearen Maurey-Faktorisierungs-
satzes aus [Sch84]. Damit erhalten wir eine stetige und eine diskrete Cha-
rakterisierung starker bilinearer Abschitzungen. Diese Charakterisierungen
zeigen die Aquivalenz der Beschrinktheit des bilinearen Operators und einer
dazugehorigen Bilinearform.

Im zweiten Teil der Arbeit, Kapitel 7, betrachten wir eine Verschéirfung
maximaler Abschitzungen fiir abgeschnittene Calderén—Zygmund-Operatoren.
Fiir einen Calderén—Zygmund-Kern K ist die punktweise r-Variation der zu-
gehorigen abgeschnittenen Operatoren gegeben durch

J-1

T f(x) = sup (Z|/ - K(x,y)f(y)dyr)l/r, 2 <r<oo.
1 Yi<lz—y[<tjt1

s<t1<--<ty<t

Wir folgern aus bekannten LP-Abschétzungen fiir diesen Operator eine neue
Abschétzung durch diinnbesetzte Operatoren, die wiederum gewichtete Ab-
schéitzungen impliziert.
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Chapter 1

Introduction

This thesis is motivated by the inequalities of the form

]| o0y < Cllullwregu- (1.0.1)

In the most basic case when €2 = R"™ and both ¢ and pu are the Lebesgue mea-
sure, these are classical Sobolev inequalities, see works of Sobolev,Gagliardo
and Nirenberg.They extend to domains () satisfying a so called cone condi-
tion. Another interesting example of ¢ is the (n — 1)-dimensional Hausdorff
measure on a hypersurface in 2. These classical results can be found, for
example, in [Maz03| and [AF03].

For general domains 2 and measures o and a homogeneous version of
the Sobolev norm, Maz’ya [Maz60|, [Maz61]|, [Maz62a|, [Maz62b|, [Maz63],
[Maz64| showed that certain trace inequalities hold if and only if certain
isoperimetric and isocapacitary inequalities hold on €2. In the case p = 1,
o = p the Lebesgue measure, these isoperimetric inequalities concern the
volume H"(F) and the area of the interior part of the boundary H"~1(0ENQ)
of an arbitrary subset E of the domain €, see [Maz03, Theorem 3.5|.

Sobolev spaces WP are related to Bessel potential spaces L*?. For
0 < a < p, the inhomogeneous Bessel kernel K, is characterized by K,(§) =
(14 |€]2)=2/2. The functions in L*? are those having the form P, f := K, * f
with f € LP, and the norm is given by || Ky  f||zawr = || f||zr. By Plancherel’s
theorem, WP = L*P with equivalence of norms if p = 2 and « is a positive
integer. In [Cal61] this equivalence was extended to 1 < p < oco. The L?
norms are simpler to deal with than the WP norms, so the identification
between WP and L*P is convenient. For more details about Bessel potential
space see also [AH96].

In (1.0.1) we will refer to o as a trace measure. A measure o is called a
trace measure for L*P? if and only if the Bessel potential operator K, * f is
bounded from L? to LP(o). In [Maz62b|, [Maz63| and [Maz64| trace measures

1



2 CHAPTER 1. INTRODUCTION

for Bessel spaces were characterized via capacity. In the cases when Bessel
spaces coincide with Sobolev spaces this also provides a characterization of
measures for inequalities as (1.0.1).The Bessel capacity is defined on compact
KCR"1<p<2 as

Cop(K) :==nf{||f|[fs; f € LP, P,f > 1 on K}.

The (o, p)—capacity can be extended to any £ C R" (see [AH96, Section
2]). A necessary and sufficient condition for the embedding of L*? in L*(o)
with 1 < p < 2 is that there must be a constant C'(¢) > 0 such that for any
ECR":

0(E) < C(0)Chp(E). (1.0.2)
This kind of inequality is called an isocapacitary inequality by Maz’ya and
it is proved by the following capacity strong type inequality also proved by
Maz’ya in [Maz73|:

| ConllFax s > tpprtar < CYAIE
0

Another known inequality in potential theory is Wolff ’s inequality
[ Ko x|}, < C/R W do,

where for ap < n the function

dr

Weyle)i= [ b et B @)y

is called a Wolff potential. The boundedness of potential W7 , is a sufficient
but not necessary condition for (1.0.2). Indeed, for any compact set K C R"
if o is a Borel measure supported on K, we have by Hdélder inequality that
for f € L*? with P, f > 1k

oK) < [ (s f)do < ol Koo

1
v

< Cl e Wl o (K) 7

=

So if we suppose that [|[W7 |/ < 0o, then (1.0.2) holds. On the other hand
it is clear that (1.0.2) does not imply the boundedness of W7,.

Kerman and Sawyer [KS86| found a characterization of trace measures
for more general potential operators by testing on balls (or equivalently on
the dyadic cubes) in R™. They studied the trace inequality conditions for



potential operators T}, defined as convolution operators with kernel k on LP
functions. The kernel £ is assumed to be a locally integrable function on R™,
nonnegative and radially decreasing. The inhomogeneous Bessel potential
Ko [ defined above and the homogeneous Rlesz potential I, f whose kernel
K, is characterized by K, ( ) =& (e, Lo f(x) = [ou lz—y|* " f(y)dy,0 <
a < n) are included in this family of potential operators In these potential
spaces a Borel measure o is a trace measure if T}, : L? — LP(0) is bounded,
similarly to the case of Bessel spaces. [KS86, Theorem 2.3| states that for a
positive locally finite Borel measure o, a sufficient and necessary condition
for the boundedness of T is that there must be C'(¢) > 0 such that for any
dyadic cube (or any ball) @ C R™:

/n {/Qk(x = y)da(y)rd:c < C(0)o(Q) (1.0.3)

where p’ is such that pp’ = p+p'. The inequality (1.0.3) means that the dual
operator T} is bounded on the Characteristic functions of dyadic cubes. The
operator Tj : L” (o) — L¥, T} ( = o K( f(y)do(y) is bounded if
for any f € LV (o) :

/. U G y)f(y)da(y)r/dx <C [ (@) do(o)

So for f = 1g we find (1.0.3). Conditions on when f is replaced by the are
characteristic function known in the literature as test conditions.

Using the Kerman-Sawyer condition (see condition (2.9) in [Ver99, Propo-
sition 2.4|) for an auxiliary measure Verbitsky [Ver99] (in the case 1 < p < o0,
0<g<p<oo,0<a<mn)proved that the trace inequality

Haf || Laao) < Cllfll v g, V.f € LP(R") (1.0.4)

holds for a given positive Borel measure o on R" if and only if

a(p—1)

W, e L' (do).

The proof proceeds via the inequality ||Zof||ze@9) < C||fll1r(az) With d¥ =
(WS, ()] "Pdo that implies (1.0.4) by Hélder. Our initial goal is to give a
result similar to the result of Verbitsky for a certain operator T,\(7) non-
homogeneous defined in (1.0.9) (in its linear version). The rest of the work

concerns a bilinear version of T)( f ). We will work with kernels that are not
necessarily radially decreasing or translation invariant.
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A family of bilinear operators related to Riesz potentials are the bilinear
fractional integral operators

filz —1) fa(z +1)

(f17f2>( ) an |t|n @

dt,0 < a <n.

Such operators have a long history and were studied for example in [Gra92|
[KS99] and [GKO1]. The operators have attracted interest because of their
similarity to the bilinear Hilbert transform

(fl,fg /flx—t ilf—i‘t)d

Estimates for the bilinear Hilbert transform can be found, for example, in
[LT97|, [LT98| and [LT99]. If Z, satisfies an LP*(R") x LP*(R™) — L%(R")
estimates, then a scaling argument shows that p;, po, and ¢ must satisfy the
relationship

1 1 1 1
S I I (1.0.5)
q pP1 p2 n p n

Conversely, if 1 < p,p2 < oo and ¢ is defined by equation (1.0.5), then
T, : I (R™) x LP(R™) — LY(R™),

see |Gra92; KS99; GKO01|. In the case ¢ > 1 this follows from linear bounds.
Indeed, for any pair of conjugate exponents % + % = 1 Holder’s inequality
yields

1 s\ 1
Ia(fbf?) SIa(f{)T[a(f2)57 (106)
where [, f is the linear Riesz operator defined above. If we let r = % and
5 = % with %—k% = 1 for a suitable p, then r, s > 1 and I, : LP(R™) — LI(R™).
Hence

IZa s £2) o ( L(f5)4d )

< ([ qdfﬂ) ([ utsprae)”
< C(/ fldx> ’ (/R f§2d:c> " il e | foll e e

The same argument gives weighted estimates of the form

| Za(fr, f2)wiwa]|La@ny < C| frws || Lo mny

fowsl| Lz () (1.0.7)



in the case ¢ > 1 and wy, wy weight (See [IKS10].) Indeed, Muckenhoupt and
Wheeden [MW71| showed that for 1/¢=1/p — a/n

|(Lof)wl Lany < C|| fw|| 1o @ny

holds if and only if w € A4, 4, i.e.,

1

1 q % 1 o p’
= — d — Pd )
[w]AM sup (| | /Qw x) <| | /Qw x) < 00

Using inequality (1.0.6), it was observed in [Ber+14]| that for 1 < py,p2,p,q <
oo satisfying (1.0.5), then (1.0.7) holds when wy,wy € A, ,. Using inequality
(1.0.6) and the linear theory once again, one may derive a variety of two
weight (really three weight) inequalities of the form

||Ia(f1, fQ)U”Lq(]R") < OHfIUIHLPl (R™) ||f2U2||Lpz (R™)5

for example, if the pairs of weights (u,v;) and (u,v,) individually satisfy
Sawyer’s testing conditions or certain bump conditions, see [Pral(] and
[Pér94].

In the case ¢ < 1 the estimate (1.0.6) is not useful. A different argument
giving weighted estimates in this case can be found in [Moel4].

Now we describe our setting. Let o and p; for © = 1,..., N be nonnegative
measures on R™. Let D be the family of all dyadic cubes Q = 27%(m +
[0,1)"),k € Z,m € Z™. We denote by wy, ..., wyy; measurable functions on
R”, by f = (fi,...,fn) an N-tuple of functions on R™ and by A\g, @ € D,
a family of nonnegative numbers. We are concerned with inequalities of the

type
R N
T3P s ssdunsn) S T Il o (1.0.8)
i=1
where the notation A < B means that A < C'B with a constant C' that does
not depend on the functions f and

(70 = (Do = 5 29T / Fii ) (o). (109)

5o Q)Y 11

7

that is, in the case that 0 < ¢ < 7,1 < py,...,py < 00, with a focus
on the case N = 2. One method for the linear case N = 1 will also be
presented. In Chapter 2 and Chapter 3 we consider r = (pil + p%)*l such
that ¢ = r < 1. In Chapter 4,we conside the case N = 1, r = p and
0 < qg<p<oop>1 In Chapter 4 we work with wy,ws = 1, o = o
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an arbitrary nonnegative measure on R™ and p; = p Lebesgue measure. In
Chapter 5 we consider the case 0 < ¢ < 1. In Chapter 6, we consider r such
thatpil%—ézigl and 0 <q<r.

Initially, as a preliminary in theory, we present a strong (in Chapter 2) and
we give a weak (in Chapter 3) A, — A, weight estimate for Ty(fiwy, fows),
in which the sum is taken over a sparse collection S C D (see Definition
7.2.12). In Chapter 2 the constant found depends of a Fujii-Wilson A.-
Characteristic [Zor16]. In Chapter 3 we remove this dependency.

In Chapter 4 we extend the results of [Ver99] in the case A\g = u(Q)» to

more general sequences (Ag), namely those satisfying

> Aqwi(Q) ~ Aqui(Q)

RQ'CQ

for a certain measure w; defined in Chapter 4 and

p'—1
sup Z )\Q[ Z )\;p} < 00. (1.0.10)

©,P2€P . 0cPre 5:PCS

(See Theorem 4.3.4.)

The method is similar to the method of [Ver99|. Note, however, that
in the proof of our Proposition 4.2.3 we use properties only of the dyadic
operator. Maz’ya and Verbitsky use particular properties of the continuous
operator I,(fw) (See Theorem 1.7 and Lemma 2.1 in [Ver99)).

Let 1 <p<oo,0<g<pand0 < s < p, and w, 4 be two nonnegative
Borel measures on R™. Suppose that that the pair ((\)q, i) satisfies the
dyadic logarithmic bounded oscillation (DBLO) condition

Z Ao lo(z (1.0.11)

Q’CQ

sup ——— Ao'lo/(x) < inf

for all dyadic cubes @ (this DBLO condition was introduced in [COV06]).
In this case Cascante and Ortega [CO09, Theorem 2.8] proved that the in-

equality
1
H < Aorala )
QeD

holds for all sequences of nonnegative numbers (pg)q if and only if

(2y—1 (2y—1 o
> X [mf Z Ny lgr (@ } (%) 1o € Lt (dw).

QeD

<C
La(dw)

sup(pgle)
Q Lr(dx)



Our Theorem 4.3.4 extends the above result by Cascante and Ortega, but
without using the DBLO condition (See Corollary 4.3.10).

We observe that Carleson sequences do not in general satisfy the above
conditions (1.0.10) and (1.0.11). We are looking for a method to cover such
sequences as well. As an initial illustration of a method covering Carleson
sequences we present in Chapter 2 the theory of [Zor16| in the particular case
Ao = lges, S sparse. The constant C' obtained this method depends on with
a Fujii-Wilson characteristic introduced in [Zor16] (which in the linear case
coincides with the A, characteristic originating in [Fuj78; Wil87]).

[HL18, Theorem 1.2] suggests that the dependence on the Fujii-Wilson
characteristic in the corresponding weak type estimate can be removed, anal-
ogously to the estimate for the multilinear maximal operator. This question
was left open in [Zorl6]. In Chapter 3 we make partial progress on this
question.

Li and Sun [LS16] characterized the boundedness

T (-wq, -wsy) : LPH(wy) x LP?(wq) — Lpf”(wg)

for exponents p1, p2, p3 € (1, 00) satisfying p%- + pij > 1 for i # j, and Tanaka

[Tan15] under the weaker restriction pil + p% + p% > 1. The idea is to reduce
the bilinear case to the linear case by fixing one of the arguments: from the
bilinear operator T'(-wy, -wy) we obtain the localized linear operator

1R 1R /\Q
Tp| ———w, =— — dwylg.
f2— R(wl(R)mwl f2w2) (R Qg%CR M(Q)zwl(Q>/Qf2 w2l

Boundedness of the linear operator is then characterized by the Sawyer test-
ing conditions or the discrete Wolff potential depending on the exponents
([H&n1b, Theorem 4.6] for 1 < p < ¢ < oo and [LSU09, Theorem 1.3] for
1<qg<p<o0).

In the case
1 1 1

—+—+—<1

Pr P2 D3
boundedness of bilinear positive dyadic operators was characterized by se-
quential testing conditions in [HHL16, Theorem 1.16]. In Chapter 5 we con-
sider two weight LP' x LP2 — L9 bounds for bilinear positive dyadic operators
in case 0 < g < 1,p1,p2 > 1. Using parallel stopping cubes, characterization
of boundedness of vector valued operators terms of discrete multipliers (see
Lemma 5.1.1), and equivalence between sparse and Carleson conditions (see
proof of Theorem 5.1.4), we show that boundedness of the bilinear operator
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is equivalent to the estimate

> ([, 5o

F,eF;
F.CF

1 .. . .
S,wj(Fjj)quiHLPi(wi),Z]:1,2,Z§£],
La(w;)

where A% depends only on A, w;, w;, ws(Q), i and on the stopping times
F;, F; and stopping parents m;, 7;. Using the above reduction and the ideas
in the proof of Theorem [HV17, Theorem 1.2| we obtain Theorem 5.2.1.

In Chapter 6 we extend [HV17, Theorem 1.2] (which is based on Maurey’s
factorization theorem) to bilinear operators presenting a quantitative version
of the factorization result from [Sch84]. (See Theorem 6.3.1.)

In Chapter 7 we formulate Lacey’s sparse domination technique in terms
of a variational refinement of nontangential maximal functions. As an appli-
cation we obtain sparse bounds for sharp variational truncations of singular
integral operators and a variational version of the Hardy—Littlewood maximal
operator. This chapter previously appeared as [dZ16].



Chapter 2

Strong type LP estimates for
bilinear sparse operators with an
explicit constant

In this chapter we give strong type estimates for a family of bilinear and
linear sparse operators, where we consider coefficients A\ = 1ges, S sparse,
as presented in [Zorl6|. We elaborate on the proof. The constant in our
estimate is a nice combination of A, and A, type constants of the weights.
Operators from this family are known for example to relate to bilinear Hilbert
transforms and bilinear Calderén-Zygmund operators. We use a version of
the Fujii- Wilson Ay condition introduced in [Zor16].

Similar weighted estimates of the type that we are interested in have been
first obtained in [HP13|. The problem of optimal dependence of constants
in weighted inequalities on characteristics of the weights has been studied
in [Muc72]. Similar questions for singular integral operators were studied
by a number of authors, we refer to [HPR12| and [Hyt14]. In |Ler13| the
problem of proving weighted estimates is reduced to sparse operators. So we
concentrate on weighted estimates for sparse operators.

We give here a particular case of [Zorl6, Theorem 1.12] with m = 3,r; =
1,pi = 0 and 1 < t; < oo, where we take & = ¢~! and t; = p;. (Note that
with these assumptions |[Zorl6, Theorem 1.12] makes no sense in the linear
case).

Theorem 2.0.1. Let S be a sparse collection of cubes, Definition 7.2.12. Let
Qo € S. Let w;,i = 1,2,3 be weights, i nonnegative measure , f;,i =1,2,3
positive measurable functions with support in QQy. Let 1 < p; < oo and

9
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consider
|
(Z—) <1
— p
Then
2 2
' — QH( / flw1> < T o
Qes i=1 La(ws) i=1
with
1/ Uph, 1/ Y
c—sup<w1>Q“<w2>QP2<w3>Qq[sup( [ s w@r | 1Qw1)
Q Q Q z€Q',Q €D /

(o [ ram) (L) (L) ]

We give here also another special case of [Zor16| that is essentially [Zor16,
Theorem 1.11] in case m = 2,r; = 1,p; = 0,¢; = p; and J,. = 0.

Theorem 2.0.2. Let @)y € S, i be non-negative measure, w;, i = 1,2, be
weights, fi,1 = 1,2, positive measurable functions with support in QQy. Con-
sider Z?Zl 1/pi =1 with 1 < p; < co. Then

2 2
S u@ I ( [ ) < T
Qes i=1 Q i=1

where

1 1

/ / E _H
c:(sup<w1>3p1<w2>gp2>sup( [ swow@r [ 1Qw1) ( / wl) .
Q Q Q z€Q',Q €D Q' Q

2.1 Preliminaries

We need the following basic inequality.
Theorem 2.1.1. If s > 1 then
N s N N s—1
(Z) < szai(za]) (2.12)
i=1 i=1 j>i

for every summable sequence {a;}ez of nonnegative reals.
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Proof. We induct on N. The case N =1 is obvious. Assume that the claim
holds for N = k. For N = k + 1 note that

a+b a+b
(a+0)° =0 = / sr¥ldr < / s(a+b)*'dx = sa(b+a)**,
b b
le.,
(a+b)* < sa(a+b)*' +b°,

which implies

k+1 s k s k+1 s—1 k s

<Z ai) = <a1 + Z ai—i—l) < say ( Z ai) + (Z Gz‘+1) .o
i=1 i=1 i=1 i=1

We will use the following result about L*® norms that is part of [COV04,
Proposition 2.2] and [Tan14, Lemma 2.1].

Lemma 2.1.3. For every 1 < s < oo there exists Cs > 0 such that for every
positive locally finite measure o on R™ and any positive numbers Ag, Q) € D,
we have

/ <Z %M(l’))sda(x) PPV <0(Q)1 3 )\Q,>S_1.

QeD QeD Q'CEQ

Proof. We use Theorem 2.1.1. First, we verify the case 1 < s < 2. It follows
from (2.1.2) that

/ <Z %1Q>Sda 02 0?22) /Q ( )3 %1@>8—1da

QeD QeD R’

(-0 sl -
ML) ()
< S [ (Zadre))

:SC;Q/\Q(%@C;CQAQ') B

where we have used s — 1 < 1, Holder’s inequality and [ 1o = o(Q’).

In the case s > 2 we use induction. For integer k£ > 2 we assume that
the conclusion of the theorem holds for any k — 1 < s < k and have to show
that it also holds for £k < s < k+ 1. By (2.1.2)

/ (Z %h@)sda <5y %/@ ( 3 ?g,) 1Q,>51d0,

o
QeD QeD Q'CQ
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Applying the induction hypothesis for k — 1 < s — 1 < k, with the measure
1go and the set (Ag/)g where A\gr = 0 for cubes Q' ¢ @), we obtain:

5o f (5 me)

QeD Q'cq 2
<t 2 2 e (e 2 )]
-0 X ow) | X

s—2
s—1

<aits=( S (75 Q;QAQ”)SI)
(Sn(s 20y

where in the last inequality we use Holder’s inequality for sums with expo-
nents — and = Since

QZd:? o—?g?) /Q ( 2 a?g,) 1Q’>S_1da - %:AQ,( 5 %)s_l

Q'cQ ! Q'CcQ

we obtain

6226; % /Q <Q,E:CQ a?g/) 1Q’) Hdd
<ty )

QllcQ

for k < s < k+ 1, which shows the conclusion for this case. ]

Lemma 2.1.4. Let 0 < by, by be such that b = by + by < 1. Then for every
sparse collection S, every cube QQ, all non-negative measures p and all positive
functions wy, wy we have

2 2

S @) Ll S n(@ [ w)s-

Q'CQ.QEes i=1 i=1
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Proof. By definition of sparseness,

s < Y wE@) ey = 3 / 1EQ,le1Q b

Q'EQ,Q'eS Q'CQ,Q'eS

Recall that the Hardy—Littlewood maximal function is defined by

AL

1
M(f) Zilelg(lfl)cz =sup o

By Fubini and Z 1EQ/ < 1 we have

il
LHS < ZH wilg)hyle, < / ZHM wilg)(w)" 1k,
Q Q' i=1 Q' i=1

/HM wilo)(x Z1EQ, /HM wilg)(x

By Holder’s inequality

LHS < H (/ wZ1Q))b) bi/b.

In each factor we have the estimate

/Q (M(w:1) S 3 20(@Q N {M(w;1q) > 2})

< (@) 32 2 min(1,2 H(wi)g)

< max(1/b,1/(1 = 0))u(Q)(wi)g,

where the first inequality follows by the weak type (1,1) inequality for the
maximal function and by the property

fZO:\/Qf:/OOOu({f>A}SQ)dA§Z2’“bu({f>2’“b}).

An important result here is the the following lemma.
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Lemma 2.1.5. Let p > 1. For all 0 < < 00

/ (Dwo’éfl@)wdwzs (suptuts supnlg ) = ul@)w

QeS QeS

for all non-negative measures j and all positive functions wy, ws.

Proof. For sufficiently small 3 there exists an € such that

_ B 1 Pp — i B_ 5 P
6_?<6<mm(1/ﬂ—1’p—1’1/1> —m1n<1_ﬁ,5p_171)-

Then 3 < 1. Consider § = 1/p. So

. 1 1 I,p>2
1/p<e—m1n<]:,2:a1)—{ L p<2

p—1’

By Lemma 2.1.3,

J (et

QEeS
<3 (wr)ous(@) (w2<c2>-1 3 <w1>Q1u<@'><wz>@)

Qes Q'CQ

< (Sup(wl)gpl)(pl) (w2)22(271)> .

S u@unaluzle (@7 X @ )

Qce
By construction we have
1—€e(p1—1)>0,1—€¢>0

and

1
l—ep—1)+1—€e=2—ep<2——-p=1.
p
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Hence by Lemma 2.1.4 we obtain

[ (g eten) o

QeD
< ( Sgp(wl)zg(p—l)(l)—l) <w2>gp—1)) .

-Zu(@)(on(wz)Q(w@‘l“(@)<wl>i{€""”<w2>5€) 7

Q

e(p—1 1) 1) 1 1)(1—e(p—1 1 —1)(—e
=<sgp(w1)c§” 1) ()~ )Z“ L= () 110
< sup( w1 . w2 Zu
Q

]

Given a weight w, define the weighted dyadic Hardy-Littlewood maximal
operator MP by

V2Iw) = s s | [

QED:Q32 W
The following result is known as the Hardy— Littlewood dyadic maximal
theorem. It’s can be found in [LN15].

Theorem 2.1.6. The mazimal operator MY satisfies
D p
1M Fllevy < =7 1 lleegy (1 <p < 00).

Proof. Let F C D be any finite family of cubes. By the Monotone Conver-
gence Theorem it suffices to consider the restricted maximal function

0, otherwise.

Mff:{max 55 ol flw, Qe F,Q3 w0 e UprQ

For A > 0, let
Qy={z € R": MT f(x) > \}.

Then Q) is just the union of the maximal cubes (); € F with the property
that

| flw > Aw(Q;).
Qj
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Since ); are disjoint, we get
w@) =Y w@) <3 Y [ 1w =5 [ Il
: TN, Ao,
J J J
This implies the weak type bound for M7 :

w{r € R": Mff(x) >\ < §||f||L1(w) (A >0). (2.1.7)

To get the LP(w)—bound for 1 < p < oo (the remaining case p = oo is
obvious ), just integrate (2.1.7) with the weight pAP~! :

M2y =p [ N ()i
0

SyAmV”(lﬁﬂw)ﬂ

:p// NP2 £ () |w(z)dad
{(\z):0<A<MP f(z)}

p _
:;?IRUﬁﬂ”WW

< %( / n(MZ?f)”w)p ( / nlfl”w) 7

Assuming that f is bounded and compactly supported (so all integrals in the
last inequality are finite),we conclude that

([ompra)” < 2o [ i)™

For an arbitrary function f € LP(w), consider the truncated functions

Mm:{ﬂ@7ﬁm<tvmn<t

0 otherwise

and use the monotone convergence theorem with ¢ — oo. O

Denote

1
MRS = sp o [ Ifwta.0<p <1
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The boundedness M, from LP(w) to L?(w) was proved in [Moel2, Theorem

2.3| with constant
N\ 1=p 1—p
(1 + 2) = ()" <1 — p) .
q

When p = 0 we denote ML : = My P and we get the well known sharp bound

1M o) < 2l F o)

See below for the boundedness of M7, from L”(w) to LY(w). The reasoning
is identical to what was done in [Moel2, Theorem 2.3|.

Theorem 2.1.8. Let 0 < p< 1,1 <p<1/pand 1/qg=1/p— p. Then for
every dyadic grid D, and every measure w we have

Np,p 11| o )

Sup /|f|w1Q

and the constant does not depend on the measure w and the dyadic grid D.

Proof. By the standard properties of dyadic cubes we get the inequality

1 =
we MES@ > < (5 [ @)
{MP, f>X}
Let g, = l%p, then ¢ > ¢o. We have
/ z)ldw = q/ N w({z Mfwf(x) > A})dA
[e'e} 0 1 q0
<o [ (3] Fldua) ) ix
0 A J (P, f(2)>2}
MP, f(z) 1/qo
<o [l [ e ) )"
R™ 0
q0 499
q D q e
— €T M e P'dw x < pq )
([ oM o)) < 1 M

where in the second inequality we used MlnkOWSkl s 1ntegral inequality and
Holder’s inequality in the last. =1+ p O
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2.2  Proof of Theorem 2.0.2

Proof. We define the collection F; of cubes for the pair (f;, w;),i = 1,2, i.e.,
Fi=JF
k=0

where F? := {Qo}, Qo € S

Frl .= U ch(F)

FeFk

and

1
h(F) = X F. iFil Wy —W; -1 Wi .
eh(P) = max{Q < () [ g < Gu@) [ o
We define, for Q € S,

{ m(Q) :=min{F; D Q: F, € F}
mo(Q) :=min{Fy, D Q : Fy € Fy}.

Then we can rewrite the series

2m2 2 =0 2 2 )

QCQo  FieF1 Qm(Q)=F FeF Qm(Q)=F1 FeF Q:m(Q)=F1
Ber: m(Q)=F FaChy 7f2(Q) F,  GE 1 (Q)=F

where we observed that if the inner sum over @ : w(Q) = (Fy, F») is not
empty, then there is some Q C F; N Fy, hence Fy N F, # (0, and thus Fy, C Fy
or Fy C F5,. Since the proof can be done in completely symmetric way, we
shall concentrate ourselves on the first case. Consider ) with m;(Q) C m(Q).
Since Q C F, C Fy, fF Wo = fF2 1p,wo fQ Wo = fQ lows, (wy)g = (1Q)w1(Q)
and by definition of ch(F3), we have
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2

-y ¥ u(@)lr[( /Q fm)

FIG}—IQﬂ'l Q) F1 =1
FCFL (@)= F
2
X 3 well (@ [ fun)wg
FieF Qmi(Q i=1 Q

FoCEFy 2 (Q ) F2

< 2/2( 1F2u;2(p2)—1/F2 fng).

Py oy (Fo)=F1

> w@(wi@ [ i) watuzle

Q:m1(Q)=F
m2(Q)=1%

1F2w2(F2)_1/ f2w2> <1F1w1(F1)_1/ f1w1)'
I Fy

Z 1Q<U)1)de2.

Q1 (Q)=F1

By definition ch(F}),

s f2(, 3

P Fy:m(F2)=F1

Applying Holder with the pair of conjugate exponents p, and p; we obtain

{/Z { L, (wa(Fy) ™" /FQ f2w2)]p2dw2}l/p2

| {/; <1F1“’1(F1>_1 /F f1w1>p1 (QW%FI 1Q(wl)Q>mdw2}1/p1
| = (1) - (I1).

For (II) note that

10 < { Y (tnur [ | flwl)pl /(

Fy

p1 1/p1
1Q<’LU1)Q> de} .

Qi (Q)=F1
By Lemma 2.1.5

[ tatwle) dus S suptuny ™ suptuslg HQ) g

Q1 (Q)=Fy Q:m1(Q)=Fy
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So we obtain

(L)

1

{3 (tnuwtr [ | fun ) swplo e Y #(@wno)

P Qm(Q)=F1

< <Sgp(w1)Qm Sgp(w)gm) { > (1F1w1(F1)1 /F1 f1w1) [wi]Pw /F1 wl}m

Fy

p1 é
_ <Sgp(w1)8_1/pl SgP(IUQ) /pl) 1/171(/2 (1F1w1 F1 / flwl) ’LU1> ,

where

) 1/p1 -1/p1
[wl]F/&} = sup (/ sup ,u(Q')_l/ lel) (/ wl)
Q QzreQ,Q' €D / Q

and we use in the last inequality that

S w@e S S wEQwe < [ Mun < fwilrw / w1

Q:m1(Q)=F1 QCF, Fy

Therefore, we have

<

~Y

(i) S (I)- (1)
u Ws -1 ) . up(wq l/pll up(ws l/p;
sup (1a(Q) L5 )W) (sup(an)f# sup(u)f*

1/p1 —1/p1
([ [ 1) (fm)
p1 1/p1
(5 (i ) )

Moreover, choose Ap, := w(Q)~* fQ fiw; and note that

Sl 3T ag, <o

Q12--2QN>T

< sup M = (M (x))™

Fi1oz
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where in the first inequality we use A\q,,, > QZAQJ., j+1= N and j =i. Then

Z (1F1w1(F1)_1/ flwl) 1 S (Muwy fr)?!
Fy

P

By Theorem 6.1.3 we conclude the proof. ]

2.3 Proof of Theorem 2.0.1

Proof. The left-hand side of the conclusion can be estimated by

[/ (S (1] o) aw]

We will use the notation of the previous theorem. Since

Z > (2.3.1)

Fle]'—lQﬂ'l ) Fi
FreFo w2 (Q)=F

QGS

and by definition of ch(Fy) and ch(F}) we obtain that (2.3.1) is estimated by

(J[Srntn S watwatg] )"

F17F2 Q:ﬂ’l(Q):Fl
m2(Q)=F

>\i, ]-F wz z / fzwz

By the subadditivity of the function x — 2!/ (i.e., (z +y)? < 274 97 ) this
is bounded by

with

IS Madn [ oolusoto) dus}’ 32

Fy,F> Q:m(Q)=F1
2 (Q)=F%

Using [Zorl6, Lemma 2.4| with
S1=8=¢5=0,¢q=q/p,d=q/pyd=1

it can be proved that

[ (5 tatmatuse ) s < suptw o

qa
(ws) Z“ )(wi)g (w2) ' -

@;a\\a
(O@\\Q
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So (2.3.2) is estimated by
{ Z A AR ZM(Q)(wl)(g(U&)Q} ; (2.3.3)
F1,F Q

where

(w3)q-

O34

(w2)

Sk

[W]7 = sup(w)

Q
So by definition of sup, (2.3.3) gives the estimate

2
1/02 o
<ZA1F1A;F2 / I
F1,Fy

FiNFy i=1

2 1
—_ [ﬁ (1/pz 1;53 (/HZ 1Fl)\leQ/pz)
F;

Q=

=1

with

(1/pi)izs N—1 H e
[B]FWZ = {SUP (/ sup  pu(Q) / lel) (/ w1> ]
Q Q z€Q',Q €D Q
1/p2 —1/p2
Lo (et f ) ([ ) ]
Q Q reQ’,Q' €D Q

By Hoélder’s inequality we obtain the estimate

@@ H (/ S w>/

By definition of stopping times this is bounded by

IA

1 1)1
(@)W ;“HHMMILPZ (w)

and the result follows by Theorem 6.1.3. O



Chapter 3

Weak type A; estimates

It is conjectured in [Zorl6] that a weak type version of Theorem 2.0.1 holds
with a smaller constant, namely the multilinear A, characteristic. Here we
show that the Fujii-Wilson characteristic can be replaced by the multilinear
A, characteristic by a (larger) product of two linear A, characteristics.

In this sense, here we give a weak LP' x LP? — L% estimate for a
bilinear dyadic fractional sparse operator, where ¢ < 1 and 1 < p; < oo with
¢ '=>,1/p; and i = 1,2. The method is inspired by the proof of Theorem
1.2 in [HL18|.

We obtain the following new result.

2 -1
1
Theorem 3.0.1. Let g = (Z—) < 1,1 <p <o0,i=1,2,w,wy,ws
— Di
=1
be weights, 1 nonnegative measure, f;,1 = 1,2, positive measurable functions
and S sparse. Then

horSI (VR

QEeS
1 a
P1 P2
where C' = {Sgp(ws)g(wl)gll)l [Sgp(ws)P(wz)gQI)] )

2
S TNl

La%°(ws3) i=1

3.1 Notation and tools

Let 0 < p < oo and f in the weak Lebesgue space

L2(w) ={f R = B[ f oo 1= sup dw({a s [ £(2)] 2 AN < o0},
>
We have the following dual expression.

23
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Lemma 3.1.1.

A>0 0<w(E)<oco B'CEw(E)>1w(E)

sup \w({z : |f(x)] > A}DYP ~  sup inf w(E) Y| fldw.
B

Proof. First we show <. Let A be the value of the right-hand side. Let
E C {|f| > A} be a finite measure subset. We have to show \w(E)'/? < A.
By definition of A for every € > 0 there exists E' C E with w(E') > Jw(E)
and w(E)™V7 [_|f|ldw < A+ e. Hence

w(E) < 2w(E') = le/ Adw < 2070 [ |fldw < 23 w(E) VY (A + €).
E/

Dividing both sides by w(E')"/?" we obtain
w(B)P S AT A+ o).

Note that this inequality does not involve E’. Taking infimum over ¢ we

obtain
w(E)Y/? <A T1A,

and this concludes the proof of the inequality <.

Now we show 2. Let A be the value of the left-hand side. Let E be a
measurable set with 0 < w(E) < co. We have to show that there exists a
subset E' C E such that w(E') > tw(E) and w(E) ¥ [ |f|ldw < A. Let
A > 0 be chosen later and let

E":={|f|> )}, E :=E\E"
Then by definition of A we have
w(E") < (A/N)P.

Choosing A = A(w(FE)/2)~'/? we ensure w(E') > Lw(E). Moreover,

1
2

w(E)_l/p/ | fldw < w(E)_l/p// Mw < w(E)_l/p,)\w(E') < /\w(E)l/p < A.
E/

/

This concludes the proof of 2. m

Let now 1 < pq, pa, p3 < 0.
Consider

1 2
T(frwn, fows)(x) = QZS a1 /Q fawi) o).
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By Lemma 3.1.1 we see that the following (I) and (II) are equivalent :
(I) for all E : u(E) < oo there exists E' C E : w3(E') > Jws(E) such
that

/| (frwr, fowa)Lpr|dws S | fill oo oo || foll 2o sy ws (E) /P

(1)
|T(frws, fows)]] 5 H | fill 27 o) -

L”s
i=1,2

To facilitate comparison with other chapters we note that (I) can be

written as
QH/ﬁw_OHmmmh
QES

with f3 = 1E' and ||f3||Lp3(w3) = wg(El)l/m.

3.2 Proof of Theorem 3.0.1

We want to prove that

2

i&%m{w FIL( [ )te> A}

1=1
1 L

S {Sgp(wz)c;(w)gll)] " {s%p(wg) )2 1>]

2
H |fZHLPz(wZ)

for every A > 0. By homogeneity it suffices to consider

2
A= Z 2—e(l+k)7 € = Tq’ (3.2.1)
1,k>0

so that e — 1+ ¢ < 0. Let

Bl (flwl)Q By (f2w2)Q
= =< ——>= B < B k.l
Sl,k {Q E 9 2 1, 5 2 < 271 >~ D2 7y s> Oa
and
Sl A{Q €S (fiwj)g > B} j =12,
with

(frw)g = — /fj w,
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and B; constants to be chosen later. We have

{ Z H (/f’w’) lo > A} - w3{ > (frwn)o(fawz)gle > )\}

Qes I Qes

{Z Z (frwn)g f2w2>Q1Q>A}+w3{ U @}+w3{ U Q}.

1,k>0 Q€S k Qest QES? 5,
Note that

{ Z Z (fiwr)g f2w2)Q1Q>)‘}
Lk>0 QESy
{ > Y (hw)g(fawa)ole > 22_El+k}

1,k>0 QGSZ k 1,k>0

<> wg{ > 27'27"BBylg > 2—6<l+’f)}

1,k>0 C\?ESL}C

=> w3{ d 1p> (BlBQ)—12<l+k>2—e<l+k>}. (3.2.2)

1,k>0 QESl,k

Considering S such that

1
< —
wl U @< 1H(@),
Q'cq
Q'.QeS
and
EsQ =0\ |J @
Q'echs(Q)
with

chs(Q)={Q €S: Q' CQ,AQ" €5:Q CQ"CQ}
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and since 1) = 1g — Z we have

Q'ech(Q)
1
(fronleg, @ frun = —o fr
1W1ilg Q / 1w Q/EChz: o 1W1
pQ) 1
/ = W@ @) Jo "

Q'ec h +(@)
1 1 1
- _ 97k > =
Q) /Qf1w1 1 2(f1w1>Q
Moreover , since 1gg) < 1, then
frwilpg) < fiwy and (frwileg))e < (fiwr)e-
o (fiwilpQ))q ~ (fiwr)q. Analogously (fowslpg))g ~ (f2w2)q. Then

(frwr1p@)b (fawslpg)h = 27 4B By)". (3.2.3)
Using the property that ws{f > a} < a™! [|f|ws and (3.2.3) we have

Z U)g{ Z 1Q > (BlBQ)—12(1+k)2—e(l+k)}

1,k>0 QES[ k

< 3" BiB2 (B, By) a2tk / > lolfiwileg  @)b(fawaley (@) "ws
1,k>0 QES |k 7

Note that
4 + a =1.
P1 P2

So by Holder inequality with exponents p;g~! and pyg~! we have

> ws(@Q)(frwnlp)d(fawalp@)h
QES) i

<( T w@Ueg ) (X wa@hutse)s)”

QES K QES &

Moreover, also by Holder inequality

(fiwilp@))g < (@ /Q ffiwilE(@) ( @ /Q 1pzwi>pi/p;
B (@/foiwilﬂcz))(w) '

6 =12,
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and by [1lows = w3(Q), we have

/ Z Lo(frwilg@)h(fawale@))Hws = Z w3(Q)(frwilpQ)o(fowalr@))d

QESl k Qesl k

<[z /}

QESI K

{ > (@ /fz wzlE(Q))] -

QES k M

So, since fQ fFwilpe) = fE(Q) 1P,

Z wS{ Z 1Q > (8132)12(l+k)26(l+k’)}

1,k>0 Sk
_ — ’LU3 1
S Z(BlB2)l q2(l+k)(6 l)2(l+k‘)q|: Z Pl / fl wq :|
1,k>0 QGSM M(
a
[z = ””/ o]
QES M(

Then using (3.2.2) we ontain

{ Z Z (frwr)o(fowe)oly > )\} < (B,B,)* Z o(l+k)(e=1+q)

L,k>0 QES) 1 1,k>0

q

-[sgpwg)Q(wl)g’l‘”] 8 [sgpwg) J2- ] anlnwwz)

(3.2.4)
Moreover, since M fw > B < M%" > 1 and by [Zorl6, Theorem 1.7|, we
have

wd U @} <u(mtiw) > B) 5 [suptugotmy ™) Vi
Qes?, ‘
(3.2.5)
From (3.2.4) and (3.2.5) we obtain

{ > — u(Q H </flwl> 1o > )\} < cplcpz (B1B,) " 14+C, B, "' +C, B, ™

Qes
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with
—1,2.

C; = sup(ws)o(w) 3 V|| £:]1%:
Q

Choose B; "' = CI*CJ2C ! and By” = CF* CJ? C5* then

.+ _ 1 _ae¢ _a  _qa_ q
—1p—-1 __ P1 P2 P1P2 P1P1 P2P2 P1P2 __
BByt =0, " C, OO P O = 1

and q q q q
CP C3* (B1By)' ™0 = CiB™ = CyB;" = C* C3.

ol a1 )

Q %

So,

s{wmmmmmg*ﬂ“kgww 2ﬂ Ihmmmm

Q

for A given by (3.2.2). By homogeneity

%

2

oI [ i )ia

2
QES i=1 =

(i)
QES i=1
L9

< [ouptmat ™) [t T

Q

= sup )\wg{

L4 oo IU3) A>0







Chapter 4

Trace inequalities via an auxiliary
measure

In this chapter we give an introduction to weighted strong L” — L9 estimates
for non homogeneous discrete linear operators, in case 0 < ¢ < 1 and p > 1.
The main results of this section are Theorems 4.3.4 and 4.3.14. The method
is inspired by the ideas of the homogeneous case given in [Ver99|. We give
a Wolf type and a Sawyer type conditions for the specific case in which we
deal only with the dyadic operator (See Lemma 4.1.1, proof of Lemma 4.2.1
and additional hypothesis (4.2.7) in the Proposition 4.2.3).

We consider

T(f)w) =3 %( /Q f(y)du(y)> lo().

QeD

where \g, ) € D are nonnegative numbers.

Note here that we work with (1.0.9) where wy, ws = 1, us = o an arbitrary
nonnegative measure on R™ and p; = p Lebesgue measure and we denote
T)\ =1T.

The term trace was first used by Elias Stein in relation to traces of Bessel
potentials in hyperplanes, with respect to the corresponding Lebesgue mea-
sure on the hyperplane (see, for example, [KS86]).

4.1 Wolff type inequality

Theorem 4.1.1. Let o be a positive Borel measure on R™ and 1 < p < oo
and (Ag)gep be a sequence of nonnegative numbers associated with dyadic

31
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cubes (). Assume that

> Ao(@) ~ Ao (Q) (4.1.2)

Q'CQ
for every Q. Then there is A > 0 so that
Ao ’ — P a(Q) ]p,
/ (Q;‘) S80(@olo)) duta) = [ (7o) duta) < D3 2| u@)
Proof. By Lemma 2.1.3 we have

/n (To) du(z) < Z)\Qa ( @Q)! Z AQ/U(Q'))p/_l

Q'cQ

g%AQa 1AQJ D" < o (@Q AN (@)

Q

4.2 Kerman—Sawyer type theorem

We define

Tolo) = 3 22 o(P)1p and Tho)=

oo H(P) 0 1(P)

Tlado)(w) = 3 265 ( / o(5)do(s) ) lefa). g 0.

gep P

Lemma 4.2.1. Let 1 < p < oo, ¢ be a positive Borel measure on R" and
0<ge€L} (do). Suppose that

T(gdo)(x) < 0.

Then
[T(gdo)(z)]” < CT(g(T (gdo))P~ do](x). (4.2.2)
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Proof. We have

- . A P
Tlgdo)ay = ( 32 551 | oot

33

A Ao p—1
pr% rg)(/cgg(y)da(y))( D 20 (/,g(y)da(y))>

Q'2Q

A o p—1
W | oot (it T

/\Q T p—1 o
< p% ol /Q o(y) (T (gdo)P o (y))
= pT[g(T(gdo))*~ do] (),

where the first inequality follows by (2.1.2).

Proposition 4.2.3. Let 1 < p < 0o, 0 be a positive Borel measure on R"

and v be defined by
dv = (To)? dz.

Then the following conditions are equivalent.

1.
T[(To)"](z) < ¢To(x) < oo a.e.
2.
1T f | Lo(awy < Cellfllre,Vf € LP(R™).
3.

1T fll 2oy < C?|| flliw, Y € LP(R™),

If we additionally assume

p'=1
sup E )\Q[ E )\}gp} < 00,
z,P:xeP

Q:QCPzeqQ S:PCS

then the above conditions are also equivalent to

4. DFS-condition

/Q To(o) duls) < Co(Q), Q €D,

(4.2.4)

(4.2.5)

(4.2.6)

(4.2.7)

(4.2.8)
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Proof of (4.2.5) = (4.2.6). By Lemma 4.2.1 with do = dz, Fubini, and

Holder we conclude

71y < C [ TUHTEP Nr =C [ 5017 Topis
< Ol Ty (429)
O]

Proof of (4.2.4) = (4.2.5). Repeating the above argument with v in place
of o, we obtain

NT £ iy < CUF N NT £ (4.2.10)
where by (4.2.4)
dvy = (Tw) dx = [T(To)’' P de < & dv.
Here c is the constant in (4.2.2). Hence by (4.2.10) and the preceding estimate

TGy < CEC IS T f 1y

Assuming that |1 f|| e < 00, we get

1T fl|Lr(aw) < Ccll f]]r
which proves (4.2.5). O
Proof of (4.2.6) = (4.2.8). By duality (4.2.6) is equivalent to the inequal-
ity
1T (gdo)| o < Cllgll 1o (40 Vg € L (do).
Letting g = 1¢, we see that (4.2.8) holds. O

Proof of (4.2.8) = (4.2.4). Note that

_ 0(S)Asls _ 0(S)Asls
TS(U)_S;S p(S) - 1(S)

and hence it follows from (4.2.8) that

7(5) 2 [ To(oy du(o) > [ oSV () 1sd(o)

/

— ()P N (S).
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So
a(S) < A u(S). (4.2.11)
Moreover by (4.2.8)

0@ = | (o) iuty) < C [ (Lo duty) + € [ (o anto)
$(Q)+7(Q)
with 7(Q) = u(Q)( )

A
To<STo+Y 2 1or(Q).
ZQ: mQ)

Using Lemma 2.1.3 and (4.2.11)

2910 Y Aol o(P)r)”
2 Qe % QQL }

Since )
o
su A ALP <
x,P:mIéP Z “ { Z S ‘| OO
Q:QCPzeqQ
we obtain (4.2.4). O

4.3 Tools and estimates

Lemma 4.3.1. Let 1 < p < 00,0 be a Borel measure on R", (Ag)g be a
sequence of nonnegative numbers associated with dyadic cubes @ and (Lg)q
be a sequence of nonnegative numbers. Define a measure o1 by

1
doy(z) = do.

por LQ1Q<x>r1
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Then for every dyadic cube P we have
N Loo(@Q)' P oi(Q) < ou(P).

QCP

Proof. By definition of 01(Q), Holder’s inequality, and the definition of oy
again, we obtain

/

> Leoa(@Q)' o (QF =) LQU(Q)l—p’{/Q { do rl }p

QcP QcP > rep Lrlr()

SZLQ/ do

- / (X qcr Lalg(x))do(z)
P > rep Lr1r(2)
< 0'1(P),
O

Theorem 4.3.2. Let 1 < p < 00,0 be a Borel measure on R". Let (Ag)gep
be a sequence of nonnegative numbers. Consider

Lo = {%Agr’_l.

Define a measure oy by

1
doi(x) = do.

oo LQlQm]pl

Assume that (4.1.2) holds for the measure o1 and also that (4.2.7) holds.
Then we have the trace inequality

||Tf||Lp(dgl) < C||f||Lp(dﬂ(z)),Vf € LP(R"). (4.3.3)
Proof. By Theorem 4.1.1 and Lemma 4.3.1

[ s X |28

5ch L@

Agr @) =Y Loo(Q) 7 o(Q) < ou(P)

QCP
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for every dyadic cube P. Hence by Proposition 4.2.3

| T fll zr(dory < C|l fllze(an), Vf € LP.
]

Theorem 4.3.4. Let 0 < g < p < o0 and p > 1. Let o be a positive
Borel measure and (Ag)g be a sequence of nonnegative numbers. Assume
that (4.1.2) holds for the measure o1 and also that (4.2.7) holds. Then the
trace inequality

| T fllLao) < Cllfllodu@)Vf € LP(R") (4.3.5)
holds if only if
p'—1 .
S [%Ag} 1o € L' (do). (4.3.6)
QeD

Proof. Suppose that (4.3.6) holds. Then by Theorem 4.3.2

| T fllr(dor)y < Cllfllzrau@y, V.f € LP(R™). (4.3.7)
Let -
i o@) ., 1"~
V=Wr; WZIZ { )‘%1 Lg.
5op L1(Q)

Using the preceding estimate, Holder’s inequality, and the fact that q(f;ql) =

1P " we obtain
p'(p—q)

175 Lagaoy = TNV V| Lo(ao)
<AV eIVl 2
L7 (do)

i
= I oo W7 s

P=4 (do)

< O fll e (dua))»

which proves (4.3.5). Conversely, suppose that (4.3.5) holds. Let {pg}gen
be an arbitrary sequence of real numbers such that

> 1lpg) < o0
Q

and set

f(z) = Sgp{u(Q);#(pQ)lQ(:v)}-
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Then
A1 ey < D lpQ)?
Q

and

Z)‘Q (/f ) ))162 >CZM P@)Aou(Q) 7 1g(x).

QeD

So, for all {pg} € P, we obtain the inequality

L4(do) = C<Zp€2>

Applying [Ver96, Theorem 3 (c)] we conclude that

3 [%Ag] " 1o € L% (do).

QeD

HZ 1(p)Aai(Q) *1g(x)
Q

]

Corollary 4.3.8. Let 0 < g < p <oo,p> 1,0 < a < n and o a positive
Borel measure. Then the trace inequality

‘Zu ‘1(/1” e )162

QeD
holds if only if

< Cll fler@uay, Vf € LP(R™)

La(do)
(4.3.9)

> [a(@w@)?’"]p g e L% o).

QeD

Proof. Consider \g := u(Q)". Note that the condition (4.1.2) holds. Indeed,

> dor(@) =Y Z Ao (@)

Q'CEQ n=0 Q'CQ,((Q)=2""4(Q)

= Ao Z 9—nda > a(@Q) =X Y 27""(Q) ~ Ma(Q).
n=0 n=0

QICQL(Q)=2""4(Q)
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e}

Moreover, since Z — converges when 7 > 1,
n=1 n
> @i S| - Y wi $ ]
Q:QCPzeQ S:PCS Q:QCPxeQ s:pcs P
=crloy

and the condition (4.2.7) is also satisfied for this Ag. So the result follows by
Theorem 4.3.4. ]

The following corollary characterizes the inequality (4.3.11) similarly to
Cascate and Ortega (see [CO09, Theorem 2.8|), but now without DBLO con-
dition.

Corollary 4.3.10. Let 0 < ¢,s < 00, 1 < p <00, < pand s < p, and
let o positive Borel measure on R™ and (A\g)qg be a sequence of nonnegative
numbers associated with dyadic cubes Q). Assume that (4.1.2) holds for the
measure o1 and also that (4.2.7) holds. Then the inequality

1
I35 vere)

QeD

<C

La(do)

Sgp(PQlQ) (4.3.11)

Lp(dx)

holds for arbitrary sequences of nonnegative numbers (pg)q if only if
P/_1q

S [%Ag] 1o € L6 (do).
QeD

Proof. If in (4.3.11) we substitute pg, by pg, put p = £ and ¢ = 4, we see
that this estimate can be rewritten as

(/R (Z pQAg1Q)qda); <C

QeD

)

LP(dz)

sup(pgle)
Q

where now 0 < ¢ < p and p > 1. Applying the Lemma 5.1.1 we have that
above is equivalent to

1 N
(L (g ([ ramprete) ao)” <l

The result follows by Theorem 4.3.4. O]
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Theorem 4.3.12 (S. Treil, [Trel5]). Let 1 < p < 0o and }D —i—é = 1. Then
(4.2.6) holds if only if for all Qo € D

/er< > )‘QlQ) do < CPu(Qo),

QeD:QCQo

/Qoep <Q€2§cQO %U(Qﬂ@)pda < C”o(Q).

(4.3.13)

With what has been seen above we get easily by Theorema 4.3.12 the
following.

Theorem 4.3.14. Let 0 < g < p < oo and p > 1. Let o be a positive Borel
measure and (Ag)g be a sequence of nonnegative numbers. Define a measure

o1 by
do

[ZQED S (QP 1 u(Q) 7 N o)

Assume that the condition (4.3.13) holds for the measure 1. Then the trace
inequality

doy(z) =

p—1

I T fllLa(doy < Cllfllzru@)VSf € LP(R™) (4.3.15)
holds if only if
U(Q) :|p - a(p=1)
> N 1 e L (do). (4.3.16)
Q Q
Py [u(@)

Proof. By 4.3.12 we have

|T fllee(dor) < Cllfllr(dutay), Vf € LP(R™).

Then the result follows using the reasoning of Theorem 4.3.4. m



Chapter 5

Weighted LP! x LP2 — L9 bounds
for bilinear positive dyadic

operators in case () < q < 1

In this chapter we characterize weighted LP' x LP> — L9 strong type estimates
for bilinear dyadic operators in case 0 < ¢ < 1 < p;,2 = 1,2. Interesting
examples of such bilinear operators are dyadic versions of bilinear fractional
integrals (with Ao = u(Q)»,0 < a < 2n) or sparse operators (with A\ a
Carleson sequence).

The main result here is Theorem 5.2.1. In the proof of this we use parallel
stopping cubes, characterization of boundedness of vector valued operators
in terms of discrete multipliers (see Lemma 5.1.1), and equivalence between
sparse and Carleson conditions (see proof of Theorem 5.1.4) to reduce from
the bilinear to the linear case. After this reduction, we follow the reasoning
in the proof of [HV17, Theorem 1.2].

5.1 Preliminaries

Below we give some auxiliary results. The following theorem is based on
[CO17, Lemma 2.1] and [CO09, Lemma 2.1].

Lemma 5.1.1. Given 0 < ¢ < 00,1 < p < 00,1 < s < 00 and (Ag)gep @
sequence of nonnegative real numbers. Let wq,ws be positive Borel measures
on R™ and f a nonnegative function. The estimate

(el f ) )

QeD

< O fll o (w) (5.1.2)

La(ws)

41
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holds if and only if there exists C' such that for every seugence (pg)q of
non-negative numbers we have

1
(T @rite) | <Cluwotolw. 613
QeD La(w2) QeD
Proof. Let
f=sup(pqlq).
Q
We have

1 1 1
0 Q) /Qf o= @) /QSE%@Q&Q’W (@) /Q”Qle“”

= PQ-

Then if (5.1.2) holds we obtain

o |

| Zretm@rpe)

QeD

< (X vy (75 L o

QeD )SlQ) 7 L1 (ws)
(S (L)

1Q)
QeD La(ws)

< O fllrw) = Cllglég(pczlcz)l|m<w1>-

La(ws)

® =

» =

Conversely, let

1
o= i [, f

Since p > 1 we know that the dyadic maximal operator with respect to
wy, MY given by

1
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is strong type (p,p) with respect to w;. Then if (5.1.3) holds we have

(el fm) )

QeD

- H(Z 3@ (i / fcm)slcz)i

QeD

La(ws)

La(ws)

< Cllsup(pglo)lrw)
QeD

= C||M fll o)
< O fll Lo (un)-

[

Lemma 5.1.4 ([CO17, Lemma 4.6]). Let (bg)q be a sequence of non-negative
real numbers. Let 0 < ¢ < oo and ¢ < s < oo. Let v be a positive locally
finite Borel measure with no point mass'. Define § := s/q. Then

(o)

where the supremum is taken over all collections (Eqg)qg of pairwise disjoint
sets with Eg C (. The implicits constants do not depend on the sequence

(bQ)q-

Lemma 5.1.5 (see proof Theorem 1.2-[HV17]). Let Q := {Q € D : Ao >
0,0(Q) >0 and w(Q) > 0}, where \q is nonnegative reals numbers. The
following assertions are equivalent:

1
37

e SUD (Zbau<EQ>s u(@)é)q,

La(y) E@ \ g

1. There exists a function &, with & > 0 dw—a.e. on every cube Q) € Q,
that satisfies the pair of condictions

/5dw <, 1, (5.1.6)

(/ (Z AQ(S‘(T%%Q)}?@) e (5.1.7)

! The measure p has no point masses if for each measurable set A and for every
m € [0, u(A)], there exists a measurable subset H C A such that pu(H) = m.
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2. There exists a family {aq}qgeo of positive reals that satisfies the pair of

conditions .

T—a

/ <sup aQ1Q> " dw <11, (5.1.8)
QeQ

</ <C;QAQ%I%1Q)#CZU) e (5.1.9)

Proof. First note that the continuous conditions imply the discret ones. We
set aggl = (57(%))5 for every cube Q € Q. Thus, condition (5.1.9) becomes
condition (5.1.7). By Jensen’s inequality together with the convexity of the
function ¢t — t79, and the Hardy Littlewood maximal inequality, condition
(5.1.6) implies condition (5.1.8) through

‘ =

q

[ (spmacte) " dw= o (1<)
< [ (qpemte) “aws feae

Next, we prove that the discret conditions imply the continous ones. We set

q

T
= (sup anQ) .
QeQ

Thus, condition (5.1.6) becomes condition (5.1.8). By estimating the supre-
mum from below by omitting all but one cube from the indexation, we see
that condition (5.1.9) implies condition (5.1.7). O

5.1.1 Factorization through weak L,

Theorem 5.1.10 (Pisier, [Pis86]). Let 0 < ¢ < 1 and {f;}icr be a family of
measurable functions. The following assertions are equivalent.

1. There is a constant Cy and a function ¢ € Li(p),¢ > 0, [¢du < 1
such that, for all measurable subsets E C R™,

1

e fill L, < Cl(/EﬁbdM);_ : (5.1.11)

2. There is a constant Cy and a function ¢ € Li(u),¢ > 0, [ ¢pdu < 1
such that for every i € I we have {¢ =0} C {f; =0} and

1907 fill Ly oo () < Co (5.1.12)
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3. There is a constant C' such that for every finitely supported family ?
()ier of real numbers we have

Isuplat filllzagy < COY_leul). (5.1.13)

Proof of (5.1.11) = (5.1.12) . Let v = ¢pu. Fix i € I,t > 0, and let

E={|fi]| > tér}.

Then (5.1.11) implies
El/q: d 1/q iq a4 1/(1: iqd 1/q
) =t [ o)™ <o [ Iiryedn) " = ( [ 15pdn)
< ([ odut = oy,
E

hence

tU(E) S Cl,
so that (5.1.12) holds. O

Proof of (5.1.12) = (5.1.13). If v = ¢u we have

Jsuplas il =I5 6™,

S CS(Qv 1)Hsup ¢7é|aifi‘ HLLoo(U)

< Gal. 1) Y[l raufill,
= C3(q,1) Z%‘H¢_%fiHle(v) < C3(q,1)Cy ZO@'.

(2

Proof of (5.1.13) = (5.1.11) . Let n be a fixed integer and
Cyp = SUp{\‘su?!aifi|“Lq(#) | J C I,card] = n,Z]aA <1}
e icJ

Since C), is bounded we may assume without loss of generality that C,, T C
and C,, # 0. Let §,, > 1 be a sequence such that §, — 1 when n — oo. By

2 (ay)ier is a finitely supported family if {i : a; # 0} is finite.
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definition of C), we can find, for each fixed n, a subset .J,, C I with cardinality
n and scalars (a;);es, such that

Z]ai| < C;'5, and

ieJ

=1.
La(p)

Sup|aifi|
i€Jn

q
On, = (SUP‘O%JCA)
i€Jn

and let ¢ € I be arbitrary. By definition of C),;1, we have for all € > 0

Let

1 C
o5 v (C )], < C"fl (6, +€). (5.1.14)
Let 8, = ngl (0, + €). Note that 8, — (1+¢€) when n — oco. Let E C R" be

any measurable set. We deduce from (5.1.14) that
udu+ 1, [ | <
Be E

hence since [ ¢ du =1

eqC;q/!fi!qdu < / Gndp+ B — 1, (5.1.15)
E E

and this holds for all E,7 € I,e > 0 and every n. Since % > 1 and assuming
that there is a constant K such that for all finite sequences of scalars (o)
we have

Isuplevngsul 1 < CY_ o),

then the sequence {¢,} is uniformly integrable. Indeed, note that if (A,) is
any sequence of mutually disjoint sets and ¢+ % = 1, then the last inequality

implies
(S ) <c
Ap

Then {¢,} is a bounded sequence in L; and

/ || — 0 when n — oc.
Ap

Therefore {¢,} is uniformly integrable. Let now ¢ be a cluster point of {¢, }
for the weak topology o(L*, L) We have ¢ > 0 and [ ¢du = 1. Passing to
the limit in (5.1.15) we obtain

Vi e ],eq/|f1~|qd,u < Cq</ ¢du+qe). (5.1.16)
E E
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Dividing by €? and minimizing over € > 0, we find

(/;;'f”qd#b)é < 0(1 - q>1‘3 (/Eqﬁdu);_l

1—1
which yields (5.1.11) with C; = C(l — q) . ]

The following factorization theorem can be proved by a similar argument.

Theorem 5.1.17 (Maurey factorization, [Mau73|). Let 0 < ¢ < p < o0,
{fi}ier a family of measurable functions, and C < oco. Then the following
assertions are equivalent.

1. There is a function ¢ > 0 in Ly(p) with [ ¢dp <1 such that

o™ fill Lyowy < C, Vi€ I.

2. For all finitely supported families (c;)ier of real numbers

”Zmifi”‘,;q(#) < CZ‘O‘@|

Moreover 1.< 2. with the same constant C (contrary to the situation of
Theorem 5.1.10).

Proof. The implication 1. = 2. is elementary. For the converse, we can
adapt the preceding argument. Let

B, = sup{HZ|aifi|HLq(u) | J C I,card] = n,Z|ai| <1}.

icJ

Let C = sup B,,. Let 9§, > 1 be a sequence such that §,, — 1. By definition
of B, we can find, for each fixed n, a subset J, C I with cardinality n and
scalars (o );ey, such that

=1.
La(p)

Z|ai| < B;'5, and

icJ

SUP|Oéz‘fi|
iedn

Let .
On = ( Sup|aifi‘)
i€dn



48 CHAPTER 5. FACTORIZATION

and let ¢ € I be arbitrary. By definition of B, {, we have for all ¢ > 0 and
alli eI,

/ (68 + O el fi)dpn < (6, + €.

Reasoning as above, we find that ¢, is uniformly integrable. Let ¢ be a
cluster point for o(L', L>®). We have

/ (68 + C el i)yt < (14 €)f

hence
/ (14 cC 6™ gdu < (1 + ).

Since [ ¢du = 1, letting e — 0 we see that this implies

Cl/\filcb%du <1 =

Theorem 5.1.18. Let 0 < ¢ < 1. Let E be a Banach (or merely quasi-
Banach) space. The following properties of a bounded operator T : E — L4
are equivalent.

1. There is a constant C' such that, for all finite sequences (f;) in E, we
have

Jsuplz (il < (A ). (5.1.19)

2. There is a constant Cy such that there is a ¢ € Li(u),¢ > 0 and
[ ¢du < 1 satisfying for all f € E and for all measurable E

1
q

1Tl ey < CHlIF ( / ¢du) | (5.1.20)

3. There is a constant Cy and a function ¢ € Li(pn), ¢ > 0 and [ ¢pdp <1
such that {¢p =0} C {|T(f)| =0} for all f and

167 5T(F) s i < Callf]l Vf € E. (5.1.21)

4. The operator T admits a factorization of the form

E D Lyso(p) 2 Ly(p), (5.1.22)

where ¢ € Li(p),¢ > 0 and [ ¢dp < 1, where M is the (bounded)

operator of multiplication by QS% and where T is bounded (Note that
necessary T = M~'T ).
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Proof. The equivalences (5.1.19) < (5.1.20) < (5.1.21) follow immediately
from Theorem 5.1.10. Moreover (5.1.22) is nothing but a restatement of
(5.1.21). O

5.2 Estimates

1,2,3. We

Let wy, wy, w3 be Borel measures on R™ and f; € LPi(w;),i =
,2,3. Namely,

define the collections F; of cubes for the pairs (f;, w;),7 =1
F=UH
k=0

where F? := {Qo}, Qo large enough fixed,

.7-";““ = U ch(F)

FeFf

where
_ 1 -
ch(F) := max{Q C F:w(F) 1/Ffiw,- < §w,(Q) 1/Qflwl}

Observe that

/ fiwi
()

F'ech(F) F’ech
2 / )‘1 / w;(F)
< Jiw; fiw; =
(wz(F) F F 2
and hence ()
Wy
wEn(F) =R U F) 22,
F'ech(F)

where the set Ex, (F), F' € F;, are pairwise disjoint.
We define for Q € D

m(Q) :=min{F; D Q: F, € Fi}
m(Q) :=min{F, D Q : I, € F}

and denote
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We say that w is in A, if

sup
ReD W

) R

where, for each R € D, the localized Hardy- Littlewood Maximal operator

MY, is defined by
w(Q)
ME(w) := sup ——=1g.
() qepqcr 1(@Q) °

Below we will prove the main theorem of this section.
Theorem 5.2.1. Let F; be the collection and m1(Q), m(Q) defined as above,
w1, we, w3 be Borel measures on R™, 1 a nonnegative measure fixed on R™,
and f; positive functions in LPi(w;),i = 1,2,3. Let (Ag)q be a sequence of

non-negative real numbers. Assume that, in addition, the measures wq, wso
have no point masses and are in Ay.Consider 0 < g <1< p;,i=1,2. Let

1
j Q Ao T WwWiwW 4q 1
M= MR8 (S s (@) ()
Q:mi(Q)=F;
m;(Q)=F}

fori,j =1,2,i # j. Define the collection G* of the remaining cubes
G ={F, € F;, F; C Fj: A, > 0,w;(F;) >0 and w;(F;) > 0},

i,j=1,2,i#j. Let

sup  inf w](F])}Z</( sup R, Ar, )
Fi N =hp. cp, Fi€G! FiCF;
(J(, = a2@) w) =2 c2a
nedrcr wil@)

1, =1,2,1 # j. Let B be the best constant in

S b1 ),

QeD
Then B < Ay + As, A1 S B, and Ay S B.

2
< BHHfiHLPi(wi)- (5.2.3)
=1

La(ws)
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Proof. We begin with the inequality B < A; + A;. We can rewrite the series

D D NP VIR DD

QCQo FrieF Qm(Q)=F FieF1 Qm(Q)=F1 el Qm(Q)=F
Fers WQ(Q) F FBRCR m(Q)=F; FICF 7T2(Q) Fy

where we observed that if the inner sum over @ : (m1(Q), m(Q)) = (Fi, F2)
is not empty, then there is some Q C F; N Fy, hence F; N Fy # (), and thus
Fy, C Fy or I} C F,. Replacing the sum over () by the second term on the
right-hand side we will show B < Ay, the first term is symmetric.

Consider @ with | = m(Q) C m(Q) = F,. If F' € ch(F;) satisfies
F" C @ , then by definition of w5 we must have

F, if FF¢FR

A (5.2.4)
F if F 6.7:1.

ma(m(F)) = {

In fact, by definition of m; and hypothesis we have m(F’) C F; C F5, then

by defiition m5 we have mo(m(F’)) C Fy. On the other hand, if F' ¢ F,

by definition 7y, 71 (F’) 2 F’, then by definition 7y, mo(m(F")) 2 F'. Since,

F' € ch(F,) then F' C Fy. So Fy C my(m(F")). Moreover, if F/ € F; by

definition 7y, w1 (F") = F’ € F3, so by definition my we have my(m(F")) = F'.
By this observation we define

ch*(Fy) := {F" € ch(F,) : F satisfies (5.2.4)}.

We further observe that if 7,(Q) C m(Q) = Fy» and F' € ch*(F}), then
QNF' € {F'", 0}, so we can regard f; as a constant on F' in the integral over

Q, that is, [, fiwr = [, f2w, with

= fleey + Y, Lewi(F)7 [ fu

Fech* (Fy) F
with
EFR)=F\ |J F.
F'ech(Fy)
Indeed, since
1) = 1r, — Z 1
F'ech(Fy)

and ) C F, we have

/flwlz/ngflwlz/lEFz f1w1+ Z 1F/f1w1-
Q Q

Q Frech(Fy)
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If Q' NF' # (), then either F C Q or Q C F’. But the latter is not possible,
since it would imply that mo(Q) C F' C F;, contracting mo(Q)) = F. Thus
for the nonzero terms in

Jrwy
Frech(Fy) Y F'NQ

we must have F' C Q C Fs.
So we may restrict this summation to ch*(F,). Then we have

/flwl /fllE(F2 wy + Z fidy

Flech(Fy) Y F'NQ

:/Qf11E(F2)w1+ Z /f1w1

F'ech*(F2),F'CQ

:/fllE(Fg)w1+/ [ Z wl(F')_l(/,f1w1>1F/}wl
Q Q L prech(Fy) F
:/ledel
Q

We denote

(o =wi(Q)™ / fidw,
(fiw)o / fiduw;

Note that

DA QLOR (H/fzwz)lcz

QeD La(ws)

/Z)\q flwl f2w2) 1de3

QeD

Z Z 1w1 2U12)Qw3(Q)/\qQ

FlE]'—lQﬂ'l ) Fy
FreFo 2 (Q)=F

Z Z Z flwl wiZ)Qw?)(Q))\qQ

FyeFs eF Qm(Q)=F1
F1CFy 72 (Q)=F

+ 0> > (hw)b(faws)Gws(Q)N,.

PeF FoefFr Qim(Q)=F1
BCF #(Q)=F;
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We concentrate on

(%) := Z Z Z (frwn)g(fawa) Gws(Q) A

FyeFr FieF Q:m(Q)=F1
FCF ny(Q)=F;

We want to show
2
CORE I
i=1
Since

<f2w2)qQ = (f2)qQ,w2 (wQ)qQ
(flwl)qQ ~ ( 1Fle)qQ
(f2)qQ,w2 < (f2)qF2,w2
(fi*wn)g = (f{*)u (W)

() < ()

we have

(%) = Z Z Z (f2)gg,w2(wz)gg(fl)qQ,wl(w1)zgw3<Q)/\qQ

FoeFy eF Qm(Q)=F1
FICFy 7y (Q)=F

S () D ()b D (w)b(wi)hws(Q)A,

FreFs Frer QR:m(Q)=F1
PCFy 2 (Q)=F>

S Z (fQ)%Q,wZ@UQ(FQ)MQ(FQ)_l Z ( 1&)%1@1 Z (1) 6 (w2) Hws(Q)AG-

FreFr FeF Q:m1(Q)=F1
FCFy w2 (Q)=F

Now

woP) ™ D (k2 (00)p(w2)Gqus(@)NG

FieF QR:m(Q)=F1
FICF 2(Q)=F

:w2(F2)_1 Z (’LUl(Fl)_l( f1F2dw1>A%1w2(F1)1/q) . (525)
Fer
Fi1CF

Fy

We want to estimate this by A‘fofQHqul(wl). With § = ﬁ the claimed
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estimate is equivalent to

wQ(FQ)_;( > wl(Fl)_q(Afvl)qW(Fl)(/Fl f1dw1>qw2(Ef1Fl)‘§/.

Fi1eF
FChy

1

-w2<F1>—éw2<Eml>éw2<ﬂ>%) < Al fullor oy

with Er . = Er(f) = Fl\UFedzfl(Fl)F/' Applying Lemma 5.1.4 with

s:l,ézéand

= wy (Fy) " wa (Fy) T AT wa (F1)V9( fldwl)wz(EFl)lﬁ
Fy

b

1

the above inequality follows from

(5

er
F1CF,

1
< Aywa(F2) o] full o )

La(ws2)

ie.,

3" wi(F)  ws(Fy) T AR wa () YVws (B, ) 5
FieF
1 CFy

(| frdwy)lp,

I

1
< Aywa(F) 7] f1llor ) -
Lq(’wz)

Since JFp is wy;— sparse and ws is A, then Fp is also ws-sparse. Then
wy(FEp,) &= wy(F) and the last inequality is equivalent to

1
5 Mgy (] S 1

FieF
F1CFy

< Awa(FBo)a || fill o wn)- (5.2.6)

La(ws)

By Maurey’s factorization we can see that (5.2.6) is equivalent to the exis-
tence of a Borel measurable function & > 0 such that

/gde <1

1-q 1
[ (30818 )e s € Avws Ul 527

Fer
F1CFy

and
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Furthermore, we have

=02 ] { 2 A%1w1(1F1)</F1 fldwl)lFl :O}’

f1ELPL(wy) ~ F1€FR
F1CFy

which means
if A7, >0 and we(Fy) >0, then £>0 dws—ae. on Fy. (5.2.8)

This condition guarantees that no division by zero occurs, as we may assume
that the cubes Fy with A%, = 0 or wy(Fy) = 0 (or wy(Q) = 0) are omit-
ted from the summation because such cubes do not contribute to inequality
(5.2.6). From now on we restrict the indexation to be over the collection G*
of the remaining cubes

g1 = {Fl e Fi,Fi C Ey: Aiwl > 0,w1(F1) > 0, and wz(Fl) > 0}

By interchanging the order of integration and summation in (5.2.7) and using
duality between LP'(w;) and L”1(w,), we see that (5.2.7) is equivalent to

=g F n i 1
(J (S miemizin) an )" < awirt

Flegl
P CF

Then we can say that (5.2.6) is equivalent to the existence of a function
€ with € > 0 dwy— a.e. on every cube F} € G!, that satisfies the conditions

[ caus 51,
1—g 'lUQ(Fl) pll i 1
(/( Z Ail(f_(q))?f—FlFJ dwl) Sq Ajwa(Fy)a.
Freg!t wl( 1>
FCFy

Discretizing this is equivalent to the existence of a family {ap, }  cgr of pos-
FCFy
itive reals that satisfies the pair of conditions

_9
1—q
/( sup aF11F1> dw? Sl 17
Fegt

P CFy

’ 1
woy(F, P A 1
(/( > Ahag 2(F1)]'F1) dw1> Sq Arwa(F2)
Freg!t wl( 1)
FCFy

(see Lemma 5.1.5). This holds by hypothesis (5.2.2). O

(5.2.9)
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Proof. Now we show Ay, Ay < B.
By Lemma 5.1.4 with s = 1 (which implies
that (5.2.3) is equivalent to

(Z G@@(H/@Mmﬂw») ws(EQ)lqw3(Q)q>q S BHHM’LUifiHLm(UJi)

QeD

| =

:qandézl—q) we have

2
< BTl
=1

Since

IIEDIEDIEDYD

QeD QCQo P eF Qmi(Q)=F1
FreFo 2 (Q)=F

and w3 (Eqg) ~ w3(Q) the inequality above is equivalent to

(5.5 ) (1L o)) <ot

FieF Q:m(Q)=F
FreFr m2(Q)=F>

Restricting the sum to F; C F; we obtain the estimate

(Z X % (hufwihMefunua@yy ) < BT]1

FreFy FreF1 Q:m(Q)=F;
FICF 7y(Q)=F,

i (wi)

which is equivalent to

1

(Z S (Mafo), () <Mwlf1>g,wl<w1>aw3<@w@)

FreFo F1€]:1Q7r1 (Q)=F1
PSR 1y(Q)=F

2
< BI[Ifillzrwy. (5.2.10)
=1

This is equivalent to

(Z 2 ( 2 <Mw1f1>327w1<Mw2f2>%,w2(wz>é<w1>éw3<Q>Ag).

FryeFy F1eF Q:m1(Q)=F1
F1CF 2 (Q)=F
1
1 1
=7

wi(Er )~ F ws(F)~Fun(Ey) P wn(F) ) <BHHszLm<wn
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Applying Lemma 5.1.4 with

1

bp, = w2(F1)1w2(EF1)1_‘11( Z (Mwlfl)qQMl(Mw2f2>qQ,w2(wz)gg(wl)zgw?)(Q))‘qQ)

Q:m(Q)=F
m2(Q)=1%
we obtain
_1
> > waF) wa(Br)
FoeFo FreF
F1CF
(5 O (Mol (w0 s @) 1
Q:m(Q)=F1 La(ws)
m2(Q)=F>

2
< BH“fiHLf(wi)'

i=1

We can write the above as

> > (/ flwl)(/Fl f1w1)_1w2(F1) Lo (Ep ) "

FyeFr F1€F1
F1CFy

' ( Z (Mwlfl)qu(Mw2f2)‘é27w2(wz)%(wl)qus(Q))\gg) 51F1
Q

= La(ws)
2

< B[ illwi -
=1

But by Lemma 5.1.1 with s = 1 this estimate holds if and only if there
exists C' > 0 such that for any sequence (pp, ), of nonnegative numbers

Z Z FFlpFllFl

FeFs FreF:
F1CF»

< C\Isgp(pmlpl)l\m(wl) (5.2.11)
1

L4 (ws)
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1

r2, = w1<F1>( / flwl)_ wa( ) wa(Bpy )

1
q

1(Q)=F1
m2(Q)=F3
L 1 -1
%( > (Mmfnzg,wl<Mw2f2>g,w2<w1>g<w2>zw3<@»g) w(ﬂ)qwlm)( / flwl)
Q:m(Q)=F; £
m2(Q)=F3

Considering f, = 1, we obtain

H(fZ)FQ,WQ Z F%lpF11F1

Fer
F1CFy

< Cllsup(pr, 1) 2es wr)
Lq(’u)Q) 131

with

Q=

I} = IUQ(Fl)_lw2(EF1)1;( >, (wl)gg(l"?)g?w?’(@)‘q@)

Q:m1(Q)=F1
m2(Q)=F2

=

w( 3 <wl>g<w2>gw3<@»g) wn(F)h.
Q:m1(Q)=F1
m2(Q)=F>

The last inequality is equivalent to

, 1
Z FFIU)1<F1)(/I_;1 fldw1>1F1

Fer
F1CFy

S Al fill o ) (5.2.12)
La(ws)

with A = B fal| r(ws)- By Maurey’s factorization we can see that (5.2.12) is
equivalent to the existence of a Borel measurable function £ > 0 such that

[ cdun <1

_(1=g ~
/( > F%(f)%ﬂg)f D dwy < Ay| full 2o - (5.2.13)

Fer
F1CFy

and
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With the same reasoning previously used and by interchanging the order of
integration and summation in (5.2.13) and using the duality between LP* (w)
and LP1(w,), we see that (5.2.13) is equivalent to

pll 7
(/( Z F 6 (* ﬂlﬂ) dwl)pl 5/11
Fieg! wl (Fl)
F1CF
Then we can say that (5.2.12) is equivalent to the existence of a function
¢ with € > 0 dwy— a.e. on every cube F; € G', that satisfies the pair of
conditions

/fdwz Sq 1
1-q wg(F1> Py i ~
([ (et meiin) i) s,
Fegl wl( 1>
FiCFy

Discretizing this is equivalent to the existence of a family {ap, } y, cg1 of pos-

F CFy
itive reals that satisfies the pair of conditions
T4
/( sup (IF11F1) dwy S 1,
Fegt
FICF,
F o 1 (5.2.14)
(J (st o)
Fegt
FICF,

(see Lemma 5.1.5). This holds by hypothesis (5.2.2). O






Chapter 6

Weighted LP1 x LP2 — L9 bounds
for bilinear positive dyadic
operators in case 0 < ¢ < r and

— + p—2 = 714 < 1 with some function

dependent bound

Still extending [HV17, Theorem 1.2], we characterize here weighted LF' x
LP? — L9 estimates for a dyadic version of a so-called non homogeneous
bilinear fractional integral operator, as in the Chapter 5, but now in case
0<q<rp,p>1with -+ =1<1.

Theorem 6.1.6 deals with the case r = 1. We use an argument analogous
to the proof of [HV17, Theorem 1.2] and a bilinear version of Maurey’s fac-
torization theorem [Sch84|. In the linear case this argument reduces bound-
edness of a linear operator to boundedness of a linear form. Since bounded
linear forms on L are exactly members of L¥, this gives a very short char-
acterization. In the bilinear case we obtain a bilinear form, and there does
not seem to be a short description of its boundedness.

Theorem 6.3.1 deals with the general case r > 1. Here we use a slightly

more general multilinear version of Maurey’s factorization theorem.

6.1 Preliminaries and Tools

Let f be a real-valued function defined on the product set X x Y of two
arbitrary sets X, Y. The function f is said to be convex on X if for any two

elements x1,z9 € X and two numbers &1, & > 0 with & + & = 1, there exists

61
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an element xy € X such that

f(wo,y) < &if(x,y) + & f(z2,y)

for all y € Y. Similarly f is said be concave on Y if for any two elements
Y1,¥2 € Y and two numbers 7,7, > 0 with n; + 7o = 1, there exists an
Yo € Y such that

f(@y0) = mf(z,y1) + naf(x, yo)

for all z € X. We say that f(z,y) is lower (resp. upper) semi-continuous on
X (resp. Y) if

T—rT0

flwo.y) < lim inf f(z.y) (reSp.f<xo,y> > lim sup f(ayo)).

Theorem 6.1.1. (Ky Fan’s minimax theorem,[Fan53[, Theorem 1 ) Let X, Y
be two compact Hausdorff spaces and f a real-valued function defined on
X x Y. Suppose that, for everyy €Y, f(x,y) is lower semi-continuous on X
and, for every x € X, f(x,y) is upper semi-continuous on'Y. Then:

(i) The equality

min max f(z,y) = maxmin f(z,y)

holds if and only if the following condition is satisfied: For any two finite sets
{z1,22, -z} C X and {y1,p0,-+ yn} CY,
there exist vy € X and y, € Y such that
f(o,yr) < f(x1,90),1 <i<n, 1<k <m.
(i) In particular, if f is convex on X and concave on 'Y, then (i) holds.

Lemma 6.1.2. (Lemma 1,/[Mau7}]) Let 1 < p < 0o and 0 < g < co. Denote

K, :={f;f is conver, f > 0,/fpdu <1}

Then f — [ f~9du is convex s.c.i.(that is, growing and continuing to the
left) on K, in the topology o(LP, L¥).

The following result is know as the Hardy- Littlewood dyadic maximal
theorem. It’s can be found in [Moel2].
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Theorem 6.1.3. (Hardy Littlewood mazimal inequality) Let 1 < p < oo.
Then for all measures w we have

1
Cs;égM/Q’thlQ

and the constant does not depend on w and on the family of dyadic cubes D.

So 11l e )
Lr(w)

The following theorem is given by Schep [Sch84|, the proof is partially
inspired by Maurey’s work. We put the proof below to make it easier to
understand the text.

Theorem 6.1.4. (Maurey [cf. Schep]) Let A C L9 be a convex set of non-
negative functions such that [ fiws <1 for all f € A. Assume 0 < ¢ < 1.
Then there exists ¢ > 0 in L, with |||, < 1 and r~' = q=' — 1 such that
f%wgglforallfeA.

Proof. Let s = (1 — q)~! and let U, be the positive unit ball of L,. Then U,
is weakly compact since 1 < s < 0o. Define

F:UxA—-R, U{x}
by
Pt f) = [ Lo,

where we employ 0/0 = 0 as a convention. Then for every f € A, F(h, f)
is convex and lower semicontinuous with respect to the weak topology of L,
(see Lemma 6.1.2 ). Moreover, for every h € U, F(h,s) is concave on A.
Apply Ky Fan’s minimaz theorem ( see Theorem 6.1.1 ) to obtain
i F(h, f) = in F'(h, f).
min max F(h, f) = max min F(h, f)
Since F(h, f) <1 for h = f11-9 it follows that there exists hy € U, such
that F
F(ho, f) = | Tws <1
hg

1
for all f € A. So there exists ¢ = hg,¢ > 0 in L, with [[¢[, < 1 and
r~! = ¢! — 1 such that



64 CHAPTER 6. TWO WEIGHT FOR BILINEAR

We need also of the following lemma.
Lemma 6.1.5. [cf. Schep] Let Xy,..., X,, be measure spaces and
E:={u: HXJ- — R measurable}.
j=1

Let pj € [1,00] with 377" 1/p; < 1. Then the functional

where f; : X; — R, is subadditive on E.

Proof. Without loss of generality we may assume Z;nzl 1/p; = 1, otherwise
we can add a m + 1 factor X,,;; consisting of one point and 1/p, ., =
i1 1/p; and observe

Let u,v € F and € > 0. Without loss of generality we assume that
p(u) < oo and p(v) < co. Then there are f;, g; : X; — R with

@y, am)| < [AGE)] - (@)l 0@y, )] < gu(z)] - - |gm(@m)]

and

p(u) < TIISills, =€ p(v) < T]lgslln, — €
i=1 j=1

Without loss of generality we may assume f; # 0 for all j. Replacing each
fi by (Tl felloe) 772 £3/11 £51lp; we assume

[allpy = = lfmll5n < pu) + €

and similarly
lgillpy =+ = llgmllpn < p(v) +e.

By Holder’s inequality for the sum over 2 points we get
u@y, ) o, wn)| S ()] [ (zm)] £ g1 ()] - [gm (@m)]

1

< (@) + g @) (o () 7 + gon () ) 7
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Hence
plu+v) < TTIAHP +1g;17) 71,
j=1
m 1
= H Hf] )+ ||gJ )
_p(%+M)+26
Since € > 0 was arbitrary, we obtain the claimed subadditivity. [

Note that, comparing with what was presented in the characterization
via factorization by [HV17] in the linear case, we see for bilinear case the
following.

Theorem 6.1.6. Let wq, ws, w3 measurable functions on R™, i a nonnegative
measure, y p;it=rt=1i=12and (Ag)q be a sequence of non-negative
real numbers. Consider 0 < g < 1 < p;,© = 1,2. Denote by D the collection
of dyadic cubes and Q = {Q € D; g > 0,w1(Q) > 0 and w(Q) > 0}.
Denote

1

v, D) = {1+ ([ (1) Pl'zpllwldx) sl

Let

1. There exists a family {ag}qeo of positive reals that satisfies the pair of
conditions

q

/ <sup aQ1Q> _qwg <1, (6.1.7)
QeQ

lo(y)le(2)

> rgu

QReQ

<c. (6.1.8)

LP1 (w1,LP2 (ws))

2. There exists a function ® with ® > 0 dws—a.e. on every cube ) € Q,
that satisfies the pair of conditions

/q>w3 <1, (6.1.9)

(@) 1oW)1o(2)®(x) "7 " ws(z)
v

QeQ

<C.

LP1 (w1, L2 (w2))

(6.1.10)
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3. There exists ® > 0 in Li(ws) satisfying

/@wggl

g, [ Y2 ( / s 1™ qw3<cH||fZ||Lpz<wz>

Gep M
(6.1.11)
4.
2
3.1 3 o (H / I )y (T
QeD La(ws) i=1
(6.1.12)
We have
i)l.=2.=3 =4
i)d=342=1.
Proof of 1 = 2. Put
P .= (sup aQ1Q> h
QeQ
Clearly
_1
/<I>w3 = / <sup aQ1Q> q’U}g <1.
QeQ
Moreover, using that
/1Q(:L’)dw3(a:) = w3(Q) and (sup &QlQ) ' > aé? 1o
QeQ
we have
—(1—q)
|| & stetanatineo@ u)|
o H@Qp L7 (wn, L7 (w2))
()
- [ 2 ietenemne ( sup aQ1Q<x>) ww|
Qe QeQ LA (w1, LP2 (w2))

<|ID_ reag —1“’3 lo(y)1a(2)

QeQ

<c.

LP1 (w1,LP2 (ws))

]
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Proof of 2 = 3. The proof follows by Fubini. Indeed,

[ S g (T oo

QED

//QZ 291 o () o) Fruen ()L (2) fawa(2) B

QeQ

<[ £ sta@natneo@ uste)

QeQ M

(1—q)

¢ (z)ws(z)dydz

L (wy,LP2 (w2))
2
< C < CTIfillw -
=1
[

Proof of 3 = 4. By Holder inequality with expoents % and l—iq we obtain

1% serm (H/fz e

QeD

J (QED T WIRDEERES
<[/ (e

=

q'u)3

Q|

(L e o] (o)

2
< CTIIillws -
=1

Proof of 4 = 3. Let

Ly, := Ly, (X, p) for some p; > 1

p;

and
E :={u:X; x X5 - R;u measurable}.

Define

p(u) = inf (nflwlnmnfmnpw uer, 22)] < (frun) (@) - <f2w2><a>2>)
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V1 € Xq, 29 € Xy. By Lemma 6.1.5 p is subadditive in E provided >, 1/p; =

1. Denote
A\ 2
T (f1w17f2w2) = —Q2< fiwi> 1o.
’ ZQ: wQ) Ul/ N

Now , since T) a bilinear operator, there is only one linear operator 7T given
by

T)\L(U) = Z u()\g)2 (/QXQU) 1Q,’LL : X1 X X2 —>R,

Q
such that

Th(frwr, fows) = Thp(frwr @ fows),

where
(frwr @ fowa)(z1,22) = fi(w1) - fo(x2).
Let u>0,u € E, f{ ® fo > u. Since T, is positive and by (6.1.12) we have

ITsL(@)llg < I Tse (frwr @ fows)llg = ITa(frwn, faws)llg < T T firwill

Taking the infimum over f;w;, we obtain

ITx(u)llg < T3 lp(w).

Define )
A= —T)\ (BE) Q Le.
[N

Note that A is convex. Let
/qug <1,VfeA.

By Theorem 6.1.4 there exists ¢ > 0 in L, with ||¢|l, <1l and r' =g~ -1
such that

/gwg <1,Vf € A

Considering f = mT,\( fiwy, fows) we obtain that exists a Borel measurable
function ¢ > 0 in L, with

1
(/st) <lrt=q¢'-1
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such that
2
1
/WTA(flwl, fawa)™ ws < BT [Ifill os (wy)-
i=1

So, the inequality (6.1.12) implies the existence of & = ¢T7 > 0 in Ly (ws)

with
/@wg S 1

2
_(=q)
/TA(f1w1,f2w2)‘I) ¢ wg < CHHfiHLpi(wi)' (6.1.13)
i=1

and

Proof of 3 %A 2. Consider p; = p, =2, w; = wy = 1,¢ =1 and

w(Q)? _
ho - { Q) =1

0, otherwise.

We obtain by Cauchy Schwarz

[ (1] 5o =S (11 1)
= fol(m)f2<y)
< WAkl sl

But,

—(1-q)

H/%:ﬁlcz(w)lcz(yﬂ@(zm(x) s ()

L2(w1,L2(w2))

) ECINOINE
Q

- (/ (/ ‘ZlQ@)lQ(y)lQ(z)

Q

L2(1,L2(1))

2
dy) dx) = 00.

[N
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Proof of 2= 1. We set

1 (1-9)

_1 I Sl V5
a, = O T w
Q wﬂm/ ’

for every cube € Q. Thus, condition (6.1.8) becomes condition (6.1.10). By
Jensen’s inequality together with the convexity of the function ¢ — ¢t79, and
the Hardy Littlewood maximal inequality, condition (6.1.9) implies (6.1.7)
through

= 1 Lo\ O\TE
[ aeata) o= [ (s (G [+ 0s) 2a)
1 (- -
= [ (g [+ ) 1e)
1 (1—-q) ) )
S/(ﬁ%@ﬂ@/5 ws ) 1o
S/(I)w;z,

3

1
1—q

w
1
1—q

w

3

6.2 Estimates for r =1

Now, we obtain our first main result of this chapter.

Theorem 6.2.1. Let wy, ws.w3 be measurable functions on R™, u a nonneg-
ative measure function, Y, p;' =r~t =1,i=1,2 and (\g)g be a sequence
of non-negative real numbers. Consider 0 < q < 1 < p;,1 = 1,2. Denote
D to be the collection of dyadic cubes and Q = {Q € D; g > 0,w1(Q) >
0 and wy(Q) > 0)}. Let

3. There exists a family {ag}oeg of positive reals that satisfies the pair

of conditions
_q
1—q
/ (sup aQ1Q> w3 <1 (6.2.2)
QeQ

sup > ﬂ(AS)z (ﬁ /Q fz-wi) ag ws(Q) < C (6.2.3)

I fill ps (wi)<1 QeQ

and 3. and 4. as in the previous theorem. Then we have

3. 3. e 4.
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Proof of 3 = 3'. Consider

We have

= M(ACS)Z (H / fiwi)%lwg«@)
3 (T 1) (kg [
:/Z M(AgP(ﬁ/fiwi) 1o 7wy

QeQ

2
< C Tl o (ws)-
i=1

The rest of the proof follows as in the proof 2. = 1. in the previous theorem.

Proof of 3' = 3. Consider

|

[un
Q

D = (sup anQ)
QeQ
Then ;

-
/wag:/(sup anQ) ws S 1.
QeQ

Moreover,

[ e

QeQ

\ 2 T
-2 (L) (qugoere) ™ @
QeQ i=1 ©

A
<D o7

QeQ’u(

(H/fiwi) 05" lows(Q) < CH||fi||Lpi (w,).
= =1

]
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6.3 Estimates for r > 1

The second main result of this chapter is given here.

Theorem 6.3.1. Let wy,ws, w3 be measurable functions, u a nonnegative

measure and Ao non-negative real numbers. Let 1 < p;,ps < oo and pil—i-p% =

% < 1. Consider 0 < g < r. Denote D to be the collection of dyadic cubes

and Q == {Q € D; g > 0,w(Q) > 0 and wy(Q) > 0)}. The following

assertions are equivalent:

1.

1B vfl?fZa

St (T )1,

QeD

2
< BI[Ifillzriwn-
i=1

(6.3.2)

La(wg)

2. There exists a 0 < @, || P oy < 1 with s71 = ¢~ —r~" such that

(S regn (H/ fooi ) 1g )

QeD

ElC’vfla f27

2
< CTIIillws -
=1

L (ws)

3. There exists a family {ag}geo of positive reals satisfying the pair of

conditions .
/ (Sup anQ) ws < 1, (6.3.3)
QReQ

||fz||Lm /(Z QAQGQ (H/fw)) wy <C. (6.3.4)

QeQ

Proof of 2= 1. Since || fgll, < ||fllsllgll» with % =141 we have

|5 vo (T f )

QeD La(ws)
'Z — (H/flwl)lQ(ID o
QeD L7 (ws) L3 (w3)
2
< CTTNfill s wn)-

=1
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Proof of 1 = 2. If ¢ = r then ® = 1 satisfies the condition of the theorem.
Assume now g < r. Define

T: Ly, X Ly, X Ly — Ly _
(frwy, fawa, f3) = T(frws, fawa, f3) = f3T(frws, fows)

with

T(frwr, fows) = Z Q ( /flwl)lQ

QeD

Define also ¢ such that % = p + 5 > 1. By Hoélder inequality with exponent
r" and q , we have

/!T frwr, faws, f3)|Twsdp = /|f3 (frwy, fows)|Mwsdpu

< (/|f3|rw3dﬂ) </|T Jrwy, fows)|? w3dﬂ) < o0.

So T maps into Lz(wsdp). There is a positive linear operator
Ty : Ly, @ Ly, ® L — Lg

where

Ty (u)(z) == {ZM(AC%Z ( /Q . u(xl,xg,w)dxldxg) 1Q(a;)}

Q
and u : X7 x Xy x X — R, such that

T(frwr, fows, f3) = Tr(frwr @ fows @ f3).
Define

o () = inf {(Huf@w@ i)nfsuw; ular, )] < (}i(fiw»(xi))fg]

for all z; € X1, 29 € Xy. By Lemma 6.1.5 py, , ,» is subadditive in E provided
pil + pLQ + % =1.Letu>0,u€F, frwi ® fows ® f3 > u. Since T}, is positive
and by (6.3.2) we have

T2 (w)llg < | Te(frwn ® fows @ f3) |z = || T (frws, fows)|lg
< |7 HHfiwi

f3”r’-

pi
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Taking the infimum over f;w;, we obtain

T2 (@)llg < 1T 0y o (w)-

Define
- 1 =~ -
A= _~TL(BE> g LY.
1T
This is a convex set and
[Fu<vici

Since

1 1
(jlz(r’)l—i-a:l—i-(——rl) > 1

q

and 1/s = 1/G — 1 by the Maurey factorization theorem ( Theorem 6.1.4)
there exists ® > 0 in Ly(wsz) with ||®| 15w, < 1 and

Substituting f = ‘ Tr( frws, faws, f3) we obtain

S S
[T AN A2 L

2
/T<flw1a fows) f30 M ws < BH”fi”LPi(wi)

i=1

fS“r/-

Since this holds for every f3 and by duality this implies

2
IT(Frowr, fow)® ey < B [T illzos -

=1

Proof of 3 = 2. Consider ® = sup lgay,. We have
Q

1\ 8
/<I>sw3 = / (sup 1Qaé) ws < 1.
Q
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Moreover

S (Ze L)) (o)
S (e (11 ) e

H / fzwz)] ws < CHHfzIILm -

Proof of 2 = 3. Consider

-1 _ 1 —r
CZQ ——w3<Q)/q) Ws.

By Jensen inequality for t — ¢~ and Hardy Littlewood maximal inequality,

[ (spetne) = | (s (i 7))’
Sumlag o) e
< [ (s o) o< [

Moreover by Hardy Littlewood maximal inequality,

[ (St (11 w))
- (Q;»l(‘? & (wia/ ‘I”U)(H [ ) ) s

< [ (S ot (H/fz ) s < T =
=1

QeD
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Chapter 7

Sparse domination of uncentered
variational truncations (joint with

[dZ16] )

In this chapter we provide a versatile formulation of Lacey’s recent sparse
pointwise domination technique with a local weak type estimate on a nontan-
gential maximal function as the only hypothesis. We verify this hypothesis
for sharp variational truncations of singular integrals in the case when un-
weighted L? estimates are available. This extends previously known sharp
weighted estimates for smooth variational truncations to the case of sharp
variational truncations. We also include a sparse domination result for iter-
ated commutators of multilinear operators with BMO functions. This chap-
ter is taken from the paper paper [dZ16].

7.1 Introduction

Sparse domination has been introduced by Lerner [Lerl3| in order to sim-
plify the proof of the Ay theorem for Calderon—Zygmund (CZ) operators
(see [Hyt14] and [Hyt12| for a comprehensive history of this result). A new
approach to sparse domination via weak type endpoint estimates has been
recently discovered by Lacey [Lacl5, Theorem 4.2|, quantitatively refined by
Hytonen, Roncal, and Tapiola [HRT15, Theorem 2.4], and streamlined by
Lerner |Lerl5]. In a short period of time since 2015 this idea has been ap-
plied in many settings which go beyond CZ theory, and we are not going to
survey these developments. In the CZ setting it is by now well understood
that sparse domination follows from suitable localized non-tangentional end-
point estimates; several abstract results formalizing this principle appeared in

7
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[Ler16; dZ16; Con+17]. These techniques have been applied to r-variational
estimates for truncated singular integrals in [HLP13] (smooth truncations)
and |[dZ16] (sharp truncations).

We want to extend these r-variational estimates to a class of non-convolu-
tion type singular integrals. We formulate our results on classes of spaces of
homogeneous type that include homogeneous nilpotent Lie groups. In this
setting we also obtain some sharp weighted inequalities for square functions
and r-variation of averages. Our first result is an abstract implementation of
Lacey’s argument that can be applied as a black box in a number of situa-
tions, for instance to multilinear operators (recovering the sparse domination
result in [DHL15a|), to intrinsic square functions (see [Zor17], where the sec-
ond author uses Theorem 7.1.1 to extend some results in [LL15]), and also
to variational truncations of singular integrals that will be the second topic
of this chapter.

We will use the following version of the nontangential maximal function.
Let (X, p, 1) be a space of homogeneous type (see Section 7.2 for definitions)
and let F' be a function on the set

X = {(x,s,t) € X x (0,00) x (0,00) : s < t}.

We define the non-tangentional maximal operator (of aperture a > 0) local-
ized to a set Q C X by

NagF)(x) :==1g(x) sup F(y, s,t).
yeX,p(x,y)<as<at<dist(y,X\Q)

We will omit ) from the notation if ) = X and we will also omit a if a = 1.

tent
|t
s
We consider the only

vertical line inside the

tent over (). z @

Figure 7.1: non-tangential maximal operator (a = 1) localized to @ C X.

Theorem 7.1.1. For every space of homogeneous type (X, p, ) and every
choice of adjacent systems of dyadic cubes D% there exist €, > 0 such that
the following holds. Let F' : X — [0,00] be a function that is monotonic in
the sense that

s<§ <t <t = F(a,¢,t') < F(x,s,t)
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and subadditive in the sense that
s<s§ <t = F(z,s,t) < F(z,s,8)+ F(z,5,t).
Suppose that for every dyadic cube Q) there exists cg > 0 such that

PANGF > co} < en(Q). (7.1.2)

Then there exist n-sparse collections S“F C D of cubes such that

NF <liminf Y~ > 1gcg (7.1.3)

koafoo
a Qesxko

holds pointwise almost everywhere.

One situation in which Theorem 7.1.1 does not apply as a black box is
that of commutators of (multi)linear operators with BMO functions, and we
provide the necessary modifications to the argument in Section 7.6, where a
multilinear extension of [LOR16, Theorem 1.1] is proved.

Now, we return to the space X = R? with the Euclidean distance and the
Lebesgue measure. Let K be an w-Calderén—Zygmund (CZ) kernel (see Sec-
tion 7.2 for definitions) and consider the corresponding truncation operator
given by

THest)= [ Ky (714)
s<|z—y|<t

1

For 1 < r < oo we define the homogeneous * variation operator, acting on

functions on X, by

J—1
(V"F)(:L’,S,t) = sup (Z‘F(w,tj7tj+1>"")l/’r7
j=1

s<t1 <<t y<t
and analogously for » = oo with the £*° norm in place of the ¢" norm.

It is known that, if the kernel K is of convolution type, i.e. K(z,y) =
k(x — y), satisfies the cancellation condition

/ k(x)dx =0, t >0,
8B(0,1)

and satisfies one of the following additional conditions:

IThe notation “V"” is not standard and is motivated by the embeddings B%/T’l —

Vo B%/ "°° between the spaces of bounded homogeneous variation and homogeneous
Besov spaces [BP74].
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1. the kernel k is homogeneous of degree —d, that is, k(tx) = t~9k(z) for
t>0,or

2. the kernel k satisfies the smoothness condition |&'(y)| < |y|~471,

then, for r > 2, the operator Ny o V" o T is bounded on L?(R?) and has
weak type (1,1). The strong type bounds in the case 1 have been proved in
[Cam+03, Theorem A] (see also [JSWO08] and [DHL15b]|) and in the case 2
in [MST15, Theorem A.1]. In both cases the L” bounds imply the weak type
(1,1) bound by [Cam+03, Theorem B| (note that the Héormander condition
assumption (1.8) assumed in this article follows from the Dini condition).
Our second main result is that these bounds remain true with Nj replaced

by Na, a > 0.

Theorem 7.1.5. Let K be an w-CZ kernel on Rfl, r > 2, and assume that
Noo V"o T has weak type (1,1). Then also Ny o V" o T has weak type (1,1)
for every a > 0.

The novelty of this result are the sharp truncations in (7.1.4). An anal-
ogous result with 1(,,) replaced by appropriately scaled smooth truncations
is implicitly contained in [HLP13].

The appearance of cones with positive aperture in Theorem 7.1.5 allows
us to apply Theorem 7.1.1 to variational truncations of singular integrals.
Indeed, the localized operator NQoV”oT is dominated by the global operator
N oV o T, and therefore has weak type (1,1) uniformly in Q. On the
other hand, the localized operator depends only on the values of f on @),
and therefore (7.1.2) is satisfied for the function F = V'Tf with ¢ =
Cu(@)! fQ]f\. Therefore, N'o V"o T f can be estimated by sparse operators
(7.2.13).

Sparse operators are known to satisfy very good weighted estimates, the
currently best results can be found in [HL15] (L? bounds with p > 1) and
[DLR16] (the weak type (1,1) endpoint). Consequently, we obtain sharp
weighted estimates for the variationally truncated operators A o V" o T, uni-
fying the previous results for sharp truncations with unspecified dependence
on the characteristic of the weight [MTX15b; MTX15a] and for smooth trun-
cations with sharp dependence on the characteristic of the weight [HLP13|.

7.2 Notation and tools

7.2.1 Spaces of homogeneous type

Definition 7.2.1. A quasi-metric on aset X is a function p : X x X — [0, 00)
such that p(z,y) =0 <= x = y that is symmetric and satisfies the quasi-
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triangle inequality
p(z,y) < Ao(p(z,2) + p(z,y)) forall zyzeX

with some Ay < oo independent of =, vy, z.
A measure ;1 on a quasi-metric space (X, p) is called doubling if there
exists A; < oo such that

w(B(x,2r)) < Ayu(B(z,r)) forall x€ X,r >0,

where B(z,r) = {y € X : p(z,y) < r} are the quasimetric balls of radius
r. These balls need not be open, but can be made open by passing to an
equivalent quasi-metric [MS79]. A tuple (X, p, u) consisting of a set X, a
quasi-metric p, and a doubling measure pu is called a space of homogeneous
type.

A space of homogeneous type (X, p, ) is called (Ahlfors—David) d-regular,
d > 0, if there exist 0 < ¢,C' < oo such that for all x € X and r > 0 we have

cr® < pw(B(z,r)) < Ort.

We say that a family D of subsets of X has the small boundary property if
there exist n > 0 and C'3 < oo such that for every () € D and every 0 < 7 < 1

M(aTdiam(Q)Q) < 037-7]”(@)7 (7'2'2)

where

0-(Q) ={z € Q : dist(z, X\ Q) < 7}U{z € X\Q : dist(z,Q) < 7}. (7.2.3)

We say that (X, p, 1) has the small boundary property if the collection of all
metric balls has the small boundary property.

We denote the measure of a set @ by (@) and the average of a function
f over Q by (f)g = n(@)~" [, fdu.

7.2.2 Adjacent systems of dyadic cubes

Filtrations on spaces of homogeneous type that closely resemble dyadic fil-
trations on R? have been first constructed by Christ [Chr90| and are now
commonly known as Christ cubes. We recall their properties.

Definition 7.2.4. Let (X, p, ut) be a space of homogeneous type. A system of
dyadic cubes D with constants k > 1, ag > 0, ('} < oo consists of collections
Dy, k € Z, of open subsets of X such that and constants x > 1, ag,n > 0,
(1, C5 < oo with the following properties.



82 CHAPTER 7. VARIATIONAL TRUNCATIONS

LVEEZ (X \Ugen,Q) =0,
2. 1>k QeDy, Q €Dy, then either Q' CQ or Q' NQ =0,

3. For every [ > k and @)’ € Dy, there exists a unique ) € D; such that
Q2q,

4. Vk € Z,Q € Dy 3Jcg € X : B(cg, apk’) € Q C Blcg, C1k").

We use D to denote the disjoint union of Dj.
If in addition the collection D has the small boundary property (7.2.2),
then we call D a Christ system of dyadic cubes.

Theorem 7.2.5 (|[Chr90]). Every space of homogeneous type admits a system
of Christ dyadic cubes.

For our purposes we do not need the small boundary property enjoyed by
the Christ cubes, but we do need adjacent systems of cubes that have covering
properties similar to those of shifted dyadic cubes in R?. Such systems have
been constructed in [HK12].

Definition 7.2.6. Let (X, ) be a measure space. A system of dyadic sets
D consists of a sequence (Dy)rez of collections of measurable subsets of X
such that for all [ < k, [,k € Z, 1. and 2. of definition 7.2.4 holds.

By an abuse of notation the sets () remember their generation k(Q) (the
unique number such that @ € Dy)), even though it is allowed that the
same () (viewed as a set) may occur in different generations Dy. The relation
@' C @ implies the inequality k(Q') > k(Q) and the relation Q' = @ implies
BQ) = k(Q).

Definition 7.2.7. Let (X, p, ) be a quasi-metric measure space and assume
that the measure p has full support. A system of dyadic cubes is a system
of dyadic sets D such that for some 0 < § < 1, 0 < ¢ < (] < oo and
all k € Z and Q = QF € Dy there exists z = 2(Q) = 2*¥ € X such that
B(z,a06%) C Q C B(z, C16%).

Definition 7.2.8. Let (X, p, 1) be a quasi-metric measure space and assume
that the measure p has full support. Systems of dyadic cubes D%, a € A, are
said to be adjacent if there exists C's < oo such that for every z € X andr > 0
there exist @ € A, k € Z, and @ € D{ such that B(z,7) C Q C B(z,Csr).

Theorem 7.2.9 ( Theorem 4.1, [HK12| ). Every space of homogeneous type
admits a finite collection of adjacent systems of dyadic cubes.
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Exvample 7.2.10. Let X = R? with the Euclidean distance and the Lebesgue
measure. For each a € {0, 1,2}¢ the corresponding shifted system of dyadic
cubes is given by

1
D> = {27%([0, 1) + m + (—1)k§a), ke Z,me 7.

Then the systems D, o € {0,1,2}¢, are adjacent. In fact, on R? one can
construct d + 1 shifted systems of dyadic cubes that are adjacent [Mei03].

Ezample 7.2.11. Let (X, ) be a measure space and let D be a system of
dyadic sets. Define a metric on X by

p(z,2') ;= inf{27%:3Q € D}, : ,2' € Q}.

Then the system D is a system of dyadic cubes with respect to this metric,
and this system is adjacent. For instance, the standard dyadic cubes in R?
are an adjacent system of dyadic cubes with respect to the dyadic metric.
This does not preclude one from considering CZ operators on R? with respect
to the Euclidean metric and allows one to recover Lerner’s version |Ler15] of
the pointwise sparse domination theorem from Theorem 7.1.1.

7.2.3 Sparse and Carleson collections

Definition 7.2.12. Let D be a system of dyadic sets on a measure space
(X, p). A collection S C D is called

1. (n, pu)-sparse (sparse with respect to measure p for a fixed constant
n > 0) if there exist pairwise disjoint subsets E(Q) C @ € S with

WE(Q)) = nu(Q)
2. A-Carleson if one has Y o gres Q') < Au(Q) for all Q € D.

When n and p are evident we write only n-sparse oder simply sparse.

It is known that a collection is n-sparse if and only if it is 1/n-Carleson
[LN15, §6.1]. The corresponding sparse operator is given by

Asf =3 10 (/Do (7.2.13)

Qes

The sparse operators (7.2.13)
can be dominated by finite linear combinations of similar sparse oper-
ators/square functions with respect to adjacent dyadic grids in which the
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averages of f are taken over () instead of C'Q), cf. |[Ler16, Remark 4.3|. Hence
the usual estimates for sparse operators [HL15; DLR16| apply to (7.2.13).
We say that an operator 7' is pointwise controlled by a sparse operator
with constant C' < oo if for every function f there exist 1/2-sparse col-
lections 8™ C D, n € N, such that

ITf| < Climinf Agn f,
n—oo

holds pointwise almost everywhere.

7.2.4 w-Calderén—Zygmund kernels

An w-Calderén—Zygmund (CZ) kernel is a function K : R? xR\ (diagonal) —
C that satisfies the size estimate

Ck

Kz, y)| < 70
K )l < o2

(7.2.14)

and the smoothness estimate

|z — | 1
K(x,y) — K2, y)|+ |K(y,z) — K(y, 2’ gw( 7.2.15
K (z,y) = K(«",y)| + [K(y, ) — K(y,2')| P— |x—y|d( )
for [x—y| > 2|x—2'| > 0 with some modulus of continuity w : [0, 00) — [0, 00)
(that is, a subadditive function: w(t + s) < w(t) + w(s) for all s,¢ > 0) that
satisfies the Dini condition

boodt
HWHDini = / W(t)7 < Q. (7216)
0

7.3 Uncentered variational estimates

Consider the averaging operator

Af(w,5,t) = Af ()= Asf (), Auf(x) = p({|z—y| < t})‘I/ f(z+y)dy.

lx—y|<t
(7.3.1)
It satisfies the following uncentered variational estimates.

Lemma 7.3.2. Letr > 2 and a > 0. Then N,oV" oA is bounded on LP(R?),
1 < p < o0, and has weak type (1,1).
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Sketch of proof. We have

Af(z,s,t) = A f(x) — Aof(x) — (Bpy f (%) + By f(2))
+(Er f () + Exs) f (),

where E) denotes the conditional expectation onto the o— algebra generated
by dyadic cubes Q, with lenght 2*. Then

Na(V'(Af(x,5,1)))
<N, (V ((Atf(:w — A f(2)) = (Ero f(2) + Engs) f (x))))
AN (V' (B f () + Eis) f(2))).

Moreover, since r > 2 = [" D [?,

Vr ((Atf(x) — Asf(2)) = (Er f(z) + Ek(S)f<x)))

[N

<V ((Auf0) = AF(@) = (Buo £0) + B ) ) 5 3 (se1@)")

k=k(to)

where

j—1
Sif = Sl;pm,s,k(t),k(s),f,A,E! +  sup (Z|Ft t]+1,k<tj>,k(tj+1),f,A,E!)

s<ti<<t;<t \ {T]

with

Fopi(a) k), r,48 = (Aaf — Apf) — (Eika) + Erp))-
O

Then the L? bound, 1 < p < oo, for the dyadic version of this operator
is a direct consequence of Lépingle’s inequality for martingales. The real
version can be compared with the dyadic version using the uncentered square
function from [KZ15, Theorem 1.4]. Finally, the weak type (1,1) bound
follows by |[KZ15, Proposition 5.1].

Note that the results cited from [KZ15] continue to hold with 3Q, replaced
by C'Qy in the definitions of S, and Ry for an arbitrary C'; in our case we
can take e.g. C'=100(a + 1).

Alternatively, note that N, can be seen as the usual nontangential maxi-
mal operator of aperture a applied to the function (x,s) — sup,., F'(z, s, ).
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Hence the operator NV, o V" o A has weak type (1, 1) /strong type (p,p) for all

a > 0 provided that this holds for some a > 0, see e.g. [Ste93, §11.2.5.1].
The next lemma compares variational truncations of w-CZ kernels at

nearby points. The case = oo of this lemma appeared in [HRT15, Lemma

2.3].

Lemma 7.3.3. Letr > 1, 2,2’ € R, 0 < e < 0 < oo, and suppose |x —2'| <

€/2. Let also K be an w-CZ kernel. Then

VT f(a,6,0) = VT f(a'¢,6)| Sa (||wllpm +7'Cr) sup Ay f|()
e<t

- OV Alf (5, €,8) + V7 Alf (2 . 0)).

Theorem 7.1.5 is an immediate consequence of Lemma 7.3.3, Lemma 7.3.2,
and the Hardy—Littlewood maximal inequality (See subsection 7.5).

Proof of Lemma 7.53.53. By the triangle inequality on ¢" the left-hand side of
the conclusion is bounded by
J—

sup (Zl‘/t< r—y|< th\K(:L*,y)f(y)—/ xl—y‘< tj+1’K(x/:?/)f(y)|T)

e<t1<-<ty<d j=1 t;<

1/r

For a fixed sequence t; < --- < t; we estimate this by

<Z'/ Ty il y) - K@ y))f(y)|r>l/r

J-1 1/r
(XU z-sl<tial- [ a-sl< K@ nrwl) = L

In the first term we estimate the ¢” norm by the ¢! norm and proceed as in
[HRT15, Lemma 2.3|:

J-1

1<y K (2,y) ~ K@ )|/ ()]

j=1 7 ti<lz—yl<tjt

|z — |\ 1f ()l
= /5<:v—y|<(5w( ’l’ - y’ ) |I - y|d

> [ /()

k d
=0 2% ke<|z—y|<min(2k+1e,5) |ZE - y|

e<t<d

<o YW@ sup Alfl(@)
k=0

S lwllpmi sup A¢f f[ ().
e<t<d
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In order to estimate the second term we use an idea from [MTX15a|. If
tjv1 —t; < 2|z — 2’|, then we estimate

|]'tj<|1'7y|<tj+1 - 1tj<\x’*y\<tj+1| < 1tj<\x*y|<tj+1 + 1tj<|ff'*y|<tj+1'
Otherwise we estimate
|1tj<\w—y|<tj+1 - 1tj<|w’—y|<tj+1|
< Ht]-<\x—y| - 1tj<|ff/—y|’ + ’1|x—y\<tj+1 - 1\$’—y\<tj+1|

< 1t]'<|:r:fy|<tj+\xfx’\ + ltj<\x/fy|<t]'+|:r:fx/|

T Ly —fe—at|<la—yl<tjsr T Ltjoa—le—o/|<lo —yl<tjir-
Thus we may estimate I1 by a sum of two terms of the form

J'—1

1/r
(> K wllfw)r) "
j=1 sj<|$0—y|<sj+1
where xg = x,2’ and the sequence ¢ < s; < -+ < sy < § has bounded

differences: |sj+1 — ;| < 2|z — 2'|. Using the hypothesis that |z — 2'| < €/2
and the kernel estimate we can bound the above by a dimensional constant
times

- 1/r
oSt | )"
Jj=1 sj<|ro—y|<sj+1

The above ¢ norm can be written as

J'—1

17
(Z ( A Oy<8j|f(y)l)> )
J'—1
(35t s [+ (st [
< V(A l(e) e < 5 < 0)+ sup5A5|f|<xo>(§<<s;d sty /sror)
e<s< j=1

It remains to obtain a uniform bound on the last bracket. By homogeneity
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we may assume 1 < s; < sy < ... and sj;; —s; < 1. Then
Sdmd iy \ T a7
(Dt = st /s y) - = (Zu — (s3/551)")")
r ,
1/r — 1/r
S d(Z(l _ Sj/sj—f—l 'r> — d(z Z Sj-i-l 3] 7">
J

S
n€N s;€[n,n+1) JH

<a(3 3 )T s 5

neN s;e[n,n+1) neN

The proof of Lemma 7.3.3 in fact shows that the homogeneous r-variation
in its conclusion can be restricted to the “short variation” that can be con-
trolled (for r > 2) by the uncentered square function in [KZ15, Theo-
rem 1.4]. Thus the application of Lépingle’s inequality (through the use
of Lemma 7.3.2) to estimate the error term in the above proof is not strictly
necessary (but helps us to avoid additional notation).

7.4 Sparse domination

The main ingredient in the proof of Theorem 7.1.1 is the cube selection rule in
Lacey’s recursion lemma [Lacl5, Lemma 4.7] and its quantitative refinement
[HRT15, Lemma 2.8]. It can be formulated in terms of the localized non-
tangentional maximal operator as follows.

Let I be a subadditive monotonic function on X. Let Qg € Dy be a
dyadic cube A : Qo — [0, 00] any function defined on (). Let

o(y) :=inf{r > 0: F(y,7,dist(y,0Q0)) < A(»)}, ¥ € Qo

and let
Yi={yeQ:0o(y) >0}
For each y € Y choose a dyadic cube @, C Qo that contains B(y,20(y)) and
diameter Q, < o(y), @, € B(y,Co(y)) for some C' < oo
(such a cube exists by definition of adjacent systems). Let Q = O, (F, Qo)

be the collection of the maximal cubes among the ),,’s. Then for every y € Y
we have

F(y,dist(y, CQ), dist(y, Qo)) < A(y) (7.4.1)

for some () € Q, since this holds with @) replaced by @, (indeed, if the
left-hand side is non-zero, then o(y) < dist(y, CQo) with strict inequality, so
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that by construction dist(y, CQ) > o(y) holds also with strict inequality). In
particular, by subadditivity of F' we obtain

Moo F < 1g,(A+ sup Ny oF).
QReQ

Lemma 7.4.2. Suppose that the function A(z) equals a constant . Then the
collection Q@ = Q\(F, Qo) of dyadic cubes QQ C Qo constructed above satisfies

> Q) S n({Ng,F > A}) (7.4.3)

QeQ
and for every subadditive function F < F we have

Noo F < 1o,(A + sup N F). (7.4.4)
QeQ

Proof. We write the left-hand side of (7.4.3) as

2. 2

a QeonND«

and fix a. Since the cubes in @ N D* are disjoint and each of them con-
tains B(y,o(y)) for some y € Y and has side length < o(y), the inner sum
is bounded by a constant (depending on the doubling constant) times the
measure of

U{:p e —yl <o(y)} C{x € Qo: Ny, Fx) > A}

yey

So we have

Du@=> Y wQ

a€Q a QEQNQ™
<Y Y wBygo(vg)
o QEQNQX

< Zu( U Ble.o

e QeENQ« )

<X Utr el <ow)

yey

gza: ({ero Ny F ( >>\}).
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It remains to prove (7.4.4). If Ng,F(x) > ), then the supremum in the
definition of Mg, F(x) can be restricted to Y. Indeed, if y ¢ Y, then o(y) <0,
(by definition of V), this implies by definition of o(y) that

Vr > 07 F(ya r dlSt(y7 EQO)) < F(ya r dlSt(yv EQO)) < A

Therefore y € Y. We obtain

No,F(x) = sup F(y, |z — y|, dist(y, CQy))

yeyY

< sup inf ((F(y, dist(y,CQ), dist(y,CQu)) + F(y, |z — . dist(y, 0Q))

yey QeQ

< A+ supsup F(y, |z — y|, dist(y, CQ))
yeyY QeQ

by monotonicity and subadditivity of F, the assumption F < F, and (7.4.1).
The last summand can be non-zero only if [z — y| < dist(y, CQ), so that
x € @, so it can be estimated by NgF(z). O

7.4.1 Proof of Theorem 7.1.1
For a cube @) denote by Q(Q) the family provided by Lemma 7.4.2 applied
Q@ with X\ = cg, so that
@™ D @) < Caase (7.4.5)
Q'eQ(Q)

Therefore, in view of the doubling hypothesis,
k(Q) > k(Q) forall Q€ Q(Q)

provided that € is small enough.
Indeed, suppose by contradiction that k(Q’) < k(Q); then by definition
(7.2.7) and the triangular inequality we have
Q C B(zq, C10"?)) C B(y,240C16"?)
C Blzg, Ag(24,C16M 9 + C16kY(Q"))
C Blzgr, (242 4+ 1)010%@)), k= k(Q).
Then by the doubling hypothesis and (7.4.3) we obtain

1(Q) < u(Blzg, (245 + 1)C16¥@Y))
< (B2, ap6™?Y)) < u(Q') S en(Q).
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Following the proof of [Lacl5, Theorem 4.2, start with
Pro = U Dy,
and define inductively

'P]: = Pk nu 'D?,
Pri1 := maximal cubes in (P \ P;) U U QP

PEP;;

The sparse collection in the conclusion of the theorem will be given by

S*:=8nD*, 8= ] 7P

k>ko

Let us first verify the Carleson property for the collections S®. We call
the cubes Q € Q(P), P € Py, the Q-children of P. Note that a cube can
have many Q-parents. We claim that all Q-descendants of any cube P are
contained in a ball B(z(P), C6*")), where C is a constant that depends only
on the quasimetric constant and 0. Indeed, if (z, 21,...) is a sequence of
points with p(z,, z,+1) < Cd™, then by the triangular inequality

p(zamp, Zammy1)) < Ay'Co™ with o = 52",
Choosing m so large that 0 Ay < 1, we can estimate

p(20, zamy) < Ag(p(22mo, 22m1) + Ao( (zgm1, zoma) +...)))
Am

- 1—A00'C

< Amcz (Ago)!

=0

and the claim follows.

Now let Q,Q" € §* with @' C @, so that in particular k(Q") > k(Q).
Then by construction Q" ¢ Prg) ( Note here that @ € P;(Q) C Pr(o) and
use the property A, B € P,,A# B = A C B and B C A). On the other
hand, by

i) Q' € Py = Q-ancestor P in Py q),

ii) since by the above argument )’ is contained in a ball of radius C'§**") with
center in P, the cube P must in turn be contained in B(z(Q), C6*@))
for some larger constant C'.
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iii) since the elements of Pygy N D are maximal and therefore disjoint, the
family Pyq) has bounded overlap,

iv) doubling property of our measure space
follows that

v) the total measure of all possible ancestors in Pyq) is bounded by a mul-
tiple of u(Q).

vi) if € < 1/C(7.43), then the total mass of all Q-descendants of each P is
bounded by a constant times the measure of P.

which completes the verification of the Carleson condition.
Proof of v). By the doubling property
> > u(P)
* P € Pyo NDY P C B(2(Q),C6HD)
< uB(2(Q), C6* D)) S u(B(2(Q), Ca* ) < n(B(2(Q),M?)) < u(Q).

[0}

O]
Proof of vi). By (7.4.5) and since
N+1
; Qe%;(P QGDNZ“(P) QEZDN Q’e;
we have
N+1 )
Q,Q—de;dant(P) ]\}5%0 ; erzn (P) B 1 — €Clras) KP).
[

It remains to show (7.1.3). Consider the family of truncations of the
function F' given by

F.(z,t,s) := F(x,max(t,7), max(s, 7)).
By induction on K > ky we obtain

K-1
max No,Fr <> > colg + max NoF (7.4.6)

ep
Qo€Pko k=ko QEP;}



7.5.  PROOF OF THEOREM 7.1.5 93

for each 7 > 0. Indeed, the base case K = ky holds trivially, and in the
inductive step we can apply (7.4.4) and obtain

max NoF, = max{ max_ NgF,, max NQFT}
QEPx QEPK\PS QePs

§max{ max F,, max(cglp + max N/F}
oohis, Mot g (colo + oy, No'kr)

< max max  NoF;, max max NgF, p + max cglg
QEPK\Py QEP;, Q'€Q(Q) QEP;,

< max NgF, + E colo.
QEPK 11
QeP;,

The second summand on the right-hand side of (7.4.6) vanishes identically
for each fixed 7 > 0 and K that are so large that % < 7. Thus we have

obtained
max NQQFT < Z Z 1QCQ,
Qo€EPy, o Ocsa

and the left-hand side converges to N'F pointwise as 7 — 0 and kg — —o0.

7.5 Proof of Theorem 7.1.5

We have
NaF(‘r) < sup F(I,S,t) + sup (F(y787t) - F(ZE,S,t>>.
reX ye X
s<t<oo s<t< oo
p(z,y) < as

Consider F = (V" o T)(f). Since ||f + gllpree < 2|fllzree + 2/|g]lL10e, we
obtain

INao 07 0 T)() e < 260 0 T(Pllin +2
| sup (7T () (g .= (V"o T) () . 5,)

y€X7S<t§OOHO<x7y)§a5 Li(’oo
By Lemma 7.3.3 and f < g = ||fll1.00 < [19]|1.005
H Sup (Vo) (f)(y, 8, t)—(V"oT)(f)(z,5,1))
Lloo

ye X, s<t<ooplr,y) <as X
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< OIMf|pree + CINVTAF || p1oo-

Then the result follows by Hardy- Litlewood maximal inequality and
Lemma 7.3.2.

7.6 Commutators of BMO functions and CZ
operators

In this section we prove a sparse domination theorem for iterated commu-
tators of BMO functions with multilinear operators that extends [LOR16,
Theorem 1.1]. An m-linear operator 7 taking an m-tuple f =(fi,-- s fm)
of functions defined on X to a function defined on X is called local if
T( f)(a:, s,t) depends only on the restrictions of the functions f; to the ball
B(z,t). The main case of interest are truncations of multilinear CZ opera-
tors.

Let B be an index set and j : B x {0,1} — {0,...,m}. For a tuple
of functions b = (bg)pen, j € {0,...,m}, and an index a € {0,1}7 let
baj = H/B:J(B@(ﬁ)):j(—1)“(5)175. The (iterated) j-commutator of b with an
m-linear operator 7 is defined by

BT, st = 3 buo@)T(Foa) (@, 5,1),

ae{0,1}B

where m is the vector (fiba 1, ..., fmbam). Multilinear operators of this type
have been studied in [Ler+09].

The next result extends [LOR16, Theorem 1.1]. Note that it holds for
spaces of homogeneous type; this allows one to recover a number of results
in that setting, see e.g. [AD14].

Theorem 7.6.1. For every space of homogeneous type (X, p, ) and every
choice of adjacent systems of dyadic cubes D there exists 0 < n < 1 such
that the following holds. Let 1 < r < oo and let T be an m-linear local
operator such that

Cr = N oV 0T pixrtospiymee < 00. (7.6.2)

Let B,],g be as above and let cg g for B € B and QQ € U,D* be arbitrary
numbers. Let also Qy be an initial dyadic cube and fi,..., fm € L®(Qo).
Then there exist n-sparse collections S“F C D* such that we have

NoV'[b. TL,f < Crlimint 5 3 7 {5 fle

a QeS>ko
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pointwise almost everywhere, where

{0 fhe(@) =10 D laoe@)| [ (basefilg
ac{0,1}B Jj=1
and
bjo =[] (=1)"(bs—cpq)
B:3(B,a(8))=j
In absence of commutators (B = () this follows directly from Theo-

rem 7.1.1, and in fact the centered operator Ny can be replaced by the un-
centered operator N in the conclusion. In presence of commutators the most
interesting choice of constants is of course cg g = (bg) o

Proof of Theorem 7.6.1. The only difference from Theorem 7.1.1 is that we
need a suitable substitute for (7.4.3) when

F - vr[a ﬂ]f
and o
Mz) = e 'Cp{b, o, (2).

Note that, by multilinearity of 7, the function F' does not change when
replacing bg by bg — cgq,. For each y € Y we have

Aw) < Fly, 50(0), dist(y:6Q0).

By the triangle inequality for the /" norm this implies

€' Clbao.oo W) T (s filo,

j=1
—
fba,Qo

< I o () V7T (P (s ), sty 6Q0)

for some a € {0,1}”. Since this inequality is strict, the factor |bso.q, ()]
cannot be zero and can be canceled. It follows that

UBwa/mc U {VTfha) > ' Co [ hanfibe, |
j=1

yey ac{0,1}B

and the measures of the latter sets are bounded by €'/™|Qo| by definition of
Cp and locality of 7. This provides the estimate ), o|Q[ S e/m|Qol. O
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The above domination theorem requires as input an endpoint weak type
estimate (7.6.2) for A o V" o T. In the multilinear case such bounds are
known only for » = oo (that is, for maximal truncations) and can be found
in [DHL15a| (where they are stated for X = R¢). More precisely, the weak
type estimate for Ny o V> o T is proved in [DHL15a, §6] and the weak type
estimate for N o V> o T is effectively proved in [DHL15a, §3.1]. The main
difference from the linear case is the need to use the multilinear maximal
function from [Ler+09, Theorem 3.3].

In the linear case one can obtain the hypothesis (7.6.2) with 2 < r < 0o
for a certain class of CZ operators from Theorem 7.1.5. Using the results
of [LOR16, §4] this implies weighted estimates for variational truncations of
commutators of CZ operators with BMO functions.
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