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Abstract

Let X be a compact hyperbolic manifold with hyperbolic measure dz, {¢;} be an
orthonormal basis of L*(X, dx) such that ¢;’s are Laplace eigenfunctions. Let Y be a
totally geodesic compact submanifold of X with the induced measure dy. In this work
we shall investigate some properties of the period integral Py (¢;) = [, ¢(y)dy. We get
an upper bound of |Py(¢;)| for ¢; with large eigenvalue. Based on this bound, we use

trace formula to derive the asymptotic of sums of all | Py (¢;)|*.

Zusammenfassung

Sei X eine kompakte hyperbolische Mannigfaltigkeit mit Volumenform dx und sei
{¢;} eine Orthonormalbasis von L?(X, dz) bestehend aus Laplace-Eigenfunktionen. Sei
Y eine totalgeodatische Untermannigfaltigkeit von X mit induzierter Volumenform dy.
In dieser Arbeit werden einige Eigenschaften der Periodenintegrale Py (¢;) = [, ¢i(y) dy
untersucht. Wir erhalten eine obere Schranke fiir |Py(¢;)| fir groBe Eigenwerte. Wir
benutzen dann diese Abschétzung und die relative Spurformel, um eine asymptotische
2

Formel fiir die Summe aller |Py(¢;)|* herzuleiten.
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Introduction

The notions of periods spread in various areas of mathematics. Here, roughly speak-
ing, periods are integrals of certain differentials over some (sub-)geometric objects. For
specific problems, both differentials and (sub-)geometric objects need to be clearly de-
scribed. Periods have been playing important roles in algebraic geometry, automorphic
forms and number theory, often as bridges between other interesting and important
things. There are a great deal of splendid results and conjectures about them. In what
follows, we shall illustrate the notions of periods, as well as their close relations with
other things, by some (among so many) examples.

In number theory, according to [KZ], we define the period to be a complex number
whose real and imaginary parts are both expressed as convergent integrals of rational
functions with coefficients in Q over domains in R™ where the domain is given by poly-
nomial inequalities with coefficients in Q. In general, these rational functions can also
be algebraic functions with coefficients being algebraic numbers. Clearly, the collection
P of all periods is countable. Some interesting irrational numbers, even transcendental

numbers, are periods:

L de > dx

222<1 z24+y2<1

We see that the period is not unique with respect to the integration expression. A more

/ / / d:vdydz
1 —x)yz

I<r<y<z<l

interesting example is:

where ((s) is the Riemann zeta-function. A famous result by Apéry is that ((3) is
irrational. In [Za], it is shown that all values of Riemann zeta-function at positive
integers n > 2 are periods. At an advanced level, there is a conjecture by Deligne,
Beilinson an Scholl which asserts that, if the motivic L-functions has vanishing order
r at the integer m, then L()(m) € P where P = P[1/x] (1/7 is conjectured not a
period).

Let E be an elliptic curve defined over Q. The Mordell-Weil group

E(Q) = { rational point on E }
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is (algebraically) decomposed into two parts: F(Q) ~ Z" ® T where T is a finite group.
Call the natural number 7 the algebraic rank of E, denoted by E,,. Exactly for those
primes p which do not divide the discriminant A of the elliptic curve E, E,, (E modulo
p) defines an elliptic curve over the finite field F,. Let E(FF,) be the Mordel-Weil group
of B, and a, =p+ 1 —#E(F,). Define

L(E, 5) = [[ L.(E. s)

where
W, ifptA
L,(E,s)= ﬁ, if p||A
1, if p? 1 A

This function can be analytically extended to all z € C. The analytic rank E ., of E
is defined to be the vanishing order of L(E, s) at s = 1: E ) = ords—1 L(E, s). The
Birch-Swinnerton-Dyer conjecture predicts that E,j; = E ,n1, moreover

L0O(E, 1) _ Qp - Reg(E) -# W (E/Q) - [], ¢
rl (#E(Qtor)”

where Qg = [ B(r) W 18 just a period (w is some differential), LLI(F/Q) is the Shafarevich-

Tate group of E, ¢, are some Tamagawa numbers of £ (equal to 1 for all p f A) and
Reg(F) is the regulator of E (basically it is the absolute value of the determinant of
the matrix (x;;) where z;; = (P, P;) for P, being the basis of E(Q)/E;(Q) and (,)
being the Néron-Tate canonical height pairing).

In the theory of automorphic forms, periods are indispensable for various formulas
which express the special values of L-functions or encode the important information on
Fourier coefficients of automorphic forms. Let G be a reductive group over a number
field F'. Let H be a subgroup of GG, usually coming as the set of fixed points of some
(anti-)automorphisim on GG. Then define the period over H, in the simplest way, to be

Palo)= [ o

Zu (A)H(F)\H(A)

where A denotes the adele ring of F', Zy is the split center of H and ¢ is an automorphic
form (i.e., a cusp form or Eisenstein series) of G(A). Naturally, we can replace ¢ with
other things, e.g., the product of cusp forms, Eisenstein series or some other functions
(e.g., characters of H(A) trivial on Zy(A)H (F)). Likely, with proper integral functions,
the integration domain can also switch to other domains. For example, we can integrate
over T(F)\T(A)xT(F)\T(A) where T is the maximal split torus of G, or N(F)\N(A) x
N(F)\N(A) where N denotes the unipotent radical of the standard Borel subgroup,
or Zy(A)H(F)\H(A) x N(F)\N(A), even Zy(A)H(F)\H(A) x N(E)\N (Ag) for E
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being an algebraic extension of F'. All these examples turn to be useful. In the classical
non-adelic case, i.e., G = PSLy(R), I' = PSLy(Z), the Kuznetsov trace formula can be
obtained via the integration of the automorphic kernel Ky(z, y) over (CNN)\N x (I'N
N )\N . Here f is a proper test function and Ky(x, y) has two types of expansions:

Ki(z,y) =Y K@ 'yw)= >  Kul@y+ Y Kglxy),
~er ¢i: cusp forms E;: Eisenstein series
geometric and spectral expansions respectively. Another example is Waldspurger’s for-
mula. Let E be a quadratic extension of F', 7 be a cuspidal representation of G Ly (Ap),
X be a unitary character of A} trivial on EXAj. Let m, be the induced representation
Indgg2(AF)(X) and 7 be the base change of m to GLs (Ag). By Jacquet-Langlands
correspondence, there is a quaternion algebra D over F' such that £ C D and mp
corresponds to w. For T as above, Waldspurger showed in [Wa] that, for any ¢ € mp,

- 2
) P— UZ(AET(AF\T(AE))) o(z)x(z)dx
2 pr—

12
where X, [|0[1* = [, 4, px(m\0x(ap) |6(2)]|?dz and P is a number dependent on ¢, .

1
L(—,WXX

In practice, especially in the setting of the applications of trace formulas, one has to
refine (e.g., by use of truncations) the integral function to deal with the convergence
problem.

Main Results

Let X be a d-dimensional connected compact hyperbolic manifold, Y be a compact to-
tally geodesic submanifold (or cycle) of X. Let {¢;}:2, be a family of orthonormal basis
of L?(X, dx) where ¢;’s are eigenfunctions of the Laplace operator A with eigenvalues
A = (d%l)2 -3y € [—%, %] UiR, and dx denotes the hyperbolic measure of X.
Define the period of ¢; over Y as follows:

Pr(éy) = /Y b1(y)dy

where dy is the hyperbolic measure of Y induced from dz. In the present work we shall
investigate some properties of periods. Our results are two-fold, namely, on one hand
we study a single period to get its unform upper bound in terms of eigenvalues, on the
other hand we study the family of periods and get the asymptotic of the sum of them.
The latter achievement depends partly on the previous one, partly on a formula that
explicitly expresses the volume of Y in terms of the periods. The central tool to derive
such formula is the trace formula. We shall first think about the most simple case,
i.e., when Y is one-dimensional, or equivalently Y is a closed geodesic. Afterwards,
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we try to think about higher-dimensional case. As more parameters occur in this
situation, various results are needed in their uniform versions, although the strategy
we shall follow stays unchanged. This makes our work for the higher-dimensional cases
more complicated than the geodesic case. Note that we do not require that Y, after
the embedding into X, is still smooth, i.e., there might be self-intersections on Y.
For example, the geodesic C' might be not simple in which case we call Y a “cycle”.
However, the self-intersections have no impact on our conclusion since they are of lower
dimension than Y.

At the moment we shall point out that the paper [MW] is a key inspiration for our
work. Actually the readers can find that we have followed the general philosophy of it.

In what follows, we list our main results according to the order of the presentation.

Let C' be a closed geodesic over compact hyperbolic manifold X, then we have:

Theorem 0.1.

i %(\E)fy ) 1Po(én)? = len(C) )

1=0
where K,(z) is the K-Bessel function.

This is a generalization of the formula (22) of [MW| where the argument is done
for compact Riemann surfaces (with genus g > 2 so that these surfaces are hyperbolic).
As a consequence, we have:

Corollary 0.2. There are infinitely many ¢;’s such that Pc(¢;) # 0
More can be done in this situation:

e We can twist a unitary character y along C' (see Sect. 2.6 for its definition) to ¢;

o(60, X / e

to get the “weighted period”:

Then we have:

IlleOI e 0.3.
lilll —1 A [ — E l( v 1 (Zb - lel C 2
/J‘l © 2<d - 1) ( 2#) i=0 Vi( ) | C( ; X)’ ( ) ( )

Corollary 0.4. There are infinitely many ¢;’s such that Po(¢;, x) # 0.

For two distinct unitary characters x; and xo along the geodesic C, we have:

Theorem 0.5.
2d=1 e T\ Y
lim —— — K, (u P, =0.
n—oo \ /2(d — 1) ( 2#) Z 1 #:30) Fold, xa) =

v



e Consider two distinct geodesics €, Cy and the periods along them: P, (¢;),
Pe,(¢i). We have the following formula on mixed periods Pe, (¢;)Pe, (¢:):

Theorem 0.6.

lim et = ats- ZKVZ )Pe, (¢:)Poy (7)) =0, € > 0.

—00
K =0

Corollary 0.7. Let X be a compact hyperbolic manifold with dimension d > 3.
Suppose that Cy N Cy # &, then there are infinitely many ¢;’s such that Pc,(¢;)
and Pc,(¢;) are nonvanishing at the same time.

e Consider the (squared) L?-norms of ¢;s along C. We have:

-1
Theorem 0.8. lim e z 24 . ( 1) 1) [ |oil> = len(C).

1—+00 2p

Modifying this formula and applying Tauberian Theorem, one can derive the
asymptotics of the L?-norms for surfaces:

Corollary 0.9. When d = 2, i.e., X is a compact Riemann surface with genus
g = 2, the following asymptotic holds:

2:/|gi>n|2 len ) as T — 00.

An<T

Motivated by the above results for closed geodesics, we try to consider higher di-
mensional compact submanifold Y C X = I'\G/K on which periods are defined. Here
G = SOy(1, d), I is a lattice in G, K is a maximal compact subgroup of G. It suffices
to focus on a special case: Y = I')\G*/K* < X where

G* = {r =diag(r, ) |1 € O(1, n), 2 € O(d—n)} NG,

I'hy=TNG*, K* = KNG*, X is compact and d > n > 2 (n = 1 has been treated in the
previous chapter). It is reasonable to choose Y formulated in such a way since one can
conjugate G* to get all possible totally geodesic submanifolds. We follow the strategy
for the geodesic case which, with some extra technical arguments, still works!

Theorem 0.10. For any n-dimensional totally geodesic compact submanifold (or cycle)
Y on X, we have:

i iz (\E) T K [Py (90 = vol(Y). 3)

Corollary 0.11. There are infinitely many ¢;’s with nonvanishing periods over 'Y .
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All the above conclusions result from the treatment of the geometric side of the
trace formula. Now we turn to the spectral side. In particular, we shall refine the left
hand side of these formulas so that they are in the form suitable for the application (of
Tauberian Theorem). The first thing in demand is to bound a (single) period uniformly.

Proposition 0.12. Let v; = ir; where r; € Rx.

e I[fn =1, that is, Y is a closed geodesic, then for any fixed unitary character x
along Y and € > 0,

/gbj dz<<r +€, as 1 — 00
where the implied O-constant depends on x.
e [fn > 2, then for any fized € > 0,
/ b;(2)dz < r;%+€, as r; — 0o
Y
where the implied O-constant depends on n.

Based on this proposition we can refine the above formulas (1), (2) and (3) as:

d—1 oo
lim Qd( 1) Ze 5 |Po o) = 2| E|| len(C).

H—r00 2“

d—1 o 2
od @ —Z 2 _
i 2 (/) > 75 IPo(es I = 2Bl en),
pes d—n o0
: d—n 2‘“ —
i 20 ([ > IR = o),

By Tauberian Theorem, we get:

Theorem 0.13.

Z | Po(¢;)] | Ellten(C) 2T, asz— 00
= ’ ( — D22 ’ '
JST
Theorem 0.14.
Z | Po (&, [ ]l ten(C) 2T, asz— o0
= c\Pj, X ( _1>”7T¢21 d22 ) .
ST

Let Y be a n-dimensional totally geodesic compact submanifold in X where 2 < n <
d — 1, then

Theorem 0.15.

(Y —n
Z|PY(¢J‘)|2 ~ dzol( ) -xdT, as r — 00.
Fyet (2m) 5 (d —n)!

For a very general result on the asymptotic of periods on any submanifold of any

compact Riemann manifold, see [Ze], especially the formula (3.4) there.
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Organization of the thesis

This thesis is organized as follows. In Chapter 1, we present the necessary background
knowledge to be used in Chapter 2. Using representation theory, harmonic analysis and
the structure theory on the Lorentz group, we give a detailed argument on the trace
formula for compact manifolds and express the Harish-Chandra-Selberg transform with
explicit terms in the Lie algebra of G. In Chapter 2, we choose a test function which
exponentially decays with respect to the slight variation of the hyperbolic distance.
Then we compute the geometric side of the trace formula under this test function.
Indexed by the double coset classes in ['g\I'/T'y where 'y denotes the stabilizer of the
regular geodesics, the geometric side splits into two parts: the main and error terms.
The main term comes from the trivial class 1, while the error term comes from all other
classes. This type of phenomenon is quite popular in the application of trace formulas.
For example, in the representation-theoretic setting, usually the trivial representation
contributes most for the spectral side. But one has to strictly realize this for a specific
problem. Actually it is the most tricky part to deal with the error term. In Chapter
3, we focus on the higher dimensional compact submanifolds (or cycles) Y C X where
X is still compact. The convergence problem for the application of the trace formula
has been solved in Chapter 2. The main difference with the geodesic case is that there
are extra terms to deal with as Y is of higher dimension, although only part of these
terms really matters. Hence we have to get the unform results (with respect to I') on
the necessary terms which are parallel to those occurring in the geodesic case. Chapter
2 guides our work here, namely, the strategy is close to that of Chapter 2, only with
some techniques to be overcome. In Chapter 4 we focus on the spectral side and refine
it, based on the work on the bound of a single period, to be in the form availible for
applying Tauberian Theorem. Then we get the asymptotics of periods. In the last
chapter we discuss the noncompact case. Due to the lack of the deeper understanding
of Eisenstein series, we can not show any essential results there. The main content is to
give a connection between our work and the important but still open Selberg-Roelcke

conjecture.

The outlook

1. As Waldspurger’s fromula shows, central values of automorphic L-functions for G Ly

is related with the torus periods of cusp forms. In the future we would like to consider

the counterpart for real case and adelic case of the Lorentz group, with the aid of trace

formula.

2. It is a hard and vital task to improve the upper bound on the average growth order
d—1

of the Eisenstein series over the critical line Re(s) = %=. In fact, this is where the

possible resolution of the Selberg-Roelcke conjecture most hopefully lies.

vil






Chapter 1

A Relative Trace Formula

1.1 Hyperbolic manifolds as symmetric spaces

Let X be an orientable connected hyperbolic manifold of finite volume, i.e., a complete
Riemannian manifold with constant sectional curvature —1 which is orientable and has
finite volume. Then the universal cover X of X is isomorphic to the hyperboloid model
H?¢ where d is the dimension of X. Recall that

d
Hd:{§:(£07"'7§d)€Rd+l §§_Z§3:17§0>0}

=1

For & = (&)L, and n = ()L, € H?, define the pseudo-metric to be (£, n) = &no —
Zle &imi. Over TroH®, the tangent space of H? at the point £° = (1, 0, ..., 0), there is
a positive definite inner product : (o, 3)) = Zd: aiBi—apf for a = (a;)4y, B = (Bi)L, €
TeoH?, with which H? is a hyperbolic manifozldl. Let O(1, d) be the linear transformation
group of H? that preserves the pseudo-metric (, ). Denote by G = SOy(1, d) the
connected component of O(1, d) which contains the identity element. The maximal
compact subgroup K of G is chosen to be the isotropic subgroup of the point &Y in
G. Then K is connected and isomorphic to SO(d). The group G acts transitively
and properly on H?. Let T’ be the fundamental group 71(X) of X. It is known that
I" is torsion-free and can be identified with a subgroup of G. Hence H? = G/K and
X = F\)Af >~ I'\G/K. In this paper we mainly work on compact hyperbolic manifolds.
This means that I'\G/K is compact, i.e., I is a uniform lattice in G. Also we shall
discuss the noncompact hyperbolic manifolds. In that case I' is not uniform anymore,
but still torsion-free. When X is of higher dimension or noncompact, we have to use
the structure and representation theory of G together with its harmonic analysis to
further our work.



2 CHAPTER 1. A RELATIVE TRACE FORMULA
1.2 The representation-theoretic formulation

Let G be a real connected semisimple Lie group endowed with the Cartan involution
O, K be its maximal compact subgroup which is the set of elements fixed by © in G.
Assume that the symmetric pair (G, K, ©) is of noncompact type. Let g and £ denote
the Lie algebras of G and K respectively. The Cartan involution 6 on Lie algebra level
gives rise to the Cartan decomposition: g = p @& € where p = {X € g|0X = —X}. Let

a be a maximal abelian subspace of p. For each linear functional A on a, definen
g ={X €g|[H, X]=AH)X forall H € a}.

If A # 0 and gy # 0, A is called a restricted root of g. The set of restricted roots is
denoted by ¥ and can be shown to be a root system. Given an order on the dual space
a*, we can single out a subset Xt of positive restricted roots in . Define

It is known that n is nilpotent and g = t@ adn. Let A = expa, N = expn. G
acts on itself by conjugation. Under this action, we have two subgroups in G: Ng(A),
the normalizer of A in G, and Cg(A), the centralizer of A in G. Define Weyl group
W (G, A) to be the quotient of these two subgroups:

W(G, A) := Ng(A)/Ca(A).

The Weyl group acts on A, thus on a linearly. The following two decompositions are

well known:

Theorem 1.2.1. (Iwasawa Decomposition) Any g € G can be written as g = nak
for some unique a € A, n € N and k € K.

Theorem 1.2.2. (K AK Decomposition) Anyg € G can be written as g = kia(g)ks
for some ki, ko € K and a(g) € A where a(g) is uniquely determined up to the action
of the Weyl group.

Denote exp at by A+, where a* stands for the closure of the subset {X € a|a(X) >
0, Va € X1} C a. If we require a(g) in the K AK-decomposition to lie in A* (this is
always possible), then a(g) is unique, denoted by a(g) and called the A™-part of g. Note
that ki, ko in the K AK decomposition are not uniquely determined. The subgroups
A, N and NA = AN are all simply connected and closed. These facts are standard,
see Ch. 5 of [Kn].

Under the assumptions on G' and K, the Killing form

B(X,Y) = Tr(ad(X)ad(Y))
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on g, when restricted to p (written as Bl|,), is positive-definite. Let g - o denote the
image of ¢ in G/K under the natural projection G — G /K. By identifying p with the
tangent space T..,(G/K) of G/K at e-o0 € G/K, the Ad(K)-invariance of the Killing
form indicates that B, induces a G-invariant Riemannian metric n on the manifold
G/K. With this metric, the AT-part of ¢ determines the distance between the two
points g - 0 and e - 0 on G/K. More precisely,

distayx(g - 0, € - 0) = B(loga(g), loga(g))"* =: || log a(g)|-

Let I' be a torsion-free lattice in G such that '\G/K is a closed smooth manifold.
By invariance, n induces a metric ' on I'\G/K which defines a Laplace operator A
on '\G/K. The Laplace operator A is self-adjoint with respect to the volume form
defined by 7. The volume form is equal (up to a positive scalar) to the Radon measure
i/ in the following lemma since both of them are induced by 7. Let ¢ be a function on
I'\G/K. We can lift ¢ to I'\G. This is nothing but the pull-back of ¢ according to the
principal bundle I'\G — I'\G/K with the structure group K. In this respect, the lift
of ¢ is an eigenfunction of [J over I'\G with the eigenvalue unchanged, where [ is the

Laplace operator defined by the G-invariant Riemannian metric over I'\G induced by
(X,Y)=-B(X, 0Y)

for X, Y € g. Note that (, ) is positive definite on g and, when restricted to p, we have
(,)p = B(, )|p. The tangent space of I'\G at the point I - e is equal to g.

Any locally compact group which admits a lattice must be unimodular (see Theorem
9.1.6 of [DE]), so it is reasonable to equip I'\G with a right G-invariant Radon measure.

Lemma 1.2.3. Let dk be a Haar measure on K, p be a right G-invariant Radon measure
on I'\G, then there exists a unique Radon measure ' on T'\G/K such that, for any
continuous function f € C.(I'\G), we have

[ @) = [ [ smardi).

NG NG/K K

Proof. The lattice I' is a closed subgroup in G. We equip it with the counting-measure,
i.e., each point v € I' possesses the mass one. Let Ay denote the modular function of
H. A semisimple Lie group is always unimodular, hence Ag|r = Ar = 1. It follows
that there is a unique Haar measure on G such that, for any h € C.(G) one has

/ g = Z/ (va )l (1.1)

This is an application of the quotient integral formula (see Theorem 1.5.2 of [DE]).
Conversely, given any Haar measure dg on G, there exists a unique right G-invariant
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Radon measure g on I'\G such that the above formula holds. The ensuing map is
surjective (see Lemma 1.5.1 of [DE]):
C.(G) = C(I'\G), h—h": 22— Zh(ym)
yel’
So, for a given f € C.(I'\G) we may assume f(z) = > F(yx) for some F' € C.(G).
Then

f(@)dp(z)

NG

> [ Pt

ta e

/G F(g)dg
/ F(ak)dkdz

G/K K

> / / F(yxk)dkda

€mGq/Kk K

/ / f(xk)dkda

MNG/K K

—
S
N

—
=
=

—~
)
~

—
Q
=

The equality (a) follows from (1.1). For (b), we use the quotient integral formula again,
noting that Ag|x = Ax = 1 since K is compact. Here dz is a left G-invariant Radon
measure on GG/K. Since G/K can be obtained by the left translations of I" applying to
I\G/K, we get (¢). In this step, thanks to the left G-invariance of dz, we keep using it
to denote the measure on I'\G/K. The last step follows from the definition of f. It is
clear that dx is identical to the expected measure u(x) in the lemma. The uniqueness
of p(x) is a consequence of the quotient integral formula, implied in the step (). [

We normalize the Haar measure dk on K such that vol(K) = 1. There are two
spaces L*(T\G, p) and L*(T\G/K, 1). The former space is a representation space of
G under the right regular action R:

(R(9)f) (x) = f(zg)

for f € L*(I'\G), z € T'\G. The Laplace operator [J acts on the dense subset of
smooth functions of L*(T\G, u) as a symmetric operator, and it has a unique self-
adjoint extension to L?(I'\G, p); the similar conclusion holds for A and L*(T\G/K, ')
(see [Ch]). Since I'\G/K is compact, there is a family {¢;}3°, of countably many
analytic functions over I'\G/K such that they are eigenfunctions of A: A¢p; = A; - ¢,
meanwhile they constitute an orthonormal basis of L*(T\G/K).

Remark 1.2.4. Here we summarize the process of choosing various measures such that

the quotient integral formulas and the lemma hold. First we fiz three measures: the



1.2. THE REPRESENTATION-THEORETIC FORMULATION 5

point-counting measure on the lattice I', the Haar measure dk on K such that vol(K) = 1
and the Haar measure dg on G, then we get a right G-invariant Radon measure on I'\G
and a left G-invariant Radon measure on G /K which lead to the u' on T\G/K. Later
we shall use the Haar measures da on A, dn on N and dk on K to give dg.

In view of the above lemma, one has:
LA(I\G/K) = L*(T\G)*

the subset of elements in L*(T'\G) fixed by K under the action R. When T' is uniform,
the representation R can be decomposed into irreducible classes (see Theorem 9.2.2 of
[DE]):

R=PN(m)n (1.2)

Weé

where G denotes the unitary dual of G, i.e., the set of equivalent classes of unitary
irreducible representations of G, Nr(m) denotes the multiplicity of 7w which is always
a finite number, i.e., each 7 occurs (as isomorphic copies) finitely many times in R.

Hence

L*T\G/K)= € Ne(r (1.3)

reGK

where GX means the subset of G whose elements 7's satisfy the condition VE £ {0}.
Here we use V. to denote the representation space of m. Such 7’s are called spherical
representations. Let p be the half sum of positive roots and M = Ck(A), the centralizer
of A in K. By the subrepresentation theorem (see Theorem 8.37, Ch.8 of [Knl),
any m € G can be realized as a subrepresentation of some induced representation
Ind§, ,y(0 ® ¢’ ® 1) where v € a and o is some irreducible unitary representation of
M. Let L*(K, V,) be the collection of V,-valued L-functions on K. Recall that

h(gman) = e~ W+r)lgaq(m)=1h(g) for
man € MAN, g € G; hlx € L*(K, V,)

Ind$, y(c®e’ ®1) = {
endowed with the left regular action L of G:

(L(g)h)(x) = h (g7"x).

When 7 is spherical, ¢ is trivial. The reason is as follows. By restriction to K, we have
a natural isomorphisim: Tnd$, ,y (0 ® ¢’ ® 1)|x = Ind%; (o). The Frobenius Reciprocity
Theorem gives [Ind{;,y(c®e”®1)|x : 7| = [Indj; (o) : 7] = [r|s : o] for any unitary
irreducible representation 7 of K. Let 7 be trivial, then [Ind van(o®e’®1)|k : tl"lV} >
1 since 7 is spherical. Thus we have [triv|y : o] > 1 which immediately implies that o

is trivial.
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For ¢ € L*(T\G/K), denote by ¢ the lift of ¢ to I'\G. Let V3 be the closed
subspace in L?(I'\G) generated by (E under the right regular action R of G. Then V3
is a representation space of G with the action R. Let V(\) = GBVEE where ¢ runs
through an orthonormal basis of C*°(I'\G/K),, the space of smooth functions over
['\G/K with Laplace eigenvalue A. Clearly V' ()) is a representation space of G as well.
The decomposition (1.2) implies that, as a subrepresentation of (L*(T\G), R), V/()) is

decomposed into irreducibles:
V(N = @mVi(\)
J

where V;(\)’s are among the irreducible unitary representation classes of G. For any
representation (m, V) of G, let V.*° denote the subset of smooth functions in V,. By
(1.3), one has:
Cx(D\G/K )y = Vo = @m V()= F.
j

The Duality Theorem in [GS] says that, each class V() occurs with multiplicity m; =
dim C*(I'\G/K),. This implies that V;(A)>># can not be {0} for all i. Assume that
Vo (N> E £ {0}, then dim (m;,Vj,(A)>>*) = mj, = dim C*°(I'\G/K),. Hence only
Vo (A\)>> % occurs in the decomposition of V(X)X

V(A5 22 my, Vi, ()

Moreover dimVj,(A\)** = 1, i.e., Vj,(\) is an irreducible unitary spherical represen-
tation of G. From now on till the end of this thesis, we shall always focus on the
Lorentz group G = SOq(1, d). Notations are consistent with before. Irreducible uni-
tary spherical representations of G are realized as induced representations (see [Do] or
Th)):

Vie(\) 2 Ind§  v(1®e” ®1) (1.4)
for some v € af. We use I(v) to denote the subset of smooth elements in Ind{; 45 (1 ®
e’ ® 1), and V,, to denote the subset of smooth elements in Vj,(\). Both I, and V,, are
representation spaces of G.

Let U be a compact neighborhood of the unity e in G, f be a continuous function
on G. Define

Ju: G =Ry, g sup ‘f(a:gy)}.
z,yelU

We say f is uniformly integrable if there exists some U such that fy lies in LY(G).
Let Ciunie(G) be the set of all continuous uniformly integrable functions over G, then
Cunit(G) is a convolution algebra. Note that Cu,i(G) C L'(G) since | f | < fu. Let
f € Cuit(G), define

<Mﬂ@@w3/ﬂwmmmw@
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for ¢ € L*(T\G). Then R(f) is an integral operator by the following lemma:

Lemma 1.2.5.

/way y)du(y),

where K¢(x, y) = 3 cp f(x7'yy) is continuous on T\G x T'\G.

For details about Cypi¢(G) and the proof of this lemma, see Sect.9.2 of [DE]. The
assumption in the reference, that H is uniform, is necessary for the decomposition
(1.2), but not for this lemma.

Let f be a bi-K-invariant function in Ciyi(G). Then R(f) acts on V¥ ¢ L*(T\G)¥
with the integral kernel K since R(f)w is still K-invariant for any ¢ € V. The space
I(v)¥ is one-dimensional: any K-fixed function in I(v) is determined by its values at
the points in P = M AN thanks to the Langlands decomposition G = KM AN and
the the transformation law in /(r). Consequently there exists a scalar hg(\) such that
R(f)y = hg(A)2. In view of the bi-K-invariance of f and the definition of K, we may
regard K¢(x, y) as a function over I'\G/K x I'\G/K. By Lemma 1.2.3, the action of
R( f) over ¢ € V¥ is identified with an integral operator (denoted by R'(f)) acting on
¢ where ¢ means the restriction of 1 over I'\G/K:

(R = R0 = [ Ko g)o)duty)

ne

_ / / K (z, yk)o (yk)dkdy (3)
NG/K K

_ /Kf(xy e
NG/ K

The last step follows from the K-invariance of ¢ and we regard K; as a function
over I'\G/K in this step. Thus the kernel of R'(f) is still K;. In this way, we get:
R'(f)¢p = hs(N)¢ for any ¢ € C*°(I'\G/K),. Likewise, L(f) acts on I(v):

/f x)dg, hel(v)

with integral kernel Ky and L(f)n = h;(\)n for any nontrivial element 7 in I(v)%.
To compute hy(v), we just pick a nontrivial element in I(r) and apply it to L(f).
In what follows, the function 7 defined over G such that n(kman) = e~(#FPlea i 5

natural choice. Since n(1) = 1, it follows that

(L) = hp(v)n(1) = hy(v).
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By definition,

=
T T T O O
B B B

(L()m)(1) flom (97") dg

flg7")n(g)dg

/f (n'a”'k7Y) n(kan)e?1°8 9 dkdadn
K

f (n—la—l) 6—(1/+p) logae2p(loga)dadn

f(na™) e~ =Pllogadadn (1.5)

We have made the variable exchange g — ¢~' in (a). Note that dg = d(g"') since G
is semisimple. For (b), we use an integral formula for functions on G with the variable
written in the K AN-order (see Proposition 5.1, Ch.I of [He]). For (c¢), note that f is
bi- K-invariant and the measure dk on K has been normalized such that vol(K) = 1.
Now we choose the Haar measures on A and N. Let a =eX, n=¢" for X €a,Y €n.
Since A is abelian, da := dX is a Haar measure on A, where d.X is a Lebesgue measure

on the Euclidean space a.

Lemma 1.2.6. Let dY be a Lebesque measure on the Fuclidean space n, then the mea-
sure dn on N such that

/ F(n)dn = / FlexpY)dY, Vfe L'(N)

18 a Haar measure on N.

Proof. For nilpotent groups, the push-forwards of the Lebesgue measures on their Lie
algebras are just Haar measures on them. See Theorem 2.1 of [CG] for this fact. The

formula in the lemma reflects the nature of the measure obtained in this way. O

With the above measures da and dn, the formula (1.5) implies

) = [ [ 5 e e ey,

Yéen Xea

Hence

hy(v) = / / fle e ) e Ngxay. (1.6)

Yéen Xea
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Remark 1.2.7. One can also use Harish-Chandra’s theory on spherical functions [HC]|
to describe hy. This is roughly the idea of A. Selberg in his seminal paper [Se].

For ¢; € {¢;}:2, with Laplace eigenvalue \;, let v; € af. be such that Vj,(\;) = I(v;).
From now on, we shall also use hs();) instead of h¢(1;). If we choose a bi- K-invariant
test function f € Cunir(G) such that the series

kp(z, w) = Z hy(M)bi(2)ds(w), 2, w e T\G/K

converges locally uniformly everywhere, then
Proposition 1.2.8. K being viewed as a function over I'\G/K, we have: Ky = ky.

Proof. We already know that R'(f) is an integral operator with continuous integral
kernel Ky. Meanwhile R'(f)¢; = hy(\;)¢;. Define

Ty . L*(\G/K) — L*(I\G/K), ¢+~ / ki(z, w)p(w)dy' (w).
N\G/K

Then, by the definition of k; and the assumption and k¢ is locally uniformly convergent,
Ty, is an integral operator such that Ty (¢;) = hy(\;) ¢; (i = 0) as ¢;’s are orthonormal to
each other. So T} and R/(f) are identical to each other as operators and their integral
kernels are equal to each other except a possible subset of measure zero. The locally

uniform convergence of k; implies that £ is a continuous function as all ¢;’s are analytic
over '\G/K. Hence Ky = ky. O

Remark 1.2.9. In literature, Ky is called “automorphic kernel”. Later we shall choose
the test function f to be of the form: f(g) = ®,(diste/k(e -0, g-0)) where ®, is a
smooth function (with p as a parameter) on Rso with rapid decay at oo but not compactly
supported. The absolute and locally uniform convergence of k¢ needs to be checked when

f is chosen.

1.3 Two decompositions

The group G = SOy(1, d) is the connected component (containing 1) of the subset of
g € SL,;1(R) such that gJg = J where
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So its Lie algebra g is the set of all matrices X € Matg,(R) such that JXJ = —X7.

Every X € g can be written as
Y (0 aT)
a B

where a € R? and BT = —B € Maty(R). The group K, as a subgroup of G via the

1
map k +— ( k;) , is the set of fixed points of the Cartan involution ©(g) = ¢~ on G.

Define
0 1
1 0
E = ' € Matgq(R)
0
and
0 O 10 0
0 O 1 0 0
0 0 - 00 0 O
E=1: : ot | e Matg (R)
1 -1 --- 00 0 O
o 0 --- 00 0 O
for 1 < ¢ < d—1. Here £1 appear in the (i4+2)-th row or column in E;. Write
u = (uy, Us,...,ug_q) € R for short. Define

d—1
wl =exp(rE), 6, =exp <Z uZEZ>
i=1

for (r, u) € R x R, Then it is easy to verify that

coshr sinhr 0 0 --- O
sinhr coshr 0 0O --- O
w:f = 0 0 1 0 --- 0
0 0 0 0 1
and , ,
1 -+ % —% Uy Uy -+ Ug—1
u 2 u 2
|T| 1— % Uy Uz -+ Ug—1
6 o Ul —U1 1 0 0
v U9 —U2 0 1 0

Ud—1 —Ud—1 0 o --- 1
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where |u]* = 27;11 u?. With these terms we have the following descriptions for Iwasawa
and K AK decompositions of G = SOq(1, d):

Theorem 1.3.1. (Iwasawa Decomposition) Any g € G can be written as g =
0, - wi - p for some unique p € K and (u, r) € R x R,

Theorem 1.3.2. (K AK Decomposition) Anyg € G can be written as g = p1-w, - ps
for some p1, p2 € K and unique r € Ryy.

For proofs of these two theorems, see 1.7 of [FJ]. The name “Iwasawa Decomposi-
tion” in Theorem 1.3.1 is valid in view of the fact [E, E;] = E; for any 1 <i<d— 1.
That is to say, if we define a = {tF' |t € R}, n = {Zf:_ll wi By |u; € R}, then the linear
functional oy € a* such that ag(E) = 1 is just a positive restricted root such that
N = g, Let A =expa and N = expn. Note that G is of rank one, i.e., the maximal
split torus A is of dimension one, so there is only one positive root. The uniqueness
of 7 > 0 in Theorem 1.3.2 is clear since r > 0 uniquely determines an element rE in
the closed positive Weyl chamber a+. It is easy to see that both A and N are abelian
groups. Moreover N is unipotent: (n — 1) = 0 for any n € N. The groups A, N,
NA = AN are all simply connected closed subgroups of G.

We have the following property of the Killing form

Lemma 1.3.3. B(E, E) =2(d—1), B(E, E;) =0, B(E;, E;) =0 for any 1 <14, j <
d—1.

Proof. This follows easily from a combination of Proposition 1.3.1 and formula 1.13 of
[FJ]. Note that here E is the E; there, E; is the E; ; there. O

By Theorem 1.3.1, the subgroup N A is topologically isomorphic to H¢. The isomor-
phisim is realized by the map

S:NxA—HY (n,a)— S(na)=na-E.
Any element p € NA is uniquely determined by some parameter (u, r) € R"! x R:
T:R"™ xR —= NA, (u,7)—p=0,w .
There is a one-to-one correspondence between R?~! x R and R x R via:
H:R"™' xRy — R xR, (u, )+ (u, logr).

So we can and will use R?~! x Ry to characterize H?. The model P¢ = R x R, is

called Poincaré upper half space. Those elements (u, r) € P¢, when used to represent

the points on H? via the map 0 = S o T' o H, are called Poincaré coordinates. One can

use Poincaré coordinates to define a hyperbolic distance over H%:

lu — v|* + % + s
2ts

distya(a, b) = arccosh (1.7)
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for a = o(z), b = o(y) € H? where x = (u, t), y = (v, s) € PL Here we require
the value of the function arccosh to be non-negative. One should be warned that the
Poincaré model is different from the usual upper half space model when they are used
to parameterize H?. It is convenient to denote wfggr by w, (r > 0), or equivalently
wer = w (r € R). Be careful that wt is additive while w is multiplicative with respect
to their variables: wZ oy, = waZ, Wryry = Wy Wp,. For the K AK-decomposition of g:

g = p1-w' - py where r > 0, define log ||g|| to be r. Then log ||g~!|| = log ||g|| and
distya(a, b) = log HP(:I:')’1 P(y)“

where P = T o H. For more details, see Proposition 1.7.3 and 1.7.5 of [FJ]. As a
consequence, log ||g|| defines a hyperbolic metric on H?. Tt is well-known that (G, K)
is a symmetric pair of noncompact type, so B|, induces a Riemannian metric on the
manifold G/K. Under this metric, the distance between the two points P(z)-o0, P(y)-o
on G/K is

diste/x (P(z) - 0, P(y) - 0) = |[loga (P(z)™" P(y))|| = | E|| r

where ||E|| = \/B(E, E), P(x)"' P(y) = p1 - w; - ps for some py, po € K, 7 > 0. As a
result we have the following connection between the two distances on G/K and H:

distg,x (S (a) -0, STHb) - 0) = || E|| distya(a, b). (1.8)

1.4 A relative trace formula

As G is of split rank one, we can identify af. with C as follows:
T:rar—>C, aw (d—1a(B).

Then 7(p) = &L ap(E) = 451, With such identification, it is known that Ind§, , (1 ®
e’ ® 1) is irreducible and unitarizable if and only if 7(v) lies in ¢R (unitary prin-
cipal series) or (—7(p), 7(p)) (complementary series) (see [Do| or [Th]). Moreover
Ind§, ,y(1®e” ®1) =2 Ind{, ,x(1® e ®1). The Casmir operator  (see §3, Ch. 8 of

[Kn| for the definition) acts on I(r) as a scalar (see Lemma 12.28 of [Kn])

Xu(Q) = 7(p)* = 7(v)*

and this action is equivalent to the action of the Laplacian [J. Hence the Laplace
eigenvalue of ¢; is

Ai = X0 (Q) = 7(p)* — 7(13)".
To simplify notations, we shall use p and v; to denote 7(p) and 7(v;) respectively, and

even call them roots. Note that there might be other Laplace eigenfunctions (over
['\G/K') which share the same eigenvalue but are linearly independent from ¢;.
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Let a = w) = exp(zE), n = 6, = exp <Zf;11 ulEZ> (z, u; € R). Define da = dz,
dn = du = duy - - - dug_; which are Lebesgue measures of the Euclidean spaces a and n
respectively. By the formula (1.6), we have

/ / f(0_uwt,) e "Vt P dpdu., (1.9)

ueERI—1 zeR

~

For a given eigenvalue )\;, the number v; (thus v;) is unique up to 1, while /(1)
I(—v;), so hy(v;) = hy(—v;). Hence it is reasonable to parameterize hy by A;.
The ensuing formula follows from the equality of two expressions of the automorphic

kernel Ky, called “pre-trace formula”:

> FETw) =) hi(N)ei(2)gi(w),  z w € T\G/K. (1.10)

~er =0

As remarked before, the left hand side of the above formula is well-defined over I'\G// K x

I'\G/K with respect to the variable (z, w). We integrate K; over two closed geodesics

Cy and Cy on I'\G/K. The absolute and locally uniform convergence of the series ky,

which is necessary to justify Proposition 1.2.8, will be checked later (see Sect.2.4).
The integration of the right hand side of (1.10), called “spectral side”, is

S [ o@ar)- [ swd)

Recall that " denotes the Radon metric on I'\G/K induced from B|,. The integration
of the left hand side of (1.10), called “geometric side”,

/we@/zecl - (=~ 'yw) dn/ (2)dn/ (w).

Denote by Pc(¢;) the period integral [, ¢;(z)dn'(z). We have:

/ cc / o, 2 T )i (2)d (w) = ZhMi)Pcl(@)P@(@). (1.11)

This is the relative trace formula to be used for compact hyperbolic manifolds. For
both (1.10) and (1.11) to hold, the test function f should satisfy: (1) f € Cunir(G); (2)
f is bi-K-invariant; (3) &y is locally uniformly convergent.

In Chapter 4 we shall use another model of the unitary spherical irreducible repre-
sentation of G, namely, the noncompact picture J(v). Here, for the convenience of the
reader, we include some details on this picture, which is merely a copy of Sect. 2.3 of
[M@|. Remember that, in the Bruhat decomposition

G = MAN UNMAN,
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NMAN is open and dense in G, so f € I(v) is completely decided by its restriction to

N in view of the definition of I(v). For u = (uy, --- , ug_1) € R"! 27 = Lie(N), let
d—1

T, = exp (Z u BT ) where E] € 1 denotes the transpose of E;. For every f € I(v),
=1

1=

define Rf € C*(R™ ') by

(Rf) () = f(u) = f(@), 7, €R™

Denote by J(v) the image of I(v) under the map R. Then C*(R¢!) C J(v). The
action of G on J(v) is given by

For v € iR, the case with which we shall concern ourselves later, the invariant Hermitian

form on J(v) is

01 = o [ Pl e J0)

1.5 The primitive closed geodesics

In this section we consider the case C; = Cy over I'\G/K and denote this closed
geodesic by C'. By “geodesic” over a Riemannian manifold M, we mean a smooth map
c¢: R — M of constant speed ||¢(¢)]| for all ¢ € R (here || || means the product over
the tangent space of M which defines the Riemann metric), such that the following
condition hold: V:(¢) = 0 for the metric connection V over M, or equivalently, ¢ is
locally distance minimizing, i.e., for any ¢y € R there exists ¢ > 0 such that c is the
shortest curve connecting ¢(s) and ¢(t) for all s, t € (tg —¢€, to+¢€). A closed geodesic is
a pair (¢, t) where ¢ is a geodesic and ¢ is a positive number, such that c(x + t) = ¢(z)
for all x € R. When ¢ is minimal and positive, the closed geodesic (¢, h) is said to
be primitive. Note that any closed geodesic is a unique power of the primitive one:
(e, t) = (¢, h)" := (¢, nh) where n € Z is unique and (¢, h) is primitive. We shall
always focus on closed primitive geodesics. This means that only the parameter ¢ in
the period domain, e.g., the segment [0, k|, is under consideration. It is possible that
the geodesic is not simple, i.e., ¢ might be not injective over [0, h). For a geodesic ¢(t),
we frequently mix the map with its image. Likewise, for a closed primitive geodesic, we
just identify the map c(t) with its image {c(t) |t € [0, h]|}. In this way, any geodesic D
over G/K is of the form:

D:{c(t):getX-0|XEp,t€R}

for some g € G. Remember that we have identified p with the tangent space T..,(G/K).
Since G/ K is homogeneous and the metric 7 is left G-invariant, the left action of g~*
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translates D to be the geodesic D' over G/K which originates from e - o with the
direction X € p. By the following fact (see Proposition 5.13 of [Kn]):

p=|J Ad(k)a, (1.12)
keK

there exist Y € a and k € K such that X = kYk™!. Hence the left action of kg~!
translates D to a new geodesic D" = kg~' D over G/K which originates from e - o with
direction Y € a. A normalization on the parameter ¢ allows us to make the assumption
that Y = E,ie., D" = A-0:= {e'P - 0|t € R}. Denote by I'"" the lattice kg~'T'(kg~")~".
If D is among the fibres of C' according to the principal bundle G/K — I'\G/K, then
there is a closed geodesic C' over the new quotient I'"\G / K whose fibre over G/K is
A-o. From now on, we call A-o the reqular geodesic over G/K and C’ the closed regular
geodesic over I"\G / K. By abuse of notation, we use kg~ 'C' to denote C' although G

does not act on I'\G/K.
As remarked before, we shall choose a test function f with the distance dist¢ k(e -
0, g - 0) as its variable. Let 1" denote the metric on I"\G/K which is induced from
the left G-invariant metric n on G/K, we have: n/(gk™'z) = n(z). The following two

simple observations
distq,x (ygk ™'z, gk~ w) = distg x (kg 'vgk ™"z, w), 2z, we '’

and

/ bi(w)d(w) = | Sugk 2)dif (gh2) = [ dulgh12)dn"(2)
C c’ c’

show respectively that the automorphic kernel K¢, as a sum over the lattice I, is reduced
(or, equal) to a sum over the new lattice IV and the periods of ¢;’s along the geodesic
C are reduced (or, equal) to the periods of Ly,-1(¢;)’s along the new geodesic C’. Here
L is the left regular action. The new family {Ly,-1(¢;)}2, constitutes an orthonormal
basis of L*(I"\G/K, p) where p” is the Radon measure over I'"\G / K satisfying Lemma
1.2.3. Thus it is reasonable for us to assume, for the rest of the paper, the existence
of the closed regular geodesic (still denoted by C') on I'\G/K and concentrate on such

geodesic. One should distinguish e - o from e?

- 0, the former being the initial point on
(/K while the latter being the point on a geodesic with direction Z.
Let C C G/K be a lift of C' according to the principal bundle G/K — I'\G/K and

denote by Stabr(C) the stabilizer of C' in T':

Stabp(C) = {7 € F|76’ = 5’} :
For any continuous function ¢ over I'\G/ K, the integration of ¢ over C' is equal to the
integration of its lift ¢ (to G/K) over a fundamental domain Cy of Stabr(C') in C. For
this reason, we shall not distinguish C' and Cj, as well as ¢ and ¢. By assumption, we
choose C' = A-o, the regular geodesic over G/K. All other lifts of C' are the translations
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~C on G/K where v € T\ Stabp(C). As C is primitive and closed, there is a positive
number 1" such that Cy can be chosen to be

Co={e"-0|0<t<T}.

There exists vy € I' such that vy -0 = e’? - 0, s0 7y = " Pk for some ky € K. Let T,
be the subgroup of I" generated by ~vo: T'o = (70).

Lemma 1.5.1. Cy ~ Fo\é, or equivalently, Stabp(é) =T,.

Here, by “~” we mean that Fo\é’ can be viewed as the fundamental domain C; of

Stabp(C) in C.

Proof. Assume that 72 - o & C andlet 5o (n € T') be the closest point on C which is
['-equivalent to vy - 0 and lies in the opposite direction to e - o, i.e., the direction from
Yo - 0 to n - 0 is compatible with the direction from e - 0 to 79 - 0. Then the segment
Dy (on 5) between 7y, - 0 and 7 - 0 is isomorphic to C' and the geodesic segment Dy
(over G/K) between 7y - 0 and 73 - o is also isomorphic to C' since Dy = v9Dy where
Dy = {etE-0|O <t < T}. So there exists some 0 € I such that 6D, = Ds, i.e.,
- 0="7-0,0n-0=92-00r 87, -0="3-0,0n-0="- 0. The former case implies
that v; 67 lies in K, hence § = 1 (the intersection of I' with any compact subgroup is
trivial, otherwise there will be torsion element in ') and 1-0 = 432 - 0 lies on C , contrary
to the hypothesis. By the similar reason, the latter case shows: 70_2(570 =1,i.e., 0 =,
which implies that dn-0 = vn- 0= -0, so n liesin K N[' = {1}, a contradiction.
Thus 12 - o lies on C'. More generally, 7 - o lies on C for all n € Z. These points are
the I'-periodic points on C , so the lemma follows. O

We know that SO, is isomorphic to K via the map p: SOy — K, k — diag(1, k).
The group SO4_1 embeds into SOy via the map v : SOy4_1 < SOy, k — diag(1, k).
Let M be the image of SOy4_; in K under the embedding p o v, i.e.,

M = {diag(1, 1, k) |k € SO4-1} C K.
Note that M is just the centralizer of A in K.
Lemma 1.5.2. kg € M.

Proof. As 7, preserves the geodesic C and acts on it in the same way as el¥ does, the
element ko = e TEr, € K fixes C pointwise, one has kg exp(X) -0 = exp(koX ki) -0 =
exp(X) - o. In view of Theorem 1.3.1 and (1.12), k, fixes a pointwise, i.e., kg Xky ' = X
for any X € a, so kg lies in M. O]

An immediate consequence is:

Lemma 1.5.3. AM NI =T,.
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Proof. By Lemma 1.5.2; it is clear that [y lies in AM, thus in AM NT. Let v = ak €
AMNT. The action of ak on C is equivalent to the action of a on C since A commutes
with M, so a = e"F for some n € Z. Then v, "y = ky"k € K N[ = {1}. This implies
that k = k2. So v = e"'Pkl = 42 € T'y. The proof is complete. O

To divide the summation over 7 € I' on the geometric side of the formula (1.11)
into the summation over double coset classes in I'g\I'/T'y, we check the uniqueness of

expressing elements in I through double cosets:

Proposition 1.5.4. Let v € T' be such that v € T'o\['/T'g {i}, or equivalently v ¢ Ty.

Then any element n € I' in the same double coset class with v can be written as

n = Y2 for unique 1, 2 € Iy.

For g € G, let
((g) = inf {diste/x (92, )|z € G/K}.

Then g is called hyperbolic if £(g) > 0. Let
M(g) = {z € G/K | diste/k (g2, ) = ((g)}.

It is known from hyperbolic geometry that M(g) is a geodesic and g translates along
this geodesic.

Proof of the Proposition. Assume that v;7yy, = 3774 for some v € T' \ Ty and
vi € Iy (1 <i < 4), then 7y can be written as v = v'yy” for 7/, 4" € T'y. If we can show
that v € T'y, then a contradiction arises and the proposition is proved.

Claim 1.5.5. If g € G is hyperbolic, then hgh™! is hyperbolic for any h € G, moreover,
((hgh™") = ((g) and
M(hgh™") = hM(g).

Proof of the claim. The first two conclusions are clear in view of the G-invariance of
the distance function. For the last conclusion, let x € M (hgh™"), then

distg,x (hgh™ 'z, z) = distg/x (gh ™'z, h™'z)

is minimal, which means that h='z € M(g), i.e., x € hM(g). Conversely, from x €
hM (g), one easily gets x € M (hgh™'). O

Since v = ¥/y4"”, one has v/ = v 14714, If 4/ = 1, then v/ = 1 and we are done.
Now assume that +” #£ 1, then ~” is hyperbolic. By the above claim,

C=M©)=M0H" ) =7M(Y)=77"C.

Therefore, v € 'y, a contradiction. n
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Remark 1.5.6. In the above proof, we do not assume I' is uniform, so this proposition
holds for non-uniform lattices as well.

Remark 1.5.7. In each nontrivial double coset class in To\I'/Ty, we choose one rep-
resentative element v and use it to achieve, in a unique way, all elements lying in this
class (denoted by 7) by two-sided multiplication of elements in L'y.

Let ® be a smooth function on [0, +00). Define f(g) = ®(distg/x(e-0, g-0)). Then

w) = Zf (z_lvw) = Z(I)(distg/;((vz, w))

yel’ vyel

For simplicity, from now on we shall use dz, dw and d(, ) to denote dn(z), dn'(w) and
distg/k (, ) respectively. By the above remark we have:

/c/ozrq)(d(% w))dzdw = // S Y @ (ds e w) dadu

71,72€l0 7€ \I'/To

://ZCD (vz, w))dzdw

“/GFO

/ / 2. > ®(dlymz, yew)) dzdw

71,72€l0 ’YEFO\F/FO\{ }

- / / ))dzduw

+/5/~ > @ (dlyz, w)) dedw

¢ fyero\r/ro\{i}

/ / ))dzdw,
and X; denote ) I, where

F#1
1, —// d(vyz, w)) dzdw.

Remark 1.5.8. A remarkable class of uniform lattices in the group SOy(1, d), for

Let ¥ denote the term

almost all d (namely except d = 3 and 7), arises from the totally real algebraic extensions
of Q. Lattices of this type are arithmetic and they even exhaust all unform arithmetic
lattices (up to commensurability and conjugates) when d is an even integer. For more
precise accounts, see 6.C of [Mo]. The lattice I' is uniform if and only if each nontrivial
element in T is semisimple, i.e., conjugate to a diagonal element within GLg4.1(C). For
this fact, see Theorem 9.21 of [Mo)].



Chapter 2

Periods along Closed (Geodesics

over Compact Hyperbolic Manifolds

In this chapter we apply the relative trace formula obtained in last chapter to get
identities between the length of the closed geodesic and the periods along the geodesic.
These two terms come from the geometric and spectral sides respectively. The main

conclusions are placed at the end of each section.

2.1 Inserting a test function

In this section we shall choose a test function f for the application of the trace formula
and give the very preliminary formula for hy. A direct computation (or see Proposition
1.4.2 of [FJ]) gives the following frequently used commutativity property on w, and 6,,:

Wy eu = eru Wy
based on which, together with the formula (1.9), we get

h(xi) = / / O(d(f_yw_r - 0, € - 0))e " TP drdu

Ra-1 R

= / /(ID(d(e 20, Wy Oy - 0))e TP drduy,
Ra-1 R
g pdr
= O(d(e -0, wpby -0))r" p7du
Ppd
= /(ID(d(e -0, Oy - 0))r¢ N drdu
pd

19
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where (u, 7) = (y, %) € P4 C; = —v; + p. Substituting r and u into the equations
(1.7) and (1.8), we get

2 1 2
d(e- o, Oy, 0) = || E| [arccosh (|7’U|+2—+T)1
r

noting that e = 6yw;. For =, u > 0, define

o -enfov ()]

Here ||E]| is explicitly known by Lemma 1.3.3. Originally we would like to insert the
heat kernel (which is explicitly known, see [GN]), but then it is difficult to deal with
the geometric side. Let & = ®,. Then

2 1 1
h(X\;) = /exp [—M (]u\ 2+ T+ %)] rCdrdu (2.1)

Ppd

2.2 Analysis on the spectral side

Now we compute the spectral side of the trace formula (in particular, hy), under the
test function f = ®,. The following two formulas on K-Bessel functions are useful to
us:

[e.e]

/xu—l exp <_% _ ﬁx) dr = 2 (%) : K, (2\/@) . Re(a) >0, Re(8) > 0. (2.2)

/ ? + b)) (a\/ x? + b2> cos(cx)dx = \/ga”bél’ (a® + 02)%_i K, 1 <b\/ a’ + c2>
0

(2.3)
where Re(a) > 0, Re(b) > 0, ¢ is a real number. These are the formulas 3.471.9 and
6.726.4 of [GR) respectively.

Let a =15, 8= |u|2+1, = (; in the formula (2.2), then by (2.1) we have

00 5 ) 1
h(Ni) = / /exp [—M (’ ‘;_ r+ )] r% L drdu
Rd-1 0
_G
- / 2 (Ju?+1) * Kg, (u lul? + 1> du

Rd-1

o0 [e.9]

Ci
_ Qd./.../(,up“)—zz(ci (u |u\2+1) duy - dugy  (24)

0 0
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Let 2 =uy, V> =ud+---4+u2 | +1,a=p, c=0,v=C;in the formula (2.3), then

= OO 1_co.
T 2~
(2‘4>:2d~/"'/\/;,u <\/u§+...+u3_1+1>
0 0

x Ke, 1 (u\/ug Ui+ 1) dug - - dug_1 (2.5)

D=

Let . = ug, B> =ui+---+ui_+1,a=p, c=0,v=C;— 3 in the formula (2.3), then
s

2.5) =2 (/5 pu~

25) =2 (/3

9 0o e
) /m/(\/u§+-~+u§_1+1)
0 0
Repeating the above process, i.e., doing integrations along us, w4, ..., ug_1 step by step

(NI

X Ko, 1 (u\/ug +o Ui+ 1) dusg - - dug_q

in use of (2.3), we finally get

Now the spectral side of (1.11) is:

iz (\/%) Ko(i) 1Pe6)

2.3 Analysis on the geometric side

In this section we focus on the geometric side of (1.11). We shall compute ¥y and 3
separately. It turns out that, when p tends to infinity, ¥ is the main term, while ¥ is
the error term. For later applications, more information on the error term needs to be

known: we shall get its order (with respect to p). This requires more effort to put into
21 than 20.

2.3.1 The term X,

Let z=¢F.0e C,w=eF 0e Cywhere t € (o0, +00), s € [0, T]. As remarked
in Sect. 1.5, instead of C, we work on Cj, the fundamental domain of I'y in C. The
distance between z and w is:

d(z, w) = B[l - [t = s|.
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Applying to ®,,, we have
D, (d (e -0, " -0)) =exp (—p - cosh(t — s)).

Note that dz = || E|| dt at the point z = €' . 0. Thus,
T +o0

%, = / / exp (—pi - cosh(t — s)) B(E, E) dtds.

s=01t=—00
Let L=t— s, S =s, then

T +oo +o0

Y= B(E, E) / / exp (—p - cosh L)dLdS = B(E, E)T / exp (—u - cosh L)dL.
0 —oo “o0
The following formula is useful to us at places (see 3.337.1 of [GRY):
oo T
/OO exp(—ax — feoshz) de = 2K,(58), |argf| < 3 (2.6)

Let =0, 8 = p in (2.6), then we get

Yo =2B(E, E)T - Ko(p) = 2||E||len(C') Ko(p).

2.3.2 The term >,
0

1
Let v = ayn,ky = wy, O, (0 "
0

) for some o > O, Wy = Zf:_ll wo; B €n (sz’ € R)

and ug = (u;;) € SO4. Let 2 =w, -0, w =w, -0 € C where r, " > 0. Then

7“+r’1 r—r—1 .
T : 0 0
-1 =1 —r o
Lo e 0 Ut — U1lTe— Ura cc Uig
a1 —1 _ =1 + -1
ky wy = (0 ) = T+; 0 = | U215 Uz =55 Uy -+ U
Ug .
0 0 T4 :
-1 -1
- +
Ugr - ;" Ugr - ; Ud2 -+ Udd
(2.7)
_ _ d—1 _
Assume that k,w, = 0,wsk for some s > 0, v = (vq, ---, vg—1) € R and k =
1 0
€ K where k; € SO;,.
0 Kk
U2 ’1)2
N R
v _ P .. sts~!  s—s71
5 -5 wu Vg—1 o > 0
91} Wg k = U1 —U1 S_; S+; O k
14-9 0 0 140
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[0\ s+s—! [v]? s—s—1

<1 + 2 2 2 2
2 s
2

- V1S

Vg1 5"

% + % DR
S b
= Ul Sil

Vg1 5"

The comparison of (2.7) and (2.8) gives:

[v]? s+s—! [v]2 | s—
T+2 +<]‘_T) “ e (1 O)
— 1 CEEEE) .« .

r4 ot s~|—sl+s*1| 2
= — |V
2 2 2 ’
r—r1 s— s ! s71 9
=yt
r—ort o ,
Uit1,1 B =V;*S ,1<Z<d—1.

Combining (2.9) and (2.10), we have

1 r -+ r—1 r—rt
S = — U171
2 2

Note that
d(vz, w) = d(WryOuw, - Opws - 0, Wy - 0)

= d(Oupyiows -0, Wy =1, - 0)

lwo + v|? + 82 4 152"

= ||E] arccosh (

—1 /
2srg T

At the point z = w, - 0, dz = ||E|| d(logr) = | E|| £. By definition,

B(E, E)

P, (d(yw, - 0, wy - 0)) o

dr'dr

B(E, E)

|wo + v|* + 5% 41 %"
€x —
P 257y !

/
/

0\8 0\8

)
rr!

)

dr'dr

23

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)
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_ _ o lwotv[? 452 .
Let v =0, a = p ™25 § = p -2~ in the formula (2.2), then

281y

/exp( |wo + v —|—3 + 752 > r — ok, | 4 ‘wO—I—U
251y 7! ! s

As a result,
dr
o

I EE/KO ’wﬁv +1

Substituting (2.11) and (2.12) into the right hand side of the above formula, we have

=206, ) [ 60 (/)

where
2 d—1 d—1
wo + v V;\ 2 wo |2 9
{0 i RO
f4(7) ‘ . + ZZ_: . + . + ;wovs +
B =y wo |2 5 r—r-t .
- () Zwm“%m ;T
= M)r* + N)r?+ Q)
Here .
1—un wiprn )’
M(~y) = . 1) 2.14
=3 (s g+ ) (2.14)
d 2
L+uin wipin
N = - — : 2.15
=32 (ot - ) (2.15)

d
Z 1-— i 1 i
Q(’Y) _ 9 (wm 2u11 n U ;1,1) (wm‘ —|—2U11 B u_;1,1) 1 (2.16)

i=1

The simple property ZZ LU 2 = 1is used in the above computation. Define

v) =2/ M(y)N(y) + Q(7)

When M (7), N(y) > 0, we have f,(r)
over all positive numbers. When M/(

N(v) =0, 6(y) = Q(y) = lim, f(
|lwo+v|2+s%+rg 212
287"0717”/

(L 7

WV

d(y) where can be achieved since r ranges
) =0, 0(7) = Q(y) = lims f1(r). When

The number 6(7) has remarkable geometric

.\’Q

meaning. Writing as 7 + Dr’ where

lwg + v|? + s

B = — , .
2sr, 2s
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Then

2
wo + v

§+Dr’>2\/B = ’ +1=+/f(r) (2.17)

Sincefv@”):( M(V)T—@) +2/M(N(M)+Q() = (\/WT—#) +
5(), so
g lwo +v|* + 87 + 157 =infm=m-

r, 7' >0 237”0’17“’ r>0
By (2.13), we have

d(y) = cosh (||E||_1 inféd(vz, w)> . (2.18)

Z,WE

Hence the number 4() measures the minimal distance between the points on the
geodesics C and ’yé. It is clear that ¢ is a well-defined function on the double coset
classes I'g\I'/Tg, i.e., 8(y) = d(y) for v and ' in the same class: geometrically, we
have: 7716 = C and 76’ = 77726’ for any 7y, n2 € I'g, so the minimal distance between
7]15 and 77]25 is identical to the minimal distance between C' and 76’ which means
that 0 (1 'yn2) = 0(7). Define

m(x) = #{7 € To\I'/To | 6(7) < z}.
Our conclusion is
Theorem 2.3.1. 7(x) = O <x%>, as r — oo.

Proof. To count the classes 7, it suffices to choose one representative element in each
class and then count these representatives. Write v = wy, 04, k, as before and let
n = w,k € AM where k = diag(1, 1, p) for some p € SO,;_;. Note that ak = ka for
a€ A ke M and k0, = 0,,7k where p! is the transpose of p and up’ is the usual
matrix multiplication (see Proposition 1.4.2 of [FJ]). Then the left action of n on + is

as follows:
n-y = wrk-wn bk,
= Wp W k- Oy, Ky
Wrro oot Ky
Clearly |wg| = |wop”| and we can choose some 1; € [y such that 1, -y = wy, 0., k where

{o lies in [1, eT]. Now consider the right action of 1 on 7:
Yo = Wy Oy kywr k

/
= Wy Ouy - Oyws - k
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= Wrgs 9(w0+v)5—1 K

Recall that

2+1:< M(v)r—&) + (7).

Later we shall show that neither M () nor N(v) can be zero for v ¢ I'y(see Lemma
2.3.6). Since v € Iy (i.e., ¥ = 1) only contributes to 7(x) by 1, we shall assume that

M(~v)N(7) # 0 in the following. Let zy be the positive root of \/Wx — @ =0,
then there exist r € {exp(nT) |n € Z} and t € [1, €] such that o = rt. Let gy = w, k €
[pand b =w; € A, then v-12-b = Wy Oy 40r)s—1 k" where ' = %—UH%.
Here u(zo) := “¥ characterizes the number §(7): |uo| = (6(7) — 1)"/* < (z — 1)¥/2,
The above discussion on the two-sided action of I'y shows that, for any v € I'\\T'g, we can
pick up some 71, 72 € I'g and b, = w; € A such that ¢ € [1, e’] and v* := y1772b, € Qs
where
0(7) = lu(y)I* +1
and
Q={g=wb,keG|rel, el [u<(z- DY2 ke K}.

Such element v* € €1, is unique: there is only one positive root zy for the equation

\/W:U — @ = 0 and t is obtained from zy modulo (multiplicatively) proper e"T.
For two given representatives 7, and ~y, of different classes in To\I'/Ty \ {1}, we have
Vi # s if 47 =73, then 71 - by, = 72 - by, thus 4, 'y, = by, b} lies in ANT C Ty,
i.e., 71 = 72, a contradiction. Thus, counting 7(z) for large x is equivalent to counting
m'(z) = #{v" € Q.|y €l ~Ty}. For the latter, we have to know the distribution
property of those v*s. This is stated in the following lemma. With this lemma we know
that 7'(z) is bounded by the Euclidean volume of ,. So w(z) = O <x%> where the

implied O-constant is unconditional.

Lemma 2.3.2. For any sequence of pairs

{(vi 75) | vi2 €T, Fa # Fizs Voo W1 € Qoo ooy s

Vi, Vi can not be close enough (as i — oo) with respect to the topology of G. Here
Qo = {g:wreukEG‘TE 1, eT], kEK}.

Proof. If the conclusion does not hold, then we get a sequence of pairs {(7};, V) }iey

such that 7;*1’17;2 — 1, ie., b;i”y[ll%gbm — 1 as 7 — 00. Then %711%-2 lies in b, U; b;il
where U; is an open neighborhood of the identity. As i — oo, U; can be small enough.
Remember that b, lies in {wr ‘ re|l, eT]}. Since I is discrete, we can choose proper
U; such that those (finitely many) elements in I' N b,, U;b2 ! all lie in TN A C T, So
%—11%2 € I'y for large 7, a contradiction as v;; and ;5 are of different classes. O



2.3. ANALYSIS ON THE GEOMETRIC SIDE 27

This completes the proof of the theorem. n

The following corollary is clear from the proof of the above theorem:

Corollary 2.3.3. If there are infinitely many classes in U'o\I'/T'g, then the unique ac-
cumulation point of {0(y) |y € I'} is oo.

One has the stronger information about M (y)N(v) via the following lemmas:

Lemma 2.3.4. If there are infinitely many classes in To\I'/Ty, then the unique accu-
mulation point of {M(y)N(7y) |~ € I'} is co.

Proof. By Cauchy inequality and (2.14), (2.15) and (2.16), we see

M(Y)N(y) = Q(vy) — 1.

If there exists a sequence {v;} C I' such that M(v;)N(vi) — yo as i — oo, then

(7)) = 24/ M (7)) N (7)) +Q(v:) is bounded. Thus {6(7;)} has a convergent subsequence
which contradicts Corollary 2.3.3. [

Lemma 2.3.5. If M(y)N(v) =0, then Q(v) = 1.

Proof. Clear from (2.14), (2.15) and (2.16). O

Lemma 2.3.6. For v & 'y, M(7y) and N(v) can not be zero simultaneously.

Proof. Assume that M(y) = N(y) = 0. If uy;; = 1, by (2.15) we have |wy| = 0,
then v € Ty, a contradiction. If u;; = —1, by (2.14) we have |wg| = 0, then 7* =
Wrohkiy Wroky = wrow,1kyky = k2 € K'NT = {1}, which means that v = 1 since I' is
torsion-free. This is impossible as v ¢ I'g. Now assume that uy; # £1. By (2.14) and
(2.15), wo; = zfjjulnl = —1@3111 which implies that ;11 = 0 for any 1 < ¢ < d. Then
u1; = £1, a contradiction shown as above. The proof is complete. O

Lemma 2.3.7. For each class ¥ # 1 and any representative element ~ in the class 7,
M(7)N(v) # 0.

Proof. Assume that N(v) = 0 for some v in the class 7, then M(y) # 0 by Lemma
2.3.6. As before, write v = wy, Oy, k. Let 79 = w,-0, then y7y2 = wsb,k where |w]*+1 =
M (7)r*+Q(y) = M(y)r?+1 (see Lemma 2.3.5). Withr € {e"” |n <0, |n| large enough},
we see that there are infinitely many distinct +’s lying in €2, for any fixed number z > 1.
However, I' N €2, is a finite set as I' is discrete and €2 is compact. Up to now we have
shown that N(y) # 0. The similar argument shows that M(y) # 0. We omit the
details. O]

By Lemma 2.3.4 and Lemma 2.3.7,
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Corollary 2.3.8. For any family of representatives A = {7} for all classes v €
[o\G/To ~ {1}, we have
inf{M(y)N(7) |7 € A} 2

for some a > 0.
Remark 2.3.9. When |To\I'/Ty| < oo, this corollary is trivial by Lemma 2.3.7.

Remark 2.3.10. We point out that the numbers M (), N(v), Q(vy) are all well-defined
on Do\I' but not on I'/Ty. One can check that the left action of T'y on v does not change
the parameters uyq, |wo| and A(vy) = Z?;ll Woii+1,1 Which are the ingredients of M (),
N(v), Q(v), while the right action of Ty does change some of these parameters.

We reorder the those d(7)’s (7 € A) to get a sequence {9, }°° ; such that J,, increases.

Denote by I, the corresponding n-th I,. If | To\I'/T'g| < oo, there are only finitely many
N
terms I, in ;. We can estimate ¥ in the same way with the estimate for )" I,, in the

n=1
case | I'g\I'/T'y| = oo (see below). So we might as well assume that | To\I'/Tg| = co. By
Theorem 2.3.1, we have

1
5n>>n%+€, e > 0.

In the following we choose € = %, then 8, > ni. Let x = M(y)r — JZM, then

_ et x?;\jMJ(w;v)N(v)’ noting that M (y)N(vy) # 0. Hence
B!

L= 28 [ (frn) L

+oo KO /2?2 + 6(y ))
= EE/ dz

S AT

= 4B(E, F) /OO KO v+l )> dx

Wwﬁ

When z is very large, the following inequality holds

r

Ko(z) < %e—ﬂﬁ (1 + i) . (2.19)

As p tends to oo, we have: /2 + §(y) tends to oo (note that §(y) > 1) and

Ko(pve2 +8,) ! \/7 oV <1+ ! )
\/x2—|—4\/7 \/x2+4\/7 2% + 6 8u/x? + oy

1 T e—HVon <1 + i)
Va2 +4v/a N 2uva? +1 8u
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< 2 i ! - ! e HVon
V2u /2% + 4y/a Va? + 1

Substituting this inequality into I, we get a uniform upper bound for any n:

2 [ e—HVon
I, < —/ dx
o Jo \/x2 +4v/avzr+1

/2 > d
= —We_“m/ ° , as [t — oo. (2.20)
I 0 Vr2+4y/ava?+1

It is clear that the integral

dz
\/x2+4\/5\4/x2—1— 1

converges. Since 9, > nd there exists N € N sush that 0, > ni for n > N. Thus by

(2.20),
S h< IS e S e
. .
=N K n=N \/ﬁ n=N

The term ) e=#"" is bounded by the integral

/ ey = d/ e MYy dy  (lettingy = x'/%).
1 1

An elementary calculus shows that this integral is bounded by e # u~!. Consequently

Z 1,=0 <e_“ /fg> .
n=N
Now let’s consider the terms [, for 1 < n < N. The following argument also applies
to the case when |I'o\I'/Ty| < oo.

A/ 2
I, _4y|Ey|2/ Ko (pv/r? ”) d:r; < 4)|E|? i (/2 . )

2| [ 5T

we get

Let 22 +1 =y, then

/ooo Ko (/@5 1) do = 100 %dy - 75! (1) Ry )

The last step follows from the formula 6.592.12 of [GR]:

/00 72 (z — 1)K, (ay/z) dv = T(p)2"a " K,_,(a), Re(a) >0, Re(u) > 0.
' (2.21)
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The Bessel function has the well-known asymptotic (where v € C and = € R):

K,(x) ~ \/% e’ asx — 0. (2.22)

By this asymptotic, we immediately get: I,, = O (e * u~!). Hence

Z I,=0 (e*“ /fl) )
So far, we have obtained:
D=0 () +0 ().

When d6; = 1, the term O (e™# 1) does exist since I just contributes with it. We
explain in more details. Let § = 41/M (71)N(71) where = is such that §(v;) = 6; = 1.

Let y = va? + 1, then

Ko(py)
/ \/y—1+5\/y—1dy

For y > 1, one easily checks the following: if § < 1, then 1; if B > 1, then

¥y >
Vvi-1+8 =
1 Yy -— min { L
> 75" In summary, T =>c: mln{ﬁ, 1} > 0. Hence
> Ko(py) c VK
e [l < ()
12¢C : 1 Y 5 [0\ 9
The last step follows from the formula 6.567.15 of [GR]:

v—1

[ - S ) Q) morso e

and the well-known formula I' () = /7. By (2.22), we see [; > Ze #u~" as p — oo.

Remark 2.3.11. By the formula (2.18), there is an equivalent condition for 6; = 1:

inf d(yz, w)=0
z,wel
for some vy € I' N\ Ty. A suﬂicz’ent condition 1s, N 76’ #+ 3, i.e., C intersects its
translation 7C’ where 70 #* C. Actually this is also a necessary condztzon for 61 = 1.
Since M, N are nonzero, the minimal distance between C and fyC 15 achieved at some
finite r where 1 is such that v/ Mr — ‘/T—N = 0. Such r induces a finite v’ such that
Z = Dr' (see (2.17)). The two points w, -0 and w, - o are both regular points, i.e., they

are not at infinity. So C' and ~ C' intersect at these two points.



2.4. F AND Kp 31
2.4 f and ky

We examine the properties on f and ky to show that our argument in above is valid.
Remember that f(g) = @, (d(e- o, g-0)) for g € G. It is clear that f is bi-K-invariant,
so f = fk (see Sect. 1.2 for the definition of fr). To show that f € Cu(G), it suffices
to show that fa,n, € L'(G) for some compact neighborhood AgNy of e € G. Since
KApUy is compact, by the integral formula, that fa,n, is integrable is equivalent to
Jan faono(ank)d(an) < oo for any k € K (note that fa,n, is continuous, see Lemma
9.2.3 of [DE]). Write kagny = a'n’k’ for ay € Ag, ny € Ny. Then o and n’ are contained
in compact subsets of Ay and Ny respectively. In view of the commutativity relation
between a and n, the hyperbolic distance in terms of a, n, and the test function we
have chosen (see Sect. 2.1), the left multiplications of a;n; € AgNy to ank and the right
multiplications of asne € AgNy to ank do not cause convergence problem to f, i.e.,
faon, € LYG) is equivalent to f = fx € L'(G). We have the following computation:

/GfK(g)dQZ/Gf(g)dg = /N/A(I)M (d(an - o, e - 0)) €212 W dadn

_ g (&)d_l Kus () < o0

This is a copy of that of hs(¢;) by dropping the term 7; there (see formula (1.5)

and Sect.2.2). Hence f € Cunt(G). The supremum norm of ¢, satisfies the classi-
cal Hormander’s bound (see [Hol,[So]): sup |¢,| < A)\?H(anLz(X) where A, is the
Laplace eigenvalue of ¢, and A is uniform for all n. Since ¢,’s are orthonormal basis
of L*(X), we have: sup |¢,| < A )\?. When the eigenvalue A\, = p> — 2 € R is large,
ie., \, > p? = (%)2, it is clear that v, lies in ¢R. This means that there are only
finitely many ¢,’s such that v, is real. For the convergence problem of £y, it suffices to
consider those ¢,’s with large eigenvalues. Thus we may write v,, = ir, for r, € Ry.

Then A\, = (%)2 + r2. By the following formula (see 8.432.5 of [GR))

[(v+3)(22) [ tdt 1
K, (zz) = ( 2)1( ) / Rt -, Re(v+-)20, >0 |argz| < E,
vT(3)  Jo (2422t 2 2

we have:

x> 0.

K, (x) = I'(1/2+iry) (2)i" /°° costdt
T T(1)2) o (12 4 z2)/2rm’

The integration by parts shows that

/ costdt :(1+2i7’n)/ tsintdt
o o

24 x2)1/2+irn 24 x2)3/2+irn'

The integral on the right hand side of the above equality clearly exists. Thus K. (z) is
bounded by ’F (% + zrn)| r, for fixed z. By the following standard formula on Gamma
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function (where a, b € R):

1
IT(a + ib)| = v/2r b2~ 1/ 2e o bI7/2 {1 +0 (m)} , as |b] — oo,

we get a bound: K. (z) = O (rne’%“). Combining this bound with Hoérmander’s

d—1\?>
[+

The spectrum {\,} of the Laplacian is discrete with oo as the unique accumulation

bound, we have:

d—1

2

K, (2)n(2)pn(w) = O | rpe”

[ME]

=0 (r,‘fe‘fr") as n — oo.

point and each eigenvalue A, occurs with finite multiplicity, so is {r, € R}. Let N(z)
be the counting function of Laplace eigenvalues with multiplicities over any smooth

N(x) = Z 1.

An<z

compact Riemannian manifold X:

Assume that X is of dimension d. Weyl’s law gives the asymptotic of N(x) for large x
(see [MP]).

vol(X) d d
N(x) = {E2—|—0<ZE2>, as r — 0.
(4m)22T (4 + 1)
Since A, = (%)2 + 12, we have: r, = /A, — A, where A, = @ +72—r, >0.

Clearly A, = o(1) as n — oo. With the bound on Kj,, (1)@, (2)¢,(w) obtained in above

20

-1
and the formula hz(),) = 2¢- <1 | T ) K,, (1), we have:

x 4 _x 4 _x > x
kp < > rte i <3 age HVA A 2 3T E B = [MQ rie VRN (x).
n n n T4

Here dN(z) means the measure on R.y with mass 1 at Laplace eigenvalues =z = A,
(with multiplicities), otherwise 0. Partial integration shows that

[e’) 0o _r d d_q T d-—1
(d—41)2_/d1)2 ez <§JI2 - Zx 2 > N(I)dl’

4

d
2

%d . x%e*%ﬁdN(x) = z2¢ 3VIN(z)
1

Applying Weyl’s law on N (z) to the right hand side of the above formula, we know this

integral exists. The absolute and locally uniform convergence of ky then follows.

2.5 The comparison

Now we put the data on the two sides of the trace formula together:

i?(\/%) Ko ) [Pe(@0)* = 20 El[1en(C)-Ko(u) +0 (7 i) +0 (7 7).
o (2.23)
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Multiplying 1/ £ et on both sides of (2.23) and taking the limitation g — oo, by the
asymptotic formula (2.22) we easily get:

™

lim 2( —) S K () [Po(@)P = 2| Elllen(C).  (2.24)

pee 24 =0
Substituting the data on Killing form in Lemma (1.3.3) into this formula, we have:

Theorem 2.5.1. For any compact hyperbolic manifold and primitive closed geodesic C
over it, the following holds:

2d=1 ch 7\
lim —— — K, (1) |Pe(¢:)|” = len(C
i 2 (o) 2 Rl et = enic).

An immediate consequence is
Corollary 2.5.2. There are infinitely many ¢;’s such that Po(¢;) # 0.

Proof. Assume that there exists a finite subset I of N such that Po(¢;) # 0 for i € I,
Pe(¢;) =0 for i ¢ I. Then

. 24=1 er T
/}g&m (\/;) ZKW | Pe( ¢z)| = len(C).

el

Applying (2.22), we have:

2d—1 T d—1 5
LHS. = lim —— (/= Pa(d)E =0
o T ( 2#) ;| o (¢1)]

This is a contradiction as len(C') # 0. O

There is a representation-theoretic formulation for this corollary. Let G be a re-
ductive group defined over the number field F'. Let H be a subgroup of G (usually
obtained as the set of fixed points of some involution on G). An automorphic (cuspi-
dal) representation (m, V,) < L* (Z(Ar)G(F)\G(AF)) is called H-distinguished if the

period
/ 6(2)dz £ 0
H(F)\H(Ap)!

for some ¢ € V;. At the moment, we are dealing with real groups. It is reasonable
to call the irreducible representation 7 occurring in L3(T\G) “real automorphic repre-
sentation”. Here L2(I'\G) = L*(I'\G) if T\G is compact, L(T\G) = (¢;) if I\G is
noncompact, the closure of the subspace of L?(I'\G) spanned by cusp forms. Denote
' H by I'y. In our setting, the H-period is defined to be

/F L
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for any ¢ € V.. Any split torus H C G is of dimension 1, and it gives rise to closed
geodesic over X provided I'y\ H is compact. In view of this, Corollary 2.5.2 reads as

follows:

Theorem 2.5.3. If '\G is compact, there are infinitely many real spherical automor-
phic representations occurring in L*(T\G) which are H-distinguished for any split torus
H C G such that 'y \H is compact.

Remark 2.5.4. The Gan-Gross-Prasad conjecture [GP] asserts that (in the adelic set-
ting, for unitary groups) the distinguishment of 7 is equivalent to the non-vanishing of
the central critical value of certain Rankin-Selberg L-function associated with 7 (here
we are satisfied with this very rough description, not mentioning the field extensions,
base change etc.). Ichino and Ikeda re-formulated this conjecture for orthogonal groups
(see [II]). The unitary case of this conjecture has been verified by W. Zhang in [Zh]
under some local assumptions. It is desirable to consider the conjecture in our setting.

2.6 Weighted periods

Assume that I'4\ A is compact. We can use w; - 0 to parameter the points on I'4\ A.
Let x7 and y» be two unitary characters on I'4\ A defined as

X1t z:wf-oHGQW;mr, X2 z:wj-oHeQﬂ%m
for some m, n € Z and T" > 0. These two characters are well-defined over I 0\6Y it C
is simple, but not so if C' is a cycle. Nevertheless we call such characters as characters
along the geodesic C'. Define the weighted period with character x to be

_ /C o(2) x(2)dz

We can view the weighted period as the period integral with respect to the complex
measure Y(z)dz on C. Hence

th ) Po(, x1) Pe(6, x2) Z// d(vz, w)) x1(2) x5 H(w)dzdw.

As before, we divide the summation on the geometric side (i.e., the right hand side) of
the above equality into 3j"** and X" ** both of which have obvious meanings (similar
to 3o and 34). Since X1, x2 are unitary, it is clear that |21 **| < X;. With the test
function f = @, inserted, we have: " = O (e * ') as p — oo. Let z = e'F - 0
where t € (—o0, +00), w = e*F - 0 where s € [0, T, then

st = [ e )t gt w)dzde
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T 4o

t=s s—t 't 7r'Lns
e [ [ e (e S ) e

s=0t=—00

T 4o

t—s s—t 3 —s wi(m—n)s
= ||E||2/ / exp (—u-%) ¢ T g d s (2.25)

s=0t=—o00

Let L =t — s, S =s. The integration along S gives:

T “+oo I _I
ez) = 5P [ [ ew (—u-%) PR S
S=0 L=—cc

IE|PT [ exp <_”+T> eZEEAL. ifm=n,

0, if m # n.

“+o00 2 .
= 5mnHEH2T/ exp (—u~coshL—|— 7T;mL) dL

—00

= O 2| B[P T Kzzpm ()

where 6,,, denotes the Kronecker symbol. The last step results from the formula (2.6).

The spectral side is:

00 d—1
th ) P, x1) Po(ér, x2) = > 2 ( %) Ky, (1) Po(¢i, x1) Po(dis x2)-
1=0

Putting the data on the two sides together, we have:

[e.e]

d-1
> o ( %) Ky, (1) Pe(di x1) Po(diy X2) = 0nn 2B(E, E) T Kopm (11)+0 (e7"
i=0

Multiplying ,/2?“ e’ on both sides and applying (2.22), we have:

Theorem 2.6.1. For any compact hyperbolic manifold and unitary character x along

the geodesic C,

d—2 oo
_ m
l}l_}llolo 27 et (1 /ﬂ> ZK,,Z Y| Pe(p, x)|* = 2||E|len(C). (2.26)

Corollary 2.6.2. There are infinitely many i such that Po(¢;, x) # 0.

The two characters y; and o are different if and only if m # n.
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Theorem 2.6.3. For any compact hyperbolic manifold and two distinct unitary char-
acters x1 and o along the geodesic C,

2d=1 op 7\ —-—
lim ——— /-~ K, (1 P, =0.
v 2(d—1)< 2#) Z : 7o) Felo ) =

Like Corollary 2.5.2, Corollary 2.6.2 imples

Theorem 2.6.4. Let x be a continuous unitary character of the split torus H € G such
that x is trivial on U'y. Suppose that Ty\H and T'\G are both compact, then there are
infinitely many real spherical automorphic representations © occurring in L*(T\G) such
that m ® x’s are H-distinguished.

2.7 Twisted periods on two geodesics

Consider two distinct closed geodesics C and Cy on I'\G/ K. Without loss of generality,
we assume that ] is regular and Cy = g O, for some g € G. There exist T, S > 0 such
that Cy =~ {exp(tF) - 0|0 <t < T} and Cy = {gexp(tF) - 0|0 < t < S}. We have:
Cy ~ Fl\él where 'y = (y1) C T, v = eTPky and Cy ~ F2\6'2 where T'y = (y5) C T
such that 75 g - 0 = ge%% - 0. It follows that

9 ' ng-0=e"" 0.

So there exists k1 € K such that g 199 = €% - k;. The left action of 75 transforms

g-oto ge™F . o. This implies that g~'y5'g = (e5F - ky)" = e"Pk;, for some k, € K.

I and

An argument analogous to Lemma 1.5.2 shows that k; € M. Thus v, = ge*Fk1g~
'y cT'NgAMg=t. Conversely, for any v = gakg™ € T N gAMg~! where k € M, one
has: g~'vg = ak, then g~ 'vg-0 = a -0, hence vg -0 = ga - 0 = ge¥® - 0 € C, for some

y € R. This means that v € I';. So we have shown that
Lemma 2.7.1. Ty =T'NgAMg!

The relative trace formula with the test function ®,, is

i2d( 1>d 1 K., (1) Pe, (¢:) Pe, (¢:) = || E|)? Z// -0, e - 0)) dtds.

2
i=0 H B

Let v € T" be such that g~'y € AM, then 1 which is of the same class (in Fg\F/Fl)
with ~ also satisfies the condition g7'n € AM: n = 7y} for some m, n € Z, then
gin=g9g"' ge cyy = emIEEm . g7y 4t € AM since g1y, 11 € AM. If
g1~ does not lie in AM, then the above argument shows that n € AM for any 7 of the

mSEk{ng—l

same class with v. To divide the geometric side of the trace formula into a summation
with respect to double coset classes, we check the uniqueness of expressing an element,
say 1, as the form n = +'yy” where 7' € 'y, 7" € I'y.



2.7. TWISTED PERIODS ON TWO GEODESICS 37
Proposition 2.7.2. Any element n in the class 7 € T'9\I'/T'y can be written as n =
YY" for unique v € Ty, " € T'y.

This proposition results from a weaker statement:

Lemma 2.7.3. Any element n in the class ¥ € To\I'/Ty such that g~'v € AM can be
written as n = 'yYy" for unique v € 'y, " € T';.

Proof of the Lemma. It suffices to show that if v = ~J"yy] then m = n = 0. The
assumption v = v5'yvy, 1.e., 7 = ge Ly.e indicates that g1y = e
gty e PR As e™EE™ and e"TEED lie in AM, there exists § = diag(k, h) for some

mSEk,gngf nTEk.(r)L mSEk,in

k € O9(R), h € GLy_1(C) such that 476 = de"Fkpo—" = diag(e, e, uy, -+, ug_1)
where ¢ > 0 and |u;| = 1. Denote diag(uy, -+, ug_1) by w and let 7 = dg~'vd~! be of
the form
a b x
T=|c d vy
2wl K

where z, y, z, w € C and 27 is the transpose of z. Then there exists a € R such that
kem™SEE=1 = diag (€%, e=®). The conjugacy of d applying to g7 shows that

a b = € a b =z €

c d y| = e“ c d vy e !

2wl K hkirh ! 2wl K u

By comparison, we have

r, = €'Tu; (2.27)
Yi = € "y (2.28)
= hEPRT e (2.29)
wl = hkh T wTe ! (2.30)

Clearly m = 0 is equivalent to n = 0. Let us assume that neither m nor n is zero.
It follows that o # 0, otherwise e™S® = 1 which implies that m = 0 (since S # 0),
a contradiction. If x # 0, say z; # 0, then e*u; = 1 by (2.27). Since a # 0, € > 0
and |u;| = 1, we get: ¢ = 1. This means that e"® = 1 which implies that n = 0, a
contradiction. Thus = 0. Similarly, y = 0 by (2.28). As for z, consider the Euclidean
norm |h~'zT|. From (2.29), we have: h='z" = k" - h™'2" - €. The factor k}" lies in
SO0y_1, so

‘h_lzT| = |l{:’1” chtT (—:’ = ‘h_lzT‘ - €.

If z# 0, then h='2T # 0 and € = 1 from the above equality. This is a contradiction as
already discussed. Hence z = 0. Similarly w = 0 by (2.30). Now it is clear that g~'v
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lies in {diag(, n) |8 € GLa, n € GLy_1} = AM, a contradiction as we have assumed
that g~y € AM. Consequently, m = n = 0. O

Proof of the Proposition. In view of the Lemma 2.7.3, we just have to show that
the class 7 such that ¢g~'v € AM does not exist. This is trivial: if g~'y € AM, then
the commutativity between A and M shows that, for any a € A, there exists a unique
b € Asuch that g-'ya-0 = b-o, i.e., ya-0 = gb-o; conversely, for any b € A, there exists
a unique a € A such that ya -0 = gb- o, which implies that C; = C5, a contradiction as

we assume that C'; and Cy are two distinct geodesics in this section. O

By the proposition, the geometric side (“G.S.”) is:

S T
G.S. = B(E, E) Z ZZ / /@,i (d (vy7*e™ -0, 5 ge™ - 0)) dtds
Z01=0

ﬁEFQ\F/Fl m n s

S o
= B(E, FE) Z Z / /@u (d (vetE -0, ge" Pk g gesE 0)) dtds
=

FELAT/T1 n g4,

S )

= B(E, E) Z Z / / D, (d (ve'” - 0, g™k} e - 0)) dtds

FETNL/T1 7 Do ” o

S )

= B(E, E) Z Z / / P, (d (fyetE -0, ge™EesEEn . 0)) dtds

F’yVEFQ\F/Fl n s=0t=—00

= B(E, FE) Z / / D, (d(g7"ve™ -0, e’ - 0)) dtds
FET\I/T1 "o g

Now ¢~ !v plays the same role with 7 in Sect. 2.3.2, so we have to know the information
on M (g7'v) N (g 'v) and 6 (g~ 'v). The left and right actions of 'y and T'; (resp.) on
7 is equivalent to the left action of {exp(mSE)|m € Z} and right action of I'; on g~ 1.
Such an observation and the trivial fact {g~'v |~ € '} is discrete enable us to show that
the conclusions before Lemma 2.3.7 still hold with v replaced by g~'v. The Lemma
2.3.7 also holds when we replace v with g~'v, once noticing the following lemma and
that AM plays the same role with 1 there. Define

1
M = —1 0 p € O4-1(R), det(p) = —1
p
Lemma 2.7.4. g~ 'y & AM’ for any v € T.

Proof. Similar to the case AM, only noting that kak™! =a ' forac A, ke M'. O
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As in the Sect.2.3.2, we have:
G.S.=0 (67” ,Lfl) +0 (67“ ,u*%> , as [t — 00.

Note that the main term 2| E||len(C) Ko(u) in (2.23) does not appear here. The reason
is that, in the present setting, there is no term corresponding to >y on the geometric
side. Multiplying e*u'~¢ (Ve > 0) on both sides of the trace formula and taking the
limitation p — oo, we have:

Theorem 2.7.5. For any compact hyperbolic manifold, the following holds:

dy3_

lim e p =273 }:K 1) Pe, (65) Pey (d:) =0, € > 0.
=0

H—+00

Proposition 2.7.6. Let X be a compact hyperbolic manifold with dimension d > 3.
Suppose that C1 N Cy # @, then there are infinitely many ¢;’s such that Po,(¢;) and

Pe,(¢;) are nonvanishing at the same time.

Proof. The condition C; NCy # & implies that there exists v € ' such that § (g71v) =
1. This means that the term O (e " ;') does exist on the geometric side (see Remark
2.3.11), i.e., the order of the geometric side, when multiplied by e*, is l% Assume
that there is a finite subset I C N such that Pe, (¢;) # 0, Pe,(¢;) # 0 for i € I and
Pe,(¢;) =0 or PCQ(gzﬁi) =0fori ¢ I. Clearly I # @ as ¢y € I. Then by (2.22),

lim e p ZKVZ ) Pe, (64) PC2<¢Z) = hm o chl (4) PC2(¢Z)

H—00
el el

£

This formula shows that the spectral side, when multiplied by e, has order u=2. So
we have g =1, a contradiction as d > 3. O

Like Proposition 2.5.2, Proposition 2.7.6 implies

Theorem 2.7.7. Ford > 3, let Hy, Hy be two distinct split tori in G such that T'g,\ Hy,
g, \Hs are compact and Hy = g~ Hyg for some g € G. Assume that T'\G is compact
and Hy N gyHsk # O for some v € T, k € K, then there are infinitely many real
spherical automorphic representations m’s occurring in L*(T\G) such that 7 @ w" are
H, x Hy-distinguished.

2.8 The L?-norm

The integration of ¢;(z)¢;(w) over the diagonal subset {(z, z) |z € C} of C x C gives
the (square of) L2-norm of ¢; over C. Starting from the pre-trace formula, we have:

Z/fzwm_ZM /mﬂ%.

yel
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The test function f is as before: bi-K-invariant, uniformly continuous such that the
kernel Ky converges everywhere. In particular, we still use ®,. The geometric side is

again divided into two parts ¥ and 3; based on double cosets in T'g\G /Ty where

and

=> Y Z/ d(y 1z, 127)) dz.

F#1 m€lo v2€l’o

We still choose the representative elements +’s in the set A. Let v = 4% and z = e*F - 0

for z € [0, T]. Then vz = e™T*+2)E . 5 and

ZO = Z / nT+:z: E 0, ezE . O))HEHdl‘

n=—0oo

= TI|E| Z exp (—u - coshnT)

n=—oo

T/ E| (2 Z exp (—p - coshnT') + exp(—u))

n=1

For fixed p and positive z, the function exp (—u - cosh 2T") decreases as x increases. So
/ exp(—pu - coshzT)dx < Z exp (—u - coshnT) < / exp(—pu - cosh zT')dx.
1 - 0

By (2.6), the right hand side of the above inequality is equal to KOT(“), the left hand side

is equal to T( -7 fo exp(—p cosh z)dz. Hence

2K, r 2K
T| E|| (# + e“) —2HEH/O exp(—p coshz)dzr < 3o < T|| E| (# + e“) .

Multiplying e* to this inequality, we have:

T
2||E||Ko(u)e"+T||E||—2||E||/ exp(—p(coshz—1))dr < et Xy < 2| Ef| Ko(p)e"+ T E]].
0

(2.31)
It is easy to see that lim Ky(pu)e* = 0 by (2.22) and lim fOT exp(—pu(coshx—1))dx = 0.
1—00 H—00

So both sides of (2.31) tend to T'||E|| as ; — oo, which implies that:
lim e ¥y =T E|| = len(C).
U—>00

Let v = wyybuky € I' \ T’y as before. Recall that

d (’y’yg”‘ B o, ypetE 0) = d(YWemT+s * 0, WemT+s + 0)
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— d <9w0+1} (.US * 0, wralenT+ac . 0)

wo+v 2 e2(nT+a)
41+
| E||arccosh 57| (ros)?

QenT+ac
T0S

mT+x nT+x

For the meanings of v and s, see Sect.2.3.2. Note that e is the r there and e

is the r’ there. Clearly there exists xo € [0, T| such that

/ DD (A 0, 5e - 0)) du =T Y, (d(yage™” - 0, e - 0)) .

FAL m,n FAL m,n

Let st = 1—_;11 emT+zo | 1+_;11 e~ (mT+z0) ap Om(7) = <|wOT+v|2 + 1) — f (emT—i—xo)
T=T0

where f(r) = M(y)r? + N(v)r=2 + Q(v). For the meaning of the terms M M(¥), N(v),
Q(7), see Sect.2.3.2. Denote

X, — THEHZ Z / 5m<7) th(roesm) d

x

'y;él m=—o00 ToSm
and )

o O (y) + (Tez >
0Sm
Xo=TIEI Y] > maxexp | —p: ——
F#1 mM=—00 T0Sm
z \2
. s +(7a=) )

The function ¥ (z) = exp | —p - ——+24 | increases monotonously at first, then

T0Sm

decreases for x € R. Note that 6,,(7), s, are independent from n, z. So we have:

00 0o 5 (7)_‘_ 25”1””?0)
X X<n=TIEY 33 ew (—M- R S

;7751 m=—00 N=—00 T0Sm

Let L = €*, then

2
6m(v)+(rﬁ> dL
,\/751 m=—0Q T0Sm

- Ty i 20 (3/500))

T4 m=—o0

by formula (2.2). Denote

Xo=20|B| Y [ Ko (—pe VAO)E N> +Q0)) da

7#1
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and

Xo=TIE| Y max Ko (4 /M) + N> + Q0))
F#1
For the similar reason, we have: X3 — X4 X < X3+ Xy

It is clear that Xy = T||E| > Z exp (—u\/ém(’y)) Denote

FA1 m=—oo

Xo=TIEN Y [~ exp (—ne VAO)E T N> 1 Q0)) do

7#1

and

Xo=T|E| )_maxexp (—u VM (y)e + N(y)e > + Q(v)) :
A1
As before, X5 + Xg < X5 < X5+ X5. In conclusion, we have:

X3 — Xy + X5 — Xo <Xy < Xg+ Xy + X5+ Xo.

Noting that M (v)e** + N(v)e 2 +Q(y (\ /M — /N ) ), the term

Xg is easy to be dealt with:

Xe =T| F Zexp <—u : Vé(v)) =0 (e )+0 (e‘” ,u_%) . (2.32)

A1
For the second step, see the ending part of Sect.2.3.2. It is clear that
X, = TIEI Y Ko (1/30)) -
F#1

When f is large, there is a uniform (for all v € A) number C,, such that K </m/5(7)) <
Cpe v %), Hence

X, =0 Zexp (—u- \/5(7)) =0 (e ).
F#1
Actually we can replace the symbol O with o, i.e., C,, — 0 as © — oo, while such a
change makes no difference to our conclusion as we shall estimate lim e* 3.

HU—00
Now we estimate X5, based on which X3 is estimated like X,. Let L = €?*, then
- dL
X = 1Bl Y | “exp (~u VLT NOL T Q0)

F#1

= T|E| Z/ exp ( '\/(\/M(’V)L— \/N(’V)L_1>2 +5(7)> d—LL(2-33)

521
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Let S = /M(y)L — /N(y)L~, then

(2.33) = 4T|E| exp —10/S% 4+ 6(7)
§/ )¢s2+4 M(5)N()

N

exp S? + 5(7)) ds

T||E|| S

B Z WK ( 5() (2.34)

The last step is an application of the formula 3.461.6 of [GR]:

/ exp (—a\/x2 n b2> dr = bK,(ab), Rea >0, Reb> 0. (2.35)
0

When p is large, we have: \/_Kl <p\/_> C, \/_e /300 — ( 6)%)

where the O-constant is uniform for all v € A. Thus

Z e~ (h=9V50) | = 0 (e’(“’e) (n—e7 ) +0 (e*(“’e) (1 — e)’%> , €>0.

F#1

The same bound holds for X3. In view of what have been obtained now, the following
hold:
lim e X; =0, i=3,4,5,6.

1—00

Consequently, we have: lim e#¥; = 0. The main conclusion is summarized as
H—>00

Theorem 2.8.1.

0 d—1
im e St (V) K [l = tenic) 2:36)
=0

Corollary 2.8.2. When d = 2, i.e., X is a compact Riemann surface with genus g > 2,
the following asymptotic holds:

Z/\¢n|2 len ) as T — o0.

An<z

Proof. Such asymptotic is derived in an analogous way with the Theorem 2 of [M'W].
We omit the detailed discussions since it is almost trivial once familiarizing with the
argument in [MW]. Nevertheless we give an outline. First we have a refined version of
(2.36):
len(C'
lim - Ze % / (a2 = 12O (2.37)

p—00 2,u 4
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where r,, = v,,. In [MW], there is a refined formula (see Theorem 1 there) which is
derived from a formula ( see formula (22) in Proposition 3 there) of the same type
with (2.36) here by using the uniform estimates of K-Bessel function and Reznikov’s
nontrivial bound on L?*-norm (for compact hyperbolic surfaces): [, [¢,[* = O (A%)
Note that there are two variables involved in K, (i), so the uniform estimate on K, (u)
is needed when we take the limitation 4 — oo. To obtain the above formula, we
just do a similar argument. Actually we have a term % on the left hand side of

(2.36) which does not appear in the formula (22) of [MW] (this is not surprising since
Tolonl?> = | [, ¢n‘2). So all those separate steps for building Theorem 1 of [MW] clearly
hold for our situation because we have lower p-order in (2.36) compared to formula (22)
of [MW]: the term , /7% can lower the order of 4. In the present case, A, = 42
where 7,, € R: single out finitely many terms on the left hand side of the above formula
for which \,,’s are small and take the limitation 4 — oo, then these terms vanish in view
of (2.22), so it is without loss for us to consider only those ¢,’s with large eigenvalues,
i.e., r,’s are large enough real numbers. A slight modification of this refined formula

gives
oo
Y len(C) _11
Ze 2“/\%\2“’ g-e 1% as L — o0.
n=0 c 21

Let p = 1 and L(x) = % e~1z. If we define the probability measure at A, to be

Jo |én|? and denote this measure by U{dA}, then the above asymptotic reads

o 1 1 1
/ eV U{d\} ~ en(C) e =y PLl-)] a y—0
0 Ay y

where y = ﬁ The Tauberian Theorem (see Theorem 2 on p. 445 of [Fe]) implies that

U xP __z len(C) L len(C)
)\Z;E/CWM —/0 U{d)\}NmL<w)_F(2) e — L s T —

]

Remark 2.8.3. In [Ze], S. Zelditch obtained the following general result (see formula
(3.4) there) o let X be a compact manifold of dimension n andY C X be a submanifold

of dimension d, then
[ o
Var Y

where {¢;} is a family of Laplacian eigenfunctions which are orthonormal over X, C,, y
is a constant dependent onn andY . Note that the author used the operator /A there,
so the respective eigenvalues pi;’s are just v/X;’s. The result in [MW] gives the explicit

2
~ my-T"_d as T — o0

term C,, y for compact Riemann surfaces with genus g > 2, while our Corollary 2.8.2
gives the asymptotic of the squared L? norms for compact Riemann surfaces.
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Remark 2.8.4. To get an asymptotic of L?>-norms or periods for higher-dimensional
compact hyperbolic manifolds, one has to use good sup-norm estimate of any single
eigenfunction on the manifold or rather when restricted to geodesics (like Reznikov’s

bound). The classical Hormander’s bound is not enough even for surfaces.

Remark 2.8.5. In [MP], the authors obtained an asymptotic for Y, _ |dn(2)[> where
z s any point on a compact smooth Riemannian manifold. Such an asymptotic is
deriwed from a Wiener-Ikehara Theorem while the proof of Wiener-Ikehara’s theorem
under use does not indicate the reliability (i.e., the locally continuous dependence) of

the asymptotic on the point z.
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Chapter 3

Periods over Totally Geodesic

Submanifolds — Compact Case

In light of what we have done up to now, it is natural to consider the more general
sub-objects of the hyperbolic manifolds on which the integration of ¢; is done. Those
immediately coming into mind are compact totally geodesic submanifolds (or cycles
if they have self-intersections in X) Y which are realized by the embedding: Y —
X :=T'\G/K. Closed geodesics are special examples: C' ~ I'\\C' — X where C =
SO(1, 1)-0 — G/K. This motivates us to focus on Y of the form: Y ~ I')\G*/K* — X
where
G ={r=diag(n, m) € G| €O0(1,n), »€O0(d—n)},

K" = KNG = {diag(p1, p2) € K'|p1 € O(n), p2 € O(d—n)}

is the maximal compact subgroup of G* and I'y = I' N G* is a torsion-free uniform
lattice in G* (the fundamental group of V). Actually, by a proper conjugacy in G,
any totally geodesic n-dimensional submanifold can be realized as Y of the above form.
When n =1, G*/K* ~ A-o: if det(ry) = —1 for 7 € G*, then as a point in G*/K*,
TK* = tp K* € SO(1, 1)K* where p is such that det(p;) = —1. Actually G* can
arise in the following (more often used) way. Let V' be the (d + 1)-dimensional vector
space over real numbers equipped with the pseudo-metric ¢, = (, ), (see 1.1). For a
given subspace W C V of dimension (n + 1) (where 1 < n < d) and its orthogonal
supplement U (with respect to ¢, ), let ¢, |,,, ¢, |, denote the restrictions of ¢, on W
and U respectively. Then we have a subgroup H := (GL (W, q,|,,) NGL (U, q,],))° C

G where GL (W, q,|,,) stands for the group of g, |, -preserving linear transforms of

[
W, ()° means the connected component of the corresponding group which contains
the identity element. The aforementioned group G* is obtained by choosing a special
subspace W: for 0 < 7 < d, let W = {x = (x;) € R¥H! }ml =0,Vi> n—i—l}, then

U= {z= () eR" |2;=0, Vi<n} and H = G*. One should be careful that

47
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those points on Y, when pulled back to G according to the principal bundle G —
G/K — X <Y, do not necessarily lie in G* although Y is characterized in terms of
G*. Throughout this chapter we assume that n > 2 and X is compact, i.e., I' is uniform
and torsion-free in G. Our main conclusion is Theorem 3.3.6.

3.1 The geometric side

The results in Sect. 2.4 hold for any X which is compact, so we have the absolute and
locally uniform convergence for the spectral expansion. With the test function ®, as
before, integrating both sides of the pre-trace formula over Y x Y gives:

S () | [on] -5 [ [anom st

vel’
where dz is the hyperbolic measure of Y. One can use Poincaré coordinates (u, r) € P"

to characterize those points in Y by identifying the fundamental domain of G*/K* (for
the lattice I'y) with Y. More precisely, z € Y can be written as z = f,w, - 0 € Y where
(u, 7) lies in a (bounded) domain € C P™ since Y is compact. Such a parametrization
is of course not unique. But within G*/K*, it is unique up to the left action of I'y.
Under this coordinate, the hyperbolic measure dz is:

B drdu

rn

dz

It is known that dz is a left G*-invariant Radon measure on G*/K*. As before, the
geometric side is divided into two parts indexed by double coset classes. But, in the
present case, we do not have the uniqueness result (to use 7 to express, via two sided
action of T'g, any 7 in the class 7) like Proposition 1.5.4, hence we could only say that
the geometric side is bounded by ¥q + > I, where

FeTo\I'/To~{1}
X = Z/ D, (y21, 22)dz1dzy and I, = Z Z / D, (y7121, Y222)dz1d2s.
yery 7YY Y1€T 7260y ¥ Y Y

In the following two sections, we investigate these two parts separately. It is a general
philosophy that the term Yy should be the main term while the other part is the error
term, i.e., the trivial element 1 € I'\\I'/T'y contributes most. However we need to know
the detailed information on the order of the error term. When n = d, we have G* = G
and I' = I'y. In this case, only ¥y occurs on the geometric side. Without the rest terms
L, we shall see that it is much easier to derive our conclusions. Besides, the case n =1
has been considered in previous chapters. Hence we assume d > n > 2 till the end. We
shall see that the restriction n > 2, unlike d > n, is essential.
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3.1.1 The term >,
By definition, we have:
20 = / / @M(d(zl, ZQ))ledZQ
22€Y 21617

where Y 2 G*/K*. Let z; = 0, ws-0 denote the point in Y. Let 29 = 6, w; -0 denote the
point in Y where (u, 7) lies in Q, a I'p-fundamental domain in P™ which is isomorphic
to Y. Then

— v+ 82+ t*\ dsdv dtdw
Yo = P 2st svotn

(w,t)eR (v, s)eP™
g (
R~ 1xRsq

Let o/ = *=% and &' = £, then dv = dvy -+ dvp,—q = t"'dv}--- dv),_, = " 'dv'. By

(2.2), the integration along s gives:

1 "2\ | ds'dv’ dtd
Yo = / / eXp[—H<S’+ +|U|>] ° o0 A
2 S/ S/n tn

ceR"—1xR >0

_ dtd
:// (1 10P) % Kas (/T R =2
Rnl

As for the integration over along v’, we copy the procedure of the computation for
h¢(A;) (dropping the term 7); there). See Sect.2.2 for details. It turns out that

5= [r(fF) et
Q
S (\/g)n_lf(ngl(u)-vol(}/)

=

+

14 [ 2)] dsdv dtdw

s™ o tn

~ | »

s
t

3.1.2 The term I,

By definition, we have:

17:/ ~/ (21, 20)dzidzs.
21€Y Jzo€Y

Let z; = 0, w, - 0, 22 = 0, w; - 0 and assume that vz, = 8, ws, - 0 where v = w0y, k.

Then
I / / |w —vi]* + 82 + 2\ dtdw drdu
7 P H 281t tmrn

(u, r)eP™ (w,t)EP™
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The integration along ¢ gives (again, by formula (2.2)):

n-1 w— vg 2 drdu
I, = // ]w—vl|2+s)T et | p ‘ +1 | dw
2 . S1 r
n Rn—
2 ot 2
- — drd
— 2// 0 ) Koo |n ‘w 2 d(ﬂ) e
P S1 S1 S1 T
2 —nzt 2
drd
= 2// w'—ﬂ +1 K, 1| p w’—v— +1 dw/ru
3 ) S1 S1 rh
n Rn—

where we have put w’ = 3. For any 0,w; - 0 € G* /K™, w lies in
R = {o = (2,)i) € Rz =0Vi>n).

Thus, when we do the integration along w’, those first (n — 1) components of z—i can

be absorbed into w’, meanwhile those last (d — n) components of - remain after the

integration, i.e., if we denote 2 + --- +22_ by |z, for v = (21, -+, z4-1) € RT,
then
2 —5 2
2
v v drdu
I’y — 2/ / (‘w/‘Q‘F J1 —|—1> K, (Iu\/|w/‘2+ J1 )d /
515 s rm

P Rn-1

As before, a copy of the computation on h¢(A;) (dropping 7;) gives:

n—1
n—1 2 2 2
drd
2/’6 Pm >n 2 z>n r

Assume that k., = diag(1, u) where u = (u;;) € SO4(R). Let k.0, w, = 8, wsk for some
k € K, then the computation shows that

[ul?\ rr=t _ Jufp—r—t
(1+2 2 2 2 ?

U1

S1

U1

S1

(Uu + Zulzuz 1) r+72”71 + [Un < - |T> Zulzuz 1} T_£717

1=2

2 n —1 -1
u + _
k'yeu Wy = ('LL21 % + Z u2iui1> r ;‘ + |:u21 ( — T') Z U9 jUj— 1:| r g ,

=2

n

r4r_ 1 \u|2 r—r_1

(Udl Zudluz 1) s— + |:ud1 (1 — 5 ) = 2 ugitia | Y5,
i=2
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The term 6, wgk has been (partly) computed in Sect. 2.3.2, see (2.8) there. By compar-

ison of the first columns of these two matrices, we have:

2 2

R 2 n 1
: ; +%?M2:<MJ%_+Z:MWFQTﬁ; e

n _
., |u|? r4rt
Vs = Uz+11—+ Ujy1, jUj—1 +
Jj=2

The equalities (3.1) and (3.2) imply
B r+r- ul? -
S 1 _ (1 —+ (1 — U11 |7 Zulzuz 1> (Uu + (1 — UH) % — ZUM‘UZ’_1>

Let 8= (1 — un) % — > uiiui—1, then

i=2
1-— 1
st= il U +8)r (3.4)
2 2
Let o = w1, , BE "+ Z Uiy1, jUj—1, then
=
mg¢:“§1r+( %§i)r% 1<i<d—1. (3.5)

Clearly v; = (wg+v)rg, 1 = 19s. A computation with those terms in above shows that

U1

+1=

>n

+1=M)r*+ N.(V)r?+ Qu(v) = fy(u, r)

51

2 2
wWo + v
S

>n

where

d—1 2 d-1
1 - i
M(y) = Z (wOi 2u11 LY 4;1,1) — me (3.6)
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Here wy; is the i-th component of wy: wy = (w1, -+, Woa—1). Now we have:

ner () (e > (5e)

Write f,(u, r) as f,(u, ) (\/ —”:7) +2/M v) + Qu(7y). Define
7) =2V M) Nu(7) + Qu(7)

The parameter u is a token that N, @@ and § depend on it as well as 7. Note that M
depends only on v and this M is slightly different from the M in Ch.2: here M is the
summation of parts of m?’s while the M in Ch. 2 is the summation of all m?’s. We still

use M by abuse of notations. The number §,(7y) has remarkable geometric meaning.
Recall that

2 | 24 42 2 1 2 2 2
w—v s+t w—v s 1 w—v v
5(721,22):| 1”4 87+ > 2 &._: 1 +1> “1 +1
251t 251 251 S1 S1lpn
where d(vz1, 22) = ||E|| arccoshd(yz1, 22) is the hyperbolic distance between z; and
z3. The “=" at the first inequality can be achieved as t ranges among all positive

numbers. The last step follows from the fact that w is a vector in R"~! whose last

w__»

can be achieved for w such that wy; = vy

? _|_1 = fy(u, r) = 0u(7)

where “=" can be obtained when /M (y) r—¥——= N"(W =0,ie,r= ,/N“W (if M(vy) #0)

or r = oo (if M(vy) =0). So d,(7y) measures the mmlmal dlstance between the geodesic
v 6, A - o and the submanifold Y:

(d — n) components vanish. Here the

u

(1 <i<n—1). Since r ranges over all positive numbers,

0u(7y) = cosh (||E||_1 - inf  d(v 0,2, Zg))

z1€A-0,22€Y

where A is the maximal split torus of G (as before) and A - 0 is the regular geodesic
over G/K. By this formula we know that d,(-) is well-defined over I'y\I', but not on
['/T. For any fixed u € joll, define

() = F{y € Aldu(y) <z}

It is clear from the above discussion that the number f, (u, r) also has remarkable
geometric meaning: it measures the (hyperbolic) distance between the point v6,w, - 0
and the submanifold Y. More precisely,

\/ f(u, 7) = cosh (HEHl - inf d(y Oyw;, - o, z)) :
z€Y
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Let @ = /M(y)r — N+m, then r = x+\/x2+4v MO)Nu(y) and

24/ M(v)
T n—1 oS
L, =2" (1 /ﬂ> / / F.(u, z)dzdu (3.9)
RiZ —°

(QJW)M Ko (u 2+ 5u(7)>

F’Y(u7 x) = n—1

( x? + MV))T (:c + \/x2 + 4\/M(7)Nu(7))n_l \/w2 + 4\/M(7)Nu(’y).

Denote by d(y) the (minimal) distance between the manifold Y and its translation v Y

d(v) == inf d(yz, w).

z,weyY

Let 6(y) = || E|| cosh d(7). Clearly d(-) (thus 6(-)) is well-defined on I'y\I'/T'y. Define
T (x) = # {7 € [o\I'/To | d(y) < z}.
In the next section, we shall prove the following two results:

Proposition 3.1.1.

d—n

™(x)=0 (:ET> , as T — 00.
Here the implied O-constant depends only on T'.
Proposition 3.1.2. For any v ¢ Ty and u € joll, there exists a positive number c
such that

M(v)Nu(7) = c.

An immediate implication is:

Corollary 3.1.3. 7/(z) = O <a:d_Tn) as x — oo. Here the O-constant does not depend

on u.

Proof. Since 6,(7) > 0(7), we have: 7f(x) C 7*(x). The corollary then follows from
Corollary 3.1.1. O

When p is very large, py/x? + 0,(y) = p is also very large (for any z, u and 7) as
du(7) = 1, hence by (2.19)

Kn (,u x? + §u(7)> < ¢ et/ @2 +0u () < 402 o h/ @ +0u(7)
2 i/ 8.0) VAV
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where C' is a fixed number which is independent from x and u. Since
V2
2

2% + 0y(7) 2
(|x| + \/5u('y)> (see the end part of Sect.??), we have

Koo (/24 8,09)) < —“Tﬁlxl -

e 2 6“(7)
z va

(3.10)
The function

G (u, z) =z + \/xQ + 47/ M (7)Nu(7)
is monotonously increasing as x increases: the derivative
0G(u, ) g
Ox

Va2 + A/ MNG)

is positive for all x € R as

xT

< 1. Note that G (u, =) is positive for all
NI R (v, @) is p
z € R. Thus G, (u, x) > a,(u) for z > —1. Here

a,(u) = Gy (u, —1)

\/1+4\/ >1\/1+4yc—1.
Let a« = /1 +4y/c — 1, then G (

x) >« for x > —1.
We analyze the terms which occur in F, (u, ) for p very large

e If x > —1, by Proposition 3.1.2 and the above argument, the following holds

RN N
a”—lx/xQ +44/c

This integral clearly converges

If + < —1, then
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(W AN - x)

(4\/M(V)Nu(7)>n_l ( x? + MV)) N

N ORAG "
1+ 22 _'_ 1 (_$)n—1
16M () Nu (7) 40/ M () Nu(v)

n—1

2

( x? 4 5u(7)>

n—1
4./c n—
( 1—:6;[ + 43/6) (—x) '

N\

n—1
(V)
The last step follows from Proposition 3.1.2 and our assumption on z. By (3.10)
we have:
n—1
c n— n—1

( 145215;/ + ﬁz) (=) (2 M(fy)) S SRVANC)

F,(u,z)<C-

n__
2

N

3
HIO

+
i~

S

(Va?+1)
So the integral f__olo F,(u, z)dx is (upper) bounded by
B "l e )
7 (Ve

where B is a constant:

-1 1 \n—1 T
B :/ Clza)" e dz.

o (V1) Rt Ae

n—1
Here C' = C ( Lidve ﬁ) . Clearly this integral converges.

16¢

Remark 3.1.4. G, (u, z) occurs in the denominator of F,(u, x). Asx — —oo, G (u, x) —

0. This is the motivation for the above argument.

Our conclusion is summarized as: there exists a positive number C' (universal for all
and u) such that

/00 F.(u, x)dx < % (2\/W)n_1 e V50,

—00

This implies that

<2 (\/QE)H1 % /UGRM (m/W)"l e FVED gy, (3.11)
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Expanding n;, we get:

wo (1 — uyy) + w4 - 14+u U;
n; = |u]2 0i ( 121) it1,1 +Z<Ui+l,j _ wostery) 1 + Wos . 1 121,1'

j=2

Note that wOi(l_"lé)Jrui*l’l =m; and M(v) # 0 for v ¢ Ty (see Proposition 3.1.2). So

d—1 d—1 d-1 n d—1
T+wuin g
_ 2 2 (. . Al ) . ) _ J
; min; = |U| ; mz’ + ; JZQ m; (Uz-‘rl,] szulg) u]—l + ; m; (ZUOZ 5 5
——
=M(y)
¥ i N
n m; (Uig1,5 — WoiUiy d—1
i=n IL+uir Ui 1)
= M Uj—1 + + m; (w i — :
2 (7) wj—1 WiTC ; 0 5

n dilmz (wi1,5 — woitia;) 2
-2 5 4+M(7) )

=2

1 n
] Z ity + H,
j=2

Here we denote
d—1
> M (Uiyr, j — woittyy)

Wiy =2/ M) ujog + =2 T (3.12)

and

d-1 2
d—1 n Z my; (Uz‘+1 i wOiulj))
T+wuin g (i:n ’

i=n j=2

The number H., depends only on v. Now we have:

ou(y) = 2/ M(7)Nu(y) + Qu()
= 2 <me) (Zn?)+22mmi+1

=n

d—1

= 3w +4H, +1 (3.14)
j=2
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3.2 Proofs of Proposition 3.1.1 and 3.1.2

Assume that C' is a closed geodesic over Y and I'gg C T’y is the stabilizer of C, or
equivalently C' ~ Foo\é’ where C is one of those lifts of C' in G* /K*. Then there exists
some g € G* such that gé is the regular geodesic C'=A-0C G/K. Let Ty = gTog™*
and Ty, = gloog™ ', then over the quotient manifold I'j\G*/K*, the regular geodesic
is closed (denoted by C’). If we identify C' and C” with some fundamental domains
for Foo\é and Ff)o\é” respectively, then we may recognize C’ as gC, or C as g '(C".
Accordingly we identify Y’ with ¢Y, or Y with ¢7'Y’ where Y is the fundamental
domain for I')\G*/K* which contains the above mentioned fundamental domain for
C". From Ch.2 we have: I'\; = (70) where 79 = w.,rko for some T" > 0 and ky € K*.
Here T' = leﬁgﬁ,) (see the remark at the end of this chapter) and kg is of the form:
ko = diag(1, 1, n, p) for some (n, p) € O,_1 X O4_,. With {¢;} being replaced by
{Ly(¢;)} where L is the left regular action of g, the period [, ¢; is equal to [, Ly(¢).
The only condition we have posed on {¢;} is that they are the eigenfunctions of the

integral operator Ty (see Ch.1) which are orthonormal. Such a property is preserved
for the family {L,(¢;)}. Hence, by passing to I, I'|, (especially I%,), Y and {L,(¢;)} if
necessary (a normalization process), we may assume that the regular geodesic over Y
is closed. The main implication is that there exists vy (which is of the form vy = wrko
as above) such that (o) C T'y.

The idea for the proof of Proposition 3.1.1 is, in principle, similar to that of Theorem
2.3.1: find elements ' € I' which share the same §, i.e., §,(y) = 9, (7) for some
v E Rs:ll, then count these representatives. The point is to realize these elements in
some special domain 2 € P¢ so that the counting is reduced to computing the volume
of 2. The difference from the proof of Theorem 2.3.1 is that, here the number d,(7)
involves in partial terms of u. We make use of the right action of I'yy to reduce these
terms to be in a bounded domain (in R?~"). Meanwhile we make use of the left action
of I'y to reduce the rest terms of u, as well as the term w, to be in a bounded domain
(in Ryo x R™™1), without essentially changing the previous ones.

Lemma 3.2.1. The natural map I' — G/K s injective.

Proof. Assume 7, - 0 = 7, - 0 for some v;, 75 € I, then 7; 95 € K. This implies that
77 'v2 = 1 (note that T is torsion-free), i.e., 71 = 72, so the map is injective. O

Lemma 3.2.2. The image of I in G/K s discrete and has no accumulation point in

G/K.

Proof. Assume that {v;-o|v € I', vi-0# 7; -0 for i # j} is a convergent sequence,
then 7, 'y; — K as i, j — oo. Meanwhile, by Lemma 3.2.1, v; # ~; for i # j. So
{7 'v;|i # j} lies in a compact neighborhood of K. By passing to a subsequence if
necessary, we know that ~y; 1’yj converges to some v € I', noting that I' is closed (since
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it is discrete). Hence the sequence {7; '7; |4 # j} is stationary for large i, j, i.e., there
exists 0 € I such that v; = ;8. Thus vj4¢ = Yj40-10 = -+ - = 7;6° = ;0 which means
that 6° = 0. As I is torsion-free, we have: § = 1. So ; = 7; (i # j), a contradiction.
The first part of the lemma is proved. Assume that there exist a sequence {7; - 0} and
some g € G such that ;-0 — ¢g-0 € G/K as i — oo. Here v; -0 # ;-0 for i # j.
Then {g~'v;} lies in a compact neighborhood of K. By passing to a subsequence if
necessary, we know that g~'v; converges to some h € G, noting that ¢g~'T is discrete
(hence closed). The sequence {g~'v;}, thus {v;} as well, is stationary for large 7. But
we have assumed that v; # «; for ¢ # 7. m

Lemma 3.2.3. The image of To\I' for the map To\I' — ['\\G/K is discrete and has

no accumulation point in To\G/K.

Proof. For g € G, denote by g the image of g in G/K, by g the image of g in I'\\G/K.
Assume that the sequence {¥;} converges to 7 where 7; # «; for ¢ # j. Then there exist
a sequence {n;} C I'y and a compact neighborhood W of K such that v~ 'n;v; € WNT.
By passing to a subsequence if necessary, let’s assume that v~ 1n;v; — 4 € I'. In view
of the discreteness of I', n;7; = 7' for large 7. This means that 4; = ; for large 7 and j,
a contradiction. This proves the first part of the lemma. The argument for the second
part is similar to that of the Lemma 3.2.2. We omit the details. ]

Proof of Proposition 3.1.1. First we assume that M(y)N,(v) # 0. There exist

unique 7 € [1, €] and r; € {€*7} such that Y0,wyy, - 0 = wyysby - 0 where [V/[2, +1 =
}“’OTJF”};L + 1 = §,(y): rry is the unique positive solution of the equation /M (y)x —

v/ Nu(7)

YOy, -0 = Wlw?"e(rrl)—lu(pl—l)T'O where v, = w,, k1 € Tog for some k; = diag(1, 1, p;) €

= 0, thus modulo {eZT} (multiplicatively), r is unique. Clearly we have:

K*. For any v = (v;)%=} € R let v, and v, denote (vq, -+, v,_1, 0, ---, 0) and
(0, -+, 0, vy, -+, vg_1) respectively. As before, let 2 ~ Y denote the fundamental
domain of 'y in G*/K*. Then there exists a unique v, € Iy such that 72Wr059v’<n =
wibpk € G* such that (¢, w) lies in Q. Assume that k = diag(1, ps, p3) € K*. Define

Ri1,n:= {:c = (xl)f;f e R }xz =0Vi<n— 1}

and

o =Aw0,k|(r,u) €Q, ke K'} C G".

Denote 1,; = diag(1,---,—1,---,1) € Maty,,(R) where —1 is the i-th entry of the
diagonal. Then

Vorystyr -0 = 72wr056v/<nt9vf>n~0 = w0, P2 9v’>n'0 = Wby, Do 0, .10

P3 1dfn
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where
o if det(py) = 1, then py = po, 1yon = 14_,, and ps = diag(1, 1,, ps3).
e if det(py) = —1, then py = po - 1m where 2 < i < n (this is available since n > 2),
1y, = id_,w» where 1 < 7 < d —n, p; = diag (1, 1,”, id_mj . pg).

Note that v, p57 € Ry_1,, and }v;np}‘,T‘? +1= |v’>n‘2 + 1 = 6,(7). Define
Q={9g=g"0keCGlg €G, u€Ry_1,, [u+1<2, ke K} CG.

Denote by v*(u) the element 'yg'y'yleG(T D-tu(prt)" then v*(u) € Q for some z > 1.
T u 1

When M (y)N,(v) = 0, the existence of v*(u) is clear in view of the above argument:
if M(~y) =0, one chooses v; = 7§ for ¢ large enough; if N,(v) = 0, one chooses y; = ~§
for ¢ < 0 and —/ large enough.

Lemma 3.2.4. v*(u) # n*(w) for any u, w € R}~ and 7y, n of different classes in

Fo\I'/To.

Proof. Likely, we have: n*(w) = 77277771‘*}69(54 ()" € O for some x > 1, my € Iy
1 w( Ty

and 1 = wy, k] € Dgg where k] = diag(1, 1, 71). Let us denote by 4 and 7 the elements
y2yy1 and manny respectively. Then v*(u) = n*(w) implies that 4719 = w,.0

T+

(rri)tu(py )

9(_[2 Fru( ) we-1 € I'N AN, where N_,, = {0, |u € Rg:ll}. It is clear that AN_, C
1) w T
G*, hence 4y7') € I' N G* = 'y which means that v and 7 are of the same class in

[o\I'/Ty. This contradicts our assumption. O

This lemma tells us that, those representative elements v*(u)’s are distinguished in
2 with respect to ’s (of different classes). A further property is about the discreteness
of these v*(u)’s

Lemma 3.2.5. For any sequence of pairs

{(’Y;kl(ul) 7@2 Wi ) },7117 Yi2 el'~ FO? 77/1 7é Yi2, ’yzl(ul) ’7:2(“%) € Q* v Ui, w; € R i= 1?

i (u;) and v (w;) can not be close enough (as i — oo) with respect to the topology of
G.

Proof. Let 7ji(wi) = 71y ViwriaOu, € Qg and vip(wi) = VigVieViswrinbu,, € Q5 for
some i, Vi € Lo, 1y Vi € Toos Tin, iz € [1, €7] and w;, use € RY7}. Assume that
v (u;) and % (w;) are close enough as i — oo, that is, (v (1)) y5(w;) — 1, then
0,1 (Vi) (Vi) Wrnbuiy € Uiy ey i = (Y i)~ (ViYiovia) € Vi o=
Wiy Oy U 0_y,,w Wyt where U; is a neighborhood of 1 that can be small enough for large
i. For any i, V; is a neighborhood of the element w0y, 0 v, w,—1 € ANcp. Here
N_, has the same meaning with that in the proof of Lemma 3.2. 4 Asi — o0, 1, —
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AN_, by which we mean the following: there exists a; € AN_, such that ozi_lm — 1,
i.e., m; can be close enough to AN_,. This implies that, over I'\G/K, there exists a
compact neighborhood W of the compact submanifold I'g\G*/K* (more properly, W
is the neighborhood of (I'o N AN.,) \AN_, — TI'c\G*/K*) such that all the points
n; € To\I'/K lie in W. As ' K = {1}, we can identify the image 7; of 1; under
I' — Ty\I'/K and the image of 7; under I' — I'¢\I". Hence there is a subsequence
{7, } which converges. The subset I'o\I' C W is closed has no accumulation point (see
Lemma 3.2.3), so 17;,, = 1 for some 7 € I" and any m larger than some Ny. As 7; can be
close enough to AN_,,, we can find some 7 such that it lies in (o N AN_,,) \AN<n. It
immediately follows that n € ' N AN_,, C I'g. Hence n;, € I'g which means that ~; 1
and ;o are of the same class in I'g\I'/T'y for m > Ny, a contradiction. O

Remark 3.2.6. In the above proof, the neighborhood W plays a key role. By such W
we get a convergent subsequence {n; } with the accumulation point in T'y. Meanwhile
this subsequence is stationary for large m. Note that W does not depend on wu; or w;.
Actually it depends only on I' as V; is a neighborhood of n; € I'. The property we have
essentially used on u; and w; is that they lie in R2_1. So the above lemma is universal
for all u;, w; € ]joll.

Clearly, 0(y) = gxinq 0u(7). To count 7*(z) is to count the representative elements

UCERg_1

v#(u)’s such that ;s are of different classes in To\I'/Tg ~ {1} and 0(7;) = du (7).
The special element 1 does not influence the order of 7*(z). Lemma 3.2.4 and Lemma
3.2.5 hold for any u, w and w;, w; € R}~] respectively. Hence the cardinality of
m*(x) is (upper) bounded by the volume of €. Both G§ and K are compact, so the
volume of Q0¥ depends on the (d —n) many free parameters u’s. Consequently, we have:
™ (z) = O (vol (2%)) = O xd_T"> as © — oo. Here the O-constant is unconditional.

This completes the proof of Proposition 3.1.1. n

The following conclusions is immediate:

Corollary 3.2.7. If |To\I'/Tg| = oo, then the unique accumulation point of {0(7y)} is
0.

Likewise, by Corollary 3.1.3,

Corollary 3.2.8. For any fived u € jo, if |To\I'/To| = o0, then the unique accumu-
lation point of {0.,(7)} is oc.

Proposition 3.2.9. For any fized u € R}"|, the unique accumulation point of { M (v)Ny(7)}
18 Q.

Proof. Assume that M(v;)N,(v;) < ¢ for a sequence {v;} and fixed number ¢. By

Qu(y) <142/ M(7)Nu(7).
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Hence 6, (i) = 24/ M (7)) Nu(7i) + Qu(:) < 4y/c + 1 which implies that there exists a
convergent subsequence {d,(7;,,)} with finite accumulation value. However, this con-

tradicts Corollary 3.2.8. [

Lemma 3.2.10. If M(v)N,(y) =0, then Q.(y) = 1.

Proof. This is clear in view of (3.6), (3.7) and (3.8). O

Lemma 3.2.11. For any g € G, I'g - g - Iy s discrete in G.

Proof. It is well-known that the product of a finite number of discrete groups is discrete.
SoTg-g-To=g-g 'Tog- Ty is discrete. O

Lemma 3.2.12. For any v ¢ Ty and u € R2={, M(y) and N,(v) can not be zero

simultaneously.

Proof. Assume that M(y) = N,(v) = 0 for some v ¢ Ty and u € R%~]. As before, let
Y0y = WrysBuwerv k for some k € K. Then |w%+”|2>n +1= M)+ 22 Q¢ =1
for any r > 0 (see Lemma 3.2.10). which shows that (wy + v); = 0, i > n. Thus, for
any vy = wenrky € Igg C I'y where kg = diag(1, 1, p), there exists v, € I'g such that
v (u) = Yo,70.7% € Q; C G. One can write 0,73 = 730,, where u, = e " Tu(p?)".

Clearly, |u,| — 0 as n — oc.

o If u # 0, then v’ # 0. By Lemma 3.2.11, there are finitely many ~*(u)’s in the
domain 7. Thus, v2,77)0u, = Y2mYV§ Ou,, for infinitely many m and n. This
implies that (Y2mY7") " (Y20 V2) = 0w, —u,. Note that 6, _,, € Wy, where
Won is a neighborhood of 1 that can be small enough for large m and n. Hence
(V2m ¥ " (Yo YY) = Oy —u, € DO W = {1} (as I is discrete), i.e., Yooyl =
Yom Yo" for large m, n. However, u,, # u, (if m # n) since u # 0. So Y2, YV Ou,, #
YomYVy O, for any m, n large, a contradiction.

o Ifu =0, then M(y) = dzl (wgi 1*% + 1“;#)2 and N, (v) = dzl (wOi H% — 1“;#)2
Then the assumption lt_l:at M(y) = Nu(y) =0 immediategnimplies that wy; =
Uip1,1 = 0forn <@ < d—1,1ie, v € AN, K. There is a bijection between
[y and the set of fibers of any point z € Y in G*/K* since Y is regarded as an
embedded submanifold in X. The left translation of e - 0 by 7 lies in G*/K*. So
there exists n € I'g such that -0 = -0 from which it follows that v € Iy, but we

have assumed that v € I' \\ T'y,.

The proof of the lemma is complete. n

Lemma 3.2.13. For any v ¢ Ty and u € R "1, M(v)N,(v) # 0.
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Proof. Assume that M( ) = 0. By Lemma 3.2.12, N,(v) # 0 for any u € R}{.
+1= ()+1>1f0ranyr>0 Let r = ¢"T. For n large enough,

‘>n
}>n +1 < 1+ €. There exist 75 € I'yg and v = wenrk{ € L'gp such that 7} =
Yoy by lies in Qf, i.e., there are infinitely many (different) +*s in the domain Q7 ,

} wo+v

contradicting Lemma 3.2.11. The case for N,(7) = 0 can be disproved in the same way.
We omit the details. O]

Proof of Proposition 3.1.2. Assume that there exist a sequence {v; € I' \ T'g |7; #
5, for i # j} and uw; € R~} such that M(v;)N,,(v;) — 0 as i — oo. By (3.6), (3.7)
and (3.8), it follows that d,,(7;) — 1 as i — 0o0. Since 0(7y;) < &y, (7i), we get 0(y;) — 1
as ¢ — oo which means that there exists a subsequence {§(v;,,)} convergent to 1. This
contradicts Corollary 3.2.7. The proposition follows in view of Lemma 3.2.13. O

3.3 The comparison

For 0 < € < 1, define ny, () := du(y) —€-(7y) >0

Proposition 3.3.1. For each class ¥ € To\I'/Ty \ {1}, one can choose proper repre-
sentative element v such that

/ (%/W)n_l e~ 5V gy <A
R~y
for some positive number A that is uniform for all v chosen as above.
Remark 3.3.2. Remember that §( ) is well-defined on Ty\I'/Ty, while 6,(-) is only
well-defined over To\I', not on I'/T.

Proof. By 3.14, 1y, (7) = du(y) —€-6(7) > Y u}?, +4H, + 1 —€-6(y). Remember
j=2

that Z u/? | is a polynomial of degree 2 with respect to 2/M () u (see formula 3.12).

B681des Tu,e(7) is positive with minimum value min 7,,(7) = (1—¢€)-0(y) = 1—€ > 0.
ueRG

Let v = 24/M(7y) u. Denote 4H, 4+ 1 —€- () by 7.(7). One has
e if 7.(7) > 0, then

e if 7.(7) <0, then

[ vie) " e vila < [ e tVIETEa,

n—1 n—1
Rg_q veERG 1

[o]227e (v)



3.3. THE COMPARISON 63

+ (2VATR) " VI )

where V,(7) is the standard volume of the ball B,(v) = {x e R [z] < |7'E(fy)\}.

Both integrals on the right hand side of the above inequalities converge. Up to now,
we have shown that the integral in the proposition converges for each v € I' \T'y. Next
we show that the integral is uniformly upper bounded for properly chosen 7 in each
non-trivial class in I'g\I'/Tg. The key observation is that, with proper v ¢ 'y, the local
minimal or maximal value of 7, () is obtained at u where u lies in a fixed bounded
domain around zero in stll. Beyond this domain, there is a positive number b such

that 7, () is larger than the polynomial ) u/? 4+b when 6(v) is large enough. Within
j=2
this domain, 7, (7) = 1 — e. Thus the proposition follows. To verify the observation,
d—1
we work on 24/ M (7)N,(y) and 2 > m;n;. With u as variable, n; is a polynomial of

d—1

degree at most 2 and 2 )" m;n; is a polynomial of exactly degree 2 (see Sect.3.1.2).
o d—1

Hence we just have to choose v ¢ 'y such that n? and 2 Y m;n; achieve their minimal

=n
or maximal values at u for u in a domain that is universal for all ¢ and . Expand n; as

n. — (wm'(l —Uuip) + Ui+1,1> (wm'(l +up) — Uz’+1,1>

n
|U|2+Z (Uit1,j — Wosth1j) uj—1+
=2

2 2

wo i (1—u11)+uit1,1
2

value at © where

# 0, then by (3.7), |n;| achieves its minimal or maximal

.lfmZ:

Wit1,5 — Woilly
Y
woi(l — wir) + wig1,1

or such that n; =0, i.e.,

n 2 n 2
Z Uit1,5 — Woilllj (Uig1,j — woiur;)”  woi(l 4+ wir) — Uit
my; Uj—1 + = E — .

Jj=2 =2
(3.16)
d—1
By (3.12), 2 Y m;n; achieves its minimal value at u where
d—1
Z M (Uig1,j — Woill ;)
w_g = —=n . (3.17)
! 2M ()
Denote v = wyyfu, k. Multiply 7§ = e/ TEk{ € Tog to v from the right, and denote

YV = WresBwoto k as before. By (3.4) and (3.5) we see that

(3.18)

<w0 + U) _ woi(l —wup) + Uitl,1 e . woi(1+up) — Uitl 1 T
5 ; 2 2 ’
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Since wo;(1 — u11) + wip1,1 # 0, (“’O—J’”)Z can be very large for ¢ large. The right

multiplication by 7§ does not change iy, i.e., uy;(y) = u11(y7§). Thus |wp;| and

/m;| can be large enough with ~ replaced by proper y7§. For v in different classes,

one can use different ¢. The formulas (3.15), (3.16) and (3.17) show that it is
d—1
woi(1 —uyp) or (1 —wuyy) > wd, that decides the order of the denominator of u;

for |wo;| and m; large. The other terms in the denominator are from k., thus

bounded. The order of the numerator in these three formulas is no larger than
d—1

that of the denominator (with respect to wg; or Y. w3,;). By the ensuing Lemma
i=n

3.3.5, we see that u lies in a bounded domain. Here we mention again that wuy; # 1

for v ¢ T.

n

. _woi(l—wr)+uigr,1 o
o if m; = ! D) ! = 0, then n; = Z (ui+1,j - wol-ulj) Uj—1 + Wy ;-

Jj=2

— if wy; = 0, then n; = 0 defines a hypersurface through the origin which means

that |n;| achieves its minimal value at the origin.

— if wy; # 0, then “HIFMI=wL1 o o By (3.18), (“2Y) — 0 as £ — oo,

S

meanwhile (“JOT“’)Z # 0. This means that, we can get a new wgy; with v
replaced by y7§ such that this new wy; is small enough, but nonzero. In this
process, ;11 ; maintains unchanged as the right multiplication of 7§ does not
change those entries lying in the first column of p, where k, = diag(1, p,).
With the new terms, m; does not vanish. Hence we might as well assume that
m; # 0. At this point, we are led back to the former cases.

The proof is complete. O

Lemma 3.3.3. ANM NTI' =T, ANM'NT = {1}.

Proof. Let v = w0k, for some k € M, then yy§ = w,yeer0yye—erky k. Remember
that vy = werko where kg € M. Multiplying proper 7o € Tgy to the left side of 7§, we
get infinitely many distinct v*’s lying in {2, for some fixed x > 1, except wg = 0. Here
the notations v* and €1, are as those in the Chapter 2. By Lemma 2.3.1, there should
be only finitely many v*’s in 2,. Hence wy = 0 and the first conclusion follows from
Lemma 1.5.3. Note that the group I'y in the first three chapters is denoted as ['yy here.
When k., lies in M’, by the formula w,k, = k,w,-1, the above argument still applies
and we get wy =0, i.e., vy € AM'NT = {1}. O

The following lemma is an easy consequence of the proof of the above lemma:

Lemma 3.3.4. T'oo0\ANM /T is compact. O
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Lemma 3.3.5. For any subset A C I' . I'g consisting of representative elements of
classes in To\I'/To ~ {1} such that each class has evactly one representative element in

A, we have:

sup |ui1 (7)| < 1.
YEA

Proof. For g € G, let g* denote its image in g\ G under the natural map G — T'go\G.
Let {7} C A be a sequence such that uy;(y;) — 1 as i — oo. Clearly, v/ # ~; for
© # j. For each 7 there exists n; € ANM such that n; 1% € W; where W; is a compact
neighborhood of 1. We can and will assume that W; is small enough for ¢ large. By
Lemma 3.3.4, there exist 7;, 7/ € [y such that 7;m; '7/ converges in (a fundamental
domain of) Tgo\ANM /Tyo. When W; is small enough, I'go\W; is isomorphic to W;.
The right action of I" on |J (I'oo\W;) 7 is thus discontinuous for ¢ large enough. On
vel

one hand, (7]2-_ 17! )* converges in a compact domain in T'og\AN M, on the other hand

(n; ! )* 7171y = (niv:)" converges in Tgo\W;. Hence, by passing to a subsequence if
necessary, we get: 7/ ~lv, is stationary for large i. This implies that v; = v; for large

i, . But we have assumed that ~; # 7 for i # j. Thus suE u11(y) < 1. The case for
e

u11(;) — —1 is proved in a similar way. We omit the details. O
To estimate >, I, let us assume that |o\I'/T'y| = oo because we can treat
Do\I'/To~{1}
Nn/2

the case | To\I'/T'y| < oo in the same way with what we shall do for ) I, in the case

m=1
| To\['/To| = oo (see below).
By (3.11) and the above proposition,

n m n C n-l _M( nu,6(7)+5'6(7))
['Y < 2 (115) ﬁ /1 (2\/M(")/)) € du

RS
™ nl C n—1 B %
2" (,/—) — (2 M(v)) em 2V ) o= 3 Vel gy
21 Vi
Ry
< A-2”< 1) — 75V
21 Q

Thus, one has:
n—1
S one(fn) 5 T
JEo\I'/To~{1} H v JeTo\I'/To~{1}

We may arrange the order of elements in I'o\I'/T"y to get the sequence {7,,} -_, where
d(ym) increases as m increases. For any o > 0, by Proposition 3.1.1, there exists some
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natural number N, > 4¢ such that:
1

§(Ym) >m 2 m> N,

Let € = % and a = 7, then

o
S s 3 e 3 o
m= Nn/2 m= Nn/2 m:Nn/Q

The term ) e~ ™" is bounded by the integral
m:Nn/Q
00 1/ 4 9] il iL‘l/d
/ e 5" dr = d4 / e My dy (letting y = ——)
4 1 4

which is bounded by O (e7#u~!) (see Sect.2.3.2). Hence
Z Iy, = lu TET 1)
m=N, /2

Now let’s check the terms I(7,,) for 1 < m < N, 2. The case | I'o\I'/I'g| < 0o can be
treated in the same approach used here. By (3.9), there exists some L > 0 such that

F(u, ) < L K (/7 +0.0))
(Ve ra.m) ($+ ¢x2+4¢m)"1 7 /MM
(3.19)
We have: 1
1 1

for x > 2 (3.20)

— = —
<x R WW) (2N

Koo (/27 +5,0)) _ Ko (/7 17)
( x2+5u(7)>n21 ST

2 d—1
As M(7)Ny(vy) = (Z mml) where Y m;n; is a polynomial of degree 2 with respect

(as 0u(7y) = 1). (3.21)

to u (see the end part of Sect.3.1.2). Since M (~)Nu(y) = ¢ > 0, the integral

1
/ " = du
- (2 vM (V)Nu(v))
d—1
converges for n > 2. Let y = 2% + 1, then

* Kan (pv/a? +1) Koo (0vy) dy VA (1N
2 — dx f— 2 — = —F 2K£_1
/0 ( x2+1)T /1 (\/@)T 2y —1 2 ( )M 2 ()
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The second step follows from the formula (2.21). By (3.19), (3.20) and (3.21),

i OoKanl( m) U
/ /va(u, z)drdu < L-O/ : ;H):l da;-Rn[l <2W>n

< LprhEy () (3:22)

ueRZ:ll z=0

for some scalar L’. At the moment, there are finitely many (,,) under consideration,
so we can assume that the scalars L' (and L” in below) are uniform for all 4,,.
For x < —e (0 < € < 1), we have:

1

(o4 ot + VAN
JR TN - o)

4/ M (y)Nu(7)

\/1 + 4\/M(7 )Nu () +1

/M0)N.0)

n—1

-1

n—1

= (—a)" ! ! + ! + ! nz:a 23)
W6M(Y)Nu(7) 422/ M()N,(7)  4/MA)N.() |

For € small enough, the following hold:

1 1
16M (v)Nu(v) REDY M()N,(7)
1 1

422/ M (7) N, (7) - 4e2\/M(7)Nu(7)’

and

1
4/ M) N,(7) RN (VN.(Y)

With these inequalities, (3.23) reads:

1

< <—x>“< _— )
($+\/x2+4\/m> 8¢/ M(7)Nu(7)

Hence

du

n—1

it (/P ATNG)) e/ ENG)
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1 (=a)"! du
=2 (Bey / ( 4M(7)Nu(v)>n o2

n—1
u€R; "

The integral on the right hand side of (3.24) converges for n > 2 (we have discussed
this integral for = > 0). By (3.19), (3.21) and (3.24), we have:

/ / (u, z)dzdy < (85”_1 / — (u@) (—z)" 'da

(VD

ueR? -} a=—o0 —o0

for some L”. Let y = 22 + 1, then
00 Kno1 (pv/x? 4 1) o0 Kno1 (puv/x? 4 1)
/ 2 xnfldx < / 2
€ 0

(varen)®

— on/2-1 n -3
= 22 (D) Ky ()

The last step follows from (2.21). Thus, there exists a positive number S such that

/ / o (W xdxdu< S ﬂK %(u). (3.25)

Rnl —00

0
However, it is [ [ F,, (u, )dzdu which is to be estimated. For p very large, by

Rn—l —00

(2.22), K nt (1V/x% + 1) decreases exponentially with maximum value | /5, €. Hence

) —€ Kn_1 (;m/x2+1) .
one has to choose proper € for each y such that the two integrals [ —2———+= 2" 'dz

S (V)T
Kn 1 \/W
and f (M—nl) 2" dx are bounded by each other, i.e.,
(Va?+1) %

2" . (3.26)

—~

e’} $2+1n771 —00 (L’2—|—1n771
( ) ( )

/—6 Kna (nVz?+1) _—y /0 Ko (nVz?+1)
2" dr =<
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1

In the following, we will see that e = ™2 is sufficient for establishing (3.26). Note that
“us = 2 so (3.25) reads

/ / o (W xdmdu<% K_ é(,u)

Rn 1 —00
By computation,
e H e2+1 —u &2 -~ 1
=e 1Vl = g 14+VeZHl = Ty
e H

As p — o0, it is easy to see that 7, — e~ /2. Using the asymptotic (2.22), we see that

K%( ) = Ko (1V€e +1). The property (3.26) then follows. Thus,

/ / (u, z)dzdu = O <u‘1/2K_%(u)> . (3.27)

R~ —%©
By (3.22) and (3.27), we have:
Nn/2 Nn/2 o0
Zlm = / /F,Ym(u, x)dzdu
m=1 m=1_~ ; °
Ry—y =%
n—1 H/Q
= 2" (‘/2 ) / / (u, x)dxdu + / /F%n(u, x)dxdu
= 0 (e ™ nH)

Putting the data on geometric side and spectral side together,

gzd (&)dl Ky, (1) /Y qf)i(z)sz

= on ( i)nl K (1) - vol(Y)

+0 (e_“,u_nTH> +0 (e‘“pﬁg_l)
Multiplying 27" <,/27“> e’ on both sides of this formula and taking the limitation
[ — 00, one gets:

Theorem 3.3.6. Let X be a compact d-dimensional hyperbolic manifold, Y = I'\G*/ K*
be a totally geodesic submanifold of X where I'y, G* and K* are defined at the beginning
of this chapter, then the following holds

i S () K ). e
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Corollary 3.3.7. There are infinitely many ¢;’s with nonvanishing periods over Y :

Py(¢:) # 0.

Remark 3.3.8. Comparing the formula in Theorem 3.3.6 with that in Theorem 2.5.1,
one finds that there is a factor (involving Killing form) lost on the left hand side. The
reason for this phenomenon is that in this chapter we fix the hyperbolic measure (of Y)
without presuming the metric in advance, while in Ch. 2 we start from the hyperbolic
metric. This choice will of course leads to new hyperbolic metric which differs from the
old one only by a nonzero scalar. If we, by contrast, firstly fix the metric, then there
will be a factor occurring on the left hand side of the formula in Theorem 3.3.6. Such
difference is not essential as it is only a matter of modification.

In representation-theoretic language, Corollary 3.3.7 reads:

Theorem 3.3.9. Let H = G* or the conjuation of G*. Assume that U'y\H is com-
pact, T\G s also compact, then there are infinitely many real spherical automorphic
representations which are H-distinguished.



Chapter 4

Asymptotics of Periods

In this chapter we shall refine formulas (2.24), (2.26) and (3.28), based on which we
derive the asymptotics of periods in use of the Tauberian theorem. This depends on
a careful study of the spectral side. The nontrivial bound of periods is particularly
important to our work. The main results in this chapter are Theorem 4.3.1, 4.3.2 and
4.3.3.

4.1 The refined formulas

It is clear from the proof of Corollary 2.5.2 that any finitely many terms on the left
hand sides of (2.24), (2.26) and (3.28) are killed in the process of taking the limitation
1 — 00. So we may always focus on the eigenfunctions with large eigenvalues, i.e., we

can and will assume that v; € iR. Write v; = ir; where r; € Rxy.

Theorem 4.1.1. The formula (2.24) can be refined as

d—1 o0 2
i 2 (&) S e |Pe(y)]? = 2B len(C). (1)

=0
Theorem 4.1.2. The formula (2.26) can be refined as

™

d—1 oo 2
. d R 2
tim 2 (/57 S IPel. 0 = 2Bl n(C). (42)

Theorem 4.1.3. The formula (3.28) can be refined as
T\
lim 247" ( —) Zefﬁ |Py ()] = vol(Y). (4.3)

J—00 2;“ =

In this subsection we show a nontrivial bound on periods to be used in the proof of
these theorems. Let Y be a closed geodesic or compact totally geodesic submanifold

71
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on the compact hyperbolic manifold X. Let n = dimY and {¢y} be an orthonormal
basis of L?(Y, dz) such that 1,’s are eigenfunctions of the Laplace operator Ay over Y’
(defined by the hyperbolic metric of Y): Ayt = X,-1by. Like );, we write \j = p'? —v}?
where p/ = ”T’l denotes the half sum of positive roots of G*. The restriction of ¢; on
Y can be expanded as the linear combination of ;’s:

bily = Zaj,é Yo, aj €C. (4.4)
¢
By the assumption on 1, we have
0= [ ST (45)
Y

So the periods in our context is nothing but the Fourier coefficients of ¢,|, in its
expansion (4.4). In particular, the period Py (¢;) is, up to some scalar, just the zero-th
coefficient or the constant term.

Proposition 4.1.4. e Let n =1, that is, Y is a closed geodesic. For any fixed 1,
and € > 0,
_ _14.
/ Gj(2)0e(2)dz < 1; 2T as r; — 00 (4.6)
Y
where the implied O-constant depends on 1),.

o Let2<n<d—1, then for any fized € > 0,
/Ygzﬁj(z)dz < T;%+e, as r; — 00 (4.7)

where the implied O-constant depends on n.

Corollary 4.1.5. For any closed totally geodesic submanifoldY of a compact hyperbolic
manifold X, one has:

/ ¢j(2)dz — 0, as \; — oo.
Y

The rest of this subsection will be devoted to the proof of this proposition. We adopt
the trick in [Re] and some results in [M@]. Let J'(v}) denote the noncompact picture
of the representation (G*, I'(v})) where I'(v}) = Ind§. 4. yv (1 ® €% ® 1)00, the subset
of smooth elements in Ind$. 4. - (1 ® €% ® 1). That is, J'(1}) is the image of I'(v})
under the map R (see Sect. 1.4). Here M* = M NG*, A* = ANG* and N* = NNG*.
For u € R™! let uw = (v, v”) € R"! x R¥™. Under our assumption that v; € i Rx,
the integral operator

Lyﬁyé : J(l/j) X J/(Vé) — C,

(f1, fa) = / / (= wal* + [ )7 uf 270~ @) £y (un) foug) dugduy
w1 ERI-1 JypeRn—1
(4.8)
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defines a A(G*)-invariant (i.e., invariant under the diagonal G*-action) bilinear form
on J(v;) x J'(v;). The space of A(G*)-invariant bilinear forms on J(v) x J'(¢') is at
most one-dimensional (“Multiplicity One Theorem”) provided that

v+p+v —p ¢ —2N;.

See Theorem 4.1 of [M@O)] for this fact. For fixed v, this condition is satisfied for
v = ir such that r is large enough. In the representation space L*(T'y\G*) of G*, there
is an isotypic subrepresentation (arising from 1),) whose irreducibles are isomorphic to
I'(v)). Denote by Vu/g the smooth part of one of these isomorphic irreducibles. The
bilinear form
Ly Vi, X Vi —=C, (g1, 92) = 91(2)G2(2)dz
To\G*

also defines a A(G*)-invariant bilinear forms on V,,, x V,,é. In view of the isomorphisims
I(v)=V, = J(v) and I'(V) 2 V), = J'(V'), the investigation of the coefficients a; , in
(4.5) is identical with that of Ly ;- Since dimcHoma g+ (J(v) x J'(v'), C) < 1 for our
choice of v and v/, there exist scalars b, ,» € C such that

Ly (g1 92) = v - Ly, v (f1s f2) (4.9)
where fi, fo correspond to g1, g2, and g1, g» correspond to ¢;, ¥, respectively. For r;
very large (this is the case where 1, is fixed and \; is large), b, ,» depends on vy, but
not on ¢;. In [M@], L,, ,,(f1, f2) is explicitly computed (see Proposition 3.1 there):

7Tp+p’r(p/)r ((VjJrP)J;(VfﬁP')) I ((VjJrP);(VfﬂrP'))

Bl f2) = LA — P + 1)

By Stirling’s asymptotic
Dz +iy)| = Vor [yl e 2 1+ 0 (lyl ™)), as |yl — oo,

one can easily show that, for any fixed v, € (—p/, p') Ui Ry,

n

Ly, (f1, f2) < 7“;5, as r; — o0. (4.10)

To show Proposition 4.1.4, it suffices to show that, for any fixed ¢ with large Laplace
eigenvalue A\ = p? — v? where v = ir, the following holds:

Z |b,,7%|2 <cort, e>0, asr— oo, (4.11)
rééré

for some number ¢; > 0. Assuming (4.11), the proposition follows from (4.9) and (4.10):

2 2
2 _
< ‘Luj,%(fb fQ)‘ ’ Z ‘ij7Vé’2 S rj e

! €
rggr].

/Y 05(2)n(2)d

Ll,j,,,é (91, 92)
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for some number c; > 0. Note that |bl,].7y;\2 is contained in ) |byj,y}]2 for fixed 1)y
‘ il

and any large r;.

The remaining task is to show (4.11) for which we follow the idea of [Re]. The key
is to find a smooth function w, € J(v) (where v = ir) and a small subset U C G which
contains the identity, such that, for any fixed o > 0,

A. ‘L,,’Vé(g.wr, m)|2 > ar™? for some o > 0, any g € U, |vy| < r° and fixed r which
is large. Here g.w, stands for the action of g on w,, and n, € J'(1;) is the vector
corresponding to ;. See Sect. 2.3 of [M@] for details on the action g.w,.

B. [ v @, (2)" £(x)de < B for some § > 0. Here, @, is the element in V,,
corresponding to w, under the isomorphisim between V, and J(v), L is the subset
of G* which is isomorphic to ['g)\G*, ¢, = Vol( )
function for L, & = 1 % &y is just the convolution of the two functions d; and

where 1; is the characteristic

&y where &y is a smooth nonnegative function with its support in U such that

Jy &(@)dx = 1.
Since n < d, we can choose L and U such that LNU C G*NU = {1}. Thus dx = dtdg
for x =tg € L-U. Moreover,

E(tg) = /L 0r(s)év (s 'tg) ds = /L or(t)éu(g)dt = Eu(g).

The reason for the second step is that, & vanishes unless s~'t = 1 since LNU = {1}. Let
Wy denote the lift of ¥, on Ty\G* for the natural map [o\G* — To\G*/K* =Y. These
Jg’s are still orthonormal over I'j\G*. Extend them to be an (complete) orthonormal
basis of L*(To\G*). So g.®,, can be written as the linear combination

g.Dy, = Z <g.CI>wr
)

Assuming the above two conditions (A), (B) and the property of U, (4.11) is shown as

To\G*’ QZZ> : {Dve + other terms

Lo\G*

follows:

5>/| (@) e()da

/
_ /ge
J.

/ o (t9)[2E(tg)dtdg
U Jtel

By (1) dt) €u(9)dg

L
L

)
(9.80) (1) dt) éu(9)dg

WV

[o\G*’ ,‘Z€> . J@(t)

ro\G*

/geU </tEL ; ’<g P, 2dt> u(g)dg
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geU IV/|<TE To\G*
_ 2
= §ulg)dg - Z <g0.fI>wT Fo\G*? W> for some gy € U
gEU FO\G*

- Z |bu,w§| ) ‘LV,VE (90-wy, 77[)‘2

|V(IZ|<T€

2
—0
> ar g ‘by,yg‘

vjl<re

2 :
Hence we get: Y. |b, 1,2} < 1717 (as 7 — 00) for some number ¢; > 0. Note that, in
whl<re

above we have used the Multiplicity One Theorem for which we have to make sure that
lvy| < r. This is guaranteed by choosing those ¢ such that |v)| < r¢ where r is large
enough.

Now we are in the position to find w, and U such that the aforementioned two
conditions (A) and (B) are satisfied. Let w be a smooth function on R~ which is
nonnegative, compactly supported in the unit ball of 0 and w|g(, ) = 1 for z < 1 close
enough to 1. Assume that [,, , w(z)de = C > 0. For any n > 0, define

Wy 1= r%nw <7’(d71)n (;1: - T))

where 1 is a special element in R4 to be decided later. View w, as a function in J(v),

then ||w,,||iz(J(V)) = %2(‘2) (see Sect. 1.4). The kernel of the operator L,, .+ (see (4.8)) has

particularly good properties when n = 1 or 1, is a constant (i.e., A, = 0, or equivalently
v, = p'). These two cases just correspond to the two cases in Proposition 4.1.4.

e When n = 1, the kernel of L,, v is

|y ’(V*p)Jr(Vé*p’) _

Note that the w, is supported in a small neighborhood N, of T where N, has size
[_T—(d—l)n7 r—(d—l)n]d_l c R4
Let 1 =(1,0,---,0) € R As 7 — oo, it is those u; € N, that contribute to
the above integral. Denote x, = pod=Dn Ty N,., one has
[P = i o8 ua|  (v—p) log /(T P d—2)2
Since @, — 0 as r — 00, we have: |uy|*=P)T0=F) x girloa v/ (Lren) Hd=2 - Gyt

tuting y = 2x, + (d — 1)z? into the Taylor expansion of %log(l +y), one can show
that

rlog\/(1+x,)2+ (d—2)22 =0, asr — oo.
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This implies that e(v—°)108 v (20 +(d=2)27 tands to be 1, thus |ug|“~?+ ) tends
to be a nonzero constant as r — oo. Now it is clear that, in the present case,
L, ., (w.), n is (up to a positive scalar) essentially given by f]Rd—l wy(uy)duy. It
follows that L, ,/(w,, n) is of the order Pz,

e When ), = 0, the K-invariant function in J'(¢/) is just (1 + |ug|?)~2"" where
uy € R"1 (see Sect. 2.3 of [M@)), the kernel of L, is

(L + uaf?)

So the variables in the integral of L, , are separated. It is clear that the integral
Jano1 (1 + ua]?)7%'duy converges for p' > 1, i.e., n > 2. The case n = 1 has been
discussed in above. As for the term |uf|"~*, we apply the argument for the case

n =1 by letting 1 = (;)%=} where
1, ifi=n,
xTr; =
0, otherwise,

[uf "7 =1, asr — oo.

and show that

Finally, we get: L, ,/(w,, n) is essentially given by fRd,n wy(uy)duy. So Ly, (wy, 1)
is of the order r— 5.

For U small enough, ¢gN, is close to N, for any g € U. The order of L, ,/(w,, 1) in
above holds for any g € U. Up to now, we have shown that the condition (A) is satisfied
for the chosen function w, and subset U. Actually it is easy to see that condition (B)
holds:

/ [P, ()" E(2)dx < sup€(x) - [P, ||* = sup&(z) - [|w, | =: B.
zeL-U zeU zelU

As i > 0 is arbitary, the proof of Proposition 4.1.4 is complete.

Remark 4.1.6. In the paper [MQ], the authors did not assume that the ambient man-
ifold is compact. The method in [Re] does not rely on the assumption that the surface
(the ambient manifold treated there) is compact since it only uses the model of the
spherical representation, but not the geometry of the manifold. So our bound in Propo-
sition 4.1.4 also holds for noncompact X when one replaces those ¢;’s with cusp forms
of X. By cusp forms we mean the L? Laplace eigenfunctions on X, i.e., the Laplace

eigenfunctions with vanishing constant in its Fourier expansion around each cusp of X .

Remark 4.1.7. In [Re]|, the author conjectured the following bound on geodesic periods
over surfaces: |Po(¢)| < A=t where A¢ = X¢. Our proposition gives an affirmative

answer to this problem, noting that r ~ \Y? uniformly for X large.
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4.2 The refinement of the spectral side

In this subsection we shall use Proposition 4.1.4 to prove Theorem 4.1.1, 4.1.2 and 4.1.3,
the refined versions of formulas (2.24), (2.26) and (3.28) respectively. For the former
two theorems, what we really use is weaker than the original conclusion, namely we
only need the fact that periods are bounded, while for Theorem 4.1.3, we have to make
full use of Proposition 4.1.4. The argument splits into several steps according to the
intervals in which r; lies. Firstly we show Theorem 4.1.1.

Lemma 4.2.1. e Forall0 <r <z, we have

T (L
0< K“«(ZU) < e—(ﬂ/?)r—\/xz—ra—i-rarccos(r/x) min ( - 7T/2 (31 7“_115) .
T 2336

e Forallr >x > 1, we have

Ko <e% | T Tsroat
47“—1/37 > — %Tl/g_
2Kir(:ﬂ) < e 3" %\/%/w)’ < r— 1t/
or 1293, T>r— %74/3‘
Proof. See Proposition 2 of [Bo]. O

By Lemma 4.2.1, for fixed, large enough x > 1 and arbitary r > x, an elementary
computation shows that:

0

where the two implied O-constants depend on z. More precisely, they tend to 0 as

K ()| < e7 2, <Le " (4.12)

x — oo. In the following we shall use the uniform asymptotic: 7 ~ v/ for \ large.

Lemma 4.2.2.
pes d—2 pes d—1 )
- 2_ 3 N
lim (/ﬂ) 3 o0 (6 = Jim (,/ﬂ) > E IRl =0

Proof. By (4.12) and Proposition 4.1.4,

L.HS. < /
m

where p is large. Weyl’s law shows that N (r) grows polynomially (see Sect.2.4). So the

e#*%’”uf%d]\/(r) < ,ud?2/ e(l_%)rdl\/(r)

m

integral f:o e<1_g)rdN(r) converges and tends to 0 as u — co. As for R.H.S., noting
7‘2

T
that e" 2 < e~ 2 for rj > 1, we have:

R.H.S. <<u—dzl/ e dN(r).

0
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Applying the argument for L.H.S., we see that R.H.S. tends to 0 as yu — oc. m
Lemma 4.2.3.
P d—2 P d—1 -2
i 2 ~% AYEa.
i e (/) X KR = lim (V2) X e 0
p2tesr < p2te<r;<p

1
Jor any fizred 0 < e < 3.

Proof. Let f(r) = p— (7/2)r — \/p? — r? + rarccos(r/p). Lemma 4.2.1 shows that
e" K (p) < e/ for r < . The partial derivative of f(r):

of

"4 "V<0, 0<r<
= —— arccos — r X
or 2 ’ H

1
indicates that

max /() = ef(“l/2+€).

pl/2te<r;<p

Using Taylor expansion of arccosx, one has

f(p?) = p— gu%“ — 2 = plRe 4 et (g — p~2t 4 lower order terms )

X R e

2e—1

1%
ﬂl_‘_ /1_M26—1 K
2e

2 9

2e

~  —

as ;4 — oo (note that 2¢ — 1 < 0)

Hence
_d—2 _p? d
LHS <p 2e 2pu"—0, aspu— oo.

2

As for R.H.S., we have: e % <e

2e

7. Thus,

_ ., 2€ H _ _ 2
R.H.S. « u2e%/ dN(r) < ,u’geT/fd — 0, aspu— oo.
o

1/2+€

[
Lemma 4.2.4. For 4 < r < u, we have
T —(u5) r2—pul e H r N -
Ki(p) =[5 € (155 {14- }—i— @ + =" ).
2u 8u? /N V/TRIT]
Proof. See Proposition 4 of [MW]. O

Lemma 4.2.5.

d—2 d—1 r2
Mh_)rglo et ( %) Zl Kirj(,u) |PC’(¢j)’2 = Mh_{glo (\/g) Z e |PC(¢J')|2-
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Proof. Let € be small enough such that e(d + 1) < 3. Noting that |Po(¢;)|’s are

uniformly bounded, by Lemma 4.2.4 we have:

() X Kullpeto)? —( D SO

1
T <M7+ rj<l‘47+€

(35) RGP0 (5)

rj<pzte TJ<M7+

d
< pTpt (u%+) T N TRt A (ﬁ“)

= ©u 2+ed+u—%+e(d+1) 50, asp— oo
[

Up to now, we have shown Theorem 4.1.1. Theorem 4.1.2 can be proved in the same
way. We omit the details. The above two lemmas 4.2.2 and 4.2.3 clearly hold for higher
dimensional Y. To prove Theorem 4.1.3, it remains to show the following lemma which
is parallel to Lemma 4.2.5 for n > 2.

Lemma 4.2.6.

- d—1-n pes d—n 2
. 2 . —5L 2
e ()T KaolRe)R = i ([T o3 Py (0).

1
rj<,u¢2+ r]-</12+é

Proof. By Lemma 4.2.4,

d—1-—n d—n 7"]2'
(y5) > Ko (016 - (/57 S e E R
Ti<p?2

Tj<u§+€

T d—n ) _ﬁ 71]2_/1/ T d—1—n ) r;
- ¥ (7)) merciite (1) inero (S

1
Tj<u7+€ T‘j<u7+€

For r; < p2te, we have: g s and -5 <y~ 2t¢. For r; sufficiently large (say,

r; > A > 0), Proposition 4.1.4 says that |Py(q§])\ <er; ~"F2¢ for some positive number
c. So the two terms in the above formula are bounded by

e zte
—d=n_149¢ : —n+2e d=l-n_3 . : —n+2e
puooz r dN(r) and pu~ 2 "2 r dN(r)
A A
respectively. The integration by parts shows that
pite
_d=—n_ _ _d=n_ — _ _
w2 1+25/A r Tl+26dN(,r,) < p 1+2€,',, n+2€N(T)|T:M%+€ ~ 1 1+€e(3—n+2e+d)

(4.13)
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1+€

T §+E/ 2 r,n+2edN(7,) <</LJHT*"—%Jrer—nJrzeN(T)L:N%% NM71+6(27n+26+d)
(4.14)

Here we have used Weyl’s law for N(r). For € small enough, —1+€(3—n+2e¢+d) < 0.

Hence both (4.13) and (4.14) tends to 0 as p tends to infinity. The lemma is proved

and Theorem 4.1.3 follows. ]

4.3 The asymptotics of periods

Theorem 4.3.1.

S Po(g)t ~ Ot o
oA C B DIE P i '

2
Proof. Define L(z) = Cy-e % where Cy = LENE) For any fixed z > 0,

2d—1,7"2

L(tx)
L(t)

— 1, ast— oo.

Define the probility measure U{d\} to be |Pc(¢;)|* at A = A;. Then Theorem 4.1.1
says that

_ 2
Po($,)]> ~ Cy-p'7 e, as p— oo.

Z"" ]
e 2p
J=0

Let y = ﬁ The above formula reads as

o 1
/ eV U{dA\} ~ L (;) cy P, asy — 0.
0

By the Tauberian Theorem (see Theorem 2 on p. 445 of [Fe]), one derives:

z C,-x72 e = C d—1
Sire(of = [(vtan ~ SHEIED L I e

A<z

Substituting special values I' (p + 1) = 41T (4) = Sy/m @3 we get the theorem.
272
[

Theorem 4.3.2.

Po(oi, X)|? ~
);J C(¢J>X>| (d—l)”ﬂ'

Proof. The same with Theorem 4.3.1. O
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Theorem 4.3.3.

VOl Y d—n
Z | Py (¢;)° ~ dfnfl( ) ST 2, as T — 00.
() (@)l
Proof. The same with Theorem 4.3.1. One needs to replace Cy with Cy ,, = —dVOI(};,
20—ng 2
replace y~” with y’%. O]

Remark 4.3.4. At this point we would like to remind the reader of Remark 3.3.8.

Remark 4.3.5. See [Ze] for the general conclusion on asymptotics of periods over any
compact Riemann manifold.






Chapter 5

Periods along Closed (eodesics over

Non-compact Hyperbolic Manifolds

In this chapter we extend the argument that was carried out in previous chapters
to noncompact hyperbolic manifolds. The key obstruction for getting the formula of
the type (2.5.1) arises from the continuous contribution of the spectral resolution. In
Sect. 5.2, formulas of the type (2.5.1) are derived, however with error terms. At the end
we also discuss the relation between our work and the Selberg-Roelcke conjecture.

5.1 Some preparation

In this section we shall make some preparations for later use. The lattice I' C G =
SOy(1, d) is not uniform anymore, but is still torsion-free. Besides we assume that it
is of cofinite volume: vol(X) < oo where X = I'N\G/K. A ray in G/K is a geodesic
r: [0, o) = G/K which realizes the shortest distance between any two points on it.
Two rays r; and ry are equivalent if d(rq(t), ro(t)) is bounded as t — oo. Define the
visibility boundary of G/K as

J(G/K) :=={raysin G/K}/ ~

where ~ means the equivalence of rays defined in above. Since G acts on G/K by
isometry, G acts on J(G/K). For each z € 0(G/K), the stabilizer G, is a proper
parabolic subgroup of GG. This induces a bijection

0(G/K) <— {proper parabolic subgroups of G}.

Let G, = M, A, N, be the Langlands decomposition of GG,. We say that = is a cusp of
[, or T-cusp, if ' N N, is a lattice in N, (as N, is unipotent, this means that I' N N, is
cocompact in N, ). Let (G/K)* = G/KU{I'-cusps} C G/K := G/KUJ(G/K). When

83
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vol(X) < oo, the boundary of X consists of finitely many points. Denoted these points
by po, p1, ..., pr and call each of them a cusp of X. Indeed, one has

X =D\G/KU{po, -, p} ZT\(G/K)".

The visibility boundary of G/ K, in the upper space model H¢ (see Sect. 1.1), is identified
with the hyperplane defined by &, = 0 together with the point at infinity. Hence

OH? = R U {oo} = 597

Let p; be the set of fibres of p; for natural map 7': (G/K)* — I'\G/K. For any p € p;,
one can find some element in G which translates p to wy, - 0 Where wy - 0 is defined to
be the end point lim w, -0 € I(G/K) at the infinity. Here we have identified we, - 0
(corresponding to To_éoi)f the upper half space model) as a rays class. Thus, without loss
of generality, we may assume that pg is the image of ws - 0 under 7. Let I'y, be the

stabilizer of ws, - 0.
Lemma 5.1.1. ' = NMNT.

Proof. It suffices to show that I'n, C NM. Let v = 0y, wryky € ' and yw, - 0 =
O o Wro Oy W0 = Oy 1rg0 Wrys-0 Where the terms v, s here and u; ; to appear in below have
the same meanings with those in Sect. 2.3.2. Remember that s~! = =gy 4 =1 [f

_ . . _ _ 1
u;; = —1, then s = r=! = 0 as r — 0o, meanwhile v = 0 since v; s 1:ui+17lr 5— = 0.

This means YWy, + 0 = Oy,wo - 0 where wy = lim+ w,, a contradiction. If uy; # +1, then
r—0

s — 0 as r — 0o, meanwhile
—1 r—r_!
r—r 2 Uit1,1

= Ui41,1 7= .
2 loun ;11T+—1+;117"_1 1—U11

V; = SUij41,1

This means that Ywe, - 0 = Oyytreewo - 0 Where |wgy + rov| is bounded, a contradiction.
Hence uj; = 1, ie., v € NAM. If ry # 1, by taking the inverse if necessary (this is
always available since uy; = 1), we assume that 79 < 1, then v = 0.,y Wroky Oy Wi ky =
0

shows that 42" = 0, w,, k, where

T (UT%/{ZQ where k., = diag(1, 1, p), p € SO4_1. The computation by induction

wo+rowop

W, = Wy <1 + ropt 412 (pT)2 N (pT)TLl) and 7, =717 .

Since ry < 1 and |wy (pT)i] = |wp| for any i > 1, the above formulas show that w,,
converges (say, t0 W) as n — oo, meanwhile r, — 0. Let z, = W, =2m - 0, then
V2" 2 = O wo - 0 as n — oo (for any fixed m). As m — 00, 2, — We * 0, SO We get
Y2 Weo + 0 = Oy, wp - 0 as n — 00, a contradiction. Thus ro =1, i.e., g € NM. O

Remark 5.1.2. The subgroup I's is a uniform lattice in N M.
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Assume that hjwy - 0 = p} for some h; € G, p; € p; (the set of fibres of p;). Let
['j oo be the stabilizer of pj in I'. Clearly this stabilizer is conjugate to I'y, via hy;:
U)o = hiTochi !

Recall that, for each cusp p;, the Eisenstein series E;(z, s) over X is defined to be

Ei(z, s) = Z Im (hj_lwz)s, ze X, seC.
YET;, 0o \T'

It is known that, for each j, Ej(z, s) is absolutely and locally uniformly convergent for
Re(s) > d — 1. For h € L*(T\G/K), we have the following spectral decomposition (see
Chap. 7 of [CS]):

h(z) =Y (h, ¢n) - én(2) +Z;/Ooogj(t) E; (z d; ! +it) dt

n=0

where (, ) is the L*inner product on I'\G/K with respect to the measure 1/,

1 d—1
gi(t) = %/ . h(w)E; (w, —5 + it) dw
we

and {¢,}22, is a complete family of orthonormal cusp forms on X, i.e., Laplace eigen-

functions with constant terms being zero for their Fourier expansions around the cusps.

Be careful that here the Eisenstein series (over Re(s) = %1) is the continuation of

2
the original one, and it is holomorphic in a neighborhood of the line Re(s) = %1 (see
Theorem 7.24 of [Mii]). Let f be a smooth function over G' which is bi- K-invariant and
decays rapidly at infinity by which we means the following: the space K\G/K can be
identified with the half line [0, co) thanks to the K AK-decomposition and the fact G
is of split rank one, then we require f to be such that f(¢) = O (t~°) ( for any a > 0)

as t — oo. Define k;(g, h) = f (h™'g) for g, h € G. There is an integral operator

Ty II\G/K)  PO\G/K), 0 T4(60)s 9 [ k(g Wo(dh

One can easily show that

1) ()= [ Kyl w)s(widntw
N\G/K
where
K¢(z, w) = Zf (w'yz)
vyer

lies in L*(T'\G/K) with respect to the variable z (or w) when w (z respectively) is fixed.
As f is bi-K-invariant, the term w™! is justified for w € T\G/K. To expand K by use
of the spectral decomposition, we first check the following properties:

(Ks( w), ¢n(-)) = hs(An) n(w),
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(1 w055 (- 552 v r) ) o, (i 25 ).

Here \, = (%)2 +r% and hy(\) is as before, see (1.9). From these two formulas we

get the expansion of K(z, w) (see Chap. 7 of [CS]):

& o1& T d—1 d—1
th()\n)¢n(z)¢n(w) + o / he(A)E; (z, 5 + ir) E; <w, T ir) dr
n=0 T j=0_"_

(5.1)
for a test function f € C2°(Rsp). In what follows, we choose the test function f = @,
as before, see Sect.2.1. Under this function, the expansion (5.1) is locally absolutely
and uniformly convergent. Such convergence is needed for the exchange the order of
summation and integration when we do the integral along the geodesic C'. In surface
case, there is a widely-used weaker condition (see e.g. the conditions 1.63 of [Iw]) for
which the test functions need not be compactly supported while still the expansion
is locally absolutely and uniformly convergent. We remark that for any f € S(Rxq),
the space of Schwarz functions, the series on the right hand side of (5.1) converges
absolutely and uniformly on compact subsets of X x X. This follows from the property
of Eisenstein series, namely the local uniform convergence of Eisenstein series. For 3-
dimensional case, see Theorem 4.1, p.278 of [El]. The necessary properties of Eisenstein
series (Proposition 1.3 on p.84 of [El]) for higher dimensional situation still hold (see

[CS] or [Mi]).

5.2 Periods along the geodesic

Integrating the kernel function Ky(z, w) over (z, w) € C' x C, the spectral expansion
(5.1) gives rise to an equality between two terms, the “geometric side” :

/C /C > f(wyz) dwdz

vel’

and the “spectral side”:

S~ ()| Pelon)|+
k

1 7 d—1 d—1
EZ / / / he(Ar)E; (Z; 5 +ZT> E; (w, 5 ZT) dwdzdr. (5.2)
=0

I=Y —o0 zeC weC

Note that we have changed the order of integrations and the summation on the spectral
side. The geodesic C' is compact, so this is available for the first term in which cusp
forms get involved, thanks to the locally uniform convergence of (5.1). As for the second
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term of (5.2), we apply Fubini’s Theorem after Proposition ?7. There is nothing to say
about the geometric side because our work on this term for compact manifolds (see
Sect. 2.3) essentially depends only on the property that I' is torsion-free, i.e., we did
not use the assumption that I' is uniform. Now we focus on the second term of (5.2).

Proposition 5.2.1. fOT |Ej (2, 52 +1ir) !2 dr =0 (TY).
Proof. See Corollary 7.7 of [CS]. O
Proposition 5.2.2. For x > 0, there is a uniform bound
| K (x)] < e M Kg(zcosd), 0<0< b < g
Proof. See formula 1.100 of [Ya)]. O

Denote the second term on the right hand side of (5.2) by H,,, and UC E; (z, % + ir) dz‘2
by F(r). For r large, by Proposition 5.2.1 and Hélder’s inequality, we have:

T T . 1
/ F(z)dr < len(C)/ E; (z, dT + iT’)
0 0

The integration by parts shows that
/ F(r)hy(\)dr = (/ F(x)dx+A) he(M) OO_/ (/ F($)dx+A) ohy(\)
s 0 S s 0 or
(5.4)

2
dr < 1%, (5.3)

for some number A. In view of (4.12) and (5.3), for S large and S > pu, one has

o0 1 i

r S
/ F(z)dz-hg(Ar) S :/ F(z)de-hy(As) < Sd-e_%slfd5 Lo e (5795 < o (5-cn
0 0

where the second O-constant, depending on € and pu, tends to 0 as p — oco. Besides,
Ahs(\)| = Ahy(\s) < e 2% < e 2#, as u — oo. In short, we get: for S > p,
5

(/0 Fla)dz + A) h(0)

As for the second part on the right hand side of (5.4), by (4.12) and (5.3), we have:

[ ([ Fw) 2 [t st e (00 <ot
S 0 or s

< e*(%*e)“, as [ — 00. (5.5)
s

Besides, fsoo Aahgi)‘r)dr < fsoo e"2"dr = e 2% < e"2#, as u — o0o. In short, we get: for
S > p,

/S ” ( /0 " F(a)ds + A> ahfagr)dr < e G as 00, (56)

For S > pu, by (5.5) and (5.6),

/ F(r)he(\)dr <. e_(%_e)“, as ft — 0.
S
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Now let’s consider the remaining term:

S
/0 F(r)hy(\)dr-

Choose S = 11 + €, where €, > 0 decays rapidly enough (with respect to u) such that
the intergal y/2e# [ : T F(r)hy(\)dr also decays rapidly as g — oo (we multiply a
factor ahead because later we shall do this on the both spectral and geometric sides).

This is available since

pten

/“ " F(r)hf()\r)dr:/ F(r)dr - hy(A,,)

I

for some r, € (u, i +€,). By (4.12),

d—1
hi(h,) =2 (, /21) Ky (1) < p= 5 e ¥ <y e
I

It suffices to control [ : T F(r)dr so that it decays rapidly (as fast as we want), which
is clearly possible. So we may focus on fou F(r)hs(A.)dr. By Proposition 5.2.2 (letting
d=0) and 5.2.1,

e

< 2d< —>d_1 Ko(p) /Ou F(r)dr < p~2tde (5.7)

/Ou F(r)hg(\)dr 2

We summarize what we have done as follows:

H, = 0 () + 0 (o500
Multiplying 1/27“6“ on spectral and geometric sides and taking the limitation u — oo,
one has

Proposition 5.2.3. For any d-dimensional hyperbolic manifold of hyperbolic nolume

and a closed geodesic C over it, the following holds

d—2 oo
2t e (&) > Kuul) [Pe(@)]* = 20 Blllen(C) + 0 (1), = oo,

=0

The term o <u%> makes the formula far from (2.5.1). To save the power, one is

led to (5.7). If we could save the average growth order of the Eisenstein series on the
critical line such that

g d—1
/ Ej(z,—+ir)
0 2

then only 2||E||len(C) remains in the above formula. By this, the important Selberg-

da—1

er:O(T2E>, >0,

Roelcke conjecture, which asserts that there are infinitely many cusp forms on any



5.2. PERIODS ALONG THE GEODESIC 89

hyperbolic manifold of finite volume, follows since there are infinitely many nonvan-
ishing periods along the closed geodesic. However, there are evidences ([DIPS], [PS],
[Sa]) indicating that the Selberg-Roelcke conjecture might not hold when the lattice
lacks certain arthmetic and symmetric properties.

The conclusions corresponding to weighted periods (Sect. 2.6), twisted periods (Sect. 2.7)
and special totally geodesic submanifold (Chapter 3) can also be extended to noncom-
pact situation, with the extra term o (,u% on the spectral side. We omit the details.

As we have noticed (see Remark 4.1.6), the bound in Proposition 4.1.4 on periods
does not rely on the compactness of X. So we can refine the formula in Proposition
5.2.3 as:

m 1

d—1 o 2
2d< Z) > e 5 |Po(o)” =2/ B|l1en(C) + 0 (15 ), o0,
=0

The main part of the L.H.S. of this formula is for those ¢ such that r; < /ﬁ*e (the sum
of those rest terms tend to 0 as p — 0o, see Sect.4.2). In this interval, hs(r;) > 0, so
the L.H.S. is smaller than 2||E||len(C), but we do not know how small it is as u — oco.
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