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INTRODUCTION

In the present thesis we study quotient spaces arising from group actions
on algebraic varieties. In general, it is not evident how to assign such a
quotient to the action of an algebraic group. There are different approaches to
accomplishing this in a canonical manner including the Mumford quotients,
the GIT-limit, the closely related limit quotient and the Chow quotient. We
examine these quotients with regard to their Cox rings and we enquire how
they arise from simpler varieties by blowing up a sequence of subspaces.

We consider the action of an affine-algebraic group G on the normal algebraic
variety X. In the 1960s Mumford studied the concept of good quotients,
see [65]. As their name suggests these quotients have various neat properties,
for example they parameterise the collection of closed orbits. Also, for affine
X and reductive G they always exist. To obtain quotients for projective X
it is, however, more reasonable to pass to the open G-invariant subsets of X.
In general, there exists a multitude of such sets admitting a good quotient,
yet none of them is canonical in any way. This drawback is overcome by
the construction of the GIT-limit. A certain subcollection of the Mumford
quotients forms an inverse sytem and the GIT-limit is the inverse limit of
this system, see [31]. It possesses a canonical component, the limit quotient.

The Chow quotient constitutes an entirely different approach of devising
a canonical quotient. It was introduced for toric varieties by Kapranov,
Sturmfels and Zelevinsky in [49] and more generally by Kapranov in [50].
One first considers the Chow variety, which parameterises certain subvarieties
of X. The closures of the general G-orbits then define a certain subset of the
Chow variety. Taking the closure of this set yields the Chow quotient. This
construction is more canonical and essentially independent of any choices,
however, the Chow variety and thereby the Chow quotient are fairly hard to
access.
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In general, the Chow quotient and the GIT-limit do not coincide [50]. But for
subtorus actions on toric varieties the Chow quotient and the limit quotient
share a common normalisation which was shown by Kapranov, Sturmfels and
Zelevinsky in [49], see also the papers of Craw, Maclagan and Hu [23], [45]
for generalisations. As a first result we extend this theorem to the case of a
torus action on non-toric varieties, see Theorem and Corollary

One approach to understand the geometry of a certain space is to determine
its Cox ring. For toric varieties the Cox ring was introduced by Cox, see [22].
Later it was generalised to non-toric varieties, see [13}, [46]. Once the Cox
ring of a projective variety is known, many of the geometric invariants can
be read off. Moreover, it provides a canonical embedding into a toric variety,
which allows explicit computations. All these methods work well in the case
of a finitely generated Cox ring. Thus it is interesting which of the quotient
spaces have this property. As a first result in this direction we give a positive
answer in the case of good quotients, see Theorem and [10].

Theorem. Suppose that G is reductive and X has a finitely generated Cox
ring. If an open subset U C X admits a good quotient U — UJ/G, then also
U//G has a finitely generated Coz ring.

The Chow quotient possesses proper, birational morphisms onto the Mum-
ford quotients of maximal dimension [45], hence it arises as a blow-up of
these. Our first task is to give a precise description of these blow-ups. As we
are also interested in the Cox ring, it is now a natural thing to ask how the
Cox ring changes in this process. There does not seem to be an easy answer
to this question; it is even hard to decide in which cases finite generation of
the Cox ring is preserved.

Interestingly, the first counterexamples were constructed as invariant alge-
bras of unipotent groups. Nagata showed in [56] that there exists an action of
the unipotent group G% on K32 such that the invariant algebra is not finitely
generated. Later, Mukai related this invariant algebra to the Cox ring of the
blow-up of P; in a certain point configuration [54]. He also provided a crite-
rion under which the Cox ring of such a blow-up remains finitely generated.
The results were further strengthened by Castravet and Tevelev in [20], who
determined how many points in general position in a product of projective
spaces could be blown-up without losing finite generation of the Cox ring.
Other results in this direction can be found in [19] 20}, 32} [40], 41}, [58].

In order to compute the Cox rings of certain blow-ups, we suitably refine
the technique of toric ambient modifications, which was proposed in [39].
As an application we consider torus actions on smooth projective quadrics.
Note that by our Reduction Theorem [2:4.5]an essential step is understanding



K*-actions. For these we obtain the following results, see Theorems [5.1.2

and B3

Theorem. If K* acts on a smooth, projective quadric X, then the nor-
malised Chow quotient X /, K* has a finitely generated Cox ring.

For a number of cases we give an explicit description of the Cox ring in terms
of generators and relations. After applying a suitable linear transformation,
the smooth projective quadric X is of the following shape:

TOT1 —|—...+TT_1TT, T Odd,

X = V - ]P)T‘7 =
(91) C 9 {T0T1+..-+TT2TT1+T’"27 T even,

where the K*-action is diagonal with weights (o, . . ., {, and the defining equa-
tion is of degree zero. Consider an integral matrix P such that

Q- P =0, where Q = [410 417]
We set ¥ as the Gelfand-Kapranov-Zelevinsky decomposition associated to
P and put the primitive generators b1, ..., b of ¥ differing from the columns

of P as columns into a matrix B. Then there is an integral matrix A such
that B = P - A holds. We define shifted row sums

ni = Aisx+Aiz1++p  fori=0,2,...; Ny = 2A, «+p, if ris even,

where p is the componentwise minimal vector such that the entries of the n;
are all nonnegative. Then our result reads as follows.

Theorem. In the above setting, assume that any r columns of Q gener-
ate 7Z* and that for odd (even) r there are at least four (three) weights C; of
minimal absolute value. Then the normalised Chow quotient X/ K* has Coz
ring

R(XL/; K*) = K[To,...,TT,Sl,...,Sl] / <g2>

with

{ToTlS"O +ToT38™ + ...+ T 1 T.S"1, 7 odd,
g2

ToThS™ + ...+ T 0T, 1872 + T2S" | 1 even

graded by 712 wvia assigning to the i-th variable the i-th column of a Gale
dual of the block matriz [P, B].

As an independent second application we consider the blow-up of the (gen-
eralised) diagonal in a product of projectives spaces. For this let X' =
P,, X ... x P, be a such a product and set Ax C X := X’ x X' as the
diagonal. Then we obtain the following Theorem, see [£:2.1]
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Theorem. The Coz ring R(Bla (X)) of the blow-up Bla  (X) is isomor-
phic to the Z* X ZF X Z-graded factor algebra Rx /Ix where
Rx := KT, +Tiyj; r=1,...,r, 0<i<j<n.+2, i<n,],
Ix := I(1)+...+ I(r),
for every r =1,...,r the ideal I(r) is generated by the twisted Plicker rela-
tions
rLij Too — +Tik »Tjre + +To +Tix; 0<i<j<ne, k=n,+1, l=n,+2,
7Tig v T — +Tik v Tie + +Tu +Tik; 0<i<j<k<Ii<n+2, Ek<n,

and the grading of Rx /Ix is given by

(67‘5070) ZfJ:nT+17
deg (T) = (0,0,1), deg (»Tij) = 1 (0,er,0) ifj=mnr+2,

(er,er,—1) else.

As a similar class of examples we treat the blow-up of the variety Y := P}
in the generalised diagonal Ay := {(z,...,z); x € P1} C Y. Again we prove
that the Cox ring of Bla, (Y) is finitely generated and we give an explicit
presentation.

Theorem. The Coz ring R(Bla, (Y)) of the blow-up Bla, (Y) is isomor-
phic to the Z" ' -graded factor algebra Ry /Iy where

Ry = K[Sij; 1§i<j§n+2]
Iy = (SiSm — SuSju + SuSjk; 1<i<j<k<l<n+2),
and the grading of Ry /Iy is given by

€4 Zf1§n7j:n+17n+27
deg (Si;) = ¢ en+1 ifi=n+1j=n+2,
ei+ej —ent1 else

Probably the best known examples of Chow quotients are the Grothdendieck-
Knudsen and Losev-Manin moduli spaces Moyn and L,,. They can be thought
of as canonical compactifications of the spaces of point configurations on Py
up to the action of the full automorphism group SL(2) and the maximal
subtorus T' C SL(2) respectively. It was shown that both of them have a
description as an iterated blow-up of some projective spaces, see [50, [53].

We examine the space of point configurations up to translation, i.e. up to
the action of the maximal unipotent group G, C SL(2,K) on P?. In order to
define a compactification analagous to the cases just discussed, we introduce
the non-reductive limit quotient PT./ G,. Similar to the results of Kapranov,



Losev and Manin in the cases of My, and L, this quotient space essentially
arises by blowing up a sequence of subspaces in product of projective lines.

Theorem. Denoting by T, S2, ..., Tn, Sy, the homogeneous coordinates on
PP~ we consider for every A C {2,...,n} the subschemes Xa on PP~ given
by the ideals

(T?, TSk —TiS;; i,j,k € A, j <k).
Let BI(P?™1) be the normalised blow-up of PY~" in all these subschemes. If
we write P7/ G, for the normalisation of the limit quotient, then we have
an open embedding
P/ G, C BIP).

For details on this we refer to Theorems and Since L., is a toric
variety, its geometry and also its Cox ring are well known. On the contrary,
the computation of the Cox ring R(Mo,,) has long been an open problem,
see e.g. [15], [18], [30}, [46]. Only very recently it was proved that for n > 134
the Cox ring is not finitely generated, see [T9]. The limit quotient P$/ G,
essentially arises as a good quotient of the affine cone over the Grassmannian
Gr(2,4) by a (submaximal) torus action. Similar to Mg s this already deter-
mines the Cox ring of P3/ Gy; it is given by Pliicker relations. For n > 4 it
would be interesting to know whether the Cox rings of Mo 42 and PT ./ G,
are related in some way.

This thesis consists of six chapters, we give a brief summary for each of them.

In Chapter [1 we introduce the basic notations and concepts. We give an
overview of Cox rings and related geometric constructions. For toric vari-
eties we discuss the Cox construction with respect to the convex geometric
aspects. Moreover, we treat bunched rings, which are a method of construct-
ing varieties with prescribed Cox ring, and their canonical toric embeddings.
In a final section we deal with the GKZ-decomposition of a vector configu-
ration.

In Chapter [ we summarise the different notions of quotients. We treat the
Mumford quotients, the GIT-limit, the limit quotient and the Chow quotient.
We show that for tori the latter two constructions essentially coincide and
discuss further properties. In the last section of this chapter we extend the
construction of the GIT-limit to certain non-reductive groups.

In Chapter[3 we will prove that for a reductive group any good quotient of a
Mori Dream Space is a Mori Dream Space itself. This was known for certain
GIT-quotients only and expected by Hu and Keel in [46].

In Chapter [ we refine the technique of toric ambient modifications and give
a criterion to determine whether a certain candidate for the Cox ring of
the blow-up is in fact the Cox ring. In the remaining two sections of this
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chapter we apply this method to two classes of examples and compute explicit
presentations for the Cox rings of Bla (X’ x X’) and Bla (P}) where A is the
(generalised) diagonal and X' is a product of projective spaces.

In Chapter[5we discuss Chow quotients of quadrics arising from an action of
the algebraic torus K*. Using some tropical geometry and a result from [42]
we show that the Cox ring of the Chow quotient always is finitely generated.
Moreover, in certain cases we can also compute an explicit presentation in
terms of generators and relations.

In Chapter [f we construct a compactification of the space of point configu-
rations on P; up to translation similar to Mo, and L,. For this we use the
methods provided in Chapter and we show how this compactification arises
from a product of projective lines by blowing up a sequence of subschemes.









CHAPTER

ONE

BASIC NOTATION

In this chapter we provide the basic notations and concepts needed through-
out the present thesis. All of this chapter’s content is well known, much of
it is summarised in our main source [4].

1.1. The Cox Ring

Let X be a normal algebraic variety over an algebraically closed field K of
characteristic zero. We denote by WDiv(X), PDiv(X) and CaDiv(X) the
groups of Weil divisors, principal divisors and Cartier divisors respectively.
To any f in the field of rational functions K(X) we denote the associated
principal divisor by div(f). Furthermore, the divisor class group and Picard
group of X are given by

CI(X) = WDiv(X) / PDiv(X),  Pic(X) = CaDiv(X) / PDiv(X),

respectively. For two Weil divisors D := Y apP, D' := Y apP we write
D > D' if and only if ap > a» holds for all coefficients. A divisor D is called
effective if D > 0 holds. To a Weil divisor D € WDiv(X) and an open subset
U C X we associate the vector space

LU, D) := {feK(X); div(fiv) + Dy > 0}.

Any subgroup K C WDiv(X) of Weil divisors then gives rise to a K-graded
sheaf of divisorial Ox -algebras

Sk(U) == @ T (U, D).

DeK
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Generalising the idea of the homogeneous coordinate ring of toric varieties
(cf. [22]) one can associate a Cox ring to any normal irreducible variety X
with finitely generated divisor class group and only constant invertible global
functions. Note that the latter condition is always satisfied for complete
varieties.

We fix a finitely generated subgroup K of Weil divisors such that the pro-
jection c: K — C1(X) is surjective with kernel K°. We now associate to K
the sheaf of divisorial Ox-algebras S. In order to identify the isomorphic
homogeneous components of S we fix a character x: K° — K(X)* such that
div (x(E)) = F holds for every E € K° and consider the sheaf of ideals Z
locally generated by the sections 1 — x(E) where E runs through K % and
X(FE) is homogeneous of degree —F.

Definition 1.1.1. The Coz sheaf of X is the sheaf R := S/Z together with
the Cl(X)-grading

R= @ Ruw. Rip:=p D s

[D]eC1(X) D’ec1([D])

where p : § — R denotes the projection. The algebra of global sections
R(X) is called the Coz ring of X.

The Cox ring is - up to isomorphy - independent of the choices of K and Yy,
see [4] I, Section 4.3]. For later use, note that by [4 I, Lemma 3.3.5] for any
open set U C X we have

I(U,R) = I'(U,S) /T(U,T).

Moreover, from [4, Lemma 4.2.2] we infer that the Cox ring does not change
when passing to a big open subset, i.e. an open subset whose complement
is of codimension at least two. In particular, by normality of X the two
algebras R(X™®) and R(X) are equal, where X™® denotes the set of regular
points of the variety X.

Definition 1.1.2 ([4 I, Definition 5.3.1]). Let K be an abelian group and
R a K-graded integral K-algebra.

(i) A non-zero non-unit 0 # p € R\R" is K-prime, if p is homogeneous
and p|ab for homogeneous a,b € R implies p|a or p|b.

(ii) The algebra R is factorially K-graded (or short K-factorial) if
every homogeneous non-zero non-unit 0 # f € R\ R* is a product
of K-prime elements.

Theorem 1.1.3 ([4l |, Proposition 5.2.5, Theorems 3.3.3, 5.1.1]). Let X be
a normal variety with finitely generated divisor class group, only constant
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invertible reqular functions and Cl(X)-graded Coz ring R(X). Then the fol-
lowing assertions hold.

(1) The ring R(X) is normal, integral and factorially C1(X)-graded.
(if) If O(X) =K holds, then R(X)* equals K*.
(i) If CI(X) is free, then R(X) is factorial.

In general, R(X) does not need to be finitely generated. For example, this
happens when blowing up at least nine points in general position on P,
see [20].

Definition 1.1.4. Let X be a normal, irreducible variety with finitely gen-
erated divisor class group and only constant invertible functions. If its Cox
ring R(X) is finitely generated, then X is called Mori Dream Space, or short
MDS.

1.2. Geometry of the Cox Construction

In this section we deal with the geometric aspects of the previously discussed
Cox ring construction. For this let X be a Mori Dream Space with Cox sheaf
R. Since R(X) is finitely generated, R is locally of finite type (cf. [4l I,
3.2.2])), i.e. for every x € X there exists an affine neighbourhood U such
that R(U) is finitely generated. With this we obtain the relative spectrum
X := Specy (R) by gluing together the affine pieces Spec(R(U)). The relative
spectrum X is called characteristic space of X. If X is of affine intersection,
i.e. for any two open affine subsets their intersection is affine again, then
X isa quasiaffine variety. It comes with a canonical open embedding into
X := Spec(R (X)), which we call the total coordinate space of X.

In order to describe how to obtain X back from its characteristic space X we
briefly recall the connection between graded algebras and quasitorus actions.
A quasitorus H is an affine-algebraic group which is isomorphic to some
(K*)" x C where C'is a finite abelian group; a torus is a connected quasitorus.
A character of an algebraic group G is a morphism (of algebraic groups)
x: G — K*. The characters again form a group, denoted by X(G). The
categories of quasitori and finitely generated abelian groups are equivalent
via the essentially inverse functors

Hw— X(H), K +— Spec(K[K]).

Note that under these functors the subcategory of tori corresponds to the free
groups. We now turn to the correspondence between quasitori actions and
gradings by finitely generated abelian groups. For this let K be a finitely
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generated abelian group and A a K-graded affine K-algebra. Then there
exists a Spec(K[K])-action on Spec(A) which is defined by its comorphism

A— AQK[K], Awdara®x”.

Vice versa the action of a quasitorus H on some affine variety X defines a
grading of the regular functions O(X) by

X) = P OX)w, OX)w:={f € OX): f(t-x)=x"()f()}
weK
These correspondences give rise to an equivalence of the categories of affine
K-graded K-algebras and affine H-varieties, i.e. affine varieties with an H-
action.

Now consider the action of an affine-algebraic group G on an algebraic variety
X. If X is affine this gives rise to a linear G-action on the regular functions
O(X) defined by

(9-N) = flg~" 2.
The collection of invariant functions, i.e. the functions with g - f = f is

a subalgebra of O(X), we denote it by O(X)®. By Hilbert’s Finiteness
Theorem this algebra is finitely generated if G is reductive and X is affine.

For a not necessarily affine X an affine morphism 7: X — Y is called good
quotient for the G-action if there exists an open, affine cover (U;); of Y such
that O(U;) — O(x~*(U;))¢ is an isomorphism for all 7. A good quotient is
geometric, if each fibre is a single orbit.

The good quotient w: X — Y enjoys the following universal property:
For any G-invariant morphism ¢: X — Z there exists a unique morphism
pr: Y — Z such that the following diagram commutes.

X—* -7z

NoA

In particular, if a good quotient 7: X — Y exists, then it is unique up
to isomorphy. In this case we write X//G for the quotient space. Clearly,
Hilbert’s Finiteness Theorem guarantees existence of a good quotient in the
case where X is affine and G is reductive, e.g. a quasitorus. We are now
ready to interpret the Cox ring geometrically.

The Cl(X)-grading of the Cox ring R(X) gives rise to an action of the
quasitorus H := Spec(K[CI(X)]) on X. The characteristic space X is
an invariant open subset of X admitting a good quotient for this action
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gx: X = X /H and the quotient space is isomorphic to the variety X. The
situation fits into the diagram.

Specx(R) —— X —— Spec(R(X))

p— X
iqx
X

1.3. The toric Cox Construction

While for arbitrary varieties their Cox rings are fairly hard to calculate,
it is well known that for toric varieties the Cox ring - as abstract ring -
is isomorphic to a polynomial ring. The grading can be derived from the
structure of the corresponding fan.

We will recall some basic notions from convex geometry and their link to
toric geometry. For this let N and M be mutually dual lattices and Ng, Mg
the corresponding rational vector spaces.

By a cone o in Ng we always mean a convex polyhedral cone, its dual cone
oV is the (convex) set of linear forms | € Mg for which [, > 0 holds. A cone
is said to be pointed if it does not contain a line and a face T of ¢ is a convex
subset of o for which there exists an [ € ¢V such that [} = 0 holds. The
dimension of a cone is the dimension of the vector space generated by it and
the facets of o are its 1-codimensional faces. To the 1-dimensional faces of o
we refer as its (extremal) rays and write oM. A lattice cone is a pair (N, o)
where N is a lattice and o is a cone in Ng.

By a toric variety we mean a normal, irreducible variety Z together with
an action of an algebraic torus Tz and a base point zp € Z such that Tz is
openly embedded into Z via the morphism Tz — Z, t+— t - 2.

The categories of lattice cones and affine toric varieties are covariantly equiv-
alent with a functor mapping a lattice cone (N, o) onto the affine toric variety
Z(o) := Spec(K[o¥ N M]) with dense torus Ty := Spec(K[M]).

This correspondence extends to non-affine toric varieties. A quasifan ¥ in
Ng is a finite collection of convex, polyhedral cones such that for any cone
o € X all of its faces are members of ¥ and for any two cones 1,02 € X
their intersection o1 N o2 is a face of both cones. A quasifan is called a fan
if all its cones are pointed. The support |X| of a fan is the union of its cones
and X is said to be complete, if |X| = Ng holds. By a lattice fan we mean
the pair (N, X).

By a result of Sumihiro [64] any toric variety with dense torus T is covered
by affine T-invariant toric varieties and the gluing data is reflected in the fan
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structure of the associated collections of lattice cones. More precisely, the
categories of lattice fans and toric varieties are equivalent.

We now turn to the toric Cox construction , see [22]. For this let Z be a
toric variety and X its corresponding fan in Ng. We assume Z to have only
constant invertible functions which is equivalent to ¥ not being contained in
a proper vector subspace of Ng. Set F' := Z" where r is the number of rays of
3. and denote by P: FF — N the homomorphism taking the canonical basis
vectors f; to the primitive generators v; of the rays of ¥. We now consider
the following fan in the vector space Fy

Y = {6<6; P(6)Co for some o € X},

where § C Fy is the positive orthant. Clearly, ¥ is a subfan of the fan &
defined by the single maximal cone §. This inclusion gives rise to an open
embedding of the corresponding toric varieties Z C Z = K".

If E := F* denotes the dual lattice, then the regular functions of Z are given
by K[§¥ N E]. Moreover, setting Q: F — K := E / P*(M) as the projection,
this algebra is K-graded by deg(x®) := Q(e). The K-grading then gives rise
to an action of the quasitorus H := Spec(K[K]) on Z.

Theorem 1.3.1 (|4, Il, Theorem 1.3.2]). Let the notation be as above, then
the following assertions hold.

(i) The groups K and Cl(Z) are isomorphic.
(i) The Cox ring of Z is the K-graded ring O(Z).
(iii) The space Z is a characteristic space and the space Z is a total
coordinate space for Z.
(iv) The toric morphism pz: 7 > Z arising from the morphzsm of
fans P: 3 — ¥ is a good quotient for the H-action on Z.

An advantage of the Cox ring is that it facilitates explicit computations with
a (toric) variety. In particular, for the remainder of this section we will
discuss how a graded R(Z)-module gives rise to a sheaf on Z, for details on
this see [I}, [22]. We set

R = R(Z) = K[T1,...,T/]

and consider a K-graded R-module M. From this we obtain a sheaf on Z in
the following way. First, for a cone o € ¥ we consider the localisations

Re = Rr,, M, = My, where T, = [ T
P(fi)¢goV)
Then M, is a K-graded Rs,-module and by taking the respective homoge-

neous components in degree zero we obtain the (R )o-module (M, )o. Note
that Z is covered by the affine pieces Z(o) := Spec(Rs)o. On Z(o) the
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module (M;)o gives rise to a sheaf, for this see e.g. [37), II, Section 5]. These
sheaves patch together and form a sheaf M on Z.

Let Z be a sheaf of Oz-modules (or short Oz-module) on Z. The sheaf 7 is
a sheaf of ideals, if for every open U C Z the sections I'(Z, U) constitute an
ideal in Oz(U). A closed subscheme ¢: Y — Z is characterised by its ideal
sheaf Zy, i.e. the kernel of Oz — 1.Oy.

Theorem 1.3.2 ([22] Proposition 2.4, Theorem 3.2, Corollary 3.9]). Let Z be
a simplicial toric variety. Then the following assertions hold.

(i) Every quasicoherent sheaf on Z is of the form M for some graded
R-module M.

(ii) If I is a graded ideal of R, then T is a sheaf of ideals on Z. Vice
versa, for every closed subscheme X of Z there exists a graded
ideal I C R such that I gives rise to the subscheme X.

(iif) If I is a graded radical ideal in R, then the subscheme correspond-
ing to I is a variety.

If certain restrictions are imposed on the graded module, then the above
assertions can be strengthend to give one-to-one correspondences, see [22]
for details.

1.4. Bunched Rings

Bunched rings are an answer to the problem of constructing varieties with
prescribed Cox ring. However, this answer is not unique. In general, even if
two varieties have isomorphic (graded) Cox rings they need not be isomor-
phic, they rather are isomorphic in codimension two. Bunched rings essen-
tially consist of a Cox ring (with a choice of generators) and an additional
combinatorial datum, which fixes the isomorphy type of the variety.

Let K be a finitely generated abelian group and R an integral, normal, affine,
K-graded K-algebra. Consider a system F = (fi,..., fr) of homogeneous
generators of R and let Q: E — K be the map taking the i-th canonical
basis vector e; € E := Z" to w; := deg(f;) € K. The grading gives rise to
a quasitorus action of H := Spec(K[K]) on X := Spec(R). Moreover, we
obtain a closed embedding

X — K z = (fi(z),..., fr(x)).

The H-action on X extends to a diagonal action on K" given by the characters

wi

X, x"T, e
hez = (xX"(h)z,...,x"" (h)zr),
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turning the above embedding into an H-equivariant morphism. A face v <y
of the positive orthant v in Ejg is called §-face , if there exists some x € X
such that

z; #0 <~ e; € Yo.

We say that the K-grading of R is almost free , if any r — 1 of the weights
w1, ..., w, generate K as an abelian group. Denoting by Q5 := {Q(70); 70 =
~ an F-face} the set of projected F-faces we call a subset ® C Q3 thereof an
F-bunch, if the following two conditions are satisfied

e If 71,7 lie in ®, then 77 N 75 is non-empty.
e If we have 71 € ® and 7 € Q such that 77 C 7°, then 7 € ® holds.

An §-bunch is said to be true , if for every (one-codimensional) facet vo < v
we have Q(y0) € §. We are now ready for the definition of bunched rings. A
bunched ring is a triple (R, §, ®) where

e R is an almost freely, factorially K-graded affine K-algebra,
e F is a family of homogeneous generators of R and
e d is a true F-bunch.

From these three pieces of data, we now construct a variety having R as Cox
ring. For this consider the set of relevant faces

rlv(®) = {7y < v; Y an §-face and Q(v) € P}.
In order to shorten the notation we set for every o < 7y

Xy = Xf’lulmf'rur with an arbitrary u € ;.

One easily sees that X, is independent of the choice of u and we set

X = X(R3®) = U Xw
Yo Erlv(®)
X = X(R3§® := XJH

Theorem 1.4.1 ([4, Ill, Theorem 2.1.9]). Let (R,§,®) be a bunched ring
and X, X and X defined as above. Then the following assertions hold.

(i) The variety X is normal and its divisor class group is isomorphic
to the abelian group K.
(i1) All invertible regular functions on X are constant and the Cox ring
R(X) is isomorphic to R (as K-graded ring).
(iii) The dimension of X is given by dim(X) — dim(Kg).
Proposition 1.4.2 ([4, Ill, Corollary 2.1.11]). Ewvery projective Mori Dream
Space arises from a bunched ring.
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Any variety arising from a bunched ring comes with a canonical embedding
into a toric variety in the sense that the embedding defines an isomorphism
on the level of divisor class groups. First note that with M := ker(Q) we
obtain the following exact sequences.

P

0 L F N

0 K<2 E M 0

Now we set § := v C Fy as the dual cone of the positive orthant v C Ep and
for any ~o < v we denote its corresponding face by & := 6§ N vg-. We define
the enveloping collection and the following fans in Fp and Ng respectively

Env(®) = {70 < 7; there exists rlv(®) 3 71 5 o with Q(11)° € Q()°},

Y = {do < &; there exists o € Env(®) with do < 70},
Y = {P(10); 70 € Env(®)}.

Clearly, S is a subfan of the fan & consisting of the positive orthant § and
all its faces. Hence, there is an open embedding of the corresponding toric
varieties Z C Z := K”". The subset Z is invariant under the H-action and
admits a good quotient pz: 7 Z = Z//H The quotient space Z is toric
again and its fan is given by X.

We turn to the embedded spaces; recall that X is embedded into Z via 7. This
embedding restricts to a closed embedding i: X — Z of the characteristic
spaces and then descends to a closed embedding t: X — Z of the respective
quotient spaces. This situation fits into the following commutative diagram.

Xt
X i

X—~s7Z

JH

N —= N

Proposition 1.4.3 ([4, Ill, Proposition 2.5.4]). The embedding v: X — Z
has the following properties.

(i) The embedding is neat, i.e. the inverse images . *(D%) of the toric
prime divisors DY are pairwise distinct, irreducible hypersurfaces
of X and ¢ induces an isomorpism 1" : Cl(Z) — ClI(X) on the level
of divisor class groups.
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(ii) The mazimal cones of ¥ are XM = {P(w); 7 €
rlv(®) minimal}.

(iii) The image 1(X) intersects every closed toric orbit of Z non-
trivially.

In general, even if X is complete, Z need not be. There exists however a not
necessarily unique toric completion, for details see [4], III, Construction 2.5.7].
All these completions share Z as minimal subvariety containing X.

Let us look closer at the general question which toric orbits are intersected
non-trivially by X. For this let T, be the dense torus of a toric variety Z’
with fan ¥’ in Ng. Recall that for every Laurent polynomial f € O(Ty) its
Newton polytope is given as

New(f) := conv(v; a, #0) C Npg, where f= Z a, T".
veEN

We consider a non-empty closed subset Xpr C T/ and define the tropical
variety of Xr as

trop(Xr) = (] N(New(s)" Y],
Fel(Xr)
where A denotes the normal fan. Note that although finitely many Laurent
polynomials suffice for this intersection, in general we cannot replace I(Xr)
by an arbitrary set of ideal generators. We ask the question which orbits of
Z' are intersected non-trivially by the closure X7+ C Z’. An answer to this
is the following result by Tevelev.

Theorem 1.4.4 ([65, Proposition 2.8]). Let Tz be the dense torus of a toric
variety Z' with corresponding fan ¥'. Moreover, let Xr C Ty be a closed
subset of the torus and o a cone in Y. If Tz - z, denotes the corresponding
torus orbit, then X1 N (Tz - zo) is non-empty if and only if trop(Xr) No® is.
Let the notation be as above, ¥’ the fan of Z’ and set

ytrop(Xr) . {0 €Y; there ex. 0 < 7 € ¥ s. that 7° Ntrop(Xr) # 0}.

We return to our original situation where X arises from a bunched ring and
is canonically embedded into the toric variety Z with corresponding fan 3.

Corollary 1.4.5. Let Z C Zy be a toric completion corresponding to the
completion ¥ C 3. Then Etlmp(X) =Y holds.

1.5. The GKZ-Decomposition

Let V := (v1,...,vr) be a family of vectors in the rational vector space Ng.
By a V-cone we mean a cone in Ng with rays generated by elements of V.
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Analogously we define the terms V-(quasi)fan. For a collection of V-quasifans
31, ..., %, the coarsest common refinement is given as the fan

Yim...nx, = {Ulm,,.ﬁar; O'»L‘GEZ'}.

The special case where the collection of cones consists of all possible
V-quasifans yields the Gelfand-Kapranov-Zelevinsky-decomposition (GKZ-
decomposition). By [4, 11, Theorem 2.2.3] it is equal to the fan

GKZ(V) = { N 0} :
o a V-cone
For a given family V we are interested in the structure of its GKZ-
decomposition, in particular the newly occuring rays. To this end we intro-
duce the notion of Gale duality. If W := (w1,...,w,) is a family of vectors
in the rational vector space Kqg we call V and W Gale dual (to each other) if
for any tuple (a1,...,a,) € Q" the following conditions are equivalant.

(1) aiwi +...+arw, =0
(ii) There exists a linear form u € Hom(Ng, Q) such that u(v;) = a;
holds for all i =1,...,r.

In order to construct Gale dual vector configurations we follow [4, II, Con-
struction 2.1.3]. Consider a pair of mutually dual exact sequences of finite
dimensional rational vector spaces.

0 Lo—% s pp 7T

Ng 0

0 Ko Eq My 0

If (f1,..., fr) and (e1,...,e,) are mutually dual bases of Fy and Eg respec-
tively, then the following two collections in Ng and Kg respectively are Gale
dual

V= (P(f1),...,P(fr)) and W= (Q(e1),...,Q(er)).

As before let v C Eg be the positive orthant. We define a ~y-collection to be
a set B of faces of v such that any two v1,72 € B admit an Mg-invariant
separating linear form f € Fy in the sense that

f\]V[Q :07 f|'yl 207 f|'yz §O7 ker(f)ﬂfyl :'}/10’)/2-

For two ~y-collections B and B2 we write 81 < B, if for every 1 € B there
is a 2 € B with 71 C 2. Moreover, a ~y-collection B is said to be normal if
it cannot be enlarged as a y-collection and the images Q(70), where vy € B,
form the normal fan of a polyhedron.
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Recall that for a face 40 < v, we denote by 7¢ = v~ N~V the corresponding
face of the dual cone v”. Now suppose that V consists of pairwise linearly
independent, non-zero vectors. Then [4] II, Section 2] provides us with an
order-reversing bijection

{normal v-collections} — GKZ(V), B — ﬂ P(v)-
YoEDB

In particular, the rays of GKZ(V) correspond to the submazimal collections
in the sense that they are dominated only by the collection () of faces which
are invariantly separable from ~.









CHAPTER

TWO

QUOTIENTS

In this chapter we will discuss different notions of quotients which can be
assigned to the action of a linear algebraic group G on a normal variety X.
In general, it is not evident how to assign such a quotient to the action of an
algebraic group. We will introduce the concepts of the GIT-limit, the closely
related limit quotient and the Chow quotient. We show that for torus actions
the normalisations of the limit quotient and the Chow quotient coincide.

Section contains an overview of the variation of GIT-quotients, our main
sources for this are [4, [7, 14, [38]. In Sections and we discuss the
GIT-limit, the limit quotient and the Chow quotient, in Section [2.4] we prove
that various properties of these quotients. Small parts of Sections [2.2] and
-3 and with minor modifications the entire Section 2:4] have already been
published in our paper ’On Chow quotients of torus actions’ (joint work with
Jirgen Hausen and Simon Keicher, see [11]). In Section we introduce
the GIT-limit for the action of a non-reductive group. This section is part of
the author’s paper ’Point Configurations and Translations’, see [9].

2.1. Variation of GIT-Quotients

The conditions for the existence of good quotients are quite restrictive. In
fact, if the linear algebraic group G acts on a complete variety X such that
there exist a point x € X with finite isotropy group and a good quotient X —
X /G, then G is finite. However, the situtation looks better if we pass to open
G-invariant subsets. By a theorem of Rosenlicht [60], for every irreducible
G-variety there exists an open G-invariant subset with a good geometric
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quotient. Naturally the question arises how one can obtain all these subsets
in systematic manner. This problem is open in general. Mumford showed
in [55] that those open subsets admitting a quasiprojective good quotient
can be obtained from linearisations of (ample) line bundles. This approach
was generalised in [38] to work for Weil divisors. Moreover, there exists
a combinatorial description for all quotients spaces with the As-property,
see [7].

Let a reductive affine-algebraic group G act on a normal variety X. By a
good G-set U we mean a G-invariant, open subset U C X admitting a good
quotient m: U — U//G. A subset U’ of a good G-set U is said to be saturated,
if the set U’ coincides with = !(w(U’)). This is the case if and only if for
every v’ € U’ the orbit closure G -u/ C U is contained in U’.

For a saturated subset U’ C U of a good G-set the quotient morphism 7: U —
U//G restricts to a good quotient 7: U’ — 7w(U’) with an open embedding
of the quotient spaces m(U’) C U/G. This means that it suffices to describe
good G-sets which are maximal with respect to saturated inclusion.

A good G-set U C X is called gp-mazimal if its quotient space U//G is
quasiprojective and U is maximal with respect to saturated inclusion among
those good G-sets with quasiprojective quotient spaces. We now show how
these qp-maximal sets are contructed.

As before let X be a normal variety with the action of a reductive group
G. A G-linearisation of a Weil divisor D € WDiv(X) is an extension of the
G-action to the relative spectrum

X(D) := Specx(A), A := P I'(X,0nD)),

n€l>q

commuting with the canonical K*-acting and making the projection equi-
variant. To such a linearised divisor we associate a set of semistable points
in the following way. A point x € X is called semistable (with respect to
this particular linearised divisor) if there exists a G-invariant global section
of some positive multiple nD such that z is not contained in its zero set
and the complement of the zero set is affine. The set of semistable points is
denoted X*°(D). The quotient spaces correspond to the sets of semistable
points in the following way.

Proposition 2.1.1 ([38] Proposition 3.3], [16, Main Theorem]). Let G be a
reductive group and X a normal G-variety. Then the following assertions
hold.

(i) For every linearised divisor D on X the set X*(D) admits a
good quotient X*(D) — X*(D)/G with a quasiprojective quo-
tient space.
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(ii) If U C X is gp-mazximal, then there exists a linearised divisor D
on X such that U = X®°(D) holds.

(iii) The number of good G-sets of X which are maximal with respect
to saturated inclusion is finite.

Note that for any two linearised divisors D; and Dz their sum D; + D2
comes with a canonical linearisation, see [14] Section 1]. Moreover, D; and
Dy are said to be isomorphic, if there exists a G x K*-equivariant isomorphism
X(D1) — X(D3) over X. By [14], Proposition 1.10] the isomorphism classes
of linearised divisors form the group Clg(X) of linearised Weil divisors. It
comes with a canonical homomorphisms Clg(X) — CI(X) forgetting about
the linearisation. Furthermore, the set of semistable points X*°(D) only
depends on the class of D in Clg(X).

In the case of a principal linearised divisor D every linearisation of the corre-
sponding trivial bundle X (D) = X xK — X is given by a character w € X(G)
of G, see [14] Lemma 2.7]:

(2.1.1) Gx (X xK) - X xK; g-(z, k) — (g-z, w(g)k).

We now show how to treat the collection of qp-maximal subsets combinato-
rially. In a first step we consider different linearisations of a principal divisor
on an affine variety. For our purposes it suffices to restrict to quasitorus ac-
tions, although most of the results also hold for reductive groups, see [7]. Let
K Dbe a finitely generated, abelian group and A a K-graded, affine K-algebra

A= P A

weK

Its spectrum X := Spec(A) then comes with the action of the quasitorus
H := Spec(K[K]). Now, let D be a linearised principal divisor on X. Then
the linearisation is uniquely determined by some w € X(H) = K as in for-
mula The corresponding set of semistable points is explicitly given
by

X¥(w) == X°(D) = {ze€X; f(zx)#0 for some f € Apy with n > 1}.
We now discuss which elements of K yield the same sets of semistable points.
For this we set Kq := K ®Q and identify w and w®1 for an element w € K.
We then define for any « € X the orbit cone

wrg(xz) = cone(w € Kg; there exists f € A, with f(z) # 0).

The collection 2x of all orbit cones is finite. The GIT-fan is the following
quasifan in Kg

An(X) == {Mw); we K},  Aw) = [ wnu(@) C Ko



30 Quotients

Its support is the the weight cone wy := cone(w € Kq; Aw # {0}). It
turns out that for a cone \ € AH(Y) and any two w1, wa € A° the sets of
semistable points coincide. By [4, III, Lemma 1.2.7] for any w € A\° we can
write
XP) = X(w) = {z€X; wewn(x)} = {zeX; MNw) Cwn(z)}
Theorem 2.1.2 ([4, Ill, Theorems 1.2.8 and 1.4.3]). Let K be a finitely
generated, abelian group, A a K-graded, affine K-algebra and X = Spec(A)
its spectrum. Then there exists an order reversing bijection between the GIT-
fan Apr(X) and the sets of semistable points of X arising from a principal
linearised divisor

Au(X)
A

- {XP(w); we K},
= X ().
In particular, for any two cones A1, A2 € A (X) in the GIT-fan we have
YSS()\l) - 7850\2) = A1 2 Ay,
(

X
YSS()Q) = Yss )\2) < A1 = Ao
If moreover A is factorially K-graded, then every set of semistable points
stems from a principal linearised divisor, i.e. we have

{X7(w); we K} = {gp-mazimal subsets of X}.

We now turn to the non-affine case. For this let X be a normal variety with
finitely generated divisor class group K := CI(X), only constant invertible
functions and finitely generated Cox ring R(X). Let px: X — X be the
corresponding Cox construction. Suppose moreover that X comes with the
action of a torus T'x X — X. By [14], Proposition 3.1(iv)] this action lifts
to an action of T'on X := Spec(R(X)) leaving X invariant, commuting with
the H-action and turning px into a T-equivariant morphism.

Since R(X) is K-factorial, all sets of H x T-semistable sets stem from char-
acters in X(H x T') & K x M where M := X(T). We now want to relate
these sets of semistable points to the sets of T-semistable points of X.

It is not true that good H x T-sets of X are in one-to-one correspondence
with the good T-sets of X. In fact, if U C X is a good H x T set, then its
image px (U) may even fail to be a good T-set at all. However, there is a
way to surjectively map the good H x T sets of X onto the good T-sets of
X. For details on this we refer to |7, Theorem 4.5].

Let us discuss a setting in which the situation looks significantly better. In
addition to the assumptions made so far let X be projective. We want to
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relate the sets of semistable points arising from ample divisor classes to a
partial fan of the GIT-fan Agx7(X). For this let k° C Kg denote the (open)
cone of ample divisor classes of X. By the open T-ample cone we mean

Kk° X Mg C Kg X Mg and we call the partial fan
Hxr(X) == {AN(k° x Mg); A€ Apxr(X)}

the ample GIT fan of X. It describes the sets of semistable points arising
from ample linearised divisor classes in the following sense.

Proposition 2.1.3 ([7l, Proposition 6.1]). Let X be a projective Mori Dream
Space and the notation be as before. Then we have an order-reversing bijec-
tion

n sets of semistable points
E}‘IXT(X) - ss .
X (D) with D ample

A XCO)/H.

Note that this decomposition of the T-ample cone was originally already
considered in |24, [66]. However, it was looked at from a different point of
view, for the connection see [14]. Also it was clear to the authors that this
decomposition gives rise to the GIT-limit which we will discuss in the next
section.

2.2. The GIT-Limit and the Limit Quotient

In this section we discuss the construction of the GIT-limit and the limit quo-
tient. As we have seen in the preceding section the quotient spaces depend on
the choice of a linearised divisor. However, we would like to define a canonical
quotient space. The GIT-limit is a method of constructing such a space from
the collection of quotient spaces stemming from different semistable sets. Let
us recall the notion of an inverse system, its limit and universal property.

Definition 2.2.1. Let (I, >) be a partially ordered set and X := {X;; i € I}
a collection of objects in a category €. Assume that for any ¢,j € I with
i > j there exists a morphism ¢;;: X; — X;. Then the pair (X, {¢i;; ¢ > j})
is an tnverse system if it satisfies the following two conditions.

(i) @i =1idx; holds for every i € I.
(ii) For any ¢ > k > j the equation ¢;; = ¢g; © s holds.

Definition 2.2.2. Let I be a partially ordered set and S := (X, {¢i;; © >
j}) be an inverse system. An object X € Ob(€) in a category € together
with morphisms m;: X — X satisfying m; = ;5 0m; is called its inverse limit
of § if it has the following universal property.
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For every object Y in € with morphisms &;: Y — X; satisfying & = ¢j; o
&; there exists a unique morphism Y — X making the following diagram
commutative.

Y

Remark 2.2.3. The inverse limit need not exists in a specific category;
but if it does it is unique up to isomorphy. In this case we write Lim(S).
Moreover, in the case of algebraic varieties and a finite inverse system S the
limit has the following explicit form

Im(S) = {(%)iEI e [ X 25 = pij(ws) for any i > j} -
iel
Construction 2.2.4. Suppose that G is a reductive affine-algebraic group
and X is a normal G-variety. Let Xi,...,X, C X be the open sets of
semistable points arising from G-linearised ample divisor classes on X. Then,
whenever X; C X, holds, the universal property of good quotients gives rise
to a commutative diagram

Xl'% X]'

]

where the induced map ¢;;: X; /G — X;/G of quotients is a dominant
projective morphism. This turns the quotient spaces into an inverse system,
the (ample) GIT-system.

Definition 2.2.5. Let S be the (ample) GIT-system for the action of G on
X. Then the GIT-limit is the inverse limit

arr

X1 G = 1im(S).

Although each quotient of a set of semistables points of a normal irreducible
varity is normal and irreducible again, their limit need not be. For this
consider the following counterexample.
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Example 2.2.6. Consider the action of T := K* on the affine toric variety
X :=V(TWT» — T3Ty) C K* given by

t- (1, x2, 23, 24) = (tz1, t_lxg, t-x3, t_1x4).

We will now show that the GIT-limit X,/ H is reducible. For this we will
explicitly compute the quotient spaces of the sets of semistable points arising
from different linearisations of a principal divisor. Note that this might
not yield the GIT-limit itself but rather a partial limit. Still, there exists a
surjective morphism from the full limit onto this partial limit which preserves
reducibility.

The idea is to view X as toric variety and deal with its sets of semistable
points and their respective quotients in terms of lattices and fans. For this
consider the action of the algebraic torus Tx := (K*)* on X by

(tl,t27t3) . (Il,I27CL‘3,LL‘4) = (tlml , tzCL‘Q ) tg.l‘g, t1t2t§1x4).

This fixes an open embedding Tx C X. The cone of convergent one-
parameter subgroups has four extremal rays in Q2 generated by

V4

v = (1,0,0), va = (1,0,1),

vs = (0,1,0), va = (0,1,1). V3
U1

The T-action on X gives rise to an inclusion 7' C Tx and hence an injection
of the respective lattices of one-parameter subgroups Z — Z3. Explicitly this
homomorphism is given by

Q" :7—7% v (v,—,v).

It fits into an exact sequence which allows us to compute the (toric) quotient
space of the sets of semistable points. For details on this see [4] II, Sec-
tion 3.1].

o*

0 Z 72—t 72 0
The matrix P contains as rows a basis for Z*/Im(Q*) and can be chosen as
2 1 -1
P = .
-1 0 1

Let us determine the sets of semistable points of X arising from the possible
linearisations of a principal divisor. For this note that the GIT-fan for the
T-action on X is the (unique) fan in Q with two maximal cones.
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Q<o Q>0

To each of the three cones there corresponds a set of semistable points
XSS(—):XT2 UXr,, XSS(O) =X, XSS(-l-) = X7, UXr;.

The complements of X*°(—) and X**(+) are precisely the toric divisors which
correspond to the rays generated by vo and vs respectively. We then obtain a
commutative diagram where the vertical arrows are the good quotients given
by the matrix P. Note that all three fans in the top row are projectible in
the sense of [4] II, Definition 3.1.3], however in the second case not all the
faces contribute to the quotient space, see [4] II, Construction 3.1.5].

V4 V4
_— > -
U3
V1 V1

¥ : ¥

P(vg) P(vg) P(vq)
P(v3) - o - P(v2)

P(vy) P(vy) P(vy)

The two maps of the quotient spaces each contract a toric divisor isomorphic
to P1, hence the partial limit of these quotients (i.e. the fibre product) has
two irreducible components. The first one is isomorphic to either one of
the outer quotients, the second is P; X P1. They intersect in a P; and the
universal property of the fibre product yields a morphism from the GIT-limit
onto the fibre product. This shows that the GIT-limit cannot be irreducible.

Although the GIT-limit is in general not irreducible, it has a canonical ir-
reducible component. Again let X;, i = 1,...,7 be the sets of semistable
points arising from ample linearised divisor classes on the normal projective
variety X. Note that the GIT-limit Y := X 7" G comes with a canonical
morphism

ﬁ X; — Y.

i=1
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Definition 2.2.7. The closure of the image of U — Y is denoted by X/, G
and is called the limit quotient (of X with respect to G). Its normalisation
X/ G is the normalised limit quotient.

There are canonical proper birational morphisms onto the GIT quotients:

T X,Q G — Xl//G

Suitably shrinking the open set U C X, we obtain a commutative diagram
involving the normalisation map:

U
X,G—m = X/G.
Note that, in the literature, X,/ G is called also the ’canonical component’

of the GIT-limit, or even shortly the ’GIT-limit’. Similar to the full inverse
limit, the limit quotient X, G enjoys a universal property.

Remark 2.2.8. Given an irreducible variety W and a collection of dominant
morphisms ¢;: W — X; /G with 1; = @;; o9, for all i, j, there is a unique
morphism ¢: W — X/ G with ¢; = m; o9 for all 4.

For toric varieties with the action of a subtorus of the dense torus there is
a very convenient way to compute the (normalisation) of the limit quotient.
For this we consider the following setting.

Setting 2.2.9. Let Z be a quasiprojective toric variety with acting torus
Tz and consider the action of a subtorus T C Tz. The toric variety Z arises
from a fan ¥ in some Z" and T' C Tz corresponds to an embedding ZFCzr
of a sublattice. Let P: Z" — Z"~* the projection. The quotient fan of
with respect to P is the fan in Z"~* with the cones

T(v) = ﬂ P(0), veQ k.

oceX,veP(o)

Proposition 2.2.10. See [23]. Consider the Setting let X' be the
quotient fan in Z"* with respect to Z" — Z"* and let Z' the associated
toric variety. Then Z' is isomorphic to the normalised limit quotient Z ] T.

Example 2.2.11. We consider two examples.

(i) We return to Example and again consider the action of T :=
K* on the affine toric variety X := V(T1T> — T374) given by

t-(z1, x2, @3, T4) = (tz1, t 'aa, tws, t x4).



36 Quotients

The fan of X has the single maximal cone generated by
v = (1,0,0), vz = (1,0,1),
v3 = (0,1,0), V4 = (0,1,1).

The inclusion T' C T'x corresponds to an inclusion of the respective
lattices of one-parameter subgroups

Zr — T%; v (v, -, ).

Then the projection P: Z3% — Z% /Zr = 72 is given by the matrix
P and from this we can compute the quotient fan.

v
Il

P(vy)
2 1 -1 ,
, ¥ o= P(vg)=P(v3)
-1 0 1

P(vy)

(ii) Consider the action of K* on the the projective space P4 given by
te[xo : x1: x2 : x3 ¢ wa] = [two : t e s tae : t s Za].
The fan of P4 is the complete fan with rays generated by

vo = (—1,—1,—1,—1), v =(1,0,0,0), vz =(0,1,0,0),
vz = (0,0,1,0), w4 =(0,0,0,1).

The inclusion T' C T'x corresponds to an inclusion of the respective
lattices of one-parameter subgroups

7 — 7 v (v, —v, v, —v).

Then the projection P: Z* — Z4/Z = 77 is given by the matrix
P and from this we can compute the quotient fan.

P(vy)

P(v3)

—1 0 1 0
pP= 0 -1 0 1|, ¥ = pep
0 0 1 1

P(vg)

In this example the additional ray generated by (1,0,0) appears.
It corresponds to the blow-up of one of the GIT-quotients.
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2.3. The Chow Quotient

We consider the action of an affine-algebraic group G on a normal variety
X. The GIT-limit and the limit quotient have the advantage that they come
with a combinatorial description which makes them at least partially acces-
sible to computations. However, there are two main drawback of the classic
GIT-constructions. Firstly, the GIT-limit lacks being canonical insofar as it
depends on a choice of quotient spaces (namely those stemming from ample
linearised divisors). But there are examples of so-called exotic orbit spaces
which cannot be constructed from ample classes, see [14]. Secondly, clas-
sic invariant geometry heavily relies on Hilbert’s Finiteness Theorem stating
that the algebra of invariants is finitely generated if G is reductive. Although
there are examples of non-reductive groups with finitely generated invariant
algebras, this fails in general, even for relatively simple algebraic groups,
see [54, 56, [59].

Before we introduce a method to extend the notion of the GIT-limit to cer-
tain unipotent groups, we discuss an alternative approach, namely the Chow
quotient. The main idea is to view the orbits (more precisely their closures) of
some action as points in a variety parametrizing subvarieties of X, its Chow
variety. The construction behaves better than the GIT-limit concerning the
two mentioned aspects. Neither does one have to make any (relevant) choices
nor is this method restricted to a certain class of groups. However, the Chow
variety and thereby also the Chow quotient are quite hard to access. Even
for relatively simple examples the Chow variety is unknown. Surprisingly, for
torus actions the Chow quotient and the limit quotient are closely related, in
fact they share a common normalisation, for details on this we refer to the
next Section 2.4]

First let us discuss the Chow variety. It is a classical construction and was
originally introduced by Chow and van der Waerden, see [2I]. Our main
source for this section is [36], but see also [51} 61]. Let P, := Gr(n—1,n) =
P, be the variety parametrizing hyperplanes in P,. For a k-dimensional,
irreducible subvariety X C P,, its degree is the number of points in £ N X
where E is a generic point in the Grassmannian Gr(n — k,n).

Construction 2.3.1 (Chow variety of P,). Let X C P, be a purely k-
dimensional subvariety of degree d. We first consider the set

I = {(x,Ho,...,Hy); x€ Hifori=0,....,k} C X xPit"

It is closed, purely (n(k+ 1) — 1)-dimensional and it has as many irreducible
components as does X. Now let p: I' — PE+! be the projection. It turns
out that p is birational and its image p(I") is a hypersurface in P!, As

such it is the zero set of the so-called Chow form of X, a Z¥*'-homogeneous
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polynomial
Fx € W := K[Tij, 1 =20,...,n, ‘7'2(),.“7]6}(17

where d := (d,...,d) € ZF*! and the grading ist given by deg(T};) := e;.
Since Fx is unique up to multiplication with a scalar, there exists a well-
defined map

subvarieties X C P,
&: of pure dimension k -  P(W),
and degree d

X — [Fx] .
This map is injective and £(X) is called the Chow point of X. The image

C(Pn, k,d) of £ is a locally closed subset of P(W) and its closure C(P,, k, d)
is the Chow variety of P, for the parameters k and d.

We now want to generalise this idea to an arbitrary projective variety Z. To
this end we choose an embedding of Z into some P,,. It turns out that the
Construction of the Chow variety is in fact independent of the choice of this
embedding.

Construction 2.3.2 (Chow variety). Let Z C P, be a projective variety.
Then we set

C(Z,k,d) = {[Fx]€C(Pn k,d); XCZ}.
This is a subvariety of C(P,, k,d) and its closure C(Z, k,d) in C(P,, k,d) is
called the Chow variety of Z with respect to k and n.

Remark 2.3.3. Let Y C Z C P, be two projective varieties. Then
C(Y,k,d) CC(Z,k,d) holds for all possible choices of k and d.

Example 2.3.4. Compare [29] Chapter 4, Examples 1.2, 1.3] and |26, The-
orem 1].

(i) The Chow variety parametrising subvarieties of P,, with degree 1
and dimension k is the Grassmannian variety Gr(k,n). It is irre-
ducible and smooth and can be described by the Pliicker relations.

(ii) The Chow variety of 1-dimensional subvarieties and degree 2 in P3
has two irreducible components of dimension 8. The first compo-
nent describes the subvarieties consisting of two lines, the second
parametrises quadrics.

In [49] Kapranov, Sturmfels and Zelevinsky introduced the notion of the
Chow quotient in order to obtain a somewhat canonical quotient of a group
action. As its contruction relies on the Chow variety again the Chow quotient
does not depend on the embedding.
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Construction 2.3.5 (Chow quotient). Let Z be an algebraic variety with the
action of an algebraic group G. Then on a sufficienly small open subset of Z
the closures of the G-orbits have a common dimension k£ and degree d. The
collection of orbit closures corresponds to a certain subset of C(Py, k,d). Its
closure Z/, G is called the Chow quotient of Z with respect to the G-action.

Construction 2.3.6. By the normalised Chow quotient X/, G we mean the
normalisation of X/ G. With a suitably small chosen U C X, one obtains a
commutative diagram of morphisms involving the normalisation map:

U
X/ G— > X/G.

Consider the Setting and assume that in addition Z is projective. In
this situation the normalised Chow quotient is a toric variety.

Proposition 2.3.7 ([49]). Consider the Setting[2.2.9 and assume that Z is
projective. Let ¥' be the quotient fan in Z" ™" with respect to Z" — Z"~* and
let Z' the associated toric variety. Then Z' is isomorphic to the normalised
Chow quotient Z/: T.

2.4. Comparing Chow and Limit Quotient

With minor modifications this section has already been published in the
paper 'On Chow quotients of torus actions’ ([11]), which is a joint work with
Jirgen Hausen and Simon Keicher.

The limit quotient arises from the variation of Mumford’s GIT quotients [55].
Its construction relies on finiteness of the number of possible sets of semistable
points [24], [66].

For a general reductive group action, the (normalised) Chow quotient and the
(normalised) limit quotient need not coincide. For torus actions, however,
they do. This statement seems to have folklore status; a proof under a
certain hypothesis can be found in [45], Thm. 3.8]. Let us indicate how to
deduce it from the corresponding statement in the case of subtorus actions
on projective toric varieties obtained in [23], [49]. For this we consider again

the Setting [2:2.9]

Proposition 2.4.1. See |23), [49]. Consider the projective toric variety Z
arising from a fan X in Z" and the action of a subtorus T C Tz corre-
sponding to a sublattice Z* C Z". Let X' be the quotient fan in Z"~* with
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respect to Z" — 7" and let Z' the associated toric variety. Then we have
a commutative diagram

Tz/T
ZiT<—(> 2 <> Z/T
Z,T - Z,T

In particular, the (normalised) Chow quotient and the (normalised) limit
quotient of the T-action on Z are isomorphic to each other.

We turn to the general case. The result is formulated for a projective vari-
ety X which is equivariantly embedded into a toric variety Z. Note that for
a normal projective X, this can always be achieved, even with a projective
space Z.

Proposition 2.4.2. Let Z be a projective toric variety, T C Tz a subtorus
of the big torus and X C Z a closed T-invariant subvariety intersecting T .
Then there is a commutative diagram

embedding

X, T ———— Z,T

| 4

- finite v
X\ T——-— Z,T

Z AN

= (XﬂTz)/T Tz/T =

N 7

X/ T————= Z/T

N finite

| |

XL, T ——— Z/, T

embedding

where XC{N2 T — Z/: T and X/: T — Z/: T normalise the closures of the
images of (X NTz)/T under the canonical open embeddings of Tz /T .

Proof of Proposition version 1. The right part of the diagram is
Proposition m The closed embedding X/ T — Z/ T exists by the con-
struction of the Chow quotient; compare also [30, Thm. 3.2].

To obtain a morphism X/, T — Z/ T, consider the sets of semistable points
Vi,..., Vs C Z defined by T-linearised ample line bundles on Z. Then the
sets U; := X NV, are sets of semistable points of the respective pullback bun-
dles, see [65] Thm. 1.19] and we have induced morphisms U; /T — V;//T.
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Since the U; /T form a subsystem of the full GIT-system of X, the univer-
sal property [2.2.8| yields a morphism of the limit quotients sending X,/ T
birationally onto the closure of (X NT%)/T.

Now look at the canonical morphism X/ T — X/ T provided by [50} [66].
It fits into the diagram established so far which in turn implies that X/ T —
X/ T is an isomorphism and X, T — Z/ T is an embedding. Finally, the
respective normalisations fit into the diagram via their universal properties.
O

Note that we will only use the part of Proposition [2.4.2] concerning the
normalisations of the Chow and limit quotients. We provide another al-
ternative proof using similar arguments as above but not the isomorphism
Z4T — Z/ T of Proposition m

Proof of Proposition [2.4.2, version 2. By the definition of the Chow
quotient, there is a canonical closed embedding X/ T — Z/T and the
image is the closure B C Z/ T of (X NTz)/T; see also [30, Thm. 3.2]
The universal property of the normalisation B — B provides a morphism
B— X /4 T which turns out to be birational and finite and hence is an iso-
morphism. The closure A C Z/, T of (X NTz)/T is mapped onto B under
Z/: T — Z/ T and for the normalisation A — A we obtain an induced
isomorphism A — B. Together, this gives the upper half of the following
commutative diagram:
embedding

X, T

X, T ZLT.

The morphism X/ T — X/ T from the Chow quotient onto the limit
quotient was established in [45]. It respects the canonical embedding of
(X NTz)/T, is birational and lifts to a morphism X4 T — X/ T of the
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normalisations. The canonical isomorphism Z /: T — Z /; T is due to Propo-
sition 2411

For the remaining part of the diagram, consider the sets of semistable points
Vi,..., Vs C Z(‘{N1 To defined by T-linearised ample line bundles on Z. Then
the sets U; := X NV, are sets of semistable points of the respective pullback
bundles, see [55, Thm. 1.19] and we have induced morphisms U; /T — V; JT.
Since the U; /T form a subsystem of the full GIT-system of X, the universal
property yields a morphism of the limit quotients sending X, T bira-
tionally onto the closure C C Z/ T of (X NTz)/T. For the normalisation
C — C we obtain an isomorphism A— C and a morphism X/ T — C. We
conclude that X/: T — X/: T is an isomorphism. O

Corollary 2.4.3. Let T x X — X be the action of a torus T on a normal
projective variety X. Then the normalised Chow quotient X /[ T and the
normalised limit quotient X [ T are isomorphic to each other.

The following corollary shows that for torus actions, the limit quotient is up
to normalisation already determined by the possible linearisations of a single
ample bundle; a statement which fails in general for other reductive groups,
compare also [50, Remark 0.4.10].

Corollary 2.4.4. Let T x X — X be the action of a torus T on a normal
projective variety X. Then the subsystem of GIT quotients arising from
the possible T-linearisations of a given ample line bundle £ has the same
normalised limit quotient as the full system of GIT quotients.

Proof. Fix a T-linearisation of £ and consider the T-equivariant embedding
X — P, defined by the a suitable power of £. Then the subsystem of the
GIT quotients on X arising from other linearisations of £ is induced from
the full GIT system on P,.. Now apply Proposition [2.4.2 O

We now prove the reduction theorem. It says in particular, that the Chow
quotient of a torus action is birationally dominated by an iterated Chow
quotient with respect to K*-actions.

Theorem 2.4.5. Let T x X — X be the action of a torus T on a normal
projective variety X. Fiz a subtorus To C T and set Ty := T/Ty. Then we
have canonical proper birational morphisms

(XLiTo)s Ty — X4 T, (XL To), Ty — XA T

Proof. First consider the case that T is a subtorus of the big torus Tz of a
toric variety Z. Then the maps Tz — Tz /To — Tz /T correspond to lattice
homomorphisms Z" — Z" 7% — 7" The fan ¥ of Z lives in Z" and we
have the quotient fan Xo of ¥ with respect to Z" — Z" %0, The quotient
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fan of Yo with respect to Z" %0 — Z"~* refines the quotient fan of ¥ with
respect to Z" — Z"~*. Translated to toric varieties, this means that we have
the desired maps

(Zr;(: To)({: T1 — ZC{: T, (Z,{: To),,{: T1 — Z,{: T.

We turn to the general case. Suitably embedding X, we can arrange the setup
of Proposition Then we have a finite T} -equivariant map v: X/ To —
4 /: To. We consider the normalised limit quotient of the Th-action on X /: To.
In a first step, we establish a commutative diagram

(X n Tz)/To

T

(X4 To)s Th (Z4 To)t Th

For this, let V4,..., Vs C Z/ To be the sets of semistable points arising from
Ti-linearised ample line bundles. Then the inverse images ufl(Vi) C XQ To
are sets of semistable points of the respective pullback bundles, see [55]
Thm. 1.19]. Note that we have canonical induced maps

v (V)T — Vi)Th.

Consequently, the limit quotient of the system of the quotients v~ (V;) T}
maps to the limit quotient (Z/: To)./ Th. Since the Vﬁl(Vi)//T1 form a sub-
system of the full GIT system of X/ Tp, this gives rise to a morphism

(XL To). T — (Z4 To), Th
as needed for the above commutative diagram. As in the proof of Proposi-
tion we may pass to the normalisations and thus obtain a morphism

(XL To), Ty — (Z4 To)d, Th.

Now, by the toric case, we have a proper birational morphism from the toric
variety on the right hand side onto Z/, T'. Using once more Proposition ,
the assertion follows. O

2.5. The non-reductive GIT-Limit

This section has already been published in the author’s paper 'Point config-
urations and Translations’, see [9].

In this section we deal with the problem of assigning a canonical quotient to
the action of a unipotent group G on a Q-factorial, projective Mori Dream
Space X. For reductive groups an answer to this problem is the GIT-limit,
i.e. the limit of the inverse system consisting of the Mumford quotients
X*(D)/G. However, this method relies on Hilbert’s Finiteness Theorem
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which guarantees, that for a linear action of a reductive group G on any
affine algebra the invariant algebra is affine again. So we make a further
finiteness assumption on certain G-invariants which for example holds when
G = G,.

In |25] Definition 4.2.6] Doran and Kirwan introduce the notion of finitely
generated semistable sets for the action of a unipotent group, namely the
sets Xi5(D) := |JX; where D is some ample divisor, f € Onp(X) is an
invariant section for some n > 0 and O(X;)“ is finitely generated. These
sets possess enveloped quotients

r: Xgg (D) — r(Xg(D)) € X/pG

where the enveloping quotient X /pG is obtained by gluing together the affine
pieces Spec(O(X;)¥). Using a Gelfand-MacPherson type correspondence
described in [6] we now turn this collection of enveloped quotients into an
inverse system.

Consider the action of an affine-algebraic, simply connected group G with
trivial character group X(G) on the normal, projective variety X. Let K C
WDiv(X) be a free and finitely generated group of Weil divisors mapping
isomorphically onto the divisor class group Cl(X). We then associate to X
a sheaf of graded algebras

R =P oD).

DeK

We suppose that the algebra of global sections R(X), i.e. the Cox ring
of X, is finitely generated. The K-grading yields an action of the torus
H := Spec(K[K]) on the relative spectrum X := Specy (R) and the canonical
morphism p: X3 Xisa good quotient for this action. By linearisation the
G-action on X lifts to a unique action of G on the total coordinate space
X := Spec(R(X)) which commutes with the H-action and turns p into an
equivariant morphism, see [38] Section 1].

Now suppose that the algebra of invariants R(X)® is finitely generated as
well and let Y be its spectrum. The inclusion of the invariants gives rise to
a morphism k: X — Y. Since s is not necessarily surjective, it need not
have the universal property of quotients. However, passing to the category
of constructible spaces we obtain a categorical quotient x£: X — Y = K(X),
see [6] for details.

For every ample D € K standard geometric invariant theory provides us with

a set of semistable points

SS

Y (D) := U Y; where feR(X)Jp and n>0.
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These sets admit good quotients for the H-action which are isomorphic to
the enveloping quotient X/pG in the sense of Doran and Kirwan. The set
of finitely generated semistable points X¢; (D) can be retrieved from Y (D)
by

Xi(D) = p(U) where U:=r"(Y7(D)).
The situation fits into the following commutative diagram:

K

Y
~ o K ss 4 c < -
X" 2 X 2 U0———"" - Y’DnY .Y
< s -
Y (D)
P P
X 2 Xg(D) a ¢
X/pG =
v v X
Y (D)/H

In this setting [6] Corollary 5.3] answers the question whether the morphisms
q and r are categorical quotients.

Proposition 2.5.1 ([6]). If for every v € V the closed H-orbit lying in
¢ ' (v) is contained inY' (e.g. ¢ is geometric), then q and r are categorical
quotients for the H- and G-actions respectively.

In order to define a canonical quotient for the action of G on X we first
recall the respective methods in reductive geometric invariant theory. For
the affine variety Y let Yi,...,Y, be thejets (ﬁsemistable points arising

from ample divisors. Whenever we have Y; C Y; for two of these set we
obtain a commutative diagram.

?i%?j

.

Yi)H —22 V) H

The morphisms ;;: Y;/H — Y,/ H turn the collection of quotients into an
inverse system, the GIT-system. Its inverse limit Y /" H is called GIT-limit.

There exists a canonical morphism

Nv. - v/Hu
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and the closure of its image is the limit quotient Y., H of Y with respect
to H. Note that in the literature this space is also called 'canonical compo-
nent’ or 'GIT-limit’. In general, the limit quotient need not be normal; its
normalisation is the normalised limit quotient Y/, H.

We now turn to the non-reductive case. As constructible subsets of Y; JH
the corresponding enveloped quotients V; inherit the above morphisms ¢;j;,
and again form an inverse system.

art
/

Definition 2.5.2. The (non-reductive) GIT-limit X /. G of X with respect
to the G-action is the limit of the inverse system of enveloped quotients.

The non—reductive GIT-limit X /T G 1s a constructible subset of the reductive
GIT-limit Y./ H. Analogousl}g we obtain a canonical morphism into the
(non-reductive) GIT-limit X ra

N7y - xlc

Definition 2.5.3. The (non-reductive) limit quotient X/ G of X with re-
spect to the G-action is the closure of the image of the above morphism. Its
normalisation is the normalised limit quotient X/ G.

The limit quotient in general appears to be relatively hard to access. How-
ever, if Y is factorial we can realise it up to normalisation as a certain closed
subset of a toric variety as follows. For this consider homogeneous generators
fi,..., fr of the K-graded algebra O(Y'). With deg(T;) := deg(f;) we obtain
a graded epimorphism

EQ[JH,. ..,j:i — 63(57); j} — fb

This gives rise to an equivariant closed embedding of Y into K”. We denote
by @ the the matrix recording the weights deg(f;) as columns and fix a
Gale dual matrix P, i.e. a matrix with PQ? = 0. The Gelfand-Kapranov-
Zelevinsky-decomposition (GKZ-decomposition) of P is the fan

S = {o(v); veQ O, o(v) = ﬂ T

veET®

where 7 is a cone generated by some of the columns of P. It is known that
the normalised limit quotient K",/ H is a toric variety with corresponding
fan ¥. Now suppose that Y is factorial. Then every set of semistable points
of Y arises as intersection of Y with a set of semistable points on K”. In

.

this situation we obtain a closed embedding of the GIT-limits Y/ H—

K"/ H and hence of the respective limit quotients. The inverse image of
Y/ H under the normalisation map v: K"/ H — K"/ H is in general not

Lo

normal. However, its normalisation conincides with the normalised limit
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quotient Y/, H. The situation fits into the following commutative diagram.

Y/H—— v (Y/H) —— K /H

ey LQ

~F

Y/H——> K/ H

Lq Lo

Finally, if T is the dense torus in K", then v~ *(Y 4 H) coincides with the
closure of (Y NT)/H in K"/, H. Hence we obtain a normalisation map

Y.H - (YnT)/H)".






CHAPTER

THREE

COX RINGS AND GOOD QUOTIENTS

With minor modifications this entire chapter was first published in ’Good
quotients of Mori Dream spaces’ in Proc. Amer. Math. Soc., 139(9), 2011
published by the American Mathematical Society, see [10].

3.1. Good Quotients of Mori Dream Spaces

Let X be a normal variety over some algebraically closed field K of character-
istic zero. If X has finitely generated divisor class group and only constant
invertible global functions then one can associate to X a Coz ring; this is the
graded K-algebra
R(X):= P I'(X,0x(D)).
CI(X)

In the case of torsion in Cl (X) the precise definition requires a little care; see
Section 2 for a reminder and [4] for details. We ask whether finite generation
of the Cox ring is preserved when passing to the quotient by a group action.
More precisely, for an action of a reductive affine algebraic group G on X we
consider good quotients; by definition these are affine morphisms 7: U — V
with Oy = (1.01)¢ where U C X may be any open G-invariant subset.

Theorem 3.1.1. Let a reductive affine algebraic group G act on a normal
variety X with finitely generated Coz ring R (X), and let U C X be an open
invariant subset admitting a good quotient w: U — UJ/G such that UJJG
has only constant invertible global functions. Then the Coxz ring R (UJG) is
finitely generated as well.
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Note that this statement was proven in [46], Theorem 2.3] for the case that X
is affine with finite divisor class group and U /G is a GIT-quotient. Moreover,
in [46] Remark 2.3.1] it was expected that (geometric) GIT-quotients of Mori
dream spaces, i.e. Q-factorial, projective varieties with finitely generated
Cox ring, are again Mori dream spaces, which is a direct consequence of

Theorem B.1.1]

The following result is a step in the proof of Theorem but it also might
be of independent interest. Let K C WDiv (X) be a finitely generated sub-
group of Weil divisors. By the sheaf of divisorial algebras associated to K we
mean the sheaf of Ox-algebras

S:= P So, Sp :=Ox (D).

DeK

Theorem 3.1.2. Let X be a normal variety with finitely generated Cox ring
R(X). Then, for any finitely generated subgroup K C WDiv (X) and any
open subset U C X, the algebra of sections I'(U,S) of the sheaf of divisorial
algebras S associated to K is finitely generated.

In particular, if X has finitely generated Cox ring, then for every open subset
U C X the algebra of regular functions I'(U, O) is finitely generated; note
that even for affine varieties this fails in general, compare Example [3.2.2

3.2. Proof of Theorem [3.1.2]

Let us recall the construction of the Cox ring of a normal irreducible variety
X with finitely generated divisor class group and only constant invertible
global functions. Fixing a finitely generated subgroup K of the Weil divisors
such that the projection ¢: K — Cl(X) is surjective with kernel K° we can
associate to K the sheaf of divisorial Ox-algebras S. In order to identify the
isomorphic homogeneous components of S we fix a character x: K° — K(X)*
such that div (x(FE)) = F holds for every E € K° and consider the sheaf of
ideals Z locally generated by the sections 1 — x(E) where E runs through K°
and x(F) is homogeneous of degree —E. The Coz sheafis the sheaf R := S/Z
together with the Cl (X)-grading

R = @ R[D], R[D] =D @ SD/ ,
[D]ECI(X) D’ec—1([D))
where p : S — R denotes the projection. The algebra of global sections is
called the Coz ring of X, which is - up to isomorphy - independent of the
choices of K and x. For later use, note that by [4] I, Lemma 4.3.5] for any
open set U C X we have

I(U,R) = T(US)/T(U,I).
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Moreover, from [4] I, Lemma 5.1.2] we infer that the Cox ring is invariant
when passing to a big open subset, i.e. an open subset whose complement is
of codimension at least two. In particular, the two algebras I'(X™®R) and
I'(X,R) are equal, where X*°® denotes the set of regular points of X.

Proof of Theorem[3.1.2 For the first part of the proof we proceed as in
[5, Proposition 5.1.4]. First assume that K projects onto C1(X). By K° we
denote the subgroup of K consisting of principal divisors, i.e., the kernel of
the projection ¢: K — C1(X), and fix a basis D;, ..., Ds for K, such that K°
is generated by a1 D1, ..., ar Dy with certain a; € Z>o. Moreover, let Kt CK
be the subgroup generated by Dyy1,..., D, and set K’ := K°@K'. We then
have the associated Veronese subsheaves

§"= P S, St= P So, S'= P Sp.

DeK?O DeK!?! DeK’

We claim that I['(X,S) is finitely generated. First note, that Sp — Rip)
is an isomorphism by [4} I, Lemma 4.3.4]. Since K' = ¢ (K') holds, these
isomorphisms fit together to an isomorphism of sheaves

Sl = @ Sp — @ 'R[D] = Rl.

DeK!? Dec(K1)

Since T(X,R) is finitely generated, the Veronese subalgebra I'(X,R') of
the Cox ring is as well finitely generated (cf. [4] I, Proposition 1.2.1])
which gives finite generation of T'(X,S'). Every homogeneous function
fer(X, S,’EO+E1), where E; € K%, is a product of a homogeneous section in
I'(X, Sk, ) and an invertible section g € I'(X, Sg, ), which itself is the product
of certain g;* with div (g;) = a;D;. Consequently, I'(X,S’) is generated by
the functions g; and generators of T'(X,S'); and thus is finitely generated.
Since K is of finite index in K the algebra I'(X, S) inherits finite generation
from I'(X,S8’) by [2] Proposition 4.4].

Now, let U C X be an arbitrary open subset. Then the complement X\U
can be written as a union of the support of an effective divisor D’ and a
closed subset of codimension at least two. Let D € K be a divisor which
is linearly equivalent to D', i.e. D’ = D + div (f) with a suitable rational
function f. Then f is contained in I'(X,Sp) and [4] I, Remark 3.1.7] shows
that I'(U,S) = I'(X, S) is finitely generated.

Finally, if K C WDiv (X) does not project onto Cl(X), then we take any
finitely generated group K C WDiv (X) with K C K projecting onto Cl (X)
and obtain finite generation of I'(U, S) for the associated sheaf S of divisorial
algebras. This gives finite generation for the Veronese subalgebra I'(U,S) C
I'(U,S) corresponding to K C K. O
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Corollary 3.2.1. Let X be normal variety with finitely generated Cox ring.
Then for every open subset U C X the algebra T'(U, O) is finitely generated.

This observation allows us to construct normal affine varieties with non-
finitely generated Cox ring.

Example 3.2.2. Let G be a connected semi-simple algebraic group and H
a unipotent subgroup such that the ring of invariants

NG,o" = T1(G/H,0)

is not finitely generated. By [34] Corollary 2.8] there is an open G-equivariant
embedding G/H C X into a normal affine variety X. Since G is semi-simple,
X has only constant invertible global functions and by the exact sequence

0 —— Pic(G/H) — Pic(G)

in [52] Proposition 3.2] the divisor class group of G/H is finitely generated.
Consequently, Cl(X) is finitely generated as well but by Corollary the
Cox ring R (X) is not finitely generated. We consider the following explicit
example of Nagata [56], see also [3], [20]. Let Gi6 act on Z := K*® @ K¢ by

k - (xay) = (CE, Y1 + kll’l, <. Y16 + k16$16)

Moreover, let H C G16 be a general 3-codimensional linear subspace. Then
the algebra of invariants O(Z)" of the induced H-action on Z is not finitely
generated. Since H can be viewed as a subgroup of G := SL(32), we infer
from [3}, [33] that also O(G/H) is not finitely generated. Hence, the Cox ring
of any affine variety X with SL(32)/H C X has a non-finitely generated Cox
ring.

3.3. Proof of Theorem 3.1.1]

We consider a smooth irreducible algebraic variety X. Fix a finitely generated
subgroup K C WDiv (X). By smoothness of X, the associated sheaf of
divisorial algebras S is locally of finite type. This allows us to consider its
relative spectrum over X which we will denote by X := Spec < (8). Note that
the regular functions on X are precisely the global sections I'(X, S). Since
S is K-graded, X comes with the action of the torus H := Spec (K[K]) and

the canonical morphism p: X3 Xisa good quotient for this action.

Now let an affine algebraic reductive group G act on X. By a G-linearisation
of the group K we mean a lifting of the G-action to the relative spectrum
X commuting with the H-action and making the projection p equivariant.
Any such G-linearization yields a G-representation on the regular functions
of X via g - f(&) = f(g~'-2) and thereby induces a G-representation on
I'(X,S). In the special case where K is a group of G-invariant divisors,
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[38], Propositions 1.3 and 1.7] show that K is canonically G-linearized and
the induced representation on the global sections I'(X, S) coincides with the
action of G on the rational functions of X given by g- f(z) = f(¢7" - z).

Lemma 3.3.1. Let an affine algebraic reductive group G act on the normal
variety X and let U C X be an open G-invariant subset which admits a
good quotient m: U — UJJG. If C1(X) is finitely generated then Cl(U/G) is
finitely generated as well.

Proof. Without loss of generality we assume X and U//G to be smooth.
From [52] Proposition 4.2] we infer that the pullback homomorphism

7" Pic(UJG) — Picg(U)
into the classes of G-linearised line bundles is injective. It therefore suffices
to show that Picg (U) is finitely generated. By [52] Lemma 2.2] the following
sequence is exact
H., (G, OU)*) —— Picg(U) —= Pic(U).

alg

Note that the group of algebraic cocycles Hy, (G, O(U)*) is finitely generated
by the exact sequence in [52] Proposition 2.3]
X(G) — H, (G,0(U)") —— H'(G/G°,E(U)),

alg

where G/G° is finite and E (U) = O(U)*/K* is finitely generated by [52]
Proposition 1.3]. O

Proof of Theorem Without loss of generality we assume X and U)/G
to be smooth. By Lemma [3.3.1] we can choose a finitely generated group K
of Weil divisors on the quotient space U//G projecting surjectively onto the
divisor class group Cl (U /G). With S denoting the sheaf of divisorial algebras
associated to K, the Cox ring R (U//G) is the quotient of T'(U/G,S) by the
ideal I'(U /G, T). Thus it suffices to show that the algebra of global sections
INUJG,S8) is finitely generated.

The pullback group 7* K consists of invariant Weil divisors on U. It is there-
fore canonically G-linearized and we have the corresponding G-representation
on the algebra I'(U, 7)) where T denotes the sheaf of divisorial algebras asso-
ciated to the group 7* K. We claim that we have a pullback homomorphism
mapping I'(U /G, S) injectively onto the algebra I'(U, 7)€ of invariant sec-
tions of T'(U, T):

™ T(U)G,S) — T(U, T  TUJG,Sp)>f — n"feT(U Trp).

We first note that every pullback section n*f € I'(U, Tr+p) is indeed G-
invariant because 7* K is canonically G-linearized and «* f is G-invariant as
a rational function on U. On each homogeneous component of I'(U /G, S) the
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map 7" is injective because it is the pullback with respect to the surjective
morphism 7: U — U//G. Since 7* is graded this yields injectivity of 7* as an
algebra homomorphism. For surjectivity it suffices to show that every homo-
geneous G-invariant section is a pullback section because the actions of G and
H commute and, thus, I'(U, T)¢ is a graded subalgebra of T'(U, 7). Consider
a G-invariant homogeneous section f € I'(U, Tr«p). Since f is invariant as
a rational function in K(U) and it is regular on U’ := U\n~* (Supp (D)), it
descends to a regular function f on 7w (U’) which is an open subset of U/G.
Observe that we have

7 (div(f) + D) = div(f)+ 7D > 0.
In particular, we obtain that the divisor div(f)+ D is effective and thus fis
a section in I'(U//G, Sp). By construction f equals the pullback 7 f; hence
our claim follows.

Thus the algebras T'(U/G,S) and T'(U,T)¢ are isomorphic. The algebra
(U, T) is finitely generated by Theorem Hilbert’s Finiteness Theorem
then shows that the invariant algebra T'(U, 7)€ is finitely generated as well.
O









CHAPTER

FOUR

COX RINGS AND BLOW-UPS

With minor modifications all sections of this chapter have already been pub-
lished. Section is the third section of the paper ’On Chow quotients of
torus actions’ ([11]), which is a joint work with Jiirgen Hausen and Simon
Keicher. The remaining sections are published as the author’s paper 'On the
Coz ring of blowing up the diagonal’, see [8].

Let Z be a Mori Dreams Space with Cox construction p: Z— Zandm: Z' —
Z the blow-up in a subscheme. In general it is not true that Z’ is a Mori
Dream Space again. However, if Z and the center of the blow-up are toric,
then so is Z’. This clearly preserves finite generation of the Cox ring. In
this case on the level of total coordinate spaces the blow-up is given by a

morphism of affine spaces
!

T KH'=7 — Z=K"

Now consider an embedding of a Mori Dream Space X into the toric varity Z

such that X := p~1(X) C Z is a total coordinate space for X. Then we ask
whether 71 (X)C 7' is a total coordinate space for the proper transform X’
of X under the toric blow-up Z’ — Z. In general this fails. In the upcoming
chapter we provide a criterion in which cases this is true and perform these

ambient modifications for two classes of examples.

4.1. Toric ambient Modifications

In this section, we provide a general machinery to study the effect of modifi-
cations on the Cox ring. Similar to [39], we use toric embeddings. In contrast
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to the geometric criteria given there, our approach here is purely algebraic,
based on results of [12]. The heart is a construction of factorially graded
rings out of given ones.

We begin with recalling the necessary algebraic concepts. Let K be a finitely
generated abelian group and R a finitely generated integral K-graded K-
algebra. A homogeneous nonzero nonunit f € R is called K-prime if f | gh
with homogeneous g,h € R always implies f | g or f | h. The algebra R is
called factorially K-graded if every homogeneous nonzero nonunit f € R is
a product of K-primes.

We enter the construction of factorially graded rings. Consider a grading of
the polynomial ring K[T7,...,T,,] by a finitely generated abelian group K
such that the variables T; are homogeneous. Then we have a pair of exact
sequences

Q1 Py

0 /g Zm "

0 Ki AR " 0
Q1 Py
where Q1: Z™ — K is the degree map sending the i-th canonical basis vector
e; to deg(T;) € Ki. We enlarge P to a n X rg matrix P» by concatenating
further ro — r1 columns. This gives a new pair of exact sequences

Q3 P

0 z*> 7" VA

T2 n
0 K, % Z o Z 0

Construction 4.1.1. Given a K;-homogeneous ideal I; C K[T1,...,T],
we transfer it to a Ks-homogeneous ideal o C ]K[T17 .. ,TTQ] by taking ex-
tensions and contractions according to the scheme

K[Ti, ..., Tp,) K[Ti, ..., ]

K[Tﬁl,.,,,T$1]<T K[Sﬁl,..,,Sﬁl]? K[T{ ..., T

where 11,12 are the canonical embeddings and 7} are the homomorphisms of
group algebras defined by P;": Z" — Z™.
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Now let Iy C KI[I1,...,T»,] be a Ki-homogeneous ideal and I C
K[T4,...,Tr,] the transferred Ks-homogeneous ideal. Our result relates
factoriality properties of the algebras Ry := K[T1,...,T, ]/ and Ry :=
K[T1,...,Tr,]/I2 to each other.

Theorem 4.1.2. Assume Ri, Ry are integral, T1,...,Ty, define Ki-primes
i Ry and T, ..., T, define Ko-primes in Ra. Then the following statements
are equivalent.

(i) The algebra Ry is factorially Ki-graded.
(ii) The algebra Ry is factorially Ko-graded.

Proof. First observe that the homomorphisms 7} embed K[ST!,...,SF  as
the degree zero part of the respective Kj-grading and fit into a commutative
diagram

L ¢ K. T Kih,....Tn1 2 L

l zal {T,L 1<i<ry \LH L
P Ty
1

/ 1 1) ritlsise 1 +1 /
I, < KTE,. .. T KT, .., 78] > I

K[SE,.. I

The factor ring R} of the extension I] := (21(I1)) is obtained from R; by
localization with respect to Ki-primes T1,...,Tr,:

Ry = K[IT,..., T/ = (Ri)7y.1,, -
The ideal I{ is the degree zero part of I7. Thus, its factor algebra is the
degree zero part of Rj:
R! = K[I{',...,TEo/17 = (R)),.
Note that K[T:? ... , 7] and hence R} admit units in every degree. Thus,

[12] Thm. 1.2] yields that R, is a factorially K-graded if and only if
a UFD.

The homomorphism ¥ restricts to an isomorphism g of the respective degree
zero parts. Thus, the shifted ideal I} := 5 '(I{) defines an algebra R}
isomorphic to RY:

1%

Ry = K[T{™,...,T,5'o/I5 = RY.

The ideal I5 := (m3((w5)"'(I1))) has I5 as its degree zero part and
K[T{, ..., TE'] admits units in every degree. The associated Ka-graded
algebra

Ry = K[T{,... ., T/
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is the localization of Ry by the Kj-primes T1,...,T,. Again by [12]
Thm. 1.2] we obtain that Ry is a UFD if and only if R» is factorially Ko-
graded. (]

The following observation is intended for practical purposes; it reduces, for
example, the number of necessary primality tests.

Proposition 4.1.3. Assume that Ry is integral and the canonical map Ko —
K1 admits a section (e.g. K1 is free).

(i) Let Tu,...,Ty, define Ki-primes in Ry and Ty 4+1,...,Tr, define
Ks-primes in Ra. If no T; with j > r1+1 divides a T; with i <7y,
then also Ty, ...,T,, define Ka-primes in Ra.

(i) The ring Ro is integral.  Moreover, if Ri is mormal and
Tri+1,..., Ty, define primes in Ra (e.g. they are Ka-prime and
K> is free), then R is normal.

Proof. The exact sequences involving the grading groups K; and K fit
into a commutative diagram where the upwards sequences are exact and
727" — Ky is an isomorphism:

0 0 0
| P

0 K <21 g0 z" 0

0 Ko 7 z" 0
T Q2 T P T

—_—
oS ——

Moreover, denoting by K7 C K> the image of the section K; — K>, there is
a splitting Ko = K5 ® K;. As K} C K, is the subgroup generated by the
degrees of Ty, +1,...,Tr,, we obtain a commutative diagram

K[Tl7' . ~aTr2]

2 T, 1<i<r;
P Ti—

1 r1+1<i<rs

K[T17"'7TT17TT:$:»17"'7T7’?g1} K[Th"'v:l—;‘l}

T
_—
1R

K[le' . '7TT'17Tri1h»17' . '7T7“j;1]0
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where the map p denotes the embedding of the degree zero part with respect
to the Kj-grading. By the splitting K2 = K5 ® K1, the image of u is precisely
the Veronese subalgebra associated to the subgroup K7 C K». For the factor
rings Rz and R; by the ideals I> and I, the above diagram leads to the
following situation

Ry

]

¥
(RQ)TT1+1"'TT2 > Ry

((R2)T,.1+1-«-T,.2>0
To prove (i), consider a variable T; with 1 < ¢ < r;. We have to show that T;
defines a Ko-prime element in R. By the above diagram, T; defines a Kj-
prime element in ((R2)r,. ,,--1,,)o, the Veronese subalgebra of Ry defined
by K7 C K. Since every Kz-homogeneous element of (Fu’,g):r,,,lﬂ...T,r2 can be
shifted by a homogeneous unit into ((R2)1,, ;;---7., o, We see that T; defines a
Ks-prime in (Rg)TTlHA“TTZ. By assumption, Ty, 41, ..., Ir, define Ko-primes
in R2 and are all coprime to T;. It follows that T; defines a Ks-prime in Rs.

We turn to assertion (ii). As just observed, the degree zero part
((R2)T,, 11,5 )o of the Kj-grading is isomorphic to R; and thus integral
(normal if Ry is so). Moreover, the Kj-grading is free in the sense that the
associated torus Spec (K[K3]) acts freely on Spec ((R2)7,., 1,1, )- It follows

that (R2)r,, ,,..1., is integral (normal if R, is so). Construction gives
that R» is integral. Moreover, if T} 4+1,...,Tr, define primes in R2, we can
conclude that Rs is normal. O

Let us apply the results to Cox rings. We first briefly recall the basic def-
initions and facts; for details we refer to [4]. For a normal variety X with
finitely generated divisor class group Cl(X) and I'(X, O*) = K*, one defines
its Cox ring as the graded ring

R(X) = P X, o).
CI(X)

This ring is factorially C1(X)-graded. Moreover, if R(X) is finitely generated,
then one can reconstruct X from R(X) as a good quotient of an open subset
of Spec (R(X)) by the action of Spec (K[C1(X)]).

Now return to the setting fixed at the beginning of the section and assume
in addition that the columns of P5 are pairwise different primitive vectors in
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Z" and those of Py generate Q™ as a convex cone. Suppose we have toric
Cox constructions m; : Z — Z;, where Z C K" are open toric subvarieties
and 7; are toric morphisms defined by F;, see [22]. Then the canonical map
Zs — Zj is a toric modification. Consider the ideal I; as discussed before
and the geometric data

Y1 = V(Il)gKTl, Xl = 71021, X1 = 7T1(X1)§Zl.

Assume that R; is factorially Ki-graded and Ti,...,T,, define pairwise
nonassociated prime elements in R;. Then R; is the Cox ring of X1, see [4].
Our statement concerns the Cox ring of the proper transform X, C Z> of
X:1 C Z; with respect to Zs — Z;.

Corollary 4.1.4. In the above setting, assume that Re is normal and the
variables T1, ..., Ty, define pairwise nonassociated Ko-prime elements in Ra.
Then the Ka-graded ring R2 is the Coz ring of Xo.

Proof. According to Theorem [{.1.2] the ring Ry is factorially Ka-graded.
Moreover, with the toric Cox construction 72 : Z2 — Z2, we obtain that Ro
is the algebra of functions of the closure Xg - Z2 of 5 (X2 N T"?). Thus,
[4] yields that Rs is the Cox ring of Xo. O

Example 4.1.5. We start with the UFD R; = K[T1,...,Ts]/I1, where the
ideal I; is defined as

L = (Te+ 15Ty + TsTs + T7Ts).

The ideal I; is homogeneous with respect to the standard grading given by
Q1 =11,...,1]. A Galedualis P, = [eg,e1,...,e7], where eg = —e1 —...—ex
and e; are the canonical basis vectors. Concatenating e; + es gives a matrix
P,. The resulting UFD is Ry = K[T1,...,To]/I2 with

I, = (WToTy + T3TuTo + TsTs + T7T3).

4.2. On blowing up the Diagonal

In recent literature it has been discussed how the Cox ring behaves under
blow-ups. In particular, it is of interest whether finite generation is preserved
in this process, and, if so what a presentation in terms of generators and
relations looks like, see for example [19), 20, [32] [40), 47, [58].

In this section we employ the techniques of toric ambient modifications de-
veloped in the preceding section and [11), 40| to compute the Cox rings of
the following blow-ups. Let X' := P, x ... x P, be a product of projective
spaces and denote by Ax C X := X’ x X’ the diagonal. The variety X is
spherical and Bla , (X) inherits this property. Hence, it is known that the
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Cox ring R(Bla (X)) is finitely generated, see [4}, [17]. Our first result is an
explicit presentation.

Theorem 4.2.1. The Coz ring R(Bla (X)) of the blow-up Bla, (X) is
isomorphic to the Z% X Z* X Z-graded factor algebra Rx /Ix where

Rx := K[Tw, +Tiyj; r=1,...,r, 0<i<j<n,+2, i<n,,
Ix := I(1)+...+ I(r),
for every r =1,...,r the ideal I(r) is generated by the twisted Plicker rela-
tions
rlij Too — +Tik +Tjre + +To +Tix; 0<i<j<ne, k=n.+1, l=n,+2,
v Tij v Tt — +Tik »Tie + +Tu +Tik; 0<i<j<k<l<n,+2, k<n,
and the grading of Rx /Ix is given by
(er,0,0) ifj=n,+1,
deg (TOO) = (0707 1)7 deg (T‘T’i]') = (07 67‘3 0) Zf] = Nr + 2)
(er,er,—1) else.

In particular, the spectrum of the Cox ring R(Bla (X)) is the intersection
of a product of affine Grassmannian varieties (w.r.t. the Pliicker embedding)
with a linear subspace.

As a second class of examples we treat the (non-spherical) blow-up of the
variety Y := P in the generalised diagonal Ay := {(z,...,z); € P} CY.
Again we prove that the Cox ring of Bla, (Y) is finitely generated and we
give an explicit presentation.

Theorem 4.2.2. The Coxz ring R(Bla, (Y)) of the blow-up Bla, (Y) is
isomorphic to the Z" " -graded factor algebra Ry /Iy where

Ry = K[Sij; 1§i<j§n+2]
Iy = (SySm — SikSji + SuSjk; 1<i<j<k<l<n+2),
and the grading of Ry /Iy is given by
e ifi<n,j=n+1,n+2,
deg (Sij) = 4 ent1 ifi=n+1,j=n+2,
ei+e;j —ent1 else

4.3. Proofs of Theorems [4.2.1] and

Let us recall some definitions, for details see [4]. Let Z be a normal variety
with free and finitely generated divisor class group K := CI(Z) and only
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constant invertible regular functions. Then we define its Coz ring as the
K-graded K-algebra

R(Z) = EPT(z 0(D)).

If the Cox ring R(Z) is finitely generated, we call its spectrum Z :=
Spec(R(Z)) the total coordinate space of Z. The K-grading of R(Z) gives
rise to an action of the quasitorus Hz := Spec(K[K]) on Z. Moreover, there
exists an open invariant subset, the characteristic space, zCZ admitting a
good quotient pz: Z — Z//HZ =~ 7 for this action.

Before we enter the proofs we will sketch the methods developed in [11], [40]
but see also Chapter [B] Section [6.4 Let Z be a toric variety with Cox
construction pz : A , total coordinate space Z = K" and an ample class
w € K in the divisor class group.

Now let 2 be a subscheme of Z; we ask for the Cox ring of the blow-up
Bla(Z) of Z in ™. By Cox’ construction [22] the subscheme 2 arises from a
homogeneous ideal a = (f1, ..., fi) in the K-graded Cox ring R(Z). For this
consider the associated K-graded sheaf @ on Z; then 2 is given by (pz,a)o.
As a first step we embedd Z into a larger toric variety Z; such that the
blow-up can be dealt with using methods from toric geometry. For this we
consider the closed embedding

7K = K™ z = (2 f1(2),. .., fi(2)),

where 71 := r +[. We endow K[T1,...,T,,] with a grading of K; := K by
assigning to T1, ..., T, the original K-degrees and setting deg(T,+) := deg f;
for the remaining variables. Then the quasitorus Hz, := Spec(K[K]) acts on
the affine space 71 := K" and this makes 7 equivariant. The class w € K
gives rise to an open subset Zl C Z, and a toric variety Z; := Zl JHz, .

The closed embedding 7 restricts to a closed embedding 7 : Z — Zy of the
corresponding characteristic spaces and then descends to a closed embedding
w: Z — Zj of the respective quotients. The setting fits into the following
commutative diagram.

|

/Hz /Hz,

NN N

o)

N=—N—"7"=N

}
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The idea is to compute the Cox ring of the proper transform Z’ of Z C Z;
with respect to a toric blow-up of Z1. The following lemma, relates Z’ to the
blow-up Bly(Z). Although the result was to be expected, we do not know of
a reference and provide a proof.

Lemma 4.3.1. Let b C (9(71) be a Ki-homogeneous ideal and let B be
the corresponding subscheme of Zi. Then the proper transform of Z C Z;
under the blow-up Bls(Z1) — Z1 is isomorphic to the blow-up of Z in the
subscheme of Z associated to the K-homogeneous ideal b C O(Z).

Remark 4.3.2. If we apply Lemmain the case b := (Tr41,...,Tr, ),
then we obtain a = 7*b and the proper transform Z’ of Z C Z; is the blow-
up of Z in . Moreover, if a is prime, then the associated subscheme 2 is
the subvariety pz(V (a)) and Z' is the ordinary blow-up of Z in pz(V (a)).

Proof of Lemma First blow-ups are determined locally. We consider
a suitable partial open cover of Z; and of the characteristic space Z. Let
w € K = K; be an ample class of Z as above. We set

I':={y€{0,1}"; w € relint (cone (degT}; where v; =1))}.

Then Z; is covered by the Hyz,-invariant sets Z1, == Z1\ V(T") where

v € I'. We now determine a partial cover which already contains 7(Z). For
this we consider the subset

I’ .= rn({o,1}" x {0}') C T.

Then the corresponding open subvarieties cover the image of 7. More pre-
cisely, if we set Z, = T '(Z1,), then we have

Z= U Z, and hence 7(Z)C U Z1.,.
~yer’

yer’

Moreover, we denote by Z, = Z,/Hz and Z1., := Z1.,//Hz, the respective
quotient spaces and fix some v € IV, If we set Iy C K[T4,...,T,,] as the
ideal generated by all the T;,4+; — f;, then the image of 7 is given by V (I1).
The morphism 7 factors into an isomorphism 7': Z — V(I1) and a closed
embedding ¢: V(I1) — Z1.

On the algebraic side we set A := O(Z) and B := O(Z1). We write
B,, (B/I)y and A, for the localised algebras and B(g), (B/I)o) and A
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for their respective homogeneous components of degree zero. Then the situ-
ation fits into the following commutative diagrams.

™ V() —" 7 A<"" B/ Y B
e VU)NTh, —2 - 7, A, <> (B/L), <~——B,

T N

ul Z, - Z Ay === (B/I)©) =<— B

QN <74N‘*>N\

~

The proper transform of Z,, C Z1,, is the blow-up of Z, with center given by
the affine scheme associated to the ideal t*boy € (B/I1)(0). Our assertion
then follows from the fact that in Ay the ideals 7" (¢*b(o)) and (7"b) o)
coincide. O

Construction 4.3.3. Let b be the ideal (T,11,...,T,, ) and Z' — Z the
proper transform of Z C Z; with respect to the toric blow-up Blyg (Z1) — Zi.
We turn to the problem of determining the Cox ring R(Z"). For this we set
ro := 11 + 1 and consider the 71 X ro-matrix

A:=[E., 1], where 1;:=(0,...,0,1...,1)%

T 1

The dual map A*: Z™ — Z" yields a homomorphism «* of group algebras
and a morphism a: (K*)™ — (K*)". Together with the canonical embed-
dings ] and ¢35 we now have to transfer the ideal

Il = <T,«+i—fi;i:1,...,l> g K[Th...,Trl]
by taking extensions and contractions via the construction

I I = (1) I = (o*I]) I == 'L

|

KT, Tr) —s KITE,..., T8 —2 > K[, T8 <2 KD,...,T,]
and call the resulting ideal I>. If we endow K[T1,...,Tr,] with the grading
of Kz := K1 X Z given by

(degg, (T3),0)  for 1 <i<r,
deg(T3) := q (degg, (T7), —1) forr+1<i <7,
(07 1) for i = T2,

then I is K>-homogeneous and the following Proposition provides us with a
criterion to show that I defines the desired Cox ring.
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Proposition 4.3.4 (Proposition and Corollary [4.1.4). If in the Ka-
graded ring Ry := K[Th,...,Tr,|/I2 the variable Ty, is prime and does not
divide a T; with 1 < i <y, then Ry is Cox ring of the proper transform Z'.

We return to our two cases of X = X’ x X’ and Y = P}. Both of them are
toric varieties, their respective Cox rings are polynomial rings and the total
coordinate spaces are

r

X =@PE""eK") ad Y =Ka.. 0K,
N————

r=1
n

On X we will label the coordinates of the r-th factor with ,T;; where i =
0,...,nr and j = n, + 1,n, +2. On Y we will use the notation S;; for the
coordinates where similarly ¢ =1,...,nand j =n+1,n+ 2.

The first step is to determine generators for the vanishing ideals of the gen-
eralised diagonals Ax and Ay in the respective Cox rings, i.e. the ideals

ax = I(px'(Ax)) € OX) and ay = I(py'(Ay)) C O).

Lemma 4.3.5. As above let ax and ay be the ideals of the gemeralised
diagonals Ax and Ay in the respective Cox rings. Both of them are prime
and they are generated by the following elements.

(i) The ideal ax 1is generated by the 2 X 2-minors of the matrices

'rTO,nT.+1 rTl,n,.+1 ot rTn,.,nr+1 :|
’

'rTO,nT+2 rTl,nT+2 ot ran,nT+2
(ii) The ideal ay is generated by the 2 x 2-minors of the matriz

Sl,n+1 SQ,TH—I et Sn,n+1
Sl,n+2 SQ,7L+2 e Sn,n+2

The idea of the proof is to execute the computations on the respective tori.

For future reference let us make the following remark.

Remark 4.3.6. Let ¢: (K*)" — K" be the canonical open embedding and
¢* its comorphism. If I C K[T7,...,T,] a prime ideal not containing any of
the variables Tj, then (v*)™*(.*(I)) = I holds.

Proof. The affine variety X := V'(J) is irreducible and it intersects (K*)".
Hence we have I(X) = I(X N (K*)") and this implies

X =X = VI(X)) = VUI(K)"NX)) = K)"NX.
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Since J is prime, the claim follow from

J=I(X)=I((K")"NX)=I0("(X)))
= I((V(e*J))) = I(V((«") "1 T)).
O

Proof of Lemma Let pz: Z — Z be the Cox construction of a toric
variety Z and Z its total coordinate space. We view the toric morphism pz
as a mophism T, — Tz of the openly embedded dense tori. Moreover, we
denote by A C Z a subvariety with A = AN7Tyz and write ¢/: Z — Z and
t: Ty — Z for the canonical open embeddings.

T; ——=Z 2> A

Let @ C O(T%) be the vanishing ideal of A N T%. For the vanishing ideal of
A in the Cox ring we obtain

I (07 (A) = 1(ulpz' (ANTz)) = /(") (p0).

We turn to i) and label the coordinates of
Tx = (K™ x (K)™) x ... x (K)™ x (K*)™)
by »U;; where r =1,...,r,¢=1,...,n, and j = n, + 1,n, + 2. Then the
comorphism p% of the corresponding Laurent polynomial rings is given as
px: KLUS] —  KLTE Ui = Ty Ty
The vanishing ideal of Ax N Tx is generated by
rUinp+1 — +Uin,.+2 where r=1,...,r, andi=1,...,n,.

Note that for any » = 1,...,r and i,i’ = 1,...,n, this ideal also contains
the elements

'rUi,nT+1 TUiT,%’lT-‘y-l - rUi,nr+2 TUi7,1n7~+2'
Pulling back all these equation via p% yields the ideal ¢k (ax) in the Laurent
polynomial ring O(Ty). Since ax is an ideal of 2 x 2-minors, it is prime (in
fact, it is the vanishing ideal of the Segre embedding). Hence Remark
gives our assertion.
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We turn to ii) and proceed analogously. Here the coordinates of the dense
torus Ty = (K*)™ will be labeled U; with ¢ = 1,...,n. The comorphism p}-
is given by

pv: KIUF] = KI5 Ui = T T,
In O(Ty) the ideal of Ay N Ty is generated by the relations U; — U; for

1 <4 < j < n. Pulling them back via pj- yields the ideal :*ay and the same
argument as in i) yields the assertion. O

We denote the functions from Lemma by ~fi; € O(X) and g;; € O(Y)
where r corresponds to the r-th matrix and in both cases i, define the
respective columns. These functions ,f;; and g;; give rise to the stretched
embeddings

r

r
mx: QRO o (k2 e k()
r=1

r=1

(@1, @) = (@1, 1fig(@1))s ooy (Te, o fij(e)))

7v: K o KT eKG)
y =y 9i5)
The vanishing ideals of the images are given by
IXJ = <7”T1 - T‘f'LJ7 r= 1,...71', O§Z<J§n‘r+27 iSnT>7
Iy, = <SZ] — gij; 1< <j<n+2, ’LSTL)
We denote by tk 1, tk,, ok and ty 1, tyo, oy the respective morphisms
from Construction [£:3.3] The new Laurent polynomial rings are then given
by
K[TE, I5; r=1,...,r, 0<i<j<n,+2, i <n,l,
K[Sij; 1<i<j<mn+2],
where the additional variables are Too and Sy+1,n42 respectively. We transfer
the above ideals according to Construction [£.3.3] i.e. we set

I;(,z L= <06j§( (’;(,1(1)(,1)) )

<TTijTOO - Tfij; 7’:1,...71', OS’L<]§?’L7+2, isn’r>a

(ay (v, 1(Iv,1)) )
(SijSn+int2 — gij; 1<i<j<n+2, i<n).

/
Iy72 :

We first have to compute their preimages under ¢% 5 and ¢35, we then show
that Too and Sy 41,n+2 define prime elements and divide none of the remaining
variables. Since the resulting relations are very closely related to the Pliicker
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relations, we introduce some new notation. For this let 0 < 4,5, k,1 < n be
distinct integers. Then we denote by ¢(4, j, k, 1) the corresponding Pliicker
relation; i.e. if i < j < k <[ holds, then we set

q(i,7,k, 1) == TiyTu — TikTj + TuTi € K[Ti; 0<i<j<n.
Lemma 4.3.7. Let 0 < dp,jo < n be distinct integers. In the Laurent
polynomial ring K[Tij;; 0 < i< j < n] consider the ideal
I = (q(io,jo,k,1); 0<k,0<m, io,jo,k,l pairwise distinct).
Then for any pairwise distinct 0 < 4, j,k,l < n we have q(i,j,k,1) € I.
Proof. We first claim that for distinct 0 < 4, j,k,l, m < n we have
(x) q(i,4,k,0), q(i,4,k,m), q(i,5,l,m) € I = q(i,k,I,m) € I.

For this we assume without loss of generality that i < j < k < < m holds.
The claim then follows from the relation

. Tk . . Ty . . Tim . .

_ _ I.
Now consider distinct 0 < «, 8,7, < n. If {a, 8,7,0} N {io,jo} # 0 holds,
then ¢(a,3,7,0) € I follows from the above claim (x). So assume that
{a, 8,7,6} and {io, jo} are disjoint. Applying () to the three collections of
indices

7:07.7.07057577; i0>j070576a6; 7:07.7.07057776
shows that q(i0, @, 3,7), q(i0, @, 8,9) and q(io, ,~,d) lie in I. Another ap-
plication of (%) then proves ¢(«, 3,7,9) € I. d

We are now ready to prove Theorem for Theoremwe require some
further preparations.

Proof of Theorem Using Lemma we see that the ideals ( ¢y 51y )
and I, coincide. Since Iy is prime from Remark we infer that

(L;,2)711§/,2 = (L;,2)71<L§/,21Y> = Iy.

Since Iy is the ideal of Pliicker relations, Sn+41,n+2 is prime and does not
divide any of the remaining variables. We determine the grading of the Cox
ring. The ring O(Y) =K[Sj; i =1,...,n, j =n+1,n+2] is Z"-graded by
deg(Sij) = e;. Under the stretched embedding the new variables S;; where
1 < i < j < n are assigned the degrees deg(S;;) = deg(fi;) = ei + e;.
Finally, under the blow-up the weights are modified according to to
give the asserted grading. d

We turn to the remaining case of X = X’ x X'.
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Lemma 4.3.8. Let R := K[To,T1,...,Ty] be graded by Z>¢ and let I C R
be a homogeneous ideal. Suppose that Toy ¢ VI and deg(Tso) > 0 hold. If
the ideals I + (To) and VI are prime, then so is I.

Lemma 4.3.9 (Graded version of Nakayama's lemma). Let R be a Z>o-
graded ring and M a Z-graded R-module such that there exists some do € 7
with Mg = 0 for d < do. If I C R0 is an ideal contained in the irrelevant
ideal of R with I M = M, then M = 0 holds.

Proof of Lemma Compare also [41] Proof of Theorem 1]. Since
I+ (T, is a radical ideal, we have VI C I + (T%,). With this we obtain

VI = (I+(T)NVI = T4+ (T)VI

Note that for the second equality we used that \ﬁ is prime and T ¢ \/7
holds. Let m: R — R/I denote the canonical projection of Zx>o-graded al-
gebras. Then we have 7(vI) = 7({(Tw) VI) and deg(n(Ts)) > 0. The
assertion follows from the graded version of Nakayama’s Lemma. a

Lemma 4.3.10 (|41}, Proposition 4]). Let 1 < c¢ < n be an integer. Then in
the polynomial ring K[T3;; 0 <i < j < n+2] the following relations generate
a prime ideal

—TixTjx + TuTjr; 0<i<j<c<k<l<n+2
TijTe — TinTik + TuTix; 0<i<y <k<l<n+2 other than above.

Proof of Theorem First we claim that the ideal Ix is prime. For
this note that the ideal (T'x) + Ix is generated by T and the equations

— Tk +Tie + Lo Tk 0<i<ji<n., k=n,+1,1=n,+2,
7 Tij v Tt — +Tik +Tie + »Ta »Tyr; 0<i<j<k<l<n+4+2 oth. t.above

where r = 1,...,r. From Lemma we infer that (Too) + Ix is prime;
we check the remaining assumptions of Lemma Consider the classical
grading of Rx, then Ix is homogeneous and deg7o, > 0 holds. We only
have to verify that V(Ix) is irreducible. For this recall that we transferred
the ideal Ix 1 via

Ivy = (txalxa) and  Ixo = (axIxa).

Treating the index oo as n, 4+ 1,n, + 2 in Lemma[4:3.7 we see that the latter
ideal is given by Iy o = (tX 2(Ix)). We track the respective zero sets.

V(Ix) = V(Ix,) = ax'V(Ik,) = ax' (tx1(V(Ix1))

Since ax has connected kernel and V(Ix 1) is the graph of X and as such
irreducible, so is V(Ix). This then implies that Ix is prime.
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By Remark this means that Ix = (t%2) " (tk2Ix) = (tx2) ' (Ix.2)
holds. By Proposition the only thing left to verify is that Toc does not
divide any of the remaining variables. For this we compute the grading of
the Cox ring; for reasons of degree it is then impossible for T4, to divide any
other variable. The Z" x Z*-grading of

OX)=K[Tij; r=1,...,0,i=0,...,np, j=n,+ 1,0, +2]
is given by
(er,0) if j=n, +1,
deg(-T3;) = o
(0,er) ifj=mn,+2.

When stretching the embedding we add for every » = 1,...,r the variables
+Ti; where 0 < i < j < n,. These are assigned the degrees deg(,T;;) =
deg(rgi;) = (er,er). Finally under the blow-up the degrees are modified
according to Construction to give the asserted grading. O









CHAPTER

FIVE

CHOW QUOTIENTS OF QUADRICS

With only minor modifications this entire chapter has already been published
in the paper 'On Chow quotients of torus actions’, which is a joint work with
Jirgen Hausen and Simon Keicher, see [11].

5.1. The Cox Ring of the Chow Quotient

Consider an action G x X — X of a connected linear algebraic group G on a
projective variety X defined over an algebraically closed field K of character-
istic zero. The Chow quotient is an answer to the problem of associating in a
canonical way a quotient to this action: it is defined as the closure of the set
of general G-orbit closures viewed as points in the Chow variety, see Chap-
ter [2) Section for more background. The Chow quotient always exists
but, in general, its geometry appears to be not easily accessible.

The perhaps most prominent example is the Grothendieck-Knudsen moduli
space Mo,», of stable n-pointed curves of genus zero. Kapranov [50] showed
that it arises as the Chow quotient of the maximal torus action on the Grass-
mannian G(2,n). While the Cox ring of My s is easily computed and finite
generation was proven by Castravet in [18], the spaces My, are not Mori
Dream for n > 134, see [19]. Motivated by this example, we formulate the
following.

Problem 5.1.1. Consider the action T' x X — X of an algebraic torus T’
on a Mori dream space X and the normalization Y of the associated Chow
quotient.

75
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(i) Is Y a Mori dream space?
(if) If Y is a Mori dream space, describe its Cox ring.

The situation is well understood in the case of subtorus actions on toric va-
rieties [49), [23]. There, the normalized Chow quotient is again toric and
hence a Mori dream space. Moreover, the corresponding fan can be com-
puted and thus the Cox ring of the normalized Chow quotient is accessible
as well. Similarly, one may treat subtorus actions on rational varieties with
a complexity one torus action using their recent combinatorial description.
In this chapter we provide tools for a study of the general case. For example,
our methods allow a complete answer to (i) in the case of K*-actions
on smooth projective quadrics:

Theorem 5.1.2. Let K* act on a smooth projective quadric X. Then the
associated normalized Chow quotient is a Mori dream space.

Note that a positive answer to the question (i) in the case of K*-actions
on arbitrary Mori dream spaces will imply a positive answer for all torus
actions on Mori dream spaces: as we show in Theorem the normalized
Chow quotient of a torus action is birationally dominated by the space ob-
tained via stepwise taking normalized Chow quotients by subtori and thus,
if the latter space has finitely generated Cox ring, then the normalized Chow
quotient does so.

We turn to Problem m (ii). The motivation to describe the Cox ring
is that this leads to a systematic approach to the geometry of the Chow
quotient. Let us present the results in the case of K*-actions on quadrics.
After equivariantly embedding into a projective space and applying a suitable
linear transformation, the smooth projective quadric X is of the following
shape:

TOT1 +...+Tr_1Tr, T Odd,

X =V c P, =
(91) C 91 {T0T1—|—..-+Tr—2TT—1+Tr27 r even,

where the K*-action is diagonal with weights (o, ..., {, and the defining equa-
tion is of degree zero. In order to write down the Cox ring of the Chow
quotient, consider the extended weight matrix

G ... G
Q =
1 ... 1
where we assume that the columns of Q generate Z>. Let P be an integral
Gale dual, i.e. an 7 — 1 by r + 1 matrix with the row space of @) as kernel.

Determine the Gelfand-Kapranov-Zelevinsky decomposition ¥ associated to
P and put the primitive generators b1, ..., b of X differing from the columns
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of P as columns into a matrix B. Then there is an integral matrix A such
that B = P - A holds. Define shifted row sums

i = Ais+Aiy1+p fori=0,2,...; Nr = 2Ar+p, if r is even.
where p is the componentwise minimal vector such that the entries of the n;

are all nonnegative. Then our result reads as follows.

Theorem 5.1.3. In the above setting, assume that any r columns of Q
generate Z*> and that for odd (even) r there are at least four (three) weights
G of minimal absolute value. Then the normalized Chow quotient Y of the
K*-action on X has Cox ring

R(Y) = K[To,...,Tr,Sl,...,Sl] / <gg>
with
ToT S0 4+ ToT3S8™ + ...+ TrflTTSnT_l, r Odd,
92 ToT1S" + ...+ Typ_oTy_1S"—2 + TTZS"”', r even
graded by Z'? via assigning to the i-th variable the i-th column of a Gale

dual of the block matriz [P, B].

The proof of Theorem [5.1.3] is performed in Section Besides the ex-
plicit description of the rays of the Gelfand-Kapranov-Zelevinsky decompo-
sition provided in Proposition [5.2.1 it requires controlling the behaviour
of the Cox ring under certain modifications. This technique is of indepen-
dent interest and developed in full generality in Section 1] The proof of
Theorem [5.1.2] given in Section [5.3] uses moreover methods from tropical
geometry: we consider a 'weak tropical resolution’ of the Chow quotient, see
Construction [5.3-3] and provide a reduction principle to divide out intrinsic
torus symmetry, see Proposition [5.3.6]

5.2. Proof of Theorem [5.1.3]

We approach the Chow quotient via toric embeddings. The idea then is
to obtain the Cox ring via toric ambient modifications. An essential step
for this is the explicit description of the rays of certain Gelfand-Kapranov-
Zelevinsky decompositions given in Proposition [5.2.1} note that in the setting
of polytopes related statements implicitly occur in literature, e.g. [44), [43].

Recall that the Gelfand-Kapranov-Zelevinsky decomposition associated to a
matrix P € Mat(n, r+1;Z); is the fan ¥ in Q™ with the cones o(v) = NyeroT,
where v € Q™ and 7 runs through the P-cones, i.e., the cones generated by
some of the columns po, .. .,p, of P. Fix a Gale dual matrix Q € Mat(k,r +
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1;Z), where r + 1 = k + n, and denote the columns of @ by qo,...,q-. Then
we have mutually dual exact sequences of rational vector spaces

0 Qk Q" r+1 P Qn 0

0<—— QF ~5 Q! = Q" 0.
By a Q-hyperplane we mean a linear hyperplane in QF generated by some of
the columns qo, . . ., ¢-. Given a Q-hyperplane we write it as the kernel u of
a linear form u and associate to it a ray in Q™ as follows:

o(u) := cone Z u(q;)ps

u(g;)>0

It turns out that g(u) = o(—u) holds and thus the ray is well defined. We
say that a column ¢; of @Q is extremal if it does not belong to the relative
interior of the “movable cone” N; cone(q;; j # 9).

Proposition 5.2.1. Let Q and P be Gale dual matrices as before, assume
that the columns of P are pairwise linearly independent nonzero vectors gen-
erating Q™ as a cone and let ¥ be the Gelfand-Kapranov-Zelevinsky decom-
position associated to P.

(1) If a ray o € I is the intersection of two P-cones, then o = o(u)
holds with a Q-hyperplane u*.
(ii) If k = 2 holds, then every ray of X can be obtained as an intersec-
tion of two P-cones.
(iii) Assume k =2 and fiz nonzero linear forms u; with u; L q;. Then
the rays of ¥ are cone(po), . .., cone(p,) and the o(u;) with g; not
extremal.

The proof relies on the fact that X describes the lifts of regular Q-
subdivisions. We adapt the precise formulation of this statement to our
needs. Let v C Q"' be the positive orthant and define a ~y-collection to
be a set B of faces of v such that any two 1,72 € B admit an invariant
separating linear form f in the sense that

P*(Qn)g.fL7 f|71 207 f\'yzgoa flﬂ%':’hﬂ%-

Write B, < B, if for every 1 € B, there is a y2 € By with y1 C ~2. More-
over, call a ~y-collection B normal if it cannot be enlarged as a y-collection
and the images Q(70), where 79 € B, form the normal fan of a polyhedron.
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For a face vo =< -y, we denote by 7§ = v~ N " the corresponding face of the
dual cone V.

Now assume that the columns of P are pairwise different nonzero vectors.
Then [4], Sec. I1.2] provides us with an order-reversing bijection

{normal v-collections} — 3, B ﬂ P(v5).

YoEDB

Proof of Proposition We prove (i). Let o = P(77) N P(~5) with
71,72 <X 7. We may assume that the relative interiors P(v1)° and P(v5)°
intersect nontrivially. Then ~; and 72 admit an invariant separating linear
form f = Q*(u) with a linear form u on Q*. In terms of the components of
fi = u(gs) of f, we have

v1 = cone(e;; fi > 0), v2 = cone(e;; fi <0).

Write f = f* — f~ with the unique vectors fT, f~ € Q"*! having only non-
negative components. Then P(f) = 0 gives P(f7) = P(f~). We conclude
0 = cone(P(f*)) and the assertion follows.

We prove (ii) and (iii). The rays of ¥ arise from normal ~-collections which
are submaximal with respect to “<” in the sense that the only dominating
~-collection is the trivial collection () consisting of all faces 79 < v which
are invariantly separable from «. There are precisely two types of such sub-
maximal collections:

e the normal ~y-collections B = (7o), where y9 2 v is a facet satis-
fying Q(70) = Q(7),

e the normal 7y-collections B = (v1,72), where 1,72 2 v are invari-
antly separable from each other and satisfy

v = QN QM))NY,  Q(M) = QM)UQ(2).

The submaximal ~y-collections of the first type give the rays cone(p;) € ¥
with ¢; not extremal. If ¢; is extremal, then the (unique) 7-collection of the
second type with Q(v1) = cone(q;; j # ¢) defines the ray cone(p;). The
remaining rays of ¥ are of the form ¢ = P(y{) N P(y2)* with the remaining
collections of the second type. [

Remark 5.2.2. Statements (ii) and (iii) of Proposition hold as well
for pairs P,(Q, where the columns of () generate the cone over a so called
totally-2-splittable polytope; these have been studied in [44), [43].

As a further preparation of the proof of Theorem [.1.3] we have to specialize
the discussion of Section to the case of a single defining equation. The
following notion will be used for an explicit description of the transferred
ideal.
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Definition 5.2.3. Consider an n x (r +1) matrix P and an n x [ matrix B,
both integral. A weak B-lifting (with respect to P) is an integral (r 4+ 1) x {
matrix A allowing a commutative diagram

Zr+1+l
e; ey
ejrrmye; [Ert1,4]
Z'r+1+l Zr+1
ol I
z" = "

where the e; are the first » 4+ 1, the e; the last [ canonical basis vectors of
Z" L the m; are positive integers and E,, E,41 denote the unit matrices
of size n,r + 1 respectively.

Note that weak B-liftings A always exist. Given such A, consider the follow-
ing homomorphism of Laurent polynomial rings:

Ya: KITE, ., TE — KT, ..., T3 S8 st

ZaVTV — ZauTVSAt'".
Set Ky := Z"t'/P*(Z™). Then the left hand side algebra is Ki-graded by
assigning to the i-th variable the class of e; in Kj;.

Lemma 5.2.4. In the above notation, let g1 € K[T', ..., T be a K-
homogeneous polynomial.

(i) We have TV S*pa(g1) = g4 with v € Z™, u € Z! and a unique
monomial free g5 € K[To, ..., T, S1,...,S1].

(ii) The  polynomial g 18 of the form g =
92(To, ..., Trgr, ST, .., S™) with a g2 €
K[To,..., Ty, S1,...,5:1] not depending on the choice of A.

(i) If, in the setting of Construction we have Iy = (g1), then
the transferred ideal is given by Io = (g2).

(iv) The variable T; defines a prime element in K[To, ..., Tr+i+1]/{g2)
if and only if the polynomial g2(Ti, ..., Ti—1,0,Tit1, ..., Tryi41)
is irreducible.

Proof. Consider the commutative diagram of group algebras corresponding
to the dualized diagram [5.2.3] There, ¥4 occurs as the homomorphism of
group algebras defined by the transpose [F,11, A]*. Let T" be any monomial
of g1. Then g| := T "g; gives rise to the same g2, but g} is of Ki-degree zero
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and hence a pullback gi = ¥p«(h). The latter allows to use commutativity
of the diagram which gives (i) and (ii). Assertions (iii) and (iv) are clear. O

Proof of Theorem Recall that we consider the quadric X = V(g1) C
P, with g1 = ToT1 + ... + T,_1T,, where we replace the last term with Tf
in the case of an even r, and a K*-action on P,, given by weights (o, ..., {,
such that go is of degree zero and, in particular, X is invariant.

In a first step, we construct a suitable GIT quotient X; of the K*"-action
on X. Lifting the above data to K™™' gives X := V(g1) € K"** which is
invariant under the action of T? = K* x K* on K"™! given by the weight

matrix
e G
Q= [ 1.1

Consider the weight w = (0,1) of T? and the associated set of semistable
points Z; C K™, that means the union of all localizations K;H, where f is

homogeneous with respect to some positive multiple of w. Then 71 is a toric
open subset, and with X; := X N Z; we obtain a commutative diagram

X1 c Zl

A e

Xlel

where the induced map X1 — Z; of quotients is a closed embedding. We are
in the setting presented before Corollary In particular, 71— Zyisa
toric Cox construction with a Gale dual P of @ as describing matrix; note
that the columns of P generate Z"~! as a lattice. Moreover, the Cox ring of
X is the Z2-graded ring

R1 = K[Tg,...,Tr} / <gl>

Observe that X is as well the K*-quotient of the image of X1 in X which in
turn is the set of semistable points of a suitable linearization of O(1).

Set n := r — 1 and consider the Gelfand-Kapranov-Zelevinsky decomposi-
tion X associated to P. Then, according to Proposition the toric vari-
ety Z5 determined by X is the normalized Chow quotient of the K*-action on
P,.. Moreover, let Xo C Z5 denote the proper transform of X; C Z; under
the toric morphism Zs — Z;. Then Proposition tells us that Xs and
the Chow quotient X/ K* share the same normalization.

We will now show that X5 is in fact normal and that its Cox ring is as claimed
in the Theorem. As before, put the primitive generators by, ..., b; of rays of
3 differing from columns of P into a matrix B and choose a weak B-lifting
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A with respect to P; using the fact that the columns of P generate Z", we
can choose the numbers m; all equal to one. With the shifted row sums
70,72, -, Mr—1 We set

. ToT1 8™ +ToT38™ 4+ ...+ TrflTrSnT_l, r Odd7
g2 = ToT1S™ + ...+ Tr T, 1572 + T,?S"T, r even.

Lemma then ensures that I := (go) is the transferred ideal of I1 := (g1)
in the sense of Construction |4.1.1} define P, := P and P> := [P, B] to adapt
the settings. Consider the ring

R2 = K[To,...,TT,Sl,...,Sl]/<gg>.

Our task is to show that the variables Si,...,95; define prime elements in
Rs2. Then Proposition tells us that Rs and thus Xs are normal and
Corollary yields that the Cox ring of X» is R» together with the Z2*!-
grading defined by a Gale dual Q2 of P> = [P, B].

Suitably renumbering the variables T;, we achieve that |(,—3],..., || are
minimal among all |(;| in the case of odd r and, similarly, in the case of even
r, we have (,—3 = (r—2 = (,—1 = 0. In order to see that the S; define primes,
it suffices to show that, according to odd and even r,

92 = T 3Tr—2+Tr 1T + h7 or g2 = Tr2Tr + TTQ + h”

holds with a polynomial h € K[Ty,...,T, S1,...,S] not depending on the
last four (three) T;, see Lemma (iv). This in turn is seen by constructing
a suitable weak B-lifting via the description of the rays through b1,...,b;
provided by Proposition Each b; (or a suitable integral multiple) stems
from a @Q-hyperplane and the u; can be chosen to be nonpositive on the last
four (three) ¢;. Putting max(0,u;(g;)) into a matrix A’ gives a weak B-lifting
A" with Aj, = 0 for the last four (three) rows. By Lemma the weak
B-lifting A’ yields the same g2 which now has the desired form. |

Example 5.2.5. Consider the quadric X = V(ToT)1 +ToT3+T4T5+T5) C Ps
and the action of K* on Pg given by

t-[zo,...,x6] = [t_on,t2x1,t_1mg,t1x3,x4,335,326].

An integral Gale dual P of the extended weight matrix @ is of size 5 x 7 and
explicitly given as

I
—_
I
—
—

o O O O
|
—
|
—_

O R = O
o
—

= o O O O
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Computing the associated Gelfand-Kapranov-Zelevinsky decomposition we
see that it comes with one new ray, namely

bl = (_1707_17170) = 2]90 +p27

where po, ..., ps are the columns of P. The Cox ring of the normalized Chow
quotient X/ K* is the ring
R(XLKY) = K[To,....Ts, 5] / (ToT1ST + ToT3S1 + TuTs + 15 )

together with the grading by CI(X) = Z® via a Gale dual of [po, ..., ps, b1,
i.e. the degrees of the variable are the columns of

-2 2 -1 1 0 0 O 0
1 1 11 1 11 0
2 0 1 0 0 00 -1

Remark 5.2.6. The setting of Theorem [5.1.3] can also be interpreted in
terms of Mori theory. There are (up to isomorphism) finitely many nor-
mal projective varieties Yi,...,Ys sharing as their Cox ring a given Ry =
K[To, ..., T,]/{g1) with its Z*>-grading coming from the extended weight ma-
trix Q. Each Y; is a GIT-quotient of the induced K*-action on the quadric
X =V(g1) C P, and thus dominated in universal manner by the normalized
Chow quotient Y = X/ K*. Thus, Y is the “Mori master space” control-
ling the whole class of small birational relatives Y;. This picture obviously
extends to all Mori dream spaces, and it is a natural desire to study the
geometry of the Mori master spaces.

5.3. Proof of Theorem [5.1.2)

The main idea of the proof is to consider instead of the Chow quotient its
“weak tropical resolution” and to use intrinsic symmetry of the latter space.
This approach applies also to problems beyond K*-actions on quadrics; we
therefore develop it in sufficient generality. We begin with recalling the nec-
essary concepts from tropical geometry.

Let f be a Laurent polynomial in n variables. The Newton polytope By C
Q™ is the convex hull over the exponent vectors of f. The tropical variety
trop(V (f)) of the zero set V(f) C T™ lives in Q™ and is defined to be the
union of all (n — 1)-dimensional cones of the normal fan of By. The tropical
variety of an arbitrary closed subset Y C T, is the intersection trop(Y’) over
all trop(V (f)), where f runs through the ideal of Y. It turns out that trop(Y)
is the support of an (in general not unique and not pointed) fan in Q™.

Definition 5.3.1. Consider a toric variety Z defined by a fan 3 in Q™ and an
irreducible subvariety Y C Z intersecting the big torus T" C Z nontrivially.
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We call the embedding Y C Z weakly tropical if the support |X| C Q" equals
the tropical variety trop(Y N'T") C Q™.

Remark 5.3.2. Any tropical embedding in the sense of Tevelev [65] is
weakly tropical. If Y C Z is a weakly tropical subvariety of a toric variety Z,
then, by [35], Sec. 14], for any toric orbit T™z C Z intersecting Y nontrivially,
we have

dim(Z) — dim(T"-2) = dim(Y) — dim(T"-2NY).

Construction 5.3.3 (Weak tropical resolution). Let Z be a complete toric
variety arising from a fan ¥ in Q™ and Y C Z an irreducible subvariety
intersecting the big torus T" C Z nontrivially. Fix a fan structure ¥y carried
on the tropical variety trop(YNT™) C Q" for YNT™ and consider the coarsest
common refinement

¥ o= YNy = {tNno;o0€X, 71€Xy}

of the fans ¥ and ¥y. Then the canonical map of fans ¥’ — X defines a
birational toric morphism Z’ — Z of the associated toric varieties. With
the proper transform Y’ C Z’ of Y C Z, we obtain a proper birational map
Y’ — Y which we call a weak tropical resolution of Y C Z.

Proof. The only thing to show is properness of the morphism Y’ — Y. But
this follows directly from Tevelev’s criterion [65], Prop. 2.3]. d

The use of passing to the weak tropical resolution in our context is that
it enables us to divide out torus symmetries in a controlled manner. This
leads to an explicit version of [42] Thm. 1.2] relating the Mori dream space
property of a variety to the Mori dream space property of a certain quotient.

Construction 5.3.4. Consider a toric variety Z arising from a fan ¥ in
Q", and a weakly tropical embedded subvariety Y C Z. Suppose that Y is
invariant under the action of a subtorus 7' C T". Set

Zy = {z€ Z; dim(T"-z) > r — 1, T. finite}, Yo = YN Z.

Then Zy C Z is an open toric subset corresponding to a subfan o < X
with certain rays o1,...,0s of 3 as its maximal cones. Let the matrix P €
Mat(n,r;Z) describe an epimorphism w: T" — T" with ker(w) = T and
consider the following fan in Z™:

A() = {O,P(Q1)7-~~7P(QS)}'

Note that 01,...,0s are precisely the rays of ¥ which are not contained in
ker(P). The matrix P determines a toric morphism Zy — Z/ T onto the
toric variety associated to Ag. We define Y/ T C Z/ T to be the closure of
the image 7(Y N'T").
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Remark 5.3.5. The tropical variety trop(Y/T N T") contains all rays
P(o1),...,P(ps) of the fan Ag. If there is a fan A in Z™ having trop(Y/ T'N
T™) as its support and P(g1),...,P(0s) as its rays, then Y/ T admits a
weakly tropical completion with boundary of codimension at least two.

Proposition 5.3.6. Consider a toric variety Z, a weakly tropical subvariety
Y C Z and suppose thatY is invariant under the action of a subtorus T C T".
Then the following statements are equivalent.

(i) The normalization of Y has finitely generated Cox ring.
(ii) The normalization of Y/ T has finitely generated Coz ring.

Proof. Let v: Y — Y be the normalization map. By W C Y we denote
the open T-invariant subset consisting of all points y € Y having a finite
isotropy group 7Ty. The fact that Y C Z is tropically embedded ensures that
Yo € W has a complement of codimension at least two in W. This property
is preserved when passing to the respective normalizations W o= Vﬁl(W)
and Yo := v~ (Yp). In particular the separations in the sense of [42} p. 978]
of the corresponding quotients W/T and %/T have the same Cox rings.
Since normalizing commutes with taking quotients and separating, the latter
space is isomorphic to the normalization of Y/ T'. Thus the assertion follows
from [42], Theorem 1.2]. O

Proposition 5.3.7. Let Z be a toric variety, Y C Z a complete subvariety
which is invariant under a subtorus T of the big torus of Z and Y’ —Y be a
weak tropical resolution. If the normalization of Y'/ T has finitely generated
Coz ring, then the normalization Y of Y is a Mori dream space.

Proof. Since the normalization of Y’/ T has finitely generated Cox ring,
Proposition shows that the normalization Y of Y’ has finitely gen-
erated Cox ring and thus is a Mori dream space. The canonical morphism
7m: Y" — Y is proper and birational. In order to see that Y is a Mori dream
space, we may apply the general [57, Thm. 10.4], or look at a suitable sheaf
S = ®x Oy (D) of divisorial algebras on Y mapping onto the Cox sheaf R
of Y. By properness of m, we obtain & = m.S” over the set W C Y of
regular points for 8” = ®xOx(7*(D)). Since Y” is a Mori dream space,
(7~ (W),S") is finitely generated. This implies finite generation of the Cox
ring R(Y) = T(W, R). O

A second preparation of the proof of Theorem [5.1.2| concerns toric ambient
modification. We will always write e1,...,e, € Z" for the canonical basis
vectors and set eg := —e; — ... — e,. Moreover, we denote by A(n) the fan
in Z" consisting of all cones spanned by at most n of the vectors ey, ..., ep
and by A’(n) C A(n) the subfan consisting of all cone of dimension at most
n— 1.
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Lemma 5.3.8. Consider nonzero vectors vi,...,v; € Q" contained in a
mazimal cone 7 € A(n), a cone 0 C Q" generated by some of the vectors
€0y --3En,V1,...,v and a cone § € A'(n). Suppose that ¢ := 6 N o is one-

dimensional and o ¢ A'(n). Then o is contained in some facet of T.

Proof. We may assume that 7 = cone(es,...,e,) holds. Replacing § and
o with suitable faces, we may assume ° = §° N ¢°. The proof uses Gale
duality and we work in the notation of Section [5.2] Consider the matrix

P:=leo,...,en,v1,...,v] and its Gale dual
0 V11 Vin —1 0
Q = [q07 M qn+l] =
0 v Vin 0 -1
1 1 1 0 0
Set r :==mn +1, let €p,...,e. denote the canonical basis vectors of Z"! and
v = ’;{)1 the positive orthant. Then there are faces 1,72 < - such that for

the corresponding dual faces ~; we have

P(yi) =6,  P(y3) = o0,  P()°NP() # 0.

For some n+ 1 < j < r we have €; € 75 and we may assume that 7 is
generated by at most n — 1 of the vectors ef,...,e,. The latter implies
€nily---1€ni1 € 71. Let f = Q" (u) be a separating linear form for v; and
v2. Then f|,, > 0 implies

w(@nt1), -+ u(@nr1) > 0, u(go) > u(qr),...,u(gn).

Note that we must have f(e}) = u(g;) > 0, because e/; does not lie in 2. Let
71, T2 = 7 be the maximal faces with f|-, > 0 and f|,, <0. Then f separates
71,72 and 7;° C 7; holds. We conclude

0 # P(r)°NP(r2)° € P(r{)NP(r2) € P(y)NP(2) = e

Since €} ¢ 72 holds, we obtain 75 # {0} and thus 0 ¢ P(75)°. Together
with the displayed line this gives P(77) N P(73) = p. Since at least two of
€0y - .. ,€n lie in v1, we obtain e; € 7 and thus

¢ C P(r1) C cone(ei,...,en).
[

Lemma 5.3.9. For n € Z>1 consider A'(n) and let by,...,by € Q" be
pairwise different primitive vectors lying on the support of A'(n) but not on
its rays. Denote by o; € A’'(n) the minimal cone with b; € o; and write

b; = aogjeo+ ...+ anjen, where a;; >0 ife; € 0j, aij =0 ife; & 0j.
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Then, for P :=[eo,...,en] and B := [b1,...,b], the matriz A := (aj;) is a
weak B-lifting with respect to P. The lift of h1 = To + ...+ T, in the sense
of Lemma[5.2.4) is given by

ho = ToS7°t--- S0 + ... + T,8("t-.- St
Moreover, the wvariables Ty, ...Ty,S1,...,S; define pairwise nonassociated
prime elements in K[To,...Tn,S1,...,S1])/(h2) if and only if the vectors
bi,...,b lie in a common cone of A(n).

Proof. Only the last sentence needs some explanation. The fact that
bi,...,b lie in a common cone of A(n) is equivalent to the fact that there is
a term of hy not depending on Si, ..., S;, and, moreover, for every k there is
a further is terms of hs not depending on Si. Now, Lemmam (iv) gives
the desired characterization. d

Proof of Theorem We may assume that X = V(¢g1) C P, holds
with a polynomial g1 = ToTh + ...+ T_1T,, where we replace the last term
with 7?2 in the case of an even r, and K* acts linearly with weights (o, ..., ¢,
where |a,| is minimal among all |(;|, see [4], Prop. I11.2.4.7].

The first step is to determine the normalized Chow quotient of the K*-action
on X. As observed in Proposition the Chow quotient X/ K* is canoni-
cally embedded into the Chow quotient of P, by the K*-action. To determine
the latter, consider the extended weight matrix

G ... G
1 ... 1

and let P be a Gale dual matrix. Then, according to Proposition 2:4:1] the
normalized Chow quotient of the K*-action on PP, is the toric variety Z having
the Gelfand-Kapranov-Zelevinsky-decomposition ¥ defined by the columns
of P as its fan. Moreover, by Proposition the Chow quotient of the
K*-action on X has the same normalization as the closure

Y = (XnT")/K* C Z

Q =

The second step is to determine a weak tropical resolution of Y C Z. For
this we first need trop(Y NTz). Let po,...,pun € Z" be the vertices of
the Newton polytope g1 and consider the matrix Py with the rows p; — o,

where i = 1,...,n. Then we obtain a commutative diagram with exact rows
0 Qz Qr+l P Qr—l 0
O Qr+1—n Qr—l Qn 0

Pgy
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Note that g1 equals T#° times the pullback of the polynomial h1 := 1+ .51 +
...+ S, under the homomorphism of tori T" — T" defined by P,r. The
tropical variety of V(h1) C T" is the support of the fan A’(n) and thus we
have
trop(Y NTz) = T~ (trop(V (k1)) = 117 (]2 (n)]).

We endow trop(Y N Tz) with the natural fan structure lifting A’(n); note
that the cones are in general not pointed. By definition, the weak tropical
resolution Y’ of Y is the closure of Y N Tz in the toric variety Z’ with the
coarsest common refinement X' := X Mtrop(Y NTz) as its fan.

In the third step, we pass to Y’/ Ty, where Ty~ is the kernel of the homo-
morphism of tori Tz — T” defined by II. By Construction[5.3.4} the quotient
Y’/ Ty is the closure of the image of Y N Tz under Tz — T" in the toric
variety Z’'/ Ty associated to the describing fan in Z™ having as maximal
cones the rays II(g), where ¢ runs through the rays of ¥'.

Claim. For every ray o € ¥’ there is a facet of cone(eo, . . ., e,—1) containing
the image b := II(p) € Q™.

Indeed, since every cone of trop(Y NTz) is saturated with respect to II, we
have II(p) = II(6) N4 for some o € ¥ and § € A’(n). The image II(0)
is a cone spanned by some e; and some images v; := II(v;), where v; are
the primitive generators of the rays of X different from columns p; of P.
Proposition [5.2.1] yields presentations

r—1
vj = E QijDi with certain a;; > 0.
i=0

Hence we obtain v; € cone(eo, ..., en—1). Lemma then shows that II(p)
lies in some facet of cone(eo,...en—1) and the claim is verified.

Finally, in the fourth step, we show that Y’/ Ty is normal and has finitely
generated Cox ring; by Proposition [5.3.7] this will complete the proof. First
note that we have the toric modification Z'/ Ty — W, where W C P, is
the open toric subset corresponding to the subfan A’(n) of A(n). Moreover,
Y’/ Ty is the proper transform under Z’/ Ty — W of the closure of V (h1) C
T™ in W. The claim just verified and Lemma [5.3.9|ensure that we may apply
Proposition and Corollary In particular, we see that Y’/ Ty is
normal with finitely generated Cox ring. g

Example 5.3.10. Consider the quadric X = V(ToT1 + ... + TsT7) C Py
and the action of K* on P7 given by

t-[xo,...,x7] = [t73x0, By, t 320, 2 as, t 2w, s, t T zg, txq].

Theorem [5.1.3| and its proof do not apply to this case, because only two
weights ¢; have minimal absolute value. The way through the weak toric
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resolution Y’ as gone in the proof of Theorem produces a quotient
Y’/ Ty embedded into the toric variety with fan obtained by subdividing
A(3) at (0,—1,-1).






CHAPTER

SIX

POINT CONFIGURATIONS AND TRANSLATIONS

With only minor modifications this entire chapter has already been published
in the author’s paper "Point Configurations and Translations’, see [9].

6.1. A Compactification of the non-reductive Limit Quotient

In this chapter we examine point configurations on the projective line up
to translations. In general, let us consider n distinct points on P;. Then
the open subset U C P} consisting of pairwise different coordinates is the
space of possible configurations. For an algebraic group G acting on P; the
question arises what the resulting equivalence classes of configurations are,
i.e. we ask for a quotient U/G of the diagonal action and a possible canonical
compactification.

In the case of the full automorphism group G = SL(2,K) this problem has
been thoroughly studied. The space of configuration classes is canonically
compactified by the famous Grothendieck-Knudsen moduli space Moy, i.e.
we have

Mo, = U/SL(2,K) C Mo,

Originally introduced as moduli space of certain marked curves Kapranov
shows in [50] that My, has (among others) the following two equivalent
descriptions. Firstly it arises as the GIT-limit of P with respect to the G-
action, i.e. the limit of the inverse system of Mumford quotients. Secondly,
it can be viewed as the blow-up of P,,_3 in n — 1 general points and all the
linear subspaces of dimension at most n — 5 spanned by them.
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Later this setting has been studied in the case where the full automorphism
group was replaced by its maximal torus K* C SI(2,K). Similarly, it turns
out that the Losev-Manin moduli space L., coincides with the the GIT-limit,
which in this case is the toric variety associated to the permutahedron. Again,
the GIT-limit arises in a sequence of (toric) blow-ups from projective space,
see [29), [49), [53].

In this chapter we treat point configurations on P; up to the action of the
maximal connected unipotent subgroup G, C SL(2,K). It consists of upper
triangular matrices with diagonal elements equal to 1x and can be thought
of as group of translations. Since G, is not reductive, we are faced with the
additional problem of first finding a suitable replacement for the GIT-limit,
i.e. assigning a canonical quotient to this action. Recall that we overcame
this problem in the following manner, see Section 2.5

Doran and Kirwan introduced in [25] the notion of finitely generated
semistable points admitting so-called enveloped quotients. Moreover, in [6]
Arzhantsev, Hausen and Celik proposed a Gelfand-MacPherson type con-
struction which allowed to apply methods from reductive GIT to obtain these
enveloped quotients. Building on this work we obtained again an inverse sys-
tem and the corresponding GIT-limit. Note that in general the enveloped
quotients are not projective, hence one cannot expect the GIT-limit to be so.

We then show that (up to nomalisation) the limit quotient, i.e. a canon-
ical component of the GIT-limit, is canonically compactified by an iter-
ated blow-up of ]P)?_l. To make this a little more precise consider a subset
A C{2,...,n}. Denoting by 75, S, ..., Ty, Sn the homogeneous coordinates
on P7~! we consider the subschemes X4 on P7~' given by the ideals

(T, T;Sk — TuSs; i,k € A, j < k).
The scheme-theoretic inclusions give rise to a partial order of these sub-

schemes. Let BI(P7™') denote the blow-up of P?~! in all these subschemes
in non-descending order.

Theorem. IfP1 ./ G, and P;l(]P’;"_l) denote the normalisations of the limit
quotient and the above blow-up of ]P)?_l respectively, then we have open em-
beddings

U/Gs, C P!/G, C BIP).

For a precise formulation of the main results see Section

In the case of two distinct points, i.e. n = 2, the latter space is simply P;.
If n = 3 holds, then the compatification BI(P; x P;) is the unique non-toric,
Gorenstein, log del Pezzo K*-surface of Picard number 3 with a singularity
of type A1. Similar to My 5 which arises as a single Mumford quotient of the
cone over the Grassmannian Gr(2,5), this surface is the Mumford quotient
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of the cone over the Grassmannian Gr(2,4). For higher n an analogous
Mumford quotient needs to be blown up as will be described in Section [6.5

The chapter is organised as follows. In Section [6.2] we apply these construc-
tions proposed in Sectionto the action of G, on PT. We discuss explicitly
the GIT-fan which contains the combinatorial data needed to make the limit
quotient accessible. The blow-ups of ]P’ffl will be dealt with in a mostly
combinatorial way, i.e. as proper transforms with respect to toric blow-ups.
For this we prove a result on combinatorial blow-ups in the spirit of Feichtner
and Kozlov, see [28]. This will be carried out in Section In the short
Section [6.4] we will deal with the connection between stellar subdivisions and
toric blow-ups. The final Section [6.5] then is dedicated to the proof of the
main theorems.

6.2. Point Configurations on P; and Translations

In this section we examine point configurations on PT up to translations. For
this we consider the diagonal action of G, on P} and explicitly perform the
Gelfand-MacPherson type construction introduced in the preceding section.
We determine the GIT-fan describing the variation of quotients and show that
it is closely related to the well known GIT-fan stemming from the action of
the full automorphism group SL(2,K) on PY.

For this we consider the unipotent group

1 k
Go = i ke Ky CSL(2,K),
0 1
and its action on X := (K")? given by
o) (e (=)
Y1 Yn Y1 Yn

Viewing [z;,y;] as homogeneous coordinates of the factors in PT this gives
rise to an induced action on X := P7. Note that the Cox ring of X is

A

R(X)=0(X)=K[T1,...,Tn,S1,.-.,5n]

together with a Cl(X)-grading defined by deg(T;) = deg(S;) = e; € Z" =
CI(X). A first Propositions concerns the algebra of invariants in R(X) and
its spectrum.

Proposition 6.2.1. Consider the above Gg-action on X.
(i) The subalgebra O(X)% C O(X) is generated by
S1,...,Sn, TSk — TkS;, with 1 < j <k <mn.
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(ii) The canonical morphism £': X — Y where Y := Spec(O(X)%<)
fits into a commutative diagram

ri(zy) = (1,2) A(0,y)

K /

Y

Y /\2 KnJrl

where v is a closed embedding and its image (Y) is the affine
cone over the Grassmannian Gr(2,n + 1). Its vanishing ideal is
generated by the Pliicker relations

Ti]‘Tkl — Tiijl + TilTjk, with 0<i<ji< k<l < n,

where T;; = (es A e;)" are the dual basis vectors of the standard
basis.

Proof. The invariants have been described by Shmelkin, see [62] Theo-
rem 1.1]. For (ii) we define ¢ by its comorphism

U Tog = Sy, Tje = T8 — TeS; where1<i<n, 1<j<k<n.

*

Clearly, «* is surjective, hence ¢ is an embedding. Moreover, the pullback of
the Pliicker relations with +* gives the zero ideal. Thus Y lies in the affine
cone C(Gr(2,n + 1)). It now suffices to show that Im(x’) has dimension
2n — 1.

For this consider two points (x,y), (z',y’) with only non-zero coefficients. If
they have distinct orbits, then the orbits are separated by the invariants: If
y # 3’ holds, then there exists a separating S;. Otherwise we can choose
a separating T;S; — T;S;. Hence, over an open set the fibres of k' are one-
dimensional and thus the image of «’ is (2n — 1)-dimensional. g
While for reductive groups the quotient morphism «’ is surjective, this fails
in general, also see [67]. We provide a description of the image of

e X = (K2 = NK™ (@) o (L) A 0,y).

Via the embedding of the preceeding proposition we view Y as subset of
A?K"1. Observe that Y contains the affine cone Y of the smaller Grass-
mannian Gr(2,n) in the following canonical manner:

Y ={(0,2) A (0,y); 2,y K"} C V.
Proposition 6.2.2. The image of r is K(X) = (Y \Y ") U {0} .

Lemma 6.2.3. Let V be an n-dimensional vector space, 0 # v1 € V and
consider the linear map o, : N*° 'V = A" V;z— x Avi. Then the rank of

Puy 18 (Z:i)
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Proof. Fix some basis (vi,v2,...,v,) of V. From this we then obtain a
basis (vi, A...Avi_,; 1 <i1 <...<ix <n)of A¥ 'V and p,, () =0
holds if and only if z lies in W := Lin (vil A TR S 1). This means
that the rank of ¢, is given by

k—1
. . n n—1 n—1
rk(cpvl)_dlm/\V—dlmW_ (kl) - <k2> = (kl)
O

Proof of[6.2.3 From the definition of the morphism & it follows that its
image is contained in (Y \ Y ") U {0}. For the reverse inclusion consider

Z:ZZU&;/\G]' S ?\?*

We define y := (201, ..., 20n) € K"; note that y # 0 holds. With the identi-
fication K™ = {0} x K™ C K™*! we obtain an affine subspace W, by

Wy = eny+ N K C (Ko AR e N'K* = AK

Since z lies in W, NY, it suffices to show that (- ,y) maps K" onto W, NY.
Clearly, by definition of , the image of x(-,y) lies in W, NY. To show
surjectivity we regard W, as a vector space with origin eg Ay. Then there is
a linear map

3
go:Wy—>/\ K" eAy+uAv = uAvAy.

Observe that we have inclusions Im(s(-,y)) C Z, C ker(¢). We claim that
equality holds in both cases. Since by Lemma k(+,y) is linear of rank
n — 1, the claim follows from

dim(ker(p)) = dim(W,) — rank(p) = (Z) - <n2 1> =n-—1

O
We recall from [14], Section 2] the definition of the GIT-fan. Let the algebraic
torus H := (K*)" act diagonally on K" via the characters x*“*,...,x"“", w; €

7", i.e.

h-z = (x**'(h)z1,..., X" (h) )
and suppose that Y C K" is invariant under this action. Then the GIT-fan
is defined as the collection of cones

Ar(Y) == {Aw); weQ"};  Aw) == (] wr € Q"

where wy := cone(w;; @ € I) is the cone associated to a Y-set I, i.e. a subset
I C{1,...,r} for which the corresponding stratum {y € Y; y; #0 < i €
I} is non-empty.
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We turn back to our setting. The Cl(X)-grading of the Cox ring R(X) =

O(X) yields a diagonal action of the algebraic torus H := (K")"
Spec(K[C1(X)]) on X = (K™)? where
h-(z,y) = (hiz1i,..., hnZn, hiy1,..., AnYn).

Since the subalgebra O(X)®e inherits the Cl(X)-grading, the H-action de-
scends to its spectrum Y C /\2 K", turning & into an equivariant mor-
phism. Here the action is explicitly described by

h-egAej:hjeo/\ej, h-eiAej:hihjei/\ej.

Note that this action differs from the well known maximal torus action. It
rather is a submaximal action, with some connection to the maximal one,

see Proposition [6.2.7}

In order to obtain the GIT-fan Ay (Y) we consider the two-block partitions
of N :={1,...,n}, i.e. partitions where N is a union of two disjoint subsets
A, A°. To each such partition R = {A, A°} we associate the hyperplane

Hp = {er"; > i = Zz}

i€EA i€ A€

Theorem 6.2.4. Consider the above H-action on the affine cone Y over
the Grassmann variety Gr(2,n + 1) and set Q := Q%,. The GIT-fan Au(Y)
is the fan supported on 0 with walls given by the intersections Hr N where
R runs through the two-block partitions of N.

The key step of the proof is relate our submaximal H-action on Y to the
maximal torus action on the smaller Grassmannian cone Y ", see Proposi-
tion [6.2.7] The latter action is well understood, in particular the GIT-fan
was described in [24] Example 3.3.21].

The first step, however, is to provide a description of the Y- and Y " -sets.
We need some further notation:

N:={1,...,n} N:={{i,j}; 1<i<j<n}

No:={0,...,n}  No:={{i,j}; 0<i<j<n}

Recall that the cones over the Grassmannians lie in the wedge products
Y'C A’K", Y € A’ K™™', We use the above index sets N and No to refer
to the coordinate indices where {4, j} labels e; A e;.

Proposition 6.2.5. A subset I C No is a Y -set if and only if I satisfies the
following condition

(%) {i,ih{k,l} el = {41}, {i,k} el or {jk}, {i,i} el
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Proof. It follows from the nature of the Pliicker relations that a Y-set I
has in fact the property (x). We prove that a subset of N satisfying () is a
Y-set by induction on n. For this recall that we have commutative diagram
of closed embeddings

C(Gr(2,n +1))

|

C(Gr(2,n)) ———=Y" A2 K"

Y —— (Keg AK™) & A°K?" =—= A’K"*!

where the embedding of the surrounding wedge products is reflected by the
inclusion N C Ny. Let I € Ny be a set with the property (). If I C N
holds, then the assertion follows from the induction hypothesis. We turn
to the case where there exists k € N such that {0,k} lies in I. We will
explicitly construct an element z € Y for which z;; vanishes if and only if
{i,7} does not lie in I. For this we introduce two graph structures on N by
Gi2 := (N,&1 U &) and Ga := (N, E2), where &1, & are sets of edges on N
defined by

&

{{i,j} e INN; {0,i} € I or {0,5} € 1},

{{i,j} e N\ I; {0,i},{0,5} € I}.

From the definition of the edge sets of the respective graphs we know that if
{i} is a connected component of Gi2, then it also is a connected component
of Ga. Let Fi,...,Fq be the connected components of G different from a
component {i} of Gio. We define a vector x € K" by

Er

- Jo if {i} is a component of Gi2,
" \p if {i} € Fp holds.

Moreover, we define y € K" by y; :=11if {0,5} € [ and y; :=0if {0,5} ¢ I.
We then claim that z := (1,z) A (0, y) has the property
zij 70 <~ {Z,j}EI

Since zo; = y; holds, it is clear that the claim is true for the components of
this type. For 0 # ¢ < j the components of z can be written as

0 if {0,4},{0,5} ¢ I,
Zij = TiY; — Ty = k@ if {0,i} ¢ 1,{0,5} € 1,
Ti; — Iy if{O,i},{O,j}e].

We now go through these three cases and verify for each that {i,j} lies in I
if and only if z;; # 0 holds.
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Assume that {0,4},{0, 5} ¢ I holds and recall that there exists a k € N with
{0,k} € I. Tt follows from (*) applied to {0, k}, {4, 7} that {¢,j} does not lie
in 1.

For the second case suppose that {0,i} ¢ I and {0,5} € I hold. We then
have
x; #0 <= there exists [ € N such that {i,i} € & or {i,l} € &
<= there exists [ € N such that {i,l} € &
< {i,jtel

For the second equivalence note that {0,7} ¢ I holds which implies {7,1} ¢ &s.
The third equivalence is due to an application of () to {0, 5} {7,1}.

In the last case where {0,i},{0,5} € I holds we obtain

T; =xj <= 1,7 lie in the same connected component of G
or {i},{j} are connected components of G2
<~ {i,j} € & or {i},{j} are connected components of Gi2
— {i,j} ¢1

For the second equivalence we use that each connected component of Gs is a
complete graph, which follows from (k). d

Remark 6.2.6. The affine cone Y over the smaller Grassmannian Gr(2, n)
is invariant under the H-action. The corresponding GIT-fan Az (Y ") of this
restricted action is well known, it was described in terms of walls in [24]
Example 3.3.21] and [7, Example 8.5] as follows: Set

Q" :=cone(e; +€5; 1 <i<j<n)CQY.

Then the GIT fan Ay (Y ") is the fan supported on Q* with walls given by
the intersections of Q* with the above hyperplanes Hr.

Proposition 6.2.7. The GIT-fan Ay (Y ") is a subfan of Au(Y).

Example 6.2.8. Consider the weights of the coordinates of the H-action
on /\2 Knt!

wo1 ‘= €1, ..., Won := €En, wij:6j+€k,1§j<l€§TL.

The following pictures of polytopal complexes arise from intersecting the
GIT-fan A (Y) with the hyperplane given by 1 = 1 + ...+ z, in the cases
n = 3,4. The shaded area indicates the support Q* of AH(Y*).
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In the case n = 3 the three walls of the GIT-fan are generated by two of the
vectors wiz, wis, wss and correspond to the two-block partitions

{14233 {({25{1,3}}  and  {{3},{1,2}}.
In the case n = 4 again the hyperplanes separating Q* from the remaining
4 cones correspond to the partitions of the type {{i}, {j, k,{}}. The dotted
lines in the right picture indicate the fan structure inside Az (Y"). There are
eight maximal cones arising from 3 hyperplanes of the form {{i,j}, {k,}}.

Proof of Proposition[6.2.74 Recall that the weights of the coordinates of
the H-action are

Wo1 i= €1, ..., Won = €n, wik =ej+eg, 1<j<k<n

The GIT-fans Ay (Y) and A (Y ") are the collections of cones which arise as
intersections of cones wy = cone(w;;; {i,j} € I) associated to Y- or Y -sets
respectively. From Proposition we know that every Y -set is also a
Y-set. This means we only have to show that for every Y-set I C Ny there
exists a Y -set J C N such that w; N* = wy holds. For a Y-set I C Ny we
set

Ji=J1UJy, J=INN,  Jo:={{i,j}; {0,i},{0,5} € I}

and prove that J has the required properties. We first claim that J is an Y-
set. For this we check that the condition of Proposition applies to any
two elements of J. If these two elements lie either both in J; or J2 then the
claim follows from I being a Y-set or the construction of J» respectively. For
the remaining case consider {j,k} € J1 and {i1,42} € Ja. Since both {0,141}
and {j,k} lie in I, we can without loss of generality assume that also {i1,7}
and {0, k} lie in I. Finally with {0,472} € I we conclude that {iz,j}, {i1,k}
are elements of J. This shows that J is a ¥ -set.

We now prove wy NQ* = wy. It is easy to see that wy is in fact contained in
wr N Q*; we turn to the reverse inclusion. With non-negative a;, a;r let

T = E aiwoi + E AjEWik

I\N INN
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lie in wy N Q*. We show that x is a non-negative linear combination of
elements wy, n € J. Let a;; be minimal among all a; with {0,7} € I. For an
arbitrary {0,i2} € I we then replace in the above sum

Qi Wi, + QiyWoiy by (aiy — @iy )wois + Giy Wiyisy-

Note that now {i1,i2} lies in J2. Iterating this process we see that there
exists some {0,4} € I such that x has the form

(**) r = bywo; + Z b]-kwjk.

J1UJg

Without loss of generality we assume that 7 = 1 holds. The condition x € Q*
implies z1 < x2 + ...+ xp, hence we have

b < 2) by and b= 2 by
{3k eJ {ikyes
gk #1 g k#1
for certain 0 < b, < bjk. Plugging wor = '/2(w1; + w1k — wjx) into (xx) we
obtain a non-negative linear combination

T = Z ((b1j + bl )wij + (bik + bjp)wik + (bjk — bix)wik) + Z birwi.
{j.k}eJ {1k} eJ
Jk#1
The last step to show is that for {j,k} € J both {1,;} and {1,k} lie in J.
Recall that we have {0,1} € I. If {4, k} lies in J2, then this follows directly
from construction of J2. Otherwise we can without loss of generality assume
that {0,j},{1,k} lie in I. The claim again follows from the construction of
Ja. O

Proof of Theorem As before we denote the weights of coordinates
with respect to the H-action by wo; = €;, wjr = €; + ex. From Proposi-
tion we know that Ay (Y) has the asserted form on Q*. Note that the
remaining support Q \ relint(2*) is the union of the cones

o; = cone(w;; j € N\ {i}), i=1,...,n.
None of the hyperplanes Hr intersect o; in its relative interior. This means
that we have to prove that o; is a cone in the GIT-fan Ay (Y), i.e. the
intersection of cones wy associated to Y-sets. Note that o; itjelf is a cone
associated to a Y-set. Hence, it suffices to show that for any Y-set I C Ny

the intersection wy No; is a face of o;. Without loss of generality we assume
that i equals 1 and set ¢ := o1. We now claim that w; No = wy holds where

J = J1UJs; J:=1In{{1,5}; j € No\{1}}, J2:={{1,5}; {0,4} € I}.

To prove wy C wyNo note that any w1; with {1, 5} € Ji clearly lies in wyNo.
Hence, it suffices to show that for wi; with {0,j} € I the same holds. In
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case {0,1} € I this follows from wi; = wo1 + wo; € wy No. Otherwise there
must exist {1,!} € I and from Proposition we know {0,1},{1,j} € I.
This implies wi; € wr No.

For the reverse inclusion wr N o C wy consider the non-negative linear com-
bination

T = aoi1wor + E aijwi; + E aojwo; + E GjrWik € Wr
{Ljter {05} er {.krer

J#0 j#1 Jik # 0,1

Since z lies in o, we have x1 > x2 + ... + x,, and this amounts to

apr > Z aog; +2 Za]’k-
(0.4 e1 Gikyer
j#1 gk #0,1
If {0,1} ¢ I holds, i.e. ap1 = 0, then z lies in the cone generated by the w;,
{1,5} € J1. Otherwise with wo; = wi; — wo1 and wjr = wi; + w1k — 2wor
we get a non-negative linear combination

T = Z aijwi; + Z aojwi; + Zajk(wlj + wik)
{Liyel {05 el kel
J#0 i1 Jk#0,1

+ | o1 — E ap; —2 E ajr | wor.

{0,5} eI kel

j#1 kA0,
The last thing to check is that all the above w;; lie in wy. For this suppose
that {j,k} € I holds. Since {0,1} is contained in I, it follows from the
construction of J that both {1,j} and {1, k} lie in J. O

6.3. Combinatorial Blow-ups

In this section we will provide a criterion whether a given cone lies in the
iterated stellar subdivision of a simplicial fan. In [28] Feichtner and Kozlov
deal with this problem in the more general setting of semilattices and give
a nice characterisation in the case where the collection of subdivided cones
forms a building set. We approach the issue of blowing up non-building sets,
see Theorem

Let us recall the definition of stellar subdivisions, for details see e.g. [39]
Definition 5.1]. For a fan 3o in a vector space Ng and a cone g9 € X the
star of o¢ is given as

star(oo) = {0 € So; o000}
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We insert a new ray into the fan Xy. For this let v € 0§ be some vector in
the relative interior, then the stellar subdivision of ¥ at v is

stSubDiv,(Z0) = (X0 \star(co)) U {7+ cone(v); 7 3 o € star(oo)}.

We now iterate this process. For this let V be a family of rays in a vector
space and consider a V-fan Yo, i.e. a fan with rays given by V. We then
choose additional rays v;, ¢ = 1,...,r lying in the relative interiors oy of
pairwise different cones o; € ¥y. Moreover, we assume that o; ; o; implies
j < i, which means that the larger the cone the earlier it will be subdivided.
Now the questions comes up what the cones of the fan 3, are which arises
from Yy by the subsequent stellar subdivisions in the rays v;.

We call a subset S” of S := {01,...,0,} conjunct, if the union |J, g/ (o \ {0})
is a connected subset in the usual sense and we set

(8) = {Z 0; 8CS conjunct}.

oceS’

A collection C C VUS is called geometrically nested, if for any subset H C C
of pairwise incomparable cones with |#| > 2 the following holds:

ZT € Yo\ (S).

TEH

Proposition 6.3.1. Let 3¢ be a simplicial fan and v; € o some rays in the
relative interiors of pairwise different cones o5 € 3. Assume that o; 3 0
implies j < i and let 3, be the iterated stellar subdivision of Yo in the rays
Vi,...,Vp in order of ascending indices. If in the above notation C CVUS
is geometrically nested, then cone(v,v;; v € CNV, g; € CNS) lies in Xy..

We will prove this using the technique of combinatorially blowing up elements
in a semilattice developed by Feichtner and Kozlov in [28§].

Definition 6.3.2. A meet-semilattice is a partially ordered set (£, <) such
that for any A C L the set {z € £; z < a for all a € A} posesses a greatest
element A A called meet. For the meet of A = {a1,...,ar} we also write
air N...N\an.

It is well known that any such semilattice has a unique minimal element 0.
Also, for a family or subset A C £ the set {z € £L; z > a for all a € A} is
either empty or has a unique minimal element \/ A called join. If the join of
A ={ai1,...,a,} exists, then for it we also write a1 V...V a,. For z,y € L
we denote A<, := {a € A; a <z} and A, in the analog way.

We now turn to blow-ups of semilattices in the sense of |28 Definition 3.1].
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Definition 6.3.3. The blow-up of (£,>) in an element o € £ is the semi-
lattice Bl(q) (L) consisting of the elements and pairs

e € L with z % «,
e (a,z) where L3> x # a and z V «a exists.

with the order relation >g; given by

e x>py if x>y,
o (a,z) >pi1 (a,y) if x>y and
o (a,x) >my if z>uy.

where in all three cases x,y 7? a holds.

Example 6.3.4. Let £ be the semilattice given by the upper diagram and
set a := xyz, B := xy. Then the blow-ups Bla (L) and Blg(L) is given by
the lower diagrams.

Blg(L)

We now want to iterate the blow-up process. Let G = (§1,...,& ) be a family
of elements & € L. The blow-up of £ in G is simply the subsequent blow-
up of £ in the elements &; in order of ascending indices. When we speak
of a subfamily (&, ,...&:,) of G we always tacitly assume, that the order is
preserved, i.e. that j < k implies 7; < ix. We call G sorted if & > &; implies
i < j. Moreover, we denote the underlying set of the family G by Sg.
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Definition 6.3.5. A subset S C £\ {0} is called building set for L, if for any
element 0 # z € £ and max(S>,) = {z1, ..., 2, } there exists an isomorphism
of patially ordered sets

r

eo: [ [0,2:] = [0,2]

=1
where for every j = 1,...,r the element (0,...,0,2;,0,...,0) maps to x;.

Proposition 6.3.6 (|28] Proposition 2.3]). The set S C L\ {0} is a building
set for L if and only if S generates L by V and for any x € L, {zq,...,z:s} C
max(S>z) and z <y € L the following conditions hold:

(1) Agy N ngl\/m\/xs = wr
(i) zVa1V...Vxs < yVar...VTs.

Definition 6.3.7 ([28, Definition 2.2]). A subset C of a building set S is
called nested if for any subset ‘H C C of pairwise incomparable elements and
|H| > 2 the join \/ H exists and is not an element in S.

Remark 6.3.8. Note that the collection of nested sets forms an abstract
simplicial complex €(S) with vertex set S.

Theorem 6.3.9 (|28, Theorem 3.4]). Assume that G is a sorted familiy in
the semilattice L such that the underlying set Sg is a building set. Then we
have an isomorphism of posets

€(Sg) = Blg(£L); € \/(£0).

£ec

We now describe a suffient criterion to test whether an element lies in Blz (L)
in the case where Sr is not a building set.

Theorem 6.3.10. Let F be a sorted family in L and consider a subset C of
the underlying set Sx. If there exists a building set S of L with Sx C S such
that C is nested in S, then \/.c.(§,0) ezists in the blow-up Blx(L).

Before we enter the proof of the Theorem we consider an example. Fur-
thermore, for distributive £ we provide an explicit construction of such a
building set in the case where Sr generates £ by V, see Construction [6.3.13]
Lemma 6.3.T5

Example 6.3.11. The face poset of a polyhedral fan is a semilattice in
which the stellar subdivision in a ray v € ¢° corresponds to the blow-up of the
element o, see |28 Proposition 4.9]. Viewing the positive orthant 3 := Q3,
as a fan, we ask for the combinatoric structure of its stellar subdivisions 1
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and X in the sorted families
G = (V17V2,€17€27€3)’ Go = (V2,V17€17€2’€3)7
where v = (1,1,0), w2 := (0,1,1).

If G1 and G2 were building sets, then Theorem [6.3.9] would imply that 3
equals Yo. Clearly, this is not the case.

es €3
/x Lx:
el 141 e el 1 €2
21 E2

We now add to Gi and G a ray lying in the relative interior of the join of the
faces cone(e1, e2), cone(ez,es), e.g. vo = (1,1,1). This yields two building
sets

Gia = (1/07 1/17112,61,62,63), Goa = (Vo,Vz,V1,€1,€2,63)-

Both families give rise to the same subdivided fan. Note that the faces of
Y1a = 224 not having vp as a ray lie in both ¥; and 2. This is essentially
the idea of the proof of Proposition [6.3.1}

€3

S

€1 141 €2
2la - 220,

Definition 6.3.12. Let S = {&1,...,& } be a subset of the semilattice L.
We call a (non-ordered) pair {&;,&;} harmonious (with respect to S) if at
least one of the following conditions is satisfied:

EiNE =0 or & V &; does not exist or &VE es.
Construction 6.3.13. Let S = {&1,...,&-} be a subset of £. For all pairs
of non-harmonious elements {&;,£;} we add to S the element &; V &;:
S = S U {&VE; {&,€) non-harmonious with respect to S}.

We continue this process with the new set S’ instead of S until all pairs are
harmonious and denote the final set by (S)). Since £ is finite, clearly this
process terminates after finitely many steps.

Definition 6.3.14. A semilattice L is called distributive if for any x,y, z € £
the following equation holds

zA(yVz)=(xAy)V(zAz).
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Lemma 6.3.15. Assume that L is distributive and a subset S C L\ {0}
generates it by V. Then the following assertions hold.

(1) If for any x € L and distinct &,&; € max(S<z) their meet & A &;
equals 0, then S is a building set for L.
(ii) The set {(S)) is a building set for L.

Proof. For the proof of (i) we check the two conditions of [28] Proposi-
tion 2.3 (4)]. Fix an « € £ and a subset {y,y1,...,¥¢} C max(S<5). By
assumption we have

0=(yAy)V...VyAy) =yA(1 V...Vy).

Since 0 ¢ S holds, this implies S<y; N S<y,v..vy, = O. For the second
condition let z < y. Clearly zVy1 V...Vy: <yVuyi V...Vy: holds. If they
were equal, so would be the respective meets with y and this would imply
z=y.

We now prove the second assertion (ii). By construction of (S)), for any
z € L and &;,&; € max ({(S)) <) the pair {£;,&;} is harmonious (with respect
to ((S))). Its join exists but - by maximality of & and &; - does not lie in
{(S). This implies that & A &; = 0 holds and the assertion follows from (i).
O

Proof of Theorem[6.3.10, Before we enter the proof let us recall the join
rules of blow-ups from [28] Lemma 3.2]. Let z,y,& lie in the semilattice £
and consider the blow-up £’ of £ in €. Then the join (£, ) Vs y exists if and
only if x V. y exists and = V y 2 £ holds. The join = V. y exist if and only
if x V. y exists. In case the joins exist the following formulae hold

&) Very = (§zvey), TNy = xVey.
We turn back to our case and fix some notation. We write F = (£1,...,&)
and denote the elements lying in C by &, j = 1,..., s where we assume that

the order is preserved, i.e. j < j' is equivalent to i; < ;. Moreover, for
k=1,...,r let Li be the blow-up of £ in (&1,...,&)and for consistency we
set Lo := L. In L, we consider the following (a priori non-existent) join
i(k) s
V€, 0 v\ &, where j(k):=max({0}U{j; i; <k}).
j=1 J=3(k)+1
In case this join does exist, we denote it by 2. Note that i) is the smallest
index, such that fil,...,&j(k) are among the &1,...,&. Since C is nested,
it is clear that zo = \/C does exist in Lo. We prove the existence of z, =
Veee(§,0) by induction on k. For this assume that zp € Ly exists. We
discriminate two possible cases: In the first case {x+1 does not lie in C in the
second case it does.
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Assume that x+1 ¢ C holds and note that this is equivalent to j(k) = j(k+1).
Hence zxy1 = zr holds in L4 and the only thing to check is that we have
2k 2 &k+1. For this note that the iterated application of the above join rules
shows that

J(k)—1 i(k)—1
2k = (gij(k)vo) \ \/ (£1J70) N Ck = gij(kp \/ (€1J70) v Ck
j=1 Jj=1
- = (gij(k,),(...(gmck)...)) where ¢y = &,
J=3(k)+1

If we had z > £k+1, then this would mean (&, _, (--- (i1, Ck) - - -)) > Eptr.
Iterating this argument we would get (x > &x41 in Lo which would imply
&k+1 € S<¢,,- Since S is a building set, by [28], Proposition 2.8 (2)]

maX(SSCk) = max(gijw Jj= ](k) +1,..., 5)

holds. Hence there must exist jo > j(k) + 1 with {rq1 < &ij, - Since Let1 ¢C
holds, we have £,11 # §j,. In particular, this implies & > 4, —1 > 441 — 1.
However, from the definition of j(k) we easily see that k < i;(y41 — 1 holds,
a contradiction.

We turn to the second case where {41 € C holds which is equivalent to
Jj(k)+1=j4(k+1). In L we consider the element

i(k) s
Yk = \/(57']’0) N \/ 527
Jj=1 J=i(k)+2

Since zj exists, it follows that also yr and the join &x41 V yr exist. Then
the last thing to show is that yr # £kx+1 holds. This follows from the same
argument as above with y instead of z. g

Proof of Proposition [6.3.1]  First note that since ¥y is simplicial so is
the iterated stellar subdivision X,. In particular, the further application
of stellar subdivisions in the original rays V leaves ¥, unchanged. From
[28], Proposition 4.9] we know that a stellar subdivision in a ray v € o°
corresponds to the blow-up of the face poset of the original fan in o. More
precisely, as posets X, and Blz(3o) are isomorphic, where

f::(0-17"'70-7"’1)13---77)15)7 V:{'Ul,...,’l]t}.

For the proof of the Proposition we now check the assumptions of Theo-
rem [6.3.10l First note that Yo is simplicial, hence it is distributive as a
semilattice. Its joins and meets can be computed by taking convex geomet-
ric sums and intersections respectively. Also, with S = {o1,...,0,} it is clear
that V U S, the underlying set of F, generates 3o \ {0} by +. In particular,
from Lemma [6.3.15] we infer that (V U S)) is a building set for .
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Now note that (VUS) \ V equals {(S)) and from the respective constructions
it follows that ((S)) C (S) holds. Together this means

o\ (8) € Zo\(S) = Zo\((VUSH\V) = (Zo\(YUS))UV.

Since C C V U S is geometrically nested, it follows that it is also nested in
(VU S)) in the sense of semilattices. From Theorem we now know
that \/_cc(c,0) lies in Bl#(Zo). Under the above isomorphy ¥, = Blr(Xo)
this means

cone(v,v;; vECNV, 0 €CNS) € X,

6.4. Stellar Subdivisions and Blow-ups

In this section we relate the toric morphism arising from a stellar subdivision
to classical blow-ups. We recall some of the basic notation, see [27, [37].

Let F be a sheaf of Oz-modules (or short Oz-module) on the normal variety
Z. We call F invertible if it is locally free of rank 1. Moreover, F is a sheaf
of ideals, if for every open U C Z the sections I'(F, U) constitute an ideal in
Oz(U). Consider a morphism of varieties ¢: Y — Z and an Oy-module G.
Then .G and : ' FOy are the direct image sheaf and inverse image sheaf
respectively.

Let ¢: Y — Z be the embedding of a closed subscheme. Then Y is charac-
terised by its ideal sheaf Zy-, i.e. the kernel of Oz — 1.Oy. The blow-up of
Z along Y is given as

Bly(Z) := Proj(A),  where A := P

n€l>q

and 79 = Oz. Tt comes with a morphism 7: Bly(Z) — Z and satisfies
the following universal property, see [37, Proposition 7.14]. If there exists a
morphism of varieties 7: Z — Z such that the inverse image sheaf 7~ 'Zy O
is an invertible sheaf of ideals on Z , then there exists a unique morphism
@: Z — Bly(Z) such that the following diagram commutes.

/Z\
zZ) ——Z

Now consider a morphism of varieties ¢: X — Z and let t: Y — Z be a
closed subscheme. Then the sheaf of ideals corresponding to the preimage
0 N(Y) := X xz Y — X is given by the inverse image sheaf ¢ 'Zy Ox.

Bly
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Moreover, there exists a unique morphism ¢ making the following diagram
commutative, see [37), Corollary 7.15].

Bl, 1(y)(X) ————— Bly(2)
X i Z

If ¢ is a closed embedding, then so is ¢ and the image of the latter coincides
with the proper transform of X, i.e. the closure 7=1(X \ ' Y) C Bly (2).

Suppose that Z is affine; then there is a one-to-one correspondence between
the subschemes of Z and the ideals of O(Z). So let Iy C O(Z) be the ideal
corresponding to Y and suppose that ¢: X — Z is a closed embedding. Then
the blow-ups of Z in Y and of X in ¢~ (Y) are

Bly(Z) = Proj| @ V|, Blooipy(X) = Proj | @5 (¢"Iv)"

n€Zxq n€Zl>q

We now turn to the following question. Let 7: Z; — Zy be the toric mor-
phism arising from a stellar subdivision ¥; — 3. Describe a homogeneous
ideal I in the graded Cox ring R(Zo) such that Z; is isomorphic to the blow-
up of Zy in the subscheme associated to the ideal sheaf Z on Zp in the sense
of Cox, [22] Section 3].

We fix some notation. Let ¥ be a simplicial lattice fan in Ng and suppose
that vi,...,v, € N are primitive lattice vectors in the rays of ¥. Set P as
the homomorphism mapping the standard basis vectors fi,..., fr of F':=Z"
to the v;. Then the Cox ring of Zy is K[y N E] where F := F* is the dual
lattice of F' and ~y is the positive orthant in Eg := E ® Q.

Let v be a lattice vector in the support of ¥o. Then there exists a unique

subset A C {1,...,r} and a minimal positive integer m such that
my = Zawi, o € Li>1
icA
is a linear combination with only positive integer coefficients. By (eq,...,er)

we denote the dual basis of (f1,..., fr) and set
E4 := cone(e;; i € A), f= Zaifi € F, c:=lem(ay; i € A).
i€A
and obtain a homogeneous ideal in the Cox ring of Zy and a subscheme Y of
Zy in the sense of [22].

I := (x5 ec€FEalef)=c) CKnrnE]
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Proposition 6.4.1. Let 31 — Xg be the stellar subdivision of the simplicial
fan Xo in cone(v). If Z1, Zy are the toric varieties arising from X1, 3¢ respec-
tively, then Zi is isomorpic to the normalised blow-up of Zo in the subscheme
Y.

Lemma 6.4.2. Let Z be an affine toric variety with corresponding lattice
cone o in N. Consider a subset M C o N N* and the subscheme Y of Z
corresponding to the ideal

(x!; yeM) C K[o" NN

Then the toric variety corresponding to the normal fan N'(o" + conv(M)) is
isomorphic to the normalisation of Bly (Z).

Proof of Proposition Let 0 € ¥o be a cone and denote by B C
{1,...,7} the indices with the property cone(v;) € o™, We denote by R
the Cox ring of Zo and consider the localisation R, at the element [, 5 7;.
Then the regular functions on the affine chart Z (o) are given by the degree
zero part (Ro)o. Moreover, on this chart the subscheme Y is defined by the
respective degree zero part of the localised ideal (I,)o. It is explicitly given
by

(Is)o = <X57k; e€ Eg, k€ Eac, (e,f)=c, e—kE€ Im(P*)>
If A C B holds, which is equivalent to v € o, then this ideal is equal to
(1). For the case A € B, which holds if and only if v ¢ o, consider the
isomorphism of affine algebras
0: KoV N N*] = (Ro)o; ™ TP,
Under this isomorphism the preimage of (I5)o is given by
0 "((I,)o) = {meo'NN* (mv)=c} = M.

Blow-ups are determined locally, so by Lemma [6.4.2| our assertion follows
from

stSubDiv, (¢) = oM N(conv(M)) = N(o + conv(M)).
O
Remark 6.4.3. In the affine case a blow-up is normal if and only if the

ideal corresponding to the center of the blow-up is integrally closed. Criteria
for this are provided in [48] Proposition 1.4.6].

6.5. The Limit Quotient as Blow-up

This section is devoted to the main result and its proof. As before, let
Y € A’K™*! be the affine cone over the Grassmannian Gr(2,n + 1) and
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consider the torus H = (K*)" acting on Y by
h-eo ANe; = hieo N e, h-eiNej = hihje; Nej.

We assert that the normalised limit quotient Y/, H normalises the following
iterated blow-up of P7~'. We set Nz := {2,...,n} and consider a subset
A C N, with at least two elements. Labeling by 1%, S2, ..., T, S, the homo-
geneous coordinates of PP™! we associate to A the subscheme of P7™! given
by the ideal
(T, TjSk — TiSj; i, j, k€A, j<k)

The collection X of corresponding subschemes X4 comes with a partial or-
der given by the schme-theorectic inclusions with Xy, being the minimal
element. A linear extension of this partial order is a total order on X which
is compatible with the partial order.

Theorem 6.5.1. Fiz a linear extension of the partial order on X. Then
the normalised limit quotient Y/, H normalises the blow-up of IP’Tffl in all
the subschemes Xa (i.e. their respective proper transforms) in ascending
order.

Recall that the above action stems from the action of G, on X = P as
shown in Sections and [6.:2] Moreover, keep in mind that the enveloped
quotients V; of X are only subsets of the Mumford quotients of Y. Hence
the non-reductive limit quotient X/ G, in general only is a subset of the
reductive limit quotient. This is reflected in the second step of the following
procedure to obtain X/ G,.

Theorem 6.5.2. The normalised limit quotient X /, G, can be obtained by
the following procedure.

(i) Let X1 be the blow-up of PT' in the subscheme Xn,.

(ii) Let X1 := X1\ E be the quasiprojective subvariety of X1 where E is
the intersection of the proper transform of V(Ta,...,T,) C ]P”f”*1
with the exeptional divisor in Xi.

(iii) Fiz a linear extension of the partial order on X and blow up X| in
the respective proper transforms of the remaining subschemes X a,
A C N in ascending order.

(iv) Normalise the resulting space.

We briefly outline the structure of our proof. For this consider F,, the identity
matrix and

Q = (En, Dr), where Dy, := (e + er)i<j<k<n-

Note that @ is the matrix recording the weights of the coordinates of the
above H-action. We denote the first n columns of ) by wo; and the remaining
ones by wjx. Furthermore, we fix a Gale dual matrix P of @, i.e. a matrix
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with PQ" = 0, and analogously write vo;, vjx for its columns. Denoting by
T the dense algebraic torus of A® K"*! we recall from Section that there
is a normalisation map

Y.H - (YNnT)/H)",

where the latter is the closure in the toric variety associated to the fan ¥ :=
GKZ(P). With this the proof of Theorem will be split into two parts.
As a first step we will prove that the blow-up of P}™' in the subscheme
Xn, yields one of the Mumford quotients X; of Y. This quotient comes
with a canonical embeddeding into a simplicial toric variety Z1, which arises
from a simplicial fan 3; with rays generated by the columns of P. Finally
we show that the iterated stellar subdivision of ¥; and the fan X share
a sufficiently large subfan. This implies that the proper transform of X;
under the corresponding toric blow-ups and the limit quotient Y/, H share a
common normalisation.

In the case n = 2 the normalised limit quotient is the projective line. If we
consider three distinct points the resulting normalised limit quotient is the
unique non-toric, Gorenstein, log del Pezzo K*-surface of Picard number 3
and a singularity of type A1, see [47], Theorem 5.27]. The standard construc-
tion of this surface is the blow-up of three points on P2 followed by the con-
traction of a (—2)-curve. However, we realise it as a single (weighted) blow-up
of P; X Py in the subscheme V (T3, T35, T2S3 — T3S2) where Tb, Sz, T, S3 are
the homogeneous coordinates on Py x Py. Similar to Mg 5 which is isomorphic
to a single Mumford quotient of the cone over the Grassmannian Gr(2,5),
this surface arises as Mumford quotient of the cone over the Grassmannian
Gr(2,4). For higher n an analogous Mumford quotient needs to be blown up
as described above to obtain the limit quotient.

Step 1. Recall that each chamber in the GIT-fan Ay (Y) gives rise to
a set of semistable points admitting a Mumford quotient. We define two
particular chambers and look at their respective quotients. For this consider
the following linear forms on Q™:

flzze“f—zef; f1j1:€T+6;—E€:~
i#1 i#1,j

The zero sets of these linear forms are precisely the walls arising from the
partitions {{1}, N \ {1}} and {{1,7}, N\ {1,5}} of N = {1,...,n} in the
sense of Section [6.2] We define the following two full dimensional cones in
the GIT-fan

Ao = Qn{w e Q"; fi(w) =0},

A= Qn{w e Q™ fi(w) <0, fij(w) >0forj=2,...,n}.
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where € is the support of Ay (Y). While A, lies inside Q* = supp(Ag(Y™))
the cone Ao does not. The two cones are adjacent in the sense that they
share a common facet, namely © Nker(f1). Now consider the corresponding
Mumford quotients X; :=Y" (\;)/H with i =0, 1.

Proposition 6.5.3. In the above notation Xo is isomorphic to P?~'. More-
over, X1 is isomorphic to the blow-up of Xo in the subscheme Xn,.

Recall that A1 € A H(?) gives rise to the enveloped quotient Vi which is the
image of the restricted Mumford quotient Y™"(A\;)NY’ — X;.

Proposition 6.5.4. Let E denote the intersection of the exceptional divisor
of X1 — Xo with the proper transform of V(Ts,...,T,). Then the enveloped
quotient Vi 1s given by X1 \ E. In particular, it is quasiprojective.

Proposition 6.5.5. Let A C N2 be a subset with at least two elements.
Then the cone cone(vy; n C AU{0}) lies in 3o. Moreover, consider the ray

v = cone Z’Uoi+2§:vn

i€A nCA

in the relative interior of the above cone. Let X' be the proper transform
of Xo under the blow-up corresponding to the stellar subdivision of Xo in v.
Then X' is isomorphic to the blow-up of Xo in the subscheme of P?_l given
by

(T?, T;Sk —TuS;j; i, j, k€A, j<k).

We prove Propositions [6.5.3] [6.5.4] and [6.5.5] using the method of ambient
modifications, see [39, Proposition 6.7]. For this note that X, and X1 come
with canonical embeddings into simplicial toric varieties. We provide an
explicit construction, for the general case see [4] Chapter III, Section 2.5].
For the index sets we use the same notation as in Section [6.2}

Viewing /\2 K"*! as the toric variety arising from the positive orthant § in
/\2 Q™! we define a subset as follows. We set
envs(\;) = {I CNo; JCI, )} Cwj C wj for some Y-set J}

as the collection of enveloping sets. Denoting by f,, with n € No the standard
basis vector in A?Q"*! we consider the subfan of &

Y = {cone(fy; n € J); JC Np\I for some I € envs(\;)}

and the corresponding toric variety Z C /\2 K"*!. Then Z admits a good
quotient Z; — Z;; the quotient space is toric again and the quotient mor-

phism corresponds to the lattice homomorphim P: z("+) — 7(3). The fan
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of Z; is given by
3, = {cone(vy; n € No\ I); I € envs(\i)}
We now turn to the embedded spaces. Starting with the embedding Y C

/\2 K" we have Y N Z; = YSS()\i) and the quotient Z: — Z; restricts
to the good quotient Y (\;) — X;. The situation fits into the following

commutative diagram where the vertical arrows are closed embeddings.

/\2 Kn+1 27, Z’L

Proofs of Proposition [6.5.3, [6.5.4 and [6.5.5, We prove the first part of
Proposition For this we set J := No \ {n; n € AU {0}}. With

Proposition 6.2.5|it is easy to see, that .J is a Y-set. Moreover, A C w$ holds.
By definition of ¥ it is now clear that it contains cone(v,; n C AU {0}).

We now perform the ambient modification. For this note that the weight
wo1 is extremal in Ay (Y'), hence we can contract voi. It can be written as a
non-negative linear combination

0 iflen
vo1 = E onUy, where ap = {1 ifoen1¢n .
nENg 2 else

In particular, it lies in the above cone cone(v,; n C {0} U Na2}). The total
coordinate spaces of the embedding toric varieties Zy and Z; are affine spaces,
they are given by

Zo = KNoMOY g 7, = /\2 K+ — gNo.

Furthermore, the ambient modification ¥; — ¥ gives rise to a morphism of
the total coordinate spaces of the respective toric varieties

c: Z1 — Zo; (Tn)neno = (201 Tn)neNp\{0.13-

We label the variables of the total coordinate space Zo by S, ~where n runs
through Np \ {0,1}. Recall that we have a closed embedding Y C Z;. The
vanishing ideal of the image Xo := c(Y) in the Cox ring is given as

<Sij — SOiSlj + SojSu ; 2<1< j < n> C R(ZO)
It turns out that X is in fact isomorphic to the affine space via
K XK = Zo (z,y) = (2., (T3y; — T3Y1)i<j)-

The original H-action on Y descends via ¢ o ¢ to K"™! x K" ! and is
explicitly given by the weight matrix Qo = [Fn—1, Fn—1] where F,_1 is the
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identity matrix. This shows that X is isomorphic to ]P’{“l. For convenience
we summarise the situation in the following commutative diagram.

L K2(n71)

The next step of the proof is the second half of Proposition [6.5.5] From
Proposition we infer that the ideal in O(Zo) = R(Zo) yielding the
center of the blow-up is given by

(8%, Sn; i€A nCA).

If we pullback this ideal via ¢*, then in homogeneous coordinates over ]P’{“1
we obtain

see In the case of the ambient modification of Proposition we
set A = N2 to obtain the assertion. Finally, we turn to Proposition
and determine the enveloped quotient. For this recall that the image of the
categorical quotient in Section was given by Y = (Y \Y") U {0}, see
Proposition [6.2.2] This means that the enveloped quotient V3 C X; is given
as the image of

Y (M)\D — X,

where D := V(So;; i = 1,...,n) C /\2 K™™', The quotient is geometric,
hence the enveloped quotient is Vi = X3\ 7(D). Now consider the subvariety
V(Tz,...,T,) € P*'. Transferring it via ¢ and then taking the proper
transform we obtain the subvariety of X1 given by ( So2,...,Son ) in the Cox
ring R(Z1). The intersection with the exceptional divisor is precisely the set
E ==(D).

O

Step 2. In this step we show that the remaining blow-ups lead to the
limit quotient Y/ H. As before, Q = (En, D) is the matrix recording the
weights of the coordinates of the H-action and we label its columns by wy,
with n € No and Nog = {{4,j}; 0 < i < j < n}. We then have the Gale
dual matrix P with columns denoted by v,. Moreover, ¥; is the simplicial
fan in Z(3) from the preceeding step and we recall that X; = Vss()\l)//H is
embedded into the corresponding toric variety Zi.
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Now let R = {A1, A2} be a true two-block partition of N, i.e. a partition
with |A1], |A2| > 2. To every such partition we associate a ray

VR := cone E voi + 2 E Vjk

i€Ap j<keA;
= cone E vo; + 2 E Vjk
i€As j<k€Ay

Clearly, there exists Ar € {41, A2} with 1 € Ar. From Proposition we
now infer that the cone or := cone(v,; n C {0} U Ag) containing vg in its
relative interior lies in X1.

Note that no two rays lie in the relative interior of the same cone of ¥;.
The above defined collection of rays hence comes with a natural partial order
inherited from the fan >;:

VR < Vs :<= or<0s < Agr C Ags.

We choose a linear extension of this partial order. Beginning with the maxi-
mal ray we then consider the iterated stellar subdivision of ¥; in all the rays
in descending order. The resulting fan we denote by X,.

While it is not true that X, coincides with the GKZ-decomposition ¥ =
GKZ(P), both fans share a sufficiently large subfan. To make this precise let
T be the dense torus of /\2 K"*!. To YNT we can associate its tropical variety
Trop(Y N T), which is the support of a quasifan in A”Q"*!. For a detailed
description of this space see [63]. For our purposes it suffices to know that the
image A := P(Trop(Y NT)) intersects the relative interior cone(v,; n € J)°
of a cone if and only if No \ J is a Y-set, see [65] Proposition 2.3]. We now
define the A-reduction of ¥ as the fan

v2 = {0; 0 < 7 € X for some 7 with 7° N A # 0}.

Note that the relative interiors of all maximal cones of ¥4 intersect A. More-
over, by [65] Proposition 2.3] the closure of (Y NT)/H in the toric variety
corresponding to ¥ is already contained in the toric subvariety defined by
TACE.

Proposition 6.5.6. The A-reduction £ is a subfan of ...

Corollary 6.5.7. The proper transform of the Mumford quotient X1 C Zy
under the toric morphism arising from 3, — 31 and the limit quotient Y/, H
share a common normalisation.
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Proof. For this just note that the following closures coincide and the first
morphism is the normalisation map.
)

YiH - (¥YnT)/H) = (YnT)/H)™ = (¥YnT)/H)™".

0

Remark 6.5.8. In fact, with only minor modifications the Step 2 works for
every Mumford quotient of Y which arises from a fulldimensional chamber A
lying in Q*.

The idea of the proof of Proposition is to give a combinatorial descrip-
tion of the cones in X and to show that these are geometrically nested in
the sense of Section 6.3

For the moment let @ € Mat(k,r;Z) and P € Mat(n, r;Z) be arbitrary Gale
dual matrices. We set R := {1,...,r}. For a subset I C R we denote by 5 C
Q" the cone generated by the e;, i € I and by wr := Q(~vr) its image under
Q. Moreover, if v;, i € R are the columns of P we set o5 := cone(v;; j € J).
A system B of subsets of R is a separated R-collection if any two I;, I € B
admit an invariant separating linear form f, in the sense that

P Q") Cker(f), fiy, =0, fiy, <0, ker(f) Ny, =1, N,

The separated R-collections come with a partial order; for two R-collections
B1, B we write B < By if for every [1 € B there exists I> € By such that
I; C I> holds. A separated R-collection B will be called normal if it cannot
be enlarged as an R-collection and the cones wy, I € B form the normal
fan of a polyhedron. With respect to the above partial order there exists a
unique maximal normal R-collection, namely (R) which consists of all subsets
which are invariantly separable from R. By M we denote the submaximal
normal R-collections in the sense, that (R) is the only dominating normal
R-collection. Finally, for a fixed normal R-collection B let M (B) consist of
those collections of M lying above B.

If P consists of pairwise linearly independent columns, then by [4, Section
I1.2] there is an order reversing bijection

{normal R-collections} — 3; B — ﬂ OR\I-
Ie®
where again ¥ = GKZ(P) is the GKZ-decomposition. It is clear that each

maximal R-collection 2 € M gives rise to a ray ve = [y og\s of X.

Proposition 6.5.9. Let B be a normal R-collection. Then the cone corre-
sponding to B can be written as

n ory = cone (va; A € M(B)).

1eB
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Proof. From the order reversing property of the above bijection it is clear,
that every ray vy with 2 € M(B) lies in ¢ := [y opr\;. Moreover, there
must exists a set of maximal v-collections N' C M such that the extremal
rays of o are precisely the vy with 2l € . Again from the above bijection we
know that this means 2 > 8. The assertion then follows from the maximality
of 2. g

We now return to our special case where @ = (E,, D») holds and the index
set R equals Ng. We are interested in a description of the submaximal
collections M(B) where B consists of Y-sets. The reason is the following
Proposition.

Proposition 6.5.10. Let B be a normal No-collection and suppose that its
associated cone ﬂ]e% ONo\I 18 a mazimal cone in S2. Then B is a collection
of Y -sets.

Proof. Since (Vg onp\1)° N A # 0 holds the same is true for every oxy\;
with I € B. By [65], Proposition 2.3] this implies that B is a collection of
F-faces. O

Proposition 6.5.11. Suppose that B is a normal Nq-collection of Y -sets
and A € M(B) is a submazimal collection dominating it. Then 2 is of either
one of the following types.

(i) The collections (I) where I := Ng \ {n} for some n € N.
(ii) The collections (I, I2) where I; :== {n; nNA; # 0} for a two-block
partition R = {A1, A2} of N.

Moreover, if a collection of the second type lies over B, then B contains the
set Jo:={n; Ainn#0 fori=1,2}.

Since every collection of the first type is uniquely determined by the element
n, we write it as 2,,. The ray g, of ¥ corresponding to this submaximal
collection is generated by v,,.

If a submaximal collection is of the second type, then it is characterised by the
partition R of N; for it we write 2r. Moreover, the associated ray arises as
intersection of on,\ 7, and on\1,- We now have to discriminate two cases. If
the partition R is of the form [¢] := {{i}, N\ {¢}}, then the corresponding ray
0[] = Qo is generated by wvo;. Otherwise, if R is a true two-block partition,
by [11 Proposition 4.1] we know that this ray is precisely vg, which was
defined at the beginning of Step 2.

Proof of Proposition Consider an I € 2 such that wy is full dimen-
sional. We now discrimnate two cases. For the first case assume that wy = Q
holds. Since 2 is submaximal, I = Ng \ {n} for some n € No. If we had
0 € i, then wr would be a proper subset of 2.
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We turn to the second case where wr C €2 holds. Then there exists an I’ € 2
such that wy/ is a facet of wr and wj, NN is non-empty. Since B cannot be
enlarged as Ny-collection, there moreover exist .J, J' € 9B such that

w7 C wy, wys is a facet of wy, wp Nwg # 0.

Now wy- is a subset of one of the walls of A (Y). Thus, from Theorem
we know that there exists some partition {Ai1, A2} of N such that J is a
subset of Jo := {n; A;Nn# 0 for i = 1,2}. We now claim that J' equals Jo.

For this let i1 € A1,i2 € A2 be two indices. Since wjs is of dimension n — 1,
there exist i) € A1, i5 € Aa such that {i1,i5} and {i2,41} lie in J'. From
the inclusion J' C Jo we know that {i1,4]} does not lie in J’, hence from the
characterisation of Y-sets in Proposition it follows that {ihiz} lies in
J’. This proves our claim.

Now let 21’ be the normal R-collection consisting of all faces which are in-
variantly separable from

{n; nN AL #0}y  and  {n; nN Az # 0}

Then 2 is submaximal and the assertion follows if we show that 2A < 2’
holds. For this note that wjs is the intersection of 2 with the zero set of

l:= E e; — g er.
1€EA] 1€As

Since the collection {wk; K € A} forms a fan with support €, for every cone
wrk, K €2 we have l|,,, > 0 or [, <0. This implies that 2 < A’ holds.

O

Recall that we want show that the (maximal) cones of ¥* are geometrically
nested in the sense of Section [6.3| and hence lie in X,.. The relevant property
of the corresponding Ny-collections shall be discusses in the sequel.

Let R = {A:1,A>} and S = {Bi1, Bz} be two-block partitions of N and
n € Ngo. We then call the pair {n, R} compatible if n lies in Ay or in As.
Moreover, we call {R,S} compatible, if there exist i,j € {1,2} such that
A; C Bj; holds. The pairs of submaximal collections {2, 2r} and {2g,2As}
are compatible, if the corresponding pairs {n, R} and {R, S} are compatible.

Proposition 6.5.12. Let B be a normal No-collection of Y -sets. Then the
submazimal collections in M(B) are pairwise compatible.

Proof. Let 2,,,Ar > B be two submaximal collections with R = {4, A}.
Then {i,j} := n is contained in no I € B. However, the cones wr, I € B
cover 2. Since w;; = wo; +wo; is the only positive linear combination of w;j,
the sets {0,4}, {0, 7} must lie in a common I € %B. From the characterisation
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in Proposition [6.5.11{(ii) we can now infer that without loss of generality
i,j € A1 holds and this implies compatibility of n with R.

Suppose we have 2g,2s > B with R = {A1, A2} and S = {B1, B2}. From
Proposition [6.5.11] we infer that the set Jo = {n; nNA; # 0 for i = 1,2} lies
in B. This means that Jy lies in one of the maximal sets of 2(s. In other
words, there exists j such that

nNAL #0 and nNAs #0 E nN B; £ 0.

This implies that there exists ¢ such that A; C B; holds and hence {R, S} is
compatible. O

The final thing we show is that the cones defined by compatible submaximal
collections are geometrically nested in the sense of Section [6.3} For this we
define S as the collection of two-block partitions of N and set S>2 as the
subcollection of true two-block partitions, i.e. the partitions {A1, A2} with
|Avl, [Az| > 2.

We set V = {0,; 1 € No} as the set of rays of ¥1. Keep in mind that the rays
0oi stem from the partitions [i] = {{i}, N\ {i}}, hence we have go: = oy;

Moreover, we define S := {or; R € S>2} as the collection of cones in ¥
associated to true two-block partitions. This is precisely the collection of
cones containing the rays vg in their relative interiors.

Lemma 6.5.13. Consider the collection of cones
C:={oy, or; Ap,Ar € N} for some N C{Ay, Ar; n€ N, R S}
If any pair in N is compatible, then C is geometrically nested in VU S.

Proof. Consider a subset H C C of imcomparable elements with || > 2.
Moreover, take S’ C S to be a non-empty conjunct subset. Assuming that

O'Z:ZT = 27621
TeS’! TEH

holds we have to show that there exist an incompatible pair in V.
Recall that the cones of S = {or; R € S>>} have the form
or = cone(vy; n C {0} U ARg) where 1¢ Ar € R.

Consider two cones 01,02 € 31 such that their sum lies in ¥; as well. Since
3}, is simplicial, the rays of o1 + o2 are precisely given by the union of the
rays of o1 and 2. In particular, if ¢ is a ray of some 7 € H, then there exists
7' € 8 such that p is a ray of 7’. Clearly, the same is true with % and S’
exchanged.
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If [HNS| = 0 holds, i.e. H is a subset of V, then one easily sees that there exist
01, 0i € H. Clearly, 1] and {¢,j} are incompatible, hence A, A3 € N
are the incompatible partitions.

We consider the case |HNS| =1 and denote the single cone in H NS by or.
Since |H| > 2 holds there exists an element o € H NV. We distinguish two
subcases.

In the first case let this ray be of the form ¢ = gf;. Then we find o5 € &'
with ¢ < 0s. From the special form of the cone or we know that there also
exists j € N with ¢;; < 0s. By the assumption made on H we have gf;; # or;
and the special form of or then means that also ¢;; # or holds. Hence g;;
lies in H and Ay, Ay;,;3 € N are the incompatible collections.

In the second case where o = g;; holds we again find os € S’ with 0;; < 0s.
From the special form of the cone s we know that both gf;; and gf;; are rays
of os. Since g;; # or holds, at least one of the rays gp;, o; is not a ray
of or. Without loss of generality this implies that again ;) lies in H and
App, Agi 3 € N are the incompatible collections.

Now we assume that |H N S| > 2 holds. Then there exist or, 05 € HNS.
For n,{ € N let g, < or and g¢ < 05 be rays such that g, £ 05 and o¢ £ or
hold. Since &’ is conjunct, we find &1, ...,&. € N with

& =1, &=, ¢, X O and &N #0.

Let i’ be the smallest index, for which 0¢,, is not a ray of or. If g¢,, lies in H,
then we know g¢,, # or holds. This means that §; and R are incompatible.
If o¢,, does not lie in H, then there exists an or/ € H such that g¢, is a ray
of op/. This implies that R and R’ are incompatible. O

Proof of Proposition Consider the cone ¢ € 2. In order to show
show that o lies in ¥, we can without loss of generality assume that o is
maximal. Let B be the associated normal INg-collection with

g = ﬂO’NO\I.

Ie®

By Propositions [6.5.10] [6.5.12] we know that M (B) is a set of compatible

normal Ny-collections. Furthermore, by Proposition [6.5.9
o = cone(vy; A € M(B)) = cone(p, vr; 0€VNC, or € SNC)

holds. Lemma [6.5.13|shows that C = {g,, or; Ay, Ar € M(B)} is geomet-
rically nested in V US. And finally, from Proposition we infer that o
lies in X,. O

Proof of Theorem|[6.5.1} The Theorem now follows directly from Proposi-

tion [6.5.3] and Corollary 35 7 O
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Proof of Theorem As in the reductive case we performed the first
blow-up in Proposition In Proposition determined the subset of
X, that has to be removed due to the fact that the morphism k: K2 —
A?K"*! is not surjective. Finally the remaining blow-ups are performed as
in the reductive case, see Corollary g









7-collection, g

true7
F-face, [7¢6]
algebra

sheaf of divisorial, [9]
almost free,
ambient modiﬁcation,@
ample cone,

blow-up, @

building set,

canonical embedding,
character, [T1]
characteristic space, @
Chow form, |28}
Chow point,
Chow quotient, 30 321 B3]
Chow variety,
coarsest common refinement, E
collection, (94
7, [L8} [60)
enveloping, [16]
normal, [18] |60} @
separated, |94]
submaximal, [I8]
compatible, 97|
complete,
cone, [12]
lattice,
conjunct, [81]
contraction, (44}
Cox construction,

Cox ring, @ B4 BT

cox ring,

degree,
diagonal,
distributive, 4]
divisor

ample,
Cartier,

125

INDEX

class group,

effective,
principal, -
Weil, [9]

enveloped quotient,
enveloping collection,
enveloping quotient,
extension, [44] [B1]

face,
facet,

factorially graded, 4

fan,

GIT, [75]
lattice,
Gale dual,
GIT-fan, [21} |75

ample,
GIT-limit, |24] [33]
GIT-system, [24]
GKZ-decomposition, [17] . m @
good G-set, -
good quotlent [N}
graded

ideal,
Grassmannian, [28] B7 [731 [75] [B9]
group

affine-algebraic, @

character,

divisor class, [9]

free,

non—guctive,

Picard, [9]

reductive, E

harmonious, @
Hilbert’s Finiteness Theorem,
@n

Hilbert’s fourteenth problem,
hyperplane,

invariant algebra,
invariants,

inverse limit,

inverse system, (B2



126

join, [BT]

lattice cone,
lattice fan, [13]

limit quotient, |25} [30]
linear extension, 89

linearisation, [I9H21} m
meet, [BT]

Mori Dream Space, m @ @ @
57

Nakayama Lemma,

neat,

nested, [36l 98] o7
geometrically,

Newton polytope, [17]

non-reductive, [33]

normal collection,

orbit cone,

partition, m

true,

two—b%k, B7
Picard group,
Pliicker relations,
point configuration, [7]1]
pointed,
prime,

proper transform, [50] [51} [B7] [94]
qp-maximal, [20] 22]

quadric,
quasicoherent,
quasitorus, [T1]
quotient
categorical,
Chow, [29]

relative spectrum,
relevant faces, [T5]

resolution
weakly tropical,
ring

Cox, [1I0]

saturated, [20]
semilattice,
semistable, [20]

finitely generated, @
sheaf, [49]

Cox, [10] [38]

direct image,

inverse image,

| 32} B3} 36} B9

invertible,
of divisor Ox-algebras, [3§|
of divisorial algebras, [g]
of ideals, @
quasicoherent,
star, |30
stellar subdivision,
strict transform,
submaximal,
support, [I3]

toric variety, [[2]

torus, [T]

total coordinate space,
tropical variety,

universal property
inverse limit, [23]
limit quotient,
of blow-ups, [86]
of good quotients, [I2]

variety
Chow,
toric, |12)]

tropical, [I7 [93]

weak lifting,

weakly tropical, [64]

weakly tropical resolution, @
weight cone,



(1]

BIBLIOGRAPHY

A. A’Campo, J. Hausen, and S. Schréer. Homogeneous coordinates and quotient
presentations for toric varieties. Math. Nachr., 246/247:5-19, 2002.

M. Artebani, J. Hausen, and A. Laface. On Cox rings of K3 surfaces. Compos.
Math., 146(3):964-998, 2010. MR2660680.

I. Arzhantsev. Affine embeddings of homogeneous spaces. In Surveys in geometry
and number theory: reports on contemporary Russian mathematics, volume 338
of London Math. Soc. Lecture Notes Series, pages 1-51. Cambridge Univ. Press,
Cambridge, 2007. MR2306139.

I. Arzhantsev, U. Derenthal, J. Hausen, and A. Laface. Coz rings. 2011. arXiv:
1003.4229v2[math.AG].

I. Arzhantsev, U. Derenthal, J. Hausen, and A. Laface. Cox rings. 2011. arXiv:
1003.4229v1 [math.AG].

I. V. Arzhantsev, D. Celik, and J. Hausen. Factorial algebraic group actions and
categorical quotients. J. Algebra, 387:87-98, 2013.

I. V. Arzhantsev and J. Hausen. Geometric invariant theory via Cox rings. J. Pure
Appl. Algebra, 213(1):154-172, 2009.

H. Béaker. On the Cox ring of blowing up the diagonal. preprint: arXiv:1402.5509.

] H. Baker. Point configurations and translations. preprint: arXiv:1311.2711,

H. Béaker. Good quotients of Mori dream spaces. Proc. Amer. Math. Soc.,
139(9):3135-3139, 2011.

H. Baker, J. Hausen, and S. Keicher. On Chow quotients of torus actions. preprint:
arXiv:1203.3759.

B. Bechtold. Fatorially graded rings and Cox rings. preprint: arXiv:1201.3773,

F. Berchtold and J. Hausen. Homogeneous coordinates for algebraic varieties. J.
Algebra, 266(2):636-670, 2003.

F. Berchtold and J. Hausen. GIT-Equivalence beyond the ample cone. Michigan
Mathematical Journal, 54(3):483-515, 2006.

M. Bernal. Relations in the Cox ring of Mg . Ph.D.-thesis http://homepages.
warwick.ac.uk/staff/D.Maclagan/papers/BernalThesis.pdf,

A. Biatynicki-Birula. Finiteness of the number of maximal open subsets with good
quotients. Transform. Groups, 3(4):301-319, 1998.

M. Brion and F. Knop. Contractions and flips for varieties with group action of
small complexity. J. Math. Sci. Univ. Tokyo, 1(3):641-655, 1994.

A.-M. Castravet. The Cox ring of Mg 6. Trans. Amer. Math. Soc., 361:3851-3878,
2009.

A.-M. Castravet and J. Tevelev. Mo,n is not a Mori Dream Space. preprint: arXiv:
1311.7673.

127


arXiv:1003.4229v2 [math.AG]
arXiv:1003.4229v2 [math.AG]
arXiv:1003.4229v1 [math.AG]
arXiv:1003.4229v1 [math.AG]
arXiv:1402.5509
arXiv:1311.2711
arXiv:1203.3759
arXiv:1201.3773
http://homepages.warwick.ac.uk/staff/D.Maclagan/papers/BernalThesis.pdf
http://homepages.warwick.ac.uk/staff/D.Maclagan/papers/BernalThesis.pdf
arXiv:1311.7673
arXiv:1311.7673

128

(20]

(21]

(22]
(23]

(24

(25]

(26

[27

(28]

(29]

(30]

(31]

(32

(33]
(34]
[35]
(36]

(37

38]
(39]
(40]
(41]
(42]
(43]
(44]

[45]
[46]

A.-M. Castravet and J. Tevelev. Hilbert’s 14th problem and Cox rings. Compos.
Math., 142(6):1479-1498, 2006.

W.-L. Chow and B. L. van der Waerden. Zur algebraischen Geometrie. IX. Uber zu-
geordnete Formen und algebraische Systeme von algebraischen Mannigfaltigkeiten.
Math. Ann., 113:692-704, 1937.

D. Cox. The homogeneous coordinate ring of a toric variety. J. Algebraic Geom,
4(1):17-50, 1995.

A. Craw and D. Maclagan. Fibre fans and toric quotients. Discrete Comput. Geom.,
37(2):251-266, 2007.

I. Dolgachev and Y. Hu. Variation of geometric invariant theory quotients. Inst.
Etudes Sci. Publ. Math., 87:5-56, 1998. with an appendix by Nicolas Ressayre.

B. Doran and F. Kirwan. Towards non-reductive geometric invariant theory. Pure
Appl. Math. Q., 3(1, part 3):61-105, 2007.

D. Eisenbud and J. Harris. The dimension of the Chow variety of curves. Compositio
Math., 83(3):291-310, 1992.

D. Eisenbud and J. Harris. The geometry of schemes, volume 197 of Graduate Texts
in Mathematics. Springer-Verlag, New York, 2000.

E.-M. Feichtner and D. N. Kozlov. Incidence combinatorics of resolutions. Selecta
Math. (N.S.), 10(1):37-60, 2004.

I. M. Gelfand, M. M. Kapranov, and A. V. Zelevinsky. Discriminants, resul-
tants and multidimensional determinants. Modern Birkh&user Classics. Birkh&user
Boston Inc., Boston, MA, 2008. Reprint of the 1994 edition.

A. Gibney and D. Maclagan. Equations for Chow and Hilbert quotients. Algebra
Number Theory, 4(7):855-885, 2010.

M. Goresky and R. MacPherson. On the topology of algebraic torus actions. In
Algebraic groups Utrecht 1986, volume 1271 of Lecture Notes in Math., pages 73—
90. Springer, Berlin, 1987.

S. Goto, K. Nishida, and K. Watanabe. Non-Cohen-Macaulay symbolic blow-ups
for space monomial curves and counterexamples to Cowsik’s question. Proc. Amer.
Math. Soc., 120(2):383-392, 1994.

F. Grosshans. Observable groups and Hilbert’s fourteenth problem. Amer. J. Math.,
95:229-253, 1973.

F. D. Grosshans. Algebraic homogeneous spaces and invariant theory, volume 1673
of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1997.

W. Gubler. A guide to tropicalisations. preprint: arXiv:1108.6126.

J. Harris. Algebraic geometry, volume 133 of Graduate Texts in Mathematics.
Springer-Verlag, New York, 1995. A first course, Corrected reprint of the 1992 orig-
inal.

R. Hartshorne. Algebraic geometry. Springer-Verlag, New York, 1977. Graduate
Texts in Mathematics, No. 52.

J. Hausen. Geometric invariant theory based on Weil divisors. Compos. Math.,
140(6):1518-1536, 2004. MR2098400.

J. Hausen. Cox rings and combinatorics II. Moscow Mathematical Journal,
8(4):711-757, 2008.

J. Hausen, S. Keicher, and A. Laface. Computing cox rings. preprint: |arXiv:1305.
4343,

J. Hausen and M. Liebendorfer. The Cox ring of the space of complete rank two
collineations. Math. Nachr., 285(8-9):974-980, 2012.

J. Hausen and H. Siif. The Cox ring of an algebraic variety with torus action. Adv.
Math., 225(2):977-1012, 2010.

S. Herrmann. On the facets of the secondary polytope. Journal of Combinatorial
Theory, Series A, 118(2):425-447, 2011.

S. Herrmann and M. Joswig. Totally splittable polytopes. Discrete Comput. Geom.,
44(1):149-166, 2010.

Y. Hu. Topological aspects of Chow quotients. J. Diff. Geom., 69(3):399-440, 2005.
Y. Hu and S. Keel. Mori Dream Spaces and GIT. Michigan Math. Journal, 48:331—
348, 2000. MR1786494.


arXiv:1108.6126
arXiv:1305.4343
arXiv:1305.4343

129

(47]

(48]

(49]

(50]

(51]

[52)
[53]

(54]

(55]

(56]

(57]
(58]

(59]

(60]

(61]

[62)
[63]

[64]
(65]

(66]

(67]

E. Huggenberger. Fano Varieties with Torus Action of Complexity One. Ph.D.-thesis
http://nbn-resolving.de/urn:nbn:de:bsz:21-opus-69570.

C. Huneke and I. Swanson. Integral closure of ideals, rings, and modules, volume
336 of London Mathematical Society Lecture Note Series. Cambridge University
Press, Cambridge, 2006.

M. Kapranov, B. Sturmfels, and A. Zelevinsky. Quotients of toric varieties. Mathe-
matische Annalen, 290(4):643-655, 1991.

M. M. Kapranov. Chow quotients of Grassmannians. I. In I. M. Gel’fand Seminar,
volume 16 of Adv. Soviet Math., pages 29-110. Amer. Math. Soc., Providence, RI,
1993. MR1237834.

M. M. Kapranov, B. Sturmfels, and A. V. Zelevinsky. Chow polytopes and general
resultants. Duke Math. J., 67(1):189-218, 1992.

F. Knop, H. Kraft, and T. Vust. The picard group of a G-variety. In Algebrais-
che Transformationsgruppen und Invariantentheorie, volume 3 of DMV Seminar,
pages 77-87. Birkhauser, Basel, 1989. MR1044586.

A. Losev and Y. Manin. New moduli spaces of pointed curves and pencils of flat
connections. Michigan Math. J., 48:443-472, 2000. Dedicated to William Fulton on
the occasion of his 60th birthday.

S. Mukai. Geometric realization of T-shaped root systems and counterexamples to
Hilbert’s fourteenth problem. In Algebraic transformation groups and algebraic
varieties, volume 132 of Encyclopaedia Math. Sci., pages 123-129. Springer, Berlin,
2004.

D. Mumford, J. Fogarty, and F. Kirwan. Geomtric invariant theory, volume 34 of
Ergebnisse der Mathematik und ihrer Grenzgebiete. Springer, Berlin, 3rd edition,
1994.

M. Nagata. On the fourteenth problem of Hilbert. In Proc. Internat. Congress
Math. 1958, pages 459-462. Cambridge Univ. Press, New York, 1960.

S. Okawa. On images of Mori dream spaces. preprint: arXiv:1104.1326.

J. C. Ottem. On the Cox ring of P? blown up in points on a line. Math. Scand.,
109(1):22-30, 2011.

P. Roberts. An infinitely generated symbolic blow-up in a power series ring and a
new counterexample to Hilbert’s fourteenth problem. J. Algebra, 132(2):461-473,
1990.

M. Rosenlicht. Some basic theorems on algebraic groups. Amer. J. Math., 78:401—
443, 1956.

I. R. Shafarevich. Basic algebraic geometry. Springer-Verlag, New York, 1974.
Translated from the Russian by K. A. Hirsch, Die Grundlehren der mathematis-
chen Wissenschaften, Band 213.

D. A. Shmelkin. First fundamental theorem for covariants of classical groups. Adv.
Math., 167(2):175-194, 2002.

D. Speyer and B. Sturmfels. The tropical Grassmannian. Adv. Geom., 4(3):389-411,
2004.

H. Sumihiro. Equivariant completion. J. Math. Kyoto Univ., 14:1-28, 1974.

J. Tevelev. Compactifications of subvarieties of tori. Amer. J. Math., 129(4):1087—
1104, 2007.

M. Thaddeus. Geometric invariant theory and flips. J. Math. Amer. Math. Soc.,
9(3):691-723, 1996.

J. Winkelmann. Invariant rings and quasiaffine quotients. Math. Z., 244(1):163-174,
2003.


http://nbn-resolving.de/urn:nbn:de:bsz:21-opus-69570
arXiv:1104.1326




DANKSAGUNGEN

-
= B & Ko}
3 B S| = 5
= g =~ <
T |2 o =
< % =l o | e~ =}
sl 512 a s | 2R =]
R SN e B - I R
= < | < | < = ==l x| A
fachliche Unterstiitzung | vf* »/H v
moralische Unterstiitzung > V| v vV
Inspiration | v/ ViV \/1°|
Korrekturlesen | v/ | v | vV | V
Kinderbetreuung v /ﬂ \/Fl
Versténdnis V1o

INicht iiberall, wo keine Fufinote steht, gibt es nichts zu sagen. Ich mdchte allen denjeni-
gen danken, die mir direkt oder indirekt bei dem Schreiben dieser Arbeit geholfen haben
oder Interesse dafiir gezeigt haben, was ich den ganzen Tag so mache.

2Vielen Dank sowohl fiir die gute Atmospére als auch fiir die inhaltliche Unterstiitzung,
die meine Promotionszeit sehr viel angenehmer gemacht haben.

3Vielen Dank fiir die hervorragende Betreuung und die Moglichkeit, quasi immer mit
irgendeiner Frage ankommen zu kénnen.

4Fiir das aufmerksame Lesen meiner Diss und die Korrektur zahlreicher Tippfehler.
54So schlecht ist die Welt nicht!”

6Danke an den anonymen, fiir sein Job vollkommen ungeeigneten DHL-Angestellten,
dessen mangelndes Verstdndnis fiir die internen DHL-Abldufe mich zu einem
einstiindingen Spaziergang durch Tiibingen zwang. Wahrenddessen hatte ich die Idee

"Danke dafiir, dass ihr euch regelméfig um den einen oder auch beide gekiimmert und
uns ein bisschen Luft zum Arbeiten verschafft habt.

8Dje Unikita im Fichtenweg gehort zu den besten in Tibingen! Ich bin froh, Julian in
so guten Handen zu wissen.

9vor allem fiir meine zeitweise nur sporadische Anwesenheit

10«gcience demands nothing less than the fervent and unconditional dedication of our
entire lives.” Ich danke meiner Familie dafiir, selbst im Kino ertragen zu haben, wenn
man noch mal kurz einen Beweis aufschreiben muss. Oder wenn man als 6-monatiger
Saugling seinem Papa beim Erzahlen iiber stellare Unterteilungen zugehéren muss.



	Introduction
	Chapter 1. Basic Notation
	1.1. The Cox Ring
	1.2. Geometry of the Cox Construction
	1.3. The toric Cox Construction
	1.4. Bunched Rings
	1.5. The GKZ-Decomposition

	Chapter 2. Quotients
	2.1. Variation of GIT-Quotients
	2.2. The GIT-Limit and the Limit Quotient
	2.3. The Chow Quotient
	2.4. Comparing Chow and Limit Quotient
	2.5. The non-reductive GIT-Limit

	Chapter 3. Cox Rings and Good Quotients
	3.1. Good Quotients of Mori Dream Spaces
	3.2. Proof of Theorem Proof of Theorem 3.1.2
	3.3. Proof of Theorem Proof of Theorem 3.1.1

	Chapter 4. Cox Rings and Blow-ups
	4.1. Toric ambient Modifications
	4.2. On blowing up the Diagonal
	4.3. Proofs of Theorems 4.2.1 and 4.2.2

	Chapter 5. Chow Quotients of Quadrics
	5.1. The Cox Ring of the Chow Quotient
	5.2. Proof of Theorem 5.1.3
	5.3. Proof of Theorem 5.1.2

	Chapter 6. Point Configurations and Translations
	6.1. A Compactification of the non-reductive Limit Quotient
	6.2. Point Configurations on P1 and Translations
	6.3. Combinatorial Blow-ups
	6.4. Stellar Subdivisions and Blow-ups
	6.5. The Limit Quotient as Blow-up

	Index
	Bibliography

