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Chapter

Introduction

Mirror symmetry is a pillar of modern mathematical and physical research driven by an
active and interdisciplinary scientific community. Following proceedings at the Interna-
tional Congress of Mathematicians (ICM), Victor Batyrev stated that

‘mirror symmetry is a remarkable discovery by physicists who suggest that partition
functions of two physical theories obtained from two different Calabi- Yau manifolds V
and V* can be identified [Mor95]. So far mathematicians could not find any appropri-
ate language for a rigorous formulation of this identification [...]. Without knowing a
mathematical reason for mirror symmetry it simply remains to believe in its existence.
This belief is supported by many computational experiments followed by attempts to find
rigorous mathematical explanations of their results. [...] Loosely speaking, toric geom-
etry provides some kind of ‘platonic’ approach to mirror symmetry, because it replaces
the highly non-trivial duality between some mathematical objects, which we still do not
completely know, by an elementary duality of certain polyhedra. Of course, such a sim-
plification cannot reflect the whole nature of mirror symmetry, but it helps to form our
intuition and find reasonable mathematical tests for this duality.’"

To reach a better understanding of this broad topic, we refer the reader to the book
Mirror Symmetry [HKK™'03], which develops mirror symmetry from both physical and
mathematical perspectives in order to facilitate further interaction between the two fields.

Physicists have predicted the following basic and extended versions of topological
marror symmetry tests involving Hodge numbers and Euler numbers of two d-dimensional
smooth Calabi-Yau mirror symmetry candidates V and V*:

e(V)=(=1)%(V*)  and  WP(V)=hrTPIV) (0<p,q<d)

[Wit92, Mor99|. The basic topological mirror symmetry test is passed if the Euler num-
bers of both tested partners are equal up to sign. To pass the extended topological
mirror symmetry test, the Hodge numbers of the tested pair have to fulfil symmetry con-
ditions. To this day, no universally accepted mathematical definition exists to answer the

![Bat98a, page 1, line 1-17]
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question when two varieties are considered to be mirror dual. But if we have reason to
believe that (V,V*) are a mirror pair, passing the above mirror symmetry tests provide
further evidence to support this assumption. In the future, we would, of course, prefer
an independent definition comprising these two mirror symmetry tests as implications.

The discovery of mirror symmetry by the physics community is based on a lot of
examples of mirror pairs (V,V*), where both mirror partners are smooth [GP90, CLS90,
CdIOGP9I1]. Nevertheless, they also found a lot of examples of mirror pairs (X, X™*)
consisting of at least one non-smooth Calabi-Yau variety [GP90, Bat94, BvS95, BB97,
Bor93|. From a mathematical perspective, these circumstances lead to substantial dif-
ficulties because the presence of at least one non-smooth Calabi-Yau mirror symmetry
partner results in negative topological mirror symmetry tests. The reason for these dif-
ficulties is due to the fact that both applied mirror symmetry tests include usual Hodge
numbers and usual Euler numbers of both partners [Bat98b].

In this thesis, we see traditional mirror symmetry as a starting point for new devel-
opments from the mathematical perspective, with a small contribution from physics. To
establish the possibility for slightly modified topological mirror symmetry tests as

estr(X) = (_1)destr(X*)a

where eg,(-) denotes the stringy Euler number of certain non-smooth varieties, we in-
vestigate various stringy invariants. More specifically, this thesis aims to understand
stringy invariants on toric varieties from a combinatorial perspective. Our interest is
motivated by the well-known construction of many examples of Calabi-Yau varieties
and their mirrors as hypersurfaces and complete intersections in Gorenstein toric Fano
varieties [Bat94, BB97, BD96|. Here, the mirror symmetry property agrees with a combi-
natorial duality between certain polytopes, in conformance with the ‘platonic’ approach
mentioned in the proceedings quoted at the beginning. This is attributable to the fact
that toric varieties X arise together with a variety-fan dictionary, i.e., they are com-
pletely determined by combinatorial objects, called fans, that are certain finite collec-
tions of rational polyhedral cones in the real vector space Ng = R%. The potential of
this correspondence is apparent: we can easily read off a multitude of properties about
X through a combinatorial exploration of the associated fan, including statements about
the variety’s smoothness and orbits. It has been a long-held belief in the mathematical
community that many more invariants are combinatorially encoded in this tight rela-
tionship [CLS11]. This potential in the interaction of toric geometry and combinatorial
methods is exploited in principled and elegant ways by applications to lattice polytopes
[Oda85, Ful93, CLS11|. It connects hard algebra-geometric objects, such as projective
toric varieties, and intuitive convex-geometric objects, such as lattice polytopes. This
replaces the above-mentioned dictionary dealing with fan explorations. Studying this
interplay in its full breadth and uncovering the relationship between these two worlds
are among the most central aspects of this thesis.

In particular, this thesis on Stringy Invariants of Algebraic Varieties and Lattice Poly-
topes investigates topological invariants in a more general, non-smooth setting and pro-
vides answers to the following questions: (1) Are there stringy, i.e., non-smooth, versions



of topological invariants, such as Hodge numbers, Euler numbers, and Chern classes?; (2)
What are the implications if we drop the smoothness assumption of the toric variety?;
(3) Can we discover formulas to compute these stringy invariants in combinatorial ways
that are as elegant as the ones for smooth toric varieties?; (4) Do applications to toric
varieties corresponding to lattice polytopes end in plain combinatorial identities?

1.1 Results and Overview

Before we begin to answer these questions in detail, Chapter 2 fixes our terminology and
provides the necessary prerequisites for the subsequent chapters. The results included
in Chapter 3, 4, 5, and 6 arose as collaborative work authored with Victor Batyrev
[BS17, BS18|. The contents of Chapter 7 are intermediate results of an ongoing research
project with Victor Batyrev and Alexander Kasprzyk [BKS18|. A brief overview of all
results is provided in the remainder of this Introduction. All statements in form of
‘theorems’ or ‘propositions’ have been obtained through these joint collaborative efforts.

1.1.1 Algebraic Varieties

Let X be a d-dimensional normal projective Q-Gorenstein variety with at worst log-
terminal singularities, i.e., the canonical divisor Kx on X is a Q-Cartier divisor and for
some desingularization p : Y — X of X, whose exceptional locus is a union of smooth

irreducible divisors Dy, ..., Dy with only simple normal crossings [CLS11, page 525], one
has
S
Ky =p'Ex + Y _ a;D; (1.1)
i=1

for some rational numbers a; > —1 (1 < i < s). The above desingularization p is called
log-desingularization of X. For any non-empty subset J C I := {1,...,s}, we define Dy
to be the subvariety NjcsD; together with its closed embedding ey : D; < Y and set
Dy =Y. We note that D; C Y is either empty or a smooth projective subvariety of Y
of codimension |J|.

Chapter 3 centers on the definition of stringy Chern classes of the above-mentioned
singular varieties X and formulas for stringy Chern classes of complete intersections
of generic semi-ample Cartier divisors on these varieties. This allows us to compute
intersection numbers of stringy Chern classes and Q-Cartier divisors. But first, let us
briefly make some already known remarks:

If V is an arbitrary smooth projective variety of dimension d, the E-polynomial of V'
is defined as

E (Vi u,v) = Z (—1)p+th’q(V)upvq, (1.2)
0<p,g<d
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where hP4 (V') denotes the Hodge numbers of V. Furthermore, the Euler number e(V') =
cqg(V) of V equals E (V;1,1). The stringy E-function of the singular variety X given
above is a rational algebraic function in two variables u, v defined by the formula

Ew(X;u,0) = > E(Dsiu0)[] <(m:;§;11_1 - 1> . (1.3)

pCJCI jeJ

One can prove that the stringy E-function Eg, (X;u,v) does not depend on the choice of
the log-desingularization p [Bat98b, Theorem 3.4]. As a special case, this formula implies
Eyr(X;u,v) = E(X;u,v) if X is smooth and Eg, (X; u,v) = E(Y;u,v) if p is a crepant
desingularization of X (i.e., a; = 0 for all i € I). The top stringy Chern class ¢&*(X) (or
the stringy FEuler number es; (X)) of X is defined as the limit of the stringy E-function,
i.e.,

Cfltr(X) = estr()() = hml Estr(X;ua U) = Z Cd—|J|(DJ) H < '_aj ) ) (1'4)

uU,Vv—> .
pCJCI jeJ

where c;_|;/(Dy) = e(Dy) denotes the usual Euler number of the smooth subvariety
D; C Y with dim(Dy) = d — |J| [Bat98b, Definition 3.3]. We view the stringy top
Chern class ¢§"(X) as a special case of the k-th stringy Chern classes defined in [Alu05,
dFLNUO07| for any k (0 < k < d). As is the case with stringy E-functions, the definition

of stringy Chern classes is also independent of the log-desingularization p [dFLNUO07].

In Chapter 3, Section 3.1, we prove and apply the following formula for the compu-
tation of k-th stringy Chern classes using the usual Chern classes of smooth projective
subvarieties:

Proposition 3.1.1. Let X be a d-dimensional normal projective Q-Gorenstein variety
with at worst log-terminal singularities. Then

Cztr(X) = px Z eJ*Ck7|J\(DJ) H < —Y > S Adfk:(X)Q7

a; +1
pCJCI jeJ it

where Ag_(X) = A¥(X) denotes the Chow group of (d — k)-dimensional cycles on X
modulo rational equivalence and A, (X)g = @ﬁ:o A k(X))o with Ag—k(X)o = Ag—r(X)
®Q the rational Chow ring of X. Moreover, p, : Ag—p(Y) — Ag—k(X) and ey, :
Ag—x(Dy) — Ag_(Y) are push-forward homomorphisms corresponding to the proper
birational morphism p: Y — X and the closed embedding ey : Dy — Y, respectively.

As a special case, this formula implies

G(X) = cp(X) (L5)

str

if X is smooth and ;" (X) = cx(Y) if p is a crepant desingularization of X.

In addition, we prove that the well-known formula expressing total Chern classes
c. (+) of smooth complete intersections via the total Chern classes of the ambient smooth



varieties V can be generalized to total stringy Chern classes ¢ (-) of generic hypersurfaces
and complete intersections in the singular ambient varieties X:

Theorem 3.1.5. Let X be a normal projective Q-Gorenstein variety with at worst log-

terminal singularities and Z1, . .., Z,. generic semi-ample Cartier divisors on X such that
(Z] = [Z1]=...=[Z;]. Then
T
LS (Zi0 . N Z) =X ][ 1z 0+ 1Z) 7
j=1
where t : Z1 N ... N Z, — X denotes the corresponding closed embedding.

In particular, Corollary 3.1.4 shows that the top stringy Chern class (or stringy Euler
number) of generic semi-ample Cartier divisors Z on X can be computed via stringy
Chern classes of the ambient variety X as

d

i (2) = en(2) = Y (=DM ZM G (X). (1.6)
k=1

In Corollary 3.1.6, we give a similar formula for the top stringy Chern class

Sr (Zyn...NZ)
of complete intersections Z1 N...N Z,., where Zy, ..., Z, are generic semi-ample Cartier
divisors on the singular variety X.

In Section 3.2, we study intersection numbers of stringy Chern classes with Q-Cartier
divisors. A particular case of such an intersection number appears in the stringy version
of the Libgober-Wood identity

1

d? 3d® —5d i
) 1 TCZ (X)+ gcl(X)-Cil—l(X) (1.7)

[Bat00, Theorem 3.8|, where the intersection number ¢1(X).c5", (X) is defined as

Estr (X7 u, 1)

el(X). iy (X) = ) ﬂ*cl(X)-eJ*Cd_|J|—1(DJ)H( —d > (1.8)

a; +1
pCcJCI jeJ it

and its independence on the choice of the log-desingularization p is shown in [Bat00,
Corollary 3.9]. In this thesis, we consider more general intersection numbers [Z1]. ... .[Zg].

" (X)), which can be defined by a similar formula:

Theorem 3.2.1. Let X be a d-dimensional normal projective Q-Gorenstein variety with
at worst log-terminal singularities. Then

(2] (2 (X) = )Y P2 -P*[Zk]-eJ*Cd_|J|—k(DJ)H< —4 ),

a; +1
0CJCI jeJ it

where Z1,...,Z; C X are arbitrary Q-Cartier divisors on X.

We present proof for its independence on the choice of the log-desingularization p
without using the definition of stringy Chern classes.
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1.1.2 Toric Varieties

In the chapters following our treatment of algebraic varieties, we leave this general setting
and turn to the subclass of toric varieties, also referred to as the ‘platonic’ approach
mentioned in the quote at the very beginning of the Introduction.

A toric variety X is a normal variety over the field of complex numbers C containing
a torus T 2 (C*)? as a Zariski open set such that the action of (C*)? on itself extends
to an action on X [Ful93, CLS11]. For additional information, we refer the reader to
Chapter 2.

Chapter 4 applies our contributions to stringy Chern classes of toric varieties in
order to reveal formulas that are completely determined by combinatorial objects. In
Section 4.1, we focus on stringy Chern classes of projective Q-Gorenstein toric varieties
X associated with fans ¥ of rational polyhedral cones in Ng. ¥ (k) denotes the set of all
k-dimensional cones in a fan 3, v(o) the normalized volume of a cone o € ¥ (i.e., the
normalized volume of a lattice polytope obtained as the convex hull of the origin and all
primitive ray generators of the cone o), and [X,] the class of the closed torus orbit X,
corresponding to a given cone o € . In this setting, the basis for further research is our
formula presented below:

Theorem 4.1.2. Let X be a projective Q-Gorenstein toric variety of dimension d asso-
ciated with a fan . Then

aN(X)= ) (o) [Xo]

for0 <k <d.

Here, the stringy Chern classes are computed in a purely combinatorial way and our
formula simultaneously illustrates their independence of the chosen desingularization. If
X is smooth, we already know from Equation (1.5) that ¢ (X) = ¢§"(X). A combination
of these two facts yields the well-known formula ¢ (X) = >, c5 1) [Xo] because each cone
of a smooth variety X is smooth and therefore has normalized volume 1.

In addition, we compute in Theorem 4.1.10 intersection numbers
[Dq]..... [Dy].c3* L (X),

where D; = c5qy apDi, (1 <4 < k) are semi-ample torus-invariant Q-Cartier divisors
on the toric variety X. This results in a simple combinatorial formula for the computation
of the stringy Euler number

(2N, NZ,)

of complete intersections of r generic semi-ample Cartier divisors Z; (1 < i < r) on X
with [Z1] = ... = [Z,] = [D] (Corollary 4.1.9).

In Section 4.2, we establish an equivalent combinatorial interpretation of the stringy
Libgober-Wood identity (1.7) for projective Q-Gorenstein toric varieties X of Gorenstein



index gx associated with a fan ¥ in N and a semi-ample anticanonical torus-invariant
Q-Cartier divisor —Kx = ZpEZ(l) D, on X. To this end, we show that the stringy
E-function FEg, (X;u,v) of X can be written as a finite sum:

Proposition 4.2.1. Let X be a d-dimensional projective Q-Gorenstein toric variety of
Gorenstein index qx associated with a fan ¥ in Ng. Then

Estr (X, u, U) = Z wa(z)(uv)av

1
aE[O,d]ﬂaZ

where the coefficients 1, () are non-negative integers satisfying the conditions 1y (X) =
$a(X) =1 and o(3) = Ya—a(2) for all a € [0,d] N 2.

A comparison with the usual E-polynomial, which has Hodge numbers as coefficients,
and its properties leads us to call the coefficients 1, (%) of the stringy E-function gen-
eralized stringy Hodge numbers. With this notion of the stringy F-function in mind, the
combinatorial version of the stringy Libgober-Wood identity (1.7) looks as follows:

Theorem 4.2.2. Let X be a d-dimensional projective Q-Gorenstein toric variety of
Gorenstein index qx associated with a fan ¥ in Ng and —Kx = ZpEE(l) D, a semi-
ample anticanonical torus-invariant Q-Cartier divisor on X. Then

2
IO JREREIE N RON)

a€gl0,dN2-z ceX(d—1)
ax

where v (X) = 3, cxq) v(0) denotes the normalized volume of the fan ¥, A7 ;- = {y €
A_gy | (y,up) = =1 Vp € B(1) with p C o} = A_k, a face of the rational polytope
Ak, ={y € Mr| (y,uy) > —1Vp € ¥(1)} C Mg corresponding to a cone o € ¥, and

u, the primitive ray generator of a 1-dimensional cone p € ¥(1).

1.1.3 Lattice Polytopes

Chapter 5 and 6 are dedicated to the direct correspondence between projective toric
varieties and lattice polytopes. We show how this relationship gives rise to mostly com-
binatorial proofs, thereby reflecting the simple elegance of the combinatorial formulas
and identities themselves. For more information on polytope-fan and fan-variety con-
structions, we refer the reader to Chapter 2.

Chapter 5 examines the combinatorial formulas computing the stringy F-functions
Eyr (X5 u,v) (1 < i < 3) of Gorenstein toric Fano varieties X1, log del Pezzo surfaces
X5, and canonical toric Fano threefolds X3. The common principle underlying the three
formulas in the following theorem is their usage of intrinsic information provided by the
underlying polytopes, which are reflexive polytopes A1, LD P-polygons As, and canonical
Fano 3-polytopes As, respectively:

Theorem 5.1.3, 5.2.2, 5.3.1. Let X; and A; (1 <1i < 3) be given as above. Then the
stringy E-function of a
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o Gorenstein toric Fano variety X1 is given by

Eor(X15u,v) = 1hg (A1) (uv)? + ...+ 91 (A1) (uv) + o (A1),

where the generalized stringy Hodge numbers 1., (X1) are the non-negative integral
coefficients 1o (A1) (o € [0,d] NZ) in the numerator of the Ehrhart power series
in Definition 5.1.1.

o log del Pezzo surface Xo is given by

B (Kai,0) = (o) + 1) 7 () 4 3 ()52 4 () 20)
neAS\{0}

with r == |0A2 N N| — 2, where ka, denotes the Y a,-piecewise linear function
corresponding to the anticanonical divisor —Kx, on Xo (Equation (2.3)), AS the
interior of the polytope Ao, and Ay the boundary of As.

o canonical toric Fano threefold X3 is given by

ng—1 X
Bue (Xsiu,0) = (o)’ + 1)+ ((wo) + () + 3 v(0)~< <uv>ne*1>

0=<Ag k=1
dim(0)=2,mp>1

with r := |Az N N|—4, where ng denotes the lattice distance from a face < As of
As to the origin (Definition 2.3.5) and v(6) the normalized volume of a polytope 6
(Definition 2.3.6).

Applying these results, we can once more use the toric approach to obtain in Chapter 6
five combinatorial identities relating reflexive polytopes of arbitrary dimension (Theorem
6.1.1), LDP-polygons (Theorem 6.2.1), almost reflexive 3-polytopes (Theorem 6.3.1),
canonical Fano 3-polytopes (Theorem 6.4.1), and certain Gorenstein polytopes (Propo-
sition 6.5.4 and 6.5.2) to the number 24. Each of these identities is a generalization of
at least one of the following well-known identities for reflexive polytopes A in dimension
d=2,

12 =v(A) - v(A¥) (1.9)
(Corollary 6.1.2 and Theorem 6.2.1) and d = 3,

24= > v(0)-v(07) (1.10)

6=<A
dim(0)=1
(Corollary 6.1.4 and 6.3.5, [BCFT05, Theorem 4.3]), where a reflexive polytope is a lattice
polytope with the origin in its interior such that its dual polytope A* is also a lattice
polytope. The dual polytope A* of a lattice polytope A containing the origin in its
interior is again a convex polytope, in general with rational vertices (Definition 2.3.3).



Moreover, 0* < A* denotes a face of A* dual to the face § < A of A (Definition 2.3.4). A
possible proof of the identity (1.10) can be obtained from the fact that the Euler number
of a smooth K3-surface equals 24. Now, one considers a generic affine hypersurface
Za defined by a Laurent polynomial ga € (C[xfd,x;d,xgﬂ] with the reflexive Newton
polytope A in the 3-dimensional torus (C*)3 C Xga+, where Xga+ denotes the toric
variety corresponding to the normal fan Xya+ of A* (Definition 2.3.8). In addition, one
applies the following two statements: The projective closure Zn C Xya+ of Za is a
K3-surface with at worst canonical singularities [Bat94, Theorem 4.1.9] and the stringy

Euler number of Za equals > o<a  v(6) - v (0*) [BD96, Corollary 7.10].

dim(0)=1

The mentioned identity for reflexive polytopes of arbitrary dimension looks as follows:

Theorem 6.1.1. Let A C Ny be a d-dimensional reflexive polytope. Then

2
> @) (a-g) = fr@rg X )00,

acl0,dNZ il
where the generalized stringy Hodge numbers 1o, (A) are the coefficients in the numerator
of the Ehrhart power series (Theorem 5.1.3).

Choosing d = 2 or d = 3, this identity leads to the well-known and (with respect to du-
ality) symmetric identities v(A) +v (A*) = 12 (Equation (1.9)) and 32y A gim(g)=1v (6) -
v (0*) = 24 (Equation (1.10)), respectively. Theorem 6.1.1 thus provides a positive an-
swer to the natural question as to whether, there is a generalization to reflexive polytopes
of arbitrary dimension for these well-known formulas relating reflexive polytopes in di-
mension 2 and 3 to the number 12 and 24, respectively.

Similar results reveal the following relationship between LD P-polygons (i.e., lattice
polygons containing the origin in its interior such that its vertices are primitive lattice
points) and the number 12:

Theorem 6.2.1. Let A C Ny be a LDP-polygon. Then

v(A)+v(A) =12 > (ka(n)+1),
neANN

where Xy, denotes the toric variety corresponding to the spanning fan XA of A (Defini-
tion 2.3.10) and K the Xa-piecewise linear function corresponding to the anticanonical
divisor —Kxy, on Xy, (Equation (2.3)).

We continue with two further generalizations of the well-known identity for reflexive
polytopes in dimension 3 (Equation (1.10)) to arbitrary 3-dimensional canonical Fano
polytopes (i.e., lattice polytopes containing only the origin as an interior lattice point).
First, we consider a 3-dimensional lattice polytope A C Ng such that a generic affine
hypersurface Za C (C*)? defined by a Laurent polynomial fa € C[x{cl,xfl,x;’ﬂ} with

Newton polytope A is birational to a smooth K3-surface. Such a lattice polytope A has
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to be a 3-dimensional canonical Fano polytope because the number of interior lattice
points in A equals the geometric genus of the affine surface Zx C (C*)? [Kho78] and it
equals 1 for a smooth K 3-surface. Moreover, one can show that the condition on Za to be
birational to a smooth K 3-surface is satisfied if and only if A is contained in some reflexive
polytope A’. Those 3-dimensional canonical Fano polytopes are called almost reflexive.
Many equivalent characterizations exist of 3-dimensional almost reflexive polytopes A
[Bat17], e.g., A C N is almost reflexive if and only if the convex hull [A*] := conv(A*N
M) of all lattice points in the dual polytope A* C My is a reflexive polytope. By
classifying all toric Fano threefolds with at worst canonical singularities, Kasprzyk found
674,688 isomorphism classes of 3-dimensional canonical Fano polytopes [Kas10]. Using
this list of polytopes, Kasprzyk further showed that among all these polytopes there exist
exactly 9,089 lattice polytopes A that are not almost reflexive. In other words, there
exist exactly 665,599 almost reflexive polytopes in dimension 3. Any almost reflexive
polytope A allows us to construct a family of smooth K3-surfaces using the toric variety
Xya associated with the normal fan 2 of A (Definition 2.3.8).

The first generalization for arbitrary 3-dimensional almost reflexive polytopes is as
follows:

Theorem 6.3.1. Let A C Ny be a 3-dimensional almost reflexive polytope. Then

2U=ua)- Y ni-u(9)+ S w(0) - u(@).

<A 6 <A
dim(0)=2 dim(0)=1

The proof of this combinatorial formula is built around the more general combinatorial
formula

er(Y) = > (=1)5O1y(6) - v(o? N AY) (1.11)

0=<A
dim(6)>1

[Bat17, Theorem 4.11] computing the stringy Euler number eg,(Y") of a canonical Calabi-
Yau hypersurface Y with at worst canonical singularities which is birational to an affine
hypersurface Za C (C*)?% defined by a generic Laurent polynomial fa € C[x{d, . ,a:éd]
with Newton polytope A. If d = 3, as already mentioned, such a Calabi-Yau hypersurface

Y exists if and only if A is a 3-dimensional almost reflexive polytope.

It is remarkable that the same identity holds for all 9,089 3-dimensional canonical
Fano polytopes that are not almost reflexive, i.e., it holds for all 674,688 3-dimensional
canonical Fano polytopes:

Theorem 6.4.1. Let A C Ny be a canonical Fano 3-polytope. Then

24 =0v(A)— Y —u(f) + > u()-v(6%).

<A 0<A
dim(0)=2 dim(0)=1
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Our proof does not rely on electronic verification, i.e., at this point we have not
checked the identity for all 9,089 polytopes step by step.

The key principle underlying these four generalizations is our combinatorial inter-
pretation of the stringy Libgober-Wood identity in terms of generalized stringy Hodge
numbers and intersection products of stringy Chern classes (Theorem 4.2.2) as well as
our combinatorial version of the stringy E-function (Theorem 5.1.3, 5.2.2, and 5.3.1).

In addition to that, we obtain two identities connecting Gorenstein polytopes of index
r (i.e., lattice polytopes such that their r-th dilates are reflexive polytopes) with an index
that differs by 1 or 2 from dimension to the number 12 and 24, respectively:

Proposition 6.5.4, 6.5.2. Let A C Mg be a d-dimensional Gorenstein polytope of index
r. Then

2= 3 w(0)-v(0") + WU(A)
9=<A
dim(6)=r—1
ifr=d—1 and
=Y w(0) v+ 7“(12 ") (A
9=<A
dim(0)=r
ifr=d-—2.

Chapter 7 takes the purely combinatorial setting from Chapter 6 back to the geo-
metric world. In particular, we classify all surfaces given by generic Laurent polynomials
corresponding to 3-dimensional canonical Fano polytopes as Newton polytopes. We
consider this project as the starting point for advancing our understanding of stringy
invariants and their use in mirror symmetry. In addition, we provide new examples of
non-degenerate affine surfaces of geometric genus 1.

The mentioned classification of all toric Fano threefolds with at worst canonical sin-
gularities, i.e., of all 674,688 3-dimensional canonical Fano polytopes, opens up an avenue
for the targeted surface classification: We apply the combinatorial notion of Fine interior
AFT of a lattice polytope A, which is an a priori infinite intersection of certain affine
halfspaces (Definition 2.3.24). By checking whether the Fine interior of such a poly-
tope A consists of a single lattice point, we obtain the result that, among all 674,688
3-dimensional canonical Fano polytopes, only 9,089 correspond to surfaces that are not
birational to K3-surfaces (Subsection 7.1.1 and 7.2.1). These are exactly the 9,089 non-
almost reflexive polytopes. According to a preliminary assessment, we conjecture that,
among all 9,089 canonical Fano polytopes, only 49 define surfaces of general type and
are of particular interest (Subsection 7.1.4 and 7.2.4). Furthermore, we are claiming that
the remaining 9,020 4 20 polytopes define surfaces that are birational to elliptic surfaces
of Kodaira dimension 1 (Subsection 7.1.2, 7.1.3, and 7.2.2, 7.2.3). The entire structure
of the elliptic fibration over P! seems to be completely combinatorially encoded by the
unique primitive lattice point va of the line containing the 1-dimensional Fine interior
AT where A is one of those 9,020 + 20 polytopes. Such elliptic surfaces have been
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obtained by Corti and Golyshev [CG11] from 9 = 104 — 95 examples stemming from 3-
dimensional weighted projective spaces with at worst canonical singularities. Their work
is a prime example of a paper in which a known result inspired a proof of a more gen-
eral statement while, at the same time, showing the importance of hidden combinatorial
information. Using a generalization of Theorem 6.3.3 that is not limited to K 3-surfaces,
our parallel step is to compute the stringy Euler numbers of the considered surfaces in a
purely combinatorial way (Conjecture 7.2.2).

Chapter 8 is a short digression relating our interests in computing the stringy Euler
numbers of certain hypersurfaces to physics and, thereby, again branches off into the
world of mirror symmetry, exemplified in the following way: In Theorem 8.2.5, we de-
scribe the relation that the Witten index of a quasi-smooth Calabi-Yau hypersurface in
a weighted projective space computed with the well-known formula of Vafa [Vaf89] in
Equation (8.2) equals, up to sign, the stringy Euler number of a Calabi-Yau variety that
is birational to a hypersurface in the algebraic torus (Theorem 6.3.2).

Appendix A collects various combinatorial information supporting the surface clas-
sification of Chapter 7. By investigating the Fine interior, we sort all 9,089 non-almost
reflexive polytopes in dimension 3 into three classes with 9,020, 20, and 49 non-almost
reflexive polytopes. In addition, we visualize all three polytope classes, namely: 9 out of
9,020, all 20, and all 49 polytopes that we are claiming to correspond to elliptic surfaces
of Kodaira dimension 1, elliptic surfaces of Kodaira dimension 1, and surfaces of general
type, respectively.



Chapter

Background

This background chapter fixes our notation while recalling basic notions and provides a
short summary of fundamental concepts used throughout this thesis. All of its content is
well-known, does not contain results by the author, and the main references are [CLS11,
Ful93, Ful9g|.

Throughout the thesis, a variety is meant to be an algebraic variety over the complex
numbers C. The structure of this chapter takes up the Introduction structure.

2.1 Algebraic Varieties

Looking at the wide range of algebraic varieties, we focus, above all, on the ones intro-
duced below:

Definition 2.1.1. A normal variety X is called Gorenstein variety if the canonical divisor
Kx on X is a Cartier divisor and Q-Gorenstein variety if the canonical divisor Kx on
X is a Q-Cartier divisor.

Definition 2.1.2. A normal projective variety X is called Fano variety if the anticanon-
ical divisor —Kx on X is an ample Q-Cartier divisor. Moreover, a normal projective
surface X with an ample anticanonical Q-Cartier divisor —Kx is called log del Pezzo
surface.

Definition 2.1.3. A complete normal variety X is called Gorenstein Fano variety if the
anticanonical divisor —Kx on X is an ample Cartier divisor. Thus Gorenstein Fano
varieties are projective.

Definition 2.1.4. A normal projective variety Y is called Calabi- Yau variety if it has
at worst canonical Gorenstein singularities and the canonical divisor Ky on Y is trivial.
Moreover, we call Y a K3-surface if Y is 2-dimensional.

In this thesis, we waive the requirements that the cohomologies of the structure sheaf
Oy of a Calabi-Yau variety Y has to satisfy the vanishing conditions H*(Y,Oy) = 0 for
0<i<dim(Y).

13
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Definition 2.1.5. Let X be a normal variety and wx the canonical sheaf of X. Then
there exists a Weil divisor D on X such that wx = Ox (D). The divisor D is called
canonical divisor on X and denoted by Kx.

2.1.1 Singularities

The present thesis focuses on singular varieties. Therefore, it is important to distinguish
several occurring singularities:

Definition 2.1.6. Let X be a normal projective variety. A birational morphism p: Y —
X is called a log-desingularization of X if Y is smooth and the exceptional locus of p
is a union of smooth irreducible divisors D1, ..., D with only simple normal crossings
[CLS11, page 525|.

Assume that X is Q-Gorenstein. Then the canonical divisors of X and Y are related
by the ramification formula

S
Ky = p*Kx + ZaiDi,
i=1
where a1, ...,as are rational numbers called discrepancies . The singularities of X are
at worst log-terminal/canonical/terminal if a; > —1/a; > 0/a; > 0 for 1 <i < s.

Furthermore, we call p crepant if Ky = p*Kx, i.e., if all a; are zero (1 <1i < s).

Definition 2.1.7. Let X be a normal projective Q-Gorenstein variety. Therefore, Kx
is a Q-Cartier divisor, i.e., there exists a positive integer ¢x such that gx Kx is a Cartier
divisor on X. The Gorenstein index of X is the smallest such integer qx.

2.1.2 Minimal Model Program

The minimal model program is an important part of algebraic geometry. It deals with
the birational classification of algebraic varieties and its basic idea is to simplify this
classification by finding in each birational equivalence class a representative variety that
roughly speaking is as simple as possible. Considered from the historical point of view,
it has its origin in the Enriques-Kodaira classification of surfaces, which categorizes bi-
rational equivalence classes of surfaces. A deeper insight can be gained by consulting
survey references [Kol89, Rei87, Mor87, KMMS&7].

In this thesis, the main focus is not on the minimal model program, therefore we need
only the below-defined objects:

Definition 2.1.8. Let X be a normal projective variety. A normal projective variety
Y is called canonical model of X if Y is birationally equivalent to X and has at worst
canonical Q-Gorenstein singularities.

Definition 2.1.9. Let X be a normal projective variety. A normal projective variety Y
is called minimal model of X if Y is birationally equivalent to X, has at worst terminal
Q-Gorenstein singularities, and the canonical divisor Ky on Y is nef.
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Remark 2.1.10. Let Y be a normal variety and D a Cartier divisor on Y. Then D is
nef (numerically effective) if D - C' > 0 for any irreducible complete curve C' C Y.

A normal projective variety Y is called Q-factorial if every Weil divisor on Y is a
Q-Cartier divisor.

The minimal model program conjectures that a projective variety with positive Ko-
daira dimension (Definition 7.2.9) has a minimal model with certain characteristics while
a projective variety with Kodaira dimension —oo has a birationally equivalent model with
at worst terminal singularities fulfilling certain properties. The conjecture is classically
known to hold in the surface case. In the case of 3-dimensional varieties it is proved by
Mori and Kawamata in [Mor88, Kaw92].

Especially in Chapter 7, our applications are limited to surfaces making use of the
facts below:

Theorem 2.1.11. Let Y be a normal projective variety with dim(Y') = 2. Then Y is
birationally equivalent to some normal projective variety Y' that is Q-factorial, has at
worst terminal singularities, and is a minimal model. In particular, Y’ is smooth because
terminal singularities in dimension 2 are smooth.

Let Y be a normal projective surface with at worst canonical singularities. Then
Y has only Du Val singularities because a 2-dimensional terminal singularity is smooth
and canonical singularities are exactly the Du Val singularities [Kol89, Proposition 2.6].
Therefore, there exists a crepant desingularization p : Y/ — Y (i.e., Ky = p*Ky ), where
Y’ is a minimal model of Y [Rei04, Theorem 2.1|.

2.1.3 Chow Rings and Chern Classes

In this thesis, intersection theory is considered as a part of algebraic geometry, introduced
under this aspect, and later applied like this. We start with an introduction in Chow
rings that provide the basic objects of intersection theory. Furthermore, we present
an algebra-geometric generalization of the divisor concept. A comprehensive standard
reference is [Ful9g|.

We begin by sketching the construction of Chow rings. Therefore, we need to define
cycles, rational equivalence, and especially Chow groups. These objects can be under-
stood as a kind of generalizations of divisors, linear equivalence, and divisor class groups.

Definition 2.1.12. A cycle o of dimension k (or a k-cycle) on a normal variety X is a
finite formal linear sum of the form

o= Zni[Yi],

where Y; are k-dimensional irreducible subvarieties of X and n; € Z. The set of all k-
cycles on X forms a additive group, is generated by k-dimensional subvarieties Y; C X,
and denoted by Zp(X).
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Moreover, we call a k-cycle o € Zp(X) on X rational equivalent to zero (written
a ~ 0) if there are finitely many (k+ 1)-dimensional irreducible subvarieties W; C X and
non-zero rational functions f; € K(W;)" such that a = >~ [divwy, (f;)], where divyy, (f;)
is the divisor of the rational function f; on W;. It should be noted that the notation
divyy, makes clear that the formal sum divw, (fi) = >_; vy, (fi) - V; running over prime
divisors V; C W is a principal divisor on W;. The set {a € Z(X )| a ~ 0} of all k-cycles
that are rational equivalent to zero is denoted by Ry (X). Moreover, R;(X) is a subgroup
of Z;(X), which leads to the following factor group definition

Ap(X) = Zi(X)/Ri(X).

Analogously, it is possible to define this group using cycles of codimension k, where the
difference is made explicit through the exponent representation A*(X) = Ag_,(X). If
the codimension equals 0 and 7 > d, we get A%(X) = Ayg(X) = Z and A"(X) = 0. A*(X)
is called Chow group of X. It is a graduated group defined as A°*(X) = EBZ:O AF(X).
For reasons of simplicity a k-cycle a could mean o € Zi(X) or av € A(X).

We continue with an introduction of two maps that are in combination used to com-
pute the intersection number of two correctly chosen cycles a € AY(X) and 8 € A™(X),
i.e., l +m = d, where X is a d-dimensional normal variety.

Proposition 2.1.13 [Har77, page 426]. Let X be a d-dimensional normal complete
variety. Then there exists a canonical group homomorphism

deg : Ad(X) = Ao(X) — Z, anpz — an

In practice, this map is often used without writing its name at length.

Definition 2.1.14. Let X be a smooth irreducible projective variety of dimension d.
Then there exists a intersection product (or intersection pairing)

o AYX) x A™(X) = AF™X), (a0, B) — o

such that A®*(X) = @zzo A¥(X) is an associative commutative graded ring called Chow
ring of X.

Remark 2.1.15. If X is a smooth irreducible projective variety of dimension d, then the
rational Chow group A®*(X)g = A*(X) ®z Q = @ZZO AF(X)®zQ = @Zzo A*(X)g of
X is a graded QQ-algebra, thus a Q-module. In combination with the intersection product
ot Al (X)) g x AM(X)g — AF™(X)g is a graded ring called rational Chow ring of X.
Similarly, there exists a map deg : A4(X)g = Ag(X)g — Q on the rational Chow group
of X.

Let 7 : Y — X a closed embedding of a smooth normal projective subvariety ¥ C X
with dim(Y) = k in a smooth normal projective variety X. Moreover, let ¢ : X' — X
be a desingularization of a non-smooth normal projective variety X.
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Definition 2.1.16. The push-forward i, : A;(Y) — A;(X) and ¢, : A (X') = A (X)
are dimension preserving homomorphisms of Chow groups. In particular, i,(Z) = Z for
each Z CY with dim(Z) =I.

Let @ € Ap(Y) and o € Ap(X’) be two cycles. Then deg(a) = deg (ix(a)) and
deg(a’) = deg (¢« (c’)) using Proposition 2.1.13 (cf. [Har77, page 426], [Ful98, 1.4]).

Definition 2.1.17. The pullback i* : A'(X) — A'(Y) and ¢* : A" (X) — Al (X') are

codimension preserving homomorphism of Chow rings.

Proposition 2.1.18 — Projection Formula [Ful98, 2.5]. Let X be a smooth normal
projective variety, Y C X a smooth normal projective subvariety of X with dim(Y') = k,
D a Cartier divisor on X (i.e., D € AY(X)), B € A|(Y), and | € N with 1 <1 < k. Then

i (i*(DY).5) = D i, (B),
where i, denotes the push-forward and i* the pullback of the closed embedding i : Y <

X. An analogue projektion formula exists also for desingularizations ¢ : X' — X with
D e AYX), B€ A (X'), and | € N with 1 <1 < d = dim (X").

The following part generalizes the well-known relationship between Cartier divisors
and invertible sheaves [CLS11, Theorem 6.0.20]. In technical terms, this is achieved with
the theory of Chern classes because it assigns to each locally free sheaf of rank r exactly
r objects, called Chern classes.

Let X be a smooth irreducible projective variety of dimension d and F a locally free
sheaf of rank r on X. Furthermore, let P(F) be the sheaf associated projective bundle of
F with associated morphism 7 : P(F) — X |[Har77, page 162]. £ denotes the associated
invertible sheaf on P(F) and ¢ € AY(P(F)) the corresponding divisor class.

Definition 2.1.19. The k-th Chern class c;(F) € A¥(X) of F (0 < k < r) is defined
through the following two conditions

co(F) =1 and Z (—1)Fr* (ex(F)) .£€7% =0,
0<k<r
where the second condition is a class in A"(P(F)). In particular, the k-th Chern class is
determined by cx(F) = 0 if & > r [Ful98, 3.2].

The Chern classes, we are especially interested in, are the ones associated with the
following locally free sheaf:

Definition 2.1.20. Let X be a smooth irreducible variety of dimension d. Then there
exists a sheaf Tx with a geometric origin, called tangent sheaf, that is a locally free
sheaf of rank d [Bro89, page 405]. Another possibility to introduce this sheaf is via the
dualisation of the differential sheaf Qx because Tx = QY [Har77, page 180, I1.8.15],
[Bro89, page 409-416].

To simplify our notation, we call a Chern class ¢, (7Tx) of Tx Chern class c¢x(X) of
the given variety X (0 < k < d).

Definition 2.1.21. Let X be a smooth irreducible variety of dimension d. Then the top
Chern class ¢q(X) of X is called Euler number of X.
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2.2 Cones, Fans, and Toric Varieties

Toric geometry unites two strands of mathematics: algebraic geometry and combina-
torics. The potential of this correspondence is apparent: we can easily read off a mul-
titude of properties about a toric variety through a combinatorial exploration of the
associated fan, including statements about the variety’s smoothness and orbits. In this
section, we state the central aspects of the mentioned relationship.

Definition 2.2.1. A toric variety of dimension d is a normal variety X over the field C
of complex numbers containing a torus T¢ 2 (C*)? as an open dense subset such that
the action of T? on itself extends to an algebraic action T¢ x X — X of T on X.

Let Ng := N ®z R = R? be a real vector space obtained by an extension of a d-
dimensional lattice (i.e., a free abelian group of rank d) N = Z?. Furthermore, M =
Hom(M,Z) denotes the dual lattice to N and (-,-) : M x N — Z the natural pairing
which extends to a pairing (-,-) : Mg x Ng — R, where Mg = M ®z R = R? is the
corresponding real vector space to M.

A subset C' C Ny is called convez if ¢1,c9 € C implies A-¢1 + (1 — \) - ¢g € C for all
AeRwith0 <A< 1.

Definition 2.2.2. A cone o (or more precisely, a finitely generated convex rational poly-
hedral cone) in Ny is a set of the form

o= {Z)\uu

u€es

Au € Rzo} C Ng,

where S C N is finite.

Let ¢ C Ngr be a cone. Then the relative interior of the cone o is denoted with ¢°
[CLS11, page 24|. The dimension dim(o) of the cone o0 C Np is the dimension of the
smallest subspace of Ng containing o. A primitive ray generator u, € pN N is the unique
element generating the semigroup p N N for any ray p of the given cone o.

Definition 2.2.3. Let ¢ C Ng be a cone. Then
(i) o is smooth if its primitive ray generators form a part of a Z-basis of N.
(ii) o is simplicial if its primitive ray generators are linearly independent over R.
Definition 2.2.4. The dual cone ¥ C My of a cone ¢ C N is defined as
o ={m e Mg|(m,u) >0 for all u € 0} C Mg.

The introduced duality has the property that the dual of a convex rational polyhedral
cone is a convex rational polyhedral cone and (¢¥)" = o [CLS11, Proposition 1.2.4].

Definition 2.2.5. A face 7 of a cone 0 C Ny (written 7 < o) isaset 7 = Hy,No C Ny
for some m € oV, where H,, = {u € Ng| (m,u) = 0} C Ng is a hyperplane.
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Given a cone o C Ng, the set of lattice points S, := cVNM C M is finitely generated
and hence an affine semigroup by Gordan’s Lemma [CLS11, Proposition 1.2.17].

Theorem 2.2.6 [CLS11, Theorem 1.2.18]. Let ¢ C Ngr be a cone. Then X, =
Spec(C[S,]) = Spec(Clo¥ N M]) is an affine toric variety.

Remark 2.2.7. The semigroup S, = oV N M is finitely generated by Gordan’s Lemma
and the lattice points in it can be regarded as monomials in the coordinate ring of the
affine toric variety X,. The semigroup algebra C[S,] is a vector space over C with basis
So, i.e., an arbitrary element is given by a finite sum ) s, cmX"" with ¢, € C and x™
the element in the C-algebra corresponding to the semigroup element m € S,, where the
multiplication is induced by x™ - Xm/ = Xm+m/.

The combinatorial object to glue a collection of affine toric varieties together to yield
a toric variety is given as follows:

Definition 2.2.8. A fan X in Ny is a finite collection of cones o C Ng such that

(i) every o € ¥ is a strongly convez rational polyhedral cone (i.e., o N (—o) = {0}).
(ii) for all o € 3, each face 7 < o of o is also an element in X.

(iii) the intersection o; N o9 of any two cones 01,092 € ¥ in ¥ is a face of each (i.e.,
01 Nog < 01,09) and hence also an element in 3.

Furthermore, if ¥ is a fan, then (k) denotes the set of all k-dimensional cones of ¥.

Considering the collection of affine toric varieties X,, where o runs over all cones in
a given fan X. All compatibility conditions for gluing the affine varieties X, along the
relevant subvarieties are satisfied [CLS11, Section 3| and hence we obtain a normal toric
variety X [CLS11, Theorem 3.1.5]|.

Theorem 2.2.9 [CLS11, Theorem 3.1.19, Theorem 3.4.6]. Let X5, be a toric vari-
ety defined by a fan ¥ in Ng. Then Xs is smooth [CLS11, Definition 3.0.13] if and only
if every cone in ¥ is smooth. Furthermore, Xy, is complete |[CLS11, Definition 3.4.3] if
and only if the fan ¥ is complete, i.e., Uyeno = Ni.

Proposition 2.2.10 [Rei83]. Let X be a Q-Gorenstein toric variety. Then X has at

worst log-terminal singularities.

Remark 2.2.11. Let Xy, be a toric variety defined by a fan 32 in Ng. Then the canonical
divisor Kx, equals —) pET(1) D,, where D, is the closure of a codimension 1 orbit
corresponding to a 1-dimensional cone p € ¥(1) and a torus-invariant prime divisor.

Proposition 2.2.12 [CLS11, Theorem 4.2.12],[Bat98b, Section 4|. Let X be a
normal Q-Gorenstein toric variety associated with a fan 3 in Ng. Then the property of
X to be Q-Gorenstein is equivalent to the existence of a ¥-piecewise linear function

K:NR%R

corresponding to the anticanonical divisor —Kx on X that is linear on each cone o of
and has value —1 on every primitive ray generator of a 1-dimensional cone of X.
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Definition 2.2.13. The normalized volume v(o) of a k-dimensional cone o C Np is
defined to be the normalized volume of the lattice polytope 6, (Definition 2.3.6) obtained
as the convex hull of the origin and all primitive ray generators of the given cone o, i.e.,

v(o) = k!-voly (65),

where voly (6,) denotes the k-dimensional volume of the lattice polytope 6, with respect
to the sublattice (o)r N N.

We denote by v(X) the normalized volume of a fan X defined as the sum running over
all d-dimensional (i.e., maximal-dimensional) cones of the normalized volumes of these
cones, i.€.,

v(E) = > (o). (2.1)

oeX(d)

Example 2.2.14. Let %, := {{0}, p1, p2, p3, 01,02, 03} be a fan in Ng, where the cones
are defined as

p1 = Rxpea, p2:=Rxpe1, p3:=Rso(—e1 —mez)

and
o1 = {A1e2 + Aae1 | A1, A2 € Rxo},

oz = {A1e1 + Az(—e1 —mea) | A1, A3 € Rxo},
o3 = {A3(—e1 —me2) + Azez | A3, A2 € R0}

(Figure 2.1). To compute the normalized volume of a cone in %, (Definition 2.2.13), we
have to compute the normalized volume of the lattice polytope obtained as the convex
hull of the origin and all primitive ray generators of the given cone. Figure 2.1 pictures
all seven cones together with the needed lattice polytopes to compute the following
normalized volumes: v({0}) = v(0(0y) = 1, v(p1) = v(0),) = v(conv(0,e2)) = 1!-1 =1,
v(p2) = v(0p,) = v(conv(0,e1)) =1, v(p3) = v(0,;) = v(conv(0, —e; —meg)) = 1, and

v(o1) = v(0s,) = v(conv(0, e2,e1)) = 2! - (% -1- 1) =1,

1
v(o2) = v(0y,) = v(conv(0, e1, —e; —mez)) = 2! (5 -1- m) =m,

v(03) = v(0y,) = v(conv(0, —e; — meg, ez)) = 2! - (% -1- 1) =

In particular, the normalized volume v(%,,) of the fan 3,, equals v(o1) +v(02) +v(03) =
1+m—+1 =2+ m. There is a close link between this example and Example 6.2.2
including Figure 6.4 because X, is the (spanning) fan of the toric log del Pezzo surface
appearing there.
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Figure 2.1: Normalized Cone Volumes. We consider the fan %, = {{0}, p1, p2, p3,
o1,02,03} (here: m = 3), where the 2-dimensional cones o1, 02, and o3 are hatched dark
grey, grey, and light grey, respectively, and the black dots are the primitive ray generators
of the 1-dimensional cones p1, p2, and p3. Additionally, the polytopes to compute the
normalized volumes of all seven cones are included.

2.2.1 Chow Rings and Chern Classes of Toric Varieties

We revisit Chow rings and Chern classes (Subsection 2.1.3) in the particular case of toric
varieties. Here, the Chow group is generated by torus orbit closures:

Proposition 2.2.15 [CLS11, Theorem 3.2.6, Lemma 12.5.1, Section 12.5]. Let
X be a complete simplicial toric variety of dimension d associated with a fan ¥ in Ng.
For each o € X, the torus orbit closure X, is a subvariety of codimension dim(o) and its
rational equivalence class [X,] lives in AW (X)), Moreover, these torus orbit closure
classes generate A*(X) as an abelian group. In addition, A*(X) is also a ring.

The usual Chern classes of a toric variety are given in a purely combinatorial way
using the fact that the Chow ring is generated by torus orbit closure classes and intrinsic

information provided by the underlying fan:

Proposition 2.2.16 [CLS11, Proposition 13.1.2]. Let X be a d-dimensional smooth
complete toric variety associated with a fan ¥ in Nr. Then

(i) co(X) =D ,enlXo], where co(X) = ca(X) + ...+ c1(X) + 1 is called total Chern
class of X.

(ii) a1(X) = [-Kx], where —Kx =} ,cx1y D is the anticanonical divisor on X.

(iii) cg(X) = |2(d)]| - [point], where [point] € A%(X).
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2.3 Polytopes, Fans, and Toric Varieties

A specialization to the interaction of toric geometry and combinatorial methods applied
to lattice polytopes exploits its potential (mentioned at the beginning of Section 2.2) in
principled and elegant ways [Oda85, Ful93, CLS11|. It connects hard algebra-geometric
objects, such as projective toric varieties, and intuitive convex-geometric objects, such
as lattice polytopes. This replaces the dictionary from the previous section dealing with
fan explorations.

Definition 2.3.1. A d-dimensional convex polytope A C Ny is called lattice polytope
(or d-polytope) if A = conv(ANN), i.e., if all vertices of A belong to the lattice V.

Definition 2.3.2. A face 6 < A of a given polytope A C Np is an intersection of A with
an affine hyperspace, i.e., there exists m € My \ {0} and b € R such that 6 = AN H,
with H,,p = {z € Nr|(m,z) = b}.

A wertex is a O-dimensional face of a d-dimensional polytope A, an edge is a 1-
dimensional face of A, and a facet is a (d — 1)-dimensional face of A. The set of all
vertices of A is denoted by vert(A).

Let A C Ny be a d-dimensional lattice polytope and 8 < A a face of A. Then the

boundary of the polytope A is denoted by A and the relative interior of the polytope 0
by 6°.

Definition 2.3.3. Let A C Nr be a d-dimensional convex polytope that contains the
origin 0 € N in its interior. Then one defines the dual polytope A* C Mg as

A" ={y € Mr|(y,z) > —1Vz € A} C M.

Definition 2.3.4. Let A C Ng be a d-dimensional convex lattice polytope that contains
the origin in its interior and 0 < A a face of A. Then

0" ={yec A" (y,z) = —-1Vx € 0} < A"
is a face of A* and called dual face of .

The duality between A and A* implies a one-to-one order-reversing duality between
k-dimensional faces 8 < A of A and (d — k — 1)-dimensional dual faces 8% < A* of A*
such that dim(f) + dim(0*) = d — 1 [Ful93, Section 1.5].

Definition 2.3.5. The non-negative integer | (m, n)—b| is called lattice distance between
n € N and the hyperplane H,,;, where m € M is a primitive lattice vector and b € Z
with Hy,p = {z € Nr | (m,x) = b}.

Let A C Ny be a d-dimensional lattice polytope that contains the origin in its interior
and § < A a face of A. Then we denote by ng the lattice distance from 6 (or the affine
hyperplane spanned by 6) to the origin.
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Definition 2.3.6. Let A C N be a d-dimensional lattice polytope. Then we define
v(A) to be the normalized volume of A, i.e., the positive integer

v(A) ==d!-voly(A),

where volg(A) denotes the d-dimensional volume of A with respect to the lattice N.
Similarly, we define the positive integer v(6) := k!-voly(0) for a k-dimensional face § < A
of A, where vol () denotes the k-dimensional volume of # with respect to the sublattice
span(d) " N. If A C Ng is a d-dimensional polytope having vertices in Ng = N ® Q,
i.e., A is a rational polytope, then we can similarly define the positive rational number
v(#) for any k-dimensional face § < A. For this purpose, we consider an integer | such
that [A is a lattice polytope and define for a k-dimensional face § < A its normalized
volume as v(f) = l%v(l@).

Example 2.3.7. Example 2.2.14 instances as an example because while computing the
normalized volumes of certain cones in a given fan, we computed normalized volumes of
lattice polytopes in three different dimensions.

2.3.1 Fans

In the previous section, fans have been introduced to define toric varieties. Now, this
subsection presents two different ways to obtain a fan from a given lattice polytope:

Definition 2.3.8. Let A C My be a d-dimensional lattice polytope. We define £ to
be the normal fan of A in Ng, i.e., 22 = {09 ‘ 0 < A}, where o is the cone generated
by all inward-pointing facet normals of facets containing the face § < A of A with
dim(c?) = d — dim(#). In particular, the normal fan is a fan [CLS11, Theorem 2.3.2|.

Let A C Mg be a d-dimensional lattice polytope and 2 the associated normal fan
in Nr. Then the function

K% Ngp > R, min {(y,2)} = min  {{y.z)} (2.2)

is a support function for ¥4 (i.e., it is linear on each cone of ZA) and integral with
respect to N (i.e., k*(N) C Z) [CLS11, Proposition 4.2.14]. In other words, the cones
in the normal fan X2 are given by

o = {u € Na|s (@) = (y,2) Vy € 6} € Ng.
Moreover,
o/ NA* = {méoe‘@,x) > —IVyEG} C Ngr

is the associated rational polytope, where A* is the dual polytope of A, that has rational
not necessarily integer vertices with A* = Ug< ac? N A*,

Theorem 2.3.9 [CLS11, Theorem 3.1.5, Theorem 3.1.6]. Let A C Mg be a d-
dimenstonal lattice polytope. Then Xsa is a normal projective toric variety, where yA
is the normal fan of A.



24 CHAPTER 2. BACKGROUND

There is a second possibility to define a fan associated with a polytope:

Definition 2.3.10. Let A C N be a d-dimensional lattice polytope with 0 € A° N N.
We define ¥ A to be the spanning fan of A in Ng, i.e., ¥a = {og |0 < A}, where oy is
the cone R>(f spanned by the face § < A of A with dim(op) = dim(#)+ 1. In particular,
the spanning fan is a fan.

Theorem 2.3.11 [Kas06, Proposition 2.3.15], [CLS11, Theorem 3.1.5]. Let A C
Nr be a d-dimensional lattice polytope with 0 € A°NN. Then Xsx, is a normal projective
toric variety, where XA is the spanning fan of A.

Let A C Ng be a d-dimensional lattice polytope with 0 € A° N N. Then there exists
a Y a-piecewise linear function

kAt Ng — R (2.3)

corresponding to the anticanonical divisor — K Xy, on Xy, that is linear on each cone o
of ¥ A and has value —1 on every primitive ray generator of a 1-dimensional cone of XA .
In this case, the given polytope A is of the form

A ={z e Np|ka(z)> -1} C Np
and there are lattice points n € N with ka(n) € Q\ Z.

Example 2.3.12. Let A be a 2-dimensional polytope containing the origin in its interior
and defined as conv(ey, ez, —e; — e3) (Figure 2.2(a)). The associated normal fan $2 and
the associated spanning fan XA consist of one 0-dimensional cone, three 1-dimensional
cones and three 2-dimensional cones (Figure 2.2(b) and (c¢)). The corresponding toric
varieties are Xya = P?/Zy and Xy, = P2

In the remaining part of this section, we look at special lattice polytopes (namely,
reflexive polytopes, LD P-polygons, almost pseudoreflexive polytopes, canonical Fano
polytopes, and Gorenstein polytopes of index r) and apply in each case the dictionary
knowledge from this section.

2.3.2 Reflexive Polytopes
A detailed introduction to reflexive polytopes can be found in [Bat94].

Definition 2.3.13. A d-dimensional lattice polytope A C Ng containing the origin
0 € N in its interior is called reflezive if all vertices of the dual polytope

A" = {y S MR|<y,[I}> > —1Vzx € A} C Mg
belong to the dual lattice M, i.e., if A* is also a lattice polytope.

By Definition 2.1.3, a complete normal toric variety X is a Gorenstein toric Fano
variety if the anticanonical divisor —Kx is an ample Cartier divisor.
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»na XA
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(a) Lattice polytope A. (b) Normal fan ¥4, (¢) Spanning fan Y.

Figure 2.2: Lattice Polytope A with Normal fan ¥4 and Spanning fan Xa. (a)
The lattice polytope A is given as the convex hull of e1, e2, and —e; —eg. (b) The normal
fan ¥ of A consists of a O-dimensional cone {0}, three 1-dimensional cones pictured
as black lines with the primitive ray generators as black dots, and three 2-dimensional
cones hatched dark grey, grey, and light grey, respectively. (¢) The spanning fan ¥ of
A consists of a 0-dimensional cone {0}, three 1-dimensional cones pictured as black lines
with the primitive ray generators as black dots, and three 2-dimensional cones hatched
dark grey, grey, and light grey, respectively.

Theorem 2.3.14 [CLS11, Theorem 8.3.4], [Bat98b, Corollary 4.2]. Let A C Mg
be a reflexive polytope. Then the associated variety Xsa defined via the normal fan £ of
A 1s a projective Gorenstein toric Fano variety with at worst log-terminal singularities.
In particular, the Gorenstein index AX g equals 1.

Remark 2.3.15. The statement of Theorem 2.3.14 holds also true if the associated
variety Xy, is defined via the spanning fan YA of a reflexive polytope A C Nr because
A and A* are reflexive polytopes and therefore ¥p = L27.

Moreover, if A C Np is reflexive, then A* is also reflexive and one has (A*)* = A.
Any facet # < A of a reflexive polytope A is defined by an equation (m,z) = —1 for
some lattice vertex m € M of the dual reflexive polytope A*. This means that each facet
0 =< A of a reflexive polytope A has lattice distance 1 to the origin 0 € N and the origin
is the only interior lattice point of A. In particular, every reflexive polytope is a lattice
polytope with exactly one interior lattice point. The converse is not true. If A C Ny is a
d-dimensional lattice polytope containing 0 € NN in its interior, then the lattice distance
ng from a (d — 1)-dimensional face # < A to the origin can be larger than 1, i.e., the
facet 6 is defined by an equation — (m,x) = ny > 1 for some primitive lattice point
m € M. One can show that any 2-dimensional lattice polytope containing the origin in
its interior is always reflexive, but the latter is not true if d > 3. There exist exactly 16
isomorphism classes of 2-dimensional reflexive polytopes [CLS11, Theorem 8.3.7]|, exactly
4,319 isomorphism classes of 3-dimensional reflexive polytopes, and exactly 473,800,776
isomorphism classes of 4-dimensional reflexive polytopes classified by Kreuzer and Skarke

[KS98b, KS00].

Remark 2.3.16. Let A and A’ C Ngr be two d-polytopes. Then we call A and A’
isomorphic if there exists a lattice isomorphism (isomorphism of abelian groups) N — N



26 CHAPTER 2. BACKGROUND

mapping the vertices vert(A) of A onto the vertices vert(A’) of A’. In addition, a
linear map [ : Ng — Ng induces a lattice automorphism on N if and only if the matrix
corresponding to [ is an element of the general linear group GL(d,Z) of degree d.

Example 2.3.17. A complete list of all 16 isomorphism classes of 2-dimensional reflexive
polytopes can be found in Figure 6.1. Furthermore, there are examples of 3-dimensional
reflexive polytopes in Figure 6.2 and of 4-dimensional reflexive polytopes in Figure 6.3.

2.3.3 LDP-polygons

Definition 2.3.18. A 2-dimensional lattice polytope A C Ng containing the origin
0 € N in its interior such that all vertices of A are primitive lattice points in /V is called
LD P-polygon, where LDP is an abbreviation for ‘log del Pezzo’.

In general, the vertices of the dual polygon A* C Mg to a LDP-polygon A are not
lattice points in M, i.e., A* is in general a rational polytope.

Remark 2.3.19. Let A C Ng be a reflexive polygon. Using Subsection 2.3.2; the origin
0 € N is the only interior lattice point of A. Hence, all vertices of A are primitive lattice
points in N, i.e., LD P-polygons build a superclass of reflexive polygons.

By Definition 2.1.2 and Proposition 2.2.10, a normal projective toric surface X with
at worst log-terminal singularities and an ample anticanonical Q-Cartier divisor — K x is
a toric log del Pezzo surface.

Theorem 2.3.20 [KKN10, Introduction]. Let A C Ny be a LDP-polygon. Then the
associated variety Xy, defined via the spanning fan YA of A consisting of cones over
faces of the given LD P-polygon A is a toric log del Pezzo surface.

Moreover, there exists a one-to-one correspondence between toric log del Pezzo sur-
faces and LD P-polygons. In particular, any LD P-polygon is the convex hull of all
primitive ray generators of 1-dimensional cones in the fan ¥ associated with a toric log
del Pezzo surface.

Example 2.3.21. Following Remark 2.3.19, Example 2.3.17 presents 16 reflexive poly-
gons, which are in particular LD P-polygons. In addition, Figure 5.1 and 6.4(a) present
some LD P-polygons that are not reflexive.

2.3.4 Almost Pseudoreflexive Polytopes

Let A € Mg be a d-dimensional lattice polytope containing the origin 0 € M in its
interior. We denote by [A*] the convex hull conv(A* N N) of all lattice points in the dual
polytope A*.

Definition 2.3.22. Let A C My be a d-dimensional lattice polytope containing the
origin 0 € M in its interior. The lattice polytope A is called almost pseudoreflexive
if the convex hull [A*] = conv(A* N N) of all lattice points in the dual polytope A*
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also contains the origin 0 € N in its interior and both polytopes are d-dimensional. An
almost pseudoreflexive polytope A is called pseudoreflezive if A = [[A*]*]. If A is an
almost pseudoreflexive polytope, then [A*] is always a pseudoreflexive polytope. We call
an almost pseudoreflexive polytope A almost reflexive if [A*] is a reflexive polytope.

Remark 2.3.23. Let A C Mg be a reflexive d-polytope. Using Subsection 2.3.2, the
origin 0 € M is contained in the interior of A and A* is also a reflexive d-polytope.
Hence, the origin 0 € N is also contained in the interior of [A*] = A*, i.e., almost
pseudoreflexive d-polytopes build a superclass of reflexive d-polytopes.

To check whether a lattice polytope is almost pseudoreflexive or not, we can use the
equivalent criterions in Proposition 2.3.25 for which we need the following notion:

Definition 2.3.24. Let A C My be a d-dimensional lattice polytope containing the
origin 0 € M in its interior. Then the Fine interior APl of A is defined as

APl = m I'2(n)
0#neN

with halfspaces I'{(n) = {y € Mg |(y,n) > k®(n) + 1} for any non-zero lattice point
n € N, where k2 : Ng = R, z +— Mingeyerg(a) {(¥, )} (Equation (2.2)).

In particular, the Fine interior Al is a convex subset in the interior of A and unlike
the interior of A maybe empty. A priori the Fine interior AF! is an infinite intersection
of affine halfspaces, but it can be obtained as a finite intersection of halfspaces I'{*(n),
where n appears as a minimal generator of the semigroup o/ NN for a face § < A [Bat17,
Remark 2.6].

Proposition 2.3.25 [Bat17, Proposition 3.4]. Let A C Mg a d-dimensional lattice
polytope. Then the following conditions are equivalent:

(i) A is almost pseudoreflexive.
(i) AFT = {0}.

(iii) A contains the origin 0 € M in its interior and A is contained in a pseudoreflexive
polytope A'.

Remark 2.3.26. Using a result of Skarke [Ska96], one obtains that every pseudoreflexive
polytope A of dimension d < 4 is reflexive. In particular, every almost pseudoreflexive
polytope of dimension d < 4 is almost reflexive. There exists an equivalent description
of almost pseudoreflexive reflexive polytopes A of dimension d < 4: A C Mp is almost
pseudoreflexive if and only if A contains 0 € M in its interior and is contained in some
reflexive polytope A’ [Bat17, Proposition 3.4 and Theorem 3.12].

In this thesis, we consider the following three running examples of 3-polytopes Aq,
AQ, and Ag:



28 CHAPTER 2. BACKGROUND

Example 2.3.27. Set A = conv(ey, g, e3,—e1 — €2 — e3), Ay := conv(ey, e, €3, —€1 —
ea — 2e3), and Ag = conv(ey, ea, e3, —be; — 6eg — 8es) (Figure 2.3). All these polytopes
contain the origin 0 as an unique interior lattice point (i.e., Ay N M = {0} (1 <i < 3)),
but only A; is a reflexive polytope. Checking if [A¥] = conv(AfNN) (1 < i < 3) contains
the origin in its interior, we get that the simplices A, Ag are almost reflexive and Ag
is not almost reflexive (Figure 6.6(b), 6.5(b), and 6.7(b)). Using Proposition 2.3.25, the
corresponding Fine interiors are Al = {0}, AT = {0}, and AL! # {0}. To be precise,
a concrete computation yields AL! = conv((0,0,0), (—1,-1/2,—1/2)).

Now, we are interested in algebraic varieties that are birational to canonical models
of a generic affine hypersurface Za C (C*)? defined by a generic Laurent polynomial fa
whose Newton polytope is a given d-dimensional lattice polytope A C Mg. The generic
open condition on the coefficients of the Laurent polynomial fa can be formulated in a
more precise form:

Definition 2.3.28. Let A C Mg be a d-dimensional lattice polytope and Za C Td =~
(C*)? an affine hypersurface in the d-dimensional algebraic torus T¢, which is the zero
set of a Laurent polynomial

falx) = Z ™

with the Newton polytope A and some sufficiently general coefficients a,, € C. A is
called Newton polytope of the Laurent polynomial fa because it is the convex hull of all
lattice points m € M such that a,, # 0.

The Laurent polynomial fa and the affine hypersurface Za are called A-non-degen-
erate if for every face § < A of A the zero locus Zp := {x € T?¢| fo(x) = 0} of the §-part
of fa is empty or a smooth affine hypersurface in the d-dimensional algebraic torus T¢.

Almost pseudoreflexive d-polytopes are in the following sense closely related to Calabi-
Yau varieties (Definition 2.1.4):

Proposition 2.3.29 [Bat17, Theorem 2.23|. Let A C Mg be a d-dimensional lattice
polytope containing the origin 0 € M in its interior. Then a canonical model (Definition
2.1.8) of a A-non-degenerate affine hypersurface Zn C T is birational to a (d — 1)-
dimensional Calabi-Yau variety Y with at worst Gorenstein canonical singularities if and
only if the polytope A is almost pseudorefliexive. In particular, in the case d = 3 a A-
non-degenerate affine surface Zn C T3 is birational to a K3-surface if and only if A is
an almost reflexive polytope.

Example 2.3.30. Following Remark 2.3.23, a complete list of all 16 isomorphism classes
of 2-dimensional reflexive polytopes can be found in Figure 6.1. Furthermore, there are
examples of 3-dimensional reflexive polytopes in Figure 6.2 and of 4-dimensional reflexive
polytopes in Figure 6.3. In particular, all these polytopes are almost pseudoreflexive. In
addition, Figure 2.3(b) and 6.5(a) present an almost pseudoreflexive polytope that is not
reflexive.

To recapitulate the content of this subsection, we refer the reader to [Bat17].
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(1,0,0)

(0,1,0)

(-1,-1,-1)

(a) Reflexive polytope Aj.

Ay

(1,0,0)

(0,1,0)

(-1,-1,-2)

(b) Almost reflexive polytope As.

(1,0,0)
(0.1,0)

(c) Non-almost reflexive polytope As.

Figure 2.3: Three Types of Canonical Fano 3-polytopes. Shaded faces are oc-
cluded. (a) Reflexive polytope A;. All facets of A; have lattice distance 1 to the origin.
(b) Almost reflexive polytope Ay. The grey coloured facet of Ag has lattice distance 2
and all other facets have lattice distance 1 to the origin. (¢) Non-almost reflexive poly-
tope As. The grey coloured facet of Az has lattice distance 2, the light grey coloured
facet has lattice distance 3, and all other facets have lattice distance 1 to the origin.
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2.3.5 Canonical Fano Polytopes

In addition to this subsection that focuses on the essentials regarding the needs of this
thesis, we refer to [Kas10, Nil05].

Definition 2.3.31. A d-dimensional lattice polytope A C N containing only the origin
as an interior lattice point (i.e., A° N N = {0}) is called canonical Fano polytope .

Remark 2.3.32. Let A C Nr be an almost pseudoreflexive d-polytope. By Proposi-
tion 2.3.25, A" = {0} and conv(A° N N) C AF! [Bat17, Remark 2.7], i.e., canonical
Fano d-polytopes build a superclass of almost pseudoreflexive d-polytopes. In particular,
combining this fact with Remark 2.3.23 provides that canonical Fano d-polytopes build
a superclass of reflexive d-polytopes.

Canonical Fano 3-polytopes are classified up to isomorphism (Remark 2.3.16) and
there exist exactly 674,688 isomorphism classes of 3-dimensional canonical Fano poly-
topes [Kas10|. Furthermore, 2-dimensional canonical Fano varieties are fully classified.
There exist exactly 16 isomorphism classes corresponding to the 16 reflexive polygons in
Figure 6.1. Full classifications of d-dimensional canonical Fano varieties with d > 3 are
still pending.

A toric Fano variety X is a normal projective toric variety with at worst log-terminal
singularities such that —Kx is an ample Q-Cartier divisor.

Theorem 2.3.33 [Dan78, Rei83]. Let A C Ng be a canonical Fano d-polytope. Then
the associated normal projective toric variety Xs,, defined via the spanning fan XA of
A consisting of cones over faces of the given polytope A is a toric Fano variety with at
worst canonical singularities, called canonical toric Fano variety.

Moreover, there exists a one-to-one correspondence between d-dimensional canonical
toric Fano varieties and canonical Fano d-polytopes [Nil05, Proposition 2.3.7].

The properties X occupies can be combinatorially characterized as follows: X is a
toric Fano variety if and only if the primitive ray generators of all 1-dimensional cones
in the associated fan ¥ with X correspond to vertices of a lattice polytope in N [Dan78,
Ewa96].

Proposition 2.3.34 [Rei83]. A toric variety X has at worst canonical singularities if
and only if the primitive ray generators of 1-dimensional cones of each cone o € ¥ are
contained in an affine hyperplane H and there are no other elements of the lattice N in
the part of o under H.

Example 2.3.35. Following Remark 2.3.32, 2-dimensional reflexive polytopes can be
found in Figure 6.1, 3-dimensional reflexive polytopes in Figure 6.2 and 2.3(a) and 4-
dimensional reflexive polytopes in Figure 6.3. Moreover, Figure 2.3(b) and 6.5(a) present
an almost pseudoreflexive polytope. In addition, Figure 2.3(c) and 6.7(a) present a
canonical Fano polytope that is not almost pseudoreflexive. A whole string of examples
that are not almost pseudoreflexive is listed in the Appendix A, Figure A.1, A.2, and
A.3.
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The existence of canonical and minimal models (Definition 2.1.8 and 2.1.9) of non-
degenerate affine hypersurfaces (Definition 2.3.28) defined by canonical Fano d-polytopes
is guaranteed:

Remark 2.3.36. Let A C Ng be a canonical Fano d-polytope. Then AT £ () because
conv(A° N N) C Al and conv(A° N N) = {0} [Bat17, Remark 2.7]. Therefore, the
A-non-degenerate affine hypersurface Za has a canonical and a minimal model [Bat17,
Theorem 2.8|.

2.3.6 Gorenstein Polytopes

We recommend consulting, in addition, other articles, such as [BNO8| and [BJ10].

Definition 2.3.37. Let r be a positive integer. A d-dimensional lattice polytope A C My
is called Gorenstein polytope of index r if rA —m is a reflexive polytope for some lattice
point m € M.

To simplify our notation, we skip m and write A instead of A —m while considering
the associated reflexive polytope.

Example 2.3.38. Reflexive polytopes are Gorenstein polytopes of index r = 1.

Let A C Mg be a d-dimensional Gorenstein polytope of index r. Then the normal
fan ¥4 in Ng of the polytope A (or, equivalently, of rA) defines a Gorenstein toric Fano
variety X := Xya such that its anticanonical class ¢;(X) is divisible by 7 in Pic(X) with
at worst log-terminal singularities (Proposition 2.2.10).

There exists a duality for Gorenstein polytopes that generalizes the duality for re-
flexive polytopes: For this purpose, we associate with a Gorenstein polytope A C Mg of
index r the (d 4 1)-dimensional cone

Car ={(y,\) e Mp®dR|ye AA} C Mr & R.
The dual cone C{ C Ng ® R is defined as
CR = {(z,pn) € Nk ®R| (y,2) + A > 0V(y,\) € Ca} (2.4)
and the [-th slice CX (1) of CX is defined as the lattice polytope
CX(l) =CXn{(z,n) e Nn®R| (m,z) +ru=1} C Ng ®R.

Definition 2.3.39. Let A C Mg be a Gorenstein polytope of index r. Then the lat-
tice polytope A* := CX(1) is again a Gorenstein polytope of index r and called dual
Gorenstein polytope to A.

The duality between two (d 4 1)-dimensional cones Ca and CX establishes a one-to-
one order-reversing correspondence between faces of Cx and CX that induces a duality
between faces of the Gorenstein polytopes A and A* = CX(1). It is important to note
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(a) (b) (c)

Figure 2.4: Gorenstein Polytope of Index r. (a) Gorenstein polytope A (grey
coloured) of index r (here: r = 2) and reflexive polytope rA — m (here: m = (1,1)).
(b) Dual reflexive polytope (rA)*. (c) Normal fan X4 associated with A and rA,
respectively.

that the reflexive polytope (rA)* and the Gorenstein polytope A* are not only naturally
combinatorially isomorphic, but this isomorphism also induces isomorphisms between
proper faces of (rA)* and A* considered as lattice polytopes [BNO0S].

The normal fan £ in N can be constructed via the projection
Nr ®R — (NR D R)/R(n, E) = Nr (2.5)

of all proper faces of the dual cone CX along the 1-dimensional subspace generated by
the unique interior lattice point (n,r) in the reflexive polytope CX(r).

Example 2.3.40. Let A C Mg be a lattice polytope given by
Conv((()? 0)7 (]‘? 0)7 (17 1)7 (07 1))

(grey coloured in Figure 2.4(a)). Then A is a Gorenstein polytope of index r = 2 because
2A — (1,1) with m = (1,1) € M is the reflexive polytope in Figure 6.1(n). To construct
the normal fan £ of A, we can look at the dual polytope (rA)* of A pictured in Figure
2.4(b), which is the reflexive polytope in Figure 6.1(d). The corresponding normal fan
¥4 consists of the following nine cones: {0}, conv(=e;), conv(=%es), and conv(Fey, +es)
(Figure 2.4(c)) and defines the Gorenstein toric Fano variety Xya = P! x P! with at
worst log-terminal singularities.

To see the duality for this Gorenstein polytope, we look at the (2-+1)-dimensional
cone Cao C Mg @ R (Figure 2.4(d)) and its dual cone CX C Ng ® R (Figure 2.4(¢))
defined in Equation (2.4). In Figure 2.4(d) the grey coloured polytope at height 1 in
the cone Cx corresponds to A. Finally, the grey coloured polytope CX(1) at height 1 in
the dual cone CX in Figure 2.4(e) is again a Gorenstein polytope of index r = 2 that is
defined to be the dual Gorenstein polytope A* of A.

Moreover, we construct the normal fan ¥4 via the projection in Equation (2.5) of all
proper faces of the cone CX along the 1-dimensional subspace generated by the unique
interior lattice point (n,r) = (0,0,1) in the reflexive polytope CX(2), that is the 2-th
slice of CX (Figure 2.4(e)).
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(0,0,1)

(d) (e)

Figure 2.4: Gorenstein Polytope of Index r. Shaded faces are occluded. (d) Cone
Ca € Mg & R associated with the Gorenstein polytope A of index r. The grey coloured
polytope at height 1 corresponds to A. (e) Dual cone CX C Ng & R. The grey coloured
polytope CX (1) at height 1 is the dual Gorenstein polytope A* of index r. The unique
interior lattice point (n, r)=(1,0,0) of the reflexive polytope CX(2) is needed to construct
the normal fan ¥2 via a projection.

Note that almost all combinatorial definitions in this section rely only on the fact
that A is a lattice polytope and so it does not matter in which lattice the polytope is
given, i.e., we can define all objects in an analogous way if the given lattice polytope A
lies in the dual space.






Chapter

Stringy Chern Classes and Their Intersection Numbers

This chapter starts in Section 3.1 with a simplification of the general definition for k-
th stringy Chern classes due to de Fernex, Luperico, Nevins, and Uribe [dFLNUO07].
Applying this definition, we prove that the well-known formula expressing the total Chern
class of smooth complete intersections via the total Chern class of the ambient smooth
variety remains valid also for the total stringy Chern class of generic hypersurfaces and
complete intersections in an ambient singular variety. In particular, we show that the top
stringy Chern class (or stringy Euler number) of generic semi-ample Cartier divisors can
be computed via the stringy Chern classes of the ambient singular variety. In addition, we
give a similar formula for the top stringy Chern class of complete intersections Z1N...NZ,,
where Z1, ..., Z, are generic semi-ample Cartier divisors on the ambient singular variety.

In Section 3.2, we look at the intersection numbers of stringy Chern classes with
Q-Cartier divisors. A particular case of such an intersection number appears in the
stringy version of the Libgober-Wood identity (1.7) [Bat00, Theorem 3.8|. For ar-
bitrary Q-Cartier divisors Zi,...,Zr, we consider more general intersection numbers
(Z1). ... .[Z}).¢5" . (X) which can be defined by a similar formula. In addition, we prove
the formula’s independence on the chosen desingularization without using the definition
of stringy Chern classes.

The results of this chapter have been published in our paper Stringy Chern Classes of
Singular Toric Varieties and Their Applications |BS17] that is joint work of the author
of this thesis and Victor Batyrev.

3.1 Stringy Chern Classes of Complete Intersections

Let X be a d-dimensional Q-Gorenstein variety (Definition 2.1.1) with at worst log-
terminal singularities (Definition 2.1.6), i.e., X is in particular normal. First, we note
that the general definition of the total stringy Chern class " (X) € A, (X)g of X

[{FLNUO7| can be simplified as follows, where the total stringy Chern class of X is
defined to be ¢§*(X) + ... + &"(X) + c1(X) + 1:

35
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Proposition 3.1.1. Let X be a projective Q-Gorenstein variety of dimension d with at
worst log-terminal singularities and p : Y — X a log-desingularization of X (Definition
2.1.6). Then the total stringy Chern class ¢ (X) of X can be computed through total

Chern classes ¢, (D) of smooth projective subvarieties Dy CY by

(X)) = p*< > ene. (D) ]] (aj_ijl>> €A, (X)o,

pCJCI jeJ

where Dy is the subvariety NjeyD; of codimension |J| for any non-empty subset J C
I ={1,...,s}, ej : Dy < Y its closed embedding, and p, : Ag_(Y) — Ag_r(X)
and ey,  Ag_k(Dy) — Ag_k(Y) push-forward homomorphisms corresponding to the
proper birational morphism p and the closed embedding ey, respectively. In particular,
one obtains

cztr(X) = p*< Z ej*ck,‘ﬂ(DJ) H (aj_j_j1>> € Adfk(X)Q

PCJICI jeJ

for the k-th stringy Chern class of X and
G (X) = peci(Y) € Aar(X)o
if p:Y — X is a crepant log-desingularization (0 < k < d).

Proof. The definition of total stringy Chern classes given by de Fernex, Luperico, Nevins,
and Uribe in [dFLNUO7| uses the group homomorphism of MacPherson ¢ : F(Y) —
A, (Y) from the group F(Y) of constructible functions on Y to the Chow group A, (Y)

of Y. If 1y is the characteristic function of the smooth variety Y, then ¢(1y) = ¢, (V).

Using the stratification of Y by locally closed subsets D9 := D\ (Uie[\JDi) BCJCI)
their definition looks as follows:

(XY = p*< 3o (]1D3) I1 (aj i 1>> (3.1)

pCJCI jeJ

Using the stratification 1p, = >~ 5, Lpe, and c(Ip,) = > yoyc¢ (]ch},) for all 0 C

J C I, we conclude

> ) () - Z (et DG e

PCJCI PCJCI NJ'DJ

= > eclp)]] (aj_ij1>'

0CJCI JjeJ

It remains to apply p. to Equation (3.2) and the property ¢(1p,) = ej.c, (D), which
follows from the commutative diagram
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where ey, : A, (Dy) — A, (Y) is the push-forward homomorphism corresponding to the
closed embedding ej : Dy — Y.

If p: Y — X is a crepant log-desingularization (i.e., a; = 0 for all i € I), then we
obtain

(X ( > erenyy DJ>H <a +1>> —p*< > eserig(Dy) Ho>

pCJCI 0CJcI JjeJ

= p*( > ep.ce—io)(Dy) HO +0...+ 0) = psci(Y) € Ag—k(X)g

pCJCI Jjeo

because Dy =Y, ey is the identity on Y, and []..40 = 1. O

7€
Remark 3.1.2. The central aspect in the definition of total stringy Chern classes 3" (X))

str

and k-th stringy Chern classes ¢ (X) is their independence on the choice of the log-
desingularization p. This property is proved in [dFLNUO07, Proposition 3.2|.

Let V be a smooth projective variety of dimension d and Z a smooth divisor on V
together with the closed embedding i : Z < V. Using the exact sequence of vector
bundles 0 — 7z — i*Ty — Oz(Z) — 0, one obtains a formula that computes the total
Chern class of Z in terms of the total Chern class of the ambient variety V:

ixc.(Z) = c.(V).IZIA+[Z]) 7 = c. (V). (Z(—l)k_l[z]k> (3.3)
k=1
[Fulo8, Example 3.2.12|, where 7. denotes the tangent bundle, [Z] the divisor class of Z
in Ag_1(V), and ¢, (V) = >, cx(V) the total Chern class of V. In particular, the Euler
number of Z can be computed as

d

e(2) = ca1(Z) =D (1) 2 car(V). (3.4)
k=1

We show that the same formulas hold for the total stringy Chern class and the stringy
Euler number of generic hypersurfaces in singular varieties:

Theorem 3.1.3. Let X be a projective Q-Gorenstein variety with at worst log-terminal
singularities and Z a generic semi-ample Cartier divisor on X. Then the total stringy
Chern class of Z is

iN(2) = SMX) 2 (1 + [2) 7

where 1 : Z — X 1is the closed embedding of Z in X.
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Proof. Let p : Y — X be a log-desingularization of X with Ky = p*Kx + Y ;_; a;D;
[CLS11, Theorem 11.2.2|. By the Theorem of Bertini [Har77, Chapter III, Section 10],
we can assume that Z’ := p~!(Z) is a smooth divisor on Y. Using the adjunction
formula Kz = (Ky + Z’)|Z/, we obtain Ky = p*Kz + Y7, a;D}, where D} := D;NZ’.
Define D, := ﬂjEJD; and note that D, = D; N Z" C Dy is a smooth divisor on Dj.
Let €/}, : A, (D’;) = A. (Z') be the push-forward homomorphism corresponding to the
closed embedding €, : D', < Z’. Consider the commutative diagram

DJcLygp>X

[

D), ——7'—17Z,
e{] Pz

where pz : Z' — Z and iy : D', — D are restrictions of p and i, respectively. We apply
Equation (3.3) to the smooth divisor D', C D; and obtain

i*pZ*eff*Co (D{]) = p*eJ*iJ*C- (D{]) = PxEJx <C° (DJ) : [D{]] (]' + [D{]])_l)

Using the projection formula (Proposition 2.1.18) twice provides

er(c. (Dy).[D5)(1+ [D5])7Y) = egue. (D). [2] (1 + [2])

and
pelesec. (D). [Z2'1(1+[Z'])7)) = puesse. (D) [Z) (1 + [2]) 7

because e;*Z" = D'}, p*Z = Z', and the pullbacks e;* and p* are homomorphisms.
Therefore, we get

i*P*efj*C. (Df]) = Px€J«C, (DJ) [Z] (1 + [Z])_l .

An application of Proposition 3.1.1 to Z and X provides

1 (Z) = dups Z e, <C-(D3)H<a;ij1>>

heret JjeJ
- €J«C —a; . B
o (@c%:cz ” '(Dj)jl;[, <aj n 1)) 2] (1+(2)

— (X). (2] L+ [2)7
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Corollary 3.1.4. Let X be a projective Q-Gorenstein variety of dimension d with at
worst log-terminal singularities and Z a generic semi-ample Cartier divisor on X. Then
the stringy Euler number of Z is

estr(Z) = 3”1 (Z) (DM ZM (X)),

I
M=

The formulas in Theorem 3.1.3 and Corollary 3.1.4 for total stringy Chern classes and
top stringy Chern classes of generic hypersurfaces can be generalized to generic complete
intersections in singular varieties:

Theorem 3.1.5. Let X be a projective Q-Gorenstein variety with at worst log-terminal
singularities, Z1, ..., Z, generic semi-ample Cartier divisors on X, and i : Z1N...NZ. —
X the closed embedding of Z1 N ... N Z,. in X. Then the total stringy Chern class of the
complete intersection Z1 N ...N Z,. is

W (.0 Z) =X ] 120+ 12D
j=1

Proof. We apply induction on r and use Theorem 3.1.3 r-times, since for any 2 <1’ <r
the complete intersection Z; N...N Z,. is a generic hypersurface in Z1N...NZ._1. O

Corollary 3.1.6. Let X be a projective Q-Gorenstein variety of dimension d with at
worst log-terminal singularities and Zy, ..., Z, generic semi-ample Cartier divisors on
str

X. Then the stringy Euler number ¢* (Zy N ... N Z,) of the complete intersection
ZiN...NZy is

d—r r
(=D)*[z4]. ... .[ZT].< > 1Z). . .[ij])c;trm (X).

G0 seerip=1
Jo<...-<Jjg

Corollary 3.1.7. Let X be a projective Q-Gorenstein variety of dimension d with at
worst log-terminal singularities and Zy, ..., Z, generic semi-ample Cartier divisors on

X such that [Z] = [Z1] = ... = [Z;]. Then the stringy Euler number of the complete
tersection Z1 N ... N Z,. 18

U

str — k+r—1 T str
S (Zin...NZ,) = (-1)’“( .1 )[Z] e (X)),
0

>
Il
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3.2 Intersection Numbers with Stringy Chern Classes

Let X be a projective Q-Gorenstein variety (Definition 2.1.1) of dimension d with at
worst log-terminal singularities (Definition 2.1.6, Proposition 2.2.10), p: Y — X a log-
desingularization of X (Definition 2.1.6), and Z1, ..., Zy arbitrary Q-Cartier divisors on
X. Intersecting the divisor classes [Z1],...,[Z}] € Pic(X)g with the stringy Chern class
S(X) € Ag(X)g (0 < k < d), one obtains the rational intersection number

[Z1). ... [Z3]).c" (X)),

which can be considered as a generalization of ¢; (X).c"; (X) in Equation (1.8). Using the
second formula in Proposition 3.1.1 for the definition of stringy Chern classes ¢§*, (X) €
A (X)g and the projection formula of Proposition 2.1.18 for the proper morphism p, one

receives a formula to compute the above-mentioned rational intersection number:

Theorem 3.2.1. Let X be a projective Q-Gorenstein variety of dimension d with at worst
log-terminal singularities, p : Y — X a log-desingularization of X, and Zy,...,Z, C X
Q-Cartier divisors on X. Then

[Z1). . )G (X)) = D o2 -p*[Zk]-eJ*Cd—|J|—k(DJ)H< 4 ),

a; +1
pCJCI jeJ it

where the homomorphism p* : Pic(X)g — Pic(Y)q is determined by the pullback of line
bundles and the intersection product

p'[Z1]. ... p*Zk]-egica g k(D)

is the value of the multilinear map Pic(Y)(”f2 x Ak(Y) — Q defined by the intersection
of k divisor classes p*[Z1], ..., p*[Zk] of Q-Cartier divisors on'Y with the k-dimensional
cycle ej.cq_|g—k(Dy) € Ap(Y) composed with the natural map Ao(Y)g — Q.

Proof. The desired formula holds because

(Z1]. ... [ Zu].c (X)) = (2] ... .[Zk].p*( S encatni )] <aj_ij1>)

pCcJCI jedJ
= ps (p* ([Z]. ... -[Zk])@-gzjzgeJ*Cd—|J—k(DJ)g (aj +]1>>
= @_ZUP*[ZJ- -p*[Zk]-eJ*Cd—ﬂ—k(DJ)g <aj_+j1> '
O

In particular, we obtain with the same prerequisites as in the last theorem:
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Theorem 3.2.2. Let X, p: Y — X, and Zy,...,Z; C X be given as in Theorem 3.2.1.
Then the rational intersection number

Y (2l P2 eseca k(D) ] ] <aj_ij1>

0CcJcr JjeJ

does not depend on the choice of the log-desingularization p: Y — X.

In the special case of k = 1, i.e., ¢1(X).c";(X) (Equation (1.8)), Theorem 3.2.2 is
proved in [Bat00, Corollary 3.9].

Corollary 3.2.3. Let X be a projective Q-Gorenstein variety of dimension d with at
worst log-terminal singularities, p : Y — X a log-desingularization of X, and p*c1(X) =
[—p*Kx] the pullback of the anticanonical class of X. Then the intersection number

) pﬂqCXV%wx%—UFk(DJ>II(ajiﬁ>

0CJCrI jeJ

is independent of the log-desingularization p.

We observe that the intersection number [Z1]. ... .[Zg].c"(X) can be computed
by a formula that does not involve stringy Chern classes of the ambient singular variety
X, but only usual Chern classes of smooth subvarieties Dy C Y. We give below a proof
of Theorem 3.2.2, which does not use the general definition of stringy Chern classes,
but only the definition of the stringy Euler number ¢§*(X) and its independence of
log-desingularization.

Proof of Theorem 3.2.2. Let us denote the number

. o4l otz erca (D) ] (aj_j_j1>

PCJICI jeJ

by 1,(Z1,...,Zy). It is clear that the map
1 1 Pic(X)§ = Q, ([Z1),- .-, [Zk]) = (21, .., Zk)

is symmetric and multilinear. Since the group Pic(X) is generated by classes of very
ample Cartier divisors, it suffices to show the statement of Theorem 3.2.2 in the case of
very ample Cartier divisors Z1, ..., Z;. For any sequence of positive integers nq, ..., ng,
the linear combination ni[Z1] + ... + ng[Zk] represents a class of a very ample Cartier
divisor Z on X. It follows from the symmetry and multilinearity of 2, that +,(Z, Z, ..., Z)
is a homogeneous polynomial of degree k in nq,...,n; whose coefficients are the rational
numbers 1,(Z;,, Zi,, . . ., Zi,, ), where 1 <'iy, ..., i, < k. Therefore, it is sufficient to prove
the statement of Theorem 3.2.2 only for the rational numbers 1,(Z, Z, ..., Z), where Z is
a generic very ample Cartier divisor on X. By the Theorem of Bertini [Har77, Chapter
I1I, Section 10], we can assume that Z’' := p~!(Z) is a smooth divisor on Y and the
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restriction of p to Z’ defines a log-desingularization of Z with the exceptional divisors
D! := D;NZ" such that Kz = p*Kz + a1 D] + ...+ asD,. One can compute the stringy
Euler number of Z (Equation (1.4)) by

eswlZ)= > e(D/J)H(aj_ijJ’

0CJcrI jeJ

where e(D’;) denotes the usual Euler number of the smooth variety D', = D; N Z’. The
next step is an application of Equation (3.4) to each smooth divisor D’; C D to obtain

d—|J| d—|J|
e(Dy) =D (-t (D))" ca—i(Ds) = Y (D)% [2)F egacqm) (D)
k=1 k=1

because the projection formula (Proposition 2.1.18) for the proper morphism ey : Dy <
Y implies

p* (21" egicai—u(Ds) = egu(es p" (2] caig—r(D.))
= e " 2" .cqy-k(D)
=es* [2)" casig-(Dg) = [D)]* camyg-n(D2).

Therefore, the stringy Euler number eg,(Z) of Z has the form

d—|J]
eu(2)= (Z(—l)k_lp* [Z]k-eJ*cd—|J|—k(DJ)>

(%)

pCJcrI k=1 jeJ
1 —a;
I [Z]k( ) eJ*cd_u_k(DJ)H(a,gl)).
E>1 PpCJICI jeJ Y

For any positive integer n, the class n[Z] can be again represented by a generic very
ample Cartier divisor Z(™ such that p~1(Z() is smooth. So we can repeat the same
arguments for Z(™ to obtain that the stringy Euler number

Cstr (Z(n)) - Z(_l)klnk/’*[z]k< > encaw(D0) ] (aj_ij1>>

k>1 pCJCI jeJ

is a polynomial p in n whose k-th coefficient

p*[Z]k< Z €J*0d7|J|7k(DJ) H <aj_j_j1>>

pCJCrI jeJ

is equal to ©,(Z,...,Z). Since the stringy Euler number of Z™ does not depend on
the choice of the log-desingularization p [Bat98b, Theorem 3.4|, the same is true for the
polynomial p and hence for its k-th coefficient 1,(Z, ..., Z). O



Chapter

Stringy Invariants and Stringy Identities on Toric Varieties

In Chapter 4, we apply our results of the previous chapter to hypersurfaces and complete
intersections in projective Q-Gorenstein toric varieties. For this purpose, we prove in
Section 4.1 how to compute k-th stringy Chern classes of a projective Q-Gorenstein
toric variety X associated with a fan X of rational polyhedral cones in Nk as a linear
combination of classes of closed torus orbits X, corresponding to k-dimensional cones o €
Y(k). We apply this formula to compute intersection numbers [Dq]. ... .[Dg].c", (X)
via mixed volumes of faces of divisor-associated lattice polytopes, where D, ..., Dy are

semi-ample torus-invariant Q-Cartier divisors on X.

Section 4.2 is devoted to combinatorial interpretations of the stringy Libgober-Wood
identity for projective Q-Gorenstein toric varieties of dimension d. To achieve these
interpretations, we have to investigate the form of stringy E-functions of projective Q-
Gorenstein toric varieties and prove that they are polynomials with non-negative integral
coefficients in non-negative rational powers. We should emphasize the importance of
these two tools, the combinatorial stringy Libgober-Wood identity and the precise form
of the stringy E-function, for the remaining Chapter 5 and 6, where we will use them
intensively.

The results of both sections in this chapter have been published with minor modifi-
cations in our paper Stringy Chern Classes of Singular Toric Varieties and Their Appli-
cations |BS17| that is joint work of the author of this thesis and Victor Batyrev.

4.1 Stringy Chern Classes and Their Intersection Numbers

It is well-known that singularities of an arbitrary Q-Gorenstein toric variety X are at
worst log-terminal (Proposition 2.2.10). Moreover, the stringy Euler number eg, (X)
of the d-dimensional toric variety X can be computed combinatorially using cones of
maximal dimension in the associated fan >:

er(X) =0(2) = Y v(o)

43
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[Bat98b, Proposition 4.10], where v(o) denotes the normalized volume of a cone ¢ (Defini-
tion 2.2.13) and v(X) the normalized volume of the fan ¥. In this section, we give a com-
binatorial computation formula for arbitrary stringy Chern classes ¢ (X) (0 < k < d) of
Q-Gorenstein toric varieties using intrinsic information provided by the associated fans.

We start with a well-known fact about usual Chern classes of smooth toric varieties
that we already mentioned in Proposition 2.2.16:

Theorem 4.1.1. Let V' be a smooth toric variety associated with a fan X in Ng. Then
the total Chern class of V' is

>
where [V;] denotes the class of the closed torus orbit V, corresponding to a cone o € X.

Theorem 4.1.2. Let X be a Q-Gorenstein toric variety associated with a fan ¥ in Ng.
Then the total stringy Chern class of X is

(X)) = (o) - [Xo],
o€y
where the total stringy Chern class ™ (X) of X is defined on page 35, v(o) denotes

the normalized volume of a cone o € 3, and [X,] the class of the closed torus orbit X,
corresponding to a cone o € X.

Proof. Consider a log-desingularization p : Y — X of X (Definition 2.1.6) obtained by a
refinement >’ of the fan ¥ [CLS11, Theorem 11.2.2]. We start proofing the statement in
the case of a crepant resolution p, i.e., Y is smooth and Ky = p*Kx (Definition 2.1.6):

) = e, (V) = (5 Wl ) =30 3 ]

oles 7EX ol
_g;(%, 1) - [X,] _g<cg€év(al)> [ Xo] —Z;U(U) [ Xo ]

Now, consider p : Y — X to be an arbitrary log-desingularization of X obtained by
a refinement Y’ of the fan X. There is a natural bijection between the set of exceptional
divisors {D1,...,Ds} on Y and the set of 1-dimensional cones in ¥'(1) \ X(1). We
denote by {Dsy1,...,D,} the set of all remaining torus-invariant divisors on Y whose
elements one-to-one correspond to 1-dimensional cones in ¥(1) and set I := {1,...,s},
I'=TU{s+1,...,r},and aj :=0forall j € I'\ I.

Let {u1,...,ur} = {u;|i € I'} be the set of all primitive ray generators of 1-
dimensional cones of ¥/(1) corresponding to all torus-invariant divisors Dy, ..., D,. For
any subset J' C I', the subset D = NjcyDj is either empty or a smooth toric subvari-
ety Y, of Y. The latter holds if and only if the set {u;|j € J'} generates a cone ¢’ € ¥/
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of dimension |J'|. Then the locally closed subset DY, == D \ (UieI/\J/Di) is the dense
open torus orbit T,/ in Y,s. By Theorem 4.1.1, we have ¢, (T,/) = [T,/]. This implies
c(]le,) = [Y,/]. Using Equation (3.1), we get

= 3 o) I (50) = 5 o0 L (5),

pCcJcr o’'ey’ u;€o’

Let us compute p,[Yy/]: If 0 € ¥ is the minimal cone of ¥ containing o’ € ¥'; then
p(Y,) = X,. In order to compute the corresponding cycle map p, : A, (Y) — A, (X), we
need to compare the dimensions of Y, and X,. If dim (Y,/) > dim (X, ), then p.[Y,/] = 0.
Otherwise, we have p,[Y,/] = [X,]. Therefore, we get

chr(X):Z< S OTI <aj1+1>> X

oEX \ o/exo'Z0  wuj€o’
dim(o/):dim(a)

Furthermore, [ ) = v (o) for every cone ¢’ € ¥ and this implies

1
’u,jGO'/ (aj+1

X =3 X v(@) Kl=Dvo)- 1],

ceY odlex!o/=o ceEX
dim(o/):dim(a)

O

Corollary 4.1.3. Let X be a d-dimensional Q-Gorenstein toric variety associated with
a fan X. Then the k-th stringy Chern class of X (0 < k < d) is

AT(X)= Y vlo)-[Xo].
ocex(k)

Example 4.1.4. Let X be the 2-dimensional Q-Gorenstein toric variety associated with
the fan ¥,, of Example 2.2.14. Then

SM(X) = > (o) =v(0o1) +v(02) + v(03)
ceX(2)
= v(conv(0, ez, e1)) + v(conv(0, e, —e; — mez)) + v(conv(0, —e; — mea, e2))

=1+m+1=2+m

because o € 2(2) = {0‘1,0‘2,03} with o1 = {)\162 + Aoeq | A, A9 € Rzo}, o9 = {)\161 +
)\3(—61 — meg) ‘ /\17 )\3 c R20}7 and o3 = {)\3(—61 — meg) + )\262 ’ )\3, )\2 c RZO} (Figure
2.1).

In a second step, we apply this formula to compute intersection numbers

[D1]. ... .[Dy] & (X)
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via mixed volumes of certain polytopes, where D1, ..., D} are semi-ample torus-invariant
Q-Cartier divisors on X. First, we compute in a combinatorial way the intersection
number of the stringy Chern class ¢&*;(X) of a d-dimensional projective Q-Gorenstein
toric variety X associated with a fan X in Ng with an arbitrary torus-invariant Q-Cartier

divisor D =} 54y apDp on X.

Therefore, we deﬁne for any cone o € ¥(d — 1) the rational number {p(0):

Definition 4.1.5. Let ¢/, 0" € X(d) be two d-dimensional cones such that o = o' No”.
Denote by m,s and m,~ elements in Mg that are defined by the conditions (mq,u,) =
—a, Vp C o' and (mgr,u,) = —a, Vp C o”, respectively, where p € (1) and u, € N
denotes its primitive ray generator. Now, choose the primitive ray generator u of the
1-dimensional sublattice M (o) == {m € M| (m,u') = 0 Vu' € o} such that u|,, < 0
and ul,» > 0. Since my, — m,» vanishes on o, there exists a unique rational number
Ip(o) € Q such that my — myr = Ilp(o) - u.

Proposition 4.1.6. Let X be a d-dimensional projective Q-Gorenstein toric variety
associated with a fan 3 and D a torus-invariant Q-Cartier divisor on X. Then

[D].¢i(X)= Y v(o)-Ip(o),

ceX(d—-1)
where the rational number Ip(o) € Q is defined in Definition 4.1.5.

Proof. Using Corollary 4.1.3, we obtain

(D] (X) = > w(o)-[D].[Xo].

cex(d-1)

It remains to apply the equality [D].[X,] = Ip(o) for every cone o € X(d — 1) [CLS11,
Proposition 6.3.8]. O

Secondly, we compute intersection numbers [D]¥.c3%, (X)), where D = 3 pes(1) WDy
is a semi-ample torus-invariant QQ-Cartier divisor on a toric variety X associated w1th a
fan ¥ in Np.

Therefore, we define the rational polytope Ap C Mg of dimension < d corresponding
to the divisor D on X as

Ap = {y € Mg| (y,u,) > —a, ¥p € B(1)} € M (4.1)

[CLS11, page 189|, where u, € N denotes the primitiv ray generator of a 1-dimensional
cone p € X(1). In general, i.e., for arbitrary torus-invariant Q-Cartier divisors D' =
>_pes(1) @p D), the polyhedron Apr need not be a polytope. Let o € ¥(d—k) be a (d—k)-
dimensional cone of the fan ¥. Then A7, = Ap denotes a face of Ap of dimension < k
defined as

={y € Ap|(y,up) = —a, Vp € X(1) with p C 0} C Mp. (4.2)
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The normalized volume of the polytope AY, is given by
v(AD) = k!-volg (AD) € Q,

where volj, (A%,) denotes the volume of A, with respect to the k-dimensional sublattice
M(o) = {m € M|{m,u') = 0 Vu' € o} of M (Definition 2.3.6). In particular, one has
v (A%) =0 if dim (A}) < k.

Theorem 4.1.7. Let X be a d-dimensional projective Q-Gorenstein toric variety asso-
ciated with a fan X and D a semi-ample torus-invariant Q-Cartier divisor on X. Then

(DI i (X) = Y wlo)-v(AD)
ceX(d—k)

(0 < k < d), where the face AF, = Ap of Ap for a cone o € X(d — k) is defined in
Equation (4.1) and (4.2).

Proof. By Corollary 4.1.3, we have

[DIF . (X) = > w(o)- DI [X,].
e (d—k)

Let D7 be the restriction of the semi-ample torus-invariant Q-Cartier divisor D to the
k-dimensional toric subvariety X, of X. Then [D]* . [X,] equals the intersection number
[D"]k of the semi-ample torus-invariant Q-Cartier divisor D? on the k-dimensional variety
X,. It remains to note that the number [D?]" equals v (A7) [CLS11, Section 13.4]. O

Using Theorem 4.1.7 and Corollary 3.1.4 and 3.1.7, respectively, we derive combina-
torial formulas to compute stringy Euler numbers of generic hypersurfaces and complete
intersections in toric varieties:

Corollary 4.1.8. Let X be a d-dimensional projective Q-Gorenstein toric variety associ-
ated with a fan X and D a semi-ample torus-invariant Cartier divisor on X together with
the corresponding lattice polytope Ap. Denote by Z C X a generic semi-ample Cartier
divisor on X such that [Z] = [D]. Then the stringy Euler number of Z is

er(Z) =c"1(Z2) =) _(-1)F > w(0)-v(AD),
k=0 oeX(d—1-k)

where A7, < Ap is a face of Ap corresponding to a cone o € 3. If [Z] = c1(X), the
formula simplifies to

w

d
ecsu(Z) =5 (2) =Y (=D)F Y w(o)-v(A).
k

=0 oces(d—1—k)
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Corollary 4.1.9. Let X be a d-dimensional projective Q-Gorenstein toric variety asso-
ciated with a fan ¥ and D a semi-ample torus-invariant Cartier divisor on X together
with the corresponding lattice polytope Ap. Denote by Zi,...,7Z, C X generic semi-
ample Cartier divisors on X such that [Z1] = ... = [Z,] = [D]. Then the stringy Euler
number of the complete intersection Z1 N ... N Z, is

d—r
k+r—1 -
cztir(zlm...sz):Z(1)k( ol ) > w(e)-v(AD),
k=0 oEX(d—r—k)
where A7, < Ap is a face of Ap corresponding to a cone o € 3.

One can generalize Theorem 4.1.7 and combinatorially compute intersection numbers
[D1]. ... .[Dg].c",(X), where Dy,..., Dy are different semi-ample torus-invariant Q-
Cartier divisors on X. For this purpose, we use mixed volumes of faces of some convex
rational polytopes and refer the reader for their definition to [Ful93, Chapter 5.4]:

Theorem 4.1.10. Let X be a d-dimensional projective Q-Gorenstein toric variety as-

sociated with a fan ¥ and D1, ..., Dy semi-ample torus-invariant Q-Cartier divisors on
X. Then
D D) = YD w00 (A, A,
cex(d—k)

where A}, =< Ap, is a face of Ap, (1 <1i < k) corresponding to a cone o € X and
V(AG s A‘Bk) denotes the mized volume of the polytopes A7, ;... , A, with respect
to the sublattice M (o) C M.

Proof. Let o € ¥(d — k) be a (d — k)-dimensional cone of ¥. Then we restrict the semi-
ample torus-invariant Q-Cartier divisors Dy, ..., Dy to the corresponding projective k-
dimensional toric subvariety X, of X and obtain k semi-ample torus-invariant Q-Cartier
divisors DY, ..., D7 on X,. It remains to apply Corollary 4.1.3 and the formula in [Ful93,
Section 5.4] that says that the intersection number

[Di]. ... .[Di].[Xs]) = [D]]. ... .[D7]
can be computed as the mixed volume v(A ,..., A%k) of the polytopes A7, (1<

<
k). 0

4.2 Stringy E-functions and Stringy Libgober-Wood Iden-
tities
The original Libgober-Wood identity

d? 3d? — 5d 1
—F(V:u,1 = — — C_
e (Viu, 1) . D ca(V) + 6cl(V) cq—1(V)
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for arbitrary smooth projective varieties V' of dimension d has been proved by Libgober
and Wood [LW90|, where E (V;u,v) denotes the E-polynomial of V' (Equation (1.2)).
The stated identity is equivalent to

2
> (—1Prray) <p — g) = %cd(V) + %Cl(v)'cdfl(v)

0<p,q<d

and so the intersection number ¢1(V).c4_1(V) can be expressed via the Hodge numbers
WPV of V [Bor97).

There exists a stringy version of the Libgober- Wood identity

d? 3d? — 5d 1
C

4 B ()| = 2T (x) 4 ()6 (X), (43)
which holds for any d-dimensional projective variety X with at worst log-terminal sin-
gularities [Bat00, Theorem 3.8|, where Eg, (X;u,v) denotes the stringy E-function of X
(Equation (1.3)). Moreover, if the singularities of X are at worst canonical Gorenstein
and the stringy E-function Eg,(X;u,v) is a polynomial Zp,q pquPv?, then one can
define the stringy Hodge numbers hE;1(X) of X [Bat98b, Bat00] as

str

hEL(X) = (=1)PT 94y 4.

str

In this case, the stringy Libgober-Wood identity (4.3) can be equivalently reformulated
[Bat00, Corollary 3.10] as

d\* d 1
> corm ) (p-5) = A0+ gaCOan . @)
0<p,q<d

In this section, we are interested in combinatorial interpretations of the stringy
Libgober-Wood identities (4.3) and (4.4) for arbitrary d-dimensional projective Q-Goren-
stein toric varieties X associated with a fan ¥ in Ng. Such varieties have at worst log-
terminal singularities (Proposition 2.2.10). Note that the stringy E-function Eg, (X; u,v)
of such a toric variety X can be computed combinatorially as

Byr (X3u,0) = (o —1)"> " Y (uw) ™ (4.5)

ceX nec°NN

[Bat98b, Theorem 4.3|, where x denotes the ¥-piecewise linear function corresponding
to the anticanonical divisor —Ky on X (Proposition 2.2.12) and ¢° the relative interior
of a cone o0 € 3. We note that x has value —1 on every primitive ray generator of a
1-dimensional cone p € ¥(1) and that the value k(n) belongs to qLXZ (n € N).

Moreover, for any cone o € ¥, we denote by U, the parallelepiped spanned by the
primitive ray generators of the cone o, i.e.,

0, = {pru,,lo <\ < 1Vpe (1) with p C o, (4.6)
p
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where u, denotes the primitive ray generator of a 1-dimensional cone p € 3(1). For any
cone o € ¥, we denote by [J7 the relative interior of the parallelepiped [,.

First, we show that the stringy E-function Eg, (X;u,v) of X is a polynomial with
non-negative integral coefficients 1, (X) in non-negative rational powers « € [0, d] N QLXZ
of uv, where gx denotes the Gorenstein index of X (Definition 2.1.7):

Proposition 4.2.1. Let X be a d-dimensional projective Q-Gorenstein toric variety of
Gorenstein index qx associated with a fan 3 in Ng and X' a simplicial subdivision of the
fan X such that 3'(1) = X(1) [CLS11, Proposition 11.1.7]. Then the stringy E-function
of X can be computed as a finite sum

By (X;u,v) = Z (uv — 1)d7dim(a) Z (uv)dim(o—)+;{(n’).
oey’ n/ed3NN
Moreover, the stringy E-function can be written as a finite sum

Esty (X, u, U) = Z ¢a(z)(uv)aa

1
ae[O,d]r‘IEZ

where the coefficients 1, () are non-negative integers satisfying the conditions (%) =

Ya(X) =1 and Yo (X) = Yg—a(X) for all a € [0,d] N inZ.

Proof. Any s-dimensional simplicial cone o of ¥'(s) (Definition 2.2.3) is generated by
s linearly independent primitive lattice vectors uq,...,us. Therefore, any lattice point
n € 0° N N has a unique representation as a sum n = n’ +n”, where n’ =37 | \ju; €
00NN (0 <X <1)and n” is a linear combination n” = Y7, kju; with non-negative
integral coefficients k;. Therefore, one has

(=1 3 (@) = (-1 Y <uv>“(””'< > <uv>k1--~ks>

nec®NN n’€edSNN ki,....ks€Z>o
s
w1 ¥ T )
n’c02NN =1 \k;EZ>p
/ 1 s
_ —1)8 k') (__ ~
=1 3 G0 (i)
n’edSNN
~ Y
n’ed9NN

and the first statement of this proposition follows from Equation (4.5). Since k has value
—1 on every primitive ray generator u; and gx - k(n) € Z for all n € N, we obtain
that s + k(n') = s — Y5, A; is a non-negative rational number in --Zq. Therefore,

q
FEgr (X;u,v) can be written as a finite sum Eg, (X;u,v) = > wa()é)(uv)“ for some
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integral coefficients 1, (X) and some non-negative rational numbers « in inZZO. The
Poincaré duality [Bat98b, Theorem 3.7| for the stringy E-function

Egr (X§ u, U) = (uv)dEstr (XS U_la 'U_l)

provides the equalities 1, (X) = ¥g_o(2) for all a € [0,d] N qLXZ. This implies o < d as
soon as 1 (X) # 0. Therefore, we obtain

Estr (X, u, U) = Z 1[)04(2)(1“})&'

1
aG[O,d]HEZ

The non-negativity of the coefficients 1), () can be shown using an interpretation of the
coefficients 1, (X) as dimensions of graded homogenous components of a graded artinian
ring R obtained as a quotient of a graded Cohen-Macaulay ring S by a regular sequence
of homogeneous elements [Bat93, Theorem 2.11]. O

The equality Egst, (X;u,v) = >, 1o (X) (uv)® in Proposition 4.2.1 suggests to inter-
pret the non-negative integral coefficients v, (X) as generalized stringy Hodge numbers

hes (X)) of the toric variety X for some rational numbers « € [0,d] N inZ.

The following theorem presents a combinatorial interpretation of the second stringy
Libgober-Wood identity version (4.4) using generalized stringy Hodge numbers of toric
varieties:

Theorem 4.2.2. Let X be a d-dimensional projective Q-Gorenstein toric variety of
Gorenstein index qx associated with a fan ¥ and —Kx = Zpez(l) D, the anticanoni-
cal torus-invariant Q-Cartier divisor on X. Then the stringy Libgober-Wood identity is
equivalent to

2
Z Yo () (a - ;l) = %U(Z) + é Z v(o) - l_ky (o),

agl0,dN-1-7 oeX(d—1)
a9x

where 1, (X) are the generalized stringy Hodge numbers from Proposition 4.2.1, v (X) =
> sex(a) V(o) the normalized volume of the fan ¥, and I (0) € Q the intersection
number [—Kx].[X,] (Definition 4.1.5). If —Kx is semi-ample, then

> (o) = i@y 3 w00 (a%,).

agl0,dN-1-7 geX(d—1)
ax

where A7 o = A_f 15 a face of the polytope A_k corresponding to a cone o € X
(Equation (4.1) and (4.2)).

Proof. Using the equality Eg, (X;u,v) = >, %o (X) (wv)® from Proposition 4.2.1, we
obtain
d?
—— Estr (X7 u, 1) ‘u:l = Z Q- (a - 1)¢a (Z) )
[0

du?
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i.e., the stringy Libgober-Wood identity (4.3) is given by

3d? — 5d 1

D (0 =) ha (8) = 5l () + per (X6 (X).

«

Applying 3", atha (8) = L B, (X;u,1) |y=1 = 2c57(X) [Bat00, Proposition 3.4] a short
calculation yields

d d & 1
2 _ str str
Za Yo (B —<2 2+4>0d (X)‘Fgcl( o ( +Za¢a
d d d2 str 1 str d str
—(f5 -5+ T) 00 + gl 00 + 5 ()
d d2 str 1 str
= <12+4> (X)+601(X) 351 (X)

and implies

2 2
S ) 3 (* e ) o
2
_ %Z% (Z)—dz(m/)a (2)+Za2wa ()

_ ZCztr()() str + Z ozzzba

pe d & 1
_ Py 4 ( + ) G (X) + ger(X).c5 (X)

4 12 4
dCStr(X)—FlC (X) Cstr (X)
T 12 6
because Y., Vo (X) = Estr (X;u,1) |u=1 = ¢"(X) [Bat00, Definition 2.1|. To finish, it
remains to note that ¢*(X) = v(X) by Corollary 4.1.3,
ar(X).f (X) = [FEx] .5 (X) = ) v(0) k(o)
oceX(d—1)

by Proposition 4.1.6, and

a(X).G (X) = [FEx] . (X)) = ) v(0)-v(AZk,)

by Theorem 4.1.7 if —Kx is semi-ample. O

We formulate one more combinatorial version of the stringy Libgober-Wood identity
containing only intrinsic information coming from the associated fan of a toric variety.
To achieve this, we describe the left side of the stringy Libgober-Wood identity (4.3) in
purely combinatorial terms using Proposition 4.2.1:
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Proposition 4.2.3. Let X be a d-dimensional projective Q-Gorenstein toric variety
associated with a fan ¥ in Ny and —Kx = ZpGE(l) D, the anticanonical torus-invariant
Q-Cartier divisor on X. Then the stringy Libgober-Wood identity is equivalent to

2- > OgnN[+2- > Y (d+k(@R)-1)

o€ (d-2) o€/ (d—1) n’edgnNN
+ Z Z (d+ k(n")) (d+ r(n') — 1)
ceX/(d)n'edgNN
(3d? — 5d) 1

=3 (X) + écl(X) (X)),

where X' is a simplicial subdivision of the fan ¥ such that ¥'(1) = ¥(1) [CLS11, Propo-
sition 11.1.7], % the relative interior of the parallelepiped O, spanned by the primitive
ray generators of a cone o € ¥ (Equation (4.0)), k the X-piecewise linear function
corresponding to the anticanonical divisor —Kx on X (Proposition 2.2.12), and v(X) =
>_ses(a) V(o) the normalized volume of the fan . The rational number c1(X). (X)) €
Q is computable as

a(X).G(X) = Y 0(0) Lky(o),

ocex(d—-1)

where I_k is the intersection number [—Kx].[X,] (Definition 4.1.5). If —Kx is semi-
ample, then

a(X).¢f (X)) = Z v(o) v (AZKX) )

oceX(d—1)

where A7 ). = A_f, 15 a face of the polytope A_k corresponding to a cone o € X
(Equation (4.1) and (4.2)).

Proof. We insert v = 1 in the stringy E-function

Egr (X;u,v) = Z (uv — 1)d*dim(") Z (uv)dim(U)JrH(n’)

oeX’ n/cd3NN
given in the form of Proposition 4.2.1 and derivate one summand twice to get

L1y Y ) = (@) Y e

n’edSNN n’€doNN

+ (u —1)47° Z (s + r(n'))usTrm)-1

n’edoNN
and

2
i(u o 1)d—s Z us+l€(n’) _ (d . S)(d s 1)( )d s—9 Z us—l—li(n/)

du?
n’edsNN n'edeNN
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+2-(d=s)(u—1" 1 D" (54 k())uTHI!
n’ed9NN
=) Y (s (s +m(n) - Durt,

n’ed0SNN

where o is a s-dimensional cone of ¥/(s). Inserting u = 1, the relevant cones of ¥ are
these of dimension d, d — 1, and d — 2, i.e.,

@’ - k(n/
WEstr (X;5u,1) s Z (d—(d—2))(d—(d—2)—1) Z 1(d=2)+x(n") L 040
N €Y (d—2) n/€dSNN
FO0+2- DT ([@d—=(@=1) D (([d=1)+ s g

oe¥/(d—-1) n’€ed$NN

F0+0+ > D (d+ K@) -1+ k()14

oex!(d) n'€00sNN

= > 2 > 1+2- Y > (d+r(n)-1)

ceX/(d—2) n'edgnNN ceX!(d— 1)n edenN

+ Y D (d+s()(d+ k() — 1)

ceX/(d)n'edgNN

=2- > |OynN[+2- ) > (d+r(n)-1)

oceY/(d—2) ceX/(d—1)n'edgnNN

+ Z Z (d+k(n')) (d+ k(n') —1).

oexy! (d) n'edSNN
By Equation (4.3), we obtain the equality
T SRNCTIEETD SR SR CRR
o€y (d—2) cEY (d—1) ' €0SNN

_ (3d2 — 5d) 1 str
+ Y > (d+ k@) (d+ k() -1) = v (D) + palX) ¢ (X)
ceX/(d) n'edgnNN

because ¢&*(X) = v(X) by Corollary 4.1.3. Furthermore,

cL(X).5 1 (X) = [FEx].f (X) = ) 0(0) loky (o)
cex(d—1)

by Proposition 4.1.6 and

(). (X) = CE G () = S (o) v (A%%,)
oeX(d—1)

by Theorem 4.1.7 if —K x is semi-ample. O



Chapter

Stringy E-functions of Toric Varieties

This chapter is dedicated to stringy E-functions of projective Q-Gorenstein toric varieties
and their combinatorial computations using underlying intrinsic information provided by
associated fans and associated polytopes of these varieties. In detail, this means that
we obtain three combinatorial formulas to compute stringy E-functions for the following
classes of toric varieties: Gorenstein toric Fano varieties (Section 5.1), toric log del Pezzo
surfaces (Section 5.2), and canonical Fano threefolds (Section 5.3). We will revisit this

results in Chapter 6.

The results of Section 5.1 and Section 5.2 have been published as joint work of the
author of this thesis and Victor Batyrev in our paper Stringy Chern Classes of Singular
Toric Varieties and Their Applications |BS17|. The results of Section 5.3 are based
on our joint preprint Stringy E-functions of Canonical Toric Fano Threefolds and Their
Applications |BS18|. Compared to [BS17] and [BS18|, the present chapter contains minor
modifications and additional examples.

We begin by repeating a central result of Chapter 4, which is that the stringy FE-
function of a projective Q-Gorenstein toric variety is a polynomial with non-negative
integral coefficients in non-negative rational powers:

Proposition 4.2.1. Let X be a d-dimensional projective Q-Gorenstein toric variety of
Gorenstein index qx associated with a fan ¥ in Ng and Y a simplicial subdivision of the
fan 3 such that ¥'(1) = X(1). Then the stringy E-function can be computed as a finite
sum

FEgir (X; Uﬂ)) — Z (uv _ 1)d7dim(a) Z (uv)dim(a)+“(”),
oex’ nel2NN

where Kk denotes the Y-piecewise linear function corresponding to the anticanonical divisor
—Kx on X (Proposition 2.2.12). Moreover, the stringy E-function can be written as a
finite sum

B (X5u,v) = > ha(B)(w)?,

1
aE[O,d]ﬂaZ

95
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where the coefficients 1, () are non-negative integers satisfying the conditions (%) =

$a(2) =1 and () = a—a(X) for all a € [0,d] N LZ.

5.1 Gorenstein Toric Fano Varieties

Let A C Ng be a d-dimensional reflexive polytope (i.e., a lattice polytope containing the
origin in its interior such that the dual polytope A* is also a lattice polytope (Definition
2.3.13)). X denotes the associated spanning fan in Ny consisting of cones over faces of
the given polytope A that defines a normal projective toric variety Xa = Xy, (Theorem
2.3.11). In this case, Xa is a projective Gorenstein toric Fano variety (Theorem 2.3.14)
with at worst log-terminal singularities (Proposition 2.2.10). In particular, the Gorenstein
index gx, equals 1.

We are interested in a combinatorial formula for the stringy E-function of Gorenstein
toric Fano varieties XA corresponding to reflexive polytopes A. For this purpose, we
investigate the generalized stringy Hodge numbers 1), (Xa) appearing as coefficients in
the stringy E-function

Estr(XA; u, U) = Z % (EA) (uv)a_

a€l0,d]NZ

Definition 5.1.1. The Ehrhart power series of a d-dimensional lattice polytope A C N
is defined as

Pa(t) = |[kA N N|tF,
k>0

where |kA N N| denotes the number of lattice points in kA.

Remark 5.1.2. The Ehrhart power series can be equivalently rewritten as the rational
function

g (D)t (A) 4ty (A)
B (1 -ty !

where 1, (A) are non-negative integers for all 0 < a < d [BR06, Theorem 3.12| with
1o (A) = 1 [BRO6, Lemma 3.13] and ¢; (A) = |[AN N| —d — 1 [BR06, Corollary 3.16].
If A C Ng is a reflexive polytope, then 1, (A) = g (A) for all a € [0,d] N Z [BROG,
Theorem 4.6].

PA(t)

This in mind, we observe that in case of a reflexive polytope A, the generalized stringy
Hodge numbers 1), (Xa) are equal to the non-negative integral coefficients 1, (A) in the
numerator of the Ehrhart power series P (t):

Theorem 5.1.3. Let A C Ny be a reflexive d-polytope and X a the associated Gorenstein
toric Fano variety. Then

BEor(Xa;u,v) = g (A) (wo)? + ...+ 11 (A) (uv) + 1o (A)
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e., Yo (Za) = Yo (A) for all a € [0,d] NZ, where 1o (EA) and Yo (A) are given as
above.

Proof. By Equation (4.5), we have

Egr (Xaju,v) = uv—l Z Z uv”A

TEXA NEC°NN

where kA : Ng — R is the X a-piecewise linear function corresponding to the anti-
canonical divisor —Kx,, on XA and has value —1 on every primitive ray generator of a
1-dimensional cone of ¥a(1) (Equation (2.3)). We obtain

By (Xasu,v) = (uv — 1)¢ Z (uv)" 2™ = (yy — 1)4 Z Z (uv) ",

neN k>0 neN
kA (n)=—k

since the spanning fan YA defining Xa is complete (Theorem 2.2.9). We note that the
number of lattice points n € N such that ka(n) = —k equals kAN N|—|(k—1)ANN|.
Therefore, we get

Bar (Xaju,0) = (wo — D) (1= (u0) ™) D [kANN| (uv) "
k>0

Using the definition of Pa ((uv)™') and Remark 5.1.2, this implies

Estr (XAa u, U d (1 )d+1 PA ((uv)il)

d(wd <) (@) (o) @)
(@)
)

a(A) + .11 (A) (uwo) ™+ 1o (A) (uv)?
(A (UU) c+ Y1 (A) (wv) + 1o (A)

because 1, (A) = 1g_q (A) for all 0 < o < d. O

Example 5.1.4. Let A C Ny be a reflexive d-polytope and XA the associated Gorenstein
toric Fano variety. Applying Theorem 5.1.3 and using the properties ¢4 (A) = ¢y (A) =
1, Yo (A) = Yg_q (A), and ¢; (A) = |ANN|—d—1 of the Ehrhart power series (Remark
5.1.2), the stringy E-functions of all 16 reflexive 2-polytopes in Figure 6.1 are listed in
Table 5.1

Looking at a small selection of all 4,319 reflexive 3-polytopes (Figure 6.2), the as-
sociated stringy E-functions can be found in Table 5.2. To be precise, the polytope in
Figure 6.2(a) is given by

conv((1,1,1),(1,1,-1),(=1,1,-1),(=1,1,1),
(-1,-1,-1),(-1,-1,1),(1,-1,1),(1,-1,-1)),
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Table 5.1: Stringy E-functions of Gorenstein toric Fano Varieties Associated
with Reflexive 2-polytopes. Table contains: links to pictures of reflexive 2-polytopes
A and the stringy FE-functions (computed with Theorem 5.1.3) of the corresponding
Gorenstein toric Fano varieties Xa defined via the spanning fans 3 of A.

A ‘ Egr (Xa;u,v) A ‘ Egr (XA u,v)
Figure 6.1(a) | (uv)? + (uv) +1 Figure 6.1(i) | (uv)? + 4(uv) + 1
Figure 6.1(b) | (uv)? + 2(uv) + 1 Figure 6.1(j) | (uv)? + 4(uv) +1
Figure 6.1(c) | (uv)? + 2(uv) + Figure 6.1(k) | (uv)? + 7(uv) + 1
Figure 6.1(d) | (uv)? + 2(uv) Figure 6.1(1) | (uv)? 4+ 6(uv) + 1
Figure 6.1(c) | (uv)? + 3(uv) Figure 6.1(m) | (uv)? + 6(uv) + 1
Figure 6.1(f) | (uv)? + 3(uv) Figure 6.1(n) | (uv)? + 6(uv) + 1
Figure 6.1(g) | (uv)? + 4(uv) Figure 6.1(0) | (uv)? + 5(uv) + 1
Figure 6.1(h) | (uv)? + 4(uv) Figure 6.1(p) | (uv)? + 5(uv) + 1

the polytope in Figure 6.2(b) by
conv((1,1,0),(-1,1,0),(-1,-1,0),(1,-1,0),(0,0,1), (0,0, —1)),
the polytope in Figure 6.2(c¢) by
conv((1,0,0), (0,1,0), (0,0,1), (1, -1, —1)),
and the polytope in Figure 6.2(d) by
conv((—1,3,—1), (=1,—1,-1), (3, -1, ~1), (~1, 1, 3)).

Moreover, 12 (A) = 91 (A) = |[A N N| — 4 and the polytopes contain in the listed order
27,7, 5, and 35 lattice points.

Table 5.2: Stringy E-functions of Gorenstein toric Fano Varieties Associated
with Reflexive 3-polytopes. Table contains: links to pictures of reflexive 3-polytopes
A and the stringy E-functions (computed with Theorem 5.1.3) of the corresponding
Gorenstein toric Fano varieties XA defined via the spanning fans A of A.

A ‘ Egr (Xa;u,v)
Figure 6.2(a) | (uv)® + 23(uv) + 23(uv) + 1
Figure 6.2(b) | (uv)? + 3(uv)? + 3(uv) + 1
Figure 6.2(c) | (uv)® + 1(uv)? + 1(uv) + 1
Figure 6.2(d) | (uv)?® + 31(uv)? + 31(uv) + 1

The stringy FE-functions of the Gorenstein toric Fano varieties corresponding to the
following small selection of the 473,800,776 reflexive 4-polytopes A (Figure 6.3) are listed
in Table 5.3

conv(te; + ey + e3 £ ey) (Figure 6.3(a)), conv(te, £eq, £es, tey) (Figure 6.3(h))
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Table 5.3: Stringy E-functions of Gorenstein toric Fano Varieties Associated
with Reflexive 4-polytopes. Table contains: links to pictures of reflexive 4-polytopes
A and the stringy FE-functions (computed with Theorem 5.1.3) of the corresponding
Gorenstein toric Fano varieties Xa defined via the spanning fans 3 of A.

A ‘ Egr (Xa;u,v)
Figure 6.3(a) | (uv)* + 76(uv)3 + 230(uv)? 4 76(uv) + 1
Figure 6.3(b) | (uv)* + 4(uv)? + 6(uv)? + 4(uv) + 1
Figure 6.3(c) | (uwv)? + (wv)? + (wv)? + (wv) + 1
Figure 6.3(d) | (uv)* + 121(uv)? + 381(uv)? + 121 (uv) + 1

and
conv(ey, ea, e3,eq4, —(€1 + €2 + ez + e4)) (Figure 6.3(¢)),

5-conv(ey, ez, e3,e4,0) — (e1 + €2 + ez + eq) (Figure 6.3(d)).

Moreover, 13 (A) = 11 (A) = |ANN|—5 and the polytopes contain in the listed order 81,
9, 6, and 126 lattice points. The remaining generalized stringy Hodge numbers 15 (A)
can be computed using ¥2 (A) = eser(Xa) — 290 (A) — 291 (A) and eg, (Xa) = v(A)
(Theorem 6.1.1 (proof), Corollary 4.1.3, and Equation (1.4)). The polytopes have in the
listed order normalized volume 384, 16, 5, and 625. A combination of these facts provides
the received stringy E-functions in Table 5.3.

5.2 Toric log del Pezzo Surfaces

First, we consider a more general case and look at 2-dimensional projective Q-Gorenstein
toric varieties that build a superclass of toric log del Pezzo surfaces:

Proposition 5.2.1. Let X be a 2-dimensional projective Q-Gorenstein toric variety
associated with a fan 3 in Ng. Then

Egy (X;u,v) = (uv — 1 Z uv -+ Z ((uv)2+n(n) + (uv)—f{(n)) ’

nenN nenN
r(n)=—1 —1<k(n)<0

where Kk denotes the Y-piecewise linear function corresponding to the anticanonical divisor
—Kx on X (Proposition 2.2.12).

Proof. The fan ¥ already is simplicial because every cone o € 3 is simplicial, i.e., we
do not need a simplicial subdivision ¥’ of ¥ to continue. Therefore, we set ¥/ = 3. By
Proposition 4.2.1, we obtain

Eg (X;u,v) = Z(uv —1)2~dim(@) Z () dim(@)+r(n)

ocED neldgNN

= (UU - 1)2 + Z uv — 1 Z Z U’U 2+/@(n

oeX(1) cex(2) nedgnNN
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where [, denotes the parallelepiped in Equation (4.6) spanned by the primitive ray
generators of a cone o.

For any 2-dimensional cone o € ¥(2), the set {x € Ng : k(z) = —1} divides the
parallelogram [, into two isomorphic lattice triangles AZ_; and AZ_,. Let uj,ug € N
be the primitive ray generators of . We can write every lattice point n € [, as a linear
combination n = Aju; + Aqug with rational coefficients Aj, A2 € [0,1]. A lattice point
n € O, belongs to the triangle AZ_, if and only if the lattice point n* := u; +ugz — n
belongs to the triangle AZ _;. Since the boundary of the lattice parallelogram O, has no
lattice points except vertices, we can use the bijection n <+ n* together with the equation
k(n) + k(n*) = —2 to obtain

Z (uv) 2T =1 4 Z uv + Z ((uv)%—n(n) + (U,U)—K(n)> .

neldiNN n€c®nN neocnNN
rk(n)=—1 —1<k(n)<0

It remains to apply the equalities |X(1)| = |X(2)| and

Zuv+z ZUU—ZUU

oex(1) 0EX(2) nea®nN neN
N(n)—fl r(n)=—1

O]

Now, let X be a toric log del Pezzo surface (i.e., a normal projective toric surface with
at worst log-terminal singularities and an ample anticanonical Q-Cartier divisor —Kx
on X (page 26)). Such a toric surface is uniquely defined by a LD P-polygon A C Ng
(i.e., a 2-dimensional lattice polytope containing the origin in its interior such that all
vertices of A are primitive lattice points in N (Definition 2.3.18)). The fan XA denotes
the spanning fan in the 2-dimensional space INg consisting of cones over faces of the given
LDP-polygon A, i.e., XA :i= X5, = X. In this case, we obtain the much more precise
computation of the stringy E-function Eg, (Xa;u,v) stated below:

Theorem 5.2.2. Let XA be a toric log del Pezzo surface defined by a LD P-polygon
A C Ngr. Then the stringy E-function of XA can be computed as

Fur (Xa;u,v) = (w0)? +1) +r - (uv) + Z ((uv)2+”A(") + (uv)_’%("))
neA°\{0}

with r == |0A N N| — 2, where ka is the X a-piecewise linear function corresponding to

the anticanonical divisor —Kx, on Xa (Equation (2.3)) with value —1 on the boundary
OA of A.

Proof. Using Proposition 5.2.1, one gets

Egr (Xasu,v) = (uv — 1)% + Z uv + Z ((uv)H“A(") + (uv)%A(n)>

neN neN
kA (n)=—1 —1<rA(n)<0
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Ay As

Ay

(a) Reflexive polygon A;. (b) Reflexive polygon As. (¢) LDP-polygon Agj.

Figure 5.1: Reflexive Polygons and LD P-polygons. (a) The reflexive polygon
A is given as the convex hull of eq, es, and —e; —eo. In particular, it is a LD P-polygon.
The lattice points in A; are the origin (light grey dot) and the three vertices (black
dots). (b) The reflexive polygon Ay is given as the convex hull of eq, es, and —e; — 2es.
In particular, it is a LD P-polygon. The lattice points in Ay are the origin (light grey
dot), the three vertices (black dots), and one boundary lattice point (grey dot). (¢) The
LD P-polygon Ag is given as the convex hull of ey, eo, and —e; — 3ea. The lattice points
in Ajg are the origin (light grey dot), the three vertices (black dots), and one interior
lattice point (grey dot). Ag is not reflexive because it has more than one interior lattice
point (page 25).

= (w)? = 2(uwv) + 1+ [0A N N]| - (uv) + Z ((uv)””A(”) + (uv)*”A(")>
neAo\{0}

— ((uv)2 +1)+ (JOANN|—=2) - (uv) + Z ((uv)2+fm(n) + (uv)ﬂm(n)> .
neA\{0}

O]

Example 5.2.3. Set A,, := conv(ey, ez, —e; — mes) for an integer m € N, i.e., Ay, Ao,
and Ag are LDP-polygons (Figure 5.1(a), (b), and (c)). In particular, A; and Ay are
reflexive polygons. Therefore, Xa, = P2 Xa, = P(1,1,2), and Xa, = P(1,1,3) are
toric log del Pezzo surfaces with

Esr (Xa,;u,v) = ((u0)? + 1) + (wv) = (uv)? + (wv) + 1,
Egr (Xa,;u,v) = ((uv)? + 1) + 2(uv) = (w)? + 2(wv) + 1,

Brer (Xagiu,0) = ((w0)” 1) + (wo) + 32 ()50 4 (uo)~20m)
0<n<2

= ((w)? +1) + (wo) + ) ((uv)L%” + (uv)%n>

0<n§%
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= ((wv)* +1) + (w) + Z ((uv)2(3;n) + (uv)%n>

0<n§%

= ((u0)? +1) + (uv) + ((wv)3 + (uv)?)
= (uv)? + (uv)s + (wv) + (uv)s + 1,

and in general

Fyr (XA, ;u,0) = (w0)? + 1) + (uv) + ((uv)%m(om) + (uv)—fiA(O,n)>

= ((uv)® +1) + (w) + Z ((uv)2_%" + (uv)%")

2(m—n) 2771)

= (@) + 1)+ (w) + Y ((uv) - (uw)
by using Theorem 5.2.2 because ka (0, —m/2) = —1.

5.3 Canonical Toric Fano Threefolds

Let A C Ng be a canonical Fano 3-polytope, ¥ A the associated spanning fan of A, and
Xa = Xy, the corresponding toric Fano threefold with at worst canonical singularities
(Theorem 2.3.33). We are interested in a combinatorial formula to compute the stringy
E-function Eg, (Xa;u,v) of such a toric Fano threefold XA by making use of intrinsic
information provided by the lattice polytope A that yields the appearing coefficients
Yo (XA) and rational powers of uv in the stringy E-function Eg, (Xa;u,v) in a direct way
(Proposition 4.2.1). To be precise, the following formula primarily depends on normalized
volumes v(#) (Definition 2.3.6) and lattice distances ng to the origin (Definition 2.3.5) of
2-dimensional faces § < A of A:

Theorem 5.3.1. Let A C Ny be a canonical Fano 3-polytope. Then the stringy F-
function of the corresponding canonical toric Fano threefold XA can be computed as

ng—1 A
By (Xaiu,v) = ()’ +1) 47+ ()’ + (wo)) + Y v(0)- (Z <uv>”0+l>
O=4 k=1
dim(0)=2,n9>1
with r .= |[ANN| —4.
Proof. Applying Proposition 4.2.1, the stringy E-function of Xa is given by
Estr (XAS U, ’U) — Z (U’U o 1)3—dim(0) Z (uv)dim(a)-i—fiA(n)’

oex’y nedsNN

where kA denotes the Y a-piecewise linear function corresponding to the anticanonical
divisor —Kx,, on Xz, (Equation (2.3)) and ¥ a simplicial subdivision of the fan X
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such that XA (1) = ¥/, (1) with |¥\ (1)| = |A N N|— 1. Moreover, the fan ¥’y is obtained
by a triangulation of all 2-dimensional faces § < A of A and [0 = ¢° N[, for a cone
o € ¥\ (Equation (4.6)).

In each 1-dimensional cone p € ¥'\(1), there exists exactly one lattice point n €
OSNN with ka(n) = —1 because n is a boundary lattice point of A. Each 2-dimensional
cone 7 € X'\ (2) contains also exactly one lattice point n € 02 N N with ka(n) = —2
because the minimal lattice generators u, and u,» € N of 7 are linearly independent
over R with n = u, + u,r. These two facts yield

Egr (Xaju,v) = S+ Z (uv — 1)* Z (uv)”’%(”)
pES, (1) nedgnN m{:

with |[n€0gNN|=1

+ Z (uv — 1) Z (uv 2+”A Z Z uv) 3+“A

/ ed2nN / OenN
TEYX (2) wittheDT$mN\:1 =(uv)2—2=1 oe¥), (3) ne

= (uv —1)3 + Z (uv — 1)% + Z (uv — 1) Z Z (uv)3ram)

peX (1) e (2) s€X/, (3) nedZNN
= (uv — 1)% + Z (uv — 1)% + Z (uv — 1) (5.1)
PESAS seT, (2)
+ Z (uv)3tra(m) 4 Z p)3traln ))
oeX\ (3) S_3_ ned$nN
=)PT= o ez
= (uv — 1)% + Z (uv — 1)% + Z (uv — 1)
PEX, (1) TETL (2)
v 3 ( > ()
oe¥l\ ( nedgNN
KA (N)EQ\Z

because each 3-dimensional cone o € ¥'5 (3) has also exactly one lattice point n € D3NN
with ka(n) = —3. The intersection of all cones o € ¥y with the 2-dimensional sphere
5?2 defines a triangulation of S2. Using Euler’s polyhedral formula

2= [SA ()] - [Ea@)] +]SA D)

and 3 - |¥ (3)] =2 |E\(2)], we obtain 3 - [E\ (3)] =2 (X4 (3)] + |X/s(1)] — 2) because
X0 (2)] = [¥5(3)] + |\ (1)] — 2. Therefore, we get [X\(3)] = 2 |X\(1)] — 4 and
XA (2)] =3+ [¥\(1)] — 6. Using |¥y(1)| = |AN N| — 1, we receive
Fyr (Xa;u,v) = (wv — 1) + (JANN| = 1) (uv — 1)?
3-|SA)| = 6)(wv — 1) + (2 [SA(1)| -4+ T
= (w)? = 3(wv)? + 3(ww) — 1) + JANN| = 1) ((uwv)? — 2(ww) + 1)
+3B-(JANN|-1)—6)(ww—1)+(2-(JANN|-1)—4)+T (5.2)
= (uv)® = 3(uv)? 4+ 3(uv) — 1+ (JANN| = 1)(uv)? = 2(]A N N| — 1)(uww)
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20, \ A,

oné + (0,0,0)
. (0,0,0)

() (b) (c)
Figure 5.2: Illustration to detect n € 02 N N with ka(n) € Q \ Z.

+(ANN|=1)+3(|ANN|—1)(uv) — 6(uv) — 3(|ANN|—1)
+6+2(]JANN|—-1)—4+T
= ((uv)3—|—1) + (JANN|—4) ((uv)2+(uv)) + T,

where
Te= > T, and Tr= Y (w)***s for g e T)(3).
o€, (3) nebgnN
kA (n)EQ\Z

Let o € ¥/, (3) be a 3-dimensional cone. Then o N # is a 2-dimensional simplex with
normalized volume v(o N @) = 1 contained in a 2-dimensional face 8 < A of A. The
only lattice points of the 3-dimensional lattice simplex A, := o N A are the origin 0 € N
and the three vertices v1, 1o, and v3 of the triangle o N @ (Figure 5.2(a)) because A is a
canonical Fano polytope. Therefore, we get v(A,) =v(cNE) - ng = ny.

If ng = 1, then v(A,) = 1 and o is generated by a basis of N, i.e., T, = 0. For the
following considerations, let ny be greater than 1. A lattice point n € LS N N can not
be contained in A, and —A, + (v1 + v2 +v3) (Figure 5.2(a)) as well as not in one of the
three simplices A, + 11, Ay + v, and A, + v3 (Figure 5.2(b)). Therefore, n belongs to
(2A,)° NN, i.e.,

T,= Y (wpta = " (y)Ftraln), (5.3)
ned$NN ne(2A4)°NN
k() EQ\Z
To compute T, we apply the Theorem of White [Whi64|, which says that A, is
isomorphic to a lattice simplex A/ := conv(v],v), V4, v)) (Remark 2.3.16) such that
vy = (0,0,0), v4 :== (1,0,0), v4 == (0,0,1), and v} = (a, ng, 1) for some integer a with
ged(a,ng) = 1 (Figure 5.3(a)). In particular, Al is contained between the two planes
{z =0} and {z = 1}. The isomorphism ¢ : A, — Al of White maps the vertex 0 € A,
to the vertex vy € Al and transforms the linear function kKA on o into the affine linear
function —1 + ;% on a cone with origin 14 and generators v; — vy (1 <i < 3).
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Al -
(a,ng, 1) 24,
P //(0,0., 1)
//(0,070) 1 (1,0,0)
(2) "

Figure 5.3: Theorem of White (here: a =1 and ng = 3).

The double simplex 2A. is contained between the two planes {z = 0} and {z = 2}.
Therefore, an interior lattice point n € (2A)° belongs to an interior lattice point of
Ol =2A.N{z = 1}, which is a parallelogram with vertices (0,0, 1), (1,0,1), (a+1, ng, 1),
and (a,ng,1) (Figure 5.3(b)). We note that the isomorphism of White maps ¢/ into a
subset of O, (Figure 5.2(c)).

The normalized volume of the parallelogram {/ equals ng and it has exactly 4 bound-
ary lattice points. By Pick’s Theorem, there exist exactly ng — 1 lattice points in the
interior of (7. We claim that the affine linear function —1 + - takes ng — 1 different
values on these lattice points (Figure 5.4). Assume that there ‘exist two lattice points
P = (P;, Py) and P' = (P,, P;) with P, > P, in the interior of {;, with the same affine
linear function value, i.e., P, = P, and v(conv(P, P')) > 1. Set E := conv((0,0),(1,0)),
then P — P € E°N N = (). Contradiction.

Therefore, we get the set equality
l
{/ﬁA(n)EQ\ZMEDEON}:{—1—n—‘l6{1,...,n9—1}}
0

and Equation (5.3) can be rewritten in the form

ng—1 ! neg—1 ng—
3-1- L L
T, = g (uv)3+”A(”) = E (uv) ne = (uv) "o = g uv) ”9
nedgnNN =1 =1

KA (N)EQ\Z

Using this, the remaining last term in Equation (5.1) can be computed as

ng—1 &
Z Z (w)3+m(n’) _ Z Z oNo)- (Z (uv)H’Le)

UGE’ (3) n'ebgnN 0=A oNHCH k=1
ch(n/)GQ\Z dim(0)=2,ng9>1

(5.4)

ng—1 &
D DD DL EED'D vw)-(;(uv)ne“)

6=<A oNOCH =<
dim(0)=2,ng=1 - dim(0)=2,n9>1
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(a’nﬁ)
g
On
(1,0)

Figure 5.4: Illustration of ¢/ (here: a = 2 and ng = 5).

because D, g V(0 NO) =3 e 1 = v(0).
A combination of Equation (5.2) and (5.4) yields the desired result

6=A k=1
dim(0)=2,n9>1

B (Xasu,0) = ((w0)® + 1) + 7 (o) + () + 3 o(0)- (Z <>>

with r = [ANN| — 4. O

Example 5.3.2. Consider the lattice polytopes A; = conv(ey, ez, €3, —€1 — ea — €3),
Ao = conv(eq, eg, €3, —€1 — ea — 2e3), and Az = conv(ey, e2, e3, —He; — 6ea — 8ez) (Figure
2.3) with A NN = {0} (1 <1 < 3). Therefore, A; are canonical Fano polytopes and
X, = Xy, are toric Fano threefolds with at worst canonical singularities (1<i<3).

In particular, Xa, = P(1,1,1,1) = P3, Xa, = P(1,1,1,2), and XA, = P(1,5,6,8).

Using Theorem 5.3.1, the associated stringy F-functions are given by

Esr (Xay5u,0) = (w)? + (w0)? + (uwv) + 1,

2-1
Esr (Xpy;u,v) = ((uv)3 + 1) +1- ((uv)2 + (uv)) +1- z:(uv)%‘*'1
k=1
= ((uv)3 + 1) + ((uv)2 + (uv)) + (uv)%
= (o) + (w)? + (uv)? + (wv) + 1,

and

[\

-1 3—1
Bar (Xagiu,0) = ((w0)* +1) +5 - ((u0)? + (wo)) +4- Y ()24 +2- 3 (up) 57!
1 k=1

>
Il
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= ((uv)® + 1) +5- ((uv)? + (uv)) +4- uv2+2 (uv3+ 3)
= (W) +5- (u)®+2- (w)3 +4- (w)? +2- (u )é+5 (uwv) +1

because all facets 6; of A; have lattice distance ng, = 1 to the origin, all facets 62 of Ag
have lattice distance ng, = 1 to the origin except of one with ng, = 2 and v(f2) = 1, and
As has two facets with ng, = 1, one facet with ng, = 2 and v(62) = 4, and one facet
with ng, = 3 and v(2) = 2.






Chapter

Applications

Our aim is to obtain five combinatorial identities relating the following classes of lattice
polytopes to the number 24: reflexive polytopes of arbitrary dimension (Section 6.1),
LD P-polygons (Section 6.2), almost reflexive 3-polytopes (Section 6.3), canonical Fano
3-polytopes (Section 6.4), and certain Gorenstein polytopes (Section 6.5).

The results of this chapter arose as joint work with Victor Batyrev. To be precise,
Section 6.1, Section 6.2, and Section 6.5 have been published in the paper Stringy Chern
Classes of Singular Toric Varieties and Their Applications [BS17]. The results of Section
6.3 and Section 6.4 are based on the preprint Stringy E-functions of Canonical Toric Fano
Threefolds and Their Applications [BS18]. Compared to [BS17] and [BS18|, this chapter
contains minor modifications and additional examples.

The central elements to reach the mentioned identities are the combinatorial version
of the stringy Libgober-Wood identity (Theorem 4.2.2, Equation (4.3)) and the com-
binatorial version of the stringy E-function for each polytope class (Chapter 5). The
latter version specifies the generalized stringy Hodge numbers because they appear as
coefficients in the stringy E-function (Proposition 4.2.1). Therefore, we briefly repeat the
statements of these two elements: Let Xy be a d-dimensional projective Q-Gorenstein
toric variety of Gorenstein index gx,, associated with a fan ¥ of rational polyhedral cones
in Ng and —Kx,, =) pex(1) D, an ample anticanonical torus-invariant Q-Cartier divisor
on Xy. The combinatorial version of the stringy Libgober-Wood identity is proved in
Chapter 4 and revisited in the following paragraph:

Theorem 4.2.2. Let Xx, and —Kx,, be given as above. Then the stringy Libgober- Wood
identity is equivalent to

agl0,dN-—1-7 oex(d—1)
qXE

69
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where Yy, (X) denotes the generalized stringy Hodge numbers (page 51), v (X) the normal-
ized volume of the fan ¥ (Equation (2.1)), v(o) the normalized volume of a cone o € ¥
(Definition 2.2.13), A‘iKXE = A,KXE a face of the polytope A,KXE corresponding to a
cone o € 3 given as below, and U(AZKXE) the normalized volume of the polytope AZKXE
(Definition 2.3.6).

Following Equation (4.1) and (4.2), we denote by A_g, C Mg the d-dimensional
polytope corresponding to the ample anticanonical divisor —Kx,, on Xy given by

A gy, ={y € Mg| (y,up) > —1Vp e £(1)} C Mg

and by A% =< A_k,_ a k-dimensional face of A_k,_ corresponding to a (d — k)-
KX): X X5

dimensional cone o € ¥(d — k) given by
A%, ={y €Ak | (y,up) = —1Vp € X(1) with p C o},

where u, € N denotes the primitive ray generator of a 1-dimensional cone p € 3(1).

To apply the combinatorial version of the stringy Libgober-Wood identity stated in
Theorem 4.2.2, we need to know the generalized stringy Hodge numbers v, (X) con-
cretely, i.e., we have to look at the stringy E-function of Xy written as a finite sum

Estr (XE; u, U) = Z wa(z)(uv)a

1
ae[o,d}m—qxE A

(Proposition 4.2.1), where the coefficients 1,(X) are non-negative integers (the gen-
eralized stringy Hodge numbers) satisfying the conditions (X)) = ¥4(X) = 1 and
Yo (X) =g o(X) for all « € [0,d] N q}%Z.

z

6.1 Reflexive Polytopes

In this section, the focus is on reflexive polytopes A C Ny of arbitrary dimension d,
where a reflexive polytope is a lattice polytope containing the origin in its interior such
that the dual polytope A* is also a lattice polytope (Definition 2.3.13 and 2.3.3).

Theorem 6.1.1. Let A C Ng be a reflexive d-polytope. Then the stringy Libgober- Wood
identity for the Gorenstein toric Fano variety Xa = Xx, defined by the spanning fan
YA in Ny associated with A (Theorem 2.3.14, Remark 2.3.15) is equivalent to

d\*> d 1

A —=) ==v(A)+= v (0*
> @) (a-g) = fhr@rg X )00,
a€l0,d|NZ - 6=A
dim(0)=d—2
where 1o, (A) are the coefficients in the numerator of the Ehrhart power series Pa(t)
(Definition 5.1.1) and 6* < A* is a face of the dual polytope A* and the dual face of the
face 0 = A of A (Definition 2.3.4).
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Proof. Using Theorem 5.1.3 and Theorem 4.2.2, we obtain

> @ (a-8) = meEn el ¥ wo(ane,),

a€(0,dNZ cex(d—1)

since the anticanonical divisor —Kx, on Xa is ample by Definition 2.1.3. In this case,
the normalized volume of the spanning fan ¥ A (Equation (2.1), Definition 2.3.10) is given
by

v(Za)= > (o) =v(A)

o€ A(d)

because the primitive ray generators of a given d-dimensional cone o € ¥ A (d) are vertices
of the reflexive polytope A. It remains to use

A gy, ={y e Mr] (y,u,) > —1Vp e Ta(1)}
={y € Mp|{y,z) > —1Vz € A} = A*

(Definition 2.3.4), where u, € N denotes the primitive ray generator of a cone p € ¥(1).
In combination with the facts that each (d — 1)-dimensional cone o € ¥A(d—1) is a cone
over a face § < A of A and

A7p, ={y € Aky| (y,up) = —1Vp € £(1) with p C 0}
={ye A*|(y,a) =—1Vo €0} =0
(Definition 2.3.4), we obtain

> o) (A% )= > w®) v,

. <A,
UEEA(d 1) dim(0)= d 2

since every facet of the reflexive polytope A has lattice distance 1 to the origin (page
25). O

The well-known identities for reflexive polytopes in dimension 2 and 3 follow from
the statement in Theorem 6.1.1:

Corollary 6.1.2. Let A C Ny be a reflexive 2-polytope. Then the stringy Libgober- Wood
identity is equivalent to

V(A) + v (A) = 12.

Proof. Using Theorem 6.1.1, we get

| =

3 %(A)(Q—UQZ%U(AH S w(®) -0 (6).

a€l0,2nz 6=A
dim(6)=0
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Table 6.1:

Computational Proof of Corollary 6.1.2. Table contains:

links to

pictures of all reflexive 2-polytopes A, links to pictures of dual reflexive 2-polytopes A*,
and their normalized volumes v(A) and v(A*), respectively. The last column confirms
the statement of the corollary.

Moreover,

Y Ya(d)(a-1)

A ‘ A* | v(A) v(A*)  v(A) +v(A%)
Figure 6.1(a) | Figure 6.1(k) 3 9 12
Figure 6.1(b) | Figure 6.1(1) 4 8 12
Figure 6.1(c) | Figure 6.1(m) 4 8 12
Figure 6.1(d) | Figure 6.1(n) 4 8 12
Figure 6.1(¢) | Figure 6.1(0) 5 7 12
Figure 6.1(f) | Figure 6.1(p) 5 7 12
Figure 6.1(g) | Figure 6.1(g) 6 6 12
Figure 6.1(h) | Figure 6.1(h) 6 6 12
Figure 6.1(i) | Figure 6.1(1) 6 6 12
Figure 6.1(j Figure 6.1(j) 6 6 12
Figure 6.1(k) | Figure 6.1(a) 9 3 12
Figure 6.1(1) | Figure 6.1(b) 8 4 12
Figure 6.1(m) | Figure 6.1(c) 8 4 12
Figure 6.1(n) | Figure 6.1(d) 8 4 12
Figure 6.1(o) | Figure 6.1(e) 7 5 12
Figure 6.1(p) | Figure 6.1(f) 7 5 12

a€l0,2INZ

because ¥y (A)

=2 (A) =

D

6=<A

dim(6)=0

1 (Remark 5

= 1o (A) + 12 (A) = 2¢hp (A) = 2

v(0)-v(0) =

D

<A
dim(0)=0

v(0) =

1.2). Tt remains to apply the equalities

v (A¥)

that hold because A* is reflexive (page 25) and v (0) = 1 if dim(#) = 0.

=40 (8) (0= 1)* + 1 (A) (1 = 1)* + 42 (A) (2 - 1)°

O

Example 6.1.3. Using a remark on page 25, a lattice polygon A C Ng containing
the origin in its interior is reflexive if and only if A° N N = {0}. Because there exist
only 16 isomorphism classes of reflexive 2-polytopes (Figure 6.1), we prove Corollary
6.1.2 by checking if the identity holds for each reflexive polygon. Doing this, we get the
computation results listed in Table 6.1.
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P

(a) (b) (c) (d)

i}

(e) (f) (g) (h)

&

©) 6) (k) M

it

(m) (n) (o) (p)

Figure 6.1: 16 Reflexive Polygons. Dual polygons have the same origin color.
Vertices are coloured black and boundary points that are not vertices are coloured grey.
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Corollary 6.1.4. Let A C Ny be a reflexive 3-polytope. Then the stringy Libgober- Wood
identity is equivalent to

> v(0)-v(07) =24

0=<A
dim(8)=1

Proof. Theorem 6.1.1 implies

2
3 %(A)@-i) :%v(A)qL% S ()0 (0.

a€[0,3)NZ 6=A
dim(0)=1

The coefficients 1), (A) in the numerator of the Ehrhart power series Pa(t) are ¢ (A) =
Y3 (A) =1 and 91 (A) = 92 (A) (Remark 5.1.2), i.e.,

= %(A)<‘“‘3>2:¢°(A)<O‘3>2+wl<a><1—§>2

a€0,3]N7Z
3\? 3\?
+ by (A) (2— 2) + 13 (A) (3— )

2
9 1 1 9
9 1 9 1
= %0 (A) + S¥n (A) = 5 + Sun (A).

This provides

ST w0 w(07) =27+ 3w (&) - %v (8)) =24

0=<A
dim(8)=1

where the last equality holds because

v(A)=u(®) =ew(X) = D va(d)

a€(0,3]NZ

(Theorem 6.1.1 (proof), Corollary 4.1.3, and Equation (1.4)) and therefore

D) - @) =i (A) -5 Y a(d)
«€(0,3]NZ
=1 (8) — 5 (40 (8) 61 (A) + 8 (8) + 93 (A))
= (A) ~ 52+ 201 (A))
=1 (8) 1 -y (A) = -1
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(a) Cube. (b) Octahedron.

(c) 3-simplex. (d) Tetrahedron.

Figure 6.2: Reflexive 3-polytopes. Shaded faces are occluded. (a) The cube is a
reflexive 3-polytope given as the convex hull of (1,1,1), (1,1,-1), (-1,1,-1), (—1,1,1),
(-1,-1,-1), (-1,-1,1), (1,-1,1), (1,—1,—1) and dual to (b). (b) The octahedron is a
reflexive 3-polytope given as the convex hull of (1,1,0), (-1,1,0), (-1,-1,0), (1,—1,0),
(0,0,1), (0,0,—1) and dual to (a). (c) The 3-simplex is a reflexive 3-polytope given
as the convex hull of (1,0,0), (0,1,0), (0,0,1), (=1,—1,—1) and dual to (d). (d) The
tetrahedron is a reflexive 3-polytope given as the convex hull of (—1,3, 1), (-1,-1,-1),
(3,—1,-1), (—1,—1,3) and dual to (c).

Table 6.2: Computational Examples for Corollary 6.1.4. Table contains: links to
pictures of reflexive 3-polytopes A, links to pictures of dual reflexive 3-polytopes A*, and
tuples (v(#)) and (v(6*)) containing the normalized volumes of all 1-dimensional faces
0 < A of A and 0* < A* of A*, respectively. The last column confirms the statement of
the corollary.

A A EO)  E) T e v() 0
dim(0)=1

Figure 6.2(a) | Figure 6.2(b) (2,...,2) (1,...,1) 24

Figure 6.2(b) | Figure 6.2(a) (1,...,1) (2,...,2) 24

Figure 6.2(c) | Figure 6.2(d) | (1,1,1,1,1,1) (4,4,4,4,4,4) 24

Figure 6.2(d) | Figure 6.2(c) | (4,4,4,4,4,4) (1,1,1,1,1,1) 24
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Example 6.1.5. We check the statement of Corollary 6.1.4 for a small selection of all
4,319 reflexive 3-polytopes A listed in Figure 6.2, where the detailed polytope data can
be found in Example 5.1.4. The obtained results are listed in Table 6.2.

Remark 6.1.6. Gorenstein toric Fano varieties X of dimension d associated with re-
flexive polytopes A are used in mirror symmetry as ambient spaces for Calabi-Yau hy-
persurfaces |Bat94, BB97, BD96|. Using Corollary 4.1.8 and the proof of Theorem 6.1.1,
the stringy Euler number of a generic ample Calabi-Yau hypersurface Z in X is combi-
natorially computable via

er(Z) =5 (Z) =) _(-DF > w(6) v (67)
k=0 0=A
dim(0)=k+1

[BD96, Corollary 7.10]. If A C Ng is a reflexive 3-polytope, then the stringy Euler
number of a generic ample K3-surface Z in the associated Gorenstein toric variety X is
24 (Theorem 6.3.1 (proof)) and one obtains the identity of Corollary 6.1.4

0
U=ewx(2)=> (-DF D 0@ -v(@)= > v(0)-v(0).

k=0 0=<A 0=<A
dim(6)=k+1 dim(6)=1

If the dimension d of a reflexive polytope is greater than 3, the identity in Theorem
6.1.1 is not anymore a symmetric equation with respect to the duality between A and
A*. The received identities for reflexive polytopes A and A* of dimension > 4 are not
equivalent to each other. The latter is easy to see in dimension d = 4:

Corollary 6.1.7. Let A C Ny be a reflexive 4-polytope. Then the stringy Libgober- Wood
identity is equivalent to

12-[0ANN|=2-v(A)+ > v(0)-v(0),
0=<A
dim(0)=2

where OA denotes the boundary of A and |0A N N| the number of lattice points on OA.

Proof. By Theorem 6.1.1, we have

1 1
Y e (A)(a—2)° = S0 (A)+ ¢ ST w(O)-v(e).
a€[0,4]NZ dni(je?=2

Furthermore, ¢ (A) = ¢4 (A) =1 and ¢ (A) = ¢3(A) = |[ANN|—5 (Remark 5.1.2),

i.e., we obtain

Do va(Bd)(@=2)+42(A)(2-2) =10 (8) (0-2)"+ 1 (A)(1-2)*
aclo4lnz + 15 (A) (3= 2)" + 4 (A) (4 - 2)°
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(a) Tesseract. (b) Hexadecachoron.

(c) 4-simplex. (d) Pentachoron.

Figure 6.3: Reflexive 4-polytopes. (a) The Tesseract is a reflexive 4-polytope given
as the convex hull of +e; + ey + e3 £ e4 and dual to (b). (b) The hexadecachoron is
a reflexive 4-polytope given as the convex hull of ey, +eg, e, +e4 and dual to (a).
(¢) The 4-simplex is a reflexive 4-polytope given as the convex hull of e1, es, e3 ey,
—(e1+e2+e3+e4) and dual to (d). (d) The pentachoron is a reflexive 4-polytope given
as 5 - conv(ey, e, es3,e4,0) — (e1 + e2 + e3 + e4) and dual to (c).

= dtpo (A) + 1 (A) + 3 (A) + 4epa (A)
= 810 (A) + 201 (A) =8+ 2 ([ANN|—5).

It remains to apply |[0A N N| = |AN N|— 1 because a reflexive polytope A has exactly
one interior lattice point (page 25) and therefore

8+2-(JANN|—-5)=8+2-(]0ANN|+1-5)
=8+42-(|0ANN|—4)=2-|0ANN]|.

A multiplication by 6 yields

1 1
12 |OANN| =6+ —v (A)+6- = 0 (69).
OANN| =650 (A) +6- ¢ ZA: v(8) - v (67)
dim(0)=2
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Table 6.3: Computational Examples for Corollary 6.1.7. Table contains: links
to pictures of reflexive 4-polytopes A, links to pictures of dual reflexive 4-polytopes A*,
and the last column confirms the statement of the corollary.

A \ A* \ 12 |[DANN|
Figure 6.3(a) | Figure 6.3(b) 12- (16 + 32 4 24 + 8) = 960
Figure 6.3(b) | Figure 6.3(a) 12-8 =96
O T g 30 310)
Figure 6.3(a) | Figure 6.3(b) | 2-(4!-2%) + 24-(2!-22)(1!- 1) = 960
Figure 6.3(b) | Figure 6.3(a) | 2 (4!-2*- L) +32. ( D) (11-2) =96
A | A \ 12-|0A N N|
Figure 6.3(c) | Figure 6.3(d) 12-5 =160
Figure 6.3(d) | Figure 6.3(c) 12125 = 1500
v (A) +Z QjA v(0) - v (0*)
=2
Figure 6.3(c) | Figure 6.3(d) | 2-(5!- )+ 10" ( %)(1' 5) = 60
Figure 6.3(d) | Figure 6.3(c) 2 (5% 1) +10- (5% 1)(1!- 1) = 1500

Example 6.1.8. Let us choose a small selection of all 473,800,776 reflexive 4-polytopes
A presented in Figure 6.3 to check that the identity of Corollary 6.1.7 holds, where the
detailed polytope data can be found in Example 5.1.4. The computation results are listed
in Table 6.3.

One may produce a more ‘mirror symmetric’ identity for arbitrary reflexive 4-polytopes
by summing the equations from Corollary 6.1.7 for A and A*.

Corollary 6.1.9. Let A C Ng be a reflexive 4-polytope. Then

2. (JOANN|+ DA AM[) =2- (0(A) +v(A) + > w(8)-v(67).

6=<A
dim(0)=1,2

Proof. Corollary 6.1.7 yields

12-0ANN[=2-v(A)+ > v(0)-v(67).
6=A,dim(9)=2

A role reversal of A and A*, i.e., applying Corollary 6.1.7 to A* adds up to

12-[0A* N M| =2 v (A*) + > v (6%) v (0)
0*<A*, dim(9*)=2

because A* is also a reflexive 4-polytope. Connecting these two equations provides
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12 (|OA N N| + [0A* N M) = 2- (v (A*) + v (A))

+ S w@® v+ D> v (0 (0)

0=<A, dim(0)=2 9<A,dim(8)=1

6.2 LDP-polygons

This section treats LD P-polygons A C Ng, where a LD P-polygon is a lattice 2-polytope
containing the origin in its interior such that all vertices are primitive lattice points
(Definition 2.3.18).

We briefly recap that a normal projective surface is a log del Pezzo surface if it has
at worst log-terminal singularities and if its anticanonical divisor is an ample Q-Cartier
divisor (Definition 2.1.2). Moreover, toric log del Pezzo surfaces one-to-one correspond
to LD P-polygons (page 26). The fan ¥ defining a toric log del Pezzo surface X is the
spanning fan YA of the corresponding LD P-polygon A and consists of cones over faces
of A (Definition 2.3.10). In particular, any LD P-polygon A is the convex hull of all
primitive ray generators of 1-dimensional cones of ¥(1). We note that in general the
dual polygon A* C My is a rational and not a lattice polygon (Definition 2.3.3).

We present a combinatorial identity that is equivalent to the stringy Libgober-Wood
identity (4.3) and relates LD P-polygons A to the number 12:

Theorem 6.2.1. Let A C Ng be a LDP-polygon. Then the stringy Libgober- Wood
identity for the toric log del Pezzo surface Xa = Xy, defined by the spanning fan Xa
i Nr associated with A is equivalent to

v(A)+v(AY) =12 Z (ka(n) +1)2,
neANN

where kKA the Y a-piecewise linear function corresponding to the anticanonical divisor
—Kx, on Xa (Equation (2.3)). In particular, one always has v (A) + v (A*) > 12 and
equality holds if and only if A is a reflexive polygon.

Proof. We use the formula for the stringy E-function from Proposition 5.2.1 and obtain

FEgir (XA; u, 1) = (u — 1)2 + Z u+ Z (u2+nA(n) + u*lﬁA(’ﬂ)) )

NA?S)Z—l —1<:i]yn)<o
Therefore,
d2
B (Xazuw )| =24 3 (24 ra(m)(1+ram)

0#neA°NN
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+ (—ka(n ))(*HA( )—1))
—9 Z n)+1)2=2 Z ka(n

neA°NN neANN

where A° denotes the interior of the polygon A. By Equation (4.3), we get the equality

2 37 (raln) +1)° = S (Xa) + cer(Xa)® = S(0(A) 4 v(A%)
neANN

because 5 (Xa) = v(Xa) = v(A) and ¢1(Xa)? = v(A*). Moreover, one has

Z (ka(n) +1)2>1

neANN

because the origin is contained in A with kA(0) = 0 and all boundary lattice points
n € AN N play no role because ka(n) = —1. Furthermore, all remaining lattice points
in ANN contribute with positive values because of the square. Equality holds, if and only
if the origin is the unique interior lattice point in A. In dimension 2, this is equivalent
to the condition that A is a reflexive polygon (page 25). O

Example 6.2.2. Let us consider a family A,, € Nr of LDP-polygons depending on
m € N (Figure 6.4(a)) and defined as

A, = conv(ey, eg, —e] — Mme2).
The dual polytope A¥, (Figure 6.4(c)) is given by
AL, = CODV((TTL + ]-7 *1)7 (717 2/m)a (715 71))

m
To check that the identity of Theorem 6.2.1 holds, we subdivide for the left side A,
in 3 triangles (highlighted in three different shapes of grey in Figure 6.4(b)) and compute
their normalized volumes to get the normalized volume of A,,. In addition, we compute
the normalized volume of A, using again the formula 1/2 times base times height:

1 1 1 1 2
A, AfYy=21.(Z.1-1+=-1-14=-1- 2. ([ (14+= 2
v(Ay) + v (A)) <2 +2 +2 m>+ <2< +m> (m + ))

=2-(14m)+2- <1 <m+4+4>) :2m+6+i.

2 m m
To compute the right side, we have to consider the ka,, -values of all lattice points n in
A, (Figure 6.4(b)). Starting with the origin, we get xa,,(0) = 0. All lattice points on
the boundary have rka,, -value —1. The remaining lattice points in A,, will appear on a
line through the origin and (0, —m/2) (dotted in Figure 6.4(b)). Because (0, —m/2) lies
on the boundary of A,,, we know that xa,, as value —1 on it. Using this, we get the
still pending xa,,-values by a kind of back computation:

12 3 (ka, )+ 17 =12 > (84, (0,n) + 1)

nEANN 0<n<Z
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|
l B
—_ >— / (7‘17 H)
A*
A, (l/ m
] ] (0,—m/2) ~—
*
(flfm) (71;7m) (m‘ +1, —‘1)
| | | |
(a) (b) (c)

Figure 6.4: LD P-polygon and its dual. We illustrate the identity of Theorem 6.2.1
for a family of LD P-polygons: (a) The LD P-polygon A,, (m € N, here: m = 3) is given
as the convex hull of e1, e2, and —e; —meg. The lattice points in A,, are the origin (light
grey dot), the three vertices (black dots), and one interior lattice point (grey dot). (b)
To compute the normalized volume of A,,, we subdivide the polytope in three triangles
coloured in dark grey, grey, and light grey. xa,, has value 0 at the origin and —1 on the
boundary, i.e., in particular at (0, —m/2). (¢) The dual LDP-polygon A is given as
the convex hull of —e; — ey, (m + 1)e; — e2, and —e; 4+ 2/meg. The normalized volume
of Ay, is directly computable.

=12 ) i 2—2m+6+£
N m - m’

OSnS%

By comparing both sides, the identity from Theorem 6.2.1 is confirmed for the whole
family of LD P-polygons A,,.

There is a close link between this example and Example 2.2.14 including Figure 2.1
because the normalized volume v(A,,) of A,, equals the normalized volume v(X4a,,) of
the spanning fan ¥, = X, (cf. Theorem 6.1.1 (proof)).

6.3 Almost Reflexive 3-polytopes

The objects of consideration are almost pseudoreflexive 3-polytopes A C Mg, i.e., lat-
tice 3-polytopes containing the origin in its interior such that the convex hull [A*] =
conv(A*NN) also contains the origin in its interior and both polytopes are 3-dimensional
(Definition 2.3.22). In particular, in dimension 3, being almost pseudoreflexive is the same
than being almost reflexive (Remark 2.3.26).

Our aim is to introduce a combinatorial identity that is equivalent to the stringy
Libgober-Wood identity (4.3) and relates almost reflexive 3-polytopes to the number 24:
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Theorem 6.3.1. Let A C Mg be an almost reflexive 3-polytope. Then

1
24 =v(A) — E — -v(0) + E v(0) - v(6Y),
0=<A n 9=<A
dim(0)=2 dim(0)=1

where ng denotes the lattice distance from a face 6 < A of A to the origin (page 22).

To be able to prove this identity, we have to do preliminary work: The stringy Eu-
ler number eg, (Y') of certain Calabi-Yau hypersurfaces Y can be computed using the
combinatorial formula in Theorem 6.3.2 that has been derived by Batyrev in [Batl17].
To be precise, Y is a canonical Calabi-Yau model (Definition 2.1.8) of an affine A-non-
degenerate hypersurface Za C T? (Definition 2.3.28) corresponding to a d-dimensional
almost pseudoreflexive polytope A C Mg, where Z is the zero set of a Laurent polyno-
mial

falx) = Z ™

with sufficiently general coefficients a,, € C in T¢ (Definition 2.3.28).

Theorem 6.3.2 [Bat17, Theorem 4.11]. Let A C Mg be an almost pseudoreflexive
d-polytope. Denote by Y a canonical Calabi-Yau model of a A-non-degenerate affine
hypersurface Za in the d-dimensional algebraic torus T¢. Then the stringy Euler number
of Y can be computed with the combinatorial formula

estr(Y) = Z (—1)dim(6)_17j(0) : 'U(O'e N A*),
<A
dim(0)>1
where 0¥ = R>o0* is the cone in the normal fan Y2 of A corresponding to the dual face
0* < A* of the dual polytope A* C Ng (Definition 2.3.8 and 2.3.3) for a face 8 < A of
A.

The combinatorial formula for the stringy Euler number in Theorem 6.3.2 can be
rewritten in the following equivalent form:

Theorem 6.3.3. Let A C Mg be an almost pseudoreflexive d-polytope. Denote by Y a
canonical Calabi-Yau model of a A-non-degenerate affine hypersurface Za C T Then
the stringy Euler number of Y can be computed with the combinatorial formula

estr(Y) = v(A) — Z . v(0) + Z (_1)dim(9)*1v(9) -v(6%).
0=A 0 0=<A
dim(0)=d—1 1<dim(0)<d—2

Proof. Let 6 < A be a face of A. If § = A, then 0/ N A* = {0} and v(c? N A*) = 1. If
6 <= A'is a (d — 1)-dimensional face of A and vy denotes the primitive inward-pointing
facet normal of @, then ¢ N A* = conv(0,1/ng - vg) and v(c? N A*) = 1/ng. If 0 < A
is face of A of dimension k (1 < k < d — 2), then ¢ N A* is a (d — k)-dimensional
pyramid with vertex 0 € N over the (d — k — 1)-dimensional dual face * < A*. Using
the definition of the dual polytope A*, the lattice distance between 0 and 6* equals 1 and
implies v(c? N A*) = v(#*). Now, it remains to apply the formula of Theorem 6.3.2. [
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(~1,-1,3/2)

(1,0,0)

(0,1,0) (4,-1,-1)

(-1,-1,-2)

(a) (b)

Figure 6.5: Almost Reflexive Polytope A, and its dual. Shaded faces are oc-
cluded. (@) The almost reflexive polytope Ay is given as the convex hull of ej, es, es,
and —e; — es — 2e3. The grey coloured facet of Ay has lattice distance 2 and all other
facets have lattice distance 1 to the origin (b) The whole polytope is the dual polytope
A% given as the convex hull of (4, —-1), (-1,4,-1), (-1,-1,3/2), and (—1,—1,—1).
The grey coloured polytope is [A;] glven as the convex hull of (4,—-1,-1), (—1,4,-1),
(-1,-1,-1), (-1,-1,1), (-1,0,1), and (0,—1,1).

We apply the last theorem in the case d = 3 to prove the combinatorial identity for
the Euler number 24 stated at the beginning of this section:

Proof of Theorem 6.5.1. A canonical Calabi-Yau model Y of a A-non-degenerate affine
hypersurface Za C T2 is a K 3-surface with at worst canonical singularities (Proposition
2.3.29). Tts minimal crepant desingularization Y is a smooth K 3-surface (Theorem 2.1.11
and Equation (1.5)) and by Noether’s Theorem [CLS11, Theorem 10.5.3]

L2+ o) = o)

2=1 1=x(Y
+0+ x(Y,05) = D T

the stringy Euler number ey, (Y') equals 02(?) = 24. Using the formula for eg, (V') from
Theorem 6.3.3, we get the desired identity. O

Example 6.3.4. Consider the almost reflexive polytope Ay = conv(ey, g, e3, —e1 — ey —
2e3) (Figure 6.5(a)). Its dual polytope A% is rational:
A% = conv((4, —1,-1),(=1,4,-1), (-1, -1,3/2), (-1, -1, —1))

(Figure 6.5(b)), i.e., Ag is not reflexive. There exists exactly one 2-dimensional face
0 < As of Ag (hlghhghted in grey in Figure 6.5(a)) having lattice distance ng =2 > 1



84 CHAPTER 6. APPLICATIONS

to the origin. The combinatorial identity from Theorem 6.3.1 holds because

v(Ag) — Z 1. v(0) + Z v(0) - v(6%)

g

I el
:5—(;-(1!-1)+1.(1!-1)+1-(1!-1)+1-(1!-1))+<(1!.1)-(1!~2)+(1!-1)
(1 2) (10 1) (10 2) o (11-1) - (11-5) 4 (10 1) (11-5) + (11 1) - (11 5))

=5-35+225=24
(Definition 2.3.3, Definition 2.3.4, page 22).

The statement of Theorem 6.3.1 specializes to the well-known formula for reflexive
polytopes in dimension 3 [BCFT05, Theorem 4.3]:

Corollary 6.3.5. Let A C Mg be a reflexive 3-polytope. Then

24 = Z v(0) - v (67).

0=<A
dim(0)=1

Proof. We apply Theorem 6.3.1 and obtain

2u=v(d) - Y ni-u(e)+ S 0(0) - v(@).

<A o 6<A
dim(0)=2 dim(0)=1

Since A is reflexive, we have ng = 1 for all facets § < A (page 25) and

NS ni-u(e):v(A)— S u(6) =0

<A 0 <A
dim(0)=2 dim(6)=2

because each normalized volume of the A-part below a facet 8§ < A of A equals the

normalized volume of 8. To be precise, by denoting the set of vertices of  with vert(f) =
{Py,,..., Py} and using the formula 1/3 times base times height, we get

w(conv(0, Py, ... Py,)) = 3! - (; 0(6) - 1) — ()

and therefore the normalized volumes of all A-parts add up to Y s<a v(0) = v(A). The

dim(9)
equation simplifies to

24= " w(0) v(0").

0<A

dim(6)=1
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(-1,-1,3)

(1,0,0)

(0,1,0) (3,-1,-1)

(—1,-1,-1) (~1,-1,-1)

(a) 3-simplex A;. (b) Tetrahedron Aj.

Figure 6.6: Reflexive Polytope A; and its dual. Shaded faces are occluded. (a)
The reflexive polytope A is given as the convex hull of ey, eo, e3, and —e; —es —e3. All
facets of A; have lattice distance 1 to the origin. (b) The polytope is the dual polytope
A} given as the convex hull of (3,-1,-1), (-1,3,-1), (-1,-1,3), and (—1,—1,—1).
A7 is a reflexive polytope with [A]] = AJ.

Example 6.3.6. For the reflexive polytope A; = conv(eq, ez, €3, —e1 — e — e3) (Figure
6.6(a)), we get the identity of Corollary 6.3.5

> w(0)-v(0*)=6-(11-1)-(1!-4) =24

0=<Aq
dim(60)=1

because the normalized volume v(6) of each 1-dimensional face § < A; of A; equals
1!-1 = 1. Moreover, the dual polytope is given by

AY = conv((3,—1, 1), (=1,3,~1), (—1,-1,3), (~1,—1, —1))

(Figure 6.6(b)) and v (#*) = 1!-4 = 4 for each 1-dimensional face 6* < A} of A}
(Definition 2.3.3, Definition 2.3.4, page 22).

6.4 Canonical Fano 3-polytopes

The second last section is devoted to canonical Fano 3-polytopes A C Ng, i.e., to 3-
dimensional lattice polytopes containing only the origin as an interior lattice point (Def-
inition 2.3.31).
The 3-polytope
A3 = conv(ey, e, e3, —be; — 6eg — 8es)
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(0,0,1) g Ay

(1,0,0) p (—1,-1,3/2)
(0,1,0)

(3,-1,-1)

(-1,7/3,-1)

(a) (b)

Figure 6.7: Non-almost Reflexive Polytope Az and its dual. Shaded faces are
occluded. (a) The non-almost reflexive polytope As is given as the convex hull of ey, e,
e3, and —be; — 6es — 8es. The grey coloured facet of Az has lattice distance 2, the light
grey coloured facet has lattice distance 3, and all other facets have lattice distance 1 to
the origin. (b) The whole polytope is the dual polytope A} given as the convex hull of
(3,-1,-1), (-1,7/3,-1), (—-1,-1,3/2), and (—1,—1,—1). The grey coloured polytope
is [A%] given as the convex hull of (3,-1,-1), (-1,-1,-1), (—-1,-1,1), (—1,1,0), and
(-1,2,-1).

(Figure 6.7(a)) is one of the simplest examples of a canonical Fano 3-polytope that is
not almost reflexive. The canonical Fano polytope Ag corresponds to the canonical toric
Fano threefold Xa, = X5 Ag (Theorem 2.3.33), which is the weighted projective space
P(1,5,6,8). It was observed by Corti and Golyshev [CG11]| that an affine hypersurface
Zn, C (C*)3 defined by a general Laurent polynomial fa, € C[w?l,xéd,:vgﬂ] with the
Newton polytope Ag is birational to an elliptic surface of Kodaira dimension 1. In
particular, Za, is not birational to a K3-surface. The dual polytope A} (Figure 6.7(b))
is the rational polytope

conv((3,—1,-1),(-1,7/3,-1), (-1, -1,3/2), (-1, -1, —-1)).

The two rational vertices of A} are dual to two 2-dimensional faces of Az (highlighted in
grey and light grey in Figure 6.7(a)) having lattice distance 2 and 3 to the origin as well
as normalized volume 4 and 2, respectively. The other two 2-dimensional faces of Ag
have both lattice distance 1 to the origin with normalized volume 1 and 5, respectively.
Using this knowledge, we get

1 1 1 26
— @ ==-4+Z.24+1-14+1-5="2"
Z - v(6) 5 At + + 3

w
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and
5 5 1 10 2 38
. N=92. - 4+1-—-4+1-Z4+1-—4+1-Z4+1-4=="2"
Zv(@) v(0%) stlgtlgt+l =412+ 3
0=<A3
dim(6)=1

because all edges of Az have normalized volume 1 except of the edge conv(ej, —5e; —
6ea — 8es) with normalized volume 2 (interior lattice point of the edge is coloured in
grey in Figure 6.7(a)) and the corresponding normalized volumes of the 1-dimensional
dual faces are noted in the second computation and can be read out in Figure 6.7(h).
Therefore, we obtain the same identity as stated in Theorem 6.3.1

o(Bg)— 3 ni.v(e)+ S w(0) 0(6%) =24,

0=<Ag 0 0=<A3
dim(0)=2 dim(0)=1

because v(Az) = 20.

As we have mentioned on page 10, there exist exactly 9,089 canonical Fano poly-
topes in dimension 3 that are not almost reflexive. Our purpose is now to show that
these polytopes also satisfy the identity of Theorem 6.3.1, so that one gets the further
generalization:

Theorem 6.4.1. Let A C Ny be a canonical Fano 3-polytope. Then

U=vd)= 3 =)+ 3 () v,

ng
9=<A <A
dim(0)=2 dim(0)=1

To prove this statement, we can not use the ideas mentioned in the Introduction
on page 9 because there exist 9,089 canonical Fano polytopes A of dimension 3 that
are not related to K3-surfaces. In contrast, we use a completely different idea based on
the stringy Libgober-Wood identity and its combinatorial interpretation for toric varieties
containing generalized stringy Hodge numbers and intersection products of stringy Chern
classes:

Proof of Theorem 6.4.1. We apply Theorem 4.2.2 to the canonical toric Fano threefold
Xa = X5, corresponding to the canonical Fano 3-polytope A (Theorem 2.3.33). In this
case, the associated fan ¥ A is the spanning fan of A, i.e., it consists of cones oy = R>¢0,
where 6§ < A runs over all faces 6 of A (Definition 2.3.10).

Due to the construction of the fan XA, we can show that v(Xa) = v(A) (Theorem
6.1.1 (proof)). Moreover,

v(og) = v(0)

for any 1-dimensional face § < A because v(og) = v(conv(0,8)) = v(0) - v(hg), where hy
denotes the height of the lattice triangle conv(0,#) with base . The normalized volume
of hy equals 1 because all non-zero lattice points of the lattice triangle conv(0,6) are
contained in its side 6.
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Using Definition 2.3.3 of the dual polytope A*, every 1-dimensional face 8* < A* of
A* has lattice distance ng« = 1 to the origin. This implies A_ Kx, = A* and A‘:“’KX = 0*
A
(Theorem 6.1.1 (proof)) yielding
V(A% ) =v(67).

,KXA

Therefore, the right hand side of the stringy Libgober-Wood identity in Theorem 4.2.2
equals

3 1

EMIUNEEE 0 (67).

121}( )+6 2 v(0) - v (0%)
ditn(@):l

Moreover, the normalized volume v(A) of A equals the stringy Euler number eg, (Xa)
of XA (Theorem 6.1.1 (proof), Corollary 4.1.3) and

estr(Xa) = Bsr(Xa11,1) = 2 99(3a) + 2 ¥1(Sa) + > Ya(Ea),

a€g([0,3]n ‘U;A Z\Z

where the equality signs hold due to Equation (1.4), Proposition 4.2.1, and 9y(3a) =
P3(Xa) as well as ¥1(Xa) = ¥2(Xa). A combination of these facts yields

S E) Fy i) b Y da(Sa)tg X w(6) v

1 <A
a€e([0,3]N XA Z\Z dim(0)=1

for the right hand side of the stringy Libgober-Wood identity. The left hand side of the
stringy Libgober-Wood identity in Theorem 4.2.2 can be computed with Theorem 5.3.1
as

2 4o(Sa) <0— §>2+2-w1<m> (1 - 2>2+ S (S <a— ;’)2

aE([O,IﬂﬂﬁZ)\Z

Comparing right and left hand sides, a short calculation provides

2
i Y %@A)(a—g):;’ S ba(Sa) tuw

ae([o,:s]mq);A YANVA oze([o,s]mq;A

— 24=6- > ¢Q(EA)<1—<Q—;>2>+w

aE([O,S]ﬂﬁZ)\Z

w1 ok 1)?
6<A k=1
dim(0)=2,n9>1
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with w = Y ¢<a v(0) - v(0*), where the last equation holds due to Theorem 5.3.1.

dim(0)=1

Using Lemma 6.4.3, this adds up to

2= Y w(0) <n9—;€>+ S u(6) v (6")

9=<A 0=<A

dim(8)=2,n9>1 dim(6)=1
1
= 24 = - — - v (67
v(d) - — - u(0) + > () v (67)
0=A 9=A
dim(0)=2 dim(0)=1
because v(A) =Y os=a v(0) - ng. O

dim(0)=2
Remark 6.4.2. The statement of Theorem 6.4.1 specializes to the well-known formula
24= > v(0)-v (07
0<A

dim(6)=1

for reflexive 3-polytopes A because this was already true for the statement of Theorem
6.3.1 concerning almost reflexive 3-polytopes A (Corollary 6.3.5).

Lemma 6.4.3. Let n be a positive integer. Then

n—1 2 n—1 )
1 k1 1 k k1
6'Z<4‘<n‘2> )26'2(4‘112%‘4)

n 2
(n—1n2n—-1) 3(n—1)n
) +
n n
2n3 —3n?+n  3(n? —n)
3 +

n
on3 —3n2 +n — 3n® + 3n?
n2
7n3—n n2—17 1

= = =n-— —.
n n




90 CHAPTER 6. APPLICATIONS

6.5 Gorenstein Polytopes

The chapter concludes with the treatment of Gorenstein d-polytopes A C Mg of index
r, i.e., with d-dimensional lattice polytopes A such that rA — m is a reflexive polytope
for some lattice point m € M (Definition 2.3.37).

The goal of this section is similar to the previous sections, we aim to achieve com-
binatorial identities relating Gorenstein d-polytopes of index r =d -2 and r =d — 1
to the number 24 and 12, respectively. The difference is in the way we prove them and
for this reason, we need a central statement (Proposition 6.5.1) about the combinatorial
computation of the stringy Euler number of generic Calabi-Yau complete intersections.

It is well-known (Remark 6.1.6, [BD96, Corollary 7.10]) that the stringy Euler number
of a generic Calabi-Yau hypersurface Z in a Gorenstein toric Fano variety Xy, (Theorem
2.3.14, Remark 2.3.15) can be computed via normalized volumes of faces § < A and
0* < A* of reflexive d-polytopes A and A*, respectively, as

Estr (Z) = Cilt£1 (Z)

I
—
|
—
~—

B

> () -v(6).

k=0 6=<A
dim(6)=k+1
Using Corollary 4.1.9 and the duality between faces § < A and 6* < A* of Gorenstein
polytopes A and A*, respectively (page 31), we generalize this combinatorial formula to
the case of generic Calabi-Yau complete intersections in Gorenstein toric Fano varieties:

Proposition 6.5.1. Let X be a Gorenstein toric Fano variety associated with a Goren-
stein d-polytope A C Mg of index r and D an ample torus-invariant Cartier divisor
on X such that [D] = 1¢1(X). Denote by Zy,...,Z, C X generic semi-ample Cartier
divisors such that [Z1] = ... = [Z,] = [D] = Le1(X). Then the stringy Euler number of
the Calabi-Yau complete intersection S = Z1 N ... N Z, is

d—r—1
s = > 0 (T X e ot (00,
= =

Proof. Corollary 4.1.9 provides
) kE+r—1
A=Y (T S e i),

where ¥2 denotes the associated normal fan of X (page 32) and A% < Ap a face of the
lattice polytope Ap (Equation (4.1) and (4.2)). Let 0 € ¥(d —r — k) be a (d —r — k)-
dimensional cone of ¥ (0 < k < d—r —1). Then the cone o can be considered as a cone
over a (d —r — k — 1)-dimensional proper face of the reflexive polytope (rA)*, which we
naturally identify with the corresponding proper face 8* < A* of the dual Gorenstein
polytope A* [BNO8, Proposition 1.16]. Therefore, we obtain v(o) = v(6*). On the other
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hand, the lattice polytope Ap is exactly the Gorenstein polytope A and 6* < A* is the
dual face to a (k + r)-dimensional face A, =6 < A of A. This implies

Y. ulo)-v(Ap) = > v(O)-0@) = Y v(0)-v(9Y)
UEE(d*T*k’) dim(Of)*:jdAfy;cfrfl dimf@?ik-{»r
for all 0 < k < d—r—1. It remains to note that in the case k = d —r (i.e., dim(o) = 0),
one has A7, = A, v (A}) =v(A), and v(o) = 1. O

The well-known combinatorial formula from Corollary 6.1.4

24= " w(0) v (07

6=<A
dim(0)=1

for reflexive 3-polytopes A can be generalized to Gorenstein d-polytopes A (d > 3) of

index r =d — 2:

Proposition 6.5.2. Let A C Mg be a Gorenstein d-polytope of index r = d — 2. Then

r(l—r)

5 v(A).

24 = Z v(0) - v (6%) +

<A
dim(8)=r

Proof. Let S = Z1 N ...N Z,. be a generic Calabi-Yau complete intersection in the
Gorenstein toric Fano variety X associated with A, i.e., Z1,...,Z, are r generic ample
Cartier divisors on X such that [Z] = ... =[Z,] = 1¢; (X). Then dim(S) = 2, i.e., Sis
a (possibly singular) K 3-surface. The stringy Euler number ¢§(S) of S equals the usual
Euler number ¢5(S) of the minimal crepant desingularization S of S (Theorem 2.1.11
and Equation (1.5)). Since S is a smooth K3-surface, we have ¢§*(S) = ¢y(5) = 24
(Theorem 6.3.1 (proof)). Using Proposition 6.5.1, we obtain

24=c"(S)= Y wO)-vO)—r->  wO) v(0)+ (Tzl)rv(m.
6=A 0=<A
dim(6)=r dim(6)=d—1

Since rA is a reflexive polytope, one has

rlo(A) = v(rA) = Z v(re) = rd-1. Z v(8).

ro<rA <A
dim(rf)=d—1 dim(6)=d—1

Moreover, v(6*) = 1 if dim(6*) = 0. It remains to apply the equalities

Sow@® v = D w(6) =rv(A).

0=<A 0=<A
dim(8)=d—1 dim(8)=d—1
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The well-known identity for reflexive polytopes in dimension 3 (Corollary 6.1.4) fol-
lows immediately from the statement in Proposition 6.5.2:

Corollary 6.5.3. Let A C Mg be a reflexive 3-polytope. Then

24= " w(0) v (67).

0=<A
dim(0)=1
Proof. Using Definition 2.3.37, A is a Gorenstein polytope of index 1 because it is a
reflexive polytope. In particular, the index differs by 2 from dimension d = 3 and an
application of Proposition 6.5.2 yields

24 = Z v(f)-v(6%) + 1(12_1)U(A)

6<A

dim(0)=1

= > w0)-v(@)+0-v(A)= D w(d)-v (7).
0=<A 0=A
dim(0)=1 dim(0)=1

It is proved in [BJ10, Proposition 3.4] that the combinatorial identity

12="Y" w(®)-v (") (6.1)

9=<A
dim(0)=1
holds for any Gorenstein 3-polytope A of index r = 2. We show that this identity can
be generalized to arbitrary Gorenstein d-polytopes A (d > 3) of index r = d — 1:

Proposition 6.5.4. Let A C Mg be a Gorenstein d-polytope of index r =d — 1. Then

12 = v(f) - v (0" wv A).
> @) @)
dim(0)=r—1

Proof. Let S :== Z1 N ...N Z,._1 be a generic complete intersection in the Gorenstein
toric Fano variety X associated with A, i.e., Z1,...,Z,_1 are r — 1 generic ample Cartier
divisors on X such that [D] == [Z1] = ... = [Z,_1] = 2¢1(X). Then dim(S) = 2,
i.e., S is a (possibly singular) del Pezzo surface. The stringy Euler number ¢§(S) of
S equals the usual Euler number 02(§ ) of the minimal crepant desingularization S of §
(Theorem 2.1.11 and Equation (1.5)). Then S is a smooth rational surface and we have

&(S) = () and ~01(5’)2 = ¢1(9)?, respectively. Using Noether’s Theorem [CLS11,
Theorem 10.5.3] for S, we obtain

12=12- (14+0+0) = c2(5) + c1(S)? = & (S) + 1 (9)2.
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It remains to derive combinatorial formulas for ¢; (S)? and ¢ (S). Using the adjunction
formula, the anticanonical class of S is the restriction of ¢;(X) — (r — 1)[D] = [D] to S.
Therefore, ¢; (S)? = [D]2.[D]"~! = [D]¢ = v(A). By Corollary 4.1.9, we get

r(r—1)
2

&T(S)= Y w(o) v(Ap) —(r—1)- Y v(o)-v(AD) +

o€X(2) oex(1)

v(Ap).

Using the same arguments as in the proof of Proposition 6.5.1, we can rewrite the last
equation as

ST S)= Y @) v (=1 Y u(@)-v (") +T<T2_1)U(A).
dim(@%ﬁd—2 dimgeljﬁdq

In addition, the last equation

> w0(0)-v(0%) =ro(A)

0<A
dim(0)=d—1
in the proof of Proposition 6.5.2 yields
TS = D wO)-v(0)+ —5—v(4).
<A
dim(0)=r—1

O

The known identity for Gorenstein 3-polytope of index r = 2 in Equation (6.1) follows
immediately from the statement in Proposition 6.5.4:

Corollary 6.5.5. Let A C Mg be a Gorenstein 3-polytope of index r = 2. Then

12 = Z v(0) - v (67).

6=<A
dim(0)=1

Proof. Because the index r = 2 of the Gorenstein polytope A differs by 1 from dimension
d = 3, we can apply Proposition 6.5.4 to get

12 = Z v(0)-v(07) + 2(1_22)—i_21) (A)
6=A
dim(0)=2—1
* 0 *
= > w()-v(® )+5v(A) = > w(6) v (67
<A <A
dim(6)=1 dim(0)=1






Chapter

Non-degenerate Surfaces of Geometric Genus 1

This chapter connects the primarily combinatorial setting from Chapter 6 with geometry.
Our aim is to classify all A-non-degenerate affine surfaces Za of geometric genus 1
given by the zero sets of Laurent polynomials in the algebraic torus T?, where canonical
Fano 3-polytopes A C My are the Newton polytopes corresponding to these Laurent
polynomials. The mentioned classification is meant up to birational equivalence, i.e.,
up to an existing smooth projective minimal model (Definition 2.1.9). The existence
of such a minimal model is guaranteed by Remark 2.3.36 and the fact that a crepant
desingularization always exists in dimension 2 (page 15).

The geometric genus py(Y') of a smooth projective variety Y is defined as

pg(Y) = dim <H° (Y, Q;j,im(y)>>, (7.1)

where Qg,im(y) denotes the canonical sheaf of Y. In our case, the geometric genus p,(Y’)

equals |A° N M| by [Kho78, Remark page 42| and by definition this number equals 1 for
canonical Fano polytopes A.

This project advances our understanding of stringy invariants and their use in mirror
symmetry. In addition, we provide new examples of non-degenerate affine surfaces of
geometric genus 1. Classifying all canonical toric Fano threefolds, Kasprzyk showed that
674,688 isomorphism classes of canonical Fano 3-polytopes exist [Kas10]. This opens up
an avenue for the targeted surface classification.

7.1 Classification of all Canonical Fano 3-polytopes

The above-mentioned classification of surfaces is preceded by a combinatorial classifica-
tion of all canonical Fano 3-polytopes in four subclasses including closer investigations
of their combinatorial properties.

All classification computations were done using the Graded Ring Database!, including
the data of all 674,688 canonical Fano 3-polytopes, MAGMAZ2, and Maple3. Therefore,
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all appearing statements have been checked and validated by computer calculations. The
canonical Fano 3-polytopes used as examples in this chapter appear with an [D that is
the example’s ID in the Graded Ring Database?.

Let A C Mg be one of the 674,688 canonical Fano 3-polytopes.® To sort these
polytopes into four disjoint subclasses, we apply the combinatorial notion of the Fine

interior
AT = () T{(n)
0#neN

with T'f(n) = {y € Mg | (y,n) > ®(n) + 1} for any non-zero lattice point n € N (Def-
inition 2.3.24), where k2 : Ng — R, z + mingecvery(a) 1(¥, )} (Equation (2.2)).

7.1.1 Canonical Fano 3-polytopes A with A = {0}

By an application of Proposition 2.3.25 and Definition 2.3.22 (i.e., by checking if [A*] =
conv(A* N N) contains the origin 0 € N in its interior and is 3-dimensional), we obtain
that exactly 665,599 canonical Fano 3-polytopes have Fine interior Al = {0}. In par-
ticular, we call these polytopes almost reflexive because we are in dimension 3 (Remark
2.3.26).

Example 7.1.1. Following Remark 2.3.23, all 4,319 reflexive 3-polytopes A are canonical
Fano 3-polytopes with AFl = {0}. A small selection of these is visualized in Figure
6.2, Figure 2.3(a), and Example 6.3.6 with Figure 6.6(a). Moreover, Figure 2.3(b) and
Example 6.3.4 with Figure 6.5(a) present an almost reflexive polytope that is not reflexive.

For the remaining 9,089 non-almost reflexive canonical Fano 3-polytopes A C Mg,
we have to compute the Fine interior Al in detail: Using Gordan’s Lemma (Remark
2.2.7) and the remark on page 27, the Fine interior Al can be computed as a finite
intersection of affine halfspaces FlA(n), where n appears as a minimal generator of the
semigroup S,e for a face § < A of A. Hence, we obtain the following finite computation
formula

A=) TPm)= () TP, (7.2)

64 cesA
nG’H(SUQ) neM(Sy)
where ¢? is a cone in the normal fan ¥4 corresponding to A (Definition 2.3.8), H(S,) C

S

o is called Hilbert basis of S, and its elements are the minimal generators of S_s
[CLS11, Proposition 1.2.23].

"http://www.grdb.co.uk

*http://magma.maths.usyd.edu.au/magma

Shttps://www.maplesoft.com using the convex package (http://www.math.uwo.ca/ “mfranz/
convex) and the MDSpackage (http://www.math.uni-tuebingen.de/user/keicher/MDS)

“http://www.grdb.co.uk/forms/toricf3c

5In order to avoid confusion with respect to the definitions in Chapter 2, we want to mention the
lattice change, i.e., from now on the given canonical Fano 3-polytopes A C Mg are living in the real
vector space Mg.
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Table 7.1: Distribution with Respect to Projection Results. Table contains:
Distribution of all 9,020 canonical Fano 3-polytopes A with dim(AF!) = 1 and 0 €
vert(AFT) with respect to their projection results A that are reflexive polygons and links
to pictures of the projection results. The third column displays the toric variety Xs .

associated with the dual reflexive polygon A" constructed by corresponding spanning fan
by

* .

A

: N : FIy _ FI
reflexive polygon A | #{A[ dim(A™) = 1,0 € vert(A™)} | X5,
Figure 7.1(a) 3038 P2
Figure 7.1(b) 4663 P(1,1,2)
Figure 7.1(c) 1319 P! x P!

7.1.2 Canonical Fano 3-polytopes A with dim(A") =1 and 0 € vert(A!)

We apply Proposition 2.3.25 and Definition 2.3.22 to see that exactly 9,020 polytopes
contain the origin 0 € N in the interior of a facet © < [A*] C Ng of [A*] and not in
the interior of [A*], i.e., they are not almost reflexive (i.e., Al # {0}). Simultaneously,
an application of Equation (7.2) reveals that these canonical Fano 3-polytopes A C My
have 1-dimensional rational Fine interior APl and the origin 0 € M is a vertex of AFL.

Subsequently, we investigate some combinatorial properties of this subclass more
detailed: Let A C Mg be a canonical Fano 3-polytope with dim(Af!) = 1 and 0 €
vert(AFT). We denote by va € M the unique primitive lattice point of the line containing
the 1-dimensional rational polytope AFT with normalized volume smaller than 1. Another
way to detect va is the following: Let © < [A*] C Ng be the facet of [A*] from above,
which contains the origin 0 € N in its interior. Then wa is the inward-pointing facet
normal of ©.

Using this data and by,ba € M such that {va,b1,b2} is a lattice basis of M, we
showed that the projection of A along va on the plane (b1, ba) with respect to the lattice
basis provides in each case a reflexive polygon A. To be precise, we got the distribution
of 3 different types out of 16 existing reflexive polygons (Figure 7.1) that is listed in
Table 7.1.

Example 7.1.2. Let A C Mg be a canonical Fano 3-polytope given by the convex hull
conv((2,3,8),(1,0,0),(0,1,0),(—1,—1,-1))

(ID 547324, Figure A.1(a), Table A.1). Then the Fine interior A"l of A is 1-dimensional,
equals

conv((0,0,0),(1/2,1/2,1)),
and therefore va = (1,1,2) (Table A.2). To project A along va on a plane with respect
to a lattice basis, we have to choose two lattice points by,be € M such that {va, by, be}
builds a lattice basis of M. In this case, we can take b; = (1,0,0) and be = (0,0,1) to
obtain

(2,3,8) =3-va+(—1)-b1 +2-bo — (—1,2),
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(a) (b) (c)

Figure 7.1: Reflexive Projection Results. Three types of reflexive polygons received
as projection results A along va of 9,020+ 20 canonical Fano 3-polytopes A in Subsection
7.1.2 and 7.1.3. Vertices are coloured black, boundary points that are not vertices grey,
and the origin light grey. (a) Reflexive polygon A = conv((—1,2),(-1,—1),(2, 1))
with Xy, = P2 (b) Reflexive polygon A = conv((—2,-1),(0,1), (2, 1)) with Xy . =
P(1,1, 2). (¢) Reflexive polygon A = conv((41,+1)) with Xy . = P! x P

(1,0,0) = 0-va +1-b1 +0-by —s (1,0),
(07170):1UA+(_1)b1+(_2)b2 — (_17_2)7
(<1,-1,-1) = (=1)-va+0-by +1-by > (0,1).

Therefore, we get the projection result (Table A.2)
A = conv((—1,2),(1,0),(—=1,-2),(0,1)) = conv((—1,2), (1,0), (=1, —2))
that is a reflexive polygon isomorphic to the one in Figure 7.1(b) (Remark 2.3.16).

In order to achieve this projection result, we do not have to project the whole polytope
A along va. It is sufficient to project only one facet Opr0; < A of A that we detect
using the following algorithm: Let {v;|1 < ¢ < f} be the set of all inward-pointing
facet normals of the polytope A, where f denotes the number of facet of A. Pairing
computations with va showed that the f-tuple

((va,v1), ..., (va,vf))

contains exactly one negative integer. The requested facet 0},0; is the facet corresponding
to the inward-pointing facet normal v; that produces the mentioned negative integer. But
an easier way to detect this facet 0,05 < A of A, is to check which facet of A contains
the primitive lattice point vA as an interior lattice point.

Example 7.1.3. Continuing Example 7.1.2 (ID 547324), the inward-pointing facet nor-
mals of A are v; = (—1,-1,3), vo = (7,-3,—1), v3 = (—1,3,-1), and v4 = (—2,—-2,1)
and therefore ((va,v1),..., (va,v4)) = (4,2,0,—2) (Table A.3). The corresponding facet
to vy is Opro; = conv((2,3,8),(1,0,0),(0,1,0)) (Flgure A.1) and a projection along va
yields the same reflexive polygon A = conv((—1,2), (1,0), (—1,—2)) as we received in
Example 7.1.2 by projecting the polytope A (Table A. 3)
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Remark 7.1.4. The complete data and the corresponding pictures to a small selection
of the 9,020 canonical Fano 3-polytopes with dim(AF!) = 1 and 0 € vert(AF) are
listed in the Appendix in Table A.1, A.2, and A.3 and can be viewed in Figure A.l,
respectively. The polytope pictures include the Fine interior AF! (coloured red and the
origin grey with a red margin) and the facet 6,.,; = A (grey dotted) that is used to
project. The surfaces corresponding to the reflexive polygons A (projection results) are
boxed top right. These polytopes have been obtained by Corti and Golyshev [CG11]
from 9 = 104 — 95 examples stemming from 3-dimensional weighted projective spaces
with at worst canonical singularities.

7.1.3 Canonical Fano 3-polytopes A with dim(Af') =1 and 0 € (A™)°

Using Equation (7.2), there exist exactly 20 canonical Fano 3-polytopes A C Mg with
1-dimensional rational Fine interior AF! and the origin 0 € M as the center interior
lattice point of AFT. Simultaneously, Proposition 2.3.25 and Definition 2.3.22 provides
that these polytopes are not almost reflexive because the origin 0 € N is contained in
the interior of [A*], but [A*] is 2-dimensional (i.e., not 3-dimensional as A is).

We continue investigating relevant combinatorial properties of all polytopes living in
this small subclass in an analogue way to Subsection 7.1.2: Let A C Mg be a canonical
Fano 3-polytopes with dim(A") = 1 and 0 € (AF)°. We denote by va and vy = —va €
M the unique primitive lattice points of the line containing the 1-dimensional rational
Fine interior AFT that contains the origin in its interior.

In this subclass, a projection of A along va (or v/y) on the plane (b1, by) with respect
to a lattice basis {va, b1, b2} (or {v)y,b1,b2}) provides in each case a reflexive polygon A.
To be precise, we got the distribution of 3 different types of reflexive polygons (Figure
7.1) listed in Table 7.2. In particular, these three types of reflexive polygons coincide
with the three types we got in Subsection 7.1.2 (Table 7.1).

Example 7.1.5. Let A C Mg be a canonical Fano 3-polytope given by the convex hull
conv((0,1,0),(2,1,1),(-2,-3,-5),(2,1,9))

(ID 547393, Figure A.2(a), Table A.4). Then the Fine interior AF! of A is 1-dimensional
with

AFT = conv((0,0,—1/2),(0,0,1/2))
and therefore va = (0,0,1),v,y = (0,0,—1) (Table A.5). To project A along va (or v/ )
on a plane with respect to a lattice basis, we have to choose two lattice points b1, by € M
such that {va,b1,b2} (or {v/y,b1,b2}) builds a basis of M. In this case, we can take
b1 = (1,0,0) and by = (0, 1,0) to obtain

(0,1,0) = 0-va +0-by +1-by —s (0,1),
(2,1,1) =1-va+2-by +1-by — (2,1),
(=2,-3,-5) = (=5) - va + (=2) - by + (=3) - by —> (=2, -3),
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Table 7.2: Distribution with Respect to Projection Results. Table contains:
Distribution of all 20 canonical Fano 3-polytopes A with dim(AF!) = 1 and 0 € (AF)°
with respect to their projection results A that are reflexive polygons and links to pictures
of the projection results. The third column displays the toric variety Xy associated

with the dual reflexive polygon A" constructed by corresponding spanning fan Y«.

reflexive polygon A | #{A| dim(AF") = 1,0 € (AF)*} Xy
Figure 7.1(a) 7 P2
Figure 7.1(b) 9 P(1,1,2)
Figure 7.1(c) 4 P! x P!
(2,1,9) =9-va+2-by +1-by s (2,1).

Therefore, we get the projection result (Table A.6)
A = conv((0,1),(2,1),(-2,-3),(2,1)) = conv((0,1), (2,1), (=2, —3))
that is a reflexive polygon isomorphic to the one in Figure 7.1(b) (Remark 2.3.16).

Similar to Subsection 7.1.2, we do not have to project the whole polytope A along
va (or vy ). It is sufficient to project only one of two possible facets Oproj, 0,0 = A of
A that we find using a slightly modified version of the algorithm applied in the previous
subsection: Let {v; |1 < i < f} be the set of all inward-pointing facet normals of the
given polytope A, where f denotes the number of facet of A. Pairing computations with

vA showed that the f-tuple
(<UA> U1>a ) <UA7 Uf>)

contains exactly one negative integer. The first requested facet 0,,; is the facet corre-
sponding to the inward-pointing facet normal which produces this negative integer. The
second facet %mj is obtained by a repetition of the algorithm with vy. An easier way to
detect the facets 0},0; and %roj =< A, is to check which facets of A contain the primitive
lattice points va and v'y, respectively, as interior lattice points.

Example 7.1.6. Continuing Example 7.1.5 (ID 547393), the inward-pointing facet nor-
mals of A are v; = (—1,-2,2), vo = (—1,1,0), v3 = (0,—1,0), and vy = (9, -2, —-2).
An double application of the algorithm from above yields ((va,v1),...,{(va,v4)) =
(2,0,0,—2) and ((v)\,v1),..., (U, va)) = (—=2,0,0,2). Therefore, the corresponding
facets to v; and vy4 are

Oproj = conv((0,1,0),(2,1,1), (-2, -3,-5))

and

;)roj = CODV((Ov 17 0)7 (*27 *3> *5)) (25 ]-a 9))7

respectively (Figure A.2(a), Table A.G). Projections of both facets along va (or vy ) yield
the same reflexive polygon A = conv((0,1),(2,1),(—2,—3)) as we received in Example
7.1.5 by projecting the polytope A.
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Remark 7.1.7. The complete data of all 20 canonical Fano 3-polytopes with dim(Af!) =
1 and 0 € (AFI)O is listed in the Appendix in Table A.4, A5, A.6, and A.7. The
corresponding polytope pictures include the Fine interior A'! (coloured red and the
origin grey with a red margin) and the facets Oproj, 0),,,; = A (grey dotted) that are used
to project can be viewed in the Appendix in Figure A.2. The surfaces corresponding to
the reflexive polygons A (projection results) are boxed top right.

7.1.4 Canonical Fano 3-polytopes A with dim(A™) =3 and 0 € vert(A)

We again used the Hilbert basis and Equation (7.2) to obtain that there exist exactly
49 canonical Fano 3-polytopes A with dim(AM) = 3 and 0 € M a vertex of AFL
Simultaneously, the criterion in Proposition 2.3.25 and Definition 2.3.22 fails because the
origin 0 € N is a vertex of [A*], i.e., these polytopes are not almost reflexive.

Remark 7.1.8. The complete data and the corresponding pictures to all 49 canonical
Fano 3-polytopes with dim(AF) = 3 are listed in the Appendix in Table A.8 and A.9
and can be viewed in Figure A.3.

7.2 Classification of Non-degenerate Surfaces of Geometric
Genus 1

Section 7.1 provides the classification of all canonical Fano 3-polytopes A into four sub-
classes depending on their Fine interiors, along with a large amount of combinatorial
data associated with these polytopes. Now, we aim at classifying all A-non-degenerate
affine surfaces Za of geometric genus 1 up to birational equivalence.

Let A C Mg a canonical Fano 3-polytope and Za C T? the A-non-degenerate affine
surfaces defined by a generic Laurent polynomial fo whose Newton polytope is the given
polytope A (Definition 2.3.28). Following Remark 2.3.36, the A-non-degenerate surface
Za has a canonical model Y and a minimal model Y’ because the Fine interior AT of
each canonical Fano 3-polytope A is not empty. The fastest way to see this, is to apply
again Remark 2.3.36. A more explicit way would be to use our concrete classification
results from Section 7.1. Furthermore, a minimal model Y’ of Za is, in particular, a
smooth surface (Theorem 2.1.11).

Using a generalization of Theorem 6.3.3 that is not limited to K3-surfaces, a par-
allel step to achieving our classification aim is to compute the stringy Euler numbers
of a canonical model of the considered surfaces in a purely combinatorial way. Since
our main interest is on the surface classification and not directly on the minimal model
program, we compute the stringy Euler number eg,(Y') of a canonical model Y', whereby
estr(Y) = e(Y’) for a minimal model Y’ (page 15). Before we follow up with the men-
tioned generalization, we need to introduce some general combinatorial objects:

Definition 7.2.1. Let A C Mg be a lattice polytope with non-empty Fine interior AF!
(Definition 2.3.24). Then the support of the Fine interior AF! of A is defined as

supp(AD) = {n e N| (y,n) = 2(n) +1 for some y € AT} C N.
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The convex rational polytope

A = m I'5(s) C Mg
sesupp(AFT)

containing A is called canonical hull of A, where
L§(n) = {y € Mz | {y,n) = " (n)}
is a halfspace for any non-zero lattice point n € N and

K2 Ng =R, 2~ min {(y,z)}
yevert(A)

the support function for the normal fan 2 (Equation (2.2)).
The support supp(AF!) of the Fine interior Al is a finite subset in N consisting of
finitely many non-zero primitive lattice points vy, ..., v; € N such that 2221 R>ov; = Nr

[Bat17, Remark 2.12].

Conjecture 7.2.2. Let A C Mg be a canonical Fano 3-polytope. Denote by Y a canoni-
cal model of a A-non-degenerate affine surface Zn C T3. Then the stringy Euler number
of Y can be computed by the combinatorial formula

er(Y)=v(A) = D bt > Oi+tuw,

gﬁACaﬂ ngC&n
dim(0)=2 dim(0)=1
where
o, dim([ N A]) < 2
YT e(Bna)), dim(BnA]) =2

for any 2-dimensional face § < A",

QM:{Q dim([0 N A]) < 1
([0 N A]) - v(65"PP), dim([fNA]) =1
with
05"PP .= conv(s € supp(AF?) | s reaches its minimum x> (s) on vert([d N A])) C Ng
for any 1-dimensional face 6 < A" and

w = |{v € vert(A®) | v ¢ vert(A)}|

with [0 N A] = conv((6 NA) N M).
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Remark 7.2.3. Let A C Mg be a canonical Fano 3-polytope. Denote by Y’ a smooth
minimal model of a A-non-degenerate affine surface Zn C T3 (Theorem 2.1.11). Then
we obtain by Noether’s Theorem [CLS11, Theorem 10.5.3]

12-x(Y, 0y1) = c1(Y')? + e2(Y").
Combining this equation with dim(H®(Y’, Oy+)) = 1, dim(H(Y’, Oy+)) = 0, and
dim(H?(Y',Oy1)) = py(Y') = |A°N M| =1
(Equation (7.1)), we get
24=12-(1+0+1) = (Y2 + e (Y').

7.2.1 K3-surfaces

Let A C Mg be one of the 665,599 almost reflexive canonical Fano 3-polytopes (Sub-
section 7.1.1). Then Proposition 2.3.29 provides that a canonical model Y of a A-non-
degenerate affine surface Zn C T2 is birational to a K3-surface. Computed with the
formula in Theorem 6.3.3, the stringy Euler number of Y is given by

carlY) =v(A&) = 3 Sou@)+ > u(0) (0 =24
wSs S

where ng denotes the lattice distance from a facet § < A to the origin (Definition 2.3.5).
The same result arises already from the fact that we are dealing with K3-surfaces (The-
orem 6.3.1 (proof)).

Remark 7.2.4. The support supp(AF) of AFT and the canonical hull A" of an almost
reflexive canonical Fano 3-polytope A C Mpg are given by

supp(AT1) = [AT] A N

and
Acan — [A*]*

that is reflexive because A is almost reflexive, i.e., [A*] is reflexive by Definition 2.3.22.

We close the K3-surface classification with two detailed examples computing the
stringy Euler number of our first two running examples in Figure 2.3 with the predicted
formula in Conjecture 7.2.2:

Example 7.2.5. Let us consider the (almost) reflexive canonical Fano 3-polytope A; =
conv(Py, Pa, P3, Py) C Mg (Figure 2.3(a)) with vertices

P, == (1,0,0), P == (0,1,0), P3 = (0,0,1), and Py := (—1,—1,—1)
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and A1¥! = {0}. The normalized volume v(A) of Aj equals 4. To compute the stringy
Euler number eg,(Y) of a canonical model Y corresponding to A; with the formula in
Conjecture 7.2.2, we have to collect the missing relevant data: Using Remark 7.2.4, we
get

supp(AFH) = [AF] NN = {5; |1 <i < 34}

with 81 == (=1, —1,-1), 82 == (=1, 1,0, S5 == (—1,~1,1), Sy = (—1,-1,2), S5 =
(_13_1a3)> 56 = (_1303_1)a 57 = (_17030)a 58 = (_1>O7 1)7 59 = (_1a0a2)a SlO =
(-1,1,-1), ..., S34:=(3,—1,—1) and

A can __ [Al ] (Al*)* :Al

that is reflexive because A; is reflexive (Figure 6.6(a)).

Let us denote the 2-dimensional faces of Ay with 0p,, =< A; defined as 0p,;, =
conv(FP;, Pj, P) (1 <i < j <k <4) and the 1-dimensional faces of A with Op,; = Ay
defined as 0p,; := conv(F;, Pj) (1 <i < j <4). Of course, all polytopes [0p,,, N A1] have
dimension 2 because 0p,,, =< Ay, i.e., [0131.].,C NA| = Op,,;,NA1L = 0p,, and dim(HPijk) = 2.
Moreover, the normalized volume v([0p,, N Ai1]) = v(fp,;,) equals 1. Applying the
same arguments, all polytopes [Gpij N A4] have dimension 1 with normalized volume
/U([epij N Al]) =1

In our last step, we determine the normalized volumes of all line segments §5'PP =
conv(s € supp(A;F1) | s reaches its minimum 21 (s) on vert([0p,; M A1])) corresponding
to 1-dimensional faces 0p,; = Aj of A;. Therefore, we compute /@Al( ) for all s €
supp(A;F!) (Equation (2.2)):

KA1(S1) = minpeyeryay) (P S1)} =min{-1,-1,-1,3} = -1,
K21(S2) = minpeyery(a,) {(P, S2)} = min{—1,-1,0,2} = —
K51(S3) = minpeyery(a,) {(P, 93)} = min{—1,-1,1,1} = —
K21(Sy) = minpeyerg(ay) {(P, S4)} = min{-1,-1,2,0} = —1,
”AI(SE)) mlnPGvert Aq) {{P,S5)} =min{-1,-1,3, -1} = —1,
K51(S6) = minpeyerg(ay) {(P, S6)} = min{-1,0,-1,2} = —1,
K51(S7) = minpeyery(ay) {(P, S7)} = min{-1,0,0,1} = —1,
K51 (S8) = minpeyerg(ay) {(P, 98)} = min{—1,0,1,0} = —
K51(S9) = minpeyerg(ay) {(P, So)} = min{-1,0,2, -1} = -1,
KA1(S10) = Mipeyery(ar) {(P: S10)} = min {-1,1,-1,1} = -1,

A1 (534) = minPEvert(Al) {<P7 534>} = min {37 _]-7 _17 _1} =—1

with vert(A;) = {P1, Py, P3, P;}. Using this information, we get

Op,." = conv(St, Sa, 3,54, 55), Op" = conv(S1, S6, S10, S13, S15),
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supp __ Supp __
0p, = conv(Ss,Sy,S12,514,515), Op,," = conv(St, Si6, S25, 531, S34),

Op,." = conv(Ss, Si9, So7, S32, S34), Op,." = conv(S1s, S24, S30, 533, S34)
with
v(OpP) = v(0pE7) = v(OpY) = v(0557) = v(Op0") = v(037) = 4.
A combination of all data yields

estr(Y) = v(Ay) — Z 0y + Z 01+ w

6= Aqcan 9= A, can
dim(6)=2 dim(0)=1

=4 (I +1+1+D)+(1-44+1-44+1-4+1-4+1-441-4)+0=24,

where w = [{v € vert(A1°*") |v ¢ vert(A1)}| = 0 because A" = Ay, i.e., ST(Y) =24
and ¢1(Y)? = 0 (Remark 7.2.3).

Example 7.2.6. Let us consider the almost reflexive canonical Fano 3-polytope Ay =
conv(Py, Pa, P3, Py) C Mg (Figure 2.3(b) and 6.5(a)) with vertices

P, = (1,0,0), P, :==(0,1,0), P3 :=(0,0,1), and Py == (—1,—1,-2)

and Apf! = {0}. The normalized volume v(As) of Ay equals 5. To compute the stringy
Euler number eg,(Y) of a canonical model Y corresponding to Ag with the formula in
Conjecture 7.2.2, we have to collect the missing relevant data: Using Remark 7.2.4, we
get

supp(Ax™™) = [Ax*] NN = {S; |1 <i < 33}

with 1 == (=1,-1,-1), S2 = (-1,-1,0), S3 == (-1,-1,1), Sy == (-1,0,-1), S5 =
(—1,0,0), S6 = (—1,0, 1), 57 = (—1,1,—1), Sg = (—1,1,0), Sg = (—1,2,—1), SIO =
(-1,2,0), ..., S33 == (4,—1,—1) and

A = [Ag*|* = conv(Py, Py, Py, Py, Ps5)

with Ps := (0,0, —1) that is reflexive because Aj is almost reflexive.

Let us denote the 2-dimensional faces of Ax®*" with 0p,,, < Ax™" defined as Op,, =
conv(P;, Pj, P) (1 <4 < j <k <5) and the 1-dimensional faces of Ay®™" with 0p,; =<
Ao defined as Op,; := conv(F;, Pj) (1 <i < j <5). Then all polytopes [0p,;, N Ag]
have dimension 2 and the same normalized volume v([0p,;, N Az]) = 1. All polytopes
[0p,; N Ag] have dimension 1 and also the same normalized volume v([0p,; N Az]) = 1.

It remains to determine the normalized volumes of all line segments #5"PP = conv (s €
supp(A2™) | s reaches its minimum £22(s) on vert([0p,,NAs])) corresponding to 1-dimen-
sional faces Op,; < Ax®™" with dim([0p,; N Ag]) = 1. Therefore, we compute x52(s) for
all s € supp(As™™) (Equation (2.2)):
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k52(S1) = Minpeyert(Ay) 1(F51)} = min{-1,-1,-1,4} = -1,
”A2(SQ) MiN peyert(Ay) {(P,52)} =min{-1,-1,0,2} =

k52 (S3) = Minpeyert(Ay) (P 53)} = min{-1,-1,1,0} = —
K52(Sy) = Minpeyert(Ay) 1(FS4)} = min{-1,0,—1,3} =
k52(S5) = Minpeyert(Ay) 1(F S5)} = min{-1,0,0,1} = —
K22(S6) = Minpeyer(ay) { (P, S6)} = min{—1,0,1, -1} = —1,
K22(S7) = minpeyer(ay) {(P,S7)} = min{-1,1,-1,2} = —
K22(Sg) = min peyert(ay) {(P, S8)} = min {-1,1,0,0} = —1,
K22(Sg) = Minpeyer(ay) (P, S9)} = min{-1,2, 1,1} = -1,
K2(S10) = Milpeyery(a,) { (P, S10)} = min {~1,2,0, -1} = —

(533) mlnPGvert(Az) {<Pa S33>} = min {47 -1,-1, _1} = -1
with vert(Aq) = {P1, P, P3, P4 }. Using this information, we get

Op,." = conv(Sis, Sas, Ss3), 0" = conv(S1, S4, Sz, S9, S11, S12),

5P = conv(Ss, S0, S12), 0527 = conv(Sia, Sa0, S26, 530, 32, S33),
0;“11;? = conv(Sy, S2, S3), 9;‘;1;10 = conv(S1, S13, S21, S27, S31, 933)
with
(Hj:glip) (Qj:‘,ilip) = U(Hj_},izp) — 92 and U(H?ngp) (9;1:1%12;)) (gglgp) 5.

A combination of all data yields

€str( )—UAZ Z 0o + Z 01 +w

0= Agcan 6=<Aycan
dim(0)=2 dim(6)=1

=5 (1+14+1)+(1-24+1-5+1-2+41-54+1-2+1-5)+1=24,
where w = [{v € vert(A®) |v ¢ vert(Ag)}| = 1, d.e., F(Y) = 24 and ¢;(Y)?

(Remark 7.2.3).

=0

The applied Proposition 2.3.29 contains an if and only if condition, i.e., all remaining
9,089 canonical models corresponding to canonical Fano 3-polytopes A with AFT £ {0}

are not birational to K 3-surfaces.

7.2.2 Elliptic Surfaces of Kodaira Dimension 1 — Part I

Let A C Mg be one of the 9,020 canonical Fano 3-polytopes with 1-dimensional Fine
interior AY! having the origin as a vertex (Subsection 7.1.2). We are claiming that
canonical models of surfaces defined by these 9,020 polytopes are birational to elliptic

surfaces of Kodaira dimension 1:
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Conjecture 7.2.7. Let A C Mg be a canonical Fano 3-polytope with dim(A¥") =1 and
0 € vert(AM). Then a canonical model of a A-non-degenerate affine surface Za C T3 is
birational to an elliptic surfaces over P* of Kodaira dimension 1.

Definition 7.2.8. Let C a smooth projective curve. An elliptic surface Y over C'is a
smooth projective surface Y with an elliptic fibration over C, i.e., a surjective morphism
m : Y — C such that almost all fibres are smooth curves of genus 1 and no fibre contains
an exceptional curve that is a smooth rational curve of self-intersection —1 [SS10].

Definition 7.2.9. Let Y be a variety over C and Y’ a smooth complete variety birational
to Y. Moreover, the canonical ring R(Y) of Y is defined as @,,~q H*(Y', Oy+(mKy~)).
Then the Kodaira dimension k(Y) of Y is defined as trans.degcR(Y) — 1 if R(Y) # C
and —oo otherwise.

Remark 7.2.10. Such varieties Y’ from the above definition exist by the resolution
Theorem of Hironaka [Hir64]. Furthermore, the Kodaira dimension of an arbitrary variety
is well-defined and a birational invariant because for any two birational smooth complete
varieties Y/ and Y, the canonical rings R(Y’) and R(Y") are isomorphic [KMMS87].

The Enriques-Kodaira classification of smooth projective surfaces [BHPdV04, Chap-
ter VI] tells us that if Y is an elliptic surface, then the Kodaira dimension x(Y') of Y is
smaller or equal to 1.

Conjecture 7.2.7 has been proved for the 9 = 104 — 95 examples stemming from 3-
dimensional weighted projective spaces with at worst canonical singularities in [CG11]
(Table A.2). Corti’s and Golyshev’s work is a example of a paper in which a known
result inspired a conjecture of a more general statement while, at the same time, showing
the importance of the hidden combinatorial information: The structure of the elliptic
fibration over P! seems to be combinatorially encoded by the unique primitive lattice
point va of the line containing the 1-dimensional Fine interior AF! (page 97), where A
is one of these 9,020 polytopes.

A strong indication that we are indeed dealing with elliptic surfaces with an explicit
map to P! is our result that the projection of all 9,020 canonical Fano 3-polytopes A
with dim(A¥!) = 1 and 0 € vert(A¥!) along va onto a plane leads to reflexive polygons
A (page 97 and Table 7.1).

Let A C Mg be a canonical Fano 3-polytope with dim(AF!) =1 and 0 € vert(A™).
Furthermore, let {v; |1 < i < f} be the set of all inward-pointing facet normals of A and
f the number of facet of A. By Subsection 7.1.2, page 98, we know that

(<UA> 1)1>, ) <UA7 Uf>)
contains exactly one negative integer.

Conjecture 7.2.11. Let A C Mg be a canonical Fano 3-polytope with dim(AF) = 1
and 0 € vert(AM) and Y an elliptic surfaces over P! of Kodaira dimension 1 that is
birational to a canonical model of a A-non-degenerate affine surface Zn C T3. Then the
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elliptic fibration m : Y — P! expressing Y as an elliptic surface of Kodaira dimension 1
s given by

m = zO_<UA’vl> e z;_@imvf)?
where zp, ..., zf_1 denote the homogenous coordinates of the toric variety Xsa [Cox95].

We proved this conjecture for the 9 examples of Corti and Golyshev by comparing
their results in [CG11, Table 2] with our results that are listed in Table A.3.

Parallel to the conjectures, we claim that the stringy Euler numbers eg,(Y) of all
canonical models corresponding to one of these 9,020 polytopes with dim(AF) =1 and
0 € vert(AF) equal 24 and are computable via the formula in Conjecture 7.2.2. We
checked and confirmed this for the 9 examples of Corti and Golyshev (Table A.3).

In this sense, Y meets the invariant properties ¢3"(Y) > 0 and ¢1(Y)? = 0 of (min-

imal) surfaces of Kodaira dimension 1 as well as the invariant properties ¢ (V) = 24
and ¢1(Y)? = 0 of K3-surfaces [BHPAV04, Chapter VI, Table 10]. Applying the if and
only if condition in Proposition 2.3.29, we can exclude Y to be a K3-surface. Moreover,
knowing that Y is a surface of Kodaira dimension 1 implies that Y is an elliptic surface
[BHPAV04, Chapter VI, Table 10|. The opposite direction is not true.

The following example computes the stringy Euler number of our third running ex-
ample in Figure 2.3 that is at the same time one of Corti’s and Golyshev’s examples with
the predicted formula in Conjecture 7.2.2:

Example 7.2.12. Let us consider the canonical Fano 3-polytope from Example 7.1.2 and
7.1.3 with ID 547324 (Figure A.1(a), Table A.1, A.2, and A.3), i.e., A = conv(Py, P, P,
Py) C Mg with dim(AF!) =1, 0 € vert(A), and vertices

P = (2,3,8), P = (1,0,0), Ps := (0,1,0), and P, := (—1,—1,—1).

The polytope A pictured in Figure A.1(a) and the polytope Ag pictured in Figure 2.3(c)
and 6.7(a) are isomorphic (Remark 2.3.16) with normalized volume 20.

To compute the stringy Euler number eg,(Y) of a canonical model Y corresponding
to A with the formula in Conjecture 7.2.2, we obtain supp(AF!) = {S; |1 < i < 18} with
S1 = (-1,-1,1), S .= (—-1,-1,2), S3 == (—1,—-1,3), Sy :== (—1,0,1), S5 = (—1,0,2),
Sg = (—1,1,0), Sy = (—1,1,1), Sg == (—1,2,0), Sg .= (—1,3,—1), S10 := (0,—1,1), ...,
Sig = (—2,—2,1), which leads to

Acan = COIIV(F’l7 PQ, P3, P4, P5)

with P5 == (0,1, 4).

Let us denote the 2-dimensional faces of A" with 6 P = A" defined as Gpijkl =
conv(P;, Pj, Py, P) (1 <i < j <k <1<5) and the 1-dimensional faces of A®" with
Op,; = A" defined as Op,; := conv(F;, P;) (1 <4 < j <5). The following two tables list
all facets 0p,;,, with dim([0p,,,, N A]) = 2 and the normalized volumes of [0p,,, N A] as

well as all edges 0p,; with dim([0p,; N A]) = 1 and the normalized volumes of [fp,, N A] :
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facet Op,,, = A with edge Op,; = A" with
dim([epijkl NAJ]) =2 U([epijkz NAJ) dim([epij NAJ) =1 U([epij NAJ)
9P1245 i) 6P24 1
9P2344 1 0P12 1
9P1233 4 9P13 2
0ps, 1
0p,, 1

In our last step, we determine the normalized volumes of all line segments §5'PP =
conv(s € supp(AFT) | s reaches its minimum #~(s) on vert([0p,; N A])) corresponding to
I-dimensional faces 0p,; <= A" with dim([0p,; N A]) = 1. Therefore, we compute )
for all s € supp(Ar!) (Equation (2.2)):

K2 (S1) = minpeyery(a) { (P, S1)} = min {11, —-1,-1,0} = —1,
K2 (S2) = minpeyery(a) {(P, S2)} = min{-1,-1,0,2} = -1,
K2 (S3) = minpeyer(a) {(P, S3)} = min {19, -1, -1, -1} = —1,
K2 (S4) = minpeyerg(a) {(P, S4)} = min{6,-1,0,0} = -1,

K2 (S5) = minpeyer(a) {(P, S5)} = min{14,-1,0, -1} = —1,
K2 (S6) = minpeyerga) { (P %)} = min{1,-1,1,0} = -1,

K2 (S7) = minpeyery(a) {(P, S7)} = min{9,-1,1, -1} = -1,
K2 (Sg) = minpeyer(a) {(P, S8)} = min{—4,-1,2, -1} = -1,
K2 (S9) = minpeyery(a) { (P S9)} =min{-1,-1,3,-1} = -1,
K£2(S10) = minpeyery(a) {(P, S10)} = min {5,0,-1,0} = —1,

K2 (S18) = Minpeyery(a) {(P, S33)} = min {—2, -2, 2,3} = -2
with vert(A) = { Py, P2, P3, P;}. Using this information, we get
0" = conv(Ss3, S5, S7, S8, S9), 02" = conv(Sy, Sig), 032" = conv(Si4, Sig),
H;ii)p = COHV(Sg, 511, 515, 517), Q;I;zp = COIlV(Sl7 SQ, Sg, 518)
with
v(0p") =4, v(lp") =1, v ") =1, v(lp'") =3, and v(0pr") = 3.
A combination of all data yields

er(Y)=v(A) = D bt > bitw

f=<Acan =< Acan
dim(0)=2 dim(0)=1

=20— (5+1+4)+(1-4+1-14+2-1+1-3+1-3)+1=24,

where w = [{v € vert(A®") |v ¢ vert(A)} = 1, d.e., SF(Y) =24 > 0 and ¢1(Y)? =0
(Remark 7.2.3).
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Remark 7.2.13. The detailed information about a small selection of the 9,020 canonical
Fano 3-polytopes with dim(A) =1 and 0 € vert(AF!) can be found in the Appendix.
To be precise, it is listed in Table A.1, A.2, and A.3 and can be viewed in Figure A.1,
respectively (cf. Remark 7.1.4).

7.2.3 Elliptic Surfaces of Kodaira Dimension 1 — Part II

Let A C Mg be one of the 20 canonical Fano 3-polytopes with 1-dimensional Fine
interior AF! having the origin as the center interior lattice point (Subsection 7.1.3). We
are claiming that canonical models of surfaces defined by these 20 polytopes are birational
to elliptic surfaces of Kodaira dimension 1:

Conjecture 7.2.14. Let A C Mg be a canonical Fano 3-polytope with dim(AFT) = 1
and 0 € (AFI)O. Then a canonical model of a A-non-degenerate affine surface Za C T3
is birational to an elliptic surfaces over Pt of Kodaira dimension 1.

Analogous to Subsection 7.2.2, a strong indication that we are in fact dealing with
elliptic surfaces with an explicit map to P! is the fact that the projection of all these 20
canonical Fano 3-polytopes A along va onto a plane leads to a reflexive polygon A (page
99 and Table 7.2).

Let A C Mg be a canonical Fano 3-polytope with dim(AF') = 1 and 0 € (AF))°.
Furthermore, let {v; |1 <i < f} be the set of all inward-pointing facet normals of A and
f the number of facet of A. By Subsection 7.1.3, page 100, we know that

((va,v1), .-, (va,vy))
contains exactly one negative integer.

Conjecture 7.2.15. Let A C Mg be a canonical Fano 3-polytope with dim(A¥!) = 1 and
0e (AFI)O and Y an elliptic surfaces over P' of Kodaira dimension 1 that is birational
to a canonical model of a A-non-degenerate affine surface Zn C T3. Then the elliptic
fibration m : Y — P expressing Y as an elliptic surface of Kodaira dimension 1 is given

by

e,
where zg, ...,zf_1 denote the homogenous coordinates of the toric variety Xsa [Cox95].

Parallel and analogous to Subsection 7.2.2, we claim that the stringy Euler numbers
estr(Y) of all canonical models corresponding to one of the 20 canonical Fano 3-polytopes
with dim(AFY) = 1 and 0 € (AF)® equals 24 and is computable via the formula in
Conjecture 7.2.2. The latter claim is validated by us for all 20 canonical Fano 3-polytopes
(Table A.7).

Example 7.2.16. Let us consider the canonical Fano 3-polytope from Example 7.1.5
and 7.1.6 with 1D 547393 (Figure A.2(a), Table A4, A5, A6, and A7), i.e., A =
conv(Py, Py, P3, P}) C Mg with dim(AF) =1, 0 € (AF))°, and vertices

Py = (0,1,0), P = (2,1,1), Py = (—2,—3,—5), and P, == (2,1,9).
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The normalized volume v(A) of A equals 64.

To compute the stringy Euler number eg,(Y) of a canonical model Y corresponding
to A with the formula in Conjecture 7.2.2, we obtain supp(AF!) = {S;|1 < i < 6} with
Sy = (-1,-2,2), Sy .= (—1,1,0), S3 == (0,—1,0), Sy == (1,—1,0), S5 := (2,—1,0), and
Se == (9, —2, —2), which leads to

A = COnV(Pl, Pz, Pg, P4) =A.

Let us denote the 2-dimensional faces of A with Op,, = A defined as Op,, =
conv(P;, Py, Pr,) (1 <i < j <k < 4) and the 1-dimensional faces of A with 0p, < A
defined as 0p,; := conv(F;, Pj) (1 <i < j <4). Of course, all polytopes [0p,, N A] have
dimension 2 because 0p,, < A, i.e., [Gpijk NA] = Op,;, NA =0p, and dim(epijk) = 2.
Moreover, v([0p,; NA]) = v(0p,,) = 4, v(0p,,) = 16, v(0p,,) = 4, and v(0p,,,) = 32.
Applying the same arguments, all polytopes [0p,; N A] have dimension 1 with normalized
volume ’U([HP12 N A]) - U(9P12) - U<HP13> = 7}(01)14) =1, U<9P23> = U(0P34) = 2, and
v(0p,,) = 8.

In our last step, we determine the normalized volumes of all line segments §5'PP =
conv(s € supp(AFT) | s reaches its minimum #*(s) on vert([0p,; M A])) corresponding to
I-dimensional faces 0p,; < A of A. Therefore, we compute k2 (s) for all s € supp(AFT)
(Equation (2.2)):

K2 (S1) = minpeyerg(a) { (P, S1)} = min {—2, -2, -2, 14} = -2,
K2 (S2) = minpeyery(a) { (P, S2)} = min {1, -1, -1, -1} = —1,
K2 (S3) = minpeyer(a) {(P, S3)} = min {-1,-1,3, -1} = -1,
K2 (S4) = minpeyery(a) {(P, S4)} = min {—1,1,1,1} = —1,

K2 (S5) = minpeyerg(a) { (P, 95)} = min {—1,3,-1,3} = 1,
K2 (S6) = minpeyery(a) {(Ps S6)} = min {—2,14, =2, -2} = —2

with vert(A) = { Py, P», P3, Py}. Using this information, we get
Hiﬁgp = conv(S1, S2), Hﬁﬁgp = conv(S1, S3), H;EP = conv(S1, S5, S6),
Giﬁgp = conv(S2, S3), H;?ip = conv(S2, Sg), Hiﬁﬁp = conv(Ss, Sg)
with
v(0p ) = v(0%) =1, v(0p"") =2, and v(0pr") = v(0p ") = v(0p") = 1.
A combination of all data yields

er(Y)=v(A)— Y bt > bitw

p=<Acan §=<Acan
dim(0)=2 dim(0)=1

—64—(4+16+4+32)+(1-14+1-14+1-242-148-1+2-1)+0=24,

where w = [{v € vert(A®") |v & vert(A)}| = 0 because A" = A j.e., (V) = 24 and
c1(Y)? =0 (Remark 7.2.3).
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Remark 7.2.17. The detailed information about all 20 canonical Fano 3-polytopes with
dim(AF!) = 1 and 0 € (AF1)° can be found in the Appendix. To be precise, it is listed in
Table A.4, A.5, A.6, and A.7 and can be viewed in Figure A.2, respectively (cf. Remark
7.1.7).

7.2.4 Surfaces of General Type

Let A C Mg be one of the 49 canonical Fano 3-polytopes with 3-dimensional Fine interior
AFT having the origin as a vertex (Subsection 7.1.4). It is very likely that, among all
9,089 canonical 3-polytopes, only these 49 define surfaces that are birational to surfaces
of general type and are of particular interest:

Conjecture 7.2.18. Let A C My be a canonical Fano 3-polytope with dim(AF) = 3.
Then a canonical model of a A-non-degenerate affine surface Za C T3 is birational to a
surface of general type.

Definition 7.2.19. A surface Y is called of general type if it is a surface of maximal
Kodaira dimension, i.e., of Kodaira dimension dim(Y") = 2.

A strong indication that we are indeed dealing with surfaces of general type is the
fact that the stringy Euler numbers eg,(Y) (computed with the formula in Conjecture
7.2.2) of all canonical models Y corresponding to one of these 49 polytopes are strictly
smaller than 24. To be precise, in most cases the stringy Euler number equals 23 and
with a few exceptions 22, i.e., &5 (Y) > 0 and ¢;(Y)? > 0 (Table A.10). This are exactly
the invariants of (minimal) surfaces of general type [BHPdV04, Chapter VI, Table 10].
A further indication is the fact that ¢§(Y) € {23,22} and ¢;1(Y)? € {1,2} fulfill the
following properties that (minimal) surfaces of general type would fulfill [BHPdV04,
Chapter VII, Theorem 1.1]:

- c1(Y)? >0 and &7(Y) >0,
- (Y)2 4+ &%(Y) =0 mod 12,
L a(Y) < 36(Y),

- 501 (V)2 = ST(Y) 436 > 0 (c1(Y)? even),
5¢1(Y)? — &T(Y) +30 > 0 (¢1(Y)? odd),
because 1 > 0,23 >0,14+23=24=0mod 12,1 <69, and 5 —23 4+ 30 = 48 > 0 and
2>0,22>0,2+22=24=0mod 12, 2 < 66, and 10 — 22 + 36 = 24 > 0.

We close this subsection with detailed examples computing the stringy Euler number
of the two examples in Figure A.3(b) and (¢) with the predicted formula in Conjecture
7.2.2:

Example 7.2.20. Let us consider the canonical Fano 3-polytope with D 547465 (Figure
A.3(b), Table A.8, A9, and A.10), i.e., A = conv(Py, P», P3, Py) C Mg with dim(AF) =
3, 0 € vert(AF), and vertices

Py = (—-3,-2,-2), P, == (1,0,0), P3 :== (1,3,1), and P, := (1,1,3).
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The normalized volume v(A) of A equals 32. The Fine interior A" of A is given by the
convex hull conv(F, Fy, F3, Fy) with vertices

Fy :=1(0,0,0), Fy == (—1,-1/2,-1/2), F3:=(0,3/4,1/4), and Fy == (0,1/4,3/4).
The inward-pointing facet normals of A are
vy = (2,—1,-1), vy := (—1,3,—-1), v3 == (—1,—1,3), and v4 == (—1,0,0).

Looking at the inward-pointing facet normals of AF!, we recognize that they are the
same, i.e., Al is a scaling down of A.
To compute the stringy Euler number eg,(Y) of a canonical model Y corresponding

to A with the formula in Conjecture 7.2.2, we have to collect the missing relevant data:
In this special case, we get supp(AFT) = {v1, v, v3,v4} and therefore A" = A,

Let us denote the 2-dimensional faces of A with Op,, = A defined as Op,, =
conv(P;, Py, Pr,) (1 <i < j <k < 4) and the 1-dimensional faces of A with 0p, < A
defined as 0p,; := conv(F;, P;) (1 <i < j < 4). The following two tables list all facets
along with their inward-pointing facet normals and normalized volumes as well as all
edges along with their normalized volumes:

inward-pointing | normalized normalized

facet facet normal volume edge volume
9P123 V4 8 0 Pio 1
9P124 v3 4 9P13 1
P13 v2 4 0p., 2
9p234 (%] 8 9p23 2

0p,, 1

0ps, 1

In our last step, we determine the normalized volumes of all line segments 65'PP =
conv(s € supp(AFT?) | s reaches its minimum x*(s) on vert([# N A])) corresponding to 1-
dimensional faces § < A% = A. Therefore, we compute x> (s) for all s € supp(AFT)
(Equation (2.2)):

"{A(Ul) = minPEvert {< avl>} min {Qa _27 _27 _2} = _2a

/{A(UQ): minPEvert {< 2>}:min{_177a_13_1} =-1,

K‘A(U3) mlnPEvert A){< 3)} min{_17_1777_1} = _1a
(

K‘A(U4) = mlnPEvert { P, ’U4>} min{_17 —1,-1, 3} =—-1

with vert(A) = { Py, P», P3, Py}. Using this information, we get

Opp” = conv(v, vg), Op°° = conv(vz, vs), Op"° = conv(vz,v3),
Op,." = conv(vy,vy), 0p°° = conv(vy, v3), Op1° = conv (v, va)
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with
v(0%) =1, v(0p5") =1, v(0p ") =4, v(05 ") =1, v(0p)") =1, and v(6p]7) = 1.
A combination of all data and the fact A" = A yields

ear(¥) = 0(A) = 37 (@A) + 3 w(60A]) - 0(6P) 4w

f=<Acan #<Acan

dim(0)=2 dim(0)=1
=v(A) = > w@®+ D v(0) v(6™PP)

p<Acan g<Acan

dim(0)=2 dim(0)=1

=32-(84+4+4+8)+(1-1+1-1+2-442-14+1-141-1) =22,

where w = [{v € vert(A®) v ¢ vert(A)}| = 0, ie.,, SF(Y) = 22 and ¢1(Y)? = 2
(Remark 7.2.3).

Example 7.2.21. Let us consider the canonical Fano 3-polytope with [D 54752/
7.2 and A.3(c), Table A.8, A.9, and A.10), i.e., A = conv(Py, Pa, P3, Py) C
dim(AFT) = 3, 0 € vert(AF!), and vertices

| (Figure
Mg with

P =(0,2,1), P, = (-2,-3,-5), P3:=(2,1,1), and P := (0,0,1).

The normalized volume v(A) of A equals 24. The Fine interior A" of A is given by the
convex hull conv(F, Fy, F3, Fy) with vertices

Fy = (0,0,0), Fy = (0,1/2,0), Fs := (1/3,1/3,0), and Fy == (—1/3,—1/3, —1).

To compute the stringy Euler number eg(Y') of a canonical model Y corresponding to
A with the formula in Conjecture 7.2.2, we have to collect the missing relevant data:

In this case, we get
supp(AF) = {S;]1 < i <10}

with Sl = (—1, 1,0), 52 = (—1,2, —1), 53 = (0,0,—1), S4 = (0, 1, —1), 55 = (0,2, —1),
S = (1,0,—1), S7 = (1,1,-1), Sg := (2,0, —1), Sy := (3,0, —1), and Syp := (—1,—-2,2),
which leads to

Acan = COnV(Pl, Pz, Pg, P4, P5)

with P :== (0, —1,—1) (Figure 7.2).

Let us denote the 2-dimensional faces of A" with Gpijk =< A" defined as Opijk =
conv(P;, Pj, Pr,) (1 <i < j <k <5)and the 1-dimensional faces of A" with fp, < A"
defined as 0p,; := conv(F;, P;) (1 <4 < j <5). The following two tables list all facets
0p,;, with dim([0p,;, N A]) = 2 and the normalized volumes of [0p,, N A] as well as all
edges 0p,, with dim([0p,; NA]) =1 and the normalized volumes of [0p,; NA] (Figure 7.2):
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Figure 7.2: Canonical hull A®"™ of a Canonical Fano 3-polytope A with
dim(AF!) = 3 (ID 547524). Shaded faces are occluded. The whole polytope is the
canonical hull A®" = conv(Py, Py, P3, Py, Ps) of A = conv(Py, Py, P3, Py) (grey coloured)
with P, = (0,2,1), P, = (—2, -3, —5), P; = (2, 1, 1), Py =(0,0,1), and P5 = (0, —1,—1).
The origin is coloured light grey.

facet 6 P = AP with edge 0 Py = AP with
dim([epijk N A]) =2 v([epijk N A]) dim([epij n A]) =1 U([epij N A])
0P34 4 0Py 2
9P124 4 0P14 2
P25 6 Oy 1
Op,, 1
0p,, 1
Op,, 1

In our last step, we determine the normalized volumes of all line segments #5"PP =
conv(s € supp(AF?) | s reaches its minimum #*(s) on vert([0p,; M A])) corresponding to
1-dimensional faces p,, < A", Therefore, we compute £ (s) for all s € supp(A™T)
(Equation (2.2)):

KA (S1) = Min peyery(a) (P, 91)} = min {2, -1,-1,0} = —1,
K2 (S2) = minpeyery(a) {(P,S2)} =min{3,1, -1, -1} = —1,
K2 (S3) = minpeyery(a) {(P, S3)} = min{-1,5,-1,-1} = —1,

(51) {(P, 51)
(52) {(P, 52)
(53) {{P, S3)
£2(S4) = minpeyerya) {(P, S4)} =min{1,2,0, -1} = -1,
(S5) {({P, S5)
(S6) {{P, Se)
(57) {({P, 57)

K2(S5) = Minpeyert(a) 1(F,S5)} = min{3,-1,1, -1} = -1,
K2 (Sg) = Minpeyert(a) 1(F,S6)} = min{-1,3,1, -1} = —1,
£2(S7) = minpeyerya) {(P, 97)} =min{1,0,2, -1} = -1,
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I{A(SS) = minPevert(A) {(P,Ss)} =min{-1,1,3,-1} = —1,
KA(S9) = minPGvert(A) {<Pa S9>} = min{—l, —1,5, _1} =-1,
K2 (S10) = Minpeyery(a) { (P, S10)} = min {—2, -2, 2,2} = -2

with vert(A) = { Py, P», P3, Py}. Using this information, we get
9;1;21) = conv(S1, S10), 05" = conv(S3, S6, Ss, S9), Hi%lzp = conv(Ss, S3),
Qj;igp = conv(Ss, S10), Q;I;Iip = conv(Ss, Sy), gggp = conv(Sy, S10)
with
U(G;I;EP) =1, v(@}lﬁp) =3, U(QEIZP) =1, v(@?ip) =1, v(@iﬁi’p) =1, and v(@}‘iip) =1.
A combination of all data yields

er(Y)=v(A)— D bt > bitw

p=<Acan =< Acan
dim(0)=2 dim(0)=1

— 24— (44+4+46)+(1-1+2-34+1-1+2-1+1-141-1)+1=23,

where w = [{v € vert(A®")|v ¢ vert(A)} = 1 (Figure 7.2), i.e., "(Y) = 23 and
c1(Y)? =1 (Remark 7.2.3)..

Remark 7.2.22. The detailed information about all 49 canonical Fano 3-polytopes with
dim(AFT) = 3 can be found in the Appendix. To be precise, it is listed in Table A.8, A.9,
and A.10 and can be viewed in Figure A.3, respectively (cf. Remark 7.1.8).



Chapter

Calabi-Yau Hypersurfaces in Weighted Projective Spaces
and Vafa’'s Formula

In the last chapter, we discuss implications in physics. Therefore, we combine the content
of Chapter 6, Section 6.3, where we computed stringy Euler numbers of certain hyper-
surfaces in a combinatorial way using intrinsic information provided by corresponding
underlying polytopes (Theorem 6.3.2 and 6.3.3) with techniques that Vafa has developed
based on physicists’ reasoning to compute Witten’s index by studying the conformal field
theory of the Landau-Ginzburg model [Vaf89].

The mentioned connection looks as follows: Let Y be a quasi-smooth Calabi-Yau

hypersurface in a well-formed weighted projective space P(wq, w1, ..., wq). We show that
the affine hypersurface Zg = {(zo,...,zq) € (C*)4| Z?:o z; = 0 and H?:o z}t =1}
in the d-dimensional algebraic torus T¢ = {(wo,...,z4) € (C*)%+!| H‘LO " = 1} is

birational to a Calabi-Yau variety YV that is expected to be the mirror of Y. We
support this expectation in Theorem 8.2.5 showing that the Witten index iw(Y) of Y
computed via the well-known formula of Vafa [Vaf89] in Equation (8.2) equals, up to
sign, the stringy Euler number eg,(Y") of YV computed via the combinatorial formula
in Theorem 6.3.2. To be precise, we use a topological interpretation of Vafa’s formula
for Witten’s index and treat it as a topological invariant of Y that is the zero locus of a
weighted homogeneous polynomial f of degree Z?:o w; in the weighted projective space
P(wo, w1, ..., wy).

8.1 Motivation and Mirror Symmetry Constructions

As mentioned in the Introduction at the beginning, mirror symmetry is the motivation
of this present thesis. The included basic and extended mirror symmetry tests justify
our interest in topological invariants: stringy Hodge numbers and stringy Euler numbers.
In particular, the focus on the latter class is motivated by mirror symmetry applied to
Calabi-Yau hypersurfaces Y and Y. There are several examples and construction rules
for such Y and YV [Bat98b, BB96, BD96| passing the stringy extended mirror symmetry

117
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test
REAY) = b TPIYY) (0<pgsd-1)

str str

and deduce the stringy basic mirror symmetry test
(_1)d71€str(y) = estr(yv)v

where d—1 is the dimension dim(Y") of Y. These equations for stringy Hodge numbers and
stringy Euler numbers are viewed as evidence for mirror symmetry. In particular, stringy
Euler numbers have been used for stringy basic topological tests for mirror symmetry in
different mirror constructions. Several papers of Batyrev and Borisov have been dedicated
to a combinatorial method constructing mirror pairs of Calabi-Yau varieties in an explicit
way |Bor93, Bat94, BB96, BB97|.

Going back to our setting, i.e., let Y be a quasi-smooth Calabi-Yau hypersurface Y
(Definition 2.1.4 and Remark 8.2.2) of degree w in a well-formed weighted projective
space P(wp,w1,...,wq) (Definition 8.2.1 and Remark 8.2.2). If we add the condition
that all weights w; divide w (0 < i < d), we are dealing with Calabi-Yau hypersurfaces
Y of Fermat-type . Applying Section 5.4 in [Bat94], Y corresponds to a reflexive simplex
S C My obtained as the convex hull of unique lattice points v; € M (0 < i < d) solving
the linear relation Z?:o w;v; = 0 (Equation (8.3)).

A starting point for mirror symmetry tests was the notion of reflexive polytopes
A (Definition 2.3.13) introduced in [Bat94]. Using the theory of toric varieties, one
can prove that the affine hypersurface Za C T? defined by fa = 0 is birational to
a Calabi-Yau hypersurface Y [Bat94|, where fa is a generic Laurent polynomial with
Newton polytope A (Definition 2.3.28). In the same way, one obtains another Calabi-
Yau hypersurface Y* corresponding to the dual reflexive polytope A*. In this case, there
exists a purely combinatorial formula [BD96, Corollary 7.10] computing the stringy Euler
number ey, (Y) and eg; (Y™) of the Calabi-Yau variety Y and Y™, respectively, via

6str(Yv) = Z (_1)dim(o9)—1,u(9) v (9*) )

6=<A
1<dim(9)<d—2

where v(-) denotes the normalized volume of a polytope (Definition 2.3.6). Two alter-
native independent and more general proofs of this formula can be found in [Batl7,
Theorem 4.11] or, together with its generalization to Calabi-Yau complete intersections,

in Proposition 6.5.1. This formula, together with the duality between faces of the reflexive
polytopes A and A* (page 22), immediately implies the equality

(_1)d_1estr<y) = estr(Y*>7 (81)

1.e., Y and Y* pass the stringy basic mirror symmetry test. This supports our assump-
tion that Y and Y™ are mirror dual. Applying this mirror construction to the subclass
of reflexive simplices S and S* from above implies that the corresponding birational
Calabi-Yau hypersurfaces Y and YV of Zg and Zg-, respectively, will pass the stringy
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basic mirror symmetry test (—1)4 ey (V) = eg:(YY). Therefore, we found evidence to
support the assumption to regard them as mirror dual.

In addition, another phenomenon was discovered by physicists in [KS98a| while com-
puting Hodge numbers of Calabi-Yau fourfolds. First, they considered weight vectors
(wo, ..., ws) € Zﬁ>0 of degree w = wg + wy + ... 4+ w5 and checked if there exist weighted
homogeneous polynomials of degree w < 4,000 such that the constructed hypersur-
faces are quasi-smooth and therefore Calabi-Yau fourfolds (Remark 8.2.2). To this end,
Kreuzer and Skarke used the support of a computer and have found 525,572 weight
vectors with degree w < 4,000 that give rise to Calabi-Yau fourfolds. Secondly, they
considered for given weight vectors (wy,...,ws) € ZG>0 general polynomials of degree
w = wp+wi+...+ws < 150. The associated Newton polytopes are given as the convex
hull of all lattice points (ag,...,a5) € Z(;O determined by the exponents occurring in
the monomials of the given polynomials. The obtained Newton polytopes give rise to
Calabi-Yau fourfolds if they are reflexive. With the support of a computer, this is true
for exactly 914,164 weight vectors. In a further step, they computed the Hodge numbers
of all 525,572 Calabi-Yau fourfolds with Vafa’s formulas [Vaf89]. To compute the Hodge
numbers of all 914,164 Calabi-Yau fourfolds, they used Batyrev’s formulas [Bat94, BD96].
To get the main statement, it is not necessary to discuss both formulas in detail. The
observed phenomenon was that they recognized (without a general explanation) consis-
tency for all 109,308 weight vectors in the overlap. We note that in one dimension less,
a hypersurface is quasi-smooth (i.e., a Calabi-Yau threefold) if and only if the Newton
polytope is reflexive for a given weight vector. Therefore, there would be no reason to
use the computer for search processes twice.

The described phenomenon is explained in Theorem 8.2.5 from a more general point
of view, i.e., we allow any dimension d and do not request the Calabi-Yau hypersurface
Y to be of Fermat-type, i.e. not all w; have to divide w (0 < i < d). To be precise,
let Y be a quasi-smooth Calabi-Yau hypersurface of degree w = wo + wi + ... + wy
in a d-dimensional well-formed weighted projective space P(wq, w1, ..., wq) (Definition
8.2.1 and Remark 8.2.2). Using this data, let YV be a canonical Calabi-Yau model of a
S-non-degenerate affine hypersurface Zg in the d-dimensional algebraic torus T%, where
S is the d-dimensional lattice simplex with vertices vg, v1,...,vq satisfying the linear
relation wovg + wivy + ... + wgvg = 0. For such Calabi-Yau varieties the Witten index
iw(Y) of Y computes, up to sign, the stringy Euler number e, (Y") of YV. In a way,
Theorem 8.2.5 supports our conjecture to regard Y and Y as mirror dual. But at least,
Corollary 8.2.13 provides mathematical evidence for the observations made in [KS98a)
by physicists restricted to stringy Euler numbers.

We emphasize that a mathematical proof for the assertion that Vafa’s formula com-
putes the stringy Euler number eg,(Y) of Y is still pending. Knowing this would be
considered an advancement because we would have a further indication that establishes
the above mirror construction. Moreover, we would have new examples to investigate
mirror symmetry. There are several papers in the literature investigating various meth-
ods adopting the same construction to verify mirror symmetry [Irill, CIR14]. This
construction would require no restrictions on quasi-smooth Calabi-Yau hypersurfaces Y
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in weighted projective spaces and would be supported by passing the stringy basic mirror
symmetry test. In particular, it does not construct the Calabi-Yau mirror variety Y in
an explicit way, but provides an affine hypersurface Zg in the algebraic torus T? that is
birational to Y'V.

Moreover, the received set of suggested mirror symmetry pairs obtained through the
proposed construction intersects non-empty with the received sets of possible mirror
symmetry pairs obtained through the following two well-known combinatorial construc-
tions: The first one is named after Batyrev [Bat94] and, as explained above, concerns
reflexive polytopes A and constructs mirrors by using the dual reflexive polytopes A*.
Batyrev’s mirror construction and the proposed mirror construction overlap for reflexive
simplices. The second one is called the ‘Berglund-Hiibsch-Krawitz mirror construction’
[BH93, Kral0O] and considers Calabi-Yau hypersurfaces Y that are birational to affine
hypersurfaces Z C T? defined by Laurent polynomials f(z) = >  a;,z™, whose New-
ton polytopes A(f) = conv(m € M |a, # 0) C Mp (Definition 2.3.28) are lattice (not
necessarily reflexive) simplices. The mirror duality for the stringy Hodge numbers of
Calabi-Yau varieties obtained by the Berglund-Hiibsch-Krawitz mirror construction is
proved by Chiodo and Ruan [CR10| and Borisov [Borl3]. These two mirror construc-
tions reveal to different classes of hypersurfaces in toric varieties, but they coincide for
Calabi-Yau hypersurfaces of Fermat-type, i.e., for reflexive simplices. In summary, this
means: The produced sets of mirror symmetry pairs from Batyrev’s mirror construction,
as well as from the Berglund-Hiibsch-Krawitz mirror construction, intersect non-empty
with the produced set of mirror symmetry pairs from the proposed mirror construction
for reflexive simplices. For this reason, it is natural to expect the existence of a general-
ization including both as special cases [AP15, Borl3, ACG16, Puml1, BH16].

8.2 Witten Indices and Stringy Euler Numbers

The simplest example of a d-dimensional weighted projective space is the projective space
P4 = P(1,1,...,1) with the associated graded ring C[zo, ..., zq], where each variable z;
has degree 1. In general, weighted projective spaces are defined as follows:

Definition 8.2.1. Let (wg,w1,...,wq) € Zf{)l be a vector with ged(wyp,...,wq) = 1.
Then we call

P(wo, wi, ..., wg) = (CH\{0})/ ~

weighted projective space of dimension d, where ~ is an equivalence relation such that
(ag,a1,...,aq) ~ (bg,b1,...,bq) & a; = Ab; (0 <i<d) for some A € C*.

The associated graded ring is C|zo, ..., z4], where z; has degree w; (0 < i < d). A
polynomial f is called weighted homogeneous of degree w if every monomial z* appearing
in f satisfies a - (wo, w1, ..., wq) = w [CLS11, page 53].

Remark 8.2.2. Let (wp,wy,...,wq) € Z‘i‘gl be a primitive lattice vector such that for
any i € I :={0,1,...,d} the greatest common divisor of d integers wy, . . ., Wi—1, Wit1, .- .,



8.2. WITTEN INDICES AND STRINGY EULER NUMBERS 121

wq equals 1. In literature, such a vector (wg,ws,...,wq) is called well-formed. We con-
sider a well-formed d-dimensional weighted projective space P(wp,w1,...,wy) and as-
sume that it contains a quasi-smooth hypersurface Y of degree w := ;" , w; constructed
through a weighted homogeneous polynomial f of degree w. Y is called quasi-smooth if
the common zeros of all partial derivatives o o_f (i € I) is the point 29 = 23 = ... =
zg = 0. An equivalent criterion to check wether a general hypersurface is quasi-smooth
can be found in [IF00, Theorem 8.1| using the weights wo, ..., wy. The quasi-smoothness
condition ensures that the hypersurface has no singularities in addition to those com-
ing from the singularities of the ambient space [KKS98b|, where the only singularities of
weighted projective spaces are cyclic quotient singularities [CLS11, Definition 11.4.5].
Using Lemma 1.12 in [CG11], every quasi-smooth hypersurface of degree w in a well-

formed weighted projective space P(wp, w1, ..., wq) is a Calabi-Yau variety (Definition
2.1.4).

Vafa has developed techniques to compute Witten’s index based on physicists rea-
soning by studying the conformal field theory of the Landau-Ginzburg model [Vaf89].
We treat the Witten indez iw (Y) of the quasi-smooth Calabi-Yau hypersurface Y as a
topological invariant of Y. In this way, we use a topological interpretation of Vafa’s for-
mula for Witten’s index applied to Y that is the zero locus of the weighted homogeneous
polynomial f of degree w in a well-formed weighted projective space P(wq, w1, ..., wq):

Z 11 (1—) (8.2)

lr 0 0<i<d
lg;,rq; EZ

where ¢; == % (i € I) and by definition [] o<i<a (1 — ql) = 1 if there is no ¢; with
lg;,rq; €L ?
lgi,rq; € Z.
Example 8.2.3. Consider the weighted projective space P(1,1,1,1) and let Y; be a
quasi-smooth Calabi-Yau hypersurface of degree w = Z?:o 1 = 4 contained in it with
:iforallO§i§3. Then

:ii 11 <1—) Z ] a-49=24

lr=0 0<i<3 lr 0 0<i<3
lg;,rq; €EZ lg;,mq; €EZ

An analogous computation for a quasi-smooth Calabi-Yau hypersurface Yo of degree
w = 5 in the weighted projective space P(1,1,1,2) with ¢; = % for all 0 < ¢ < 2 and

qugyields
1
Z H <1_>:((1—5)3-<1—5)+24>:24.
er 0<i<4 5 2

lg;,mq; €L
Note that Y; and Y5 are K3-surfaces and therefore we already know that the stringy

Euler number of Y] and Y3 equals 24 (Theorem 6.3.1 (proof)), i.e., here we obtain
iw (Y1) = estr (Y1) and iw (Y2) = estr(Y2) (cf. Corollary 8.2.13).
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Remark 8.2.4. For a quasi-smooth hypersurface of degree w in a well-formed weighted
projective space P(wg,ws,...,wy) (i.e., d = 4) Equation (8.2) reveals the usual Euler
number e(Y”) of the resolved Calabi-Yau hypersurface Y’ in P(wq, w1, ..., ws), where in
this case a Calabi-Yau resolution always exists and is constructed in [BRGI1].

The following theorem states the main result of this chapter by suggesting a Calabi-
Yau hypersurface YV and showing that ¥ and YV meet the equation

esur (YY) = (=) liw(Y),

i.e., we can interpret Witten’s index of Y, up to sign, as the stringy Euler number of Y.
For this purpose, we consider the short exact sequence

02723 - M0

of abelian groups, where the map Z — Z*! sends 1 to (wo, w1, ...,wy) and the lattice
vectors g, v1, . .. ,vq € M denote the images under the surjective map Z41 — M of the
lattice vectors in the standard basis of Z%t!. The dual short exact sequence

0= N =2z 5750

identifies the real vector space Ng with a subspace in R*t! defined by the linear equation
Z?iol w;y; = 0. We define S C Mg to be a d-dimensional lattice simplex with vertices
Vg, V1, - . - , Vg satisfying the linear relation

wovg + wiv1 + ... +wgvg = 0 € M. (83)

Theorem 8.2.5. Let YV be a canonical Calabi- Yau model (Definition 2.1.8) of a S-non-
degenerate affine hypersurface Zg (Definition 2.3.28) in the d-dimensional algebraic torus
T defined by the equations

d
ro+x1+...+19=0 and H:n;”izl,
i=0

where the lattice simplex S is given as above. Then the stringy Euler number es, (YY) of

YV equals
41 1 1.
(—1)d 15 Z (—1)‘J|”3H?:(—1)d IZW(Y)u
4
\g\géldgjl ieJ

where Y s a quasi-smooth Calabi- Yau hypersurface of degree w = Z?:o w; in the well-
formed weighted projective space P(wg, w1, ..., wy).

It is important to note that by eliminating one variable, Zg can also be considered
as the zero set of a Laurent polynomial fg such that S is the Newton polytope of fg
(Definition 2.3.28). The following basic example illustrates this fact:
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Example 8.2.6. Consider the d-dimensional reflexive simplex S := conv(ey, ..., €4, —€1—
...—eq) (Figure 2.3(a) for d = 3) and (wo, ..., wq) = (1,...,1). Using the notation from
Theorem 8.2.5, Zg is defined by the equations

d
Hxizland:co—k...—i-xdzo,
i=0

i.e., o = Hle z; and therefore Hle ;7 4+ 1+ ...+ 24 = 0. This leads to the
corresponding Laurent polynomial

d
-1
fs(x) =a_e—. —¢, le + a1+ .o+ Qe Ty
i=1

with sufficiently general coefficients a_¢,—.. ¢ , @e;, ..., a¢, € C.

The final proof of Theorem 8.2.5 needs some additional propositions, which we will
present and prove now:

Let P(wg, w1, ...,wq) be a well-formed weighted projective space with w = Zg:o w;
and C' := (g) be the cyclic group of order w whose generator g acts linearly on the affine
space C41 with coordinates xg, x1,. .., x4 by the diagonal matrix

diag(e%i%, eria e%iq‘i),

where ¢; = %% (i € I). For any subset J C I = {0, 1,...,d}, we define the cyclic subgroup
Cy = {gleC’lquZ VjeJ}QC’.

The subgroup C; consists of those elements ¢! € C that act trivially on the |.J|-dimensional

subspace Ly C C4! defined by the equations 2; = 0 for all 4 € I\ J.

Proposition 8.2.7. Let J = {ig,i1,...,ix} C I be a subset of I and set
ny = ged(w, wiy, Wiy, . .., Ww;, ).
Then ny equals the order |Cy| of the subgroup C; C C.

Proof. Assume without loss of generality J to be {0,...,k} and set u = w/ny; € N.
Then one has ug; = wj/ny € Z for all j € J, i.e., g* € Cj. Therefore, the cyclic group
Cj C C contains the cyclic subgroup (¢g*) of order n;. We set u; == w;/n; € N for
jeJ. If gt € Cy, then luj/u =1lq; € Z for all j € J. Since the greatest common divisor

of w and wuy, ..., ux equals 1, there exist integers a and ayg, . .., ax such that
au + Z ajuj = 1.
JjeJ

Therefore, u divides alu + ;¢ ; ajluj =1, i.e., g € (g%). O
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Using this notation, we can rewrite the formula of Vafa in Equation (8.2):

Proposition 8.2.8. Let Y be a quasi-smooth hypersurface of degree w = Z?:O w; 1N
a well-formed d-dimensional weighted projective space P(wq, w1, ...,wq) (Remark 8.2.2).
Then the Witten index of Y in Vafa’s formula is computable as

. 1
) =2 3 o [T L
pCcJCI ]EJ

where q; = % (i € I). Moreover, it is sufficient to consider the sum only over all subsets
J C I such that |J| <d—1, ie.,

1
=L S L
w pcJCI geJ
|TT<d=1

Proof. If (I,7) = (0,0), then rg;,lq; € Z for all i € I and we obtain the product
d
M(-2)- () - = "I,
=0 PpCJCI jeJ pcJcI geJ

that appears as a summand in Vafa’s formula (8.2). The same calculation can be done
for pairs (I,7) # (0,0): For an integer s, set Js := {i € I | sq; € Z}. Then

1 1
[ R u|
0 (-5)-T(-2)- ¥ o',
qugriqggz ieJinJ, (z)ngJmJ ]EJ

for any pair (/,r). Using Equation (8.2), we obtain

iW(Y):i]wZ_:l S (-1 \Jle fz T 'J'H*

Lr=00CJCNJ, jes 4 (CJCI 0<tr<w—1 jes 4
ghgTGCJ
_ 1 S~V a2 H 1
w
pCJCI jEJ

Now, we note that ny = 1if |J| € {d,d + 1}, since we assume
ng(wo, ey Wi, Wig 1y - - .,wd) =1Viel.

Using the equality Z?:o q; = 1, we obtain

SR IR W | £

OJ@’%
J#i
and this implies
. 1 J|,.2
w(Y) = — > =V H —
pCJCI geJ

|JT<d—1
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For the following proposition, let P(wq,w1,...,wq) be a well-formed weighted pro-
jective space and S a lattice simplex given by Equation (8.3). By Definition 2.3.22, S
is called almost pseudoreflexive if the polytopes S and [S*] = conv(S* N N) C Ny con-
tain the origin in their interior and are both d-dimensional, where S* C Ny is the dual
simplex of S C Mg (Definition 2.3.3).

Proposition 8.2.9. If the well-formed weighted projective space P(wq, w1, ..., wq) con-
tains a quasi-smooth Calabi- Yau hypersurface Y of degree w = ch‘lzo w;, then the lattice
simplex S C Mpg is almost pseudoreflexive.

Proof. As stated before the proposition, we first show that

d d
S = {Zcivi ci€R>giZ;ci:1}

i=0
and [S*] contain the origin in their interior: The origin 0 € M is an interior lattice point
in S because i Z?:o w;v; = % -0 = 0 using Equation (8.3), w;/w > 0 for all 0 < i < d,
and 4 W=,

i=0 w

To show that [S*] contains the origin 0 € N in its interior, let A = conv(m | a,, #
0) € R be the Newton polytope (Definition 2.3.28) of the weighted homogeneous
polynomial f =% 7 a11 an2™ € Clz,. .., 2q] of degree w associated with the Calabi-
Yau hypersurface Y. On the one hand, the geometric genus

py(Y) = dim(HO(v, QmM)y)
of the Calabi-Yau hypersurface Y equals 1 because
pg(Y) = dim(HO(Y, 9™ Y))) = dim(H°(Y, wy)) = dim(H(Y, Oy)) = 1.

On the other hand, the geometric genus py(Y') equals ‘Ao N Zd‘H’ (Equation (7.1)). A
combination of these two facts yields ‘AO N Zd+1| =1.

Furthermore, A is the convex hull of all lattice points in the d-dimensional rational
simplex

S = {(yo,y1,---,va) € R?&l | woyo + w11 + ... + wayg = w}

and (1,...,1) € 8’ because wo-1+wy-1+...+wg-1 =wo+wi+...+wg = w. Thereby,

we get A°NZ4F = {(1,...,1)} because all other lattice points of A lie on facets of A.
In addition, the shifted simplex S —(1,...,1) is the dual simplex S* C Ng to S because

S* ={(yo,y1,--.,9a) € Nr|y; > —1 Vi e I},

i.e., (0,...,0) is an interior lattice point of S*. In particular, (0,...,0) € [S*]°.
Moreover, the lattice points in [S*] correspond to monomials of the weighted ho-
mogenous polynomial f defining the quasi-smooth Calabi-Yau hypersurface Y. Assume
all monomials belong to one hypersurface then the common zeros of all partial deriva-
tions c’% f (i € I) would not only vanish at the point (0,...,0). This is a contradiction
to our quasi-smoothness condition of Y (Remark 8.2.2) and therefore [S*] is also d-
dimensional. O
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We proceed investigating the normalized volume (Definition 2.3.6) of the d-dimensional
lattice simplex S C My with vertices vg, v1,...,vq satisfying the linear relation wqvg +
wiv] + ... +wgug=0¢€ M:

Proposition 8.2.10. The d-dimensional lattice simplex S from above has integral nor-
malized volume w, i.e.,
v(S) =w=wy+w; + ...+ wy.

Moreover, for any (lattice) face Sy < S corresponding to a subset J C I one has
v(Sy) = ny,
where J :== I\ J and ny is defined in Proposition 8.2.7.

Proof. Consider the lattice M := M ®Z together with the lattice vectors v; := (v;,1) € M
(0 <i < d). Denote by S the (d + 1)-dimensional lattice simplex with vertex 0 € M and
vertices v, . .., Ugq.

The (integral) normalized volume v(S) of S equals the index of the sublattice M’ :=
(0i)o<i<a generated by the lattice vectors v; (0 < i < d) in M. Since M is generated
by v; (0 < i < d), the lattice M is generated by v; together with the lattice vector
v:=(0,1) € M®Z = M. So the quotient M /M’ is a cyclic group generated by v + M.

Let [ be a positive integer, then one has [(v+M') = M’ if and only if there exist [; € Z
such that (7 = 3% 17, d.e., Y0 1 =l and S>%  Liv; =1-0 =0 € M. On the other
hand, any linear relation between the lattice vectors vg,v1,...,vq is a multiple of the
integral linear relation Zfzo w;v; = 0, 1.e., in particular, Z?:o liv; = 042‘1-1:0 w;v; = 0
(aw € Z). This shows that {(v + M') = M’ if and only if [ is a multiple of w, i.e.,
M/M' = Z/wZ and v(S) = v(S) = w.

Analogously, we take any subset J = {ig,...,ix} C I and consider the k-dimensional
face of S with vertices 0 € M and v, ...,7;,. Then the normalized volume v(S;) of
S equals the index of the sublattice M/ generated by the lattice vectors v; (j € J)
in the |J|-dimensional lattice M; = M N (M} ® Q). First of all, we note that the
quotient M j /M is a subgroup of the cyclic group M /M’ = Z/wZ. Indeed, we have a
homomorphism ¢ : M j; — M /M’ obtained from the embedding of M ; into M and the
kernel of ¢ is M;NM = Mn (M), ®Q)NM = M) because (M) @ Q)N M' = M.
Next, we note that an element {(v 4+ M’) € M /M’ belongs to the subgroup M ;/M/ if
and only if the coefficients lg; in the equation

d
v = Z 1giv;
i=0
are integers for all i & J. By Proposition 8.2.7, the latter happens if and only if ¢! € C5.
This shows that M ;/M’, = C5 and v(Sy) = v(Sy) = n7. O

We denote by ¢/ the normal cone in the normal fan %° (Definition 2.3.8) correspond-
ing to a face Sy =< S of the lattice simplex S.
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Proposition 8.2.11. Let J C I = {0,...,d} be a subset of I. Then the normalized
volume v(a? N S*) of the rational polytope o’ N S* is given by

v(o? N S*) —nJH

ZEJ
where J =1\ J and ¢; =% (i € I).
Proof. Set p == (1,.. .,71) € 741, For simplicity, we assume without loss of generality
J =A0,...,k}, ie, J ={k+1,...,d}. We consider the shifted rational polytope

S' == 8* +p C Ng +p C R¥!L The dual rational face S5 < 5™ in the shifted simplex S’
has dimension d — k — 1 and vertices éei (i € J) because

S ={(yo,y1,---,va) € R?Bl | woyo + w11 + ... + wayg = w}

has vertices iei (i € I), where {eg,e1,...,eq} denotes the standard basis of R¥1. Let

II7 be the pyramid with top 0 € R over the shifted face S/, = St+pC S +p=25.
Then

1
ie]
The pyramid Il is contained in the subspace generated by eg41,...,eq. The basis of

the pyramid is the simplex S’ that belongs to a hyperplane in the affine linear subspace
defined by the equation

Wk4+1Lk+1 + ... + wWgrqg = w.
The integral distance between this hyperplane and the origin equals w/n-, where ny =
ged(w, Wiyt - - ., wq). Therefore, we have

v(S%) = v(Sh) = v(lly) - =L = 2 H —

’LGJ

Since the integral distance from the origin to S% equals 1, we get v(S%) = v(e/NS*). O
Now, we are in the position to prove the main theorem of this chapter:

Proof of Theorem 8.2.5. Using Proposition 8.2.9, we know that S C Mp is a d-dimensio-
nal almost pseudoreflexive simplex. Therefore, we apply Theorem 6.3.2 to compute
the stringy Euler number of a canonical Calabi-Yau model of a S-non-degenerate affine
hypersurface Zg in the d-dimensional algebraic torus T¢. Moreover, the faces § < S of S
are (|.J| —1)-dimensional simplices Sy parametrized by subsets J C I, where dim(Sy) > 1
if and only if |J| > 2.

The normalized volumes v(8) = v(S;) and v(o? N A*) = v(s”/ N S*) have been
computed in Proposition 8.2.10 and Proposition 8.2.11, respectively. So we get

(YY) = > (~1)n n"Hf—Z uwsz

0cJCI gcCr
[7]>2 [7]>2 16‘]
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Since |J| + |J| = |I| = d + 1, we obtain

V) = (0 ST )R T = e S )3 ]

w + . .
= e e
and . )
J|, 2
= COIR ] o = iw(y)
pcICI jes 4
[J]<d—1
by Proposition 8.2.8. O

The following corollaries consider a quasi-smooth Calabi-Yau hypersurface Y of de-
gree w = Z?:o w; in a well-formed weighted projective space P(wg,ws,...,wg). In
addition, we consider a canonical Calabi-Yau model YV of a S-non-degenerate affine
hypersurface Zg in the d-dimensional algebraic torus T¢ defined by the equations

d
ro+x1+...+x4=0and Hmi"l =1,
i=0
where S C My denotes the d-dimensional lattice simplex with vertices wvg,v1,...,vq

satisfying the linear relation wovg + wivy + ... +wqvg =0 € M.

Corollary 8.2.12. Let Y and YV be given as above. In addition, we require that all
weights w; divide w (0 < i < d). ThenY is a Calabi-Yau hypersurface of Fermat-type
and S a reflexive simplex (page 118). Moreover, the Witten index of Y is computable via

iw(¥)= (D" > (=) (9) v (6"),
1§dirg(j9§§d—2

where S o=xs  (—=1)3O=1y(9) . v(0*) is the computation formula for the stringy

1<dim(0)<d—2

Euler number eg, (YY) of YV.
Proof. Theorem 8.2.5 yields

(=) liw(Y) = et (YY).

Applying [Bat94, Section 5.4], the simplex S C Mp is reflexive. Using one of three
references on page 118, we get the stringy Euler number of YV via

er(¥YV) = > (=)™ Oy(0) -0 (67).
0=<S
1<dim(0)<d—2

A combination of these two facts yields
iw(Y) = (1) eu(YY) = (=11 Y0 ()OO (0) -0 (67).

0=<S
1<dim(0)<d—2



8.2. WITTEN INDICES AND STRINGY EULER NUMBERS 129

As mentioned in Section 8.1 on page 119, there is so far no general mathematical
proof for the assertion that Vafa’s formula computes the stringy Euler number of Y, i.e.,

iw(Y) = e (Y). (8.4)
Using Theorem 8.2.5, this would imply
(_1)d71€str(y) = estr(yv)v

which we would be a further indication that Y and YV are mirror dual because they
pass the stringy basic mirror symmetry test. Therefore, this would help to establish the
predicted mirror construction. For the special case that Y is Calabi-Yau hypersurfaces
of Fermat-type, Equation (8.4) is proved as follows:

Corollary 8.2.13. Let Y and YV be given as above. In addition, we require that all
weights w; divide w (0 < i <d), i.e., Y is a Calabi- Yau hypersurface of Fermat-type and
S a reflexive simplex. Then the Witten index of Y equals the stringy Euler number of Y,
ie.,

iw(Y) = et (Y).

Proof. Applying Theorem 8.2.5, we obtain
(=D iw (Y) = esu (YY)

and according to the assumption S is reflexive, i.e., s (YV) = (—1)% Leg, (V) (Equation
(8.1)). A combination of both facts yields the desired equation. O
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A.1 Canonical Fano 3-polytopes A with dim(AF!) = 1 and
0 € vert(AF!)

Table A.1: 9 Canonical Fano 3-polytopes A with dim(AF!) =1 and 0 € vert(AF?).
Table contains: ID from Graded Ring Database corresponding to A, vertices vert(A) of
A, vertices vert(AF) of AFL and link to pictures of A and A

—
[£5)
dzzocssamsa
ngv \:/\_/\./vvv
— = = = = o o~ o~
q||<w < < < <@ < < <
—~
[ap)
~
(o]
~—~ ~— —
— | =~ —
I 5 | I
™
~—~ —
—I| g C\IRC‘O N
— v\/\\/-\\ ~ T~
L"q Qohc\]ﬁon—c |c\|1Q|—<
— MMM AN N> —
T8 g
S
Sl | | oo |
S e e S N S N N N
OO OO OO o oo
O O O OO oo oo
OO O OO O o oo
S S e S N N N N N
—
[ap)
I = =
—~ . . —~~ — o
T e e O N
S LTS
Y=< I I 1 =
— =1 | | S R
/\/\‘\v—:\o‘\m.\oh/\‘\m/‘:‘_r
ﬂo.\\:\_:c\‘]o?ﬁﬁﬁoﬁv
) Qﬁc’aoﬁ—rv—( | &%
<l =2 <1
O'\‘_"“_TO'\_.O.\OFO‘\[\
S T Il oge oo
o~ — S —r = =
= e e =
\_/lhv/\\_/vvv
P P C iy
0 TF TN O
m,_f_fc\]||—(©—||—<
NI = =]
S S N S S N N N N
N 4 O =D O <f O
AN AN — O A 0 <
AOlén 8o on F &0 » i F
il | N S N N N N N N
~ 3 I T T
1O 10 10 10 10 10 10 10 1O



http://www.grdb.co.uk

134 APPENDIX A. CANONICAL FANO 3-POLYTOPES WITH A + {0}

Table A.2: 9 Canonical Fano 3-polytopes A with dim(A¥!) =1 and 0 € vert(AF?).
Table contains: ID from Graded Ring Database corresponding to A, unique primitive

lattice point va, vertices vert(fp05) of projected facet €05 = A, vertices vert(A) of

reflexive projection result A, and link to a picture of the projection result A.
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Table A.3: 9 Canonical Fano 3-polytopes A with dim(AF') = 1 and 0 €
vert(AFY). Table contains: ID from Graded Ring Database corresponding to A,
((va,v1), ..., {va,v4)), elliptic fibration m, number of elements |supp(AF!)| in support

of AL vertices vert(A") of canonical hull A of A, and stringy Euler number eg,(Y")
of a canonical model Y corresponding to A.
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! Compared to Table 2 on page 20 in [CG11], we observe mixed up variables zg, ..., z3.

The reason for this phenomenon are permuted weights.
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P(1,1,2)Y p2Y
P2
P1
P3 ¢
Pl
P2
3 P4
P4 ¢
(a) ID 547324 (b) ID 547323
IP)2V P(17172)V ]
P1
P3
P4
P2
P2
P3
P1
P4
(c) ID 547311 (d) ID 547490

Figure A.1: 9 Canonical Fano 3-polytopes A with dim(AF!) = 1 and 0 € vert(AF?!).
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P3

P1
P2

P(1,1,2)" |

(e) ID 547321

ol
P3
P1
P2
P4

(g) ID 547526

\Y

P3

P4

(£) ID 547305

P(1,1,2)"

(h) ID 547454

Figure A.1: 9 Canonical Fano 3-polytopes A with dim(A¥!) = 1 and 0 € vert(AF?!).
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P(1,1,2)V

P2

(i) ID 547446

Figure A.1: 9 Canonical Fano 3-polytopes A with dim(A¥!) = 1 and 0 € vert(AF?!).

Remark A.1.1. In Figure A.1 shaded faces are occluded. The Fine interior is coloured
red, the origin grey with a red margin, and the facet that is used to project grey dotted.
The surface corresponding to the reflexive polygon (projection result) is boxed top right.
The vertices are numbered consecutively as listed in the Graded Ring Database.
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A.2 Canonical Fano 3-polytopes A with dim(AF!) = 1 and
0c (AFI)O

Table A.4: 20 Canonical Fano 3-polytopes A with dim(AF') = 1 and 0 € (AF))°.
Table contains: ID from Graded Ring Database corresponding to A, vertices vert(A) of
A, and link to pictures of A and AFL,
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20 Canonical Fano 3-polytopes A with dim(AFT) = 1 and 0 € (AF")°.
Table contains: ID from Graded Ring Database corresponding to A, vertices vert(AFT)

of AF! unique primitive lattice point va, and link to pictures of A and AL

Table A.5
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Table A.6: 20 Canonical Fano 3-polytopes A with dim(AF') = 1 and 0 € (AF))°.
Table contains: ID from Graded Ring Database corresponding to A, unique primitive
lattice poigt vA, vertices vert(fproi), vert( jroj) of projected facets pro;, %roj <A, ver-
tices vert(A) of reflexive projection result A, link to a picture of the projection result A,

and link to pictures of A and AFL.
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Table A.6: 20 Canonical Fano 3-polytopes A with dim(AF') = 1 and 0 € (AF))°.
Table contains: ID from Graded Ring Database corresponding to A, unique primitive
lattice poigt vA, vertices vert(fproi), vert( jroj) of projected facets pro;, %roj <A, ver-
tices vert(A) of reflexive projection result A, link to a picture of the projection result A,

and link to pictures of A and AFL.
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Table A.7: 20 Canonical Fano 3-polytopes A with dim(AF') = 1 and 0 € (AF))°.
Table contains: ID from Graded Ring Database corresponding to A, ((va,v1),-..,
(va,vy)), elliptic fibration m, number of elements |supp(AF)| in support of AF!, vertices
vert(A®") of canonical hull A" of A and stringy Euler number eg,(Y') of a canonical
model Y corresponding to A.
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Table A.7: 20 Canonical Fano 3-polytopes A with dim(AF') = 1 and 0 € (AF))°.
Table contains: ID from Graded Ring Database corresponding to A, ((va,v1),-..,
(va,vy)), elliptic fibration m, number of elements |supp(AF)| in support of AF!, vertices
vert(A®") of canonical hull A" of A and stringy Euler number eg,(Y') of a canonical
model Y corresponding to A.
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P(1,1,2)V

Pie

(a) ID 547393

P(1,1,2)" |—

P2

P3

(c) ID 547461

(b) ID 547409

P(1,1,2)V

(d) ID 544442

Figure A.2: 20 Canonical Fano 3-polytopes A with dim(AFT) =1 and 0 € (AFT)°.
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P(1,1,2)Y P2

P5

(e) ID 544443 (£) ID 544651

(g) ID 544696 (h) ID 544700

Figure A.2: 20 Canonical Fano 3-polytopes A with dim(AFT) = 1 and 0 € (AFT)°.
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P(1,1,2)V P(1,1,2)V

(i) ID 544749 () ID 520925

]1.‘1)(17172)\/ - PQV

(k) ID 520935 (1) ID 522056

Figure A.2: 20 Canonical Fano 3-polytopes A with dim(AFT) = 1 and 0 € (AFT)°.
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p2Y

P1

P2

(m) ID 522059

(P! x P1)V —

Figure A.2: 20 Canonical Fano 3-polytopes A with dim(AF') = 1 and 0 € (AFT)°.

(0) ID 522682

(n) ID 522087

P(1,1,2)Y

P1

P6

(p) ID 522684
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P(1,1,2)"

Pl

(q) ID 526886

(P! x P1)V —

(s) ID 275525

(P! x PV | —

(r) ID 439403

(P! x P1)V |—

(t) ID 275528

Figure A.2: 20 Canonical Fano 3-polytopes A with dim(AFT) = 1 and 0 € (AFT)°.
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Remark A.2.1. In Figure A.2 shaded faces are occluded. The Fine interior is coloured
red, the origin grey with a red margin, and the facets that are used to project grey dotted.
The surface corresponding to the reflexive polygon (projection result) is boxed top right.
The vertices are numbered consecutively as listed in the Graded Ring Database.
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A.3 Canonical Fano 3-polytopes A with dim(A¥!) = 3 and
0 € vert(AF!)

Table A.8: 49 Canonical Fano 3-polytopes A with dim(AF!) = 3. Table contains:
ID from Graded Ring Database corresponding to A, vertices vert(A) of A, and link to a
picture of A.
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Table A.8: 49 Canonical Fano 3-polytopes A with dim(AFT) = 3. Table contains:
ID from Graded Ring Database corresponding to A, vertices vert(A) of A, and link to a
picture of A.
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vert(A)

(0,0,1), (1,0,0), (0,1,0), (=2, 1,5), (1, —1,-3), (1,2, —2)
(3,2,4), (=1,—1,-2), (=3, —1,-2), (=2, —1,0), (0,1,0), (1,0,0), (0,0, —1)

(3,0,2),(1,-2,-2),(0,0,—1), (-1, —1,0), (1,1,1),(0,1,0), (—1,0,0)
(1,-1,-2),(1,1,-1),(-1,2,2), (1, -1, -3), (—=2,1,5), (1,0,0), (—1,0,2)

(-3,-2,0),(-5,-3,-2),(1,0,0),(0,1,0),(1,1,2),(-1,—-1,-1),(2,1,1)
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3

A.3. A WITH DIM(A™)

49 Canonical Fano 3-polytopes A with dim(AF!) = 3. Table contains:
ID from Graded Ring Database corresponding to A, vertices vert(AF) of APl and link

to a picture of A.

Table A.9

(Lev (¢/1'¢/z0)'(e/ee/1'0) (¢/€'e/1°2/1—) (0°0°0) | 8679€S
(x)ev @}TNM\NKM\TVFATAN\TB ZM\Td ‘e/1)¢ AN\T 0 8 (0‘0°0) | £109¢S
(m)gy (e/e‘1—‘¢/e)‘(1'¢/1—"¢/1)‘(1'¢/c—"‘¢e/c) ‘(¢ ‘c/e— ‘1) (0‘'0‘0) | 2g6GES
(rev (1—‘e/¥—‘¢/c—) ‘(1—‘¢/c—"‘e/1—) (/1= "2/1—"0) (0°0‘0) | 998¥€S
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49 Canonical Fano 3-polytopes A with dim(AF!) = 3. Table contains:

raded Ring Database corresponding to A, vertices vert(AF) of AF1 and link

to a picture of A.
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Table A.10: 49 canonical Fano 3-polytopes A with dim(AFY) = 3. Table contains:
ID from Graded Ring Database corresponding to A, number of elements |[supp(Af)| in
support of AT, vertices vert(A") of canonical hull A" of A, and stringy Euler number
estr(Y) of a canonical model Y corresponding to A.
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Table A.10: 49 Canonical Fano 3-polytopes A with dim(AF!) = 3. Table contains:
ID from Graded Ring Database corresponding to A, number of elements |[supp(AF)| in
support of AT, vertices vert(A%") of canonical hull A" of A, and stringy Euler number
estr(Y) of a canonical model Y corresponding to A.

\ Estr (Y)
23
23
23
23
23
23
23
23
23
23
23
23
23
23
23
23
23
23
23
23
23
23
23
23

vert(An)
{(0,1,0),(1,1,2)},(1,1,1)

—2,-1,-1)

-

—~

| [supp(A™)] |

ID
537834
538356
539063
539304
539313

vert(A)

vert(A), (-1, —-1,—1)

vert(A)
vert(A),

vert(A), (=1,0,—1)

vert

vert(A)
vert(A)
vert(A)

(A4),(2,1,2)

vert
vert(

a

(A)v (_17 _1’ _1)

vert
vert(

a4

vert(A)
vert

)

vert(A)

vert(

ver

ver

ver

19
17

11

14
16
13
8
8
11
11
12

10
9

14
13
17
11
16

13

8
10

9
13

540602

540663

474457

481575
483109

490478
490481

490485

490511

495687

499287

499291

499470

501298
501330
354912

372528

372973

388701
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P4

P4

P3

P1

(a) ID 547444 (b) ID 547465

P3 Pl
P4

P2

P4

(c) ID 547524 (d) ID 547525

Figure A.3: 49 Canonical Fano 3-polytopes A with dim(AFT) = 3.
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5 P3
P3
P4
P5
‘ P1 P2
(e) 1D 545317 (f) 1D 545932
P1 w
P1
) P2
P4
P3
P3 e
P P5
P4
P5
(g) ID 546013 (h) 1D 546062

Figure A.3: 49 Canonical Fano 3-polytopes A with dim(AFT) = 3.
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P1

P3

(i) ID 546070

P1

P4
P2
P3
P5

P4
|

P2

(j) ID 546205

(k) ID 546219

P2
P1

i P4
P5

(1) ID 546663

Figure A.3: 49 Canonical Fano 3-polytopes A with dim(AFT) = 3.
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P3
P3 P1
P2 /
P1 P5
P5
P4

(m) ID 546862 (n) ID 546863
PSW
P3 P5
P4
P1
P3¢ P2
P1
(o) ID 547240 (p) ID 547246

Figure A.3: 49 Canonical Fano 3-polytopes A with dim(AFT) = 3.
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P2
P1
P3
P5
P5 Po
P6 P1
(a) ID 532384 (r) ID 532606
P4
P1
P1
P2 P6
P3
P5
P3 P2
P6
P5

(s) ID 533513

(t) ID 534667

Figure A.3: 49 Canonical Fano 3-polytopes A with dim(AFT) = 3.
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P6

P1
P3

(u) ID 534669

P4

P6

WR

p3 e P4

P6 Ps

(v) ID 534866

(w) ID 535952

P4 ‘ P2

P6

(x) ID 536013

Figure A.3: 49 Canonical Fano 3-polytopes A with dim(AFT) = 3.
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Pi e
P6
b
(y) ID 536498 (z) ID 537834
P2
P3
P5
P4
P2
P4
- P1
P3

(aa) ID 538356

(ab) ID 539063

Figure A.3: 49 Canonical Fano 3-polytopes A with dim(AFT) = 3.




164 APPENDIX A. CANONICAL FANO 3-POLYTOPES WITH A + {0}

P5
P3
. P3
P4
P6
PG
P2
P2

P4

(ac) ID 539304 (ad) ID 539313
P3
P3
P6
P5
P1 A
P2 \
P4
P6
) P4

(ae) ID 540602 (af) ID 540663

Figure A.3: 49 Canonical Fano 3-polytopes A with dim(AFT) = 3.
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P2

P5

pP7

P1

(ag) ID 474457

P1

P4

N
P3
P2

(ah) ID 481575

(ai) ID 483109

P5

P2

P4

(aj) ID 490478

Figure A.3: 49 Canonical Fano 3-polytopes A with dim(AFT) = 3.
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(ak) ID 490481

P2 P4

P6

P5 P6

P7

(al) ID 490485

(am) ID 490511

(an) ID 495687

Figure A.3: 49 Canonical Fano 3-polytopes A with dim(AFT) = 3.
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P5
P5
P1
P3
P4 P
P6 P6
P2 b7 \ p7
P2
(ao) 1D 499287 (ap) 1D 499291
P1
Pq
P3
P4
P5
P6
P2
(aq) 1D 499470 (ar) ID 501298

Figure A.3: 49 Canonical Fano 3-polytopes A with dim(AFT) = 3.
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(as) ID 501330 (at) ID 354912
P8 P4
P3

o P3 P7 P5
P7
P8
P4
P6
P1
(au) ID 372528 (av) ID 372973

Figure A.3: 49 Canonical Fano 3-polytopes A with dim(AFT) = 3.
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P1 P4

\ P2
p7

(aw) ID 388701

Figure A.3: 49 Canonical Fano 3-polytopes A with dim(AFT) = 3.

Remark A.3.1. In Figure A.3 shaded faces are occluded. The origin is coloured grey.
The vertices are numbered consecutively as listed in the Graded Ring Database.
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