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INTRODUCTION

In this dissertation we provide various classification results on terminal Fano varieties
with an effective torus action of complexity one.

A Fano variety is an irreducible normal projective variety, such that its anticanoni-
cal divisor class is ample. Research on these varieties was initiated by their namesake
G. Fano [20, 21] in the 1930s. The present interest in Fano varieties is motivated by their
role in the Minimal Model Program, a structured approach towards the classification
of projective varieties up to birational equivalence, initiated by S. Mori [42], 43]. The
simplest examples of Fano varieties are the projective spaces IP,,. The only smooth Fano
variety of dimension one is the projective line. Fano varieties of dimension two are called
del Pezzo surfaces, named after P. del Pezzo who first studied them in [I8]. There are 10
families of smooth del Pezzo surfaces, namely P; x P; and the blow-ups Bl,(IP2) of Py in
r points in general position, for 0 < r < 8. In dimension three there are 105 families, a
result obtained by Iskovskikh [29] [30] and Mori/Mukai [44] [45]. For higher dimensions,
the classification problem is still widely open.

A rich source of examples in algebraic geometry is given by toric varieties. A variety is
toric if it contains an algebraic torus as an open dense subset, such that the action of the
torus on itself extends to the whole variety. Toric Fano varieties are in correspondence
with certain lattice polytopes, called Fano polytopes, and their classification reduces to a
combinatorial problem. The smooth toric Fano varieties of dimension two are well-known;
there are five of them and their Fano polytopes look as follows:

<> L

Py x Py Py Bl (P2) Bl (P2) Bl (P2)

In dimension three and four there are 18 and 124 smooth toric Fano varieties, respectively;
these results are mainly due to V. Batyrev in [4], 5]. Dimension five provides 866 smooth
toric Fano varieties and their classification was done by M. Kreuzer and B. Nill in [39].
Finally, in [46] M. @bro provided an algorithm for the classification of smooth toric Fano
varieties of any dimension; explicit lists have been computed by himself up to dimension
eight and by A. Paffenholz [48] in dimension nine.
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2 Introduction

The next step is to weaken the smoothness condition and allow terminal singularities.
These arise naturally in the context of the Minimal Model Program. Restricting to the
toric case, there is a purely combinatorial criterion for terminality: a toric Fano variety
is terminal if and only if the only lattice points in its Fano polytope are the vertices
and the origin. A. Kasprzyk provided in [34] the complete list of terminal toric Fano
threefolds, which counts 634 varieties up to isomorphism. For higher dimensions, only
partial results are known.

We go one step beyond toric varieties and consider rational varieties X with an effective
action of a torus T' of complexity one, i.e. dim(7") = dim(X) — 1 holds. Our approach is
via the Cox ring

R(X) = & rx,00D)),

[D]€CL(X)

which can be associated with any normal complete variety X with finitely generated
divisor class group Cl(X), see [I] for the details of this definition. The work [24] 26}, 27|
by J. Hausen, E. Huggenberger and H. Siift provides an explicit description of the Cox
ring of complete rational varieties with a torus action of complexity one.

For such varieties we introduced in [8], together with B. Bechtold, J. Hausen and E. Hug-
genberger, the anticanonical complex. Similar to the toric Fano polytope, this polyhedral
complex characterizes terminality in terms of its lattice points. For the precise formula-
tion see Section 2.1

A

The anticanonical complex is a fundamental tool for our first two classification results.
We only need to provide lists of Cox rings, since a Fano variety is completely determined
by its Cox ring.

Theorem. The following table lists the Cox rings R(X) of the non-toric rational termi-
nal Q-factorial Fano threefolds X having Picard number one and an effective two-torus
action; the C1(X)-degrees of the generators T1, . .., T, are denoted as columns w; € C1(X)
of a matriz [wy, ..., wy].

No. R(X) Cl(X) [wi,...,wr]
1.01  K[Ty,...,T5)/{TiTe + 15Ty + T2) 7 [11111]
1.02 ]K[Tl,...,T5]/<T1T2+T3T4+T52> Z [15243]
1.03  K[Ti,...,Ts]/(WTe + T3Tu + T2)  Z®Z/SZ [L1:111]
1.04 ]K[TL ..,T5]/<T1T2+T3T4+Tg> 7 [15332]
1.05 K[Ty,...,T5)/(TiTe + T5T4 + T3) Z [13221]
1.06 K[Ti,...,Ts) /(T + TsTu + T8)  Zez/2z  [13221]
1.07 K[Ty,...,T5)/(TiTe + T5T4 + TP) 7 [24331]
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1.08  K[Ty,...,T5)/{TiTe + T2Ty + T2) 7 [13122]
1.09 K[Ti,...,T5)/{(TiTe + T3Ty + T2) VA [15223]
1.10  K[Ty,...,T5)/{(TiTe + 12Ty + T2) Z [37425]
1.11  K[,...,T5|/{TWTe + T2Ty + T2) 7 [21111]
1.12  K[MT,...,Ts]/(WTe + T3Ty + T3) VA [33142]
118 K[Ty,...,Ts| /(DT + T3Ty + T3)  Z&Z/3Z [21111]
1.14  K[Ty,...,Ts)/(TWTe + T2Ty + TS) Z [33221]
1.15 K[Ti,...,Ts|/(Te + T3TZ + T2) Z&Z/2Z [13512]
1.16  K[Ti,...,T5)/(TiTe + T3T7 + T3) Z [33212]
1.17  K[Ty,...,T5)/{ThTe + T3Ty + T2) Z [13112]
1.18  K[I,...,T5]|/{TnTe + T5Ty + T2) 7 [24133]
1.19  K[T,...,Ts)/(WTe + T53Ty + T2) VA [37245]
1.20 K[Ti,...,Ts|/(NTe + T3Ty + 12)  Ze®z/2Z  [13112]
1.21  K[,...,T5|/{TWTe + T5Ty + T2) 7 [22111]
1.22 K[Ti,...,Ts|/(NTe + 3Ty + T3)  Z@Z/2Z [22111]
1.28 K[,...,T5|/(TWTe + T$T2 + T2) 7 [35214]
1.24  K[Ty,...,T5)/(ThTe + T3T3 + T2) Z [24113]
1.25 K[I,...,T5]|/(TWTe + TyTy + T3) 7 [33122]
1.26  K[T,...,Ts]/(WTe + T4T? + T3) 7 [33112]
1.27 K[Ty,...,T5)/{TiTe + 15Ty + T2) Z [24113]
1.28 K[Ti,...,T5)/(TiTe + T5Ty + T3) Z [33112]
1.29 K[T,...,T5)/{TiTe + TSTy + T2) Z [35124]
1.80 (TlT2+T3T§LT71‘5Y2';;L’17‘:5;‘4+T52+T62> Zo1/22 [% % % % % %
1.81  K[Ti,...,T5)/{ThTeT5 + T3 + T2) Z [11423]
1.82  K[,...,T5|/(WTeTs + T3 + T2) 7 [23123]
1.33 K[Th,...,T5)/(WT2 + T + T7) zez/2z [23331]
1.84 K[,...,T5]/(Th T2 + T$ + T3) 7 [15231]
1.35 K[T,...,Ts]/(WTe + T3 + T3) Z [15232]
1.86  K[Ty,...,T5)/{ThTe + T3 + T2) 7 [15233]
1.87 K[Ti,...,T5)/(ThTe + T3 + T3) Z [15234]
1.38 K[T,...,T5)/{ThTe + T3 + T2) Z [57461]
1.89 K[I,...,T5]/(TWTe + T§ + T2) [57463]
140 K[Tv,...,T5)/(T1Te + T3 + T3) ZOL/3L [13353)
141 K[Ty,...,Ts]/(TWTe + T4 + T3) Zeoz/2z [13121]
142 K[,...,T5)/(ThTe + T4 + T2) Zo7/22 [13:22]
148  K[Ty,...,T5)/{ThTe + T3 + T3) 7 [57341]
144 K[,...,T5]/(ThTe + T4 + T5) 7 [57342]
145 K[,...,T5]/(ThTe + T + T2) Z [37251]




4 Introduction

146  K[Ty,...,T5)/{ThTe + T3 + T2) 7 [37254]
4
147 K[I,...,T5)/(ThTe + TS + T2) Zo1/22 [3713%]

Our second classification result concerns the larger class of combinatorially minimal va-
rieties, i.e. those that do not have any contractible divisor. It turns out that, in our
setting, the Picard number is bounded by two. In addition to the varieties of Picard
number one, which are all combinatorially minimal, we obtain the following varieties.

Theorem. The following table lists the Cox rings R(X) of the non-toric rational com-
binatorially minimal terminal Q-factorial Fano threefolds X with an effective two-torus
action and with Picard number bigger than one. The Cl(X)-degrees of the generators

T,...,T, are denoted as columns w; € CI(X) of a matriz [wy, ..., w,].
No. R(X) ClI(X) [wi, ..., wr)
2.01  K[T1,...,Ts)/{T1 T2 + T5Ty + T5Ts) 72 [§989489]
202 KT, T[T+ TII+T18) 22 [193939]
205 K1, T[T+ sy + TsTs) 22 @2/32  [010701]

211200
2.04 K[T1,...,Te)/(TWTE + T5T? + T5T2) Z2@®Z/3L [égégég]
2.05 K[T1,...,Te]/{T\ T2 + T3Ts + T5Ts) 72 [291981]
2.06 K[T1,...,Te)/(Th T2 + T3TZ + T2TZ) 72 [$12989]
2.07 K[T1,...,Te]/(T1ToTs + TuTs + T¢) z? [§89291]
2.08 K[T1,...,Te)/(Th\ToTs + TuT2 + T2) 72 [1892391]
2.09  K[T1,...,Te)/(ThVT2T2 + TuT5 + T2) 72 (689291
210 KTy, To/(NBT3+TT2+T8) 72 [3393¢1]
2.11  K[Ty,...,Te]/{T1\ T2 + T3 Ty + T2) z? [(196814]
2,12 K[Ty,...,Ts)/(TyToTs + T2 + T2) 72 ©7)2L [éé%%%}

Our third classification result concerns smooth projective varieties. In [19], together with
A. Fahrner and J. Hausen, we look at varieties having small Picard number and arbitrary
dimension. For toric varieties, the projective spaces are the only smooth examples with
Picard number one, and we have Kleinschmidt’s description [36] of all smooth toric
projective varieties with Picard number two. We follow that line and study smooth
projective rational varieties with a torus action of complexity one. The case of Picard
number one is done by A. Liendo and H. Stif [40, Thm. 6.5]: the only non-toric examples
are the smooth projective quadrics in dimension three and four. Our work settles the
case of Picard number two.

Theorem. The following table lists the Cox rings R(X) of the non-toric rational smooth
projective varieties X of complexity one with Picard number equal to two. The grading
by CL(X) = Z? is given by the matriz [w1,...,w,] of generator degrees deg(T;), deg(S;)
and the isomorphy type is specified by an ample class u € C1(X).
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No R(X) [wy, ..., w u dim(X)
0011 1 1 1
1 K[2T1,--»,T7] 110a2-ab2—b 1 4
T1ToT2+TuTs+TgT 1+4b
(T 5 5+T6T7) l<a<b
2 K[T},...,T7] 0011010 1 4
(T1 To T3+ TaT5+T6T7) 1101111 2
001 1 11
9 KTy, Te] 1102-aal 1 3
(T1TaT2+TyT5+TE) l+a
a>1
K[T1,..,76,51,---,5m] [(1) (1) 111 (1) 11) é 011 o 671”] [d+1}
1 L 1
4 (T1Ty? +T3 T, +T5Tg0) 1 m+3
0<a<b, c1<...<c
>0 = e = Em, =
m> lo Zatls—=btlig d := max(b, ¢im)
K[Ty,...,T6,S1,....5m] [02a+1ala1‘1.“1:|
5 (Ty To+TZT4+T2Te) 1 1 1010[0...0 [2a1+ 2} m43
m20 a>0
K[T1,....T,51....Sm] Bt etssls g
6 (T To+T3 T +TZT6) [2c;r2] m+3
m>1 a,b,c >0, a<b,
- a+b=2c+1
w
7 (11 To+ T Ta+T5 T6) 0000 —1 1|1 1 1 m+3
< 1111 1 1|0 0 2
m2>1
K[T1,...,T6,51,.-,Sm] [0 000001 1 1]
8 (Th T2+T5T4+T5T6) 1111110 a2 am, [a 1+1 m—+ 3
m22 0<az<...<am, am >0 "
0 1 1
M [1 a12 . a16‘0 . 0]
9 (T1T2+T3T4+T5T6) [az + 1] m+3
m>2 0<as<as<ag<ay<ag, 1
az = a3z + ag = as + ag
K[T1,..,T5,51,.-,5m]
10 <T1T2+T3T4+T52> 1 11110 0 2 m+2
—11000]|1 1 1
m>1
K[T1,...,T5,51,...,Sm] [1 111 1‘0 as am]
11 (T1 To+T3T4+TZ2) 000001 1 1 [aml+1 m 42
m=2 0<az <...<am, am >0
K[T1,...,T5,51,...,5m] [1 1 111]00 ... 0]
12 (T To+T3Ta+TZ2) 02 abe|ll...1 [2511] m 42
m>2 0<a<c<b a+b=2c
K[TY,...,Ts]
13 T\ To+T3T4+T5Ts, 10101010 1 4
aT3Ty+TsTe+T7Ts 01010101 1
a€K*\{1}

The anticanonical divisor of the varieties can be computed explicitly. This enables us to
determine, for every dimension, the finitely many families of non-toric smooth rational

Fano varieties of Picard number two that admit a torus action of complexity one.

Theorem. The following table lists the Cox rings R(X) of the non-toric rational smooth
Fano varieties X of complexity one with Picard number equal to two.
CUX) = Z? is given by the matriz [wy, ..., w,] of generator degrees deg(T;), deg(S;) and

we list the anticanonical class —Kx .

The grading by

No. R(X) [wi, ..., wy] —Kx dim(X)
K[T},...,T7) 0011111 3
1 (T1T2T32JiT4T51T5T7) [1 1011 } 1] M 4
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2 K[Ty,...,T7] 0011010 2 4
(T1 ToT3+TaT5+T6T7) 1101111 4
3 __ K[Ty,...Te] 001111 p) 3
(T1 TaT2+TuT5+TE) 110111 3
010101|cO0...0
KT, .., T6,51,:.,5m] [1 01010 i ... 1] 2
4.A (T1 T2 +T3T4+T5Ts) [ + C] m—+3
m>0 ce{-1,0}, Ztm
c:=01fm=0
K[T1,~2-<,T6,51,»-»,5m] 0111111 L 34
T) T2+ TsT4+T5 T, e m
4B (T mS>§ 5To) [101010‘1.‘1] [2+m] m+3
K[T1,....,T6,51,..-,5m] 51010100 5 )
T\TZ+T3T2+TsT2
4-C <1275>‘6 sT¢) 1010101 ...1 24+ m m+3
K[Ty,....,T6,51,..,Sm] 02 +1alalll 1
5 (T o+ T3 Ta+ T2 To) 1 1 1010f0...0 F“;”“] m+ 3
m2>1 0<2a<m
02c+1abcl|l .1
K[Ty1,....,T6,51,..,Sm] 1 1 1110[0...0
T T - TaTa - T2T ) 3c+24+m
6 (T1To+Ts Ty +T2Te) abo>0, a<h [ 2 ] m+3
m2>1 at+b=2c+1,
m > 3c+1
K[Ty,....,T6,51,.,Sm]
7 (T T2 +T3T4+T5Te) 0000 —1 1)1 1 m m—+3
L<m< 1111 1 1|0 0 4
<m<3
000000[1 1 1
K[T1,...,T6,51,.--,5m] 111111[0ag ... am
T, To+T5T4+15 T, m
8 (T 3>‘2‘ 5T6) 0<az <...<am, [4+Z?=2ak] m+3
m= am € {1,2,3},
4+Z;9n:2 ap > mam
0agz ... ag|l ... 1
K[T1,....,T6,51,...,5m] 11 ...1/0...0
T T T Ao T 2a0 + m
9 (T1T2+T3§;+T5T6> 0<a3<as <apg <ag <ag, [ 4 } m+3
m= a2 = a3 +aq = as + as,
2a9 < m
K[T1,..,T5,51,.--,5m]
10 (T1 To+T5Ta+T2) [1 111 1‘0 0] {3] m+2
1<m<2 —11000]|1 1 m
11111[|0 ap am
K[Ty,...,T5,51,..,Sm] 00000O0[1 1 1 .
T TorTuT. T2y 3
11 (Th T2+T3T4+T7) 0<as < ... <am, [ +ZTZ:2 ag m + 2
m22 am € {1,2},
3+Z£72 ap > mam
1111100
K[Ty,.. T5,81,:..5m] o2 a b e[t 0]
12 (T1 T2 + T3 T4+ T2) [3 3 ] m+2
m>2 0<a<c<b, a+b=2c ctm
- 3c<m
K[Ty,...,Ts]
13 T1To+T3Ty+T5T6, 10101010 2 4
aT3Ty+T5Te+T7Ts 01010101 2

a€k*\{1}

A closer look at the geometry of these Fano varieties reveals that they are obtained
from a series of lower dimensional varieties via iterating the following procedure: we
take a certain Pi;-bundle over the given variety, apply a natural sequence of flips and
then contract a prime divisor. In terms of Cox rings, this construction simply means
duplicating a free weight.
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Corollary. Every smooth rational non-toric Fano variety with a torus action of com-
plexity one and Picard number two arises via iterated duplication of a free weight from a
smooth rational projective (not necessarily Fano) variety with a torus action of complezity
one, Picard number two and dimension at most seven.

Similar to the Fano varieties, we can figure out the almost Fano ones, i.e. those with
a big and nef anticanonical divisor. Without the assumption of a torus action, the
classification of smooth almost Fano varieties of Picard number two is widely open; for
the threefold case, we refer to the work of P. Jahnke, T. Peternell and I. Radloff [32] [33].
In the setting of a torus action of complexity one, the following result together with the
previous theorem settles the problem in any dimension; by a truly almost Fano variety
we mean an almost Fano variety which is not Fano.

Theorem. The following table lists the Cox rings R(X) of the non-toric rational smooth
truly almost Fano varieties X of complexity one with Picard number equal to two. The
grading by C1(X) = Z?2 is given by the matriz w1, ..., w,] of generator degrees deg(T})
and deg(S;), and the isomorphy type is specified by an ample class u € CI(X).

No. R(X) [wy, ..., wy] u dim(X)
010101fcy ... cm
K[T4,...,T6,S1,...,Sm] 101010[1 ... 1 )
T1To+T3Ty+T5T
4.A (12+"?>41;+56> 1 <. < em [1+d} m+ 3

d:= max(a, cm)
24+m)d=24+c1 4+ +cm

K[T1,..,T6,515--+» Sm]

(T T2+T3Ty+T5Tg) 01111101 1 1
4.B  AT1T5+T3T4+T5T6) [10101011 : ! m+3
m>1
K[Ty,..,T6,51,-,8m] 010101 Lo o y
T\ T2+T3T2+T5T2 -
4.C (NIHTSTEATsT6) 101010/ 1 1...1 1 m+3
m>1
4.D (T T3+T3T7+T5T6) [010111‘1.4.1] H m43
m>0 1010101 ...1 2

K[T,...,T6,51,---,5m]
4.E (T1 T3 +T3Ty+T5Tg) [O 1212 1‘2 ﬂ [1] m+ 3

m>0
K[T1,..,T6,5S15--+» Sm] 0111111 L X
T\ T3+T3T2+T5T2
4.F (T TTiATsTg) 1010101 ...1 2 m+3
m>0
K[T1,..,76,51,---,Sm] {0 2a+1ala 1‘1 1]
5 mramTamin) o1 totoloiio o rrd g
m=>0 m = 2a
02c+1abclf|l. 1
K[T1,...,T6,51,--,5m] 1 1 1110[/0...0
T To+T5Tu+T2 T, 2c+2
6 (T1To+T3Ty+TZ2Ts) abe>0, a<b, { 1 m—+3
m>1 at+b=2c+1
m=3c+ 1
K[T1,..,76,51,---,Sm] 0000 -1 111111 )
Ty To+T5T4+15 T -
7 (M1 Ta+ 15T +T5T6) [111111‘0000] [2] 7
m=4
000000|1 1 1
M 11111 1‘0 as am} 1
8§  (IiTa+T3T4+T5T5) [ ] m+3
m>2 0<az<...<am, am >0 am +1
44a2+ ...+ am = mam
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0az ... ag|l ... 1
K[T},...,T6,51,-.,Sm] 11 ... 1|0...0 i
az
9 AT 0< as < a5 < ag < a1 < 0z, { ; ] m+3
m22 az = ag + a4 = a5 + ag,
m = 2ag
K[T},...,T5,51,---,5m]
10 (T To+T5 T +TF) [jl Lo (1)‘? 0 (1)] m 5
m=3
11111]0
KT, 5,51, Sm] {0 000 0‘1 a12 aﬂ
11 (T1 To+T3T4+T2) [ 1 1] m+ 2
m>2 0<az <...<am, am >0, am +
3+as+...+am =mam
11 111/00...0
KT, 75,51, Sm] [0 2cabc|ll... 1]
12 (T1 To+T3T4+T2) {2 1 1] m42
m>3 0<a<c<b, atb=2c c+
m = 3¢

The present dissertation is organized as follows. [The first Chapter| recalls basic notions
and statements for the convenience of the reader. We review the language of Cox rings
and bunched rings. This enables the description of projective varieties with a torus
action of complexity one via certain defining matrices and bunches of cones. We follow
closely [1]. |The second Chapter| provides the classification of Q-factorial terminal Fano
threefolds with a torus action of complexity one having Picard number one. First we
introduce the anticanonical complex. We investigate this object in the special situation
of a rational variety of complexity one. This description provides the tools for the explicit
classification in dimension three for Picard number one. Parts of this Chapter already
appeared in [8]. |[The third Chapter| deals with terminal Fano threefolds with a torus
action of complexity one that are combinatorially minimal, i.e. that do not admit any
divisorial contraction. A first step is to bound the Picard number. Then we go through
all possible cases and obtain the explicit classification. [The fourth Chapter] focuses on
smooth varieties with a torus action of complexity one, having Picard number two and
arbitrary dimension. In this context, we are able to classify all rational projective varieties
and find, among them, the Fano ones. Furthermore we discuss a geometric procedure that
allows to find all these varieties starting from lower dimensional prototypes. The results
of this Chapter are already published in [19]. provides a compendium of
the classification results from Chapter [2] and [3] For each variety we give the defining
data and accompanying relevant information.




CHAPTER
ONE

BACKGROUND

Throughout the whole thesis K is an algebraically closed field of characteristic zero.

This Chapter provides the fundamental notions and concepts required in the rest of the
thesis and does not contain original results by the author. The main reference is the
book [I] by I. Arzhantsev, U. Derenthal, J. Hausen and A. Laface.

In Section [I.I] we review some basic facts about G-varieties and emphasize the toric
case. Section briefly recalls the theory of Cox rings. In Section [I.3| we present the
language of bunched rings and their correspondence with Mori dream spaces. Geometric
properties of these varieties are investigated in Section Lastly, in Section [1.5] we
recall the construction and description of T-varieties of complexity one.

1.1 G-varieties and toric geometry

An (affine) algebraic group is an (affine) variety G over K together with a group structure,
such that the group operations G x G — G, (g,h) — gh, and G — G, g +— g~ !, are
morphisms. A character of G is a morphism y: G — K* of algebraic groups. The

characters of G form a group, denoted by X(G).

Definition 1.1.1. Let G be an affine algebraic group. A variety X, together with a
morphism G X X — X, is called a G-variety.

Definition 1.1.2. Let G be a reductive algebraic group and X a G-variety. The ring of
tmwvariants is the K-algebra

OX)¢ = {feOX); flg-x)=f(x)forallge G and z € X}.

A good quotient for the action of G on X is a morphism 7: X — Y such that
e 7 is affine, i.e. preimages of open affine subsets of Y are again affine;
o 7 is G-invariant, i.e. m(x) = w(g - x) holds for all g € G and x € X;
e the pullback 7*: Oy — (W*OX)G is an isomorphism.

9
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If a good quotient m: X — Y for the G-action exists, then the quotient space Y is unique
up to isomorphism and we denote it by X/ G.

Definition 1.1.3. A quasitorus is an affine algebraic group isomorphic to some (K*)"xC,
where C is some finite abelian group. A connected quasitorus is a torus. We denote by
T" := (K*)™ the standard n-torus.

Remark 1.1.4. The category of quasitori and that of finitely generated abelian groups
are equivalent via the functors

G — X(G), K — Spec(K[K]).

Now we turn to the correspondence between quasitori actions on affine varieties and
affine algebras graded by finitely generated abelian groups. The action of a quasitorus
H on an affine variety X defines a grading on the algebra of regular functions of X by

OX) = P O(X)y with OX)y={f€O(X); f(h-z)=x(h)f(x)}.
XEX(H)

Vice versa, let K be a finitely generated abelian group and R a K-graded affine K-algebra
with K-homogeneous generators f1,..., fr € R. Then we get a closed embedding

X := Spec(R) = K", v (fi(z),..., fr(z)),

and X C K" is invariant under the diagonal action of the quasitorus H := Spec(K[K])
given by the characters x"¢, where w; := deg(f;), i.e.

h-xz = (x**(h)x1,...,x""(h)z,).

Now we turn to a special case of G-varieties, the toric varieties. For a detailed background,
refer e.g. to [15] 16, 22, [47].

Definition 1.1.5. A toric variety is a normal irreducible variety Z together with a base-
point zy € Z and an effective action of a torus Tz, such that the map T, — Z defined
via t — ¢ - 29 is an open embedding.

We recall a few basic notions from convex geometry and their relation to toric geometry.

Let N and M be two lattices, dual to each other. Define the rational vector spaces
Ng = N®Q and Mg := M ® Q. By a cone 0 C Ng we always mean a convex
polyhedral cone. The pair (N, o) is called a lattice cone. The dual cone of o is the cone
oV C Mg of linear forms u € Mg for which u|, > 0 holds. A cone ¢ is called pointed if
oN—o = {0} holds, i.e. it does not contain any line. The dimension of a cone is defined
as the dimension of its linear hull. A face of the cone o is a subset 7 C ¢ such that
there exists a linear form u € ¢ with 7 = o Nker(u). Faces are again cones. A face of
dimension one is called a ray, whereas a face of codimension one is called a facet.

A quasifan 3 in Ng is a finite collection of cones such that any two cones intersect in
a common face and any face of a cone in ¥ is again an element of . If all cones are
pointed, we call ¥ a fan. The pair (N,X) is called a lattice fan. The support |X| of a
(quasi)fan ¥ is the union of its cones. X is called complete if |3| = Ng holds. We denote
by £ the set of k-dimensional cones of the (quasi)fan X.
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Remark 1.1.6. The categories of lattice cones and that of affine toric varieties are
covariantly equivalent via a functor mapping a lattice cone (N, o) to the affine variety
Z, = SpecK[oV N M], which is toric with dense torus Ty, := SpecK[M].

This process can be extended to the categories of toric varieties and lattice fans. Given
a lattice fan (N, X), we construct a toric variety Zs; by glueing together the affine pieces
Zy, and Z; along the common open subset Z,n, for all o,7 € ¥. Note that complete
toric varieties correspond to complete lattice fans.

1.2 Cox rings

Let X be a normal irreducible variety over K. A prime divisor on X is an irreducible
subvariety D C X of codimension one. The free abelian group generated by the prime
divisors on X is denoted by WDiv(X), its elements are the Weil divisors on X. A Weil
divisor D € WDiv(X) is called principal if there exists a rational function f € K(X)*
such that

D = div(f) == Y ordg(f)-E € WDiv(X)

FE prime

holds, where ordg(f) denotes the vanishing order of f along the prime divisor E. The
subgroup of principal divisors PDiv(X) < WDiv(X) is the image of the homomorphism
K(X)* — WDiv(X), sending f to div(f).
For any open subset U C X we define the restriction of D € WDiv(X) to U as the Weil
divisor D|y € WDiv(U), where we set D|y := D N U if this intersection is non-trivial
and D|y := 0 otherwise. A Weil divisor D € WDiv(X) is called a Cartier divisor if it is
locally principal, i.e. there exists an open cover {U; }icsr of X such that D|y, is principal
for every i € I. We write CDiv(X) < WDiv(X) for the group of Cartier divisors.
The divisor class group and the Picard group of X are respectively

Cl(X) := WDiv(X)/PDiv(X), Pic(X) := WDiv(X)/CDiv(X).

It is clear that Pic(X) C CI(X) holds. We define the Picard number p(X) as the rank
of the Picard group of X. A Weil divisor D = a1 D1 + ...+ ap, D, is effective if the D;
are prime divisors and a; > 0 holds for all ¢ = 1,...,n. In this case we write D > 0.

Definition 1.2.1. To any Weil divisor D on X we associate its divisorial sheaf Ox (D)
of Ox-modules; for any open subset U C X we define

LU, 0x(D)) = {f e K(X)";div(f[v) + D]y = 0} U{0}.

To any subgroup K < WDiv(X) we associate its sheaf of divisorial Ox-algebras

S:=PSp with Sp := O0x(D).
DeK

Multiplication in § is given by the usual multiplication in K(X). Note that, for f; €
F(X, Ox(Dl)) and f2 S F(X, Ox(DQ)), we have flfQ S F(X, Ox(Dl + Dg))
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The following constructions are given for any normal irreducible variety X with only
constant invertible global functions and finitely generated divisor class group Cl(X).
Note that, for complete varieties, I'(X, O*) = K* is always satisfied.

Construction 1.2.2 (Cox ring). Fix a subgroup K < WDiv(X) such that the canonical
projection ¢: K — CI(X), D ~ [D], is surjective and set K° := ker(c). Choose a
character x: K° — K(X)* such that div(x(E)) = E holds for any E € K°. Let S be the
sheaf of divisorial algebras associated to K as in Definition Consider the sheaf of
ideals Z locally generated by the sections 1 — x(F), where E runs through all elements
of K.

The Coz sheaf of X associated to K and x is the quotient sheaf R := S/Z together with
the C1(X)-grading

R = @ Rip)s Ripj=m EB Spr |,

[D]eCI(X) D'ec!([D])

where 7: & — R is the canonical projection. The algebra of global sections R(X) of the
Cox sheaf R is the Cozx ring of X:

R(X) = T(X,R) = & TIXRp).
[D]eCI(X)

Note that, if C1(X) is torsion-free, then the Cox sheaf can be defined by taking a group
K that is isomorphic to CI(X) and setting R(p) := Sp = Ox(D).

One can show that Construction does not depend on the choices of K and Y.

Definition 1.2.3. Let K be an abelian group and consider a K-graded integral K-algebra
R = @wGK Rw'
a) An element 0 # f € R\ R* is called K-prime if it is homogeneous and whenever
f|gh for some homogeneous g, h € R, then f|g or f|h.
b) R is called factorially K-graded if every homogeneous non-zero f € R\ R* is a
product of K-primes.

Theorem 1.2.4. In the above setting, the Cox ring R(X) is factorially C1(X)-graded.
Moreover if CI(X) is torsion-free, then R(X) is factorial.

In general, the Cox ring R(X) of a variety X does not need to be finitely generated.
This motivates the next definition.

Definition 1.2.5. Let X be a normal irreducible variety X with only constant invertible
global functions and finitely generated divisor class group Cl(X). If its Cox ring R(X)
is finitely generated, then X is called a Mori dream space.

Now we turn our attention to the geometric aspects of Construction [1.2.2



1.3. Bunched rings and Mori dream spaces 13

Remark 1.2.6. Assume that X is a Mori dream space. Then R is locally of finite type
and R(X ) is a factorially Cl(X)-graded finitely generated affine K-algebra. The qua-
sitorus H := Spec(K[C1(X)]) defines an action on the affine variety X := Spec(R(X)).
We call X the total coordinate space of X. Moreover, consider X = = Specx(R), the
relative spectrum of the Cox sheaf R. Note that X is an irreducible normal variety. The
canonical morphism X — X is an H-invariant open embedding and the complement
X \X is of codimension at least two. The morphism p: X — X defined by the H-action
is a good quotient and is called the characteristic space of X.

1.3 Bunched rings and Mori dream spaces

This Section recalls the theory of bunched rings, originally developed in [10} 23]. These
objects answer the problem of constructing a variety with prescribed Cox ring. It turns
out that non-isomorphic varieties may share the same Cox ring, provided they are iso-
morphic in codimension one. Bunched rings encode a Cox ring and a choice of isomorphy

type.

Construction 1.3.1. Let K be a finitely generated abelian group and R a factorially
K-graded affine K-algebra. Consider a system § = (f1, ..., fr) of pairwise non-associated
K-prime generators of R. Define a homomorphism @: Z" — K of abelian groups, which
maps the canonical basis vector ¢; € E := Z" to the degree w; := deg(f;) € K. This
grading defines a quasitorus action of H := Spec(K[K]) on X := Spec(R). Furthermore,
there is an H-invariant closed embedding

X - K, = (fi(z),..., fr(z)).

Definition 1.3.2. In the situation of Construction [I.3.1] we define the following:
(i) An §-face is a face 79 = 7 of the positive orthant v := QX, such that there is
some point = € X for which z; # 0 holds if and only if e; € 7o.
(ii) A projected F-face is an element of Qg := {Q(70); 7o is an F-face}.
(iii) An §-bunch is a non-empty collection ® C Q5 that satisfies the following conditions:
e for any two 71,75 € ® we have 77 N 75 # 0.
o if ;1 € ® and ™ € Qf satisfy 77 C 73, then 7 € ® holds.
(iv) An F-bunch @ is called true if the image of every facet of v belongs to ®.
(v) The K-grading of R is called almost free if any r — 1 of the weights wy,...,w,
generate K as an abelian group.
(vi) A bunched ring is a triple (R, §, ®), where
e R is an almost freely, factorially K-graded affine K-algebra, with K* as its
group of homogeneous units;
e § is a system of pairwise non-associated K-prime generators of R;
e & is a true §-bunch.
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Starting with a bunched ring (R, §, ®), we construct a variety having R as its Cox ring.
The §-bunch fixes the isomorphy type of the variety and encodes further algebraic aspects
through following sets.

Definition 1.3.3. In the situation of Construction|1.3.1} let (R, §, ®) be a bunched ring.
We define the set of relevant faces and the covering collection as

rlv(®) := {v =< v; v is an §-face with Q (7o) € P},
cov(®) = {70 € rlv(®P); 7o minimal}.

Construction 1.3.4. In the situation of Construction let (R,§,®) be a bunched
ring. To any §-face v9 we associate

X, = Yﬁq_”ﬁw for some w = (uy,...,u;) € 5.

One can easily see that X, is independent from the choice of u. Then we define the
varieties

X = XR§2) = | X
YoErlv(P)
X := X(R,3,®) := X/H.

Note that X is an H-invariant subset of X. The H-action on X admits a good quotient
by [I, Prop. 3.1.3.8|, thus X is well-defined. We denote the quotient map by p: X — X.
The pieces

Xy = p(X,) € X
form an affine cover of X. Moreover, every element f; of § defines a prime divisor
D :=p(Vg(fi)) on X.
Recall that an As-variety is a variety X with the property that any two points of X

admit a common affine open neighborhood.

Theorem 1.3.5. Let (R, F,®) be a bunched ring and X, )?, X be as above. Then X is
a normal, irreducible As-variety with

dim(X) = dim(X) — dim(Kg), Cl(X) ¢ K,
[(X,0%) =K*,  R(X)=R.

In particular, X is a Mori dream space. Moreover, the map p: X — X is a characteristic
space.

Remark 1.3.6. In Construction [1.3.1] any vector u € cone(ws, ..., w,)° C Kg defines
an §-bunch through
O(u) = {r€Qz uer}

Motivated by the following Proposition, we call a bunched ring projective if its bunch is
of the form ®(u).
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Proposition 1.3.7. Let X be a Mori dream space. If X is projective, then X is isomor-
phic to a variety X (R,§, ®(u)) for some projective bunched ring (R,§, ®(u)).

Every variety X defined by a bunched ring comes with a closed embedding into a toric
variety Z, uniquely determined by the following Construction.

Construction 1.3.8. In the situation of Construction [1.3.1} let (R, §, ®) be a bunched
ring. By setting F' := E* and M := ker(Q), we obtain the following exact sequences

Set ¢ := " C Fg. For each 79 < 1, let 7§ := 735 N J =< & be the corresponding face. We
define the enveloping collection and the following fans living in Fp and Ng respectively:

Env(®) := {7y X v; 37 €rlv(®) with v3 <7 and Q(71)° C Q(70)°},
= {60 =% 9; 3 v € Env(®) with dy <15},
= {P(1); 7 € Env(®)}.

Let ¥ be the fan consisting of 0 and all its faces and denote by Z := K" the toric
variety associated to 3. _Since S is a subfan of 3, there is an open embedding of the
corresponding varieties ZC7Z. Moreover, there is a map of fans ISy arising from
P: F — N. Denoting by Z the toric variety associated to ¥, we obtain a toric morphism
p: Z — Z. The varieties X, X and X from Construction 4| fit nicely in the following

commutative diagram:

™M ™

J@

X V4
X—7Z7
””J J,H
X ——Z

where 7, 7, ¢ are closed embeddings.

Definition 1.3.9. In the setting of Construction [I.3.8] we call Z the minimal toric
ambient variety of X.

In the last part of this Section, we introduce the class of Fano varieties and that of
complete intersections, which have nice properties in the setting of bunched rings. For
the definition of an ample divisor, see Section [I.4]

Definition 1.3.10. Let X be an irreducible normal projective variety. We call X a Fano
variety if its anticanonical divisor class —Kx is ample.



16 Chapter 1. Background

Remark 1.3.11. In the setting of Construction assume that X = X(R,§,®) is a
Fano variety. Then —Kx € Mov(X)® holds and the §-bunch is uniquely determined by
® =P(—Kx).

Definition 1.3.12. Let (R, §, ®) be a bunched ring with § = (fi,..., fr). We say that

it is a complete intersection if the kernel of the epimorphism K[T73,...,T,] — R, mapping
T; to fi, is generated by K-homogeneous polynomials g1, ..., gs where s = r — dim(R).
In this case we define the degree vectors of (R,§,®) as (wi,...,w,) and (ug,...,us),

where w; := deg(f;) € K and u; := deg(yg;) € K.

Proposition 1.3.13. Let the bunched ring (R,§,®) be a complete intersection with
degree vectors (w1, ..., wy) and (ui,...,us). Then the anticanonical divisor class of X =
X(R,§,®) is given in Cl(X) = K as

T S
—Kx = E w; — E uj .
i=1 j=1

1.4 Geometry of Mori dream spaces

Many geometrical properties of Mori dream spaces are naturally encoded in the combi-
natorics of their defining bunched rings. Here we present some of these descriptions.

Construction 1.4.1. Consider the situation of Construction[I.3.4] To any §-face vo < v
we associate the locally closed subset

X(v) = {2€X; fi(z) 20 < e; €y foreach 1 <i<r} C X.

These sets give a disjoint covering of X. By taking only the subsets defined by relevant
faces and considering their images under p: X — X we obtain a disjoint covering of X
in locally closed subsets

x= U XM, X () = p(X())-
Yo€rlv(P)

We call any set X (o) a stratum of X and any set X (o) a stratum of X.

Let X be a normal irreducible variety. A point x € X is called Q-factorial if, near z,
every Weil divisor has a non-zero multiple that is principal. A point x € X is called
factorial if, near z, every Weil divisor is principal. The variety X is called (Q-)factorial
if all of its points are (Q-)factorial.

Proposition 1.4.2. Let X = X(R,§, ®) arise from Construction [1.3.4 Consider v €
rlv(X) and x € X (). Then the following statements hold:

(i) x is Q-factorial if and only if Q(vo) is full-dimensional;

(ii) x is factorial if and only if Q maps lin(vyo) N Z" ™ onto C1(X);
(iii) = is smooth if and only if = is factorial and all z € p~*(z) are smooth in X.
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Let X be a normal irreducible complete variety. Classical geometry associates to any
such variety some cones in Cl1(X)g. These are particularly easy to describe in the setting
of bunched rings.

Recall that the effective cone is the cone Eff(X) generated by the classes of effective
divisors on X . The stable base locus of a divisor D € WDiv(X) is given by

sB(D) := ﬂ ﬂ supp(div(f) +nD),

n€Z>y fel(X,0(nD))

where the support of a Weil divisor E = ), a;E; is the set-theoretical union of the prime
divisors E; with non-zero coefficient a;. A Weil divisor D € WDiv(X) is called movable
if its stable base locus sB(D) has codimension at least 2 in X and semiample if sB(D)
is empty. The moving cone is the cone Mov(X) generated by the classes of movable
divisors on X, whereas the semiample cone SAmple(X) by the classes of semiample
divisors. Lastly we call a divisor D € WDiv(X) ample, if X is covered by affine sets of
the form

Xup,r = X \supp(div(f) +nD)

for some n € Z>1. The classes of ample divisors generate the ample cone Ample(X).

Proposition 1.4.3. Let X = X(R,§, ®) arise from Construction m Then the cones
of effective, movable, semiample and ample divisor classes are given in Cl(X)g = Kq as

Eff(X) = Q(v), Mov(X) = (] Q)
Yo facet of v
SAmple(X) = ﬂ T, Ample(X) = ﬂTO.
TED TED

In particular we have Ample(X) C SAmple(X) C Mov(X) C Eff(X).

Now we want to investigate the dimension of the strata. A similar idea appears in the
diploma thesis of B. Bechtold [6]. First we introduce a notion of height among the F-
faces and give an alternative description of the strata. This will lead to a combinatorial
computation of their dimension.

Definition 1.4.4. Let X be a quasi-fan and » C Y. The f]-height of a cone o € ¥ is
hts (o) := max{k € Z>o : 3 chain 09 < ... < op =0 in IS
From now on we denote by §(R) the set of F-faces of the variety X = X (R, §, ®).

Definition 1.4.5. In the setting of Construction for any g € rlv(®) define

V(o) == () Vx(£) and Vx(10) = [ Dk
€ €70 e 0
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Remark 1.4.6. With the definitions above one has, for any fixed §-face =g,

X=X\ {J () and  X(0)=Vx()\ U Vx(fi).

€;€Y0 €; €7
X=X\ Dk and  X(v)=Vx()\ |J Dkx.
€; €70 €;€Y0

In particular X (y0) and V(7o) share the same dimension.

Lemma 1.4.7. For any vy € rlv(®) we have
dim X (y) = dim X (v9) — dim Q (7).

Proof. First note that the restriction p: X (v) — X(90) is again a good quotient, in
particular surjective. Let A C X (7o) be an irreducible component and define Y := p(A).
Then p: A — Y is a dominant morphism of irreducible varieties. Every fiber is a single
closed orbit, whose dimension equals dim Q(~p). Therefore we have dim(A) — dim(Y") =
dim Q(p). If we choose A of maximal dimension, then so is Y, and we obtain

dim X (70) = dim(Y) = dim(A) — dim Q(vo) = dim X (y0) — dim Q(~o).
]

Assumption 1.4.8. For the variety X = X(R, T, ®) the two following statements hold:
e {0} is an F-face;
e for all v0,m € F(R), such that y1 < o and this inclusion is maximal among
§-faces, it holds that dim V-(v1) = dim V(7o) — 1.

Proposition 1.4.9. If Assumption holds, then for any vy € rlv(®) we have

dim X (7o) = htg(r) (70)-

Proof. By the description of strata we have

Veto)n | Ve = U Ve

€ €7 Yo-71E€F(R)

maximal

Hence for any {0} # o € F(R) we have

dim<VX(vg)ﬂVX(H f)> = dim Vi (70) — 1. (1.1)

€; €0

Now we want to show that dim V(y0) = htgr)(70) holds for any F-face o < 7. We
proceed by induction over k := hty(g) (70)-

For the base case consider &k = 0. Then 79 = {0} holds. The set V5(0) is just a point,
hence 0-dimensional.
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For the inductive step, consider a chain {0} = Y0) < -+ = Yk) = 7o of maximal length.
In particular we have htg(g)(y(x—1)) = k — 1. By assumption and using equation (1.1)),
we obtain

k—1 = max  ht = max dim V5 =
e sr) (1) o em) x(7)
= dim (Vo)1 |J Vx(f)) = dimVi(p0) ~ 1
€i€Y0

and we arrive at dim V(7o) = k = htg(g)(70). Remark yields dim X (yp) = k. O

Corollary 1.4.10. If Assumptz'on holds, then for any vy € rlv(®) we have

dim X(’}/o) = htg(R) (’YQ) — dim Q(’y()).
Proof. This is a direct consequence of Lemma and Proposition [1.4.9] ]

Corollary 1.4.11. Let X = X(R,§, ®) be Q-factorial such that Assumption holds.
Then for any 7o € rlv(®) we have

dim X('YO) = htrlv(@) (70)

In particular the strata of dimension 0 are precisely those defined by elements of the
covering collection.

Proof. By Q-factoriality one has

htz(g)(v0) = 1k (C1(X)) = dim Q(y0) V70 € cov(®).

Therefore the height can be counted on the relevant faces from the covering collection
upwards, since any §-face containing a covering one is relevant, i.e.

htg(g)(70) = bty (70) + rk (CI(X)).

By Proposition [1.4.2] any relevant face projects via @) to a full-dimensional cone and with
Corollary [I.4.10] we obtain

dim X('}’O) = htrlv(q)) (’70)

1.5 T-varieties of complexity one

We take a closer look at rational projective varieties with an effective torus action of
complexity one. This means that the general torus orbit has codimension one. First we
recall the approach provided by [26], 24]. The Cox rings of these varieties are precisely
the rings obtained in the following way.
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Construction 1.5.1. Fix r € Z>1, a sequence ng,...,n, € Z>1, set n:=ng+ ... +n,,
and fix integers m € Z>p and 0 < s < n + m — r. The defining matrices (A, P) are
e a2 x (r+ 1)-matrix A := [ag,...,a,] with pairwise linearly independent column
vectors ag, . .., a, € K2,
e an integral matrix P of size (r + s) x (n 4+ m), the columns of which are pairwise
different primitive vectors generating Q" as a cone. The matrix P is divided into

blocks
L 0
P-lua]

where d is an (s X n)-matrix, d’ an (s x m)-matrix and L an (r X n)-matrix built

from tuples l; := (I;1,...,lin;) € Zg’i as follows
o L ... 0
L = : R
=l 0 ... I

Consider the polynomial ring K[Tj;, Si] in the variables Tj; and Sy, where 0 < i < 7,
1<j<n;, 1 <k<m. Forevery 0 <i < r, define a monomial

li . li1 lin,
T* = Til RN

i mn;
Denote by J the set of all triples I = (i1,1i2,43) with 0 < 41 < iy < i3 < r and define for
any I € J a trinomial

l; l; l;.
— L = i T T "2 T "3
g[ . 911712713 . 1213 il algll i2 alllg 1‘3 9

where we set «;; 1= det(a;, a;). Let P* be the transpose of P. Consider the factor group
K := 7" /im(P*), and the projection Q: Z"™™ — K. We define a K-grading on
KI[T;;, Sk] by setting

deg(Ti;) = Q(eij),  deg(Sk) = Q(ex).

Then the trinomials g; are K-homogeneous, all of the same degree 1 € K. In particular,
we obtain a K-graded factor ring

R(A,P) = K[Tj;,S%; 0<i<r, 1<j<n;,1<k<m]/(gr; I €7).

The rings R(A, P) are (precisely) those which occur as Cox rings of normal rational
projective (or, more generally, complete Ag-) varieties with a torus action of complexity
one; see [24, Theorem 1.5]. We recall basic properties and retrieve these varieties by
means of bunched rings.

Remark 1.5.2. The K-graded ring R(A, P) of Construction is a complete inter-
section: with g; := g;;11,i+2 we have

(9r; T€7) = (g0,---,9r—2), dim(R(A,P)) = n+m— (r—1).

We can always assume that P is srredundant in the sense that l;; 4 ... + l;,, > 2 holds
for i = 0,...,7; note that a redundant P allows the elimination of variables in R(A, P).
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Remark 1.5.3. The anticanonical class of the K-graded ring R(A, P) from Construc-
tion [L5.1]is

KA, P) ==Y Qeij) + > Qlex) — (r=1)p € K
1,7 k

and the moving cone of R(A, P) in Kg is

Mov(A, P) := ﬂcone(Q(euv,et; (u,v) # (i,7)) N ﬂcone(Q(ew,et; t#k)).
k

4,J

The K-graded ring R(A, P) is the Cox ring of a Fano variety if and only if (A, P)
belongs to the relative interior of Mov (A4, P).

Construction 1.5.4. Let (A, P) be defining matrices as in Construction and con-
sider the K-graded ring R := R(A, P). The variables T;; and S, define a system § of

pairwise non-associated K-prime generators for R. For every true §-bunch ® we obtain
a bunched ring (R, §, ®). With Construction we have the varieties

X :=X(A,P,®):=X(R3®), X:=X(AP®o) :=X(R737P).

Remark 1.5.5. The following elementary operations on the columns and rows of the
defining matrix P do not change the isomorphy type of the associated variety X (A, P, ®).
We call them admissible operations:

(i) swap two columns inside a block vy, ..., vij, ;

(i) swap two whole column blocks v;j,, . .. s Vij,,, and vy, ... s Vil

(iv) any elementary row operation among the last s rows;

(v) swap two columus inside the d’ block.
The operations of type (iii) and (iv) do not change the associated ring R(A, P), whereas
the types (i), (ii), (v) correspond to certain renumberings of the variables of R(A, P) and
do not affect the graded isomorphy type.

)

(iii) add multiples of the upper r rows to one of the last s rows;
)
)

Definition 1.5.6. A T-variety X is called of complezity one if T is a torus and dim(7") =
dim(X) — 1 holds.

Theorem 1.5.7. Let X = X (A, P,®) be as in Construction [1.5.], Then X is an
irreducible normal As-variety of complexity one with

dm(X)=s+1, Cl(X)2EK, TI(X,0)=K
—Kx =#(A,P),  Mov(X)=Mov(4,P), R(X)=R(A,P).

Moreover, each irreducible normal As-variety X with T'(X,0) =K (e.g. projective) and
a torus action of complexity one arises from Construction[1.5.4)
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Remark 1.5.8. In the setting of Construction , assume that X = X (A4, P, ®) is
projective. Proposition tells us that ® = ®(u) holds for some v € Eff(X). In this
case we will often write X = X (A, P, u).

Moreover, if X is a Fano variety, then Remark states that the F-bunch is uniquely
determined and can be written as ® = ®(—Kx). In this case the notation X = X (A, P)
suffices.

Example 1.5.9 (Eg-singular cubic surface). Consider X := V(2123 + 2222 + 23) C Ps,
which is invariant under the K*-action

t-lz0,...,23] = [20, %21, %20, 23]
on P3. The divisor class group and the Cox ring of X are given by
CI(X) = Z, R(X) = K[T17T27T3’T4]/<T1T23+T§)+T42>7

where the Cl(X)-degrees of Ty, To, T3, Ty are 3, 1, 2, 3. For the explicit computation
see [1, Example 4.4.1.8]. By defining the matrices

-1 -3 3 0
A:[é?_”, P=|-1-30 2],
1 -2 11

we retrieve the variety X as X = X (A, P).

Now we discuss a possible resolution of singularities for varieties of complexity one. The
references for complete proofs are [I, Sec. 3.4.4] and [27]. Recall that a resolution (of
singularities) of a normal projective variety X is a proper morphism ¢: X' — X with
X’ smooth and projective such that the restriction p~*(U) — U with U := X \ X®18 is
an isomorphism.

Construction 1.5.10. Consider a variety X = X (A, P, ®) as in Construction and

let Z be its minimal ambient toric variety. By defining the matrices Py := [L, 0] and
Py := [E,,0], where E, is the (r X r) unit matrix, we have the commutative diagram
Zn—i—m P Zr—l—s
k\ A
ZT’
Now, let e1,...,e, € Z" be the canonical basis vectors, set eg := —ej ... — e, and
0; := cone(e;), 0<i<m,

and consider the fan A(r) := {0, go, ..., 0} in Q". Note that P; sends the ij-th column
v;; of P into the ray o; and all columns vy, to zero. Define \; := P, '(0;) C Q5. With
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A:={0} x Q° C Q45 we have \; = A + cone(e;). The tropical variety of X NT™ C Z is
then given as
trop(X) = X U---UX. C Q.

Define a new fan ¥’ in Q"% as
Y = SnNtrop(X) = {o NP e); 0 €%,0<i<r}.

Then we have a map of fans X/ — ¥ and the associated birational toric morphism Z' — Z
fits into a commutative diagram
X —7

L

X——7

where X’ C Z' is the proper transform, i.e. the closure of X N'T"* in Z’. The restriction
X’ — X is called weak tropical resolution. We call a variety X weakly tropical if X' = 3.
Any regular subdivision ¥” — ¥’ provides a toric resolution Z” — Z’ and induces a
resolution X" — X',

Theorem 1.5.11. The varieties X' and X" arising from Construction|1.5.1(] are again
normal rational varieties of complexity one. In particular their Cox rings are of the form
R(A,P’) and R(A, P").

In the last part of this Section. the goal is to prove that Assumption holds for all
varieties of complexity one. We follow an idea of B. Bechtold from [6].

Proposition 1.5.12. Let X be a normal complete rational As-variety of complexity one.

Then Assumption holds.
Remark 1.5.13. Consider a ring R(A, P) as in Construction m Then we have

X = V(g[;IEJ) = V(go,..‘,gr,Q) - K™,

A face 79 = 7 is an §-face if and only if it fulfills one of the two following mutually
exclusive properties:

(i) for every i =0,...,r there is a j; such that e;;; ¢ o holds;

(ii) there is at most one ¢ =0, ..., such that e;; ¢ vo holds for some j.

Lemma 1.5.14. In the notation of Construction and Remark define X :=
V(go,-..,gr—2) CK"™  Then X NV (To1) = V(go, .- -, Gr—2,To1) holds for binomials

. l'+1 l‘+2
gi = go,i+1i+2|Tn=0 = @it20T; ) + a0 Ty

Proof. For i = 0 one has gy = go|1,,=0. Define recursively g; := a;y1,i+20i—1 + @0,i+19;-
The equalities from [27, Lemma 2.3| ensure that we obtain the desired binomials and
that the equality holds. d
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Lemma 1.5.15. In the notation of Construction and Remark let v € X
and define X = V(go,...,gr—2) C K" If Tlll(:v) = T;j () = 0 for some i # j, then
T,i’“ (x) =0 holds for all0 < k <.

Proof. See |27, Lemma 2.5|. O

Proof of Proposition[1.5.13. By Theorem there exist defining matrices (A, P) and
a true bunch ® such that X = X (A, P,®) holds. In particular the Cox ring R(X) is
isomorphic to some K[T1,...,Tu]/{g0,.-.,9r—2) and X = V(go,...,gr—2) C K" For
every §-face 79 <7,

V() = V(gos- -, 9r—2,Tij, Sk; €ijen € Y0)
= V(g ---,9.%5,Tij, Sk; €ije.x & Y0)

holds, where g/° is obtained from g, by imposing T;; = 0 whenever e;; ¢ 7o holds.
Consider an §-face 1 < 7o, such that the inclusion is maximal. Pick some eg € vy \ 71.
Note that § is an element of the index-set {ij, k}.

Case 1: B =1,...,m or B = ij for some i, j such that T;; does not appear in any g;°.

Let fyg be the facet of 7o that does not contain eg. Clearly fyg is again an §-face, since it

fulfills the same property from Remark1.5.13|as 79. By maximality we arrive at v; = 'y’B .
Therefore the assertion follows from Vs(v0) = V(1) x K.

Case 2: 8 =1ij for some 1, j such that T;; appears in some polynomial. In particular ~q
is an §-face of type (ii) from Remark Define 79 := 75 .
Subcase 2.a: the only basis vectors missing from g are of type e;. Then 7, is again an
§-face of type (ii) and by maximality one has v9 = ;. With Lemma we obtain
V5 (71) as complete intersection of 7 — 1 binomials. Therefore we arrive at the assertion

through
dim V(1) = dimy; — (r — 1) =dim~yy — 1 — (r — 1) = dim V5 (y0) — 1.

Subcase 2.b: there is precisely one i; = 0,...,r such that e;;, ¢ o for some j;. In
particular 3 = igj2 holds for some is # i;. By Lemma for any t = 0,...,r with
t # 41,12 there exists some e;;, € v1. Let 73 be the maximal face of 7, that does not
contain any of the e;j,. Note that 3 is an §-face of type (i). By maximality we achieve
~v1 = v3 and therefore

dim V5 (y1) = dimy; = dimys

dimvy, — (r—1) = dimy —1—(r—1)
= dim V5 (y0) — 1.

O

Corollary 1.5.16. Let X be a normal complete rational As-variety of complexity one.
If X is Q-factorial, then for any vy € rlv(®) we have

dim X('YO) = htrlv(@) (70)
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Example 1.5.17. We present the directed graph of relevant faces for the recurring
example, the Eg-singular cubic surface from Example

The nodes are given by the relevant faces of X. There is an arrow from an edge 79 to
an edge v if and only if 79 < 1 holds and this inclusion is maximal among the relevant

faces. Using Corollary [I.5.16] we obtain

dim X (y1,234) = 2,
dim X (y123) = dimX(y124) = 1,
dim X (y134) = dimX(y234) = 1,

dim X (1) = dim X () = dimX(y34) = 0.






CHAPTER
TWO

TERMINAL FANO THREEFOLDS OF COMPLEXITY ONE
WITH p(X) =1

In this chapter we provide the complete classification of Q-factorial terminal Fano three-
folds of complexity one having Picard number one. The results of this chapter have been
published in [§].

With that goal in mind, Section [2.1] introduces the anticanonical complex, a certain
combinatorial object that controls the discrepancies of a normal Fano variety X with a
complete intersection Cox ring R(X). Section investigates this object in the special
situation of a rational Fano variety of complexity one and Section [2:3] provides some
preliminary results for the terminal case. Section is dedicated to the classification
steps that deliver the Q-factorial terminal Fano threefolds of complexity one having
Picard number one. Their full list is given in Section

2.1 The anticanonical complex

This Section deals with the development of the anticanonical complex. We follow the
spirit of the Fano polytopes from toric geometry and extend the combinatorial approach
to normal Fano varieties X with a complete intersection Cox ring R(X).

The aim is to characterize the behaviour of singularities of X in terms of lattice points
of the anticanonical complex A . For a precise formulation, we introduce the concept of
discrepancies following [41, Chapter 4.

Definition 2.1.1. Let X be a normal variety, whose canonical divisor Kx is Q-Cartier,
i.e. some positive multiple of Kx is a Cartier divisor. Let ¢: Y — X be a resolution of
singularities. Then we consider the ramification formula

Ky = ¢'Kx + > aiE,

where the F; are the prime components of the exceptional divisor and the a; are called
the discrepancies of the resolution. The variety X is called

27
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log terminal, if a; > —1 for all i;

g-log terminal, if a; > —1 4 ¢ for all 4, for a given 0 < e < 1;

canonical, if a; > 0 for all 7;

terminal, if a; > 0 for all 4.

The definition does not depend on the choice of resolution, see e.g. [28, Prop. 6.2.6].

We already introduced toric varieties in Section [I.I] If a toric variety is Fano, then
there is a correspondence to a certain convex lattice polytope, called Fano polytope, that
describes the singularity type of the variety, see e.g. [12].

Definition 2.1.2. Let B C Ng be a full-dimensional convex polytope. Then B is called
a Fano polytope if the origin lies in its interior B° and all vertices of B are primitive
elements of V.

Construction 2.1.3. Consider a projective toric variety Z and let X be its fan in Ng.
The Fano polytope of Z is

Pz = conv(vy; QEE(U) C Ng,

i.e. the convex hull over the primitive generators of the rays of 3. One sees that Py is
indeed a Fano polytope in the sense of Definition [2.1.2

Theorem 2.1.4. Let Z be a projective toric variety, X its fan and Py its Fano polytope.
Then we have
Z is Fano <= X =Fan(Py).

If Z is indeed a Fano variety, then it is log terminal and we also have the following
equivalences:
(i) Z has at most e-log terminal singularities if and only if 0 is the only lattice point
Of EPz.
(i) Z has at most canonical singularities if and only if O is the only lattice point in the
interior of Py.
(iii) Z has at most terminal singularities if and only if 0 and the primitive generators
v, for o € Y1) are the only lattice points of Py.

Inspired by this approach to the discrepancies, we define a combinatorial object that
encodes the type of singularities for a larger family of varieties.

Construction 2.1.5. Let X be a normal Fano variety and assume that its Cox ring
R(X) is a complete intersection, i.e.

R(X) = K[T,; 0 € R]/{(g15---,9s)

holds with pairwise non-associated Cl(X)-homogeneous prime generators T, for some
finite index set R and relations g;, such that the dimension of R(X) equals |R| — s. By
Construction [1.3.8] we have X C Z C Z., where Z. is a complete toric variety and Z is
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the minimal open toric subvariety of Z. containing X. The divisor class group and Cox
ring of Z are given by

Cl(Z) = CIX), R(Z) = K[Ty 0 €RJ.

Consider the degree homomorphism Q: Z® — CI(X) sending the o-th canonical basis
vector e, € ZR to deg(T,) € C1(X) and let P*: Z" — Z® be a linear embedding with
image ker(@). Then we have

Cl(z) = ZR/P*(Z") = CI(X).

Denote by P: Z® — Z" the dual map of P*. Set ez := Y e,. Then the canonical classes
of Z and X are given as

Kz = —Q(ez), Kx = Zdeg(gi)—klcz.

i=1
Let yr C QR be the positive orthant, spanned by the eo- Define the polytope
B(-Kx) = Q'(-Kx)nw < Q%

Denote with B(g;) the Newton polytopes of the relations g;, i.e. B(g;) € QR is the convex
hull over the exponent vectors of g;. Let B := B(g1) + ...+ B(gs) be their Minkowski
sum and trop(X) C Q™ be the tropical variety of X N T, endowed with a fan structure
that refines the normal fan N'(B) of B.

Definition 2.1.6. The anticanonical polyhedron of X is the dual polyhedron Axy C Q™
of the polytope
Bx = (P")"YB(-Kx)+B—ez) C Q"

The anticanonical complex of X is the coarsest common refinement of polyhedral com-
plexes
AS = faces(Ax) M X Ntrop(X).

The relative interior of AS is the interior of its support with respect to the tropical
variety trop(X).

Example 2.1.7. We continue Example [[.5.9] X is the Eg-singular cubic surface with
divisor class group and Cox ring given by

Cl(X) = Z, R(X) = K[Ty,Ts, T3, Tu) /(ThT5 + T35 + T3),

where the Cl(X)-degrees of T1, T, T3, Ty are 3, 1, 2, 3. The minimal ambient toric
variety Z is an open subset of Z. = P31 23 and the tropical variety in Q3 is

trop(X) = cone(ey, £eg) U cone(eq, +e3) U cone(—e; — e, tes),
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where e; € Q2 is the i-th canonical basis vector. The anticanonical polyhedron Ay C Q3
has the vertices

(—-1,-1,-1), (-3,-3,-2), (3,0,1), (0,2,1), (0,0,1), (0,0,—1/5).

The anticanonical complex AS = Ax Mtrop(X) lives on the three cones of trop(X) and
thus is of dimension two.

Definition 2.1.8. Let Zyy — Zx; be a toric modification given by a subdivision ¥/ — X
of fans. Define the sets of rays R := () and R/ := 5/ The toric Cox constructions
P:7ZR — 7" and P': Z% — Z™ define homomorphisms of tori
TR P n P TR

Let g € K[TQ; 0 € R] be without monomial factors. The push-down of g is the unique
p«(g) € K[T1,...,T,] without monomial factors such that T#p*(p.(g)) = ¢ holds for some
Laurent monomial TH € K[Tgﬂ; o0 € R]. The shift of g is the unique ¢’ € K[Ty; o' € R]
without monomial factors satisfying p’,(¢') = p«(g).

Definition 2.1.9. Let X be as in Construction
(i) We call the modification X’ — X arising from a subdivision ¥’ — ¥ of fans a
tropical resolution of singularities if ¥/ subdivides X M trop(X) and X' is smooth
with complete intersection Cox ring defined by the shifts g} of g;:

R(X') = K[Ty; o eR/{g,---,4L.).

(ii) We say that X is strongly tropically resolvable if every subdivision of ¥ M trop(X)
admits a regular refinement providing a tropical resolution of singularities.

Theorem 2.1.10. Let X be a (strongly tropically resolvable) normal Fano variety with
a complete intersection Cox ring.
(i) AS contains the origin in its relative interior and all primitive generators of the
fan 3 are vertices of A% .
(i1) X has at most log terminal singularities if (and only if) the anticanonical complex
AS 1s bounded.
(iii) X has at most e-log terminal singularities if (and only if ) 0 is the only lattice point
in eA%.
(iv) X has at most canonical singularities if (and only if) 0 is the only lattice point in
the relative interior of A% .
(v) X has at most terminal singularities if (and only if ) 0 and the primitive generators
v, for o € Y1) are the only lattice points of A%
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A detailed proof of this Theorem can be found in [8, Section 2|. These statements
generalize the characterizations of toric singularities in terms of lattice polytopes from
Theorem [2.1.4] In the toric case, i.e. in the absence of relations g;, our anticanonical poly-
tope Ax is just the Fano polytope of X and the anticanonical complex is the subdivison
of Ax by the fan 2.

We conclude the Section with some observations that may be drawn for the intersection
of AS with the lineality space of trop(X).

Definition 2.1.11. Let tropg(X) C trop(X) denote the lineality space of the tropical
variety. The lineality part of the anticanonical complex is the polyhedral complex A% :=
AS Mtropg(X).

Proposition 2.1.12. Let X be a log terminal Fano variety and let |AS o| denote the
support of the lineality part of the anticanonical complex AS .
i) |AS | is a full dimensional polytope in tropy(X) having the origin as an interior
X,0 0
point.

(i1) If X is e-log terminal then the origin is the only lattice point of |A% |-

(iii) If X is canonical then the origin is the only interior lattice point of ’AS(,O"

() If X is terminal then the origin is the only lattice point of |AS |-

2.2 Specializing to complexity one

In this Section we consider a Q-factorial rational Fano variety X = X (A, P) with torus
action of complexity one and investigate the structure of its anticanonical complex AS. It
turns out that the vertices of AS can be computed explicitly from the defining matrix P.
Hence, as soon as we assume some restrictions on the singularities of X, Theorem [2.1.10]
delivers bounding conditions on some entries of P. The main reference is [8, Section 4].

Recall that we have X C Z C Z., where Z, is a complete toric variety (not necessarily
Fano) and Z is the minimal open toric subvariety of Z. containing X as a closed sub-
variety. The fans Y. of Z. and ¥ of Z share the same set of rays ¢ and the primitive
generators v, € o are precisely the columns of the matrix

—lp U 0 0
p = : . :
—lp 0 L, 0
do di d, d
from Construction m The tropical variety trop(X) with its quasifan structure also
lives in Q™. Given X\ := {0} x Q° C Q"% the canonical basis vectors e1,...,e, and
ey :=—e; —...— er, we have

trop(X) = A U...UN. C Q" where \; := cone(e;) + .

Note that this defines the coarsest possible quasifan structure on trop(X), and A is the
lineality space of this quasifan.
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Definition 2.2.1. A cone o € ¥ is called
e big, if o Nrelint();) # 0 holds for each i =0, ..., r;
o clementary big if it is big, has no rays inside A and precisely one inside each A;;
e a leaf cone if o C \; holds for some i.

Remark 2.2.2. The big cones and the leaf cones are precisely those ¢ € ¥ such that
relint(o) intersects trop(X ). The latter property, by Tevelev’s criterion [50, Lemma 2.2],
means that the big cones and the leaf cones correspond precisely to the toric orbits of Z
intersecting X. Observe that all maximal cones of ¥ are big cones or leaf cones.
Furthermore, recall the characterization of §-faces given in Remark Big cones are
Gale dual to F-faces of type (i), and leaf cones to F-faces of type (ii).

Definition 2.2.3. Let o € X be an elementary big cone. We assign the following positive
integers to the rays o = cone(v;;) € oM of ¢ and to o itself:

ly = lij7 loo = lg_l H lg’7 by = Z &7’9—(7‘—1) H le-

o'ccD) oco(®) ocaD)

Moreover, in Q"% we define vectors and a ray:

._ ro._ p—1 o
Vg 1= E Lo oV, vy = U g, 0o = cone(vy).
Qeg(l)

Finally, we denote by ¢, the greatest common divisor of the entries of v, € Z"5.

The first structural statement describes the rays of the coarsest common refinement
Y Mtrop(X) of the fan ¥ and the tropical variety trop(X) regarded as a quasifan.

Proposition 2.2.4. Let X = X (A, P) be a Q-factorial Fano variety.
(i) For every elementary big cone o € 3, we have 0 N A = g,; in particular, o, lies in
the lineality space .
(i) The set of rays of ¥ M trop(X) consists of the rays o € ¥ and the rays o,, where
o € X runs through the elementary big cones.

Proof. For (i), one directly computes the intersection o M A. We prove (ii). Since all rays
of ¥ lie on trop(X), the rays of ¥ are also rays of XMtrop(X). By (i), the g,, where 0 € &
is elementary big, are rays of XMtrop(X). Let ¢’ € XMtrop(X) be any ray not belonging
to X. Then there exist cones o € ¥ and 7 € trop(X) which satisfy o N7 = ¢’ and which
are minimal with this property. The latter means relint(¢’) = relint(o) N relint(7).

To obtain 7 = A we have to exclude the case 7 = A; for some ¢ = 0,...,r. Indeed if
7 = ); holds, then no ray ¢ < o lies in );, because otherwise we have o C o N \; = ¢/,
contradicting ¢ ¢ X. Thus, o has no rays inside \;. Since all rays of o lie on trop(X),
we conclude relint(o) Nrelint(\;) = 0, a contradiction.

We show that o is an elementary big cone. First, ¢ must be big because otherwise we
have relint(c) N A = . Since X is Q-factorial, o is simplicial. Thus there exists an
elementary big face 7 of 0. But then g, = nN A <o N X = ¢ which implies ¢’ = p,. By
minimality of o, we conclude o = 1. O
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In the next two Propositions we take a closer look at the discrepancies of a tropical
resolution of singularities along the divisors corresponding to the rays o,.

Proposition 2.2.5. Let ¢: X' — X be a tropical resolution of singularities given by
subdivision X' — X of fans. Then the discrepancy «, along a divisor D, corresponding
to a ray o € ¥ satisfies

A : .
aQ:HUf’H—l if o ¢ A%, a, < —1if p C A%.
0

Proof. See |8, Prop. 2.3|. O

Proposition 2.2.6. Let X = X (A, P) be a Q-factorial Fano variety and o € ¥ an
elementary big cone.
(i) If 05 leaves Ax, e.g. if o defines a log terminal singularity, then its leaving point
is v =l vg = .
(i1) For any tropical resolution ¢: X' — X of singularities, the discrepancy along the
divisor corresponding to 0o is ap, = —1+ ¢, ,.

Proof. Recall that the intersection point v’go of the ray o, with the boundary 0A% is
defined by

(u, v,y = —1, where u := (P*) '(e_x, +e—ex)

with any vertex e_x, + e — ey of B(—Kx) + B — ex minimizing v/, := Zg60<1) Ly €.
For v, = P(v), we obtain

<U7U0> = <e—/Cx’U/a> + <€, Ué) - <62>Ué> = <67U/a> - <62,’U;>.

To compute further, set u, := ZQGRi loe, for i = 0,...,r, where R; denotes the set of
rays of ¥ contained in \;. Denoting by g; the unique ray of ¢ in \;, we have

<U27U£f> = loplog, = H Lo

QEO'(I)

Consequently, for any point e € B = B(go) + ... + B(gr—2), we obtain

(e vp) = (r=1) I Lo

Qeg(l)
Thus, we obtain (u,v,) = —{, and the leaving point is v, = 01y, = vl as claimed
in (i). Assertion (ii) is then a direct consequence of Proposition [2.2.5] O

As an application, we obtain first bounding conditions on the entries [, of the defining
matrix P in terms of the singularities of X.

Corollary 2.2.7. Let X = X(A, P) be a Q-factorial Fano variety and o € ¥ an ele-
mentary big cone. If the singularity defined by o is
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(i) log terminal, then ) ,c,
(ii) e-log terminal, then 3 e ) It >r—1+ec, [peom It
(ii) canonical, then ,c o 1, l_1 >r—1+c [[perm It
(v) terminal, then 3 e o)1, Psr—1+4 e [Le,m lgl.
Corollary 2.2.8. Let X = X(A,P) be a Q-factorial Fano variety and consider an
elementary big cone 0 = o9 + ...+ or € X defining a log terminal singularity. Assume

log > ... > 1. Thenly = ... =1y, =1 holds and (ly,1p,,1,,) is a platonic triple, i.e.
one of

(1) lg_l >r—1,

oc€o

(lQ()’lQl’ 1)7 (190727 2)7 (37372)’ (47372)? (57 37 2)

According to these possibilities, the number £, is given as

by = lQolgl + lQOlQQ + lQllQQ *l l91l92

(l@o o if (logslorslor) = (loys lers 1),

4, if (Loos> Lors Los) = (log» 2, 2),
=935 if (oo Lors los) = (3,3,2),

2, if (Looy lors lon) = (4,3,2),

1, if (Logy loys lon) = (5,3,2)

Corollary 2.2.9. Let X = X (A, P) be a log terminal Q-factorial Fano variety. Assume
that P is irredundant and 3 contains a big cone. Then the number r — 1 of relations is
bounded by

r—1 < dim(X) + p(X).

Proof. Since X is Q-factorial, Pic(X) is of rank n+m —r —s. Let I C {0,...,7} be
the set of indices with n; > 1 and set n; := > ,.;n;. Then the rank of Pic(X) equals

nr +m — |I| — s. Since there exists a big cone, there is also an elementary big cone
o=00+...+0r € 3. Since P is irredundant, {,, > 1 holds for all ¢ ¢ I. Corollary
yields |I| > r — 2. We conclude

p(X) = m4n;—|I|—-s > 2/|—|I|-s > r—2—s = r—1—dim(X).
O

Definition 2.2.10. Let AS be the anticanonical complex of X = X (A, P). Recall that
the lineality part of A% is the polyhedral complex A% j = A% MA. The i-th leaf of A%
is the polyhedral complex AS M A;.

Corollary 2.2.11. Let X = X (A, P) be a log terminal Q-factorial Fano variety. Then
the vertices of the anticanonical complex AS are precisely the points v, and v,,, where
runs through the rays and o through the elementary big cones of 3. In particular, for the
supports of the lineality part and the leaves of AS-, we obtain

|AS A = conv(v,,vh; 0 €3 with o C X, 0 €Y elementary big),
A TNl = conv(vy,vl; 0 € X with o C N\;, 0 € X elementary big).
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Remark 2.2.12. Let X = X(A, P) be a Q-factorial Fano variety and X’ the variety
arising from the tropical refinement X 1 trop(X). Then AS, and AS both generate
Y Mtrop(X) but do not in general coincide, because the rays g, of big elementary cones
o € ¥ intersect the boundary of A%, in integral points, whereas the intersection points
v}, with AS do not need to be integral.

Example 2.2.13. Consider again the variety X from Example[I.5.9] whose anticanonical
complex AS was obtained, using the general definition, in Example @ Here we use
Corollary to directly compute the vertices of AS. The points v, correspond to the
columns of the defining matrix P, hence

(-1,-1,-1), (-3,-3,-2), (3,0,1), (0,2,1).
There are two elementary big cones, namely
o1 := cone(vo1, V11, v21), o9 := cone(voz2, V11, V21).
Using Definition [2.2.3] we compute
v, = (0,0,1), v, = (0,0,—1/5).

With Theorem [2.1.10] we conclude that X is canonical and non-terminal.

2.3 Constraints by terminality

This Section contains a simple result that is not available in the original reference and
specializes Corollary to the terminal case. This allows to shorten some parts of the
proofs of next Section.

Proposition 2.3.1. Let X = X (A, P) be a Q-factorial Fano variety and consider an
elementary big cone 0 = g9+ ...+ o € X defining a terminal singularity. Then at most
two l,, differ from one.

Proof. Assume l,, > ... > l,.. By Corollary the triple (o, 0:500,) is platonic
and l,;, = ... = lp,. = 1 holds. The same Corollary lists the value of ¢,, which by
Definition is the denominator of the entries of v/. In particular for the sporadic
platonic triples
(3,3,2), (4,3,2), (5,3,2),

we have ¢, = 3,2,1 respectively. Moreover, the numerator is a sum in which every
addend is a multiple of all [,, except one. Hence the vertex v/ of A%, turns out to
be a lattice point, contradicting terminality by Theorem [2.1.10 The same happens for
(loo52,2) if I, is even, so we may assume l,, > 3 to be odd. Now we show that this case
provides an integral point on A and therefore does not define a terminal singularity.
The primitive lattice point v,, has coordinates

Voy = (_lQm'"7_lgoad01=~--7d05)T7
vy, = (0,...,0,15,,0,...,0,di1,...,dis)"

3
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for all ¢ = 1,...,r, where l,, occupies the i-th coordinate. Let u := v/, be the vertex of
Ax o defined by o. It has coordinates u; = 0 for j =1,...,r and

l l .
tpy = do + Sy + Doy gy Y diy VE=1,.s.

k=3

Using the fact that [,, is odd, we see that on the edge connecting v,, with u lies at least
one lattice point, namely
loy —1 1

l U+TUQO:(_17-'~7_17Q17"‘7QS)T’
20 Qo

where for all t =1,...,s holds

loy — 1 loy — 1 "
qt = dot + 5 dit + 5 dzt—l—(lgo—l)kz_gdkt.

Hence the platonic triple ({44, 1, ,1,,) is of the first type, i.e. [,, = 1. O

Corollary 2.3.2. Let X = X (A, P) be a Q-factorial Fano variety, with P irredundant.
If there is an elementary big cone o € ¥ defining a terminal singularity, then n > 2r.

Proof. The cone o has exactly one ray in each of the r 4 1 leaves. By Proposition [2.3.1
there are at most two monomials with just one variable. Thus n > 2(r—1)+2=2r. 0O

2.4 Picard number one

Here we show how to obtain the classification of terminal Q-factorial Fano threefolds X
of Picard number one coming with an effective action of a two-dimensional torus.

Let X be rational. This allows us to work in terms of the defining data (A4, P) of X
from Construction [I.5.1] where we always choose P to be irredundant. The main step
is to derive suitable effective bounds on the entries of P. According to Theorem
terminality of X is equivalent to the fact that the anticanonical complex AS contains
no lattice points except the origin and the vertices given by the columns of the defining
matrix P. A first observation towards bounds for the shape of P is that terminality leads
to the following situations.

Lemma 2.4.1. Let X = X (A, P) be a non-toric terminal Q-factorial Fano threefold with
p(X) =1, where P is irredundant. Then, after suitable admissible operations, P fits into
one of the following cases:

(i) m=0,r=2and n =75, wheren = (2,2,1).
(ii)) m =0, r =3 and n =6, wheren = (2,2,1,1).
(iti)) m =0, r=2 and n =5, where 7 = (3,1,1).
(iv) m=1,r=2 and n =4, wherem = (2,1,1).
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Proof. Since X is non-toric, there is at least one relation in the Cox ring. This means
r > 2. Moreover we have n +m = r + s + p(X) = r + 3, so Corollary delivers
r+m < 3. In particular m = 0, 1.

If m = 1 holds, then we have r = 2 and n = 4. This leads to case (iv) of the assertion.
If m = 0 holds, we distinguish » = 2 and r = 3. In the former case n = 5 holds, so
we end up with either (i) or (i7¢). If the latter holds, then we obtain n = 6 and with

Proposition we arrive at (7). O

In the rest of this Chapter we treat extensively all cases of Lemma [2.4.1] In each of them
we take similar steps towards the complete classification.

First we fix as many entries of the defining matrix P as possible, through admissible
operations from Remark Then we take a closer look at AS{,0~ Its shape typically
shows some regularity, e.g. some of the edges are parallel to each other or to one of the
main axes. This delivers estimates for most values of P. Sometimes one or two entries
are still unbounded. For these cases an additional tool is provided by Theorems [2.4.4]
and[2.4.5] We find suitable lattice polytopes, whose volumes are expressed as polynomials
in the entries of P, having exactly one or two interior lattice points. Bounding these
quantities leads to the last estimates needed. Sometimes it is necessary to go through
several specific configurations of the entries of the matrix P, each giving rise to a different
polytope. All cases are given in detail in the proofs for the sake of completeness.

Remark 2.4.2. The following table summarizes the relevant structural elements of each
case. For each case we list:
e the Setting that comes from using admissible operations in order to minimize the
number of non-fixed entries of P;
e the Lemma that computes the vertices of A% ;
e the Remark on the shape and regularity of Azj( 0
e the Proposition(s) containing the final estimates and bounds.

‘ Setting ‘ Lemma ‘ Remark ‘ Proposition(s)
Case (i) 2.4.7 | [24.9 | [2.4.10] [[2.4.19)]2.4.20)2.4.21]
Case (i) | [2.4.23 | 2.4.24] | [2.4.25 2.4.28
Case (iii) | [2.4.30| | 2.4.31] | [2.4.32 2.4.35
Case (iv) | [2.4.37 | 2.4.38 | [2.4.39 | [2.4.44)[2.4.45/[2.4.46|

Before engaging in the details of the classification, we recall a result by Averkov, Kriim-
pelmann and Nill [2], concerning the volume of certain lattice simplices. For this purpose,
let us define the Sylvester sequence (sq)4ez., through

d—1
s1 = 2, Sq = 1+Hsj for d > 2.
j=1
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Theorem 2.4.3 (|2, Thm. 2.2]). Let S C Q% be a lattice simplex containing exactly one
lattice point in its interior. Then we have

vol(S) < 2(%6;1)2.

In particular, if d =3 then vol(S) < 12 holds.

While this Theorem has the advantage of working in any dimension, it only applies to
simplices with one interior lattice point. Since we are considering polytopes in dimension
three, we will exploit the full classification of lattice polytopes with one interior lattice
point provided by A. Kasprzyk in [35]. Moreover, the recent result of the same author
with G. Balletti, published in [3], provides a bound on the volume of three-dimensional
lattice polytopes with two interior lattice points.

Theorem 2.4.4 ([35]). Let B C Q3 be a three-dimensional lattice polytope containing
exactly one lattice point in its interior. Then vol(B) < 12 holds.

Theorem 2.4.5 ([3, Thm. 1.1]). Let B C Q3 be a three-dimensional lattice polytope
containing exactly two lattice points in its interior. Then vol(B) < 18 holds.

Some of the bounds on the [-values in this Section are improvements of their counterparts
in the original source [§] partly because here we make use of the two results above.

Case (i) of Lemma

Lemma 2.4.6. Let X = X (A, P) be a non-toric terminal Q-factorial Fano threefold with
p(X) =1 such that P is irredundant and we have r =2, m =0 and 7 = (2,2,1). Then
lor =1lp2 =1 orli; = li1o =1 hold.

Proof. Since P is irredundant, we have lg; > 2. Since p(X) = 1 holds, every triple of rays
(voi, v1j,v21), for 4, j € {1,2}, defines an elementary big cone. Therefore Propositionm
applies to all of them and yields lg1 = lgo = 1 or I11 = 12 = 1. O

As a consequence of Lemma we can focus our search for terminal varieties X (A, P)
on defining matrices P of the following type.

Setting 2.4.7. Let X = X (A, P) be a non-toric terminal Q-factorial Fano threefold
with p(X) = 1 such that P is irredundant and we have r =2, m = 0 and n = (2,2, 1).
We can assume that lg; = lp2 = 1 holds. Then, after suitable admissible operations, P is

of the form
-1 -1 l11 112 0

-1 -1 0 0 191
0 1 dinn di2 diz
0 0 doi1 do12 doa

where l11 > l12 and l2; > 2 hold. Moreover, denoting by Pj; the matrix obtained by
removing the column v;; from P, we have positive weights

wop1 — det(P(n), Wp2 — —det(P()Q),
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wi] = det(PH), Wi = —det(Plg), wo = det(Pgl).

Observe that the weight vector (wg1, wo2, w11, w12, wa1) lies in the kernel of P. The last
three weights are explicitly given by

w11 = —lordorz — liadoo1, w1z = lordorn + li1da21, w1 = —li1doi2 + liada1

and the first two weights can be expressed in a compact form in terms of the others as
follows:

wo2 = —diniwir — dipwi2 — di21wai, wor = la1wa1 — wo2.

Remark 2.4.8. In Setting [2.4.7| we can achieve, by further admissible operations, the
following for the entries of the third and fourth row of P:

0 < dig1,da1 < log, di21 < dao1 if doo1 # 0, 0 < dii2 < wi,
(lo1 + di21)w21 + di12wi2 di21w21 + di12wi2
— < di;n < — .
w11 w11

For the third estimate we add a suitable multiple of da21(p1 — p2) + lo1p4 to ps, where
pi denotes the i-th row of P (this preserves the first two estimates). The inequalities for
di11 follow directly from wpe > 0 and wg; > 0.

A first series of bounding conditions on the entries of the defining matrix P is derived
from the fact that, by terminality, the lineality part AS(,O of the anticanonical complex
AS has the origin as its only lattice point; we also write Ag{,O for the support of the
lineality part, which in our situation is a rational two-dimensional polytope. Here is how
it precisely looks.

Lemma 2.4.9. Let X = X (A, P) be as in Setting . The vertices of A g, regarded
as a subset of the lineality space Q2 of the tropical variety, are

[lordinn + lindiar  lordan + l11d221}
Ul = 9 9
lo1 + 111 lo1 + lin
R (111021 4 lordiny + lindior  lordany + lindaoy
2 I lo1 + 111 ’ lo1 + 111
[lordiie + liadiar  lordarn + l12d221}
us = ) ’
TR lo1 + li2
S [l12lo1 + lo1diie + hiadior  loidoie + l12d221]
! lo1 + 112 ’ lo1 + 112 '

Proof. We just compute the lineality part A%, according to Corollary @} O
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Remark 2.4.10. Observe that Ag{,o as described in Lemma [2.4.9]is a trapezoid. The
edges c1 := uiuz and co := Uzuy are parallel to the z-axis and the remaining two edges
are ujug and uguy. Length and y-value h(c;) of the line segments ¢; are

l11l21 w12
] l11 + 121 (e1) li1 + lo1
l12l21 w11
S h(cg) = ——20_
ez lig + lo1 (c2) lig + 121

Since we assumed l1; > l1o in Setting the lower segment cy is shorter than the
upper segment c¢;. Note that the values |¢;| and h(¢;) are invariant under admissible row

operations of type m (iii).

Uy C1 U2

- ° Ty _—

us Cc2 Uyq

Lemma 2.4.11. Let X = X (A, P) be as in Setting[2.4.7 Let h := h(c1) — h(ca) denote
the total height of the trapezoid AS(,O' Then we have

l12l21 li1lo1 2(liz +121) — li2lo l12l21
2 oy < h 2
lig + lo1 li1 + Iy w11 lig + lo1

Moreover, following estimates hold:
woer < wil + wi2 + way, w2 < Wil + wi2 + W

Proof. For the first inequality, note that the lower bounding segment co of A%, is of
length at most 2, because otherwise the segment Ag{,o N{y = 0} is of length at least 2
as well, which would imply existence of lattice points different from the origin in AS.
Similarly, since Ag{,o N{y = 0} has length strictly smaller than 2, we arrive at the second
inequality:

2 — |y
|h(c2)]
Explicitly computing AS ;N {y = 0} gives the bounding z-values —wo1 /(w11 +w12+w21)
and woa /(w11 + w1 + wél). Since the origin is the only lattice point in A% ;N {y =0},
we arrive at estimates number three and four. O

‘Cl‘ <

-h+ |CQ|.

Lemma 2.4.12. Let X = X (A, P) be as in Setting . If a1 > 3 holds, then we

obtain the estimate
lor +2

log — 2

lig <
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Proof. Estimates three and four from Lemma [2.4.11] imply
lonwar = liywir + liowiz = wor +wo2 < 2wiy + 2wi2 + 2wa.
We deduce
(li1 — 2)w11 + (hi2 — 2)wiz < 2woy, (lo1 — 2)w21 < 2w11 + 2wia.

Using l21 > 3 we obtain

4
li1 — 2 l1g — 2 <
(L1 Jwii + (l2 Jwi2 Iy — 2 I — 2
which implies
lo1 +2w . l21 —|—2w
I —2 gy — 2

lhiwir + lpwia <

and in particular
log +2

l1g <
OJ

Remark 2.4.13. Let X = X (A, P) be as in Setting [2.4.7, For ¢ > 0 the assumption
h(c2) > —t leads to
l
—t — E(t—l—dzm) < dojo < 0.
l21
Remark 2.4.14. Let X = X (A, P) be as in Setting If h(c1) < 1 holds, then we

have l ; ;
—ﬂdggl < do11 < —£d221 +1+ A
l21 l21 l21
Lemma 2.4.15. Let X = X(A, P) be as in Setting[2.4.7] Assume loy > 3. If h(c1) < 1
and h(cg) > —2 hold, then we have

l21

i1 < 2 .
11 log — 2

This bounds 111 in terms of la1 in the case h(c1) < 1 and h(ca) > —2. In particular, we
then have l11 <5 and we have l11 < 2 as soon as la1 > 6.

Proof. Observe that wgy + wo2 = l11w11 + l12w12 holds. Thus, the third and the fourth
inequalities of Lemma [2.4.11] give us the condition

liywir + lipwiz < 2wiy + 2wz + 2woy.

We arrive at the assertion by writing this out and estimating ds12 as well as do11 according

to Remarks [2.4.13| and [2.4.14] O
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Lemma 2.4.16. Let X = X(A, P) be as in Setting[2.4.7 Suppose that h(c1) < 1 and
h(c2) < —1 hold. Then we have li2 = 1. Moreover, if h(ca) < —t holds for some t € Z>a,
then

l11l21 t+1 2 l21

L+l t—1 t—1 141y

Proof. Since h(cz) < —1 holds, we must have |ca] < 1 and thus obtain /;2 = 1. The line
segment A5 o N {y = —1} is of length strictly smaller than 1 and A%, N {y = —t} is of
length at least |c2|. Since h(c1) < 1 holds, we conclude

l11l21
li1 + 12y

—‘CQ‘ t+1 2 l91

= 1+h 1 - : .
el < 57 AFhle))+1 < T =77 5,

O]

Remark 2.4.17. Let X = X (A, P) be as in Setting Assume l19 = 1 and dj12 =
ds12 = 0. Then w11 > 0 and wye > 0 imply

l
0 < dai1, —lild211 < dg21 < 0.

11

Moreover, the conditions h(c;) < 1 and h(cy) > —t are equivalent to the following
conditions
l
do11 < —ﬁ(dml — 1) +1, doo1 > —t(lzl + 1).
Lemma 2.4.18. Let X = X (A, P) be as in Setting[2.4.7. Suppose that h(ci) > 1 holds.
Then either 111 =lis =1 or l11 = ls1 = 2 hold.

Proof. First observe that in this case, the segment A% ;N {y = 1} can be of length at
most 1, because otherwise we have lattice points different from the origin and the vertices
in AS. This means l17 = 1 or l1; =l = 2. ]

A second series of estimates makes use of the whole anticanonical complex AS. The
strategy is to detect via AS suitable three-dimensional lattice polytopes with precisely
one or two interior lattice points and to use the volume bounds given in Theorem
and Theorem [2.4.5 to control the entries of the defining matrix P. We will distinguish
several cases, using the notation of Remark [2.4.10]

Proposition 2.4.19. Let X = X (A, P) be as in Setting . Suppose 111 = 119 = 1.
Then we achieve by admissible operations di12 = da12 = 0 and obtain the estimates

3 < (lo1 4+ 1)donn < 36, 0 < din < do,

di11d
—da11la1 < d221 < 0, UL < diy < 0.

do11
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Proof. Consider the convex hull B of A% ; and v2;. We may regard B as a polytope in
Q? by omitting the first coordinate. Then B is contained in the polytope C, given by
the vertices

(lo1,di21,d221), (—1,d111,d211), (—=1,14d1,d211), (—1,0,0), (—1,1,0).

Now, C is a lattice polytope having (0,0,0) as only interior lattice point. According to
Theorem its volume is at most 12. This gives the condition

2([21 + l)dgn = 6V01(C) < T72.
The remaining estimates follow from positivity of the weights w;;. O

Proposition 2.4.20. Let X = X (A, P) be as in Setting[2.4.7 Suppose lo1 = 2.
(i) If h(c1) < 1 and h(cz) > —1 hold, turn P by means of admissible operations into
the shape of Remark[2.7.8 Then we are in one of the following situations:
((l) d121 = 0, d221 = 1, with ln + l12 < 68.
(b) di21 = 1, do21 = 0, with l11 + 112 < 69.
In both situations di11, di12 are bounded according to Remark: and we have

l l l !
%(dlm —1) < donn < %dlm, —g(dml +1) < dop < —gdzm.
(i) If h(c1) < 1 and h(c2) < —1 hold, then we have l12 = 1. Moreover, after adjusting

di12 = do12 = 0 by admissible operations, we achieve one of the following three
situations:

(a) 111 = 1 holds and Proposition applies.
(b) 111 = 2 holds and we have estimates

—6 <dy < -3, do11 = 1—daar.
(c) 3 <111 <24 holds and we have estimates

—5[11 + 2 l11 l11 lll
_ d < -3 ——d d ——d —.
I —2 < dg221 = ) 5 @221 < d211 < 5 G221 + 5

In both cases (b) and (c), the remaining entries of P are bounded by

dindyy . d di1d
0 < diz1t < —daa, 121011 | g% o, Gi2iden
da21 daoy doo1

(iii) If h(c1) > 1 holds, then we have l11 = l12 = 1 and Proposition applies.

Proof. First we prove (i). Observe that Remark yields dao1 € {0,1} because of
lo1 = 2. If doo1 = 1 holds, then Remark implies dio1 = 0. If doo; = 0 holds, then
we have di91 = 1 since wo; is a primitive lattice point. Note that the same Remark
also bounds the entries dy11 and di12. Moreover, we recover bounds for ds11 and daio
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by writing down explicitly the positivity of the weights wi; and wio, as well as the
assumptions on the heights of ¢; and co:

l l l l
Ldigr — 1) < dag1 < —tdya, —L(dygr +1) < dorg < ——2dga.
2 2 2 2
Case dy21 = 0, dog1 = 1: consider the lattice simplex C in Q3 given as the convex hull of
the following points:

(li1,di11,d211),  (hi2,dii2, do12),  (—2,0,1), (=2,2,1).

We have vol(C) = (w11 + w12 + w21)/3. Now, put the leaf AS N A; of the anticanonical
complex into Q3 by removing the second coordinate (which always equals zero) from its
points. For a = 0, —1, —2, consider

Hf ={(z,y,2); x>a} € Q°,  Hy :={(z,y,2); z=a} C Q"

Then C' N Har equals A5 N Ap and HY cuts out the lineality part A§(70. In particular,
by terminality of X and Theorem the intersection C'N H0+ has no interior lattice
point and inside C'N Hg the origin is the only lattice point. The intersection C'N HY is
a quadrilateral with vertices

(_ diin lin 4+ doar + 1) (_ 2011 +di1n +2 111 +do1n + 1)
"l +2 i +2 ’ ’ li1 +2 ol +2 ’
(_1 diiz  lig+doro + 1) (_1 2l +dy12 +2 lig + do12 + 1)
"lio+2 242 ’ ’ lig +2 o lig+2 ’

The bounds on do11 and do1o ensure that the points of C N H 91 never have an integral
z-value. Thus we can apply Theorem to vol(C) and arrive at w1 + w12 + we; < 36.
This implies wo; < 34, which in turn yields l11w11 + l1owi2 < 68. Since all weights are
positive, we conclude l11 + l12 < 68.

Case di91 = 1 and doz1 = 0: here we consider the lattice simplex C given in Q3 as the
convex hull of the following points:

bl = (lllad1117d211)? b2 = (1127d1127d212)7
b3 == (—2,1,0), bs:=(-2,3,0).

Similarly as in the previous case, C'N HSF equals AS N A; and H{ cuts out the lineality
part AS(,o- The intersection C' N HO+ has no interior lattice point and inside C' N H the
origin is the only lattice point.

b3

e by
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Here the intersection C := C' N H?, is a quadrilateral with vertices

<_1 i1 +dinn+1  donn ) (_ 3l +dinn+3  don )
ool +2 0 i +2/) li1+2 Tl +2/7

(_1 hotdiz+1  doo ) <_ 3lig+di2 +3  dona )

’ l1g +2 Tlig+ 2/ lig +2 "lig+2/7
The first two points have a positive z-value, the other two a negative one, all in absolute
value strictly smaller than one. Noting that the length of C N {z = 0} is bigger than
one and smaller than two, we conclude that C contains precisely two lattice points, say

q1 and ¢o. It turns out that the origin lies in conv(by, ba, q1,¢2) as only interior lattice
point. Theorem yields da11(l12 + 1) — d212(l11 + 1) < 72 and the assertion follows.

We turn to (i7). By Lemma [2.4.16| we have l19 = 1. With admissible operations we
achieve dy12 = do12 = 0. If I17 = 1 holds, we can apply Proposition [2.4.19

Case 111 = 2: Here u; and ug are half-integral points. Therefore we have h(ci) = 1/2,
which implies do11 + d221 = 1. The constraint h(cy) < —1 is equivalent to dag; <
—3. Estimates on dj11 and djo; are found by positivity of the weights and admissible
operations. For the lower bound on dso; we note that ug lies under the bisection of the
quadrant Q>¢ X Q<. Requiring that no lattice point lies in Ag{,o except for the origin
only leaves a confined area to place ¢z, namely h(cy) > —2 must hold. This provides the
bound d221 2 —6.

Case 111 > 3: positivity of the weights and the constraints on the heights, together with
suitable admissible operations, lead to all bounds for the d;j;, stated in (c) except for the
lower bound on ds2;. For that, observe that the segment line A§(70 N{y = —1} has to be
of length strictly smaller than 1 and conclude

—b5l11 + 2

< da1.
I — 2 221

The next step is to bound I11. For this, we consider the simplex D C Q3 given as the
convex hull of following points:

(li1, dii1,do11),  (1,0,0), (=2,di21,d221), (—2,d121 + 2,d291).

Now, put the leaf A5 N A1 of the anticanonical complex into Q? by removing the second
coordinate (which always equals zero). With the same notation as in part (i) of the
proof, we see that DN HJ equals A5 N'A; and H8 cuts out the lineality part Ag(,o- For
large 117 > 10, the only possible values for dgoo; are —3,—4,—5. Moreover we already
have 0 < dj21 < —dg21. Thus the allowed pairs (dj21, d221) are

(07 _3)7 (17 _3)7 (27 _3)7 (17 _4)7 (37 _4)7

(0,-5), (1,-5), (2,-5), (3,-5), (4,—5H).

Subcase (0, —3): ug is a lattice point, hence X is not terminal.
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Subcase (1, —3):
Subcase (2,—3): A% o contains the lattice point (1, —1) = (us + u4)/2.

Subcase (1,—4): here D contains exactly two lattice points in its interior, namely the
origin and (—1,1, —2). By Theorem we have vol(D) < 18, which yields l1; < 25.

Subcase (3, —4
Subcase (0, —5): the lattice point (0, —1) lies in conv(0,uz) C A .

Subcase (1,—5): here D contains exactly two lattice points in its interior, namely the
origin and (—1,1, —3). By Theorem we have vol(D) < 18, which yields I1; < 20.

Subcase (2,—5): here D contains exactly two lattice points in its interior, namely the
origin and (—1,2, —3). By Theorem we have vol(D) < 18, which yields l1; < 20.

Subcase (3, —5): the lattice point (1, —1) lies in conv(0, us, us) C A -

u4 is a lattice point, hence X is not terminal.

the lattice point (1, —1) lies in conv(0, us, us) C A% .

E
):

Subcase (4,—5): the lattice point (1, —1) lies in conv(0, us, us) C A% .

Lastly we verify (iii). By Lemma we have (l11,0l12) € {(1,1),(2,1),(2,2)}. If
both exponents are equal to 1, then Proposition [2.4.19 applies straightforward. If both
exponents are equal to 2, then |ci| = |cz| = 1. Therefore the segment line A ;N{y = 1}
is of length one and hence contains at least one lattice point. Lastly we show that the
case (l11,1l12) = (2,1) is also not possible. Here |c;| = 1 holds and two of the vertices are

1 1 1 1
S Z - + = = + (1,0).
uy <2d111 + 2d1217 261211 2d221), u2 ur + (1,0)

We assume h(c1) to be non-integral, otherwise we would have a lattice point on ¢; itself.
Nonetheless an integral point p is always in the lineality part, precisely at the height
h(c1) —1/2 and it can be given explicitly as p := auy + Suz where

_din +digr +2 di11 + di21

a = —k ; = 1+k+
2(da11 + do21) b 2(d211 + d221)

for an appropriate k € Z>¢ that makes 0 < o, 8 < 1. Then we have

1 1 1
D <2d111 + 2d121 +k+1, h(cr) 5)"

which is an integral point since we can always assume, via an admissible operation, that
di11 and dy91 have the same parity. O

Proposition 2.4.21. Let X = X (A, P) be as in Setting . Suppose la1 > 3.
(i) If h(c1) < 1 and h(c2) > —2 hold, then we are in one of the following three situa-
tions:
(a) We have 3 <lz1 <5 and the other l;j are bounded according to the table

{21 3 4 5
lig | <4 <2 | <2
li1 | <5 ] <3| <2
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In this case we turn P by means of admissible operations into the shape of
Remark[2.4.8 Then we have 0 < di21,da21 < lo1 and the estimates
l12 I

l
—2— —(da21 +2) < dai2 < 0, —-—doo1 < do11 < — Mg +14 2L
I 21 lo1 lo1

and the remaining two entries di11, di12 are bounded according to Remark:.
(b) We have loy > 6 and l11 = li1o2 = 1. Then all entries diji can be bounded
according to Proposition|2.4.19
(¢) We have loy > 6, l11 = 2 and l12 = 1. Then we achieve di12 = d212 = 0 by
sustable admissible operations and values and bounds for the remaining entries
are given by the table

l11

din 0 1 1 1 1 2 2
do11 1 2 3 4 5 3 5
lp | <45 <51 | <33[<50[<33]<35|<101

and by the estimates

—2(l21 + 1) < d9o1 < 0, M —ly1 < dio1 < M
da11 dan1
(i1) If h(c1) < 1 and h(cz) < —2 hold, then we are in one of the following two situations:
(a) We have l1y = lio = 1. Then loy and the entries dji, can be bounded according
to Proposition [2.].19
(b) We have l11 =2, li2 =1 and loy = 3,4. Then we achieve dy12 = da12 = 0 by
admissible operations and obtain the following estimates

2 2
—4([21+1) < dog1 < 0, _Ed221 < do; < —E(dml—l)-l-l,

da11(di21 + l21) < d < da11d121

0 < dio;1 < —doo, 111

doo1 da21
(iii) If h(c1) > 1 holds, then we have 111 = l12 = 1 and Proposition applies.

Proof. Let us verify (i) first. Lemmas [2.4.12] and [2.4.15| provide bounds on [/;; and 12
in terms of 91, namely those from the table of case (a) if lo1 < 6, otherwise 17 = 1,2
and l13 = 1. The other estimates of case (a) follow directly from Remarks
and . From now on we have Iy > 6 and l12 = 1, thus we arrive at dy12 = do12 =0
by admissible operations. If [1; = 1 then we are in case (b) and Proposition applies.
If 137 = 2 then we have to prove the estimates of case (¢). Writing down explicitly the
inequalities h(c1) < 1 and h(ca) > —2, as well as the positivity of the weights, already
gives bounds for di2; and dgo; and following estimates

2d9o1 2d991 . loy +2

d _
lo1 < ds l21 l21

; 0 < dinn < donr.

We still need to find an upper bound for l3;. Note that by substituting the lower estimate
for dgo1 in the upper estimate for ds11 one obtains

6
0 < doy11 < BD+— < 6.
l21
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Thus we have a finite range (independent from lo;) for do;; and therefore for diq1 too,
namely
din € {0,1,2}, dinn < do1n < 5.

The cases di11 = 3,4 are discharged, because there the origin lies outside of the lineality
part A_%(,o~ Moreover, if di11 = 0 holds, then ds11 = 1 holds by terminality. We look at
the lattice polytope C in Q3 given as the convex hull of the following points:

bo := (l21,d121,d221), b3:=(-1,0,0), bs:=(-1,1,0).
b :=(=2,di11,don1),  bo = (=2,d111 + 2, do11).

Now, put the leaf A5 M Ay of the anticanonical complex into Q3 by removing the first
coordinate (which always equals zero) from its points.

b3

by
For a = 0,—1, —2, consider

HY = {(z,y,2); e >a} C Q°,  Hy = {(x,y.2); x=a} C Q"

a

Then C' N Har equals AS N Ay and HY cuts out the lineality part AS(,o- In particular,
by terminality of X and Theorem the intersection C'N Hg“ has no interior lattice
point and inside CN H{ the origin is the only lattice point. Other interior lattice points of
C may only appear in C' N H;. More than once we will use the following two simplices:

Cl = COHV(bo,bl,bQ,bg), C'g = COIlV(b(),bQ,bg,b4).

They fulfill C = C; UCy and C7 NCS = 0. We go through all possible pairs (di11,d112).

Case d111 = 0, d112 = 1: C° contains the origin as only lattice point. We bound vol(C')
according to Theorem [2.4.4] and arrive at lo; < 46.

Case d111 = 1, d112 = 2: define q1 = (—1, 1, 1) and qo = (—1,2, 1). If d221 Z d121 —1
holds, then C has precisely two interior lattice points, namely the origin and g;. We apply
Theorem and obtain lo; < 34. If daa1 < di21 — 1 holds, then C contains also gs.
We note that the origin and ¢; lie in C'1, whereas go lies in C. Therefore Theorem [2.4.5
applies to C7 and we conclude o1 < 52.

Case di11 = 1, di12 = 3: consider ¢; := (—1,1,1) and q2 = (—1,2,1). If dyo1 >
di21 — la1 — 2 holds, then C' contains precisely two interior lattice points, namely the
origin and ¢;. We apply Theorem and obtain lo; < 22. If dogy < dyo1 — lop — 2
holds, then C' contains in addition go. We note that the origin and ¢ lie in C, whereas
qo lies in Co. We apply Theorem to C; and arrive at ly; < 34.
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Case dy11 = 1, di12 = 4: if dog1 > 2d121+1 holds, then C has precisely three lattice points
in its interior, namely the origin, ¢; := (—1,1,1) and ¢2 := (—1,1,2). In this situation
q1 is not contained in the simplex conv(bg, b1, b2, b3), whereas the two other points are.
By bounding its volume according to Theorem [2.4.5| we reach lo; < 25. Conversely, if
da21 < 2d121 + 1 holds, then C° contains the points above and also ¢3 := (—1,2,2). We
note that the origin and ¢ lie in the interior of conv(bg, b1, b3, g3), whereas g; lies on its
boundary. Therefore Theorem [2.4.5| applies and we conclude lo; < 51.

Case di11 = 1, di12 = 5: this situation can be settled in the exact same way as the case
directly above. The only differences are as follows: the inequality that allows ¢35 to be an
interior point of C' is dgo1 < 2d121 — l21 — 3. The new bounds are Iy < 20 and Il < 34.
Case di11 = 2, d112 = 3: consider the points ¢; := (—1,1,1) and ¢2 := (—1,2,1). If
do21 > dio1 — 1 holds, then C° contains precisely two lattice points, namely the origin
and g;. We apply Theorem and obtain Iy < 22. If dag; < di21 — 1 holds, then C°
contains also ga. We see that only ¢o lies in the interior of conv(bg, ba, by, q1), whereas
the origin does not. Therefore Theorem [2.4.4] yields l2; < 36.

Case di11 = 2, di12 = 5: here the polytope C contains three lattice points other than
the origin, namely

q1 ‘= (_1, 17 1)7 q2 ‘= (_17 1,2)a q3 = (_1’2’2)

The simplex conv(bg, b1, b3, g3) contains the origin and ¢ in its interior, whereas ¢; lies
on its boundary. We apply Theorem and arrive at ls; < 102.

Now we prove (i7). By Lemma we have l12=1, therefore we can always achieve
d112 = do12 = 0 by admissible operations. The same Lemma gives us l11 = 1 if lo; > 5
or if h(cg) < —4. This case is covered by Proposition Let us therefore assume
lo1 € {3,4} and h(c2) > —4, together with 17 > 1. Then Lemma implies {11 = 2.
Moreover Remark provides estimates on ds11 and dogq in terms of lo;. The last
bounds on di11 and dy21 are obtained as in Remark

Lastly we turn to (i77). We have lo; > 3 and h(c¢q1) > 1. Then by Lemma [2.4.18 we must
have l1; = l;2 = 1. Hence Proposition [2.4.19] applies. O

Case (ii) of Lemma

Lemma 2.4.22. Let X = X(A, P) be a non-toric terminal Q-factorial Fano threefold
with p(X) = 1 such that P is irredundant and we have r =3, m =0 and 7 = (2,2,1,1).
Then l(]1 = l02 =1 and l11 = l12 =1 hold.

Proof. Since P is irredundant, we have l1,l31 > 2. Since p(X) = 1, every set of rays of
the type (vog,v1j,v21,v31), for k,j € {1,2}, defines an elementary big cone. Therefore
Proposition [2.3.1] applies to all of them. In particular l;; = 1 for all i = 0,1 and
j=1,2. 0

Setting 2.4.23. Let X = X(A, P) be a non-toric terminal Q-factorial Fano threefold
with p(X) = 1 such that P is irredundant and we have r =3, m =0 and 7 = (2,2, 1,1).
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As a consequence of Lemma [2.4.22] we have lg7 = lgo = l11 = l12 = 1 and, after suitable
admissible operations, the matrix P is of the form

-1 -1 1 1 0 0

-1 -1 0 0 Iy 0
P=|-1-1 00 0 Iy |,

0 1 dinn 0 dior diz

0 0 do1n O door doz

where lo1 > [31 > 2 holds. Moreover, denoting by P;; the matrix obtained by removing
the column v;; from P, we have positive weights

wop1 = det(P01), w11 = det(PH), w1 = det(le),
wp2 ‘= — det(Pog), w1y = — det(Plz), w3y ‘= — det(Pgl).
In particular some weights have a compact form, such as wi; = —l31dao1 — la1do31, as

well as w1 = 131d211 and w31 = l21d211. Then we have forms

w2 = —di11wir — di21w21 — d131W31,

wo1 = —wo2 + lo1ls1do11, wiz = —wi1 + l21l31d211.

Lemma 2.4.24. Let X = X (A, P) be as in Setting 2.4.25 The vertices of A% ,, regarded
as a subset of the lineality space Q2 of the tropical variety, are

[lardizt +131dio1  londoz + l31d221}
(3] = 9 )
lor + I31 lo1 + 31
- [lo1di11 + liidior + loilzr  loidasy + l31d221]
o lor + 131 ’ lo1 + 31 7
uy = [lo1d131 + I31d191 + lo1l31din  I21doz + I31do2y + l21l31d211}
’ | lo1 + 131 ’ lo1 + 131 ’
[lordusy +I31dio1 + loalziding + lonlzy  lordasy + I31daor + l21l31d211]
uy = , :
lo1 + 131 lo1 + 131
Proof. We just compute the lineality part A% , according to Corollary @} O

Remark 2.4.25. Observe that A% ; as described in Lemma [2.4.24] is a parallelogram.
The edges ¢; := ujug and cy := uzuy are parallel to the z-axis and the remaining two
edges are uyuz and uzuy. Length and y-value h(c;) of the line segments ¢; are

_wn
lop + 131’

w12

l21l31
le1] = |ea (c1) it Ion

, h(c
lo1 + 131 (c2)

Note that the length of the segments ¢; and ¢ is at least 1, since we assumed lo1 > 31 > 2.
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U1 C1 U2

us3 C2 U4q

In the following we denote by p; the i-th row of P.
Lemma 2.4.26. Let X = X (A, P) be as in Setting|2.4.25. All d-values of the matriz P

can be bounded in dependence on the l-values simply by taking into account the positivity of
the weights, some admissible operations and the previous Remark. The explicit estimates
are

0 <diz31 <l31
0 <dsz1 <31

l l
—£(d231 +1)—1<da < — g
l31 l31
d d d d l l
Cda dom o dam dam + 3
la1 l31 la1 l31 la1l31

0 < dinn < donlas,
Ii—l21 < d121 < K,

where
. di11(l21d231 + l31d221) — l21d211d131

[31d211

Proof. First we can bound dy31 and do3; by adding a suitable multiple of po — p3 to p4
and ps. The combination dagy(p2 — p3) + l31p5, added suitably to py, bounds di11. Note
that this operation does not alter di3; nor dog;. The weights wg; and wps give estimates
for di21. The other weights provide a lower bound for do1; and an upper bound for dss;.
The missing bounds for these two last d-values are obtained through h(c;) > —1 and
h(cz) < 1. These inequalities hold since the width of the parallelogram AS  is at least
1. Therefore Ag{,o must lie in the stripe —1 <y < 1. 7 0

Lemma 2.4.27. Let X = X (A, P) be as in Setting |2.4.25. Suppose lz1 > 2. Then
l31 =3 and l21 = 3,4, 5.

Proof. This is a direct consequence of the shape of A% . Its width, calculated in Re-
mark [2.4.25] must remain smaller than 2 in order to avoid lattice points other than the
origin on its intersection with the z-axis. O

Proposition 2.4.28. Let X = X (A, P) be as in Setting [2.4.25. Then l31 = 2,3 holds
and we are in one of the following situations:
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(i) We have l31 = 2. Then da11 = 1 holds and we can achieve di11 = 0 by a suitable
admissible operation. The other entries of P are bounded according to the table

di31 0 1 1

d231 1 0 1

Iy | <33 | <24 <11

and the estimates

l l
—%(dzm-i-l)—l < doo1 < —%dzm,
l l

—%d131—l21 < diz1 < —%dml-

(ii) We have l31 = 3. Then 3 <l91 <5 holds, we obtain 0 < di31,da31 < 3 and we have
the estimates

l l
—%(d231+1)—1 < doo1 < _§d2317
d d d d 3+1
b o da dan + oy
l21 3 l21 3 3l21
0 < dinn < dorilas,
k=l < di21 < K,

where

. di111(la1d231 + 3da21) — l21do11d131
' 3da11 '
Proof. By Lemma we have 31 = 2 or [31 = 3. In the latter case the same Lemma
bounds l; as well, and Lemma provides constraints for all d-values.
From now on let I3 = 2, so lo7 > 2 holds. Note that all bounds from Lemma [2.4.26
already hold, so we only need an upper bound for l3;. The total height h of Ax  is

2
h = h(cy) — h(c) = Zl;llf;.

Terminality prevents non-zero lattice points from lying in A% ,. In particular h < 2
holds. Thus do11 = 1. According to Lemma di11 € {0, 1}7. Since we can subtract
ps from py without altering the other bounds, we may assume dy17 = 0. Define the lattice
polytope B in Q3 as the convex hull of the following points:

bo := (l21, d121, d221),
bl = (—2, d131, d231), b2 = (_2, d1315 d231 + 2)7
bs = (=2,d131 + 2,d231), by = (=2, d131 + 2, da31 + 2).

Consider the leaf A5 N Ay of the anticanonical complex as a subset of Q? by ignoring the
first and third coordinates, which always equal zero. For a = 0, —1, —2, consider

Hf ={(y.2);x>a) € Q%  HS :={(x,y.2); z=a} C Q"
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Then BN HSF equals AS N Ay and H8 cuts out the lineality part Ag{,o- In particular,
by terminality of X and Theorem the intersection B N Hy has no interior lattice
point and inside B N HY the origin is the only lattice point. According to Lemma
we have dj31,da31 € {0, 1}, where at least one of the two values equals 1, since vs; is
a primitive point by construction. Thus we have three distinct cases to analyze. The
goal is to find a lattice polytope containing exactly one or two interior lattice points and
bound its volume using Theorem or Theorem [2.4.5| respectively.

Case d131 = 0, dg31 = 1: the polytope B has exactly two interior lattice point in H?,
namely qo := (—1,0,1) and ¢; := (—1,1,1). Consider the simplex C' := conv (b, b1, bz, q1).
The point gg lies in the interior of C, whereas the origin does not. Hence we can bound

vol(C) = (lg1 — di21 + 2)/3 with Theorem and obtain lg; < 34.

Case d131 = 1, da1 = 0: B has two interior lattice points in H%,, namely ¢ := (—1,0,1)
and ¢ := (—1,1,1). We define two simplices C7, Cy as follows:

Cl = COnV(bo,bl,bz,bg), CQ = COHV(bQ,bl,bg,Q4).

These are not disjoint nor cover the whole polytope B. The point p; lies in the interior
of the intersection By N Bs, while ps does not. Hence in at least one of the C; lie at
most two lattice interior points and the bound is obtained by applying Theorem [2.4.5| on
vol(C;) = (2121 +4)/3, which results in l; < 25.

Case di31 = 1, da3z1 = 1: here the only lattice point in B° N H°; is ¢ := (—1,1,1). In
particular, B is a lattice polytope containing exactly two lattice points in its interior,
namely the origin and q. We apply Theorem to vol(B) = (4la; + 8)/3 and obtain
the condition Iy < 12. ]

Case (iii) of Lemma

Lemma 2.4.29. Let X = X(A, P) be a non-toric terminal Q-factorial Fano threefold
with p(X) = 1 such that P is irredundant and we have r =2, m =0 and n = (3,1,1).
Then l01 = log = lo3 =1 holds.

Proof. Since P is irredundant, we have l11, 131 > 2. Since p(X) = 1 holds, the elementary
big cones are precisely those of the form cone(vgj, vi1,v21), for j = 1,2,3. Therefore
Proposition applies to all of them. In particular lo; = 1 for all j = 1,2, 3. O

Setting 2.4.30. Let X = X (A, P) be a non-toric terminal Q-factorial Fano threefold
with p(X) = 1 such that P is irredundant and we have r =2, m = 0 and @ = (3,1, 1).
By Lemma we have lgy = lgo = lp3 = 1 and, after suitable admissible operations,
the matrix P is of the form

-1 -1 -1 l11 0
-1 -1 -1 0 l91
0 1 0 din dinn
0 0 1 do1n dom
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where [11 > la1 > 2 holds. Moreover, denoting by P;; the matrix obtained by removing
the column v;; from P, we have positive weights

wo1 = det(P01), Wp2 = — det(Pog), wo3 = det(Pog),
w1 = —det(Pll), wWo1 = det(Pgl).
We can write the weights explicitly as wi1 = lo1, wo; = l11 and wg; = l11l21 — wo2 — wo3,
where
woz = —lordinn — lindior,  woz = —lardarr — lindaar.

Lemma 2.4.31. Let X = X (A, P) be as in Setting|2.4.30} The vertices of A% o, regarded
as a subset of the lineality space Q2 of the tropical variety, are

[hdior +lordiny  lindaer + l21d211}
(75} = 5 9
l11 + lo1 L1 + 121
- [lidio1 + lordin + linlar  liidaor + 121d211]
| I +l21 ’ ha + il ’
- [l11d121 + lordinn  liidaor + lardorn + l11l21]
. i+l 7 li1 + 121 '
Proof. We just compute the lineality part AS , according to Corollary [2.2.11 O

Remark 2.4.32. Observe that A%, as described in Lemma is an isosceles right
triangle. The edge c¢; := ujus is parallel to the z-axis whereas co := ujug is parallel to
the y-axis. They have the same length h, i.e.,

li1l21

el = el =g

Note that A > 1 holds, since we assumed l;; > l5; > 2. Moreover we can write uq in
terms of the weights as
( —wo2 —Wo3 )
Uy = .

L+ o1 lin + 1o

ug

Ui C1 U2
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Lemma 2.4.33. Let X = X (A, P) be as in Setting|2.4.50. All d-values of the matriz P
can be bounded in dependence to the l-values simply by taking into account the positivity
of the weights, some admissible operations and Remark[2.-].32. The explicit estimates are

0 <di21 <lo
0 < dgo1 <l

I In
——di21 — I < dinn < —5—dqa1,

l21 l21

I I
——d291 — l11 < don1 < —5—da21.

l21 l21
Proof. The entries di2; and dos; are bounded by suitably adding ps — p1 to p3 and py
respectively. In this way the shape obtained in Setting is not altered. Positivity
of the weights wps and w3 gives the upper bounds for the other two d-values. The
corresponding lower bounds are obtained by noting that the first coordinate of us and
the second coordinate of us must be positive to ensure that the origin lies in the interior

of ASCO' O

Lemma 2.4.34. Let X = X (A, P) be as in Setting |2.4.30, Assume that la1 > 3 holds.
Then log = 4,5 and 111 < 3l21/(l21 — 3),

Proof. This is a direct consequence of h < 3, a necessary condition to avoid non-zero
lattice points in A% . O

Proposition 2.4.35. Let X = X (A, P) as in Setting[2.4.30, Then we have 2 < ly; <5
and we are left with the following situations:
(i) We have loy = 2. Then we achieve d121 = 1 by suitable admissible operations and
the remaining entries of P are bounded as follows:

li1 < 24, doo1 € {0,1},

3[11 l11 lll

_2 g _ At At

5 <din < 5 5

(ii) We have lo; = 3. Then we achieve 0 < dyo1 < dao1 < 3 by suitable admissible
operations, the value l11 is bounded according to the table

l11
doo1 — 11 < da11 < *7d221-

di21 0 0 1 1 2
da21 1 2 1 2 2
Il | <71 <50 | <32] <68 <50

and for the remaining entries we obtain the conditions

l
*%(dwl +1)—-1 < din < *%dlzlv
l11 lll

—?(dzm +1)—1 < do1 < —?d221~
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(iii) We have loy = 4 or loy = 5. Then Lemma |2.4.34 bounds 111 and Lemma

provides estimates for all d-values.

Proof. By Lemma|2.4.34|the inequality ls; < 5 holds. In particular, for ls; > 3, the value
of [11 is bounded as well, and so are the d-values with Lemma

Case ly; = 2. With Lemma we have dy21,d221 € {0,1}. Since vy is a primitive
lattice point, at least one of these values must be equal to one. Without loss of generality
we assume di21 = 1. Consider the leaf A N A1 of the anticanonical complex as a subset
of Q? by ignoring the second coordinate, which always equals zero. For a = 0, —1, —2,
consider

Hf =={(wy.2)iz>a} € Q% H) ={(a,y,2); v=a} C Q.

a

Moreover define B as the convex hull of the following points:

bo := (l11,d111, d211), by = (=2,1,d221),
by == (=2, 3, da21), b3 := (—2,3,da21 +2).

Then B N Har equals AS N A and H8 cuts out the lineality part AS(’O. In particular,
by terminality of X and Theorem the intersection B N ng has no interior lattice
point. The simplex B contains exactly two lattice points in its interior, namely the origin
in Hg and (—1,1,dg91) in H 91. Therefore we may apply Theorem on the volume
of B, which is given by vol(B) = (2l11 + 4)/3, and arrive at l;; < 25. Lastly, with
Lemma we bound the entries dqi11 and daq1.

Case lo; = 3. According to Lemma we already bound all d-values. Moreover we
can assume dio1 < doo1, by swapping ps with ps as well as vpa with vgz. Hence there
are five combinations for the couple (dy21,d221). Each one of them will deliver a specific
upper bound for ;1. To see that, define the lattice polytope B in Q3 as the convex hull
of the following points:

bo := (l11,d111, d211), by := (=3, di21, dan1),
b2 = (—3’ d121 —+ 37 d221), b3 = (_3,d1211 d221 + 3)

Consider the leaf A5 N A1 of the anticanonical complex as a subset of Q? by ignoring the
second coordinate, which always equals zero. Consider

Hy ={(z.y,2); 220} € Q°,  H :={(z,y,2); 2=0} € Q"

Then BN Har equals A5 N A and Hg cuts out the lineality part AS{,o- In particular,

by terminality of X and Theorem [2.1.10| the intersection B N HJ has no interior lattice
point and inside B N Hg the origin is the only lattice point.

Subcase dio1 = 0 and dog1 = 1. Here the number of interior points of B varies. If [11 >
—2d917 holds, then B contains four integral points other than the origin. The origin ap-
pears as only interior point in one of the two following simplices: conv(bg, b1, ba, (—1,0,1))
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or conv(bg, ba, b3, (—1,0,1)). Bounding their volumes according to Theorem we ob-
tain 117 < 33 and [17 < 27 respectively. On the contrary, if 17 < —2d211 holds, then B
has six interior lattice points and the origin is the only lattice point in the interior of the
simplex

conv(bg, (—1,0,0),(—1,1,0), (—1,0,1)).

For this situation we obtain l1; < 72.
Subcase dio1 = 0 and dso; = 2. For large l17 > 16, the polytope B contains six lattice

points other than the origin in its interior:

a1 = (~1,0,1), g = (~1,1,1), g3 := (=1,0,2),
g1 = (—2,0,2), g = (-2,1,2), g6 = (—2,0,3),

The origin is the only lattice point that lies in the interior of C' := conv(by, b1, b2, q1, G2)-
We bound vol(C) = (2 —4dz11 — 2111)/3 according to Theorem and obtain /31 < 51.

Subcase dio1 = 1 and doo; = 1. First note that in this subcase we can assume di11 < do11
by admissible operations. If l11 > —2dj11 holds, then B° contains the following integral
points:

q1 = (_27171)7 qQ = (_27271)7 q3 = (_27172)ﬂ 44 = (_17171)'

Only the origin lies in conv(bg, by, b2, q4) and bounding the volume of this simplex by
Theorem [2.4.4] we obtain l;; < 33. If —2dj11 > l11 > —2da1; holds, then two additional
points are in B:

g = (—1,0,1), g6 = (—1,0,2).

The origin is the only interior lattice point of conv(bg, b1, b2, ¢4, g5). Bounding its volume
by Theorem [2.4.4] we arrive at l17 < 24. Lastly, if [11 < —2ds11, three additional point
lie in the interior of B, namely:

qr = (_17070)7 qs ‘= (_17170)7 q9 ‘= (_17270)

Here the origin lies, as only interior lattice point, in the simplex conv(by, gs, q7, q9) and
we arrive at [17 < 18. Considering the worst case we conclude l1; < 33.

Subcase digy = 1 and dgoo1 = 2. If l17 < —2d111 — 1 holds, then B° contains only the
following four non-zero lattice points:

q1 ‘= (_27 172)7 q2 ‘= (_27272)7
q3 = (_27 173)7 q4 = (_17 17 1)

The origin lies, as only interior lattice point, in one of the two following simplices:

conv(bo, g4, b1, b2), conv(by, qu, b1, b3).
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By bounding their volume accoring to Theorem [2.4.4] we arrive at I1; < 69 and 17 < 33
respectively. If [17 > —2dy11 —1 holds, then B° contains two new lattice points in addition
to the ones given above, namely:

g = (—1,0,1), g% = (—1,0,2).

The origin lies in the polytope conv(bg, b1, b2, q4,¢5) and is the only lattice point in its
interior, hence we obtain l1; < 51 by Theorem [2.4.4] By comparing all inequalities we
conclude 117 < 69.

Subcase dis1 = 2 and d9o1 = 2. The polytope B has the origin and two other integral
points in its interior, namely ¢; := (—1,1,1) and g2 := (—2,2,2). We define simplices
C; := conv(qo, bj; j # i) for i = 1,2,3. Note that ¢;, g2 and the origin all lie on a common
line. The point by does not lie on the same line, because otherwise /11 = 1 holds but P
is irredundant. Hence one of the C; contains two interior lattice points and its volume

can be bounded according to Theorem We have
1 1 3 1
VOl(Cl) = §d111 + 561211 + 5111 + 1, VOl(CQ) = VOl(Cg) = —§d211 + 1.

The worst bound is obtained by Cs, C3 and delivers l1; < 51. L]

Case (iv) of Lemma [2.4.1]

Lemma 2.4.36. Let X = X(A, P) be a non-toric terminal Q-factorial Fano threefold
with p(X) = 1 such that P is irredundant and we have r =2, m =1 and n = (2,1,1).
Then l01 = 102 =1 hold.

Proof. Since P is irredundant, we have ly1,l21 > 2. Moreover p(X) = 1 holds, hence
cone(vgj, v11, v21), for j = 1,2, are precisely the elementary big cones. Therefore Propo-
sition applies and lp; = lp2 = 1 holds. ]

Setting 2.4.37. Let X = X(A, P) be a non-toric terminal Q-factorial Fano threefold
with p(X) = 1 such that P is irredundant and we have r =2, m =1 and m = (2,1,1).
By Lemma [2.4.36] we have lp; = lpo = 1 and after suitable admissible operations the
matrix P is of the form

-1 -1 I 0 0

-1 -1 0 0

l21
P = ,
0 1 dinn disn diy

0 0 donn doon dy
where the following relations hold
2 <lo1 <11, 0 < di91,d221 < loa,

0 < djy < dy, ged(dyy, dyy) = 1.
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Moreover, denoting by P, the matrix obtained by removing the column v, from P, we
have positive weights

wor = det(P01), woo = —det(PO2)7
wi] = det(Pn), wo = —det(Pgl), wy = det(Pl).

Lemma 2.4.38. Let X = X (A, P) be as in Setting . The vertices of A% ,, regarded
as a subset of the lineality space Q* of the tropical variety, are

P [l11d121+l21d111 l11d221+l21d211}

i+l li +1n
4y [511d121 +lordinr + li1lor liadaor + l21d211]
lin + 21 ’ i1 + 21 ’
uz = [ 11 /21] :
Proof. We just compute the lineality part A% ; according to Corollary @ O

Remark 2.4.39. Observe that Agf,o as described in Lemma [2.4.38]is a triangle. The
edge ¢ := uiuy is parallel to the z-axis, lies underneath it and has length and height

—wq

o] = l11l21
L+l

S N o g
i+l — (c)

The third vertex ug is a lattice point that lies in the first orthant, above the bisection.

s U3

In(e)

Ul c " us

Remark 2.4.40. Let X = X (A, P) be as in Setting [2.4.37, Positivity of wgy and w;
deliver respectively

l11 lll
di11 < —5—do1, da11 < —5—da21.
l21 l21
Moreover, positivity of wgy yields
111 dl lll
dinn > ——dio — Iy + -+ (d211 + *d221)-
l21 dy, I21
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Remark 2.4.41. Let X = X (A, P) be as in Setting [2.4.37 The condition h(c) > —t

for some given t € Qs is equivalent to
i
do11 > —T(dggl +1t) —t.
21

Lemma 2.4.42. Let X = X (A, P) be as in Setting|2.4.37 Then the following holds:

li1lo1

— < 4
li1 + 1oy
In particular we have lo; < 7 and, for loy > 5, we bound l11 via

4l
log — 4 ’

11 <

Proof. If h(c) > —1 holds, the assertion follows since the length of A% (N {y = 0} is
smaller than 2. If h(c) < —1 holds, then the assertion follows from the more restrictive
fact that at height [h(c)] the intersection of the lineality part is shorter than 1. O

Remark 2.4.43. Let X = X (A, P) be as in Setting 2.4.37} If h(c) > —1 and |c| > 1,
then terminality prevents integral points from lying in the intersection of the lineality
part with {y = 1}. This implies

1111 l l
,21< 11t21 +l11 + 21 < 11

linlor =l =l

Proposition 2.4.44. Let X = X(A, P) be as in Setting [2.4.37 Assume dby; > 1 and
h(C) < =1. Then li1 = 3, lo1 = 2, 0 < djo1,do91 < 2, (dln,dél) S {(1,2), (1,3),(2,3)}
and we have following estimates

3 5 3
—§d221 + §(d§1 —6) < don1 < — zdaa,

2
3 ), 3 3
—§d121 -3+ d,21<d211 + §d221> < dinn < — §d121-

Proof. First note that h(c) < —1 holds, since |c| > 1. The lineality part A%, has a
non-empty intersection with {y = 2} since dy; > 2. At height {y = —1} it has a width
smaller than one, by terminality. Since h(c) < —1 holds, we conclude

li1l21

< 4
l11 + 1oy 3

This implies already lo; = 2 and [1; = 2, 3.

Case 111 = 2: here |c| = 1 holds and two of the vertices are

1 1 1 1
- (= Z = + = = + (1,0).
uy (2d111 2d121, 2d211 2d221), U2 uy +(1,0)
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We assume h(c) to be non-integral, otherwise we have a lattice point on c itself. Nonethe-
less an integral point ¢ always lies in the interior of conv(ui,u2,0) C A, precisely at
height h(c) + 1/2. Tt can be given explicitly as ¢ := au; + Sug where

o= _F L dntdint?2 g =14k dmtd
' 2 2(don +da21)’ ' 2 2(da11 + da221)

for an appropriate k € Z>¢ that makes 0 < o, 8 < 1 and

1 1 k 1
IS ST ST H
q (2d111 + 2d121 + 5 +1, h(c) + 5

an integral point. Hence this case does not provide terminal varieties.

Case 111 = 3: here we have |¢|] = 6/5. To avoid lattice points in the lineality part at
height [h(c)] we obtain dy; < 4. In particular, for dj; = 2 we have h(c) > —4 and for
dy, = 3 we have h(c) > —3. Remarks [2.4.40|and [2.4.41| deliver the estimates for djq; and
do11. O

Proposition 2.4.45. Let X = X (A, P) be as in Setting Assume dy; > 1 and
h(c) > —=1. Then dj; >0, l11 > l21 and 0 < dy21,doo1 < l21. Moreover lo; <5 holds and
we are i one of the following situations:
(i) lo1 = 2, d/21 =2,...,10 and dlll € {17d/21 — 1}.
For dby, = 2,3 we obtain bounds for l11 according to the table

Uus (172) (173) (273)
di21 0] 1 1 0 171110 1 1
dao1 110 1 1 0} 1] 1 0 1
1 | €24 | — 1 <241 <151 <69 | — | — | <511 <15

For the other values of dy; we have

d’21+1'
dhy —2

l11 < 2-

(i1) 121 = 3, uz € {(1,2),(1,3),(2,3),(3,4)} and the exponent ly; is bounded according
to the table:

| <14] <4 <4] =3
(iii) lo1 = 4,5 and we have the estimates:
321
I < = (1,2
11 - us (1,2)

In all these situations di11 and da11 are bounded by Remarks|2.4.40 and|2.4.41).
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Proof. Remarks [2.4.40] and [2.4.41] provide bounds for di1; and do11. Now consider the
lineality part A% ,. It has a non-empty intersection with {y = 2} since dy; > 2. At
height {y = 1} it has a width smaller than one, by terminality. Since h(c) > —1 holds,
we conclude

li1lo1
li1 + 1oy
This implies 97 < 5.

Case lyy = 4,5: the same inequality bounds l1;, with 11 and 7 respectively. With
Remark [2.4.43 we conclude df; = 2 and thus dj; = 1.

Case ly; = 3: here Remark [2.4.43| delivers dj; < 4. For uz € {(1,3),(1,4)}, the fact

that the lineality part does not contain (0,1) means that it cuts the z-axis right from

the point
1
(o)

dy, —1
To avoid the point (1,0) we get

3 dy +1

l11 < == 21 < 6.
2 dy —2

The same reasoning and result holds for ug € {(2, 3), (3,4)}, by taking the integral point
(1,1) instead of (0,1).
Hence assume u3 = (1,2). Consider the leaf C' := AS N A2, If di21 + d221 = 3 holds, we
show that C' contains an integral point and hence X is not terminal. Otherwise, we give
a rational point ¢ in the lineality space A such that

1 2
§'021+§'QO = q
holds for some integral point ¢;. By terminality we must impose qg ¢ A§<,0' Herewith
we obtain a sharper bound on |c|, which in turn delivers a bound on l;;. When this is
the case, we simply provide the points go, ¢1 and the estimates for |c| and [1;.
Subcase dya1 = 0, dgo; = 1: with ¢o := (0,0,0,—1/2) and ¢q; := (0,1,0,0) we obtain
lc] < 5/2, hence l17 < 15.
Subcase dio1 = 0, dgg1 = 2: with gg := (0,0,0,1/2) and ¢; := (0,1,0, 1) we obtain |c|] < 2,
hence [11 < 6.
Subcase dia1 = 1, doo1 = 0: with ¢o := (0,0,—1/2,0) and ¢; := (0,1,0,0) we obtain
lc] < 9/4, hence l;; < 9.
Subcase dio1 = 1, doo1 = 1: with go := (0,0,—1/2,—1/2) and ¢; := (0,1,0,0) we obtain
lc| < 9/5, hence l;; < 5.
Subcase di21 = 1, doa1 = 2: on the segment conv(vai,v1) C A% lie the lattice points
(—=2,1,2) and (—1, 1,2), contradicting terminality. 7
Subcase dig1 = 2, deo; = 0: with ¢ := (0,0,1/2,0) and ¢; := (0,1,1,0) we obtain
le] <9/4, hence l;; < 9.
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Subcase d121 = 2, dag1 = 1: the lattice point (1, 1,1) lies in conv (0, va1,v1) C Ag{,o- Thus
the corresponding varieties are not terminal.

Subcase d1a1 = 2, dao1 = 2: with go := (0,0,1/2,1/2) and ¢; := (0,1,1,1) we obtain
le| < 2, hence 117 < 6.

Case loy = 2, l31 > 3: since |c¢| > 1, Remark [2.4.43| yields lo; < 10. The length of the
segment A5 o N {y = 0} is at least

hilor  dy s 6 b _
lin+lor dy +1 5

Consider the triangles:

A; = conv((0,0),us, (—t/2,0)),
A = conv((0,0),us, (t/2,0)).

At least one between A; and A, is subset of the lineality part A% ,. For any ug =
(dyy,dy;) with dj; ¢ {1,d,; — 1} both A; and A, contain integral points, a contradiction
to terminality. If dj; = {1,d,,; —1} holds and d5, > 4, then we look at the intersection of
A% o with the z-axis. The fact that this segment does not contain integral points other
than the origin delivers the bounding condition

/21"‘1_

We still need to handle following possibilities for us:

(1,2), (1,3), (2,3).

We go through all combinations of us, d121 and do2; and provide constraints on l1; based
on volumes of appropriate lattice polytopes. For this purpose consider the convex hull
B in Q3 of the following points:

bo := (1, d111,donr), by = (0,dyy, diy),
b1 := (—2,d121,d221), b2 :=(—=2,d121 + 2,d221).

Put the leaf AS NA; of the anticanonical complex into @ by removing the first coordinate
(which always equals zero) from its points. For a = 0,—1, —2, consider

H = {(z,y,2); 2 >a} € Q% HY = {(z,y9,2); =a} C Q.

a

Then BN Hy equals A N Ay and HY cuts out the lineality part A% o- In particular,
by terminality of X and Theorem the intersection B N ng has no interior lattice
point and inside BN H{ the origin is the only lattice point. Other interior lattice points
of B may only appear in BN H°;.

Subcase ug = (1,2), deg1 = 1: the simplex B contains only the origin and (—1,1,1) as
lattice points. With Theorem [2.4.5| we arrive at 17 < 25.
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Subcase uz = (1,2), dio1 = 1, do21 = 0: here the point (0,1,1,1) lies on the segment
joining w91 and v1, hence contradicting terminality.
Subcase ug = (1,3), di21 = 0, doo1 = 1: the origin and (—1,1,1) are the only lattice
points in the interior of B. We apply Theorem and conclude l1; < 16.
Subcase uz = (1,3), di21 = 1, do21 = 0: here B° contains two lattice points other than
the origin, namely ¢; := (—1,1,0) and ¢z := (—1,1,1). The origin and ¢; lie in the union
of the simplices

conv(bo, b1, b2, g2), conv (b, b1, b3, g2)-

We bound [y; by considering the worse of the two estimates obtained by applying Theo-
rem This returns l1; < 70 for both polytopes.

Subcase uz = (1,3), di21 = 1, deg1 = 1: we find the lattice point (0,1,1,2) between vy
and v1. Thus terminality is not fulfilled.
Subcase uz = (2,3), dyogg = 0, do21 = 1: the point (0,1,1,2) lies on the segment joining
v91 and w1, hence contradicting terminality.
Subcase uz = (2,3), di21 = 1, dg21 = 0: here B° contains two lattice points other than
the origin, namely ¢; := (—1,1,0) and g9 := (—1,2,1). The origin and ¢; lie in the union
of the simplices

conv(bo, b1, b2, g2), conv(bo, b1, b3, g2)-

We bound /1 by considering the worse of the two estimates obtained by applying Theo-
rem [2.4.5] This gives l1; < 42 and ;1 < 52, respectively.

Subcase uz = (2,3), di21 = 1, doo1 = 1: the origin and (—1,1,1) are the only lattice
points in the interior of B. We apply Theorem and conclude 17 < 16.

Case loy = 2, 111 = 2: the vertices u; and wuo are half-integral points. The segment ¢
has length equal to 1 and height h(c) > —1. Terminality yields h(c) = —1/2, hence
ds11 = —dg21 — 1. The bounds already found on dy11 allow only two values for it, namely
—dio1 — 1 and —dj91 — 2. For dy11 = —dj21 — 1 we have dlll =1 (tO avoid points of
the type (1, k) in the lineality part, for some k € Z>() and consequently dy; = 2,3, to
prevent (0,1) from lying in A%ﬂo. For di11 = —dj21 — 2, the only choices for ug that
do not include (1,2) and (1, 1) in the lineality part AS , are the points (1,2) and (2, 3).
These situations are already included in the estimates of the assertion. O

Proposition 2.4.46. Let X = X (A, P) be as in Setting and assume dby; = 1.
Then we have dlll =0, l11 > lo1, 0 < dj21,dso1 < o1 and

l {
—Fdioy — o1 < din < — dio,
l21 l?l
{ {
—ﬂ(dgm +1) -1 < doi1 < — o1
l21 l21

Moreover, lo1 < 7 holds and 111 is bounded according to the table

In | 2| 3] 4| 5] 6] 7
i [ <51 <105 | <11 <19 <11|<9
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Proof. Since the origin is contained in the relative interior of A% 5 and uz = (0,1) holds,
u1 has a negative y-value and uy a positive one. Therefore ¢ intersects the y-axis and
h(c) > —1 follows, in order to avoid the point (0, —1). Remarks[2.4.40| and [2.4.41| deliver
the bounds for di1; and do1;. Now we still need to bound the exponents ;1 and lo7.
Lemma [2:4.42 implies l2; < 7 and gives an explicit bound for /37 in the cases ly1 = 5,6, 7.
For ly1 = 2,3,4 define the lattice simplex B C Q32 as the convex hull over following
points:

by := (—la1, d121, d221), by := (—la1, d121 + l21, d221),
b3 :=(0,0,1), bo := (11, d111, do11).

Consider the leaf AS ;N A1 as a subset of Q3 by ignoring the second coordinate, which
always equals zero. For a = —lo1,...,0 define

Hf ={(z,y,2); x>a} C Q%  H) :={(z,y,2); s =0a} C Q"

Then BN HO+ equals A N Ay and Hg cuts out the lineality part AS(’O. By terminality,
Bn Har does not contain lattice points and the origin is the only lattice point in A% .
We go through all finitely many possible b; and look for polytopes with precisely one or
two interior lattice points, in order to bound their volumes and obtain bounds on [q;.

Case la1 = 2, dio1 = 0, doo1 = 1: the the origin is the only interior lattice point of B,
hence vol(B) is bounded according to Theorem and we reach [1; < 34.

Case lo1 = 2, dio1 = 1, dooy; = 0: B° contains exactly two lattice points, namely the
origin and (—1,1,0). Its volume is bounded by 18 according to Theorem and we
obtain 11 < 52.

Case loy = 2, di1a1 = 1, doo1 = 1: the simplex B has the origin as only interior lattice
point. By Theorem [2.4.4] we arrive at [;; < 34.

Case ly1 = 3, dy21 = 0, da21 = 1: the point (0, 1,0, 1) lies in on the segment that connects
v91 with v1, contradicting terminality.

Case lo1 = 3, di21 = 0, da21 = 2: the point (0,1,0,1) lies in conv(0, va1,v1) C A, thus
contradicting terminality. 7

Case loy = 3, dio1 = 1, dgo1 = 0: three non-zero lattice points lie always in B°, namely
q1 = (—2,1,0), g2 = (—2,2,0), q3 = (—1,1,0).

If da11 < 2d311 + 111 + 1 holds, then they are the only ones and conv(bg, b1, b3, g3) has the
origin as only interior lattice point. Bounding its volume with 12 we arrive at l1; < 105.
If do11 > 2dy11 + 111 + 1 holds, the point ¢4 := (—1,0,0) also lies in B°. We bound the
volume of conv(bg, ba, b3, q4), which contains the origin and g3 an only interior lattice
points, and arrive at l; < 78.

Case loy = 3, dio1 = 1, doog = 1: if 2do11 > —I11 — 1 holds, then B contains the origin as
only interior lattice point and Theorem yields 117 < 21. If 2ds11 < —l11 — 1 holds,
then ¢ := (—1,1,0) lies also in B°, together with one between (—1,0,0) or (—1,2,0).
The simplices conv(bg, b1, b3, q¢) and conv(bg, bz, b3, ¢) contain at most two interior lattice
points and one of the contains the origin. With Theorem [2.4.5| we conclude 11 < 106.
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Case lo1 = 3, dio1 = 1, doo1 = 2: other than the origin, B° contains only the lattice
point (—1,1,1). Hence we can directly apply Theorem and obtain /;; < 33.

Case lo1 = 3, d121 = 2, dos1 = 0: three non-zero lattice points lie always in B, namely
@1 = (—2,2,0), a2 = (—2,3,0), qs = (—1,1,0).

If d211+2d111 + 3011 < 1 holds, then they are the only ones and conv(by, b1, b3, g3) has the
origin as only interior lattice point. Bounding its volume with 12 we arrive at l1; < 31.
If da11 + 2d111 + 3111 > 2 holds, the point g4 := (—1,2,0) also lies in B°. We bound
the volume of conv(bg, b1, b3, g1), which contains the origin and g3 an only interior lattice
points, and arrive at l; < 78.

Case lo1 = 3, d121 = 2, d991 = 1: here the exact same process works as in case lo1 = 3,
di21 =1, do21 = 1.

Case lyy = 3, d191 = 2, doo1 = 2: other than the origin, B contains only the lattice point
(—=1,1,1). Hence we can directly apply Theorem and obtain l11 < 33.

Case la1 = 4: here we only work with the leaf C' := AS N A2, If djo1 is even, then we
can always show that C' contains an integral point and hence X is not terminal. If djo1
is odd, we give a rational point ¢ in the lineality space A such that

1 3

Z'U21+Z'CI0 = q
holds for some integral point ¢;. By Theorem [2.1.10] we must impose gy ¢ Ao As
a consequence we obtain a sharper bound on [¢[, which in turn delivers a bounding
condition on [;;. When this is the case, we simply provide the points gy, g1 and the
estimates for |c| and I1;.

Case loy =4, d121 = 0, doo1 = 1: the point (0,2,0,1) lies between vy; and vy.

Case lag1 =4, d121 = 0, d221 = 3: the point (0,2,0,2) lies between ve; and v;.

Case loy = 4, d1o1 = 1, dooy = 0: with ¢o := (0,0, —1/3,0) and ¢; := (0,1,0,0) we obtain
le| < 8/3, hence 111 < 8.

Case lyy = 4, dy21 = 1, dag1 = 1: with ¢ := (0,0,—1/3,—-1/3) and ¢; := (0,1,0,0) we
obtain |c| < 5/2, hence l1; < 7.

Case lyg = 4, dyo1 = 1, dag1 = 2: with ¢ := (0,0,—1/3,—-2/3) and ¢; := (0,1,0,0) we
obtain |c| < 12/5, hence [1; < 6.

Case l21 = 4, d121 = 1, d221 = 3. with qo ‘= (0,0,—1/3,1/3) and q1 ‘= (0,1,0,1) we
obtain |c| < 3, hence [1; < 12.

Case lo1 =4, di121 = 2, doo1 = 1: the point (0,2,1,1) lies between vy; and vy.

Case lag1 =4, d121 = 2, dg21 = 3: the point (0,2, 1,2) lies between vg; and v;.

Case loy = 4, di191 = 3, dog1 = 0: with ¢ := (0,0, 1/3,0) and q1 := (O, 1, 1,0) we obtain
le| < 8/3, hence l;; < 8.

Case loy = 4, di21 = 3, doo1 = 1: with ¢o := (0,0,1/3,—1/3) and ¢; := (0,1,1,0) we
obtain |c| < 5/2, hence l1; < 7.
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Case l21 = 4, d121 = 3, d221 = 2: with qo ‘= (0,0, 1/3, —2/3) and q1 ‘= (0,1,1,0) we
obtain |¢| < 12/5, hence [1; < 6.

Case lo; = 4, dig1 = 3, doog = 3: with ¢o := (0,0,1/3,1/3) and ¢; := (0,1,1,1) we
obtain |c| < 3, hence [1; < 12. O

2.5 Classification

Theorem 2.5.1. The following table lists the Cox rings R(X) of the non-toric rational
terminal Q-factorial Fano threefolds X with p(X) =1 and an effective two-torus action;
the C1(X)-degrees of the generators Ty,...,T, are denoted as columns w; € Cl(X) of a
matriz [wy, ..., wy].

No. R(X) Cl(X) (W, ..., wy]
1.01 K[Tl,,T5}/< T2+T3T4+T5> 7 [11111]
1.02 K[T177T5}/<TT2+T3T4+T5> Z [15243]
1.03 K[Ty,....T5)/(NT, + TsTy + T2) ZOZ/SZ  [55156)
104 K[T1,7T5}/<TT2+T3T4—|—T5> 7 [15332]
1.05 K[Ty,...,Ts]/{(TiTy + T3Ty + T2) Z [13221]
1.06 K[Ty,....T5)/(NT + TsTy+ T8) ZoZ/2Z  [13327]
1.07 K[Tl,,T5}/<TT2+T3T4+T5> Z [24331]
1.08 K[Tl,. ,T5]/<T1T2+T3T4+T5> Z [13122]
1.09 K[Ty,...,T5)/{TaTe + T3Ty + T2) Z [15223]
1.10 K[Ty,...,Ts)/(TW'Te + T3Ty + T2) Z [37425]
1.11  K[Ty,...,T5)/{T\Ty + T3T, + T3) Z [21111]
1.12 K[Ty,...,Ts5)/{TaTe + T3Ty + T3) A [33142]
118 K[T,....Ts]/ (DT + T3Ta+12)  ZoZ/3Z  [13115)
1.14 K[Ty,...,T5)/{TaTe + T3Ty + T9) Z [33221]
1.15 K[Ty,...,T5)/(NT + T3T2 + T2) ZaZ/2Z  [+3142]
1.16 K[Ti,...,Ts]/(TWT> + T3T; + T3) Z [33212]
1.17 K[Ty,...,Ts)/(WTe + T3Ty + T2) Z [13112]
1.18 K[Ty,...,Ts]/{T\Ty + T3T, + T2) Z [24133]
1.19 K[Ty,...,T5)/{TaTe + T3Ty + T2) Z [37245]
120 K[Th,...,To)/(INT, + TITy + T2) ZoZ/22  [L3112]
1.21 K[Ty,...,T5)/{TaTe + T3Ty + T2) 7 [22111]
1.22 K[T,...,Ts)/ (W + T3Ty + T2y Zaoz/2Z [22111]
1.28 K[I,...,Ts]/(TWTs + T3TF + T2) Z [35214]




68 Chapter 2. Terminal Fano threefolds of complexity one with p(X) =1

1.24 K[T,...,Ts)/{ThTo + T3T3 + T2) Z [24113]
1.25 KI[Ty,...,Ts) /(I Ty + TiTy + T3) zZ (33122
1.26 K[I,...,Ts|/(ThWTs + T{TE + T3) Z [33112]
1.27 K[Ty,...,Ts)/{T\Te + T3Ty + T2) Z [24113]
1.28 K[Ty,...,T5)/{TaTe + T3Ty + T3) Z [33112]
1.29 K[Ty,...,Ts)/(hTe + TSTy + T2) Z [35124]
130 mrormatirrern L9222 [1igoia)
1.31 K[Ty,...,T5)/{ThTxyTs + T3 + T2) Z [11423]
1.32 K[T,...,Ts)/ (TN ToTs + T3 + T2) Z [23123]
1.3 K[T,...,Ts|/(NT+ T3+ T7)  ZoZ/2Z [21331]
1.34  K[T,...,Ts5|/{TiTe + T§ + T%) Z [15231]
1.35  K[Ty,...,T5)/(TiTe + T3 + T?) Z [15232]
1.36  K[Ti,...,T5|/{(ThTs + T3 + T%) Z [15233]
1.37  K[T,...,Ts|/(T\T + T3 + T2) Z [15234]
1.38  K[Ti,...,T5)/{(TiTs + T3 + T?) Z [57461]
1.39  K[Ti,...,Ts|/{(ThTs + T3 + T%) Z [57463]
140 K[Ty,...,Ts)/(0W+T§+T)  ZeZ/3Z  [13353]
141 K[T,...,Ts) /(0N + T4+ T2)  ZoZ/2Z  [13525]
142 K[T,...,Ts)/(0W+ T4 +TF)  ZeZ/2Z  [13523]
1.48  K[Ty,...,T5]/{(TyTe + T4 + T3) Z [57341]
144  K[Th,...,Ts|/(T\To + T + T3) Z [573542]
145  K[T,...,T5)/(TiTe + T3 + T?) Z [37251]
1.46  K[T,...,T5|/{(Th Ty + T3 + T%) Z [37254]
147 K[,...,Ts)/(NT+ TS+ T7)  Zez/2Z [231131]

where a € K*\ {1} in No. 1.80. Any two of the Coz rings listed in the table correspond
to non-isomorphic varieties. No. 1.01 is the only smooth one.

Proof. By Lemma there are only four possible cases for the matrix P defining a
terminal Q-factorial Fano threefold X = X (A, P) with effective two-torus action and
Picard number p(X) = 1. The Propositions listed in the last column of the table of
Remark 2.4.2] give bounds on all entries of P in all cases. Among all of these candidates,
one can figure out the terminal ones by checking the condition of Theorem (v);
we do it by computer using [25], where the anticanonical complex A is implemented.
By comparing the data, one directly sees that any two varieties listed above are non-
isomorphic. O
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Appendix [A] contains detailed information about all varieties of Theorem [2.5.1} in par-
ticular one finds possible defining matrices P.

Remark 2.5.2. For K = C, any Fano variety X with at most log terminal singularities,
has finitely generated divisor class group C1(X); see |31}, Sec. 2.1|. If X comes in addition
with a torus action of complexity one, then X is rational and its Cox ring is finitely
generated; see [I, Remark 4.4.1.5].

Remark 2.5.3. By Remark the assumption of rationality can be omitted in The-
orem for K = C. Alternatively, rationality can be replaced by the property “Cl(X)
is finitely generated”.






CHAPTER
THREE

COMBINATORIALLY MINIMAL TERMINAL FANO
THREEFOLDS OF COMPLEXITY ONE

In the work [34] of A. Kasprzyk, one of the steps in the classification of terminal Fano
toric threefolds consists in finding all minimal terminal Fano polytopes, i.e. those that
do not contain any smaller terminal Fano polytope. These correspond to varieties that
do not admit the contraction of a prime divisor. From the minimal polytopes one can
obtain all others systematically. Following the same line, we study here terminal Fano
threefolds of complexity one that do not admit the contraction of a prime divisor.

In Section we introduce the concept of combinatorial minimality, with focus on the
(Fano) varieties of complexity one. Section specializes to the three-dimensional case
and provides a bound on the Picard number in the Q-factorial terminal situation. Sec-
tion [3.3is dedicated to the actual classification work. Its results are given in Section [3.4]

3.1 Combinatorially minimal 7T-varieties of complexity one

A small quasimodification is a birational map X --+ X’ of complete varieties that restricts
to a regular isomorphism U — U’ between open subsets U C X and U’ C X’ having
complements of codimension at least two in X and X’ respectively. We say that a Mori
dream space X is combinatorially minimal if it has no contractible prime divisors in the
sense that any birational map X --+ X’ which is defined in codimension two is a small
quasimodification.

Remark 3.1.1. A projective Mori dream space X is combinatorially minimal if and only
if its cone of movable divisor classes coincides with its cone of effective divisor classes.
In particular for a variety X = X (A, P,u) of complexity one, this precisely means that
every extremal ray of the effective cone Eff(X) C Clg(X) hosts the degrees of at least
two of the generators Tj;, Sy, of the Cox ring R(X) = R(A, P), see [23].

In the following we give a characterization for the defining matrix P of a combinatorially
minimal variety X = X (A, P,u). Moreover we derive bounds on the Picard number in
the case where the variety is also Q-factorial, log terminal and Fano.

71
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First we recall the result [I, Lemma 2.2.3.2]. Consider two mutually dual exact sequences
of finite dimensional rational vector spaces

Denote by (fi,..., fr) a basis for F and by (e, ...,e,) its dual basis for Eg. Moreover
define 0 := cone(f,..., fr) and v := cone(ey,...,e,). We call an element e € Eg an
Lg-invariant separating linear form for 61,62 < ¢ if

elrg =0, els, =0, els, =0, Sy Net =dNet =8 N5y

Lemma 3.1.2 (Invariant Separation Lemma [I, Lemma 2.2.3.2]). Consider 61,02 <
and their corresponding faces v; = (53‘ N~y = 7. Then the following statements are
equivalent:

e there exists an Lg-invariant separating linear form for 61, 02;

e Q(m)°NQ(2)° #0.

Consider the weights w;; = deg(Tj;) and wy := deg(Sk). We call a variable Tj;, Sk
extremal if its weight w;j, wy € Clg(X) sits on an extremal ray of the effective cone
Eff(X) C Clg(X). Moreover, we call a weight w € {w;j, wi} exceptional, if Q>ow is an
extremal ray of Eff(X) and no other weight lies on Q>ow. All variables with exceptional
weights are extremal, but the converse does not hold. Note that, by Remark X is
combinatorially minimal if and only if no weight is exceptional.

Only in this Section, we rename the weights w1, ..., wptm and let vy, ..., vprm be the
corresponding columns of P.

Lemma 3.1.3. The weight w € {w;j,wy} is exceptional if and only if Q"*5 is already
generated as a cone by all columns of P except the one that corresponds to w.

Proof. An exceptional weight w; is characterized by the fact that cone(w;;j # i) and
cone(w;) allow a separating linear form. By the Invariant Separation Lemma this
is equivalent to the fact that the corresponding Gale dual cones intersect in their relative
interiors, i.e.

cone(vj; j # 1)° N cone(v;)® # 0.
This is the case if and only if v; € cone(v;; j # i)° holds. Since the cone over all columns
is Q"**, the last condition is equivalent to cone(v;;j # i) = Q" 5. O

Proposition 3.1.4. The variety X = X (A, P,u) is combinatorially minimal if and only
if for every column v, of P the following holds:

cone(vy; ¢ € S\ {o}) # Q.

Proof. The assertion follows directly from Lemma [3.1.3 O
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Given a matrix P and an index-set I C Z>1, we denote with Pr the matrix obtained
from P by deleting the i-th column, for all 7 € I.

Corollary 3.1.5. Let X = X(A, P,u) be a Q-factorial projective variety of complezity
one with Picard number p(X) > 2. Assume that cone(w;) = cone(w;) holds for two
weights w;, w;, with i # j. Then det(Pr) = 0 holds for every I C {1,...,n 4+ m} such
that i,j € I and |I| = p(X).

Proof. Since X is Q-factorial, we have n +m = r + s + p(X). Define
T :=cone(v1, ..., Viy -« -y Untm)s
7j r=cone(v1,...,0j, ..., Vntm)-

According to Lemma neither of them equals Q""*. Moreover, by the Invariant
Separation Lemma, there is a linear form separating them, i.e. 7, N 7; is a proper face

of both cones. This means that 7; N 7; = cone(vi,...,0;,...,0j,...,Vntm) is not full-
dimensional. In particular any collection of r 4+ s columns of P that does not contain v;
nor v; is linearly dependent. O

We turn to bounding conditions on the Picard number. In the sequel, let a denote the
difference between the number of extremal rays of the effective cone Eff(X) and the
Picard number p(X).

Lemma 3.1.6. Let X = X (A, P,u) be combinatorially minimal and Q-factorial. Then
one of the following holds:

o dim(X) > p(X) and m > 2p(X) — 2;

o dim(X)>a+2+m/2 and m < 2p(X) — 2.
Proof. The effective cone Eff(X) C Clg(X) is of full dimension and has p(X)+« vertices.
Since X is combinatorially minimal, the number n+m of variables Tj;, S}, is bounded from
below by n+m > 2p(X) + 2a. If the number m of variables Sy satisfies m > 2p(X) — 2,
then the assertion follows from

dm(X) = n+m+2—(r+1)—p(X) > m+2—p(X) > p(X).

So, consider the case m < 2p(X) — 2. There are at least two extremal variables of type
T;; having their weights on different rays and we have in total at least 2p(X) + 2o — m
extremal variables of type T;;. For each of these T;;, we must have n; > 2. This gives

2p(X) +2a—-m
5 :

n—(r+1) = no—-1+...4(n.—1) >
The assertion then follows from
dim(X) = n+m+2—(r+1) — p(X)
20(X) +2a—m
2

m
= —+2.
a+2+

> +m+2— p(X)
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For X = X (A, P,u), we denote by n the number of extremal variables of type 7Tj; and
by ¢ = n — n the number of non-extremal variables of type T;;.

Lemma 3.1.7. Let X = X (A, P,u) be Q-factorial and combinatorially minimal. Then
we have
p(X) < dim(X)+r—1—-(— 2.

Proof. Just observe that dim(X)+p(X)+r—1=n+(+m > 2p(X)+2a+¢ holds. O
The above estimate is useful for large ¢, for example ¢ > r—2. For small {, we need state-

ments concerning the cases « = 0 and o« = 1. Observe that the following three Lemmas,
including the estimate for the case o = 0, do not require combinatorial minimality.

Lemma 3.1.8. Let X = X(A, P) be Q-factorial, log terminal and Fano. Let b be the
number of elementary big cones. Then m + b > dim(X).

Proof. The lineality part A% ; has m + b vertices. According to Proposition 2.1.12}, A% o
is full-dimensional in the lineality space A\ of trop(X), i.e. it has dimension s. This is
only possible with at least s + 1 vertices, hence the assertion follows. O

Lemma 3.1.9. Let X = X (A, P) be Q-factorial, log terminal and Fano. If m < dim(X),
then we have

5 < dim(X) + p(X).

Proof. Lemma [3.1.§ ensures the existence of an elementary big cone. Therefore we can
apply Corollary and obtain that r — 1, the number of relations, equals at most
dim(X) + p(X). The assertion follows from

n+m = dim(X)+p(X)+r—1 < 2(dim(X) + p(X)).
O

Recall that p indicates the unique degree of the relations in the Cox ring. We know that
u lies in the effective cone Eff(X), but not necessarily in its interior.

Lemma 3.1.10. Let X = X (A, P) be a Q-factorial log terminal Fano variety, such that
we Ef(X)°. Ifa=0,( <r—2 and m < dim(X) hold, then we have

2 . m+C
P B Py

p(X) <
Proof. In the relations of R(A, P), consider the monomials Tili consisting only of extremal
variables Tj;. Since p € Eff(X)° and a = 0 hold, each such monomial comprises at least
p(X) variables. There are at least 7 + 1 — ¢ such monomials. We obtain

n=mn+¢ 2= (r—1-0p(X)+2p(X)+C

Since X is log terminal with m < dim(X), we can apply Lemma and see that
2dim(X) + 2p(X) is bigger or equal to n + m. Combining the two estimates gives the
assertion. O
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For the case o = 1, we use geometrical properties of d-dimensional polyhedral cones with
d + 1 extremal rays. Here we gather and prove the relevant facts.

Lemma 3.1.11. Letd > 3 and 0 C Q% be a pointed convex polyhedral d-dimensional cone

with d + 1 extremal rays. Let vy, ... ,v441 € Q% be primitive generators of the extremal
rays of o and wi,...,wgy1 € Q the Gale dual configuration. Set D := {1,...,d + 1}
and

D_ = {ieD; w <0}, Dy := {ieD;w =0} Dy :={iecD;w >0}

Moreover, for any subset I C D, denote by 1¢ C D its complement and define cones
or := cone(v;; i € I) € Q% and 77 := cone(w;; i € I°) C Q. Then the following
statements hold:

(i) o1 is a proper face of o if and only if 71 = {0} or 71 = Q holds.

(i1) There are at least two i with w; > 0 and at least two j with w; < 0.

(1it) We have 0§ C o° if and only if D_ U Do C I or D4 U Dy C I holds.

(iv) We have 0§ No§ # 0 if and only if D_ C I, D, C J, INDy=JNDy or Dy C 1,

D_CJ,INDy=JnNDy holds.

In particular, o_ := cone(v;; i € D_ U Dy) and o4 := cone(v;; i € Dy U Dy) form the
unique pair of minimal cones satisfying 0§ C 0°, cone(o_,04) = o and 0° Nol # 0.

Proof. Let P: Q41 — Q% be the linear map sending e; to v; and @Q: Q! — Q the one
sending e; to w;. For I consider 67 := cone(e;; i € I) € Q4! and 7 := cone(e;; i € I€) C
Q%1 The Invariant Separation Lemmayields for any two I, J C {1,...,d+ 1} the
following statements:
e There is a ker(P)-invariant separating linear form for §; and 6 if and only if
77 N 75 # () holds,
e We have 0} N oG # 0 if and only if there is a ker(Q)-invariant separating linear
form for v; and ;.
Observe that o7,0; intersect in a common face if and only if d7,d; admit a ker(P)-
invariant separating linear form.
Now, assertion (7) is an immediate consequence of the first of the above two items. Since
{0} is a face of o, we see that there must be positive and negative w;. Assertion (i7)
reflects the fact that every ray oy;, is a face of 0. Assertion (iii) is a special case of (iv)
which in turn is obtained by adapting the second of the above items to the setting of the
Lemma. O

We are ready to estimate the Picard number for the case a = 1 and small {. Again, this
statement does not assume combinatorial minimality.

Lemma 3.1.12. Let X = X (A, P) be a Q-factorial log terminal Fano variety, such that
w € Eff(X)°. Assume a =1 and { < r —2. Then we have

p(X) < dim(X)+3+(¢—r—m < dim(X)+1-—m.
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Proof. Let w_,w; C Eff(X) be the minimal pair of subcones as in Lemma [3.1.11| and

denote by a_,ay their respective numbers of extremal rays. Then we have

a_ > 2, ay > 2, a_+ay > p(X)+1.

Consider a monomial Tzll with only extremal variables T;; and let w; be the cone generated
by the deg(T};). We say that T is of type (=) if w_ C w; holds and of type (4) otherwise.
Lemma with u € Eff(X)°, shows that any Tili of type (+) satisfies wy C w;. Let
b_ and by denote the respective numbers of monomials of these types that occur in the
(r — 1) relations. Then we have

b_+by > r+1-¢, n > b_a_ +bray.

For the first estimate, we use that there are at least r + 1 — { monomials involving only
extremal variables. For the second one, note that every monomial of type () has at
least a4 distinct variables. We conclude

dim(X) + p(X) +7r—1 n+¢+m
b_a_+brar +C+m
2(p(X)+ 1)+ (b— —2)a_ + (by —2)ay +C+m

20 X))+ D) +2(r+1—-C—4)+C+m.

AVARAVARAV]

O

Proposition 3.1.13. For any X = X (A, P,u), the degree p of the relations gy lies
in the effective cone Eff(X) C Clg(X). Moreover p lies in its interior if and only if
0 ¢ cone(vg,,...,vk,)° holds for any collection 1 < ki < ... <k < m.

Proof. The first assertion is trivial. The degree u lies on a facet 7 of Eff(X) if and only
if all weights w;; lie on 7 as well. By the Invariant Separation Lemma, this is precisely
the case, when there exist vy, , ..., v, such that 0 € cone(vg,,...,vg,)°. O

3.2 The 3-dimensional case

In this Section we specialize to three-dimensional Q-factorial, terminal and combinato-
rially minimal Fano varieties X = X (A, P) and give a bound on their Picard number.
Moreover, we establish the analogue of Lemma [2.:4.7] i.e. we find a finite list of possible
shapes for the defining matrix P. First we allow X to have log terminal singularities.

Proposition 3.2.1. Let X = X (A, P) be a 3-dimensional Q-factorial, log terminal and
combinatorially minimal Fano variety. Then p(X) < 3 holds.

Proof. Lemma tells us that, besides p(X) < 3, we have to consider the following
two situations:

a = 0andm < 2, a = landm = 0.



3.2. The 3-dimensional case 77

Case p € Eff(X)°: If a = 0 holds, then Lemma [3.1.7 with ¢ > r — 2 gives p(X) < 4 and
Lemmawith ¢ <r—3gives p(X) < 3. If @ = 1 holds, Lemmawith (>r—2
gives p(X) < 2 and Lemma [B.1.12] with ¢ < r — 3 gives p(X) < 3. So we have to exclude
p(X) = 4, which only appears in the case « = 0 with ( > r — 2. Lemma yields in
this case ( < r—2, thus we have ( = r—2. In particular we have a relation involving only
extremal variables, say the one with monomials Téo, Tll1 , TQZQ. Together with p € Eff(X)°
and o = 0, this implies ng,n1,ne > 4. On the other hand, Lemma [3.1.10] gives us
m—+( < 2 and thus r < 4. This shows n+m = 74+r—1 < 10, a contradiction to n > 12.
Case ¢ Eff(X)°: According to Proposition we have m > 2, therefore o = 0 and
m = 2. In particular the weights w;; generate a (p(X) — 1)-dimensional facet of Eff(X).
For r < (, Lemma already yields p(X) < 2, so assume r > ( + 1. Since there are at
least 7 + 1 — ¢ monomials having only extremal variables and each of these monomials
must have at least p(X) — 1 variables we conclude

dm(X)+pX)+r—1 = n+¢+m > (r+1-0(pX)—-1)+(+m
and thus (r — ¢)(p(X) — 2) < dim(X) —m = 1. It follows p(X) < 3. O

Restricting to the terminal case, we can prove that the degree p of the relations lies in
the interior of the effective cone Eff(X).

Proposition 3.2.2. Let X = X (A, P) be a non-toric, 3-dimensional, combinatorially
minimal, terminal, Q-factorial Fano variety, where the defining matriz P is irredundant.
Then p € Eff(X)° holds.

Definition 3.2.3. Consider a convex set C' C {0} x Q% ¢ Q™! and a point z € Q¢!
with first coordinate x1 > 0. The shadow of C from x is

sw(C,z) = {ye Q¥ zeconv(y,0)} C QL
Moreover, for any t € Q with t > x1, we define the sliced shadow at height t as
swi(C,z) == {y esw(C,x); y1 =t}

Example 3.2.4. The following picture clarifies the origin of the name shadow. Consider
C := conv((0,2),(0,—1)) € Q% and z := (3,1) € Q% The area in grey is sw(C, z):

The convex hull over the line segment C' and any point from the grey area contains x.
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Lemma 3.2.5. Consider the triangle C := conv(eg, e3, —ea —e3) C Q3. Let x € Z2 be a
lattice point with first coordinate x1 > 2. If the only lattice points of conv(C,x) are its
four vertices and the origin, then x1 = 3 holds.

Proof. Note that conv(C,z) always contains its four vertices and the origin. A further
lattice point y lies in it if and only if z € sw(C,y) holds. Therefore we look for a point
x that does not lie in any sw(C,y) for = # y € Z3.

At height ¢ = 2 all integral points are of the form (2, a,b) for some a € {2u,2u + 1} and
b € {2v,2v + 1}, and they lie in the respective swa(C, (1, u,v)).

For every t > 4, the union of the shadows sw;(C, z), for all z € Z? with 2; = 1, contains
all integral points at the height ¢, except for the multiples of ¢; := (3,3u+1,3v —1) and
g2 := (3,3u—1,3v + 1). Since 0 € C holds, these points lie in sw(C, q;) and sw(C, g2),
respectively. Thus the assertion follows. O

Recall that a variety is called weakly tropical if the fan of its minimal ambient toric
variety is supported on trop(X). This means that there are only leaf cones.

Proof of Proposition[3.2.9. By Proposition we only have to consider p(X) < 3. The
assertion is clear for p(X) = 1, since Eff(X) = Q>¢ and p > 0 hold.

Turn to the case p(X) = 2. Then we have n+m = r + 4, which implies m < 3. Suppose
that p ¢ Eff(X)° holds. Then Proposition yields m > 2 and we have only two
possible constellations:

(a) m=2,r=2andn=(2,1,1),

(b)y m=3,r>2andmn=(1,...,1).
By combinatorial minimality, constellation (a) can only happen if the weights of the two
free variables lie on one of the two extremal rays of Eff(X) and all the weights w;; lie on
the other extremal ray. This means that the variety is a product of P; with a del Pezzo
surface. By [27, Prop. 5.10| there are no non-toric terminal del Pezzo K*-surfaces, hence
this case is not compatible with the assumptions. Constellation (b) allows three weight

dispositions:
Wo1 wo1 wWo1
Wr1 Wr1 Wr1 w3
w3
wy w2 w3 Wo2 Wil wy w2
disp 1 disp 2 disp 3

Note that, by almost freeness of the grading, in all three cases one can assume Eff(X) =
Q2>0. The first two dispositions correspond to products of varieties, hence we rule them
out just like before. Consider disposition 3. By Proposition [2:37] and irredundancy of P,
there cannot be elementary big cones, hence X is weakly tropical. Therefore —Kx lies
in cone(wo,ws3)®, the cone colored in grey in the picture above. Since m = 3, we can
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assume, with admissible operations, that the last three columns of P are (0,...,0,1,0),
(0,...,0,0,1) and (0,...,0,—1,—1). These three points are also the vertices of the
lineality part Ag(,o- Consider now the i-th leaf AS N A; of the anticanonical complex,
given as the convex hull of A% , and v;1, since n; = 1. Terminality implies that A N A;
does not contain additional in%egral points. By Lemma [3.2.5] we follow [;; = 3 for all
i =0,...,r. This yields w;; = (0,1) and hence u = (0,3). The torsion-free part of the
anticanonical class in Kg is

_ 0 0\ _ [w]+w)+wl
—Kx = (r+1) (1>+w1+w2—|—w3—(7’—1) <3> = (4—2r+w§ :

Since r > 2, the anticanonical class does not lie in cone(wg;, w3), a contradiction.

Lastly consider p(X) = 3. Assume that p ¢ Eff(X)° holds. Proposition yields
m > 2. We also have the relation n +m = r + 5, hence m < 4. Note that m = 3 is
excluded by Lemma[3.1.6] Therefore we have three constellations:

(a) m=2,r=2andm=(2,2,1),

(by m=2,r=3andn=(2,2,1,1),

(c) m=4,r>2andn=(1,...,1).
We treat both constellations (a) and (b) at once. By combinatorial minimality the
effective cone Eff(X) is simplicial and the three extremal rays are

cone(wp; ) = cone(wy), cone(wpz) = cone(wi2), cone(w) = cone(ws).

We apply Remark W to the relevant face 7p1,12,1,2 and achieve Eff(X) = Q?;O. Thus
we are looking at a product of P; with a surface. This is a contradiction, as already seen
before. In the constellation (c) every monomial consists of only one variable, hence the
respective weights all lie on the same extremal ray of Eff(X), while the weights of the
free variables lie on the other two extremal rays, two each. Since the grading is almost
free, we can assume that Eff(X) = Q?;O holds, hence X is product of three curves, again
a contradiction to complexity one. O

Remark 3.2.6. The result of Proposition does not hold if we allow X = X (A, P)
to have non-terminal singularities. Consider any Q-factorial log terminal Fano K*-surface
S with p(S) =1, e.g. the Fg-surface from Example Then S x Py is a Q-factorial
log terminal (but not terminal) Fano variety of complexity one with Picard number two,
such that the degree p lies on an extremal ray of its effective cone.

Here comes the Lemma that states the existence of finitely many possible shapes for the
defining matrix P and provides the list of those shapes.

Lemma 3.2.7. Let X = X (A, P) be a non-toric, three-dimensional, combinatorially
minimal, terminal, Q-factorial Fano variety, where the matriz P is irredundant and
p(X) > 1 holds. Then, after suitable admissible operations, P fits into one of the following
cases:
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(1) We have p(X) = 3 and one of the following constellations:
(a) m=0,r=2andn =7, wheren = (3,3,1).
(b)) m=0,r=3and n =38, wheren = (3,3,1,1).
(c) m=0,r=3 and n =8, where n = (2,2,2,2).
(d) m=0,r=4 and n =9, wheren = (2,2,2,2,1).
(e) m=0,r=05 and n =10, where n = (2,2,2,2,1,1).
(i) We have p(X) = 2 and one of the following constellations:
(a) m=0,r=2 and n =6, where n = (2,2,2).
(b)) m=0,r=3andn =717, wheren = (2,2,2,1).
(c) m=0,r=4 and n =38, wheren = (2,2,2,1,1).
(d) m=0,r =2 and n =6, where n = (
(e) m=0,r=3 andn="7T, where n = (
(f) m=0,r =2 and n =6, where n = (
(
(
(
(

(9) m=1,r=2and n =05, where n =
(h) m=1,r =3 and n =6, where n =
(i) m=1,r=2and n =25, where m =
(G) m=2,r=2 and n =4, where n =

Proof. First of all, note that we have p(X) < 3 and u € Eff(X)°, by Proposition
and Proposition [3.2.2] respectively.

Case p(X) = 3: here we have the relation
n+m=r+5 (3.1)

coming from n+m =1+ s + p(X). Since n > r + 1 always holds, we obtain m < 4.

The case m = 4 does not fit combinatorial minimality in the following sense: according
to we would have n = r + 1, meaning that every monomial consists only of one
variable; therefore all their weights must lie in the interior of the effective cone and
consequently the extremal variables are maximal 4, contradicting the fact that there are
at least 2p(X) = 6 extremal variables.

The case m = 3 is excluded by Lemma Therefore we have m < 3 = dim(X)
and there is always a big elementary cone. This implies » < 5 —m by Corollary 2:3.2]
Combining Proposition with the assumption that P is irredundant we see that at
most two of the n; equal one.

If m = 2 holds, then we have following constellations:
e . = (3,1,1): here only 5 variables can be extremal, a contradiction to combinatorial
minimality.
e .= (2,2,1): there are exactly 6 extremal variables, so & = 0 holds. Every possible
disposition contradicts p € Eff(X)°.
e = (2,2,1,1): there are exactly 6 extremal variables, so @« = 0 holds. Every
possible disposition contradicts p € Eff(X)°.
If m = 1 holds, then we have following constellations:
e 7. = (4,1,1): here only 5 variables can be extremal, a contradiction to combinatorial
minimality.



3.2. The 3-dimensional case 81

e .= (3,2,1): there are exactly 6 extremal variables, so & = 0 holds. Every possible
disposition contradicts u € Eff(X)°.
e 1 = (2,2,2): there are exactly seven variables that can be extremal, so & = 0 holds.

Every possible disposition contradicts p € Eff(X)° or combinatorial minimality.

e r > 2: any constellation is obtained from the previous ones by adding a monomial
qu’“ with n, = 1. This means that w,; lies on the half-line spanned by p and the
same contradictions as above arise.

If m = 0 holds, then we have following constellations:
e .= (5,1,1): here only 5 variables can be extremal, a contradiction to combinatorial
minimality.
e 7 = (4,2,1): there are exactly 6 extremal variables, so @ = 0 holds end every
w;j with n; # 1 lies on an extremal ray of Eff(X). In particular n; = 2 implies
,u ¢ Eff(X)°, a contradiction.
= (3,3,1): this is case (a).

e = (3,2,2): of the 7 variables at least 6 are extremal. In particular we can
assume that both variables 711 and Tjs are extremal. This implies p ¢ Eff(X)°, a
contradiction.

e 7= (4,2,1,1): same contradiction as in 7 = (4,2, 1).

e 7 =(3,3,1,1): this is case (b).

e = (3,2,2,1): same contradiction as in n = (3,2, 2).

o = (2,2,2,2): this is case (c).

e = (3,2,2,1,1): same contradiction as in 7 = (3,2, 2).

e m=1(2,2,2,2,1): this is case (d).

e . =(2,2,2,2,1,1): this is case (e).

Case p(X) = 2: here we have n +m = r + 4, which implies m < 3. If m = 3 holds, then
so does n =1+ 1, i.e., every monomial consists of only one variable. In particular, since
w € Eff(X)°, their weights all lie in the interior of the effective cone. There are at most
three exceptional weights, namely the ones corresponding to the free variables. This
contradicts the fact that there are at least 2p(X) extremal variables. Therefore we have
m < 3 = dim(X) and there is always a big elementary cone. By Corollary [2.3.2] we obtain
r < 4 —m. Combining Proposition [2.3.1] with the assumption that P is irredundant we
see that at most two of the n; equal one. All possible constellations are listed in the
assertion. O

In the next Proposition we show that we can exclude the constellations with Picard
number equal to three.

Proposition 3.2.8. Let X = X (A, P) be non-toric, three-dimensional, combinatorially
minimal, terminal, Q-factorial and Fano. Then p(X) < 2 holds.

Proof. If p(X) > 1, we can assume P irredundant and apply Lemma [3.2.7 Therefore we
need to exclude the constellations of part (i), where p(X) = 3 holds.

Case (a): the weights wo; and wyj, for ¢,j = 1,2, 3, all lie on extremal rays of Mov(X)
by combinatorial minimality. In particular Mov(X) is simplicial. We can always assume
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that cone(wp;) = cone(wsy;) holds. The elementary big cones are precisely those of type
cone(vo;, v1,v21), with @ # j. By Propositionthe corresponding triples of exponents
must all contain at least one element equal to 1. Up to rearranging of variables, there
are only two possible exponents configurations:

Aly=(1,1,1);

B lo = (1, 1,l03) and ll = (1, 1,l13).
In configuration A, admissible operations lead to

-1 -1 -1 l11 l12 l13 0
-1 -1 -1 0 0 0 In
0 1 0 dinn die diz diz
0 0 1 do1nx dorz do1z doan

By applying Corollary on the sets {2,5,6}, {1,4,6}, {2,4,5}, {3,5,6}, {3,4,6},
{1,4,5}, we obtain

P =

l [ l
dii = —dyg, di1y = —22dyg1 — Lo, dii3 = —22dyg,
121 l21 l21
l l l
do11 = —-daon dy1y = — 2 dao1, dy13 = — =2 dggy — i3
lo1 lo1 lo1

This matrix delivers very special vertices for the lineality part A% ; some of them are

( hila 70)7 (_ hala: ’0>’ (07 _ hslay )

lin + o l12 + 21 l13 + 121

Terminality and lo; > 2 imply l17 = l12 = l13 = 1 and by admissible operations we can
assume di11 = do11 = 0. The previous equations force dio1 = do21 = 0, contradicting the
primitivity of vog.

Turning to configuration B, admissible operations lead to the shape

-1 -1 —lpg 1 1 l13 0
-1 -1 —lg3 O 0 0 lo1
0 1 dis 0 di2 diz dion
0 0 doo3z 0 doiz do1z doon

We apply Corollary to {3,5,6} and {3,6, 7} and obtain dao; = d212 = 0. Similarly
we have 0 = det(Ppa35)1) = —di21d213 but neither of the two values may equal zero. If
d121 = 0, then vo1 is not a primitive vector, whereas if do13 = 0, then the columns of P
do not generate Q* as a cone.

Case (b): the situation is similar to the previous case. Combining terminality, Proposi-
tion and admissible operations, we can achieve the form

-1 -1 -1 1 1 1 0 0
-1 -1 -1 0 0 0 {n 0
P = -1 -1 -1 0 0 0 0 I3 |,
0 1 0 0 duo dig dizr diz
0 0 1 0 doos dor2 do1z doa
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with cone(wg;j) = cone(ws;) for j = 1,2,3. Applying Corollary to {2,5,7} and
{3,6,7}, we get d113 = d212 = 0 and, with {1,4, 8}, also dj12 = d213. Using once again
the same Corollary, this time with {1,2,5} and {1,3,6}, we obtain

G G

diz1 = —7—daa1, doz1 = —7—daa1.
l21 l21

The vertices of the lineality part AS(,O C Q? yield to a contradiction to terminality. For
example, the vertex defined by the big elementary cone P(dp1,12.21,31) is

la1l31

0,0,0,
< la1 + l31

Since di12 # 0 and l21l31 > 2 hold, the absolute value of the non-zero entry is bigger or
equal to one, i.e. there is a non-zero integral point in AAC)(’O.

Case (c): all weights w;;, for i = 0,1,2,3 and j = 1,2, lie on extremal rays. In particular
we can always assume cone(wg;) = cone(wi;) and cone(ws;) = cone(ws;) for j = 1,2.
As a consequence, following cones are among the elementary big ones:

Cone(vo,iyvlﬁfivv2,j7v3,3*j)a 7’5] = ]-72

Therefore there are only three configurations for the exponents, up to renumbering of
variables and of monomials:

Alg=h=(1,1);

B ly=1ly=(1,1);

Clop=l1=1ln=1I3=1
In configuration A we can achieve for P the shape

-1 -1 1 1 0 0 0 0

-1 -1 0 0 I 99 0 0

P = -1 -1 0 0 0 0 I3 l39
0 1 0 dig dizr dize diz1 diz

0 0 0 doi2 door daza doz1 dogo

We apply Corollary on the set {6,7,8} and obtain dg12 = 0. Terminality implies
that conv (0, v11, v12) C AS does not contain integral points other than its vertices, hence
di12 = £1 holds. The vertices of A%  defined by the above-mentioned big elementary
cones are: 7

(121l32 + lo1d132 + l32d121 l21d232 + l32d221)

up = ,
! lo1 + l32 lo1 + 132
la1l32 (
= ———(1—d ) )7
Us uy + A 112, 0
us = (122131 + loadi31 + l31d122 l22d231 + l31d222)
los + 131 ’ loo + 131
lool3; (
— 2 (g ,0).
Uy u3 + Ios + la1 112
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Therefore di12 = —1 holds. At least one among the still unbounded [-values must be equal
to 1, otherwise the length of AS ;N {y = 0} is at least 2, in contradiction to terminality
of X. Without loss of generali‘éy let I51 = 1. Then we can assume di91 = dog; = 0.
Using once again Corollary this time on {4,6,8} and afterwards on {1, 3,8}, we
obtain dog; = d131 = 0. Since w37 is primitive, we also have l3; = 1. Now it is possible to
show that Iy = l32 must hold. First, we see that Corollary applies to {4,5,7} and
{1,3,4}. This allows to write ve2 and vs2 in the following forms

l l

vy = (0,122,0,d122,d222) = (07122,07—2611327—261232)7
l32 l32
l l

vza = (0,0,132,d132,d232) = (0,0,132,—£d122,—£d222)-
loo loo

Primitivity of these vectors implies that both lss/l3o and l32/l22 are integers, thus los =
l32. Assume now lpy > 1. Then —Kx € Q(72:35,7)° = Q(71,4,5,7)° holds, hence P(d1.46.3)
and P(d2365) are elementary big cones. These define vertices (—I31/2,0) and (I31/2,0)
for the lineality part, so the variety X is not terminal. The remaining case loo = I3 = 1
is invalid as well, because the resulting variety is not Q-factorial: among others 71 4 is a
relevant face whose projected cone is not full-dimensional.

Now we turn to configuration B. First we use admissible operations to achieve

-1 =1 li1 I O 0 0 0
-1 -1 0 0 1 1 0 0
P = -1 -1 0 0 0 0 31 I3

0 1 dinn diz 0 dioo dizgi dize
0 0 doin doi2 O dag2 doz1 dazo

By subsequently using Corollary on the sets {4,6,8}, {3,6,8}, {4,5,7}, {2,4,8},
{1,3,6} and {1,3,4}, we can express the d-values of the columns v11, vi2 and v3y in
terms of some [-values and entries of vs;. Following the idea already used for the previous
configuration, primitivity of these vectors ultimately yields l11 = l12 = I3 = l32. The
lineality part A% , is now a trapezoid with two edges parallel to the z-axis, both of length
l11. Terminality implies l11 = 1, hence we are again in configuration A.

Lastly we want to discharge configuration C. We use the same principles used up to this
point: first we use admissible operations to let appear as many zeros as possible in P,
then we use Corollary to express some d-values in terms of others and last we show
that, by primitivity of the columns of P, lyo = l12 and los = I35 hold. If one of the two
is equal to one, we reduce to configuration A. If both are strictly greater than one, then
we have

—Kx = D wy—2p = wi +ws + (2 — lg)wiz + (2 — ls2)wsz,
2%
and as such X is not Fano, since —Kx does not lie in the interior of the moving cone.

Case (d): the disposition of the weights is the same as in the previous case, with the
new weight wy4; lying in the interior of the effective cone. In this case we only have two
configurations:



3.2. The 3-dimensional case 85

Al=0L=I0=(1,1)
B lo = ll = (1,1) and l21 = l31 =1.
Take configuration A; after admissible operations we get

[ -1 -1 1 1 0 0 0 0 0
-1 -1 0 0 1 1 0 0 0
p_ |1 =10 00 0 Iy o lp 0
-1 -1 0 0 0 0 0 0 In
0 1 0 diz 0 dizz2 diz1 diz2 dia
0 0 O doi2 O dar2 dozg1 doza dosr |

With Corollary (3.1.5, applied to {6, 7,8}, {4,6,8}, {4,5,7}, {2,4,8} and {1, 3,8}, we are
able to express some d-values in terms of others, namely

l l
da12 = 0, daz1 = —lild2417 dagzo = —;*deu — l30d2922,
1 41
s B
di31 = —rd141, di12 = —1.
41

Consider the vertices of the lineality part Ag{,o defined by big elementary cones of type
cone(vo;, U1,3—i, V25, V3,3—j,v41) for 4,5 = 1,2. These define a trapezoid, with two edges,
L; and Lg, parallel to the x-axis, whose lengths I(L;) and heights h(L;) are

131l41 l32l41
l L = P E— lL — 2 9
(L) 31+l (L2) 32 + 141
l31l41 l32l41
h(L{) = dopgg—"— h(Ly) = d .
(L) 2l (L2) 2210 + L

Since l41 > 2, both lengths are at least 1, thus the heights are smaller than 1 in absolute
value, in order to avoid non-zero integral points in A§(70. This implies l3; = l32 = 1.
Looking back at dy3; and dog1, their representation implies that l4; divides both di4; and
ds41. This contradicts the primitivity of v4g.

Turn to configuration B; after achieving the form

[ -1 -1 1 1 0 0 0 0 0
-1 -1 0 0 1 loo 0 0 0
p_ |1 =10 00 01 ko 0
-1 -1 0 0 O 0 0 0 I
0 1 0 diiz2 0 diz2 0 diz2 dism
0 0 0 dai2 O dar2 0 dozo doar |

via admissible operations, we just apply Corollary to the index-sets {6, 7,8}, {4, 6, 8}
and {1, 3,8} to obtain do12 = d241 = 0 and dy41 = —l41(d112+1). It follows a contradiction
to v41 primitive.
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Case (e): the disposition of the weights is the same as in the previous case, with the new
weight ws; lying on cone(wy;). Due to the fact that there are two monomials with only
one variable, Proposition [2.3.1implies I;1 = l;5 = 1 for i = 0, ..., 3. Therefore admissible
operations lead to

-1 —1 1 1 0 00 0 0 0
-1 -1 0 0 1 1 0 0 0 0
-1 -1 0 0 0 0 1 1 0 0
P = -1 -1 0 0 0 0 0 0 Ign 0
-1 -1 0 0 O 00 0 0 Is
0 1 0 dii2 0 diz2 0 dizz diar dist
0 0 O doiz2 O doo2 0 dog2 doar dos1 |

Now apply Corollary[3.1.5]to the index-sets {6, 8,9}, {4,6,8}, {3,5,7}, {1,3,10}, {2,4, 8}
and {1,3,5} and then look at the vertices defined by big elementary cones of the type
cone(vo;, U1,3—i, V25, V3,3—j, Va1, Us1) for i,j = 1,2. Their convex hull is a trapezoid, with
two edges parallel to the x-axis, both of length at least 2. This implies that the in-
tersection A% ;N {y = 0} contains at least one integral point other than the origin, a
contradiction to terminality of X. O

3.3 The 3-dimensional case with p(X) =2

The goal of this Section is the classification of combinatorially minimal Q-factorial ter-
minal Fano threefolds. First we study the effect of terminality on the strata of such
varieties, more precisely on the corresponding subsets of weights.

Remark 3.3.1. According to Proposition the stratum X (79) C X consists of
factorial points of X = X (A, P,®) if and only if Q(lin(yp) NZ"*™) = C1(X) holds. In
dimension three, terminal singularities occur as isolated points, see e.g. [41], Cor. 4.6.6].
According to Corollary every vo € rlv(®) \ cov(®) defines a stratum X(vp) of
positive dimension. This has to be smooth, in particular factorial. Therefore its weights
generate Cl(X) as an abelian group.

We go through the cases of Lemma (7i) and keep the numbering introduced there.
Throughout this Section, @ denotes only the torsion-free part of the actual degree matrix
Q; the same holds for the degree p = (u', 4?) and the weights w = (w!, w?) € Z2.

Case (a) of Lemma (ii)

We have r = 2, m = 0, n = 6 and 7 = (2,2,2). Combinatorial minimality prescribes
at least two weights on each of the two extremal rays of Eff(X). All six weights may be
placed on these rays, therefore we end up with five possible dispositions:
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w22
w12
wo2
Wo1 W11 W21 Wo1 W11 W21
disp 1 disp 2

wp1 W11 w11 w21
disp 4 disp 5

In disposition 2 and 3 define « := cone(woz, w12)° and S := cone(wp1, wo2)°. In disposi-
tion 5 define v := cone(wpz, wi2)°, ag := cone(woi, wi2)° and a3 := cone(wpr, wi1)°.
With Proposition we obtain a list of possible exponent configurations:

A lp = (1,1);

B ly=(1,1);
Clop=l1=1ln=1;
D li1=1ln=1;
Elpp=l2=1;

F lpgs =100 =1.

Due to terminality, every disposition allows only a few of these configurations, sometimes
even just for restricted situations, depending on the position of the anticanonical class.
The following table summarizes the totality of possible situations:

config A | config B | config C | config D | config E | config F
disp 1 v v
disp 2 v v v Va
disp 3 v v Vs Va
disp 4 v v v
disp 5 v v N v ay

The combinations of dispositions and configurations that need to be studied are marked
with the sign v'. A subscript indicates that the anticanonical class —Kx has to lie in the
given cone(s).

This case provides the first six varieties of the table of Theorem [3.4.1] namely No. 1 and 3
from situation 1A, No. 2 and 4 from 1C, No. 5 from 2A and No. 6 from 4B.

Disposition 1: since all weights are located on the two extremal rays, we can assume
Eff(X) = 220. For each w;;, the two weights wy, such that & # i and £ # j lie on
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the other extremal ray. The three together form a relevant face, to which Remark [3:37]
applies. Hence the degree matrix assumes the form

1 011 01 0
@ = [ 0 1|0 1|0 1 } '
Situation 1A: admissible operations, together with equations from P - QT = 0, yield
-1 -1 1 10 0
-1 -1 0 01 1

0 1 0 diig 0 —diip—1 ’
0 0 0 do12 O —da19

where we can also assume 0 < di12 < da12. Therefore we only need to bound ds12. For
this, take a look at the lineality part AS . Its vertices are

1 1

up = §(d1127d212), up = ug + <2a0> )
1

us = 5(_170)7 Uqg = U3 + (1)0)5
1 1

us = 5(—d112 — 1, —d212), ug = us + <270) .

The value do12 is odd, otherwise one between u; and us would be a lattice point, contra-
dicting terminality. Since A% , contains no integral point other than the origin, there are
only two possibilities for (dllé ,d212), namely (0,1) and (1, 3). Both define valid varieties,
respectively No. 1 and No. 3.

Situation 1C: here the anticanonical class is —Kx = (2,3—1p2). Since X is a Fano variety
and Mov(X) = 2>0 holds, we have lypo < 3. From now on we assume lgpo = 2, because
lo2 = 1 has been already discussed in situation 1A. Admissible operations and P-Q7 =0
yield
-1 -2 1 2 0 0
-1 -2 0 01 2
0 1 0 dizg 0 —din—1 ’
0 0 0 doi2 0  —dar2

with 0 < dj19 < do12. In order to bound ds12, take a look at the lineality part Ag{,o- Its
vertices are

1

1
up = g(d112,d212)7 ug = §(d112 +1,d212),

1 1
usz = <_270) ) Ug = <3a0>

1 1
us = g(_dlw — 1, —da12), ug = 5(—65112, —da12).
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Consider C' := conv(us, ug, us) C A§(70. The point us lies under the bisection of the third
orthant and, because of the terminality of X, C' does not contain integral points. We
conclude da12 < 20. Using the MDSpackage [25] we see that (di12,d212) can assume the
values (0,1) and (1,3). These data correspond to varieties No. 2 and 4 respectively.

Disposition 2: we can apply Remark @ to the relevant faces 011122, Y01,12,21 and

Y01,12,22 and obtain

1
1wy,

2
0 wiy

1
wy; O

0 1

w%l()
0 1 |°

o- |

Situation 2A: homogeneity of the relation delivers 1 + wgy = l11wl = lnywd; and w, =
l12 = lga. We show that the anticanonical class lies in cone(wi1,wo2)°. If we suppose
otherwise, then 7p2,12,22 is a relevant face and in particular wé2 = 1. This yields l11, 121 €
{1,2}, but then the anticanonical class does not lie in the prescribed cone. So —Kx €
cone(wi1, woz)° holds, the face yo2 11,21 is relevant and we conclude /12 = 1. Without loss
of generality assume l1; < la1. The requirement 0 < det(—Kx, wp2) yields

wis li1 + 121
14wy 2011l

Since the left side is at least 1/2, we get [1; = 1. Now Remark with 711,12,21,22
implies Iy = w(l)Q + 1. Substituting these equalities in the inequality above we arrive
at lo; < 3, therefore we have lo; = 2 (for lo; = 1 refer to situation 2C). Taking P into
account, we use admissible operations and equalities from P - Q7 = 0 and achieve

-1 -1 11 0 0
p_ |1 -1 00 2 1
| 0 1 di 0 —2dii—1 -1 |’

0 0 don O —2do11 0

where 0 < dy11 < d211 holds. In order to find an upper bound for do;; we turn to the
lineality part AS(,O of the anticanonical complex. Its vertices are

1 1

up = =(dinn — 1,da11), upg=u; + [=,0],
2 2
1 5

uz = 5(_1>O)a Uy = u3z + <670> 5
1 2

us = g(—2d111 — 1, —2da11), Ug = U5 + <3,0> .

Consider C' := conv(ug,us,us) C A% . The point uz lies over the bisection of the first
orthant and, because of the terminafity of X, C does not contain integral points. We
conclude da11 < 20. With the MDSpackage [25] we find out that (di11, d211) assumes the
value (0, 1) and delivers variety No. 5.
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Situation 2B: homogeneity of the relation yields log = l12 = w3, = 1 for the second
component and lg; + wly, = lj1wi; = w}; for the first component. With Remark
applied to 11,12,21,22 we conclude w%l =1, hence w%l =91 and wé2 =111 — lp1. We can
discharge the possibility that —Kx € cone(wpz, wa2)° holds, since in that case o2 12,22
is a relevant face and wj, = 1 follows, contradicting the fact that the anticanonical
class lies in that prescribed cone. Thus —Kx € cone(wpi,wo2)°® holds. In particular
det(—Kx,wp2) > 0 holds, which implies l1; = lp; + 1. We use admissible operations and
P - QT =0 and reach

—lnn -1 ln+1 1
—lpn —1 0 0
diot 0 —djor —1
dao1 0 —dy1 O

o O~ O
O R = O

with 0 < dyg1 < dog1. We find bounds on dog; and lg; by considering the lineality part
A% - whose vertices are

1 lo1
up = dio1 — lo1, d201), ug = up + ,00,
1 l01+1( 101 — lot1, d201) 2 1 <l01+1 )
1
= 2(=1.0 SE— d lo1, d
u3 2( ,0), Uy 2101—1—1(01+ 101 + lot1, d201)
1 lo1 +1
us = —di01, —d201), ug = us + ,00.
5 l01+2( 101, —d201) 6 5 <l01+2 >

In particular, consider the width I of C' := conv(0, u1, ug, us) at the height h(ug) of uy,
i.e.
lo1(lo1 + 2)

201 +1

Since lp; > 1 (otherwise we are in configuration A), the width [ is greater than 1 and as
a consequence h(ug) < 1 holds by terminality. This gives dap; < 2lp;. The length of the
line segment A5 ;N {y = 0} increases when lo1 increases. By terminality, it cannot be
greater than 2, hence we conclude lp; < 5. The MDSpackage [25] finds a lattice point in
A for each variety defined by such data, hence this situation does not provide terminal
varieties.

lc =

Situations 2C and 2D: homogeneity delivers wi; = wi; = lo1 + lpowy. Hence, by
Remark the relevant face 711,12,21,22 yields wh = 1. Since all terms on the right
side of the equation are greater or equal to one, we reach a contradiction.

Disposition 3: we start with the following degree matrix Q:

1 1
Way 0]
)

1
Wor W2

1
wy; 0

2 2
0 wiy 0  wiy

o- |

where we could assume Eff(X) = 2>0 thanks to Remark applied to 7v11,12,21,22-
We can assume that —Cx € cone(wpr, wi2)° holds, thus 71,1222 is a relevant face and
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w(l)l = 1 follows. If —Kx € cone(wpz,w12)° holds, then 92,1121 is a relevant face and

w(Q)2 = 1 would hold, contradicting det(wp1,wp2) > 0. Hence —Kx € cone(wpi, wp2)®,
Y02,12,22 is a relevant face and wéQ =1 holds.

Situation 3A: by homogeneity of the relation 2 = ' = lj3wl; = lp;wi; holds. At least
one of the exponents is equal to two, since 7y11,12,21,22 is relevant and Remark @ can
be applied to it. Let l17 = 2, so lo1 € {1,2}. Using admissible operations we can assume
dip1 = dgg1 = dogo = 0 and digo = 1. Then Proposition with {3,5} and {4, 6},

together with equations coming from P - Q7 = 0, delivers

l21d211 ~ lo2dora

1
d = —*l d 1 d = —
121 5 o1(d111 + 1), 221 5 I1a

The vertices of the lineality part Ag{,o C Q? are

_ l21(2d112 — liadi11 — l12, 2d212 — liad211) uy = uy 4 ( l12l21 0)

u 9
! 2(li2 + 121) lig + lo1
l21 2l21
us 121“‘2( ) )a Uq us + <l21+27 )7

l12(2d lood loo(l1ad211 — 2d 21
s — (l12(2d122 + l22d111), lo2(Lizda11 212))7 v = g < 22 70>'
Lia(la2 + 2)

We go through both cases lo; = 1, 2.

First assume that I3y = 1 holds. Then we achieve di31 = dso; = 0 by admissible
operations, and P - QT = 0 also yields di1; = —1. In order for uz and u4 to be both
vertices, l12 = 1 must hold. For ly3 > 1, the intersection of conv(0, us, ug) with the line
{y = —1} has length one, thus contains an integral point and contradicts terminality,
whereas 9o = 1 will be handled in situation 3B.

Now assume that l3; = 2 holds. By admissible operations we achieve 0 < dy11,d211 < 2.
Since v11 and w91 are primitive, we arrive at di1; = 0 and do11 = 1. In order for ug and ugy
to be both vertices, at least one between l15 and lso is equal to one. Since Remark
applies to v11,12,21,22, they cannot be both equal to one. Without loss of generality say
li2 =1 and ls > 2. Therefore A% ;N {y = 0} has length one and the length of the edge
Usug is at least one. This means |uZ| < 1, i.e. daja = 0,1. Using homogeneity in the
second component and once again P - QT = 0 we arrive at

10

0 1 |°

In particular the anticanonical class is —KCx = (2,122 + 1). The inequalities coming from
det (w2, —Kx) > 0 and det(wo1, wp2) > 0 are incompatible with dj22 being an integer:

1 1
log + di2a  —di22

1 0

@ = 0 I

1 1 1
——lpg— = < d ——l99.
5 22 5 122 < 5 22

Therefore we reach a contradiction.
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Situation 3B: homogeneity delivers loy + lo2 = l11wi; = wd; and lpwi, = wd,. With
Y11,12,21,22 relevant face we conclude wh =1= w%Q. Therefore the anticanonical class is
—Kx = (3, wl +wiy +1). Now det(wor, wo2) > 0 and det (w2, —Kx) > 0 yield wd, < 1,
a contradiction to the disposition.

Situations 3C and 3D: the same argument as situations 2C and 2D above works here
too.

Disposition 4: without loss of generality we assume that —Kx € cone(wg1,wo1)° holds.

In particular yp1,11,21 and vo1,11,22 are relevant faces, to which Remark applies; we

arrive at

wi 0
0 w%Q

1
wg; O

Q:[O w%Q

Situation 4A: we use homogeneity of the relation and Remark together with relevant
faces 701,02,11,12 and Yo1,02,12,21,22 in the usual ways and achieve

w%l w%l
1 1 )

i |0 1|1 1

[ o
a-|"

1 01 1]

Moreover we use admissible operations on P to achieve dig1 = dog1 = doge = 0 and
doo1 = 1. The equations of P - QT = 0 allow us to write

vig = (li2,0,d112,d212),
vy = vi2 + (0,0,l21 + l22,0).

This means that there are integral points on the segment between v1; and wvi3, contra-
dicting terminality by Theorem [2.1.10]

Situation 4B: we have logw%Q = llgw%2 = 2. We may assume that one of those exponents
is greater than one, otherwise see situation 4E. Without loss of generality let [1o = 2 and
w?, = 1. Using all the equations coming from P - QT = 0 we can write

—lo1 —lo2 li1 2 00
p — —lo1 —lo2 0 01 1
B _%_%l()l _%ZOQ(dHQ"‘l) di11 dii2 0 1 ’
011(1112” —5loadara do11 d2i2 0 0
9] z?ﬂ”%l 0 %w%1 0 w%l w%l
o Z| o 1|1 1 |

In particular we see that lps = 1,2 holds.
First we rule out the case lps = 1; if it holds, we can reach dy12 = 1 and de12 = 0 by
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means of admissible operations. The vertices of A% , are

1 i1
= di11 — l11,d =
Uy l11+1( 111 — b, dor), up = uy + <l11+1’0>’
1 2
usz = g(_lao)a Uy = uz + (37()) 5
211 2lp1
= g, —d - 0).
us (l01+2)l11( 111, —d211), ug = us + <l01+2’ )

The only way to ensure that us and uy are vertices is to set I;7 = 1. Hence the weights
relative to the relevant face 7p2,11,21 are (2,0), (0,2) and (1,1). These points do not
generate 72 as a lattice. Therefore the stratum X (702,11,21) consists of singular points,
contradicting terminality by Remark [3:3.1]

Now assume lgo = 2. Again, we look at the vertices of AS(,O and have to set 17 = 1,
after which we achieve d111 = d211 = 0 by admissible operations. Moreover, since vy is
primitive, lp; = 2 holds. We have

-2 —2 1 2 00
p_ -2 -2 0 011
- -1 —1—dy12 0 dyi2 O 1
and the vertices of the lineality part are
1
up = §(d112 —1,d212), ug =wu; + (1,0),
1
uz = 5(—1,0), Ug = U3 + (1,0),
1 2
us = g(—dnz — 1, —da12), ug = us + <3,0> :

Since conv(uy, ug, u3, us) does not contain integral points other than the origin, we con-
clude do12 = 1 and, with an admissible operation, di12 = 0. These data define a valid
variety, namely No. 6.

Situation 4E: homogeneity implies u? = w3y = wiy = la1 + la2. Moreover, Remark
applied on 791,02,11,12 prescribes w%z = 1. This means lo1 + loo = 1, a contradiction.

Disposition 5: applying Remark to Y02,11,21 and p2,11,22 we obtain the degree matrix

1 1
wg; 01 wiy

2 2
wyp 1[0 wiy

o- |

w%l 0
0 w%z '

Situation 5A: we divide this situation into three subcases. They differ from one another
by the Mori chamber «; C Eff(X) in which the anticanonical class —Kx lies. In all three
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cases we use admissible operations and bring the defining matrix P into the following
shape:
-1 -1 0 0 log oo

0 1 dinn die disn dizz

0 0 dar dorz doon dax

Situation 5A with —Kx € aq: here yp2.12,22 is a relevant face, hence Remark@ yields

w}, = 1. Homogeneity of the relation implies

P =

l11 + 1
1 1 11+ li2
wy; = i+ Lo, Wy = 7&1 )
2 2
2 wy +1 2 wy +1
Wyg = l ) Woo = I
12 22

Note that vp1,02,21,22 is also a relevant face. Hence wd; = 1 holds, i.e. ly; = l11+112. Since
the anticanonical class lies in aq, we have det(wj2, —Kx) > 0. This implies l15 > 2[99,
in particular l;o > 3. Through equations from P - Q7 = 0 we have

l12d222
lag

di11 = —di12 — di21, do11 = —da12 — d221, do12 = —

Consider the vertices u1 and ug of the lineality part AS ), defined by the elementary big
cones cone(vg1,v1j,v21), for j = 1,2 respectively. The ’segment line wyus intersects the
x-axis in the point (0,0, (I11 + l12)/3,0). Since l;2 > 3 holds, the lattice point (0,0,1,0)
lies in conv (0, uy,u2) C A% o» a contradiction to terminality.

Situation BA with —Kx € ag: we use homogeneity of the relation and Remark on
the relevant face vo1,02,21,22 to arrive at

0 = { lor 0|1 (log—1l1)/lhi2 |1 0
wyy 110 (why +1)/lie |0 (wgy +1)/la2 |
In particular loy > 41 + l12 holds. The matrix @) allows us to compute the anti-
canonical class —Kx according to Proposition Since —Kx € as holds, we have
det(—Kx,wi2) > 0. Writing down this condition explicitly we obtain lg; < l11 + 2l29.
Now we turn to the matrix P. Using equations from P - QT = 0 we determine

_d112(l21 —111)

di11 = T—dlm,
dooo(lo; — 1
do11 = —222(?212 1) — dao1,
oty = _512ld222.
22

Now consider the vertices u; and us of the lineality part A% ,, defined by the elementary
big cones cone(vga, v1j,v21), for j = 1,2 respectively. The segment line wiuy intersects

the z-axis in the point
l12l21
0,0, ——————, O).
( 2019 +l21 — 1
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By terminality the lattice point (0,0,1,0) does not lie conv(0,ui,us) C A% - This
implies I11 = l12 = 1. In this special situation, we achieve

-1 -1 1 1 0 0
p_ |1 10 0 Iy 2o
B 0 1 0 diz —duz(lor —1) —lpadiz—1 |
0 0 0 doiz —doia(lor — 1) —la2da12
. l91 0|1 ;1 —1]1 O
Q_[lml 110 In |0 1]’

where we can assume 0 < di12 < d212 and l21,l22 > 2. Consider the leaf AS N A2 of the
anticanonical complex, embedded in Q* by removing the first coordinate (which always
equals zero) from its points. Define B C Q3 as the convex hull of the following points

bi = (lo1,di21,do21),  bo := (la2, d122, d222),
a1 :=(-1,0,0), a2 :=(-1,1,0),
az := (—1,d112, d212), as = (=1,duiz + 1, doa).

Then the leaf AS N Ay corresponds to the intersection B N {(z,y,z) € Q% x > 0}. By
terminality, the only integral points of the leaf are b1, by and the origin. Hence B contains
the origin as only interior point and, with Theorem vol(B) is bounded by 12. This
gives the condition

da12(l21 + 122 +2) < 36.
Therefore all entries of P are bounded. We use the MDSpackage [25] to check all possi-
bilities. It turns out that none of the matrices defines a terminal variety.
Situation SA with —Kx € as3: here 701,11,21 is a relevant face, so Remark yields
w%l = 1. Using homogeneity of the relation and vp1,02,21,22 relevant face we arrive at

0 = lor 0|1 (lo1 —l1)/l2
110 2/

1 0

0 2/lan |-

Since the anticanonical class lies in a3, we have det(—Kx,wp1) > 0. This condition is
equivalent to the inequality

l11l22 + 2l12l21 — 2112122 + l21122 < 0.

By looking at the matrix @@ we see that l12,l22 € {1,2} holds. None of the possible
combinations satisfies the condition above, hence we reach a contradiction.

Situation 5B: homogeneity implies wi; = lpjwg; and w3, = l12w?,. Using Remark
respectively with v01,02,2122 and 7y11,12,21,22, we obtain wél =1 and w%Q = 1. Since
wd,, wly > 0 holds, we arrive at a contradiction with the disposition of the weights,
because det(wg1,wi2) > 0 holds.

Situations 5C and 5F: homogeneity yields wl, = wi; = l11 + liow},. By Remark
with 701,02,21,22 € rlv(X), we have w(l]1 = 1 but then ly; + ljowi, = 1 holds. This is a
contradiction, since all values appearing on the left side are at least one.
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Case (b) of Lemma (ii)

We have r =3, m =0, n =8 and 7 = (2,2,2,1). Combinatorial minimality requires at
least two weights on each of the two extremal rays of Eff(X). There are six weights that
can be placed on these rays, therefore we have five possible dispositions:

w22
w12

wo2

Wp1 W11 W21 Wo1 W11 W21 w11 W21
disp 1 disp 2 disp 3

w12

Wo2

wo1 W11 ' w11 W21
disp 4 disp 5

The weight w3, always lies on the dotted line, which is the cone spanned by the degree
w of the relations. In disposition 2, 3 and 5 we define « := cone(wpz, wi2)°.
With Proposition we obtain a list of possible exponent configurations:

Alg=1 = (171)§

B ll = l2 = (1,1);

C l() = (1, 1) and l11 = lgl = 1;

D l1 = (1, 1) and 101 = l21 = 1;

E lg = (1, 1) and l()g = l12 =1.
Due to terminality, every disposition allows only a few of these configurations, sometimes
even just for restricted situations, depending on the position of the anticanonical class.
The following table summarizes the totality of possible situations:

config A | config B | config C | config D | config E
disp 1 v
disp 2 v v Va
disp 3 v v Va
disp 4 v v v
disp 5 v v Va

The combinations of dispositions and configurations that need to be studied are marked
with the sign v'. A subscript indicates that the anticanonical class —Kx has to lie in the
given cone.

In the following we show that none of these situations provides a valid variety.
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Situation 1A: by almost freeness of the grading we can assume Eff(X) = Q2,. With

Remark applied to 701,12,22 and 7o2,11,21 we achieve wp; = (1,0) and w2 = (0,1).
Hence 1 = (1,1) holds, which implies I3 = 1, a contradiction to P irredundant.

Disposition 2: we can apply Remark to Y01,11,22, Y01,12,21 and 7p1,12,22 in order to

arrive at

1
1wy,

2
0 wy

1 1 1
wyp 0] wy 0“’31]

Q:[ 0 1| 0 1w}

Situation 2A and 2B: the degree of the relations is p = (wi;,1). Therefore I3jw3; = 1
holds, which contradicts irredundancy of P.

Situation 2C: here —Kx € cone(wpz, w12)° is required. Therefore ~p2,12,22 is a relevant
face and w}, = 1 holds by Remark With admissible operations we achieve

-1 -1 1 115 0 0 0

-1 -1 0 0 1 Iy 0

P = -1 -1 0 0 0 0 I3
0 1 0 d112 0 d122 d131

0 0 0 doi2 0 doo2 dos1

Using the equations coming from P- Q7 = 0 we can fix most of the values of the defining
matrices. In particular in P we get

l
V22 = (0, l12,0, —dy12 — g, —d212) and V31 = (0’ 0,2,-1, O)_

This allows us to express the vertices of the lineality part of the anticanonical complex
in the following way:

w = <2d112 —li2 2d212 ) wy =y 4+ < 2012 0)
lis+2 "lig+2)’ lig+2 ")’
1 2
uz = <_370>7 Uqg = U3 + <370>a
us = (-261112 — 212 —2d212> e = us + < 212 0>'
lo+2 "he+2) lig+2’

We notice that the length of the edges ujug and usug is at least 2/3, hence us and uy
are not both vertices, a contradiction.

Situation 3A: by Remark applied to vp1,12,22 We can achieve wi, = wi, = 0 and
wo1 = (1,0). Since homogeneity requires wiy = lagw3,, we also obtain w3, = 1.

Suppose for a moment that —ICx € cone(wpz, wi2)° holds. Then ~p2,12,22 is relevant,
o) w(l]2 = 1. Homogeneity implies lo; = I3 = 2 (otherwise see situation 3C) and the
anticanonical class is

1
-Kx = (2, 1— wgy — 2122> :

Since log, wgz > 1, the anticanonical class does not lie in the prescribed cone.
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Hence from now on let —Kx € cone(wpr, wo2)°. By homogeneity, the inequalities w?; < 0
and w§1 > 1 turn into loo > w%Z and w%Z > l31. Since l31 > 2 holds by irredundancy of
P, we conclude Il > 3. With Proposition applied to {4,6} and {3,5} we can write

l l
dyy1 = ——tdysy and dyy1 = —2dasy — loadaya.
l31 l31

The vertices of A%, defined by the elementary big cones P(dg;11,22,31) for i = 1,2 are

B <122d131+131d122 l22l31d212> B < laal3: >
U, = — u = uy+ | ——,0).

lag + U1 T+ 13 log + 131’

Since l31 > 2 and lp2 > 3 hold, the intersection of conv(0,u1,u2) C A%, with {y =
—dg12} exists and has length equal to one. Therefore it contains a lattice point and this
contradicts terminality.

Situation 3B: here we can assume that the weights wis and way lie in cone(eg), i.e.
wly = wly, = 0. By homogeneity of the relations we also get wi; = wi; = l31wi;.
Since wi1 and woq lie on the same half-line, we conclude w%l = w%l and consequently
w%2 = w§2. These equalities, together with Remark applied to 7p1,12,22, deliver
wo1 = (1,0) and wi, = 1. At this point, homogeneity requires lppwdy = p? = wi; + 1.
This contradicts the configuration of the weights, because w2, > 1 but w?, < 0.

Situation 3C: here —Kx € cone(wpz,w12)° holds. We proceed the same way as in situ-
ation 2C, namely we use the relevant faces 7o1,12,22 and 702,12,22, then we work with P
and lastly find the six vertices of the lineality part of the anticanonical complex. The
same kind of contradiction follows here too.

Situation 4A: by means of admissible operations, we achieve the following defining matrix

-1 -1 1 1 0 0 0

-1 -1 0 0 9 99 0

P = -1 -1 0 0 0 0 I
0 1 0 di2 dior diz2 diz

0 0 0 doi2 doo1 dazo dot

Applying Proposition to {5,6} we obtain dgjo = 0. We can assume —Kx €
cone(wp1, we1)° and compute the vertices of the lineality part AS(,O' A contradiction
is reached: it turns out that three vertices lie on the same line segment.

Situation 4B: here Remark applies to Yp1,11.21 and Yo1,11,22 and yields w}; = w?; =0,
w3 = w3, = 1 and wi; = wi,. Moreover, homogeneity of the relations delivers

2 2 2 2
2= p” = lopwpy = wip = la1w3;.

This means already loz = lI31 = w}, = 2 and w%Q = w%l = 1. In particular, multiplying
Q from left with an appropriate unimodular matrix, we achieve wéQ = w%z = 0. We use
homogeneity in the first component to arrive at
1
War |
1

2wl
o - [ .

2wl 0
0 2

1 1
Wy Way

0 1 1 1
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At the same time we can use admissible operations on P and achieve

—lo1 -2 1 1 0 0 0
—lo1 -2 0 0 1 1 0
P=1|-y 2000 0 2
dipr dio2 0 1 0 dio2 dizn
door dog2 0 0 0 daoo dogi
With P - QT = 0 we obtain the following equalities:
dip2 = —d122 —di31 — 2 and dog2 = —da22 — da31.

We look specifically at the vertices of A%  C Q? defined by the two elementary big cones
cone(vo2, V11, V24, v31) for j = 1,2, which are respectively

1 1 1 1
—-1—=d ——d d -1+ =d —d .
< pM22: —5 222) an < + 541225 5 222>

The integral point (—1, 0) lies on the segment joining the two vertices, hence AS{,O contains
a forbidden lattice point and X is not terminal.

Situation 4E: we assume —Kx € cone(wgy,wo1)® without loss of generality. With the
usual game on homogeneity, relevant faces, admissible operations and equations from
P - QT =0 we arrive at

~lpp =1 137 1.0 0 O
—lpn —1 0 0 11 0
P = | —lp -1 0000 2
doi1 0 doip 0 0 0 O
The vertices of the lineality part Ag{,o C Q? are
1 2011
= 2d —1 s 2d 5 = + ) 0 ’
Uy It 2( 111 — l11, 2do11) Uz = Ug <l11 D) >
1 2
uz = g(*170)7 Uug = u3z + <370) )
1 2[01
us = ——(2d1091 — lo1, 2d201), ug = us + ,0.
e 2( 101 — lot, 2d201) 6 = Us (l01 ) >

We see that, for any choice of lg; and [11, at least one between us and uy4 is not a vertex,
a contradiction.

Disposition 5: here we can assume —Kx € cone(wgi, wo2)° without loss of generality.
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Situation 5A: Applying Remark to 702,11,21 and 7o2,11,22 we obtain Eff(X) = 220,
with wpe = (0,1) and wy; = (1,0). Using homogeneity of all monomials we arrive at the
following grading matrix:

1 1

1 1 Wo1 Wo1

o [wm 0|1 wh—1| 7 0 T
2 2 wotl | wy L

wy 110 wi+1] 0 Ina Ist

Assume for a moment det(wj2, —Kx) > 0. Then —Kx € cone(woz, wi2)° holds, yo2,12,22
is a relevant face and Remark yields w%l and [31 = 2. This contradicts the deter-
minantal assumption. Therefore —Kx lies in cone(wpr,w12). We turn to the matrix P.
With admissible operations we achieve

Vo1 = (_17_17_17070)7

Vo2 = (_15_17_171a0)7

V11 = (1707()’0’0)'
Moreover, Corollary @ applied to P35y delivers

l31d
dog1 = —l31d212 — 31l 222
22

Consider cone(uvoj, v11,v22,v31) for j = 1,2. These are big elementary cones and define
two vertices u1 and uy of the lineality part A, C Q2. The triangle C := conv (0, u, ug) C
Q? has an edge ¢ := uyuz parallel to the x-axis. The height h(c) and length £(c) of c are

l2al31 _ laal31
log + 131"

By terminality, C' does not contain integral points other than the origin, hence ¢(c) < 1
holds. This implies l23 = 1. By admissible operations we achieve dy29 = dago = 0. Using
the fact that P - QT = 0 holds, we write explicitly

wh — da12l21 o _ il +dizi +1s3
01 di12l31 + di31

) Wo1 =

dao1

Now consider wi; and w3, which satisfy

o — G2 w2 1
2 ey’ 3 di12l31 + di31
Since they are both integers, we conclude di31 = —d112l31 — 1 and ds12 = bdao; for some

integer b € Z>1. For the anticanonical class we have
l
—Kx = (b+ bﬂ,lgl + 1).
I31

The condition det(—/Kx,ws1) > 0 implies o1 = 1,2. We leave lo; = 1 for situation 5B,
thus we have ly; = 2. The same determinantal condition yields b = 1 and, by looking
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at wél, we conclude l3; = 2. Furthermore, P - QT = 0 also delivers dy12 = d121 — 1. To
finally achieve a contradiction to terminality, take a look at the vertices us and u4 of the
lineality part, defined by cone(wvgz, v1j,v21,v31) for j = 1,2 respectively:

1 1
—dy21 + 3, —da21), Uy = §(d121 + 1, dao1).

U3:§(

The midpoint of the segment line connecting these two vertices is (1,0), a contradiction

to Theorem R2.1.10
Situation 5B: Combining Remark applied to many relevant §-faces, homogeneity

of the monomials and admissible operations on P, we arrive at Eff(X) = 220 and
—lp1 —lpo 1 1 0 0 0
—lp1 —lp2 0 0 1 1 0
P = —lpr —lp2 0 0 O 0 I31
dior dip2 0 1 0 digg dis1
daor doo2 0 0 0 daxz dosy
Q _ w(l)l 01 l01w61 —1 lmwél 0 10}3*1%1
=l |0 I31 0 s | 1 |

Equations given by P - QT = 0 deliver

~lordas

B 13, do2o  l31dap2
I31 '

lo2 lo2

; doz1 =

dog1 =

These help us write down the explicit coordinates of the vertices of AS(,O C Q% Five

vertices ui,...,us are always present and given by
_ 1 _ lo1l31
ur = ———(londiz1 + lsidior + loilzidize, lo1lzidaze), u2 = w1+ ( ———,0]),
lor + 131 lo1 + 131
uz = ——— (lo1di131 + l31dio1 + lo1l31,0),
lo1 + 131
1 lool
Uy = m(lmdliﬂ + I31d102, — 13 do22), us = uq + (50202-1-3;317 O) .

The coordinates of the sixth vertex ug depend on the position of the anticanonical class,
i.e. if it lies in a := cone(wpa, wi2) or in 5 := cone(woi, wi2), because these two cases
allow different big elementary cones.

Assume for a moment —Kx € a. Then vp2,12,22 is a relevant face, implying lmw(l)1 =2
and l3; = 2 by Remark Moreover the sixth vertex is defined by P(do1,11,21,31) and
yields g2 < lp1, hence lpy = 2 and lgpo = 1, which contradicts w%l €.

Therefore —Kx € [ holds and the vertex ug is defined by the elementary big cone
P(002,11,22,31). Consider the polyhedron C := conv(ui,us, us,us) C A% o, which is a
trapezoid with edges c¢; := ujus and co := ugus parallel to the x-axis. The height of
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co is negative and smaller than —1. If both lp; and lgo are greater than 1, then both
edges ¢; are longer than 1 and C contains integral points at height {y = —1}. Hence we
follow lp2 = 1 and lp; > 2. (the case lp = 1 is covered in situation 5D). With admissible
operations we achieve digo = dgog2 = 0. We find the bounding condition lg; < 4 by
imposing that the segment AS(,O N {y = 0} has length at most 2. For all cases of ly; we
find out that the segment A5 ;N {y = 1} is longer than 1, hence A% ; contains a non-zero
lattice point, contradicting terminality.

Situation 5D: —Kx € cone(wiz, wp2)° is required. Here 7o2.11,21, Y02,11,22 and p2,12,22
are relevant faces to which Remark applies. Therefore, after setting Eff(X) = Q2>0,

we obtain wi; = wi, = w3, = 1. In particular ! = 2 holds, hence l3; = 2 and
2 01 1

1
Q[wgllowfz w%l].

Using homogeneity of the relations we can write all weights of the second row of @ in
terms of wg;. For the anticanonical class —Kx we obtain

1 1 2 41
Kx = (3,14 2wl — =gy + D002
2 2 o2

2 0
Ow%2

It turns out that det(wi2, —Kx) < 0 holds, in contradiction to the hypothesis of this
situation on the position of the anticanonical class.

Case (c¢) of Lemma (ii)

We haver =4, m =0, n =8 and m = (2,2,2,1,1). Combinatorial minimality prescribes
at least two weights on each of the two extremal rays of Eff(X). There are six weights
that can be placed on these rays, therefore we end up with five possible dispositions:

w22
w12

wo2

wo1 W11 W21 wWo1 W11 W21
disp 1 disp 2

w11 W21
disp 5
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The weights w31, w41 always lie on the thin dotted line, which is the cone spanned by the
degree u. Note that in every disposition the following cones are elementary big:

cone(vo1, V11, V22, V31, V41), cone(voz, V12, V21, V31, V41 ).

In particular, every ray v;; appears at least once in an elementary big cone. With
Proposition we obtain [; = (1,1) for i = 0,1,2. Admissible operations on P deliver

-1 -1 1 1 0 0 0 0

-1 -1 0 0 1 1 0 0
p_ |1 =10 00 0 Iy o0

-1 -1 0 0 0 0 0 In |’

0 1 0 di2 0 dize2 diz1 din

0 0 0 doi2 O dog2 dog1 dogr |

where we can also assume 0 < dig1,dog1 < l41 < l31.

While treating any of the above mentioned dispositions, it is possible to conclude non-
terminality in two steps: first one needs to apply Corollary whenever possible,
then look at the lineality part A§(70 of the anticanonical complex and see that it always
contains a non-zero integral point.

Case (d) of Lemma (ii)

We have r =2, m =0, n = 6 and n = (3,2,1). Combinatorial minimality requires at
least two weights on each of the two extremal rays of Eff (X). There are five weights that
can be placed on these rays, therefore we end up with three possible dispositions:

Wo1 W02 Wo2 Wil Wo1 Wo2 Wil
disp 1 disp 2 disp 3

In every disposition we find the following elementary big cones:
cone(vp;, v1j,v21), V(4,4) € {1,2,3} x {1,2} with (4,7) # (3,2).

In particular we assumed, without loss of generality, that the anticanonical class in dispo-
sition 2 lies in cone(woy, wp3)®, the light-grey cone in the picture. With Proposition
we find three possible configurations of the exponents:

Aly=(1,1,1);

B ll = (1, 1);

Clon=loz=1ln=1
We will see that this case contributes with four varieties, namely No. 7 (from 1A), No. 8

(from 2A), No. 9 (from 1C) and No. 10 (from 3C).
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Disposition 1: we apply Remark @ t0 Y01,02,12, Y01,03,12 and 7p2,03,12 and achieve, for
the grading matrix,

11 0 wh 0 w

0 0 w83 w%l 1 w%l

Q =

Situation 1A: homogeneity of the monomials implies lo; = 2, wi; = 1, wi; = 2/l1; and
w(2)3 = 2w3,. With Y01,02,0321 € 1lv(®) and Remark we conclude w3, = 1. In
particular we have wy; = (2/l11,w?;) and we; = (1,1). Since the disposition requires
0 < det(w11,ws1), we obtain l1; = w?; = 1. Using admissible operations and equations
resulting from P - QT = 0 we can fix the remaining entries of both matrices. We get

-1 -1 -1 1 1 0
-1 -1 -1 0 0 2 1 1 0 2 01
P o= 0O 1 00 1—1’Q_002111
0 0 1 0 -2 0
These data define variety No. 7.
Sttuation 1B: we have
wh = g1 + loo, w%l = logwgg—l,
lo1 + lo2 logwds — 1
wy = wy =
lo1 lo1
doo3 = —L?}dml,
21

where the equations on the weights come from homogeneity of the relation and the last
equality is due to Corollary applied to {1,2}. We need to understand whether the
anticanonical class —Kx lies in cone(wpi,w11)° or in cone(wps, wi1)°. In order to do
that, consider the lineality part AS , C Q2. In both cases, the following rational points
are vertices of A%O: 7

uy = <d121501+d101521 d221501+d201521> wy = u1+< lo1l21 0>
lor +1lon lo1 + 121 ’ lor +1l1” )’

ws = <d121l03 + dyo3l21 O>
los+1l1 '

w = <d121l02+d102521 d221l02+d202521) ws = u4+( loala1 0>'
loo+1la1 log + 121 ’ log + 121’

Assume for a moment that —Kx € cone(wpi,wi1)® holds. Then 7910211 is a relevant
face and Remark applies, yielding w?, = 1, hence logwg3 =2 and Iy = 2. If
lo3 = 2 and wi; = 1 hold, then we arrive at a contradiction since the anticanonical class
is (2 + (lo1 + lo2)/2,2), but this point does not lie in the prescribed cone. If [y = 1 and
w3, = 2 hold, then there is a sixth vertex of A% o, namely ug = uz + (2/3,0). Since
both Ttz and ugus are edges of A%, with a length of at least 2/3, the points uz and
ug cannot be both vertices: a contradiction.
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Therefore we can assume —Cx € cone(wos, wi11)°. In particular yo3,11,12,21 is a relevant
face; with Remark we obtain lo; = lg1 + lo2. Equalities from P - QT = 0 deliver

di21 = —dio1 — dio2, doo1 = —d201 — da202.

These estimates put the vertices u1,...,us of the lineality part in a special position. As
a matter of fact, the intersection of the x-axis with the segment line waus is the point

1

g(lol + lo2, 0).
Since lp1 + lp2 > 3 holds (otherwise we are in situation 1C), we obtain (1,0) € A%, a
contradiction to the terminality of X.

Situation 1C: we apply some admissible operations to simplify the form of P and obtain
the following shape:

-1 -1 —lpg 1 l12 0
p_ | -1 -1 s 0 0 Iy
0 1 dis 0 diz dizn
0 0 doo3 0 doio doon

Using P - QT = 0 with the first row of Q we get wh =2, wh = 1,1y =2, dyg1 = -1
and dso; = 0. Similarly, the second row of @, together with the first and second rows of
P, yield

w%l = 103w§3 — l12 and wgl = %logw§3.
Note that 701,02,0321 € rlv(®) is not in the covering collection, hence we apply Re-
mark and obtain ged(w2s, wislos/2) = 1. This leaves us with two cases: either
w(2)3 = 2 and ly3 is odd, or wg?) =1 and ly3 is even.
The first case can be discharged as follows: w?; > 0 here means 2w3; > lja, and, since
det(w11, —Kx) > 0 holds, we also have 4lp3 < 6 + l;2. But these inequalities combined
imply lps < 3, hence g3 = 1, a situation already studied in situation 1A.

Therefore we assume that wgg = 1 holds and lp3 is even. Here, too, we obtain two
inequalities, namely 112 < lp3 and 2lp3 < 4 4+ l12. We conclude lp3 = 2 and hence ;5 = 1.
The last equalities from P - QT = 0 deliver dig3 = 1 — di12 and dog3 = —da12. The
matrices look as follows:
-1 -1 -2 1 1 0
p -1 -1 -2 0 0 1

110201
Q_[001111]'

Among the vertices of the lineality part AS , of the anticanonical complex we find

1 1 1 1
uy = (—570), Uz = <§70>7 ug = (—§d112,—§d212>-
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With admissible operations we can assume 0 < dj12 < d212 and, since terminality implies
that conv(uj,ug,us) does not contain any integral point, we arrive at dgjo < 12. We
check the varieties given by these parameters with the MDSpackage [25]. It turns out
that there is one terminal variety among them, namely with di10 = 0 and ds12 = 1; this
occurs as No. 10 in Theorem B.4.1]

Disposition 2: the §-face vp2,03,11 is relevant and is not in the covering collection, hence
with Remark we can assume that the effective cone is the positive orthant. By
applying the same Remark, on the relevant faces v01,03,12, 702,03,12 and 72,03,11, we arrive
at 1 1
0 = 12 1 0 wyy 02 w%1
wy 01 0 wiy wy
Situation 2A: homogeneity of the relation implies 2 = u! = lglwél, i.e. Iy = 2 and
w4, = 1. Therefore 2w3; = p? = w3, + 1 holds. Together with det(wg1,w21) > 0 we
conclude w3; = w3, = 1 and p? = 2. Since Yo1,11,12.21 is a relevant face, at least one
between wi; and w?, must equal 1. Without loss of generality let w}, = 1, hence l12 = 2.
If w}; = 1 holds, then the anticanonical class is (2,2): this contradicts Q-factoriality by
Proposition since (2,2) € cone(wp;)°. Therefore we have w}; = 2 and I3 = 1. The
last entries of P are determined by P - QT = 0. This delivers variety No. 8.

Situation 2B: by homogeneity of the relation we achieve w%l = lglwél and w%z = lglwgl.
The relevant faces y02,11,12,21 and 703,11,12,21, together with Remark [3.3.1} imply wy =
(1,1). This contradicts det(woy, w21) > 0 and w3, > 0.

Situation 2C: through suitable admissible operations the matrix P assumes the following

form:
-1 =1 =l 1 I 0

-1 -1 —lps O 0 {91
0 1 dis 0 di2 dior
0 0 dos 0 doi2 dao

By imposing P-QT = 0 we obtain several equalities, which altogether deliver the following
degree matrix Q:

P =

0 1 1 0 2 0 1
= 2 w2, +1 w2, +1 .
wy; 01 0 == 2 Zus»
We can assume lg3, l15 > 2, otherwise we go back to configurations A and B respectively.
Moreover we have l12 > 3, since l12 = 2, together with 92111221 € rlv(®), implies

w%l = lp3 = 1. At this point a contradiction is reached, since this disposition requires
det(w01, —ICX) > 0.

Disposition 3: using Remark applied to the relevant faces vo1,02,12, 701,03,11, 701,03,12,
702,03,12, We can achieve the degree matrix
0 = 110 wh 0 wy
001 0 1 w3y
Situations 3A and 3B: here p? = w(Q)3 = 1 holds. This implies lo; = 1, a contradiction to
irredundancy of P.
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Situation 3C: the matrix P, via admissible operations, takes the form

-1 -1 —lpg 1 l12 0

p — -1 =1 —lg3 O 0 91
B 0 1 dis 0 diz din

0 0 doo3 0 do1o doon

By imposing P-QT = 0 we obtain several equalities, which altogether deliver the following
matrices P and Q:

-1 -1 —lo3 1 los 0
-1 -1 —los3 0 0 2
P = 1 )
0 1 3log—di2 0 dpp2 —1
0 0 —da12 0 dor2
1 10 2 0 1
@=1loo0101 oz |

Note that lp3 must be even. Moreover, since the anticanonical class —Cx is equal to
(3,2 — %log) and lies in the positive orthant, the inequality lp3 < 4 holds, thus lp3 = 2.
By terminality, the lineality part A% , does not contain integral points other than the
origin. This implies do12 = 1 and, with an admissible operation, dy12 = 0. The resulting
matrix P defines indeed a valid variety, namely No. 10.

Case (e) of Lemma (ii)

We have r =3, m =0, n =7 and 7 = (3,2,1,1). Combinatorial minimality requires
at least two weights on each of the two extremal rays of Eff(X). There are five weights
that can be placed on these rays, therefore we arrive at with three possible dispositions:

w12
w31
Wo3 w21
wo1 Wo2 Wp2 W11 wo1 Wo2 W11
disp 1 disp 2 disp 3

By specifying w1 € cone(wpi, w21)° in disp 1 and wgy; € cone(wii, ws1) \ cone(wry) in
disp 2, the three pictures represent mutually exclusive situations. We prove that none of
these dispositions defines a valid variety.

Some preliminary considerations can be done in general. Note, for example, that in all
dispositions, every ray of the type v;; appears in at least one elementary big cone. Hence
Proposition delivers lp = (1,1,1) and I; = (1,1). With admissible operations we
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achieve
-1 -1 -1 1 1 0 0
-1 -1 -1 0 0 l91 0
P = -1 -1 -1 0 0 0 ls1 |,
0 1 0 0 die di21 diat
0 0 1 0 do2 do21 dazi

with 0 < di31,d231 < [31.
Disposition 1: we apply Corollary to the set {3,5} and obtain

lndas

d =
221 l31

Now we take a look at the vertices of AS{,O C Q2. The disposition shows that there are
five elementary big cones and the respective vertices are:

_ <d121l31+d131l21 lo1l31 >
Uy = .

lo1 + 131 "o+ 3
d121l31 + di31l21 > < la1l31 >
— s 0 y — + 70 9
2 ( lo1 + 131 v = lo1 + 131
l21l31 l21l31
—u + 28 (4, d - L
ug = ug + ot Ion (di12, d212), us = us + (121 " ) ;

Since a1, 131 > 2 holds, the parallelogram conv(ug, us, ug, us) contains at least one lattice
point at height {y = —1}. This contradicts terminality.

Disposition 2: we apply Corollary to the sets {3,5}, {2,4} and obtain

la1da3: ity = Cdig1 dizn
a1 '

doo1 = —

Using these equalities, the vertex of Ag{,o C Q? defined by cone(vor1, v12, Va1, v31) is

l21l31 )
0, dojo——"— .
( o) + I3
This implies dgj2 # 0. Since lo1, 131 > 2 holds, the point (0, d212) lies in Ag(’o, a contra-
diction to terminality by Proposition [2.1.12

Disposition 3: the same considerations of the previous disposition apply here.

Case (f) of Lemma (ii)

We have r =2, m =0, n = 6 and n = (4,1,1). We show that no valid variety arises
from this case. By combinatorial minimality there is only one disposition of the weights,
as sketched in the picture:
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Wo1 Wo4

In particular, all cones of type cone(vg;, v11,v21) are elementary big and Proposition m
delivers lg; = 1 for j = 1,...,4. With admissible operations, and using the fact that
conv(0,vpj;7 = 1,2,3,4) C AS does not contain integral points other than the vertices,
we achieve
-1 -1 -1 -1 iz 0
-1 -1 -1 -1 0 In

0 1 0 1 dinn dinn

0 0 1 1 donn doma

Regarding the weights, we can set w%l = w84 = 0. Applying Remark t0 Y01,02,04
and 701,03,04 We obtain w?, = w3; = 1, which allows us to further assume wi, = wj; = 0.
Now, homogeneity of the relation yields 2 = ,u2 = lllw%I = lglwgl, hence 11 = lo; = 2
and w};, = w3, = 1. Since the last two weights lie on the same half-line, we also have
w}; = wi;. Up to this point, the matrix Q can be written down as follows:

P =

0 = w 0 0 wly a a
N 0 11 01 1]’

for some a € Z>;. In particular the anticanonical class is —Kx = (2a,2). Hence —Kx
lies in cone(wi1) = Q(711,21), which is a non-fulldimensional projected relevant §-face.
This contradicts Q-factoriality of X by Proposition [T.4.2]

Case (g) of Lemma (ii)

We have r =2, m =1, n =5 and m = (2,2,1). Taking combinatorial minimality into
account, there are three possible weight dispositions:

w1a wa1
Wo2
wo1 W11 wi1 Wi wWo1 W11 Wi
disp 1 disp 2 disp 3

where in disposition 1 we may assume without loss of generality that —Kx € cone(wpz, w1)°
holds. Therefore all three dispositions present the following elementary big cones:

cone(vot, V11, V21), cone(vo1, V12, V21), cone(voz2, V11, V21)-

Following Proposition [2.3.1] we find three configurations for the exponents:
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A lp=(1,1);
Bl = (17 1);
Clpp=1l1 =1.

Note that, in both dispositions 1 and 3, configurations A and B coincide after admissible
operations on P of type (i) and (i7). We show that this case delivers variety No. 11 from
the table of Theorem [3.4.1] specifically in situation 2A.

Situation 1A: here Remark applied to y01,02,11,12 ensures that Eff(X) = @220 holds.
Together with homogeneity of the relation and the relevant faces vo1,02,12,21 and 701,02,11,21
we arrive at {11 = l19 = 91 and

Q_ l210101w1
Tl 0y 0011 w?

Now we turn to P. With admissible operations we achieve digy = dog; = 0 as well as
dy; = 0 and dj; = 1. Moreover we can assume 0 < dag2 < djp2. Using the equations
coming from the third row of P - QT = 0 we obtain

di11 = —di21 and di12 = —di21 — l21d102.

The three elementary big cones listed above and the ray in the lineality space of trop(X)
define the four vertices of the lineality part A% , C Q? of the anticanonical complex:

1
Ul =g (0, do11 +da21),
1
uz =5 (=la1dio2 5 do12 + d221),
1
us =5 (Ia1d102 5 do11 + d221 + l21d202) ,
ug = (0, 1).

Note that u; lies on the y-axis. By terminality (0,—1) ¢ A% holds, hence we arrive
at do11 + doo; = —1. This can be used to simplify the form of us. We have ué >1 as
well as u} > u3 > —1/2. Since (1,0) and (1,1) do not lie on the lineality part A% , the
previous inequalities imply dig2 = 1, doge = 0 and lo; = 2. Now we look at da1o + doo1:
if it is even, then wo is a lattice point, if it is odd, then a lattice point lies between v11
and v1e. In both cases we obtain a contradiction to terminality of X.

Situation 1C: by Remark applied to Y01,02,11,12, we can assume that Eff(X) = 220
holds. Together with homogeneity of the relation we are able to express the first row of
the grading matrix @) as follows

Using again Remark with v01,02,11,12 We conclude wél = 1 and hence I51 = 1, a
contradiction to P irredundant.
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Disposition 2: we apply Remark@to the relevant faces yo2,11,1 and yo2,12,1 and achieve
the following degree matrix:

1 1 1
Q = wg1 0 wyy 20 w%1 1
wy 1 0 wi, wiy O
Situation 2A: homogeneity of the relation delivers
1 1
w, w,
wh =0, why =40,
111 l21
2 2
2 w01 + 1 1 wm + 1
Wo = —7 Wog = —— -
l12 l21

We apply Remark to 7v01,02,11,12 and obtain w(l)l = l11. Note that there are
two possibilities for the anticanonical class —Kx: it lies either in cone(wi, wp;)® or in
cone(woi, woz)°. We rule out the first cone because then 71,111 would be a relevant face
and Remark would imply w%l =1, ls1 =2 and l15 = 1,2. This in turn forces —Kx
outside of cone(ws,wp1)°, a contradiction.

Hence the anticanonical class lies in cone(wg, wp2)°. This means in particular that
701,02,12,21 is relevant, which implies l11 = l21. We turn to the matrix P. With admissible
operations we set dig1 = d2g1 = 0, as well as dj; = 0 and dj; = 1. Looking at P-QT =0
we also obtain di11 = —di121 and do11 = —ds91 — 1. With more admissible operations we
can assume 0 < dogo < dig2 and 0 < dyo91,d991 < lo;. The three elementary big cones
listed above and the lattice point v1 € tropy(X) define the four vertices of the lineality
part AS 5 C Q?, namely:

1
up = (07_2)7

1
up = ———— (landiiz + liadi21 , lardaie + lLiadaor)
lig + I
1
us =5 (I21d102 , lo1dag2 — 1),
Ug = (0, 1).

By the previous inequalities, we have ul > 1 as well as u} > u3 > —1/2. Since (1,0)
and (1,1) do not lie in the lineality part, we get dig2 = 1, dog2 = 0 and le; = 2. By
the same inequalities we have djo1,d2o; € {0,1}. They are not both equal to zero,
because v91 is primitive. Since vq7 is also primitive, we get di27 = 1. Proposition

used on {3,6} yields doja = —lj2d221/2. This means that ug lies on the z-axis. Hence
terminality requires —1 < u% < 0, ie. —li2 < di12 < —l12/2. Now, the only value of
P still unbounded is l15. First assume that 19 = 1. Then diio0 = —1 and dgo; = 0

hold and these data define a valid variety, namely No. 11. So assume [l1o > 1. Since the
anticanonical class lies in cone(wg1, wp2), we have 0 < det(wp1, —Kx) and obtain

2 l1g +2
219 — 2°
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This implies immediately I3 < 4 and w3; = 1. The case l12 = 3 is not valid, because w?,
would not be an integer. The case l15 = 2 delivers a variety that is not terminal, since
we obtain dy12 = —2, doo1 = 1 and finally an integral point on the segment line joining
v12 and v, namely (1,0, —1,0).

Situation 2B: as a first step we exploit homogeneity of go:

1 1 2 2
wyy = lo1woy, wiy = lowpy + loz,
1 2
1 _ lorwg, o lorwg +lo2
Way = I Wway = T L
21 21

We apply Remark to v01,02,11,12 and 7p2,11,1 to obtain wél = 1 and ly1 = lp1.
Applying it again, this time to 711,12,21,1, leads to a contradiction to the disposition,

since we get w3, = 1 and this means w3, = 1 — % < 1.

Situation 2C: it is sufficient to look at the first row of Q. By homogeneity, w{, = wi; =
lglwél holds. With Remark applied to v01,02,11,12 We get Ml = w(l)l = 1 and conclude
lo1 = 1, a contradiction to P irredundant.

Situation 3A: by almost freeness we can assume Eff(X) = 220 and, exploiting the
homogeneity of the relation, we can write

1 1
1 Woq Woq 1
Q _ [ w01 0 H 20 To1 wl ]
2 Wo2  Wo2
0 wjy 0 Ly ot 0

Using Remark ﬁI‘St on ’)/0271271 and ’701702711712 and then on ’)/01702711’21 and ’}/01702712721
we arrive at [11 = l19 = lo1 and

B l91 0
@ = [ 0 I
We use admissible operations to achieve vg; = (—1,—1,0,0) and v; = (0,0,0,1). The
equations resulting from P - QT = 0 fix some relations between the d-values, so that we
can write the matrix P as

—_

01
11

(e}
O =

-1 -1 l91 191 0 0

p_ | -1 0 0 Iy 0
B 0 di2  —dizr  —lordigeg —di21 dio1 O

0 doo2 —doo1 —1 —lordogs —doo1 dooy 1

The vertex u of the anticanonical complex arising from the elementary big cone P(do1,12,21)
is —%(lgldlog, l21d202). Since l31 > 2 holds, the integral point (—dlog, —dgog) lies between
the vertex uw and the origin. This is a contradiction to terminality.

Situation 3C: the same proof as in situation 1C applies.
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Case (h) of Lemma (ii)

We have r =3, m =1, n =6 and 7 = (2,2,1,1). Combinatorial minimality prescribes
at least two weights on each of the two extremal rays of Eff(X). Since there are five
weights that can be placed on these rays, we find the following three dispositions:

Wo Wia T woz wig ~ wog Wiz Wy
disp 1 disp 2 disp 3

In these pictures, the weights wo; and ws; always lie on the thin dotted half-line, which
is spanned by the degree p of the relations. The following cones are elementary big in
all three dispositions:

cone(vo1, V12, V21, U31), cone(vo2, V11, V21, V31)-

Therefore Proposition implies o1 = lp2 = l11 = l12 = 1. With suitable admissible
operations we can achieve the form:

-1 -1 1 1 0 0
-1 -1 0 0 In 0
P = -1 -1 0 0 0 I3

0 dioe 0 diiz dia1 diz
0 doo2 0 doi2 da21 do3t

where we also have 0 < dy21,ds91 < lo1 and, if digo # 0, then 0 < dog2 < dig2.

o o o O

Disposition 1: we assume that —Kx € cone(wpz, w;) holds, otherwise one only needs to
swap vo1 with vg2 and v1; with v19. This implies that cone(vo1, v11, v21, v31) is elementary
big. Moreover we can assume w3, = w?, = 0. By using the fact that all monomials have
the same degree, we achieve the following degree matrix:

1 1 1 1
1 1 1 1 Wy tWee  Woy tWoo 1
Q = [ W1 W2 Wop Woa b1, Ia1 wy
2 2 Wo1 Wo1 2
Wy 0 wg 0 Tos L Wi

Now we can use Remark In particular, with v91,02,11,12,21 and 701,02,11,12,31 We
obtain lo; = I3 = wd;. By applying it to 7o2,12,1, one gets det(wgz,w1) = 1, and
concludes wi, = w? = 1. Since w3; = w?; = 1 holds, by suitably adding the second row
to the first one we achieve the following degree matrix:

0 = wy 1wl 10 0 wi
log 0 Iy 01 1 1
By homogeneity, wj; = —1 holds. A contradiction to the disposition of the weights

arises as follows: det(wq,wp1) > 0 is not possible, since it implies w}lﬂ 4+ 1> 0 but w%
is negative.
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Disposition 2: we can assume that wgy and wio lie on cone(ey), so wgz = w%Q = 0 holds.
By homogeneity of the relations, the second row of @ looks as follows:

2 2
2 2 Wo1  Wo1 2
[ wyy 0wy 0 0+ R wi ] :

Applying Remark t0 Y01,02,11,12,21 and Yo1,02,11,12,31 one gets lo; = w3; = l31. Using
P . QT =0, specifically for the second row of @), we obtain the following equalities:

di21 = —di31, doo1 = —daz1 — 1.

Altogether, these equalities simplify the entries of the vertices of A% ; C Q?:

l l 1
up = <21d102 e ) ,

2 2 2
l21 l21 1
() ( 2 112 2 212 2 )
1
uz = 07 _5 ’
Ug = (0 y 1) .

The first three are given respectively by cone(voi, v12,v21,v31), cone(voe, v11, V21, U31)
and cone(vg1, v11, V21, v31), whereas the last one is v;, the last column of P. Note that
we can assume dggo > 0. Otherwise dogo = 0 implies dig2 = =£1 by terminality and
the determinant obtained by P37 cannot be zero, contradicting Corollary and
combinatorial minimality. With digo > dogz > 0 we conclude that U1 > U1 and u; >
hold. Hence, to avoid (1,1) from lying in the lineality part we have u? < 1, Wthh
translates into dogs = 1 and lo; = 2. Furthermore, as soon as dig2 > 3 holds, we have
integral points in conv(0, u, us, us). The only possibility left is dijp2 = 2, but even in
this case (1,0) lies in the lineality part. This leaves no valid variety.

Disposition 3: Corollary can be applied to {1,3}, {2,4}, {2, 7} and delivers

d121131 o3y = _ daoils

d112 = —di02, di31 = —

121 l21

The elementary big cones cited above define the following two vertices of A% g:

la1l31

= 2B giad
U ot Ion (—d102, d212) ,
la1l31
= —"(d d .
U o & Ion (d102, d202)

Since la1,131 > 2 holds, the points (—dyg2,d212) and (dip2, d2o2) lie in the lineality part
of AS, contradicting terminality.
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Case (i) of Lemma (ii)

We have r =2, m =1, n =5 and 7 = (3,1,1). This case provides No. 12 in the list of
Theorem [3.4.1] First note that combinatorially minimal only allows one disposition of
the weights, up to renumbering of variables:

W1 Wo2

This leads to all cones of type cone(uvo;, vi1,v21), for j = 1,2,3, being elementary big.
Hence Proposition implies lp = (1,1,1). With admissible operations we arrive at

-1 -1 -1 l11 0
-1 -1 -1 0 lo1
0 di2 dioz diin dioy
0 doo2 dooz do11 doon

P:

o O O

and 0 < dj21,d221 < l21. More can be said about @), first by assuming that wg; and wgo
lie on cone(1,0) and then by using Remark with 701,02,1. We achieve

Wl Wee 0 wi; wy O
Q = 2 2 .9
0 0 wiz wi; wy 1
Remark , applied on 71,031 and 792,03,1, implies wél = wéQ = 1. Then, from the
homogeneity of the monomials we obtain
2 2 2 2
w%l =7 w%l = %7 w%l =7 w%l = %-
i In I21 I
These imply in particular l1; = ls; = 2. Considering once again Remark with
701,02,03,11 and Yo1,02,03.21, We see that ged(wds, wl) = ged(wds, w3;) = 1 holds, hence
wg; = 2. The matrix Q is now
1101 10
@ = 00211 1]
Corollary applied to the set {1,2} and P - QT = 0 applied to the third and forth
rows of P yield

1
d103 :§d102, d111 = — d1p2 — d121,

1
dao3 =§(d202 - 1), do11 = — dao2 — d221.
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It is clear that dig2 # 0 holds, otherwise vg1, vg2, vog all lie on a common line. Therefore
we can assume dige > 0 and 0 < dgge < dig2 by using more admissible operations, that
do not destroy any of the equalities found up to now. In order to bound djg2, we look at
the vertices of the lineality part AS(,O C Q?, which are

1 1 1
U ( 9 102, 2 202> ; us < ; 2> ;

1 1
up = (2d1027 2d202>, ug = (0, 1).

By terminality, A%  does not cointain integral points other than the origin. In particular
(1,1) ¢ A% implies dag2 < 2, hence dage = 1. Finally, with (1,0) ¢ A%, we conclude
dy1p2 < 4, hence dig2 = 2. Among the very few varieties left, the MDSpacEage [25] shows
that only the one listed as No. 12 in Theorem fulfills all assumptions.

Case (j) of Lemma (ii)

We have r =2, m =2, n=4and n = (2,1,1). We show that this case does not provide
valid examples for the family of varieties studied. Due to combinatorial minimality, there
is only one possible disposition for the weights, as illustrated below:

wWwo1 w1

Since both cone(vo1, v11,v21) and cone(vge, v11, v21) are elementary big, Propositionm
yields lgp; = lgo = 1. Using admissible operations we can achieve

-1 -1 I 0 0 0
P _ -1 -1 0 In 00
0 di2 di11 dizr 1 0|’
0 doo2 do11 door 0 1
In order to bring v; and wvg into the form above, we ruled out the case v; = —w9 with

Propositions|3.1.13/and [3.2.2|combined and then noted that, by terminality, conv(0, vy, v2)
cannot contain integral points other than its vertices.

Applying Corollary to the sets {1,5} and {2,6} we obtain equalities for dyg2 and
do11 respectively. These simplify the coordinates of the vertex u of the anticanonical
complex, corresponding to the elementary big cone cone(vgz, v11,v21), as follows:

li1l21
— 0.dogo—=— | .
" < ’ 202111+121>




3.4. Classification 117

Since l11,ls1 > 2 and u does not coincide with the origin, the last coordinate of u is
bigger than one in absolute value. Hence the point (0, —1) lies in A%, contradicting
terminality.

3.4 Classification

Theorem 3.4.1. The following table lists the Cox rings R(X) of the non-toric rational
combinatorially minimal terminal Q-factorial Fano threefolds X with an effective two-
torus action and with Picard number at least two. The Cl(X)-degrees of the generators

Ti,...,T, are denoted as columns w; € CI(X) of a matriz [w,...,w,).
No. R(X) ClI(X) [wi, ..., wy]
2.01 K[Ty,...,Te)/{ThTo + T5Ty + T5T) 72 [é?é?é?]
2.02 K[Tn,...,Te]/(T\T5 + T3T7 + T5T3) z? (6761679
2.08 K[T,....Ts)/(T\To + TyTy + TsTs) 72 & Z/3Z {é?é;%%}
2.0/ K[Ty,..., Tl (T} + ToT3 + T573) 22@z/32 [830107]
2.05 K[I,...,Te]/(T'To + T3 Ty + T Ts) z? (52620611
2.06 K[Tv,...,Te]/(TiTo + T5T§ + T3T3) 7? (115167
2.07 K[Tv,...,Ts) /(N T2 T5 + TuTs + T z? [§89291]
2.08 K[Ti,...,Ts)/(WT2Ts + TuTZ + T§) 7’ (1693711
2.09 K[Ti,...,Ts)/(WTRT5 + TuTs + T§) z? (6677911
210 K[Ty,...,Te] /(D13 + T, T3 + Tg) z? (6088711
2.11  K[T1,..., To] /(WD + T3Ty + T7) % (396910
212 KT, Tl/(WDT+ T3 +13)  22oz/22 [b08111]

Any two of the Cox rings listed in the table correspond to non-isomorphic varieties.
No. 2.01 and No. 2.02 are the only smooth ones.

Proof. Lemmal[3.2.7lists all possible cases for the matrix P defining a terminal Q-factorial
combinatorially minimal Fano threefold X = X (A, P) with effective two-torus action and
Picard number at least two. Proposition ensures that p(X) = 2 holds. The cases
treated in Section deliver the list from the assertion. Furthermore, by comparing the
data, one directly sees that any two varieties listed above are non-isomorphic. O

Appendix [A] contains detailed information about all varieties of Theorem [3:4.1} in par-
ticular one finds possible defining matrices P.

Remark 3.4.2. By Remark the assumption of rationality can be omitted in The-
orem for K = C. Alternatively, rationality can be replaced by the property “C1(X)
is finitely generated”.






CHAPTER
FOUR

SMOOTH T-VARIETIES OF COMPLEXITY ONE WITH p(X) = 2

This Chapter contributes to the classification of smooth (almost) Fano varieties with
torus action. The toric case already produced classification results up to dimension
nine |4}, 511 (5 39] 146, 48], based on the description via lattice polytopes. We are interested
in varieties of complexity one. The results of this chapter have been published in [19], a
joint work of the author of this thesis with A. Fahrner and J. Hausen.

Here we look at varieties of arbitrary dimension with small Picard number. Recall that
in toric geometry the projectives spaces are the only smooth examples of Picard number
one, and we have Kleinschmidt’s description [36] of all smooth toric varieties with Picard
number two, which in particular allows to figure out the (almost) Fano ones in this
setting. We follow that approach and study first arbitrary smooth projective rational
varieties with a torus action of complexity one. The case of Picard number one is basically
settled by a result of Liendo and Siif [40, Thm. 6.5]: the only non-toric examples are the
smooth projective quadrics in dimension three and four. For Picard number two we need
to provide an analogue of Kleinschmidt’s description for complexity one T-varieties.

In Section [£.I} we derive first bounding conditions on the defining data for smooth
varieties of complexity one and Picard number two. Section[4.2]is devoted to proving the
main classification results, which are listed in Section In Section [I.4] we introduce
and discuss duplication of free weights and show how to obtain the Fano varieties of
Theorem [4.3.2] via this procedure from lower dimensional varieties. Finally, in Section [£.5]
we describe the Fano varieties of Theorem [4.3.2]in more geometric terms.

4.1 First structural constraints

We derive conditions on the defining matrices of smooth rational projective varieties
X = X (A, P,u) with a torus action of complexity one and p(X) = 2. Throughout the
whole Chapter, P is irredundant in the sense of Remark Moreover, let Z be the
minimal toric ambient variety of X, with fan 3, as in Construction [1.3.8

119
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Recall from Proposition [I.4.2] that X is smooth if and only if it is factorial and quasi-
smooth, where we call X quasismooth if X is smooth.

First we study the impact of X being factorial on the defining matrix P. Recall that X
is called weakly tropical if and only if 3 consists only of leaf cones. In the notation of
Construction this means that every cone o € ¥ is contained in a leaf A\; C trop(X)
for some 0 <3 <r.

Lemma 4.1.1. Let X = X (A, P,u) be non-toric and factorial. If X is weakly tropical,
then n; > 2 holds for all i =0,...,r.

Proof. Suppose that n; = 1 holds for some 7. Since X is weakly tropical, there exists
a cone o € X% of dimension s + 1 contained in the leaf )\;. Because of n; = 1 we have
o = pin + 7 with a facet 7 < o such that 7 C A\. Now, o = P(7§) holds for some
o € rlv(X). Since the points of X(7g) are factorial, o is a regular cone. This implies
l;1 = 1, contradicting irredundancy of P. O

Lemma 4.1.2. Let X = X (A, P,u) be non-toric and factorial. If X is weakly tropical,
then p(X) > r + 3 holds.

Proof. Lemma ensures n; > 2 for alli =1,...,r, hence n > 2. (r + 1) holds. The
s-dimensional lineality space A = {0} x Q° C trop(X) is a union of cones of ¥. Thus P
must have at least s + 1 columns v which means m > s + 1. Together this yields
p(X) =n+m—-(r—1)—(s+1) > r+3.
O

Lemma 4.1.3. Let X = X(A, P,u) be non-toric and not weakly tropical. If X is Q-
factorial, then there is an elementary big cone in X.

Proof. Since X is not weakly tropical, there exists a big cone o € ¥. We have o = P(~§)
with 79 € rlv(X). Since the points of X () are Q-factorial, the cone o is simplical. For
every ¢ = 0...,r choose a ray g; = ¢ with o; € A\;. Thenog: =99+ ...+ 0, 20 is as
wanted. O

Corollary 4.1.4. Let X = X (A, P,u) be non-toric and factorial. If p(X) < 4 holds,
then there exists an elementary big cone o € X.

Next we investigate the effect on the defining matrix P of quasismoothness of X. This
will lead to constraints on P via the Jacobian of the defining relations of X.

Remark 4.1.5. Let (A, P) be defining matrices. Then the Jacobian J; of the defining
relations go, ..., gr—2 has the shape J, = (J,0) with a zero block of size (r — 1) x m
corresponding to the variables Si,...,5S,, and a block

[ 010 611 d12 O
0 021 d22 d23 O

57"—2,7“—3 5r—2,r—2 67”—2,7“—1 0
0 67"—1,7’—2 5r—1,r—1 57"—1,7"_
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of size (r — 1) x n, where each vector d,; is a nonzero multiple of the gradient of the
monomial Tili:

Tk T
5(171' = Qg (lisz, ceey lmLT:nZ> , Qq; € K*.

For given 1 < a,b <r—1,0<4 < r and z € X, we have da,i(z) = 0 if and only if
8i(z) = 0. Moreover, the Jacobian Jy(z) of a point z € X is of full rank if and only if
da,i(2) = 0 holds for at most two different ¢ =0, ..., 7.

Lemma 4.1.6. Assume that X = X (A, P,u) is non-toric and that there is an elementary
big cone 0 = goj, + ...+ 0rj. € X. If X is quasismooth, then l;j, > 2 holds for at most
twoi=0,...,r.

Proof. We have o0 = P(73) with a relevant face vy € rlv(X). Since X is quasismooth,
any z € X (7o) is a smooth point of X. Thus, Jy(2) is of full rank 7 — 1. Consequently,
da,i(2) = 0 holds for at most two different 7. This means [;;; > 2 for at most two
different i. O

Corollary 4.1.7. Let X = X (A, P,u) be non-toric and quasismooth. If there is an
elementary big cone in X, then n; = 1 holds for at most two different i =0,...,r.

Lemma 4.1.8. Let (A, P) be defining matrices. Consider the rays -y, = cone(ex) and
i := cone(ei;) of the orthant v C Q" and the two-dimensional faces

Vei,ka = Vky T Vkar  Vijk ‘= Vij T Vks  Vivgisiege = Yirjs T Vigjo-

(i) All 7y, resp. Vi, ky» ave S-faces and each X (i), resp. X (Y, ky), consists of singular
points of X.

(11) A given vi;, resp. Vijk, 15 an §-face if and only if n; > 2 holds. In that case,
X (ij), resp. X (Vijk), consists of smooth points of X if and only if r =2, n; = 2
and li73_j =1 hold.

(1it) A given vij, ij, with ji # jo is an §-face if and only if n; > 3 holds. In that case,
X (Yij1.ija) consists of smooth points of X if and only if r =2, n; = 3 and l;; = 1
for the j # j1,j2 hold.

() A given i j, injo With i1 # i2 is an §-face if and only if we have n; ,ny, > 2 or
ni, =ni, = 1 and r = 2. In the former case, X (Vi j, irjo) consists of smooth points
of X if and only if one of the following holds:

e r=2n,=2andl;, 3, =1 forate{l,2},
o = 3, Ngy = Ny = 2, li1737j1 = li2,3fj2 =1.

Proof. The statements follow from the structure of the defining relations gq, ..., g.—o of
R(A, P) and the shape of the Jacobian Jj. O
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We now restrict to the case, in which the rational divisor class group Cl(X)g = Kg of
X = X(A, P,u) is of dimension two. Set 7x := Ample(X). Then the effective cone
Eff(X) is of dimension two and is uniquely decomposed into three convex sets

Ef(X) = 7T UrxUT",

such that 77,7~ do not intersect the ample cone 7x and 77 N 7~ consists of the origin.
Recall that u lies in 7x and that, due to 7x € Mov(X), each of 7+ and 7~ contains at
least two of the weights w;;, wy.

Remark 4.1.9. Consider X = X (A, P, u) such that C1(X)g is of dimension two. Then,
for every §-face {0} # o =< 7y precisely one of the following inclusions holds

Q) € 7",  1x € Q)°, Qo) < 7.

The F-faces 79 < v satisfying the second inclusion are exactly those with vy € rlv(X),
i.e. the relevant ones.

Lemma 4.1.10. Let X = X (A, P,u) be non-toric with rk (C1(X))
(i) Suppose that X is Q-factorial. Then wy ¢ Tx holds for all 1

0 <@ <7 with n; > 2 we have w;; ¢ Tx, where 1 < j < n,.
(ii) Suppose that X is quasismooth, m > 0 holds and there is 0 < iy < r with n;, > 3.

= 2.
< k <m and for all

Then the w;ij, wy withn; >3, j=1,...,n; and k =1,...,m lie either all in 7" or
all in 7.
(ii1) Suppose that X is quasismooth and there is 0 < iy <1 with n;; > 4. Then the w;;
withn; >4 and j = 1,...,n; lie either all in 7 or all in 7.
(iv) Suppose that X is quasismooth and there exist 0 < i1 < iy < r with n;,n;, > 3.
Then the w;j withn; >3, j =1,...,n; lie either all in 7% or all in 7~ .
(v) Suppose that X is quasismooth. Then wy, ..., wy, lie either all in 7 or all in 7.

Proof. We prove (i). By Lemma (1) and (i7), the rays vg,7v; = v with n; > 2
are §-faces. Since X is Q-factorial, the ample cone 7x C Kg of X is of dimension two
and thus neither 7x C Q(v;5)° nor 7x C Q(7)° is possible. Remark yields the
assertion.

We turn to (ii). By Lemma [£.1.8| (i) and (ii), all 4%, vij, Vi, = 7 in question are F-faces
and the corresponding strata in X consist of singular points. Because X is quasismooth,
none of these §-faces is relevant. Thus, Remark gives w;;1 € TV or wi1 € T
say we have w;,;1 € 7. Then, applying again Rem, we obtain wg,w;; € 7+ for
k=1,....m,allt withn; >3 and j=1,...,n;.
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Assertion (iii) is proved analogously: treat first 7;14,2 with Lemma [£.1.§ (iii), then
Vii1,ij With Lemma (#4i) and (iv). Similarly, we obtain (iv) by treating first v;,1,i,1
and then all ;1,55 and 71,45 with Lemma [£.1.8] (iéi) and (iv). Finally, we obtain (v)
using Lemma (7). O

Proposition 4.1.11. Let X = X (A, P,u) be non-toric, quasismooth and Q-factorial
with p(X) = 2. Assume that there is an elementary big cone in ¥ and that we have
ng > ... > n,. If m > 0 holds, then there is a 7 € rlv(X), we have r = 2 and the
constellation T of the n; is (ng,2,2), (2,2,1) or (2,1,1).

Proof. According to Lemma (v), we may assume wi, ..., w, € 7. We claim that
there is a w;,j, € 7~ with n;; > 2. Otherwise, use Corollary to see that there exist
weights w;; with n; > 2 and Lemma (i) to see that they all lie in 7. Since all
monomials Tili have the same degree in K, we obtain in addition w;; € 7" for all ¢ with
n; = 1. But then no weights w;;, w;, are left to lie in 77, a contradiction.

Having verified the claim, we may take a weight w;,;, € 7= with n;, > 2. Then 7;,5,1 €
rlv(X) is as desired. Moreover, Lemma (79) yields r = 2 and n;, = 2. If np > 3
holds, then Lemma (ii) gives w;; € 77 for all ¢ with n; > 3. Moreover, as all
monomials share the same degree, we have w;; € 77 for all i with n; = 1. For the same
reason, one of the w1, w2 must lie in 77. As 7~ contains at least two weights, there
is a wj,;, € 7~ with n;, = 2 and 41 # i2. Thus, the constellation 7 is as claimed. O

Proposition 4.1.12. Let X = X (A, P,u) be non-toric, quasismooth and Q-factorial
with p(X) = 2. Assume that there is an elementary big cone in ¥ and that we have
ng > ... > n,.. If m =0 holds, then there is a v, j, irj, € rIv(X), we have r < 3 and the

constellation @ of the n; is one of the following

r=2:  (no,2,2), (3,2,1), (3,1,1), (2,2,2), (2,2,1);
=3 (2,2,2,2), (2,2,2,1), (2,2,1,1).

Proof. We first show n; < 2. Otherwise we have n; > 3 and, according to point (iv) of
Lemma we may assume that all the w;; with n; > 3 lie in 7+, In particular, wqy
lies in 7. By homogeneity of all monomials, also w;; € 7+ holds for all ¢ with n; = 1.
At least two weights wj;,;, and w;,;, must belong to 7. For these, only n;, = n;, = 2
and i1 # iy is possible. Applying Lemma [L.1.§] (iv) to y114,5 € rlv(X) gives r = 2,
contradicting ng > ny > 3 and n;, = ny, = 2.

We treat the case ng > 4. By Lemma (i41), we can assume wqq, . . ., Wop, € 7. As
before, we obtain w;; € 71 for all ¢ with n; = 1 and we find two weights wj, j,, wi,j, € T~
with n;, = n;, = 2 and 41 # ia. Then 01,4, € rlv(X) is as wanted. Lemma (1v)
gives 7 = 2 and we end up with (ng, 2,2).

Now let ng = 3. Lemma (1) guarantees that no wo; lies in 7x. If weights wg;
occur in both cones 77 and 77, say wo; € 77 and wgs € 7, then Yo1,02 is as wanted.
Lemma (791) yields r = 2 and we obtain the constellations (ng,2,2), (3,2,1) and
(3,1,1). So, assume that all weights wp; lie in one of 7+ and 77, say in 7. Then
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we proceed as in the case ng > 4 to obtain a vp1,4,5, € rlv(X) and r» = 2 with the
constellation (3,2, 2).

Finally, let ng < 2. Corollary 4.1.7] - yields ng = 2. According to Lemma (1) no w;
with n; = 2 lies in 7x. So we may assume wg; € 7. Moreover, all Wij Wlth n; = 1 lie
together in one among 71, 7x or 7. Since each of 77 and 7~ contains two weights, we
obtain n; = 2 and some 7y, 1j, is as wanted. Lemma (iv) shows r < 3. t

As a byproduct we retrieve a special case of [17, Cor. 4.18].

Corollary 4.1.13. Let X = X (A, P,u) be smooth with p(X) = 2. Then the divisor class
group Cl(X) is torsion-free.

Proof. By Corollary there is an elementary big cone in 3. Thus, Propositions[4.1.11
and [4.1.12] deliver a two-dimensional 7y € rlv(X). The corresponding weights generate
K as a group. This gives CI(X) = K = Z2. O

The following result lists the possible shapes of the defining matrix P.

Proposition 4.1.14. Let X be a non-toric smooth rational projective variety with a
torus action of complexity one and Picard number p(X) = 2. Then X = X (A, P,u),
where P is irredundant and fits into one of the following cases:
(1) We have r = 2 and one of the following constellations:
(a) m >0 and n =4+ ng with m = (no, 2,2), where ng > 3.
(b)) m=0 andn =6 withn = (3,2,1).
(c) m=0andn=>5 withn = (3,1,1).
(d) m >0 and n =6 withm = (2,2 2).
(e) m>0andn=>5 withn = (2,2,1).
(f) m>1andn=4 withm = (2,1,1).
(1I) We have r = 3 and one of the following constellations:
(a) m=0 and n =8 withn = (2,2,2,2).
(b) m=0andn="T7 withm = (2,2,2,1).
(c) m=0andn=06 withn = (2,2,1,1).

Proof. The variety X is isomorphic to some X (A, P,u), where after suitable admissible
operations we may assume ng > ... > n,. Thus, Propositions{4.1.11Jand4.1.12|apply. O

4.2 Towards the classification

We obtain a complete classification by going through the cases established in Proposi-
tion [4.1.14f we deal with a smooth projective variety X = X (A, P,u) of Picard number
two coming with an effective torus action of complexity one.

From Corollary 4.1.13| we know that CI(X) = K = Z?* holds. With w;; = Q(e;;) and
wy, = Q(eg), the columns of the 2 x (n + m) degree matrix @ will be written as
1,2 2

wij = (wi,wy;) € z?, wp = (wp,wj) € 22
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Recall that all relations go, .. ., g2 of R(A, P) have the same degree in K = Z?, namely

po= (u',p?) = deg(go) € Z*
We will frequently work with the following faces of the positive orthant v = Qggm
introduced in Lemma [L.T.8
Yigk = come(eij,ex) XY, Yiyjriaje = CONE(Ciyjis Cinjy) X7
Remark 4.2.1. Consider a face 79 < v of type v;jx O i j, injo- Write €, €’ for the
two generators of vy and w’ = Q(¢), w” = Q(€”) for the corresponding columns of the
degree matrix @ such that (w’,w”) is positively oriented in Z2?. Then Proposition m
tells us
v € rtlv(X) = det(w,w”) = 1.

So, if 7 € rlv(X), then we may multiply @ from the left with a unimodular (2 x 2)-matrix
transforming w’ and w” into (1,0) and (0, 1). This change of coordinates on Cl(X) does
not affect the defining data (A, P). If w' = (1,0) and w” = (0,1) hold and e € v is a
canonical basis vector with corresponding column w = Q(e), then we have

cone(e,e) erlv(X) = w=(w'1),

cone(e” e) €1lv(X) = w=(1,w?).
We are ready to go through the cases of Proposition [f.1.14} we keep the numbering
introduced there.

Case (I) (a) of Proposition |4.1.14

We have r = 2, m > 0 and @ = (ng, 2,2), where ng > 3. This leads to No. 1 and No. 2
in Theorems [4.3.7] and 3.2

In a first step we show that there occur weights wo; in each of 77 and 77. Otherwise,

we may assume that all wp; lie in 77, see Lemma [4.1.10 (¢). Then Lemma 4.1.10| (i)

says that also all wy, lie in 7F. Moreover, we have deg(TiZi) € 7t for i = 0,1,2. Thus,
we may assume wiq,we; € 7 and obtain wia, wes € 77, as there must be at least two

weights in 77. Finally, we may assume that cone(wg;,wi2) contains wog, ..., Won, and
wa2. Applying Remark@l first to Y01,125 then to all Y05,125 Y12,k and Y01,22, Y12,21 yields
0 = 0 wly .. wéno wh 1lwl 1 [wl .0 wl
1 1 ... 1 jwly 0] 1 wih|1 ... 1 |

with wéj > 0 and w3, > 0. Since Y01,12, V01,22 € rlv(X) holds, Lemma m (iv) implies
li1 = lo1 = 1. Applying P - QT = 0 to the first row of P and the second row of Q gives
0 <3< mng <lpr+...+lom = wi = 1+whwiy,

where the last equality is due to y11 22 € rlv(X) and thus det(waz, wi1) = 1. We conclude
w3y > 0 and wi; > 0. Because of Yoj,22 € 11v(X), we obtain det(waa,wo;) = 1. This
implies wtl)j =0forall j=2,...,n9. Applying P- QT = 0 to the first row of P and the
first row of Q gives wi;, + l12 = 0, a contradiction.
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Knowing that each of 7+ and 7~ contains weights wpj, We can assume wo1, wWo2 € 7T and
wo3 € 7~. Lemma (74) and (i4i) show ng = 3 and m = 0. There is at least one
other weight in 77, say wi; € 7~. By applying Lemma m (t4i) to o503 € 1lv(X) for
j =1,2 and (iv) to suitable 7o;, ij, € rlv(X), we obtain

lor =lo2 =1, hi=ha=1, log =l2 = 1.
Moreover, Remark applied to Y01,03, 702,03 and 701,11 brings @ into the shape

1 1

a- | A dbr it
L1 0wy wiy | wy wy

Observe that the second component of the degree of the relation is y? = 2. There are

three possible dispositions of the weights wsg;:

0 wly 1] 1 wi,

+ -+

T

w1 wo2
w21 w22

w1l w2
w22

(4) (i) (i)
We will see that dispositions (z) and (i7) give No. 1 and No. 2 of Theorem respectively
and disposition (i7i) does not provide any smooth variety.

In (i) we assume wo1, w2 € 7. Then 7p1,21,701,22 € rlv(X) holds and Remark
shows wi, = wly = 1. This implies u! = 2. Similarly, considering yo2 21, 702,22 € 1Iv(X),
we obtain wjy, = 0 or w3; = w3, = 0. The latter contradicts p? = 2 and thus wj, = 0

holds. We conclude lp3 = p! = 2. Furthermore wiy = pu! — w}; = 1. Together, we have

1 1

b 2—-0b |’
where a,b € Z. Observe that wi2 € 77 must hold; otherwise, y03,12 € rlv(X) holds and
Remark yields w?, = 1, contradicting w2 = (1,1) = w1 € 7~. The semiample cone
is SAmple(X) = cone((0,1), (1,d)), where d = max(a,2 — a,b,2 — b). The anticanonical

class is —Kx = (3,4). Hence X is an almost Fano variety if and only if d = 1, which is
equivalent to a = b = 1. In this situation X is already a Fano variety.

In (ii) we assume wy; € 7~ and wyy € TT. Remark applied to v01,21,703,22 €
rlv(X), shows wi, = w3, = 1. The latter implies w3, = p? — w3, = 1. We claim
w # 0. Otherwise, we have w}, = y? = 2. This gives det(wos3, w12) = 2. We conclude
Y0312 € 11v(X) and wi2 € 7. Then 71,12 € rlv(X) implies wiy = 1. Thus, was = (1,1)
and wiz = (1,2) hold, contradicting wae € 71 and w1z € 77. Now, 711,22 € rlv(X) yields
w?wiy = 0 and thus wi, = 0. We obtain u! = 1 and as a consequence lp3 = 1,wjy =0

and wi, = 0. Therefore wi2 € 7% holds. Now 7p312 € 1lv(X) implies w?, = 1 and

1 1
a 2—a

0 01

g0 = TonToaTis + TiiTiz + T Tha, Q = [1 Lo
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2 _ 2 2 _ ;
wi; = p° —wiy = 1. We arrive at

0 0 1|1 01 0
The anticanonical class is —Kxy = (2,4) and the semiample cone is SAmple(X) =
cone((0,1),(1,1)). In particular X is Fano.
We turn to (7ii), where both weights wo; and wos lie in 7F. Homogeneity of gy implies
wiz € 7. Thus, Y03,12,703,21, V03,22 € rlv(X) holds and Remark delivers wi, =
w3, = w3, = 1. We conclude w?; = p? —w?, = 1. Similarly, V02,11, V11,21, 711,22 € rlv(X)
yields wly = wi; = wly = 0. This gives 0 # lpg = p! = wi; + wl, = 0, which is not
possible.

Case (I) (b) of Proposition 4.1.14

We have r =2, m =0, n =6 and m = (3,2,1). This leads to No. 3 in Theorems m
and [4.3.2]

Since there are at least two weights in 7+ and another two in 77, we can assume
wor,we2 € 7 and wp3, w12 € 7. By Lemma m (731) and (iv) we obtain lo; = lpa =
l11 = l12 = 1. We may assume that cone(wy;, wo3) contains wgz. Applying Remark
first to 701,03, then to 402,03 and 7p1,12, we obtain
_ |0 wéz Lwjy 1 |wy
o=V ol vt ]

with wdy > 0. For the degree u of go, we have u? = 2. We conclude w?; = 2 — w?, and

loyw?, = 2, which in turn implies lp; = 2 and w?; = 1. For Y02,12 € rlv(X), Remark {4.2.1

gives det(wy2,wp2) = 1 and thus wl, = 0 or w?, = 0 must hold.

We treat the case w(1)2 = 0. Then p = (lp3,2) holds. We conclude wi; = lp3 — 1 and

wy = lp3/2. With ¢ :=lo3/2 € Z>1 and a := w3, € Z, we obtain the degree matrix
00 1][2—1 1

&
Q:[1102—aa1]'

We show w1 € 77. Otherwise, w11 € 77 holds, we have yp3 11 € rlv(X) and Remark
yvields @ = 1. But then wg; = (0,1) € 77 and wyy = (2¢—1,1) € 77 imply w1z = (1,1) €
71, a contradiction. So we have wy; € 7. Then 70111 € rlv(X) holds. Remark
gives det(w11,wp1) = 1, which means ¢ = 1 and, as a consequence, lp3 = 2. Together, we

have
1
1 M

where we may assume a > 2—a that means a € Z>;. The semiample cone is SAmple(X) =
cone((0,1),(1,a)), and the anticanonical class is —Kx = (2,3). In particular, X is an
almost Fano variety if and only a = 1 holds. In this situation X is already a Fano variety.

110

0 0 1 1 1
g0 = To1TooThs + TuTia + 15y, Q = { 2—a a
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We turn to the case w?y = 0. Here, w}, = p? = 2 leads to det(wp3,w11) = 2 and
thus the §-face 703,11 does not belong to rlv(X); see Remark Hence w11 € 7
and thus 70111 € rlv(X). This gives wh = 1 and thus wi;; = (1,2). Because of
wo2 = (wp2,1) € 71, we must have wéQ = 0 and the previous consideration applies.

Case (I) (c) of Proposition [4.1.14

We have r =2, m =0, n =5 and 7 = (3,1,1). This case does not provide smooth
varieties.

Each of 77 and 7~ contains at least two weights. We may assume wqi, w2 € 77 and
woz, wi1, w21 € 7. Then 7o1,03,702,03 € rlv(X) holds and Lemma (i74) yields
lo1 = lp2 = 1. By Remark we can assume wp3z = (1,0) and wgl = wgy = 1. This
implies y? = 2 and, as a consequence, l1; = lp; = 2. By [24, Thm. 1.1], this leads to
torsion in CI(X), a contradiction to Corollary

Case (I) (d) of Proposition 4.1.14

We have r =2, m >0, n =6 and n = (2,2,2). Suitable admissible operations lead to
one of the following dispositions for the weights w;;:

T+
wo1 Wo2
w1l wi2
w1 W22

Disposition (i) amounts to No. 4 in Theorems [4.3.1] |4.3.2| and [4.3.3] disposition (i) to
No. 5, disposition (#i7) to Nos. 6 and 7, and disposition (iv) to Nos. 8 and 9.

Disposition (i). We have woi, w11, w1 € 7+ and wg2, w12, wee € 7~. We may assume
wp € 7 forall k =1,...,m. If m > 0, we have 7;21 € rlv(X) and Lemma (77)
gives ljy = 1 for i = 0,1,2. If m = 0, we use ;15,2 € rlv(X) and Lemma [4.1.8] (iv) to
obtain l;;2 = 1 or l;,; = 1 for all i1 # d3. Thus, for m = 0, we may assume lg; =137 =1
and are left with lo97 =1 or l9g = 1.

We treat the case m > 0 and ly; = 11 = lo1 = 1. Here we may assume w1, wo1, wog €
cone(wo1,wi2). Applying Remark first to 701,12 and then to o122, Y12,21 and all
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Y12,k gives
0 = 0 why |wh 1|wh 1 [wl ... w
1T wiy |w? 0] 1 wi| 1 ... 1

Using wi1,wa1, wee € cone(wp,wi2) and the fact that the determinants of (wp2, wo1),
(w12, w11) and (wee,we;) are positive, we obtain

11 .2 12 2 1
Wiy, Wy, Wiy = 0, Wog, wip > 0, I > wiyws.

The degree p of the relation satisfies

0 < pu' = lppwly = wiy +liz = wh + la,

0 < /JZ = 14+ logw§2 = w%l = 1+ l22w§2.
In particular, w%2 > 0 holds and thus all components of the w;; are non-negative. With

V02,11, 702,21, € rlv(X) and Remark we obtain

1,2 2 1 1 2 1
wpowiy = 1+ wpowyy, Wop — 1 = wpowy.
We show w3, = 0. Otherwise, because of 1 > w3,w3;, we have wi; = 0. This implies
wgy = 1 and thus
2 2 1 2
wip = 14+ wpwy = 1+ loawpy.

This gives wdy = 0 or wi; = lp2. The first is impossible because of lpaw3, = l2aw3, and
the second because of lgy = lpowdy = wi; + L.

Knowing w3, = 0, we directly conclude w?; = 1 and w3, = 0 from p? = 1. This gives
wiy = 1. With a := w}y € Zso, b:=w}, € Z>¢ and ¢}, := w}, € Z we are in the situation

Cl ... Cm
1 ... 1|’

where we may assume 0 < a < band ¢; < ... < ¢y Observe that lgo = a+ 19 = b+ la
holds. The anticanonical class and the semiample cone of X are given by

0 1

g = TnTpy + TnTiy + Ty,  Q = {1 0

a 156 1
1 0/1 O

—Kx = (B+b+ci4...+cm—la, 2+m),
SAmple(X) cone((1,0), (d, 1)),

where d := max(b, ¢;,). Consequently, X is a Fano variety if and only if the following
inequality holds
3+b+ci+...+em—liz > (2+m)d.

A necessary condition for thisis 0 < d < 1 with [i9 =1ifd =1 and l1o < 2if d = 0.
The tuples (a, b, d, lg2, l12, l22) fulfilling that condition are

(0,0,0,2,2,2),  (0,0,0,1,1,1),  (1,1,1,2,1,1).
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Each of these three tuples allows indeed a Fano variety X; the respectively possible
choices of the ¢ lead to Nos. 4.A, 4.B and 4.C of Theorem and are as follows:

cr=...=c¢y =0, —1<c<0=cp=...=cp, cL=...=c¢y=1.
Moreover X is a truly almost Fano variety if and only if the following equality holds
3+b+ci+...+cem—liz = (2+m)d.

This implies 0 < d < 2 and the only possible parameters fulfilling that condition are
listed as Nos. 4.A to 4.F in the table of Theorem 4.3.3]

We turn to the case m = 0, lpg = l11 = 1 and ly; > 2. Lemma m (iv) applied to
V01,22, V11,22 € rlv(X) gives lpo = l12 = 1. If 39 = 1, then suitable admissible operations
bring us to the previous case. So, let log > 2. We may assume wi; € cone(wpr, wiz). We
apply Remark first to y01,12, then to o122, 712,21 and arrive at

1
0 wyy

go = To1To2 +T11T12+T2l%1 2%27 Q = [1 2
Wo2

wh 1 w%l 1

w%l 0] 1 w%z ’
where wi; > 0 and w}; = det(wi2,w11) > 0 hold. We have y = wg2 + wo1 = wi1 + w2
and thus woe = w11 + w12 — woi. Because of 792,11 € rlv(X), we obtain

1 = det(wgg,wn) = det(wlg—wm,wn) = wh%—w%l.

We conclude wy; = (0,1) and p = (1,1). Using p = lajwar + logwaz and lag,log > 2 we
see wi;, w3, < 0. On the other hand, 0 < det(wag, wae1) = 1 — wi;w3,, a contradiction.
Thus l9o > 2 does not occur.

Disposition (ii). We have wo1, woz, w11, ws1 € 7T and wig, wee € 7. We may assume
that wpa, w12 € cone(wp, wo2) holds. Applying Remark first to vp1,22 € rlv(X) and
then to Yo1,12, 702,22, 711,22 € 11v(X) we obtain

1 1 1 1 1
0 = [0 Wy | Wiy 12 wgl 1w% wgl]
Y
1 1 1 wiy|wsy 0wy ... w;,

where we have w(l]z, w%Q > 0 due to wpz, w12 € cone(wpr, we2). Moreover, w%l > 0 holds,
as we infer from the conditions

0 < pb = lpowdy = w4+ lo = lyywdy + oo,

0 < /LQ = lp1 +lpe = l11+l12w%2 = lglwgl.

We show [1; > 2. Otherwise, the above conditions give llgw%Q > 0 and thus w%z > 0.
For 702,12 € 1rlv(X), Remark gives det(wi2, wp2) = 1 which means w%QwéQ =0
and thus wéQ = 0. This implies lgfll)%l + ls9 = 0 and thus w%l < 0; a contradiction
to 1 = det(wy2,ws1) = w3 — wywl, which in turn holds due to Y1221 € rlv(X) and

Remark @211
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Lemma [£.1.§] (iv) applied to Y02,12, 701,12, 721,12 € rlv(X) shows lo1 = log = lpo = 1.
Putting together ,u2 =2=1I1+ llzw%Q and l11 # 1, we conclude /17 = 2 and w%z =0.
With 71221 € rlv(X) and Remark we obtain w3, = 1 and hence ly; = p? = 2. From

0 < p' = wly = 2w +1 = 2wl +1
we conclude w}; = wd; > 0 and thus wjy > 0. Lemma [4.1.§] (45) implies that possible
weights of type wy lie in 77. Thus Remark 4.2.1f and vy imply w,}: = 1 for all k.
Moreover, since yp2,, € r1v(X) holds, the latter implies w,% = 0. All in all, we arrive at
0 2a+1|a 1]|a 1|1 ... 1
1 1 1 0{1 0[O0 ... 0]’
with a € Z>¢. The anticanonical class is —Kx = (2a+2+m, 2) and the semiample cone

is SAmple(X) = cone((1,0), (2a + 1,1)). Therefore X is an almost Fano variety if and
only if m > 2a holds and X is a Fano variety if and only if m > 2a holds.

g0 = TorToz +TATio + T3 Too, Q = {

Disposition (iii). We have woq, w2, w11, w12, we; € 77 and woe € 7. As there must
be another weight in 7=, we obtain m > 0. Lemma (v) yields wy,...,w, €
77. We may assume wpz, w11, w12, W € cone(wpr,w;), where k = 2,...,m. Applying
Remark first to vo1,1 € rlv(X) and then to the remaining faces 701,22, 701,k Vij1
from rlv(X) leads to the degree matrix

0 = 0 w(l)Q w%l wb w%l 1 |1 1 ... 1
1 1|1 1|1 wh|0 wi ... wd
with at most w%l,w%Q negative. We infer lg1 = lgo = l11 = l19 = lsg = 1 from
Lemma (7). For 702,22, 711,22, V12,22 € rlv(X) Remark tells us
w§2 =0 or why = wi; = w%z = 0.

We treat the case w3, = 0. Here lyy = p? = 2 holds. Thus p! = wy = 2wl +1
holds. Because of w, > 0, we conclude w{, > 0 and wl; > 0. Remark applied to
Yo2,k € 11v(X) gives w,z =0 forall k=2,...,m. We arrive at

c 1]1 ... 1
1 0[{0 ... 0]

0 2¢+1|a b

@ = [ 1 1 11
where a,b,c € Z>¢ and a + b = 2c + 1. Furthermore, the anticanonical class is —Kx =
(3¢+2+m,3) and we have SAmple(X) = cone((1,0), (2¢+1,1)). In particular, X is an
almost Fano variety if and only if 3¢ +1 < m holds and a Fano variety if and only if the
corresponding strict inequality holds.
Now we consider the case w{, = wi; = wiy = 0. We have ! = 0, which implies lo; = 1,
wj; = —1. Consequently, p? = 2 gives w3, = 1. Since Y1 € rlv(X) for 2 < k < m, we
conclude w,% = 0 for all k. Therefore we obtain

go = ToaToo + T1iTio + T Tho,

o 0j0o 0Of—-1 11 ... 1
go = To1Toz +Ti1Ti2 +To1Tee, Q = [ ]

1 1j1 11 10 ... 0

Finally, we have —Kx = (m,4) and SAmple(X) = cone((1,1),(0,1)). Thus, X is a Fano
variety if and only if m < 4 holds. Moreover, X is an almost Fano variety if and only if
m < 4 holds.




132 Chapter 4. Smooth T-varieties of complexity one with p(X) = 2

Disposition (iv). All w;; lie in 77. Then we have m > 2 and one and hence all wy, lie

in 77, see Lemma [4.1.10| (v). Applying Lemma (i1) to vij,1 € rlv(X), we conclude

l;j = 1 for all 4, j. Thus we have the relation
go = Tor1To2 + Ti1Ti2 + To1The.

We may assume that cone(wgi,w) contains all w;;, wy. Remark applied to yo1,1 €
rlv(X) leads to w; = (1,0) and wo; = (0,1). All other weights lie in the positive orthant.
For 7ij.1,701,% € rlv(X) Remark shows wfj = w} =1 for all 4,j, k. Consider the
case where all fwi vanish. Then the degree matrix is of the form

10 a 1 ... 1
@ = [1 1 0 ... 0 }
where a; € Z>o and a2 = az + as = as + ag. We have —Kx = (2a2 + m,4) and
SAmple(X) = cone((1,0), (az,1)). Hence X is a Fano variety if and only if 2a; < m

holds and an almost Fano variety if and only if 2a2 < m holds.
Finally, let w,% > 0 for some k. Note that we may assume 0 < w% < ... < w?n; in

as a4
1 1

as ag
1 1

particular w2, > 0. Since 7;jm € rlv(X) for all i, j, Remark yields wilj 0 for all
1, 7. Thus we obtain the degree matrix
Q_OOOOOOll...l
1 11 1)1 1[0 ay ... am |’
where 0 < a9 < ... < a,, and a,, > 0. The anticanonical class and the semiample cone

are given as
—Kx = (myd+az2+... 4+ an), SAmple(X) = cone((0,1),(1,am)).

In particular, X is a Fano variety if and only if 4 + as + ... + a,, > ma,, holds. Note
that for the latter a,, < 3 is necessary. Moreover, X is a truly almost Fano variety if
and only if the equality 4 + a2 + ... + a,, = ma,, holds.

Case (I) (e) of Proposition |4.1.14

We have r = 2, m > 0, n = 5 and @ = (2,2,1). This leads to Nos. 10, 11 and 12 in
Theorems [4.3.1] 4.3.2| and |4.3.3]

We divide this case into the following three dispositions, according to the way some
weights lie with respect to 7x.

wp1 wo2
w1l w12

We show that disposition (¢) does not provide any smooth variety, whereas (ii) delivers
No. 10 and (7i7) delivers Nos. 11 and 12.
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In disposition (i) we have woi, w11 € 7~ and wpa, w1z € 7. We may assume that
w11 € cone(wo, wi2) holds. Remarkapplied to Y01,12 € 11v(X) leads to wo1 = (1,0)
and wig = (0,1). Observe wi;,w?; > 0. Due to det(w;1,w12) > 0, we even have wi; > 0
and det(wp1, we2) > 0 gives w%Z > 0. Since Téo and Tll1 share the same degree, we have

lorwor + lopwo2 = liiwir + Ligwio.

Lemmam (iv) says lpo = 1 or 17 = 1, which allows us to resolve for wgg or for wi; in
the above equation. Using 7p211 € rlv(X), we obtain

lp=1 = 1=det(wi1,we2) = det(wi, li2wi2 — lp1wor) = ligwi; + lo1wiy,

ll1=1 = 1= det(wll,wog) = det(l01w01 — llgwlg,wgg) = l01w(2)2 + llgwéQ.

We show [ps > 1. Otherwise, lps = 1 holds. The above consideration shows w%l =0 and
l19 = w%l = 1. Thus, lglwgl = l1o = 1 holds and we obtain l3; = 1; a contradiction to P
being irredundant. Thus, lp2 > 1 and ly; = 1 must hold. Because of wgz > 0, we must
have wi, < 0. With

1,2 2 1
1 = det(wi1,wo2) = wijwpy — WiWps
we see w2 wd, = 0 and wi, = wd, = 1. But then we arrive at 1 = ljwl, = lhywl,. Again
11Wo2 = 11 = W2 = L. = 11wy = 21Wa1. AZ
this means lo; = 1; a contradiction to P being irredundant.

In disposition (i7) we have w1, w11, w12 € 7~ and wgg, w1 € 7+, In particular m > 1.

Lemma [4.1.10| (v) yields ws, ..., w,, € 77. Applying Remark first to 11,1 € rlv(X)
an then to vo1,1,v12,1, 72,11, 11,k € rlv(X) leads to

Q:[l wiy

2
wy, 1

1 1
0 wy ... wy

1 1 ... 1

1 1
0 w%Q

1
Wa

Applying Lemma m (ZZ) to 701,1,’)/12’1,711,1 S I‘IV(X) we obtain log = l11 = 112 = 1.
For the degree p of the relation gg we note

1 1 1 2 2 2 2

From p' = 2 we infer ly; = 2 and wi; = 1. Consequently, u? is even and both loy, w3,
are odd. Using again p' = 2 gives wy # 0. For yp2,12 € rlv(X) Remark yields
det(wi2,wp2) = 1 which means wéQw%Q = 0. We conclude w%z =0= /ﬂ. This implies

w3 =0, w} = —1,lpp = 1 and wl, = 1. We obtain
1 1|11 1|10 ... O
— 2 —
where wl = ... = w}, = 0 follows from Remark applied to yo1% € rlv(X). The

semiample cone is given as SAmple(X) = cone((1,0),(1,1)) and the anticanonical class
as —Kx = (3,m). Therefore X is a Fano variety if and only if m < 3, i.e m = 1,2.
Moreover, X is an almost Fano variety if and only if m < 3.
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In disposition (i7i) we have woi, wo2, w1, w12 € 7~ and wy,we € 7F. In particular

m > 2. Lemma [4.1.10| (v) ensures ws, ..., w,, € 7. We can assume that all w;;, wy, lie
in cone(wp,w1). Applying Remark first to 01,1 and then to all relevant faces of
the types 7551 and o1 %, we achieve

wor = (1,0), wy = (0,1), wh=wl,=wl,=1, wi=...=w? =1

Lemma (41) applied to all ;;1 shows l;; = 1 for all 4, j. We conclude p! = 2, which
in turn implies lo; = 2 and wi; = 1. In particular, we have the relation

g0 = TonTho+ T1Tio +T5.

We treat the case where w] = ... =w} =0 holds. All columns of the degree matrix lie

in cone(wpr,wy) and thus @ is of the form

1 1
Q:|:026

where a,b,c € Z>o and a + b = 2c. The anticanonical class is —K = (3,m + 3c) and
we have SAmple(X) = cone((0,1), (1,2¢)). Therefore X is a Fano variety if and only if
m > 3c. Moreover, X is an almost Fano variety if and only if m > 3c.

We treat the case where w,}: > 0 holds for some k. Then we obtain w3, = 0 by applying
Remark to Yo2,x- This yields p? =0 and thus w?j = 0 for all 7, j. Consequently, the

degree matrix is given as

1 1
a b

1

c|l 1 ... 1

00...0}

0 = 111 11|00 wi ... wh
0 0j]0O OjO]1 1 ... 1 ’
where we can assume 0 < w% < ... < w}n. The semiample cone and the anticanonical
divisor are given as
SAmple(X) = cone((1,0), (w,, 1)), “K=0B+wi+...+wl,m).

We see that X is an almost Fano variety if and only if mw}, < 3 +wi + ... +w}, and
that X is a Fano variety if and only if the corresponding strict inequality holds.

Case (I) (f) of Proposition [4.1.14

We have r =2, m > 1, n =4 and n = (2,1,1). This case does not provide any smooth
variety.

We can assume wg; € 7~ and w; € 77. Lemma 4.1.10 (v) ensures ws, ..., Wy, € TT.
Applying Remark first to y91,1 € rlv(X) and then to the remaining o1 1 € rlv(X),
we achieve

1 1 1 1 1
0 = [ 1 w82 w%1 w%1 0 wy ... wy,
0 wiy |wip |wy |1 1 .. 1
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Moreover vp1,1 € rlv(X) implies lp2 = 1 by Lemma4.1.8|(¢7). Recall from Corollary|4.1.13
that C1(X) is torsion-free. Thus [24] Thm. 1.1] implies that /;; and lz; are coprime.

Consider the case wp2 € 7. Then 7021 € rlv(X) holds, Lemma m (7) yields lp; = 1
and Remark shows w(1)2 = 1. We conclude ,ul = 2 and thus obtain l11 = ly; = 2, a
contradiction.

Now let w2 € 71, which implies y01,02,11 € rlv(X). Since X is factorial, Proposi-
tion m (ii) shows that w3, and w?; are coprime. Now we look at

po= wiy = lnwi = lawd.
We infer that ls; divides w3, and w}. This contradicts coprimality of w, and w?;,
because irredundancy of P requires lo1 > 2.

Case (II) of Proposition 4.1.14

We have r =3, m =0 and 7 = (2, 2,n2,n3) with 2 > ng > n3 > 1. This leads to No. 13
in Theorems [£.3.9] and {.3.2]

We treat constellations (a), (b) and (c) all at once. First observe that for every w;, ;, with
n;, = 2, there is at least one w;,;, with n;, = 2 and i; # is such that 7x C Q(Vi, j, izj2)°
and thus i, 4.5, € rlv(X). Since r = 3, we conclude [;; = 1 for all i with n; = 2; see
Lemma (iv).

We can assume wor,wy; € 7~ and wpe, w1z € 7T as well as wy; € cone(wpr, wi2).
Applying Remark to 701,12, € rlv(X), we obtain wg; = (1,0) and w2 = (0,1).
Moreover wi;, w3 > 0 holds and, because of w11 & 7, we even have wi; > 0. For the
degree u of the relations we note

pho= w+1 = wiy, po= wgy = wih 4L

Therefore we can express wpz in terms of wi;. Remark applied to o211 € rlv(X)
gives 1 = det(w11,wo2) = wi; + w?;. We conclude wi; = (1,0) and woe = (0,1). In
particular, the degree of gp and g1 is u = (1, 1).

In constellations (b) and (c¢), we have n3 = 1 and g = (1,1). This implies I3; = 1, a
contradiction to P being irredundant. Thus, constellations (b) and (¢) do not occur.

We are left with constellation (a). This means that we have ng = ... =n3 = 2. As seen
before, l;; = 2 for all ¢, j. Thus, the relations are

go = To1To2 + T Tz + To1Tso, g1 = aTTo + To1Ts + 131159,

where a € K* \ {1}. In this situation, we may assume w1, ws; € 7~ . Applying Re-
mark to the relevant faces o221, 702,31, we conclude w%l = w%l = 1. Since p! =1
and /;; = 1, we obtain w%Q = w%Q = 0. Thus, was and w3y lie in 7. Again Remark
this time applied to 40122, V01,32 € 1lv(X), yields w3, = w3, = 1. Since p? = 1 and
lij = 1, we conclude w3, = w3, = 0. Hence we obtain the degree matrix
|1 0]1 0|1 01 O
Q= [0 110 1/0 110 1}'
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The semiample cone is SAmple(X) = (Q>0)? and the anticanonical divisor is —Kx =
(2,2). In particular, X is a Fano variety.

4.3 Classification results

Theorem 4.3.1. Every smooth rational projective non-toric variety of Picard number
two that admits a torus action of complexity one is isomorphic to precisely one of the
following varieties X, specified by their Cox ring R(X) and an ample class u € C1(X),

where we always have CI(X) = Z? and the grading is fized by the matriz [w1, ..., w,] of
generator degrees deg(T;), deg(S;) € Cl(X).
No. R(X) [wi, ..., wy] u dim(X)
011 1 1 1
1 K[Tlv"'7T7] [1 10a?2—abd 27bj| 1 4
(T2 T2+T,Ts+T6T7) 1+b
1<a<b
9 K[Ty,...,T7] 0011010 1 4
(Th ToT3+TsTs+T6T7) 1101111 2
001 1 11
2 K[T1,...,Ts] [1 102-aa 1} 1 3
(i ToT2+TsT5+T3) l1+a
a>1
K[Ty,...,76,51,...,5m] [0 lalbdlle ... cm] 41
1010101 ... 1
Y (T T2+ T T4 +T5TL6) [ 1 ] m+3
0<a<b, o1 <...<cm, _
m>0 lo = a4+l =btlg m d := max(b, cm)
K[T1,..,T6,51,--,Sm] 02 +1aladilll. .1
5 (T T2+TZTu+T2Ts) 1 1 1010]|0 0 [2al+ 2] m-+3
m>0 a>0
K[Ti,...,T6,51,...,Sm] {0 2¢+1a b c 1‘1 1]
6 (T T2 +T3Tu+TETs) torortrop 0 [26+2} m+ 3
m>1 a,b,c >0, a<b, 1
- a+b=2c+1
K[T1,...,76,51,---sSm]
ThTo+T5Ta+T5 T 0000 -11|1...1 1
7 <12 ’I’Tj’>i 56> {1111 1 1‘0“.0] |:2:| m+3
K[T1,...,T6,51,---,Sm] 000000[1 1 1
8 (T1 T2 +T3T4+T57T6) 1111110 a am [a 1+ 1] m-+3
m>2 0<as < < am, am >0 "
K[T4,...,T5,51,...,Sm] [0 az ... ag|l ... 1}
9 (T To+T5Ta+715T6) 11 1o ... 0 [a2+1] m+3
m>2 0< a3 <as <ag <ay <az, !
- ag = a3z + aq = as + ag
K[T1,...,T5,81,..,Sm]
T1To+T5Tu+T2 1 1111/0 0 2
o CEEESES [ i me
K[T1,...,T5,51,...,5m] 11111[0ay am
11 (M T2 +T5Tu+T3) 00000[1 1 1 [am1+ 1] m -+ 2
m>2 0<az <...<am, am >0
K[T1,...,75,51,.-,Sm] 11 111[00...0
12 (M T+ T3Tu+T7) 02 abeclll...1 [ 1 } m+ 2
m>2 2ot
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K[Ty,...,Ts]
19 T1To+T3Ty+T5Ts, 10101010 1 4
aT3Ty+T5Te+T7Ts [0 101010 1] [1]
a€K"\{1}

Moreover, each of the listed data defines a smooth rational non-toric projective variety of
Picard number two coming with a torus action of complexity one.

The anticanonical divisor of the varieties listed in Theorem [.3.1] can be computed
through Proposition This enables us to determine for every dimension the finitely
many families of non-toric smooth rational Fano varieties of Picard number two that
admit a torus action of complexity one.

Theorem 4.3.2. FEvery smooth rational non-toric Fano variety of Picard number two that
admits a torus action of complexity one is isomorphic to precisely one of the following
varieties X, specified by their Cox ring R(X), where the grading by C1(X) = Z? is given
by the matriz [wi, ..., wy] of generator degrees deg(T;),deg(S;) € CI(X) and we list the
(ample) anticanonical class —Kx.

No. R(X) [wi,y ..., wy —Kx dim(X)
1 K[T1,...,T7] 0011111 3 4
(T ToT2+TsT5+T6Tr) 1101111 4
p) K[Ty,...,T7] 0011010 2 4
(T1 ToTs+TuTs+TsT7) 1101111 4
3 K[T1,...,T5] 001111 P 3
(VT2 T2+TyTs+TZ) 110111 3
K[T1,...,T6,51,...,5m] {0 10101|lcoO... 0}
4.A (1 T2+ 15T +T5T6) 10101011 ...1 |:2+c} m43
m>0 c € {-1,0}, 2+m
- c:=0if m=0
K[Tlx‘-wTS)Slwn;S'm]
T T24+T3Ty+T5T, 01111 1[1...1 3+ m
4'3 (1t m;é o) 1010101 ...1 2+m m+3
K[T4,...,T6,51,--,Sm]
T\ T24+T3T2+T5T2 010101]|0...0 1
4'0 <127:>z o) 1010101 ...1 2+m m+3
K[T1,..,T6,S1,..-,Sm] 02 +1aladlll..1
5 (M1 T2+ TZT4+T2Te) 1 1 1010[0...0 [2a+m+2] m+3
2
m21 0<2a<m
02+1abeclll... 1
K[T1,...,76,51,---sSm] {1 Cf 111 0‘0 0]
T1To+T3Ty+T2T, 3c+2+m
6 (Th T2+ T3T4+T2Ts) abe>0, a<b, [ 3 ] m—+3
m21 a+b=2c+1,
m > 3c+1
K[T4,...,T6,51,..,Sm]
TiTo+15Ta+1576 0000 —11[1...1 m
7 <121<jni3 o) {1111 1 1‘0. o] [4] m+3
0000001 1 1
K[Ty,...,T6,51,...,Sm] 111111[0az am,
TiTo+T3Ta+ 15T m
8 <1 2 7:>; 6> 0<as <...<am, |:4+EZL:2ak:| m+3

‘am € {1,2,3},
44 a, > mam
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0ag ... ag|l ... 1
K[Tl;<~-7T6a517---asm] [1 12 16‘0 O}
Ty To4+T3Ty+T5T, 2a2 +
9 (T To+T3Ts+T5Ts) 0< as < as < ag < as < az, [a24 m] m+ 3
m>2 as = az + ag = a5 + ag,
2as < m
K[T4,...,T5,51,..,Sm]
10 (Th T2 +TsTs+TZ) {1 111 1‘0 o] [3] m—+2
1<m<2 ~11000[1...1 m
11111]0as ... am
K[T1,..,T5,S1,...,Sm] [0 000 0‘1 1 ... {n] .
11 (M T+ T3 Tu+TE) 0<as<. . <a {3 + ke ﬂk] m-+2
—_ _ = moy m
m22 am € {1,2},
34>, a > mam
K[Ty,..., Ts,51,..., | [1 111100 ... 0}
12 (T1T2+T3T4+T52) 02cabec|ll...1 [ 3 } m+2
m>2 O§a§c3§2a+b:2c, 3c+m
C m
K[T1,...,Ts]
13 T T +T5Ta+T5Ts, 10101010 2 4
aT3Ty+T5Te+T7Tg [0 101010 1] [2]
a€K*\{1}

Moreover, each of the listed data defines a smooth rational non-toric Fano variety of
Picard number two coming with a torus action of complexity one.

For K = C, the assumption of rationality can be omitted in Theorem due to [31],
Sec. 2.1] and [I, Rem. 4.4.1.5].

Similar to the Fano varieties, we can figure out the almost Fano varieties from Theo-
rem [4.3.1] i.e. those with a big and nef anticanonical divisor. Without the assumption
of a torus action, the classification of smooth almost Fano varieties of Picard number
two is widely open; for the threefold case, we refer to the work of Jahnke, Peternell and
Radloff [32, [33]. In the setting of a torus action of complexity one, the following result
together with Theorem settles the problem in any dimension; by a truly almost
Fano variety we mean an almost Fano variety which is not Fano.

Theorem 4.3.3. Every smooth rational projective non-toric truly almost Fano variety of
Picard number two that admits a torus action of complexity one is isomorphic to precisely
one of the following varieties X, specified by their Cox ring R(X) and an ample class
u € CI(X), where we always have C1(X) = Z? and the grading is fized by the matriz

[wi, ..., wy] of generator degrees deg(T;),deg(S;) € CI(X).
No. R(X) [wi, ..., w u dim(X)
K[T1,...,T5,51,.--,Sm] [(1) (1) (1) (1) (1) é e CT]
4.A (T1 T2+ T3Tu+T5Ts) - - [ 1 ] m+3
m2>1 dc}:_max(a, ZZ) 1
(24+m)d=2+4+cy+---+cm
K[T4,...,T5,S1,.,Sm]
2
4B IAT AT Rototaltidl o m+3
m>1
K[T4,...,T5,51,.,Sm]
po WERERD pieiegseed ] mes

m>1
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K[T4,...,T6,51,...,5m]

4.D (TWT3+TsT?+T5Te) [0 1011 1‘1 ] H m+3
>0 101010][1 1 2
K[T1,...,76,51,---,Sm]
T T3+T3Ta+T5T 012121]|2 2 1
4B <12m3>; 5To) 1010101 ...1 3 m+3
K[T1,...,76,51,---,Sm]
4.F (DT TTEHTSTE) [0 1111 1‘1 . 1] H m—+3
m>0 1010101 ...1 2
K[Ty,...,T5,51,..-,Sm] 024+1alalll i
5 (T1 To4+T3Ts+T2Ts) 1 1 1010|0 0 {m+2] m4+3
m>0 m = 2a !
02+41abecl|l...1
K[Tlvu:TS;Slv“’STn] [l C;’ Lll 1 i 0‘0 e 0]
T\ To+T3Ty+T2Ts 2¢ 4 2
6 (T To+T3Ty+T2Ts) abe>0 a<b, {cl ] m43
m21 a+b=2c+1,
m=3c+1
K[T1,...,76,51,--s5m]
” (T To+T3Ta+15T6) 0000 —1 11111 1 7
i 1111 1 10000 2
K[T4,...,T6,51,..,Sm] (1) (1) ? (1) (1) ?‘é 1 1}
8 (Th T2+ T3Ty+T5Ts) a2 am. [ 1+ 1] m+3
m>2 0<az<...<am, am >0, am
- 44as+ ...+ am = mam
0 1...1
K[T1,...,T5,51,---,Sml] [1 kY Tlo 0]
9 (T T2 +T3Ts+T5Ts) {az +1] m-+3

0<a3 <as <ag <ag <ag,

m>2 az = a3 + aqg = a5 + ag,

m = 2ag
K[T4,...,T5,51,..,Sm]
10 (T1T2+T3T4+T52) 1 1111|000 2 5
—-11000[1 11 1
m=3
K[T1,...,75,51,..-,5m] B (1) [1) (1) (1)‘(1) @ a{ﬂ]
11 (T To+TsTu+T2) [ 1 1] m+2
m>2 0<as <...<am, am >0, am +
- 34+as+ ...+ am = mam
K[T1,...,75,51,..-,5m] [(1) 21 1 11) 1 ? (1) ?]
12 (TT T2+ T5Ta+17) cabeftd... {2 1 1] m+ 2
m>3 0<a<c<b a+b=2c c+

m = 3¢

Moreover, each of the listed data defines a smooth rational non-toric truly almost Fano
variety of Picard number two coming with a torus action of complexity one.

Proof of Theorems[[.3.1, [{.3.9 and [{.3.3. The preceeding analysis of the cases of Propo-
sition shows that every smooth rational non-toric projective variety of Picard num-
ber two coming with a torus action of complexity one occurs in Theorem [£.3.1and, among
these, the Fano ones in Theorem and the truly almost Fano ones in Theorem
Comparing the defining data, one directly verifies that any two different listed varieties
are not isomorphic to each other. Finally, using Proposition one explicitly checks
that indeed all varieties listed in Theorem [4.3.1] are smooth. O
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4.4 Duplicating free weights

Up to isomorphy, there are just two smooth non-toric projective varieties with a torus
action of complexity one and Picard number one, namely the smooth projective quadrics
in dimension three and four. In Picard number two we obtained examples in every
dimension and this even holds when we restrict to the Fano case. Nevertheless, also in
Picard number two we can observe a certain finiteness feature: each Fano variety listed
in Theorem [4.3.2] arises from a smooth, but not necessarily Fano, variety of dimension at
most seven via an iterated generalized cone construction. In terms of the Cox ring the
generalized cone construction simply means duplicating a free weight.

For the precise treatment, the setting of bunched rings (R,§, ®) is most appropriate.
Recall from Section [I.3]that R is a normal factorially K-graded K-algebra, § a system of
pairwise non-associated K-prime generators for i and @ a certain collection of polyhedral
cones in Kg defining an open set XCcX= Spec R with a good quotient X = X//H by
the action of the quasitorus H = Spec K[K] on X. Dimension, divisor class group and
Cox ring of X are given by

dim(X) = dim(R) — dim(Kg), ClX) = K, R(X) = R.

Following Costruction [1.3.4] we call X := X(R,§,®) the variety associated with the
bunched ring (R, §, ®).

Construction 4.4.1. Let R = K[T1,...,T,]/{(g1,.-.,9s) & K-graded algebra presented
by K-homogeneous generators T; and relations g; € K[T1,...,T,—1]. By duplicating the
free weight deg(T,.) we mean passing from R to the K-graded algebra

R = K[Ty,...,T,Trs1] /{91, - -, gs), deg(Tr+1) = deg(T,) € K,

where g; € K[T1,...,T,—1] € K[T1,..., T, Tr41]. If (R, 3, ®) is a bunched ring with
§=(T1,...,T,), then (R',§,®) is a bunched ring with §' = (T3,..., T, Tr41)-

Proof. The K-algebra R’ is normal and, by [7, Thm. 1.4], factorially K-graded. Obvi-
ously, the K-grading is almost free. Moreover, (R,§) and (R’,§’) have the same sets
of generator weights in the common grading group K and the collection of projected
§'-faces equals the collection of projected F-faces. We conclude that ® is a true §’-bunch

and thus (R, §’, ®) is a bunched ring. O
Here are some basic features of the procedure of Construction

Proposition 4.4.2. Let (R',§,®) arise from the bunched ring (R,§, ®) via Construc-
tion[{.4.1 Set X' := X(R',§',®) and X := X(R,§, D).
(i) We have dim(X') = dim(X) + 1.
(i) The cones of semiample divisor classes satisfy SAmple(X') = SAmple(X).
(111) The variety X' is smooth if and only if X is smooth.
(iv) The ring R' is a complete intersection if and only if R is a complete intersection.
(v) If R is a complete intersection, deg(T,) semiample and X Fano, then X' is Fano.
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Proof. By construction, dim(R’) = dim(R) 4+ 1 holds. Since R and R’ have the same
grading group K, we obtain (z). Moreover, R and R’ have the same defining relations g;,
hence we have (iv). According to Proposition the semiample cone is the intersection
of all elements of ® and thus (ii) holds.

To obtain the third assertion, we show first that X’ is smooth if and only if X is smooth.
For every relevant §-face 7o = Q% consider

Y = 7o + cone(e,41), v = cone(e;; 1 <i<r, e €~)+ cone(erir).

Then 0,74, ) = Q;‘Bl are relevant §'-faces and, in fact, all relevant §'-faces are of this

form. Since the variables T, and 7,1 do not appear in the relations g;, we see that a
/

stratum X (7o) is smooth if and only the strata X (7o), Y’(’yo) and Y’(’yg) are smooth.
Now Proposition [I.4.2] gives (7).

Finally, we show (v). As we have complete intersection Cox rings, Proposition
applies and we obtain

r+1 s
—Kxi = ) deg(Ty) =) deg(g) = —Kx + deg(Tr11).
i=1 j=1

Since X and X’ share the same ample cone, we conclude that ampleness of —K x implies
ampleness of —Cx, [

We interpret the duplication of free weights in terms of birational geometry: it turns
out to be a composition of a contraction of fiber type, a series of flips and a birational
divisorial contraction, where both contractions are elementary; see [14] for a detailed
study of the latter type of maps in the context of general smooth Fano 4-folds.

Proposition 4.4.3. Let (R',§',®) arise from the bunched ring (R,§,®) via Construc-
tion|4.4.1. Set X' := X(R',§,®) and X := X(R,§,P). Assume that X is Q-factorial.
Then there is a sequence

X ¢ Xi —» ... — Xy — X,

where~)~(1 — X is a contraction of fiber type with fibers Py, every X; —-» NZ-H s a flip
and Xy — X' is the contraction of a prime diwisor. If deg(T,) € K is Cartier, then
X1 — X is the Pi-bundle associated with the divisor on X corresponding to ..

Proof. In order to define X1, we consider the minimal toric embedding X C Z in the
sense of Construction Let ¥ be the fan of Z and P = [vy,...,v,] be the matrix
having the primitive generators v; € Z™ of the rays of ¥ as its columns. Define a further
matrix

5 v ... Up_1 v 0 O
Pi= 0o ... 0 -1 1 -1
We denote the columns of P by 1, ... Up, Uy, 0 € Z"H write o4, o_ for the rays

through v, v_ and define a fan

Y o= {0+ 04,04+ 0-,0; 0 €3}, o = cone(v;;v; € 0).
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The projection Z"*' — Z" is a map of fans il — 3. The associated toric morphism
Z1 — Z has fibers Py. If the toric divisor D, corresponding to the ray through v, is
Cartier, then Z7 — Z is the P1-bundle associated with D,.. We define X7 C Z; to be the
preimage of X C Z. Then X, — X has fibers Py. If deg(T)) is Cartier, then so is D,
and hence X7 — X inherits the P1-bundle structure.

Now we determine the Cox ring of the variety X;. For this, observe that the projection
7"+2 — 7" defines a lift of Z; — Z to the toric characteristic spaces and thus leads to
the commutative diagram

77“)?1) c W14>W 2 Wﬁ(X)

!

X, ¢ Z—=7Z 2 X

where %ﬁ(}?l) and 7#(X) denote the proper transforms with respect to the downwards
toric morphisms. Pulling back the defining equations of 7#(X) C W, we see that
7%(X1) € Wy has coordinate algebra R := R[ST,S™] graded by K := K x Z via

deg(T;) := (w;, 0), wh = deg(ST) := (wy, 1), w™ :=deg(S7) :=(0,1),

where w; := deg(T}) € K. The K-algebra R is normal and, by [7, Thm. 1.4], factorially K-
graded. Moreover the K -grading is almost free, as the K-grading of R has this property
and § = (Ty,...,T,,ST,87) is a system of pairwise non-associated IN(—prime generators.
We conclude that R is the Cox ring of X;.

Next we look for the defining bunch of cones for X 1- Observe that K sits inside K as K x
{0}. With 6 := SAmple(X) x {0} we obtain a GIT-cone 6 := cone(f,w™) N cone(d, w™)
of the K -graded ring R. The associated bunch &31 consists of all cones of the form

+

7 + cone(w™), T + cone(w™ ), T + cone(w™,w™),

where 7 = 7 x {0}, 7 € ®. Since ® is a true bunch, so is ®;. Together we obtain a
bunched ring (ﬁ, §, Cfl) By construction, the fan corresponding to ®; via Gale duality
is f]l. We conclude that )~(1 is the variety associated with (}NB, ﬁ, 51) and )~(1 C Zl is the
canonical toric embedding.

Observe that X 1 — X corresponds to the passage from the GIT-cone 6; to the facet 6.
In particular, we see that X, — X is a contraction of fiber type. To obtain the flips and
the final divisorial contraction, we consider the full GIT-fan.

w
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Important are the GIT-cones inside € 4+ cone(w™). There we have the facet 6 and the
semiample cone 67 of Xi. Proceding in the direction of w™, we come across other full-
dimensional GIT-cones, say 6o, ..., 0;+1. This gives a sequence of flips X1 =5 > Xt,
where Xi@ is the variety with semlample cone 0;. Passing from 6, to 6,11 gives a morphism
Xt — Xt contracting the prime divisor corresponding to the variable S™ of the Cox
ring R of X;. Note that X;;1 is Q-factorial, as it is the GIT-quotient associated with a
full-dimensional chamber.

We show X;11 = X’. Recall that X’ arises from X by duplicating the weight deg(T;).
We have Cl(X’) = K and the Cox ring R’ = R[T,41] of X' is K-graded via deg(T;) = w;
fori=1,...,r and deg(7,+1) = w,. In particular, the fan of the canonical toric ambient
variety of X / has as its primitive ray generators the columns of the matrix

V1 ... Up—1 v O

I
P= o ... 0 -11

On the other hand, the canonical toric ambient variety Zt+1 of )NQH is obtained from Zt
by contracting the divisor corresponding to the ray o—. Hence P’ is as well the primitive
generator matrix for the fan of Z;,1. We conclude

Cl(Xy41) = 2™/ im((P)*) = ClI(X') = K.

Similarly, we compare the Cox rings of Xt+1 and X'. Let Zt denote the canonical toric
ambient variety of X;. Then the projection Z™+2 — Z"*! defines a lift of Z, — Z;41 to
the toric characteristic spaces and thus leads to the commutative diagram

%ﬁ()?t) c WtHWH_l 2 wﬁ()?tﬂ)

N

)?t < ZtHZtJrl 2 Xtﬂ

where the proper transforms %ﬁ()?t) and Wﬁ(j‘(:t+1) are the characteristic spaces of X; and
)~(t+1 respectively and the first is mapped onto the second one. We conclude that the
Cox ring of X;y1 is R[S*] graded by deg(T;) = w; for i = 1,...,r and deg(S) = w,
and thus is isomorphic to the Cox ring R’ of X”.

The final step is to compare the defining bunches of cones <5t+1 of )?t+1 and @ of X'
For this, observe that the fan of the toric ambient variety Zt+1 contains the cones o+ g4,
where o € ¥. Thus, every 7 € ® belongs to ZI;tH. We conclude

SAmple(X;41) C SAmple(X").

Since th_A'_l is Q-factorial, its semiample cone is of full dimension. Both cones belong to
the GIT-fan, hence we see that the above inclusion is in fact an equality. Thus &
equals @' O

We return to the Fano varieties of Theorem We first list the (finitely many)
examples which do not allow duplication of a free weight and then present the starting
models for constructing the Fano varieties via duplication of weights.
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Proposition 4.4.4. The varieties of Theorem [{.3.9 containing no divisor with infinite
general isotropy are precisely the following ones:

No. R(X) [w, ..., w,] —Kx dim(X)
1 K[T1,...,T%] 0011111 3 4
(i ToT2+TuTs+T6Tr) 1101111 4
p) K[T1y,...,T7] 0011010 2 4
(W ToT3+TyTs+T6T7) 1101111 4
9 K[T4,...,T6] 001111 P 3
<T1T2T32+T4T5+T62> 110111 3
4.A K[Ty,...,Ts] 010101 2 3

. (Th To+T3Ts+T5Ts) 101010 2
4.B K[T1,...,Tg] 011111 3 3
: TWT24+T3Ty+T5Tg 101010 2
2
4.C K[T},...,Ts] 010101 1 3
’ (VT3 +T3T;+T5T¢) 101010 2
K[T1,...,Ts]
13 Ty To+T3Ty+Ts5Ts, 10101010 > 4
aT3Ty+TsTe+T7Ts 01010101 2
a€K*\{1}

Proof. For a T-variety X = X (A, P,u), the divisors having infinite general T-isotropy
are precisely the vanishing sets of the variable Si. Thus we just have to pick out the
cases with m = 0 from Theorem [4.3.2 O

Theorem 4.4.5. Let X be a smooth rational Fano variety with a torus action of com-
plexity one and Picard number two. If there is a prime divisor with infinite general
1sotropy on X, then X arises via iterated duplication of the free weight w, from one of
the following varieties Y :

No. R(Y) [wi, ... wy U dim(Y)
4.A K[T4,...,T5,51] 01010 1|0 1 4
. (Th To+T3Ts+T5T6) 1010101 1
J.A K[T1,...,T5,51,52] 010101|-10 1 5
: (T To+T5T4+T5T6) 1010101 1 1
4.B K[T4,...,T6,51] 01111 1|1 2 4
: (T T3+T3Ta+T5Ts) 101010]|1 1
4.C K[T4,...,75,51] 01010 1|0 1 4
’ (VT2 +TsTZ+T:TZ) 1010101 1
02a+1alalll
K[T1,...,T6,51] [1 1 101 0‘0} 2a +2
5 (T1 To+T3Ts+T2Ts) [ 1 ] 4
a>0
{0 2¢c+1a b c 1‘1]
6 K[T4,...,T6,51] 11 1110]0 2 + 2 4
(T T+ T5Ta+TETs) ab,e >0, a<b, [ 1 ]
a+b=2c+1
7 K[T1,...,T5,5] 0000 —1 1]1 1 4
(Th To+T5Tu+T5T6) 1111 1 1|0 2
00000O0[11
g  KT,...T6,51,5] [1 1111 1‘0 a] 1 5
(T1 To+T3Ts+T5Ts) a+1
a€{1,2,3}
0000001 1 1
8 K[Tlv"'1T67517527S3] {1 1111 1‘0 a—1 a] 1 6
(T1 To+T3Ts+T5Ts) a+1
a € {1,2}
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g Klu..T6,51,...,54] 00000011171 1 7
(Th To+T3Ts+T5Ts) 1111110001 2
[O ag ... ag|l 1]
g K. .T6,51.8] 11 too S
(MTeATsTat+T5Ts) 0 < a3 < as < ag < ag < as, !
az = a3 +aq = as + ag
10 K[T4,...,T5,51] 1 11110 2 3
(T\ To+T3Ts+T2) —11000]1 1
11111[0a
11 K[Ty,...,T5,51,55] [0 000 0‘1 1] a+1 4
(T\ To+T3Ts+T2) 1
a € {1,2}
11 K[T1,...,75,51,52,55] 11111001 2 5
(T1 To+T3Ts+T2) 00000[111 1
11 11100
12 K[Tl 11111 T5151752] [0 2c a b c|1 1] 1 4
<T1T2 +T3T4+T52> 2c+1
0<a<c<b, a+b=2c

For Nos. 4, 8 and 11, the variety Y is Fano and any iterated duplication of w, produces
a Fano variety X. For the remaining cases, the following table tells which Y are Fano
and gives the characterizing condition when an iterated duplication of w, produces a Fano
variety X:
No. 5 6 7 9 10 12
Y Fano a=0 c=0 v az =0 v c=0
X Fano m>2a m>3c+1 m<3 m>2a m<2 m>3c

Proof. A T-variety X = X (A, P,u) has a divisor with infinite general T-isotropy if and
only if m > 1 holds. In the cases 4.A, 4.B, 4.C, 5, 6, 7, 9, 10 and 12 we directly infer
from Theorem [£.3.2] that the examples with higher m arise from those listed in the table
above via iterated duplication of w;.

We still have to consider Nos. 8 and 11. If X is a variety of type 8, then the condition
for X to be a Fano variety is

44+ as+...,4+a0m > mapy,

where a,, = 1,2,3 and 0 < ag < ... < a,. This is satisfied if and only if one of the
following conditions holds:

(i) az =...=am € {1,2,3).
(ii)) as+1=uag...=apm € {1,2}, with m > 3.
(i) ag =az=0and ag = ... = ay, = 1, with m > 4.

Similarly for No. 11 the Fano condition in the table of Theorem [£.3:2]is equivalent to the
fulfillment of one of the following:

(i) ax=...=am € {1,2}.

(ii) ag =0 and ag = ... = a,, = 1, with m > 3.
In both cases this explicit characterization makes clear that we are in the setting of the
duplication of a free weight. O
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Remark 4.4.6. Consider iterated duplication of w, for a variety X = X (A, P,u) as
in Theorem Recall that the effective cone of X is decomposed as 77 U7ty UT™,
where 7x = Ample(X). Lemma (i) says w, ¢ 7x and thus we have a unique
k € {77,77} with w, ¢ k. Then the number of flips per duplication step equals

|{cone(w;;), cone(wy); wij, wy, € k}| — 1.

In particular, for Nos. 4.A, 4.B, 4.C, 8, 11, No. 9 with a; = 0 and No. 12 with b = 0, the
duplication steps require no flip.

Remark 4.4.7. For toric Fano varieties, there is no statement like Theorem [£.4.5] Recall
from [9] that all smooth projective toric varieties Z with C1(Z) = Z? admit a description
via the following data:

e weight vectors w; := (1,0) and w; := (b;, 1) with 0 =b,, < by,—1 < ... < ba,

e multiplicities u; := p(w;) > 1, where p; > 2 and po + ... + py > 2.

(na) (p3) (k2)
(l"n>+ LI o o

‘ (;1)

The variety Z arises from the bunched ring (R,§,®), where R equals the polynomial
ring K[S;5; 1 <4 <n,1 < j < ;| with the system of generators § = (Si1,. .., Snu,) and
the bunch ® = {cone(wy,w;);i =2,...,n}. In this setting Z is Fano if and only if

ba(ps + ...+ pn) < p1 + p3bs + ... 4 fin—1bp_1.

For any n € Z>4 and i = 2,...,n set y; :== 1 and w; := (n—14,1). Then, with p; := 2 we
obtain a smooth (non-Fano) toric variety Z/, of Picard number two and dimension n — 1.
Moreover, for gy := 1+ (n — 2)(n — 1)/2 we obtain a smooth toric Fano variety Z, of
Picard number two that is Fano and is obtained from Z/, via iterated duplication of w,
but cannot be constructed from any lower dimensional smooth variety this way.

4.5 Geometry of the Fano varieties

We take a closer look at the Fano varieties X listed in Theorem [4.3.2] and describe
explicitly their Mori fiber spaces and their divisorial contractions. The approach uses
suitable toric ambient varieties. The following Remark can be found, at least partially,
for example in [15], Section 7.3].

Remark 4.5.1. Let Z be a smooth projective toric variety of Picard number 2, given
by weight vectors wy := (1,0) and w; := (b;,1) with 0 = b, < b1 < ... < bg, and
multiplicities p; := p(w;) > 1, where py > 2 and po + ... + up > 2 as in Remark
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Then the toric variety Z is a projectivized split vector bundle of rank r over a projective
space Py, where s := ;3 — 1 and 7 := pug + ... + pn, — 1. More precisely, we have

Hn—1

Hn H2
Z =P (@ops @ P 0, (bn-1) @...@@%4@)) .
=1 i=1 =1

The bundle projection Z — Py is the elementary contraction associated to the divisor
class w; € Z%? = CI(Z). If n = 2 holds, then we have Z = Py x P,. If n = 3 and
ps = 1 hold, then the class ws € Z* = CI(Z) gives rise to a divisorial contraction onto a
weighted projective space:

7z = 7 .= P(l,...,l,bg,...,bz).
—— ——

H1 H2

The exceptional divisor £z C Z is isomorphic to Py x P,,_1 and the center C' (zhcz
of the contraction is isomorphic to P, 1. In particular, for pus = 1, we have Ez = Py
and C(Z') is a point.

From the explicit description of the Cox ring of our Fano variety X, we obtain via
Construction [1.3.8 a closed embedding X — Z into a toric variety Z. As a byproduct
of our classification, it turns out that, whenever X admits an elementary contraction,
then X inherits all its elementary contractions from Z. Remark together with the
explicit equations for X in Z will then allow us to study the situation in detail. We now
present the results. The cases are numbered according to the table of Theorem
Moreover, we denote by QY3 C P4 and Q4 C P5 the three and four-dimensional smooth
projective quadrics and we write P(a}", ..., a}") for the weighted projective space, where
the superscript p; indicates that the weight a; occurs p; times.

No. 1. The variety X is of dimension four and admits two elementary contractions,
Q4 +— X — P;. The morphism X — (4 is a divisorial contraction with exceptional
divisor isomorphic to P; x Py x IP; and center isomorphic to Py x IP;. The morphism
X — Py is a Mori fiber space with general fiber isomorphic to (3 and singular fibers
over [0,1] and [1, 0] each isomorphic to the singular quadric V(7273 + T)T5) C Py.

No. 2. The variety X is of dimension four and admits two elementary contractions,
Q4 + X — P3. The morphism X — (4 is a divisorial contraction with exceptional
divisor isomorphic to a hypersurface of bidegree (1,1) in P; x P3 and center isomorphic
to P;. The morphism X — Pj3 is a Mori fiber space with fibers isomorphic to P;.

No. 3. The variety X is of dimension three and occurs as No. 2.29 in the Mori-Mukai
classification [44]. Moreover, X admits two elementary contractions, Q3 + X — Pj.
The morphism X — @3 is a divisorial contraction with exceptional divisor isomorphic
to P; x IP; and center isomorphic to P;. The morphism X — IP; is a Mori fiber space
with general fiber isomorphic to P; x P; and singular fibers over [0, 1] and [1,0] each
isomorphic to V(TyTy + T3) C Ps.
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No. 4A. Case 1: we have ¢ = —1. Then X admits two elementary contractions
Y «+ X — Py, where Y := V(T1 T + 13Ty + T5Ts) C P44 is a terminal factorial Fano
variety which is smooth if and only if m = 1 holds. The morphism X — Y is a divisorial
contraction with exceptional divisor isomorphic to a hypersurface of bidegree (1,1) in
Py X P41 and center isomorphic to P,,+1. The morphism X — Py is a Mori fiber space
with fibers isomorphic to Py, 1.

Case 2: we have ¢ = 0. Then X is a hypersurface of bidegree (1,1) in Py x Py, 4o.
Moreover, X admits two Mori fiber spaces P10 < X — P3. The Mori fiber space
X — P, has fibers isomorphic to P,,+1, whereas the Mori fiber space X — P,, 1 has
general fiber isomorphic to P; and special fibers over V(T1,T,T3) C P40 isomorphic
to Py. For m = 0, we have dim(X) = 3 and X is the variety No. 2.32 in [44].

No. 4B. The variety X admits two elementary contractions ¥ <+ X — Py, where
Y = V(T12 + 1013 + TyT5) C P4 is a terminal factorial Fano variety. The variety Y
is smooth if and only if m = 0 holds and in this case X occurs as No. 2.31 in [44].
The morphism X — Y is a divisorial contraction with exceptional divisor isomorphic
to a hypersurface of bidegree (1,1) in Py x P, 41 and center isomorphic to Pp,+1. The
morphism X — Py is a Mori fiber space with fibers isomorphic to Py, 1.

No. 4C. The variety X is a hypersurface of bidegree (2,1) in Py x Py, 49; for m = 0
we have dim(X) = 3 and X is No. 2.24 in [44]. Moreover, X admits two Mori fiber
spaces P49 < X — Py. The morphism X — Ps has fibers isomorphic to P,,41. To

describe the fibers of ¢: X — Ppyp9, set Y; := Vp, ., (T3), Yij = Vp,.,(T;,T;) and
}/123 = V]pm+2 (Tl, TQ, T3> Then we have
Py if z € Yio3,
o) = Py if z € (Y12 UY13UYa3) \ Y123,
‘/]1172 (Tng) if z € (Y1 UYou YEJ,) \ (Y12 UYisu Ygg),
P otherwise.

No. 5. The variety X admits a Mori fiber space ¢: X — P41, whose general fiber is
isomorphic to Py x Py. More precisely, with Y7 := Vp,_ . (T1) and Y5 := Vp . (1), we
have

Ve, (ThT2) if z € Y1 NYa,
o 1(2) = Ve (T +T2) ifz€Vi\YzorzeYa\ 1A,
P x Py otherwise.

No. 6. The variety X admits a Mori fiber space X — P,,,, with general fiber isomorphic
to @3 and singular fibers over V(T1) C IP,,, each isomorphic to V(1172 + T3T4) C Py.

No. 7. The variety X admits a divisorial contraction X — P13 with exceptional
divisor isomorphic to the projectivized split bundle

]P) ( ®OP1XIP1 @ OP1XP1(17 1) >

=1
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and center isomorphic to P; x P1. Moreover, if m = 1 holds, X admits a further divisorial
contraction X — Q4 with exceptional divisor isomorphic to P3 and center a point.

No. 8. Here we have X = P(Oq, ® Og,(a2) ...® O0g,(am)). Thus, there is a Mori fiber
space X — Q4 with fibers isomorphic to P,,_1. If a0 = ... = a,, > 0 holds, then X
admits in addition a divisorial contraction X — Y, where Y := V(11 To + 13Ty + T5T5) C
IP(18, agnfl). The exceptional divisor is isomorphic to Q4 X P,,,_o and the center to P,,_s.

No. 9. The variety X is a bundle over P,,,_1 with fibers isomorphic to Q4. In particular,
if a; = 0 holds for all 2 < i <6, then X £ Q4 X Pp,,_1.

No. 10. The variety X admits a divisorial contraction X — P, o with exceptional
divisor isomorphic to the projectivized split bundle

P (énBOPI ® Op, (1) >

=1

and center isomorphic to P;. For m = 1, we have dim(X) = 3 and X is No. 2.30 from [44];
in this case it admits a further divisorial contraction X — ()3 with exceptional divisor
isomorphic to P2 and center a point.

No. 11. Here X =P(Oq, & Og,(az) ... ® Og,(an)) holds. Thus, there is a Mori fiber
space X — Q3 with fibers isomorphic to P,,,_1. If a0 = ... = a,, > 0 holds, then X
admits a divisorial contraction X — Y, where the variety Y equals V(11154157 +T52 ) C
P(15, agn_l). The exceptional divisor is isomorphic to Q3 x P,,,_o and the center to P,,_s.

No. 12. The variety X is a bundle over P,,,_1 with fibers isomorphic to J3. In particular,
if a =b=c=0 holds, then X &£ Q3 X P,,,_1.

No. 13. This case presents a one-parameter family of varieties X,, with parameter
a € K*\{1}. They are generally non-isomorphic to each other, except for the pairs
X, = X, -1 for all a. The variety X, is the intersection of two hypersurfaces

D = V(T151 + 19S5 + Tgsg), Dy = V(aTzsg + 1355 + T4S4),

both of bidegree (1,1) in P3 x P3, where the T} are the coordinates of the first P3 and
the S; those of the second. Note that each D; has an isolated singularity, which is not
contained in the other hypersurface. Both D1, Do are terminal and factorial. Moreover,
X admits two Mori fiber spaces P3 <— X — P3, both with typical fiber P; and having
four special fibers, all isomorphic to Py and lying over the points [1,0,0,0], [0, 1,0,0],
[0,0,1,0] and [0,0,0, 1].

Remark 4.5.2. In contrast to the toric case, a smooth projective variety of Picard
number 2 with torus action of complexity one need not admit a non-trivial Mori fiber
space. For example, in Theorem this happens in precisely two cases, namely No. 7
and No. 10, both with m = 1.
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Remark 4.5.3. In the list of Theorem[£.3.2]there are several examples where the effective
cone coincides with the cone of movable divisor classes: No. 4A with ¢ = 0, No. 4C, No. 5
with a = 0, No. 6 with a = 0, No. 8 with as = 0, No. 9 with ag = 0, No. 11 with as = 0,
No. 12 with @ = 0 and No. 13. Thus, these varieties admit no divisorial contraction.
They are combinatorially minimal in the sense of Remark [3.1.1]

Remark 4.5.4. In Theorem [4.3.1]it is possible for non-isomorphic varieties to share the
same Cox ring. In that case they differ from each other by a small quasimodification, i.e.
only by the choice of the ample class. This happens precisely in the following cases:

(i) No. 4 witho=104=2,lg=1,a=0,b=1,¢; =0 for all i = 1,...,m has the same
Cox ring as No. 5 with @ = 0. Note that for m = 0 both varieties are truly almost
Fano, whereas for m > 1 No. 5 is Fano.

(i) For m > 1, No. 4 with o =2,y =lg=1,a=b=1,¢=0foralli=1,...,m has
the same Cox ring as No. 6 with a = ¢ = 0 and b = 1. Note that for m = 1 both
varieties are truly almost Fano, whereas for m > 2 No. 6 is Fano.

(iii) For m > 2, No. 7 has the same Cox ring as No. 9 with ag = 2and as = ... = ag = 1.
Note that for m = 2,3 No. 7 is Fano, for m = 4 both varieties are truly almost
Fano, whereas for m > 5 No. 9 is Fano.

(iv) For m > 2, No. 10 has the same Cox ring as No. 12 with a = b = ¢ = 1. Note that
for m = 2 No. 10 is Fano, for m = 3 both varieties are truly almost Fano, whereas
for m > 4 No. 12 is Fano.



APPENDIX
A

COMPENDIUM OF THE CLASSIFIED FANO VARIETIES

In this last part of the thesis we give detailed information about the varieties from

Theorem and Theorem [3.4.1] For each X = X (A, P) we list

the Cox ring R(X);

the divisor class group Cl(X);

the grading matrix Q;

a possible defining matrix P;

the anticanonical class —Kx € CI(X);
the selfintersection number (—/KCx)? (only for varieties from Theorem @,
the first terms of the Hilbert series H(t) following Construction [A.1.1]

Furthermore, we provide a sketch of the lineality part A%}O defined by the given matrix
P. We give the vertices u; explicitly as rational points in Q2. Hollow circles represent
lattice points in the proximity of A% .

No. 1.01
R(X) = K[I1,....T5]/(9) up uz
g = TiTo+T5Ty+ 17 0
C(X) = Z ’
Q = [1 111 1] us uy
-1 -1 11 0 up = (—1/3,1/3)
p _ |"L 100 2 ug = (1/3,1/3)
~]l0o 1 00 -1 uz = (—=1/3,—-1/3)
0 0 10 -1 ug = (1/3,-1/3)
—-Kx = 3, (—Kx)? = b4
H(t) = 1+ 30t+ 140t2 + 385¢3 + 819t* + 14965 + 247010 + . ..
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No. 1.02
R(X) = K[T1,...,T5]/(g0) uy Us
go = N+ T3Ty+ T
ClX) = Z o
Q@ = [1 52 4 3 us Uy
-1 -1 11 0 up = (1/3,4/3)
- 0 1 20 -3 uz = (—1,-2/3)
0 0 3 0 -2 ug = (—1/3,-2/3)
-Kx = 9, (—Kx)3 = 729/20
H(t) = 1+ 20t+ 94t% 4 259t3 + 552t* + 1009t° + 16665 + . . .
No. 1.03
R(X) = K[Ty,...,T5]/(90)
g = NT+T3Ty+ 1T
Cl(X) = Z®7Z/5Z
1 1 1 1 1
@ = 123110
-1 -1 1 1 0 up = (1/3,5/3)
- 0 1 20 -3 uz = (—1,-5/3)
|0 0 5 0 -5 ug = (—1/3,-5/3)
_]CX = (376)7 (_ICX)g - 54/5
H(t) = 1+ 6t+ 282+ 77t3 + 163t* + 300t + 4945 + . ..
No. 1.04
R(X) = K[Tb s 7T5]/<90> u1 u
g = N+ TTy+ T3
C(X) = Z
Q@ = [1 53 3 2 us Uy
-1 -1 11 0 up = (—1/4,3/4)
p _ |1 100 3 uy = (1/2,3/4)
- 0 1 10 —4 uz = (—1,-3/4)
0 0 2 0 -3 ug = (—1/4,-3/4)
—-Kx = 8, (—-Kx)? = 512/15

H(t) = 1+ 19t + 88t2 + 2433 + 517t* 4 945> + 15615 + ...
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No. 1.05
R(X) KT, ..., T5]/{g0) u1 Uy
90 T\To + T5Ty + T3 0.
Cl(X) Z
Q 13 2 2 1] s 4
-1 -1 11 0 u; = (=3/5,2/5)
P -1 -1 0 0 4 uy = (1/5,2/5)
0 1 00 -3 uz = (=3/5,—2/5)
0 0 10 -2 ug = (1/5,-2/5)
—Kx 5, (-Kx)? = 125/3
H(t) 1+ 23t + 108t2 + 297¢3 + 632t* + 1154¢5 + 1906t + . ..
No. 1.06
R(X) KT, ..., T5]/{g0) u1 U
90 TVTo + TsTy + T
Cl(X) YASYAPY/
1 3 2 2 1 u3 Uy
@ 111710
-1 -1 1 1 0 up = (—1/5,4/5)
P -1 -1 0 0 4 ug = (3/5,4/5)
0 1 10 =5 uz = (—1,—-4/5)
(0 0 2 0 —4 uy = (—1/5,—4/5)
_]CX (576)7 (_ICX)S = 125/6
H(t) 1+ 12t + 54¢% + 148t% + 316t* + 577t° 4 95310 + ...
No. 1.07
R(X) K[Tl, ... ,T5]/<go> U1 U2
90 T\Th + T5Ty + TY 0
Cl(X) Z
Q 2 4 3 3 1] us Uy
-1 -1 11 0 up = (—4/7,3/7)
P -1 -1 00 6 up = (2/7,3)7)
0 1 0 0 —4 uz = (—4/7,-3/7)
0 0 10 -3 ug = (2/7,-3/7)
—Kx 7, (—Kx)? = 343/12

1+ 16t + 7482 + 204t3 + 434t* + 792¢° + 1308¢5 + . ..
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No. 1.08
R(X) = K[Tla s 7T5]/<90> "™ Uz
g = NTo+T3Ty+ T2 )
CIX) = Z
Q = [1 312 2 e
-1 -1 2 1 0 up = (—3/2,1/2)
p _ |71 -1 0 0 2 uy = (—1/2,1/2)
~ o 1 -3 0 0 uz = (0, —1/3)
0 0 0 -1 1 ug = (2/3,—1/3)
-Kx = 5, (-Kx)® = 125/3
H(t) = 1+ 23t+ 108t2 + 2973 + 632t* + 1154¢5 4 1906t + . ..
No. 1.09
R(X) = KI[Ti,...,T5]/{g0) uy us
g = TNTo+T3Ty+ T2
CIX) = Z ’
Q = [1 52 2 3 s t
-1 -1 2 1 0 up = (—1,1/2)
p _ |71 -1 0 0 2 uy = (0,1/2)
~ o 1 -3 -1 1 uz = (—1/3,-2/3)
0 0 1 -10 ug = (1/3,-2/3)
~-Kx = 7, (-Kx)® = 343/10
H(t) = 1+ 19+ 89¢2 + 244¢3 + 520t* + 950> + 15695 + ...
No. 1.10
R(X) = K[Tl, ... ,T5]/<go> 3} U2
g = TNTo+T3Ty+ T2 °
ClX) = Z
Q = [37 4 2 5 s s
-1 -1 2 1 0 up = (—1/2,1/2)
p _ |71 -1 0 0 2 uy = (1/2,1/2)
o 1 -2 -2 1 uz = (—1,-4/3)
0 0 1 -20 ug = (—1/3,-4/3)
—-Kx = 11, (—Kx)® = 1331/84

H(t) = 1+9t+ 412 + 11363 4 241¢* + 439¢5 + 7255 + . ..
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No. 1.11
R(X) = KIT...,T5)/{g0) “ "
90 Ty +T3Ty + T3 0, \
Cl(X) 7 w3
Ug
Q 2 11 1 1]
-1 -1 2 1 0 up = (—3/5,1/5)
P -1 -1 0 0 3 uz = (3/5,1/5)
0 1 —-10 0 uz = (0, —1/4)
0 0 1 0 -1 ug = (3/4,—1/4)
—Kx 3, (—Kx)? = 81/2
H(t) 14 23t + 106t + 2903 4 616¢* + 1124¢° + 1855¢° +
No. 1.12
R(X) K[Tl, NN ,T5]/<g0> U ug
90 Ty +T3Ty + T3
CI(X) Z o
Q 3 3 1 4 2 Y3 ta
-1 -1 2 1 0 up = (—1,4/5)
P -1 -1 0 0 3 ug = (1/5,4/5)
0 1 -1 0 -1 uz = (—1/4,—1/4)
0 0 2 0 -1 ug = (1/2,—1/4)
—Kx 7, (—Kx)® = 343/12
H(t) 1+ 16t + 74¢% + 20413 + 434¢* + 792¢5 + 1308t + . ..
No. 1.13
R(X) K[Tl, NN ,T5]/<go> u u
g0 T1T2+T32T4+Tg’
Cl(X) Z®1/3
2 1 1 1 1
@ 137110 us “4
-1 -1 2 1 0 up = (—1/5,3/5)
P -1 -1 0 0 3 uz = (1,3/5)
0 1 -1 -1 1 uz = (—1/2,-3/4)
|0 0 1 -1 0 ug = (1/4,-3/4)
_K:X (375)’ (_K:X)g = 27/2

1+ 8¢ + 35t% 4+ 973 + 205¢* + 3745 + 619t6 +
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No. 1.14
R(X) K[Tlv cee >T5]/<90> U1 U2
90 Ty + T3Ty + TP 0.
Cl(X) Z
Q 33 2 2 1] 1 “4
-1 -1 21 0 1= (=3/4,1/4)
P -1 -1 00 6 2= (3/4,1/4)
0 1 00 -3 uz = (=3/7,-2/7)
0 0 10 -2 4= (3/7,-2/7)
—Kx 5, (-Kx)? = 125/6
H(t) 14 12t + 55¢t% 4 150t3 + 3181 + 579t° + 956t +
No. 1.15
R(X) KT, ..., T5]/{90) uy uy
90 Ty +T5T7 + T7
Cl(X) 7Z®7)27 °
1 3 1 1 2 us us
@ T 1001
-1 -1 2 2 0 up = (—1,1/2)
P -1 -1 0 0 2 ug = (0,1/2)
0 1 -3 -2 1 uz = (—1/2,-1/2)
0 0 1 -10 ug = (1/2,-1/2)
Ky 4,1), (-Kx)® = 64/3
H(t) 14 12t + 56t% 4+ 152t3 + 3241 + 59145 + 977t0 +
No. 1.16
R(X) K[TD cee 7T5]/<90> Uy U
o = NRATTEATS
Cl(X) Z e 7
Q 3 3 2 1 2
-1 -1 2 2 0 u; = (—6/5,1/5)
P -1 -1 0 0 3 ug = (0,1/5)
0 1 -2 1 0 uz = (3/5,—-2/5)
0 0 -1 -2 2 ug = (9/5,—2/5)
—Kx 5, (—Kx)3 = 125/6

14 12t + 55t% + 150t3 4 318t* + 579t° + 956t6 +
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No. 1.17
R(X) K[T17 e 7T5]/<go> (751 u9
90 Ty + T3Ty + T? ° o \
Cl(X) 7
us U4
Q 13 1 1 2
-1 -1 3 1 0 up = (—1,1/5)
P -1 -1 0 0 2 ug = (1/5,1/5)
0 1 -1 0 -1 uz = (—1/3,—-1/3)
0 0 -1 -1 1 ug = (1/3,-1/3)
—Kx 4, (-Kx)? = 128/3
H(t) 1+ 24t + 11142 + 305¢3 + 648t* + 1183¢5 4 195310 + . ..
No. 1.18
R(X) KT, ..., Ts]/{g0) uy us
90 Ty + T3Ty + T2
Cl(X) Z
Q 2 4 1 3 3] s H
-1 -1 3 1 0 uy = (—2/5,3/5)
P -1 -1 0 0 2 ug = (4/5,3/5)
0 1 -1 -1 0 uz = (—2/3,-1/3)
0 0 0 -—-11 ug = (0,—1/3)
—Kx 7, (—Kx)® = 343/12
H(t) 1+ 16t + 7412 + 204¢3 + 434t* + 7925 + 13085 + ...
No. 1.19
R(X) K[Tl, ... ,T5]/<go> U U2
90 Ty + T3Ty + T
Cl(X) Z ° °
Q 3 7 2 4 5 us i
-1 -1 3 1 0 up = (—1/5,4/5)
P -1 -1 0 0 2 ug = (1,4/5)
0 1 -2 -2 1 uz = (—1,-2/3)
0 0 2 —-10 ug = (—1/3,-2/3)
—Kx 9, (—Kx)® = 1331/84

14 9t + 4162 + 113¢3 + 241t* + 4395 + 725¢6 + . ..
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No. 1.20
R(X) K[Tl, ... ,T5]/<g0> U1 U2
90 Ty + T3Ty + T? o
C1(X) 7®7)2Z
1 3 11 2
©=li1001 us u
-1 -1 3 1 0 up = (—3/5,2/5)
P -1 -1 0 0 2 ugy = (3/5,2/5)
0 1 -3 -2 1 uz = (—1,-2/3)
|0 0 1 -1 0 ug = (—1/3,-2/3)
_ICX (471)7 (_ICX)g = 64/3
H(t) 1+ 12t + 56t + 152t3 + 324¢* + 59115 + 977¢% +
No. 1.21
R(X) K[Tl,...,T5]/<g0>
Ul u9
9 Ty + T5Ty + T4 = 0 \
Cl(X) Z e o
Q 2 2 1 1 1]
-1 -1 3 1 0 up = (—8/7,1/7)
P -1 -1 0 0 4 UQ—(4/7 1/7)
0 1 -2 0 0 uz = (0,—1/5)
0 0 -2 -1 3 uy = (4/5,—1/5)
—Kx 3, (-Kx)? = 27
H(t) 1+ 16t + 72t% + 195¢3 + 413t* + 752t° + 1240t5 +
No. 1.22
R(X) K[Tl,...,T5]/<go>
(5] u9
9 Ty + T3Ty + T# - 0 . .
C1(X) Z&L)2L o
2 211 1
@ T11710
-1 -1 3 1 0 up = (—15/7,2/7)
b -1 -1 0 0 4 up = (—3/7,2/7)
0 1 -3 2 -1 uz = (7/5,-2/5)
0 0 -1 -1 2 ug = (11/5,-2/5)
_K:X (376)’ (_K:X)g = 27/2

1+ 8¢ + 3612 + 973 + 207t* + 376t + 620t6 +
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No. 1.23
R(X) K[T1,. .., T5]/(90) w
9 T\ Ty + T3T2 + T2 = 0 s .
Cl(X) 7 Heam—
Q 3 5 2 1 4]
-1 -1 3 2 0 up = (—7/5,1/5)
P -1 -1 0 0 2 ug = (—1/5,1/5)
0o 1 -2 3 -1 uz = (1,-1/2)
0 0 -1 -2 1 ug = (2,—1/2)
—Kx 7, (—Kx)® = 343/15
H(t) 14 13t + 60> + 164t3 + 348t* 4 635t + 10485 +
No. 1.24
R(X) K[Tl,...,T5]/<g0>
373 2 u1 U2
g0 L+ I+ 15 %
Cl(X) Z us o
Q 2 4 1 1 3
-1 -1 3 3 0 1=(-9/5,1/5)
P -1 -1 0 0 2 2 = (-3/5,1/5)
0 1 -3 2 -1 uz = (1/5,—1/5)
0 0 -1 -2 1 4= (7/5,—1/5)
—Kx 5, (—Kx)? = 125/4
H(t) 1+ 18t + 82t% + 224¢3 + 476t* + 868t> + 1432t +
No. 1.25
R(X) K[T17 st 7T5]/<90> Ul UQ
90 Ty + TyTy + T3 0 \
Cl(X) Z
us (%
Q 3 3 1 2 2
-1 -1 4 1 0 up = (—9/7,2/7)
P -1 -1 0 0 3 uy = (3/7,2/7)
0 1 -3 0 0 uz = (0, —1/4)
0 0 -2 -1 2 ug = (3/4,—1/4)
—Kx 5, (—Kx)3 = 125/6

14 12t + 55t% + 150t3 4 318t* + 579t° + 956t6 +
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No. 1.26
R(X) = K[I1,...,T5]/(90)
A2 | 3 u1 u2
go = NI +T3T7 + 15 5 <0 o
CI(X) == Z u3v u4
Q@ = [3311 2
-1 -1 4 2 0 up = (—9/7,1/7)
p _ |1 -1 0 03 us = (3/7,1/7)
~ o 1 =3 0 0 uz = (0, —1/5)
0 0 -1 -1 1 ug = (6/5,—1/5)
~-Kx = 4, (—Kx)? = 64/3
H(t) = 1+ 13t+ 572+ 155¢3 + 327t + 595¢5 + 981¢% +
No. 1.27
R(X) = K[Ti,...,T5]/(90) U Uy
g = TTr+ T§T4 + T52 ° 0 .
C(X) = 7Z
us Uy
Q = [2 411 3
-1 -1 5 1 0 uy = (—8/7,1/7)
p_ |71 -1 0 0 2 up = (2/7,1/7)
~ o 1 -4 0 0 uz = (0,—1/3)
0 0 -2 -1 1 ug = (2/3,-1/3)
—Kx = b5, (—Kx)? = 125/4
H(t) = 1+ 18+ 82t2 + 2243 + 476t* + 868t + 1432t +
No. 1.28
R(X) = K[T1>"'7T5]/<90> uy s
g = N+ T{Ty+ T3 5 .
0
C(X) = Z s W
Q@ = [3311 2
-1 -1 5 1 0 up = (—9/8,1/8)
p _ |71 -1 0 03 ug = (3/4,1/8)
~ o 1 -3 0 0 uz = (0, —1/4)
0 0 -3 -1 2 ug = (3/4,—1/4)
~Kx = 4, (—Kx)? = 64/3

H(t) = 1+ 12t+ 55t + 150t3 + 318t* + 579t5 + 956t° +
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No. 1.29
R(X) = K[Tlv e >T5]/<90> Ul U9
go = TNT+T9Ty+ T > ; \
CIX) = Z - 0 N
Q = [35 1 2 4
-1 -1 6 1 0 up = (=5/4,1/4)
p — |"1 -1 0 0 2 uy = (1/4,1/4)
- 0 1 =50 0 uz = (0,—1/3)
0 0 4 0 -1 ug = (2/3,-1/3)
—Kx = T, (—Kx)® = 343/15
H(t) = 1+ 13t+60t> 4+ 164t3 + 348t* + 635t° + 104810 + . ..
No. 1.30
R(X) = K[Tlv s 7T6]/<90)gl> U1 u2
go = TN+ T3Ty+T7 0
g1 = aT3T4—|—T52+T62 .
Cl(X) 7.®7)27
Q0 = 1 111 11 us3 Uy
- [T T00TO
(-1 -1 1. 1 0 0 1=(-1/2,1/2)
P - -1 -1 0 0 2 O uy = (1/2,1/2)
= |-1 -1 00 0 2 s = (=1/2,—1/2)
0 1 00 -1 0 wy = (1/2,-1/2)
0 0 1 0 -2 1
—-Kx = (2,1), (—Kx)? = 16
H(t) = 1+9t+43t% + 115¢3 4 245t + 445¢5 4+ 7355 + . ..
No. 1.31
R(X) = K[Tl, .. ,TB]/<QO> us
g = NIz +T;+T¢ o
Cl(X) = Z
Q = [1 14 2 3 w1 s
-1 -1 -1 3 0 up = (—1/5,—-4/5)
p _ |71 -1 -1 0 2 uy = (1, —4/5)
- 0 1 0 -2 1 uz = (—1/5,2/5)
0 0 1 —-20
—Kx = 5, (—Kx)® = 125/4

1+ 18t + 82t2 4 224¢3 + 476t* + 868t° + 143216 + . ..
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No. 1.32
R(X) = K[Ti,...,T5]/{9) Us e
go = TToT3+ T3 +T7
CIX) = Z
Q@ = [2 312 3 uy Uy
~1 -1 -1 3 0 ur = (—=3/5,-1/5)
po_ |71 -1 -1 0 2 ug = (3/5,-1/5)
—lo 1 0 -3 1 uz = (—3/5,1)
0o 0 1 -2 1
Kx = 5, (-Kx)? = 125/6
H(t) = 1+12t+55t2 +150t3 + 318t* + 579> + 9565 + . ..
No. 1.33
R(X) = K[T1,...,T5]/{g0)
go = TTh+T}+T;
Cl(X) = ZoZ/2Z
2 4 3 3 1
@ = 111100
-1 -1 2 0 0
-1 -1 0 20
Pr="19 1 31 2
0 0 -2 1 3
-Kx = (7,1), (—Kx)® = 343/24
H(t) = 1-+8t+ 372 +102t3 +217t* + 396t5 + 65415 + . ..
No. 1.34
R(X) = K[T1,...,T5]/(g0) s
g = TTh+T§+T?
CIX) = Z
Q = 15231 up - us
-1 -1 3 00 up = (—1,-1/5)
p _ |71 -1 0 20 ug = (1/5,-1/5)
~ o 1 —410 uz = (0,1)
0 0 -2 11
_Kx = 6 (-Kx)® = 216/5

H(t) = 1+ 24t+ 112t2 + 308t3 + 655t* + 1197¢5 4+ 197610 + . ..




No. 1.35

R(X) K11, ..., T5]/(g0) u3
90 T + T3 + T}
Cl(X) Z .
Q 15 2 3 2 w s
-1 -1 3 0 0 up = (—1,-2/5)
P -1 -1 0 20 uz = (1/5,-2/5)
0 1 -4 10 uz = (0,1)
0 0 -1 01
—Kx 7, (—Kx)3 = 343/10
H(t) 1+ 19t + 89¢2 + 2443 + 520t* + 950t° + 1569t° + . ..
No. 1.36
R(X) K[Tl, . ,T5]/<go> us3
90 Ty +T5 + T?
CI(X) Z o
Q 1 5 2 3 3] Uy s
-1 -1 3 0 0 up = (—1,-3/5)
P -1 -1 0 20 ug = (1/5,-3/5)
0 1 -4 10 uz = (0,1)
0 0 -3 11
—Kx 8, (-Kx)? = 512/15
H(t) 1+ 19t + 88t2 + 2433 + 517t* + 945t5 + 1561¢0 + . ..
No. 1.37
R(X) KI[T1, ..., T5]/(g0) us
90 Ty + T3 + T
Cl(X) Z °
Q 1 5 2 3 4] uy up
-1 -1 3 0 0 up = (—1,—4/5)
P -1 -1 0 20 ug = (1/5,—4/5)
0 1 -4 10 uz = (0,1)
0 0 -2 01
—Kx 9, (—Kx)? = 729/20

1 + 20t + 94¢% + 259¢3 + 552t + 10095 + 1666t° + . . .
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No. 1.38
R(X) = K[T1,...,T5]/(90)
go = TNTy+T§+ T3
CIX) = Z
Q = [ 746 1]
-1 -1 3 00 ur = (—4/5,-1/5)
p o_ |71 -1 0 20 uz = (2/5,-1/5)
o 1 -2 01 uz = (1,2)
0 0 -2 1 2
“Kx = 11, (-Kx)* = 1331/70
H(t) = 1+ 11t +50t% 4 136t> + 289t* + 528t° + 87116 + ...
No. 1.39
R(X) = K[T1,...,T5]/{g0)
go = TTo+T§+T;
CIX) = Z
Q = [0 74 6 3
-1 -1 3 00 up = (—1,-3/5)
p _ |71 -1 0 20 us = (1/5,-3/5)
~ o 1 -4 11 uz = (1,2)
0 0 -3 1 2
—Kx = 13, (—Kx)? = 2197/210
H(t) = 1+ 6t4 272+ 75t3 + 159t* + 29015 + 4795 + . ..
No. 1.40
R(X) = K[T1,...,T5]/{g0) U
g = Nh+T§+T}
Ci(X) = ZoZ/3Z
12111
©=1l13250 w v
-1 -1 3 0 0 ur = (-1,-1/2)
p _ |71 -1 0 30 ug = (1/2,-1/2)
~ o 1 -4 20 uz = (0,1)
(0 0 -3 21
—K:X = (375)’ (_K:X)g = 27/2

H(t) = 1+ 8t+ 352+ 973 + 205t* + 3745 + 6195 + . ..
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No. 1.41
R(X) K[Tl, e ,T5]/<g0> us
90 TTo + T4 + T7
Cl(X) 7&7/27
1 3121
_ u u
@ 11010 ' ’
-1 -1 4 0 0 up = (—1,-1/3)
P -1 -1 0 20 ug = (1/3,-1/3)
0 1 -5 10 uz = (0,1)
(0 0 -1 0 1
—Kx (471)7 (_ICX)S = 64/3
H(t) 1+ 12t + 5612 + 152¢3 + 324¢* + 59145 + 9775 + . ..
No. 1.42
R(X) K[Tl, . ,T5]/<go> us
90 Ty + Ty + T?
Cl(X) YAV APY/ o
1 312 2
¢C = FT1oT11 g 2
-1 -1 4 00 up = (—1,-2/3)
P -1 -1 0 20 us = (1/3,-2/3)
0 1 -5 10 uz = (0,1)
|0 0 —4 11
—Kx (5,0), (—Kx)3 = 125/6
H(t) 1+ 12t + 54¢% + 14843 + 316t* + 577t5 + 9535 + . ..
No. 1.43
R(X) K[Tl, R ,T5]/<g0> us
90 Ty +T§+ T3
Cl(X) Z 0
Q 5 7 3 4 1] u < : us
-1 -1 4 0 0 up = (—1,-1/7)
P -1 -1 0 3 0 ug = (5/7,—1/7)
0 1 -5 20 uz = (0,1)
0 0 -3 21
—Kx 8, (—-Kx)* = 512/35

1+ 9t + 39t2 + 106¢3 + 224t* + 4085 + 672t6 + . ..
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No. 1.44
R(X) = K[Tl, e 7T5]/<90> us3
g = T+ Ty+T3
Ci(X) = Z 0
Q = [ 73 4 2 u Ly
p - |71 -1 030 up = (5/7,-2/7)
o 1 -5 20 uz = (0,1)
0 0 -2 11
—Kx = 9,  (-Kx)® = 729/70
H(t) = 1+ 6t+ 2862+ 753 + 159¢% + 20015 + 4785 + . ..
No. 1.45
R(X) == K[Tl,...,T5]/<go> us
g = TT+T3+17
Ci(X) = Z
Q = [37 25 1] uy - s
-1 -1 5 0 0 uy = (—1,-1/7)
p - |7t -0 20 up = (3/7,~1/7)
o 1 -6 10 uz = (0,1)
0 0 -3 11
—Kx = 8  (-Kx)® = 512/21
H(t) = 14 14t + 6412 + 17565 + 3714 + 6775 + 111715 + . ..
No. 1.46
R(X) = K[T1,7T5]/<g0> us
g = NL+T)+T7
Ci(X) = Z .
Q = [37 25 4 w w
-1 -1 5 0 0 uy = (—1,—4/7)
p - |t -t 0 20 up = (3/7,—4/7)
o 1 -6 10 uz = (0,1)
0 0 -2 01
-Kx = 11, (=Kx)® = 1331/84

H(t) = 1+9t+ 412 + 11363 + 241¢* 4 43965 + 725¢0 + . ..
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No. 1.47
R(X) KT, ..., Ts]/{g0) us
90 T+ T§ + T}
Cl(X) YAV APY/ .
2 4 1 3 1 ° :
@ = 11T1100 u uz
-1 -1 6 0 0 up = (—1,-1/4)
P -1 -1 0 20 ug = (1/2,—1/4)
0 1 -7 10 uz = (0,1)
(0 0 —4 1 1
—Kx (5,1), (—Kx)3 = 125/8
H(t) 1+ 9t + 4162 + 11263 + 238t* + 43415 + 716t5 + . ..
No. 2.01
R(X) K[Tl, . ,TG]/<g()> Uul (%)
90 N5+ 13Ty + T5Ts us
Cl(X) 72 g
Q 1 01010
010101 U5 U
-1 -1 1 1 0 0 uy = (0,1/2)
P -1 -1 0 0 11 uy = (1/2,1/2)
0 1 0 -100 uz = (—1/2,0)
|0 0 0 -1 0 1 ug = (1/2,0)
us = (-1/2,-1/2)
—Kx (2,2) ug = (0, —1/2)

1+ 27t + 125¢% + 3433 + 729¢t* + 1331° + 21976 + . ..
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Appendix A.

Compendium of the classified Fano varieties

No. 2.02
R(X) K[T1, ..., Ts]/{90) w up
9 T\T? + T5T2 + T5T¢ .
3
Cl(X) 72 s
0 1 010 10 us
010101 ug
-1 -2 1 2 0 0 =(0,1/3)
-1 -2 0 0 1 2 uQ_(l/z 1/2)
P
0 -1 00 0 1 U3:(1/20)
|0 -1 0 100 = (1/3,0)
U5—( 1/3,—1/3)
—Kx (2,1) ug = (0, —1/2)
H(t) 1+ 18t + 80t% + 2173 + 459¢* + 836t + 13780 +
No. 2.03
R(X) K13, ..., T6]/(g0) U p—sp U2
90 TT5 + 13Ty + T5Ts 7 ’
CI(X) YARSYARY/ s .
- 4
101010
Q 010101 ;
211200 s e
-1 -1 1 1 0 0 =(1/2,3/2)
P -1 =10 0 11 uQ:(1,3/2)
0 1 0 —2 0 1 uz = (—1/2,0)
|0 0 0 -3 0 3 ug = (1/2,0)
us = (—1, —3/2)
—Kx (2,2,0) ug = (—1/2,-3/2)

1+ 9t + 41¢% + 115¢% + 243t* + 443t + 7335 +
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No. 2.04
R(X) K[y, ..., Ts]/(90)
90 T1T22 -+ T3T42 + T5T62
Cl(X) VARCYARYA
1 0 1 0 1 0
Q 010101
112200
-1 -2 1.2 00
-1 -2 0 0 1 2
P 0 -2 0101
|0 -3 0300
_ICX (27176)
H(t) 1+ 6t + 262 + 73t3 4 153t* 4 27815 + 46016 + . ..
No. 2.05
R(X) K[Tl, R ,TG]/<g()> Uy s
90 T1T2+T:32T4+T5T6 s
Cl(X) 72 s U
0 2 01 01 1 us - ug
010101
-1 -1 21 0 0 up = (—2/3,1/3)
P -1 -1 00 1 1 uy = (0,1/3)
0 1 00 1 -1 uz = (—1/2,0)
|0 0 1 0 -1 0 ug = (4/3,-1/3)
us = (1/2,-1/2)
—Kx (3,2) ug = (1,—-1/2)

1+ 23t + 107t% + 293t3 + 623t* + 1137t° + 18776 + . ..
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No. 2.06
R(X) = K[Tl, ... ,Tﬁ]/<g0> U U2
g0 = T1T2 + T3T42 + T52T62 us
c(x) = 72 Us
0 - 112010
T 110101 s ue
-1 -1 1 2 0 0 uy = (0,1/3)
-1 -1 0 0 2 2 ug = (2/3,1/3)
P =
0 1 0 -1 -1 0 uz = (—1/2,0)
0 0 0 -1 0 1 ug = (1/2,0)
Us = (_17 —1/2)
-Kx = (3,2) ug = (0,-1/2)
H(t) = 1416t + 7412 4 2013 + 4274 4 7785 + 12845 + ...
No. 2.07
R(X) = K[Iy,...,Ts]/{g0) uy
g0 = TNTT3+TyTs + 1§ u2 us
C(X) = 72
0 - 110 2 0 1 5 o
- 002111 Uy us
-1 -1 -1 1 1 0 up = (—1/3,2/3)
-1 -1 1.0 0 2 uz = (—1/3,0)
P =
0 1 0 0 1 -1 uz = (1/3,0)
0 0 1 0 -2 0 ug = (1/3,-4/3)
—-Kx = (3,3) us = (1,—-4/3)

H(t) = 1+ 19+ 88t2 + 241¢3 + 513t* 4 936t° + 15455 + ...
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No. 2.08
R(X) K[T1,...,Ts]/{g0) U1 .
2
90 TV T + TyT? + T¢
Cl(X) 72 us .
0 1 10 2 0 1
101011 U4 Uus
-1 -1 -1 1 2 0 up = (—1/3,2/3)
-1 -1 =10 0 2 ug = (0,1/2)
P
0 1 0 0 1 -1 uz = (—1/3,0)
0 0 1 0 -1 0 ug = (0,—1/2)
—Kx (3,2) us = (1,-1/2)
H(t) 1+ 16t + 74¢% + 20143 + 427* + 778¢5 + 128416 + . ..
No. 2.09
R(X) KT, ..., Ts]/{90) u1 U2
9 T ToTE + TyTs + T
Cl(X) 7?2 u3 Ug
0 (1 1.0 2 01
001111 us
-1 -1 =2 1 1 0 up = (—1/3,2/3)
-1 -1 -2 0 0 2 ug = (1/3,2/3)
P
0 1 1 00 -1 uz = (—1/3,0)
|0 0 -1 01 0 ug = (1/3,0)
—Kx (3,2) us = (0, —1/2)
H(t) 1+ 23t + 106t2 + 2903 + 616t* + 1124¢> + 1855t5 + . ..
No. 2.10
R(X) K[T1, ..., Ts)/{g0) u uz
9 T ToT + TyT2? + T¢
ClI(X) 72 s Uy
0 1 1.0 2 01
001011 U5
-1 -1 -2 1 2 0 up = (—1/2,1/2)
-1 -1 -2 00 2 ug = (1/2,1/2)
P
0 1 1 00 —1 uz = (—1/3,0)
|0 0 -1 01 0 ug = (1/3,0)
—Kx (3,1) us = (0, —1/2)

1+ 16t + 722 + 195¢3 + 413t* + 752t° + 1240t5 + . ..
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No. 2.11
R(X) = K[Ty,...,Ts]/(90) u1
go = T1T2—|—T32T4+T52
C(X) = 7? ”
0 = 2 0 1 0 1 1 °
110210 3 ”
-1 -1 2 1 00 up = (0,1)
P o -1 -1 0 0 20 uy = (—1/3,0)
- 0 1 -1 -1 10 uz = (0,—1/2)
|0 0 -1 0 01 ug = (1,-1/2)
-Kx = (3,3)
H(t) = 1+ 19+ 88t% 4 24113 4 513t* + 936t° + 1545t0 4 . ..
No. 2.12
R(X) = K[T1,...,T6]/(g0) Uy
g = TNDLT3+T;+T7 U2
Cl(X) = Z?°97/2Z
1 1.0 1 1 0
Q = (002111 us »
0 T T 100
-1 -1 -1 2 0 0 up = (0,1)
- 0 2 1 =310 uz = (—1,-1/2)
0 1 0 -1 0 1 ug = (0,—1/2)
—Kx = (2,3,1)
H(t) = 1+ 8t+ 372+ 1003 + 214t* + 389> + 642t6 + ...

A.1 The Hilbert series of a Fano variety

Construction A.1.1. Let R = ®,cx Ry be an integral affine K-algebra graded by a
finitely generated abelian group K. The weight cone of R is the convex cone w(R) C Kg
generated by all weights w € K with R, # 0. We call the grading pointed if Ry = K
holds and w(R) is a pointed cone.

In this setting we define the Hilbert function F as

F:K— Zzo, w +— dimK(Rw).

Fix a degree w € K. The w-truncated Hilbert series of R is the formal series

Hy(t) == > F(nw)t".
n=0
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Now consider a Fano variety X with finitely generated Cox ring and pointed grading.
The Hilbert series H(t) of X is defined as the (—Kx)-truncated Hilbert series of the Cox
ring R(X) of X, i.e.

H(t) == Hoiy(t) = Y F(-nkKx)t"
n=0

= ) dim(R(X) ey )"
n=0

Remark A.1.2. Some of the Fano varieties X listed in this Appendix share the same
Hilbert series. Moreover, in some cases we retrieve the same Hilbert series of a toric
Fano threefold; these can be found in the Graded Ring Database [13]. Here we give all
cases of coinciding Hilbert series within our classifications and two examples of toric Fano
threefolds that share their Hilbert series with one of our classified varieties:

e 1.02 and 1.37; e 1.15, 1.20 and 1.41;
e 1.04 and 1.36; e 1.21 and 2.10;

e 1.05 and 1.08; e 1.23 and 1.29;

e 1.06 and 1.42; e 1.24 1.27 and 1.31;
e 1.07,1.12 and 1.18; e 1.26 and 1.28;

e 1.09 and 1.35; e 2.06 and 2.08;

e 1.10, 1.19 and 1.46; e 2.07 and 2.11;

e 1.11 and 2.09; e 1.01 and P x Py;
e 1.13 and 1.40; e 2.01 and (Py)3.

e 1.14, 1.16, 1.25 and 1.32;






1]

2]

3]

4]

[5]

(6]

17l

8]

19]

[10]

[11]

[12]

BIBLIOGRAPHY

I. Arzhantsev, U. Derenthal, J. Hausen, A. Laface: Coz rings. Cambridge Studies
in Advanced Mathematics no. 144, Cambridge Univ. Press, Cambridge, 2014.

G. Averkov, J. Kriimpelmann, B. Nill: Largest integral simplices with one interior
integral point: Solution of Hensley’s conjecture and related results. Adv. Math. 274
(2015), 118-166.

G. Balletti, A. Kasprzyk: Three-dimensional lattice polytopes with two interior
lattice points. arXiv:1612.08918 (2016).

V. V. Batyrev: Toroidal Fano 3-folds, Izv. Akad. Nauk SSSR Ser. Mat., 45:4 (1981),
704-717.

V. V. Batyrev: On the classification of toric Fano 4-folds. J. Math. Sci. (New York),
94 (1999), 1021-1050.

B. Bechtold: Divisorenkegel fiir Mori Dream Spaces. Diploma Thesis. Eberhard-
Karls-Universitat Tiibingen, 2010.

B. Bechtold: Factorially graded rings and Cox rings. J. Algebra 369 (2012), 351—
359.

B. Bechtold, E. Huggenberger, J. Hausen, M. Nicolussi: On terminal Fano 3-folds
with 2-torus action. Int. Math. Res. Notices (2016), no. 5, 1563-1602.

F. Berchtold, J. Hausen: Bunches of cones in the divisor class group. Int. Math.
Res. Notices (2004), no. 6, 261-302.

F. Berchtold, J. Hausen: Coz rings and combinatorics. Trans. Amer. Math. Soc.
359 (2007), no. 3, 1205-1252.

A. Borel: Linear algebraic groups, Graduate Texts im Mathematics no. 126.
Springer-Verlag, New York, second edition, 1991.

A. A. Borisov, L. A. Borisov: Singular toric Fano varieties. Russ. Acad. Sci. Sh.
Math. Vol. 75 (1993), 277-283.

175



176

Bibliography

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

22]

23]

[24]

[25]

[26]

[27]

28]
[29]

G. Brown, A. M. Kasprzyk: The Graded Ring Database. Online, access via
http://www.grdb.co.uk/ .

C. Casagrande: On the birational geometry of Fano 4-folds. Mathematische An-
nalen (2013), no. 355, 585-628.

D. A. Cox, J. B. Little, H. Schenck: Toric varieties. Graduate Studies in Mathe-
matics, no. 124, American Mathematical Society, Providence, RI, 2011.

V. 1. Danilov: The geometry of toric varieties. Russian Math. Surveys, 33:2 (1978),
97-154.

O. Debarre: Higher-dimensional algebraic geometry. Universitext. Springer-Verlag,
New York, 2001.

P. del Pezzo: Sulle superficie dell’'no ordine immerse nello spazio di n dimensioni.
Rend. del circolo matematico di Palermo, 1 (1887), 241-271.

A. Fahrner, J. Hausen, M. Nicolussi: Smooth projective varieties with a torus action
of complexity 1 and Picard number 2. To appear in Annali della Scuola Normale
Superiore di Pisa.

G. Fano: Sulle varieta algebriche a tre dimensioni aventi tutti i generi nulli. Proc.
Internat. Congress Mathematicians (Bologna) 4, Zanichelli (1934), 115-119.

G. Fano: Su alcune varieta algebriche a tre dimensioni razionali, e aventi curve-
sezioni canoniche. Comment. Math. Helv., 14 (1942), 202-211.

W. Fulton: Introduction to toric varieties. Annals of Mathematics Studies no. 131,
Princeton University Press, 1993.

J. Hausen: Coz rings and combinatorics II. Mosc. Math. J. 8 (2008), no. 4, 711-757.

J. Hausen, E. Herppich: Factorially graded rings of complexity one. Torsors, étale
homotopy and applications to rational points, 414-428, London Math. Soc. Lecture
Note Ser., 405, Cambridge Univ. Press, Cambridge, 2013.

J. Hausen, S. Keicher: A software package for Mori Dream Spaces. LMS Journal
of Computation and Mathematics, 18 (1) (2015), 647-659.

J. Hausen, H. Siit: The Coz ring of an algebraic variety with torus action. Advances
Math. 225 (2010), 977-1012.

E. Huggenberger: Fano varieties with torus action of complezxity one. PhD Thesis.
Eberhard-Karls-Universitat Tiibingen, 2013.

S. Ishii: Introduction to singularities. Springer, Japan, 2014.

V. A. Iskovskikh: Fano threefolds. I. Izv. Akad. Nauk SSSR Ser. Mat. 41 (1977),
no. 3, 516-562.



Bibliography 177

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

|44]

[45]

[46]

V. A. Iskovskikh: Fano threefolds. II. Izv. Akad. Nauk SSSR Ser. Mat. 42 (1978),
no. 3, 506-549.

V. A. Iskovskikh, Y. G. Prokhorov: Fano varieties. Algebraic Geometry V., Volume
47 of Encyclopaedia Math. Sci. Springer, Berlin, 1999.

P. Jahnke, T. Peternell, I. Radloff: Threefolds with big and nef anticanonical bun-
dles. 1. Math. Ann. 333 (2005), no. 3, 569-631.

P. Jahnke, T. Peternell, I. Radloff: Threefolds with big and nef anticanonical bun-
dles II. Cent. Eur. J. Math. 9 (2011), no. 3, 449-488.

A. M. Kasprzyk: Toric Fano three-folds with terminal singularities. Tohoku Math.
J. (2) 58 (2006), no. 1, 101-121.

A. M. Kasprzyk: Canonical toric Fano threefolds. Canad. J. Math. 62 (2010), no.
6, 1293-1309.

P. Kleinschmidt: A classification of toric varieties with few generators. Aequationes
Math. 35 (1988), no. 2-3, 254-266.

J. Kollar: Minimal models of algebraic threefolds: Mori’s program. Séminaire Bour-
baki (1988-1989), Volume 31, 303-326.

J. Kollar, S. Mori: Birational geometry of algebraic varieties. Cambridge Tracts in
Mathematics, 134, Cambridge University Press, 1998.

M. Kreuzer, B. Nill: Classification of toric Fano 5-folds. Adv. Geom. 9 (2009), no.
1, 85-97.

A. Liendo, H. Sti: Normal singularities with torus actions. Tohoku Math. J. (2)
65 (2013), no. 1, 105-130.

K. Matsuki: Introduction to the Mori program. Universitext. Springer-Verlag, New
York, 2002.

S. Mori: Classification of higher-dimensional varieties. Proc. Sympos. Pure Math.,
vol. 46, Amer. Math. Soc. (1987), 269-331.

S. Mori: Flip theorem and the existence of minimal models for 3-folds. Journal of
the American Mathematical Society, 1 (1988), 117-253.

S. Mori, S. Mukai: Classification of Fano 3-folds with ba > 2. Manuscripta Math.
36 (1981), no. 2, 147-162.

S. Mori, S. Mukai: Erratum: Classification of Fano 3-folds with ba > 2. Manuscripta
Math. 110 (2003), no. 3, 407.

M. Obro, An algorithm for the -classification of smooth Fano polytopes.
arXiv:0704.0049 (2007).



178 Bibliography

[47] T. Oda: Convex bodies and algebraic geometry. Ergebnisse der Mathematik und
ihre Grenzgebiete no. 15, Springer-Verlag, berlin, 1988.

[48] A. Paffenholz: http://polymake.org/polytopes/paffenholz/www/fano.html.

[49] M. Reid: Minimal models of canonical 3-folds. Adv. Stud. Pure Math., Algebraic
Varieties and Analytic Varieties 1 (1983), 131-180.

[50] J. Tevelev: Compactifications of subvarieties of tori. Amer. J. Math. 129 (2007),
no. 4, 1087-1104.

[51] K. Watanabe, M. Watanabe, The classification of Fano 3-folds with torus embed-
dings, Tokyo Math. J. 5 (1982), 37-48.



G-variety, [9]
K-grading,
almost free, [I3]
pointed,
§-bunch, [T3]
true, [I3]
S-face,
projected, [13]

admissible operation,
algebraic group, [9]
anticanonical class,
anticanonical complex, [29]
i-th leaf of,
lineality part of, [31]
anticanonical polyhedron,

bunched ring, [13]
projective, [14]

character, [9]
characteristic space,
combinatorially minimal,
complete intersections, [I6]
complexity one T-variety,
cone,

S-height of,

ample,

big, [32]

dimension of,

dual, [I0]

effective,

elementary big, [32]

lattice,

leaf,
moving, [I7] 2]
pointed, [I0]
semiample,

covering collection,

Cox ring,
Cox sheaf,

defining matrices,

diagonal action,
discrepancy, [27]
divisor,

ample, [17]
Cartier,
effective, [I1]
movable,
prime, [I]

principal, [T7]

restriction of,

semiample, [17]
support of,

divisor class group,

divisorial sheaf, [T]]

duplicating a free weight,

enveloping collection, [I5]
exceptional weight,
extremal variable, [72]

face,
relevant, [T4]
facet,
fan, [10]
complete,

179

INDEX



180

Index

lattice, [10]
support of,
Fano polytope, [2§]

good quotient, [9]

Hilbert function,
Hilbert series, [173

invariant separating linear form,
irredundant matrix, [20]

log terminal,
Mori dream space, [12]

Picard group,
Picard number,
platonic triple, [34]

quasifan,
quasitorus, [I0]

ramification formula,

ray, [10]

resolution
of singularity,
tropical, of singularity, [30]
weak tropical,

ring of invariants, [J]

shadow, [77]
sliced, [77]
singularity
canonical, 28|
terminal,
small quasimodification,
stable base locus, [17]
stratum, [16]
strongly tropically resolvable, [30]
Sylvester sequence,

toric
minimal ambient variety,
variety, [I0]

torus, [10]

total coordinate space, [I3]

variety
As-property,
Q-factorial,
almost Fano,
factorial,

Fano,
quasismooth,
tropical, 23]

truly almost Fano, [138

weakly tropical, 23] [78] [120]

weight cone, [172]



	Contents
	Acknowledgements
	Introduction
	Background
	G-varieties and toric geometry
	Cox rings
	Bunched rings and Mori dream spaces
	Geometry of Mori dream spaces
	T-varieties of complexity one

	Terminal Fano threefolds of complexity one with (X)=1
	The anticanonical complex
	Specializing to complexity one
	Constraints by terminality
	Picard number one
	Classification

	Combinatorially minimal terminal Fano threefolds of complexity one
	Combinatorially minimal T-varieties of complexity one
	The 3-dimensional case
	The 3-dimensional case with (X)=2
	Classification

	Smooth T-varieties of complexity one with (X)=2
	First structural constraints
	Towards the classification
	Classification results
	Duplicating free weights
	Geometry of the Fano varieties

	Compendium of the classified Fano varieties
	The Hilbert series of a Fano variety

	Bibliography
	Index

