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Abstract

Confinementand dynamicalchiral symmetrybreakingare the basicphenomenaf stronginter-
actions. However, thesefundamentalssuesarenot understoodn a satishctoryway. Especially
the confinemenproblemis still unsohed albeit variousideashave beendeveloped. Neitherdy-
namicalchiral symmetrybreakingnor confinementanbe explainedwithin perturbationtheory
Thereforeit is necessaryo employ genuinnon—perturbatie methods The Dyson—Schwingeap-
proachprovesto be well suitedsinceit yields the basicGreensfunctions: the gluon- andquark
propagators.Previous studiesstrongly supportthe assumptiorthat the propagatorsactually do
indicatedynamicalchiral symmetrybreakingaswell asconfinement.

In the first chapterthe electron propagatorfor (2+1)—dimensionalQuantumElectrodynamics
(QEDs) is investigatedwithin the Dyson—Schwingeapproachlt will be shavn for two different
truncationschemeshat QED; hasa phasewherethe electronsare confinedandwherethe chiral
symmetryis spontaneousliroken. Becausef this closesimilarity of QED; andQuantumChro-
modynamicqQCD) it is interestingto comparethe analytic structureof the fermion propagator
for boththeories.Theresultsfor the electronpropagatoin the confinedphaseof QED; arequal-
itatively differentfrom the correspondingesultsin the unconfinedphase.This stronglyindicates
thatthe propagatoactuallydoescontainthe confinemensignature.

In the main partthe coupledsystemof Dyson—Schwingeequationdor the gluon-, quark-,and
ghostpropagatorsf LandaugaugeQCDis solved. Thesolutionsarediscussedor all 0 < N¢ < 6
andfor variousquarkmassesTheresultsshav thatthe chiral symmetryis spontaneousliproken
andthatgluonsareconfinedvia theviolation of the positivity constraintsNo postitiity violation
could be found for the quark propagatgrhowever, the resultsare very similar to the resultsfor
the electronpropagatoin QED; in the confinedphase Furthermoret hasbeenfoundthatfor all
0 < N¢ < 6 thegluon propagatois infraredvanishingwhereaghe ghostpropagatois infrared
diverging. This infraredbehaiour of the propagatorémpliesthattherunningcoupling o for all
0 < N¢ < 6 hasaninfraredfixedpointat os = 9.5.

In the lastchapterit is shavn that mesonproductionprocessesangive constraintson the quark
propagatofor time—like momenta.This complementshe Dyson—-Schwingestudiesvhich areset
upin Euclidearspaceandthusyield the propagatoonly for space—lik momentaKaonphotopro-
ductionwill be shawvn to be especiallywell suitedfor theseinvestigationsandthe corresponding
crosssectionsare calculatedwithin the covariantdiquark—quarkmodel. Herebydifferentpossi-
bilities for the implementatiorof confinementt the level of the propagator@&recompared.The
resultsfor the crosssectionsclearly shav thata realisticquarkpropagatomustnot rise for time—
like momentaThis especiallyentailsthatexponentiatype propagatorarenovalid approximation
of thequarkpropagatar



Zusammenfassung

Confinementund dynamischechirale Symmetriebrechungind die zentralenPranomeneder starlen
Wechselirkung. Esist bisherjedochnicht gelungendiesebeidenGrundtatsacheauf berzeugende
Weisetheoretischeu erklaren. InsbesonderdasConfinement—Problerkannnicht als gelbst betrachtet
werden,obgleichverschiedenstAnsatzeentwickelt wordensind. Wederdynamischechirale Symme-
triebrechunghnochConfinemenkdnnenim Rahmerder Sthrungstheorieerstandenverden weshalbes
notwendigist, nicht—strungstheatische Methodenanzuwenden.Der Dyson—-SchwingeZuganger
weist sich als geeignetda mit dieserMethodedie fundamentalerGreens—Funktionerie Gluon-und
Quark—Propagatoremuganglichwerden.BisherigeStudienuntersiitzendie Annahme dassdie Propa-
gatorensavohl dynamischehirale SymmetriebrechunglsauchConfinementnzeigen.

Im ersten Kapitel wird der Elektron—Propagatoin (2+1)—-dimensionalerQuantenelektrodynamik
(QED3) im RahmendesDyson—SchwingeEZugangsuntersucht.Fir zwei verschiedendrunkierungen
wird gezeigt,dassQED; einePhasehat,in derdie Elektronen'confined’ sind und die chirale Symme-
trie spontargebrochernst. Aufgrund dieserGemeinsaméitenvon QED; und Quantenchromodynamik
(QCD)ist essinnvall, die analytischeStrukturder Fermion—Propagatoren beidenTheorienzu vergle-
ichen. Die Ergebnissdir denElektron—Propagatdn der’confined’ Phasevon QED; sind qualitativ
verschiedervon denentsprechendeBrgebnisserin der’unconfined’ Phase.Dies kannals Argument
dafur gewertetwerden,dassder Propagatotatsachlichdie Confinement—Signaturagt.

Im Hauptteilwird dasgekoppelteSystemvon Dyson—SchwingeGleichungerfir die Gluon-, Quark-
undGeist—PropagatoraterQCD in Landau—EichungntersuchtDie Losungerwerdenfir0 < Ny < 6
undfir verschieden®uark—Masseuwliskutiert. Die Ergebnissezeigen,dassdie chirale Symmetriege-
brochenund dassdie Gluonenaufgrundvon Positvitats—\érletzunga 'confined’ sind. Fir denQuark—
Propagatokonntekeinerlei Positvitats—\érletzungnachgaiesenwerden,jedochsind die Ergebnisse
qualitatv sehrahnlich zu den Ergebnisserfur den Elektron—Propagatoin der 'confined’ Phasevon
QED;. Die Ergebnisseeigenweiterhin,dassfur alle 0 < Ny < 6 der Gluon—Propagatdiir kleinelm-
pulsegegen( geht,wahrendder Geist—Propagatativergiert. Diesesnfrarotverhaltender Propagatoren
impliziert, dassdie laufendeKopplung«, fur alle 0 < N¢ < 6 eineninfrarot—Fixpunktbei ocs =~ 9.5
hat.

Im letztenKapitel wird gezeigt,dassMeson—Produktionsprez® genutziwerdenkdnnen,um die qual-
itativen Eigenschafterdes Quark—Propagatonsei zeitartigenimpulsenzu untersuchen.Dies emganzt
die Dyson—Schwinge6tudien,die im Euklidischenformuliert sind und somit nichts tiber die Eigen-
schafterder Propagatorefiir zeitartigelmpulseaussagenkKaon Photoproduktiorwird sich alsbeson-
dersgeeigneterweisenund im Rahmendes kovariantenDiquark—QuarkModells untersuchtwerden.
Hierbei werdenverschiedendoglichkeiten verglichen,wie Confinementauf der Ebeneder Propaga-
torenrealisiertseinkdnnte. Die Ergebnissdur die Wirkungsquerschri# zeigen,dassein realistischer
Quark—Propagatditr zeitartigelmpulse nicht ansteigerkann. Dies schliesstinsbesonderein, dass
exponentiellePropagatoreReinegultige NaherungdesQuark—Propagatoisind.
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Chapter 1

Intr oduction

Particlephysicsaimsatanunderstandingf thebasicphenomenéhatconstitutehematerial
world at the mostfundamentalevel. The main methodof experimentalinvestigationare
scatteringexperiments. Thesehave beenmuch refinedand extendedsincethe early days
andledto thediscovery of nuclei,hadronsandfinally quarks.Thesebasicentitiesandtheir
interactionsaretheoreticallydescribedwithin the framewnork of local gaugetheories.The
developmentghatled to this now acceptedheoreticalframenork are shortly summarised
in thefollowing.

Startingwith the use of acceleratorand colliders the numberof knowvn elementary
particlesincreasedvery rapidly. This astoundingdiversity wasin glaring contrastto the
small numberof different particlesthat were known in the first quarterof the twentieth
century The large numberand apparantsimilarity of thosenew particlessuggestedhat
they all consistof other more fundamentakonstituents.This hypothesighenleadto the
propositionof the quark model[Ne’'61], [GM62], [GMN64] which classifiedandordered
thethenknown 'zoo’ of hadronsgn a satisfyingway.

However, the thusintroducedfundamentatiegreesof freedom,the quarks have never
beenobsenedasfreeparticlesalbeitthey very successfullyescribehediversityof hadronic
states.This suggestedhat theremustbe a very stronginteractionbetweemuarksat large
distancesvhich preventsthe hadronsfrom breakingup into their constituents.The phe-
nomenonthat quarksoccuronly asconstituentof hadronsgave rise to the notion of con-
finement

Theconclusionthattheinteractionbetweemuarksmustbevery strongin orderto pre-
vent the hadronfrom breakingup into its constituentsvasthenfound to be in apparent
disagreemenwith the electron—nucleorscatteringresultsobtainedat the SLAC [S*75].
Theseresultsclearlyindicatedthatthe nucleonis madeup of point-like constituentsHow-
ever, the resultsalsoimplied that theseconstituentsare essentiallynon—interactingnside
the nucleon. This leadto the conclusionthat the coupling strengthof quarksis large for
large distancesut becomesmall at small distancese.g. for the casethatthe quarksare
confinedwithin anucleonwherethey arevery closeto eachother Thefactthatthecoupling
strengthvanishedor smalldistance$asbeencalledasymptotidreedom

Up to 1972therewereavariety of quarkmodelsandpartonmodelswhich all explained
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someof the experimentaldata. But noneof thesemodelshasbeenconsideredo be a fun-
damentatheorywhich should(in principle) be ableto explain all the experimentakesults.
Thischangedn 1973whenit wasdiscorered[GW73], [Pol73 thatnon—-Abeliargaugethe-
oriescompriseasymptotidreedom,.e. they do have the propertythatthe couplingstrength
becomesmallat smalldistancesNon—Abeliangaugetheorieshadbeeninvestigatedsince
the pioneeringwork of YangandMills [YM54]. But only afteronehadrealisedthatthese
non-Abeliangaugetheoriescompriseasymptoticfreedomvariouslines of researchcon-
vergedto theformulationof QuantumChromodynamic$QCD) [FGML73], [Wei73. QCD
hasbeendevelopedon the basisof the quark model, however, it is differentwith regard
to the internal colour degree of freedom. This quantumnumberhadto be introducedin
orderto consistentlydescribethe A** resonanceit is the chage of the stronginteraction.
EssentiallyQCD emepesif the gaugeprincipleis appliedto this internalcolour degreeof
freedom.This thenintroduceggluonswhich arethe gaugebosonsof the stronginteraction.

The masse®f the light quarkflavoursaresmallif comparedo typical hadronicscales
andthereforethey canbe ngglectedin a first approximation.In this approximationandif
only thelight quarkflavoursareconsideredheLagrangiarof QCD becomesnvariantunder
chiraltransformationsHowever, ashasbeenrealisedirstin [Nam6(, [Gol61] thevacuum
may have a smallersymmetrythanthe actionthusleadingto spontaneoubreakingof the
correspondingymmetry This ideacouldbereadily appliedto QCD andthe pseudoscalar
mesongouldthusbeidentifiedasthe Goldstonebosonof the spontaneousliproken chiral
symmetry

During thefirst yearsQCD hasbeeninvestigatedusingmainly perturbatie techniques
which canbe appliedfor large momentawherethe couplingconstants small. Thesecal-
culationsgave credibility andconfidencdo the hypothesighat QCD actuallyis the correct
theory of the stronginteractions.However, the mostbasicphenomenaf QCD, i.e. con-
finementandspontaneoushiral symmetrybreakingcannotbe describedisingperturbatie
methodssincethe coupling strengthat the relevant scaleis large. This thenleadto the
developmentof a greatvariety of non—perturbatie methods.Amongthesearee.qg. lattice
simulationgWil74] andDyson-SchwingestudiegDys49, [Sch51.

Dyson—-Schwingeequationgd DSEs)form aninfinite systemof coupledequationgor
the Greendfunctions,i.e. for the transitionamplitudesof a quantumfield. The ensemble
of theseGreendunctionsis oneof several possiblehierarchiesf functionswhich mapthe
contentof alocal quantumfield theoryto aninfinite setof functions[Haa9q andanexact
solutionto the DSEsdoesin principlecontainall possibleinformationonthecorresponding
field theory However, in orderto renderthe solutionof the systemof DSEsfeasibleit is
necessaryo truncatethe infinite systemof DSEsto a finite subsystenof equations.This
truncatedsystemof DSEscanthenbe solved and onethusobtainsthe mostbasicGreens
functions:the propagatoref gluonsandquarks.

The main objective of the presentwork is the investigationof the coupledsystemof
DSEsfor LandaugaugeQCD within a truncationschemethat preseres the basicsym-
metriesof the theory Whilst therecanbe little doubtthatthe propagatorglo containthe
signatureaswell asthe quantitatve informationon dynamicalchiral symmetrybreakingit
is still an openguestionwhetherconfinemenis equallyapparenin the propagators.The
investigation[vSHA98] could answerthis questionfor the gluonsin the affirmative while



thecorrespondingtudiesor thequarkpropagatoarethefocusof thepresentnvestigation.

Threedifferentapproachesarepursuedn thefollowing andtheir relationis examined:
First the propagator®f electronsand photonsin (2+1) dimensionalQuantumElectrody-
namics(QED; ) areinvestigated. This is suggestie becauseQED; is known to have a
phasewherethe electronsareconfined.This allows to studythe confinemenphenomenon
within the DSE approachfor a theorythatis formally much simplerthan QCD. Follow-
ing this the propagator®f gluons,ghostsandquarksin LandaugaugeQCD areexamined.
Here,specialemphasiss put on the quarkDSE andon the quark—loopcontritution to the
gluon DSE. Theresultswill be discussedor differentnumbersof quarkflavoursaswell
asfor variouscurrentquark masses.Finally it is investigatedwvhethermesonproduction
processesangive phenomenologicatonstraintonthe quarkpropagatarThecalculations
areperformedwithin the covariantdiquark—quarkmodelandgive qualitative constrainton
the quarkpropagatoin thetime—like region.



Chapter 2

Quantum Electr odynamics in 2+1
Dimensions

In this chapterQuantumElectrodynamicsn two space-and onetime dimensionwill be
investigated. This theoryis usually called QED; andit is interestingbecauseof various
reasons.One hasamguedthat QED; hasa very closeresemblancéo the modelsthat are
investigatedn orderto understandhigh-T. superconductorsiside from thistherearevar
ious otherapplicationdgn condensednatterphysics,e.g. studiesof the fractionalquantum
Hall effect. For theseapplicationsof QED; the readeris referredto [CSM98]. However,
thisline of researclis notwhatthe presentvork is concernedvith. While beingdefinedfor
2+1dimensionsQED; is very similarto QuantumChromodynamic$QCD)in 3+1dimen-
sions(i.e. QED; is very differentfrom QED in 3+1dimensions).This is becaus&€QED; is
known to have a phasewherethe initial chiral symmetryof the theoryis spontaneously
brokenandit is alsoknown thatthefermionsareconfinedin this phase Thesearethebasic
reasonsvhy QED; is regardeda very interestingmodeltheory: studyingQED; it mightbe
possibleto investigatechiral symmetrybreakingandconfinementvithin atheorywhichis
structurallymuchsimplerthanQCD while sharingthe samebasicphenomena.

In orderto putthepresentvork into contet it is appropriateo give a (very) shortguide
to theliterature:QED; hasbeeninvestigatedstartingwith the pioneeringvork of Cornwall
[Cor8Q, Pisarski[Pis84 andAppelquistet al. [ABKW86]. Thesestudiesemphasizéhe
similarity of QED; and QCD and especiallyinvestigatethe formal structureof QED; as
well aschiral symmetrybreaking.In [ABKW86] the Dyson-Schwingeformalismis used
in combinationwith a 1/N-expansionfor the polarization. This 1/N-expansionapproach
hasbeenextendedby Nash[Nas89 and further investigatedoy Curtis et al. [CPW92].
The Dyson-Schwingeapproachasbeenfurtherdevelopedby Burdenetal. [BPR92]and
especiallyby Maris [Mar93], [Mar95] and[Mar96]. The work [Mar95] focuseson con-
finementin QED; andrelatesthis to the analyticstructureof the fermion propagatar The
analyticstructureandtheinfraredbehaiour of the fermion propagatois examined(using
the Landau-Khalatniév transformationpy Aitchisonetal. [AACKK 96|, [AMM97], by
Burdenetal. [BT98] andrecentlyby Bashir[Bas0(Q. An effective actionapproachs pur
suedby Gusyninetal. [GMS98], by Campbell-SmitHCS9§, by Hott etal. [HM99] and
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by Giesetal. [Gie99, [DGOQ]. Finally, theresearcton QED; is reviewed by Robertsand
Williams [RW94] andmostrecentlyby Alkofer andv. Smekal[AvS0d.

Theinvestigationof chiral symmetrybreakingandof theanalyticstructureof the quark
propagatolin QED; is the focus of the following sections. First someof basicconcepts
of QEDs will berecalled.Following this the DSEsareintroduced.Theseequationsnake
referenceo thefull photon-electrovertex of QED; andaretherefore(at this stage)not a
closedsystemof equations.The truncationschemethat is usedand especiallythe corre-
spondingvertex ansatzarediscusse@nd?2 differenttruncationsarecompared.Theresults
for the electron-and photon propagatorsand the investigationof the phasestructureof
QED; closethis chapter

2.1 Basic Concepts of QED;

This sectionbriefly recallssomeof the basicconceptsand ideasthat constitutethe for-
mal structureof QED; . Thediscussiorbuilds on the investigationdCor8Q, [Pis84 and
[ABKW86] wherethebasictheoreticaframevork of QED; hasbeenuncovered.An intro-
ductionto this basicformalismcanalsobefoundin [Gie99.

ThelLagrangiarof masslesQED; is

L=YiDV — %FWFM (2.1)
with the covariantdervative D,, = 9, + ieA,. In this notationV¥ is a four component
Dirac spinorwhich includesanindex for N fermionflavours. The couplingconstante has
dimensiormas3/2 which impliesthatary dynamicallygeneratednassscalewill beapure
numbertimese?. Therearenoinfinite renormalization®f the bareLagrangian.

In 3 dimensionnecouldusetwo-componenspinorsanda2 x 2 representatioof the
Dirac algebrafy,,yv} = 28, usinge.g. Y = 02,y = io3 andy? = ioy. However,
thereis noother2 x 2 matrix thatanti-commutesvith all thesey*. Thisimpliesthatthere
is nogeneratoof achiral symmetrythatcouldbebrokenby amasgermof theform mi,
where is atwo componenspinor Thatis, in the2 x 2 representatiothe masslesgheory
hasno moresymmetrythanthe massve theorysincethereis no notion of chiral symmetry
in this case.

Thereforeit is moreinterestingto take ¥ to be a four componenspinorwhichis con-
structedfrom two two-componenspinorsip; andy, in theway

Y= @;) (2.2)

andto take correspondingha4 x 4 representatioof the Dirac algebrag.g.

o_ (03 0 1 __ . (01 0 2 . [02 0
y-(o _0_3> , Y—l(o _G]> and y—1<0 —0'2>' (2.3)

However, therearenow two 4 x 4 matrices

3 _.(0 1 5 .(0 1
Y —1<1 0 and vy’ =1 10 (2.4)
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whichanti-commutewith y°,y' andy?2. ThereforethelLagrangiar(2.1)whichcorresponds
to themasslessheoryis invariantundereachof thetransformations

Y exp(icy®)¥  and (2.5)
Y exp(ipy’ )V . (2.6)

For eachfour-componenspinorthereis a globalll(2) symmetrywhich is generatedby

1,v%,°, [v3,v°] (2.7)

andthefull symmetryof (2.1)thereforas U(2N). A masgermof theusualform (whether
it beexplicit or dueto spontaneousymmetrybreaking)

myy (2.8)
would breakthis symmetryto the subgroup

SU(N)(]‘F[’YS,YS]] X SU(N)(]*['Y3,Y5]) X U(]) ] X U(])]l (29)

[.YS )-YS
which would imply the emegenceof (2N)? — 2N2 = 2N? Goldstonebosonsn the case
thatthe symmetryhasbeenbroken spontaneouslyTherewould be_N2 Goldstonebosons
dueto the breakingof the y> symmetry which would coupleto Wy3y*¥ andthe same
numberof Goldstonebosonsdueto the breakingof they> symmetry which would couple
to Wy SyHy,

However, thereis anothemption,the masstermcouldalsobe of the form

mw> VY. (2.10)
Comparingthe two alternatves (2.8) and (2.10)for the massterm, onefindsthatthey are
quitedifferent. The’normal’ massterm (2.8) breakschiral symmetrybut is parity conserv-
ing, whereashe massterm (2.10) is invariantunderthe chiral transformationg2.5) and
(2.6) but it is not invariantunder parity transformations.(SeesectionB.1 for a detailed
discussion.)

In [BR91] the potentialthat correspondso the non—perturbatie polarizationscalarll

is derived. Theauthorsobtainfor thepotentialV atlargedistances:

d?k 1 1
2
V(F)=V(r) = Ze—ﬂﬁln(ezr) +const. + O (%) . (2.12)

This demonstratethatthe potentialat large distances is dominatecby alogarithmicterm
giventhatTT(0) is finite. l.e. QED; haslogarithmicconfinementf the polarizationscalar
becomesconstantin the infrared which will be shavn to be true in the confinedphase,
seesections2.4 and2.5. This link betweenthe infraredbehaiour of the polarizationand
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ky

q

Figure2.1: Diagrammaticatepresentatioof the coupledsystemof DSEsfor thefermion-
andphotonpropagatoin QED;

the potential V is illustratedin the subsequensectionswherethe numericalresultsare
discussed.

It isinterestingo notethatin QED; it is possibleto introducea masgermfor thegauge
field without spoilinggaugeinvariance.To make this moreexplicit we addtheterm

%em’“FwAU (2.13)

to the Lagrangian(2.1) and derive the EulerLagrangeequationsof motion. For each
fermionflavour k separatelyheseequationgead

0T + HeMPIF g = eWiyH Wy (2.14)
D —m]¥,=0. (2.15)

Theseequationsareinvariantunderthe gaugetransformation

Ap—=Ap+o A, Y —exp(ieA)Y. (2.16)

l.e. in QED; it is possibleto have a normalmasstermfor the gaugefield without breaking
gaugenvariance.
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2.2 Dyson-Sc hwing er Equations for QED;

Thecoupledsystemof DSEsfor the propagatorsf thefermionandthe photonaregivenby

ST(p) =S5 '( )—ieZJﬁD (k)T (K, k—)S(k2) (2.17)

P)=90 (P (2n)3 pv UK T K4, K —)Y~v .

D;J,(p) = gpvpz — PubPv <1 - %) +Tuwv(p) and (2.18)
3

My (p) =iezj%tr(m(q+)n(q+,q_)S(q_>) | (2.19)

Herebythe (Minkowski) momentak,,k_, g+, q_ areconstrainecoy momentumconser
vation

ky =mp+k, (2.20)
ko=(1—-m)p—k (2.21)

andcorrespondinglffor q., g_ with 1 € [0, 1]. Themostcommonchoicesarethe asym-
metricmomentunrouting:n = 0 andthe symmetricmomentunrouting:n = 1/2.

For the numericalsolutionit is advantageouso first transformthe systemof equations
(2.17),(2.18)and(2.19)to a moresuitableform. To this endwe usethe mostgeneraform
of thefermion propagato(for Euclideanmomenta)

S7'(p) = —iBA(p) + B(p) (2.22)

which definesthe scalarfunctionsA andB usuallycalledthe vectorialandthe scalarself-
enegy. An equivalentandoftenusedform is

S(p) = —igou(p?) + 0s(p?) (2.23)

wherethetwo scalarfunctionso, andog arerelatedto A andB accordingto:

2 A(pz) 2 B(pz)
v = and s = . (224
(P p?AZ(p?) + B2(p?) os(P7) p?A%(p?) + B2(p?) (2:24)
Thephotonpropagatoreads
qudv 1 qudv
D(q) =84 — 2.25
o) = (80— 8 ) oy (229

whereg, = 0 (Landaugauge)is usedin thefollowing. The polarizationscalarlT is defined
via therelation

Mo () = (B P” — Pup)TT(P) (2.26)

1The Lagrangianchangesnly by a total derivative undergaugetransformationswhich leavesthe action
unchanged.




2.3 Non-Perturbative Fermion-Photon Vertex 11

However, this equatioris ambiguoussit standssinceequation2.19)hasto beregularized.
The divegent part of (2.19) turns out to be proportionalto 6,.,. Thereforeit hasbeen
proposedBPR92]to applythe projector

§WVp2 — 3pHpY (2.27)

to bothsidesof (2.26). This projectsout the divergentpartof T, andgives

Mip) = —— <5W3p“pv>n (p) (2.28)
1% 2p2 pz pvP :
whichis finite andthuswell defined.

Usingthedefinitions(2.22)and(2.28)andapplyingappropriatdracesto (2.17),(2.18)
and(2.19)onearrivesat a coupledsystemof equationdor the self-enegiesof thefermion
A, B andthe polarizationscalarll. For two differentapproximationgheseequationsare
givenexplicitely in section®2.4and2.5.

2.3 Non-Perturbative Fermion-Photon Vertex

This sectioncenterson the fermion-photonvertex andespeciallythe ansatzthat hasbeen
developedby Ball and Chiu [BC804, [BC80h and extendedby Curtis and Pennington
[CP9O0]will beexamined.

The DSEs(2.17),(2.18)and(2.19) do not form a closedsystemof equations.This is
becausehey necessarilydependon the full fermion-photorvertex I',. This vertex is the
solutionof its own DSEwhichin turn depend®n evenhigherorderGreens function. This
infinite hierarchyof DSEs(thefirst levelsthereofhave beenindicated)cannotbe solved as
it is. In orderto renderasolutionfeasiblea certaintruncationschemehasto beapplied.The
commonapproachs to constructhe vertex functionsinsteadof solvingthe corresponding
DSE.Thisthenleadsto aclosedsystenof equationgor thepropagatorshowever, it cannot
avoid the drawvback of introducingtruncations.The vertex constructionrestson the basic
symmetriesof the theory: the discretesymmetriesand especiallythe gaugesymmetryas
expressedy the Ward-Takahashidentity (WTI). Thisidentity determineghelongitudinal
partof the vertex but it leavesthe transwersalpartunconstrainedThe transersalparthas
to be constrainedisingotherconditionslike multiplicative renormalizability however, it is
not possibleto completelydeterminghetranswersepart. In thefollowing the construction
of theverte, following [BC804, [BC80H and[CP90]is shortly summarized.

TheWTI

a“Tu(k,p) =S~ (k) =S~ (p) (2.29)

with g = k — p relateghefull fermion-photorvertex I, andthefull fermionpropagatosS.
Themostgenerakolutionto this WTI canbewrittenin the form

Flk,p) = T (k,p) + 25(57' (k) =5 () (2.30)
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WhereFJ denoteghe purely transwersepart of the vertex that satisfiesq“rl(k,p) = 0.
l.e. thesolutionof (2.29) completelydetermineghe longitudinalpart, however, it doesnot
constrainthetranswersepartin ary way. It turnsoutto be moreusefulto startout with the
differentialform of the WTI (2.29):

3S ' (p)

opu
This canbe solved and givesthe (k = p)-limit of the full vertex T,,. The mostnatural
procedurds thento extendthis vertex to the casethatk # p in ak, p-symmetricway that

alsosolves (2.29). This k, p-symmetricextensionof the solutionto (2.31) (which solves
(2.29)and(2.31))thenreads:

— ™(p,p) . (2.31)

% lAA(k,p)(k+D)p(V+¢)

Mil,p) = 5
—AB(k,p)(k+p)y (2.32)

(A(KZ) + A(P?H)vu +

wherethetwo auxiliary functionsAA andAB aredefinedaccordingio

A(K?) — A(p?) B(k?*) — B(p?)
To this solutionfor thelongitudinalpartary tranS\ersalpartl‘J satisfying
q*Ti(k,p) =0 and Ti(p,p)=0 (2.34)

canbe addedwithout affecting the WTI (2.29) andits differentialform (2.31). The most
generaform of thetrans\ersepartcanbe decomposehto eighttensorsI;,, accordingto

FT k,p) ZT) »p q Tulk,p) (2.35)

which aremultiplied by acorrespondingiumberof coeficient functionst; (see[CP90]for
thedefinitionof thetensorsT;,,). Thefull fermion-photorvertex shouldespeciallyallow to
multiplicatively renormalizethe fermionDSE accordingio

Sr(p, 1) = Z,'So(p, A) (2.36)

which relatesthe barepropagatoiS, to the renormalizedpropagatoiSg. As first notedby
King [Kin83], furtherinvestigatedBrown etal. [BD89] andusedby Curtisetal. [CP9Q:
multiplicative renormalizabilityis a highly nontrivial constraintwhenappliedto the trans-
versepartof thevertex. And especiallya vertex with FJ = 0 doesin principlenotallow for
multiplicative renormalizationof the fermion DSE. Using the leading-logarithmapproxi-
mationfor the perturbatie limit of thefermionself-enegy A Curtisetal. [CP90]proposed
theansatz

1

ML p) =5 (A(K?) = A(p?)Q(k, p)Teu(k, p) (2.37)
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with

Top(k, p) = vk = p?) = (k+ plu(K — ) (2.38)

Qlk,p) = LN
(k2 —p?)" + (M2(k?) + M2(p?))

5 (2.39)

wherethe definitionof the massfunctionM = B/A hasbeenused.
Thefull vertex (ansatz)s the sumof thelongitudinalpartandthetransersepart

Nu(k,p) =Tl (k,p) + Ti(K,p) (2.40)

wherethe longitudinalpart " andthetranswersepartl'T aredefinedin (2.32)and(2.37),
respectrely. Thevertex (2.40)solvesthe WTI (2.29) andguaranteemultiplicative renor
malizability of the fermion DSE. A growing numberof Dyson-Schwingestudiesrely on
this vertex ansatzseee.g.[AvS0( andreferencesherein.

Dongetal. [ DMR94] aguethatthereis a problemwith theansat22.37)for thetrans-
versepartthathasbeenproposeddy Curtisetal. [CP90]. In the chirally symmetricphase
themassfunction M vanishesThis allows to simplify theansatz2.37)andoneobtains

(k2 —?)°

which becomessingularin thelimit thatk — p. The authorsin [DMR94] armguethatthis
formal singularityleadsto a kinematicsingularityin the full vertex, including the Curtis-
Penningtonansatzfor the transersalpart. This would be an unwantedfeaturebecause
absencef kinematicsingularitiesvasoneof theconstraintghatwereusedin the construc-
tion. However, theterm QTg,, is alwaysmultiplied by (A(k%) — A(p?)) which shouldbe
sufficientto cancetheformaldivergencein QTg,, suchthatthevertex is freeof kinematical
singularities.In anumericalapproactthis might well poseatechnicalproblemevenif it is
nonein principle.

ThetranserseparthasbeenconstructedisingthefermionDSEandtheWard-Takahashi
identity. However, if the coupledsystemof DSEs(2.17),(2.18)and(2.19)is to be solved
thanthefull vertex enterghefermionequation(2.17)but alsoin thephotonequation(2.19).
As hasbeenmentionedalready:In orderto solve the systemof DSEsit is adwvantageouso
first transformthe DSE for the quarkpropagatolS into a systemof two coupledequations
for the scalarfunctions A and B which are definedin (2.22). The DSE for A canthen
be written (in a symbolicway) asA(p?) = 1+ Za [p?,T| which definesthe self-enegy
contritution X4 whichis usedbelon. Herethe dependencen the vertex I' hasbeenmade
explicit for latercorvenience.

While being consistentwith the fermion DSE it turns out that the Curtis-Pennington
ansat42.37)doesnotleadto stableresultsthatcouldbephysicallyinterpretedf it is usedn
the photonequation(2.19).In orderto facilitatethe following discussiorit is advantageous
to first introducesomenotation. The longitudinal part of the full vertex is givenin (2.32)
andthefirst of thethreetermsreducedo the barevertex in the perturbatie limit. Thisterm

Q(k, p)Teu(k,p) = [Yu(k? —p?) — (k+P)u(K— ¥)] (2.41)
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will bedenotedoy I'':

Lk, p) = S(AG) + AG)v, (2.42)
Thedefinitionof thetrans\ersepartl'T is givenin (2.37). In thefollowing theinfraredlimit
of thevectorialself-enegy A andof thepolarizationscalar T will beexamined.Herebythe
contrikbution of the large loop momentato this infraredlimit is the primary concern. The
following discussiornis restrictedo the DSEsfor A andIT. For bothequationgwo casesare
consideredfirst thefull vertex T" is setequalto I'' asdefinedin (2.42)andsecondhe full
vertex I" is setequalto I'T asdefinedin (2.37). For bothvertex angatzethe UV—contritution
to thelR limit of A andIT is examined.Neitherthe othercontrikutionsto thelongitudinal
part(2.32) of the vertex nor the correspondingonsiderationgor the DSE for B alterthe
conclusionthatwill bedrawvn in thefollowing.

The DSEfor thevectorialself-enegy A andfor thefull vertex (2.40)is givenin section
(2.5). Usingthis equationonecanderive the UV contrikution (large loop momentalo the
infraredlimit (p> — 0) if the vertex T in the DSE for A is setequalto ' orto 'T. The
resultsare

LA X Jdk (A(K?) +A(p?)) d ] for T=r", (2.43)

dk2 1+ T1(k2)
1 1

b3 —— f =rr. 2.44
A(xpjdkkﬂqtﬂ(kz) or I'=T ( )

Obviously theinfraredlimit of £, is dominatedby the (I'')-contritution to thefull vertex.
The (I'T)-contritution is strongly suppressedue to the additional 1/k? factorandit is
vanishingin theinfraredlimit p? — 0. Thisis contrastedy theresultsfor the polarization
scalar(2.19). For this casetheresultsare:

k4
2 I
f = 2.4
nocjdkav(k)(k2+M2(kz))z or T=T", (2.45)
1] Jdk K dAG?) for T=TT (2.46)
Y MA ) T a2 - '

wherethe o, is definedin (2.24). The (I'!)-contritution givesa finite contritution to the
infraredlimit andin fact, looking more closely at the remainingcontritutions of the lon-
gitudinal vertex TT it turnsout thatthe (I'!)-contritution is the dominantone. The (T'T)-
contritution putsvery tight constrainton thebehaiour of A (k?) for large k2. This contri-
bution appeargo be divergentunlessA becomesonstantvery rapidly for large k% which
is apparentlyinconsistentwith the fermion DSE. This is strongly supportedoy numerical
studieswhich fail to find a stablesolutionif the trans\ersepart(2.37)is included(for the
polarization).

While thesestudieshave beencarriedout within the context of QED; it appearshatthe
problemswith thetrans\ersepart(2.37)thathave beendiscussedremuchmoregeneral It
hasbeenreportecby Bloch[Blo01] thatin QEDy it is notpossibleto find a stablenumerical
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Figure2.2: Resultsfor the fermion propagatoself-enegies A andB which aredefinedin
(2.22)for the barevertex approximationj.e. usingthe systemof equationg2.47),(2.48)
and(2.49). Left panel: Resultsfor A for thetwo casesN = 1 andN = 6. Rightpanel:
Resultsfor B (in unitsof e = 1) for N = 1. For N = 6 onefindsthatB = 0.

solutionto the coupledsystenof DSEsif the CP contrikution to the polarizationis included
(seealso[Blo95)).

Theconstructiorof thelongitudinalpartof thevertex (2.40)usesonly theWard-Takahashi
identity (2.29). The constructiorof thetrans\ersepartmakesrecoursedo thefermionequa-
tion while ignoring the DSE for the photonpropagatar It seemghatthe photonDSE en-
compassesomeadditionalconstraintghat mustnot be ignoredin the constructionof the
transwersepartof thefull vertex.

In the following, for the calculationsor QED; aswell asfor the calculationsor QCD
the (I'T)-contritution to the polarizationwill beignored.

2.4 Dyson-Sc hwing er Equations: Bare Vertex Appr oxima-
tion

In this sectionwe investigatethe coupledsystemof DSEs(2.17),(2.18)and(2.19)in the
barevertex approximation,i.e. usingthe ansatzl’y(p, q) = <y~ for the fermion-photon
vertex I'y. This systemof equationshasbeeninvestigatedy Maris [Mar95], [Mar96).

Startingwith the DSEsfor the fermion- and photonpropagatorsasdefinedin (2.17),
(2.18)and(2.19)onederivesa coupledsystemof equationdor the self-enegiesA, B and
the polarizationscalarll. Thisis achiered by applyingappropriatecombinationof traces



16 Quantum Electr odynamics in 2+1 Dimensions

to (2.17),(2.18)and(2.19). For thecasethatT’, (p, q) = v~ theresultingequationsare:

_ 262 d3k‘ <k+ ) p> <k+v k’*> ]
APy =1+ FJW"”“‘) 2 (1) (2.47)
oo @k 1
B(p) = 2e J—(2n)305(k)—k§(1 T (2.48)
2 ddk 3
M(p) = 4N% J W <<Q+, q,> - F(P, Q+><P, Q>> oy(ky)oy(k-) (2.49)

wherethe definitionsof o, andog aregivenin (2.24). The momentaare definedasindi-
catedin fig. 2.2andasspecifiedin section2.2. For the numericalanalysisthe asymmetric
momentunrouting(i.e.n = 0) is used.

Theresultsfor thefermionpropagatothatareobtainedn thebarevertex approximation
(i.e. usingthe DSEs(2.47),(2.48)and(2.49))areshavn in fig. 2.2. Theleft panelshavs
the resultsfor the vectorial self-enegy A for thetwo casesN = 1 andN = 6. For one
fermion flavour A(x) becomesonstantat about0.88 for x < 1073. Thisis in contrast
to theinfraredbehaiour for N = 6; in this caseA obviously hasa powerlike behaiour
A = bxB. Sincetheinfraredbehaiour of the vectorialself-enegy is qualitatively (very)
differentfor thetwo casesN = 1 andN = 6 thathave beenexaminedonecouldamguethat
thetheoryundegoesa phasédransitionatsomel < N < 6. Thiswill beinvestigatedater
onin detail.

The correspondingesultsfor the scalarself-enegy B areshavn in the right panelof
fig. 2.2in unitsof thecouplinge? = 1. For N = 1 oneobtainsthatB(x) becomesonstant
atabout0.04 for x < 10~* whereador N = 6 onefindsaverysmallB < 10~ whichdoes
notbecomeconstanfor smallx. If thesecalculationsarerepeatedvith increasesumerical
effort thenonefindsthatB becomesncreasinglysmallerfor N = 6 whereagheresultsare
completelystablefor thecaseN = 1. Thisclearlydemonstratethatfor N = 6 oneactually
hasB = 0.

The resultsfor the polarizationscalarTT that correspondo the resultsin fig. 2.2 are
shavn in fig. 2.3. Theresultsfor N = 1 andN = 6 arequalitatvely differentquite similar
to theresultsthat have beenfoundfor the vectorialself-enegy A which areshavn in the
left panelof 2.2. For N = 1 onefindsthatthepolarizationscalarbecomegonstanatabout
T~ 1.9 for x < 1074 whereador N = 6 1T is foundto have a power-like behaiour (cf.
fig. 2.3).

This qualitative differencein thebehaiour of TT supportshe assumptiorithathasbeen
mentionedalready:thetheorymightundego a phasdransitionsomeavherebetweerN = 1
andN = 6.

In orderto investigatethis supposedhasetransitionit is mostinstructive to look at
the infraredlimit of the fermion self-enegies A, B andof the polarizationscalarTl. The
infraredlimit of A andB is shawn in fig. 2.4. The left panelshavs the resultsfor A(0);
onefindsthat A(0) is exactly 1 for N = 0. A(0) becomesmallerbut remainsfinite for
0 < N < 3.2. At N = 3.2 theshapeof A changeswhereasA is constanin theinfrared
for N < 3.2 it hasa power-like behaiour A(x) o« xP for N > 3.2. Thesetwo casesare
shawvn in the left panelof fig. 2.2 wherethetwo exemplarycasesN = 1 andN = 6 are
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Figure 2.3: Resultsfor the polarizationscalarTT for N = 1 andN = 6 in the barevertex
approximationj.e. usingthe systemof equationg2.47),(2.48)and(2.49).
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Figure2.4: Resultdor infraredlimit of A andB in thebarevertex approximationj.e. using
the systemof equationq2.47),(2.48)and(2.49). Left panel: Resultsfor the infraredlimit
A(0) for0 < N < 6. For N 2 3.2 (i.e. within the shadedarea)onefindsthat A(0) = 0.
Rightpanel: Resultsfor theinfraredlimit B(0) (in unitsof e2 = 1) for 0 < N < 6.
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Figure 2.5: Resultsfor the infraredlimit of the polarizationscalarTT for the barevertex
approximationj.e. usingthe systemof equationg2.47),(2.48)and(2.49). For N = 0 one
of coursefindsthatTT = 0.

comparedvhich arerepresentate for thetwo phasesFor N < 3.2 onealwaysfindsthat
A becomegonstanin theinfraredasthe N = 1 resultthatis shavn in the left panelof
2.2. And for N > 3.2 onealwaysfindsthat A hasthe power-like behaiour astheN = 6
resultthatis shavn in theleft panelof fig. 2.2. The infraredbehaiour of A for N > 3.2
especiallyimpliesthat A (0) = 0 in this phase.

Theinfraredlimit of B (in unitsof e = 1) is shawn in theright panelof fig. 2.4. This
demonstrateavenmoreexplicitely thatthetheoryundegoesa phasdransitionat N ~ 3.2.
For N = 0 onefindsthatB(0) ~ 0.105. Then,for N = 1,2 the value of B(0) slowly
decreaseanddropsbelon 10-'2 at N ~ 3.2. For N > 3.2 thevalueof B(0) dependson
thenumericaleffort thatis usedwhich hasto be expectedn this case.Increasechumerical
effort givesstill smallervaluesfor B(0) for N > 3.2 while the resultsfor N < 3.2 are
completelystable. This hasto beinterpretedn theway thatfor N > 3.2 theinfraredlimit
of Bis O (i.e. B = 0 for all momenta) Theinfraredlimit of B measureshe extentto which
the chiral symmetryis spontaneouslproken,i.e. B(0) is anorderparameter The results
shawvn in fig. 2.4imply that QED; has2 phasesthefirst phasds realizedfor N < 3.2 and
corresponds$o the Namlu-Goldstongphasej.e. chiral symmetryis spontaneousliproken.
Thesecondhasds realizedfor N > 3.2 andit corresponds$o the WignerWeyl phasej.e.
theoriginal chiral symmetryremainsunbrolen.

The infraredlimit of the polarizationscalarTT is shavn in fig. 2.5. Also this figure
clearly demonstratethat the systemundegoesa phasetransitionat N ~ 3.2. Whereas
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TT(0) steadilyincreasesor N < 3.2 onefindsthatTT(0) remainsessentiallyconstantfor
N > 3.2. Thetwo phasesorrespondo a differentqualitatve behaiour of 1T in thein-
frared. Whereador N < 3.2 onealwaysfindsthatTT becomegonstantn theinfrared(as
exemplifiedby the (N = 1)-resultshavn in fig. 2.3) oneobtainsthatfor N > 3.2 the po-
larizationscalar T hasa powerlik e behaiour (asexemplifiedby the (N = 6)-resultshavn
in fig. 2.3). Theresultsin fig. 2.5 give thevalueof the polarizationlT(x) at very smallbut
still finite x. However, taking into accounthatthe polarizationscalarTT for N > 3.2 hasa
power-like behaiour onehasto concludethatin theinfraredlimit onehas:

IM(x) — oo for x —0 (for N > 3.2) (2.50)

whereadT(0) is finite for N < 3.2. Theresult(2.11)thenimpliesthatthe phaseransition
atN = 3.2 is not only a phasdransitionbetweena chirally symmetricphaseanda phase
wherethe chiral symmetryis spontaneouslyproken. This phasetransitionalso separates
a phasewherethe potential (2.11) is logarithmically confining from a phasewherethe
potential(2.11)becomesonstant large distances.

The infrared behaiour of A (in the barevertex approximation)and for the chirally
symmetricphases known analytically It hasbeenfirst conjecturedn [ABKW86] andhas
beenderived analyticallyin [AMM97]. Theauthorggive the explicit expression

Y 3/2 Y
A (p) = exp (% — %) Lj(yﬂ) <3> (2.51)
4nT (TY) p
forp — 0 with y = 8/(3N7?). For the following discussiorthe result (2.51) will be
writtenin theform
p2 B(N)
b(N) <—4> (2.52)
e

thusdefiningthe coeficient b andthe exponentp. Thecorrespondingesultsfor the coefi-
cientb(N) andtheexponent3(N) ascalculatedrom (2.51)arecomparedn table2.1with
the DSE resultsthat have beendiscussedn this section. This comparisoralsoillustrates
theaccurayg of theapproachthe DSEsquite accuratelyyield theinfraredbehaiour of the
propagatar

QED; hasbeeninvestigatedn orderto studya theorywhich hasthe samebasicphe-
nomenaas QCD (confinementand spontaneoughiral symmetrybreaking)while being
muchsimpler It will be aguedin section3.2 and discussednore thoroughlyin section
6.5thatthereis corvincing evidencethatpositivity is directly linkedto confinementSince
the presentresultsareto be comparedo the correspondingesultsfor QCD it is sugges-
tive to examinewhetherthe fermionpropagatoin QED; in the confinedphasedoesviolate
positvity. Theseresultsarepresentedheremainlyfor latercorvenienceandthereadeiis re-
ferredto section6.5for adiscussiorof thetheoreticabackgroundThe standardoositivity
constraintrefersto the spectraldensitythatis definedin the Kallen—Lehmanmepresenta-
tion. In an Euclideanapproachthe positiity of this spectraldensitydirectly translatesnto
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b(N) B(N) b(N)bare ﬁ(N)bare b(N)BC B(N)BC
1.0069| 0.02702| 1.06668 | 0.02989 | 1.09975| 0.02895
1.0059| 0.02516| 1.04505 | 0.02447 | 1.08163| 0.02371
1.0050| 0.01929| 1.03146 | 0.02071 | 1.07401| 0.02001
1.0044| 0.01689| 1.02233 | 0.01794 | 1.06769| 0.01738
1.0024| 0.00901| 0.99976 | 0.00927 | 1.05098| 0.00889

|_\
o ~No gz

Table 2.1: Resultsfor the infraredbehaiour of A in the chirally symmetricphase. The
analyticresult(2.51) (columns2 and3) is comparedo the DSE resultsfor the barevertex
approximation4. and5. column)for the Ball-Chiu (BC) vertex ansatZ6. and7. column).
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Figure2.6: Resultsfor the one—dimensiondfouriertransform(2.53) of the quarkpropaga-
tor for threedifferentvaluesof p2.

OstervalderSchradereflectionpositivity [0S73],[0S75],seesection3.5 wherethis will
bediscussed.

For themostbasicGreendunction,for the propagatgrOstervalderSchradereflection
positvity canbewrittenin theform (seesection6.5)

[ ctpo 093+ B 1expipot) 0. (2.53)

Theresultsfor this Fouriertransformareshawvn in fig. 2.6 andit is obviousthatthey do not
indicateary violation of OstervalderSchradereflectionpositvity.

2.5 Dyson-Sc hwing er Equations: Ball-Chiu Vertex

This sectioncenterson the discussionof the coupledsystemof DSEsfor A, B andthe
polarizationscalarT if thevertex ansatZ2.32)is usedfor thefull fermion-photorvertex T".
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Theequationghataregivenbelav referto thefull Curtis-Penningtomnsatzincludingthe
transersepart(2.37)). However, for thereasonsghathave beendiscussedh section2.3the
trans\ersepartT"! is nottakeninto accountor the numericalanalysis.

Usingthefull vertex T =T + I'T oneobtains:

ez [ d3k 1
14+ &
AP =1+ J 2P 201+ 11(q))

.
+ 0y (KAA(p, K)az(p, k) + 05 (K)AB(p, K)as(p, k)) (2.54)

(cv(k) (A(K) + A(p)) s (p, k)

wherethe auxiliary functionsaj, a; and az have beenintroduced. Theseare definedas
follows:

ai(p,k) = %(—kzp2 + (K2 +p?)(p,k) — (p, k)?) , (2.55)
p?+k? 5 2 2_ 12

a(p, k) = — = (P?k* — (p,K)%) + Qp, k) (p, k) (p* — k), (2.56)

ap, k) = =2 (42 (p, 1) (2.57)

Theequationfor B reads:

4>k 1
B0) = [ 55 i (A + Alp)

+ 0s(k)AA(p, k)b2(p, k) + Gv(k)AB(p,k)bs(p,k)> (2.58)
whereagainsomeauxiliary functionshave beenintroduced:

b2(p,K) = 23 (7K = (b KI2) + Qlp, KPP~ 1) (2.59)

2
bs(p, k) = — 5 (P7K" — (p,K)7) (2.60)
The DSEfor the polarizationscalarTT(p) is givenby:

2 3
M(p) = 2N J % ((A(k) + A(Q)) oy (K)o (q)m (K, p)

P
— AA(k, q)p®ma(k, p) + 2AB(k, )3 (k, p)
—AA(k,q)Q(k,q)m(k,p)) (2.61)
wheremn;, tp, 13 andmy aredefinedasfollows

m(k,p) =K 20, - (.02, (2.62)

ok, p) = oy(K)oy(q) [-k* + %(D,‘QZ —{p, k)] + os(K)os(a) (2.63)

m3(k,p) = 0y (k)os(q)(p, k) + 05 (k) oy (q) [p* — (p, k)] (2.64)
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and

ma(k,p) = oy(k)oy(q) [2p*k* + p*(p, k) — 4k*(p, k)
6
—5(p,k)* + ;<v,k>3] — os(k)os(a)[2(p, k) —p?] . (2.65)
The systemof equationg(2.54), (2.58) and (2.61) hasbeensolved, however, for the

reasonghathave beendiscussedn section2.3the CP-contrilution to theseDSEshasbeen
neglected.Thisamountgo the modifications

2 2
ap k) = 7 qﬁk (P22 (p,K)?) (2.66)
ba(p, k) = %(pzkz —(p,k)?) and (2.67)
(k. p) =0 (2.68)

which have beenusedinsteadof (2.56), (2.59) and (2.65). Sincethe resultsthat are ob-
tainedfor thethusspecifiedruncationschemearevery similar to theresultsthathave been
obtainedfor thebarevertex approximationt sufficesto conciselysummarizegheresults.

The qualitatve featuresand especiallythe phasestructureof the theoryarethe same
asfor the barevertex approximation.More precisely:the solutionsto the systemof DSEs
(2.54), (2.58) and (2.61) (subjectto the modifications(2.66)-(2.68))shav that the theory
undegoesa phasdransitionatacritical numberof flavoursN,it. For N < N4 onefinds
a phasewherethe chiral symmetryis spontaneouslyproken and wherethe electronsare
logarithmically confinedsincethe polarizationscalaris finite the infrared (cf. eq(2.11)).
Onetheotherhand,for N > N_.i; onefindsthatthe chiral symmetryis unbrolenandthat
the electronsare not confinedsincethe polarizationscalardivergesin the infrared(cf. eq
(2.11)). Thecritical numberof flavoursN.,;1 whichmarksthe phasdransitionis somevhat
smallerthanthe correspondingesultthathasbeenfoundin the barevertex approximation.
The systemof equationq2.54),(2.58)and(2.61)yields N, = 2.8 whereador the bare
vertex approximationt hasbeenfoundthatN¢,ix = 3.2.

Theresultsfor the vectorialself-enegy A andespeciallyfor its infraredbehaiour are
very similarascomparedo theresultsthathave beenfoundfor the barevertex approxima-
tionwhichareshawvn in theleft panelof fig. 2.2. Thetwo phasesreagaindistinguishedy
a qualitatively differentinfraredbehaiour of A. For N < N, onefindsthat A becomes
constantin the IR whereafor N > N_.i; oneobtainsthat A hasa powerlike behaiour
for smallmomenta.This especiallyimpliesthat A(x) — 0 for x — 0 in thenon-confined
phasej.e. for N > N..;. Theseresultsarein completequalitatve agreementvith the
resultsshavn in the left panelof fig. 2.2. With regardto the IR limit of A in the confined
phase(i.e. for N < N,it) thereis a small quantitatve differenceto the resultsthat have
beenobtainedfor the barevertex approximation:A(0) beingabout5% to 10% larger (in
the confinedphase)Xor the systemof equationg2.54),(2.58)and(2.61). Althoughthere-
sult (2.51)is valid only for the barevertex approximationt is interestingto compareit to
theresultsfor the Ball-Chiuansatz.Onefindsthatthe coeficient b(N) is about5% larger
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andthatthe exponentp (N) is about3% smallerthanthe correspondingesultsfor the bare
vertex approximationseetable2.1.

Also theresultsfor thescalarself-enegy B arequitesimilarto thecorrespondingesults
thathave beenobtainedin the barevertex approximation(cf. fig. 2.2). l.e. asfor thebare
vertex approximatioronefindsthatB becomegonstanin theinfraredfor N < N, and
thatit vanishedor N > N_,it. Thisimpliesthat(alsofor the Ball-Chiuapproximationthe
confinemenphasdransitionalsois a chiral phasdransition. The only differenceis thatin
the confinedphasethe resultsfor B(0) areabout10%largerthanthe correspondingesults
for the barevertex approximation.

As theresultsfor A andB alsotheresultsfor the polarizationscalarlT arevery similar
to thecorrespondingesultsthathave beenobtainedor thebarevertex approximation.This
especiallyentailsthatthe polarizationscalaris qualitatively differentin thetwo phasegcf.
fig. 2.3). More precisely:for N > N onefindsthatTT(x) — oo for x — 0 whereas
TT(0) is constantfor N < Nc.i¢. EQ. (2.11)thenimplies thatthis qualitatively different
IR behaiour correspondso a logarithmicallyconfiningpotentialfor N < N, andto a
non-confiningpotentialfor N > N..i:. However, therearesmallquantitatve differencesas
comparedo thebarevertex approximationfor the Ball-Chiuapproximatiord1(0) is found
~ 5% smallerin the confinedphase.

Theresultsfor A, B andIT arethusall very similar to the correspondingesultsfor the
barevertex approximatiornthat have beendiscussedn section2.4. Thereforeit is obvious
that alsothe resultsfor the Fourier transform(2.53) of the propagatorare very similar as
comparedo thoseresultsthathave beenpresentedh section2.4. Thereis thusno evidence
thatthe quarkpropagatoin the confinedphasedoesviolate positivity. Thishasbeenshaovn
for bothtruncationschemesfor the barevertex approximatioraswell asfor the Ball-Chiu
ansatz.



Chapter 3

Basic Concepts of QCD

Thisintroductorychapteiis to be understoodhsa brief reminderon someof themorebasic
conceptf QuantumChromodynamicgQCD). The main objective beingthe discussion
of the fundamentabymmetriesof QCD. The subsequenthaptergely on the terminology
andthe notationthatis introducedhere. For a more thoroughdiscussionof thesebasic
conceptsof QCD and of the formalism see,e.g. [MP78] for a review and [PS95]for a

recentintroductorytextbook.

3.1 The QCD Lagrangian

The theory of stronginteractions,QCD is a renormalizablegaugefield theorywhich de-
scribegheinteractionsof colouredquarksandgluonsandassuchit belonggo the Standard
model. A quarkis characterizedby its flavour andby its colourandthe quarkfields form
thefundamentatepresentationf SU(3).. Thegluonfields,ontheotherhandbuild upthe
adjointrepresentatioonf SU(3)..

TheLagrangiardescribingtheinteractionsof quarksandgluonsis

1 - - . _
Loco = —5FLF* +13 dgy* Dyl — ) mabia (3.1)
q q

wherethe definitionof thefield strengthtensor
an/ = aHAS - avAS + gsfabcABAs (3.2)

andof thecovariantderivative
AL
[Dulyy = 850u — igs > %Aﬁ (3.3)
a

have beenused.The strengthof all interactionds givenby onecouplingconstaniwhich is
denotedby gs. Thef g arethestructureconstantof the SU(3) algebrawhich arerelated
to the generators\® accordingto A%, AP] = 2if®P°A¢. The quarkfields are represented
by the 4-componenDirac spinorsq)}1 whereindicesi and q referto colour and flavour
respectiely. The8 differentgluonfieldsaredenotedoy A .
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3.2 Symmetries of the QCD Lagrangian
ThelLagrangian3.1) canbe shavn to beinvariantunderlocal gaugetransformations
Au(x) = Ux)AL U (x) + éu(x)auu—‘ (x) (3.4)
Pq — U(x)hg (3.5)
wherethelocal SU(3). gaugetransformatiorll is definedas
U(x) = exp (iGa(x))\a/Z) . (3.6)

In orderto fix the gaugeone usesthe Faddeg—Popw procedurdor the path-intgral.
This procedures well knovn [FP67] andin covariant gaugesit effectively leadsto the
additionof two termsto the Lagrangian(3.1):

Locp — Locp + Lar + Lep (3.7)

with
Lgr = BO"AL + %‘BQBG and (3.8)
Lyp = ic®0* Dyt . (3.9)

The gaugefixing hasintroducedthe gaugeparametekx, the auxiliary field B (Nakanishi-
Lautrupfield) andespeciallythefield c. Thislastfield addsthekinetictermof a scalarfield

to theLagrangianhowever, it is aGrassmann-atluedfield which obeys Fermi-statisticand
it thusexplicitely violatesthe spin-statisticsheoremfor physicalparticles. The quantaof

thisfield areknowvn asFade&-FPopor ghostdFP67]or simply ghosts.

The completeLangrangian(3.7) thereforecontainsthe classicalpart Locp which is
invariantunderlocal gaugetransformation£3.4). Besideghis classicalpartit containsthe
gaugefixing termswhich canbe shavn to be notinvariantunder(3.4). However, the full
Lagrangiarstill hasasymmetrywhich might beviewedasthe quantumversionof thelocal
gaugesymmetry This new symmetryhasbeenfound by Becchi, Rouetand Storaandis
calledBRS-symmetfBRS75],[BRS76]. In orderto definethis symmetryonecornveniently
startsby replacingthe (classicallocal gaugeparametef®(x) by

089(x) — Ac®(x) (3.10)

where) is aGrassmannaluedconstantUsingthis definitiononethenderivesthevariation
of thefieldsunderthe thusmodified’gaugetransformation’. Theresultis:

o (x) = ige(x)(x), (3.11)
dpAL(x) = 0uc(x) +1ig [c(x),Au(X)} , (3.12)
x), (3.13)

and (3.14)
ogB(x) =0 (3.15)
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Figure3.1: Pictorialrepresentationf the BRS-quartet.

whereall colour indiceshave beensuppresséd The mappingyp — g etc. defines
the BRS-operatoibg which, when appliedto a field, givesits variation underthe BRS-
transformation.Looking only atthe classicalpartLocp of thetotal Lagrangiarthe BRS-
transformatioris nothingbut alocal gaugetransformationi.e. dgLocp = 0. The(global)
BRS-invarianceof the full Lagrangianis thereforeexpressedoy the fact that og (LGF +

Lrp) = 0, whichin turn canbe taken asthe mostgeneraldefinition of ary gauge-fixing
term.

Theeffect of the BRS-operatobg onthefieldscanequallyberepresentetly

[iAQB, 1] = AspY (3.16)

and correspondinglyfor the otherfields. This definesthe BRS-chage Qg which is the
consered chage of the Noethercurrentthatcorrespond$o the BRS-symmetry

Aside from the BRS-symmetrythereis yet anothersymmetryof the full Lagrangian
(3.7). 1t is expressedy the scalingrelations

ct(x) — exp(p)c®(x) and c®%(x) — exp(—p)c®(x) (3.17)

wherep is a realnumber This symmetryleads(via the Noethertheorem)to its own con-
senedchage: theghostchage Q..

Thesetwo chagesQg and Q. andtheir (anti-)commutatiorrelationsform the BRS-
algebra

Q3 =0, [iQ:,Qs]=Qp, and [Q;,Qc] =0 (3.18)

which givesriseto the BRS-quartetsThealgebra(3.18)hasrepresentationis the spaceof
asymptoticfields. Becauseof the nil-poteny of Qg it follows thatthereareonly singlets
anddubletswith respecto Qg; thesewill be calledBRS-singletsandBRS-dubletdn the
following. If anasymptoticstateis denotedby |, N.) (whereN, is theeigevalueof iQ.

1For amoredetaileddiscussiorof the BRSsymmetrythereadeiis referredto [K 079],[NO90] and[K ug97
whereas detailedaccounbf theapplicationsof the BRS symmetryto the Dyson-Schwingeformalismcanbe
foundin [AvS0Q
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and« collectively denotesll otherdegreesof freedom)thena BRS-singleis characterized
by

Qpla,N¢) =0 (BRS-singlet) (3.19)
whereasa BRS-dubletis a statethatdoesnot satisfy(3.19)andcorrespondinglyulfils
Qplo, Ne) =Jo, Nc + 1) . (BRS-dublet) (3.20)

Becauseof QZB = 0 this new stateon the left handside of (3.20)is againa BRS-singlet.
The statesthat canbe written in the form Qglx, N) cannever give rise to polesin ary
Greensfunction becausdhey have zeronorm. In orderthat the dublet statescangive a
contritution to Greensfunctionstheremustbe anotherstatewhich allows for a nonzero
scalarproductwith the dubletstate. The BRS-algebrahendictatesthatthis statehasthe
oppositeghostnumberN.. This associatediubletstatewill then,of coursesatisfyitself
arelationof the form (3.20) suchthat the two associatediubletstatestogetherwith their
correspondingdaughter’-stateform a BRS-quartet.

3.3 Asymptotic Freedom and Running Coupling

Theprincipleof asymptotidreedomexpresseshefactthattherenormalizedCD coupling
constantis small only at high enegies. This is the reasonwhy only in this momentum
regimeit is possiblethathigh precisiontestcanbe performed.The runningcouplingcon-
stantof QCD o = g2/(47t) canbecalculatedn perturbatiortheoryfor large renormaliza-
tion points;onefinds

(3.21)

2 /A2
s (1) an (1_ZB‘M+___>_

" Boln(pZ/A " T B2 n(in(pZ/A2)

Herebythe constant$3; arethe coeficientsof the Callan-Symanzik3 functionwhich de-
terminesherenormalizatiorscaledependencef therunningcouplingx accordingto
0xs  Po o B1 3 B2 4

with
2
fo=11— N (3.23)
19
p1=51— 5N and (3.24)
By = 2857 — %Nf + ﬁN% . (3.25)

9 27

This behaiour of the QCD coupling constant(beinglarge in the infrared and being
smallin the ultraviolet) is the reasonfor the distinctionbetweemonperturbatie and per
turbative physics.While thelatteris well understoogincethe early daysof QCD (seee.g.
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[MP78)) it is only during the last decadethat the nonperturbatie aspectf QCD canbe
investigated.

Therearevariousdifferentmethoddo investigatehenonperturbatie momentunrealm.
Among themare e.g. lattice simulations[Kar96], [Neg97], the field strengthapproach
[SRAL90], [Qua9g, Dyson-Schwingestudies|RW94], [AvS0(J andvarioustopological
methodqTJZW85],[Nas9]. Most of the studiesup to how considerpure Yang-Mills the-
ory or QCDin thequenchedpproximationj.e. ngglectingthe effectsof dynamicquarks.

The running coupling (3.21) hasbeenobtainedas solution of (3.22). In solving this
differential equationfor «, a constantof integrationis necessariljintroduced. This con-
stant,which hasbeenintroducedonaformallevel, is the onefundamentatonstanof QCD
thathasto be deducedrom experiment.For this constanbnecould usethe valueof « at
a specialscalep, however, it correspondso the cornventionto introducethe dimensionful
parameterA. The definition of A is (in a sensekrbitrary But usuallyit is definedusing
the parameterizatio3.21)for therunningcouplingas. Thevalueof A canbedetermined
by comparing(3.21)to the resultsof experimentswhichyield e.g. ocs(M 7). This method
doesof coursedependntheorderto whichtheperturbatre expansion(3.21)is known; the
presentstateof theart gives A ~ 200 — 360 MeV [CT98] (This valuefor A refersto the
MS-regularisationscheme).Herean error of about15 MeV dueto thefinite orderof the
perturbatie expansion(3.21)is included.

3.4 Confinement

The confinemenphenomenomexpresseghe factthat all physicalstatesthat are obsered
arecolour SU(3) singlets. Thusthe only stateghatcanbe foundin the physicalspectrum
areboundstatesof quarksandgluons. For quarksthesearejust the combinationap2 2 ,
Yabpbs ey andi gy e*PY whichcorrespondo mesonsbaryonsandanti-baryons.
Thecoloursingletcombinationof gluonfieldsarejusttheglueballs.

Confinemenstateghatthefundamentaéxcitationsof QCD (quarksandgluons)cannot
beobseredalbeitthey mediatetheinteraction.Despitethe hugeefforts andtheimpressie
developmentgseee.g.[BP95H, [BP97],[vB98] and[Isg0() confinemenfor QCD hasnot
beenprovenupto now; i.e. it still hasthe statusof a conjecture Variousmechanisméave
beenproposedn orderto explain colourconfinementthe mostpromisingonesareshortly
discussedn thefollowing.

Themostelementarypictureof the confinemenmechanisnbuilds ontheideaof aflux-
tube In QED with abelianphotonsthe force betweene™ ande™ is anattractve Coulomb
law. Thefields spreadoutto infinity sincethe photonfield doesnot coupleto itself. This
is differentfor QCD: the nonabeliamatureof the gluon fields implies that it couplesto
itself. This may imply thatthe enegy minimising configurationbetweena quarkandan
anti-quarkis a tube of colouredflux. Sucha gluon field configurationwould thenhave a
potentialenegy whichis alinearly rising function of the distancebetweerthe two quarks,
i.e. the quarkswould be confinedbecausdhe enegy requiredto separatehemwould be
infinite.

Theflux-tubepicturecanbe put on a morefundamentabasisvia an analogyto super



3.4 Confinement 29

conductvity which hasbeenfirst proposedy MandelstaniMan76 and’t Hooft [tH82].
Assumethata (hypothetic)pair of magneticchages(monopoleshasbeenplacedin areg-
ulartype-Il superconductoiThenthemagnetidield betweerthesetwo chagesis squeezed
into a narrav tubedueto the Meissnereffect. As explainedabove this would thencause
alinearrising potentialbetweerthe magneticnonopoleghusleadingto permanentlycon-
fined magneticchages. This analogysuggestghatthe QCD vacuummight behae like
a type-ll colour superconductorHowever, sincein QCD the colourelectric chages(i.e.
guarksandgluons)are confinedthe QCD vacuumwould have to be identifiedwith a dual
colour superconductowhere’electric’ and’'magnetic’ are interchangedvith respectto a
normalsuperconductor

Anotherpictureof confinements known asinfrared slavery It essentiallyrestson the
behaiour of therunningcouplingos asimplied by therenormalizatiorgrouppropertiesof
QCD. Thesenecessitatthat o vanishedor large momenta The behaiour of «s for small
momentacanonly be calculatedusing genuinelynonperturbatie techniques.One might
amguethatthe large momentunbehaiour of «; is alsovalid for smallermomentaj.e. o
mightbemonotonicallyrisingin theinfrared,thusleadingto adivergencefor g2 — 0. This
would thencorrespondo aninfinite force which preventscolour singletsto breakup into
colouredfragments.

On amoreformal level one might arguethat confinemenshouldhave a definiteinflu-
enceon the Greensfunctionsof QCD, especiallyon the 2—particlecorrelations the prop-
agators.This is motivatedby the way physical(asymptotic)particlesareidentifiedin the
frameawork of a standardquantumfield theory: asthe polesof the 2—particlecorrelators
for realtime-like momentathe position of the pole giving the massof the corresponding
excitation. However, if the propagatohasno pole ontherealaxisthenonecouldinterpret
this asconfinemensignaturesincethe particle obviously cannotgo on its mass-sheland
thuscannotbefoundin theasymptoticspectrumHowever, if thepropagatohasnopoleon
therealaxisthenit musteitherhave complex polesor it musthave anessentiakingularity
somavhereor it mustbe zero. Thefirst alternatve (complex poles)hasbeenfoundto be
realizedin the confinedphaseof QED; [Mar95], [Mar96]. This is alsothe approachthat
is followedin variousboundstatecalculationswithin the Bethe-Salpeteiormalism[SB51]
andespeciallywithin the covariantdiquark-quarkmodel. The applicationsof this modelto
kaonphotoproductiorandthe implicationson the qualitative featureswill be discussedn
chapter7.

Anotherscenariowvhich is supporteddy growing evidenceis theideathatconfinement
in QCD mightberelatedto violation of positivity. Themechanisnbearssomeresemblance
to QED in linear covariantgauges:there onefinds that one hasthe (physical)transwerse
photonsbut besidesonecannotavoid introducing(unphysicallongitudinalandscalarpho-
tons. The Gupta—Bleuleconditionthendefinesthe appropriaterojectionconditionwhich
separatethe physicalsubspac®f thetotal statespace.The work of NakanishiandOjima
[KO79 shawvsthatin QCD the physicalsubspacés definedby the condition

Qglo, Ne) =0 (3.26)

Thisimpliesthatthe physicalsubspaceontainsBBRS-singletaswell asBRS-quartestates.
However, only the daughterstatesof the BRS-quartetare included, see(3.20). This re-
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sultsin a semi-definitephysicalsubspacavhereashe metric of a completeBRS-quartet
is indefinite,i.e. containsnegative norm stateswhich are projectedout by the condition
(3.26). To summarize:in the physicalsubspacehe quartetstatesdo appearaszeronorm
statesonly, phrasedlifferently: someof the quartetstatesarein the physicalsubspacéut
the probability to obsere themis zero. This is calledthe quartetmedanism This clas-
sificationof statessuggests confinementcriterion which is basedon positvity: sincethe
physicalsubspaceontainsonly the BRS-singletsandthe daughterstatesonemight check
for violationsof positiity. Thiswouldthenallow to concludethatthe correspondingtates
belongto the negative normpartof the BRS-quarteanddo thusnot belongto the physical
subspaceWhereaghe Gupta—Bleulerconditionin QED did projectout only the longitu-
dinal andthe scalarphotonsthe projection(3.26) is assumedo projectout all quarksand
gluonexcitations.This positvity violation scenariawith its link to the BRS-quartemecha-
nismwill beshawvn to nicely explain theresultsof the coupledsystemof DSEsthatwill be
discussed.

3.5 A Note on Euclidean Quantum Field Theory

Thissectionsimsatbeinga brief reminderonthebasicaxiomsof EuclidearQuantuntield

theoriesandon the relationof suchan approacho the standardsarding-WghtmanQuan-
tumfield theory Herebythe Schwinger functions(whichwill besimply calledGreendunc-

tionsin thefollowing) areintroducedanddefined;the mostfundamentabf theseSchwinger
functions,the propagator®f gluons,ghostsandquarksbeingthe mainfocusof the subse-
guentchaptersThereconstructiortheoem thatis shortlymentionedjs the basicjustifica-

tion of the presentapproach.

Quantumfield theoriescan be describedn termsof infinite hierarchiesof functions.
Therearedifferentbut equivalenthierarchieslik e the Wightmanfunctions[Wig56] andthe
Schwingeffunctions[Sch59 to mentiononly two possibilities.This sectionfocuseson the
definition of the Schwingerfunctionsand OstervalderSchradereflection positvity, see
Haagsbook[Haa9q for details.

TheWightmanfunctiong w™(x;, ... , xn) aredefinedasvacuumexpectatiorvaluesof
productsof field operators:

W (X1, .00, Xn) = (QD(x1) - - - O(xq)|Q) (3.27)

andformally thesew™ aretemperedlistritutionsover R*™. The setof functions{w™"} has
to satisfythe Wightmanaxiomsin orderto ensurethatthe {w™"} correspondo a standard
Garding-WghtmanQFT andthe additionalconstraint

(QIA*A|Q) > Oforall A = J [Td% ... %) @) -+ @(xn)  (3.28)
n k

malessurethatthe metric of the Hilbert spaceis positive semidefinite.lt hasbeenproven
[Wig56] thatthe hierarchyof functions{w™} containsthe informationthatis necessaryo

2Theterm'function’ is usedin abroadsenseijt includesdistributions.
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reconstructhe Hilbert spaceandto deduceheactionof
P(f) == J d*x O (x)f(x) (3.29)

in this spacewheref is atestfunction. Thisis known asthereconstructiortheorenfor the
Wightmanfunctions.

The SchwingerfunctionsS™(x1,... ,xn) aredefinedasthe Wightmanfunctionsfor
imaginarytimes:

S™MX1y ey Xn) 1= Wi, X, L, —iXh, Kn) (3.30)
andthey arethe Euclideanpendanbf the usualGreens functions.As therearetwo hierar
chiesof functions,{w™} and{S™} the questionariseswhetherit is possibleto translatethe
two descriptiondgnto oneanother This is answeredyy the OstervalderSchraderaxioms
[0S73],[0S7% which may be calledthe axiomsof EuclideanQFT. Theseaxiomsarethe
conditionson the hierarchy{S™} which guarantythat their analytic continuationleadsto
distributionsin Minkowski spacesatisfyingthe Wightmanaxiomsandthe reconstruction
theorem.

TheOstervalderSchradereflectionpositiity is the Euclideancounterparbf the posi-
tivity constraint(3.28)andit is definedasfollows:

D SMTOIfn @ fml) >0 (3.31)

n+m
for all testfunctionsf,,, f;, € S, (R*") wherethetensorproductf,, ® f,, is understoodis
[fno®fml(x1, .oy X, Yty oo 5 Ym) == (X1, .oy Xn) - Tm(Yt, -+, Ym) (3.32)
andthe ®-operationis definedas
Ofn (X1, ... ,Xn) i= fn(0x1,... ,0xn) With 0x = 0(x*,%) := (—x*, %) (3.33)

If the hierarchy{S™} doessatisfy OstervalderSchrademreflectionpositvity thenthe
correspondindHilbert spacewill have a positve semidefinitemetric. This equivalenceof
reflectionpositivity andof thepositvity of thecorrespondingnetricis utilizedin section6.5
whereit is studiedwhetherthegluon-andquarkpropagatorsio violatereflectionpositiity.



Chapter 4

DSEs for Gluons and Ghosts

In this sectionwe discussthe coupledsystemof Dyson-SchwingeequationgDSESs)for
the gluon-, ghost-,and quark-propagatorsHerebythe main objectie is to introducethe
formalframework; thesolutionsarediscussedh chaptel6. Having introducedhe DSEsfor
LandaugaugeQCD thesubtractiorschemas examined.Following thisthenonperturbatie
runningcouplingin this approactis identifiedandsomeof the majorconsequencesf this
identificationarediscussedTheleadingorderinfraredanalysiswill yield theinfraredlimit
of the gluon- and ghostrenormalizationfunctions; this can then be usedto deducethe
infrared behaiour of the nonperturbatie running coupling. This chapterendswith the
introductionof a scaleinvariantrepresentationf the DSEs.

4.1 DSEs of Landau Gauge QCD

In this sectionwe presentthe coupledsystemof DSEsfor the gluon-, ghostand quark
propagators.The derivation of theseDSEsrestson the fundamentabymmetriesof QCD,
especiallyonthe BRS symmetryof the Lagrangiarn(3.7). Sincethis derivation of the DSEs
aswell asthe constructionof the verticeshasbeendiscussedn greatdetailin [vS98 and
[AvSO0(Q it addsto the concisenessf the presentwork if the readeris referredto these
publications. In this sectionwe give a shortsummaryof the discussionand presentthe
DSEsfor laterreference.

Thefull coupledsystenof DSEsfor thegluon-,ghostandquarkpropagatorss shavnin
fig. 4.1. The 3-gluonvertex, the gluon-ghostertex andthe gluon-quarkvertex thatappear
in theseDSEsarethesolutionsof theirown DSEs.TheseDSEsfor theverticesthencontain
even higher Greens function. This hierarchyof DSEsis an infinite systemsof coupled
equationdor the Greens functionsof QCD. An exactsolutionto this systemof equations
is known to containall informationthatcanbe extractedfrom alocal quantunfield theory
[Haa9q (Seealsothediscussionn section3.5 which relateshe Minkowski-spaceGreens
functionsto the Euclidean-spac&reens functions.). However, an exact solutionis not
feasibleandthereforea truncationschemehasto be specifiedwhich rendersthe solution
possible. This truncationschememustreflectthe basicsymmetriesof QCD asexpressed
by the Slavnov-Taylor identities(STIs). Therefordt is advantageouso specifya consistent
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Figure4.1: Diagrammaticakepresentatiomf the DSEsfor the gluon-, ghost-and quark
propagatorén LandaugaugeQCD. Theupmostequatiorrepresentthe DSEfor thegluon-
propagato(4.1). The equationin the middleandat the bottomof thefigure depictthe DSE

for theghost-(4.2) andquarkpropagatorg4.3) respectiely. Thetwo-loop contritutionsto
the gluon DSEsare neglectedaccordingto the truncationschemethat is discussedn the

maintext.
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truncationschemdor theseSTIs and for the DSEs. The approximatgor truncated)STIs
arethensolvedto obtaintheverticeswhich areusedin the DSEs.This s the procedurdhat
is developedandappliedin [vSHA97],[vSHA98] andwhich is reviewed in greatdetailin
[AvSO0Q.

Thetruncationschemehatis usedin the presentapproachs guidedby the prescription
thatall two-loop contritutions (like e.g. the two-loop contritutionsto the gluon DSE) are
neglected. This truncationschemes appliedto the derivation of the STIsaswell asto the
DSEs.

The exact DSE for the gluon propagatorD which is depictedin the upperline of fig.
4.1is explicitely givenby

4

~ d
D, (k) = Z3[D%, (k) — ¢?NeZ; j S i0De (DG ()G (,)

1 a
- 92N | SIS eI, a)S(a)]

1 d%q
+ gchZl z J Wrﬁpa(kv 7q7p)DOCB(q)DPO'(p)rBG’V(iq)pv 7k) (41)

wherep = k + p and D® and T are the bare gluon propagatorand the bare 3-gluon
vertex. Dg andS arethefull propagatoref ghostsandquarksrespectiely andTl;, G arethe
correspondindully dresse®-pointvertex functions.

The DSE for the ghostpropagatoD g in Landaugaugeis representedby the second
line in fig. 4.1. Without ary truncationsandin full generalityit is givenby

_ 5 5 d*q .
D! (k) = ~Zak% + NeZy | 5 hrikuDel@)Gala kDl —a) . (42
Finally, for the exact DSEfor the quarkpropagatosS (whichis shavn in the bottomline of
fig. 4.1) oneobtains

STN(k) = Zy(—iK + Zmmo)
4

+gZchfJ(E‘T‘)ﬁvusm)n(q,k)%(k—q). 4.3)

The renormalizatiorconstantgelatethe renormalizedquantitieswith the correspond-
ing unrenormalizegbropagatorsmasseandcouplingconstantsThefield renormalization
constant@redefinedby therelations

Z,S=$°, Z3Dg=D¢, Z3Du =Dy, (4.4)

andthemultiplicative renormalizatiorof themassm andthecouplingg is formally defined
by therelations

249 = ¢ and Zym=m’. (4.5)
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Theremainingrenormalizatiorconstantsiretiedto therenormalizationsonstantshathave
beenintroducedthusfar accordingto the Landaugaugerelations

7y =2,23%, 71=242)%7; and Zyp=242,2)*. (4.6)

Thenonperturbatie contritutionsto the gluon-,ghostandquarkpropagatoren covari-
antgaugesarerepresentedly the deviation of therenormalizatiorfunctionsZ, G, A andB
from their correspondingperturbatie limits. Therenormalizatiorfunction Z for the gluon
is definedvia therelation

KKy

+Eg 4.7)

2
Dtk = (8 223%) E5°

andthe correspondingenormalizatiorfunctionfor the ghostaccordingto the definition

G(k?
Dg(k) = — ](@ ) (4.8)
TherenormalizatiorfunctionsA andB for the quarkpropagator
S (k) = —iKA(K?) + B(K?) (4.9)

areusuallycalledthevectorialandthe scalarself-enegy respeciiely.

The setof equationg4.1), (4.2) and (4.3) is not a closedsystemof equationsas yet
sincethe verticessatisfy their own DSEs. In orderto arrive at a closedsetof equations
onehasto imposea truncationschemewhich maintainsthe symmetriesof the theoryand
which allows to constructthe 3-pointvertices. The symmetriesareexpressedy the STIs
[Tay7] which in turn area consequencef the gauge-and BRS invarianceof the theory
However, theseidentitiesin generalcannotconstrainthe vertex completely;muchlike in
QED wherethe Ward-Takahashidentity determinesonly the longitudinal part of the full
vertex but leavesthe transwersalpartunconstrainedOtherrequirementdik e multiplicative
renormalizability absenceof kinematicalsingularitiesand the correctperturbatie limit
have to be usedto further constrainthe vertex ansatz.The truncationschemds specified
by the guiding principlethatary two-loop contritutionsto the DSEsitself aswell asto the
STlsarengylected.Thetruncationschemeandthe constructiorof theverticesis developed
in [vSHA98] andreviewedin greatdetailin [AvS0Q. In thefollowing thethusconstructed
verticesaremerelypresente@ndtheinterestedeadelis referredto the cited publications.

The3-gluonvertex is definedaccordingto

a,p

reve(p, q, k) = gf*®(2m)*6* (p + q + K)Twvp(p, 4, k) =
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whereall three momentaare assumedo point outwards. The resultthat is derived in
[AvSO0Q explicitely reads

Tvp(P, 4, k) = —AL0vi(p — q)p — Aduvilp + d)p

A_ .
_ Zm (8,vPq —P~vay) (P — q)p + cyclic perm. (4.10)

where

Ai (p‘qz) kz) =

G(k2)< G(q?) G(p?) ) (4.11)

2 \COIZ(p) ~ G(ad)Z(eP)

Thegluonghostvertex is constructedn a similar mannerasthe 3-gluonvertex. As for the
3-gluonvertex we referthereadetito [vS98 and[AvS0( wherethe derivationof thevertex
is discussedn detail. Herewe simply give the definitionfor laterreference:

Ga™(p,q,k) = (2m)*6%(p + g — k) gf***iqyGpv(a, k) =

whereall momentgpoint outwardsandtheremaining reducedvertec’ G, is definedas

. G(p?) | (G(Dz) N 1) Kudv (4.12)

Gm,(q,k) :6H‘/G(q2) G(kz) q2

Thequark-gluornvertex is constructeagccordingo the Ball-Chiu [BC804 prescriptiorand
its trans\ersepartis setequalto the Curtis-PenningtofflCP9( ansatz Thisresultingvertex
ansatzs discussedn detailin section2.3 whereit is usedto describethe electron-photon
couplingin QED; . Thedifferencebetweerthe Curtis-Penningtonertex asit is usedin e.g.
in QED; andthequark-gluornvertex in LandaugaugeQCD is dictatedby thecorresponding
STI (5.5)which atthe presentruncationlevel yields

a, p

r(p,q) = —gt“G(kZ)(r&(p,q) ; rl(p,q)) -
q k

whereT’; andr} denotethelongitudinal(Ball-Chiu[BC804, [BC80H) partandthetrans-
verse(Curtis—PenningtofiCP9(Q) part of the vertex respectiely (seesection2.3 for the
definitions).
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4.2 Subtraction Scheme

In the precedingsectionthe formal framework of the LandaugaugeDSEshasbeenintro-
duced. Theresultsof the vertex constructionhave beenpresentedguchthatthe DSEsfor
the gluon-, ghost-and quark propagatorslo now form a closedsetof equations.Starting
with the ghostDSE (4.2) andthe gluon-ghostvertex asdefinedin the last sectionthe un-
renormalizedghostDSE can be written in the form (expressedn termsof renormalized
guantities)

49 i) ]Z(pZ)G(q2)<G(p2) G(p?)

5 2
=450 N°J 2 Zp22 \G(ad) TG0

i - 1) (4.13)

wherep = k— g andwhereit hasbeenusedthatZ; = 1[Tay71]. Hereandin thefollowing
thedefinition

Pubv
D2

P(p) = 6m/ - (4-14)
is used.

As hasbeenmentionedalready:in orderto be ableto performthe infraredanalysisit
is necessaryo usea one-dimensionaapproximationfor the renormalizatiorfunctionsof
thegluonandthe ghost. The approximatiorwe userestson the thefollowing assumptions:
for g > k? oneassumeshatthe functionsZ and G areslowly varying with respecto
their agumentshusthatit is allowedto replaceG (p?) ~ G(k?) — G(q?). If all momenta
are large, i.e. in the perturbatie limit, this assumptioris well justified becauseof the
logarithmic momentumdependencef the renormalizationfunctionsfor large momenta.
More precisely:this assumptiorguaranteethe correctleadingultraviolet behaiour of the
renormalizatiorfunctionsof the gluonandtheghost.

It is anticipatedhatthe DSEsfor thegluonandtheghostwill containinfrareddivergent
terms.Therefordt would beinappropriatdo usethesameprescriptioralsofor thecasethat
q? < k?. Hereit is moreappropriatéo emplg/ anangleapproximatiorpreservinghelimit
g% — 0 of theintegrands.Thisis achieredin using: G (p?) — G(k?) andZ(p?) — Z(k?).

Usingthis angle-approximatiothe DSE for the ghost(4.13)becomes
1 . g 3NC<1 A% qq?

2 2 2 2
s — B eyt (e + [ Sadiet) . @)

In orderto eliminatethe dependencen the cutof A we cansubtractthe ghostDSE
(4.13)attherenormalizatiorpoint p?. This gives

Z42)6(12) 3 Z0)G(K)

11 g 3N/
G(k?) G(p2) 1lem? 4 \2

kZd—qz 2G(q?) — o dg®, 2)
+Jo q? 2lq7)6(a7) L 2 Z(q%)G(q%) ) . (4.16)
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Thisis therenormalizedyhostDSEin its explicit subtractedorm; thereis no cutof depen-
denceleft but the equationdoesdependon the renormalizatiorpoint u2. To male the fol-
lowing discussiomrmorelucid it is advantageouso streamlinghenotation. Thek-dependent
termsontheright handsideof (4.15)will bedenotedby

2 K 342
Xa() - 9520 (520006080 + | SEz@G)) @)

suchthattheghostDSEin its subtractedorm (4.15)now reads

1
G(p?)

= 56(K7) + |

&0 — Za(n?)] (4.18)

or in yetmorecondensedotation

cna = L6 (k%) + c(p?) (4.19)

wherec is a constantith respecto k2 but does of coursedependontherenormalization
point. Pleasenote,that ¢ is not to be confusedwith 73, the latter being UV divergent
whereas doesnotdependnthe UV cutof. Everyvalueof ¢ givesa solutionto theghost
DSE andcorrespondso a renormalizatiorpoint. Up to now the valueof ¢ is completely
unconstrained; = 0 beingonly onepossibility

It is importantto note, thatin principle, it is not possible,to split (4.18) up into two
equationspnecontainingonly the k-dependentermsandthe otheronly the u-dependent
terms.In doingsoonewould have to facetheambiguityof introducinganarbitraryconstant
accordingto

PN 2
m—ZG(k )——H_ZG(U) (4'20)

which (without furtherconstraintsannotbe distinguishedrom

] 2 .
m*ZG(k J+d=

1

2
Chd) —Xg(p)+d (4.21)

whered is somearbitrary constant. This explicitely shavs, that, in general thereis now
way backfrom the subtractecequationin the form (4.18)to a variantof the unsubtracted
equatiorwhich would containonly the k or only the i dependenterms. Thereasorbeing
thatin goingform (4.15)to (4.15)onehaslostall informationon the constanterms.

The DSE for the gluon,while beingmorecomplicatedcanbetreatedin the sameway
asthe DSE for the ghost. Without ary approximationsandwith the verticesdiscussedn
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sectiond.1the DSEfor gluonexplicitely reads

1 0N J d'q (M o2 2 1) 2?16 ?) Z(a*)G (a?)

(2m)*

—73-27,2 ¢
Z(k2) 3776

G
+N2(pz’qz,kz)[Z(Dz)Gz(pz) Z(qz)G(qz)D G(k?)
G(q?)
QZNCJ d4q

VL

([qR(k)q} (GIA)G(P?) — G(aD)G(PY)]

- [aR(P) GG (%) ) ez — 022

wheretheauxiliary functionsN; andN, aredefinedasfollows:

N¢

2
5Tk (4.22)

29 1x2 29 Ty?  (9%% +50xy + 9y?)z

N E—— R T _
1,9,2) sty Ayt t dxy
9x+y)z22 2 24xZ—10xy+y?  24y? — 10xy + X2

4xy N @ 2(z —x) 2(z—vy)

(4.23)

and

5%3 +41x2y + 5xy? — 3y>  x% — 10xy + 24y?
4x(y —x) 2(y —z)
3+ 9%y -9y -y (22 4+ 1Ixy —3y?)z  (x +y)Z?
+ + .
Xz 2x(x —y) Ix(y —x)

NZ(X)U)Z’) -

(4.24)

Furthermorghepolarizationscalarof thequarkloopis denotedy TT(k?). For thefollowing
discussiorwe will setN¢ = 0, thedetailsandthe modificationsconcerninghe quarkloop
will bediscussedh chapters.

Usingthe sameangularapproximatiorthatwe usedfor the ghostDSE we obtain

1 o*Ne ([ dg?[7q* 176> 9. , .
7o) ~ BTl (L 3% [ZF?@E]Z(‘] )Gl
A2 2 2
dg” |7k 2\ (02
R B R 4 4
+Lz q° {8q2 ] SEAL )>
2 k2 2 2 N2 2
g°Nc (3 Zquq 21221qu22
2G(k @ g oGk | . (425
e S N e R P T - Co) B e

In orderto eliminatethe cutof dependencwe subtracthe equatiorattherenormaliza-
tion point . Forthefollowing discussiorit thereforesuficesto look atthecutoff dependent
termsof (4.25),which (aftersubtractiorandup to constanfactors)are:

(5 e

k2 qz g?
7 /\quZ kquz
K| —=-zG6-7| —=zG-(k . (4.26
(52, Grze 7], Fre-tow). @29
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For the contritution
/\2
dg® ., ) J” dg®
G k — = G 4.27
(LZ G = koW ) = | 56 (4.27)

it is necessaryo be a bit more careful sincethe integrandis highly singularin the limit
g% — 0. In afirst stepwe canwrite (4.27)as:

u? qu fed 2 u? qu
—G*(g*) = li J e J —G*(a%) ) . 4.28
| et —im([ e[ Tela). @

wheree is a small numberwhich will be setto zero at the end. Now we can make the
divergentcontritution explicit:

—€ dq 5 —€ dq 5 a25 a25 0.26
—G G — — . (4.29
sz q? (a%) = sz q2 [ (a%) — 2Kb2q4'<] 2xbZedc  2kb2k4x ( )

The divergent e-dependenterm hasbeenmadeexplicit andit is cancelledby the corre-
spondingdivergentterm of the u integral. Thustheintegral on theright handsideis now
IR finite andthelimit ¢ — 0 maybetaken (for theintegral). Altogetheronethanhas:

w? d
Lz qqz G2(q?) =
(125 a25

° dq*[ 5,
(sz qZ [GH(a%) — 2|<b2q4'<] T Okb2KAk (k = H)) . (4.30)

Puttingeverythingtogethemve canwrite therenormalizedjyluonDSEin its subtractedorm
as

= 27(K?) — £z(p?) (4.31)

wherethedefinition

2 2 2
2y - 9°N¢ dg?[7q 17 q 9 k 2 2
1,02 =2, (L s et
7 5 A qu gZNc 3 ) k qu q2 5
+gk |, Grze) + e (300 || o)
1 5 0 4q?. a28 q20
— 3Gk )_sz ?[ ( )_sz2q4K] " 2kb2KAx (4.32)

hasbeenintroduced.

Again it shouldbe notedthatit is, in generalnot possibleto split the DSE in its sub-
tractedform (4.31) up into two parts;one containingonly the k-dependencandthe other
containingonly the u-dependenterms. In doing so one could againintroducean arbi-
trary constant,comparethe discussionfor the ghostand eq. (4.21). Separatingout the
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k-dependenpartandsolvingthis equationis notwrong; however, it doescorrespondo the
(additional)constraint:

1
Z(u?)

which selectsonesolutionof a oneparametefamily of solutions.

It seemgo bemorejustifiedto solve the DSEin its explicitely subtractedorm without
separatinghe k andthe i dependentermsinto two separateequations.Becausghenno
additionalconstraintof the form (4.33)is imposedandthe systemof equationss retained
in its mostgeneraform. Thereareyet other(technical)advantagesf the equationis used
in thefull subtracteqandnotagainseparatefiorm). Thiswill bedetailedin thesubsequent
sections.

—Xz(n?) =0 (4.33)

4.3 Nonper turbative Running Coupling and Renormaliza-
tion
In the Landaugaugeonehastheidentity [Tay7]]
2y =2,2Y75=1 (4.34)
whichimpliesthatg?Z (k?) G2(k?) is renormalizatiorgroupinvariant. And sincethereis no
otherdimensionfulparametepnehasto concludethat g>ZG? is a function of the running
couplingg only

9%?Z(k*)G2(k?) = f(g*(t(k),g)) (4.35)

wheret = %log(kz/uz) andg is the solutionof the renormalizatiorgroupequation

d _

—_— p— 4.

79t 9) =Blg) (4.36)
subjectto the boundarycondition g(0,g) = g andwheref is the Callan-Symanzik3-

functionwhich s therateof changeof therenormalizedcouplingwith respecto therenor
malizationpointandatfixedbarecoupling.If theproductg®Z(k?)G2(k?) is to beidentified
with the renormalizedunningcouplingthenoneshouldhave thatf(g?) — g2 for g2 — 0.
which correspond$o

Z(W*)G*(p?) =1 (4.37)

for an asymptoticallylarge subtractionpoint u, suchthatat the renormalizatiorpoint one
has

g% [Z(1®)G2(1H)] = f(g*(t(w), 9)) - (4.38)

1 g2 (t(n),9)
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Now we assumehat g2Z (k?)G2(k?) correspondso an obserable quantity This as-
sumptiorthenimpliesthatg?Z (k?)G2(k?) shouldbeinvariantunderenormalizatiorgroup
transformationgwhich correspondo finite renormalizations)

(g,n) = (g', 1) (4.39)
which entailsthat:
0" [Z(WH)G2 ()] = £(G(t(n), ) . (4.40)
1 g2 (t(n"),g")

However, this canonly bevalid if f(g2(t(k), g)) = g for all k.
Theprecedingliscussiorshavs thatg?Z (k%) G2 (k?) givesa physicallysensibledefini-
tion of the nonperturbatie runningcouplingin the Landaugauge.
The perturbatve subtractionschemewould suggesto usethe renormalizationcondi-
tions

Z(p) =G(p) =1 (4.41)

insteadof (4.37). However, if onewould extend this to arbitrary scalesthan this would
imply arelationbetweenZ andG whichis inconsistentvith theleadinginfraredbehaiour
of the solutions[vS9§. I.e. thetwo independentenormalizatiorconditions(4.41)turn out
to beto restrictive to beusedin the presentapproach.

To summarizethe nonperturbatie renormalizatiorconditionthatwe useis encodedn
theequations

Z(w?) =falg),G(n?) =fglg)  with  fafg =1 (4.42)

togethemwith thelimits f4,G — 1for g — 0.
Usingthis onecanfind anexplicit solutionof the Callan-Symanzilequationwhich can
bewrittenin theform

3(t(k),0)

z(kz)=fA(§(t(k),g).exp(—2Jg e dty(;‘(%)) and (4.43)
g
9(t(k),0)

G(K?) = fg(g(t(k), g) - exp (—zjg ’ dlfé?) (4.44)
g

whereya(g) andyg(g) aretheanomalousiimensionof gluonsandghostsrespectiely.
Theidentity (4.34)translatesnto

2val9) +valg) = —éﬁ(g) (4.45)

whichagaintellsthatg?Z G2 isindeedthenonperturbatie runningcoupling. Thisequations
canbeformally solved usingthe splitting

vc(g) :—(5—1'6(9))% and (4.46)
yalg) = (1 —zs—ze(g))@ (4.47)
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which introducedthe unknavn function e(g) andé = 9N./(44N. — 8N¢). However,
having introducedthis formal solutionof (4.45)we canelaborateon the solutions(4.43)

— 1-28 7(t( ),9) -2
zwthfﬂﬁﬂ> MQmmmHm(4gkgﬂﬂg}, (4.48)

9% g B(L)
2 1) a(t(k),q)
G(k?) = KW) fg(g_(t(k),g)} [exp(ZJg ’ dl%)] . (4.49)
g

This formal solution of the Callan-Symanzilequationespeciallydemonstratethat the e-
dependentermscancelin the productZG? suchthatthe renormalizatiorcondition (4.42)
is explicitely verified.

Theformal solution(4.43) motivatesthe ansatz

o (FN'72, s (FN® T

which definesthe auxiliary functionsF and R and usesthe definitionsx = k?/c and
s = p?/o for the external momentumk and the renormalizationpoint u. Herebythe
(RG invariant)scale,/o hasbeenintroducedwhich is asyet undeterminedThe definition
(4.50)obviously implementgherenormalizatiorcondition(4.42)which amountgo:

7G?=——" = ZG*} =1. (4.51)

2

W

The nonperturbatie running coupling g2 is then proportionalto F. This constantof
proportionalityis fixedto be 3
g ]
4 AnPy

Bog”(t(k),0) =F(x) = as(p) F(s) - (4.52)

Pleasanotethatthevalueof F andR is notconstrainedhn any way by therenormalization
condition (4.42) sinceR cancelsand F doesoccuronly asa fractionin (4.51). Phrased
differently: it is simply the form of therelationbetweenZ, G andF, R thatguaranteethat
(4.42)is satisfied,i.e. the renormalizationcondition (4.42) is satisfiedregardlessof the
functional shapeor the valuesof F and R in the perturbatre domain. This reflectsthe
reducedhumberof renormalizatiorconditions;the perturbatie subtractionschemewould
imposethetwo conditions(4.41)on thefunctionsZ andG. Thenonperturbatie extension
of this perturbatie subtractionschememposesonly one condition on the productZG2.
This hasto be keptin mind sincethis will turn outto be the key to selectbetweena one
parametefamily of solutionswhichwill befound.

4.4 Leading Order Infrared Analysis

Theinfraredbehaiour of thegluon-andghostrenormalizatiorfunctionsZ andG will turn
outto bethemostinterestingaspecbf the solutions.Thisis becausghe IR behaiour of Z
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andG determinesheinfraredbehaiour of therunningcouplingandit will alsogive aclose
connectiorto the Kugo-Ojimaconfinementriterion[Kug94,[WAO01]. In thefollowing the
leadingcontrikution to the IR behaiour of Z andG will be derivedanalytically

To this endwe startwith the ghostequationin theform (4.13)wherethe angleapprox-
imation hasalreadybeenused. The left handside of the equationdoesessentiallydepend
only ontheproductZG which mustbehae like

ZG(x) ~x< for x—0 (4.53)

in the deepinfrared. The power k might be zeroor nonzero. However, if it is zerothen
one cannotavoid logarithmicsingularitiesin (4.13)thatwould occurin thelimit x — 0.
The specialcasethat k = 0 would imply that ZG becomesconstantin the IR; in this
casethe ghostequation(4.13) necessitatethat G becomemegative for small momenta.
This, however, would then conflict with the correspondingwrong-statistics-sighof the
ghostpropagatar Thereforeonehasto concludethatk = 0 doesnot leadto anacceptable
solution. This alsogivesa possibleanswerasto why the constanin the subtractedyhost
equation(4.19)hasto bezero;if it werenot, thenit would leadto the sameconclusiorthat
have beendrawn for the casethatk = 0.
We proceedassuminghatk # 0 andthe ghostequation(4.13)immediatelytells that

-1
G(x) — (gzyg E — %]) ¢ 'x™* and (4.54)

1 1

Z(x) — <gzyg {E — E]) c2x?« (4.55)

forx — 0. Herebyyg = (1/(16m%)(3N./4) is the leadingcoeficient of the anomalous
dimensionof the ghostfield. For the reasonghat have beendiscussedbove we assume
that G(x) is positive for all x > 0 andthatZ(x) is positve in theinfrared;the integral in
(4.13)thenyieldsthe constrainthat

O<k<2. (4.56)

Up to now all resultshave beenobtainedusing only the ghostDSE, i.e. the leadingIR
behaiour (4.54),(4.55)andthe constrain(4.56)will remainunchangedirespectre of the
contrikutionsto thegluonDSE.

Onenow substitutegsheseresultsin the gluon DSE (4.25). Looking atthe variouscon-
tributions onefinds that the ghostloop behaeslike ~ x=2* in the deepinfraredwhereas
the gluonloop contritutes~ x* for smallmomentaj.e. the gluonloop is very subleading
in theinfrared. This hasto be comparedo the Mandelstanapproximationvherethe ghost
degreesof freedomare neglectedwhich thusyields a completelydifferentqualitative be-
haviour of the gluon self enegy [HVSA98]. Substitutingthe leadingIR behaiour (4.54),
(4.55)for thefunctionsZ andG in thegluon DSE (4.25)we find that

9/3 1 11!
Z(X) — gz'YgZ (zz n: — g + E) CZXZK . (457)
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Comparingthe coeficientsof thetwo solutions(4.57)and(4.55) onefindsthat

(3 1 1 1 > 9(1 l) 61 £ 1897
= :> K—=——"—7"—.

27 % 374) "3 19

3 (4.58)

One of the two solutionsfor k hasto be discardedbecausef the constraint(4.56) thus
giving the uniquesolution

61 — /1897
K:T

Pleasenotethatthis resultfor the power k hasagainbe derived usingonly theleading
IR divergencein thegluonDSE which is dueto the ghostloop only. Any othertermthatis
subleadingn theinfrared(i.e. thatis lessdivergentthanx—2%) cannotinfluencethesecon-
clusions.Thiswill beusedwhenthe quarkloop contritution to thegluonDSE s discussed
in chapters. It is interestingto notethatusingbareverticesinsteadof the nonperturbatie
onesthatareemplo/edin the presentipproactonefindsthatk ~ 0.7 [AB98b],[AB98a].

Theleadinginfraredbehaiour of Z andG whichis givenby (4.54),(4.55)togethemwith
theresultfor thepower k (4.59)determinealsothe IR behaiour of the runningcoupling:

~0.92. (4.59)

1
$2Z(A)G2(2) = (k) g) — (v(? P - 1]) g (4.60)

K 2
for k? — 0. Usingtheexplicit value(4.59)onefindsthatg2 ~ 119.1 which correspondso
xe = g2/(4m) ~ 9.48.

Theleadingorderinfraredanalysishasbeendoneusingthe DSEsfor Z andG. Equally
well onecouldhave startedwith the correspondingquationdor F andR which arerelated
to Z and G via (4.50). However, the resultscanof coursebe directly translatedand one
finds:

F(x) = a = pog> and R(x) — bx" (4.61)

for x — 0. This impliesthatthe infraredlimit of F dependgvia 3o) on the numberof
flavoursN¢. SincegZ ~ 119.1 onefindsthatthelR limit of F rangeshetweena = 8.29 for
N¢=0anda =5.28 for Ny = 6.

This leadingorderinfraredanalysiscould now be extendedusingfor x — 0 theexpan-
sions

X=N
F(x) =a Z D - K TvAT3K+(142K)

1,mn=0

= 0.(] +Do]on+D]00X]+2K+D00]X3K+...) and

N (4.62)

R(X) — xp Z Cimn - xmv+n3|<+1(]+2|<)

1,m,n=0

=x*b (] + Co]oXV + C]ooXhLZK + Coo]XsK +.. )
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for F andR. Theseexpansionare then substitutednto the gluon- and ghostDSES;then
one cancomparethe coeficients of the IR diverging contrikutions and canthusderive a
systemof equationsfor the coeficients. The solution of this systemof equationsthen
givesthe power v andthe coeficients Ci,,,n and Dy, This extendedinfrared analysis
which takesinto accountthe leadingaswell asthe subleadingermsin the R is necessary
if the gluon equationis separatedgainafter it hasbeensubtracted.Becauseotherwise
therewould be a one parametefamily of solutionsto this separatedjluon equationand
the iterative procedurewould yield ambiguitive results. This is linked to the fact the this
extendednfraredanalysisunavoidably containsoneundeterminegharametet whichis not
fixedby the systemof equationdor the power-v andthecoeficientsCy ., andDy. This
is not a deficieng of the IR analysisbut it simply corresponddgo the fact that only one
renormalizatiorconditionhasbeenused thusleaving a oneparametefamily of solutions.

In short: from atechnicalpoint of view onecouldsaythattheleadingorderIR analysis
is necessarto allow for stablenumericalresultswhile theextendedR analysids only nec-
essanyfor thesubtractecndagainseparatedluonequatiorwhereit effectively implements
thesecondenormalizatiorcondition.

If thesubtractedut notagainseparateéorm ((4.31)or (4.71))of thegluonDSEis used
for the calculationghanthis extendednfraredanalysisis not necessargincethe condition
(4.75) (seenext section)is usedto selectone of the solutionsout of the one—parameter
family.

4.5 Scale Invariant Representation

In thelastsectionthenonperturbatie definitionof therunningcouplinghasbeendiscussed.
Thisleadto therepresentatio(d.50)of therenormalizatiorfunctionsZ andG of thegluon-
andtheghost-propagataespectiely. Therelation(4.50)defineghefunctionsF andR and
the DSEsfor thegluon (4.25)andthe ghost(4.15)canof courseberephrasedn termsof F
andR. But this sectionwill notjust give the correspondingranslationsof the equationsn
sectiond.2; theresultsof the discussiorconcerningthe nonperturbatie runningcoupling,
therenormalizatiorandtheinfrared(IR) analysiswill allow to elaborateonthis.
Using (4.50)oneobtainsfor theghostequation(4.15)

. L
ri((i)) —73-% GR(X)F”(x) - L ‘L—UR(y)F” (y)> (4.63)

whereL andx the cutof andthe externalmomentumin units of the scalec. In orderto
obtainthis equationit hasbeenusedthat

2
9 § -1 _ BoNc 2 —1 9
Terza eF(s) _<487t29 Fs) NN, (4.64)
B 9
= 24— 8N;/N.

=0
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with Bo = 11 — 2N¢/N, and. We cannow againsubtracthe DSE (4.63)attherenormal-
izationpoints = p?/c in orderto eliminatethe cutof dependenceThisyields

R(x) R(s) = =
FG(X) - Fé(s) = ZG(X) - ZG(S) (465)
wherethe abbreiation
Zale) = (~3R0F S+ | PRl o) (4.66)
oY

hasbeenused.(Thebarover X is meantto distinguish(4.17)and(4.66).)
TheinfraredanalysisyieldsthatF andR behae in the IR accordingto

F—a and R— bx“. (4.67)

Using this analytically known IR behaiour we candeterminethe IR limit of }fG (x) and
find that

So(x) =0 for x—0 (4.68)

asit mustbethe caseif G is IR divergent. However, this entailssomeimmediateconse-
guencedor therenormalizatiorof the ghostDSE. The preliminaryanalysisin section4.2
leadto the conclusionthat,in principle, thereis an (arbitrary)constantn the ghostequa-
tion (compare(4.19)). Thereit hasbeendiscussedhatin generalthereis no reasorto set
this constantequalto zero; even more: it might be impossibleto setthis constantconsis-
tently equalto zero. However, the IR analysistells thatc(u?) = 0 for p2 = 0, i.e. it is
completelylegitimateto usec = 0 in the ghostequationandit correspondso the renor
malizationpoint u> = 0. (Seealsothe discussiorin section4.4 whereit hasbeenagued
thatc is zerobecaus®therwiseog-termswould appeaiin the ghostequationwvhich would
thenleadto inconsistencies.JThelR divergentbehaiour of the ghostpropagatois adirect
consequencef ¢ = 0. Onthe otherhand,the Kugo—Ojimaconfinementriterion[Kug9g
is linked to the the basicfact thatthe ghostpropagatoiis IR enhancedascomparedo a
simplepole). This stronglysuggestshatc = 0 is the only consistenpossibility which is
alsosupportedy thework [WAO1].

Onecannow usethe definitionof F andR (4.50)to rewrite the gluon DSE in termsof
thesefunctions.The pendanof equation(4.25)is

F1725(S)

2 Ne/(*dy,7y% 17 9 F(x)\1—
b B =7 21ee y (% e e R

1em2 3 \Jy x '2x2 2x 8

Fdy 7x F(x)\1-s

] ey MR
9> Ne(3(F(x) (FdyyPP(yF(x) T1F¥x) 1 ([ dy FP(y)

+—?( (R(x) J(,?? RWIR(X) 3 RI(x) +ZL )

2

16m2
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TherenormalizatiorconstantZ; multipliesthe contritutionsof the 3-gluon-ertex. The
correctscalingbehaiour for Z3 would be Z3 = (F(s)/F(L))'~2%. Usingthe scalingbe-
haviour of Z3 = (F(s)/F(L))® this thenwould imply (via the STI Z7 = Z3/Z3) that
Z1 = (F(s)/F(L))'=3® thusviolating Z; = 1. However, this would introduceadditional
scaleandcutoff dependenci the gluonDSE. And especiallythe cutof dependenckeads
to ultraviolet diverging contritutionsfrom the the 3-gluonloopif 1 — 36 > 0. Thiswould
bethecasefor N < 7 andthis divergencecould notbe absorbedn ary way.

Thereforejn the presentschemaet is not possibleto imposebothat the sametime: the
Landaugaugeidentity Z; = Z3/Z3 andthe correctleadinglog behaiour which is known
from perturbatiortheory Thereforet seemshattheSTI Z; = Z3/ 73 hasto beabandoned
in the presentapproach.(lcanbe shovn thatit doesnot leadto consistentilternatvesto
abandorthe correctanomalousiimensiongvS98§.)

While it isin principle possibleto useZ; = 1 thiswould notyield the correctperturba-
tive behaiour of therenormalizatiorfunctionswhile it would notalterthe IR behaiour of
the solutions. In orderto reproducehe correctshort-distancdehaiour one hasto retain
the scaledependencef Z3. A reasonableesolutionto the conflicting constraintson the
scaleandthe cutof-dependenceanbe obtainedby setting

B F(S) 1-3%

wherey is theloop momentumn unitsof thescaleo.

Having discussedhis additionalproblemwe cannow proceedandcanagainsubtracthe
equationat the renormalizatiorpoint s = p? /o which eliminatesall pureconstantsn the
equation.However, the gluonequationdoescontainonetermwherethe cutof-dependence
cannotbeeliminatedsinceit doesdependntheexternalscale.Usingmanipulationgvhich
arequitesimilar to thosethatleadfrom (4.25)to (4.31)wefind

1 1

RZ(x)F1-28(x)  RZ(s)F1 2(s) I(x) —Z(s) (4.71)

whereX (x) is definedas

= . 1 [(*dy 7y2 17y 9 X 2
Z(X)_HUO?(EQ7;§+75)R(y)F (y)
7 (F dy 25 1 [3/F(x) (*dyyPF(y)
3 J 2R (y)] I [i< R(x) L * x R(y) )

1 F26 1 > F25 25 1 25
BN —J Pl oo, 1 a . (472)
3\ R%(x) 2)o vy "Ry by’ 4k bIx2k
Theonly formal cutoff dependencthatremainss containedn theterm

L
g | SRWIP (4.73)
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andit cannotbe absorbedisinga subtractre schemesinceit is multiplied by the external
scalex. Termsof thiskind canin principleonly berenormalizedusingmultiplicative renor

malizability. However, pleasenotethatthis termis finite in thelimit L — oo andtherefore
thereis no needto renormalizeit.

It hasalreadybeendiscussedhatthe equationin the subtractedorm (4.71) cannotbe
separate@gaininto two equationsseethediscussiorin sectior4.2. For theghostequation
it could bearguedthatthe constanthat consistsof all the u-dependentermscanbe setto
zerowhich in that casecorrespondso the renormalizationpoint © = 0. The reasonfor
this beingthat Z goesto 0 in theinfrared. This is differentfor the gluon DSE. The latter
containsthe ghost-loopcontritutions which go like x 2% andthusare highly divergentin
thelR. This entailsthatonecanneitherconcludenor excludethat

1 —
R2(s)F1—25(s) —2X(s)=0 (4.74)

is a consistenpossibility
Thevalueof

1

RS 2(5) const. (4.75)

is notfixedby the DSE andhasto be supplementedsanadditionalconstraintwhich effec-
tively incorporateghe secondrenormalizatiorcondition (besidesZG?(n) = 1). Without
this secondconstraintthe subtractedequationsvould allow for a one parametefamily of
solutionsthe parametebeingthevalueof (4.75).



Chapter 5

Dynamical Quarks

This chaptercenterson the quark DSE and on the quark loop contrikution to the gluon
DSE.FirstthequarkDSE s discussedndthe projectionontothe scalarandvectorialself-
enegiesis done. It is the thus obtainedform of the quark DSE thatis usedto calculate
the numericalsolutionsthat are presentedn the chapter6. Following this the quarkloop
contrikution to thegluonDSE s examined.Herethediscussiomwill emphasiz¢heinfrared
behaiour of the quarkloop andespeciallyits renormalizatiorwill be discussedn detail.
This chapterthus presentsall formal ingredientgbesideghosethat have beenintroduced
in sectiond.1)thatarethenusedto obtaintheresultsthatwill be presentedn chapter®.

5.1 The Quark Dyson-Sc hwing er Equation

The DSEfor the quarkpropagatois givenby

_ - 4 d* N
$(p) = 228, (p) + %213 | (g nuS (IR (6 PID™(p—K) . (5.1)
Hereandin thefollowing S denoteghe full fermion propagatomhich in its mostgeneral
form canbewritten (for Euclideanmomenta)

$~'(p) = —iBA(P?) + B(p?) (5.2)

therebyintroducingthe two scalarfunctionsA and B which areusually calledthe vecto-
rial andthe scalarself-enegy respeciiely. Sy denoteghe barequarkpropagatomwhichis
obtainedirom (5.2) by settingA = 1 andB = my.

Thefull gluonpropagatofin Landaugauge)is denotedby

2
DWW (p) = (&W - p:‘iz)u) Z;pz ) (5.3)

2 1-26
T e
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wherex ands denotethe externalscalep? andthe renormalizatiorpoint u? in units of the
scalec. Theparameterizatioof the gluonrenormalizatiorfunction Z in termsof F andR
hasbeenmadeexplicit for laterconvenience.

In section4.1 it hasbeendiscussedhat the presenttruncationschemeamountsto a
simplified STI which hasto be usedto solve for the quark-gluonvertex. To the extentthat
thequark-ghosscatteringkernelis neglectedthis identity reads

G (PH)KMTu(p, q) =1S " (p?) —iS ' (q?) (5.5)

wherethe essentiadifferenceto the Abelian Ward-Takahashidentity (WT]I) is the addi-

tionalfactorG—1(p?) ontheleft handside.However, this additionalfactordoesnot change
the way one solvesthe WTI (seethe detaileddiscussionin section2.3) andthe solution

correspondinglyeads

S
Mu(p,q) = G(k?) (r& + rj) = %y) (%) (r& + rl) . (5.6)

Herebythe contritutionsTt andT"T referto thelongitudinal(Ball-Chiu [BC804, [BC80H)
andtranswerse(Curtis-PenningtofiCP9(Q) partof the full vertex asspecifiedn (2.32)and
in (2.37)respectiely. The F, R-dependenchasbeenmadeexplicit in (5.6) for later conve-
nience.

It is to be notedthat the longitudinal contritution TT (i.e. the Ball-Chiu part of the
vertex) alonewould give rise to logarithmic divergencesin the quark DSE. Thesewould
thenhave to be absorbedn Z, thusleadingto Z, # 1. The transwerseCP—contrilntion
assureshatthesedogarithmicdivergencesarecancelledhusgiving Z, — 1. Thishasbeen
shawn for the caseof QEDy. For the presentruncationschemehis impliesthatthe ghost
factorG hasto multiply the BC andthe CP partin thesameway.

From the identity Z1¢ = 251 and from the scalingbehaiour of 23 we find thatin
Landaugaugeonewould have

5
ZiF = (@) —0 for L— (5.7)
F(s)
wherel ands denoteagainthe UV cutoff andthe renormalizationpoint in units of the
scaleo. This cutof dependencef the vertex renormalizationconstantwould make the
self-enegy contritutionsto the quarkpropagatoequalto zeroin thelimit thatL — oo.
This is very muchthe sameproblemthat hasalreadybeenencounteredor the renor
malizationconstantZ;; therewe alsofoundthatthe cutof dependencef Z; couldnotbe
cancelledn ary way. Thereforeit seemaecessaryo usethe sameprescriptionasfor Z;
or moreprecisely:

F(s)

wherey denotesthe loop momentumin units of o. At presentthis hasthe statusof an
additionalprescriptionwhichis necessaratthe currentlevel of truncation.

[
Zyy = (E) (5.8)
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Usingthis prescriptionfor Z; onecanwrite thequarkDSEin theform

4
51(9) = 2289 + Zur g [ st ()

3Bo
2 2
<5M_ q:g“)F(q /o();(q /9) (5.9)

with ¢ = p — k andwheretherelationg?(s) = F(s)/Bo hasbeenused.

For the numericalsolutionit is adwantageoudo first transformthe quark DSE in the
form (5.1) to a coupledsystemof equationdor the self-enegies A andB which have been
definedin (5.2). Thisyieldsthefollowing systemof equations:

4 2 2
A(p?) = Zy + Zip o qu F(k2/0)R(K?/0)

3Bo J (2m)* K2(q?A%(q?) + B2(q?)
(%{3(p2+q2)<p,q> - 20%q*(1+22) ]:2 (AP?) + Ala*)Ala?)
~ [P2a%(p? + 0)) 5 AA (D, a)ALa) ~ 2[p6%) 5 AB(p, a)B(a?)

+§<q,p>0(p,q)(A(p2)A(qz))A(q2)>, (5.10)

2
4 [ d'q  F(K/0)R(K?/0)
Biv?) = ZoZom+ 2o | ety + b
1
(%(A(pz) +Ala?)B(a?) + 2(p*a* — (p, )*) 1 30A(p, 4)B(a”)

1
—2(p*q* — (p,q)?) ZAB, q)A(q?)

L300, q)(Al 2)—A(q2))A(q2)) . (5.11)

N

For the gluon-andthe ghostDSE a specificone-dimensionahpproximationhasbeen
usedto investigatethe behaiour of the renormalizationfunctions Z and G in the deep
infrared. Note that the one-dimensionahpproximationis necessaryn orderto allow for
the analyticinfrared analysis. The specificangle approximationthat hasbeenusedhas
beenexplicitely constructedo maintainthe behaiour for infraredaswell asfor ultraviolet
momenta. It turnsout thatthe quark DSE is different. The equationfor A is assumedo
be the mostinterestingof the two self-enegies A andB of the quark. This is because3
is in a sensdixed by the patternof chiral-symmetrybreaking. Thereforeone could aue
thatary confinemensignaturehasto befoundin A. Usingthe sameprocedureasfor the
gluon-andghostDSE onewould emplgy a one-dimensionahpproximationfor the gluon
renormalizatiorfunction Z andfor ary nonperturbatie ingredientthat might enterdueto
the vertex. However, onefinds that ary one dimensionalapproximationthat neglectsthe
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Figure5.1: MomentumRoutingfor the quark-loopcontritution to the gluon DSE.

angulardependencwill resultin A(p?) = 1 for all momentap?. |.e. in thequarkequation
all informationonthevalueof

lim (A(p?) —1) (5.12)
p2—0

is containedn the angulardependencef Z(q?) asit entersthe DSE for A dueto its de-

pendencen the gluon propagatar While the infraredlimit of A is thereforenot knowvn

analyticallythe resultsto be presentedater (seechapter6) will shav that A becomegon-

stantin theinfrared. Any possibledivergence(e.g. of A in theIR) would definitely spoil

the stablenumericalsolutionthatis found. Thereforeonecanconcludethatin the present
truncationschemeA becomesonstantin the infrared. The resultsthat are discussedn

chapter6 alsoshav thatB becomegonstanin theinfrared.

5.2 Quark-Loop Contrib ution to the Gluon DSE

Up to now the effect of the quark-loopin the DSE for the gluon propagatohasbeenne-
glected.In this andthefollowing sectionghe quarkloop andespeciallyits renormalization
arediscussedn detail. The qualitative influenceon the resultsfor the gluon- and ghost
renormalizatiorfunctionsis discussed.To this endthe infraredlimit of the quarkloop is
derivedandputinto relationwith therenormalizatiorscheme.

Thecontritution of thequark-loopto the DSEfor thegluon propagatoD;‘, is depicted
in fig. 5.1andit givenby

N
*QZZ]FTHLW(]D) (513)
whereZr is the vertex renormalizatiorconstantand N is the numberof quarkflavours.
Thepolarizationis explicitely definedas

4

My = =0T | Ggtr (nSKIN (K, @)S(a) (5.14)

whereq = p — k. Thecolourmatrix 5¢° hasbeenfactoredout andT; is the colourtrace.
Thevertex I, is thefull quark-gluorvertex in Landaugauge As suchit is thesolutionof its
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own STI, seethediscussiorin section4.1andin the precedingsection.The solutionof the
approximateSTI which neglectsthe quark-ghosscatteringcernelgives(5.6). In thepresent
approachwe neglectthe subleadingontritutionsof the vertex andretainonly its dominant
structure.For QED; it hasbeenexplicitely verifiedthatthe subleadingcomponentsf (5.6)
dochangedheresultsby lessthan5% (evenin thevicinity of the phasedransition).Sincethe
resultsfor thequarkpropagato(thosefor QED; andthosethatwill bepresentedn chapter
6) arevery similarin the sensghat A andB becomebothconstanin theinfraredit canbe
safelyassumedhatthe contrikution of the subleadingcomponentsill be of the order of
5% or lessalsofor the caseof QCD. In this approximatiorthe vertex explicitely reads

n0) = S (A(K) + Ala)) v (515)

This vertex containsthe multiplicative ghost-&ictor G which entersvia the solutionof the
approximateSTI (5.5) andwhichis the primary differencebetweerthe quark-gluonvertex
in Landau-gaug®CD andtheelectron-photorvertex in QED. Besidesheingthedominant
contritution to the verte, the approximateform (5.15) also hasthe correctperturbatie
limit.
As hasbeendiscussedn sectiond.1;thegluonrenormalizatiorfunction Z is extracted
by applyingthe projector
kMkY
k2
to thegluonDSEfor theinversepropagatorD;J,. In orderto derive the quark-loopcontri-
bution to the DSE for the renormalizatiorfunction Z we have to apply the sameprojector
the polarization(5.14). Thisyields:

RMY = §%Y _ 4 (5.16)

REY(K)DGM™ (k) = 3k*/Z(k*)  and (5.17)
R¥Y (k) TTv (k) = R¥Y (k) (kzém, — kuk\,) (k) = 3k2TT(k) (5.18)

wherethepolarizationscalarlT is definedas:

1 [ d'%% G
M) = 225 [ GRSt [S2 (A0 + Ala)wlsial) . 6:19)

Now we canwrite thefull gluonDSE for thegluonrenormalizatiorfunction Z with the
quark-loopcontritution included:

1 Ne (€ dd®[7a* 172 91, 2
—73+7Z o T 4 z
7))~ BT (L 2 |3@ 72 g|Ala)eld)
A2 2 2
dq2 [7k U
L2 71 2(6%)6
Lz q2 [8q2 ] a7)Gla ))

2 k? 2 2 A? 2
g°N¢ (3 2J dg=q” . o> 1 502 1J dg” > >
+ o (o) | Shbeied - 60+ 5[ S eda

N
— gzz1F7fn(p) . (5.20)
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Thisform of thegluonDSEreliesonthetheangle-approximatiofseesectiord.1)whichis
usedfor everythingbut the quark-loopcontritution. In this form the equationstill contains
therenormalizatiorconstantZ; andthe prescription(4.70)hasbeenusedin orderto obtain
the correctscalingbehaiour.

ThegluonDSE (5.20)cannow betranslatednto anequationfor F, R usingtherelation
(4.50). This equationcanthen be subtractedat the renormalizatiorpoint p? to give the
extendedform of (4.71)which doesnow alsocontainthe quark-loopcontrikution

1 1

RZ(x)FT-25(x) RZ(s)F1-25(s) =
&

(f(x) — g ZypF 2 (s) 5 mp)) - (f(s) - gzsz‘Z&(s)%ﬂ(p)) (5.21)

whereX is definedin (4.72).1n this subtractiorstepall cutoff dependencehouldhave been
cancelledandonly cutoff independentermsshouldremain. However, onehasto keepin
mindthata subtractre renormalizatiorschemewill only work if all cutof dependenterms
appeafaspureconstantgindependenof the externalscalex). We will investigatevhether
thisis the casefor the quark-loop.

In the following sectionswe will discussthe renormalizationof the quarkloop. It
will turn out thatits infrared behaiour cannotbe disentangledrom the renormalization
prescriptionthat is used. Thereforeit is advantageousaind necessaryo first derive the
behaiour of the quarkloop in the deepinfrared. To this end we needa more explicit
expressiorof the polarizationscalarT.

In orderto find a more explicit expressionof the polarizationscalar(5.19) one hasto
evaluatethetraceandthe projection;

RMY (p)tr (v KA (K)? + B(k)*ly~[dA(q)? + B(q)?] =

4(—2k* —6(p, k) + %(1@, k)?)A(k)A(q) (5.22)

usingthis we obtain:

11(p) = 33261p) 557 | €112, (1105, ) (5.23)
with theangularintegral
I(p,k) = r: dz /1 — 2(A(k) + A(q)) 0y (q) (2 + 3pkz — 4k?22) (5.24)
andthe abbraiation
oy (k) Alk) (5.25)

= K2AZ(K2) + B2(k2)

Herebywe usedthedefinitionthatz = cos(6) where® is theanglebetweerthe Euclidean
four vectorsp andk.
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5.3 Infrared Behaviour of the Quark Loop

The analytic infrared analysisof the coupledsystemof DSEsfor the gluon- and ghost-
propagatorseesection4.4) revealedimportantinformation on the solutions. First it was
foundthatthe nonperturbatie runningcouplingdoeshave aninfraredfixed point. This IR
behaiour of the runningcouplinghasbeenfound usingonly the leadingIR behaiour of
thegluon-andghostrenormalizatiorfunctionsZ andG. Thereforeit is of coursdanteresting
to seewhetherthis leadingIR behaiour of the renormalizatiorfunctions(andthusthe IR
fixed point of therunningcoupling)is changedjualitatively by theinclusionof the quark-
loop. For the gluon—ghossystemit hasbeenfoundthatthe leadingcontritution in the IR
comesfrom the ghost-loopin the gluon DSE andthatit behaeslike x 2% with k ~ 0.92.
This givesriseto the next question:Doestheinclusionof the quarkloop changethe value
of k?

In orderto answerthesequestionswve have to find an analytic expressionfor the IR
behaiour of the quarkloop. Assumingthatp? — 0 we cansimplify the angularintegral
(5.24)sincein this limit

1 1
A(gs) a2 + M?(q-)

with the abbreiation g~ = max(p?,k?). (Herewe assumedhat A andB will become
constantin the deepinfrared; an assumptiorthat will be shavn to be justified oncethe
completenumericalsolutionhasbeendiscussed.)Jsingtheseapproximatexpressiongor

A ando, we canevaluatetheangularintegral (5.24)andfind

A(g) ~A(g>) and o,(q)~ (5.26)

Ak +A(gs) T [
10,10 = A i (e Ve
—4k20c[oc2—%—oc\/oc2—1]—|—3pk[o¢2—%—oc\/oc2—l]> (5.27)
where

o PP+ M (g5)
2pk

(5.28)

Sincewe considerthe limit thatp? — 0 it follows that « is very large (anticipatingthat
M?2(q-) > 0). This allows to expandtheresult(5.27)in powersof 1/«. Usingthe expan-
sions(for o > 1)

oc—\/ocz—1:l+ 1 + ] +... (5.29)

200 83 1605
1 1 1
2 v -1 — 4 —
o — 5 —ave 3o + 1o +... (5.30)

onefindsthatthe leadingpower of the first andthe secondcontrikution to (5.27) cancels.
The result of this expansioncan then be expandedin powers of p? and thus yields the
infraredbehaiour of the quarkloop.
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Puttingeverythingtogetheronefinds thatthe polarizationscalar(5.23) behaesin the
deepinfraredlike

M(p) — G(P)Ar]? (”o + 1T 'Dz) for p2—0 (5.31)
with
2 s el 3 %
Mo = 3 Jo dk (k2 + M2(k2))2 [i Yz Mz(kz)] (5.32)
& Kooy(k)  A(K) +A(g>) K2
_ 2 B
th= Jo dx (k2 +M2(k2))*  A(gs) [ K2+ Mz(kz)] (5.33)

This shaws thatthe quarkloop in the gluon DSE behaesin the deepinfraredlike the
ghostrenormalizatiorfunction G which enteredhe quarkloop via the quark-gluonvertex.
ThelIR behaiour of the quarkloopis thusa consequencef theapproximateSTI thatgave
this vertex. For Ny = 0 it hasbeenfound (seesection4.4) that the ghostrenormalization
function G behaeslike x * in the infrared. For the gluon DSE thatimmediatelyimplies
thatthe ghostloop (~ x %) is still the dominantcontrikution in theinfrared. In short: the
guarkloopis subleadingn theinfrared.

TheconclusionsoncerningheleadinglR behaiour of thegluon-andghostrenormal-
izationfunctionsZ and G thathave beendrawvn in section4.4 rely only ontheleadingIR
divergentcontritution; i.e. on the factthatthe ghostloop is the dominantcontritution in
theinfrared. Sincethis is not alteredby the inclusionof the quarkloop we find the result
thatalsofor Nt > 0 onehasin Landaugauge

2k

Z—=x and G—x * (5.34)

for smallmomenta.l.e. alsowith quarksincludedwe find thatthe ghostpropagatolG is
infraredenhancedascomparedo the perturbatie simplepole)andthegluonrenormaliza-
tion function Z is infraredvanishing,leadingto anIR suppressedluonpropagatar

Theinfraredanalysisin section4.4 shaved thatalsothe value k doesdependonly on
theleadinglR divergencein the gluon DSE. This immediatelyimplies thatthe value of
is not alteredby the inclusion of the quarkloop. l.e. alsofor Ny > 0 onestill hasthat
k =~ 0.92. Thisresulttogethemith (5.34)saysthattheleadingIR behaiour of the gluon-
andtheghostrenormalizatiorfunctionsZ andG is notaffectedin ary way by theinclusion
of thequarkloopin thegluonequation.

ThisleadingIR behaiour of Z andG thenimmediatelyimpliesthatthenonperturbatie
runningcoupling

1
2502 _
g?ZG? = 47c(f’>oF (5.35)
hasaninfraredfixedpointalsofor N¢ > 0. Theinfraredanalysisn sectiond.4 shavedthat
thelR limit of F depend®n N; correspondingo
a(N¢ > 0) a(N¢ =0)

FO) = alNg) with o S = o = (5.36)
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andthisresultdoesagainrely solelyontheleadingIR divergencein thegluonDSE;i.e. on
the factthat the ghostloop is dominantin the infrared. Sincethis remainsvalid afterthe
inclusionof thequarkloop we find thateventhevalueof the IR fixedpointis notalteredby
thequarkloop, it doesnotdependonthe numberof quarkflavoursNjy.

In summary:for Ny > 0 we foundthattheleadingIR behaiour of the gluon-andthe
ghostpropagatoiis not differentfrom the caseN; = 0. This highlightsthe importance
of ghosts;the ghost-loopgives the leading contrikution in the infrared and thus results
in an IR vanishinggluon propagatorand an IR enhancedyhostpropagatar This in turn
alreadyensureghat the Kugo-Ojimaconfinementriterion [Kug9g,[WAO01] is satisfied.
This conclusiondoesthereforerestsolely ontheghostsandis notalteredby thequarkloop.

5.4 Renormalization of the Quark Loop

The presentsectioncenterson the renormalizationof the quark—loopcontritution to the
gluon DSE. Firstwe will discusshe generalaspectsandconstraintghathave to be taken
into account.Following this two possibilitiesfor the renormalizatiorof the quark—loopare
examined.

In section5.3theinfraredbehaiour of the quarkloop hasbeenderived. We foundthat
it behaeslike

1

Mp) - Glp) 15 (ﬂo i -pz) (5.37)

in the infraredwherethe coeficientsTTy andTT; aregivenin (5.32)and(5.33). Looking
at the UV behaiour of thesecoeficients we found that Ty is logarithmically divergent
whereadT; is corvement.

This is oneof thereasonsvhy the quarkloop is different. The gluonic andthe ghost
contrikutionsto thegluonDSEareeitherUV finite or do appeamlsadditive constantsn the
gluonDSE. Thisis differentfor the quarkloop; its leadingcontribution in theinfraredis

~G(p)-Tlo (5.38)

which explicitely dependn the externalscalep. Neglectingthe quarkloop all divergen-

ciescould be accountedor usinga subtractre renormalizatiorscheme But a subtractie

schemecan,of course only handleadditive constants!f the divergentcontritution do de-

pendon the externalscalethanin principle one hasto resumeto anotherrenormalization
scheme.

This alsoemphasiseanotherdifficulty: the renormalizatiorof the quarkloop cannot
be disentangledrom its infraredbehaiour. Every renormalizatiorschemethat might be
usedhasto accountfor the log-divergenceof the coeficient Ty that multiplies the ghost
renormalizatiorfunction G thusinfluencingthe IR behaiour of the quarkloop. This has
to be keptin mind sinceusuallyit is assumedhat the infrared behaiour is essentially
independenof theUV contritutions. Thisis nottruefor the quarkloop.
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The perturbatre one—loopscalingof the renormalizationconstantZs is known to be
(seee.q.[Mut87])

2 2
_ g Nc 1 4 Ny A
z3_1+]6ﬂ2< =73 - 35 () (5.39)
And thisespeciallyimpliesthatthequark—loopmshouldcontributethelogarithmicdivergence
2 2
g- 4N¢. A
6332 ln(uz) (5.40)

to Z3 in thegluon DSE. This hasto be comparedo the (logarithmicallydivergent) contri-
bution of the quark—loopto the gluon DSE (5.20); onefinds

g> 4N¢. A2

o232 e

—l(G(p)ZsFl 5
m

). (5.41)
The quark—loophasthe additionalfactor[( G (p)Z1¢] which introducesadditional(andun-
expected)scaleandcutof dependencascomparedo (5.40). Furthermorahe ghostrenor
malizationfactorG(p) depend®ntheexternalscale;this dependenceannotbeaccounted
for andit obviously doesnot correspondo the expectedl-loopscaling(5.40).

However, in orderto correctly reproducethe anomalousdimensionof the gluon one
would expectthatthe quark—loopcontributesa log-divergenceof theform

~log(L)—%® (5.42)

wherel = A?/u?. Thisis notsatisfiedfor the quark—loopcontritution in (5.20)andit will

be shavn in the following that the samerenormalizatiorprescriptionthat hasbeenused

for the quarkDSE hasto be usedfor the quark—loopin the gluon DSE in orderto resole

this problem. Note thata quite similar problemhasalreadybeenencounteredh the gluon

DSE; therethe cutoff dependencef the renormalizationconstantcould not be accounted

for while its scaledependencerasnecessaryo give the correctoverall scaledependence.
In the gluon—ghossystemthe prescription

)
Fw ) 1 ¢
F(x)\® 1 (F(s)) Rw) 'Ory=>x
Glp) = <Q> L ; (5.43)
F(s) ) R(x) F0) 1 fory <
Ts) ) Ry Orx=y

(wherey is the loop momentum)hadto be usedin orderto obtainthe correctanomalous
dimensions.In orderto be consistentwith this approximationit is mandatoryto employ
the sameprescriptionfor the quark—loop.This thenleadsto a modifiedpolarizationscalar
which canbe corvenientlywrittenin theway

M(p) =Tl<(p) +TT=(p) (5.44)

tUsingthe known perturbatve limits A(p?) — 1 andB(p?) — my for p> — oo onefindsfor theangle
integral (5.24)thelimit: I(p,k) — (7r/2)p?/k? for k? — oo.
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wherethetwo contritutionsTT_ andTT-. aredefinedaccordingto

p?

rram—#mmé%ﬁjo a2 K20, (K)1(p, k) | (5.45)
1 8n A2 2.2

Mo (p) = W&T)“Lz di2 126, (K)1(p, k)G (k) (5.46)

andwherethe angleintegral I(p, k) is definedin (5.24). However, aword of cautionis in
orderhere.Theinfraredlimit of thequark—loopin the original form was

T
4m?
whereTl, turnedout to be logarithmically UV-divergent. This infrared behaiour of the
quark—loophasbeenchangedueto the prescription(5.43)which hadto be usedin order

to stay consistenwith the gluon—ghossystem. The infraredlimit of T andTl.. canbe
calculatedandonefinds

M(p) = G(p) My for p?>—0 (5.47)

026 1 1 3 4 3—«k
2 (M, Klook) [3 K2
M=p) =3 L Tz rmzpa) {z—m}w (5:49)

for p2 — 0. In orderto calculatethe IR limit of TT- it hasbeenassumedhat B(0) and
M (0) arenonzero(which will be shavn to be satisfied,seechapter6). This resultshavs
thatTT. vanishedor p2 — 0 while TT-. becomesonstantin the infrared. And from the
discussiorupto now it is obviousthatthis constanis logarithmicallydivergent.

Having discussedhe generalaspectsve will nonv examinetwo possibilitiesto renor
malizethe quark—loop.In orderto facilitatethe following discussiorit is advantageouso
male the scaledependencef the quark—loopcontrikution explicit. Theghostrenormaliza-
tion function G contritutesF(s)~° to the overall scaledependencef the quark—loopand
therelationg? = F(s)/B, allows to replacethe couplingconstant.However, if the gluon
DSEis to beusedin thescaleinvariantrepresentatiom the subtractedorm (cf. eq(4.71))

1 1

RZ(x)F1-25(x) RZ(s)F-25(s) L(x)—ZX(s) (5.50)

onehasto divide by thefactorF'=22(s) thatin the beginning appearsn the left handside
(cf. eq(4.50)). Takingthisinto accounthefull scaleandcutoff dependencef the quark—
loop contritution is
/\2
1—

In 5(F)' (5.51)
Herebythe prescription(5.43) hasbeenusedandthe correspondingolarizationscalaris
thereforedefinedby (5.44) (1. andTT.. aredefinedby (5.45)and(5.46)). Two possibilities
to renormalizehe quark—looparenow examined.

1 4Ng
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1. In afirst attemptonecould multiplicatively renormalizethe quark—loopcontritution to
the gluon DSE. In this caseit would be necessaryo specifythe renormalizatiorconstant
Z1r suchthat the scaleas well asthe cutof dependencef the quark—loopis cancelled
multiplicatively. As far asthe scaledependencés concernedhereis no otherpossibility
thanto assumehatZ ¢ ~ F(s)~° (cf. eq(5.51)). The constanbf proportionalityhasto be
usedto cancelthe logarithmicdivergenceof T1-. (0) wherelT. andTT.. arenow definedby
(5.45)and(5.46)sincethe prescription(5.55)is not usedin this case.The quark—loophas
beenshavn to becomeconstanin theinfrared,seeeqs(5.48)and(5.49). This constantan
be separatedhto two parts:

lim TT-(p) = co + ¢ - log(L)'™® (5.52)

p2—0

In a minimal subtractionschemeone would subtractthe log(L) contritution thusleaving
thefinite constant, suchthattherenormalizedjuarkloop hasthe UV-finite infraredlimit

|imo <ﬂ< (p) + ﬂ>(p)> — Co (5.53)
pZ—

Togethemwith the enforcedscaledependencthis leadsto the definition

5 _ Co/c1-log(L)*
1F — F(S)5

for thevertex renormalizatiorconstantZ ;. This defineshe multiplicative renormalization
scheme.However, sincewe will usethe gluon DSE in the subtractedand not againsep-
arated)form it is not necessaryo rely on this multiplicative renormalizatiorscheme.The

correspondingubtractie renormalizatiorschemas discussedn thefollowing.

(5.54)

2. In thequarkequatiorthe additionalprescription

Fly)\®
ZiF — <W> (5.55)

(wherey is theloop momentumhasbeenusedin orderto correctlyreproducghe anoma-
lousdimensionsFor consisteng this shouldbe alsousedin the quark—loop.As compared
to (5.45)and(5.46)this gives

p? 5
M-(p) —;?G(p)% L dkzkzov(kn(p,k)(%) (5.56)
A2 5
Mo (p) = 317(2%4[ 2 dkzkzcv(k)l(p,k)e(k)<%) . (5.57)
P

Comparingwith (5.51)onefindsthatthe scaledependencéhatis introducedby (5.55)in
(5.51) cancelsthe remainingscaledependencef the quark—loop. Furthermorethe addi-
tional factorF(y)® impliesthatthe quark—loopnow contritutesa logarithmicdivergenceof
theform

~log(L) =28 (5.58)
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which correspondshe correctanomalousiimensionof the gluon. To shortly summarize:
the prescription(5.55) leadsto the correctcutof andscaledependencef the quark—loop
contritution to thegluonDSE. In thepresentenormalizatiorschemdi.e. if (5.43)together
with (5.55)is used)the UV divergenceof the quark—loopappearsasan additive constant.
Thereforeall cutoff dependences cancelledandthefull gluonequationis renormalizedf
thegluonDSEis usedin the subtractedorm (5.21).

If onewould usethe gluon DSE in the subtractecandagainseparatedorm onewould
have to explicitely subtracthedivergentconstantccordingo

<ﬂ<(p) +n>(p)> - (ﬂ<(u) +ﬂ>(u)> .
(M) 19 11200)) = (Tl + 1T =100 ) . (5.59)

The quark-loopcontritution to the gluon DSEwould thenbe

_D <ﬂ<(p) T (p) — ﬂ>(0)> (5.60)

2
wherell_ andlT., aredefinedn (5.56)and(5.57)respectiely. However, sinceary constant
couldhave beenintroducedhis is ambiguitive ashasbeenrepeatedlynentioned.
Thesubtractie renormalizatiorschemé?2.) is usedfor all calculationsvherethegluon
DSE hasbeenusedin the subtractedorm (4.71). This appliesto all resultsfor the gluon-,
ghost-andquarkpropagators.



Chapter 6

Results for Gluons, Ghosts and
Quarks

This chapterfocuseson the numericalresultsthat are obtainedas solutionsto the full,
coupledsystemof DSEsfor the gluon-,ghost-andquarkpropagatorsThe solutionthatis
presentedhereis anabinitio solutionof the coupledsystemsubjectto the truncationghat
have beendiscussed.The main objectie is thereforenot to reproduceall experimentally
known quantitiesto high accurag but to learnaboutthe more qualitative featuresof the
solutionsfor the propagatorsghiral symmetrybreakingand positivity beingthe primary
concerns.

Firsttheaccurag of thepresentapproachs discussedThegluonDSEin its subtracted
andseparateform ((4.31)subjectto (4.33))andin thesubtractedorm (4.31)arecompared
andtheinfluenceof the infraredanalysisand of the renormalizatiorschemeon theresults
is investigated.

Following this the resultsfor the quenchedapproximation(i.e. neglectingthe effects
of the quarkfield fluctuations)are discussed.Finally the resultsfor the full, unquenched
systemof DSEsarepresentedTheseresultsarethencomparedo recentlatticeresultsand
the (non-)positvity of thecorrespondingpectraldensitieds examined.

6.1 Accuracy of the Approach

This sectioncenterson the inherentaccurag of the presentapproachasfar asthe results
for the propagatorsindfor quantitiedik e the pion decayconstantareconcerned.

Dependingon whetherthegluon DSEis usedin its subtractedorm (4.31)or in its sub-
tractedandagainseparatedorm ((4.31)subjectto (4.33))this accurag is limited because
of differenttechnicalreasons.Usingthe gluon DSE in the subtractedandagainseparated
form ((4.31)subjectto (4.33))onehasto fix thevalueof the parametet which determines
theinfraredbehaiour of gluon-andghostrenormalizatiorfunctions. If the gluonDSE is
usedin theform (4.31)thanthevalueof (4.75)hasto befixed.

The physicalboundaryconditionthat the systemof DSEshasto satisfyaswell asthe
analyticallyknown infraredlimit of the solutionswill be utilized to constraintheseformal
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t | R(L) | VoIMeV | f/\/o | f/MeV | —(qq)'/3/MeV
-310.891| 189.3 | 0.0800| 15.2 63.9
-2 1 0.903| 229.7 | 0.0875| 20.1 80.5
-1 ]0.916| 2839 | 0.0956| 27.1 102.9
0 | 0.930| 359.5 | 0.1043| 375 133.8
+1 ] 0.946| 469.7 | 0.1137| 53.4 178.4
+2]0.964| 6395 | 0.1239| 79.2 242.5
+3]0.985| 920.1 | 0.1349| 124.1 302.2

Table6.1: Resultdor N¢ = 0 usingthesubtractedindseparatedluonDSE((4.31)subject
to (4.33)),for differentvaluesof the IR parametek. The correspondinglotsof F, R andof
the effective couplingFR areshavn in fig. 6.1.

parameterasmuchaspossible.

Thefollowing discussionrelieson the systemof DSEsfor gluons,ghostsandquarksin
thequenchedpproximationFirsttheresultsfor the gluonDSEin theform ((4.31)subject
to (4.33)) arediscussedndthe correspondingesultsfor the subtractedut not separated
form (4.31)arepresentedhn the secondoartof this section.

For thegluon DSE in the subtractecandseparatedorm ((4.31) subjectto (4.33))it is
necessaryo usethe subleadingordersof theinfraredexpansionwhich hasbeendiscussed
in section4.4. This infrared analysisrefersto the parametert which is not fixed in ary
way. However, the value of t is quite importantasfar asthe strengthof chiral symmetry
breakingin the fermion equationis concernedlIn table6.1theresultsfor Ny = 0 andfor
—3 < t < +3 arelisted. On atechnicallevel it is interestingto notethatthe valueof R at
the cutoff doesdependnthevalueof t, ascanbeseenn thefirst columnof table6.1. This
valueof R atthe cutoff is importantbecauseerturbatiortheorycorrespondso thelimit

1
log(x)

R(x) — 1 and F(x) — (6.1)
for asymptoticallylarge x. Thereforejn generaR atthe numericalUV cutof L shouldbe
ascloseto 1 aspossible.This is becausehe differenceof R(L) — 1 measureshe extentto
which the perturbate regime of the solutionshasbeenreachedat the cutof.

Table6.1 alsoshaws the resultsfor the pion decayconstantandthe chiral condensate.
Thesehave beencalculatedusingthe Pagels-StokaapproximatiorfPS79 for the pion de-
cayconstant

N 1+ q2(M'(g%)°
fr=13 J daatm2(qt) )2 (6.2)
andthe correspondinghiral limit approximatiorfor the condensate:
o Nc 2 q2 M(qz)
(0 =3 | 40’ i 63
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Figure6.1: Resultsfor the subtractecandseparatedystemof equationdor Ny = 0. Left
panel: ThefunctionsF andR for t = —3, 0, +3. Rightpanel: Theeffective coupling(F - R)
fort = —3,0,43. The correspondingesultsfor the pion decayconstantf,, andfor the
chiral condensatéqq) arelistedin table6.1.

wherethe definition of the massfunction M(x) = B(x)/A(x) hasbeenusedandwhere
M’ denoteghe derivative of M 1. Thechiral condensatéqq) hasa contritution from the
barepropagatoiif the barecurrentquarkmassmy is norvanishing. This contritution has
to be subtractedhowever, this is a delicateissuesinceit is necessaryo know the scaling
behaiour of themasdunctionnotonly in the perturbatie domainbut alsofor intermediate
andsmallmomentalt hasbeenfoundthattheresultfor the quarkcondensateoesdepend
guite stronglyon theassumedcalingbehaiour of the baremass.Thereforeit seemgo be
moretrustworthy to usethe relation(6.3) only in the chiral limit my = 0 wherethe bare
contritutionto (qq) vanishes.

Notethattheresultsfor the pion decayconstanandfor thechiral condensatdo depend
on t quite drastically However, if one compareghe resultsfor the pion decayconstant
beforeandafter multiplication with the scalec thanoneseesthatthis strongdependence
is mostlydueto the pronounced dependencef the IR scalec. Thereasorcanbe seerby
looking attheleft panelof figure6.1. ThefunctionF is essentially(up to a constanfactor)
the nonperturbatie runningcoupling. And the scalec is determinedisingthe valueof the
runningcouplingatthe massof the Z boson:

2 1
_ 1y <&> L0118, (6.4)
M, AmBo o

Ks

The left panelof figure 6.1 clearly shavs that the t-variation hasa stronginfluenceon
the point whereF crossed.118. (The constantfactorthat distinguishedF andthe strong
coupling(6.4)doesnt changehis qualitatively.) Figure6.1thusmakescompletelyobvious
why the scalec hassucha strongdependencen the parametet. Thefigure alsoshavs

1see[RW94] for a derivation anda discussiorof therelations(6.2) and(6.3)
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Figure6.2: F for smallmoment&or differentvaluesof thelR parametet.

t R(L) R(L =10%) —R(10%)
-3 | 0.891068 0.0526
0 | 0.930478 0.0341
+3 | 0.985035 0.0085
+3.2 | 0.989766 0.0064
+3.4 | 0.994708 0.0042
+3.6 | 0.999942 0.0019
+3.8 | 1.005290 -0.0005

Table6.2: Variationof R(x) for large momentawith respecto the parametet.

thatthelarge momentunregionis notverywell suitedto this methodto determinghevalue
of o, sinceasmallchangen F mightleadto a quite substantiathangeof o.

The changeof the scaleo is the main reasonfor the t-dependencef the pion decay
constantf,, andthe chiral condensatéqq). However, it is not only the scalethatchanges
it is alsothe effective interaction(F - R) thatentershefermion DSE andwhich determines
the strengthof chiral symmetrybreaking.The correspondingesultsfor (F - R) andfor t =
—3,0,+3 areshavn in theright panelof figure6.1. Thisshavs thattheeffective interaction
for t = +3 hasalarger peakvalueandis alsobroaderthanthe effective interactionfor the
caset = 0,—3.

To sumup: therearetwo reasondor the t-dependencef the orderparameters,, and
(qq); onereasonis the changeof the IR scalec the otheris the changeof the effective
interaction(F-R) which essentiallydetermineshe strengthof thechiral symmetrybreaking
in thequarkDSE.Thesawo effectscombineto yield thetotal t-dependencef f,./MeV and
of —(qq)'/3/MeV in table6.1.



6.1 Accurac y of the Approach 67

Thet-dependenceyhile seeminglysmallfor therenormalizatioriunctionsZ, G or F, R,
leadsto anamplifiedt-dependencef theresultsfor the pion-decayconstantandthe chiral
condensatéseetable6.1). Obviously onehasto fix thisdependencent by anindependent
constraint.This constraintis dictatedby the systemof DSEs:it is given by theanalytically
known and physically motivatedbehaiour of the solutionsfor very small andvery large
momentaln theinfraredF mustbecomeconstanandfor very large momentahefunctions
F andR shouldapproacttheir correspondingperturbatie limits ascloselyaspossible.

The infraredlimit of F for 3 differentvaluesof t is shavn in fig. 6.2. GiventhatF
mustbecomeconstantn the infrared (andassuminghat the momentathatare shavn are
small enough)one hasto concludethat valuesabore t = 2 do not correspondo the an-
alytically known IR behaiour of F (Thereis yet anotherreason:F is proportionalto the
nonperturbatie runningcouplingand shouldthereforebe a strictly decreasindgunction.).
This effectively givesan upperboundto the rangeof allowed t-values. The secondcon-
straintrefersto the perturbatie limit, i.e. thebehaiour of R andF for very large momenta.
The degreeto which the perturbatie limit of R is reachedat the cutof is demonstrateéh
table 6.2. Theseresultsfavour larger valuesof t. The two constraintsogetherlimit the
rangeof allowed t-valuesto a very narraw interval which thendetermineghe accurag of
the obtainedsolutionsfor therenormalizatiorfunctions.

In thefirst partof the presentsectionthe t-dependencef theresultsof the gluonDSE
in the subtractecandseparatedorm ((4.31) subjectto (4.33)) have beendiscussedIn the
secondpartof this sectionthe correspondingnvestigationdor the gluon DSE in the form
(4.31)arediscussedTheresultsdo not dependon t, however, they do dependonthevalue
of

%‘;RZ (6.5)
atthe subtractiorpoint. Thisis examinedin thefollowing

Totestthenumericaprocedureandtheaccurag of theroutinesoneshouldexaminefirst
how preciselya specificvalueof (6.5)is reproducedy the final solutionof the subtracted
equation.Theresultsthatarelistedin table6.3shav: abave Bo/(R2(1)F'~28(1)) = 8 the
renormalizatiorconditionis reproducedvith very goodaccurag. Theright columngives
thecorrespondingaluesof R(L) which mustdependon the renormalizatiorconditionthat
hasbeenusedfor (6.5). Pleasenotethatthe renormalizatiorcondition

ZG%(p) =1 (6.6)

is notaffectedin any way by this choiceof thevalueof (6.5). Thisis becaus¢he equations
are solved for the functionsF and R which parameteris¢he renormalizatiorfunctions Z
andG accordingto

2 (FOON'2, 2 (FOON° 1
20 (f57) R o0 (55) 0
with x = k%/0 ands = p? /0. Usingtheserepresentationsf Z andG onefinds
ZG%(x) = F(x) (6.8)

F(s)
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Bo/(R*(s)F"2%(s)) | Bo/(RZ(X)F2*(x))|, =s | R(L)
5 5.8570 1.0806
8 7.9999 1.0173
9 9.0000 1.0029
10 9.9999 0.9903
11 10.9998 0.9791
12 12.0002 0.9689
13 13.0000 0.9594
14 13.9999 0.9506
15 14.9999 0.9423
20 19.9997 0.9063
30 30.0003 0.8495

Table 6.3: The left column givesthe value of (6.5) at the renormalizationpoints = 1.
Themiddle andtheright columnlist the resultsusingtheserenormalizatiorconditionand
renormalizatiorpoint. Theresultshave beenobtainedusingonly quitemoderatenumerical
efforts andavery moderatecorvergencecriterion.

thusthatthe renormalizatiorcondition (6.6) is satisfiedfor ary pair of functionsF, R. Es-
peciallythevalueof R atthecutof is notfixedin ary way by therenormalizatiorcondition
(6.6). However, in orderto reproduceperturbatiortheoryonewouldlik e to find the limits

R—1 and F— 1/log(x). (6.9)

To concludelf only therenormalizatiorcondition(6.6) is imposedthesystenof equations
for F, R is not sufficiently constrainedj.e. thereis a one parameteifamily of solutions
wherethevalueof (4.75)is the parameterseethediscussionn sectiord.4. This parameter
effectively implementghe secondenormalizatiorconditionandis choserto guarantythat

F, R have thecorrectlimits in the perturbatie region.

Having thusverifiedthatthe solutionsconsistentlyeproducgheimposedrenormaliza-
tion conditionwe now proceedwith further testsof the accurag. A mandatoryphysical
conditionis thatthe resultsmustnot dependon therenormalizatiorpoint s. Let usassume
thatonedoesimposethe condition

Bo
R2(s)F1-25(s)

ats = 1. This correspondso the valueswhich areshavn in table6.4. Onecannow use
eachpair of valueswhichis listedin table6.4 asrenormalizatiorcondition. Eachof these
pairs shouldbe equally suitedto reproducehe whole table. However, dueto numerical
instabilitiesit is not the whole rangeof momenta(from 0 to the UV cutof) wherethe
resultsareindependenof the subtractiorpoints. Thecalculationsshawv thattheresultsfor
F andR areeachindependentf therenormalizatiorpoint s with arelative accurag of less
than10~%if 1 < s < 5-10%. Outsidethisintenal theaccurag of the renormalizatiorpoint
independencdecreases.

—12 (6.10)
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x Bo
RZ(x)FT—258(x)
0.1583E-1 | 6377.3642
1.0 12.0002
0.11753E+2 23.0962
0.18370E+3 33.0757
0.15697E+4| 39.4292
0.13243E+5| 45.0527

Table6.4: Themomentumx = pZ/o andthevalueof Bo/(R3(x)F'—2%(x)) if therenormal-
izationcondition(6.10)is used.

* | R(L) | /oIMeV | f./\/o | f/MeV | —(qq)'/3/MeV
22.0] 0.914| 2741 | 0.0942| 2538 98.9
21.0| 0.923| 319.3 | 0.0999| 31.9 117.4
20.0| 0.933| 378.1 | 0.1061| 40.1 141.4
19.0| 0.945| 456.6 | 0.1127| 51.5 173.0
18.0| 0.957| 566.6 | 0.1199| 68.0 215.8
17.0| 0.972| 732.3 | 0.1282| 93.8 272.9

Table6.5: Resultsfor the subtractedut not separate@quationfor N¢ = 0. Theleftmost
columngivesthe valueof 3o/(F'2°R?) at the subtractionpoint. The resultsfor the pion
decayconstantf,; andfor the chiral condensatéqq) have beencalculatedusing(6.2) and
(6.3) respectiely.

Having verified the numericalaccurag andstability of the subtractionprocedureone
cannow investigatethe dependencef the strengthof chiral symmetrybreakingon the
constraint(6.5).

Theresultsin table6.5 shav a similar dependencen the value of (6.5) asthe results
in table6.1 shav onthevalueof the parametet. ThelR scalec doesagaindependjuite
stronglyon thevalueof (6.5) at the subtractiorpointandit variesin accordwith the value
of R at the cutof. This changeof the scalec togetherwith the changein the effective
interactionagaincombinedo yield the total changeof the pion decayconstantf,, andthe
chiralcondensatéqq), seetable6.5.

Thevalueof R atthe cutoff increasessthe valueof (6.5) is decreasedAnd sincethe
sameargumentsasfor thegluonDSEin the subtractecdndseparateform apply onehasto
concludethatthe perturbatie limit of R (andof F) favourssmallvaluesof (6.5).

But asfor the gluon equationin the subtractecand separatedorm it is not only the
variationof R at the cutof thathasto be taken into account;it is alsothe behaiour of F
in the infraredthat hasto be compared.In our approactF is (up to constanffactors)just
the nonperturbatie running coupling, compare(6.4) and the running coupling shouldbe
a strictly decreasindunction of the renormalizatiorpoint. Figure 6.3 shavs thatF hasa
bumpin theinfraredif Bo/(F'~2°R?) is choserto bebelov a certaincritical value,which
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Figure6.3: Behaviour of F(x) for x — 0 andfor differentvaluesof fo/(F'=2°R?) atthe
subtractiorpoint, usingthegluonDSEin its subtractedorm (6.5).

in turn doesof coursedependon the subtractionpoint. I.e. for the subtractionpointx =
u?/o = 3.286 thathasbeenusedto calculatethe resultsin table6.5 andin figure 6.3the
renormalizatiorconditionhasto satisfy

Bo

gz > 18 (6.11)

This gives a lower boundon the rangeof allowed valuesfor (6.5). Comparingthis to
theresultsin table 6.5 onehasto concludethatthe pion decayconstanis not larger than
~ 68MeV.

To summarize:In principle onewould like to have thatR at the cut-of is ascloseto
1 aspossible becausdghenthe solutionsextendfar into the perturbatie region. However,
the coupledsystenof DSEsandespeciallytheidentificationof the nonperturbatie running
couplingenforceanotherconstraint:the couplingshouldbe a strictly decreasindunction,
becausetherwisethe correspondingd functionwould be double-alued. This constraint
effectively limits the rangeof allowed valuesfor (6.5) asit limits the rangeof allowed
valuesfor the IR parametett. The two constraintgogetheri.e. the knovn behaiour of
the solutionsin theinfraredandin the ultraviolet effectively constrainthe rangeof allowed
valuesfor (6.5)to a narraw intenal. Thewidth of thisinterval thendetermineghe overall
accuray of all theresults.Thisis becausaheinfraredscalec is determinedy matching
thevalue of the nonperturbatie runningcouplingto the known valueof o at the massof
theZ-boson.Any inaccurayg in F will thusleadto amuchamplifiedinaccurag in thescale
o whichis theninheritedby all furtherresults.

It remainsto comparethetwo approachewith regardto the mutualconsisteng of the



6.2 Quenc hed Appr oximation 71

results.As afirst steponesolvesthe systemof DSEsfor the gluonandthe ghostusingthe
gluon DSEin its subtractedand separatedorm ((4.31) subjectto (4.33)). This givesthe
functionsF andR for all momenta.ln a secondsteponecannow take theseresultsfor F
andR (thathave beenobtainedusingthe gluon DSEin the subtiactedand sepaatedform)
andcalculatethe valueof

Bo

s (6.12)

atsomearbitrarysubtractiorpoints. This canthenbeusedasinputfor thesecondapproach
wherethe gluon equationin the subtractedand not sepaated form (4.31)is used. The
resultsthatareobtainedn thisway usingthetwo approachedo agreedo veryhighaccurag
(relative difference< 10~4 wherebythe numericaleffort hasstill beenquite modest) Note
thatthis doesnot imply thatthe constantin the gluon DSE is zero;the two equationscan
be comparedonly for the casethat the constantis zero, however, it might be nonzeroin
general.

In the following we will usethe gluon DSE in the subtractedout not separatedorm
(4.31)excluswely.

6.2 Quenched Appr oximation

The coupledsystemof gluon-andghostDSEsin the quenchedpproximatiorhasbeenex-

tensvely studiedfirst by v. Smekal HauckandAlkofer [vSHA97, vSHA98,vS98,AvS0Q

andusingbareverticesby AtkinsonandBloch [AB98b, AB984. This canbe extendedby
addingthe quark DSE to the gluon-ghostsystemwhile still neglectingthe quarkloop. In

this quenchedpproximatiorthe quarksdo not couplebackto the gluonsandghosts how-

ever, theresultsfor the gluonsandghostsdeterminethe resultsfor the quarks. The results
for this quenchedpproximatiorare presentedn this section.

The resultsfor the gluon- and ghostrenormalizationfunctionsare shavn in the left
panelof fig. 6.4 usingthe parameterizatiod.50)which definesthe functionsF andR. As
implied by theanalyticinfraredanalysisghe numericalsolutionfor F shavs thatit becomes
constantin the infraredandthat R behaeslike R ~ x* for smallx. Usingthe relations
(4.50)this impliesthatthe gluonrenormalizatiorfunction Z is infraredvanishingwhereas
the ghostrenormalizatiorfunction G is infrareddiverging. Thisis in completeaccordance
with theanalyticallyobtainednfraredbehaiour whichis

Z~x* and G~x* (6.13)

for x — 0 andwith k =~ 0.92 (seesectiond.4). Theinfraredbehaiour of F doesespecially
reflectthe analyticallyobtainedresultthatthe nonperturbatie runningcoupling(4.52)has
aninfraredfixed pointatabout9.48.

The correspondingesultsfor the vectorialself-enegy A andthe massfunctionM =
B/A areshown in theright panelof fig. 6.4. The massfunction M is stronglyenhanced
andthus clearly shawvs that the solution corresponddo broken chiral symmetry This is
alsoexpressedy thelow enegy constantdik e the pion decayconstantf,, andthe chiral
condensatéqq).
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Figure 6.4: Resultsfor the quenchedapproximationfor onelight quark(mgy = 1 MeV);
Left panel: Resultsfor the functionsF andR thatarerelatedto the gluon-andghostrenor
malizationfunctionsZ andG via (4.50). Rightpanel: Resultsfor the vectorialself-enegy
A andthemassfunctionM = B/A whereA andB arerelatedto thefull quarkpropagator
via (5.2).

The numericalsolutionsthat have beenfound for the quenchedapproximationyield
(using(6.2) and(6.3)):

f.~5IMeV and — (qq) ~ (168MeV)’ (6.14)

wherethequarkcondensatéqq) hasbeencalculatedn thechirallimit suchthatthereis no
barecontrikution whichwould have to be subtracteatherwise Thenumericalvaluesgiven
heredo of coursedependn thescaleo thatis determinedy matchingthe nonperturbatie
runningcoupling(4.52)atthe massof the Z-bosonto the experimentallyknown value:

1 M2\
= F <—Z> =0.118 (6.15)
M, 47Bo o

Ks

Theproblemshatarisedueto this matchingproceduréhave beendiscussedn theprevious
section.Thesetechnicalproblemamply thatevensmallinaccuraciegbethey numericalor
dueto thefinite accurag subtraction)will inevitably changethe scaleby anamountwhich
is large enoughto changee.g. ;. by about5%.

Theleft panelof fig. 6.4alsoshavsthevectorialselfenegy A. Theresultsshav thatA
is slightly enhancedor smallmomentaandthatit becomegonstanin theinfraredatabout
~ 1.35. Asidefrom thisinfraredlimit A doesnotdisplayary otherqualitative feature.

6.3 Dynamical Quarks

Someof the qualitative featuresof the inclusionof the quarkloop have alreadybeendis-
cussedn the precedingsections.Thereit hasbeenshavn thatthe quarkloop contrikution
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Figure 6.5: Numericalresultsfor F, R for differentnumbersof flavours, for the full, un-
guenchedtalculation. Left Panel: Resultsfor F for Ny = 0,1,2,3,4,5,6. (Seealsota-
ble 6.6 for the IR limits of F) Right Panel: Resultsfor R for Ny = 0, 6; the resultsfor
N¢ = 1,2,3,4,5 evolve continuouslyfrom the (N¢ = 0)-resultto the (Ns = 6)-result.
(Seealsotable6.7 for thevalueof R atthe cutoff) ThefunctionsF andR arerelatedto the
gluon-andghostrenormalizatiorfunctionsZ andG via (4.50)andtheresultsfor Z andG
areshavnin fig. 6.6.

Ne | O | 1 | 2 | 3 | 4 | 5 | 6
lim F(x) ‘ 8.2988‘ 7.7958‘ 7.2929‘ 6.7899‘ 6.2869‘ 5.7839‘ 5.2810

Table6.6: Analytically derived valuesfor the infraredlimit a of F — a for x — 0. These
valuesarereflectedn thenumericalsolutionwhichis shavn in theleft panelof fig. 6.5.

tothegluonDSEis subleadingn theinfraredascomparedo theghostloop. Thishasbeen
shawn to imply thattheleadinginfraredbehaiour of the gluon-andghostrenormalization
functionsremainsunchange@scomparedo thequencheapproximationThisis reflected
by the solutionsfor F, R andfor the casethatN¢ > 0 which areshavn in fig. 6.5 Theleft
panelof fig. 6.5 shavs the numericalresultsfor F for differentnumbersof flavours. For
thesecalculationsa correspondingiumberof light flavourshasbeenchosenj.e. Ny = 3
correspondgo threelight flavours eachhaving a barequarkmassof 1 MeV. The results
shaw thatthe inclusionof the quarkloop doesnot changethe resultsfor F on a qualitative
level. It is only theinfraredlimit F — a for x — 0 thatdepend®n the numberof flavours:
a beingsmallerfor larger N¢. This N¢-dependencis evidentin thenumericalsolutionthat
is shawn in theleft panelof fig. 6.5aswell asin table6.6 which givesthe analyticallyde-
rivedvaluesfor a asthey have beenobtainedfrom the analyticinfraredanalysisin section
4.4,

Theright panelof fig. 6.5shawvs the solutionsfor R thatcorrespondo the solutionsfor
F which areshavn in theleft panelof the samefigure for thetwo exemplarycasedNs = 0
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Ne | O | 2| 2| 3| 4| 5 | 6
R(A%/0) | 0.944] 0.941] 0.934| 0.923] 0.904| 0.869| 0.841

Table6.7: Numericalresultsfor thevalueof R atthe cutoff for differentN¢. The solutions
for R(x) for Ny = 0 andN¢ = 6 areshavn in theright panelof fig. 6.5.

Ne| O| 1] 2] 3] 4] 5]6

o | 440| 397|349 307 | 228 144 83

Table6.8: Resultsfor theinfraredscaleo for Ny = 0,1,2,3,4,5, 6.

andN¢ = 6. Thesolutionsfor Ny = 1,2, 3,4, 5, 6 evolve smoothlyfrom the N; = 0 result
to theresultfor Ny = 6 andthe correspondingaluesof R at the cutoff arelistedin table
6.7 for all N¢. Thesolutionsarequalitatively very similar, however, the behaiour of R for
large momentadoesdependon the numberof flavours N¢; moreprecisely:R is generally
somavhatsmallerfor large momentaf the numberof flavoursis increasedseetable6.7).
This doesnot conflictwith the perturbatre limit whichimpliesthatF andR behae like

1
log(x)

F(x) — and R(x) —1 (6.16)
Thedifferentvaluesof R at the cutoff correspondo differentvaluesof the scaleo; these
arelistedin table6.8. Theseresultsshav thata smallervalueof the IR scaleoc corresponds
to asmallervalueof R atthe cutoff. This correlationhasto be expectedsinceif calculated
backto physicalunitsp? = xo onehaseffectively asmallercutof (in physicalunits). Since
R is amonotonicallyincreasingunctionthis scaledependencéhenimpliesthata smaller
scaleo will correspondo asmallervalueR(L). However, theresultsshav thatthis is not
the only influence;the differencebetweenthe numericalresultsfor R arenot exhaustedn
the differentvaluesof R atthe cutoff. The slopeof thetwo solutionsthatareshawvn in the
right panelof fig. 6.5is different. Looking closerat the resultsonefindsthatthe slopeof
R for large momentais the smallerthe largerthe numberof flavoursis. Therearethustwo
effects:first thereis ascaledependencwhich effectively givessmallervaluesof R for large
momentaandsecondlythe slopeof R for large momentabecomesmallerif the numberof

flavoursis increased.

However, a word of cautionis in orderhere;in section6.1 it hasbeendiscussedhat
the determinatiorof the scalec hasaninherentinaccurag. This accurag of o givesthe
upperboundfor the accurag of all furtherresultsandit effectively amountsto anoverall
accurag of +5% for theresultsthatarelistedin table6.8.

Theresultsfor F andR directlytranslaténto resultsfor therenormalizatiorunctionsfor
gluonsandghosts,Z andG andinto correspondingesultsfor the nonperturbatie running
coupling «s asdefinedin (4.52). Theresultsfor the renormalizatiorfunctionsare shavn
in fig. 6.6 andthey arerelatedto the resultsfor F andR via the definitions(4.50). These
resultsshav that Z and G do not changequalitatively due to the inclusion of the quark
loop. The gluon renormalizatiorfunction Z is infrared vanishingfor all Ny whereaghe
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Figure6.6: Numericalresultsfor the gluon andghostrenormalizatiorfunctionsZ and G
for Ny = 0,3,6. Theresultsfor Ny = 1,2, 4,5 evolve smoothlybetweerthe resultsthat
areshawvn. Thecorrespondingesultsfor F andR (which arerelatedto Z andG via (4.50))
areshowvn in fig. 6.5.
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Figure 6.7: Numericalresultsfor the non—perturbatie running coupling os (definedin
(4.52))for N¢ = 0,2,4,6. Left panel: Resultsfor «, plotted over the momentump?
in units of 0. Right panel: Resultsfor o« in the vicinity of the renormalizationpoint
12 = M2 = (91.187GeV)? plottedover themomentunmp? in unitsof GeV.
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Figure 6.8: Numericalresultsfor the massfunction M(x) = B(x)/A(x), for the full,
unquenchedsystemusing N¢ = 1 and for different current quark massesmg. Left
Panel: Plots of M(x) for mg = 0,1,5,100MeV. Right Panel: Valuesof M(0) for
mo =0,1,5,10,100MeV.

ghostrenormalizatiorfunctionG is infrareddiverging for all N thusleadingto aninfrared
enhancedjhostpropagatar

The resultsfor «4 for differentnumbersof flavoursare shavn in fig. 6.7. The plots
shav thatthe (N¢)-dependencef the infraredlimit of F is exactly cancelledby the 1/,
factorthatis the containedin the definition (4.52). This leadsto an infrared fixed point
of therunningcoupling os which is independenbf the numberof flavoursN¢. For large
momentaherunningcouplingdecreasemoreslowly for larger numbersof flavours. This
behaiour is shavn in moredetailin theright panelof fig. 6.7 which shaws the resultsfor
as in thevicinity of therenormalizatiorpoint p? = M2 andin physicalunits.

Theresultsfor the quarkpropagatoareencodedn the vectorialself-enegy A andthe
massfunctionM = B/A whereA andB aredefinedaccordingto (5.2).

ThemasdunctionM (x) = B(x)/A(x) is shavn in theleft panelof fig. 6.8for Ny = 1
anddifferentvaluesof thecurrentquarkmass |t is evidentthatthemasdunctionis strongly
enhancedn theinfraredwhich impliesthatthe chiral symmetryis broken. Aside from this
enhancemen the infraredthe massfunction doesnot shawv ary unexpectedqualitative
featuresor ary deviation from its strictly decreasindehaiour. However, the chiral limit
solution (my=0) is clearly distinguishedirom the my > 0 solutionsby its different UV
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Ny | 0| 1| 2| 3] 4] 5]6
fr/MeV 51 [ 47 | 43 ] 40 ] 35 29 | 23
—(qq)"/3/MeV | 168 | 157 | 145| 134 | 122 | 110| 96

Table 6.9: Resultsfor the pion decayconstantf,, andfor the chiral condensatéqq) for
N¢ =0,1,2,3,4,5,6. Theresultsfor f,, hare beencalculatedusingmgy = 1MeV for all
flavourswhich impliesthatfor N¢ > 3 the screeningeffect of the quarksis overestimated.
The pion decayconstanhasbeencalculatedusingthe Pagels-Stokaapproximation(6.2).
andtheresultsfor (qq) have beencalculatedn the chiral limit my = 0 usingtherelation
(6.3).

scaling.Fromtherenormalizatiorgroupequatiorthisis expectedo be

4rdm (log(s))dM (aq),2

M(x) — 3 (log(x))]idM ™ for mo=0, (6.17)
M log(s)) ™ f 0 6.18
(x) — (log(x)) Mo or mgy > (6.18)

for x — oo wherex = p?/0, s = u?/o anddym = 12/(33 — 2N¢), the maindifference
beingthe additionall/x for the casethatmy = 0. This asymptoticbehaiour is foundin
completeagreementvith the numericalresultsthatareshawn in the left panelof fig. 6.8.
Theinfraredlimit of the massfunctionM(x) = B(x)/A(x) is shavn in the right panelof
fig. 6.8. Also theseresultsclearly demonstrat¢hatthe solutionof the full coupledsystem
doescorrespondo broken chiral symmetry However, the resultsfor M also shav that
chiral symmetrybreakingis to weak;the valuesof M (0) beingonly about60% — 70% of
the phenomenologicallgxpectedvalues.

Themassfunctiondoesnot shav ary qualitative (N¢)-dependenceheonly difference
beingthatthe overall sizeof B andthusof the massfunction M decreaseasthe number
of flavoursincreasesThis screeningeffect is clearly shavn in table 6.9 wherethe results
for the pion decayconstantf,; andfor the chiral condensatéqq) arelisted for different
numbersof flavours. Theseresultscanbe directly comparedo the valuesthatareusedin
recentphenomenologicatudies:f, ~ 92.6MeV (see[C*98]) and(qq) ~ (236MeV)3
(see[AJ88], [AJ90] and[RM9Q]). For Ny = 0 the numericalresultis about60% of the
experimentallyknown value andfor Ny = 6 the pion decayconstanthasabouthalf the
valuethatit hasfor N¢ = 0. Thisis in completeaccordwith the (N¢)-dependencef the
masgunctionandof thechiral condensatevhich all scalewith Ny like the pion decaycon-
stant.Thereasorfor thiscommon(N¢)-dependencef all thesequantitieghatmeasurehe
strengthof chiral symmetrybreakingessentiallyis thatthey all inheritthe (N¢)-dependence
of theinfraredscalec.

In table 6.10the dependencef the resultsfor the pion decayconstantf,, (usingthe
Pagels-Stokaapproximation(6.2)) on the currentquark massmy is given for Ny = 1.
Theseresultsallow to estimatehe massdependencef theresultsfor f,; in table6.9where
the Nt dependencef theresultsis themainissue.
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Table 6.10: Resultsfor the pion decayconstantf,; for differentcurrentquarkmassesand
for Ny = 1. The pion decayconstanhasbeencalculatedusingthe Pagels-Stokaapproxi-
mation(6.2).
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Figure6.9: Resultsfor the vectorialself-enegy A of the quarkwhich is relatedto the full
quark propagatowia (5.2). The correspondingesultsfor other N¢ interpolatesmoothly
betweertheresultsthatareshavn in thefigure.

Again, a word of cautionis in orderhere. As hasbeennotedbefore: the resultsfor
the pion decayconstantf,, andfor the chiral condensatéqq) canonly be asaccurateas
the resultsfor the infraredscalec. This hasbeendiscussedepeatedlyin the preceeding
sectionsandit alsoappliesto theresultsshavn in table6.9. Theupshotis thattheresultsin
table6.9areto beconsideredccurataupto +5%

The resultsfor the vectorial self-enegy A areshawn in fig. 6.9. Hereit is morein-
terestingto look at the (N¢)-dependencsince A is essentiallyindependenbf the quark
mass. The numericalresultsfor N¢ = 0, 3,6 areshavn in fig. 6.9 andthe corresponding
resultsfor N¢ = 1,2,4,5 interpolatesmoothlybetweenthe curvesthat are shavn in fig.
6.9. Thereis no dramaticdifferencebetweenthe resultsfor the quenchedapproximation
andthetheresultsfor N¢ > 1, 2. However, ascanbeseenin fig. 6.9theinfraredlimit of A
displaysa non-ngligible dependencen N¢ which becomesnorepronouncedsthe num-
berof flavoursis increasedWhereaghe qualitative featuresemainunchangedhevalueof
A(0) aswell asthesizeof thebumpsignificantlydepend®n Ny; thebumpatintermediate
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momentais more pronouncedor large N¢. This bump thereforeis an interferenceeffect
whichis largely amplifiedin thefull, unquenchedase.

In this sectiontheresultsfor thefull, unquenchegdystemof DSEsfor thegluon-,ghost-
andquarkpropagatorbiave beenpresente@nddiscussedTheresultshave beenpresented
for 0 < N¢ < 6 andfor variousvaluesof the barequarkmassesTheresultsfor the quark
propagatordiave beenusedto calculatethe pion decayconstantandthe chiral condensate
which have beencomparedo the phenomenologicallacceptedialues.

The resultsfor the gluon- and ghostrenormalizationfunctionsare qualitatively very
similar to the resultsthat have beenobtainedin the quenchedapproximation,the main
differencebeingtheinfraredlimit of F. Theresultsfor the quarkself-enegiesB andA do
dependon the numberof flavoursN¢. The strengthof chiral symmetrybreakingbecomes
smallerasNy isincreasedthisis, e.g.,expressedby thedecreasef thepiondecayconstant.
The effective interactionin the quark subsystenwhich is the reasonfor chiral symmetry
breakingis essentiallyF(x)R(x). For very smallx this effective couplingis very closeto
zerosinceR ~ x* for small x. The effective coupling F(x)R(x) thereforeis essentially
independenbf the IR limit of F (which is multiplied by x*). Thisis accompaniedy the
obseration thatit is mainly the behaiour of R at intermediateandlarge momentawhich
determineshe overall strengthof the effective coupling.

Whereasthe scalarself-enegy B remainsqualitatively unchangedas the numberof
flavoursis altered the vectorialself-enegy A dependsnorefundamentallyon N¢. As the
numberof flavoursis increasedhe bump at intermediateenegies becomessignificantly
enlaged. This bumpthereforeis aninterferenceeffect whichis dueto the inclusionof the
guarkloopin thegluonequation.

6.4 Comparison to Lattice Results

In the lastsectionthe numericalresultsfor the full unquenchedystemof DSEshave been
presentedln the presensectiontheseresultswill be comparedo recentlattice results.

In fig. 6.10the DSE-resultfor thegluon-andghostrenormalizatiorfunctionsZ andG
arecomparedo correspondingatticeresults. Theleft panelof fig. 6.10shavsacomparison
of the numericalresultsfor Ny = 0 for Z(x) to the lattice resultsthat have beenreported
in [LSW98]. The overall agreemenbetweerthe DSE resultsfor Z andthe corresponding
latticeresultsof [LSW98]is satishctory Theonly quantitatve differencebeingthesizeand
the shapeof thebumpin Z for smallmomenta.Thelattice resultsandthusthe comparison
arevalid for N¢ = 0 only. However, sincetheresultsfor thegluonrenormalizatiorfunction
Z do dependonly weakly on the numberof flavours the agreemenbetweenthe lattice
resultsandthe DSEresultsfor N¢ > 0 would be similar (compareright panelof fig. 6.10).

The agreemenbetweenthe resultsfor the ghostrenormalizationfunction G andthe
correspondingattice results(right panelof fig. 6.10)is evenmorestriking; the resultsare
in very goodagreementAs far asthe (N¢)-dependences concernedhe sameremarksas

2Also theresultsthathave beenreportedin [Lan01] qualitatively supportthe behaiour of Z and G shavn
in fig. 6.10.
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Figure6.10: Comparisorof the DSE-resultdor therenormalizatioriunctionsZ andG with
correspondingesultsfrom lattice calculations Left Panel: Resultsfor Z, thelatticeresults

have beentaken from [LSW98]. RightPanel: Resultsfor G, the lattice resultshave been
takenfrom [SS94.

for Z apply: the dependencen the numberof flavourswould beto smallasto alterthese
conclusiongseeright panelof fig. 6.6). However, thecomparisoris only valid for N¢ = 0.
The numericalresultsfor the quarkpropagatoZ = 1/A arecomparedn fig. 6.11to
recentlattice resultsfor the quarkpropagatotin Landaugauge[SWO01]. Thesehave been
calculatedusinganimproved Sheikholeslami-Whlert quark actionwith tree-level mean-
field improved coeficients. For the presentpurposethe mostinterestingsetof resultsin
the right panelis the renormalizedquark propagatorSg which is marked by crossesx.
Theresultslook qualitatively quite similar exceptthefactthethe infraredbehaiour of the
lattice resultsseemdo be slightly differentthanthe IR behaiour of the Dyson-Schwinger
results. The DSEsgive a Z = 1/A thatbecomesonstantin the deepinfraredwhereas
the lattice resultsseemto indicatethat Z is a monotonicallydecreasingunction in the
infrared. The lattice resultshave to be comparedo the caseNs = 0 which (asfar asthe
resultsfor A andthusfor Z = 1/A areconcerned)s barelydifferentfrom the resultsfor

N¢ =1, 2. Thisimpliesthatboth methodsagreeon the qualitative resultthat Z for N¢ = 0
is amonotonicallyincreasingunction.

6.5 Positivity

In the first sectionthe basicsymmetriesof QCD andespeciallythe BRS symmetryof the
QCD Lagrangiarhave beenoutlined. Thereit hasbeenelucidatedthat positity is a key
issuein the BRS quartetmechanismin orderto identify the physicalsubspacef thetotal
statespacait is thereforenecessaryo checkwhetherthe propagatorshathave beencalcu-
latedin solvingthefull coupledsystemof DSEsdo violate the positivity constraints.This
wouldthengiveriseto thecompellingpicturethatconfinements evidentin thepropagators
via violationsof the positwvity constraintsvhich would applyto particlesthatappeain the
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Figure6.11: Comparisorof the DSE—resultdor Z = 1/A (Left Pane) andthecorrespond-
ing latticeresults(RightPane) which have beentakenfrom [SWO01].

asymptoticspectrunof thetheory

The Dyson-Schwingeformalismis setup in Euclideanspace. This implies that the
thusobtainedGreendunctionshave to to satisfythe OstervalderSchradeaxioms([OS73],
[OS75])which arethe basicaxiomsfor a Euclideanquantunifield theory In section3.5a
shortoutline of theapproactandthe formalismhasbeengiven;therewe especiallyempha-
sisedthefactthatthe Euclidearpendanbf the positiity constrainis OstervalderSchrader
reflectionpositivity.

For themostbasiccase for the propagataqrreflectionpositivity canbewritten as:

jd“xd“yf‘(m,zm(x Y)f(ye, ) > 0 (6.19)

wheref is acomple valuedtestfunctionwith supportin {(xg, X)|xo > 0}. Thisspecialcase
of OstervalderSchradereflectionpositivity canbeshavn to beanecessaraswell assuf-
ficientconditionfor the existenceof a Kallen-LehmanmepresentatiopAvS0(. Therefore
it is sufficient to find a counterexampleby suitably choosingthe testfunction f whichis
completelyunconstrained.

After athreedimensionaFouriertransformatiorthe condition(6.19)becomes

ro drdsf(r)D(—(r+ ), B)f(t) > 0 (6.20)
0

where

D (xo, F) = Jd%D(xO,z)exp(iﬁz) >0 (6.21)

andf denotedrom hereon the Fouriertransformof thetestfunctionf in (6.19).
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Figure6.12: Resultsfor the Fourier Transform(6.22)for Ny = 0,3, 6. For otherNy the
resultsinterpolatesmoothlybetweenthe valuesthatare shavn in the figure. The absolute
valuep? hasbeensetto 0.

Obviously it sufficesto look at the Fouriertransform(6.21). If this Fourier transform
of the propagatois foundto be negative within aninterval thenonecanalwayschoosehe
testfunction f in a way thatonly this specificinterval contritutesto theintegral in (6.19)
thusresultingin aviolation of the condition(6.19).

Firstwe will look atthe positivity condition(6.21)for thegluonpropagatarTwo of the
integrationscanbetrivially performedeaving the onedimensionalntegral

2 =2
Bt 1) = [ apo 22 explipat) > 0 (6.22)
Py TP
Pleasenote that p? hasthe statusof a parameteiin this case:in orderto concludethat
positivity is violatedit sufficesto shov that D(t, p?) is negative for a finite intenal of
p2-values.

Theresultis shavn in fig. 6.121t is clearlyvisible thatthe Fouriertransform(6.22)is
negative within anintenal 2 < t < 6 (This featurehasbeenexplicitely verified to per
sistfor 0 < p% < 10). This unambiguoushdemonstratethat the gluon propagatordoes
violate reflectionpositivity. This implies that the gluon propagatorof the corresponding
Garding—\Wghtmannfield theorydoesnothave a Kallen-Lehmanmepresentatiomwith pos-
itive definite spectraldensity i.e. the gluon propagatotthat hasbeenfound corresponds
to gluonic excitationswhich cannotbe foundin the asymptoticspectrum.This resulthad
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Figure 6.13: Left Panel: Resultsfor the Fouriertransform(6.23),testingpositiity for the
full quarkpropagatarRightPanel: Fouriertransform(6.23)for the barepropagatari.e. for
A = 1 andB = mg. Theresultsin theleft panelshav an oscillatorybehaiour for large
valuesof —to'/2 which is, however, simply dueto the limited numericalaccurag. This
cannotbeinterpretedasviolation of positvity.

alreadybeenfound for the quenchedapproximationneglectingthe influenceof the quark
loop. Theseresultsshav thatthe quarkloop somevhat altersthe extentto which (6.22)is
negative; however, the qualitatve featurethatthe Fouriertransformof the gluonpropagator
is nggative within afinite intenal remainsvalid for 0 < N¢ < 6.

Onewould expectthat the quark propagatotbehaes similarly; i.e. the quark propa-
gatorshouldviolate positivity muchlike the gluon propagatar The correspondind-ourier
transformfor the quarkpropagatois

S(t, ) = [ dpoo (53 + lexplipot) > 0 (6.23)

with

2) Alq?)
q?A2(q?) + B%(q?)

The numericalresultsareshawvn in fig. 6.13. Theleft panelshavs the resultsfor the full
propagatousingtherelation(6.23)andfor comparisortheright panelshawvs theresultsfor
thebarepropagatari.e. for thecasghatA = 1 andB = my. For bothcasesi.e. for thefull
aswell asfor the barepropagatotheresultsarepurely positive. The oscillatorybehaiour
of the resultsfor large valuesof —to'/2 is simply dueto the limited accurag. - These
oscillationsflatten out asthe numericaleffort is increased.Thereforeonehasto conclude
that the resultsfor the Fourier transformo,, do not shaw ary indicationthat positvity is
violatedfor the quarkpropagatar

However, it hasto beemphasisethatthisis nota necessargondition;it is a sufiicient
one. The expression(6.20) might well be negative evenif the Fouriertransform(6.23)is

ov(q (6.24)
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positive sincethe testfunction f is not constrainedn ary way. However, if the Fourier
transform(6.23)is purely positive thanthereseemso beno easyalternatve way to testfor
violationsof positvity (which arestill possible).



Chapter 7

Phenomenological Constraints
on the Quark Propagator

The precedingchaptersntroduceanddiscusghe formalismandthe resultsfor the gluon-,
ghost-andquarkpropagatorsisingthe Dyson-Schwingeapproach.This approactyields
the propagatoronly for space-lie momentawhich is the relevant momentumregion for
typical phenomenologicahpplications,ase.g. boundstatecalculationswithin the Bethe-
Salpeteframavork [SB51], [Nak69®. Thesestudiesusuallyfocuson obserableslike the
boundstatemass (space-lile) form factorsor magneticmomentswhich areall essentially
determinedby the space-lile propertiesof the quarkpropagatoandthe interactionof the
constituentf the boundstate(seee.g. [Tan97, [AvS0(J). However, it turns out that
productionprocessesvith large momentumtransferlike e.g. kaon photoproductiorare
differentsincein thesereactionsthe time-like propertiesof the quark propagatoiturn out
to beof primaryimportance Productionprocesselk e kaonphotoproductiorcantherefore
yield phenomenologicatonstraintson the behaiour of the quark propagatotin the time-
like region.

The calculationof the crosssectionfor kaon photoproductiorhas beencarried out
within thecovariantdiquark-quarknodelfor baryondAR95], [OHAR98], [OPvS00jwhich
is briefly reviewedin the next section.Following this differentmodelpropagatorshatrep-
resentdifferent possibilitiesto implementconfinementat the level of the propagatorare
introduced. Thenthe kinematicalparticularitiesthat distinguishproductionprocessetik e
kaon photoproductiorfrom typical boundstatecalculationsare examined. Having intro-
ducedthe basicconceptghe main objective of the presentchapteri.e. the calculationof
the crosssectionfor kaon photoproductioncannow be approached.This thenallows to
constrainthe behaiour of the quarkpropagatoin thetime-like region [AAF +004.

Thesestudiesdo probethe propagatoronly for very small time—like momenta. Seethe discussionin
section7.3
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Figure7.1: Thecoupledsetof BSEsfor the effective vertex functionsg .

7.1 Brief Review of the Diquark-Quark Model

In this sectionthe basicconceptsandthe formalismof the covariantdiquark—quarkmodel
is briefly recalled.Minor detailsand purely technicalagumentghatarenot centralto the
presentdiscussiorcanbefoundin theappendixB.3 or in [AAF t004 andarenot repeated
here.A detaileddiscussiorof the diquark—quarknodelcanbefoundin [Oet0Q.

Startingfrom the Faddeg—formalism[Fad69 (seee.g. [GI683 for a morerecentin-
troductorytextbook) for threequarksand usingtwo essentiabssumption®ne arrives at
a Bethe—Salpeteequation(BSE) that describesaryonsasboundstatesof quarksanddi-
quarksinteractingvia quark exchange. Theseassumptionare (i) all three—particlerre-
duciblegraphscanbe omittedand(ii) thetwo—quarkcorrelationscanbe approximatedy
separableorrelations the so—calleddiquarks The presentchapteris restrictedto a short
review of the main conceptswhereasthe actual derivation of the BSE for the effective
baryon—diquark-gpik vertex functionsd® is detailedin [AAF +004. Usingthedefinitions
for total andrelative momenturrgivenasin figure 7.1 thisintegral equationreads

_ a“ _ - ;- ;-
otalmP) = Y | S KitsaP, T P) GEEL (L P) 007 (L P)
bb’

+ (G—k). (7.2
HereG; describeshedisconnectedjuark—diquarkpropagator
6B (LP) =SPP (P +1) Dow (1=m)P —1) = SPF (D (P—1) . (7.2)

Furthermorethequark—diquarknteractionkernelK containgbesideghe propagatoof the
exchangedjuark)thediquarkamplitudesy definedvia the separabilityassumption

ti(kj, kx; Py, ) = ZX?(kj,kk) Do (X + ki) X% (p5, Pr) (7.3)

a,a’

of thequark—quark—matrix. Thekernelexplicitly reads

K71, P) = X2gy (L 1P, ) ST (a) X0, +1P)
- )ZEBY“” q) S?(/Y (q) ij,y’oc(q)p) » (74)
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with
q=(1-MP—-p—1=P—p—1,

sinceP = p;+p;+px andl = l-mP. Theaboverelationsalsoindicatetheindependencef
the momentunpartition parameter) sincethe Jacobiarof thetransformatiori — 1 equals
unity for fixedtotalmomentun®.

For the solutionof the BSE (7.1) onestill hasto choosethe appropriateguantumnum-
bersassociatedvith baryons. One finds that the quark exchange(parameterisedby the
kernel Ke?) generatesuficient attractionto bind quarksand diquarksto baryons(see
[CPB89],[Rei9( and[Bal9(]). Foridenticalquarksantisymmetrizations requiredwhen
projectingontobaryonquanturmumbers Fortunatelythis doesnotalterthealgebraidorm
of theBSE(7.1). Ratherit simplyimpliesthatonemayomit thesingleparticleindicesi on
the quarkpropagators;. Only whencaringaboutthe discretequantumnumbersonehas
to revert to theseindicessincethey specifythe summationorderover colour, flavour and
Dirac—indicesn (7.1). Furthermorehe functionalforms of the diquarkpropagator® .
andthe verticesy{* do not dependon the quarklabels. Theseindependenciearealready
indicatedin (7.2)and(7.4) asthe quarklabelsfor the momentahave beenomitted.

In aself-consisterdpproactonewould calculatethe t—matrixfrom its own BSE.How-
ever, this is beyondthe scopeof the preseninvestigation.Insteadthe t—matrixis modelled
by diquarkcorrelatorsvhich have ananalyticstructuresuchthat no particleinterpretation
for the diquarkexists. We will restrictourselhesto the scalarandaxialvectorchannelsas
thesecomprisethe minimal setto describeoctetanddecupletbaryons.Furthermorghese
channelsaregenerallyassumedo bethemostimportantones see[RS0(J and[AvS0(Q and
referencesherein.The correspondingeparablensatzor the two—quarkt—matrixreads

tapys(k1, k21, P2) = Xop (k, P2) D(P2) X35(P, P2) +
Xop (K, P2) D¥Y(P2) X75(P, P2) . (7.5)

Herewe rewrite the diquark—quarkverticesy>*! asfunctionsof relative, k = ok; — (1 —
o)k, , andtotal, P, = k7 + k2 = p; + p2 , momentainsteadof the single quark mo-
menta.ln actualcalculationswe choosédor simplicity the symmetricmomentunpartition,
i.e. o = 1/2. Shifting the value of ¢ is possible,however, this complicatesslightly the
parameterizatioof diquarkcorrelationsseethediscussiorbelown (7.12)andin [OPvS00].
Thediquarkpropagatorén the scalarandthe axialvectorchannelaremodelledas

D) = (P (7.6)
= e ) '

1 pPHPY p2
D¥(P) = —— (41— f . 7.7
(¥) P2+max< * E)ma,) <max> (7:1)

Herebythe dressingunctionf(P?/m?) will bechoserto cancelthe singularityon thereal
time-like axis thus effectively implementingconfinement. Differentpossibleforms for f
will bediscussedn section7.2 andusedin the subsequengections.Note thatthe choice



88 Phenomenological Constraints on the Quark Propagator

f(PZ/m?) = 1 andg, = 0 correspondso thefreepropagatorsf spin-0andspin—1particles.
In generalthe dressingfunctionsf aredifferentin the scalarandaxialvectorchannelsas
well asthey aredistinct from the one for the quark propagatar For simplicity, however,

identicaldressingfunctionsare assumedor all propagators.As the presentinvestigation
neglectsary axialvectordiquarkloopsit is suficient for the presenpurposeto useé = 1,

see[OHAR98] whereit hasbeenshavn that choosingé, = 1 leadsto almostidentical
resultsfor baryonamplitudesasé = 0.

If diquark polesexistedin the t matrix, the diquark—quarkverticesy andx* would
on-shell(P? = *mgc[ax]) correspondo diquark Bethe—Salpetevertex functions. These
vertex functionshave a finite extensionin momentumspaceand fall off fast enoughto
renderall integralsfinite. Empirically oneassumeshatthe correspondingscaleis linked
to the (inverse)protonradius. The conjugatevertex functionsy are obtainedby chage
conjugation,

Co.p) = ¢ (Flp-p) T (7.8)
X*(p,P) = —C (x*(—p,—P)' CT, (7.9)

whereT denoteghetranspose.
In thefollowing thevertex functionsareconstructedxplicitely. They mustbeantisym-
metricundertheinterchangef thetwo quarks.This implies

X (P2P) = —Xgal (=P.P)| (7.10)
Any two quarkswithin a baryonbelongto the colour antitriplet representationThusthe
diquark—quarkverticesare proportionalto the antisymmetridensore agp. Here A andB
arethecolourindicesof thequarkswheread labelsthe colourof thediquark. Furthermore
the scalardiquarkis antisymmetriowhile the axialvector diquarkis symmetricin flavour.
We maintainonly the dominantcomponentsvith regardto the structurein Dirac space’
Thesearetheantisymmetrianatrix (y> C) for thescaladiquarkandthesymmetriamatrices
(y*C) for the axialvectordiquark. Consideringfor the time being,only two flavoursthe
verticesthenread

_ L (T2)a
Xap (PP g_1/2 = Xap(P) = 9s(¥’Clap V(P7) T%b ef/‘}D, (7.11)

_ (T2Tk)a
Xp (P P)lomrjp = Xep(P) = 0a(y*Cla V(p?) £ 222 (7.12)

ChoosinghescalarfunctionV to dependnly onthesquaredelatve momentunp?, these
verticesareindeedantisymmetrionith respecto exchangeof quarklabelsfor the partition

2The completeDirac structurefor the scalardiquark containingfour independentensorscanbe obtained
by analogyfrom the onefor pseudoscalamesons.The completeDirac structurefor the axialvectordiquark
consistof twelve independenterms,four longitudinalandeighttrans\erseones.

3In the compactnotationthe indicesx and 8 of x«p Not only containthe Dirac labelsbut alsothosefor
flavourandcolour
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o = 1/2. Otherwisea parameterizatioof V would dependn bothp? andp - P in orderto
comply with antisymmetrizatiodOPvS0Q MR97]. However, completeindependencéor
obsenable quantitieson o could only be obtainedby solving the BSE for the two—quark
t—matrixin which casethe scalarfunctionsV could dependon the quantity (p - P)? (for
o = 1/2) whichis symmetricunderquarkexchange In the actualcalculationsve will use
amultipoletypeansatz

A"
V(x) =Vn(x) = (}\121 —|—x> . (7.13)

The overall strengthof the diquarkcorrelationsgivenin (7.11)and(7.12)is governed
by the'diquark-quarkcouplingconstants'gs andg,. They couldbe determined)y either
imposingthe canonicaBethe—Salpetanorm condition[Naké9 onx°™ or by the solution
to thedifferentialWardidentity for the diquark—photorvertex whichis sensitve to the sub-
structureof the diquarks[OAvS00]. For simplicity, we will fix g5 from fitting the nucleon
mass.Whenincluding axialvectordiquarkswe will assumedheratio g,/gs = 0.2 assug-
gestedby the resultsthat arereportedin [OAvS0Q. In this mannerthe baryonBSE (7.1)
becomesaneigevalueproblemfor thecouplingconstantgs andg,.

Notethatby parameterisinghe quark—quark—matrix no referencdo the natureof the
guark—quarkinteractionhasbeenmade. For example,to quantitatvely include pionic ef-
fectsonewould have to solve DSEsfor thequarkpropagatoandthe BSEwith explicit pion
degreesof freedom. Studieswithin the Namtu—Jona—Lasinionodel[NJL61d, [NJL610
usingdiquark—quarlcorrelationseitherin asolitonbackgroundZAWR97] or with explicit
pioninteractionbetweerthe quarks[lsh9§ leadto a substantiabainin the bindingenenpy.
Sincethe couplingconstaniys is determinedrom the nucleonmassthosestudiessuggest
thattheinclusionof pion degreesof freedomwould merelyleadto a shift of this constant.

Equippedwith the separabldorm of the two—quarkcorrelations(see(7.5)) and the
functionalform of the scalarandaxialvectordiquarkcorrelationsn (7.11)and(7.12),it is
now possiblespecifythe effective BSEfor the nucleon.

Uponattachingguarkanddiquarklegsto thevertex functions$ oneobtainsthe Bethe—
Salpetemwave functionsy. Equation(7.1) canthenbe rewritten asa systemof equations
for wave—andvertex functions:

d*x Y5(k, P)
J(zﬂ)4G (p,k, P) (w’(k,P)> =0. (7.14)

Here G~ '(p, k, P) is the inverseof the quark—diquarkfour—point function which results
from the quarkexchang@. It is the sumof the disconnectegartandthe interactionkernel
which containghe quarkexchange,

G~ (p,k,P) = (2m)* 8*(p — k) S (pg) oD (pa)
1 ( 2CEH ST @) V3XH ) Tq))?’(p%)> (7.15)

(
V3 X2 2) ST Y XM XM 02) ST@) XM m?)

“Thediscretelabelshave beenomittedto easethe notation.
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where’o’ denotesimplemultiplicationswithout arny contractionsbecausehe thusmulti-
plied operatorsacton different(di)quarks. The flavour andcolour factorshave beenmade
explicit andthereforex®(p?) andx*(p?) from now on only representhe Dirac structures
of the diquark—quarkvertices(multiplied by the invariant function V,, (p?), cf. (7.13)).
The freedomto partition the total momentumbetweenquark and diquark introducesthe
parametem < [0,1] with pq; = nP +p andpg = (1 —n)P — p. The momentum
of the exchangedquarkis thengivenby q = —p — k + (1 — 2n)P. The relatve mo-
mentaof the quarksin thediquarkverticesy andx arep, = p + k/2 — (1 — 3n1)P/2 and
1 =p/2+k—(1—3n)P/2, respectiely. Invarianceunder(four dimensional}ranslations
impliesthatfor every solutionW¥(p, P;n1) of the BSE a family of solutionsexiststhathave
theformW¥(p + (12 —n1)P, P;n2). Consideringhe BSE asalineareigemwvalueproblemfor
thewave function¥ in thecouplingconstanty, translationinvariancerequireshecoupling
constanteigemvalueto be independenbf n oncea bound—statenass—P? = M? is fixed.
Thisindependencis exactly whatoneobseresin thenumericalsolutionsof the BSE, pro-
vided the analyticform of the dressingfunctions,eq (7.26)—(7.28)js used. However, the
n—independencis lost whensubstitutingnon—analytigpropagatorsuchasthoseparame-
terisedby thedressingunction f3 whichwill beintroducedbelon (see(7.29)). Thereason
beingthat Cauchys theoremdoesnot apply to non—-analytidfunctions. The differencein
theeigewvaluesof theBSEunderthevariationof n canbeshavn to equala contourintegral
in thecomple p—plane.Thisintegral vanisheonly if theintegrandis ananalyticfunction.
However, whenchoosingd > 5 in (7.29),the propagatoresembleshe free propagatoin
alarge domaintherebymitigatingthen—dependence.

Bethe-Salpeteequationshave beeninvestigatedfor decadesthe first investigations
focusedon modeltheoriedike e.g. ¢3-theory(seethe original work [Wic54], [Cut54 and
the review [Nak69) in orderto studythe basiccharacteristicef the BSE itself. Lateron
it becamdeasibleto apply the BSE to morerealisticmodelswhich describemesonsand
baryonsseee.g.therecentreviews [RW94] and[AvS0( andreferencesherein.It hasbeen
first discussedh ref. [Kau69 andextensiely studiedin [AA99] thatthe BSE (solvedasan
eigewvalueproblemfor the couplingconstantcanyield comple solutionsfor thecoupling
constantg? for excited states.The origin of theseunphysicakolutionshasbeenexamined
andit hasbeenshavn thatthesesolutionsoccuronly outsidethe domainof validity of the
approximatiorthathasbeerusedfor thekernelK. Thereasorbeingthattheapproximations
for thekernelandfor the propagatorshatenterthe BSE have to be mutually consistentsee
[AA99] for details.

Thestructureof theequationgor theoctetbaryonsds similarto thatof thenucleon(7.14).
However, the numberof Dirac structuresd® and®* increaseslueto the possibledifferent
quark—diguarKlavour configurationsTheseequationsaregivenin full detailin [OHAR98]
and[Oet0d. Allowing for flavour symmetrybreaking,thatis inducedby a differencebe-
tweenthe masse®f strangequarkandup/dovn quark, discriminatesvertex functions®>
and ©* with differentdiquarkconfigurationqOHAR98]. The A hyperonis of particular
interestfor the productionprocesgy — KA to bediscussedn thefollowing. Thereforeit
is appropriateo more closelyexaminethe differentcorrelationghat make up the A. One
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findsthecorrelations:
Do~ (P2, @2, and O). (7.16)

which aredistinguishedy symmetryanddiquarkcontent.In thefollowing scalardiquarks
andsymmetriseaxialvectordiquarksaredenotedy squarebraclets|. . . | andcurly brack-
ets{. ..} respectiely. Usingthis notationthe scalarcorrelationsS; andS, canbewrittenin
theform

St ={dlus] —ulds]}/vV2, S, =slud] (7.17)
andtheaxialvectorcorrelationreads
A = [d{us} — u{ds}/V2 . (7.18)

Note that broken SU(3)—flavour symmetryinducesa componenbf the total antisymmet-
ric flavour singlet % [[suld + [ud]s + [ds]u] into wave and vertex functions. In non—
relativistic quarkmodelswith SU(6) symmetrysucha components forbiddenby the Pauli
principle. However, theseflavour singlet admixturescannotbe avoided sincethe lower
componentsn the baryonbi—spinorsare non—anishing. In actualcalculationghe singlet
contributionsturn outto be small[OHAR98].

Thestrongform factorggna enterghe calculationof the crosssectionfor kaonphoto-
production.lt is thereforesuggestie to first discusghe basicformalismfor the calculation
of theseform factors.

Figure7.2shawvs thedominantcontritutionsto the strongform factors.Herethemeson
directly couplego oneof thebaryonconstituentsK eepingonly suchdirectcouplingswhile
omitting thoseto the exchangedquark definesthe impulseapproximationthatis adopted
here. Thetwo diagramsshown in fig. 7.2 actually correspondo a numberof diagrams
which differ by thetype of theinvolved diquarks.Let usfirst consideithe processn which
the mesoncouplesto the quark. The diquarkhasto be a scalarud—diquarksincethis is
the only overlapbetweerthe wave—functionof the protonandthe wave—functionof the A.
The secondmportantcontritution representshe couplingof the mesonto thediquark;the
diquarkassociatedavith themomentgp_. or p_ maybe scalaror axialvector

The meson—quarkertex that entersthe calculationof the diagramsshawn in fig. 7.2
is the solution of a separateBSE which hasbeenextensvely studied,see[AvS0(J and
referencesherein. In the chiral limit this BSE becomedormally identicalto the DSE for
the scalarself enegy function B(p?) whenonly the leadingDirac structureis considered,
ie.

Qi i
D =Tnlp-,p4) =575 {BGI) + B } (7.19)
pb- P+

wheref is themesondecayconstant.

SContritutionsto the nucleonelectromagnetidorm factorsbeyond the impulse approximationthat arise
from the couplingto the exchangedjuarkarediscussedn [OAvS0Q, [OPvS00Jand[Oet0d.
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Figure 7.2: Dominantdiagramsfor the strongform factor gxna. The incoming proton
carrieshemomentun®; while Py is associatewith theoutgoing/A hyperon.Theincoming
mesorcarriesthemomentumQ andcouplego thequark(left pane) or to thediquark(right
pane).

The structureof the meson—diquarkerticesis constrainechot only by Lorentzcovari-
anceand parity but also by the Bose—statistic$or the two involved diquarks. The pseu-
doscalamesonaxialvectordiquarkvertex is thusparameteriseds

reA Kaa M

aa = — m?ep)\w(D— +p4+)HQY. (7.20)

Herethe superscripte, A denotethe Lorentz indicesof the incoming and outgoingaxi-
alvectordiquark, respectrely andthe momentaare definedasindicatedin fig. 7.2. The
nucleonmassM hasbeenintroducedto definethe dimensionlesgoupling constantqq.
Furthermorem is the averageof the masse®f the constituenguarksin the diquarks.The
correspondin@nsatZor the scalaraxialectortransitionreads,

m
e = _Ksa?Qp ) (7.21)

wherethe definitionsarethoseof (7.20)andk,, is againa dimensionlessonstarft spec-
ifying the overall strengthof the vertex. The vertex (7.21) describeghe coupling of the
diquarksto the derivative of the pseudoscalamesons. Sucha constructionis suggested
by the chiral structureof the stronginteractionsthat can be written as expansionin the
derivativesof the Goldstonébosonsat leastin thechiral limit.

Having introducedall ingredientsone may now proceedandcomputethe diagramsn
fig. 7.2. Accordingto the Mandelstanformalism[Man55 the diagramshavn in the left
paneltranslatesnto anexpressiorof theform

d*q =
JW Q¢(qs, Pe)S(p+)Tm(p—, p+)S(p—)Pp(q, Pi)D(pal, (7.22)
whereonly the generalstructurehasbeenindicated,i.e. indicesthat areassociatedo the
couplingandpropagatiorof axialvectordiquarkshave beenomitted. The conjugatevertex
function, @ is relatedto the vertex function ® accordingo:

®(p,P) =nqa CO(—p,—P)' CT (7.23)

®Thesecouplingconstantsrefixed usinga procedureghatis detailedin [Oet00].
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withng = 1 andng = —1 whentheinvolveddiquarkis respectiely of scalaror axialvector
type. Theloop momentunis denotedoy g andthe momentaaredefinedasfollows

p—=qg+nP;, pr=p-+Q=qr+nPs and pg=—q+(1—m)P;. (7.24)

Again,n € [0, 1] is the momentumpartition parameter The diagramin the right panelof
fig. 7.2translatednto a correspondingxpressionwherequark and diquark propagators
needto be exchangedascomparedo (7.22).

7.2 Confining Model Propagators

The naive useof perturbatie quarkanddiquark propagatorseadsto asymptoticstatesin
the spectrumthatwould have to be interpretedasfree (di)quarkg. Hencebaryonswould
decayinto quarksunlesskinematicallyboundandthis would contradictthe confinement
phenomenonThepresenthapterfocusesntheideaof incorporatingconfinemeninto the
diquark-quarkmodelby suitablemodificationsof thequarkanddiquarkpropagatorsThese
propagatorsare modified by multiplicative dressingfunctions (as indicatedin (7.6) and
(7.7)) to remove the polesthatwould occurin the perturbatie propagatorst the (di)quark
masses.This allows to calculatethe spectrumnot only of octetbut alsodecupletbaryons
[OHAR98] and (space-lile) nucleonform factors[BRS00], [BRS™99]. However, there
wouldbeyetotherunphysicakhortcomingslueto theuseof perturbatie quarkanddiquark
propagatorsproductionprocessewith time-like momentuntransfersof theorderof 1GeV
could not be describedproperly Again, the free—particlepolesof quarksand diquarks
would causaunphysicathresholdsn theseprocessesin appropriatenodificationof these
propagatorsvould not only remaove the unphysicathresholdsut alsosene asaneffective
descriptionof the stronginteraction.

Thedressingunctionsthatwill be specifiedbelov implementdifferentpossibilitiesto
remove the singularitiesfor realtime-like momentain the quarkanddiquark propagators.
Eitherthesesingularitiesareabsenor their contritutionscancelin someway [AvS0(. The
gualitative behaiour describedanbeencodedn thefollowing models(whicharecertainly
nottheonly possibilities)for the quarkpropagatoin Euclideanspace,

. 2

Wy — B—Mg . (P _
s®p) = VT fk<mé> . k=0,...,3, (7.25)

with

folx) = 1 (barepropagator) (7.26)

1 x+ 1 x+ 1
filx) = E{x+1—i/d+x+1+i/d} ’ (7.27)
falx) = T—exp[—d(1+x)], (7.28)
f3(x,x*) = tanh[d(1+x) (1 +x*)] . (7.29)

"For adiscussiorof diquarkconfinemenseethe original work [BRS96]andthe review in [Hel98].
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Figure7.3: Thepropagatofunctions,?k(x) = fi(x)/(x+1) forrealx andfork =0, ... , 3,
cf. eqs(7.26)—(7.29).The solid line correspondso the free propagatar Herewe have set
d=1.

Thetrivial dressingunctionf, correspondso the barepropagatarThis cases consid-
eredonly for comparison.

The propagator(7.27) hascomple< conjugatepoles[Sti96] suchthat corresponding
virtual excitationscanceleachotherin physicalamplitudes.Herebym hasthe statusof a
parametethatwould be interpretedasthe quarkmassif andonly if the poleswereonthe
realaxis.

In asecondscenariq7.28),thedressingunctionis chosersuchthatthe propagatorare
entirefunctionsandnon-trivial for all finite complex momenta.Then,however, they must
have anessentiakingularityat [p|> = oo [EI93, BRS"99]. This type of dressingunction
hasbeenusedquite successfullyto describethe space-lile aspectof baryonswithin the
covariantdiquark-quarkmodel,seee.g.[HAOR97]and[OHAR98].

Third, it might be helpful to approximateropagatordy non—analytidunctions(7.29)
andconstrainthemsuchthatthey asymptoticallybehae like 1/|p|? for both, large space-
like andtime-like momentaSincewe enforcethe propagatorso befree of poles,they must
be non—analyticfunctionsdependingon both the particle momentump andits comple
conjugatep*. Consequentlyhe quark—photorandquark—mesowerticesarenon—analytic
andtranslatiorinvariances lostin thesolutionsto thenucleonBSE. Thesdssuesare been
detailedin section7.1.

In fig. 7.3 thedressingfunctionsare plottedin the form fr(x) = fr(x)/(x + 1) for
k =0,...,3 for realx. Notethatthesedressingfunctionsarerealin thatcase.Oneob-
senesthatf;(x) andfs(x) changesignwhile the function f>(x) increaseslrastically For
asymptoticallylarge space-lile momentathe threemodel propagators®) | (k = 1,2,3)
matchup with the bare propagatorS(©). The presentinvestigationfocuseson the phe-



7.3 Kinematical Particularities of Production Processes 95

nomenologicalmplicationsof thethusmodifiedpropagators.

7.3 Kinematical Particularities of Production Processes

The calculationof boundstatemassewithin the Bethe-Salpeteframavork (essentially)
relieson the space-lile propertiesof the propagator®f the constituentsHowever, for the
descriptionof productionprocesselke py — AK thebehaiour of the propagator®f the
constituentsn thetime-like region turnsoutto be of primaryimportanceln principlethese
propagatorsanbecalculatedisingDSES[AvS0(Q andalsorespecitie latticemeasurements
shouldbe availablein the nearfuture; for preliminaryresultsseee.g. [SWO01, HKLW98].
Both methodscomprisethe non—perturbatie dynamicsandshouldthereforegive the basic
ingredientdo describenadronsasboundstateof quarks.However, bothapproacheareset
up in Euclideanspaceandonehasto revert to extrapolationswhenthe propagatorsareto
be usedfor time-like momenta.If onewould like to analyticallycontinueform Euclidean
spacebackto Minkowski spaceonewould have to know the propagatorsot only on the
real axis but in a region of the comple plane. In orderto calculateamplitudesof physi-
cal processebetweeron—shellparticlesusingthe EuclideanBethe—Salpeteiormalismthe
temporalcomponent®of the externalmomentamustbe purely imaginarythusleadingto
comple internalmomenta.ln thesecalculationghereforethe structureof the propagators
in the complex momentumplaneis essential. As repeatedlymentioned: confinements
understoodwithin this phenomenologicatontet) astheabsencef polesonthetime-like
g’—axisin the propagator®f colouredstates.

The BSE is most corveniently solved in the restframe of the boundstatewherethe
totalmomentunof theboundstateis P = (0,iM). In (7.14)theloop momenturrk relatve
betweerguarkanddiquarkis choserto bereal. Hencethetemporalcomponenof thequark
momentunk, = nP + k becomesomple. Thereforethesolutionof theBSE’'probes’the
guark propagatoat complex momenta;more precisely: within a parabolashapedegion,
seefig. 7.4. Thevaluesof kﬁ thatarecoveredwhenintegratingover k lie within a parabola
thatopenstowardsthe space-lile axis, cf. fig. 7.4. Theinterceptof the parabolawith the
realaxisis at (small) time-like kﬁ = —(mM)?. Thus,solvingthe BSE mainly probesthe
behaiour of the quarkpropagatofor space-lie momenta.

The solutionof the BSE yieldsthe vertex functionsthatarethe basicingredientgo all
further calculationslik e e.g. the calculationof the crosssectionfor productionprocesses.
Having examinedthe momentunregime relevantto the solutionof the BSE itself we now
focuson the momentunregimethatis 'probed’ in the calculationof productionprocesses
like kaonphotoproductionA contritution to thereactionpy — AK thatinvolvesa quark
loop is shawn in fig. 7.5. It turnsout thatit sufiicesto considera parabolashapedre-
gion of the complex g?>—plane(i.e. it is sufficient to consideronly this momentumand
ignorethe others). This canbe understoodn at leasttwo ways: One could usethe wave—
functionsratherthanthe vertex—functionsfor the calculationof the diagram. In this case
thepropagatorshatdepenconpq, kq andp4 areincludedin thewave—functionsandthere
would be no necessityto treatthemseparately Neverthelessconsideringthe propagators
S(pq),S(a), S(kq) andD(p4) separatelpnefindsthatamongall theinternalmomentan
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Figure7.4: Thecomplex g?>—plane.Theinteriorof theparabolds neededor thecalculation
of thediagramin fig. 7.5, x is definedasx = (1M + E)?. Notethatin the caseof the BSE
onehasx = n2M?2.

Figure7.5: Main contritution to kaonphotoproductiorpy — KA,

thediagramit is g thatreachedarthestin thetime-like regime. Thusthefollowing analysis
for pq andky wouldyield lessrestrictive conditions.
Fromthe momentunroutingshavn in fig. 7.5onehas:

q=p_+py=mP+1+py (7.30)

wheren is againthe momentunpartitionparametefp_ =nP+1, pg = (1—-n)P—1)and
1 denotedo the loop momentum.Theloop momentunis choseno be realwhich implies
that the externalmomentalike P andp,, musthave animaginarytemporalcomponenin
orderto correspondo physicalparticles.Thefollowing kinematicalconsiderationseferto
the protonrestframeandassumehatthe photonpropagateslongthe y-axis,

P=(0,iM), py=(0,E0,iF), 1=(T,14). (7.31)
Hencethe momentunmenteringthe quarkpropagatobecomes

q% = (—n2M2+12—2nME+ZELy> Fi(2nM 4 2E) 1 (7.32)
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wherethe real andimaginarypartsof q? have beenseparated This shavs that we need
to know the propagatorS(q?) at complex g2 in orderto be ableto computethe handbag
diagramshawn in fig. 7.5. The setof valuesof g2 thatoccuris illustratedin fig. 7.4. The

situationseemgo be quite parallelto whatwe foundfor the BSE;in bothcasesve needto

know the propagatorén a parabolashapedegion of thecomple plane.Theinterceptwith

theimaginaryaxisis in both casesminustwo timesthe interceptwith therealaxis(cf. fig.

7.4). However, thereis oneimportantdifference . For the productionprocessetheintercept
with the real axis doesdependon the photonenegy E, moreprecisely:x = (nM + E)?

whereador the BSE onehasx = (nM)2. Thusfor E = 0 the computatiorof the handbag
diagramshown in fig. 7.5 usesthe sameregion of the comple planethatis necessaryo

solve the BSE.However, for E > 0 the parabolas shiftedin the directionof the negative

realaxis.

The thresholdfor kaonphotoproductionis at E slightly lessthan 1GeV andthe cross
sectionhasheenmeasurediT 98] upto E ~ 2GeV. Thisimpliesthatthe handbagliagram
‘probes’the quarkpropagatomud fartherinto thetime-like region thanthe BSE itself.

The analogoukinematicalanalysisfor strangeness—prodian pp — pKA (seeright
panelof fig. 7.4) exhibits the samequalitatve features. That processaswell ‘probes’a
parabolashapedsubsetof the complex plane,wherebythe parabolais somevhat broader
thanthe onein figure 7.4. However, thereis againan importantdifference: for typical
kinematicalsituationsthe paraboladoesextendonly upto g2 ~ —0.53Ge\? into thetime-
like region. Thatis, the reactionpp — pKA ‘probes’the propagatorsn essentiallythe
sameregion asthe BSE does.lt is thereforenot assensitve askaonphotoproductiono the
behaiour of the propagatoin thetime-like region.

The main conclusionof the above discussionis that certainproductionprocessesre
significantlymoresensitve to the structureof the quarkanddiquarkpropagatorshane.g.
thebaryonspectrumascalculatedvithin the Bethe-Salpetediormalism.Hencethe studyof
suchprocesseshouldprovide importantinformationaboutthesepropagators.

7.4 Results for Kaon Photopr oduction

This sectionis divided into two parts; first the modelparametergseetable 7.1) arefixed
from the octetbaryonmassesandthe nucleonmagneticmoments. The numericaldetails
for solvingthe octetbaryonBSEsandthe computationof the form factorsarethoroughly
discussedh [Oet0(. Thentheresultsfor thestrongform factorgxna areshortlydiscussed
sincethey enterthecalculationof thecrosssectionfor kaonphotoproductionTheresultsfor
vp — KA, which arethe mainobjectve of the preseninvestigationarethenpresentedn
the secondoartof this section.Theresultsthatarediscussedherehave beenfirst published
in [AAF T004.

Within the requirednumericalaccurag it hasbeenassuredhat the above described
independencef the octetmasse®f the momentunpartition parameter; whenanalytical
propagatorsare used. As amued before, this invariancedoesnot hold for non—-analytic
propagators. In thesecasesn hasbeenchosento be closeto its hon—relatiistic value
mq/(mq + mg) Wheremg and mgq denotequark and diquark massparameterf the
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I Il 11 v \% VI expt.
diquark: only scalar scalarand
axialvector
fi 2 1 1 3 1 3

d 2.0 8.0 4.0 6.0 4.0 6.0

m, =mq[GeV] 040 045 045 052 045 0.52
ms [GeV] 064 070 069 075 0.67 0.72

¢ 070 0.95 092 097 092 0.97

A2 [GeV?]  0.25 0.1 0.1 0.1 0.1 0.1

Hp 283 247 264 232 270 233 279
un —237 —-215 -232 —-208 —-208 —-1.82 -—-1091

octetmassesMpy = 0.939 GeV fixed
A [GeV] 1.13 1.12 1.12 1.12 1.13 1.12 1.12
Y [GeV] 1.30 1.27 1.29 1.30 1.22 1.21 1.19
Z [GeV] 1.37 137 139 136 137 133 1.32

Table 7.1: The six parametersetsof the model investigatednere and the respectie re-
sults for the nucleonmagneticmomentsand the octet masses. Calculationsusing the
first four setsinvolve only scalardiquarks,whereasthe setsV and VI alsoinclude axi-
alvectordiquarks. The parameter, determineghe diquarkmass(scalarand axialvector),
mgq = ((mq +myp), with themassparametersn ,, of its constituentjuarks.The parame-
ter A determineshewidth of thediquarkamplitudessee(7.13). For setl thecorresponding
shapeof the amplitudesvaschosento be a quadrupolgn = 4), for the othersetswe fixed
it to beadipole(n = 2).

flavour channelassociatedvith the consideredaryon. This choiceis naturalsinceother
onesyield largereigewvaluesof theBSE. Thephysicalnucleonmasss usedto fix thescalar
diquarkcouplinggs andthe A-masgo determinghestrangejuarkmassparametems. By
reproducingthe phenomenologicatlipole fit for the proton electric form factor Gg one
essentiallyfixesthediquarkwidth A.

Table7.1lists the six parametesetsthatwill be emplo/edto computethe obserables
of productionprocessesater on. The first four setsare restrictedto the dominantscalar
diquarkcorrelations.Setl refersto the pole—freeexponentialdressingfunction, f,, while
the setsll andlll are associatedvith dressingfunctionsof the Stingl type, f1 (cf. egs.
(7.27)and(7.28)). Thesetwo setsdiffer by the valueof d thatcharacterisethe separation
of thecomplex conjugatepoles.Finally setlV assumeghe non—analytiqpole—freedressing
function, f3 (cf. (7.29)). Thedressingf the propagatorincreasehe predictedprotonmag-
netic momentwhenall othermodelparametersemainunchanged.Using the parameters
of setll but free propagatoryields v, = 2.27 while the Stingl-typepropagatorsesultin
Hp = 2.46 andp, = 2.64 for d = 8.0 andd = 4.0, respectiely. The magneticnoment
of the protonfalls a little shortfor the setsll andIV. The overall pictureemegesthatthe
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Figure7.6: Left panel: Protonelectricform factornormalizedto the dipolefit. The experi-
mentaldataaretaken from ref. [H* 76]. Rightpanel: Theratio (p, Ge)/Gwm for theproton
with the experimentaldatapublishedin ref. [J70Q].

restrictionto only scalardiquarkcorrelationsproducedoo large ratios|p,, /1, | andrather
large masssplittingsbetweerthe octetbaryons gspeciallybetween: andA.

As shawn in fig. 7.6 all setsreasonablywell reproducethe electricform factor Ge.
The resultsare confinedwithin a region thatis characterizedy lessthanapproximately
15%deviation from thedipolefit. This deviation, althoughrectifiableby refiningthetime—
consumingparameteisearchjs of no significancefor the conclusionghatwill be dravn
from theresultsfor the productionprocessesThis will becomeclearfrom the discussions
below.

The calculationghatemploy the parametersetsV andVI includea moderateadmix-
ture of axialvectordiquarks,g./gs = 0.2. For simplicity the axialvectordiquarkmasses
arechoseridenticalto thescalarones.Here,the Stinglform f; (setV) andthenon-analytic
form, f3 (setVI) areof particularinterest,sincelaterit will be shavn that the exponen-
tial form, f, producesunacceptableesultsfor the productionprocessesUponinclusion
of the axialvector diquarkthe good descriptionof Gg remainsunchangedvhile the ratio
lun/up| andthe masssplitting betweenZ and A evenimprove. For setVI the predicted
octetmassesre almostindistinguishabldrom their experimentalvalues. As alreadyob-
sened in [OAvS00] and asis exhibited in the right panelof fig. 7.6, theratio Gg/Gm
calculatedwith axialvectordiquarksincludedcomesconsiderablycloserto the experimen-
tal valuesthanin acalculationthatomitsthesedegreesof freedom(setsl—IV). As explained
in [OAvSO0(Q, increasinghe strengthof axialvectorcorrelationdn the protonforcesthera-
tio Gg/Gm to bendto lower valuesat large photonvirtualities. This alsosuggestshatin
orderto preciselyreproduceheempiricalresultonewould needaslightly largeraxialvector
couplingthantheassumed,/gs = 0.2.

All setspredictthe maximumof theneutronelectricform factorto lie betweerD.025 <
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Figure7.7: Resultsfor the strongform factorggna. The parametesets(l-VI) aredefined
in table7.1. For Q% < A3 areobtainedfrom a rationalfit asexplainedin the main text.
(Se€e[AAF T004 and[Fis99 for adetaileddiscussion.)

G < 0.04. Thisis only abouthalf the value extractedfrom recentexperiments[P*99,
O199]. Within thismodelapproachimproveddescriptiongor this form factorcanbefound
in [OPvS00]and[OAvVSO0Q].

In a previous study[OAvS0Q thatemplo/ed free quarkanddiquarkpropagators was
not possibleto reproducethe nucleonmagneticnomentsandthe A masssimultaneously
Thekinematicalbinding of the A requireda large constituenjuarkmass;mq = 0.43 GeV,
whichin turndecreasethe magnetianomentgin magnitude) Furthermorahe useof free
propagatorenforcedmoderateaxialvector diquark contritutions (about25%) to properly
describetheratio Gg /Gy of electricand magneticform factorsfor Q% up to 2GeV2. In
contrasttheintroductionof dressingunctionsfor thequark—photowvertex (seg/ AAF 7004
for details)allowsto chooseaatherlargeup quarkmassparameteraroundm,, = 0.45 GeV
andstill obtaina protonmagneticonomentthatagreeswith experimentreasonablyvell.

Figure 7.7 displaysthe resultsfor the form factor gkna (Q?) thatwill be usedin the
calculationof the crosssectionfor kaon photoproductio. Theseresultshave beencal-
culatedin the Breit—framewhich is specialbecausdhe calculationscannotbe performed
belav a certainmomentunor the meson. This lower boundis givenby: Q% > A3- =
Mf\ — M]{, ~ 0.4GeV? andbelow thismomentunonehasto usea (rational)extrapolation.
For the specialcaseQ? = 0 it hasbeenexplicitely verified that the thus obtainedresults
are equalto the correspondingesultsthat are obtainedin the lab—frame. The prediction
for guna(Q? = 0) is comparableo thosefound by QCD-sumrule or Skyrme modelcal-
culationsbut somavhatsmallerthanthe chiral bagmodelresult,cf. [JC99 andreferences
therein. Extrapolatinggkna (Q?) to the kaonmassshell Q2 = —M2 yields valuesin the
rangel6.3 < gxna < 19.3. Thisis slightly above the ballparkof the numbersextracted
from experimeniTRdS95].

8Theseresultsareincludedherefor completenesskor a detaileddiscussiorof the theoreticabackground
thereadeiis referredto [Fis99].
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Figure7.8: Main contributionsto kaonphotoproductiorpy — AK. Theincomingproton
andtheoutgoingA carrythe momentaP andP respectiely. Thelower partof thefigure
shawvs thetreelevel diagramthatmodelsthe exchangeof a virtual kaon.

Having introducedthe basicformalismandhaving fixedthe parametersf the modelit
is now possibleo discusgheresultsfor kaonphotoproductioryp — KA. Themaincontri-
butionsto thisreactionareshavn in fig. 7.8 wheretheinternalmomentaof the (uncrossed)
‘handbagdiagram’aredefinedaccordingo

pP—=p+npP pa=—p+(1—mp)P (7.33)
q="p-t+py P+ =4 =Pk (7.34)
PA=P+py Pk pe=p+ (1 —1np)P—(1-—MA)PA. (7.35)

Heren, andn, arethe momentumpartition parametersf the protonandthe A, respec-
tively. Both,n, andn canbechoserindependentlyn therange0 < mn,,na < 1.

The two ‘handbagdiagrams’modelthe couplingto oneof the constituents.They are
calculatedwithin the Mandelstanformalism[Man55 whichyields

i _
Aq = iJ i {®A(ps, PA)S(P+)Tk(d, p+)S(a) } {Ty (P, 4)S(p=)Dp(p, P)D(pa)}

(2m)*
(7.36)

for theamplitudeof theuncrossedhandbagliagram.Here® , and®,, arerespectiely the
vertex—functionsof the A andthe protonasdiscussedn section?7.1. Furthermord is the
meson—quarkertex that hasbeendiscussedn the precedingsection. The photon—quark
coupling, T is describedoy the Ball-Chiu vertex (2.32) or its generalisatiorto the case
of non—analytiqpropagatorsseesection?7.1 andespeciallythe discussiornin [AAF T004.
Thetrans\ersecontritution is usuallyfoundto bevery small(for boundstatereactionsjnd
therefordt will beneglectedin thefollowing. Althoughtheform of thisvertex is notmodel
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specific,it containsthe self-enegy functionsandthusit implicitly dependsn the model
propagators.The expressionfor the crossechandbagliagramcanbe easilyinferredfrom
(7.36); this andall othertechnicaldetailsthat enterthis calculationare givenin appendix
B.3.

The treelevel diagrammodelsthe exchangeof a virtual kaonandis expectedto yield
a non—ngligible contritution for large photonenegies. For the photon—mesomroupling
we usea barevertex multiplied with the kaonelectromagneti¢orm factor (seeAppendix
B.3) while the meson—baryowrertex is proportionalto gkna(Q?) thathasbeendiscussed
in section7.1.

The *handbagdiagrams’shavn in figure 7.8 probethe propagatorsiot only for space-
like momentabut alsofor comparablylarge time-like momenta,as hasbeenemphasised
in section7.3. This sensitvity to the behaiour of the propagatorgor time-like momenta
distinguishesghereactionpy — AK from mostotherproductionprocesses.

In theleft panelof fig. 7.9thetotal crosssectiono(yp — KA) is shavn asafunction
of thephotonenegy E . Oneobseresthatthe parametesets(lI-1V) predictcrosssections
that are comparablewith the experimentaldata. Thesemodelcalculationsdo not include
axialvectordiguarks.Oncethesedegreesof freedomaretakeninto accouni(setsvV andVl),
the cross—sectiolis overestimatedy abouta factorfour. For thefive setsll-VI onefinds
thatthetotal crosssectionis stronglydominatedy thekaon—echangediagram(cf. fig. 7.8)
while the handbag-typeiagramscould be aimostneglected andit is obviousthatin this
casetheresultsfor gxna (cf. fig. 7.7) directly translatanto resultsfor the crosssection.If
only a singlediagramcontritutesinterferencecannotoccurandit is evidentthatthe model
calculationgddo notreproducehedip in theenegy region 1.1GeV < E < 1.4GeV. Tuning
the model propagatorsuchthat the two diagramsare of equalimportancethis dip could
be reproducedAAF T00. Onefinds that an exponentialdressingfunction (setl) leads
to an extremeoverestimationof the experimentaldata. In this caseactuallythe handbag
diagramsdominatewhile the kaonexchangecontritutionsarecomparatiely small. Figure
7.9clearlyshaws thatthe large disagreememf the modelresultswith the datacertainlyis
not a fine—tuningproblem. Ratherone hasto concludethat the comparisorwith the data
rules out propagatorghat stronglyrise in the time-like region as the one dressecby an
exponentiafunction.

The differential crosssectionis shavn in the right panelof fig. 7.9 for the enegy
intenal 1.2GeV < E < 1.3GeV asa function of the anglebetweenthe momentaof the
initial protonandthe final kaonin the centerof massframe (seeappendixB.3 for details).
Althoughthe modelcalculationgeproducethe empiricalincreaseof the differentialcross
sectionascosf.,, goesfrom minusto plusone,the increaseappeargo be overestimated.
For thoseparametesets(lI-VI) for whichtheresultingcrosssectionsaredominatedoy the
kaon exchangediagramsthe predicteddifferential crosssectionsturn out too smallin the
backward scatteringegion while they aretoo big in the oppositedirection. As a resultthe
total crosssectionagreeswith the empiricaldatareasonablywell. Again, the exponential
type propagatorgield differential crosssectionsthat are way off the dataandthis again

°It is interestingto notethateven for the handbagdiagramaloneresultsobtainedwith a Ball-Chiu or bare
photonquarkvertex, respectiely, differ by at mostafew percent.
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Figure7.9: Thetotal crosssectionfor kaonphotoproductiorasa function of the incident
photonmomentumE (left pane) andthe differential crosssection(right pane) for kaon
photoproductioraveragedin the enegy bin [1.2,1.3]GeV. The parametesets(I-VI) are
definedin table7.1. The experimentaldataaretaken from [T +98].

necessitatethe conclusionthatthis type of dressingunctionis notacceptable.

Theasymmetrieshataredefinedin (B.44)—(B.46)have alsobeencalculated Onefinds
thatthey essentiallyanishfor the modelpropagatorshat canbe consideredo be reason-
able,i.e. setsll-VI. Althoughthe modelcalculationcorrectly predictsthat the polarised
photonasymmetryL, see(B.46), is positive for cosf.m < 0 andnegative otherwise the
absolutevaluesare off by several ordersof magnitude. Only when substitutingpropaga-
torsthatarecharacterizedby the exponentialdressingfunction the predictedasymmetries
roughly agreewith the empiricaldata. However, this type of propagatohasalreadybeen
discardedor reasonshathave beendetailedabore.



Chapter 8

Conclusions and Outlook

The quark propagatothasbeenthe main objective of the presentstudy Threedifferent
approachebave beenfollowed which mutually complementachother

First the fermion propagatoiin (2+1)-dimensionaQED hasbeeninvestigatedwithin
the Dyson—Schwingeapproachin orderto allow for a direct comparisorwith the corre-
spondingcalculationsor QCD. Herebytwo differenttruncationscheme$ave beenstudied
which allows to assesshereliability of the results. It hasbeenfoundthatthe bare—ertex
approximatioraswell asthe Ball-ChiuansatZor thevertex give very similar resultswhich
indicatesthattheresultsare generalandnot specificto the truncationscheme Within this
framework the phasestructureof this modeltheoryhasbeenexaminedandin particularit
hasbeenshavn thatthereis a phasewherethe chiral symmetryis spontaneouslyproken
andwherethe fermionsareconfined. Theseresultshave beenthe motivation for the study
of QED; : while beingtechnicallymuchsimplerthan QCD both theoriessharethe same
basicphenomena.

Theresultsfor the fermion propagatoareencodedn the correspondingesultsfor the
self-enggies A, B andit hasbeenshawn thattheresultsfor A arequalitatively differentin
the confinedphaseandin the unconfinedphase For the unconfinedohaseonefindsthat A
hasa power-like behaiour in the infraredwhich entailsthat A(0) = 0. Thisis in explicit
contrastio the behaiour of A in the confinedphasethereit is foundthat A becomeson-
stantin theinfraredat a non—anishingA (0) > 0. This corvincingly demonstratethatthe
fermion propagatofin QED3) possessetheinformationwhetheror not the corresponding
particleis confined.The scalarself-enegy B andespeciallyits infraredbehaiour indicate
whetherthe chiral symmetryis spontaneouslproken. For the unconfinedohaseonefinds
thatB = 0 whereador the confinedphaseonefindsthat B is stronglyenhancedor small
momentawhich demonstrateghat the confinemenphasetransitionis alsoa chiral phase
transition.
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The main part of the presentstudy focuseson the quark propagatoiin Landaugauge
QCD andon the quark—loopcontritution to thegluon DSE. In anabinitio calculationthe
full coupledsystemof DSEsfor the gluon-, ghost-andquarkpropagatohasbeensolved.
In orderto arrive ataclosedsystenof equationgheapproximateSlasznov—Taylor identities
have beenusedto constructthe vertex functions.

The solutionsthat have beenfound for the quenchedapproximationand for the full
coupledsystemof DSEsare qualitatively very similar. For both caseghe solutionsshov
thatchiral symmetryis spontaneousliproken. Thisis expressedy thepion decayconstant
andthechiralcondensatehich arebothnonzero However, thestrengthof chiral symmetry
breakingturnsoutto small. For Ny = 0 andN¢ = 6 oneobtainsfor thepion decayconstant
about60% and30%, respecitiely, of the experimentallymeasuredialue. This decreas®f
fr is mainly dueto the the decreasef theinfraredscaleoc which is theninheritedby the
pion decayconstantthe chiral condensatandthe massfunctionwhich all decreasasthe
numberof flavoursincreases.The scalarself-enggy B andthe massfunction M become
bothconstanin theinfraredquite similar to theresultsthathave beenfoundin QED;.

A possibleconfinemensignatureshouldbe apparentn A sincethe scalarself-enegy
B is essentiallyfixed by the patternof chiral symmetrybreaking. The resultsshawv that A
becomesonstantin the infraredwhich is in qualitative agreemenwith the infraredlimit
of A in the confinedphaseof QED;. Furthermoret hasbeenfoundthat A hasa bump at
intermediatemomentathat increasesn size asthe numberof flavoursis increased.This
bumptherefores aninterferenceeffect dueto the quark—loopwhich occursonly in thefull
coupledsystem.

Also theresultsfor thegluon-andghostrenormalizatiorfunctionsZ andG arequalita-
tively very similar to the correspondingesultsfor the quenchedpproximation.Sincethe
guark—loopis subleadingn theinfrared (ascomparedo the ghost—loop)nefinds for all
0 < N¢ < 6 thatthe gluon propagatoiis infraredvanishing(Z o x'-3*) while the ghost
propagatoiis infraredenhancedG o« x %72). Therenormalizatiorfunctionshave been
rewritten usingthe functionsF and R which have a moredirect physicalinterpretationin
termsof therunningcoupling(c F) andthe effective interaction(FR) in the quarkDyson—
Schwingerequation.It hasbeenshavn thatthe qualitative featuresof F andR remainun-
changedupontheinclusionof the quark—loop.However, theinfraredlimit F(0) aswell as
theUV limit of R decreasasthe numberof flavoursis increasedThis N¢—dependencef
R isinheritedby the effective couplingFR andthusleadsto thepronouncedN —dependence
of the strengthof chiral symmetrybreaking. The non—perturbatie runningcoupling o is
proportionalto F in awaythatthe N¢—dependencef F(0) cancels.Thisimpliesthatxs has
aninfraredfixed pointat s =~ 9.48 independentf the numberof flavours.
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Oneof themainissuef the presenstudyis theinvestigationof the physicalpositivity
constraintdor the gluon-andquarkpropagatorsA violation of thesepositiity constraints
implies that no Kallen—Lehmannepresentatiomxists andthat the correspondingarticle
thereforecannotoccurin the asymptoticspectrum. For the gluon propagatoiit hasbeen
found that positiity is violatedfor all 0 < N¢ < 6. This very stronglyindicatesthatall
colouredgluonstatesareconfined.Thisis in contrasto theresultsfor thequarkpropagator
whereno violation of the physicalpositvity constraintscould be found. However, while
the violation of positvity implies that the correspondingparticle is confinedone cannot
concludethatthe non—violationof positivity indicatesunconfinedparticles.

Finally it hasbeeninvestigatedwhethermesonproductionprocessesan give phe-
nomenologicatonstraintonthequarkpropagatarlt hasbeenshavn thattheseproduction
processesnvolve a large time—like momentumtransferto one of the constituentsof the
bound statesthat participatein the reaction. Among thesemesonproductionprocesses
kaonphotoproductiorhasbeenfoundto be particularlywell suitedto constrainthe quark
propagatoin thetime—like region. This complementshe Dyson—Schwingestudieswhich
aresetupin Euclidearnspaceanthusyield the propagator®nly for space—lik momenta.

The differentialandtotal crosssectionaswell asthe asymmetriedor kaon photopro-
ductionhave beencalculatedwithin the covariantdiquark—quarkmodel. Herebythe prop-
agatorsof the quarkanddiquark have beendressedn a way that effectively implements
confinementln orderto studythe importanceof the qualitatve featuresof the quarkprop-
agatordifferentdressingunctionshave beenexaminedand compared.Theresultsfor the
crosssectionof kaonphotoproductiortlearly shav thatthe quarkpropagatomustnotrise
in thetime—like region andin particularpropagatorsvith an exponentialdressingfunction
have beenruled out. Among the dressingfunctionsthat have beenconsideredhe results
favour the Stingl ansatz[Sti96] which hasno singularitiesfor real momentabut complex
conjugatepoles.Thisis alsosupportedy Dyson—Schwingestudiesfor QED; [Mar95].

The comparisorof the Dyson—Schwingeresultsfor QED; in the confinedphaseand
QCD revealsimportantsimilarities. For the confinedphaseof QED; it hasbeenfoundthat
thefermionpropagatobecomegonstantn theinfraredwhile it vanishesvith apowerlike
behaiour in theunconfinedohase.The studywithin this modeltheorythussuggestshata
fermionpropagatorhich becomegonstanin theinfraredindicatesfermion confinement.
Transferredo QCD this would thenimply that the quark propagatotthat hasbeenfound
corresponds$o a confinedquark.

This possiblescenariovould be surprisingbecauséhe resultsfor the gluonpropagator
gave credibility to the hypothesighatconfinements apparentn the propagatorsia viola-
tion of the positivity constraints.Furthermorehe non—positiity of colouredstateswould
directly combinewith the BRS quartetmechanisnto explain the absencef colouredstates
in thephysicalspectrum.

However, neitherfor QCD norfor QED; ary indicationof positivity violation couldbe
foundfor thefermionpropagatarAs farasQED; is concernedt seemgo bevery unlikely
thatthis resultdoesdependon the truncationschemesincetwo ratherdifferenttruncation
schemedave beeninvestigated.For QCD the situationis similar thoughsomevhat less
conclusve. Thedifficulties thathave beenencounteredh the renormalizatiorof the quark
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DSE andof the quarkloop indicatethat the quark—gluonvertex as constructedrom the
approximateSlavnov—Taylor identity ignoresanimportantingredient. This shouldbe due
to the ngglectionof the quark—ghosscatteringkernelin the correspondinglavnov—Taylor
identity.

Thediscussioralsohighlightsthe centralissueghathave to be morethoroughlyunder
stoodin orderto advancethe preseninvestigation.Firstit hasto be examinedwhetherthe
violation of positvity for the quark propagatoractuallyis a necessargonfinemensigna-
ture. Herethe comparisorwith QED; clearlyindicatesthatthis is not the case.Secondly
in the constructionof the quark—gluornvertex the quark—ghosscatteringkernelshouldbe
takeninto account.This is essentiabecausetherwisethe renormalizatiorof the quarkis
impossiblewithout further prescriptions.



Appendix A

Dyson-Sc hwing er Equations:
Numerical Methods

This appendixcollectsvarioustechnicalaspectf the numericalsolutionof the DSEsin
QED; andQCD. The focusis on the numericalmethodsthat have beenfound usefulas
well ason the (technical)problemsthat occur Most of the techniqueghat have beenap-
plied to solve the DSEsfor QED; (andthataredescribedn the following section)canbe
appliedto the coupledsystemof DSEsfor QCD. - However, for the caseof QCD thereare
someadditional(technical)problemswhich areshortlydiscussedhn aseparatesection.The
Chebyshe approximatiorhasbeenextensvely usedandit is discussedh sectionA.2

A.1 Dyson-Sc hwing er Equations for QED;

Analytically the systemof DSEsfor the fermion propagatomandthe photonpropagatolis
first transformednto a coupledsystemof equationgor the selfenegy functionsA, B and
thepolarizationscalarT (seeeqs.(2.47)-(2.49)).As hasbeensaidalreadythisis acoupled
systemof nonlinear integral equations. Thereforeit hasto be solved using an iterative
processlf we write the systemof DSEs(2.47)-(2.49¥ormally as

whereN is thenumberof fermionflavoursandX 5, g and X containthe nontrivial con-
tributionsto A, B andTT respectiely. Theseselfenegy contritutions X5, Xg and Xy do
dependnonlinearlyon A, B andTl. Theiterative procesgjivesa sequenc®f approxima-
tions

Ait1(p) =T+ Za[A4, By, TTi, pl (A.4)
Bit1(p) = Z[A4, B, Ty, p] (A.5)
Mit1(p) = N ZnlAy, By, pl (A.6)
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to theexactsolution{A, B, T} of (A.1), (A.2) and(A.3) suchthat
Ai 5>A B, —B T, —T1I (A.7)

for i — oo giventhatthatstartingguesg Ay, Bo, Io} is in asensenotto 'far’ from thereal
solution{A, B, TT}.

The selfenegiesZ A, Zg andXy areexpressedisloop integralsover the Euclideand-
momentum. One of angularintegrationscan be performedtrivially suchthat the radial
integral over k? andan angularintegral over the anglebetweerthe externalmomentump
andtheloop momenturrk remainsto be donenumerically

To illustratethe conceptst is appropriatdo shortly recallthe DSE for the polarization
scalarin the barevertex approximationthe techniquesand methodsaregeneraland have
beenalsoappliedto the DSEsfor A andB. In thethe asymmetrionomentunroutingthe
DSEfor IT reads:

2 3 3
Mp) 4N%j% (;mp W k,k>) oop—Kou(k)  (AB)
with
A(k)

o) = 2R T B

(A.9)

andthe corventionthat (p, k) = pkcos(6) = pkz denoteghe scalarproductof the Eu-
clideanfour momentap andk. Eqg. (A.8) is equalto

e 1 N 2 2.2
+1
I(p%,k2) = J dz (K*(1 — 32%) + 2pkz) oy (p® + k* — 2pkz) (A.11)
-1

wherethe angulardependencéiasbeenmadeexplicit andthe trivial angularintegration
hasbeenperformed.Theradialmomentunintegral in (A.10) canbe solved usingdifferent
numericalmethodsbut it hasbeenfoundthatit usuallysufficesto use

JXN dx f(x) = h(éf(m) + Zf(xz) + éf(xs)

X1 8 6 24
F10e) 4 10) + -+ Tl + o)
23f 7f 3f A.12
+ 53Tl 2]+ it 1) + 30 ) (A2

which canbe foundin [PTVF92]. However, someof the angularintegralsin the DSEsfor
A andB have integrablesingularitiesof log-type at p> = k?. To handlethis the radial
momenturrintegrationover k% hasbeensplit into two parts

Auv p? Auv
J dk? — J dk? +J dk? (A.13)
AR AR p?



110 Dyson-Sc hwing er Equations: Numerical Methods

anda Gauss-Lgendrequadraturdnasbeenusedto avoid the endpointsof thetwo separate
integrals. WhethertheextendedSimpsorformula(A.12) or the Gauss-Lgendrentegration
hasbeenused;in bothcaseshe meshpointshave beendistributedexponentially I.e. if the

meshpoints{xy, ... , xn} areuniformly distributedthenthe transformation
xi—>yi:xoexp<llog(X—N)> i=0,1,...,N (A.14)
N X0

will leave the endpointsunchangedut will leadto a over-proportionaldensityof mesh-
pointsin the vicinity of x; and comparablittle mesh-pointdor large valueswhich are
comparablgo xyn. Theradialmomentumintegrationin (A.10) hasbeendonewith about
300mesh-point®on the averagebut up to 1000to testthenumericalaccurag of theresults.

For the angularintegration over z in (A.11) a Gauss-Lgendreroutine hasbeenused
with 30 mesh-pointsn the averagebut up to 150 mesh-pointdor few calculationsto test
thenumericalaccurag.

It turnsout thatit is not completelystraightforvard to evaluatethe integral (A.11) nu-
merically The difficulties that appearshavn up as an extremely large (and numerically
unstable\alueof TT(p) for smallp?. Thedifficulties canbe tracedbackto the interpola-
tion thatis usedto evaluatethe selfenegy functionsA andB (which definec,). Related
problemshave beeninvestigatedn [BP954.

Thesedifficulties canbe understoodn a’heuristic’ way; for large k* andsmallp? the
function oy (p? 4 k? — 2pkz) will bevery closeto 1/k? whichimpliesthatI(p?, k2) will
bevery closeto

+1

I(p?, k%) = J1 dz (k*(1 —32%) + Zpkz)% (A.15)

Theintegral over (1 — 3z?) vanishesn this limit aswell asthe integral over z. However,
the cancellationthat is necessaryo guarantythe integral over (1 — 3z2) is zeroif done
numericallyturnsoutto beratherdemandinglf thefunctionsA andB arenotinterpolated
veryaccumatelyandverysmoothlythe cancellatiorwontwork if theintegralis donenumer
ically. This implies thatinaccurateangleintegrationswill leadto spuriousquadraticUV
divergenciedn the polarisationsscalar

Themostsimpleinterpolationis probablythelinearinterpolation

f(x) = f(xi) + f'(x1)(x —x4) (A.16)

wherex;, 1 =1,2,... ,N arethemesh-pointsvherethe function f is actuallyknown. For
the derivative f’ onecould e.g. usea threepoint formula. Using this simpleinterpolation
to evaluateA andB andthuso, at (p? + k% — 2pkz) it seemgo beimpossibleto find a
numericallystablevalueof TT(p) for smallp?.

So one shouldusemore sophisticatemethodsfor the interpolation. The next method
thatmightbe considerecppropriateare polynomial

f(x) = Pr(x) (A.17)
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or rationalapproximations

f(x) = (A.18)

whereP,, andP,,, arepolynomialswhich areto be matchedto the function f. Thereare
routinesin [PTVF97 for polynomialandrationalinterpolation however, theseareto slov
to beappliedto anarrayof say200or morefunctionvalues.To speedhingsup onecould
usethepolynomialor therationalinterpolationonasmallsub-arrayof functionvalues.Lets
assumehatwe have to evaluatethefunctionf atx andletsfurthermoreassumehat

Xm < Xl < oo <X <oh < Xp (A.19)

suchthatthereareabout20 meshvaluesof f in total with abouthalf of themsmallerand
half of themgreatethanx. Now oneuseshis sub-arrayof valuesasinputfor interpolation.
Usingthis piece-wisanterpolation(whetherit be polynomialor rational)onefindsthatthe
polarizationscalarin the infraredis much more stablethanwith the linear interpolation,
however, therearestill somesmallernumericaluncertainties Thesecanbetracedbackto
the fact that one hasuseda piece-wiseinterpolationwhich leadsto aninterpolatedfunc-
tion which will still have somenon-smoothremnantf thebordersthatmarktheintenals
(A.19) thathave beenusedfor theinterpolation.

To have an accuratanterpolationwhich is alsofastenoughoneis leadto the Cheby-
shes approximationwhich is discussedn sectionA.2. To increasethe accurag not the
functions A, B and T themseles have beenapproximatedbut their logarithm. Further
more, to increasethe accuray, the interpolationhasbeencarried out using the intenval
[log(Pmin), Log(Pmax)] insteadf [pmin, Pmax] (Wherepmin andpmax arethelR andthe
UV cutof of theradialmomentunintegral). Usingthis methodhassereraladwantagesfirst
andforemostthe fact that this yields a numericallystableandaccuratepolarizationscalar
for all momentaandespeciallyin the infrared. But thereis even moreto it; the fermion
Dyson-Schwingeequationsi.e. theequationdor A andB containtermsproportionatlto

Al = Alp) n20)
wherek? is theloopmomenturmandp? is theexternalmomentumIn thelimit thatk? — p?
this becomes derivative which would have to be approximatedf onewould usea linear
or a polynomial/rationalinterpolation. This is not the casefor the Chebyshe interpola-
tion becausehereis an exact formula (A.29) to calculatethe derivative of a Chebyshe
approximatedunction.

A.2 Chebyshev Appr oximation

In this sectionthe Chebyshe approximationmethod[PTVF92, [AS72] is recalled. The
methodis usedin the computationgo approximatehe selfenegy functionsA, B andthe
polarizationscalaf . Thisis necessargincenoangularapproximatiorhave beenemplo/ed
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which impliesthatthe angularintegralshave to be donenumerically This, of course,im-
pliesthatA, B andIT have to be evaluatedat momentavhich aredifferentfrom theexternal
momenturmmesh.

The Chebyshe polynomialsT; areorthogonalin theintenal [—1, 1]

SIS 100 A B P

andarealsoboundedwithin [—1, 1]. The Chebyshe polynomialT,, is of degreen andhas
n zerosin theintenal [—1, 1]. Thereis avery compactepresentationf theT,,:

Ta(x) = cos(n arccos(x)) (A.22)

which immediatelygivesaformulafor the zerosof T,, which arelocatedat

XK = COS <M> k=1,2,...,n (A.23)

aswell asfor the extrema,which arelocatedat

Xy = COS (%) k=1,2,...,n (A.24)

The Chebyshe polynomialssatisfyalsoadiscreteorthogonalityrelation

m 0 i£k
> Tl Ta) =<{m/2 i=k#0 (A.25)
k=1 m i=k=0

in additionto (A.21) wherei,j < m andxy, k =1,2,... ,m arethem zerosof T,,.

Onewould like to have anapproximatiorof anfunctionf of theform

N—-1 N-—1
fx) =Y BT =Y ¢Tilx) - Cz—" (A.26)
i=0 i=0

suchthattheapproximationis exactatthen zerosxy of T,,, i.e.

N—1
foa) = ) biTilad) (A.27)

i=0
Now onemultipliesbothsideswith T;(xx ) andsumoverthezeros.Using(A.25) oneobtains

N

ci=) Tila)f(xe) (A.28)
k=0

E!
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which givesusthecoeficient c; in termsof the valuesof f atthe zerosx; of T.,.

Having obtainedthe approximation(A.26) to the function f it is now simpleto find
correspondingpproximationgor thederivative andfor theintegral of f, sincethe only the
deriatives andthe integral of the Chebyshe polynomialshasto be known. The deriva-
tive itself aswell asthe indefinite integral of f will have a certainapproximationof the
form (A.26) with coeficientsc! for thederiative andwith coeficientsC; for theindefinite
integral of f. A simplecomputatiorgives:

ciy=ci+20—1c i=m—-1m-2,...,2 (A.29)
Ci— Ci—1 —Cit

T i>1 (A.30)

wheretherecurrencdor thecoeficientsc{ hasto bestartedwith thevaluesc;,, = c/ . ; =0
andtheformulafor C; hasto be supplementetty a correspondingalueof C;.

For every sufiiciently smoothfunction the approximation(A.26) would converge to f
forn — oo. Butin practicewewill of coursaruncatetheapproximatioratafinite n. Since
the Chebyshe polynomialsareboundedo theintenal [—1, 4+1] the error cannotbe larger
thanthe sumover the coeficients ¢, that have beenngylected. Giventhatf is a smooth
function,the coeficientsc will decreaseery rapidly with increasingk suchthatthetotal
erroris essentiallyequalto

Cn+1 Tn(x) (A-Bl)

Thisis anoscillatoryfunctionwith n + 1 equalextremain therange[—1, +1]. l.e. thetotal

errorthatis madein truncatingthe seriesin (A.26) is distributedsmoothlyover theinterval

[—1,+1]. This heuristicexplanationillustratesthe fact that the Chebyshe approximation
(A.26) is very closeto aapproximatingninimal polynomialfor thefunctionf. (A minimax

polynomialhasthe smallestmaximumdeviation from f amongall polynomialsof thesame
degree.)

A.3 Dyson-Sc hwing er Equations for QCD

The numericalmethodsthat have beendescribedn sectionA.1 canbe equallyappliedto
the DSEsof LandaugaugeQCD. However, it turnedout the differentmeasuranecessitates
the useof differentmethodsfor the angularintegrations;this is shortly explainedin the
presensection.

Consideringonly thethat partof the polarizationthatreducego the barevertex; in the
perturbatie limit on has:

2

J dx? o, (k?)I(p, k) (A.32)
with

1
I(p, k) = r] dz V1 —22(A(K?) + A(g?)) ov(g?) (K? + 3kpz — 4k?2?) (A.33)
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1
0.5 1

FigureA.1: Comparisorof the’effective’ Integrandfor theangularintegral (A.33), asseen
from the Gauss-Lgendremethod(left panel) and from the Gauss-Jacohbinethod(right
panel).

whereq = p — k. Thedifficult thing is to (numerically)avoid the potentialdivergenceof
thepart

J " V1 —22K3(1 — 427) (A.34)
1

which appearsapproximatelyin the limit that the momentak? andp? arevery different
in size. For thesevery asymmetricmomentumconfigurationghe angularintegral (A.33)
reducedo approximatelyto (A.34) because, (q?) is essentiallyl /k? andthusindependent
of theanglez in thislimit. Theintegral (A.34)is analyticallyzero,however, if thenumerical
integrationis not accurateenough thanonewill find a spuriousquadraticUV divergence
(muchlike for QED; ). In table A.1 we comparethe accurag of the Gauss-Lgendre
methodandthe Gauss-Jacolmethodfor the angularintegral (A.33) for differentmomenta
p?, k? andusingA = 1,B = 0.01 + exp(—x) to calculateA (p?) ando, (p?).

Thesuperioraccurayg of the Gauss-Jacolmethodis clearlyillustratedin tableA.1. It's
not to difficult to understandwhy the Gauss-Jacolintegration methodis so muchmore
accuratdor theangularintegral (A.33). All GaussiarQuadraturenethodssplit theintegral
up into two parts,theweightw andthefunctionf

b N
J dxw(z)f(z) = > wif(z) (A.35)
a i=1

wherew; arethe weightsandx; arethe meshpoints. The weight of the Gauss-Lgendre
methodis just 1 whereagheweightof the Gauss-Jacolmethodis

(1—2)%1 +2z)P (A.36)

whichis equalto v/1 —z2 for « = 3 = 1/2. l.e. for this specificchoiceof « and the
weight of the Gauss-Jacolbiethodis just equalto the ﬂ] — 22) factorin (A.33) which
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p2=0.1,k> =0.1

gauley gaujac
20 -1.660773143081®E-2 | -1.654030995673BE-02
40 -1.65496514097456E-Q2 | -1.654124830204&%E-02
60 -1.654373296234%-(2 | -1.6541147208540E-02
pZ=0.1,k* =10 gauley gaujac
20 1.512119232602%%-02 | 1.5708078652496E£02
40 1.563268979223@E-02 | 1.5708078653052FE202
60 1.568550397194@®E-02 | 1.5708078653628'E£02
p?Z =0.1,k% = 1000 gauley gaujac
20 -4,237893453849%FE-04 | 1.5707963477781&L04
40 8.2443293696111E-05 | 1.57079635368928404
60 1.347291491104®E-04 | 1.5707963596748E£04

TableA.1: Comparisorof theaccurag of thenumericalangularintegrationfor theangular
integral (A.33) using Gauss-Lgendre(gauley) or Gauss-Jacokigaujac)integration. The
integral (A.33) hasbeenevaluatedfor differentmomentap?, k* andfor differentnumbers
of meshpointsfor the angularintegration,N=20,40,60.

comesfrom the angularmeasurean 4 dimensions.Thatis the 'effective’ integranddiffers
just by this measurdactor whichis includedin the weightof the Gauss-Jacobintegration
method. The differenceis illustratedin Fig. A.1 which shavs the 'effective’ integrandfor
the Gauss-Lgendreandthe Gauss-Jacoliethod. As one cansee:the integrandfor the
Gauss-Jacobnethodis muchsimplerandthuspotentiallyeasierto integrate.
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Technicalities

B.1 Symmetries of the Mass Terms in QED;

In 2+1dimensiongarity correspondgo theinversionof oneaxissincetheinversionof both
axescouldbeundoneby arotationwith anglert. For thefollowing discussiorit is therefore
assumedhatunderparity P onehas(x,y) = X — xp = (—x,y).

The parity transformatiorof a two-componenspinory andon the gaugefield A" is
givenby

PU(t, X)P " = oy (t, Xp) (B.1)
PA%(t,X)P~! = A°(t,%p) (B.2)
PAT(t,X)P7' = —A(t,%p) (B.3)
PAZ(t,X)P~" = A%(t,%p) (B.4)
andtimereversalT is givenby
T(t, X)T ' = oo (—t, X) (B.5)
TAC(t,%)T~! = A%(—t,X) (B.6)
TALX)T ' = —A(—t,X) (B.7)

A masgermof theform mlElb where is atwo-componensgpinoris thusoddunderP and
underT. Chage conjugationof the two-componenspinory andthe gaugefield amounts
to

CAHC T =—A*  CypC ' =opf (B.8)

l.e. thetheoryis invariantunderCPT andunderPT but notunderP andT separatelpince
thesdransformationsvould changehesignof themassermmunp (V¥ is atwo-component
spinor).

However, if onelooksatthefour-componenspinor

_ (1
v (9) @
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theusualmassermmyy (whichdoesnow containthefour-componenspinor¥) becomes

mW¥ = m(Pplospr —Piosy,) (B.10)

The parity transformatiordoesnow give {; — o1y, andy, — o117 whichimpliesthat
(B.10)is invariantunderparity transformations.
Thisis differentfor themassterm

MY [V3, ¥ = m(bios + biosi) (8.11)
which is not parity invariant. In thetwo componenformalismthe massterm (B.11) would
introducea Chern-Simonsnasstermfor the gaugefield via the one-loopvacuumpolariza-
tion [DJT82 AHW82, Red84. It is notcompletelyclearwhetherthe masserm(B.11)and
the correspondingChern-Simongerm could be generatedgspontaneouslyhus leadingto
spontaneousiolation of parityin QED; . However, it seemgahatparity conservingzacuum
configurationsarethe only onesthatcanbe generatedlynamicallyin vectortheoriessince
they areenegetically preferredVW8a4].

B.2 Angle Integrals

This sectionlists the angleintegralsthathave beenfound particularlyusefulin the investi-
gationof Dyson-Schwingeequationsn QCD andin QED; . See[GR94 and[AS72] for
moreonthis.

For the angleintegralsthatappeaiin the Dyson-Schwingeequationgor QCD thefol-
lowing generarecursionformulahasbeenused

+1 Jal(m+1)
V122 =Y 2° B.12
J_] dz 2%z 7 Tt 2) ( )
+1 n +1 +1 n__
J dzv/1 —ZZZZ " :J dzy/1 — 22201 + aJ dzv/1 —ZZZZ a] (B.13)

which compriseghefollowing specialcases:

r+1

dzv/1—22 —n(a—\ﬂaz—ﬂ) (B.14)

J— a—z

dzv/1— 22 n(aZ%a\/fc@])) (B.15)

J—1 a—z

+1
" dzy/1— 22 Zzzzna (az—l—a\/faz—ﬂ) (B.16)

) a— 2

3
z Z:7ta2 (az—%—a\/(az—U)—g (B.17)
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Py
FigureB.1: Kinematicsfor kaonphotoproductiorpy — AK in the centerof momentum

frame. The incoming protonand photoncarry the momentaP andp, respectiely. The
outgoingkaonandA arelabelledby themomentapk andPA.

For QED; thefollowing angleintegralshave beenused:

r+1 1 1
dz ~ log (&> (B.18)
Jo1 a—z o—1
+1 1
dz—%— — 2+ «log <ﬂ> (B.19)
1 x—z x—1
+1 2 1
] dz 2 oc[—l—{— alog(z—t]ﬂ (B.20)
r+1 1 2
= B.21
) a2 T (®21
+1
z 2x o+ 1
d = —1 —_— B.22
. la—2z2  o2—1 Og(oc—]) (8.22)
+1 2 2
z 20c — 1 a+1
=2 —2xl —_— B.23
1 dz(oc—z)2 o2 —1 “Og<oc—1> (8.23)
(1 3 3
z 60’ — 4 2 o+ 1
= — —_— B.24
9 dz(oc—z)2 o —1 3 109(0(1) (8.24)

B.3 Kaon Photopr oduction py — AK

In this appendixthe calculationof the diagramsshawvn in fig. 7.8 is detailed.They provide
themaincontrikutionsto thereactionpy — AK.

The calculationshave beenperformedin both: the restframe of the protonandin the
centerof momentumsystem(CMS). For the following discussiorwe choosethe CMS for
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definitenessThe momentaaredefinedaccordingo figure B.1, thatis

P = (—E,0,0,iEp) (B.25)
py = (E,0,0,iF) (B.26)
px = (IPx| cosd, [pk|sin®, 0,iEk) (B.27)
PA = (—|pk| cos® — [pk|sin®, 0,iEA) (B.28)

wherethedefinitions:

Ep = /M2 + E2 (B.29)

1
Fx=-—— ((E+Ep): - M2 2 B.
= sy (E+E ~MA+ ME) (B.30)

(E+
Pkl =/ (Ex)2 — ME (B.31)
Ex = 4/Pr2 + M3 (B.32)

have beenused.The on—shelilconditionsandmomentunmconseration leave only two kine-
maticalvariablesundeterminedTheseareusuallychoserto betheenegy E of theincom-
ing photonandthe angle® betweenthe spatialmomentaof the photonandthe outgoing
kaon.

Thethreediagramsn figure 7.8 shaw the contritutionsto the transitionamplitudeghat
we will discusshere.Theuncrossethandbagdiagram’translatesnto

[ a =
A1 =1 | 357 {@alpr, PAIS(D- i, - 1S(a)} Ty (b @)S(p-)0(p, PID(pa)}
(B.33)
with the momentunrouting describedn (7.33),seealsofigure 7.8. The notationis asset
upin section7.4: ® , and®,, arethevertex—functionsof the A andthe protonrespectrely
(seesection?7.1). Furthermord’ is the meson—quarkertex (7.19)thathasbeenspecified

in section7.1. The photon—quarkcoupling,T is describedy the Ball-Chiuvertex (2.32)
Thecrossedhandbagdiagram’correspond$o the expression

4 _
A = iJ (;17?4 [DA(pe, Pa STy (0, p4)S(a)} (TP, @)S(p_)D(p, P)D(pa)} .
(B.34)

The definitionsfor g andp, have changedascomparedo the momentunrouting for the
amplitudeA; givenin (7.33)-(7.35) For (B.34) we have instead:

a=p-—px and p;y=d+Dpy, (B.35)

with all othermomentundefinitionsunchanged.
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The amplitudecorrespondingo the treelevel diagramarisingfrom kaonexchanges
givenby

1

——— (Mey) . (B.36)
q% + Mg

A3z = (ualgknayslup)

Heregkna representshestrongform factorthathasbeendiscussedh section7.1andMy
is thekaonmass.The photonpolarizationis denoteddy e, while I'v refersto kaon—photon
vertex containingthe electromagnetiform factorof thekaon

P =(a,p) = (@" +p")Fk+((p—a)?) . (B.37)

For the purposeof the preseninvestigationit is sufiicient to parameteris¢he kaonchage
form factorwith a monopolesuchthat the phenomenologicalalue of the kaon radius,
(rZ.) = (0.34 £+ 0.05)fm?, is reproducedFy+ (Q?) = 1/(1 + Q?/(0.84GeV)?).

The Bethe—Salpeteformalismis setup in Euclideanspaceashasbeendiscussedn
section7.3. Theloop momentump is chosento be real, thus the temporalcomponents
of the externalmomentain (B.25)—(B.28)have to be purelyimaginary Hencetherelative
momentump asgivenin (7.35)is compl. Sincethe solutionof the BSE providesthe
vertex function® 5 only for realrelatve momenta ¢, onehasto extrapolate® o to complex
momentaThisis doneusingrationalfunctionsthatarefitted to the vertex functions(which
areknown at N real mesh-points) Theserationalfunctionscantheneasilybe analytically
continued. For real momentaa comparisonof the fitted parameterisationo the known
resultsallows usto estimatethereliability of this treatment.

Thedifferentialcrosssectiondepend®nly ontheenegy E of theincomingphotonand
theangled betweerthe spatialphotonandkaonmomenta.Thatis illustratedin figure B.1.
The differential crosssectionis definedwith respectto the solid angleelementdQg =
27ntd(cosP) of theoutgoingkaon:

do 1 do
—(E, 0) = - ——(E, 0 B.38
UL PIF ool (B.38)
with
d~0' [0 2
E =___4 . B.
dQK( ,0) ) MpMAn |AT + Az + A3 (B.39)

Asindicatedin (B.38)onehasto averagerespectiely sumoverthespinss;, s¢ of theinitial
andfinal states The phasespacedactorsdenotedby « aregivenas

1 Ipkl?

X =
P Py EKE/\

d [pk| l

AEx 1 EA) (B.40)
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with

’ d [px|
d(Ex + EA)

N
Pkl Pk-Pa
=|—- . B.41
( L (B.41)
Notethattheright handsideof (B.41) remainspositive giventhatm > Mg. In theCMS
theexpressionB.40) for « simplifiesto

_Ipkl1

= B.42
Pyl s ( )

wheres = (P + py)? = (pk + Pa)? denotesthe total centerof massenegy squared.
In obtainingthe phasespacefactors(B.40) the one particle normalisationconditions(for
Minkowski space)

— 0 —
(plp")e = 2p°(2m)°8% (5 —p’) and <p\p’>F=%(zm3é3(ﬁ—p'), (B.43)

for bosongB) andfermions(F) have beenadopted.Thesecorventionsalsoenterthe cal-
culation of the transitionamplitudesA;,1 = 1, 2,3 andthe normalisationof the Bethe—
Salpetewave—functions.

Oneobtainsthe variousasymmetriedy restrictingthe sumin eq (B.38) over the spins
to two of thethreenon—scalaparticles. Theseasymmetriesre: the A—polarizationasym-
metry

A=l
the polarizedtarget asymmetry
1 [sp =T — [sp =l
T(E,0) == P P B.45
B2 2 = s =] (.49

andthe polarizedphotonasymmetry

Sv =Tl — Sy =l
=3 Z P A (B.46)

S/\,Sp
wherethe shorthandhotation

do

[san =T = a0x

etc . (B.47)

sA=T

hasbeenusedandwherethe spinsof the photon,the protonandthe A have beendenoted
by sy, sp andsx, respectrely.
Thetotal crosssectionis finally obtainedfrom (B.38) via

o(E) = Jsme do—— do
0

10y (E,0). (B.48)
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