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Preface

The main subject of this thesis is to analyze the incompressible Navier-Stokes-Nernst-Planck-
Poisson system for bounded domains 2 C R®. Such a system is used as a model in electrohydro-
dynamics or physicochemical models. First, we verify existence of weak and strong solutions.
Moreover, we are able to characterize the weak solutions by an energy and an entropy law. The
concentrations in the Nernst-Planck equations additionally are non-negative and bounded in
L>(Qr). These results motivate to construct convergent space-time discretizations based on
low order finite elements, where solutions of the discrete problem preserve the characteristic
properties from the continuous context.

For this purpose, we first introduce an energy based and an entropy based approximation for the
simpler Nernst-Planck-Poisson sub-system which is also called the van Roosbroeck equations in
the semiconductor theory. The main focus is to study qualitative properties of the two discretiza-
tion strategies at finite discretization scales, like conservation of mass, non-negativity, discrete
maximum principle, decay of discrete energies and entropies to study long-time asymptotics.
The energy based scheme uses the M-matrix property to prove non-negativity and boundedness
of iterates. Here, we have to assume more regular initial data in order to verify a perturbed
entropy law. This deficiency for the entropy behavior is resolved by an entropy based scheme
allowing for an entropy inequality without any additional assumptions. However, in turn, the
latter scheme suffers from weaker results, such as quasi-non-negativity, and the lack of a discrete
maximum principle.

These results suggest to follow the energy based approach for the coupled incompressible Navier-
Stokes-Nernst-Planck-Poisson system. The main obstacle here is the lack of regularity of velocity
fields from the Navier-Stokes equations which makes the verification of the M-matrix property
in the Nernst-Planck-Poisson part more difficult. We therefore regularize the discrete momen-
tum equation by an additional term such that the incompressible Navier-Stokes equations arise
as the limit of the discrete problem. Main results then include non-negativity, conservation of
mass, and a discrete maximum principle for concentrations, and a discrete energy and (in two
dimensions) a discrete entropy law for iterates which solve a nonlinear algebraic problem: A
fixed-point scheme is introduced for both, theoretical and practical purposes to solve the nonlin-
ear problem together with an appropriate stopping criterion. Overall convergence of solutions to
weak solutions of the incompressible Navier-Stokes-Nernst-Planck-Poisson equations is shown.
We conclude with the verification of optimal convergence rates for a suggested time-splitting
scheme whose iterates converge to (locally existing) strong solutions of the electrohydrodynamic
system.

At the end we compare the energy based scheme and the splitting scheme by numerical experi-
ments.
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Zusammenfassung

In dieser Arbeit werden unter den Aspekten der Modellierung, Analysis, und Numerik die
grundlegenden elektrohydrodynamischen Gleichungen im Fall wissriger Losungen untersucht.
Diese Gleichungen werden hergeleitet und notwendige Annahmen fiir deren Giiltigkeit spez-
ifiziert. Der analytische Teil der Arbeit verifiziert die Existenz von schwachen und starken
Losungen, fiir die ein Energie- und Entropieprinzip nachgewiesen werden; zusétzlich sind die
Losungen der Nernst-Planck Gleichungen beschrinkt in L°°(Q7) und nicht-negativ.

Das Ziel der Arbeit ist es nun, diese charakteristischen Eigenschaften der Lésungen aus dem kon-
tinuierlichen Kontext ins Diskrete zu {ibertragen mithilfe einer raumzeitlichen Diskretisierung,
die finite Elemente niedriger Ordnung verwendet. Dafiir filhren wir ein energie- und ein en-
tropiebasiertes Verfahren fiir das Nernst-Planck-Poisson Teilsystem ein. Die Verifikation der M-
Matrix Eigenschaft einer Fixpunkt-Iteration zur Losung der diskreten Nernst-Planck Gleichun-
gen liefert die Nicht-Negativitit und die Beschrénktheit in L>°(Q7) der zugehérigen Losungen.
Anschliessenden verifizieren wir ein diskretes Energie- und Entropieprinzip. Da das Entropiege-
setz leicht gestort ist, untersuchen wir ein zweites entropiebasiertes Verfahren, welches ein
ungestortes Entropieprinzip ermdglicht. Jedoch bekommen wir nur noch Quasi-Nicht-Negativitit
der Konzentrationen, und ein diskretes Maximumprinzip fehlt.

Wegen seiner stirkeren Resultate erweitern wir das energiebasierte Verfahren auf das ganze elek-
trohydrodynamische System und kénnen damit alle charakteristischen Eigenschaften schwacher
Losungen auf die finiten Elemente Losungen iibertragen. Die Hauptresultate sind damit Nicht-
Negativitat, Massenerhaltung, und die Beschrinktheit der Konzentrationen, und ein diskretes
Energie- und (in zwei Dimensionen auch) ein diskretes Entropiegesetz fiir die Iterierten, welche
ein nichtlineares algebraisches Problem 16sen: Wir verwenden einen Fixpunktalgorithmus zusam-
men mit einer geeigneten Abbruchbedingung um sowohl theoretische als auch numerische Resul-
tate zu erhalten. Es wird die Konvergenz der so erhaltenen Losungen gegen schwache Losungen
der inkompressiblen Navier-Stokes-Nernst-Planck-Poisson Gleichungen gezeigt. Anschliessend
verifizieren wir optimale Konvergenzraten fiir ein effizientes Splitting-Verfahren, dessen Iterierte
gegen starke Losungen konvergieren.

Am Ende vergleichen wir mittels numerischer Experimente den energiebasierten Fixpunktalgo-
rithmus mit dem Splitting-Verfahren.
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Chapter 1

Introduction

1.1 The Model

We introduce the electrohydrodynamic model that consists of the incompressible Navier-Stokes
equations

ou+ (u-Vi)u—Au+Vp=»£f inQp

(1.1.1) diva=0 in Qp
u=0 on 90 x (0,T)
where fo (= — (n+ — n‘)VzZ) is the Coulomb force, and ¥ = ¥ + 11, the sum of the internal and

external electrostatic potential. To macroscopically describe the density of charged particles, we
use the Nernst-Planck equations

ot —div (n*Vy) —AnT + (u-V)nt =0  inQp

(Jpt,m) =0 on 092 x (0,7T)
on” +div(n"VyY) —An" +(u-V)n" =0  inQp

(Jp—,m) =0 on 092 x (0,7T)

(1.1.2)

where J,+ 1= +nTV)—VnT+un® are the fluxes of n*. Finally, the quasi-electrostatic potential
produced by the concentrations n™ and n~ is obtained by the Poisson equation

—Atpg=nt —n~ in Qp
(Vipg,n) =0 on 90 x (0,T).

The derivation of the system (1.1.1)—(1.1.3) is given in Chapter 2 (Navier-Stokes equations) and
in Chapter 3.1.1 (Nernst-Planck-Poisson equations). This electrokinetic model finds applications
in the areas of colloidal chemistry, micro- and nano-fluids, also known as electrohydrodynamics.
In colloidal chemistry, one is mainly interested in an accurate description of the aggregation-,
separation-, and sedimentation behavior of charged colloidal particles. The research in micro-
and nano-fluids or electrohydrodynamics is forced to optimize the micro- and nano-fluidic devices
fulfilling separation, mixing and pumping tasks due to the growing demand of complexity. Hence,
there is a great interest in computational models to improve the design of such devices. The
success of these research fields bases heavily on a better understanding of the electroosmotic and
electrophoretic phenomena occurring in such fluids. These phenomena are explained in Chapter
5.1. The main interest in the investigations in Chapter 3 through 5 is to provide finite element
based discretizations that converge to weak solutions of the model (1.1.1)-(1.1.3) on one hand
while preserving relevant properties of weak solutions in a fully discrete setting, and to propose
an efficient finite element scheme to approximate strong solutions of the system (1.1.1)-(1.1.3)
at optimal rates on the other hand.

(1.1.3)
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1.2 Available and New Results

A related earlier work is [64], where a simplified model based on the additional volume additivity
constraint nt 4+ n~ = 1 is studied — which e.g. immediately implies the boundedness of n* in
L>°(Qp). This property of the solutions yields the estimates to verify existence and uniqueness
of weak solutions. Chapter 3 presents for the first time existence of weak and strong solutions,
an energy, and an entropy law, where such a volume additivity is neglected. There are no results
in the literature concerning the numerics of the whole system (1.1.1)-(1.1.3). However, by
considering only certain parts, as the Navier-Stokes equations or as the Nernst-Planck-Poisson
system, one finds the following analytical and numerical results.

For the analysis of the incompressible Navier-Stokes equations we refer to P.L. Lions [50]
and R. Temam [75]. The weak convergence of iterates of (1.1.1) using implicit Euler schemes
and stable finite elements can be found in the book of R. Temam [75]. The strong convergence
of implicit and stable (space-) discretizations with optimal rates are shown in the article [3§]
of J.G. Heywood and R. Rannacher. Finally, optimal convergence rates of the splitting scheme
introduced by A. Chorin respectively R. Temam in 1960 are verified in the book of A. Prohl
[61].

The Nernst-Planck-Poisson system (1.1.2)—(1.1.3) is analyzed in [14, 32|. This system is also
referred to as the van Roosbroeck equations in the context of semiconductors. The numerical
analysis mainly concentrates on the stationary version of (1.1.2)-(1.1.3) in |3, 5, 17| so far. In
the instationary situation, there are some finite volume discretizations of C. Chainais-Hillairet
and F. Filbet [20] and C. Chainais-Hillairet, J.-G. Liu and Y.-J. Peng [21]. We are only aware
of the article of H. Gajewski and K. Gértner [33] that recovers energy and entropy properties
of the Nernst-Planck-Poisson part from the continuous context to the discrete setting in the
context of finite volumes. But there is no reliable finite element discretization so far. Especially
for the whole system (1.1.1)-(1.1.3), this work provides the first numerical analysis for this
electrohydrodynamic system.

1.3 Analytical Investigation

To establish the existence of weak solutions to the system (1.1.1)-(1.1.3), we define a fixed
point map to decouple the system into single solvable equations. Then, Schauder’s fixed point
theorem gives the existence of weak solutions which are unique by a standard Gronwall argument.
Moreover, the weak solutions of the equations (1.1.2) show non-negativity by testing (1.1.2) with
[n*]~, where [#]” := —min{0, 2} and = = [z]* — [2]~ for z € R. Moreover, the n* are bounded
in L>(Qr) for Qp := Q x (0,7). This is an important property for the analysis and bases on
the Moser iteration. The structure of the system (1.1.2)—(1.1.3) allows some cancellations and
therefore enables to shorten this iteration procedure, see Lemma 3.3.6 in Chapter 3.3.1. Finally,
the weak solutions are characterized for almost every ¢ € [0,7], where 0 < T' < oo, by the energy
principle

t
[0+ 1900l + [ {1l + I =07

[N

(1.3.1) + /Q (n* +07) Vol bds < 2 [, 0)[3 + [Vl 0)IP]

t
+/ / (nT 4+ n7)|Viru| + (nT 4+ n") |V Vipo|dads
0 JQ
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and the entropy principle

|0 0g(*(.0) = 1) + 2o + FITGoC O + 5l O

/ [Vul2ads + / w9 (o) = ) s

g/Qni(.,O)(log(n (0)) —1)+2dﬂs+%HV@ZJQ(-,O)H%2+%||u(-,O)H%2

t
—|—/ /|V¢0V¢1|dxd8.
0 JQ

We remark that the verification of the existence and uniqueness of weak solutions does not
require these two characterizations. Moreover, the energy principle is not even necessary for
global existence which is already obtained by the L°°(€27)-boundedness and standard a priori
estimates. But exactly this energy law provides the necessary uniform bounds to study long-
time asymptotics in the discrete finite element setting. Ounly the entropy principle provides
an additional characterization as the convergence behavior of the instationary solutions to its
steady states. We conclude by establishing the existence of strong solutions. This is achieved
by standard test function strategies under suitable assumptions on the domain and data. The
analysis of the above statements is provided in the Chapter 3.

(1.3.2)

1.4 Numerical Schemes for the Nernst-Planck-Poisson Part

Since we cannot apply results from the literature to obtain a finite element based discretization
of the sub-system (1.1.2)—(1.1.3) with u = 0, we first establish reliable schemes in this simplified
context. The details for the subsequent statements can be found in the Chapter 4. We propose
in the following an energy based and an entropy based approach. For these two strategies we
choose fully implicit schemes which are necessary to recover the energy law providing uniform
bounds for the corresponding finite element solutions. Afterwards, these bounds allow to study
long-time behavior of the iterates and to investigate their convergence behavior to its steady
states by a suitable entropy law. However, this implicit character requires a convenient fixed
point iteration in each timestep that ends after a finite number of steps where a suitable stopping
criterion is met. Subsequently, we denote by V}, the piecewise affine finite element space. Further,
we indicate with (-, -);, the use of reduced integration.

The energy based strategy is given by the following finite element scheme for strongly acute
meshes:

Let (P°,N?) ¢ [Vh]2, such that (PO = No,l) = 0. For every j > 1, find iterates
(P/,NJ W) e [Vh]g, where (\Ifj,l) =0, such that for all (<I>1,<I>2,<I)3) € [Vh]g
(dP7,@1),, + (PIVWI, V0, ) + (VP V) =0,
(1.4.1) (N7, @3), — (NIV9I, V@, ) + (VNI VPy) =0,
(VU V®3) = (P! — N, ®3),

Since the scheme (1.4.1) is fully implicit and nonlinear, we linearize the scheme (1.4.1) by
a fixed point algorithm. The idea is now to verify the M-matrix property of the system matrix
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corresponding to the following fully practical algorithm:

. Let (P°,N%) ¢ [Vhf, such that (PO — No,l) =0. Forj > 1, set (PO NI0) .=
PI=L NI and £ := 0.

1
(
2. For ¢ > 1, compute (Pj’éij’e,‘llj’e) € [Vhﬁ, where (‘Ilj’e,l) = 0, such that for all
(@1, ®2,®3) € [Vh]g

(

1.4.2)

%(Pﬂ, D), + (PHVOIL V) + (VP VD, ) = %(PH + Pf’ffl,qn)h,
%(Nj»‘f, D3),, = (MY V) + (VNH, T, ) = %(Nj‘l + N @)
(Vo vas) = (P - NI @)

3. For fized 6 > 0, stop if

(143)  IO{EE I o 1P~ PO NS - N <o,

set (Pj,Nj, \Ilj) = (Pj’e,l\fj’e7 W), and go to 4.; otherwise, set £ «— £+ 1 and continue
with 2.

4. Stop if j+1=J; set j «— j+1 and go to 1. otherwise.

The M-matrix property is guaranteed by a dimensional argument which requires sufficiently
small mesh parameters h > 0 and £ > 0 corresponding to the space and time discretization.
Due to the monotonicity property of the M-matrix, we immediately have non-negativity of n*.
Also the L*°(Qr)-boundedness is a direct consequence of a discrete maximum principle which
also bases on the M-matrix property. Further, we obtain the existence and uniqueness of iterates
via Banach’s fixed point theorem. Since the algorithm (1.4.2) converges to scheme (1.4.1) for
0 — 0, we immediately have non-negativity and L°°(Q7)-boundedness of iterates of the scheme
(1.4.1). The discrete counterparts of the energy law (1.3.1) and the entropy law (1.3.2) can only
be verified for such a fully implicit scheme. After choosing the test functions &1 = U, &g = -
and ®3 = P/ — N7, the energy is an immediate result of a subsequent summation, i.e.,

B2 , J . , . J . ,
(1.4.4) EW’)+ ) D IV |3, + kZ(PJ + N, ywﬂy?) +kY P = NY||7 = E(°).
j=1 j=1 j=1

Finally, the entropy principle (1.3.2) can only be verified in a perturbed way. The reason is that
we have to choose the linearized test functions 7, [F’((I)i + 5)] for i = 1,2, & = P, &y = NI
and F(z) := z(log(xz) — 1) + 1. The operator Zj, is the linear, nodal interpolation. In contrast
to the continuous case, we cannot let 4 — 0 at the end. Hence, we have to control an additional
perturbation term depending on § > 0. This requires to derive additional a priori estimates
requiring initial data P°, N® € H*(Q). At the end, we obtain the entropy law

-/ . 2 j/ jl 2
W w4 S ek 3 [(P et s pe])])
(1.4.5) (=j+1 =i+t

+ (V] ~m O[] < onot [BE%) + 19O + [9NO)]
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where Wi = [, T, [F(PJ') + F(NJ)] + VUi 2da.

Since the energy based scheme allows only a perturbed entropy law and hence requires the
stronger H'-assumption on the initial data, we introduce a second entropy based scheme for
general meshes:

Fiz 0 <e <1, and let (PO,NO) € [Vh]Q, such that (POfNO, 1) =0. Foreveryj > 1, find
iterates (Pj,Nj,\I’j) S [Vh]3, where (¥/,1) = 0 such that for all (‘1?1,<I>2,<I>3) € [V;JS

(dP7, ®1),, + (V8. (P)V®1 ) + (VPI, V1) = 0,
(1.4.6) (N7, @), — (89, 8.(N))V3) + (VNI Vo) =0,
(VU V®3) = (P/ — N7, ®3),

We call the function 8. entropy-provider, since it allows for the same cancellation effects in
the derivation of the entropy law as in the continuous context. In fact, the entropy-provider S is
defined by S.(P?)VZ,|[F'(P?)] = VP’ which imitates the continuous situation n*Vlog(nt) =
VnT. The scheme (1.4.6) improves (1.4.1) such that we do not have to require any additional
assumptions on the data to even obtain the following unperturbed entropy law

2 J J

antqﬁnm +2k > (|PF — N3 +kZ(V\Iﬂ S, (Pj)+85(Nj)]V\IJj>
= j=1 7=1
J
(14.7) Z[( (P, [FL(PT)],VI4[F (PJ)])

+ (SE(NJ)VI;L [F/(N7)], VT, [FE’(NJ)M <WO,

where W is defined as in (1.4.5). Also the energy law is obtained as in the energy based
approach and looks like

E(v ZHVClt‘I/JHp +kZ<V\Iﬂ (P +8.(N )]vqﬂ)
7j=1

+ kZ |PI — N7 = E(99).
j=1

(1.4.8)

However, the existence and uniqueness of the entropy based scheme follows directly by Brouwer’s
fixed point theorem and requires no linearizing algorithm. Therefore, the proof is not construc-
tive; hence, we do not verify an M-matrix property for the scheme (1.4.6). As a consequence, the
non-negativity is replaced by a quasi-non-negativity statement which is defined in the following
sense:

For a given space discretization parameter h > 0 there exists a lower bound o(h) > 0 such
that o(h) — 0 for h — 0. Then, the iterates of scheme (1.4.6) are called quasi-non-negative
if they satisfy —o(h) < P7, NJ.
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The verification of this quasi-non-negativity relies on the entropy principle. The idea comes
from the entropy-mobility construction introduced in the context of thin films by G. Griin and
M. Rumpf in [36]. Hence, the entropy based approach convinces by no additional regularity
requirements and an entropy inequality not requiring any coupling of mesh parameters. The
disadvantage is that we only obtain quasi-non-negativity and no discrete maximum principle in
a direct approach, i.e., without verifying the M-matrix property.

1.5 Convergent, properties-preserving finite-element based Dis-
cretization of the Electrohydrodynamic Model

We now consider the whole system (1.1.1)—(1.1.3), i.e. u # 0. Hence, we additionally have
to control the convective term div (uni), and to suitably discretize the incompressible Navier-
Stokes equations. For this purpose, we use the MINI-element characterized by the pair ( Vi, M}, ).
We denote by Y}, the piecewise affine finite element space. We follow the energy based approach
implying the scheme:

(1). Set U = Jy,ug and ((N1)°,(N7)%) := (Jy,nd, Jv,ng ) with (n§ —ng,1) =0.

(2). Forj=1,...,J, let F{, :=

—((N*) = (N7))VW. Find (U’, IV, (NT)?, (N7)/, W) €
Vi x My, x [Y3]3, where (99,1) =0, s

uch that for all (V, @ &, Q) € Vy, x [Y3]? x M,
(1.5.1)
(U7, V) + (VU’,VV) + €(Vd, U7, VV) + (U771 . V)U/, V) + %((div UIThul,v)
— (I, divV) = (F,, V),
(divU’, Q) =0,
(de(NF), 25)p + (V(NF), VOF) £ (NFY VI, VET) — (U (N, VoF) =0,
(VI,V®) = (NT) — (N7, @),

where € := h® with 0 < a < Y and (¥9,1) = 0.
Later on, we will see that we have to require the following compatibility condition
(1.5.2) Y /R C My,

between Y}, and M}, which represents the coupling character of (1.1.1)-(1.1.3). To verify that
the above scheme (1.5.1) is reliable, that means that it allows to recover all the characteristic
properties for iterates as non-negativity, L (Qr)-boundedness, energy and entropy principles
from the continuous context to the discrete setting, we adapt the ideas from the energy based
scheme (1.4.1). This procedure is not straightforward as one can already recognize by the e-
regularization. The scheme (1.5.1) is again fully implicit to be able to verify the energy and
entropy properties. In practice, we linearize the fully implicit scheme (1.5.1) by the following
implementable algorithm:

1. Let (U° (NT)Y (N7)?) € Vi, x [Y3,])? such that (NT)? — (N7)°,1) = 0. Forj > 1, set
((N+)J%0, (N*)J"‘)) = ((Nﬂjfl,(zvf)ﬂ'*l), and £ := 0.
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2. For £ > 1, compute <UM, (N*)34, (N*)jﬁg,\lljvgfl,ﬂj’[> € Vi, x [Vi]? x My, that solve
for all (V, oE, P, Q) € Vi x [Va x My, and FL! i= —(N+)34-1 - (N) 1) wwit—1)

(Vo ve) = (Vo — (v e
% (Uﬂ : V) n % (VUM : vv) n (VUM , vv) te (vcztUM : vv)
+ (U U v) 4 %((divUj_l)UM,V> — (W, daivv) + (FE V)
(153) + %(Uj_l,V) + g(vuj—l,vv) ,
%((Ni)j’e,q)i)h + ((Ni)ﬂv\lﬂv‘—l,vw) + (V(Ni)j’[,v<l>i)

L(vsytes) |

_ (Uj,é—l(N:I:)j,E’vq):l:> =

(div UM,Q> —0,
where (W31 1) = 0. 3. Stop, if for fized 0 > 0 we have

[0 = UM 4 [0 — W1

(1.5.4) . . . .
(I = (N g 4 (NP — (NP4 ) <0

and go to 4.; set £ «— £+ 1 and continue with 2. otherwise.

4. Stop, if j+1=J; set j «— j+ 1 and go to 1. otherwise.

This algorithm (1.5.3) allows us to recover in a constructive way all the results from the con-
tinuous context ( Section 1.3 ) to the discrete finite element setting. Existence and uniqueness of
iterates of algorithm (1.5.3) follow from Banach’s fixed point theorem under the mild mesh con-

straint k < Ch5 7 for o > 0. Further, we verify that the system matrix for the concentrations
in algorithm (1.5.3) is an M-matrix. In contrast to the case U7 = 0, the lack of regularity of U’
prevents a straightforward verification. As a consequence, the term ed; VU also appears in the
scheme (1.5.1) and the algorithm (1.5.3). Hence, testing the Navier-Stokes equation in scheme
(1.5.1) with V = U’ provides the necessary regularity to establish the M-matrix property by a
dimensional argument which guarantees the dominating influence of the stiffness matrix. But
afterwards, this additional e-term in the scheme (1.5.1) complicates the derivation of the neces-
sary time-regularity to obtain compactness by Aubin-Lions’ theorem. Therefore, we define the
test function W7 € V5, in (1.5.1) with the help of the solution of

(1.5.5) %(ij, th)) - (dtUj, <1>) for all & € V),

in order to gain the necessary bounds for the compactness. The M-matrix property implies
non-negativity and boundedness of the concentrations in algorithm (1.5.3). These iterates con-
verge to solutions of the scheme (1.5.1) by sending § — 0 in the stopping criterion (1.5.4).
In addition to the assumptions for the M-matrix property, we now have to require the com-
patibility property (1.5.2) between Y}, and Mj to verify the boundedness of (N*¥)7. Let us
remark that a straightforward analysis using inverse estimates instead of the e-regularization
ends up in conflicting coupling constraints of the mesh parameters. For the energy functional
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E(UI, W) .= 1| U712, + ][V\I/jH%Q}, we have the following energy law

J J
B(UY,97) + VU772 + kD IVU]7. + &2 S { B0, aw) + %HdtVUjH%z}
(1.5.6) = !

J
) . . €
+ &Y [IVU I + (V) = (NTVF] = B(U,9°) + Z VU2,
j=1

which is obtained by choosing the testfunctions V = U7, ®* = £ N+ and ® = Nt — N~. The
scheme (1.5.1) allows only a perturbed entropy law requiring more regular initial data as the
energy based scheme (1.4.1) for the Nernst-Planck-Poisson system. Since the derivation of an
unperturbed entropy law would be straightforward thanks to the already derived results for the
entropy based scheme (1.4.6) and the unsatisfying results as quasi-non-negativity, no discrete
maximum principle, necessity of several applications of the entropy-provider 8¢ and the non-
constructive proof, we do not provide any details to such an approach, see also Chapter 5.5.3.
By choosing the testfunctions V = U’ and &+ = 7, [F’(Ni)] — VU, we obtain the perturbed
entropy law in two dimensions

(1.5.7)
LR2 3’ 7 /
Wi L ZZ;FIDWdt\I,zH%Q +€Hdtle”%Q} + kl;rl{((]w)l, VOl + T, [F/(NDD] )
+IVU + (V) (V{9 = T [P (N O)] )]
< Wi + Chs* [E(UU, ) + [|[V(NF)OY2, + I\V(N‘)O\Ii2r»
where

W’ .= B(U’ w7) + ;HVUﬂ@ + /Q{th {F((N*)J) +F((N—)J>} +2} dz |

To approximate strong solutions, we analyze a time-splitting scheme based on Chorin’s pro-
jection method [22]. In this scheme, the computation of iterates is fully decoupled in every time-
step which leads to significantly reduced computational resurces. But this strategy sacrifices
the discrete energy and entropy inequalities, which are relevant tools to characterize long-time
asymptotics and convergence towards weak solutions. Therefore, the related numerical analysis
requires the existence of (local) strong solutions which is verified in Chapter 3.

We propose the following efficient time-splitting scheme:

Given {uj_l, (ni)j_l}, determine {uj, (ni)j,l/}j} € S in the following way:
1. Start with u® = ug, (n*)°? = n?. Then the following steps determine the iterates for
Jj=>1
2. Compute 71 from

—AYTE = (YT = ()
(Vyr=tn) = 0 onoQ.
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3. Compute (n*)7 via

%{(ni)j — (Y = AT £div(@FP VP + (W V)T = 0

(V(n®) £ () V)Y o/t n) = 0 ondQ.
4. Find @ by solving

%{ﬁj W AW (W V) = —((n+)j - (n*)ﬂ')w}j*l
W o= 0 ondQ.

5. Determine the tuple {u’,(NT)7} € V92 x H!/R that solves the system

1. . ,
(1.5.8) %{u] —w}+Vpy = 0
(1.5.9) dive! = 0, w-n=0, ondQ.

To analyze this scheme, we introduce several auxiliary problems taking care of each error
caused by the single splitting steps. The analysis succeeds thanks to an inductive argument on
the error control over the time steps 0 < j < J to compensate for the lack of a discrete energy
law. As a consequence of these techniques, the iterates of our time-splitting scheme converge to
strong solutions at optimal rates. These results are generalized to a fully discrete setting in a
last step.

Finally, we compare the energy based and the splitting scheme by computational experiments.
The computational demand of the fixed point iterations used in the energy based algorithm is up
to six iterations. The comparison of this algorithm with the splitting scheme indicates through
all computations that the time-splitting scheme requires only half of the computational time than
the energy based algorithm. Especially, if small time scales are needed to obtain more accurate
results, then the fixed point iterations consume a significant amount of CPU-time. Therefore, it is
reasonable to only use the energy based algorithm A1, if physical relevant properties such as non-
negativity, discrete maximum principle, energy and entropy characterizations have necessarily
to be preserved.

The chapters are organized in the following way: In Chapter 2, we give some motivations
and provide the necessary assumptions to apply the electrohydrodynamic system (1.1.1)—(1.1.3).
Existence, uniqueness of solutions to (1.1.1)-(1.1.3) and additional characterizations of weak
solutions are shown in Chapter 3. We provide an energy based and an entropy based finite
element approximation converging to weak solutions of the Nernst-Planck-Poisson system in
Chapter 4. The extension to the whole electrohydrodynamic system is given in Chapter 5. In
the same chapter, we propose an efficient time-splitting scheme based on Chorin’s projection
method to approximate strong solutions, and we verify convergence of iterates to strong solutions
at optimal rates.

This Ph.D. thesis summarizes the three research papers [62, 63, 71].
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CHAPTER 1.

INTRODUCTION




Chapter 2

Physical Introduction and Model
Assumptions

First, we explain the setting on which we base the considerations leading toward the later on
analyzed electrokinetic model.

2.1 Fluid and Flow Properties

We regard the fluid as a single continuum phase that is continuously and indefinitely divisible.
This ensures that all macroscopic physical, chemical, and thermodynamic quantities, such as
momentum, energy, density, and temperature, are finite and uniformly distributed over any
infinitesimally small volume, and allows to talk about the value of the quantity “at a point”.
Moreover, we assume that the characteristic macroscopic flow scale is large compared with the
molecular length scale characterizing the structure of the fluid.

Since our fluids of interest are regarded as continuous, the distinction between liquids and
gases is not fundamental with respect to the dynamics, provided compressibility may be ne-
glected. A gas is much less dense and much more compressible than a liquid as long as it is not
too close to or above the critical temperature at which it can be liquefied. The behavior of a
gas flow with small pressure changes is essentially the same as that of an “incompressible” liquid
flow. Then the density in a flowing compressible gas can be regarded as essentially constant if
the changes in pressure are small. Therefore, we emphasize that one should not interpret "in-
compressible” with "constant density”. As an example, a low-speed flow of air may be regarded
a constant density flow despite the fact that air is a highly compressible fluid.

We consider fluids that support viscous effects, usually termed transport effects. These
include diffusion of mass, heat, and charge. Transport effects together with non-equilibrium ef-
fects, such as finite-rate chemical reactions and phase changes, have their roots in the molecular
behavior of the fluid and are dissipative. Dissipative phenomena are associated with thermo-
dynamic irreversibility and an increase in the global entropy. But in the following we neglect
thermodynamic effects.

2.1.1 Newton’s Viscosity Law in Two Dimensions

Let us first examine Newton’s law of viscosity. It states that there is a linear relation between
the shear stresses and rates of strain. Let us first examine this law for the case of simple shear
where there is only one strain component. For an intuitive understanding, we consider the planar

11
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d oo
ro+ L 0dy

| [ -+ Toy
-
dx
V==
Fixed Tyx

Figure 2.1.1: Shear flow between two parallel plates (left) and forces on a fluid element (right),
see [78]. (x = x1, y = x2)

Couette problem [73, p. 27| with the velocity field

Uy = Y2
(2.1.1) uy =0
us = 07

arising by the parallel motion of one infinite plate at a constant speed 4 with respect to a
second fixed infinite plate, the plates being separated by a small distance 2h with the pressure
p constant throughout the fluid. The role of boundary conditions in a viscous flow is critical,
and we assume the no-slip condition, i.e., the fluid ’sticks’ to both plates. A tangential force
is required to maintain the motion of the moving plate, and this force must be in equilibrium
with the frictional forces in the fluid. Hence, a force balance for the fluid element in Figure 2.1.1
gives for the net force acting on the element in the x; direction

4
(2.1.2) Y F = (%)A@AMA,
=1

where A is the unit area of the fluid element, hence A = 1, and

F;l = —Trom

Fx21 = pAroAx) = Toy
(2.1.3) 3 o,

le = ’7'1;2551 + a::;l Aﬂ?gAl‘l

F;}l = —pAxoAx] = =Ty 2, -

Here, 7;,,, is the shear stress exerted in the x; direction on a fluid surface of constant center of
mass (x1,22). In (2.1.3) we applied the following convention: On a positive xy face the shear
is positive in the positive x1 direction, and on a negative xo face the shear is positive in the
negative x; directiomn.
For the mass density p and the material derivative D% that corresponds to the total time

derivative by the equation

D 0 0

Di ot "oz
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we obtain from Newton’s second law applied on a fluid element with the volume V = Az1Axg
the relation

4 i
N D
(2.1.4) @ - pl )
%4 Dt
For steady flows, i.e. 4 = const., with plates infinite in x; direction implies % =0 and 6%1 = 0.
As a consequence, we obtain the velocities as in the shear plate problem (2.1.1). Hence, % =0,
and with (2.1.2) we obtain

4 i
Zz’:l Fm — 87—502501

2.1.5 =0
( ) Vv 8:r2
and hence throughout the fluid

(2.1.6) Tpga, = coONst. .

For most fluids the shear stress is a unique function of the strain rate. The constitutive relation
of Newton assumes the shear stress to be linear in the strain rate. In the Couette problem
(2.1.1) there is only the single strain-rate component g% = 7 and single stress component 7,z ,

therefore the Newtonian viscosity law reads as

Ouy )
(2.1.7) Taans =T =1

The quantity 7 is the viscosity coefficient of a Newtonian fluid, i.e. a fluid following the law
(2.1.7). Tt is an intensive property and is generally a function of temperature and pressure,
although under most conditions for simple fluids it is a function of temperature alone. Polymeric
fluids and suspensions may not follow the Newtonian law (2.1.7), and when they do not they
are termed non-Newtonian fluids. In viscous flows the ratio

n

y=
p

frequently occurs and is termed the kinematic viscosity. Of importance is that v has the same

dimensions as the coefficient of diffusion in a mass transfer problem and may be interpreted as a

diffusion coefficient for momentum. An important point to observe is that for gases the viscosity

increases with temperature, whereas for liquids the viscosity usually decreases. The dependence

on the pressure is not strong.

The reason for the different behaviors of viscosity with temperature lies in the different
mechanisms of momentum transport in gases, where the molecules are on average relatively
far apart, and in liquids, where they are close together. The origin of shear stress arises from
molecular motions in which molecules that move from a region of higher average transverse
velocity toward a region of lower average transverse velocity carry more momentum than those
moving in the opposite direction. This transfer of excess molecular momentum manifests itself
as a macroscopic shear. In a gas the momentum transport of the molecules from a region of
lower to higher velocity, or vice versa, is proportional to the random thermal motion or mean
molecular speed. Calculation leads to a coefficient of kinematic viscosity

v~Tl,

where [ is the mean free path between collisions and ¢ is the mean molecular speed, a quantity
that increases as the square root of the absolute temperature.
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Figure 2.1.2: Net x force on an element due to pressure variation, see |78].

For a liquid we considerably have a different situation. The molecules have a preferred
motion because, due to the close molecular packing, they acquire sufficient activation energy to
“jump” to a neighboring vacant lattice site. With the activation energy AG of the molecule to
escape to a vacant site in the fluid, we obtain the proportionality

AG 6u1
s mo(- )~
where g—;; is the velocity gradient normal to the main direction of motion, R is the gas constant,
and T is the absolute temperature. The exponential term characterizes the probability of a
molecule in a fluid at rest escaping into an adjoining “hole”. For a fluid flowing in the direction
of the molecular jump, this probability is increased in proportion to the shear stress because of

the additional work done on the molecules by the fluid motion. Newton’s viscosity law (2.1.7)
applied to (2.1.8) implies
AG
o~ exp(29).

RT
This exponential decrease of viscosity with temperature agrees with the observed behavior of
most liquids.

2.1.2 Extension of Newton’s Viscosity Law to Three Dimensions

We generalize the Newton viscosity law to three dimensions. In two dimensions we just consid-
ered the case of constant pressure p. Hence let us first generalize the balance equation (2.1.2)
to the non-constant pressure case. To do so, we complete the force balance (2.1.2) with the
balance of the pressure force varying in = direction as depicted in Figure 2.1.2 under neglect of
the z = x3 direction. Therefore, we only have to modify the force

dp
2 2
(2.1.9) Fy to F; = (—p - 87361>Ax2A$1 .

For a general fluid, the pressure variation can be present in all three space dimensions. Hence,
the stresses on the sides of the control surface of the the fluid element, called surface forces and
subsequent denoted by fy,r¢, are the sum of the hydrostatic pressure p plus the viscous stresses
Tasx; which arise from motion with velocity gradients

=P+ Tayz Tzoz1 Txaz1
(2.1.10) 0ij = Tri29 —P F Twgzy Traws ,
Tx1x3 Tzoxs -D + Txaxs



2.1. FLUID AND FLOW PROPERTIES 15

g_\-.r

= Oz
i
O | U=

/ = Stress in§

- direction on a face

normal tof axis

Figure 2.1.3: Connection between a fluid element and the entries of the stress tensor o;;, see [78]

and therefore 0;j := —pdij + Ty;z, for ;5 the Kronecker symbol being 1 for i = j and else 0. The
matrix (2.1.10) is called stress tensor. The shear terms 7, ., are symmetric, i.e. Ty, = Toa,
for i # j. As a consequence, the stress tensor ¢ has only six independent components.

Assumptions on a Newtonian fluid [8]:
i) The fluid is isotropic; that is, the properties are independent of direction.

ii) In a static or inviscid fluid the stress tensor must reduce to the hydrostatic pressure
condition; that is 0;; = —pd;;.

iii) The stress tensor 0;; is at most a linear function of the shear tensor Ta ;-

One recognizes that condition ii) is already satisfied. Moreover, with these assumptions it can
be shown, that the shear tensor 7;,, in a Newtonian fluid becomes

1.
(2].].].) TCCJ'IZ‘ = 277(62] - gleU(Sij) ?

where the rate-of-strain tensor ¢;; is defined as

1 8u2 6Uj
2112 =3 5,

and u := [u1, u2, us]’. Finally, conservation of momentum as expressed through Newton’s second
law (2.1.4) applied to a fluid particle may be written as

Du

2.1.1 -
(2.1.13) P Di

= f‘body + fsurf )

where the applied force per unit volume on the fluid particle is divided into surface and body
forces. The body forces are proportional to the total volume or mass of the fluid element,
examples of which are the gravitational, electrical or electromagnetic body force. Here, especially
the electrical body force is considered, which per unit volume is

foody == —p VO,
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where V1) is the electrical field corresponding to the electrostatic potential ¥ and p, is the charge
density in the fluid. The surface forces are given by the external stresses defined by (2.1.10) and
by Gauss’s theorem as

802-]-

8:Ej
o 6}? 0 aul 8uj 2 &
N 81:1 + 81‘j {n<a$j + 8:cz 351] 8a:k> } '

The equation (2.1.13) is usually referred to as the Nawvier-Stokes equation. It is called incom-

pressible, if diva = g%i = 0. Further, if the viscosity 7 is constant, the the Navier-Stokes

equation reduces for divu = 0 to

fourt :=divoy; =

Du

2.1.14 -
( ) P

= —Vp+nAu—p,Vi).

2.2 Particles and their Geometry

We deal with suspensions of small ”particles”, including macromolecules, colloids, cells, and flocs.
Generally, we will consider macromolecules to represent the smallest dispersed phase that is not
considered as a single component. Subsequent, we precise the term macro molecule and provide
examples motivated by their interest in practical applications.

A macro molecule is a large molecule composed of many small, simple chemical units called
structural units. It may be either biological or synthetic. Biological macromolecules contain nu-
merous structural units, in contrast to synthetic macromolecules. Sometimes all macromolecules
are referred to as polymers, although a polymer may be distinguished as a macro molecule made
up of repeating units. Polyethylene, for example, is a synthetic polymer built up from a single re-
peating unit, the ethylene group. Each structural unit in the polyethylene polymer is connected
to two other structural units such that these structures together build a linear chain.

A special biological macro molecule is a protein. It is composed of amino acid residues of
the 20 common amino acids, joined consecutively by peptide bonds. Hemoglobin, the oxygen-
carrying protein in red blood cells, is nearly spherical, with a diameter of about 5 nm [70]. A
model of a hemoglobin molecule as deduced in |59] from x-ray diffraction studies is built up from
blocks representing the electron density patterns at various levels in the molecule. A larger pro-
tein, one that is fundamental to the blood-clotting process, is fibrinogen, a long slender molecule
with a length of about 50 nm [70]. On a scale often an order of magnitude larger are viruses,
which are very symmetric rigid macromolecules consisting of infectious nucleic acids surrounded
by coats made up of protein subunits. The structure of a tobacco mosaic virus of length about
300 nm is given in Figure 2.2.1. However, the fibrinogen protein and the tobacco virus are not
further considered here because of the geometrical shape which is of interest in the following part.

Given a variety of particles and their diverse shapes, the question arises how they are repre-
sented or modeled in a rational treatment of their interactions in fluid systems. The interactions
of these particles with the fluid system depends highly on their geometry. Often their shapes
are complex. Here we choose the most often used sphere shaped geometry in the Euclidean
sense. Many protein macromolecules can be regarded as spherical to motivate our assumption
on the geometry. For example, hemoglobin in Figure 2.2.2, synthetic polymers dispersed in
suspension, like the polystyrene latex particles shown in the electron micrograph of Figure 2.2.3,
are spherical or very nearly spherical, as are the particles of numerous colloidal systems.
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Figure 2.2.1: The Tobacco mosaic virus (TMV) is an RNA virus that infects plants.

(from http://commons.wikimedia.org/wiki/Image:Tobacco_MosaicVirus_structure.png)

Hama
graug

Figure 2.2.2: The hemoglobin model from Perutz (1964).
(from http://www.daviddarling.info/encyclopedia/H/hemoglobin.html)
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Figure 2.2.3: The aggregation of polystyrene latex particles.
(from http://www.mrs.org/s_mrs/doc.asp?CID=1920&DID=171434)

A relatively simple geometric description seem amenable, in many cases, to individual par-
ticles of which we have spoken. However, in solution, particles may floc or aggregate due to
random particle-particle and particle-floc collisions, and generally complex shapes arise that
belie the much simpler shape of the original particle. The Figure 2.2.4 shows an irreversible
aggregate formed in suspension of spherical gold particles with diameter 15 nm. The treelike
cluster of such a gold aggregate is one of a general class of shapes named fractals by Mandelbrot
[52]. For such clusters we have to assume low-speed, inertia free flow (low Reynolds number
flow) such that the sphere shape is an applicable model assumption on the particles. First, we
draw around an arbitrary point of the cluster a sphere of radius r. Then the number of particles
N is counted. For r ranging from about the particle size to the cluster size, it is found that
N(r) ~ (r)}7 [76]. Now, [77] theoretically argue that the hydrodynamic interactions of such a
cluster in flows with low Reynolds number Re are as if the cluster were a hard sphere of radius
a spanning the cluster. Since the geometrical representation of particles is closely related to the
representation of porous media, we motivate that in certain cases we can also apply our model
for such a system. Examples of porous media are packed beds of particles, soils, sedimentary
rock, gels, membranes, and many biological systems. Porous media are generally heterogeneous
and characterized by three-dimensional random networks. They often exhibit a fractal nature,
as in geophysical environments, such as sedimentary rocks, and in biological environments, such
as the lung and capillary systems.

We shall assume the porous media, for which we want our model to be justified, to be
homogeneous. This enables to be consistent with the above approach on the particle geometry.
Moreover, we would have to model the media by simple geometrical means such as bundles or
assemblages of straight capillaries or beds of discrete geometrically defined particles, such as
spheres or cylinders. To enable such simplified models of a real porous media by appropriate
defined geometrical averages to be representative, is a generally assumed property [2].

2.3 Conclusion

The previous considerations allow to summary the following assumptions on the electrokinetic
model (1.1.1)—(1.1.3):
Assumptions on a Newtonian fluid [8]:
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Figure 2.2.4: The aggregation of gold particles.
(from http://www.inbiogold.com/inbio_contact_us.html)

i) The fluid is isotropic; that is, the properties are independent of direction.

ii) In a static or inviscid fluid the stress tensor must reduce to the hydrostatic pressure
condition; that is o;; = —pd;;.

iii) The stress tensor o;; is at most a linear function of the shear tensor Ta ;-

iv) The admissible particles or species are the ones which can rationally be represented by
geometrical means implying spheres as discrete particle shape.

Finally, let us recall that under the characterization iv) of admissible particles belong the
hemoglobin molecule, polysterene latex particles and spherical gold particles for example. Some-
times it is necessary to suppose additional assumptions as e.g. for the spherical gold particles a
low Reynolds number flow is required.

The reason for the assumption iv) in the context of electrohydrodynamics is the use of Stokes
law for the species considered as rigid spheres for which the drag force parallel to the direction
of translation is

F =6mnRuu,

where 7 is the fluid viscosity and R} the hydrodynamic radius of the particle. How this law
enters in the derivation of the electrohydrodynamic model is motivated in Chapter 3.1.1.
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Chapter 3

Analysis of the
Navier-Stokes-Nernst-Planck-Poisson
System

3.1 Introduction

We consider an isothermal, incompressible and viscous Newtonian fluid of uniform and homo-
geneous composition of a high number of positively and negatively charged particles ranging
from colloidal to nano size. Electrokinetic flows can occur when a force (electrical, gravitational,
shear or pressure gradient) acts on such a continuum. Moreover we assume an electrorheological
behaviour of such continua. In fact, all transport properties of colloidal or nano particles are
affected to some extent by the charge at the solid-liquid interface. The interplay between charges
and the flow field around and between the particles constitute the electrokinetic effects in the
presence of an electrical field. In the literature, the resulting effects (as electro-osmosis and
electro-phoresis) are often described by the concept of the (-potential to explore the adsorption
of charged species onto surfaces. In this context the particle geometry is also relevant. But to
understand primarily the basic principles, we work with spheres as particle shape. Further we
assume a dilute fluid and therefore we neglect electromagnetic forces. In [11, 19, 37, 45, 56], for
example, such phenomena are considered.

The just explained phenomena are of great interest in the material sciences and electro chem-
istry. Researchers in these areas seek a serious theoretical understanding of solid-liquid interfaces
and their interaction behaviour. Such knowledge allows to improve life time, charge cycles and
capacity of lithium ion batteries and other fuel cells, see [10, 26, 27, 68, 69]. For further applica-
tions we refer to Section 3.1.2. Recently some models have been developed that concentrate on
the particle configuration and a more precise charge location via the help of a profile function
¢. In such a context one arrives at an anisotropic diffusion model, see [44, 45].

Our mesoscopic model describes the fluid velocity u(x,t), which depends on the number den-
sities of positively and negatively charged constituents n'(x,t), n=(x,t). These densities are
again coupled through the Poisson equation for the quasi-electrostatic potential ¥g. The po-
tential Wy(x,t) is induced by an externally applied electrical field. Hence with W¥(x,t) =
Uy (x,t) + Wo(x,t) we define the potential for the whole system. We will show existence and
uniqueness of the weak solutions (u,n™,n~,¥g) in dimension N = 2, and under additional as-
sumptions also in NV = 3. Moreover, we extend the concept of weak solutions to strong solutions
in specific cases.
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3.1.1 Model Construction

The following ideas are mainly inspired by [18, 37, 60]. The model is a mesoscopic fluiddynamical
view of electrohydrodynamics. Let Qp := Q x (0,7T), where Q C RY is bounded and has a C'!-
boundary. For Dirichlet boundary conditions the fluid velocity u : Q7 — R solves the generally
accepted incompressible Navier-Stokes equation

w+ (u-V)u—nAu+Vp = f¢, in Qr,
divu = 0, in Qr,
u = 0, on 02 x (0,7),
where 7 is the viscosity, fo : Q7 — RY the Coulomb force fo = —pE for a charge density

p : Qr — R on an infinitesimal volume element of the fluid, and E is the electrical field
VU consisting of an internal VW and an external electrical field VW;. The incompressibility
assumption is reasonable since either the contained particles and ions are assumed to have the
same mass density or the fluid is very dilute.

The number densities n; : 7 — R describe the transport of charge carriers and have to be
explained more carefully. We apply the principle of mass conservation to them, i.e., the source
or sink terms P; satisfy ) . P, = 0 and hence the concentrations n; are the solutions of

where v; : Q7 — RY represents the average particle velocity of charged particles. To describe
v; we approximate the nano or colloidal particles as spheres moving in a continuum following
the laws of an ideal gas of particles in the volume occupied by the fluid. Consider a charge
carrier ¢ € N of charge e; € R, which is a positive or negative integer of the absolute electron
charge e = 1.6 X exp{—19} C, in a fluid at rest. There are three forces acting upon this particle
i. One is the Coulomb force e;E, due to the presence of the electric field E : Qp — RY. The
next is a friction force, due to the surrounding fluid, which in our approximation is given by
the Stokes law, i.e., 6mnRyVv;, where nn € Ry g is the fluid viscosity, R, € R+ the hydrodynamic
radius of the particle and v; : Qp — RY the relative velocity of the particle with respect to
the liquid. The hydrodynamic radius is given by Ry = 6£ZD. The third force is the pressure
of other particles or ions upon the particle i, which according to the ideal gas law is given by
p; = n;kT € R, with n; the number density of particles or ions of the type ¢ per unit volume.
Therefore Newton’s law becomes

dVi 1
mi—- = eE — 6mnRyv; — njv (niksT).

Here we can neglect the inertia term m; d;;i. This term compared to the friction term provides

the time 7 needed for the constituent to reach its limit velocity in the fluid. Even for fluids such
as water, for which n = 1073kgm~'s~! we have for an ion such as OH~, with the ionic radius
of the order of 2-10719 a value 7 ~ 10~'4s. Hence the inertia term is negligible. Consequently,
the velocity of the ion in a fluid at constant temperature is given by

kT 1
Hit5 *VTLZ,

(3.1.2) vi = B —
€; n;

where we have introduced the mobility p; € R given by

~ 6mRy,

Hi
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We remark that p; carries the sign of the charge. We justify the use of the Stokes formula with
the low Reynolds number Re for the flow

We can write the friction force term in (3.1.2) as a diffusion term, i.e.,
1
V; = /LZE — DZ*VTLZ,
1

with D; € R the coefficient of molecular diffusion. For a liquid at rest in thermodynamic
equilibrium, it holds v; = 0. Also, according to Boltzmann’s law we have n; o exp(—e; VkpT),
and from (3.1.2), by taking into account that E = —VW¥ and defining the positive constant

D; = “'L'IZ*?T%, we obtain Einstein’s relation
K2 K2
D; kT
= )
Hi €

with kp the Boltzmann constant.

Until now the fluid is considered to be at rest. For a fluid in motion the ions are advected
with the bulk flow velocity u : Q7 — RY. Then, each charge carrier moves in the liquid with
the average velocity v;, which is the sum of three terms

VTLZ'

(313) v, = i E—D; +u

)

In most circumstances the ionic charge carriers originate from dissociation of impurities in the
bulk, and/or are injected into the liquid. Now we are able to write the conservation equation
(3.1.1) for the i-th particle in full length as

(3.1.4) on; — pidiv (n;V¥) — D;An; +uVn; = P ie{l,...,L},

where we assume that the chemical reactions (sources or sinks P;) between the L € N particles
are cancelling each other out. Finally every particle ¢ will now be distinguished according to its
surface charge (if it is not a molecule or ion), i.e., we define the collection of positively charged
objects by n* and the negatively charged ones by n~. More precisely we introduce

L

L
+ . ) - - . P
(3'1'5) no = § €i1i X {e; positive charge}s n = E |ez|an{ei negative charge} »
i=1 =1

and in the same way P*. By respecting the signs in equation (3.1.4) and with (3.1.5) we obtain

3.1.6 onT F ptdiv (nTVU) — Ant + uvnt = P*, inQ,
I
(3.1.7) (Jr,m) =0, in0Qx (0,7),
where Ji := FnTVV¥ — Vn® + un® and
€; — €;
(3'1'8) M+ = 671’777th{ei positive charge}s noo= mX{ei negative charge}-
Further, we assume PT = P~ = 0. Hence we neglect reactions as combinations and re-

combinations. Finally, the positive and negative charge densities are coupled via the Poisson
equation

(3.1.9) —eA¥y=n" —n"(=p) in Q7,

(3.1.10) (VUZE n) =0, in 9Q x (0,7).
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Since we assume the constants to be the same for all ¢’s, we set them all equal to 1, that is
D; = p; =€=11in (3.1.6) and (3.1.9). At this point we are able to define the charge density
p:Qr —-Rasp:=nT—n".

Remark 3.1.1. 1) The equations (3.1.6) are the Nernst-Planck equations modified by the convec-
tive term (u - V)nT. These equations (3.1.6) are generally used to describe a binary symmetric
electrolyte [56, 60], but are also very accurate to model particle concentrations in dilute solutions
[37].

2) The Nernst-Planck equations (3.1.6) can be modified to an anisotropic diffusion model [44, 45].
For a chosen profile function ¢, let n = —%, what allows to write the new equations as

(3.1.11) ng —div[(1 —n®n) (Vn+nV¥)] + (u-V)n =0.

This additional term (1 — n ® n), where 1 is the identity matrix, guarantees that there is no
penetration of ions into colloids explicitly without using artificial potentials.

3.1.2 The Nernst-Planck Equation and its Applications

Roubicek [67, 66| describes a different model of similar equations. In contrast to our model,
he considers a purely ion-depending fluid, including mixture-behaviour. A pointwise a priori
normalization n := ), n; = 1, called volume additivity on the number densities of positively or
negatively charged constituents, plays a central role in his works. Such a volume additivity allows
to immediately obtain a uniform control on ||n| ;2 and || Vn||2. This enables to directly achieve
global existence of weak solutions (|66]). According to Remark 4.3 in [66], this article may be
the first step to establish mathematical analysis in the area of electrohydrodynamics (EHD),
which drops the volume additivity constraint. Jerome [40] establishes a semigroup approach to
a similar system.

The Nernst-Planck equations (3.2.4)-(3.2.7) below are also applied in other fields: One appli-
cation is the semiconductor theory (see [32] or [14]), which is essentially described by the same
equations without the convective terms (u-V)n*. Equations in this context are often called
van Roosbroeck equations.

Furthermore, the equations (3.2.4)-(3.2.7) below provide also a basis for models in chemotaxis
(see [24]). The parabolic-elliptic system (1.2) in [24] corresponds to our Nernst-Planck-Poisson
system for n'-charged particles, but with different sign in front of the nonlinear term. For
such systems only describing n'-charged particles, blow-up can occur (see [14]) for supercritical
initial data.

Finally the already mentioned equations (3.2.4)-(3.2.7) provide a possible model in the neuro-
sciences investigating the function of neurons in the context of electrical and chemical conduction
(see [43]). Since the membrane potential, called Nernst-potential (which corresponds to the elec-
trostatic potential), is the principal state variable used for rapid intercellular communication in
neurons, this equation is fundamental for the understanding of the membrane behaviour.

3.2 Analytical Investigation Of The Model

For given initial data (uo,ng , Mg ), pure Neumann boundary conditions defined precisely later
and fo := — (nt —n7) VU, let us consider on Q7 := Q x (0,T), for @ ¢ RY bounded, convex
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and N < 3, the following set of equations

(3.2.1) du+ (u-V)u—Au+ Vp =fo in Qr
(3.2.2) divu=0  in Qg
(3.2.3) u=0 on 082 x (0,7)
(3.2.4) ot —div (ntVY) — AnT + (u-V)nt =0 in Qp
(3.2.5) (Jpt+,m) =0 on 02 x (0,7)
(3.2.6) o~ +div(n"VV) —An” + (u-V)n~ =0 in Qp
(3.2.7) (Jp—,m) =0 on 02 x (0,7)
AV, = nt—n" in Qr
(VUp,n) =0 on 992 x (0,7T)

where J,, = +nTVU — Vnt 4+ unt and the electrical potential ¥ := Wy + Wy, with ¥y the
internal electrical potential obtained via (3.2.8), and ¥y an externally applied potential.

Remark 3.2.1. For (3.2.4) and (3.2.6) we can apply standard parabolic existence theory. There-
fore we introduce the notation

(3.2.10) omt — Ant + Bﬂ_(x, t)ont +et(x,t)nt = 0,
(3.2.11) On~ —An~ + 0 (x,0)0m" +¢ (x,)n" = 0,

where Ei(x, t) = (ﬁ)(j) F ;¥ and ¢5(x,t) ;= FAV and the bar-notation is introduced in view
of the existence proof to point out decoupling and linearization strategies unlike the original
equations (3.2.4) and (3.2.6).

3.2.1 Main Results

In Section 3.2.2 we provide definitions of terms used in the following theorems.

Theorem 3.2.2. (Existence) For N < 3, and Q C RYN open, bounded and convesz, n(jf €

L®(Q,R>g), up € VO2(Q,RY) and 0 < T < oo, the system (3.2.1)-(3.2.9) has a global weak
solution (u,n™,n~,Vy), defined in Definition 3.2.6.

The next result is mainly restricted by the Navier-Stokes equation (3.2.1).

Theorem 3.2.3. (Uniqueness) Under the assumption (¥,1) = 0, the solutions obtained in
Theorem 3.2.2 are unique for N = 2, and without the convective term (u - V)u in (3.2.1) also
for N =3.

The regularity of our weak solution obtained in Theorem 3.2.2 will be improved in the way
of

Theorem 3.2.4. (Strong solutions) For the stronger boundary condition (Vn* m) = 0 and
dimension N < 3, the weak solutions obtained in Theorem 3.2.3 are unique strong solutions
defined in Definitions 3.2.6 and 3.2.7 below, i.e., nT € H'(Q,R>g) and ug € V'2(Q,RN). In
dimension N = 3, this existence is only local.

Remark 3.2.5. The stronger boundary condition in Theorem 3.2.4 is not restrictive, since it still
guarantees the physically relevant no-flux boundary conditions.
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3.2.2 Preliminaries and Definitions

Let us introduce some standard notations (see [50]) for often used spaces as

(3.2.12) D(Q) := {u e C(Q,RY); divu=0},
— 2
(3.2.13) VO2(Q) := the closure of D in L? =D
- —H}

(3.2.14) V12(Q) := the closure of D in H} =D °,

where the assumption on Q C R¥ is distinguished between the
Assumption on the domain for weak solutions

(A1) Q c RY is open, bounded and has a C'!'-boundary. If N = 2, it suffices to assume that
Q is convex.

and the Assumption on the domain for strong solutions
(A2) Q c RY is open, bounded and has a C*2-boundary.

The dimension of the space is N < 3. The space V%2(Q) is equipped with the scalar product
(-,+) induced by L?(€); the space V12(Q) is a Hilbert space with the scalar product

N
((ua V)) = Z (D’iua D’Lu) 3
1

7

since 2 is bounded. Obviously, V12(Q) is contained in V%2(Q), is dense in V%2(2) and the
injection is continuous. Moreover, by Riesz representation theorem, we can identify V%2 and
(VO’Q)*, and we arrive at the inclusions

VI,Q C VO,Q = (VO,Q)* C V—I,Q = (VLQ)*,

where each space is dense in the following one, and the injections are continuous. Further we
will use ¢ > 0 for all generic constants and where it is necessary cg > 0 for constants depending
on the dimension in Sobolev inequalities.

First we repeat the classical formulation for the initial boundary value problem of the full
Navier-Stokes equation: Find a vector function

u: Qr — RY
and scalar functions
p: QT - R7
nt: Qr — R,
\Ifo : QT — R,
such that equations (3.2.1)-(3.2.9) are satisfied for every (x,?) € Q7. Then we call (u, p, nt,n",¥p)
a classical solution. Continuity and density of C*°(Qr) respectively D(Q2) in H'(Q) respec-

tively V12(Q) suggest the following weak formulation: For all ¢ € V12(Q), ¢ € H(Q) and
almost every 0 < t < T', there holds

(3.2.15) % (u,&) + ((u V) u,¢~>) + (Vu, V&&) = (fc,q;5> ,

(3.2.16) % (n*,¢) £ (RFVY,Ve) + (Vn*,Ve) — (un™, V¢) = 0.
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From (3.2.15) we are able to formally define the trilinear form 5 and an operator B as
N
(3.2.17) B(u,v,w) := (B(u,v),w) := Z / w0;v;wide = ((u-V)v,w).
ij=1"%

We will see out of which spaces u, v and w are taken in our context. The following well-known
properties of (3 will be used later on, see [75]:

B1) B is trilinear and continuous on V12 x V12 x V12 if QO is bounded and N < 4.
52) For Q an open set, there holds

(3.2.18) Bla,v,v) =0, Vue V2 v e H(Q),

(3.2.19) Bu,v,w) = —f(u,w,v), Vue VY2 v, we H(Q).
B3) Convergence property: Suppose v — v weakly in V12 and strongly in V%2, Then

for any smooth w, B(vy, v, W) — B(v,v,w).

Finally we consider the Poisson equation (3.2.8) in the weak formulation

(V,V¢) — | VEpndz = ((n* —n7),9)
o0

for a.e. t € (0,T) and all ¢ € H'(Q2). These formulations above motivate the following
definition, which already includes essential characterizations gathered in the sense of [50].

Definition 3.2.6. (Weak solution) Let W1 € L?(0,T; H3(Q)) N L*°(0,T; H*(2)), N < 3, and
0<T < oo. Assume (A1).We call (u,n",n™,¥y) a weak solution of (3.2.1)-(3.2.9), if

i) it satisfies for p =2, if N =2, or for p = %, if N =3, that
(3.2.20)
u e L20,T; VE2(Q,RY) N >0, T; Vo2 (Q,RN)) n WP (0, T; V~12(Q,RY)),
(3.2.21)
nE € L2(0,T; HY(Q)) N L¥(Qr) N W5 (0, T; (H(Q))"),
(3.2.22)

W € L*(0,T; H*(Q2)) N L®(0,T; H'()),

ii) it solves equations (3.2.1)-(3.2.8) in the weak sense for initial data

u € VO3(Q,RY),
nE € L®(Q) and nE >0 a.e. in €,

where for t — 0 there holds

(3.2.23) u(-,t) ~uy  in L*(Q,RY)
(3.2.24) nt(,t) =~ nF  in L*(Q),
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iii) it satisfies the following boundary conditions in trace sense for a.e. t € [0,77, i.e.,
(3.2.25) (Tnt: 1) 5000y = 0,
(3.2.26) and (VUo,m)[,0 n =0,
where n is the unit normal on the boundary of €2,
iv) it fulfils for ¢ € [0, 7] the two energy inequalities
t t
(3.2.27) B(t) + / e(s) + d(s) ds < E(0) + / La(s) + Lu(s) ds
0 0
t t
(3.2.28) W(t) + / I(s)+ 1 (s)ds <W(0)+ / Li(s)ds,
0 0
where W(t) = WNpp(t) + W]Ns(t), for
1
Wnpp(t) = / n* (log (n*) —=1) +n~ (log(n”) = 1) + 3 VT |* + 2dz
Q
1 t
Wins(t) = / = |ul? dz +/ / |Vu|? dzds
02 0 Jo
() = / n* [V (log (n*) — ¥)]?de
Q
1
E(t) = 5l + VTl
2
e(t) = |[Vulj: +[[n* —n[|
d(t) = / (n* +n7) V[ da
Q
Ly(t) = / (nT+n7) (VU u)|dx
Q
Ly(t) = / (0" +n7) [(Vy, V)| da
Q
Li(t) = / [((VW0)s, VI )| da
Q

Next we study more regular solutions to (3.2.1)-(3.2.9), for N < 3.

Definition 3.2.7. (Strong solution) Let W1 € L>(0,T; H3(Q2)) and assume (A2).
weak solutions (u,n™,n",

Then the

V), together with the pressure function p : Qp — R are called

strong solutions of (3.2.1)-(3.2.9), if they satisfy

i)

S
o
m M M Mm

L2(0,T; V2 (9, RY) n V22(Q,RN)) n W20, T; VO2(Q,RY))
L*(0,T; HQ(Q)) NC(0,T; H(Q)) nWh2(0,T; L*(Q))
L2(0,T; H3(Q)) N L™®(0,T; H*(Q))

L*(0,T; H'(Q)/R),

where in dimension N = 3 the time T = T'(ug) > 0 is finite,
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i)

iii)

iv)

the initial conditions

(3.2.29) ug € VH3(Q,RY),

(3.2.30) nE € H(Q) N L®(Q),
where for ¢ — 0 there holds

(3.2.31) u(-,t) —ug  in L*(Q,RY),
(3.2.32) nt(,t) - nF  in L*(Q),

the stronger boundary condition (Vn¥, n)|saxy =0,

for N < 3 the energy identities
t t
(3.2.33)  E(t)+ / e(s) +d(s)ds = E(0) — / Ly(s) + Ly (s) ds,
0 0

(3.2.34) W (t) +/t It(s)+1 (s)ds=W(0)— /tLl(s) ds,
0 0

where L, Ly and L, are integrated without taking the absolute values of their
integrands.

3.3 Proof of the Main Results

Let us give an overview for the proof of Theorem 3.2.2, which also reflects the main ideas.
Therefore we remark first that existence for each equation in decoupled form is already known.
Here we check whether there exist solutions in the sense of Definition 3.2.6 respectively 3.2.7 for
the coupled system.

A) Local Existence of Weak Solutions

1. Properties of Weak Solutions (u,n*,n=, W)

i) Non-negativity for n* via an auxiliary problem

ii) Energy Inequality I, see (3.2.27)
iii) Energy Inequality 11, see (3.2.28)
iv) L>®°(Qr)-bound for n*

. A Priori Estimates

Recall of standard results

. Local Ezistence of (u,n™,n~, ¥y)

i) Definition of a continuous mapping F' : ¥ - Y and B C Y

F:Br— Bgr

yi=@" "

7ﬁ7> =Yy = (n ,TZ*),

such that y is the weak solution of the system (3.2.1)-(3.2.8) decoupled through y. In fact
we obtain the corresponding fluid velocity u and the internal electrical potential ¥y to the

concentrations n™ and n~ .
ii) F allows to apply Schauder’s Fixed Point Theorem, i.e., ¥ =y € Bp exists.
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B) Global Existence
1. Standard Continuation Principle via Uniform Bounds

In the subsequent sections we carry out these steps.

3.3.1 STEP A) (1): Properties of Weak Solutions

In order to prove the following Lemma 3.3.2, we introduce the auxiliary problem
(3.3.1) Bn* F div ([ni]+ w) — An* 4 (0 V)nE =0,

where [z]T := sup{z, 0}.

Remark 3.3.1. Any solution n* of the auxiliary problem (3.3.1) that satisfies 0 < n™ a.e in Qp
is already a solution of our original system (3.2.4)-(3.2.6), see [32].

Lemma 3.3.2. (Non-negativity) The weak solutions n* : Qp — R of the Nernst-Planck equa-
tions (3.2.4) and (3.2.6) are non-negative a.e. in Q.

Proof. We establish the proof only for n™ ( it can be done analogously for n~ ). For the
definitions N~ :=sup{—n™,0} and N* := sup {n",0} we can write n™ asnt = N* — N~. Now
we test (3.3.1) with N™. After integration by parts we obtain

1d _ _ _
AN - NI = - (YN =0

where we used properties of N* and VN* (compare [34]) and the fact ((u-V)N~,N~) = 0.
Finally for t € [0, T], integration over [0, ¢] yields to

t
NG [z = IV ¢ 015 — 2/0 IVN=( 8|72 ds > 0.

Since HNO_Hi2 =0, we have N~ =0 a.e. in Qp. O
The next Lemma states mass (or charge) conservation.

Lemma 3.3.3. (Mass Conservation) The L°°(0,T; L' (2))-norm of a weak solution n* : Qp —
R is conserved, i.e.,

I Ol = 750 = [ s = I

for every t € [0,T).
Proof. This is a simple consequence of (3.2.16) and given boundary conditions. O

The following two lemmas present energy inequalities, which we obtain by using special test
functions.

Lemma 3.3.4. (Energy Inequality 1) The weak solution (u,nt,n=,¥y) of (3.2.1) — (5.2.9)
satisfies the Energy Inequality I, i.e., (3.2.27).

Proof. We test equation (3.2.1) with admissible u, equations (3.2.4) and (3.2.6) with £¥ and
then integrate over €. O
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Lemma 3.3.5. (Energy Inequality II) Suppose that (u,n™,n~, W) is a weak solution, then
(8.2.28) is wvalid.

Proof. We test the n™-equation of (3.2.6) with the admissible test function (log(n™ +9) — ¥)

for a small 6 > 0. Since % [n (Inn — 1)] = ngIn n, we have

sz a0 0) (o( +8) 1) = (o 0)
— (((n"4+6)V¥ —=Vn~ +u(n” +6)),V(log(n” +9)—¥)) =0.
First we compute the second line in (3.3.2), i.e.,
(3.3.3)
/Q { — (n™ +6)VUVlog (n~ +06) + Vn~Viog (n™ +06) + (n~ +0) |[V¥|> - vn*vw} da
= (u(n” +0),V (log (n~ +0) = ¥)) = 17 () + I (w),

where I] represents the integral term in (3.3.3) and I, (u) the term depending on u. To rewrite
I we need the following two conversions

Vn= VU = Z: i gV (n™+6) V¥ = (n~ +6) Vlog (n~ +6) V¥
and
Vn~ Vlog (n_ + 5) = MV (n_ + 5) Vlog (n_ + 5)
(n=+9)
= (n”+9) ‘Vlog (™ +9) ‘2 .
Therefore
Fo= [ <n— T g) 1V (tog (0 +8) — ¥))de
(3.3.4) Q@

+ 5/ Vlog (n~ +68)|* dx — 5/ IV d
2 Ja 2 Ja

and since u is divergence free

Iy (u) = —(u(n”+9),VY).

Now we repeat the same calculations for the equation (3.2.4). Hence we test with (log (n™ + d) + ¥)
to obtain

o= [ (m n g) [V (log (n* +6) + )] da

(3.3.5) 5 5
+/ |Vlog (n++5)}2dx—/ V| dz
2 Jo 2 Ja

and

IF(u):= (u(n +46),VV).
Adding up the equations (3.2.4) and (3.2.6) tested with (log (n* + §) £ ¥) and using —A¥, =
nt —n~, delivers

.. S (0" +0). (los (n* +6) ~1)) + < (0 +0). (105 (n* +5) 1))

IR B = I (6) I (6) — I3 (w) — I3 (w) — L,
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where L1 = <V (\Ilo(-,t))t, Vqll(-,t)) The Navier-Stokes equation (3.2.1) we test with u, i.e.,

1d
2dt
Now we add up the equations (3.3.6) and (3.3.7) to obtain

(3.3.7) Jull72 + |Vul7: = (= (nT —n7) V¥, u).

(3.3.8)
S (0 +9), (g (0 +8) ~ 1) + < (0 +9)  (log (n* +8) ~ 1) + & (; HV\I/OH%Q>
1d

+ 5 IllEe + 190l = =1 0) = 17 (0) - L.

For a constant Cj the definition
Ws(t) = / (n* +9) (log (n* +6) = 1)+ (n~ +6) (log (n~ +0) — 1)
Q
t
L v w2 4+ L dx+/ / Vuf? de ds + Cs.
2 2 0 Jo

enables to write (3.3.8) as

d _
(3.3.9) aW(;(lt) = —I;(8) — I{ (6) — Ly.
Moreover, with (3.3.9) Wy(t) is a Lyapunov function if we choose ¥ and the boundary conditions

such that
(3.3.10) I7(0) + I7 (0) — Ly <0, for all t € [0, 7).
Then for (§ — 0) and assumption (3.3.10) we have

%Wo(t) = —/Qn+yv(1og(n+)+\p)|2dx

—/ n- ‘V(log (n*) —\I/)’2da;—L1 <0.
Q

It is only left to guarantee that Wy(t) > 0 for all ¢ > 0. The problematic case occurs when
n* = 1. Therefore we choose Cy = 2/(Q). O

We are able to verify L°°-boundedness of the solutions to the Nernst-Planck equations in
the following way.

Lemma 3.3.6. (L>®(Qr)-Bound) The weak solutions n™ of the concentration equations (3.2.4)
and (3.2.6) satisfy
n* e L%®(Qr).

Proof. The main idea is to adapt a method introduced by Moser [55] to our problem. Let us
k_
formally multiply equation (3.2.4) by (n+)2 L Integration over €2, integration by parts and

taking into account of divu = 0 a.e. in Qp result in

1d ok 1 ok
I Q(n+) dm+(2k—1)/92kv (n™)” VU da

(2 1) /Q (n*)? 2 (Vn")?de = 0.
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_ 2 1\ 2
Note that ((nJF)QIC 1_1(Vn+)) = (2,61_1V(n+)2]C 1) . After integration by parts we obtain,

+ petl

in consideration of —AW¥y = n™ — n~, Hdélder’s inequality for the exponents a = = and

B = pr + 1 and using the definitions vy, := 22k , Mk 22% L and py := 2%, the inequality

pl;t (n)™ d:L‘S—p Vil/ (n*)" da 7+ il/ (™) da
k Q k k

—/,Lk/ ’V pk 1 dx+uk/ (n+)pk (—AYq)dz.
Q

(3.3.11)

Repeating the same steps for the equation (3.2.6) implies

1 d —\ Pk Vi / —\pr+1 Vi / +\pr+1
- — dr | < — d d
pkdt</g(n) x>_ pe+1 Q(n) x+pk+1 Q(n) !
- ,uk/ |V (n~)PEt }2 dx + uk/ (n™)"* (—ATy) dz.
Q Q

(3.3.12)

Hence adding up (3.3.11) and (3.3.12) provides after applying Holder’s (p = 1, = oo0) and
Gronwall’s inequality

(3:3.13) I 5+ In " 1750 < (Ing 175 oy + 175 1 o ) The () exp{wTIIAW |10 } < oo,

for all k € N, since nd € L>(2). Now take the estimate (3.3.13) to the power of 1/p; and use
for a,b > 0 and | € N the inequality

(3.3.14) (a' +1")
to obtain
(3.3.15)
.
Il + Il < (I le@r) + 105 lgon ) (Ti() ™ exp{ ;ZTHA%HLOO}
=: ng + sz—'
Therefore n™ € LP(Qr) for all p € N, and in the limit & — oo we find

(3.3.16) oz + o e < (10 o) + 95 @) ) = €3 +C22.
O

Remark 3.3.7. A further property, which strongly uses the coupled character of the Nernst-
Planck-Poisson system, is, that constants ¢ = p = n > 0 are special solutions for n™ and n™.
Via initial conditions we immediately obtain uniqueness of these solutions. In the presence of
only one concentration, either n* or n™, constants cannot survive any more as solutions.

3.3.2 STEP A) (2): A Priori Estimates

Here we remind necessary lemmas that allow to apply Aubin-Lions’ Compactness result [48].

Lemma 3.3.8. For dimension N = 2 put p = 2, and for N = 3 put p = 2. Then the weak

3
solution of (3.2.1) satisfies u € WHP(0,T; V—12(Q, RY)).
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Proof. In view of the regularity of weak solutions we can immediately verify that the last three
terms of (3.2.1) are in L2(0,T;V~1%(Q)). Finally testing (u- V)u with v € L?(0,T;V12(Q))
we obtain by applying for dimension N = 3 the inequality

1/4 3/4
(3.3.17) lullze < ellull 2 Vul7

the estimate

T 4 2
9yl < el o5 IV 0009 <

thanks to (3.2.20). For dimension N = 2, the same estimate is valid with exponent 2 instead of
3 since in this case the inequality (3.3.17) is

1/2 1/2
(3.3.18) [z < cllul[52 ([ Vul|H,
]

Lemma 3.3.9. Weak solutions of (3.2.4) and (3.2.6) satisfy n* € Wl’g(O,T; (HY(2))*) for
dimension N =2 and 3.

Proof. We test the equations (3.2.4) respectively (3.2.6) with ¢ € H(Q). Usmg Holder’ 5 in-

equality with exponents 2,4 and 4, known interpolation results as || - |4 < ¢|| - HLQHV ||L2 in
N = 3 and Young’s inequality with exponents p =2,¢q =2 and p = 10,q = 1 provides

6
(3319) ey < (bl + In*1% + IVOIL + [Tl + [Vn[2 + AV]E.).
The proof can be done in the same way for N = 2. O

Remark 3.3.10. The vanishing Neumann boundary data avoid the occurrence of boundary terms
on the right hand side of (3.3.19). Further the L°°(Q2r)-bound allows to improve the result to
ni € WH(0,T; (H'(92))").

3.3.3 STEP A) (3): Local Existence of (u,n*,n=, ¥,)

i) We define a Fixed Point Map F : YV =Y, y:=(n",n")+—y:=(nt,n"), where y is
a solution of the system

(I) —AVy=nt—7a" in Qp
(V¥p,n) =0 on 9 x (0,7)
(I1) W+ (U-V)u-Au+Vp=—(nt —n") V¥, in Qp
diva=0 on 00 x (0,T)
u=20 on 00 x (0,T)

(I11) ni Fdiv (n*VT¥) — An® + (T- V) n* = £div (nFV ) in Qr
(Jpxt,m) =0 on 082 x (0,7)
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for the given data y. Further we set
Y :={y:=(@n"n");n",n" € LY0,T; L*(Q))}
and we equip this space with the norm

[(n* n7)y = Hn+HL4(O,T;L2) + Hn_HL4(0,T;L2) :
We define the subset B C Y as follows,
Br={y €Y;|ylly < R < oo},

where R, Ty > 0 will be fixed later on.

The system (1) — (11I) allows to apply standard parabolic and elliptic existence results [47].
Note that in (I) we have a right hand side in L? that provides a unique ¥y € L*(0,T; H?).
Also in (IT), the right hand side is in L?(€7) what provides the unique standard weak solution
u € L®(0,T; L*) N L*(0,T; H). For (I1I), we obtain well-posedness for coefficients b’, and &+,
introduced in Remark 3.2.1, at least in L?(0,T; L?), i.e., we get a unique n* € L>(0,T;L?) N
L0, T; HY).

These observations immediately imply that F'is well defined.

ii) To apply Schauder’s Fixed Point Theorem, we verify next that
1) Br CY is closed and convex,
2) F: Bp — Bpg is continuous,
3) FBp is precompact, i.e., the closure cl(FBpg) is compact in Y.
1) is an immediate consequence of the definition of Bp.

2) To obtain the self-mapping property, we test (3.2.4) and (3.2.6) in dimension N = 3 with
+

n>, le.,

(3.3.20)
1d 4+ + _ - + 1 +
st lEe + 1Vt 13a < e(Imt it + 177 12 + 191l e ) In®13e + 51Vn* 2,

Now for C(t) := |[[n"]|72 + |7~ [|72 + | ¥1]|};2 we apply Gronwall’s inequality to (3.3.20),
ie.,

T
(3.3.21) In* (T, )2, < exp{/ C(t)dt}HnOiH%Q = C < .
0

We can proceed in the same way for dimension N < 2. Hence the ball By is invariant
under F' for R > 0 large enough and T" > 0 small enough, since

T 2\ 1 L 1
1 1
(3322 \\nirrLzL(o,T;Lz(Q)):( | ([ as) dt) <ThCL @i ) < LR

To prove the continuity of F', we define (n]",ny ), respectively (nj,n, ), as the images of
F(nf,my), respectively F(n3,m5 ). Our aim is now to control [|n —n3 |12 via |7 —73 |72
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and the same for [n] —ny||1.. In the following we differ (¥); from the external potential
1. The equation (3.2.4) reads in such a difference form as

(3.3.23)
(nf —ny)e — div((ny —ny )V(®)1) — div(ny V((¥)1 — (¥)2)) — A(nf —ny)
+ (@ =) - Vnf + (W V)(nf —ng) =0,
and after testing with nj” —nJ3 and in consideration of ((uz-V)(n{ —n3), (nf —n3)) =0,

thanks to divu; = 0, for ¢ = 1,2, and with the control VnIQ € L? provided by (3.3.20)
and (3.3.21), we obtain in dimension N = 3 (and similarly for N = 2)

saqplInt —md e + 190} =) < e(mf =77 g + A0 E2) Ind = 17
2

£ 2V (f = ) Bs + eVt 13w -

+ el T galind e (I =7 2 + [y = 7 )

+cllnf HLz\IV(Uu — W)|7.-

n (3.3.24) no boundary terms occur, since we avoid integration by parts and use the
convexity of the domain. Let us define a(t) := %C[AC(G)(HWT -y |72 + HA%H;) +

1
|t 1220 — Wil + ellnf |5V (m — m HLm and B(t) := cs(es + 1)2cpa || Vg | 2.
After multiplication of (3.3.24) with exp< fo ds) and via the estimates (3.3.20) and
(3.3.21) we now obtain

(3.3.25)

d t
a (exp(/o a(s) ds)””1 — Ty ’L2>
t
< GXP<—/U a(s) dS)ﬂ(t)Hn%LHB(Hm — g |72 + 77 =75 [172)-
Integration over t yields to

(3.3.26)

t
exp(= [ als)ds) it —nf -

t s
< [Cew(= [ atr)ar)slndla(in s+ I 7 ) ds
t s 5 %
< llnf =z | on(- /0 ar) )9 s )
1
2
((/ p( /04 ‘n1_”2 ‘L2d8>
0
¢ 3
+ <c/ exp )dr)(”ﬁf —ﬁ5||4L2) ds) )
0
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where o and [ is controlled via estimates (3.3.20) and (3.3.21). Now we repeat the same as
for (3.3.23) for n] — n, . By using the analogous definitions é(t), 5(t) and adding up the
estimates provides smallness of ||n] —nJ ||p2 +||n] —ns ||z2 controllable with the smallness
of [ — ||z + [Iny — 75 | 2

3) is a consequence of Aubin-Lions’ compactness result. The estimate (3.3.20) provides n* €
L>(0,T; L2(Q)) N L2(0,T; H'()); by Lemma 3.3.9, we obtain additional regularity of
solutions n;" in time. Therefore, cl(F Bg) is compact in the |- | 220,712 ())-norm by Aubin-
Lions, and the compactness in Y follows from its local boundedness in the L°°(0, T’; L*(12))-
norm.

STEP B) (1): Global Existence of Weak Solutions

To achieve global existence by repeatedly applying the established local existence result we have
to derive uniform bounds. Therefore we test the Navier-Stokes equation (3.2.1) with u and use
the Lemma 3.3.6 to obtain

Ld
2dt
< IV L2 (I e (or) + 107 (Lo (o)) ull 2

— 2 1/2
< e (Il + 107 @) (#(0) 2Vl 2,

a7 + [[Vulf72
(3.3.27)

which we rewrite as
1d

(3.3.28) 2dt .
< CS(\\TL+|!LOO(QT) + Hn_HLOO(QT)> (1)) =: C(2,n*) < o0

1
Il + 5 IV al3:

If we do the same procedure for the Nernst-Planck equations (3.2.4)-(3.2.6) we directly obtain,
under consideration of ((u-V)n®™,n*) = 0 and the convexity of the domain, that

1 T
T+ 5 [ IO de

L
(3.3.20) 2 X
< T(C) (O + %) + 5lng 72 =t O Tong ) < oo.

For the definition of C° see (3.3.15) respectively (3.3.16). Therefore the local existence result

can be extended to a gl%bal existence result by its repeated application in view of the uniform
bounds (3.3.28) and (3.3.29), which guarantee that the right end T of the time interval (0, T}) ob-
tained from the local existence result can be used to define the new initial data u(-, 73), n* (-, T}),
which again allow to apply the local existence result.

Remark 3.3.11. Lemma 3.3.8 already implies u € C(0,7; L?) N L?(0,T; H'). But already in
dimension N = 3 we do not have continuity in time any more. Further the convective term
(u- V)n® in (3.2.4)-(3.2.6) enables only n € L(0,T; (H'(Q))*) for ¢ < 2 without using the
L*-bound. This lack of in time continuity is the reason why we do not obtain energy identities
at the moment, i.e., we have only weak convergence in time and therefore lower semicontinuity
of the norm what ends in energy inequalities.
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3.3.4 Proof of Theorem 3.2.3

We use a Gronwall type argument. Therefore we introduce the following variables

+._ ok + e
(3330) n—i=ny ny, vV i=Uu ug,
¢ = (V) = (V)

where nii, (¥);, and u; are the assumed non-unique solutions. Further we distinguish ¥; from
(¥),, since ¥ = ¥y + ¥y, The equations (3.2.1)-(3.2.9) look in these new variables like

(3.3.31) v+ -Vu+ (uz-V)v—Av=—(nt =) V(¥), — (n —ny) Ve,
(3.3.32) O™ Fdiv (nFV (¥), F anLp) — At (v-V)ni + (ug- V)t = 0.

(3.3.33) —A (Vo) =nt —n~.

In the following we multiply (3.3.31) with v and equations (3.3.32) with n*, integrate them over
Q) and add them up to

1d _ _
5 g VL + 17172 + 7 172) + (I9VIZe + IVn T lZe + V07 1172)

(3.3.34) < CUN)IIVIZ2 + Co (I 1122 + I~ 1122)

1 3 _
+ 319913 + L (19013 + 1907 12)

what is a consequence of estimates using standard Holder and Young inequalities. The associated
constants to (3.3.34) are

1 +112 —112
(3.3.35) CrN):=5 1A (V) llzoe() + (103 200 0) + 12 250 0

+ Cn[|Vwi |72 + C (Inf 117 + [In7 1172)
(3.3.36) Coi= | ClIA )1 |2 0 —I—C} ,

where N is the dimension and C7(2) = C corresponds to the case N = 2 and C1(3) = 0 to
the case N = 3 ( neglection of the convective term (u- V)u ). Using Young’s inequality with
1

€ = 3-depending constants and defining C3 := max{C1, C2} provide with Gronwall’s inequality

t
3237 (Il + ¥ s+ 7 132) < (ol -+ i I+ g 1) x| Cas) =0,
since (HVOH%2 + HnS’H%g + H770_||%2) =0, i.e., vog=0and 178E =0.

3.3.5 Proof of Theorem 3.2.4

In order to obtain existence of strong solutions, we first state a standard regularity result in the
Navier-Stokes theory which later on allows to improve the regularity of the weak solutions n*.
The following theorem uses the fact that f € L>(0,T;V%%(Q,R%)) which is stated here for the

convenience of the reader.
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Theorem 3.3.12. For given £ and vy satisfying

(3.3.38) f e L2(0,T; VO2(Q,RY), wuge VI2(Q,RY),

there ezists a unique strong solution to the Navier-Stokes equations satisfying
(3.3.39) ue L20,T;Vy 2 nv33) no((o,T); V) n wh2(0,T; L?),
where in d = 3 the time T = T(uy) is finite.

The existence of the pressure p € L?(0,7; H' /R) we obtain as usual via De Rham’s theorem
(see [?]). Now, we are able to improve the result of Lemma 3.3.9 by using Lemma 3.3.6 and
Theorem 3.3.12 which implies u € L>(0,T; V'?) as the key to

Lemma 3.3.13. The weak solutions of (3.2.4) and (3.2.6) satisfy n*™ € W12(0,T; L*(Q)) N
L2(0,T; H*(Q2)).

Proof. First in a just formal way we establish An* € L?(Qr). Therefore we multiply (3.2.4)
and (3.2.6) with —An™ and integrate in space,

1d
(3.3.40) iaanﬂtnig + [|ARE (7, < [(VREVE, An®) [+|(nF AT, An®)|+|((u - V)n*, AnF)),

where we use the vanishing Neumann boundary conditions in Definition 3.2.7 iii). The first term
on the right hand side becomes with Hdélder’s and Young’s inequalities

1
(Va0 An)| < e Vo [V + g lAn s,
and the second term
1
(R A, An) | < efnF|[7 | AT7: + §||Ani\|i2~
The last term is controlled in dimension d = 3 using (3.3.17) by
(- V)=, An%) | < Jull sl Vr| g A= 2
1 3 11 LT
(3.341) < cllullz IVall 2 [Va= (2| An=] 7,
1
< cllullZz [ Vullze [ V=l + Il An*|7. .
where [|[Vul|%, is under control by Theorem 3.3.12. Putting things together leads to
1d

1
V )2 _ A +112
(3.3.42) sV e + gl An™g

< (il VulSs + V3 ) IVnE1Ee + el (In* = nI3e + 102 )

Now we are able to establish the claimed result by testing (3.2.4) and (3.2.6) with ni" and using
Young’s inequality to arrive at

1 d . 2 2
(3-343) Jllni" 172 + L IIV* T2 < cldiv(n™V®)|T2 + cllAn®|[Fa a2 + ][V 3] [Vul|Z.
It is left to control ||div(n®*VW)||2,. Since ¥ € H3(Q), we estimate using Sobolev’s embedding
(3:344) [|div= V)T < VotV Go+[n AT, < VoL | V|G + 0| T [ AT 72,
since via (A2) we have
(3.3.49) IAW[[72 = (AT;, AY;) = ((nF —n7), AW;) < ([[nF]|gz + In7 |l L2) [AT] 2

1
and hence [|AW g2 < ([In* [l + [~ || Loe ) (1(2)) 2 + [ Wel| 2. 0
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Global (d = 2) and local (d = 3) existence of strong solutions follows from the regularity
improvements in Lemma 3.3.13 and Theorem 3.3.12. Then a consequence of the two results
n* € L2(0,T; H?), nf € L*(0,T; L?) is by interpolation, see ([49]), that n* € C([0,T]; H').



Chapter 4

Convergent Discretizations for the
Nernst-Planck-Poisson System

4.1 Introduction

Let © C R? for d = 2,3 be a bounded Lipschitz domain. The classical drift-diffusion system
describes evolution of positively, and negatively charged particles p,n : (0,7] x Q — ]Rar, and
the electric potential ¢ : (0,7] x 2 — R,

(4.1.1) pr = div(Vp+pVy) in Qp:=(0,7T] x Q,
(4.1.2) ny = div(Vn—nVy) inQp,
(4.1.3) —AY = p—n inQp.

This system was formulated by W. Nernst and M. Planck to describe the potential difference
in a galvanic cell (e.g., rechargeable batteries, or biological cells). System (4.1.1)-(4.1.3) has
applications in electrochemistry, analytical chemistry (|67, 71]; construction of separation de-
vices or sensors |[Lambda sensor|), and in biology (where cell membranes separate regions of
different ionic concentrations, or neuronal behaviour). In addition, these equations also appear
in areas like plasma physics, and semiconductor device modelling, where they are known as van
Roosbroeck equations.
We supplement the above problem by the following initial and boundary conditions,

14) p(07 ) =DPo, n(oa) =no in Qa
Onp = Onn = Ont) =0 on 0Qp := (0, T] x 092

It is well-known that non-negativity of pg,ng is conserved in Qr, and that masses
Mp = / pO(X) dx = / p(t,X) dX7
Q Q

Mn:/gno(x)dX:/Qn(t,x)dx,

stay invariant for all ¢ € [0, T']; moreover, because of (4.1.5), the electroneutrality condition

(4.1.6)

(4.1.7) M, = M,

is required as well to obtain existence of solutions to (4.1.1)—(4.1.5).
We propose and analyze two Schemes A and B of convergent finite element discretizations of
(4.1.1)-(4.1.5). The first energy based approach enjoys a discrete energy equality as motivated

41
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in [71] by choosing corresponding admissible test functions in the discrete setting; cf. Section 4.3.
We verify further properties for iterates of this scheme, including the conservation of mass, non-
negativity, discrete maximum principle, and a perturbed, discrete version of an entropy law which
is obtained in the discrete setting by applying interpolation techniques to the derivation of the
entropy law in [14, 71]. In order to validate these properties analytically, and also to numerically
solve the implicit Scheme A, we introduce the fixed point Algorithm A, and establish M-matrix
property of the system matrix on strongly acute meshes: non-negativity, and L*°-boundedness
of iterates will then be concluded, as well as a contraction principle, which allows to construct
unique solutions to Scheme A. Moreover, a stopping criterion in Algorithm Aj is provided, which
accounts for increments of computed potentials, and overall convergence to solutions of Scheme
A for the threshold parameter tending to zero is verified. Finally, convergence of iterates from
Algorithm Ay, resp. Scheme A to weak solutions of (4.1.1)—(4.1.5) is established in Section 4.3.2.

To validate a discrete perturbed entropy law for iterates of Algorithm A; and Scheme A
requires stronger regularity assumptions for initial data, as well as a mesh-constraint to hold;
cf. Lemma 2, and Theorem 2, ii). In order to have a discrete entropy law for iterates under less
requirements on the initial data, we propose Scheme B in Section 4.4. The construction of such
a scheme adapts ideas from [36, 6] and transfers the ideas concerning the entropy law of the con-
tinuous context [71] more naturally to the discrete setting. Existence of iterates which solve this
nonlinear scheme is shown by Brouwer’s fixed point theorem, and further characterizations are
provided in Theorem 4; convergence to weak solutions of (4.1.1)—(4.1.5) for vanishing discretiza-
tion and regularization parameters is shown. Finally, the application of fully implicit schemes
is motivated by the aim that the discretizations should be able to reproduce such physically
relevant behaviors as the energy and entropy principle. To overcome the implicit character in
practice, we choose a suitable fixed point algorithm which is shown to converge to the implicit
scheme applying Banach’s fixed point theorem, for a suitable stopping criterion accounting for
increments of charge densities.

We verify convergence for all, threshold, discretization, and regularization parameters tending
to zero.

For the analysis of the schemes below, we consider the different sets of data:

e Regularity of the domain: The bounded Lipschitz domain Q C R?, for d = 2, 3, either has
C1! boundary, or is convex polygonal (resp. polyhedral, for d = 3).

e Regularity of the initial data:

(11) p(0,-) = po and n(0,-) = ng are in L>°(Q), and non-negative.
(I2) p(0,-) = pg and n(0,-) = ng are in W2(Q), and non-negative.

In the following, we need some restrictions regarding possible triangulations 7;, of Q C R9,
and depending on which properties of the continuum problem we wish to conserve:

e Regularity of the mesh:

(T1) 7y is quasi-uniform and strongly acute.

(T2) 7y, is quasi-uniform and right-angled.

We recall the meaning of strongly acute meshes and right-angled meshes in Section 2.2.
In the literature, there are different numerical approximations available for the steady state
Nernst-Planck-Poisson equations, see e.g. |17, 3, 39, 53, 54]. The most related works in spirit
to the present one are [17, 20, 21]: in [21], existence as well as uniqueness of iterates of a finite



4.1. INTRODUCTION 43

volume based discretization for the extended model (4.1.8)—(4.1.12) with positive initial data is
shown by Brouwer’s fixed point theorem; asymptotic convergence (t — oco) towards solutions of
a discretization of the steady-state problem is established in [20].

In the present work, we propose and compare two different finite element discretizations,
which are motivated by two Lyapunov structures inherent to the problem, and which are there-
fore referred to as energy-based vs. entropy based discretization. Next to establishing conver-
gence of iterates of fully practical schemes to solutions of (4.1.1)-(4.1.5), our main focus is to
recover characteristic properties of the limiting schemes at finite discretization scales, and to
identify necessary analytical and numerical requirements needed to establish these properties
for Schemes A and B, as well as Algorithms A; and Bj; see Figure 4.1.1.

Most of the obtained results remain valid for an extended version of (4.1.1)—(4.1.5), where
(4.1.1)—(4.1.3) are replaced by

(4.1.8) pr = div(Vr(p) +pVe) in Qp,
(4.1.9) ne = div(Vr(n) —nVey) in Qr,
(4.1.10) Ay = p—n+e,

for a given doping profile ¢ € L*°(Q2), and r(s) = s%, for a > 1; we refer to [41, 21, 20| for a more
detailed discussion of this model and references. Moreover, instead of (4.1.5) we may allow for
Dirichlet-Neumann boundary conditions which do not change in time,

(4.1.11) p=pp, n=np, Y=1vYp on (0,T] xT'p,
(4.1.12) Onr(p) = Onr(n) = Onp =0 on (0, 7] x T .

The remainder of this work starts with Section 4.2, where necessary material and notation
are collected. Energy based discretizations (i.e., Schemes A;, for ¢ = 1,2,3) are studied in
Section 4.3; entropy based discretizations are introduced and analyzed in Section 4.4. In Sec-
tion 4.5, we highlight necessary modifications of the arguments to validate most of the results
in Sections 4.3 and 4.4 for (4.1.8)—(4.1.12). Comparative computational results are reported in
Section 4.6.

<<

2 | Fixed Point |__| (1), (T1): M-matrix: Energy law, | _|(12), mesh cony

2 | Algorithm A | unigueness, uniform bounds| ~ |straint: Pertur—

[53 non—negativity, bed Entropy

@ pointwise bounds Inequality
weak solution
of (1.1) - (1.5

Convergence

% (11), (T2): Brouwer, uniform bounds, Fixeq Point

g entropy inequality, unigueness, Algorlthm B4

S | (modified) energy ‘qua?_i’ftnon—negas 77777777 = Cé)nsttralrt]_t for

n equality ivity ?’?orsgr'lcgn

Figure 4.1.1: Outline: Study of energy based (Scheme A) and entropy based (Scheme B) dis-
cretizations of (4.1.1)—(4.1.5).
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4.2 Preliminaries
The standard Sobolev space notation is used in this paper; see [1] for details. In particular, let

(-,-) denote the standard L?(Q)-inner product. The generic constant C' > 0 is independent of
p,n, Y, the mesh parameters k,h > 0, and T =t; > 0.

4.2.1 Solvability of the Nernst-Planck-Poisson System.

We recall the concept of weak solutions to (4.1.1)—(4.1.7).

Definition 1. Suppose (I1), and let T > 0. The triple (p,n,v) : Qr — R3 is called a weak
solution of (4.1.1)-(4.1.7) if

(1) p,n € L*(0,T; WH*(Q)) N C((0, T]; L*(2))
(2) initial data are attained, i.e., for t — 0,

p(t,) = po,  nt,)—mng  in L*(Q).

(3) (4.1.1)~(4.1.3) hold in the weak sense, i.e., for all (1, P2, d3) € [Wl’Q(QT)]?’ with ¢1(T) =
0 = ¢o(T), there holds

T .
| [0 000 + (90.961) + 090 F01)] ds = (m.1(0.)

T
/0 i (n, (¢2)t> + (Vn,Véz) — (nV, V¢>2)}d8 = (no, ¢2(0,-)),

/OT :(V¢, V¢3) - (p —n, ¢3)}ds —0.

A weak solution of (4.1.1)—(4.1.7) enjoys the two additional characterizations [32, 71]:

(P1) p, n show mass conservation (see (4.1.6)), and satisfy the following energy law for a.e. t €
[0, 71,

19612+ [ (1o + | VEmwe,) ds = 219000, 1.

(P2) The weak solutions p and n satisfy the entropy law for a.e. ¢t € [0, 7],

W (t) +/0 [IT(s)+ 1 (s)] ds < W(0),

W(t) = /Q[p(t,-)(mp(t, )= 1) + 14l ) (Inn(t, ) — 1) + 1+ 5[V )] dx,

I* :/p|V(lnp—1/))‘2dx and I_:/n‘V(lnn—¢)|2dx.
Q Q
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In the following, we write E(1)) := £||[V¢|/2, for the electric energy density. The term
VP + V|7, stands for the total electric energy. Moreover the difference p — n corresponds
to the physical term charge density. Finally the mapping t — W () is referred to as the entropy.

Existence of a unique weak solution in the sense of Definition 1 is shown in [32]. Asymptotic
convergence of solutions of (4.1.1)-(4.1.5) to steady states [14]| with exponential rate is shown
in |5, 13|. For the energy property (P1) we refer to [71] and the entropy characterization (P2)
can be found in [32] or in a more general context also in [71].

Further results for the drift-diffusion model regarding existence and asymptotic studies in
the case of different boundary conditions may be found in [29, 30, 31, 32].

4.2.2 Finite element spaces

We denote a triangulation of a bounded polygonal or polyhedral domain © C R¢ with 7;, for
d = 2, 3. Moreover, let 7;, be a quasi-uniform triangulation of € into triangles or tetrahedrons
of maximal diameter h > 0, see [16]. Let Ny = {x/}scr, denote the set of all nodes of 7;,. We
define the finite element space

Vi={®eCQ): o|.cP(K)},

and the nodal interpolation operator Zj, : C'(Q) — V},, such that Z,y = Zze/\/h ¥(z)py; here,

{ps: z € N},} C Vj, denotes the nodal basis for V4, and v € C(Q). For functions ¢, € C(Q),
a discrete inner product is defined by

(6,9), == / Tlovldx= 3 Bao(@)0(z),
Q ze./\/h

where 3, = [, ¢. dx for all z € Nj,; we define |[¢[|2 := (¥, v)5. Recall that for all ®, ¥ € Vj,,

(4.2.1) 1] 2 < |1W]ln < (d+2)%| ]2 VT EV,
(4.2.2) (@, 0), — (, )| < Chl[®|[12 [|¥]lyr2 VO,V EV,.

Set [,:]1 = (+,7), [,:]e = (+,))n and let || - ||; be their induced norms. Further we define the
discrete Laplace operators £§l : Wh2(Q) — V, for i = 1,2 by
[ﬁgq/,cb} = (VU,V®) Vb eV
(2
The following discrete Sobolev interpolation inequality for ¢ = 1, 2 follows from the arguments
in [38, Lemma 4.4,

(4.2.3) V|6 < C(|L4 222 + |@]lwr2) YV E V.
Special properties of quasi-uniform triangulations 7; are required in below.

Definition 2. 1. We say that the triangulation Tp, of Q is weakly acute if for all z € Ny \ 99
and all y € N\ {z} we have (V,,Ve,) <0.

2. If we require moreover that (V.,V,) < 0 is satisfied for a certain triangulation T, then
we call such a triangulation strongly acute.

It is known that a triangulation 7;, of Q C R? satisfies property 2. if the sum of opposite
angles to each common side/face of adjacent triangles is < m — 6, with # > 0 independent of
h > 0, see [46, 58|. A triangulation T € 7}, is called right-angled for d = 3, if all tetrahedrons
have one vertex with exactly one right angle, one vertex with exactly two right angles, and all
other angles are strictly acute; see Section 4 for more details. We note that a cube is easily
partitioned into such tetrahedrons. Sufficient for our analysis is to assume that each element
has d mutually perpendicular edges; the case that a tetrahedron has a vertex with three right
angles is unrealistic in practice and therefore, for ease of exposition, excluded.
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4.2.3 Discrete time-derivatives and interpolations

Given a time-step size k > 0, and a sequence {¢’/} in some Banach space X, we set dyp’ :=
k=1{p/ — 71} for j > 1. Note that (dip?, p7) = 3di|7 || + kHdt(ijQ, if X is a Hilbert space.
Piecewise constant interpolations of {¢’} are defined for ¢ € [t;,¢;4+1), and 0 < j < J by

p(t):=¢’ and P(t) =/,

and a piecewise affine interpolation on [t;,t;41) is defined by

t—t: . tivg —t .
t e yi ]-‘rl ]+ j.
o(t) B e a2

Note that there holds [|® — ®||x + [|® — ?||x < 2k||d:P||x-

4.3 Energy based Schemes: Stability and Convergence

4.3.1 Existence and Stability

We consider an implicit discretization of (4.1.1)—(4.1.5).

Scheme A. Let (P°,N°) € [V3]?, such that (P° — N9 1) = 0. For every j > 1, find
iterates ( P/, N7, W/ ) € [Vh]3, where (\I/j, 1) = 0, such that for all (<I>1, Do, <I>3) € [Vh]B and for
t =1, 2 holds

(4.3.1) [P, @], + (PIVOI, V0, ) + (VP V) =
(4.3.2) [N, @], — (N/V07, V@) + (VNI Vy) =
(4.3.3) (VII,Vo3) = [PT - NJ,<I>3]Z,.

The main result in this section is given in the following

Theorem 1. Let (I1), (T1) be valid, let i =2, k > 0 and h > 0 sufficiently small, and T = t; >
0. Suppose that 0 < PO, NV < 1. For every j > 1, there exists a unique (Pj,Nj,\Ifj) € [Vh]s,
such that (4.3.1)~(4.3.3) hold. Moreover,

(4.3.4) 0<P N <1 (1<j<J),
and there exists C = C(Q) > 0 such that
J

2 . J . . .
i) E(77) +fz NZAZE +kZ(PJ —|—NJ,|V\IJJ|2)
j=1 =1

+’fZHAh‘WHf = B(¥7),
j=1

2 . 4 J 4 4
i) (1P + INIR) + S (P2 + 1 2) + 2 S (IV PR + 9N
j=1 j=1

1
< 5 (I1PNZ + INO)F) +28(2°),

|

J
) K[ 1N ] < CUPPIE NI 4 B

(19

Jj=1
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Assertion i) is a discrete version of the energy equality for (4.1.1)-(4.1.3); see property (P1).

The main difficulty in the proof comes from the nonlinear terms in (4.3.1)-(4.3.2), whose
effective treatment requires non-negativity, and L°°-bounds for iterates (Pj ,N7). For this
purpose, we introduce an implementable Algorithm Aj, which is a simple fixed-point scheme,
together with a suitable stopping criterion, which includes a threshold parameter 6 > 0, which
will be specified below.

Algorithm A;. 1. Let (P9 N°) € [V3]?, such that (P — N°,1) = 0. For j > 1, set
(PO NIV .= (PI=L NI=1) and £ := 0.

2. For £ > 1, compute (PJVZ,NJ"Z,\I/J"K) € [Vh]3, where (\I/M,l) = 0, such that for all
((I>1,<I>2,<I>3) € [Vh]g and for i =1, 2,
%[Pj’e,cbl]i + (PHORH vey ) + (TP, Ve ) =

1r . .
(4.3.5) —[Pj‘l +PJ’€‘1,<I>1] 7

k i
(4.3.6) %[vaf,%] - (vafv\w—l,wm) + (VNM, vq>2) - %[Nj_l + Nﬂ_l,%] ,

(4.3.7) (V\Iﬂ?@,vq>3) - [P” - Nj’z,(I)gL. i

3. For fixed 6 > 0, stop if
. . 1 . 4 4 .
(438)  [V{UH = W 4 [P - PR NI N <0,

set (Pj,Nj, ‘Ifj) = (Pjvf,Nﬂ,\Ilj’g), and go to 4.; otherwise, set £ « ¢ + 1 and continue with
2.
4. Stop if j+1=J;set j < 5+ 1 and go to 1. otherwise.

The subsequent proof of Theorem 3.1 uses existing iterates of Algorithm A; to construct
those of Scheme A; crucial steps are to show non-negativity and L°°-bounds of iterates of both
numerical schemes in Steps 1 to 4 of the proof below which then allows to verify the properties
of iterates of Scheme A in Step 5 as given in Theorem 3.1.

Proof. (of Theorem 3.1) We first establish by induction the existence of 0 < PL, NM < 1, and
the uniqueness of solutions {(PM, NLE ) }£>1 via Banach’s fixed point theorem. This requires
to validate the contraction property for iterates to identify
(PLNY) = (Jim P, lim N) € [14)7
{—00 {—00

as unique solution of Scheme A, for j = 1. The results are extended to 0 < pit, pil < 1
(j,£ > 1) afterwards.

Step 1: LP-bound for VU1 Tet 0 < P11 NLE-1 < 1 such that (pl,ﬁ—l_lef—l’ 1) = 0.
The solution ¥H~! € Vj, of (4.3.7) may be interpreted as the Ritz projection of ¢!~ €
WL2(Q)/R, ie., U1 = popbe1 such that (¥1471,1) =0, and

(V1 Ves) = [PH1 — NBEL 6] Vo3 e WH(Q)NC(Q),

where by assumption (PM*1 — NLE1 1) = 0. By WhHP(Q)-stability of P, cf. [16, Theorem
8.5.3], there holds || U5 Y| yy1p < CllY* 1| y1p. By Sobolev embedding, the right-hand side
is bounded by C|| P! — NW=1)| s, for 1 < p < d%dQ, ford=2,and 1 <p< % in the case
d=3.

Existence of a unique solution (PM,N l’g) € [Vh]Q follows from Lax-Milgram lemma for
k = k() > 0 sufficiently small. Setting ®; = &3 =1 in (4.3.5), (4.3.6) then yields conservation
of mags for iterates (PM, NM).
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Step 2: M -matriz property for system matriz of (4.3.5)—(4.3.7); non-negativity of ( plt N1t )
Let {goxﬁ}ézl be the canonical basis of V;,. We employ vectors x1¢ = (:U;’e)gzl, and yb¢ =
1.4\ .
(Y5 )5=1, with
L L
l l
Pl’z = ZI‘;’ Pxg and _Z\fl’Z = Zyé’ x4
B=1 B=1

to restate (4.3.5)-(4.3.6) as follows: For every ¢ > 1, find [x"f,y"¥]"T € R2E, such that
A[xbE y T = £L4 Here,

IM+C(UH ) + K 0
— k 2Lx2L
A’( 0 zM—CMﬂ“H+K)ER ’

vxlfqhere M = {mﬁg/}éﬂ,zl, K = {kﬁﬁ’}g,ﬁfzv and C’(\Ilufl) = {cw/(\lllﬁefl)}gﬁ,zl, such
that

mﬂﬁ’ = (@xgv (Px5/>h7
(439) kﬁﬁ’ = <V¢X5vv¢xﬂ/) )

Cﬁg/(\pl’é_l) = (@xﬁvqjl’e_la VSDX/B/) .

For the right-hand side, fé’é = %(PO + Pll*l,(pxﬁ), and fi’_fﬁ = %(NO + Nl’efl,goxﬂ), for
1<p<L

We verify that A := {aﬂﬁ’}ZL5/:1 is an M-matrix:

a) Non-positivity of oﬁ”—diago;ml entries of A. Since 7}, is strongly acute, there exists Cyg, > 0,
such that kgg < —Cy,h%2 < 0 uniformly in h > 0, for any pair of adjacent nodes. Moreover,
mgg = 0 in this case. The remaining entries are bounded as follows,

(4.3.10) g (T2 UVl Vo o
for values % >y > 1, and vy + (7’)71 = 1. In order to conclude non-positivity of
cBﬁ/(\IJM_l) +kgg for sufficiently small A > 0, a dimensionality argument leads to d —2 < % -1,
and hence dQT‘_iQ << d%'ll. In turn, this bound allows to apply the result from Step 1, i.e., for
d = 2,3 there exist d < 7/ < % such that |[VUL=1|, ., < C. This verifies non-positivity of
off-diagonal entries of A for h < ho(2) sufficiently small.

b) Strict positivity of diagonal entries of A. By evidence, %mgg > cp,h?, and kgg > co,h?2,
for some cg, > 0. Similar to a), in order to make sure that cgg (\1,1,2—1) + %mgﬁ +kgg >0, a
dimensionality argument leads to d — 2 < % — 1, and we may conclude as above.

c) A is strictly diagonal dominant. We again use the fact that the number of neighboring

nodes xg € N, for each x3 is bounded independently of h > 0. Hence, there exists a constant
C=C(#{B : kgg #0}) > 0, such that for sufficiently small k, h > 0

1 i1 —
agg > %Chd + Ch®2 - Chs Tt > C’g;éaﬁ)g lagp|

(4.3.11) _ -
=C(Coph™ 2+ ORI ™) 2 Y Jaga ],
B#B

where Cyg, > 0 is as in a). Thanks to 1 < v < d%'ll, we conclude 3 5, 5laps| < agg for all
1<3<2L.
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Hence, from a)—c) we may conclude that A is an M-matrix, which then implies non-negativity
of (P4, N1,

Step 3: Boundedness of 0 < P* N < 1. Non-negativity of iterates follows from M-matrix
property for the system matrix A, and non-negativity of each term on the rlght hand side of
(4.3.5), (4.3.6). Let PV = pPLr—1 forr =¢—1,¢, and P’ = PO~ 1. We assume P FO <0,
and for every ®; € Vj,

2

(43.12) T[P.@], + ({P" + 1}vett vo, ) + (VP Vo) = %[FI’H +P 9.
Let [(I)lﬁ_ = Ih(max{O,<I>1}), and [(I)l]_ = Ih(min{O, ‘1)1}) for &1 € V},. Then

2 2

Pl F+ Vet < Slet, e, + (Vie]t, ve)
(4.3.13) +([@1] VUL V[@]Y) Ve eV,

This result follows from A being an M-matrix, for h > 0 sufficiently small,

%[@1 — @]t [@ﬁ]i n ([<I>1]_V\I/M_1, V[<I>1]+> n (v{q>1 _ [<I>1}+},V[<I>1]+)
%[[@1]—, [@.]F], + ([«bﬂ‘V\Iflvf—l, V[<I>1]+) + (V[@1]~, V[®4]T)

> Zaﬁﬁ’ [@1]7 (x5)[®1] ™ (x4) 2 0.

v

8.8
We may also verify (4.3.13), with negative sign in front of the last term.
Now, putting ®; = [ﬁl’gﬁ in (4.3.12), and noting that P = [FM]‘*' + [ﬁl’f]_, , as well

as (VL1 V[ﬁl’eﬁ) = FM ) Nt [P1 e] |,, and the following bound, which for d < 3
uses interpolation of L3(Q) between L?(Q) and W 2(Q)

([ﬁl’f]—v\pm—l, V[ﬁ“ﬁ)

IN

(Jeam Y\ Sl Yk P

IN

e _ |
el Jean i k4 S PR i i

with positive C' = C(Q2), we find
2 _
= [1 = CRIvwH [P + |1 - }Hv )2

(4.3.14) < [é (PP + (RPN %[ﬁ“, 7] <o,

)

We proceed similarly with U € Vi, and arrive at

%[1—01@1\V\If1"’*1u‘26}!\[ T2+ [1—7}Hv T2,
(4.3.15) < [% S (WML (PRI + %[NO [N”]*L <0.

By Step 1, we have ||[V¥L1||6 < C, for d < 3, such that for k& = k(Q) > 0 small enough,
(4.3.14), (4.3.15) imply that 0 < PM¢ NLE <1,

Step 4. Contraction property. We show that for k = k(2) > 0 sufficiently small, there exists
0 < g < 1 such that for every £ > 1,

(4.3.16) {HPMH _ PMHi 4 HN1,€+1 } <gq {HPM PM_lHi n HNl,z _ Nl,ﬂ—lHi}'
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Let efp = oLl — @ll~1 ¢V, for letters @ = P, N, ¥. Subtraction of two subsequent equations
in (4.3.5)—(4.3.7) (j = 0) implies for every £ > 2 and i = 1, 2, and all (@1, P2, P3) € [Vh]g,

(4.3.17) g[ef;,cbl]i + (Vep, V) + (eﬁgwflﬁ—l + PYyelt v@) - 1(62—1, ®,),

K k
(4.3.18) %[eg, By, + (Vely, Vds) — (eng,u—l v NL“lVe}I;f‘l,V%) - %(efv_l, ) |

(4.3.19) (veg,V%) - [efp - e?v,(l)g} .

i

Choose (<I>1,<I>2,(I>3) = (efp,efv,eé,). For d < 3 and uniformly in £ > 1, by the previous step
and (4.3.7), ||V }LG < O, for some C' = C(Q). Therefore, by interpolation of L3() between

L?(2) and L5(9), for example,

[(epvot et PLIVE T Ve )|
4.3.20 <} 0—11|2 0—11|2 o w14 1 212 }vz 2
(43.20) < S[EHE + 6] + C[Ive it + S]Ieb I + S19eb)2:
where we used Step 3, and (4.3.19). By rearranging terms, and using Step 1, we arrive at

1 k 1 k _ _
(4:3:21) [2—5 —Ck| |leblF+llefl| +3 | IVeb e+ IVellZa] < [5+3] [l IF+l1ek 12 -

Hence, (4.3.16) is valid; by Banach fixed point theorem, V}, > ®' = limy_,o, ®¢, for letters
® = P,N, ¥, where (P',N',¥!) ¢ [Vh]g solves (4.3.1)-(4.3.3), for j = 1. Moreover, 0 <
P} N!' <1,and (P! — N',1) = 0. The above argument and results may now be extended to
all j > 1.

Uniqueness of solutions to Scheme A now follows easily from 0 < P/, N7 < 1.

Step 5: Verification of assertions i)—iii). Assertion i) follows from choosing (@1, @2, ®3) =
(I, —WI PI — N7 ) in (4.3.1)~(4.3.3), adding (4.3.1)~(4.3.2), and finally summing over indices
1<j<J

In order to show ii), choose (<I)1, <I>2) = (Pj, NI ), and employ Young’s inequality, together
with 0 < P/, N7 < 1.

To verify assertion iii), we use approximation properties of the L?(£2)-projection Py : L?()) —
Vi, such that (¢ — Py, ®) = 0 for all ® € V,,. By W'?(Q)-stability of Py [25], and (4.2.2), as
well as (4.3.1) we get

(dyP?, Py, |(d:P7, Pop) — (deP7, Pop), |
oy < sup 3
wi2) pewt2 |l pEW1.2 [pllw.2

ClIVW g2 + IV Pl + Chlldi P 2]

||dtPj”(

(4.3.22)

IN

In order to bound the last term, we observe (4.2.1), and again use (4.3.1) with ®; = d;P?, to
conclude
P < [IV97 2 + [P 2] 9, P 1

By inverse estimate, we then obtain from Theorem 1, i) and ii) that k3 7 4 ||dtPJ||2(W172)* <

CE(99).
Thanks to 0 < P/, N7 < 1 uniformly for j > 1, this now implies assertions ii), iii) for general
ty > 0. O
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Remark 1. The ‘shifted’ fived point scheme (Algorithm A1) is needed in (4.3.14) and (4.3.15)
to efficiently deal with the second term in (4.3.12) in Step 3.

In the next step, we validate a discrete entropy principle which holds for solutions of Scheme
A, in the case of strictly positive initial data. For F(s) := s(lns — 1) + 1, we introduce the
discrete entropy functional

. . . 1 4
J Wi ;:/zh[F(PJHF(NJ)}+2|wu2dx (0<j<.J).
Q

First, we need the following technical

Lemma 1. Suppose (12), (T1), that k < Ch?%, and 0 < PY, N° < 1, and choose [-,-]2 = (-, )p.
For every T = t; > 0, the solution {( P, N7, I )};.]:1 of Scheme A satisfies

k : : k2 < : ,

i - _ J (12 72 Mo J 112 312
) g max (1 ) [IVPIR + VNI + 5 jﬂ[rth 122 + 11V eV 3

J . .

+k Y [ILhPIRe + ILAN|3:] < C{B(E®) + VP32 + [VN°|3: |

j=1

i) kY [P + N | < C{B0) + VPR + [ VN). |
j=1

Proof. To validate assertion i), choose ®; = —£1 P7 € V}, in (4.3.1) to find
1 ok - L o -
(4.3.23) SAlVP I3 + S IV a2 + |1 24P < ‘([PJV\I”,VEhP9> ’ .

Let ¥ € Wh2(Q)/R be the weak solution to AW = Pi — N7 in Q, with 9,9’ = 0 on 99.
Then, by standard regularity and error analysis, and successively using (4.2.2), we obtain
V(T — w2 < Ch(IID*W||pa + ||P7 — N7 12)

(4.3.24) Ch||P? — N7|| 2.

IA

We may now use (4.3.24) to bound the last term in (4.3.23), an inverse inequality, integration
by parts, interpolation of L3(£2) between L?(Q) and L%(Q), and (4.2.3),

’(P]V[(\Ifj ~ ) + T, vc}LPJ'))
(4.3.25) < || V{W = W} 2 Ch Y LL P12 +
+C (VP oV o + AT |2 ) 121, P) .2

< O[IPF = N | 2 + (1€ Pl o + [V P o) 219 P2 2] 2 PP ) o

. . . 1 .
< C[IP = N |3 + VP |3a] + 512473

We insert this upper bound into (4.3.23), and repeat the steps for (4.3.2) correspondingly. After
adding both inequalities, and summing over all iteration steps, we employ an inverse estimate,
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together with the implicit version of the discrete Gronwall lemma,
(1= g lP ) IV P e + (1= g IV 2 ) VN[
Ch? L L Ch? L L

2 . . J . S
+5 Y [IVdeP? e + IV N3] + k32 [P I + I3V
j=1

j=1
J J—1
k> [IdeP 32 + 1N 3] < BOWO) + D7 K[V PV P72
Jj=1 Jj=1
J—1

, . 1
+ Y KIVP R VP2 + 5 { IV POl + VA |
=1

<

J—1
< Cexp| Y k(IVP|? + VN7 |P) [{ (W) + VPOl 72 + [N }
j=1

Together with Theorem 1, ii), this verifies the assertion. To verify assertion ii), we choose
®; = dyP7 in (4.3.1) to obtain

. 1 | K | - |
(4.3.26) d:P7 132 + 5l VP |32 + SV P13 < ((Pﬂv\w, thpﬂ) (

We may now proceed with (4.3.26) as with the term on the right-hand side of (4.3.23), using
integration by parts. This settles the proof. O

The proof shows that a coupling of temporal and spatial discretization parameters is needed
to efficiently handle the convective terms; in fact, this restrictive coupling ¥ < Ch? is a main
motivation to construct and study the entropy-based discretization (Scheme B) in Section 4.

We are now ready to verify a perturbed discrete entropy law for iterates of Scheme A with
the help of mass lumping. In contrast to the entropy law in the continuous context |71], we
are in the finite element context not able to remove the regularizing parameter § > 0 for the
logarithm by taking the limit § — O.

Lemma 2. Let (12), (T1), and k < Ch?, be valid, for some T = t; > 0. Suppose that § <
PO NO <1, for some 0 <6 < 1, and let {(Pj,Nj, \Ifj)}jzl solve Scheme A, for [-,-]a = (-, ).
Then, for all0 < j < j < J,

-/ . 2 j, jl 2
Wi —W]+% > IVl ke 30 (P TP PO
(=j+1 t=j+1

2 2
(4.3.27) +(Nf,’v{\pf—zh[F’(N€)}}) )} < Cho™ [E(\IIO) + VP2, + ”vszH?LQ} .
Proof. Since PJ, N7 > §, for j > 0, we may choose ®; = Z,[F'(P7)] + ¥/ in (4.3.1),

(dtPj, F’(Pj))h + (P, W),

(4.3.28) — (PO, V{T [F'(P))] + W9}) = (VP V{Z,[F/(P)] + w7} ).
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We use the identity P/VF'(P7) = VPJ to estimate the right hand side of (4.3.28)

- _<PjV{F’(Pj) + U9, V{Z, [F'(PT)] + ‘I’j})

IN

(P TITL PP + W) +
HIVATL [F (P)] + 99} [V {F (P) = T [F'(PT)] 12 |
We employ W 2-stability of the interpolation operator to bound the first factor of the last term

by 2[E(¥°) + 672||VP7||2,]. For the second factor, we use standard interpolation estimates for
each element K € 7, and DQPj‘K: 0 for all K € 7p,

IN

(3 IV ) - Bl P ) < On( X I P ag)

KeTy, KeTy,
Ché™2||VPI|3,.

IN

We put things together in (4.3.28), proceed correspondingly with (4.3.2), where
®y =T, [F'(N7)] — W7,

and add both results. On using convexity of F', we arrive at

W7 + §||th\11j||%z + (Pj’ ‘V{\I/j +In [F/(Pj)}}E) + (Nj’ |v{\1}j —In [F/(N])]HQ)

< CB() + 5 2(IVP 3 + VA 32) |62 (IV P12 + [V N7 34)

After summation over indices, and employing (4.2.3), and Lemma 1 this yields to the assertion.
O

Lemma 2 motivates choices h = o(6*) to make sure that the perturbations in the entropy
inequality asymptotically vanish. In the above, we use Algorithm A; as a tool to construct
solutions to Scheme A. Of course, it is of practical value as well, and is already shown to
terminate (cf. contraction property of the scheme). In below, we show that the given stopping
criterion is appropriate for convergence.

Theorem 2. i) Suppose (I1), (T1), fix T =t; >0, and let k,h > 0 be sufficiently small. For
every 0 < j, there exists a unique solution (Pj’z,Nﬂ, \Ifﬂ) € [Vh]g of Algorithm A1, such that
0 < P N3 < 1. Let [,-]1 = (-,-), then {Pj’z,Nﬂ, \Ilﬂ}lgjgj satisfies assertions i)—iii) of
Theorem 1, as well as (4.3.27), where each right-hand sides are increased by CO*t;. Moreover,
(Pj’Z,Nj’g, ‘IIM) — (Pj,Nj, W) (6 — 0) for every j > 1, which solves Scheme A.

i) Suppose that additionally (12), and k < Ch? are valid. Then, assertions i)—ii) of Theo-
rem 1 hold also for [-,-]a = (-, )n.

In order to verify the corresponding versions i)—iii) of Theorem 1, we restate Algorithm A,
as a perturbed version of Scheme A.

Proof. Step 1: Assertion i). Fix j > 1. Suppose that for some ¢ > 0 the stopping criterion is
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met, then (Pjﬁé,Njﬁe,\I/j’E) = (P7,N7, 07 ). We may restate (4.3.5)—(4.3.7) as follows,

(4.3.29) (aP?, 1) + (PIVW,Va,) + (VP Vo)

- (Pjv{qﬂ — 0 Ve ) 4 %(Pﬂ‘l — pit, <1>1) :
(4.3.30) (dth : <I>2) + (vaqﬂ' ,vq>2) n (VNj ,V@Q)
)

- (va{qﬂ' — WY V) + (Nﬂ—1 — N9, <1>2) ,

1
k
(4.3.31) (WJ’,V%) - (PJ’ . NJ',<I>3).
Thanks to 0 < P/, N7 < 1, we have for example,

(P90 — w1}, v0,)| < V{0~ ) [V 120

IN

(Pt ph )| < P P e

i
k
We may now follow the argumentation in the proof of Theorem 1 (Step 5) to validate the
modified versions of i)—iii) in Theorem 1.

Step 2: Assertion i1). For used mass-lumping, we apply estimate (4.2.2) to the perturbation

term (dyP7, ®1) — (d¢ P, ®1);,, which occurs additionally in this situation on the right-hand side
of (4.3.29)~(4.3.30). 0

4.3.2 Convergence.

For fixed (k,h) > 0, and fixed T' = t; > 0, consider interpolations of solutions to Scheme A, as
introduced in Subsection 4.2.3 such that ( Py, Ngp, Wep) @ Qr — [Rﬂg x R.

Thanks to the a priori bounds in Theorem 1, for every T' > 0, and (k,h) — 0, there exist a
subsequence {(Pk,haNk,ha\I’k,h )}k’h, and (p, ﬁ,@) € [L2 (O,T; WLQ(Q))}S, such that

Pon = b, Nep — it in L2 (0, T W1»2(Q)> A w2 (0, T (WL?(Q))*) ,

(4.3.32) Peh b, Nep =0 in L*(Qr) ,
Pihs Poh = Dy Nih, N — 10 in L*(Qr),
VO, VO, S VEin L0, T3 L(9)),

where (4.3.32)3 follows from Aubin-Lions lemma. Note also that (4.3.32); implies p,n €
C([0,T]; L*(2)). We conclude in the following, that the sequences Py p, Prp, Nip, Nip and
V@;@h, V¥, 5, converge to the same limit as h,k — 0. Hence, the identity

J

_ J . . tj s —1:\2 k?’ .
Hpkr,h - Pk,h”%%o,T;L?) = Z |P7 — PJ_lH%?/ ( k j) ds = 3 Z Hdtp]”%?
j=1 tj—1 j=1

tends to zero for £k — 0. In the same way this works for the remaining overlined interpolations.
3
Equations (4.3.1)-(4.3.3) may be restated as follows for all (<I>1, <I>2,<I>3) IS [WI’Q (O,T; Vh)} ,
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for [.’.h = (.’.)7

t r p— PR
(4.3.33) / (Prn)t, ®1) + (PenV¥%h, V1) + (VPrp, V@l)}ds =0,
O L
t r — E—
(4.3.34) / (M)t @2) + N w V8%, VO2) + (VN p, V‘I)z)}ds =0,
0 L
t r p— — —
(4.3.35) /0 _(V\Ifhh, V‘I)g) — (Pk,h — Nk,ha @3)](15 =0.

For [+, ]2 = (+, )n, additional error terms arise on the right-hand sides of (4.3.33), (4.3.34), for ex-
ample fg [((Pkﬁ)t, <I>1) — <(7Dk,h)t7 <I>1)h} ds, and in (4.3.35) correspondingly. We use integration
by parts to obtain

‘/{:{((Pk,h)ta(pl) - ((,Pk,h)t;q)l)h} dS’ < ‘/;[(Pk,m (®1)¢) = (Pen, ((I)l)t>h} dS’
+ ‘ [(Pk,h(ta D, @1(t,)) — (Prplt,-), ®u(t, '))h”

(4.3.36)
* ‘ [(Pk,h(o> ')7 @1(0’ )) B (kah(o’ ‘)’ @1(0’ ))h} ‘

< Ch[Hpk,hHLmT)||(<I>1)tHL2(o,T;WL2(Q)) + Hpk,hHLOO(O,T;L2(Q))H(I)IHC([O,T]:le?(Q))] :

Next, we integrate by parts in time in the leading terms of (4.3.33), (4.3.34), and choose ®; =
Tng; for all ¢; € C°(Qr) (i = 1,2,3). Recall that Zp¢; — ¢; in WH°(Qr) (h — 0). Note,
that the right-hand side of (4.3.36) vanishes for h — 0. Hence, we conclude from (4.3.32) for
(k,h) — 0 that for all (¢1,d2,¢3) € [CW(TT)]S, and almost every ¢ € [0, 7],

t

@330)(p(t)01(8.)) + [ [=(5.(60)e) + (679, 961) + (6, 961) s = (. 01(0.))

0

(4338)(3(t. . ea(t.) + | [ (s (00) + (095, V) + (7, V)| ds = (mo. 62(0,))

(4.3.39)/; [(qu, Vés) — (p—n, ¢3)} ds = 0.

By continuity, (4.3.37)-(4.3.39) holds for all

(61,2, 63) € [LQ(O,T; W2(Q)) N WL?(O,T; (W1’2(Q))*>r

Property (1) of Definition 1 now follows from (4.3.4), by convexity of [0,1]. Because of p,n €
L>(Qr), a simple calculation implies uniqueness of solutions ( P, N, 1[1 ) Point (3) of Definition 1
is a consequence of p,a € C([0,T]; L*(Q)); property (5) of it follows from testing (4.3.37)—
(4.3.39) with the admissible (1, d2,¢3) = (U,9,p— 7).

The entropy inequality follows from convexity of W and Lemma 2 (which requires (12), (T1),
and k < Ch?), or may alternatively be recovered from [32, Section 5] (which requires only (I1)).
— We collect the results of this section in the following

Theorem 3. Suppose (I11), (T1), and T = t; > 0. Let 0 < P° NV < 1, (po,no) €
[L>(€, [0, 1})]2, and P° — py, N® — ng in L*(Q). Let (P,N,¥) : Qp — [0,1]> x R be
constructed from the unique solution {(Pj,Nj,\Ilj)}jzl € [Vh]3 of Scheme A by continuous
interpolation. For (k, h) — 0, the limit of every convergent sequence {(Pk,h,Nk,h,\Ilk’h)}kﬁ is
the weak solution of (4.1.1)—(4.1.5).
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The following result is an immediate consequence of Lemma 2.

Corollary 1. The results of Theorem 3 apply to Algorithm Ay, for (k, h, 9) — 0.

4.4 Entropy based schemes: Stability and Convergence

We study an entropy based discretization of (4.1.1)—(4.1.3), by adapting ideas from [36, 6]. So
far, we consider ' : RT — R¥, such that F(z) := z(lnz — 1) + 1 > 0; for given 0 < & < 1,
consider the regularization F. : R — R™, such that

x22_€82+x(1n5—1)+1, r<e,
(4.4.1) F.(z) = z(lnz—1)+1, e<z<2,
2

22 pp(n2-1)+1, 2<z.

In below, we use its derivatives,

zel4+lne—1, z<e, e, z<e,
Fl(z)= Inx, e<z<2, Fl(z)=¢ 27!, e<z<2,
Z4+m2-1, 2<uz, 3, 2<u.

Let s.(z) == [F/(z)] ~'. The following results can be found in [6],
2

Fg(:v)zgch—Q V2>2 >0 and Fs(z)zg—8 Vo <0,
(4.4.2) max{sg(x), a,-Fg(g;)} <2F.(z)+1 VzeR,
se(2)Fl(z) >z —1 VezeR.
We introduce the following regularization of (4.1.1)-(4.1.3),
(4.4.3) o= div(vpf - sg(pf)vwe) in Qr,
(4.4.4) n = div(vm + ss(n‘f)vw) in Qp
(4.4.5) —AyY® = p°—n° inQp.

This approach is related to the one in [32], where truncation of concentrations is used in the
nonlinear terms to establish existence of weak solutions. In the following, we study a fully
discrete version of (4.4.3)-(4.4.5); in order to validate a discrete entropy law, we need a proper
discretization of the nonlinearities, which meets the following compatibility condition; cf. [36, 6].

Definition 3. For any € € (0,1), and € > 1 sufficiently large, we call 8¢ : V — [LOO(Q)]dXd

an entropy-provider if for all ® € V3,

i) S:(P) is symmetric and positive definite,
ii) S (P)VI,[FL(®)] =V .

We briefly recall the construction of S; for d = 1. For basis functions {¢.} C V},, simplizes
K C T, of uniform mesh-size h > 0, and representations ® =3 _\, ®(2)¢., we may write for
neighboring z, 2/, such that Ky := (2,2') € Tp: ® = ®(2 — h)p,_p + P.p, on Ky. Moreover, we
compute
—P(z—h)+P(z) D(z) —P(z—h)
VO = B(z — h)Vep. s + 0(2) Ve, = _ 7

VI, [FU®)] = FL(®(2 — h))Vep,p + FL(D(2)) Ve, = Fé(q)(zi)_—(f&f_(q;z — h)) '

13
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Hence, item ii) of Definition 3 leads for ®(z — h) < & < ®(z) to

®(z=h)=P(z) o B
S.(0) = — v ) r(ee-n)-ree) O (2 —h) # 2(2),
© VL[R(@)] i

The extension to d > 1 has been considered in [36], and motivates to validate the following
result, which adapts [6, Lemma 2.1] to our case.

Lemma 3. Assume (T2), and 0 < e < 1. For every ® € Vj,,

i) c€'¢ <€TS (P <26'¢  VEER?,

if) E{nea]}({H‘ ) — sa( ﬂ)(x)nghK\vq>\ VK €T,

Moreover, for all &1,y € V},, and K € T}, there holds

i) HK @2))’](’“2 = i}r{neaﬁ{lrg?g Uq)l ZK) ~ (I)Q(ZKZ)‘Hq)l(ZK())_(I)?(ZKo)‘]}'

Here, T € R denotes the identity matriz, ||| - |||2 the spectral norm, and zx, is the node of
K € T, where the connecting edges to the other nodes zk,, { =1,..,d form a right angle.

We are now ready to propose the following

Scheme B. Fix 0 < ¢ < 1, and let (PO,NO) € [Vh]2, such that (PO—NO7 1) = 0. For every
j > 1, find iterates (Pj,Nj,\Ifj) S [Vh]3, where (U7, 1) = 0 such that for all (@1,4)2,@3) €
[ ] holds

(4.4.6) (d:P7, 1), + (V\Iﬂ',ss(Pﬂ')V@l) +(VPI,V®;) =0,
(4.4.7) (AN, ®,), — (V\Ifj ,SE(Nj)Vq)2> + (VN?, V) =0,
(4.4.8) (VU Vd3) = (P/ — N7, ®3),

The entropy provider S enables that the system (4.4.6)-(4.4.8) allows for the same cancellation
effects as in the continuous proof of the entropy law [71]| and requires therefore less regularity on
the initial data and not the mesh-constraint k < Ch? as for Scheme A; cf. Lemma 2 respectively
Theorem 4. The main results of this section are given in the following

Theorem 4. Fix T =ty >0, let (11), (T2) be valid, and k > 0 be sufficiently small. For every
7 > 1, there exists a unique solution (Pj,Nj,\I/j) € [Vh]g that solves Scheme B. Moreover,
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iterates satisfy

J J
i) E(W7) + k; LA ZEN Z(V\Ifj, [S.(P7) + SE(Nj)]V\I/j)
j=1

J=1

J
+EY I = NI|; = E(97),
j=1

k2 . . _
ii) w4 Z |V 0|2, + QkZ |1P7 — N7||? + kZ(V\Iﬂ [S.(P%) +SE(N])W\I/J>
7j=1 7=1

+ki{< (P))VIL[FL(P)], VI, [F(P)] )

7j=1
+ (8N [FUNT)], VI, [FANT)] ) | < W,

J

1 k2

i) (IR INTIR) + 5 D0 (PR + PR ) + k§ (IVPI3 + IVN|3: )
j=1 7=1

1
< 5 (P13 + INIF) +8E(8).
J
V) kY|l + [N [y | < C[IPPIE + NI + E(20)]
j=1

Proof. Step 1: Eristence. Fix j > 1, and define the following continuous mapping F7 : [Vh]2 —
2
[Vh} as

(4.4.9) (J-"j[PJ\/'], [<1>1,<1>2]) - ((f{[P],cbl), (fg'[/\/],%)) —0,

where for all (®;, By, ®3) € [V3]” it holds

(P, a) = %(P - Pj_1,<I>1>h + (VO.8.(P)Vey) + (VP,Ve) = 0,

(Fv. @) = %(/\f— Njfl,ébg)h — (VO.8.(\)V®, ) + (VN VE,) = 0,
(ij,wg) . (73—/\/',<I>3>h — 0 VYds eV,

and for (¥, 1) = 0. We employ the bound |V¥||z2 < C||P — N2, and Lemma 3, i) to estimate

k

(FP.ALPN) 2 1P -25) — 1P ] 1P

1 k
FINT[(1 = 25) ~ INF L] I+ 5 [I9P12 + VAT
> 0,
which holds for all P, N € V}, with

|P| > CIIP~Y and |N||>C|N7Y and k<1.
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Hence by a corollary of Brouwer’s fixed point theorem [72, p. 37|, this implies existence of
(P, N7) € [V4]?, such that (4.4.9) is valid.

Step 2: Discrete energy equality i), discrete entropy inequality ii), and bounds 4ii), 1v). As-
sertion i) follows from choosing ®; = —®3 = U/ in (4.4.6), (4.4.7), adding both equations, as
well as (4.4.8), for &3 = ¥/, and &3 = P/ — NJ.

For ii), we choose ®1 = I, [F/(P?)] + ¥/, and ®3 = I, [F/(N7)| — ¥/. We proceed separately.

(dtpj’z—h (E/(PY)] +\I,j>h i (dth,Zh[FE’(Nj)] . \Iu'>h

< (P + FA(N)), 1)+ (lPT = N7, 0y),,.

We employ Definition 3, ii) to conclude

(V\I/j,Sa(Pj)V[Zh [FL(P7)] + \I/]D - (V\Ilj,se(Nj)V[Ih [FL(NT)] — \IﬂD

- (V\Ifj,V[Pj - Nj]) + (V\I/j, [S.(P7) +SE(Nj)]V\Ifj> .
Similarly,
(VP! VI [FUPY) + ¥]) + (YN, VI, [F(N7) - w])
- (Ss(Pj)VIh [F(P9)], VI, [F, (Pﬂ)]) + (Ss(Nj)VIh [F/(N¥)], VT, [F;(NJ)D
+(VIP - N7], v

Putting things together yields to assertion ii).
In order to show estimate iii), choose (@1, ®2 ) = (P?, N7 ) in (4.4.6)—(4.4.7); then, Lemma 3,

i), together with the bound & Z}J:l VW3, <k Z}-’Zl | P? — N7||? validate assertion iii).

To verify iv), we proceed as in Step 5 in the proof of Theorem 1, and again employ Lemma 3,
i).

Uniqueness of {(Pj, NI Wi ) };.]:1 C [V3]? now easily follows from iii). O

In below, we denote P, := min,cp;, P(z), Ny, := mingen, N(z), and H(P,N) := (F.(P?)+
F.(NY), 1) ,+ We now verify ‘quasi-non-negativity’ of iterates of Scheme B in the following lemma,
by following corresponding strategies in [36].

Lemma 4. Fiz T = t; > 0, let (I1), (T2) be valid, and ¢ < P°, N° < 1. For arbitrary

0<o=o(e):= —C[HD(P’IJX);?(‘I’O)HE < 1, we can choose € > 0 such that P7, N7 > —¢.

Proof. Recall the discrete entropy inequality in Theorem 4, ii), which can be written as
(4.4.10) HI(P,N) < HY(P,N) + E(¥°) — E(¥/)  Vj>0.

The regularity of the triangulation implies Ch? > 3, > ch?, and we conclude

HO(P,N) + E(¥°) — E(W) > HI(P,N) = ¥ 52{ ) + Fe(NY(z ))}
zEN},
>ch? {[_75 + Pi(z)(Ine —1)] + [_75 + Ni(z)(lne — 1)]}
zGNh

> c{—e + (Ine — 1)(P,, + Nzn)} .
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The uniform bound for H°(P, N) 4+ E(¥°) then leads to

0 0
(4.4.11) o= SR, iv) +€(\I’ Nt+e p, 1N,
ne —

O]

Theorem 4 provides upper bounds for iterates of Scheme B which are uniform in (5, k, h) €
(0,1)3, and we may now proceed like in Section 4.3.2: For fixed T' = t; > 0, consider inter-

polations ( Pejh, Ne i, Yern) @ Qr — [R]g of iterates from Scheme B, with the following
properties for (5, k,h) — 0,

P =By Negn =7 in L2(0, TsW2(@)) n w2 (0,75 (WH2())"),

Peths Pern — p, in L2(Qp),
(4.4.12) ok ek T 2< )
Neph, Negh — 1 in L*(Qp),

VO oy Vepn = VO in L0, 12(2))

for some (p,7, 1&) € [L*(0,T; WI’Q(Q))}?’; assertion (4.4.12)5 follows from Aubin-Lions lemma.
Again, we drop indices in (4.4.12). That P. g, Nk and V@ak’h converge to the same limit
for €, h, k — 0 is verified as in Section 3.2.

We wish to identify the above limits; for this purpose, equations (4.3.1)—(4.3.3) are restated

3
for all ( By, Dy, B3) € [Wlﬂ(o,T; Vh)} and t=t; € [0, 7],

t o . . _
/ [((ﬂ,k,h)u%)h + <V\I’s,k,hv'se(7)€,k,h)vq)l> + (VPekp, V1) |ds = 0,
0 |

t o o o -
(4.4.13)/ [((Ng,k,h)t,%)h— (V\I:E,k,h,sg(Ns,k,h)V%) + (VN pp, V®2) [ds = 0,
0 4

t o - o _
/0 [(Vq’s,k,h; V®3) — (Pesh — Ne o, V‘I’?,)h_ ds = 0.

For the leading and last terms in (4.4.13)1-(4.4.13)2, we may follow the arguments in Section 4.3.2
below (4.3.35). For the middle term in (4.3.33), we use Lemma 3, ii), and Theorem 4, i) to
conclude

‘<Vﬁe,k,ha [{Se(fs,k,h) — 5e(Pekn)l} + {56 (Pegn) — [fa,k,hﬁ}]q V‘IH)‘
< 0V ol 2 I VPe gl 2 V@1 oo + Ol Ve ol 2 [ V1 2

where ®1 = Tj,¢1, for all ¢1 € C*®°(Qr), and []5 := min{2, max{0,-}}. Hence, passing to the
limit (a, k, h) — 0 leads to

t ~
(44.14) (p(t). 60 (1)) + /0 =6, @0)0) + (3 V9, V61) + (95, Ver) | ds = (0, 61(0))

t ~
(4.4.15) (A(t), da(t)) — /O [ (7, (62):) + ([} Vb, V2 + (Vit, V) | ds = (o, 62(0))

(4.4.16) /Ot [(vzﬁ, Vés) — (b — i, ¢3)}ds —0.

Again, we may extend (4.4.14)-(4.4.16) to all

(én,62,6n) € [22(0.sWH2(@)) nW2 (0.7 (WH2(@)°) |
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To verify uniqueness of solutions (ﬁ,ﬁ) we first define e; := p1 — N2, es := N1 — N and
€)= 1&1 — 152. On choosing ((;51, P2, <z53) = (eﬁ, €hs %), we estimate via Theorem 4, iii)

({113 = 51J5 Y91 + [2] Veg, Vep )| < lleslrsl| Viallzo [ Vepl 22 + ClIVeylloz [ Vel s
2 1
< O(14+7) llegllz + C|llesllz + lleall?2 ] +51VeslZ-

We repeat the argument for e;, and afterwards sum both inequalities. Then, for all ¢ € [0, 77,

1 2 2 tl 2 2
o LleaI? + llea @] + [ 5 [IVel? + Ve ] ds
< 1 112 112 (1 T 2 ! 112 N2 d
< 5 lew 2+ lleal?] + €U+ T2 [ [lel + lleal?]ds,
0

and Gronwall’s inequality implies uniqueness of solutions (p,7 ) to (4.4.14)—(4.4.16).

Now, the weak solution to (4.1.1)-(4.1.5) which is constructed in [32] satisfies (4.4.14)-
(4.4.16), and hence coincides with the above (ﬁ, n ) We collect the results of this section in the
following

Theorem 5. Suppose (I1), (T2), and let T = t; > 0. Let 0 < PO N° < 1, (po,no) €
[L>(€, [0, 1})]2, and P* — po, N° — ng in L*(Q). Let (Pejon Negohs e on ) : Qp — R? be con-
structed from the unique solution {(Pj, WERVZ ) };.]:1 € [Vh} 3 of Scheme B by continuous interpo-
lation. For (5, k,h) — 0, the limit of every convergent sequence {(Ps,k,haA/;,k,ha\I’s,k,h)}(
is the unique weak solution of (4.1.1)—(4.1.5).

e,k,h)

We employ a fixed point algorithm to solve the nonlinear scheme; for practical purposes, we
add a stopping criterion, and later show overall convergence to (4.1.1)—(4.1.5) for all, discretiza-
tion and threshold parameters tending to zero.

Algorithm B;. 1. For j > 1, set (P70, N30) = (Pt NJ=1) and £:=0.

2. For ¢ > 1, compute (Pj’e, NIt \I/M) € [Vh]g, where (\Ilj’z, 1) = 0, such that for all
(@1, P9, P3) € [Vh]g,

(4.4.17) %(Pﬂ,dn)h + (v\w»f,sa(Pjvffl)vqn) + (VP VD) = %(Pﬂ'*l,cbl)h,
(4.4.18) %(NM, D), — (v\w»‘,sg(NM—l)vq>2) + (VN VDy) = %(Nj_l, Dy),

(4.4.19) (VI Vd3) = (PP — N* @), .
3. For fixed 6 > 0, stop if

(4.4.20) max [|Sc() — Sc( )|~ <0,
p=P,N
set (Pj, NI, \I/j) = (Pj’e, Nt \I/M), and go to 1.; otherwise, set £ «+— £ + 1 and continue with
2.
4. Stopif j+1=J;set j «— j+ 1 and go to 1. otherwise.

Unique solvability of (4.4.17)-(4.4.19) follows from Lax-Milgram theorem. The following
bounds can be eagily verified. We collect some useful a priori bounds in the following
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Lemma 5. Suppose (11), (T2), and let T = t; > 0. Let (PI~1, N7=1) € [V,]? be uniformly
bounded in [L?(2)]%, and k > 0 sufficiently small. For every 0 < j,{, there exist functions
(Pj’g, Nt \Ilj’f) € [Vi]3, which satisfy Algorithm By, and satisfy

) 1 . , . - .

) IV kP - NP < O P - NI,

) 11, o : k : : - _

i) 5[ IPPUR+ INR] + S IV P+ IVNHR] < o[IPHE + IR

Proof. To verify assertion i), we employ ®; = W/ (i = 1,2) and subtract (4.4.18) from (4.4.17).
Thanks to (4.4.19), and Lemma 3, i), we obtain

1 . . 4 C . . 1 .
[+ IV + PP = NP < PP — NI 4 V2

Next, we choose (@1, @9, ®3) = (PP, N3 Wit) in (4.4.17)-(4.4.19). Thanks to Lemma 3, i),

and assertion i), we obtain assertion ii).

Unique solvability of (4.4.17)—(4.4.19) follows similarly from Lax-Milgram theorem, for k <
O

=

The following theorem states that Algorithm B; terminates, and that iterates converge to
weak solutions of Definition 1, provided that & < Ce* holds, and all (k, h,e) — 0.

Theorem 6. Suppose (11), (T2). Fix T =t; > 0, for 0 < PO NO < 1, and k < Ce*, for
C > 0 sufficiently small. Then iterates {(Pj’é,Nj’E,\Ifj’z) }j v>0 Of Algorithm By converge to a

weak solution of (4.1.1)<(4.1.5) for (k,h,e,0) — 0. Moreover, for finite (k, h,e,0) >0, and 0
sufficiently small, iterates of Algorithm By satisfy assertions i), ii), i) of Theorem 4; assertion
) holds as well, provided C6? < ¢.

The constraint k < Ce? is a consequence of the contraction property by the use of Banach’s
fixed point theorem, and is a consequence of the bound in Lemma 3, iii). As is evidenced in [7,
Remark 2.1], this bound is not pessimistic.

Proof. Step 1: Contraction property. Fix j > 1, and suppose that
(4.4.21) 1P~ Hn + INTHln < C.

We proceed similarly to Step 4 of the proof of Theorem 1; rather than (4.3.20), the crucial term
is now

‘ (Veh, 8. (PI11)Veh) + (vwf—l{sg(w—l) —S.(PY, Vefg) ‘
< 2|Vl 2l Velplx + O~ [T el s [ Ve
< 1[IVEb s + 1 13:] + CllchlZa + ek I32)
FOH [P+ IV e e

since [|eg]lz2 < Cllebs — eilln, and |[VWH[6 < [[PT=Y|, + |[N97Y|n, as a consequence of
Lemma 5, ii). By putting things together, instead of (4.3.21) we arrive at

[ CH] [l + e l2] + 2 [IepliZe + Vel l32]

k
— /—1 {— /—1 l—1
< Che e 132 + ek 3] + 5 (1966 132 + 19el 132
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Hence, the contraction property holds in case k < Ce?, for some C' > 0 sufficiently small.

_ Step 2: Derwation of a perturbed version of Scheme B. Fix j > 1. Suppose that for some
¢ > 0 the stopping criterion is met, such that ( P, N3¢ Wit) = (P NI WJ). Then (4.4.17)-
(4.4.19) may be restated as follows,

(P, @1), + (VI S.(P)V®y ) + (TP, V)
(4.4.22) - (WJ’, (S.(P7) - sg(vazfl)}vq)l) ,
(N7, @), — (VU7 8.(N)) 95 ) + (VN V)
(4.4.23) . (W‘, [S.(N7) = So(NFF-1)y, v¢>2) ,
(4.4.24) (VW V®3) = (P — N7, ®3), .

The term on the right-hand side of (4.4.22) is bounded as follows,
(4.4.25)

(V07 {8.(P7) = S.(PP1)}, V01 ) | < CIS(PT) = Se(PHY)| 100 |7 2] V1 | 12

It is now easy to see that the a priori estimates from Theorem 4 remain valid for system (4.4.22)—
(4.4.24): in order to validate i), we choose ®1 = —®9 = W/ as before; the term on the right-hand
side may then be absorbed on the left-hand side for sufficiently small 8, thanks to the bound
VW2 < [|[P7 — N7||,. Tt is now straightforward to bound additional terms in iii), iv) by
CH?E(¥Y). In order to show a perturbed version of assertion ii), we use Lemma 3, i) to control
terms five and six vom below by ek Z}-le VT [FLUP)]|2, + ||V [FL(P7)]|[2.]. Then, we
bound the additional term in (4.4.22) as follows,

‘ (V\I/j, (8.(PT) — S.(PHY)}VT, [FL(PT) — \Ilj]) ‘
< 0|V || 12|V, [FL(PT) — W] 2.

By Young’s inequality, we may absorb this term in the third and fifth term of assertion ii) in
Theorem 4, provided C6? < «.

These uniform bounds are now sufficient to identify existing limits of solutions to Algorithm
B for (k,h,e,0) — 0. First, note that (4.4.21) is valid, and that the right-hand sides in (4.4.22),
(4.4.23) vanish for § — 0. Therefore, we may follow the arguments which preceed Theorem 5 to
conclude convergence to weak solutions of (4.1.1)—(4.1.5). O

4.5 Extensions

The study of Schemes A and B in the previous sections was done for the classical Nernst-Planck-
Poisson equations (4.1.1)-(4.1.3), in the case of vanishing Neumann boundary conditions. In
this section, we discuss the extended model (4.1.8)—(4.1.10) with Dirichlet-Neumann boundary
conditions (4.1.11); see [41, 20, 21| for further details regarding this model. Most of the previous
results in Sections 4.3 and 4.4 may be obtained for corresponding discretizations; in this section,
we generalize those from Sections 4.3 to problem (4.1.8)—(4.1.12). For this purpose, we adopt
previous notations, and highlight differences in the argumentation.
Let Vj, := {®eVy: @=00nTp}, r(s) =s* for @ > 1, and ¢ € L>°() be given.
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Scheme A. Let (PO,NO) € [V])? be given. For every j > 1, find iterates (Pj,Nj,\Ilj) €
[Vi]3, such that P4 = pp, N9 = np, Wi = ¢op on T'p, and for all (®;, s, b3) € [V3]® holds

(4.5.1) [di I, ®1); + (PIVEI, V) + (Vr(P7), VP ) =0,
(4.5.2) [de N7, @) — (NIVEBI, V®y) + (Vr(N), V®,) =0,
(4.5.3) (VU V®3) = [P? — N7 4 ¢, ®3); .

We study solvability of Scheme A, where our main focus is on the additional nonlinearity r :
R — R; for this purpose, we restrict to the case ¢ = 0, I'p = 0, and also put [-,-]; = (-,-).
Our goal is to verify similar stability properties for iterates of Scheme A to those for Scheme A;
cf. Theorem 1.

Theorem 7. Let (I1), (T1) be valid, « > 1, T=1t; >0,c=0,Tp =0, and [-,"]o = (-,").
Suppose that 0 < m < P° NV <1, and k < Ch?, for some C = C(a,m) > 0 sufficiently small.
For every j > 1, there exists a unique (Pj,Nj, \I/j) € [Vh]g which solves Scheme A. Moreover,

(4.5.4) 0<m<PI N <1 1<j<J),

and there exists C = C(a,m, Q) > 0 such that for small h > 0,

2 , i, . .
i) B(W) + 5 7 [Vd W +kZ<P3 + NV, va?)
j=1 j=1

J
+Ck Y|P — N7||ie, < E(3°) +o(1),
j=1

iy 1 K2 < - 4 o, < o5l o pi
i) 5 (1P 12 + IV ) + 5 D2 (IdePP 22 + 14732 ) + SE D2 (NP2 VP

a—1

. 4 1 .
V)= VN2 ) < 5 (IPPe + INI: ) + OT max E(W9),
2 1<5<J

i) B 1P g+ 1P .| < CT 1PN+ NI + max B(W)].
j=1 ~=
As for the proof of Theorem 1, we use a fully practical simple fixed-point scheme, together
with a suitable criterion to construct solutions of Scheme A.

Algorithm A;. 1. For j > 1, set (P?0, N90) := (P/=1 NJ=1) and ¢ := 0.
2. For ¢ > 1, compute (Pj7£,Nj7é,\Ilj’é) € [Vh]g, where (\IIM,l) = 0, such that for all
(@1, ®2,@3) € [Vi]°,

(4.5.5) %(Pﬂ, @) + (PHVOIL V) +a([PH VP VG, )

(4.5.6) = %(Pj*1 + P <I>1) ,
(4.5.7) %(NM, ®y) — (Nﬂ?fv\lﬂaffl, v<b2) + a([Nﬂ?ffl]aflvzvjvf, V@Q)
(4.5.8) = %(Nj‘1 + NI <I>2) :

(4.5.9) (V\W, V<I>3> - (PN _ Nt q>3> .
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3. For fixed 6 > 0, stop if

V(w5 — WY o+ 2 [I1PP — PI o N3 — N9 o]

(4_5_10) +a|:H[Pj,€]a—1 _ [PJ,Z—I a—lHLoo + H[Nj,é]a—l _ [Nj,f—l]a—IHLOO} <4,

set (Pj,Nj, \Ifj) = (PjvE,NM,\IIM), and go to 4.; otherwise, set £ < ¢+ 1 and continue with
2.
4. Stopif j+1=J;set j < j+ 1 and go to 1. otherwise.

In the subsequent proof, we highlight necessary changes in the proof of Theorem 1.

Proof. A first relevant change happens in Step 2, where kgg (and K) is now replaced by
Fog = a([N71°7 Ve, Vi ) (18,8 < 1),

(and K ). As a consequence, in order to maintain strict positivity of diagonal entries of the
modified system matrix A (Step 2b), and strict diagonal dominance property (Step 2¢), we need
to establish

45.11 0<m< PV NV <1,
(

Step 3 has to be modified fgr this purpose: To verify the lower bound, we intAroduceApl”’ =
PL" —m, for r = ¢—1,¢, and PY := P? — 1. Then, thanks to (V¥ VU3) = (PLf — N1E @3)
for all @3 € V},, we obtain from (4.5.5)—(4.5.7),

(4.5.12) %(P“,@l) + (Plva\plv“,vq)l) (P” Ly mle-ly pie, vq>1)

1/. .
== (p“ 41— mk P @1) +m(NY1 @)

9 . . . X

7(N17£, @2) _ (Nl’EV\I/Le_l, V@Q) 4 a([Nl,E—l 4 m]a—lvzvl,f’ V@Q)

(4.5.13) h

1/« - R
= 2 (W04 (L= mh N 0y ) 4 m (P ).

Note that (4.5.12)-(4.5.13) is only a slightly modified version of (4.5.5)-(4.5.7); hence, we may
run an inductive argument (¢ > 1) to verify that 0 < pLe NLK’ due to M-matrix property for
the system matrix of (4.5.12)-(4.5.13), and positivity of the right-hand sides.

Verification of the upper bound in (4.5.11) requires small changes of the argument in Step 3
of the proof of Theorem 1: Rather than (4.3.12), we now have

(4.5.14) %(F” o)) + ({PY + 1} 0L Vo, ) + (P10 VP v
k(Pl,ﬁ 1 +?07®1) 7
and (4.3.13) changes to

%([q)l]-&-’ ‘I)I)L2 + Oé([Pl’E_l}a_1V[(I)1]+, vq,l)

(4.5.15) +([<I>1]_V\111’£‘1,V[<I>1]+) Vo, eV,

1
@ {17 + am® Vi@ [,

We may now follow the argumentation as before to validate the upper bound in (4.5.11).
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In Step 4, we now also have to account for the additional nonlinearity: the second terms in
(4.3.17), (4.3.18) change to

a<[P1,e—1]a—1VP1,z - [P1,z—2]a—1vp1,e—1 V‘1>1)
resp. a ([N17£—1]a—1VN1,€ _ [N17K_2]a_1VN1’€_1, VQQ) .
For simplicity, we only deal with the first term for &, = egg, which may be controlled as follows,

a([Pud]aqveg) I |:[P1,Z71]a71 - [PL@*Q}O&*l}VPLZ Veé)
> am® | Veb|72 — 20(a — 1) 1mgx II[PI’Z_ﬁ]a”IILwHef?lllLQIIVPMIILwHVefoHLz

Q
-2

\%

— l
m* | Vebz. = Cllep |71V

By inverse estimate, and Step 3 above, the contraction property then follows for C' = C'(a, m) >
0 sufficiently small, and values k < Ch?.

In Step 5, we verify assertions i)—iii). Assertion i) follows for
(@1, ®o,®3) = (U, -0, Py[r(P?) — r(N7)])
n (4.5.1)-(4.5.3), thanks to the following algebraic relation for all ¢,n € R%, (for C; > 0)
(1171 =l n, ¢ =) = Chl¢ = ',
and the upper bounds from Step 3 to validate
|(P7 = N9, [Py £ 1] (PY) = r(N7)] )|

(4.5.16) > Cy||P? = N7|| i, — C|[Py = 1d][r(P7) — r(N7)]
> Cy||P? — N7t — C||[Py = 1d)[r(P?) — r(N7)]

I

M2 -

We use standard L2-estimate for the Poisson problem, and W'2-stability of the Ritz projection
to e.g. conclude that

[Py — 1d]r (P

|2 < Ch||[Pr = 1d)r(P7)|| 12 < Cla)B]|[ P ye

Hence, it remains to verify bounds k‘E]J:l[HVPjH%Q + [[VNY|2,] < CT to control the last
but one term on the right-hand side of (4.5.16) by o(1), for h — 0. This is an (independent)
consequence of assertion ii), where we use (@1, ®2) = (P7, N7 ) in (4.5.1)-(4.5.2) and sum over
all iteration steps.

Assertion iii) follows as in Step 5 of the proof of Theorem 1. O

A corresponding version of Theorem 2, with stopping criterion (4.5.10) is straight-forward
to show for Algorithm A;. Finally, the uniform bounds in Theorem 7, i)-iii) yield to prop-
erty (4.3.32), and to construct weak solutions of (4.1.8)—(4.1.10), (4.1.11)-(4.1.12) for the case
addressed in Theorem 7, it suffices to additionally show

o ((Pral* VP, VTus1 ) — a([f1°795,Vo1) Vo1 € O (@),

But this result follows from VP, — Vp in L%*(Qr), as well as continuity of the mapping
z— 2% 1 and Py — pin LY(Qr) (1 < ¢ < oo), which interpolates the results (4.3.32)5 and
(4.3.32)3.

We collect these results in the following
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Theorem 8. Suppose (I11), (T1), and T =t; > 0. Let 0 < m < P°,N° <1, and (po,no) €
[L%°(Q, [m, 1])]?, and PY — py, N° — ng in L*(Q). Let (Prn, Nen, rn) : Qr — [m, 1] x
R be constructed from the solution {(Pj,Nj,\I/j)}jzl € [Vh}?’ of Scheme A by continuous
interpolation. For (k‘, h) — 0, there exists a convergent sequence {(Pk,h,Nk,h, Win ) }k,h’ whose

limit is a weak solution of (4.1.8)—(4.1.12), with ¢ = 0 and T'p = 0, i.e., properties (1)-(3) of
Definition 1 are valid.

Most of the results in Section 4.4 apply for an entropy based discretization of (4.1.8)—(4.1.12)
as well; we leave details to the interested reader.

4.6 Computational Studies

In this section, we computationally compare the energy based Scheme A (resp. Algorithm A;)
with the entropy based Scheme B (resp. Algorithm B1): conservation of mass, decay of energies,
entropies, as well as non-negativity and maximum principle for iterates at finite scales is studied
in academic Example 1. The modified problem (4.1.8)—(4.1.10), with data from [41, 20] is studied
in Example 2. In the sequel, let x = (.7)1, ;vg)

The first example compares evolution of smooth and L*°-initial data with Schemes A and B.

Example 1. Let Q := (0,1)2 C R2, and T = 1. Assume vanishing Neumann boundary condi-
tions for (Pj, NI, Wi ), for j > 1, and initial conditions

i) (21,22) — PO((acl,xg)) = cos(x3), (z1,22) — NO((:Ul,xg)) = sin(z1),
2 11
i) PO((z1,12)) = { 10%: (e(l);el,) \ {(0,0.75) x (0,1) U (0.75,1) x (0, 35)},

2 X . % (2
I

The computations which use Algorithm A; are done on a uniform mesh, and subsequent
snapshots for initial data ii) are depicted in Figure 4.6.1; corresponding results are obtained
with Scheme B, where ¢ = 1079 is used for F.. We observe more iterations to be necessary in i)
to meet the stopping criterion, with # = 10~4. In general, up to six iterations are necessary for
Algorithm A, while those needed for Algorithm B; may reach up to the double of this value.
Evolution of energies j — E(¥/) and entropies j — W7 for both initial data are plotted in
Figure 4.6.2, with results for Schemes A and B being indistinguishable.

The plots in Figure 4.6.2 motivate decay behavior for solutions according to Theorem 1, i)
for different spatial refinements. In all computations, we observe no significant difference in the
energy plots for Schemes A and B.

As has been pointed out in Theorem 1, acute-type meshes are necessary to validate an M-
matrix property for the system matrix A in Algorithm A;; Figure 4.6.3 shows that solutions
of Scheme A may become negative (i.e., —0.016 at time 0.002) in the case of highly distorted
meshes; negative minimum values (i.e., —0.0047 at time 0.006) for { P’} for non-negative initial
data for the same mesh are also found for Scheme B.

The second example is motivated from corresponding time-asymptotic studies of charge
densities in a pn-junction diode in [41, 21, 20], and uses Scheme A to solve (4.1.8)-(4.1.12). We
remark that the following example considers a pn-diode in the switched-on regime and therefore
neglects generation and recombination effects.
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Figure 4.6.1: Example 1 (Scheme A): Snapshots of P/ (1st line), and ¥/ (2nd line) at times
t =0.002,0.02,0.1 (k = 0.002, h = 0.03125).

Example 2. Data for a pn-junction diode covering Q = (0,1)? are shown in Figure 4.6.4, and
o= % We impose a doping profile C': Q — R,

| =1, in the p — region,
Clan,ra) = { +1, in the n — region.

The Dirichlet boundary conditions are

np =01, pp=09, op="ElhE) ppy 1 0<z<025,

np =09, pp=0.1, @bpzw ony=20,

where h(s) = fls TIST) dr. Elsewhere we put Neumann boundary conditions. We choose initial
conditions

| 0, in the p— region, _ | 1, n the p— region,
Po(w1,22) = { 1, in the n — region. and  no(w1,22) = 0, 4n the n — region.

Scheme A is used to solve (4.1.8)(4.1.12).

Figure 4.6.5 shows snapshots of computed solutions at subsequent times; the plots in Fig-

ure 4.6.6 illustrate evolution of j + E(W¥/) (energy) and j +— W7 (entropy) throughout the
experiment, and maximum resp. minimum values for P7.
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Figure 4.6.2: Example 1: Plot of evolving energies (1st line) and entropies (2nd line), using
initial data i) (left), and ii) (right) (k = 0.002, h = 0.0625, ¢ = 107°).
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Figure 4.6.3: Example 1, ii): Plot of evolving minimum values of P/ on non-acute meshes, using
Scheme A (middle), and Scheme B (right) (k = 0.002, ¢ = 1077).
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BE=09
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(B =1.M,=0)
n
(B =0, M=1)

B=01, N_=09

Figure 4.6.4: FExample 2: Geometry of pn-junction diode.
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Figure 4.6.5: Example 2 (Scheme A): Snapshots of N7 (Ist line), and ¥/ (2nd line) at times
t =0.002,0.02,4. (k = 0.002, h = 0.0625).
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Figure 4.6.6: Example 2 (Scheme A): Plot of energy (left), entropy (middle), and mini-
mum /maximum values of P/ (right) (k = 0.002, h = 0.0625).
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Chapter 5

Convergent Finite Element
Discretizations of the
Navier-Stokes-Nernst-Planck-Poisson
System

5.1 Introduction

We consider the following electrohydrodynamic model from [37, 60, 71]:

Let © C RY be a bounded Lipschitz domain and T > 0. Find a velocity field u : Qx(0,T) —
RY, concentrations of positive and negative charged species n* : Qx (0,T) — R>p, and a quasi-
electrostatic potential ¢ :  x (0,7") — R such that

(5.1.1) Ju+ (u-V)u—Au+ Vp=fo in Qr :=Q x(0,7)
(5.1.2) divu=0 in Qpr
(5.1.3) u= on 007 := 00 x (0,7)
(5.1.4) omt +div(J,+) =0  inQp
(5.1.5) (Jp+,m) =0 on 0Qr
(5.1.6) o~ +div(J,-) =0 inQp
(5.1.7) (Jp-,m) =0 on O
—Ayp=nt —n~ in Qp
(Vip,n) = on 007
for
'50 = ) * '70 = i)
(5.1.10) . ., te0=ue om0 =
Jpt = Fn Vi —Vn= +un—, and fc::—(n —n)Vq/).

Well-posedness of this model has been shown in [71]: Weak solutions to the system (5.1.1)—
(5.1.10) are constructed by Schauder’s fixed point theorem; the concentrations n* are non-
negative and bounded in L*°(Q7) which follows from Moser’s iteration technique; in addition,
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weak solutions satisfy an energy and an entropy law obtained by the use of special test functions.
The local existence of strong solutions is also verified in |71].

The goal of this work is to recover these characteristic properties of weak solutions in a
fully discrete setting by using finite elements. A first step into this direction is [62]|, where
boundedness, non-negativity, an energy, and an entropy law of solutions for the Nernst-Planck-
Poisson sub-system (5.1.4)—(5.1.10) (for u = 0) are transferred from the continuous setting to a
spatio-temporal finite element based discretization. Here, we consider the whole system (5.1.1)—
(5.1.10). This induces an additional interaction with a fluid flow requiring sharper estimates to
verify an M-matrix property for discretizations of equations (5.1.4) and (5.1.6).

Electrokinetic flows have many applications: An important class of microfluidic and nowa-
days especially nanofluidic systems aims to perform basic chemical analyses and other processing
steps on a fluidic chip. Fluid motion in such chemical (bio)chip systems is often achieved by
using electroosmotic flow which enjoys several advantages over pressure driven flows. Briefly, the
electroosmotic flow produces a nearly uniform velocity profile which results in reduced sample
species dispersion as compared to the velocity gradients associated with pressure-driven flows.
This characteristic property enables such applications as fluid pumping, non-mechanical valves,
mixing and molecular separation. Many of these systems also employ electrophoresis. This
is another electrokinetic phenomena describing the Coulomb force driven motion of suspended
molecular species in the solution. As on a chip electroosmotic and electrophoretic systems grow
in complexity, the need of a detailed understanding and computational validation by experimen-
tal comparison for such flow models becomes more and more critical. Therefore reliable schemes
seem to be of great importance for design optimization.

For an overview of the applied models describing the electrokinetic flows, it is often customary

to distinguish between electroosmosis (no external driving force) and electrophoresis (arising by
an external force). For a complete description of these two terms we refer to [37, 60]. However,
we briefly introduce the principle ideas in the following:
We first mention the pure electroosmotic description. When an electrolyte is brought into contact
with a solid surface, a spontaneous electrochemical reaction typically occurs between the two
types of media resulting in a redistribution of charges. In the cases of interest, an electric double
layer (EDL) is formed that consists of a charged solid surface and a region near the surface
that supports a net excess of counter-ions. By the assumption that the concentration profile in
the ionic region of the EDL can be described by the Boltzmann distribution, one obtains the
Poisson-Boltzmann equation for the net charge density

L
—F zieW F
(5.1.11) —AV = — ;:1 ZiCoo,i exp(— I::T ) =: —?p

which is usually considered only for one particle, i.e., L = 1. A second approximation is to
consider only a symmetric electrolyte such that the right hand side in (5.1.11) reduces to a sinh
function. In a third approximation, called the Debye-Hiickel limit, one obtains the linear form
of the Poisson-Boltzmann equation in case the term Z,fq‘y is small enough to replace the sinh by
its argument. Finally, the velocity field u is described in an arbitrarily shaped micro- or nano-
channel for an incompressible liquid via the linear Stokes equation for the Coulomb driving force
fo on the right hand side. This linear description allows now to consider separately the velocity
components due to the electric field uy, and the pressure gradient u,, where u = u,, + u,, solves

the linear Stokes equation

—Au="fs—-Vp in

(5.1.12) ] )
diva=0 in
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Algorithm | Convergence | Scheme | Convergence System
60— N
Ay 1,850 A flare weak solutions of (5.1.1)-(5.1.10)

h, k—0
B LA

strong solutions of (5.1.1)-(5.1.10)

Figure 5.1.1: Scheme A: (I) = {M—matrix (strongly acute mesh, h > 0 small enough) ;

existence via Banach’s fixed point theorem (k < C’h%‘w, 8 > 0)} Scheme B bases on
Chorin’s projection scheme.

for fo = —pV) analogously to the electrohydrodynamic model (5.1.1)—(5.1.10). In the computa-
tional part (Section 5.6) we investigate in Examples 1 and 2 the purely electroosmotic behavior
especially in view of the energy and entropy property (Section 5.3) proposed in this article.

These electrophoretic phenomena are induced by applying an electric field, and result in the
motion of colloidal particles or molecules suspended in ionic solutions. The application of the
Stokes law f, = 3mudu allows to balance the electrostatic force ¢VW¥ and the viscous drag f,
associated with its resulting motion. As a result we have

_ qVV¥

1.1 =
(5.1.13) u Smud

where ¢ is the total charge on the molecule, VW is the applied field, and d is the diameter of the
Stokes sphere in a continuum flow. Hence, we consider the species in the liquid to be of sphere
shape as in [71]. The above considerations are made for a stationary liquid. The idea that
the electric double layer acts like a capacitor and suggests that the dynamics can be described
in terms of equivalent circuits, where the double layer remains in quasi equilibrium with the
neutral bulk is discussed and validated in the thin double layer limit by asymptotic analysis of the
Nernst-Planck-Poisson equations [9]. Moreover, in [42], the Nernst-Planck-Poisson equations are
recently modified to account for the effect of steric constraints on the dynamics. A more detailed
description of the physical derivation and motivations concerning the electrohydrodynamic model
(5.1.1)—(5.1.10) is given in [70].

In this paper we investigate the incompressible Navier-Stokes-Nernst-Planck-Poisson system
(5.1.1)—(5.1.10) which is a more general description of electrokinetic flows compared to the above
reduced models for electroosmosis and electrophoresis, see [37, 60]. First, we introduce a fully
implicit Scheme A which allows for non-negativity and a discrete maximum principle for the
concentrations, and further validates a discrete energy and entropy law for solutions. All results
for Scheme A are obtained via an implementable Algorithm A; which is proven to converge to
Scheme A for § — 0, where # > 0 defines the threshold parameter of the stopping criterion in
the fixed point iteration, see Figure 5.1.1. Hence, we verify existence and uniqueness of iterates
for Algorithm A; via Banach’s fixed point theorem, provided that k < Ch5+8 for any 0 > 0.
Further, non-negativity and boundedness of iterates of the discrete Nernst-Planck equations in
Algorithm A; are obtained via the M-matrix property, provided a compatibility constraint (see
(5.2.6) below) for admissible finite element spaces is met, and used meshes are strongly acute.
This latter compatibility requirement accounts for the coupling of the Nernst-Planck system
with the incompressible Navier-Stokes system. Then iterates of Scheme A converge towards
weak solutions of the system (5.1.1)-(5.1.10) for h, k — 0. Moreover, we verify a discrete energy
law, and in two dimensions a discrete entropy dissipation property at finite scales. The latter
discrete (perturbed) entropy estimate is verified in two dimensions for the coupling k < Ch? of
the mesh parameters (h, k), and initial data satisfying noi € H'(Q). Hence, we have to require
slightly more regularity on the initial concentrations n%, and a dimensional restriction compared



CHAPTER 5. CONVERGENT FINITE ELEMENT DISCRETIZATIONS OF THE
76 NAVIER-STOKES-NERNST-PLANCK-POISSON SYSTEM

to the continuous setting.

Let us briefly mention why the energy based approach convinces more than an entropy based
approach introduced in [62], where an (unperturbed) entropy law holds without any mesh con-
straint for the Nernst-Planck-Poisson sub-system (5.1.4)—(5.1.10), for u = 0. An entropy based
approach does not allow a constructive existence and uniqueness proof via a fully practical fixed
point algorithm, enables only quasi-non-negativity of concentrations, does not easily allow for
a discrete maximum principle and requires a perturbation of the momentum equation by the
entropy-provider S¢(+) to guarantee a discrete energy law.

In the second part of this article we propose a Scheme B based on Chorin’s projection method
[22, 61, 59] to construct discrete approximations, where iterates converge to the strong solution
of the system (5.1.1)-(5.1.10) with optimal rates.The main advantage of Scheme B is its effi-
ciency and the absence of theoretically required mesh constraints. But the solution of Scheme B
cannot guarantee any more physically relevant properties, such as a discrete maximum principle
for concentrations, a discrete energy, and an entropy law.

The results are given in Section 5.3; Section 5.2 introduces notation. The proofs are given in
Section 5.4 for Scheme A, and in Section 5.5 for Scheme B. Comparative computational studies
are reported in Section 5.6.

5.2 Preliminaries

5.2.1 Notation

We use the standard Lebesgue and Sobolev spaces [1]. To keep the notation simple, let || - || :=
| - 2. The Poisson equation for vanishing Neumann conditions g = 0, that is

0
(5.2.1) Au=f mQ, =g ondn,
on
is of special interest to our analysis and concerns the following regularity estimate for 1 < p < oo
(5.2.2) ullwzr < Cllfllzr,
which is known to hold for the following assumption, [35]:

(A1) Let Q C RY be an open and bounded domain with a C™! boundary, or convex in the case
of N=2 .

We frequently use the following spaces [50],
D) ={uecCPOQRY): divu=0 inQ},

— 2
V92(Q) = the closure of D in L* =D

1
0

V12(Q) = the closure of D in H} =D

Subsequently, 7; denotes a quasi-uniform triangulation [16] of @ C RY for N = 2, 3. Let
Ny = {Xz}KGL denote the set of all nodes of 7j,. We define strongly acute meshes [36, 58] as
follows:

The sum of the opposite angles to the common side of any two adjacent triangles is < 7 —6,
with 6 > 0 independent of h.

This condition is sufficient to validate kgg := (Vgpg,Vgpg/) < —Cy < 0, for B8 # 3, for the
stiffness matrix in three dimensions; here, ¢z is the nodal basis as introduced below. We make
the assumption:
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(A2) Let 7;, be a strongly acute triangulation, or for N = 2 a Delaunay triangulation.

Let P, denote the set of all polynomials in two variables of degree < ¢. We introduce the
following spaces

Y, = {UecCyQRY): UlxePA(K,RY) VKeT,}
(5.2.3) V, = {peCO@QNH Q) : ¢|x € AA(K) VK €T}
B, = {UecCy(QRY): Ulg € P(K,RY)n H}(K,RY) VK €T}
X, = Y,NB;
M, = {QeLi)NnCQ) : Qx € Pi(K)}.

A well-known example [4] that satisfies the discrete inf-sup condition

sup (divU, Q)
vex, |IVU]

is the MINI-element defined by X, in (5.2.4), and by M}, in (5.2.5). Let

> CllQ|l YQ € My,

V= {V e Xy : (diVV,Q) =0 VQEe€ Mh}.
The following compatibility condition of spaces
(5.2.6) Yin/R C Mp,

accounts for coupling effects in the electrohydrodynamical system (5.1.1)-(5.1.10). We use the
nodal interpolation operator Zy, : C(€2) — Y}, such that

Ty, = Y (2)ps

ZGNh

where {g@z :zZ € Nh} C Y} denotes the nodal basis of Y}, and ¢ € C(Q). For functions
¢, ¥ € C(Q), we define mass-lumping as

(6, V) = /Q Ty, (60) dx = 3 Bub(2)(z),

ZENh

161l == (&, )n.

where 0, = [, ¢z dx for z € N},. For all &, ¥ €Y}, one immediately obtains

1
[P < [|®[lr < (N +2)z]2f,

(5.2.7)
(@, 9), — (®,9)| < Ch||@|||[ V.

Moreover, in appropriate situations we use the convention with its induced norms

] = (-,) fori=1, 1D||2 = (,P) fori=1,
Tt ('7')/1 fOFiZQ, T (q),q))h fori=2.

We define the discrete Laplace operators ES) : HY(Q) — Y}, for i = 1,2 by

(5.2.8) [—ﬁ%, \y] = (Vo VE) YU EY,.
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Note that there exists a constant C' > 0, such that for all ® € Y, and ¢ = 1, 2 there holds
(5.2.9) 19| < Ch 2@ and [|L®| e < Ch72|® 1 Y € Y

The following discrete Sobolev inequalities generalize results in [38, Lemma 4.4] in the case
N=3fori=1,2,

V@[5 < C|V®|"F |LV 8|5 V& e Yy,

(5.2.10) 0
IVels < C (120 + |1@]m) ¥o €Y.

In the sequel, we use the L?-orthogonal projections Jv, LQ(Q,RN) — Vj, and Jy,
L?(,RN) — Y}, which satisfy for all u € L?(Q,RY)

(5.2.11) (u—Jy,u,V) = 0 VVeV,
5.2.12 u—Jy,u,Y) = 0 VYEY,.
h

The following estimates can be found in [38]:

Ch?||D?u|| Yue VM2(Q)n H?(Q,RY),
Ch|Vu| Yue VH3(Q).

(5.2.13) [[u — Jv, ull + k[[V(a — Jv, )]

<
(5.2.14) lu—Jy,ul| <

The same approximation results also hold for Jy, and u € H(Q) N H?(Q).

5.2.2 Discrete time-derivatives and interpolations

Given a time-step size k > 0, and a sequence {U’ 37:1 in some Banach space X, we set d,U7 :=
k~H{U7—U=1} for j > 1. Note that (d,U7,U7) = 3d,||U7||*+ %||d,U7||%, if X is a Hilbert space.
Piecewise constant interpolations of {U” 3]:1 are defined for ¢t € [tj_1,t;), and 0 < j < J by

U):=U7"1 and U(t) :=U7,
and a piecewise affine interpolation on [t;_1,t;) is defined by

Ult) ::u+uku(t—t]—_1).

Further, we employ the spaces ¢P(0,t7; X) for 1 < p < co. These are the spaces of functions
{®J 37:0 with the bounded norms

[9m0020 = (F I+ 197 hewi0ar0 = o 1971
<

5.3 Main Results

We recall the notion of weak solutions for (5.1.1)-(5.1.10), cf. [71].

Definition 5.3.1. (Weak solution) Assume (A1), N < 3,and 0 < T' < oo. Wecall (u,n™,n", )
a weak solution of (5.1.1)-(5.1.10), if
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i) it satisfies for p =2, if N =2, or for p = %, if N =3, that

u e L2(0,T; V2(Q)) N L(0,T; VO2(Q)) N WHP(0,T; V=H2(Q)),

n* € L2(0,T; H'()) N L®(Q7) N WHE(0,T; (HY(Q))"),
¥ € L*(0,T; H*(Q)) N L=(0,T; H' (),
ii) it solves the equations (5.1.1)-(5.1.8) in the weak sense for the initial data
(5.3.1) w € VO3(Q),  nd € L®(Q,Rx),

where for ¢ — 0 holds

(5.3.2) u(t) = ug in L2(Q,RY),  nE(,t) = nf in L*(Q),

iii) it satisfies the following boundary conditions in the trace sense for a.e. t € [0,7],
ie.,
(5.3.3) (Jnt,m)| 0 =0, and (Vi,m)|,, =0,

where n € R¥ is the unit normal on the boundary of €,

iv) it fulfils for a.e. t € [0, 7] the energy and entropy inequalities
t
(5.3.4) E(t) —|—/ e(s) +d(s)ds < E(0)
0
t
(5.3.5) W (t) —i—/ It(s)+ 1 (s)ds < W(0),
0
where W(t) = WNpp(t) + W]Ns(t), for
Wnpp(t) = / n* (log (n™) —1) +n~ (log (n7) — 1) + % IVy|* + 2 dx
Q
__ Lo ! 2
Wins(t) = /92 |ul dX+/0 /Q|Vu] dxds
() = / n* [V (log (n*) — v)]? dx
Q
1
B@) = 5|l + Vel
e(t) = [Vul*+ [Ay[?

dt) = /Q(nJr—l—n_) V[ dx.

The term E(t) in the above Definition 5.3.1 contains the physically motivated kinetic energy

E'(u) := }|lul|?, and the energy density of the electric field E?() := £||V¢||%; furthermore,
the term d(t) denotes the total electrical energy of the system.
To construct discrete approximations of the weak solutions given in Definition 5.3.1, we propose
the following Scheme A. The main interest and hence the reason for the fully implicit character
of the subsequently proposed Scheme A is to preserve all the characteristic properties of weak
solutions given in the above Definition 5.3.1.

Scheme A:
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(1). Set U = Jy,up, and (NT)°,(N7)?) := (Jy,ng, Jy,ng ).

(2). For j =1,...,J, let F}, := —(N*)) — (N~)/)V¥. Find (U/, (NF)/, W) € V), x [V3]?
such that for all (V, ®*, &) € V;, x [V3,]3, and for i = 1, 2

(U7, V) + (VU VV) + €(Vd, U7, VV) + (U1 V)UY, V)
(5.3.6) +%((divUﬂ'*1)Uj,V) = (FL, V),
[d(NF), @%F); + (V(NF)T, VoE) £ (N*)I VI, vot)
(5.3.7 —(U/(N%),Vot) =0,
(5.3.8) (V¥ ,V®) = [(Nt) — (N7),®];,

where € := h® with 0 < o < %.

In the scheme, the stabilization term e (thUj , VV) is introduced, which serves its purpose
to validate a corresponding M-matrix property for the sub-system (5.3.7)—(5.3.8) later, and
hence accounts for the problematic nature of the coupled overall system. Since the Scheme
A is fully implicit for a coupled nonlinear system, the use of an iterative solver is required;
its implicit character allows to recover the properties of solutions from the continuous setting
[71]. A corresponding discretization of the Nernst-Planck-Poisson system has been studied in
[62]; however, the additional coupling with the Navier-Stokes equations causes major additional
problems to effectively deal with (5.3.6)—(5.3.8) which e.g. motivates the term ¢(Vd,U’, VV).
See the discussion in Section 5.4.

Remark 5.3.2. Let us recall the entropy based scheme for the Nernst-Planck-Poisson equations
(5.1.4)—(5.1.10) (with u = 0) introduced in [62]. We use the notion of an entropy-provider: For

any € € (0,1), and € > 1 sufficiently large, we call S; : Y}, — [LOO(Q)]dXd an entropy-provider
if for all ® € Y},

i) S-(P) is symmetric and positive definite,
ii) S.(P)VI,[FL(®)] = V.

This entropy based approach, which allows for an unperturbed entropy law in [62], leads to

Scheme A’: Fix 0 < ¢ < 1, and let ((NT)? (N7)?) € [Yh]2, such that ((NT)? —
(N7)%1) = 0. For every j > 1, find iterates ((NT)/,(N7)/, W) € [Yh]3, where (¥/,1) =0
such that for all (@1, Py, 3) € [¥;]” holds
(5:39)  (d(NY, @), + (VEL8((NF))V0; ) + (VN V) =0,

(53.10)  (d(N7),d,), — (V\Ifj,SE((N_)j)V%) + (V(N7), V) =0,
(5.3.11) (VU ,V3) = (NT) — (N7)/, ®3), .

In contrast, the extension of this Scheme A’ to the electro-hydrodynamic model (5.1.1)-(5.1.10)
requires to apply the entropy provider in the Coulomb force term FJC in the following way

_(Ss (N+) - Se((N_)j))lejj

to verify a discrete energy law, and to compensate for the lack of a discrete maximum principle.
This consequence and the weaker results mentioned in the introduction (Section 5.1) motivate
to follow the energy based approach as realized with Scheme A.
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With the kinetic energy E'(U’) := 1||U7||? and the electric energy density E*(07) :=
2||V¥||2 we define the energy of the electro-hydrodynamic system as

o 1 , A
E(U, W) =3 T[> + [V 2

In below, the following compatibility condition (5.2.6) is needed to validate an L®(Qp)-bound
for discrete concentrations. We state the first main result that is verified in Section 5.4.

Theorem 5.3.3. (Properties of Solutions for Scheme A) Assume the initial conditions of Def-
inition 5.3.1 ), and (A1). Let (A2) and (5.2.6) be valid, and h < ho(Q2) be small enough, as
well as k < Ch5 1P for some 3> 0, and0 < T =t;. Let 0 < (NT)? < 1. Then for every j > 1,
there exists a unique solution (U7, II7, (NT)I, W) € Vj, x M}, x [Yh]s, such that (5.5.6)-(5.3.8)
hold. Furthermore,

0<(NFY <1 (1<j<),

and for i =1, 2 it holds

J J
- J gl € J)2 112 2 j j € 112
i) B W) 4 S VU P kY VU 4k ;{E(dtUJ,dt\PJ)Jr2HdtVUJH }

J . J - . .

Z[HVUJHQ F IOV = (V] + DD (((V Y + (V) [V e )

7=1 7j=1
= B(U",0°) + S| VU°|?,

i) 1{||U=f||2+e|vu’||2}+’“QEJJ{M U/|? + ¢ VU712
2 2 ! !

J
+k Y [VUP < CE(UY, 90) + 2| VU° 2,
j=1

1 k2 <
iii) 5 [NV IR+ IOV I] + 5 D0 [Ide (VI + de(N Y] +

M\:v

SV

Jj=1 Jj=1

HIVINIP] < OB, 20 4+ 2 [IVHP I + v )°)E]

iv) kZ[\dtNﬂ iy + 1NV IRy | < C{BU00) + [V 4+ 1(N)°I)

7j=1
v) kZ | U’ ||(V1 2AH2)* c,

where ¢ = 2 for dimension N =2, and q = % for N = 3.

We introduce a practical Algorithm A; in Section 5.4 that is a simple fixed-point scheme,
together with a suitable stopping criterion to verify the statements of Theorem 5.3.3.

Motivated by the entropy estimate established in [71] for (5.1.1)—(5.1.10), we recover the
proof from there in a fully discrete setting. Therefore, we introduce the entropy functional

(5:312) J - W= E(U7,07) + JVU|2 + /Q{th [F((v0)7) + (7)) + 2} ax,

where F(z) := z(log x — 1), and herewith we extend the version in [62].
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Theorem 5.3.4. (Entropy Law for Scheme A) Let nT € HY(Q), (A2), (5.2.6), N = 2, and
k < Ch? be valid for some T =ty > 0. Suppose that § < (NT)? < 1 and some 0 < § < %,

and let {(Uj, (N*T), \I/j)};]:l solve the Scheme A fori =2, i.e., [-,:]2 = (+,")n. Then, for all
0<j<j <J,

(5.3.13)
2 J 7
W S (19 + ey UlP] 4k Y {((N*)ﬂ!Wwfh{F’((N*)l)Hz)
I=j+1 I=j+1

VU2 + ((N‘)l, (V{¥! —Z, [F'(N7)")] }}2)]
< W7+ Cho~4 [ B(U°, °) + | V(N ) + HV(N’)”Hﬂ2

The dissipation of W' in (5.3.13) is then guaranteed for h < C’V_V154.
The main convergence result concerning Scheme A is

Theorem 5.3.5. (Convergence of Scheme A) Assume the initial conditions of Definition 5.3.1
i). Suppose (A2), (5.2.6), and 0 < t; < oo. Let 0 < (NT)O (N7 <1, (nd,ng) € [LOO(Q)]Q,
as well as

U° —ug in L2(Q,RY), and (N1 —nf, (N7)? —ngy in L*(Q).

Let (UL, N*, W) be constructed from the solution {(UJ, I, (N*)J ¥ )} C Vi, x My, x
[Yh} 3 of Scheme A by piecewise affine interpolation as outlined in Section 5.2.2. Then, forh, k —

0 such that k < Chs+8 for B > 0, there exists a convergent subsequence {(U,H,Ni,\ll)}kh
whose limit is a weak solution of (5.1.1)-(5.1.10).

In Section 5.5, we analyze a time-splitting scheme based on Chorin’s projection method
[22]. In this scheme, the computation of iterates is fully decoupled in every time-step, which
leads to significantly reduced computational resources. But this strategy sacrifices the discrete
energy and entropy inequalities, which are relevant tools to characterize long-time asymptotics
and convergence towards weak solutions. Therefore, the related numerical analysis requires the
existence of (local) strong solutions which is verified for the system (5.1.1)-(5.1.10) in [71].

Definition 5.3.6. (Strong solution) Let 0 < T' < oo. The weak solutions (u,n™,n~, 1) are
called strong solutions of (5.1.1)-(5.1.10), if

i)

u € L*0,T;V*(Q)nVZ2Q)) n W20, T; VO2(Q))
nt € L*0,T; H*(Q)) nW'2(0,T; L*(Q))

v € O(0,T); H* ()

p € L*0,T;H'(Q)/R),

where in dimension N = 3 the time 7" = T'(ug) > 0 is finite,
ii) the initial conditions

(5.3.14) u € VH3(Q),  nf € H(Q)N L>®(Q),

are attained for ¢ — 0,

(5.3.15) u(t) —ug in LXQ,RY),  nE(,t) =nd  in L*(Q),
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iii) the boundary condition (Vn®, n)|sq = 0 hold for all ¢ € [0, T],
iv) for N < 3 and t € [0,T], the energy and entropy identities hold
t
(5.3.16) E(t) + / e(s) +d(s)ds = E(0),
0
t
(5.3.17) W (t) +/ It(s)+ 1 (s)ds=W(0).
0

For convenience, we say that a strong solution (u,p,n™, ) isin S, if it satisfies the regularity
properties i) of Definition 5.3.6. To approximate the strong solutions of Definition 5.3.6, we
propose the following time-splitting

Scheme B: Let j > 1 and {ujfl, (ni)jfl}, determine {uj, (ni)j,wj} € S as follows:
1. Start with u® = up, and (n*)° = n.
2. Let j > 1. Compute ¢/~ € H(Q) from
~AYTTE = (YT ()T i Q
(Vi1 n) = 0 onoQ.
3. Compute (n*) € H'(Q) via
LY — (Y}~ A £ div(@ V) + (W V) = 0 0

(V(n®) £ (n*)Vyi ™ n) = 0 ondQ.

4. Find @/ € H}(Q,RY) by solving
E{ﬁj —w T AW+ (W V)R = —((n+)J - (n*)J)VW*1
@ = 0 ondQ.

5. Determine the tuple {uj,pj} € V%2 x H'/R that solves the system
1. . . . .
(5.3.18) %{uj —a/} +Vp =0, diva/ =0 on Q,
(5.3.19) (W n) = 0 ondQ.

Step 5 is Chorin’s projection step. Using the div-operator in (5.3.18) amounts to solving a
Laplace-Neumann problem for the pressure iterate,

. 1 . .
(5.3.20) —Ap) = —Ediv u’  in Q, OnP’|=0 on 00,
followed by an algebraic update for the present solenoidal velocity field,
(5.3.21) w=w - kVp inQ.

The goal of the second part (Section 5.5) of this paper is to analyze Scheme B by investigating
its stability and approximation properties. Therefore we propose a series of auxiliary problems
to separately account for inherent time-discretization, decoupling effects, and those attributed to
the quasi-compressibility constraint (5.3.20). For this purpose, the following notation is useful.

We say that
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1. the quadruple (u, p, nt, 1/1) = {gi}le € S satisfies property (P1), if the following is
satisfied for ¢ € {1, 3},

J
kD { e 3+ N} + mae {10l + 116013 + 15050 + 1€ | < C.
=1 ==

2. the quadruple {{f}?zl € S satisfies property (P2);, for [ € {0,1}, if the following approx-
imation properties are satisfied:

e (e = €1+ (e - s + 106e) = €+ 19(6) = €l + In*(2) - )

V() = &l +/70(e) ~ €11+ In*0) - ) | < O,
where

Tj-— 1, lfl:O,
7 \min{1,¢}, ifl=1.

The property (P2)g is used in the analysis of Scheme B. The generic constant C' is independent
of k, and depends only on the given data. In the following theorem, we state the main result
concerning optimal convergence behaviour of the solution obtained via Scheme B.

Theorem 5.3.7. (Convergence of Scheme B) Suppose (A1), the initial and boundary conditions
from Definition 5.5.6 and additionally ug, noi € H%(Q). Then the solution

. . _ . . J
{uja(n+)]7(n )]7wj}jzlc S
of Scheme B satisfies the properties (P1) and (P2)y for sufficiently small time-steps k < ko(t).

If we additionally include the error effects of a corresponding space discretization which uses
the setup of (5.2.3)—(5.2.5), we immediately get the

Theorem 5.3.8. (Convergence of Scheme B) Let {U7, PJ (N*)i, (0)J };,7:1 C Vpx M, xY,
be the solution of a fully discrete version of Scheme B (see (5.5.57) of Section 5.5.4), and
(u, p, nt, ¥) € S be the strong solution of (5.1.1)~(5.1.10) under the additional requirement
ug, ng € H*(Q). Then

max) {la(ty) = U+ [l (ty) = W7 + [ (t;) — Wl + In(t;) = (N5 |1} < O (k +h?)

ma {6~ Ol +lp(6) = P+ = (5) = (VY | < € (VE+0)

1<5<J

5.4 Proof of the Results for Scheme A

5.4.1 Existence and Uniqueness of Solutions for Scheme A, Theorem 5.3.3

The M-matrix property of the system matrix for the subsystem (5.3.7)-(5.3.8), and (5.2.6) are
key tools to guarantee solvability of Scheme A, non-negativity and boundedness of the iterates
{((NT), (N_)j)}j>0. For the subsequent proof of Theorem 5.3.3, we introduce a practical
Algorithm A; which asserts the existence and the uniqueness of iterates.
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Algorithm Aj. 1. Let (UO, (Ni)o) € V), x [Y3]2, such that ((N+)0 —(NY, 1) — 0. For
§>1, set ((N+)J¢0, (N*)jvo) = ((N+)H, (N*)H), and £ := 0.
2. For £ > 1, compute (Uj’g,(Ni)j’é,\Ifjj%) € V5, x [Y3,]? that solve for all <V,<I>i,<I>>
€V, x [Vi]? i=1,2 and F "= — ((NT)H-1 — (N7 wwdi-t

(5.41) (VL VE) = (N - (N

i

%(UJ’{V) + %(VUM, VV) + (VU V) + (09U, v )
(5.4.2) +%((divUj_1)Uj’f,V) - (Fgffl,v) + %(Uj_l,V) + %(vwﬂvv) :

ovEpe, o*] & ((VEHIVE Vs ) + (V(VE, Vo)
(5.4.3) - (U vEp vt = %{(Ni)j_l,éi] .

(2

3. Stop, if for fixed # > 0 we have

[U7 = U [ e

(5.4.4) A . A A
+ (I = (NP e+ (VP = (NP ) < 6

and go to 4.; set £ «+— £+ 1 and continue with 2. otherwise.

4. Stop,if j+1=J;set j « 7+ 1 and go to 1. otherwise.

We first achieve 0 < (N*)1¢ < 1 for £ > 1; after the verification of a contraction property
for iterates, we can identify

(5.4.5) (U1 (V) ) = lim (UM, (N5, 01 € Vi x V)P

as the unique solution of Scheme A for j = 1. Finally, the results can be extended to 1 < j < J
by repeating the same procedure for every time-step j.

Proof. (of Theorem 3.3) Step 1: (Stability for W*¥=1) Let 0 < (NT)»1 (N7)»~1 < 1. The
solution WH~1 € Y;, of (5.4.1) may be interpreted as the Ritz projection of ¢/~ € H'(Q)/R,
ie., ULl = popLt=1 guch that (\IJM_I, 1) =0, and

(Vo1 0) = [(NFPL (NP v e B Q)N C@),
where by assumption ((N*)»~1 — (N7)»=1 1) = 0. By the W'P(Q)-stability of Py, cf. [16,
Theorem 8.5.3|, there holds H\I/j’z_l‘.}wml <C H?ﬁj’e_lel,w’- By Sobolev embedding, the right
hand side is bounded by C ||(NT)#*~1 — (N_)M_IHLW for 1 < 4 < oo, for N = 2, and
1 <~/ <6 in the case of N = 3.

Step 2: (A priori estimates for Algorithm A;) After testing the equation (5.4.2) with kU%*
we obtain

o112 112 12
(5.4.6) HUMH + he VUMH +kHVUMH < (1) + (I1) + (I1T) ,
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where
- ) 1 e 1 )
0 = |(u v < 3 0] 1” 3

(I1) := he

(vor v | < 2 vu 4 2 oo
() = k| ({ (VP - <N->ﬂ‘1} W—l,uﬂﬂ
<k {Jovnp |+ o} v o

stelfew [ {Jovny | jorp ) oo

Therefore, we arrive at

1. he . k 4 . .
ST+ S [VUH|2 4 ZIVUH|2 < {072 + he Ui 2

(5.4.7) 2
wr[ve ez s o pere] )

Hence, the right hand side depends on ¢ > 1. Therefore, in the following steps, we use an
inductive argument, by showing that the right hand side of (5.4.7) is in fact uniformly bounded
in £ > 1 by the uniform boundedness of (N*)’¢ from Step 4.

Step 3: (M-matrix property) To establish the M-matrix property for a sub-system of Algo-
rithm Ay, let A be the system matrix corresponding to the equations (5.4.3), with the convective
term depending on U1 ie.,

(0t er) = o), =
where {(pg}ézl is the canonical basis of Yj. And correspondingly, we define for ¢ =1, 2

(paVo = Vou ) = {e(@ )} =g

59"
(5.4.8) (Vs Vo) = {K} g5 = hige

[@ﬁ’@ﬁl}i = {M(i)}ﬁﬁl (ﬁ%/

Here, M) is the mass and M® the lumped mass matrix. Hence, the system matrix {A}ﬁﬁl =
agp for (5.4.3) becomes

(5.4.9) A= ( “‘(‘; X, )

for AF := 1 MO £ (V1) + K — D(UM1) such that Alx’, y"T = £7¢, where

(5.4.10) Z %0, Zyﬁ 0s,
with the right hand sides fé’z = %((NJ“)j*l, gpg) and fL+,3 = 1 ((N*)jfl, gpg), for1< g < L.

Since the stiffness matrix K is already an M-matrix, we guarantee its dominating influence
as part of AT by a dimensional argument.
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(a)

Non-positivity of off-diagonal entries, i.e., agg < 0 for all 3 # ': Since 7}, is strongly
acute, there exists Cy,, such that kgg < —C’gOhN*2 < 0 uniformly for A > 0, for any pair
of adjacent nodes. The remaining entries are bounded as follows,

(5.4.11)

S g, _q1_N c SN _ o _
(U7 5, Vo) | < U Y| llogVippllr < CRY 18 [UF e < OR7e =271,

because of (5.4.7). Hence, we require N — 2 < % — 1 — 5 by a dimensional argument
between kgg and dgg, which amounts to 0 < a < %. Similarly, we proceed with

C(‘I’j’g_l) for 4" as in Step 1 with y~' 4++/~! =1 in the following way
N_y
Vsl <Chv .

(54.12) oV, 9| < [V

Ly

Repeating the dimensional argument from above between kgg and cgg provides N —2 <
%—1. Hence,N<ﬁzv’w—ﬁj_\g,where”m” ="<’ifN=2and” ~7 =7 <7 if
N = 3. Therefore (a) holds for h < ho(2) small enough.

Strict positivity of the diagonal entries of A: We have to verify that

1 i 0— 0—
%mgg + k‘gﬁ + Cﬁﬂ(\lfl’ 1) — dﬁg(Ul’ 1) >0.

We know that %m(ﬂ% > cg,hY, and kgg > cg,h™N 72, for some cp, > 0. Moreover, from
(5.4.11) and (5.4.12) we obtain

(5.4.13) legsl + |dgg] < CRS ~17% + ChT Tl = n(h).

Hence cg,hN =2 — n(h) > 0 is guaranteed by the same dimensional argument as in (a) for
small enough h < ho(Q2).

A strictly diagonal dominant, i.e., -5 .5 lagg| < agg: We use the fact that the number of
neighboring nodes xg € N, for each x5 is bounded independently of h > 0. Hence, there
exists a constant C := C({#3' : kgg # 0}) > 0, such that for k, h > 0 sufficiently small

N2 —n(h) > C max |agzs|

BF#B’

= ﬁl—CeohN’Q - n(h)’ > Y aggl,
B4

1
agg > EcKﬁhN + ¢k,
(5.4.14)

where we used (b) for the first inequality and (a) and for the second inequality, and in both
cases (5.4.13). Hence assertion (c) is verified for small enough h < ho(2) and k < ko(€2).

The verification of (a)—(c) guarantees the M-matrix property of A for small enough h < ho(2)
and k < ko(Q). This property additionally implies the non-negativity of ((N*)Lf, (N7)L6).

Step 4: (Boundedness of 0 < (N*+)1¥ < 1) Under the assumption (N*)? < 1 and (N*)4-1 <

1, we have (Ni)u_1 < 0 for (Ni)w_1 = (N*)H1 — 1 and also (Ni)O < 0. Then for every
® €Y}, we have

17, — _

—[(Ni)l’e,ﬂ + (V(Ni)m,V@) + ({(Ni)lyf + 1}v¢f1:4—1,v<1>)
(5.4.15) k i

+ (Ulv“{(ﬁi)lvf + 1},v¢>) - %[(Wi)o,ﬂ .

7
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Via the M-matrix property of A for the equation (5.4.3) we have

o - @ @]+ (1) vee viel) + (Ve - o).}, Vial.)
+(UM—1[<I>],,V[<1>]+)

(2

1 _ io—
> = (@] [2)+], + ([0]-ve !, Viel. ) + (VIe]-, Vie],) + (U7 (o], Via]. )
> agp[®]4 (x)[@]-(x) =0,
8,5
where [-]_ := Zy, min{-,0}, []+ = Zy, max{-,0}, and ® € Y},. Since & = [®], + [P]_ for all
¢ €Y}, the definition (5.4.9) of agg then directly implies

L@+ [910) ) < ¢ [19]., @] + (Vial,, ve)

(5.4.16)
+ ([0 Ve Vo], ) + (U], Vie], ).
Testing the equation (5.4.15) with ® = [( )b . implies with (5.4.16) the inequality
_ 2
(5.4.17) £ M ] (19 M++1}W'M LV )|
+ | (UM + 1, VI ),

where we already skipped 1 [(Ni)o, [(Wi)l’q } < 0 on the right hand side. We use the
interpolation of L3 between L? and H', and (div(ULZ—l), [(Wi)m]Jr) = 0 which holds by
(5.2.6) to estimate the last term in (5.4.17) as

(UMM 4+ 1), VI )| < 0 sl 4 s I VI 4
(5418) < CIVUM I L VIO )2

< fow s (uspwwe )]s |+ sty

for 0 = % and the multiplication of HVUM_1 H with h~2h2. The first term on the right hand
side of (5.4.17) we control with the help of

(VO VI ) = (V)M = (V)L (V) M)

10 — . 2 1 2
§§H(N+)1’Z’l—(]\7 )1,571 ,-+§H i)l,eq

and the interpolation of L? between L? and H' to obtain the bound
(5.4.19)
—+ _ —+ —+ 12 01 —+
([P 9w VIS ) | < NIV 2 + S IVIT) ]2

Putting now the bounds of (5.4.18) and (5.4.19) on the left hand side of (5.4.17) results in

(5.4.20) %{i—Ck(”V‘W 1”L6+H e (N_>M_1H2>

1
aN=6 a S f— ——+ 1 —+
— k5 ([T U ) LR + IR <o,




5.4. PROOF OF THE RESULTS FOR SCHEME A 89

Hence, only k < Ch? for § > 0 is required to validate the assertion.
Step 5: (Contraction property) We define ef, := U/ — U?~! and for N* correspondingly
efL +. First, we consider the terms
(5.4.21) (NP)7 (Uﬂ LNE)I, V@i)
4

We control the error term e,
2, p3 = 2, and inverse estimates from L>® to L% for dt = e

’(NP*)j’e_(NPJF M 1‘ < ‘( LN+, Ven+)‘ ‘(Uje 2¢¢ Ven+>

4 arising from (NP+)M via Hélder’s inequality for p; = oo, p2 =
€+ as follows,

(5422 < Ol I + v [P+ ChH [0 e
< Clleg HI” + *\|V€n+|l2 +ChTE el |2,
where 0 < o < Z¥ In the same way we treat (NP7). Next, we estimate errors arising from

<NLi>M = ((V5)Hveit vor)
by
j, ¢ j,0—1 . .
(VL) = (L) < (e VO, Vel ) |+ ‘((Ni)ﬂ—lwf;l, Vel )|
(5.4.23) |
< C[IZ12 + 162 1P] + O IV s + 5]l I + 1519k |2
and in the same way for (NL7). Hence, we obtain for the Nernst-Planck-Poisson system
_N_ 4k
(1= Ch = k=5 =) llefs 7 + ek 17} + - { IVee |2 + [ Vel- |}
< Ch{ |l P + e 12} + kCllel 2

l

It leaves to control the error ef, concerning to the momentum equation (5.4.2) for V = e/, as

%(eﬂ,V) + h—]: (Veﬁ, vv) + (Veﬁ, vv) < ’({ef;l - ef;l}v\lﬂvf—l,v)(

(5.4.24)
| ({1 vel v )

)

where we already skipped the terms disappearing by the skew symmetry of the convective term.
We use Step 4 and (5.4.1) to control the last term on the right hand side in (5.4.24) as follows

(vt — (v ey vel el )| < Ol 2 + Vel )2

(5.4.25) ) IR
< Cleb)? + C [llefz 12 + et

The following control of the remaining term in (5.4.24) for § = =~

6
(- eyowt)] < o el + o]
+(1-19) [HVef;jrl 2 n Hveffl‘ﬂ) Lo qujﬂ—lH; Heﬁ”Q
< i 1+ ] e+ e

CHV\W 1’ ?

e—1]?
€n+

4

€u

LG
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finally implies the inequality
(5.4.26)
_N_, 4k
[1=C — Chh~= 5] {llebl? + llef 17 + ||efl_u?}+*{uv«ef;||2+ IVl + [ veh- |12}
< KON+ 122 + 12} + S LIVl 2 + Ve + Vel )

Hence, we have the contraction for k < ko(€2) small enough satisfying the the mesh constraint
k< Ch+° which is equivalent to k < Ch5+8 for B > 0, since « satisfies 0 < a < % due to
Step 3.

Step 6: (Convergence of Algorithm A;) Fix j > 1. In the following, we denote the step that
reaches the fixed point for the first time in Algorithm A; with /.

Lemma 5.4.1. i) Assume the initial conditions of Definition 3.2.6 ). Suppose (A1), (A2),
(5.2.6), and fixr T = t; > 0, and let k < ko(2) and h < ho(Q2) be sufficiently small with
kE < Chs+8 for any B > 0. Then for every 0 < j < J, there exists a unique solution
(UM (NE)IL il HM) € Vi, x [V3]” x My, of Algorithm Ay, such that 0 < (NE)» < 1.
Moreover, {Uﬂ, Ni)ﬂ,\llﬂ, Hj’z}1<j<J satisfies the assertions i)-v) of Theorem 5.3.3 for
[-,-]1 = (-,-), where each of the right hand sides is increased by CO*t;. In addition,

(U, (NP4 0 T ) — (U7, (N*)), 99, TF)

as 8 — 0 for every j > 1, and the limit solves Scheme A.
i) If nE € Wh2(Q), then assertion i) holds also for [,-]a = (-, )p.

Proof. (of Lemma 5.4.1) i) We first restate the nonlinear terms in Algorithm Ay, i.e., (5.4.1)-
(5.4.3). First we consider (5.4.3). The term depending on W5~! we may be restated as

((Ni)ﬂvqﬂf ! Vcbi) ((Ni)ﬂvqﬂf Vcbi)
- ((Ni)ﬂ{vqfﬂ S 2o V<1>i) ,
where the last term can be controlled by
(5.4.27) < V)M VE = VB [VEE] < [[VEE]6.
The second relevant term in (5.4.3) is rewritten in the following way,
_(Uj,Z—l(N:t)j,Z, V(I)j:) _ _(Uj,Z(N:I:)j,27 vq)ﬁ:> i ({Uj,z _ Uj,Z—l}(Nj:)j,Z’ V(I)j:) :
where the last term, which contains the error U/ — Uﬂ_l, is estimated as

(5.4.28) < U7 — U (V)P

I<[Ive*|e.
Consider the eqaution (5.4.2). The only relevant term is the Coulomb force ch’z_l rewritten as

~((@ry ! - (P Ve v) = (Pt - () v et )

{{N* N+ge 1} { i _ (N7 Je 1}v‘1,gz )

(5.4.29) (
I ( {(NT) gl-1 _ j,é—l}v{\pj,é _ @j,2—1}7v> :
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which may be controlled by

(5.430) < [V = (VP oo+ (V) — (N oo T3

NP = (NP e [ V(02 = WY [ V] < ClVJ6.

As a consequence, (Uj ’Z, N*)JI ’Z) solves Scheme A, with perturbed right hand sides controllable

through (5.4.4). After passing to the limit 6 — 0, iterates of Algorithm A; solve Scheme A.
it) A direct consequence of i) and (5.2.7). O

Step 7: (Properties i)-v)) For assertion i) we test equation (5.3.6) with V. = U7 and
sum it with the Nernst-Planck-Poisson equation (5.3.7)-(5.3.8) tested with <<I>+,i>_,®> =
<\Ilj, —W (N') — (N_)j>. The second assertion uses Step 4 for V := UJ. The assertion

i) is verified by testing with ®* := (N*)/. To control the discrete time derivatives iv) for
i = 2, we use the H!(Q)-stability of the L%-projection Jy, : L*(Q2) — Y} and its orthogonality

property (go - Jy, ¢, <I>) =0 for all & € Y} and Step 4 to conclude

(5.4.31)
lde(N Y| 1)+ < sup (BNT), T, 0), [(BVTY, o) = (N7, Tie),
T peH! [/l ocH! o1l 1

< C[IVO| + VNV + 107 + Chlld (N Y|

and the subsequent estimate
(5.4.32) de(N VI < (19971 4+ 9V + 07 || de (N

Finally, it leaves to verify v). Choose V = Jy, v for any v € V12N H?(Q,RY) in (5.3.6), use the
approximation respectively the stability properties of Jyv, , Sobolev’s inequality and interpolation
of L? between L? and H'. In details, that means

j (dtUjav) (dtU], ‘]V V)
5.4.33 Hd UJH L2Ap2ys < C sup -~ = sup LA A A (I)
(6438) MW llvienme: <O swp SRS = O S0 LT A

The numerator in (I) we control with the help of equation (5.3.6)

(5.4.34)
(d U7, Iy, v)| < C{I!Uj‘lllL3IIVUjII HIVU U] s + | VU || + CIIV‘I”H}HAVH

n ] (hadtVUj , wvhv> ‘
and the last term is controlled by the stability (5.2.13) of the projection Jy, as
(iU, Vv, )| < (94U (v, v = V)| + | (h°Vdi U7, Vv)|

< On7 [ d U | [V { v, v = vH| + a7 | || 2|
< CllAv| [|h*d, U7 || .



CHAPTER 5. CONVERGENT FINITE ELEMENT DISCRETIZATIONS OF THE
92 NAVIER-STOKES-NERNST-PLANCK-POISSON SYSTEM

The latter estimate uses the inequality HES)VH < ||Av]||, which we verify in the following. We
use the definition (5.2.8) and the identity <—Jvh[,21)v,cp> = <—£§Ll)v,<p> for all € V},. Hence,
upon using ¢ := —Jvhﬁg)v in (5.2.8) leads to

. H_Jvhpg%]f < HL,?)VHQ = (vv,-veiv)
- (—Av, —c,g“v) < \|Av||Hﬁ§j)vH.
It leaves to bound kY 7_, ||h%d;U7||%. Let V7 € V), be the solution of
(5.4.36) (vvj , v«p) - (dtUj,tb) for all ® € V),
Hence, we test (5.3.6) with h*V7J and use (5.4.36) to obtain for the linear terms
(d U7, hoVI) = b (VVI,VVI) = he || v Vi
(VUI, Vh*VI) = b (d,U7, U7) = %adt |U7)” + hag [eAsElk
(hVd, U9, Vh*VI) = b2 (4,07, d,U7) = ||hd, U7 |
and the nonlinear terms become
((UJ’—1 : V)Uj,han) < O||VU?|||[UT7Y| s || h¥d, U ||
< O PIVUIP + a0
< CE(U°, ¥0)|VU/|? + i”ho‘dtUﬂ'HQ
%(div (U)W 0V ) < OO PO + i”h‘ldtUjH?
< CE(U®, )|V 4 |hd 07
({0 — (V9w h0V3) < O [V — (VY] + I,
where the inequality
RV |* < € [|hds 07| [he V7 || < O [|hd 7| [new VI
enters due to Poincaré’s inequality and (5.4.36). We finally end up with

J J

. k )
DI d O + oG STV
j=1 j=1

he k2 ok
U712+ 1) U7 +
2 2 1

< C{E(UO, o) + 1}E(U0, 0.
This implies the assertion v). O

The proof of the Theorem 5.3.3 is constructive in the sense that it is achieved by the intro-
duction of the practically valuable Algorithm A; that terminates by the contraction property
respectively the convergence property of Step 7. In the following Section 5.4.2, we establish the
entropy property of Scheme A.



5.4. PROOF OF THE RESULTS FOR SCHEME A 93

5.4.2 Proof of the Entropy Estimate, Theorem 5.3.4

We need the following preliminary estimates which only hold in dimension N = 2.

Lemma 5.4.2. Suppose ng € H'(Q), (A1), N = 2 and k < Ch? for C > 0 sufficiently
small. Let 0 < (N*)° < 1, and choose [-,-]a = (-,-)n in Scheme A. Then the solution

{(Uj, (N*), \Ilj)}jzl of Scheme A satisfies for every T =t; >0

2
D ma (- o) IV + [T YIR] + 5 S (19l
J
HITANPI] + 5 S [IER IR+ £ (R < o B, w0)
j=1

HIVIN 2+ V)R]

J
i) R[N+ (N ] < C LB, 90) + VIV + [V (V)P
7=1

where i) is only uniformly controlled in t; for N = 2.

Proof. i) Choose ®* = —E;LQ)(Ni)j in (5.3.7). We compute with Holder’s inequality for the
exponents p;1 =2, po =p3 =4 and N =2

(U (NEY, —v LB (N5)7)| < ‘((divUj) (Ni)j,ﬁf)(Ni)j)‘ + ‘(UjV(Ni)jaﬁiz)(Ni)j>‘
<o vuiIP + g ey L+ oo [vur e avy ] e ey + 5 e o
< C[TUI I + B, v0) [V P [y L e vy

where the interpolation inequality
1 1
lells < Cllellz [Vel2  forall p € H'(Q,R?)

enters. The latter estimate applies analogously to (N 7). As in [62, Lemma 3.1], we obtain the
bound

v+ 3 e vy

(v, ve@ (V) <o ||V - (Y h
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Adding up everything results in

L -2 +3J |12 k? +1712
(5= Chr2) IV V7|2 + IV (V)P + 2;[1w (V)
k& 2 .
IV (NVI] + 5 D2 I VIR + 1287 (v ]
7j=1
< Ch Z{IIU”||2 + VU2 4+ CE(U, w0 [V U7 |2 [ [W (N |* + [ o (v
j=1

HIN) = (N[l + VNV + IIV(N_)jI4}

+5 {HV (NI + V(N7 }
<0exp[0k2{uv NTY|?2 + IV (N }H E(U°, 90
j=1

VIR + [V (NI

where the last inequality follows from Theorem 5.3.3 together with the discrete Gronwall inequal-

ity. Moreover, the right hand side is uniformly bounded in time due to Poincaré’s inequality
07| < Cfvu. ,
i1) Choose @7 = dy(NT)7 in (5.3.7) and then treat the terms on the right hand side as in 7). [

Now, we can give the proof for the entropy inequality. For this purpose, we borrow arguments
from [62]. Since (NT)I,(N7)7 > 4§, for j > 0, we may choose ®* = Z,[F/((NT)/)] + ¥ in
(5.3.7),

(VYL F (V)] + [N, 9], + (U9 (N5, Vo)
(5.4.37) = —((N+)jv\1ﬂ,v{zh [F/(NT)7)] + \I/j}) - (V(Nﬂj,v{zh [F/(NT)7)] + \I/j}) .
We use the identity (N*)IVE'(N*)/) = V(N*') to estimate the right hand side of (5.4.37)

= —((N*)jV{F’((N*)J’) + 0} VAT [F(N)Y)] + W })
(P TTF ] + 97} ) +
+\|V{Ih[F’<<N+>J‘>}+w}\|L2[||v{F'<<N+>> T [F (NP sz -

IN

We employ W 2-stability of the interpolation operator to bound the first factor of the last term
by 2[E(¥°) +672||V(N*)?||2,]. For the second factor, we use standard interpolation estimates
for each element K € Tj,, and D*(NT)7| =0 for all K € Ty,

(Z IV{F (NT)) = T [F' (N )] I ) < Ch(z ||D2F’((N+)j)|!iz<;<>)1/2

KeT,, KeT,
(5.4.38) < Ch?||V(NTY 74
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The remaining term in (5.4.37) is controlled as follows,
(VW VAT [F (V)] + 9} ) + (WY, T [F(V))] - w7}
_ (((N+)j _ (N‘)j)V\IIj,Uj>
= (U, VL[F((N)]) = (N, VI [F (V)]

(5.4.39)  — (UJ(N+ IV Th[F(NT)7)] —F’((N+)j)}>

+

)
)
— (WP (V)] - F VY)Y
(/N V(N = (W/(N), VE(N)))
<N 1o U7 [ CRS 2T (NHY |20 + (N7 [l [ 07| CRE2|V (N 24

where again (5.4.38) enters in the last inequality and we use (NT)/VF/((N*)J) = V(N*)J
together with

(5.4.40) (Uj,V((N+)j n (N‘)j)) - —(divUj, (NTY + (N‘)j)> —0,

by the compatibility property (5.2.6) of M, and Yj. The control on the norms ||[V(N*)7|2, is
given by Lemma 5.4.2 and the Sobolev embedding

[PV < 0 ([Je? @ | + v,

see (5.2.10). Now putting (5.4.37) and (5.4.39) together, summing up over iteration steps yields
the entropy law (5.3.13).

5.4.3 Proof of the Convergence of Scheme A, Theorem 5.3.5

Step 1: (Eztraction of convergent subsequences) The a priori estimates achieved in the last tow
sections allow to apply well-established standard results to conclude convergence of a subse-
quence to a weak solution in the sense of Definition 5.3.1. For notational brevity, we omit the
subindices - in the subsequent considerations. For k, h — 0, we have

N NE NE—ft in L2 <O,T; Hl(Q)) A w2 (O,T; (Hl(Q))*> ,
NE NE NE ST in L™ (Qr)
N5 NENE =t i 12(9r),

(5.4.41) VT, VI, VI 5 Vi) in L (O,T; L?(Q)) :

in L0, T; L*(2,RY))

in (0, T; H'(Q,RY)),,

in W3 (0,7; [VY2 0 H2(Q,RV)]%),
a in L2(0, T3 L*(Q,RY)),

NI
RS
L
=>

L |
o>

o>

INIENERNIEN

l

where the property (5.4.41)4 is a consequence of Aubin-Lions’ compactness result validated by
the property v) of Theorem 5.3.3. Further, since for t € [t;_1, ;]

U-TU=U-U = %(Uﬂ' —Uﬂ‘*l),
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we have the relation

J bt —t5\2
=192 B 1 i—1112 J
U —Ul7200,7,2) = Z{”UJ - Ul /tj_1 <T) at

(5.4.42) =
k< . o B -
=32 07 =02 =2 > 07|,
j=1 j=1

which tends to zero for k — 0. Hence with Theorem 5.3.3 ii) the sequences U and U respectively
U converge to the same limit as h, kK — 0.

Step 2: (Passing to the limit) We may restate (5.3.6) for any v € D, with V := Jv,v € Vp,

which satisfies V. — v in WP(Q)(h — 0), for all 1 < p < 2% and w(t) a continuously

differentiable function on [0,7] with w(T") = 0 in the following way: For every ¢ > 0, find
U(t,-) € Vy, such that
((U)t,w(t)V) + (vﬂ,w(t)vv) +Re (V(Ll)t,w(t)VV)

(5.4.43) n (@. V)ﬁ,w(t)V) = (ch“(tw) ’

where F¢ := — <N+ - N_> VV. Integrate (5.4.43) in t, and integrate the first and third term
by parts to get

. /OT {_ (U V) + (VUw)VV) = 2 (VU (V)
5.4.44

+ ((g VU, w(t)V) } dt = (u(O), w(O)V) + /O ' (chw(t)V) dt.

We now pass to the limit in (5.4.44) with the sequence h,k — 0 using essentially (5.4.41) and
(5.4.42). In the limit we find

T
/ {—(u, w’(t)v) + (Vu,w(t)Vv)
0
T
+ ((u . V)u,w(t)v) } dt = (uo,w(O)v) +/ (Fc,w(t)v> dt .
0
Now writing, in particular, (5.4.45) with w € C§° ([0,T)) we see that u satisfies (5.1.1) in the
sense of distributions and by density also in the weak sense. Finally, it remains to prove that

u(0) = ug. For this we multiply (5.1.1) by wv and integrate. After integrating the first term by
parts, we get

/OT{_<uvw/(t)V> + (Vu,w(t)vv)

+ ((u - V)u,w(t)v) } dt = (u(O),w(O)v) + /OT <Fc,w(t)v> dt .

(5.4.45)

By comparison with (5.4.45),
(u(0) — o, v)w(0) = 0.

We can choose w with w(0) = 1; thus

(u(0) —ug,v) =0 for all v e V12,
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The convergence of the Nernst-Planck-Poisson part may be verified as in [62] where the additional
convective term for k, h — 0

T, . T
/ (w\/ ,VJthbi) dt — / (un®, Vo©) dt for all ¢ € H(Q),
0 0

by (5.4.41)3 and (5.4.41)s. Finally, in the sense of an overall-convergence in the Algorithm A; we
may let 6, h, k — 0. As a consequence, the solutions of Algorithm A; converge to weak solutions
of the system (5.1.1)—(5.1.10).

5.5 Analysis of Scheme B and Proofs

5.5.1 Semi-Discretization in Time, Theorem 5.3.7

Since each step of Scheme B introduces different discretization, splitting and perturbation errors,
we introduce suitable auxiliary problems to analyze the ongoing error behavior of the proposed
scheme, and we verify the properties (P1) and (P2);, [ € {0,1} (see Section 5.3) for each of it.

Augiliary Problem A: We analyze the error originating from the fully implicit time discretiza-
tion. o A '
Let the initial data (u%, (n*)%) be given by (5.3.14), determine {u’;, p;, (nF), JA};IZI cS
that solves

(65D dwy = Au) + (0 V)wy + Vph = = (0" = (070 Ve,
(55.2) divd, =0,
(5:53) do(n )y F div (), Vh) = A+l V), = 0,
(554 A = ()~ (7))

We gather the results concerning this auxiliary Problem A in Lemma 5.5.3.

Augiliary Problem B: This auxiliary problem analyses the error caused by the semi-implicit
coupling of the Coulomb force term in the Navier-Stokes equation (5.5.5) and the concentration
equations (5.5.7), as well as a semi-implicit treatment of convective term.

Let the initial data (u%, (n*)% ) be given by (5.3.14), determine {u;, p}, (n*)%, 1/1]3}‘].]:1 cS
that solves

(6555)  diy— Auj !+ (wh - V4 Vo = (0 — (n)) V.
(5.5.6) divul, =0,
(5.5.7) dy(nF)} F div((nE)p Vel ) — An®), +uly - V(nt), =0,
(5.5.8) AL = (N - ()

The results on convergence and stability behavior are collected in Lemma 5.5.4.

Augziliary Problem C: This problem investigates the influence of Chorin’s projection scheme.
Let the initial data (ul, (n®)%) be givep by (5.3.14), and let {(ni)gl, @Z)g;l};.]:l be given by
Problem B, compute the iterates (ul,, pl.) € V1% x H'/R that solve

(5:59)  dag, — Aug,+ (Pyoaug - V)ug + Vo = =((n)6 = (07)4) Vo
(5.5.10) div ujc — ]{;Apjc =0, 3np£~|asz =0,
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where Pyo.2 denotes the L2-projection onto the space V%2
Results concerning the analysis of Problem C' are presented in Lemma 5.5.6.

Augiliary Problem D: Chorin’s projection method causes some recoupling effects which orig-
inate from a semi-explicit treatment of concentrations and velocity field. ' '
Let the initial data (u},, (n®)% ) be given by (5.3.14), determine {u’,, p}, (n*)}, ¥},} C S
that solve

(5.5.11) dtujD - AujD + (on,zujll:)_1 : V)u]b + ijb_l = —((nﬂ% — (n_)%)V¢Jb_l )
(5.5.12) divu}, — kAp), =0, Onphloa =0,
(5.5.13)  di(n®)], £ div((n®), VY] 1) — A(nE)), + (Ppoeul, )V (nE)], =0,
(5.5.14) AP = () - ()

Lemma 5.5.7 provides both, stability and convergence results concerning Problem D.

Chorin’s projection method has been analyzed in [61, 59]. The right hand side of equation
(5.1.1) satisfies fo := (n™ — n™)Vy € C((0,T]; L*(Q,RY)), since nf € L2(0,T; H*(R)) and
n* € L2(0,T; H'(Q)) directly imply n* € C([0,T]; L*(Q)) and by (A1), v € C([0,T]; H?(Q)).
This setup of regularities allows to apply results from [61] regarding Chorin’s projection scheme
for the incompressible Navier-Stokes equations.

Lemma 5.5.1. Assume (A1), the initial and boundary conditions of Definition 5.3.6, ug €
H?(Q,RY), nf € H*(Q), and fc € C([0,T); L*(Q)). Let {ﬁj,pj}}’:l be the (semi-)discrete
solution of Chorin’s method, i.e., Step 4 and Step 5 of Scheme B accordingly adjusted, whereas
{u(t;), p(t;) 3-7:1 is the strong solution of the Navier-Stokes equations (5.1.1), for times 0 <
t; < ty. Then, for sufficiently small time-steps k < ko(t) and i = min{l,tj}, there exists a
constant C which only depends on the data of the problem, such that the following hold

1. convergence estimates

(5:5.15) llgjagj{IIU(tj) — | +7p(t;) = | g-1} < Ok,
(5.5.16) lgljagj{llu(tj) — | + V7 Ip(ty) — |1} < OV

2. stability result

J
(5.5.17) 2 {14 15+ 1} 3 e <
]:

5.5.2 A priori estimates of the continuous problem (5.1.1)—(5.1.10)

The results on strong solutions in [71] immediately imply

Lemma 5.5.2. Let {u, p, nt, 1/10} € S be the strong solution of (5.1.1)—(5.1.10) for initial and
boundary data required in Definition 5.3.6, and ug € H?*(Q,RY), n(:)IE € H%(Q). Then we have
the following a priori bounds,

ty
(5.5.08)  sup { il + o1 + lJull3e + 030 | + /0 (V] + Va2 ds < €.

(OﬂtJ]
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The analysis in the next Section 5.5.3 requires higher order time-derivatives of u and n¥.
This involves time-weights 7 to control rough initial perturbations, see [38]. We directly refer to
the cited literature for the needed standard arguments which yield to

ty
(5519 |l + i iy s <

The following sections provide main arguments which validate property (P1) for every aux-
iliary Problem A through D and (P2)g for the Problems A and B, and (P2); for C and D.

5.5.3 Properties of the Auxiliary Problems A through D

For better readability we skip convective terms in the error analysis in the above auxiliary
problems.

It is known that the convective terms do not cause any severe problems; for the sake of
better readability of the proofs we will skip the convective terms containing the fluid velocity as
u, uy, up, Ug, or up in the subsequent analysis of the auxiliary Problems A through D.

Lemma 5.5.3. (Problem A) The solution to Problem A satisfies the properties (P1) and (P2)o
for sufficiently small time-steps k < ko(ty).

Proof. The property (P1) is immediately verified by means of arguments that are used for the
a priori estimates, see Lemma 5.5.2. Moreover, the apriori bounds for the auxiliary problem are
obtained as in Theorem 5.3.3 due to its fully implicit structure. We introduce the abbreviations

e = u(t;) — uf}l , 7= p(tj) — p]A ,
(7Y =n () = (n)y, ¢ =uty) - v

The corresponding error equations are

die’ — Ae’ + V7! = R (u)

(5.5.20) —((n"Y = (7)) Veb(ty) = (")) — (07, VE,
(5.5.21) dive’ =0,
(5:5.22)  di(n*) = A(n*) F div((7"Y V(L)) F div((n®), V) = R (nF),
(5.5.23) —AG =Y — (),
where for ¢ = n* or u, we set

tj
(5.5.24) Ri(yp) = —% /t (5 — £;)u(s) ds.

If we test (5.5.20) with e/, (5.5.22) with (n*)?, and (5.5.23) with ¢/, we obtain
(5.5.25)
a{ 1717 + 112+ 1012+ e lldee? 12 + Nl (™72 + Y |2
2 4 . .
+ ={IVel 2+ IV G112 + 19 (Y 1P}
< CL{IR @1 + 1B )y + 1R () |

+ I 3 + 19 1 + 1l + 10 Yl + 1] (1 Y12 + 167 P b
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by the Sobolev embedding |u(¢;)|[r~ < Cllu(t;)||g2, the Holder inequality for the exponents
p1 = 2, po = 3, p3 = 6 and the Sobolev inequalities. We only give the estimate of the special
67

term that requires the Gagliardo-Nirenberg inequality for 6 = ?N. We have

(5.5.26) (6799, V0P )| < )l |6 IP IV 6772
B < (J\Iw(tj)H?;TQN||(77i)j||2 + %]\V(ni)j”? :

where we applied Young’s inequality for the conjugate exponents p = Gi—zN and p/ = 6_15\, in the
last line of (5.5.26). The regularity of strong solutions results in
J ) T [t t

Goan R IR@IE <Y [T o tds [ leu(s)lBds < 0

j=0 j=07ti-1 f
where

¥ .- V_LQ* for p = u,
(Hl) for ¢ =nt.

Thus the discrete version of Gronwall’s inequality finalizes the error property (P2)g. O

The latter proof shows optimal rates of convergence for the auxiliary Problem A that satisfies
a discrete energy law which implies property (P2) for its iterates. The following Problem B
involves a splitting strategy preventing a discrete energy law; in order to cope with this deficiency
effectively, we apply an inductive argument and rely on regularity properties for iterates of
Problem A.

Lemma 5.5.4. (Problem B) The solution to Problem B satisfies the properties (P1) and (P2)o,
provided again that the time-step size k < ko(ty) is chosen sufficiently small.

Proof. As in Lemma 5.5.3, we introduce

ej::ui‘—ugg, 7Tj2:p{4—ij,
() = () — (0N, = -y,

with the corresponding error equations

die’ — Ae + VI = k(WY = (7)) V) + () = 7)) v ™)

(55.28) +((( )} = 7)) v )
(5.5.29) dive’ =0,

de(n*) — A F kdiv (7)) de V) F div((75) Ve )
(5.5.30) Fdiv((n)L V) =0,
(5.5.31) AT =Y = ()Y

Step 1: (Property (P1)) The verification of (P1) is done by Step 2.

Step 2: (Property (P2)o) We test equation equation (5.5.30) with (%), i.e.,

(5.5.32) SV I 4+ S Y+ IV 0P < (1) 4 (an) + (1)
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where we estimate the terms on the right hand side in the following using the (L2, L3, L5)-
decomposition

(1) = k| (0*)ade e, V) )| < KON 3l 3 + 196 P
() o= (=Y Vo, VoY) | < Ol IET NP 1P + I 0P
() = | (939G 6)) |+ (Ve 90| < ]

+ 1 IVEEP )+ ),

2 9
e IV

where on

(P1)i= € [[lor = 4 oy ey

we have to employ an inductive argument. It leaves to test (5.5.28) with e, i.e.,
(5.5.33) %dt Hejyf + g |dee? || + HVejH2 < (I) + (II) 4 (I11)
where the terms on the right hand side are estimated thanks to (5.5.31) by

0 =k ’ ({(rﬁ)i1 - (n_)ﬁ} V), eﬂ‘) ‘
2 +7 |12 i [I7] & L ived|?
e (A + il | 5 Iwel

, , R 2 : L 1 .

) = |({o*y = Yy vt )| < ol (o VI oY)+ g Ivellr?
(am) = | ({0 = 0" = Y+ ) v e )|

<ol L [ R U R

< k20 Hdtwi"

w0

On the term
(P2) = |({~Gr*Y + ()7} VO )] < € [ty + PP e
3 [l P I+ 196 I+ o7 1 + 196 P
in (III) together with (P1) we employ the following inductive argument:

Claim: For T' = t;, there exist constants C;(€2,ts), ¢ = 1,2, such that for 0 < ¢ < J and
k < k0(01,CQ,QT), we have

1 2 2 2 ¢ - - o
3 I oo+ | + 82 3 [l + eI+ o)
(5.5.34) K i=1
+ak 3 [V |* + VO [P + [V |P] < Cikexo (Cate)

Jj=1

The constant C7 = C1(Q7) > 0 bounds the solutions of Problem A; Cy = Cy(Ch, Qr) > 0 will
be chosen sufficiently large for the following inductive argument. First, we verify (5.5.34) for
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¢ = 1: Summation of (5.5.32) and (5.5.33) by setting j = 1 and using n° = 0, e’ = 0 easily
validates (5.5.34).

We come to the induction step {—1 — ¢: Adding (5.5.32) and (5.5.33) and a subsequent summa-
tion over 1 < j < { verifies (5.5.34) again by using Gronwall’s inequality for k < ko(Cy, Co,ty)
sufficiently small, since by (P2)( for iterates of Problem A,

3 T o 3 a7+ ]
+ a’ff: Vel + 196y |[* + 96y
=1
i|? [ 2 ]
H? Hl

+I<:Cl [1+H HM i e (Gt o

.

2

+ [

(i

H1

.12
+ |ty

H?2

H2
ol [+ v + oy
V4

wkey Y [ty P+ e P P + 5 [l + ol + el

7=1
¢ 6—N ., 6=N . .
w80 3 [l % o % | [ty 1P + v

J=1

l
< K2C? + C?yk? exp (Caty) + kC? Z[HejH2 + H(n+)jH2 + H(n‘)jHQ]
j=1

¢
G exp (Cte) Y [+ 2 [k exp )] 5 32 [V + ¥ ]
J=1 7=1

1
+ 5 eI + 1)1 + [le)° )]
which results with Gronwall’s inequality and e® = 0, () = 0 to

2
Hence, for k < ko(C1, Ca, Q1) small enough, we have for all 0 < ¢ < .J

(5.5.35) <1 —Cgk) [He/fH2+ H(n+)"H2+ H(n—)EHZ] < Ok exp (5 [k*Cteexp (Cztz)]5) :

5 [Clkz exXp (CQtJ)]5 S CQ .

Therefore, the right hand side in (5.5.35) becomes C1k? exp (Cat,) and the induction is verified.
O

Remark 5.5.5. This inductive argument corresponds to the one in Step 2 of the proof of Theorem
5.3.3 to compensate for the lack of a discrete energy law. In contrast, the present argument here
relies on the higher regularity given by strong solutions of the system (5.1.1)-(5.1.10).
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The error estimates for Problem C concern only errors occurring due to Chorin’s projec-
tion scheme for which results are given in Lemma 5.5.1. Since fo € C([0,7T]; L?(2,RY)), we
immediately obtain with Lemma 5.5.1 the

Lemma 5.5.6. (Problem C) The solution to Problem C' satisfies the properties (P1) and (P2);,
provided time-steps k < ko(ty) are chosen sufficiently small.

The last step to complete the error analysis of Scheme B is

Lemma 5.5.7. (Problem D) The solution to Problem D satisfies the properties (P1) and (P2)1,
provided time-steps k < ko(ty) are chosen sufficiently small.

Proof. This proof is now done in more details. We introduce the shorthand notations
(5.5.36) e =u—ul, w:=pl-p},

(55.37) () = () = 05V, ¢ = U=,

which induce the following error equations

(5.5.38) die? — A/ + V=t = (") = (7)) Ve = (n")p = (7)) VeI,

( ) dive! — kAl =0,
(5.5.40) O |90 =0,
(5.5.41) di(*) — A(*) F div(("Y Ve ) F div((n*)p V) =0,
(5.5.42) AT = (T = Y

Step 1: (e and (nT)’ satisfy (P2);) We test 5.5.38) with e/, and the corresponding pressure
equation (5.5.39) with 77. The following two properties,

(5.5.43) 2(a —b,a) = |a> — |b]* + b — a?
and

E(Vri—l vrd) = k|VA |2 - k*(Vr, Vder?)
(5.5.44) = k||Val||? — k(dee?, Vi)

k . .
> IVl = e/ |7}
provide by repeating the techniques from Lemma 5.5.3 and 5.5.4 the estimate
1 Lo 1 ok -
(5.5.45) §dt|]e7|] + §\|Vej|| + §||V7TJ” < (I) 4+ (II)

whith the right hand sides

m=|({

—

0ty =it )| <ot |+ e e
é[H VI + 1071 + IV @ + VeV 7]
(0= Y = )+ () Ve )|

o =

Similarly, we obtain by testing (5.5.41) with (p%)7 the inequality

(5.5.46) SV + S Y+ IV 61 < 1) + ()
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@ i= (o eui ey | < o e |+ el [ Iwesy I+ oy
< et [+ s ] v + § (9 1P + o]
(1) = | ({ ) = oy = @)L+ 07 v V) |

The term (II) in (5.5.45) may now be bounded as the term (III) in (5.5.33) for the lower index
A instead of C and also the term (II) in (5.5.46) corresponds to the term (III) in (5.5.32), and
we can repeat the same inductive argument as in Lemma 5.5.4.

Step 2: (7 enjoys property (P2);) The Step 1 and equation (5.5.12) enable the estimate
(5.5.47) k|Vri|| < |le]| < Ck,
and since 1/ = p]C — p]D and correspondingly for (n*)? and ¢/ controlled by (5.5.46), we obtain

(5.5.45) max [V 2 4+ [ V)2 4+ e < ©

Hence, from equations (5.5.11), (5.5.48) and (5.5.45) we get further a priori bounds of the form
J . .
(5.5.49) B _{llAup | + g [*} < C.
=0

The error bound on the pressure function, as it is given in (P2);, we achieve by the estimate

(5.5.50)

L {MH [\(dteﬂyx)\ +|(¢.ay))|

XEHINH?
(@77 = oy vl o) |+ (D5 = )5 Ve x) H } .

Then (5.5.45), (5.5.49), and Lemma 5.5.6 allow to control the right hand side of (5.5.50) in the
following way

c{lldee |+ Nl + {164+ ey =] Hiowd

(5.5.51) A A , .
+ I+ 1eE IIVE ) < ok + lde| }

Hence, it leaves to control Z}]:1 ldie’||?. For this purpose, we test () with dse’. First, observe
the identity

(Ve die?) = (Vi) Tri ) = = (VA2 = [V |2 4 |90 — Vel 2)

(5.5.52) By 2 § ,

- J2 — 2l > Y Bl J |2
S IV = ka2 ] > Zail| V|2 = Zlldie |
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where we used the equation (5.5.39), the identity (5.5.43) and in the last line again (5.5.39)
tested with Vdym/. Now, we test equation (5.5.38) with die’ that results in

S| + SV + k2 T2 + ]| V| <
(5.5.53) Ol e (I 1 + 1613
+ DI + 1l | (16 2 + ey 2)
Define 7° by continuation of (5.5.39) as a solution of
—~Ar? =0 on €, O’ =0 on 0,

and hence 70 = 0. To complete, we also test (5.5.13) with dy(n*)/. Then we add the result-
ing estimate up with (5.5.53) to apply Gronwall’s inequality at the end. This provides after
summation over 0 < j < J the error controls

J
7112 +\75112 J 12 +\J (|12 v J 12 < e
(5.5.54) kj}:lj{udte 12+ oY1} + {1V I + IV G IR} + S92 < Okt

Step 3: (Further a priori bounds for (P1)) With the estimate (5.5.54) in Step 2 we obtain
directly with the a priori results stated in Lemma 5.5.6 the bounds

J +\J j
(5.5.55) e { || + s () | + [V} < O

The latter bound (5.5.55) together with (5.5.11), and (5.5.54) enable the estimate
| Au, | < ldpy ||+ Vo, [ + €| Vs [, |

S L[ P G PP [ P

In the same way we can control A(ni)%, such that we end up with

j £)J <C.
gmax {[upll e + 1| (7)plle | <

Step 4: (Optimal pressure bounds) Therefore we first apply d; to (5.5.38) and then test the
resulting equation with Tjdtej , 1.e.,

i

1 ) ) )
(5.5.56) 5 7idedve’ 12 + 75| d, Vel |2 + krj||d, VAl |2 < ‘Fl + F2

where we use the identity

- (dtvﬂjjdteo — g{(Vﬂ'j,dtej) _ (Vﬂjljdteﬁ}

_ ;ﬂ'{k(dtvﬂ, vﬂ) - k(dtij, W—l)} = krj||d, Vi |2

which is obtained by testing equation (5.5.39) with d;77. In the following, we control the
nonlinear terms on the right hand side of (5.5.56). The two last terms originating from the
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Coulomb force are again controlled by the same Hélder inequality, i.e.,
L F2| = | (di() = 7 Y) Vel mdied) 4 (07~ = 7)) Vs mydee )
(@) = @) VI e ) + ()" = ()5 ) V™ e )|
< o { Il B e I + 11V 12 [0 13 + 1)~ 13 }
1 . . , .
+ 5Tj{\|dt(77+)j||?p +lde(n™ ) 17 + lldee?[|* + ||theJH2}
+ O [l Yo + (Va3 | 167~ e
. e . 1 )
+ {10 B + 107 | IV 2| + il Vi |

In the same way we control 7;||d:(n¥)’| and sum up the resulting estimate with (5.5.56) to
obtain with Gronwall’s inequality the required pressure bound.

Still we have to establish the a priori bounds ijzl |d:&l||* < C, i € {1,3,4}. But since
the arguments correspond to the verification of (5.5.56) by omitting time-weights, we skip the
elaboration of this argument. O
5.5.4 Spatial Discretization of Scheme B, Corollary 5.3.8
We first reformulate the Scheme B for (v7, ¢/, (¢%)7, ()7) € HS (L RY) x [HY(Q) N LE(Q)] x
[H'(2)]2 x H?(Q) for the purely temporal discretization in the context of strong solutions as

, : : : 1 : :

(dtu],v> + (Vu],VV) + ((uj_1 : V)u],v> + 5((div u]_l)u],v>

(¢, dive) = =(((0") = (7)) Vi v)
(divuj, q) + k(vpf,vq) —0,
(a:n®,6%) + (V=) 96%) £ () =, vo* ) — (W' (0¥, Ve* ) = 0,
(Vo= Vo) = (ntY = = (Y 9),

from which we subtract the conforming finite element version of Scheme B for
(V,Q, 9%, @) € Vi, x My, x [V3]?

rewritten as

(5.5.57)
(dtUj,V) n (VUj,VV) n ((Uj‘l : V)UJ,V> n 1((div Uj‘l)Uj,V)

(divUj, Q) + k(VHj,VQ> —0,
(dt(Ni)j,q)i) n (V(Ni)f,vq#) + ((Ni)fv\w'*l,vqﬁ) - (Uifl(Ni)f,vqﬁ) —0,
(V\Iﬂ—l,wb) - (((Nﬂj—1 - (N_)j_l),®> .

The result then follows from standard error estimates that base on corresponding stability ar-
guments as provided in the proof of Lemma 5.5.7.

Remark 5.5.8. The finite element spaces chosen in the above space discretization (5.5.57) of
Scheme B does not have to satisfy the compatibility condition (5.2.6) as for Scheme A.
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Figure 5.6.1: L?>-Convergence: Scheme A (left) and Scheme B (right) for different mesh sizes.

5.6 Computational Studies

The Section 5.6.1 studies the convergence behavior of the two Schemes A and B. In the next four
sections, we relax step by step the academic assumptions to be able to distinguish the effects
originating by the system itself from the external ones which we pose by boundary conditions.
These steps allow us to recover the pure influence of the quasi-electrostatic forces as a driving
force to the fluid. The computational demand of the fixed point iterations used in the Algorithm
A7 is for the Examples 1 and 2 at most three iterations, and for the Examples 3 and 5 up to six
iterations. The comparison of Algorithm A; with Scheme B indicates through all computations
that the time-splitting Scheme B requires only half of the computational time than Algorithm A;.
Especially, if small time scales are needed to obtain more accurate results, then the fixed point
iterations consume a significant amount of CPU-time. Therefore, it is reasonable to only use
Scheme Aj, if physical relevant properties such as non-negativity, discrete maximum principle,
energy and entropy characterizations have necessarily to be preserved.

5.6.1 L2-Convergence

The L2-convergence behavior of iterates belonging to the Schemes A and B is studied in this
section. Let = [0,1]2. We consider the exact solutions

(5.6.1) ui(x,y,t) = —tcos(mz)sin(ry), ug(x,y,t) = tsin(mwz) cos(my)
(5.6.2) p(z,y,t) = —i <Cos(27m) + Cos(27ry))

(5.6.3) U(z,y,t) = % (Cos(ﬂx) — sin(wy))

(5.6.4) nt(z,y,t) = tcos(nz), n~ (x,y,t) = tsin(my)

for the system (5.1.1)-(5.1.10). The convergence results for the time discretization k£ = 0.001
and the space discretizations h = 0.25, 0.125, 0.0625, 0.03125, 0.0156 are shown by a double
logarithmic plot in Figure 5.6.1. The snapshot on the right hand side of Figure 5.6.1 indicates
that the asymptotic regime is reached for a mesh-size smaller than A = 0.0312.
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Figure 5.6.2: Domain Geometries and Initial Configurations of the positive and negative
charges for the Academic Example 1 (left), Example 2 (middle), and Example 3 and 4 (right).

5.6.2 Academic Example 1

The only driving force originates from the initial concentrations of positive nt and negative
n~ charges for which the initial configuration is depicted in Figure 5.6.2. In applications, the
concentration differences originate between the interface of the electrolyte and the solid surfaces.
The atomic structure of the solid induces counter ions stemming from the electrolyte on the solid
surface. This movement of the ions around the solid particle is called electroosmosis. Hence we
consider the system (5.1.1)—(5.1.10) for the initial data

ul(xayao) = 0, uz(ac,y,()):(),
1-22x if0<2<05 0 if0<z<05
nt(z,y,0) = TREsTEE n”(z,y,0) = ==
0 else, 2(x —0.5) else,

and vanishing Neumann boundary conditions as required in Definition 5.3.1. Such assumptions
for Scheme A and B result in the energy and entropy behavior plotted in Figure 5.6.3, where

Hs[P,N] := /QF(;(P) + F5(N) dx,

for F5(z) := z log (z + ¢) and 6 > 0. In the Examples 2, 3 and 4, we use 6 = 0,00001. The
characteristic plots of both, energy and entropy show an asymptotic (¢ — oo) exponential decay
of almost the same rate. Moreover, the entropy curve shows that the system is mainly active
in the first 0.3 seconds. We choose h = 0.0312, k = 0.0015 on the time interval [0,0.3]. Some
snapshots for the velocity U7, the positive concentration P/ and the pressure II7 of Example 2
are given in Figure 5.6.7.

5.6.3 Academic Example 2

We investigate the influence of L*-initial data. More precisely, the only difference to the Ex-
ample 1 is that we change initial concentrations presented on the left hand side of Figure 5.6.2
to the situation depicted in the middle. One recognizes slightly smaller values of the energy for
the Schemes A and B in Figure 5.6.4. Such a behavior seems to arise because of the smaller
mass M1 := ||n"||;: in Example 2 where M+ = 0.1 compared to Mt = 0.375 in Example 1.
Conversely, the entropy is larger for rough initial data for both Schemes A and B. Here, the
entropy functional is regularized for § = 0.0001.

In Figure 5.6.7, we provide some snapshots for the most interesting values obtained for the mesh
parameters h = 0.0312, k£ = 0.00015 on a time interval [0, 0.3].
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Figure 5.6.3: Example 1: 1st line: Energy (left) and Entropy (right) for the Scheme A (h =

0.03125, k = 0.01). 2nd line: corresponding results for Scheme B.
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order.
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Figure 5.6.5: Example 3: 1st line: energy (left) and entropy (right) computed for h =
0.03125, £ = 0.01, and 0 = 0.00001 for Scheme A. 2nd line: corresponding values for Scheme B.

5.6.4 Academic Example 3

We neglect the negative concentrations by setting n, = 0. In order not to be inconsistent
with the given vanishing Neumann boundary conditions for v, we change them below. Such a
configuration is motivated to recover the pure influence of an external electrical field as driving
force. For such a situation, the existence of contrary charged species would unnecessarily disturb
our configuration with compensating effects. Hence, in difference to Example 2, we consider the
initial concentration of positively charged species as depicted in Figure 5.6.2 on one hand, and
on the other hand we set for the electrical potential the Dirichlet boundary conditions

1 for (z,y) € {0} x [0,0.5]

(5.6.5) Y(z,y,t) = {0 for (z,y) € {1} x [0,0.5] ’

and for the remaining part of the boundary we set dy1 = 0.

As in the examples before, we compute the energy and the entropy for the rather coarse mesh
parameters £ = 0.01 and A = 0.0312. Again, we regularize the entropy functional by the
parameter = 0.00001. The resulting screenshots are given in Figure 5.6.5. The influence of the
new boundary conditions acting as external forces results in non-dissipative energy and entropy
values.

5.6.5 Academic Example 4

Conversely to Example 3, the channel is already streamed by a certain fluid. Hence we are
interested in how a previously defined amount of positively charged species n™ with an initial
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Figure 5.6.6: Example 4: The energy (left) and entropy (right) computed for h = 0.03125, k =
0.01 and 6 = 0.00001. In this example we obtain corresponding results for Scheme A and B.

rectangular geometry given by the right picture in Figure 5.6.2 evolves starting from the right
hand side of the channel. Therefore, the fluid velocity satisfies the initial conditions

(5.6.6) ui(z,y,0) = 1 onQ\{{O}x[O,I]U{l}x[o,l}},
(5.6.7) uz(z,y,0) = 0 on Q,

and the boundary conditions

(5.6.8) w(z,y.t) = {; Z’;@’MG{O}X<070‘5>U{1}x<0,o.5>,
(5.6.9) up(z,y,t) = 0 on dQ.

Again, we compute the energy and entropy for the rough mesh parameters k& = 0.01 and h =
0.0312. Further we regularize the logarithms in the entropy with § = 0.00001. The plots are
given in Figure 5.6.6. If compared to Example 3, the resulting energy and entropy values are
higher, as expected due to the strong influence of the constant streaming fluid. Hence the energy
E(UY) is now remarkably away from zero. An interesting consequence of the streaming fluid is
that the energy density of the electric field E(¥7) decreases in such a way that the total energy
E(U, ¥) remains on the same value as in Example 3.
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Figure 5.6.7: Snapshots for Example 2: 1st line: fluid velocities U’ for the times t3g =
0.005, tago = 0.03, t450 = 0.07. 2nd line: corresponding concentration (N*)7. 3rd line: pressure
IV for time steps t; = 0.0002, t39 = 0.005, t450 = 0.07. Moreover, II' shows a shock whose size
depends on the temporal discretization k. This shock is a result of the switch-on character of
Example 2. The pictures for Scheme A and B are similar. (h = 0.0312, k£ = 0.00015)
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