
Anal ytic Proper ties of the Quark Propagator:

QED� , QCD and Kaon Photopr oduction

Disser tation

zur Erlangung des Grades eines Doktors
der Naturwissenschaften

der Fakultät für Physik
der Eberhard–Karls–Universität zu Tübingen
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Abstract

Confinementanddynamicalchiral symmetrybreakingarethe basicphenomenaof stronginter-
actions.However, thesefundamentalissuesarenot understoodin a satisfactoryway. Especially
theconfinementproblemis still unsolved albeit variousideashave beendeveloped.Neitherdy-
namicalchiral symmetrybreakingnor confinementcanbe explainedwithin perturbationtheory.
Thereforeit is necessaryto employ genuinnon–perturbative methods.TheDyson–Schwingerap-
proachprovesto be well suitedsinceit yields thebasicGreensfunctions: the gluon- andquark
propagators.Previous studiesstronglysupportthe assumptionthat the propagatorsactuallydo
indicatedynamicalchiral symmetrybreakingaswell asconfinement.
In the first chapterthe electronpropagatorfor (2+1)–dimensionalQuantumElectrodynamics
(QED� ) is investigatedwithin theDyson–Schwingerapproach.It will beshown for two different
truncationschemesthatQED� hasa phasewheretheelectronsareconfinedandwherethechiral
symmetryis spontaneouslybroken.Becauseof thisclosesimilarity of QED� andQuantumChro-
modynamics(QCD) it is interestingto comparetheanalyticstructureof the fermion propagator
for boththeories.Theresultsfor theelectronpropagatorin theconfinedphaseof QED� arequal-
itatively differentfrom thecorrespondingresultsin theunconfinedphase.This stronglyindicates
thatthepropagatoractuallydoescontaintheconfinementsignature.
In the main part the coupledsystemof Dyson–Schwingerequationsfor the gluon-, quark-,and
ghostpropagatorsof LandaugaugeQCDis solved.Thesolutionsarediscussedfor all �������	��

andfor variousquarkmasses.Theresultsshow thatthechiral symmetryis spontaneouslybroken
andthatgluonsareconfinedvia theviolationof thepositivity constraints.No postitivity violation
could be found for the quarkpropagator, however, the resultsarevery similar to the resultsfor
theelectronpropagatorin QED� in theconfinedphase.Furthermoreit hasbeenfoundthatfor all���������
 thegluonpropagatoris infraredvanishingwhereastheghostpropagatoris infrared
diverging. This infraredbehaviour of thepropagatorsimpliesthat therunningcoupling ��� for all�������	��
 hasaninfraredfixedpointat � ������� � .
In the lastchapterit is shown thatmesonproductionprocessescangive constraintson thequark
propagatorfor time–likemomenta.ThiscomplementstheDyson–Schwingerstudieswhichareset
upin Euclideanspaceandthusyield thepropagatoronly for space–likemomenta.Kaonphotopro-
ductionwill beshown to beespeciallywell suitedfor theseinvestigationsandthecorresponding
crosssectionsarecalculatedwithin the covariantdiquark–quarkmodel. Herebydifferentpossi-
bilities for the implementationof confinementat the level of thepropagatorsarecompared.The
resultsfor thecrosssectionsclearlyshow thata realisticquarkpropagatormustnot risefor time–
likemomenta.Thisespeciallyentailsthatexponentialtypepropagatorsarenovalid approximation
of thequarkpropagator.



Zusammenfassung

Confinementund dynamischechirale Symmetriebrechungsind die zentralenPḧanomeneder starken
Wechselwirkung. Es ist bisherjedochnicht gelungen,diesebeidenGrundtatsachenauf überzeugende
Weisetheoretischzu erklären. InsbesonderedasConfinement–Problemkannnicht alsgel̈ostbetrachtet
werden,obgleichverschiedensteAnsätzeentwickelt wordensind. WederdynamischechiraleSymme-
triebrechungnochConfinementkönnenim RahmenderStörungstheorieverstandenwerden,weshalbes
notwendigist, nicht–sẗorungstheoretische Methodenanzuwenden.Der Dyson–SchwingerZuganger-
weist sichals geeignet,da mit dieserMethodedie fundamentalenGreens–Funktionen,die Gluon- und
Quark–Propagatoren,zug̈anglichwerden.BisherigeStudienuntersẗutzendie Annahme,dassdie Propa-
gatorensowohl dynamischechiraleSymmetriebrechungalsauchConfinementanzeigen.
Im ersten Kapitel wird der Elektron–Propagatorin (2+1)–dimensionalerQuantenelektrodynamik
(QED� ) im RahmendesDyson–SchwingerZugangsuntersucht.Für zwei verschiedeneTrunkierungen
wird gezeigt,dassQED� einePhasehat, in derdie Elektronen’confined’ sindunddie chiraleSymme-
trie spontangebrochenist. AufgrunddieserGemeinsamkeitenvon QED� undQuantenchromodynamik
(QCD) ist essinnvoll, die analytischeStrukturderFermion–Propagatorenin beidenTheorienzu vergle-
ichen. Die Ergebnissefür denElektron–Propagatorin der ’confined’ Phasevon QED� sind qualitativ
verschiedenvon denentsprechendenErgebnissenin der ’unconfined’Phase.Dies kannals Argument
dafür gewertetwerden,dassderPropagatortats̈achlichdieConfinement–Signaturträgt.
Im Hauptteilwird dasgekoppelteSystemvon Dyson–SchwingerGleichungenfür die Gluon-, Quark-
undGeist–PropagatorenderQCDin Landau–Eichunguntersucht.Die Lösungenwerdenfür �������	��

undfür verschiedeneQuark–Massendiskutiert. Die Ergebnissezeigen,dassdie chiraleSymmetriege-
brochenunddassdie Gluonenaufgrundvon Positivitäts–Verletzungen ’confined’ sind. Für denQuark–
PropagatorkonntekeinerleiPositivitäts–Verletzungnachgewiesenwerden,jedochsind die Ergebnisse
qualitativ sehr ähnlich zu den Ergebnissenfür den Elektron–Propagatorin der ’confined’ Phasevon
QED� . Die Ergebnissezeigenweiterhin,dassfür alle ����������
 derGluon–Propagatorfür kleineIm-
pulsegegen � geht,währendderGeist–Propagatordivergiert. DiesesInfrarotverhaltenderPropagatoren
impliziert, dassdie laufendeKopplung � � für alle ����������
 einenInfrarot–Fixpunktbei � ������� �
hat.
Im letztenKapitel wird gezeigt,dassMeson–Produktionsprozesse genutztwerdenkönnen,um die qual-
itativen EigenschaftendesQuark–Propagatorsbei zeitartigenImpulsenzu untersuchen.Dies ergänzt
die Dyson–SchwingerStudien,die im Euklidischenformuliert sind und somit nichts überdie Eigen-
schaftenderPropagatorenfür zeitartigeImpulseaussagen.KaonPhotoproduktionwird sichalsbeson-
dersgeeigneterweisenund im RahmendeskovariantenDiquark–QuarkModells untersuchtwerden.
Hierbei werdenverschiedeneMöglichkeitenverglichen,wie Confinementauf der Ebeneder Propaga-
torenrealisiertseinkönnte. Die Ergebnissefür die Wirkungsquerschnitte zeigen,dassein realistischer
Quark–Propagatorfür zeitartigeImpulsenicht ansteigenkann. Dies schliesstinsbesondereein, dass
exponentiellePropagatorenkeinegültige NäherungdesQuark–Propagatorssind.
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Chapter 1

Intr oduction

Particlephysicsaimsatanunderstandingof thebasicphenomenathatconstitutethematerial
world at the most fundamentallevel. The main methodof experimentalinvestigationare
scatteringexperiments.Thesehave beenmuchrefinedandextendedsincethe early days
andled to thediscovery of nuclei,hadronsandfinally quarks.Thesebasicentitiesandtheir
interactionsaretheoreticallydescribedwithin the framework of local gaugetheories.The
developmentsthat led to this now acceptedtheoreticalframework areshortly summarised
in thefollowing.

Startingwith the useof acceleratorsand colliders the numberof known elementary
particlesincreasedvery rapidly. This astoundingdiversity was in glaring contrastto the
small numberof different particlesthat were known in the first quarterof the twentieth
century. The large numberandapparantsimilarity of thosenew particlessuggestedthat
they all consistof othermorefundamentalconstituents.This hypothesisthenleadto the
propositionof thequarkmodel[Ne’61], [GM62], [GMN64] which classifiedandordered
thethenknown ’zoo’ of hadronsin asatisfyingway.

However, the thusintroducedfundamentaldegreesof freedom,thequarks, have never
beenobservedasfreeparticlesalbeitthey verysuccessfullydescribethediversityof hadronic
states.This suggestedthat theremustbea very stronginteractionbetweenquarksat large
distanceswhich preventsthe hadronsfrom breakingup into their constituents.The phe-
nomenonthatquarksoccuronly asconstituentsof hadronsgave rise to thenotionof con-
finement.

Theconclusionthattheinteractionbetweenquarksmustbevery strongin orderto pre-
vent the hadronfrom breakingup into its constituentswas then found to be in apparent
disagreementwith the electron–nucleonscatteringresultsobtainedat the SLAC [S" 75].
Theseresultsclearlyindicatedthatthenucleonis madeupof point–like constituents.How-
ever, the resultsalsoimplied that theseconstituentsareessentiallynon–interactinginside
the nucleon. This leadto the conclusionthat the couplingstrengthof quarksis large for
large distancesbut becomessmall at small distances,e.g. for thecasethat the quarksare
confinedwithin anucleonwherethey areverycloseto eachother. Thefactthatthecoupling
strengthvanishesfor smalldistanceshasbeencalledasymptoticfreedom.

Up to 1972therewereavarietyof quarkmodelsandpartonmodelswhichall explained
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someof theexperimentaldata.But noneof thesemodelshasbeenconsideredto bea fun-
damentaltheorywhich should(in principle)beableto explain all theexperimentalresults.
Thischangedin 1973whenit wasdiscovered[GW73], [Pol73] thatnon–Abeliangaugethe-
oriescompriseasymptoticfreedom,i.e. they dohave thepropertythatthecouplingstrength
becomessmallat smalldistances.Non–Abeliangaugetheorieshadbeeninvestigatedsince
thepioneeringwork of YangandMills [YM54]. But only afteronehadrealisedthat these
non-Abeliangaugetheoriescompriseasymptoticfreedomvariouslines of researchcon-
vergedto theformulationof QuantumChromodynamics(QCD)[FGML73], [Wei73]. QCD
hasbeendevelopedon the basisof the quarkmodel,however, it is differentwith regard
to the internalcolour degreeof freedom. This quantumnumberhad to be introducedin
orderto consistentlydescribethe # "$" resonance,it is thechargeof thestronginteraction.
Essentially, QCD emergesif thegaugeprincipleis appliedto this internalcolourdegreeof
freedom.This thenintroducesgluonswhicharethegaugebosonsof thestronginteraction.

Themassesof thelight quarkflavoursaresmall if comparedto typical hadronicscales
andthereforethey canbeneglectedin a first approximation.In this approximationandif
only thelight quarkflavoursareconsideredtheLagrangianof QCDbecomesinvariantunder
chiral transformations.However, ashasbeenrealisedfirst in [Nam60], [Gol61] thevacuum
mayhave a smallersymmetrythantheactionthusleadingto spontaneousbreakingof the
correspondingsymmetry. This ideacouldbereadilyappliedto QCD andthepseudoscalar
mesonscouldthusbeidentifiedastheGoldstonebosonsof thespontaneouslybrokenchiral
symmetry.

During thefirst yearsQCD hasbeeninvestigatedusingmainly perturbative techniques
which canbeappliedfor large momentawherethecouplingconstantis small. Thesecal-
culationsgave credibility andconfidenceto thehypothesisthatQCD actuallyis thecorrect
theoryof thestronginteractions.However, the mostbasicphenomenaof QCD, i.e. con-
finementandspontaneouschiralsymmetrybreakingcannotbedescribedusingperturbative
methodssincethe coupling strengthat the relevant scaleis large. This then lead to the
developmentof a greatvarietyof non–perturbative methods.Amongthesearee.g. lattice
simulations[Wil74] andDyson–Schwingerstudies[Dys49], [Sch51].

Dyson–Schwingerequations(DSEs)form an infinite systemof coupledequationsfor
the Greensfunctions,i.e. for the transitionamplitudesof a quantumfield. The ensemble
of theseGreensfunctionsis oneof severalpossiblehierarchiesof functionswhichmapthe
contentof a local quantumfield theoryto aninfinite setof functions[Haa96] andanexact
solutionto theDSEsdoesin principlecontainall possibleinformationonthecorresponding
field theory. However, in orderto renderthe solutionof thesystemof DSEsfeasibleit is
necessaryto truncatethe infinite systemof DSEsto a finite subsystemof equations.This
truncatedsystemof DSEscanthenbe solved andonethusobtainsthemostbasicGreens
functions:thepropagatorsof gluonsandquarks.

The main objective of the presentwork is the investigationof the coupledsystemof
DSEsfor LandaugaugeQCD within a truncationschemethat preserves the basicsym-
metriesof the theory. Whilst therecanbe little doubtthat the propagatorsdo containthe
signatureaswell asthequantitative informationon dynamicalchiral symmetrybreakingit
is still an openquestionwhetherconfinementis equallyapparentin thepropagators.The
investigation[vSHA98] couldanswerthis questionfor thegluonsin theaffirmative while
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thecorrespondingstudiesfor thequarkpropagatorarethefocusof thepresentinvestigation.
Threedifferentapproachesarepursuedin thefollowing andtheir relationis examined:

First the propagatorsof electronsandphotonsin (2+1) dimensionalQuantumElectrody-
namics(QED� ) are investigated.This is suggestive becauseQED� is known to have a
phasewheretheelectronsareconfined.This allows to studytheconfinementphenomenon
within the DSE approachfor a theory that is formally muchsimpler thanQCD. Follow-
ing this thepropagatorsof gluons,ghostsandquarksin LandaugaugeQCD areexamined.
Here,specialemphasisis put on thequarkDSEandon thequark–loopcontribution to the
gluon DSE.The resultswill be discussedfor differentnumbersof quarkflavoursaswell
asfor variouscurrentquarkmasses.Finally it is investigatedwhethermesonproduction
processescangivephenomenologicalconstraintsonthequarkpropagator. Thecalculations
areperformedwithin thecovariantdiquark–quarkmodelandgivequalitative constraintson
thequarkpropagatorin thetime–like region.



Chapter 2

Quantum Electr odynamics in 2+1
Dimensions

In this chapterQuantumElectrodynamicsin two space-andonetime dimensionwill be
investigated.This theory is usuallycalledQED� and it is interestingbecauseof various
reasons.Onehasarguedthat QED� hasa very closeresemblanceto the modelsthat are
investigatedin orderto understandhigh-%'& superconductors.Asidefrom this therearevar-
iousotherapplicationsin condensedmatterphysics,e.g. studiesof thefractionalquantum
Hall effect. For theseapplicationsof QED� the readeris referredto [CSM98]. However,
this line of researchis notwhatthepresentwork is concernedwith. While beingdefinedfor
2+1dimensions,QED� is verysimilar to QuantumChromodynamics(QCD) in 3+1dimen-
sions(i.e. QED� is very differentfrom QED in 3+1dimensions).This is becauseQED� is
known to have a phasewherethe initial chiral symmetryof the theory is spontaneously
brokenandit is alsoknown thatthefermionsareconfinedin thisphase.Thesearethebasic
reasonswhy QED� is regardedavery interestingmodeltheory:studyingQED� it mightbe
possibleto investigatechiral symmetrybreakingandconfinementwithin a theorywhich is
structurallymuchsimplerthanQCD while sharingthesamebasicphenomena.

In orderto put thepresentwork into context it is appropriateto givea(very)shortguide
to theliterature:QED� hasbeeninvestigatedstartingwith thepioneeringwork of Cornwall
[Cor80], Pisarski[Pis84] andAppelquistet al. [ABKW86]. Thesestudiesemphasizethe
similarity of QED� andQCD andespeciallyinvestigatethe formal structureof QED� as
well aschiral symmetrybreaking.In [ABKW86] theDyson-Schwingerformalismis used
in combinationwith a (�)*� -expansionfor thepolarization.This (�)+� -expansionapproach
hasbeenextendedby Nash[Nas89] and further investigatedby Curtis et al. [CPW92].
TheDyson-Schwingerapproachhasbeenfurtherdevelopedby Burdenet al. [BPR92]and
especiallyby Maris [Mar93], [Mar95] and[Mar96]. The work [Mar95] focuseson con-
finementin QED� andrelatesthis to theanalyticstructureof thefermionpropagator. The
analyticstructureandtheinfraredbehaviour of the fermionpropagatoris examined(using
theLandau-Khalatnikov transformation)by Aitchisonet al. [AACKK " 96], [AMM97], by
Burdenet al. [BT98] andrecentlyby Bashir[Bas00]. An effective actionapproachis pur-
suedby Gusyninet al. [GMS98], by Campbell-Smith[CS98], by Hott et al. [HM99] and
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by Gieset al. [Gie99], [DG00]. Finally, theresearchon QED� is reviewedby Robertsand
Williams [RW94] andmostrecentlyby Alkoferandv. Smekal[AvS00].

Theinvestigationof chiralsymmetrybreakingandof theanalyticstructureof thequark
propagatorin QED� is the focusof the following sections.First someof basicconcepts
of QED� will berecalled.Following this theDSEsareintroduced.Theseequationsmake
referenceto thefull photon-electronvertex of QED� andaretherefore(at this stage)not a
closedsystemof equations.The truncationschemethat is usedandespeciallythe corre-
spondingvertex ansatzarediscussedand2 differenttruncationsarecompared.Theresults
for the electron-and photonpropagatorsand the investigationof the phasestructureof
QED� closethischapter.

2.1 Basic Concepts of QED�
This sectionbriefly recallssomeof the basicconceptsand ideasthat constitutethe for-
mal structureof QED� . Thediscussionbuilds on the investigations[Cor80], [Pis84] and
[ABKW86] wherethebasictheoreticalframework of QED� hasbeenuncovered.An intro-
ductionto thisbasicformalismcanalsobefoundin [Gie99].

TheLagrangianof masslessQED� is,.- ¯/1032 ) /54 (6�798;:<7 8;: (2.1)

with the covariantderivative
2 8 ->= 8 ? 0A@CB 8 . In this notation

/
is a four component

Dirac spinorwhich includesanindex for � fermionflavours.Thecouplingconstant
@

has
dimensionmassDFEHG which impliesthatany dynamicallygeneratedmassscalewill beapure
numbertimes

@ G . Thereareno infinite renormalizationsof thebareLagrangian.
In 3 dimensionsonecouldusetwo-componentspinorsanda IKJ�I representationof the

Dirac algebraLM� 8+N � : O - I'P 8;: usinge.g. ��Q -�R G N �SD -T03R � and �UG -V0AR D . However,
thereis no other I�J.I matrix thatanti-commuteswith all these� 8 . This impliesthatthere
is nogeneratorof achiralsymmetrythatcouldbebrokenby amasstermof theform W ¯XYX ,
where

X
is a two componentspinor. Thatis, in the IKJ�I representationthemasslesstheory

hasno moresymmetrythanthemassive theorysincethereis no notionof chiral symmetry
in thiscase.

Thereforeit is moreinterestingto take
/

to bea four componentspinorwhich is con-
structedfrom two two-componentspinors

X D and
X G in theway/Z- X DX G (2.2)

andto take correspondinglya
6 J 6 representationof theDirac algebra,e.g.

� Q - R � �� 4[R � N � D -\0 R D �� 4[R D and � G -\0 R G �� 4[R G � (2.3)

However, therearenow two
6 J 6 matrices

� � -\0 � ]] � and �U^ -\0 � ]4 ] � (2.4)
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whichanti-commutewith � Q N � D and� G . ThereforetheLagrangian(2.1)whichcorresponds
to themasslesstheoryis invariantundereachof thetransformations/ @C_ ��` 0 �<� �ba / and (2.5)/ @C_ ��` 0*c � ^ a / � (2.6)

For eachfour-componentspinorthereis a global d�`eI a symmetrywhich is generatedby

] N � � N � ^ N � � N � ^ (2.7)

andthefull symmetryof (2.1) thereforeis d�`eI'� a . A masstermof theusualform (whether
it beexplicit or dueto spontaneoussymmetrybreaking)

W ¯/1/ (2.8)

wouldbreakthissymmetryto thesubgroupf d�`H� aCg D "ih jlkbm j9nHoqp J f d�`H� aCg DFr h jlksm j9n;oqp Jtd�`H( a h j9kbm j9nHo Jud�`H( awv (2.9)

which would imply theemergenceof `eI'� a G 4 I'��G - I'��G Goldstonebosonsin thecase
that thesymmetryhasbeenbroken spontaneously. Therewould be � G Goldstonebosons
due to the breakingof the � � symmetry, which would coupleto ¯/ � � � 8 / and the same
numberof Goldstonebosonsdueto thebreakingof the � ^ symmetry, which would couple
to ¯/ � ^ � 8 / .

However, thereis anotheroption,themasstermcouldalsobeof theform

W ¯/ (I � � N � ^ / � (2.10)

Comparingthe two alternatives(2.8) and(2.10)for themassterm,onefinds that they are
quitedifferent.The’normal’ massterm(2.8)breakschiral symmetrybut is parity conserv-
ing, whereasthe massterm (2.10) is invariantunderthe chiral transformations(2.5) and
(2.6) but it is not invariant underparity transformations.(SeesectionB.1 for a detailed
discussion.)

In [BR91] thepotentialthatcorrespondsto thenon–perturbative polarizationscalarx
is derived.Theauthorsobtainfor thepotentialy at largedistancesz :

y�`w{z a -|4[@ G } G�~`eI�� a G @C_ ��` 0+� ~ N z�� a (~ G (( ? x�` ~ G a N (2.11)

y�` {z a - yK`ez a - @ GI�� (( ? x�`H� a��q� ` @ G z a ?\��� ��H� � ?�� (z � (2.12)

This demonstratesthatthepotentialat largedistancesz is dominatedby a logarithmicterm
given that x�`H� a is finite. I.e. QED� haslogarithmicconfinementif thepolarizationscalar
becomesconstantin the infrared which will be shown to be true in the confinedphase,
seesections2.4 and2.5. This link betweenthe infraredbehaviour of thepolarizationand
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� � �����9� � � � ���9� � ���

� �� � � � �9� � � � � �9� � � �

� �
Figure2.1: Diagrammaticalrepresentationof thecoupledsystemof DSEsfor thefermion-
andphotonpropagatorin QED�

the potential y is illustratedin the subsequentsectionswherethe numericalresultsare
discussed.

It is interestingto notethatin QED� it is possibleto introduceamasstermfor thegauge
field without spoilinggaugeinvariance.To make thismoreexplicit weaddtheterm

�I�� 8;:�� 7 8;: B � (2.13)

to the Lagrangian(2.1) and derive the Euler-Lagrangeequationsof motion. For each
fermionflavour ~ separatelytheseequationsread

= � 7 �b8 ? � � 8��C� 7 �C� -�@ ¯/[  � 8 /Y  N (2.14)2 ) 4 W /Y �- � � (2.15)

Theseequationsareinvariantunderthegaugetransformation

B 8 B 8 ? = 8  N / @C_ ��` 0A@  a / � (2.16)

I.e. in QED� it is possibleto have a normalmasstermfor thegaugefield without breaking
gaugeinvariance1.
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2.2 Dyson-Sc hwing er Equations for QED�
Thecoupledsystemof DSEsfor thepropagatorsof thefermionandthephotonaregivenby

f r¡D `e� a - f r¡DQ `e� a 4¢03@ G
} � ~`eI�� a � 2 8H: ` ~ " aH£ 8 ` ~ " N ~ r a f ` ~ r a � :¤N (2.17)

2 r¡D8;: `e� a -�¥ 8H: � G 4 � 8 � : ( 4 (¦ ? x 8;: `e� a and (2.18)

x 8;: `e� a -\0A@ G } � ~`eI�� a � � z � 8 f `H§ " aH£ : `H§ " N § r a f `H§ r a � (2.19)

Herebythe (Minkowski) momenta~ " N ~ r N § " N § r areconstrainedby momentumconser-
vation

~ " -\¨ � ? ~ N (2.20)~ r - `H( 4¢¨ a � 4 ~ (2.21)

andcorrespondinglyfor § " N § r with
¨ª©V« � N (3¬ . Themostcommonchoicesaretheasym-

metricmomentumrouting:
¨u- � andthesymmetricmomentumrouting:

¨u- (�)3I .
For thenumericalsolutionit is advantageousto first transformthesystemof equations

(2.17),(2.18)and(2.19)to a moresuitableform. To thisendwe usethemostgeneralform
of thefermionpropagator(for Euclideanmomenta)f rD `e� a -|4�0 � ) B `e� a ?�® `e� a (2.22)

which definesthescalarfunctions
B

and
®

usuallycalledthevectorialandthescalarself-
energy. An equivalentandoftenusedform isf `e� a -|4	0 � ) R°¯ `e� G a ? R � `e� G a (2.23)

wherethetwo scalarfunctions
R°¯

and
R � arerelatedto

B
and

®
accordingto:

R ¯ `e� G a - B `e��G a� G B G `e� G a ?�® G `e� G a and
R �w`e� G a - ® `e�iG a� G B G `e� G a ?±® G `e� G a � (2.24)

Thephotonpropagatorreads

2 8;: `H§ a - P 8H: 4 § 8 § :§ G (§ G `H( ? x�`H§ a;a ? ¦ § 8 § :§'² (2.25)

where
¦ - � (Landaugauge)is usedin thefollowing. Thepolarizationscalarx is defined

via therelation

x 8;: `e� a - `HP 8;: � G 4 � 8 � : a x�`e� a (2.26)

1TheLagrangianchangesonly by a total derivative undergaugetransformations,which leavesthe action
unchanged.
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However, thisequationis ambiguousasit standssinceequation(2.19)hasto beregularized.
The divergent part of (2.19) turns out to be proportionalto P 8;: . Thereforeit hasbeen
proposed[BPR92]to applytheprojector

P 8;: � G 4´³ � 8 � : (2.27)

to bothsidesof (2.26).This projectsout thedivergentpartof x 8;: andgives

x�`e� a - (I�� G P 8;: 4¢³ � 8 � :� G x 8;: `e� a (2.28)

which is finite andthuswell defined.
Usingthedefinitions(2.22)and(2.28)andapplyingappropriatetracesto (2.17),(2.18)

and(2.19)onearrivesat a coupledsystemof equationsfor theself-energiesof thefermionB N ® andthe polarizationscalarx . For two differentapproximationstheseequationsare
givenexplicitely in sections2.4and2.5.

2.3 Non–Perturbative Fermion-Photon Vertex

This sectioncenterson the fermion-photonvertex andespeciallytheansatzthat hasbeen
developedby Ball and Chiu [BC80a], [BC80b] and extendedby Curtis and Pennington
[CP90]will beexamined.

TheDSEs(2.17),(2.18)and(2.19)do not form a closedsystemof equations.This is
becausethey necessarilydependon the full fermion-photonvertex

£ 8 . This vertex is the
solutionof its own DSEwhich in turndependsonevenhigherorderGreen’s function.This
infinite hierarchyof DSEs(thefirst levelsthereofhave beenindicated)cannotbesolvedas
it is. In orderto renderasolutionfeasibleacertaintruncationschemehasto beapplied.The
commonapproachis to constructthevertex functionsinsteadof solvingthecorresponding
DSE.This thenleadsto aclosedsystemof equationsfor thepropagators,however, it cannot
avoid thedrawbackof introducingtruncations.Thevertex constructionrestson thebasic
symmetriesof the theory: the discretesymmetriesandespeciallythe gaugesymmetryas
expressedby theWard-Takahashiidentity (WTI). This identity determinesthelongitudinal
partof thevertex but it leavesthe transversalpartunconstrained.The transversalparthas
to beconstrainedusingotherconditionslike multiplicative renormalizability, however, it is
not possibleto completelydeterminethetransversepart. In thefollowing theconstruction
of thevertex, following [BC80a], [BC80b] and[CP90]is shortlysummarized.

TheWTI

§ 8 £ 8 ` ~ N � a - f rD ` ~ a 4 f rD `e� a (2.29)

with § - ~ 4 � relatesthefull fermion-photonvertex
£ 8 andthefull fermionpropagator

f
.

Themostgeneralsolutionto thisWTI canbewritten in theform£ 8 ` ~ N � a - £*µ8 ` ~ N � a ? § 8§ G f r¡D ` ~ a 4 f rD `e� a (2.30)
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where
£ µ8 denotesthe purely transversepart of the vertex that satisfies§ 8 £ µ8 ` ~ N � a - � .

I.e. thesolutionof (2.29)completelydeterminesthelongitudinalpart,however, it doesnot
constrainthetransversepart in any way. It turnsout to bemoreusefulto startout with the
differentialform of theWTI (2.29):= f r¡D `e� a= � 8 - £ 8 `e� N � a � (2.31)

This canbe solved and gives the (~ - � )-limit of the full vertex
£ 8 . The most natural

procedureis thento extendthis vertex to thecasethat ~·¶- � in a ~ N � -symmetricway that
alsosolves(2.29). This ~ N � -symmetricextensionof the solutionto (2.31) (which solves
(2.29)and(2.31))thenreads:

£¹¸8 ` ~ N � a -�(I B ` ~ G a ? B `e� G a � 8 ? (I # B ` ~ N � a ` ~ ? � a 8 ` ~ ) ? � ) a4 # ® ` ~ N � a ` ~ ? � a 8 (2.32)

wherethetwo auxiliary functions# B and# ® aredefinedaccordingto

# B ` ~ N � a - B ` ~ G a 4¢B `e��G a~ G 4 � G # ® ` ~ N � a - ® ` ~ G a 4 ® `e��G a~ G 4 � G (2.33)

To thissolutionfor thelongitudinalpartany transversalpart
£ µ8 satisfying

§ 8 £ µ8 ` ~ N � a - � and
£ µ8 `e� N � a - � (2.34)

canbe addedwithout affecting the WTI (2.29)andits differential form (2.31). The most
generalform of thetransversepartcanbedecomposedinto eighttensors%°º 8 accordingto

£ µ8 ` ~ N � a - »ºq¼ D�½ º¾` ~ G N � G N § G
a %°º 8 ` ~ N � a (2.35)

whicharemultipliedby acorrespondingnumberof coefficient functions½ º (see[CP90]for
thedefinitionof thetensors%°º 8 ). Thefull fermion-photonvertex shouldespeciallyallow to
multiplicatively renormalizethefermionDSEaccordingtof�¿ `e� N � a -�À r¡DG f Q `e� N  a (2.36)

which relatesthebarepropagator
f Q to therenormalizedpropagator

f°¿
. As first notedby

King [Kin83], further investigatedBrown et al. [BD89] andusedby Curtiset al. [CP90]:
multiplicative renormalizabilityis a highly nontrivial constraintwhenappliedto thetrans-
versepartof thevertex. And especiallyavertex with

£ µ8 - � doesin principlenotallow for
multiplicative renormalizationof the fermion DSE. Using the leading-logarithmapproxi-
mationfor theperturbative limit of thefermionself-energy

B
Curtisetal. [CP90]proposed

theansatz £ µ8 ` ~ N � a - (I B ` ~ G a 4´B `e� G a Á ` ~ N � a %�Â 8 ` ~ N � a (2.37)
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with

%�Â 8 ` ~ N � a - � 8 ` ~ G 4 � G a 4 ` ~ ? � a 8 ` ~ ) 4 � ) a (2.38)Á ` ~ N � a - ~G ? � G~ G 4 � G G ? Ã G ` ~ G a ?�Ã G `e� G a G (2.39)

wherethedefinitionof themassfunction
Ã - ® ) B hasbeenused.

Thefull vertex (ansatz)is thesumof thelongitudinalpartandthetransversepart£ 8 ` ~ N � a - £9¸8 ` ~ N � a ? £*µ8 ` ~ N � a (2.40)

wherethe longitudinalpart
£ ¸ andthe transversepart

£ µ aredefinedin (2.32)and(2.37),
respectively. Thevertex (2.40)solvestheWTI (2.29)andguaranteesmultiplicative renor-
malizability of the fermion DSE.A growing numberof Dyson-Schwingerstudiesrely on
thisvertex ansatz,seee.g.[AvS00] andreferencestherein.

Donget al. [DMR94] arguethatthereis a problemwith theansatz(2.37)for thetrans-
versepart thathasbeenproposedby Curtiset al. [CP90]. In thechirally symmetricphase
themassfunction

Ã
vanishes.Thisallows to simplify theansatz(2.37)andoneobtains

Á ` ~ N � a %�Â 8 ` ~ N � a - ~ G ? ��G~ G 4 � G G � 8 ` ~ G 4 � G a 4 ` ~ ? � a 8 ` ~ ) 4 � ) a (2.41)

which becomessingularin the limit that ~ � . Theauthorsin [DMR94] arguethat this
formal singularityleadsto a kinematicsingularityin the full vertex, including the Curtis-
Penningtonansatzfor the transversalpart. This would be an unwantedfeaturebecause
absenceof kinematicsingularitieswasoneof theconstraintsthatwereusedin theconstruc-
tion. However, the term

Á %�Â 8 is alwaysmultiplied by ` B ` ~ÄG a 4uB `e� G a;a which shouldbe
sufficient to canceltheformaldivergencein

Á %�Â 8 suchthatthevertex is freeof kinematical
singularities.In anumericalapproachthis might well posea technicalproblemevenif it is
nonein principle.

ThetransverseparthasbeenconstructedusingthefermionDSEandtheWard-Takahashi
identity. However, if thecoupledsystemof DSEs(2.17),(2.18)and(2.19)is to besolved
thanthefull vertex entersthefermionequation(2.17)but alsoin thephotonequation(2.19).
As hasbeenmentionedalready:In orderto solve thesystemof DSEsit is advantageousto
first transformtheDSEfor thequarkpropagator

f
into a systemof two coupledequations

for the scalarfunctions
B

and
®

which aredefinedin (2.22). The DSE for
B

can then
be written (in a symbolicway) as

B `e�iG a - ( ?5ÅÆ ��G N £ which definestheself–energy
contribution

Å¡Æ
which is usedbelow. Herethedependenceon thevertex

£
hasbeenmade

explicit for laterconvenience.
While beingconsistentwith the fermion DSE it turnsout that the Curtis-Pennington

ansatz(2.37)doesnotleadto stableresultsthatcouldbephysicallyinterpretedif it is usedin
thephotonequation(2.19).In orderto facilitatethefollowing discussionit is advantageous
to first introducesomenotation. The longitudinalpart of the full vertex is given in (2.32)
andthefirst of thethreetermsreducesto thebarevertex in theperturbative limit. This term
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will bedenotedby
£'Ç

:

£ Ç8 ` ~ N � a - (I B ` ~ G a ? B `e� G a � 8 (2.42)

Thedefinitionof thetransversepart
£ µ is givenin (2.37).In thefollowing theinfraredlimit

of thevectorialself-energy
B

andof thepolarizationscalarx will beexamined.Herebythe
contribution of the large loop momentato this infraredlimit is the primary concern.The
following discussionis restrictedto theDSEsfor

B
andx . For bothequationstwo casesare

considered:first the full vertex
£

is setequalto
£ Ç

asdefinedin (2.42)andsecondthefull
vertex

£
is setequalto

£ µ asdefinedin (2.37).For bothvertex ans̈atzetheUV–contribution
to theIR limit of

B
and x is examined.Neithertheothercontributionsto the longitudinal

part (2.32)of the vertex nor thecorrespondingconsiderationsfor theDSE for
®

alter the
conclusionthatwill bedrawn in thefollowing.

TheDSEfor thevectorialself-energy
B

andfor thefull vertex (2.40)is givenin section
(2.5). Usingthis equationonecanderive theUV contribution (large loop momenta)to the
infraredlimit (� G � ) if the vertex

£
in the DSE for A is setequalto

£'Ç
or to

£ µ . The
resultsare Å¡ÆÉÈ } ~ B ` ~ G a ? B `e� G a }} ~ G (( ? x�` ~ G a for

£ - £ Ç N (2.43)

Å¡ÆÉÈ � } ~ (~ � (( ? x�` ~ G a for
£ - £*µ � (2.44)

Obviously theinfraredlimit of
Å¡Æ

is dominatedby the ` £'ÇFa -contribution to thefull vertex.
The ` £ µ a -contribution is strongly suppresseddue to the additional (�) ~ � factor and it is
vanishingin theinfraredlimit � G � . This is contrastedby theresultsfor thepolarization
scalar(2.19).For thiscasetheresultsare:

x È } ~ R°¯ ` ~ G a ~ ²` ~ G ?�Ã G ` ~ G a;a G for
£ - £ Ç N (2.45)

x È } ~ ~ ²Ã ²�` ~ G a
}9B ` ~ G a} ~ G for

£ - £+µ
(2.46)

wherethe
R°¯

is definedin (2.24). The ` £ Ç a -contribution givesa finite contribution to the
infraredlimit andin fact, looking morecloselyat the remainingcontributionsof the lon-
gitudinal vertex

£ ¸ it turnsout that the ` £�ÇÊa -contribution is the dominantone. The ` £ µ a -
contribution putsvery tight constraintson thebehaviour of

B ` ~ G a for large ~ G . Thiscontri-
bution appearsto bedivergentunless

B
becomesconstantvery rapidly for large ~ÄG which

is apparentlyinconsistentwith the fermion DSE.This is stronglysupportedby numerical
studieswhich fail to find a stablesolutionif the transversepart (2.37) is included(for the
polarization).

While thesestudieshavebeencarriedoutwithin thecontext of QED� it appearsthatthe
problemswith thetransversepart(2.37)thathavebeendiscussedaremuchmoregeneral.It
hasbeenreportedby Bloch[Blo01] thatin QED² it is notpossibleto find astablenumerical
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Figure2.2: Resultsfor the fermionpropagatorself-energies
B

and
®

which aredefinedin
(2.22)for thebarevertex approximation,i.e. usingthesystemof equations(2.47),(2.48)
and(2.49). Left panel: Resultsfor

B
for the two cases� - ( and � - 
 . Right panel:

Resultsfor
®

(in unitsof
@ G - ( ) for � - ( . For � - 
 onefindsthat

® - � .
solutionto thecoupledsystemof DSEsif theCPcontribution to thepolarizationis included
(seealso[Blo95]).

Theconstructionof thelongitudinalpartof thevertex (2.40)usesonly theWard-Takahashi
identity (2.29).Theconstructionof thetransversepartmakesrecourseto thefermionequa-
tion while ignoring theDSE for thephotonpropagator. It seemsthat thephotonDSEen-
compassessomeadditionalconstraintsthatmustnot be ignoredin theconstructionof the
transversepartof thefull vertex.

In thefollowing, for thecalculationsfor QED� aswell asfor thecalculationsfor QCD
the ` £ µ a -contribution to thepolarizationwill beignored.

2.4 Dyson-Sc hwing er Equations: Bare Vertex Appr oxima-
tion

In this sectionwe investigatethecoupledsystemof DSEs(2.17),(2.18)and(2.19) in the
barevertex approximation,i.e. using the ansatz

£ : `e� N § a - � : for the fermion-photon
vertex

£ : . This systemof equationshasbeeninvestigatedby Maris [Mar95], [Mar96].

Startingwith theDSEsfor the fermion-andphotonpropagators,asdefinedin (2.17),
(2.18)and(2.19)onederivesa coupledsystemof equationsfor theself-energies

B N ® and
thepolarizationscalarx . This is achievedby applyingappropriatecombinationsof traces



16 Quantum Electr odynamics in 2+1 Dimensions

to (2.17),(2.18)and(2.19).For thecasethat
£ : `e� N § a - � : theresultingequationsare:

B `e� a - ( ? I @ G� G
} � ~`eI�� a � R°¯ ` ~ r a

� ~ " N ��� � ~ " N ~ r �~ G "
(~ G " `H( ? x�` ~ " a;a (2.47)

® `e� a - I @ G } � ~`eI�� a � R �w` ~ r a (~ G " `H( ? x�` ~ " a;a (2.48)

x�`e� a - 6 � @ G� G
} � ~`eI�� a � � § " N § r � 4 ³

� G � � N § " � � � N § r � R°¯ ` ~ " a R°¯ ` ~ r a (2.49)

wherethe definitionsof
R°¯

and
R � aregiven in (2.24). The momentaaredefinedasindi-

catedin fig. 2.2andasspecifiedin section2.2. For thenumericalanalysistheasymmetric
momentumrouting(i.e.

¨u- � ) is used.
Theresultsfor thefermionpropagatorthatareobtainedin thebarevertex approximation

(i.e. usingtheDSEs(2.47),(2.48)and(2.49))areshown in fig. 2.2. Theleft panelshows
the resultsfor the vectorialself-energy

B
for the two cases� - ( and � - 
 . For one

fermion flavour
B ` _ a becomesconstantat about � �ÎÍ�Í for

_5Ï (���r � . This is in contrast
to the infraredbehaviour for � - 
 ; in this case

B
obviously hasa power-like behaviourBÐ-�Ñ�_�Ò

. Sincethe infraredbehaviour of thevectorialself-energy is qualitatively (very)
differentfor thetwo cases� - ( and � - 
 thathave beenexaminedonecouldarguethat
thetheoryundergoesa phasetransitionat some(�ÓZ��Ó�
 . This will beinvestigatedlater
on in detail.

The correspondingresultsfor the scalarself-energy
®

areshown in the right panelof
fig. 2.2 in unitsof thecoupling

@ G - ( . For � - ( oneobtainsthat
® ` _ a becomesconstant

atabout� � � 6 for
_�Ï (�� r ² whereasfor � - 
 onefindsaverysmall

® ��(�� rD ² whichdoes
notbecomeconstantfor small

_
. If thesecalculationsarerepeatedwith increasesnumerical

effort thenonefindsthat
®

becomesincreasinglysmallerfor � - 
 whereastheresultsare
completelystablefor thecase� - ( . Thisclearlydemonstratesthatfor � - 
 oneactually
has

® - � .
The resultsfor the polarizationscalarx that correspondto the resultsin fig. 2.2 are

shown in fig. 2.3. Theresultsfor � - ( and � - 
 arequalitatively differentquitesimilar
to the resultsthathave beenfound for thevectorialself-energy

B
which areshown in the

left panelof 2.2.For � - ( onefindsthatthepolarizationscalarbecomesconstantataboutx � ( �Î� for
_ÔÏ (���r ² whereasfor � - 
Sx is foundto have a power–like behaviour (cf.

fig. 2.3).
This qualitative differencein thebehaviour of x supportstheassumptionthathasbeen

mentionedalready:thetheorymightundergo aphasetransitionsomewherebetween� - (
and � - 
 .

In order to investigatethis supposedphasetransitionit is most instructive to look at
the infraredlimit of the fermion self-energies

B N ® andof the polarizationscalarx . The
infraredlimit of

B
and

®
is shown in fig. 2.4. The left panelshows the resultsfor

B `H� a ;
onefinds that

B `H� a is exactly 1 for � - � . B `H� a becomessmallerbut remainsfinite for�.ÓÕ� ÏT³ � I . At � � ³ � I theshapeof
B

changes:whereas
B

is constantin the infrared
for �>Ó ³ � I it hasa power-like behaviour

B ` _ a È _ Ò for �×Ö ³ � I . Thesetwo casesare
shown in the left panelof fig. 2.2 wherethe two exemplarycases� - ( and � - 
 are
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Figure2.5: Resultsfor the infrared limit of the polarizationscalarx for the barevertex
approximation,i.e. usingthesystemof equations(2.47),(2.48)and(2.49).For � - � one
of coursefindsthat x - � .
comparedwhich arerepresentative for thetwo phases.For � ÏT³ � I onealwaysfinds thatB

becomesconstantin the infraredasthe � - ( result that is shown in the left panelof
2.2. And for ��ê ³ � I onealwaysfinds that

B
hasthepower-like behaviour asthe � - 


resultthat is shown in the left panelof fig. 2.2. The infraredbehaviour of
B

for �íÖ ³ � I
especiallyimpliesthat

B `H� a - � in thisphase.

Theinfraredlimit of
®

(in unitsof
@ G - ( ) is shown in theright panelof fig. 2.4. This

demonstratesevenmoreexplicitely thatthetheoryundergoesaphasetransitionat � � ³ � I .
For � - � onefinds that

® `H� a � � � (�� � . Then, for � - ( N I the valueof
® `H� a slowly

decreasesanddropsbelow (���rDîG at � � ³ � I . For ��ê ³ � I thevalueof
® `H� a dependson

thenumericaleffort that is usedwhich hasto beexpectedin thiscase.Increasednumerical
effort givesstill smallervaluesfor

® `H� a for �ïê ³ � I while the resultsfor �ðÓ ³ � I are
completelystable.This hasto beinterpretedin theway that for �Vê ³ � I theinfraredlimit
of
®

is 0 (i.e.
® - � for all momenta).Theinfraredlimit of

®
measurestheextentto which

thechiral symmetryis spontaneouslybroken, i.e.
® `H� a is anorderparameter. The results

shown in fig. 2.4 imply thatQED� has2 phases:thefirst phaseis realizedfor �ìÓ ³ � I and
correspondsto theNambu-Goldstonephase,i.e. chiral symmetryis spontaneouslybroken.
Thesecondphaseis realizedfor �ÕÖ ³ � I andit correspondsto theWigner-Weyl phase,i.e.
theoriginal chiral symmetryremainsunbroken.

The infrared limit of the polarizationscalarx is shown in fig. 2.5. Also this figure
clearly demonstratesthat the systemundergoesa phasetransitionat � � ³ � I . Whereas
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x�`H� a steadilyincreasesfor � Ïé³ � I onefinds that x�`H� a remainsessentiallyconstantfor�×ê ³ � I . The two phasescorrespondto a differentqualitative behaviour of x in the in-
frared. Whereasfor ��Ó ³ � I onealwaysfindsthat x becomesconstantin theinfrared(as
exemplifiedby the `H� - ( a -resultshown in fig. 2.3)oneobtainsthat for �éÖ ³ � I thepo-
larizationscalarx hasapower-like behaviour (asexemplifiedby the `H� - 
 a -resultshown
in fig. 2.3). Theresultsin fig. 2.5give thevalueof thepolarizationx�` _ a at very smallbut
still finite

_
. However, takinginto accountthat thepolarizationscalarx for ��Ö ³ � I hasa

power-like behaviour onehasto concludethatin theinfraredlimit onehas:

x�` _ a for
_ � ` for �ìÖ ³ � I a (2.50)

whereasx�`H� a is finite for ��Ó ³ � I . Theresult(2.11)thenimpliesthat thephasetransition
at � � ³ � I is not only a phasetransitionbetweena chirally symmetricphaseanda phase
wherethe chiral symmetryis spontaneouslybroken. This phasetransitionalsoseparates
a phasewhere the potential (2.11) is logarithmically confining from a phasewherethe
potential(2.11)becomesconstanta largedistances.

The infrared behaviour of
B

(in the barevertex approximation)and for the chirally
symmetricphaseis known analytically. It hasbeenfirst conjecturedin [ABKW86] andhas
beenderivedanalyticallyin [AMM97]. Theauthorsgive theexplicit expression

B rD `e� a @C_ � I 6� �[� G 4 I�[� I*jl� � E;G � £ `e��)AI a6 � £ � r jG
�� j

(2.51)

for � � with � - Í )*` ³ �[� G a . For the following discussionthe result (2.51) will be
written in theform

Ñ `H� a � G@ ²
Ò gòñ p

(2.52)

thusdefiningthecoefficient
Ñ

andtheexponent
c
. Thecorrespondingresultsfor thecoeffi-

cient
Ñ `H� a andtheexponent

c `H� a ascalculatedfrom (2.51)arecomparedin table2.1with
the DSE resultsthat have beendiscussedin this section. This comparisonalsoillustrates
theaccuracy of theapproach;theDSEsquiteaccuratelyyield theinfraredbehaviour of the
propagator.

QED� hasbeeninvestigatedin orderto studya theorywhich hasthesamebasicphe-
nomenaas QCD (confinementand spontaneouschiral symmetrybreaking)while being
muchsimpler. It will be arguedin section3.2 anddiscussedmore thoroughlyin section
6.5 thatthereis convincing evidencethatpositivity is directly linkedto confinement.Since
the presentresultsareto be comparedto the correspondingresultsfor QCD it is sugges-
tive to examinewhetherthefermionpropagatorin QED� in theconfinedphasedoesviolate
positivity. Theseresultsarepresentedheremainlyfor laterconvenienceandthereaderis re-
ferredto section6.5 for adiscussionof thetheoreticalbackground.Thestandardpositivity
constraintrefersto thespectraldensitythat is definedin theKällen–Lehmannrepresenta-
tion. In anEuclideanapproachthepositivity of this spectraldensitydirectly translatesinto
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� Ñ `H� a c `H� a Ñ `H� aôólõCöH÷ c `H� aôó*õCöH÷ Ñ `H� aHø°ù c `H� aHø¹ù
5 1.0069 0.02702 1.06668 0.02989 1.09975 0.02895
6 1.0059 0.02516 1.04505 0.02447 1.08163 0.02371
7 1.0050 0.01929 1.03146 0.02071 1.07401 0.02001
8 1.0044 0.01689 1.02233 0.01794 1.06769 0.01738
15 1.0024 0.00901 0.99976 0.00927 1.05098 0.00889

Table2.1: Resultsfor the infraredbehaviour of
B

in the chirally symmetricphase.The
analyticresult(2.51)(columns2 and3) is comparedto theDSEresultsfor thebarevertex
approximation(4. and5. column)for theBall–Chiu(BC) vertex ansatz(6. and7. column).
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Figure2.6: Resultsfor theone–dimensionalFouriertransform(2.53)of thequarkpropaga-
tor for threedifferentvaluesof {��G .
Osterwalder–Schraderreflectionpositivity [OS73],[OS75],seesection3.5 wherethis will
bediscussed.

For themostbasicGreensfunction,for thepropagator, Osterwalder–Schraderreflection
positivity canbewritten in theform (seesection6.5)

} � Q R°¯ `e� G Q ? {� G a @C_ ��` 0 � Q � a�û � � (2.53)

Theresultsfor thisFouriertransformareshown in fig. 2.6andit is obviousthatthey donot
indicateany violationof Osterwalder–Schraderreflectionpositivity.

2.5 Dyson-Sc hwing er Equations: Ball-Chiu Vertex

This sectioncenterson the discussionof the coupledsystemof DSEsfor
B N ® and the

polarizationscalarx if thevertex ansatz(2.32)is usedfor thefull fermion-photonvertex
£
.
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Theequationsthataregivenbelow referto thefull Curtis-Penningtonansatz(includingthe
transversepart(2.37)).However, for thereasonsthathavebeendiscussedin section2.3the
transversepart

£ µ is not takeninto accountfor thenumericalanalysis.
Usingthefull vertex

£ - £ ¸ ? £ µ oneobtains:B `e� a - ( ? @ G� G
} � ~`eI�� a � (§ G `H( ? x�`H§ a;a R°¯ ` ~ a B ` ~ a ? B `e� a ü D `e� N ~ a? R ¯ ` ~ a # B `e� N ~ aHü G `e� N ~ a ? R �C` ~ a # ® `e� N ~ aHü �b`e� N ~ a (2.54)

wherethe auxiliary functions
ü D N ü G and

ü � have beenintroduced. Thesearedefinedas
follows:ü D `e� N ~ a - (§ G 4 ~ G � G ? ` ~ G ? � G a � � N ~ � 4�� � N ~ � G N (2.55)

ü G `e� N ~ a -|4 ��G ? ~ G§ G � G ~ G 4|� � N ~ � G ? Á `e� N ~ a � � N ~ ��`e� G 4 ~ G a N (2.56)

ü �b`e� N ~ a -|4 I§ G � G ~ G 4�� � N ~ � G � (2.57)

Theequationfor
®

reads:

® `e� a -�@ G } � ~`eI�� a � (§ G `H( ? x�`H§ a;a B ` ~ a ? B `e� a R � ` ~ a
? R �w` ~ a # B `e� N ~ a Ñ G `e� N ~ a ? R ¯ ` ~ a # ® `e� N ~ a Ñ �s`e� N ~ a (2.58)

whereagainsomeauxiliary functionshave beenintroduced:Ñ G `e� N ~ a - I§ G � G ~ G 4�� � N ~ � G ? Á `e� N ~ a `e� G 4 ~ G a N (2.59)Ñ �b`e� N ~ a -|4 I§ G � G ~ G 4�� � N ~ � G � (2.60)

TheDSEfor thepolarizationscalarx�`e� a is givenby:

x�`e� a - I'� @ G� G
} � ~`eI�� a � B ` ~ a ? B `H§ a R°¯ ` ~ a R°¯ `H§ a � D ` ~ N � a4 # B ` ~ N § a � G � G ` ~ N � a ? I�# ® ` ~ N § a �U��` ~ N � a4 # B ` ~ N § aeÁ ` ~ N § a � ² ` ~ N � a (2.61)

where� D N � G N �U� and� ² aredefinedasfollows

� D ` ~ N � a - ~ G ? I � � N ~ � 4 ³
� G � � N ~ � G N (2.62)

� G ` ~ N � a -5R ¯ ` ~ a R ¯ `H§ a 4 ~ G ? I� G � � N ~ � G 4�� � N ~ � ? R �w` ~ a R �w`H§ a N (2.63)

�U��` ~ N � a -5R°¯ ` ~ a R � `H§ a � � N ~ � ? R � ` ~ a R°¯ `H§ a � G 4�� � N ~ � (2.64)
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and

� ² ` ~ N � a -�R°¯ ` ~ a R°¯ `H§ a I�� G ~ G ? � G � � N ~ � 4 6 ~ G � � N ~ �4 � � � N ~ � G ? 
� G � � N ~ � � 4�R � ` ~ a R � `H§ a I � � N ~ � 4 � G � (2.65)

The systemof equations(2.54), (2.58) and (2.61) hasbeensolved, however, for the
reasonsthathave beendiscussedin section2.3 theCP-contribution to theseDSEshasbeen
neglected.Thisamountsto themodifications

ü G `e� N ~ a -|4���G ? ~ G§ G � G ~ G 4�� � N ~ � G N (2.66)Ñ G `e� N ~ a - I§ G � G ~ G 4�� � N ~ � G and (2.67)

� ² ` ~ N � a - � (2.68)

which have beenusedinsteadof (2.56), (2.59) and(2.65). Sincethe resultsthat areob-
tainedfor thethusspecifiedtruncationschemeareverysimilar to theresultsthathave been
obtainedfor thebarevertex approximationit sufficesto conciselysummarizetheresults.

The qualitative featuresandespeciallythe phasestructureof the theoryare the same
asfor thebarevertex approximation.More precisely:thesolutionsto thesystemof DSEs
(2.54), (2.58)and(2.61) (subjectto the modifications(2.66)-(2.68))show that the theory
undergoesaphasetransitionatacritical numberof flavours � & öÊýqþ . For �ÕÓ|� & öÊýqþ onefinds
a phasewherethe chiral symmetryis spontaneouslybroken andwherethe electronsare
logarithmicallyconfinedsincethe polarizationscalaris finite the infrared(cf. eq (2.11)).
Onetheotherhand,for ��Ö�� & öÊýqþ onefindsthat thechiral symmetryis unbrokenandthat
theelectronsarenot confinedsincethepolarizationscalardivergesin the infrared(cf. eq
(2.11)).Thecritical numberof flavours � & öFýqþ whichmarksthephasetransitionis somewhat
smallerthanthecorrespondingresultthathasbeenfoundin thebarevertex approximation.
Thesystemof equations(2.54),(2.58)and(2.61)yields � & öÊýqþ - I �ÎÍ whereasfor thebare
vertex approximationit hasbeenfoundthat � & öÊýqþ -\³ � I .

Theresultsfor thevectorialself-energy
B

andespeciallyfor its infraredbehaviour are
very similarascomparedto theresultsthathave beenfoundfor thebarevertex approxima-
tion whichareshown in theleft panelof fig. 2.2.Thetwo phasesareagaindistinguishedby
a qualitatively differentinfraredbehaviour of

B
. For �ëÓ�� & öÊýqþ onefindsthat

B
becomes

constantin the IR whereasfor �ÐÖ�� & öÊýqþ oneobtainsthat
B

hasa power-like behaviour
for smallmomenta.This especiallyimplies that

B ` _ a � for
_ � in thenon-confined

phase,i.e. for �ÿÖ>� & öÊýqþ . Theseresultsare in completequalitative agreementwith the
resultsshown in the left panelof fig. 2.2. With regardto theIR limit of

B
in theconfined

phase(i.e. for �ÐÓ�� & öFýqþ ) thereis a small quantitative differenceto the resultsthat have
beenobtainedfor the barevertex approximation:

B `H� a beingabout5% to 10% larger (in
theconfinedphase)for thesystemof equations(2.54),(2.58)and(2.61). Althoughthere-
sult (2.51)is valid only for thebarevertex approximationit is interestingto compareit to
theresultsfor theBall–Chiuansatz.Onefindsthatthecoefficient

Ñ `H� a is about5% larger
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andthattheexponent
c `H� a is about3%smallerthanthecorrespondingresultsfor thebare

vertex approximation,seetable2.1.
Also theresultsfor thescalarself-energy

®
arequitesimilarto thecorrespondingresults

thathave beenobtainedin thebarevertex approximation(cf. fig. 2.2). I.e. asfor thebare
vertex approximationonefindsthat

®
becomesconstantin theinfraredfor �ëÓ�� & öÊýqþ and

thatit vanishesfor �ìÖ|� & öÊýMþ . This impliesthat(alsofor theBall–Chiuapproximation)the
confinementphasetransitionalsois a chiral phasetransition.Theonly differenceis thatin
theconfinedphasetheresultsfor

® `H� a areabout10%largerthanthecorrespondingresults
for thebarevertex approximation.

As theresultsfor
B

and
®

alsotheresultsfor thepolarizationscalarx arevery similar
to thecorrespondingresultsthathavebeenobtainedfor thebarevertex approximation.This
especiallyentailsthatthepolarizationscalaris qualitatively differentin thetwo phases(cf.
fig. 2.3). More precisely: for � Öí� & öÊýqþ onefinds that x�` _ a for

_ � whereasx�`H� a is constantfor �ðÓ � & öÊýMþ . Eq. (2.11) thenimplies that this qualitatively different
IR behaviour correspondsto a logarithmicallyconfiningpotentialfor �>Óè� & öÊýqþ andto a
non-confiningpotentialfor �ÕÖ|� & öÊýqþ . However, therearesmallquantitative differencesas
comparedto thebarevertex approximation:for theBall–Chiuapproximationx�`H� a is found�ª� % smallerin theconfinedphase.

Theresultsfor
B N ® and x arethusall very similar to thecorrespondingresultsfor the

barevertex approximationthathave beendiscussedin section2.4. Thereforeit is obvious
that alsothe resultsfor the Fourier transform(2.53)of the propagatorarevery similar as
comparedto thoseresultsthathavebeenpresentedin section2.4.Thereis thusnoevidence
thatthequarkpropagatorin theconfinedphasedoesviolatepositivity. Thishasbeenshown
for bothtruncationschemes:for thebarevertex approximationaswell asfor theBall–Chiu
ansatz.



Chapter 3

Basic Concepts of QCD

This introductorychapteris to beunderstoodasabrief reminderonsomeof themorebasic
conceptsof QuantumChromodynamics(QCD). The main objective beingthe discussion
of the fundamentalsymmetriesof QCD. Thesubsequentchaptersrely on the terminology
and the notationthat is introducedhere. For a more thoroughdiscussionof thesebasic
conceptsof QCD andof the formalism see,e.g. [MP78] for a review and [PS95] for a
recentintroductorytextbook.

3.1 The QCD Lagrangian

The theoryof stronginteractions,QCD is a renormalizablegaugefield theorywhich de-
scribestheinteractionsof colouredquarksandgluonsandassuchit belongsto theStandard
model. A quarkis characterizedby its flavour andby its colourandthequarkfields form
thefundamentalrepresentationof

f d�` ³ a & . Thegluonfields,on theotherhand,build upthe
adjointrepresentationof

f d�` ³ a & .
TheLagrangiandescribingtheinteractionsof quarksandgluonsis, � ù�� -|4 (6 7 õ8;: 7 õ 8H: ? 0 � ¯X ý � � 8 2 8 ý º X º � 4 � W � ¯X ý � X � ý (3.1)

wherethedefinitionof thefield strengthtensor7 õ8H: -�= 8 B õ: 4�= : B õ8 ? ¥ ��� õCó & B ó 8 B &: (3.2)

andof thecovariantderivative2 8 ý º - P ý º = 8 4¢03¥ � õ
� õý ºI B õ8 (3.3)

have beenused.Thestrengthof all interactionsis givenby onecouplingconstantwhich is
denotedby

¥ � . The � õCó & arethestructureconstantsof the
f d�` ³ a algebrawhich arerelated

to the generators
� õ

accordingto
« � õ N � ó ¬ - I 0 � õ3ó & � & . The quarkfields arerepresented

by the 4-componentDirac spinors
X ý � whereindices

0
and § refer to colour andflavour

respectively. The8 differentgluonfieldsaredenotedby
B õ8 .
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3.2 Symmetries of the QCD Lagrangian

TheLagrangian(3.1)canbeshown to beinvariantunderlocalgaugetransformationsB 8 ` _ a d�` _ a B 8 ` _ a d rD ` _ a ? 0¥ � d�` _ a = 8 d r¡D ` _ a (3.4)X � d�` _ a X � (3.5)

wherethelocal
f d�` ³ a & gaugetransformationd is definedas

d�` _ a -5@C_ � 0	� õ ` _ a � õ )AI � (3.6)

In orderto fix thegaugeoneusestheFaddeev–Popov procedurefor thepath-integral.
This procedureis well known [FP67] and in covariant gaugesit effectively leadsto the
additionof two termsto theLagrangian(3.1):, � ù
� , � ù�� ? ,��� ? ,��� (3.7)

with ,���- ® õ = 8 B õ8 ? �I ® õ ® õ and (3.8),����-\0
¯
� õ = 8 2 8 � õ � (3.9)

The gaugefixing hasintroducedthe gaugeparameter� , theauxiliary field
®

(Nakanishi-
Lautrupfield) andespeciallythefield

�
. This lastfield addsthekinetic termof ascalarfield

to theLagrangian,however, it is aGrassmann–valuedfield whichobeysFermi-statisticsand
it thusexplicitely violatesthespin-statisticstheoremfor physicalparticles.Thequantaof
this field areknown asFadeev-Popov ghosts[FP67]or simplyghosts.

The completeLangrangian(3.7) thereforecontainsthe classicalpart
, � ù
� which is

invariantunderlocal gaugetransformations(3.4). Besidesthis classicalpart it containsthe
gaugefixing termswhich canbeshown to be not invariantunder(3.4). However, the full
Lagrangianstill hasasymmetrywhichmightbeviewedasthequantumversionof thelocal
gaugesymmetry. This new symmetryhasbeenfound by Becchi,RouetandStoraandis
calledBRS-symmetry[BRS75],[BRS76]. In orderto definethissymmetryoneconveniently
startsby replacingthe(classical)local gaugeparameter

� õ ` _ a by� õ ` _ a � � õ ` _ a (3.10)

where
�

is aGrassmann-valuedconstant.Usingthisdefinitiononethenderivesthevariation
of thefieldsunderthethusmodified’gaugetransformation’.Theresultis:

P ø X ` _ a -\03¥ � ` _ a X ` _ a N (3.11)P ø B 8 ` _ a -�= 8 � ` _ a ? 0A¥ � ` _ a N B 8 ` _ a N (3.12)P ø � ` _ a -\03¥ � G ` _ a N (3.13)P ø ¯
� ` _ a -\0 ® ` _ a and (3.14)P ø ® ` _ a - � (3.15)
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Figure3.1: Pictorialrepresentationof theBRS-quartet.

whereall colour indiceshave beensuppressed1. The mapping
X P ø X etc. defines

the BRS-operatorP ø which, when appliedto a field, gives its variation underthe BRS-
transformation.Looking only at theclassicalpart

, � ù�� of thetotal LagrangiantheBRS-
transformationis nothingbut a local gaugetransformation,i.e. P ø , � ù�� - � . The(global)
BRS-invarianceof the full Lagrangianis thereforeexpressedby the fact that P ø ,��� ?,2�� - � , which in turn canbe taken asthe mostgeneraldefinition of any gauge-fixing
term.

Theeffect of theBRS-operatorP ø on thefieldscanequallyberepresentedby03�54 ø N X -6� P ø X (3.16)

and correspondinglyfor the other fields. This definesthe BRS-charge
4 ø

which is the
conservedchargeof theNoethercurrentthatcorrespondsto theBRS-symmetry.

Aside from the BRS-symmetrythereis yet anothersymmetryof the full Lagrangian
(3.7). It is expressedby thescalingrelations� õ ` _ a @C_ ��`87 a � õ ` _ a and ¯

� õ ` _ a @C_ �	` 4 7 a ¯� õ ` _ a (3.17)

where 7 is a realnumber. This symmetryleads(via theNoethertheorem)to its own con-
servedcharge: theghostcharge

4 & .
Thesetwo charges

4 ø
and

4 & andtheir (anti-)commutationrelationsform the BRS-
algebra

4 G ø - � N 0	4 & N 4 ø -94 ø N and
4 & N 4 & - � (3.18)

whichgivesriseto theBRS-quartets. Thealgebra(3.18)hasrepresentationsin thespaceof
asymptoticfields. Becauseof thenil-potency of

4 ø
it follows that thereareonly singlets

anddubletswith respectto
4 ø

; thesewill becalledBRS-singletsandBRS-dubletsin the
following. If anasymptoticstateis denotedby : � N �K& � (where �K& is theeigenvalueof

0	4 &
1For amoredetaileddiscussionof theBRSsymmetrythereaderis referredto [KO79],[NO90] and[Kug97]

whereasadetailedaccountof theapplicationsof theBRSsymmetryto theDyson-Schwingerformalismcanbe
foundin [AvS00]
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and � collectively denotesall otherdegreesof freedom)thenaBRS-singletis characterized
by

4 ø : � N �K& � - � (BRS-singlet) (3.19)

whereasaBRS-dubletis astatethatdoesnot satisfy(3.19)andcorrespondinglyfulfils

4 ø : � N �K& � - : � N �K& ? (�� � (BRS-dublet) (3.20)

Becauseof
4 G ø - � this new stateon the left handsideof (3.20) is againa BRS-singlet.

The statesthat canbe written in the form
4 ø : � N �K&A� cannever give rise to polesin any

Greensfunction becausethey have zeronorm. In order that the dubletstatescangive a
contribution to Greensfunctionstheremustbe anotherstatewhich allows for a nonzero
scalarproductwith the dubletstate. The BRS-algebrathendictatesthat this statehasthe
oppositeghostnumber �K& . This associateddubletstatewill then,of coursesatisfy itself
a relationof the form (3.20)suchthat the two associateddubletstatestogetherwith their
corresponding’daughter’-statesform a BRS-quartet.

3.3 Asymptotic Freedom and Running Coupling

Theprincipleof asymptoticfreedomexpressesthefactthattherenormalizedQCDcoupling
constantis small only at high energies. This is the reasonwhy only in this momentum
regimeit is possiblethathigh precisiontestcanbeperformed.Therunningcouplingcon-
stantof QCD ��� -�¥ G � )*` 6 � a canbecalculatedin perturbationtheoryfor largerenormaliza-
tion points;onefinds

� � ` � a - 6 �c Q �M� ` � G )H G a ( 4 I c Dc G Q
�q� �M� ` � G )H G a�M� �M� ` � G )H G a ? �A�A� � (3.21)

Herebytheconstants
c ý

arethecoefficientsof theCallan-Symanzik
c

functionwhich de-
terminestherenormalizationscaledependenceof therunningcoupling � � accordingto

� = � �= � -|4 c QI�� � G � 4
c D6 � G � � � 4

c G
 6 � � � ² � 4 �A�A� (3.22)

with c Q - (�( 4 I³ ��� N (3.23)c D - � ( 4 ( �³ ��� and (3.24)c G - I ÍC��; 4 � � ³�³� ��� ? ³ I �I ; � G � � (3.25)

This behaviour of the QCD couplingconstant(being large in the infrared andbeing
small in theultraviolet) is the reasonfor thedistinctionbetweennonperturbative andper-
turbative physics.While thelatteris well understoodsincetheearlydaysof QCD (seee.g.
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[MP78]) it is only during the last decadethat the nonperturbative aspectsof QCD canbe
investigated.

Therearevariousdifferentmethodsto investigatethenonperturbativemomentumrealm.
Among them are e.g. lattice simulations[Kar96], [Neg97], the field strengthapproach
[SRAL90], [Qua99], Dyson-Schwingerstudies[RW94], [AvS00] andvarioustopological
methods[TJZW85], [Nas91]. Most of thestudiesup to now considerpureYang-Mills the-
ory or QCD in thequenchedapproximation,i.e. neglectingtheeffectsof dynamicquarks.

The runningcoupling (3.21) hasbeenobtainedassolutionof (3.22). In solving this
differentialequationfor � � a constantof integration is necessarilyintroduced.This con-
stant,whichhasbeenintroducedonaformal level, is theonefundamentalconstantof QCD
thathasto bededucedfrom experiment.For this constantonecouldusethevalueof � � at
a specialscale� , however, it correspondsto theconventionto introducethedimensionful
parameter . Thedefinition of  is (in a sense)arbitrary. But usuallyit is definedusing
theparameterization(3.21)for therunningcoupling � � . Thevalueof  canbedetermined
by comparing(3.21)to the resultsof experimentswhich yield e.g. � � ` Ã=< a

. This method
doesof coursedependontheorderto whichtheperturbative expansion(3.21)is known; the
presentstateof theart gives  � I'��� 4t³ 
�� MeV [C " 98] (This valuefor  refersto the

¯Ã f -regularisationscheme).Herean errorof about15 MeV dueto thefinite orderof the
perturbative expansion(3.21)is included.

3.4 Confinement

The confinementphenomenonexpressesthe fact that all physicalstatesthat areobserved
arecolour

f d�` ³ a singlets.Thustheonly statesthatcanbefoundin thephysicalspectrum
areboundstatesof quarksandgluons.For quarksthesearejust thecombinations¯X Æ > X ø > ,X Æ > X ø Ò X ùj �

> Ò j and ¯X Æ > ¯X ø Ò ¯X ùj �
> Ò j whichcorrespondtomesons,baryonsandanti-baryons.

Thecoloursingletcombinationof gluonfieldsarejust theglueballs.
Confinementstatesthatthefundamentalexcitationsof QCD(quarksandgluons)cannot

beobservedalbeitthey mediatetheinteraction.Despitethehugeeffortsandtheimpressive
developments(seee.g.[BP95b], [BP97],[vB98] and[Isg00]) confinementfor QCDhasnot
beenprovenup to now; i.e. it still hasthestatusof a conjecture.Variousmechanismshave
beenproposedin orderto explain colourconfinement;themostpromisingonesareshortly
discussedin thefollowing.

Themostelementarypictureof theconfinementmechanismbuildsontheideaof aflux-
tube. In QED with abelianphotonstheforcebetween

@ " and
@ r is anattractive Coulomb

law. Thefieldsspreadout to infinity sincethephotonfield doesnot coupleto itself. This
is different for QCD: the nonabeliannatureof the gluon fields implies that it couplesto
itself. This may imply that the energy minimising configurationbetweena quarkandan
anti-quarkis a tubeof colouredflux. Sucha gluon field configurationwould thenhave a
potentialenergy which is a linearly rising functionof thedistancebetweenthetwo quarks,
i.e. thequarkswould be confinedbecausetheenergy requiredto separatethemwould be
infinite.

Theflux-tubepicturecanbeput on a morefundamentalbasisvia ananalogyto super-
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conductivity which hasbeenfirst proposedby Mandelstam[Man76] and’t Hooft [tH82].
Assumethata (hypothetic)pair of magneticcharges(monopoles)hasbeenplacedin a reg-
ular type-II superconductor. Thenthemagneticfield betweenthesetwo chargesis squeezed
into a narrow tubedueto the Meissnereffect. As explainedabove this would thencause
a linearrising potentialbetweenthemagneticmonopolesthusleadingto permanentlycon-
fined magneticcharges. This analogysuggeststhat the QCD vacuummight behave like
a type-II colour superconductor. However, sincein QCD the colour-electric charges(i.e.
quarksandgluons)areconfinedtheQCD vacuumwould have to be identifiedwith a dual
colour superconductorwhere’electric’ and ’magnetic’ are interchangedwith respectto a
normalsuperconductor.

Anotherpictureof confinementis known asinfraredslavery. It essentiallyrestson the
behaviour of therunningcoupling � � asimpliedby therenormalizationgrouppropertiesof
QCD.Thesenecessitatethat ��� vanishesfor largemomenta.Thebehaviour of ��� for small
momentacanonly be calculatedusinggenuinelynonperturbative techniques.Onemight
arguethat the largemomentumbehaviour of � � is alsovalid for smallermomenta,i.e. � �
mightbemonotonicallyrisingin theinfrared,thusleadingto adivergencefor §$G � . This
would thencorrespondto an infinite forcewhich preventscoloursingletsto breakup into
colouredfragments.

On a moreformal level onemight arguethatconfinementshouldhave a definiteinflu-
enceon theGreensfunctionsof QCD, especiallyon the2–particlecorrelations,theprop-
agators.This is motivatedby theway physical(asymptotic)particlesareidentifiedin the
framework of a standardquantumfield theory: as the polesof the 2–particlecorrelators
for real time-like momenta,thepositionof thepole giving themassof thecorresponding
excitation. However, if thepropagatorhasno poleon therealaxisthenonecouldinterpret
this asconfinementsignaturesincetheparticleobviously cannotgo on its mass-shelland
thuscannotbefoundin theasymptoticspectrum.However, if thepropagatorhasnopoleon
therealaxisthenit musteitherhave complex polesor it musthave anessentialsingularity
somewhereor it mustbe zero. The first alternative (complex poles)hasbeenfound to be
realizedin the confinedphaseof QED� [Mar95], [Mar96]. This is alsotheapproachthat
is followedin variousboundstatecalculationswithin theBethe-Salpeterformalism[SB51]
andespeciallywithin thecovariantdiquark-quarkmodel.Theapplicationsof thismodelto
kaonphotoproductionandthe implicationson thequalitative featureswill bediscussedin
chapter7.

Anotherscenariowhich is supportedby growing evidenceis the ideathatconfinement
in QCDmightberelatedto violationof positivity. Themechanismbearssomeresemblance
to QED in linear covariantgauges:thereonefinds that onehasthe (physical)transverse
photonsbut besidesonecannotavoid introducing(unphysical)longitudinalandscalarpho-
tons.TheGupta–Bleulerconditionthendefinestheappropriateprojectionconditionwhich
separatesthephysicalsubspaceof thetotal statespace.Thework of NakanishiandOjima
[KO79] shows thatin QCD thephysicalsubspaceis definedby thecondition4 ø : � N �K&A� - � � (3.26)

This impliesthatthephysicalsubspacecontainsBRS-singletaswell asBRS-quartetstates.
However, only the daughter–statesof the BRS-quartetare included,see(3.20). This re-
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sults in a semi-definitephysicalsubspacewhereasthe metric of a completeBRS-quartet
is indefinite, i.e. containsnegative norm stateswhich areprojectedout by the condition
(3.26). To summarize:in thephysicalsubspacethequartetstatesdo appearaszeronorm
statesonly, phraseddifferently: someof thequartetstatesarein thephysicalsubspacebut
the probability to observe themis zero. This is calledthe quartetmechanism. This clas-
sificationof statessuggestsa confinementcriterionwhich is basedon positivity: sincethe
physicalsubspacecontainsonly theBRS-singletsandthedaughter–statesonemight check
for violationsof positivity. Thiswould thenallow to concludethatthecorrespondingstates
belongto thenegative normpartof theBRS-quartetanddo thusnot belongto thephysical
subspace.WhereastheGupta–Bleulerconditionin QED did projectout only the longitu-
dinal andthescalarphotonstheprojection(3.26) is assumedto projectout all quarksand
gluonexcitations.Thispositivity violationscenariowith its link to theBRS-quartetmecha-
nismwill beshown to nicelyexplain theresultsof thecoupledsystemof DSEsthatwill be
discussed.

3.5 A Note on Euclidean Quantum Field Theor y

Thissectionsaimsatbeingabrief reminderonthebasicaxiomsof EuclideanQuantumfield
theoriesandon therelationof suchanapproachto thestandardGarding-WightmanQuan-
tumfield theory. HerebytheSchwinger functions(whichwill besimplycalledGreensfunc-
tionsin thefollowing) areintroducedanddefined;themostfundamentalof theseSchwinger
functions,thepropagatorsof gluons,ghostsandquarksbeingthemainfocusof thesubse-
quentchapters.Thereconstructiontheorem, thatis shortlymentioned,is thebasicjustifica-
tion of thepresentapproach.

Quantumfield theoriescanbe describedin termsof infinite hierarchiesof functions.
Therearedifferentbut equivalenthierarchies,like theWightmanfunctions[Wig56] andthe
Schwingerfunctions[Sch59] to mentiononly two possibilities.This sectionfocuseson the
definition of the Schwingerfunctionsand Osterwalder-Schraderreflectionpositivity, see
Haagsbook[Haa96] for details.

TheWightmanfunctions2 ?A@ ` _ D N �A�A� N _ @ a aredefinedasvacuumexpectationvaluesof
productsof field operators:

? @ ` _ D N �A�A� N _ @ a�B -Õ� Á : C.` _ D aED	D	D C�` _ @ a : Á � (3.27)

andformally these? @ aretempereddistributionsover F ² @ . Thesetof functionsL ? @ O has
to satisfytheWightmanaxiomsin orderto ensurethat the L ?A@ O correspondto a standard
Garding-WightmanQFT andtheadditionalconstraint� Á : BAGôB : Á � û � for all

B�-
@   } ² _<  � @ ` _ D N �A�A� N _ @ a C�` _ D aED	D	D C�` _ @ a (3.28)

makessurethat themetricof theHilbert spaceis positive semidefinite.It hasbeenproven
[Wig56] that thehierarchyof functionsL ?A@ O containsthe informationthat is necessaryto

2Theterm’function’ is usedin abroadsense,it includesdistributions.
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reconstructtheHilbert spaceandto deducetheactionof

H ` � aIB - } ² _ C�` _ a � ` _ a (3.29)

in thisspace,where� is a testfunction.This is known asthereconstructiontheoremfor the
Wightmanfunctions.

The Schwingerfunctions
f @ ` _ D N �A�A� N _ @ a aredefinedas the Wightmanfunctionsfor

imaginarytimes: f @ ` _ D N �A�A� N _ @ a�B - ? @ ` 4�0ô_ ² D N {_ D N �A�A� N 4�0ô_ ²@ N {_ @ a (3.30)

andthey aretheEuclideanpendantof theusualGreen’s functions.As therearetwo hierar-
chiesof functions,L ? @ O and L f @ O thequestionariseswhetherit is possibleto translatethe
two descriptionsinto oneanother. This is answeredby the Osterwalder-Schraderaxioms
[OS73],[OS75] which may be calledtheaxiomsof EuclideanQFT. Theseaxiomsarethe
conditionson the hierarchyL f @ O which guarantythat their analyticcontinuationleadsto
distributions in Minkowski spacesatisfyingthe Wightmanaxiomsandthe reconstruction
theorem.

TheOsterwalder-Schraderreflectionpositivity is theEuclideancounterpartof theposi-
tivity constraint(3.28)andit is definedasfollows:

@ "2J
f @ "�J K « � @ML � J ¬ û � (3.31)

for all testfunctions� @ N � J ©ON " `3F ² @ a wherethetensorproduct � @�L � J is understoodas« � @�L � J ¬F` _ D N �A�A� N _ @ N3P D N �A�A� N3P J a�B - � @ ` _ D N �A�A� N _ @ a5D � J ` P D N �A�A� N3P J a (3.32)

andthe K -operationis definedas

K � @ ` _ D N �A�A� N _ @ a�B - ¯� @ ` �b_ D N �A�A� N �b_ @ a with
�b_¢-Q� ` _ ² N {_ a�B - ` 4�_ ² N {_ a (3.33)

If the hierarchy L f @ O doessatisfy Osterwalder-Schraderreflectionpositivity then the
correspondingHilbert spacewill have a positive semidefinitemetric. This equivalenceof
reflectionpositivity andof thepositivity of thecorrespondingmetricisutilizedin section6.5
whereit is studiedwhetherthegluon-andquarkpropagatorsdoviolatereflectionpositivity.



Chapter 4

DSEs for Gluons and Ghosts

In this sectionwe discussthe coupledsystemof Dyson-Schwingerequations(DSEs)for
the gluon-, ghost-,andquark-propagators.Herebythe main objective is to introducethe
formal framework; thesolutionsarediscussedin chapter6. Having introducedtheDSEsfor
LandaugaugeQCDthesubtractionschemeis examined.Following thisthenonperturbative
runningcouplingin this approachis identifiedandsomeof themajorconsequencesof this
identificationarediscussed.Theleadingorderinfraredanalysiswill yield theinfraredlimit
of the gluon- and ghost renormalizationfunctions; this can then be usedto deducethe
infrared behaviour of the nonperturbative running coupling. This chapterendswith the
introductionof ascaleinvariantrepresentationof theDSEs.

4.1 DSEs of Landau Gauge QCD

In this sectionwe presentthe coupledsystemof DSEsfor the gluon-, ghostand quark
propagators.Thederivation of theseDSEsrestson the fundamentalsymmetriesof QCD,
especiallyon theBRSsymmetryof theLagrangian(3.7). Sincethisderivationof theDSEs
aswell astheconstructionof theverticeshasbeendiscussedin greatdetail in [vS98] and
[AvS00] it addsto the concisenessof the presentwork if the readeris referredto these
publications. In this sectionwe give a short summaryof the discussionandpresentthe
DSEsfor laterreference.

Thefull coupledsystemof DSEsfor thegluon-,ghostandquarkpropagatorsis shown in
fig. 4.1. The3-gluonvertex, thegluon-ghostvertex andthegluon-quarkvertex thatappear
in theseDSEsarethesolutionsof theirown DSEs.TheseDSEsfor theverticesthencontain
even higherGreen’s function. This hierarchyof DSEsis an infinite systemsof coupled
equationsfor theGreen’s functionsof QCD. An exactsolutionto this systemof equations
is known to containall informationthatcanbeextractedfrom a local quantumfield theory
[Haa96] (Seealsothediscussionin section3.5which relatestheMinkowski-spaceGreen’s
functionsto the Euclidean-spaceGreen’s functions.). However, an exact solution is not
feasibleandthereforea truncationschemehasto be specifiedwhich rendersthe solution
possible.This truncationschememustreflectthe basicsymmetriesof QCD asexpressed
by theSlavnov-Taylor identities(STIs).Thereforeit is advantageousto specifyaconsistent
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Figure4.1: Diagrammaticalrepresentationof the DSEsfor the gluon-, ghost-andquark
propagatorsin LandaugaugeQCD.TheupmostequationrepresentstheDSEfor thegluon-
propagator(4.1).Theequationin themiddleandat thebottomof thefiguredepicttheDSE
for theghost-(4.2)andquarkpropagators(4.3) respectively. Thetwo-loopcontributionsto
the gluon DSEsareneglectedaccordingto the truncationschemethat is discussedin the
maintext.
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truncationschemefor theseSTIs and for theDSEs. Theapproximate(or truncated)STIs
arethensolvedto obtaintheverticeswhichareusedin theDSEs.This is theprocedurethat
is developedandappliedin [vSHA97],[vSHA98] andwhich is reviewed in greatdetail in
[AvS00].

Thetruncationschemethatis usedin thepresentapproachis guidedby theprescription
thatall two-loopcontributions(like e.g. the two-loopcontributionsto thegluonDSE)are
neglected.This truncationschemeis appliedto thederivationof theSTIsaswell asto the
DSEs.

The exact DSE for thegluon propagator
2

which is depictedin the upperline of fig.
4.1 is explicitely givenby

2 rD8;: ` ~ a -�À � « 2 Q ¬ rD8;: ` ~ a 4±¥ G �K& ˜À D } ² §`eI�� a ² 0 § 8 2A� `e� a 2A� `H§ a8U : `e� N § a4�¥ G À D  ��� (I
} ² §`eI�� a ² � z � 8 f `e� aH£ : `e� N § a f `H§ a? ¥ G �K& À D (I

} ² §`eI�� a ² £ Q8�� > ` ~ N 4 § N � a 2 > Ò `H§ a 2 �C� `e� aH£ Ò �H: ` 4 § N � N 4 ~ a (4.1)

where � - ~ ? � and
2 Q and

£ Q are the baregluon propagatorand the bare3-gluon
vertex.

2A�
and

f
arethefull propagatorsof ghostsandquarksrespectively and

£ N U arethe
correspondingfully dressed3-pointvertex functions.

The DSE for the ghostpropagator
2A�

in Landaugaugeis representedby the second
line in fig. 4.1.Withoutany truncationsandin full generalityit is givenby

2 r¡D� ` ~ a -|4 ˜À � ~ G ? ¥ G �K& ˜À D } ² §`eI�� a ² 0 ~ 8 2A� `H§ a8U : `H§ N ~ a 2 8;: ` ~ 4 § a � (4.2)

Finally, for theexactDSEfor thequarkpropagator
f

(which is shown in thebottomline of
fig. 4.1)oneobtainsf r¡D ` ~ a -�À G 4�0 ~ ) ? À J W Q ? ¥ G À D WV � } ² §`eI�� a ² � 8 f `H§ aH£ : `H§ N ~ a 2 8;: ` ~ 4 § a � (4.3)

The renormalizationconstantsrelatethe renormalizedquantitieswith the correspond-
ing unrenormalizedpropagators,massesandcouplingconstants.Thefield renormalization
constantsaredefinedby therelationsÀ G f - f Q N ˜À � 2A�Ô-�2 Q � N À � 2 8;: -52 Q 8;: (4.4)

andthemultiplicative renormalizationof themassW andthecoupling
¥

is formally defined
by therelations ÀYX ¥ -�¥ Q and

À J W - W Q � (4.5)
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Theremainingrenormalizationconstantsaretiedto therenormalizationsconstantsthathave
beenintroducedthusfar accordingto theLandaugaugerelationsÀ D -�ÀZXsÀU� EHG� N ˜À D -�ÀZX À DôEHG� ˜À � and

À D -�ÀZXsÀ G À DFEHG� � (4.6)

Thenonperturbative contributionsto thegluon-,ghostandquarkpropagatorsin covari-
antgaugesarerepresentedby thedeviation of therenormalizationfunctions

À N U N B and
®

from their correspondingperturbative limits. Therenormalizationfunction
À

for thegluon
is definedvia therelation

2 8;: ` ~ a - P 8;: 4 ~ 8 ~ :~ G
À ` ~ G a~ G ? ¦<~ 8 ~ :~ ² (4.7)

andthecorrespondingrenormalizationfunctionfor theghostaccordingto thedefinition

2A� ` ~ a -|4 U ` ~ G a~ G � (4.8)

Therenormalizationfunctions
B

and
®

for thequarkpropagatorf r¡D ` ~ a -|4�0 ~ ) B ` ~ G a ?±® ` ~ G a (4.9)

areusuallycalledthevectorialandthescalarself-energy respectively.
The setof equations(4.1), (4.2) and(4.3) is not a closedsystemof equationsasyet

sincethe verticessatisfy their own DSEs. In order to arrive at a closedsetof equations
onehasto imposea truncationschemewhich maintainsthesymmetriesof the theoryand
which allows to constructthe3-pointvertices.Thesymmetriesareexpressedby theSTIs
[Tay71] which in turn area consequenceof thegauge-andBRSinvarianceof the theory.
However, theseidentitiesin generalcannotconstrainthe vertex completely;muchlike in
QED wherethe Ward-Takahashiidentity determinesonly the longitudinalpart of the full
vertex but leavesthetransversalpartunconstrained.Otherrequirementslike multiplicative
renormalizability, absenceof kinematicalsingularitiesand the correctperturbative limit
have to be usedto furtherconstrainthevertex ansatz.The truncationschemeis specified
by theguidingprinciplethatany two-loopcontributionsto theDSEsitself aswell asto the
STIsareneglected.Thetruncationschemeandtheconstructionof theverticesis developed
in [vSHA98] andreviewedin greatdetail in [AvS00]. In thefollowing thethusconstructed
verticesaremerelypresentedandtheinterestedreaderis referredto thecitedpublications.

The3-gluonvertex is definedaccordingto

£ õ3ó &8;:'� `e� N § N ~ a -�¥ � õ3ó & `eI�� a ² P ² `e� ? § ? ~ aH£ 8;:'� `e� N § N ~ a - [\
]

^`_'a

b _dc e _*f
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whereall threemomentaare assumedto point outwards. The result that is derived in
[AvS00] explicitely reads

£ 8;:'� `e� N § N ~ a -|4�B " P 8;: 0 `e� 4 § a � 4¢B r P 8H: 0 `e� ? § a �4 I B r� G 4 § G P 8H: �	§ 4 � : § 8 `e� 4 § a � ? cyclic perm. (4.10)

where

BAg `e� m § G N ~ G a - U ` ~ G aI U `H§$G aU `e� G a À `e� G aYh U `e��G aU `H§ G a À `H§ G a � (4.11)

Thegluonghostvertex is constructedin a similar mannerasthe3-gluonvertex. As for the
3-gluonvertex wereferthereaderto [vS98] and[AvS00] wherethederivationof thevertex
is discussedin detail.Herewe simplygive thedefinitionfor laterreference:

U õ3ó &8 `e� N § N ~ a - `eI�� a ² P ² `e� ? § 4 ~ a ¥ � õ3ó & 0 § : ˜U 8;: `H§ N ~ a - i
j k

l	m'n

o p
whereall momentapointoutwardsandtheremaining’reducedvertex’ ˜U 8;: is definedas

˜U 8;: `H§ N ~ a - P 8;: U `e� G aU `H§ G a ? U `e� G aU ` ~ G a 4 ( ~ 8 § :§ G � (4.12)

Thequark-gluonvertex is constructedaccordingto theBall-Chiu [BC80a] prescriptionand
its transversepartis setequalto theCurtis-Pennington[CP90] ansatz.This resultingvertex
ansatzis discussedin detail in section2.3 whereit is usedto describetheelectron-photon
couplingin QED� . ThedifferencebetweentheCurtis-Penningtonvertex asit is usedin e.g.
in QED� andthequark-gluonvertex in LandaugaugeQCDis dictatedby thecorresponding
STI (5.5)whichat thepresenttruncationlevel yields

£ õ8 `e� N § a -|4[¥ � õ U ` ~ G a £¹¸8 `e� N § a ? £*µ8 `e� N § a - q
rs

t	uwv

where
£ ¸8 and

£ µ8 denotethelongitudinal(Ball–Chiu[BC80a], [BC80b]) partandthetrans-
verse(Curtis–Pennington[CP90]) part of the vertex respectively (seesection2.3 for the
definitions).
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4.2 Subtraction Scheme

In theprecedingsectionthe formal framework of theLandaugaugeDSEshasbeenintro-
duced.The resultsof thevertex constructionhave beenpresentedsuchthat the DSEsfor
thegluon-,ghost-andquarkpropagatorsdo now form a closedsetof equations.Starting
with theghostDSE (4.2) andthe gluon-ghostvertex asdefinedin the last sectiontheun-
renormalizedghostDSE canbe written in the form (expressedin termsof renormalized
quantities)

(U ` ~ G a - ˜À � 4�¥ G �K& } ² §`eI�� a ² ~yx `e� a §
À `e� G a8U `H§ G a~ G � G § G U `e� G aU `H§ G a ? U `e� G aU ` ~ G a 4 ( (4.13)

where� - ~ 4 § andwhereit hasbeenusedthat ˜À D - ( [Tay71]. Hereandin thefollowing
thedefinition

x `e� a - P 8;: 4 � 8 � :� G (4.14)

is used.
As hasbeenmentionedalready:in orderto beableto performthe infraredanalysisit

is necessaryto usea one-dimensionalapproximationfor the renormalizationfunctionsof
thegluonandtheghost.Theapproximationweuserestson thethefollowing assumptions:
for §$GuÖ ~ G oneassumesthat the functions

À
and

U
areslowly varying with respectto

their argumentsthusthatit is allowedto replace
U `e� G a{z|U ` ~ÄG a U `H§ G a . If all momenta

are large, i.e. in the perturbative limit, this assumptionis well justified becauseof the
logarithmicmomentumdependenceof the renormalizationfunctionsfor large momenta.
More precisely:this assumptionguaranteesthecorrectleadingultraviolet behaviour of the
renormalizationfunctionsof thegluonandtheghost.

It is anticipatedthattheDSEsfor thegluonandtheghostwill containinfrareddivergent
terms.Thereforeit wouldbeinappropriateto usethesameprescriptionalsofor thecasethat§ G Ó ~G . Hereit is moreappropriateto employ anangleapproximationpreservingthelimit§$G � of theintegrands.This is achievedin using:

U `e�iG a U ` ~ G a and
À `e��G a À ` ~ G a .

Usingthisangle-approximationtheDSEfor theghost(4.13)becomes

(U ` ~ G a - ˜À � 4 ¥ G(�
C� G
³ � &6 (I À ` ~ G a8U ` ~ G a ? }�~  ~

} § G§ G À `H§ G a8U `H§ G a � (4.15)

In order to eliminatethe dependenceon the cutoff  we cansubtractthe ghostDSE
(4.13)at therenormalizationpoint � G . Thisgives

(U ` ~ G a 4 (U ` � G a -
¥ G(�
C� G

³ �K&6 (I À ` � G a8U ` � G a 4 (I À ` ~ G a8U ` ~ G a?   ~Q
} § G§ G À `H§ G a8U `H§ G a 4 8 ~Q

} § G§ G À `H§ G a8U `H§ G a � (4.16)
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This is therenormalizedghostDSEin its explicit subtractedform; thereis nocutoff depen-
denceleft but theequationdoesdependon therenormalizationpoint � G . To make thefol-
lowing discussionmorelucid it is advantageousto streamlinethenotation.The ~ -dependent
termson theright handsideof (4.15)will bedenotedby

Å � ` ~ G a - ¥ G(�
C� G
³ �K&6 4 (I À ` ~ G a8U ` ~ G a ?

  ~Q
} §$G§ G À `H§ G a8U `H§ G a (4.17)

suchthattheghostDSEin its subtractedform (4.15)now reads

(U ` ~ G a - Å � ` ~ G a ? (U ` � G a 4 Å � ` � G a (4.18)

or in yet morecondensednotation

(U ` ~ G a - Å � ` ~ G a ?�� ` � G a (4.19)

where
�

is a constantwith respectto ~ÄG but does,of course,dependon therenormalization
point. Pleasenote, that

�
is not to be confusedwith ˜À � , the latter being UV divergent

whereas
�

doesnotdependon theUV cutoff. Every valueof
�

givesa solutionto theghost
DSE andcorrespondsto a renormalizationpoint. Up to now thevalueof

�
is completely

unconstrained,
� - � beingonly onepossibility.

It is importantto note, that in principle, it is not possible,to split (4.18) up into two
equations,onecontainingonly the ~ -dependenttermsandtheotheronly the � -dependent
terms.In doingsoonewouldhaveto facetheambiguityof introducinganarbitraryconstant
accordingto

(U ` ~ G a 4 Å � ` ~ G a - (U ` � G a 4 Å � ` � G a (4.20)

which (without furtherconstraints)cannotbedistinguishedfrom

(U ` ~ G a 4 Å � ` ~ G a ? }¢- (U ` � G a 4 Å � ` � G a ? } (4.21)

where
}

is somearbitraryconstant.This explicitely shows, that, in general,thereis now
way backfrom thesubtractedequationin the form (4.18) to a variantof theunsubtracted
equationwhich would containonly the ~ or only the � dependentterms.Thereasonbeing
thatin goingform (4.15)to (4.15)onehaslostall informationon theconstantterms.

TheDSEfor thegluon,while beingmorecomplicated,canbetreatedin thesameway
asthe DSE for the ghost. Without any approximationsandwith theverticesdiscussedin
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section4.1 theDSEfor gluonexplicitely reads

(À ` ~ G a -5À � 4±À D
¥ G � &


} ² §`eI�� a ² � D `e� G N § G N ~ G a À `e� G a8U `e� G a À `H§ G a8U `H§ G aÀ ` ~ G a8U ` ~ G a? � G `e� G N § G N ~ G a À `e� G a8U `e� G aU `H§ G a ? À `H§ G a8U `H§ G aU `e� G a U ` ~ÄG a~ G � G § G? ¥ G � &³ } ² §`eI�� a ² §5�` ~ a § U ` ~ G a8U `e� G a 4 U `H§ G a8U `e� G a
4 §5�` ~ a � U ` ~ G a8U `H§ G a (~ G � G § G 4�¥ G À D  ���I x�` ~ G a (4.22)

wheretheauxiliary functions � D and � G aredefinedasfollows:

� D ` _ N3P	N3� a -�I �6 _ ? (6 _ GP ? I �6 P ? (6 P G_ ? ` � _ G ? � � _ P ? � P G a �6 _ P4 � ` _ ? P a � G6 _ P 4 � �6 _ P ? I
6 _ G 4 (�� _ P ? P GI$` � 4¢_ a ? I 6 P G 4 (�� _ P ? _ GI$` � 4 P a (4.23)

and

� G ` _ N3P	N3� a - � _ � ? 6 ( _ G P ? � _ P G 4�³ P �6 _ ` P 4¢_ a ? _ G 4 (�� _ P ? I 6 P GI$` P 4 � a? _ � ? � _ G P 4 � _ P G 4 P �_ � ? `eI _ G ? (�( _ P 4¢³ P G a �I _ ` _�4 P a ? ` _ ? P a � G6 _ ` P 4¢_ a � (4.24)

Furthermorethepolarizationscalarof thequarkloopis denotedby x�` ~ G a . For thefollowing
discussionwe will set ��� - � , thedetailsandthemodificationsconcerningthequarkloop
will bediscussedin chapter5.

Usingthesameangularapproximationthatwe usedfor theghostDSEweobtain

(À ` ~ G a -5À � ? À D
¥ G �K&6 Í � G

  ~Q
} § G~ G ;I § ²~�² 4 ( ;I § G~ G 4 � Í À `H§ G a8U `H§ G a? } ~  ~
} § G§ G ;Í ~ÄG§ G 4 ; À `H§ G a8U `H§ G a? ¥ G �K&6 Í � G

³
I U ` ~ G a

  ~Q
} § G§ G § G~ G U `H§ G a 4 (³ U G ` ~ G a ? (I } ~  ~

} § G§ G U G `H§ G a � (4.25)

In orderto eliminatethecutoff dependencewesubtracttheequationat therenormaliza-
tion point � . For thefollowing discussionit thereforesufficesto look atthecutoff dependent
termsof (4.25),which (aftersubtractionandup to constantfactors)are:

} ~  ~
} § G§ G ;Í ~ÄG§ G 4 ; À U 4 ` ~ � a -

;Í ~ G } ~  ~
} § G§'² À U 4 ;

  ~Q
} § G§ G À U 4 ` ~ � a � (4.26)
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For thecontribution

} ~  ~
} § G§ G U G `H§ G a 4 ` ~ � a - 8 ~  ~

} § G§ G U G `H§ G a (4.27)

it is necessaryto be a bit morecarefulsincethe integrandis highly singularin the limit§ G � . In afirst stepwe canwrite (4.27)as:

8 ~  ~
} § G§ G U G `H§ G a - lim��� Q r �  ~

} § G§ G U G `H§ G a ? 8 ~" �
} § G§ G U G `H§ G a � (4.28)

where � is a small numberwhich will be set to zeroat the end. Now we canmake the
divergentcontribution explicit:

r �  ~
} § G§ G U G `H§ G a - r �  ~

} § G§ G U G `H§ G a 4 ü G��I�� Ñ G § ²�� 4 ü G��I�� Ñ G � ²��
4 ü G��I�� Ñ G ~�²�� � (4.29)

The divergent � -dependentterm hasbeenmadeexplicit and it is cancelledby the corre-
spondingdivergenttermof the � integral. Thusthe integral on the right handsideis now
IR finite andthelimit � � maybetaken(for theintegral). Altogetheronethanhas:

8 ~  ~
} §$G§ G U G `H§ G a - Q  ~

} §$G§ G U G `H§ G a 4 ü G��I�� Ñ G §'²�� 4 ü G��I�� Ñ G ~ ²)� 4 ` ~ � a � (4.30)

Puttingeverythingtogetherwecanwrite therenormalizedgluonDSEin its subtractedform
as (À ` ~ G a 4 (À ` � G a - Å�< ` ~ G a 4 Å�< ` � G a (4.31)

wherethedefinition

Å�< ` ~ G a -�À D ¥ Gs�K&6 Í � G
  ~Q
} §$G~ G ;I § ²~ ² 4T( ;I §$G~ G 4 �Í ? ; ~ G§ G À `H§ G a8U `H§ G a? ;Í ~ G } ~  ~
} §$G§'² À U ? ¥ Gs�K&6 Í � G

³
I U ` ~ G a

  ~Q
} §$G§ G §$G~ G U `H§ G a4 (³ U G ` ~ G a 4 Q  ~

} § G§ G U G `H§ G a 4 ü G��I�� Ñ G §'²�� 4 ü G��I�� Ñ G ~ ²�� (4.32)

hasbeenintroduced.
Again it shouldbenotedthat it is, in general,not possibleto split theDSE in its sub-

tractedform (4.31)up into two parts;onecontainingonly the ~ -dependenceandtheother
containingonly the � -dependentterms. In doing so one could againintroducean arbi-
trary constant,comparethe discussionfor the ghostand eq. (4.21). Separatingout the
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~ -dependentpartandsolvingthisequationis notwrong;however, it doescorrespondto the
(additional)constraint: (À ` � G a 4 Å�< ` � G a - � (4.33)

whichselectsonesolutionof aoneparameterfamily of solutions.
It seemsto bemorejustifiedto solve theDSEin its explicitely subtractedform without

separatingthe ~ andthe � dependenttermsinto two separateequations.Becausethenno
additionalconstraintof the form (4.33)is imposedandthesystemof equationsis retained
in its mostgeneralform. Thereareyet other(technical)advantagesif theequationis used
in thefull subtracted(andnotagainseparatedform). Thiswill bedetailedin thesubsequent
sections.

4.3 Nonper turbative Running Coupling and Renormaliza-
tion

In theLandaugaugeonehastheidentity [Tay71]

˜À D -�À X À DFE;G� ˜À � - ( (4.34)

whichimpliesthat
¥ G À ` ~ G a8U Gb` ~ G a is renormalizationgroupinvariant.And sincethereis no

otherdimensionfulparameteronehasto concludethat
¥ G À U G is a functionof therunning

coupling ¯
¥

only ¥ G À ` ~ G a8U G ` ~ G a - � ` ¯¥ G ` � ` ~ a N ¥ a;a (4.35)

where� - DG � � ¥ ` ~G ) � G a and ¯
¥

is thesolutionof therenormalizationgroupequation}} � ¯
¥ ` � N ¥ a -Õc ` ¯¥ a (4.36)

subjectto the boundarycondition ¯
¥ `H� N ¥ a -ï¥

and where
c

is the Callan-Symanzik
c
-

functionwhich is therateof changeof therenormalizedcouplingwith respectto therenor-
malizationpointandatfixedbarecoupling.If theproduct

¥ G À ` ~ÄG a8U G ` ~ÄG a is to beidentified
with therenormalizedrunningcouplingthenoneshouldhave that � ` ¯¥ G a ¯

¥ G for ¯
¥ G � .

whichcorrespondsto À ` � G a8U G ` � G a - ( (4.37)

for an asymptoticallylarge subtractionpoint � , suchthatat the renormalizationpoint one
has ¥ G À ` � G a8U G ` � G aD

- � ` ¯¥ G ` � ` � a N ¥ a;a
¯
X ~ g þ g 8 pMm X p

� (4.38)
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Now we assumethat
¥ G À ` ~ÄG a8U G ` ~ÄG a correspondsto an observablequantity. This as-

sumptionthenimpliesthat
¥ G À ` ~ G a8U Gb` ~ G a shouldbeinvariantunderrenormalizationgroup

transformations(which correspondto finite renormalizations)` ¥ N � a ` ¥�� N � � a (4.39)

whichentailsthat: ¥ � G À ` � � G a8U G ` � � G a
D

- � ` ¯¥ G ` � ` � � a N ¥ � a;a
¯
X ~ g þ g 8�� pMm X � p

� (4.40)

However, this canonly bevalid if � ` ¯¥ Gb` � ` ~ a N ¥ a;a - ¯
¥ G for all ~ .

Theprecedingdiscussionshows that
¥ G À ` ~ÄG a8U G ` ~ÄG a givesaphysicallysensibledefini-

tion of thenonperturbative runningcouplingin theLandaugauge.
The perturbative subtractionschemewould suggestto usethe renormalizationcondi-

tions À ` � a - U ` � a - ( (4.41)

insteadof (4.37). However, if onewould extend this to arbitraryscalesthan this would
imply a relationbetween

À
and

U
which is inconsistentwith theleadinginfraredbehaviour

of thesolutions[vS98]. I.e. thetwo independentrenormalizationconditions(4.41)turnout
to beto restrictive to beusedin thepresentapproach.

To summarize:thenonperturbative renormalizationconditionthatweuseis encodedin
theequations À ` � G a - � Æ ` ¥ a N U ` � G a - � � ` ¥ a with � Æ � G � - ( (4.42)

togetherwith thelimits � Æ N U ( for
¥ � .

Usingthisonecanfind anexplicit solutionof theCallan-Symanzikequation,whichcan
bewritten in theformÀ ` ~ G a - � Æ ` ¯¥ ` � ` ~ a N ¥ a�D @C_ � 4 I ¯

X g þ g   pem X pX } � � Æ ` � ac ` � a and (4.43)

U ` ~ G a - � � ` ¯¥ ` � ` ~ a N ¥ a5D @C_ � 4 I ¯
X g þ g   pem X pX } � � � ` � ac ` � a (4.44)

where� Æ ` ¥ a and � � ` ¥ a aretheanomalousdimensionsof gluonsandghostsrespectively.
Theidentity (4.34)translatesinto

I�� � ` ¥ a ? � Æ ` ¥ a -|4 (¥ c ` ¥ a (4.45)

whichagaintellsthat
¥ G À U G is indeedthenonperturbative runningcoupling.Thisequations

canbeformally solvedusingthesplitting

� � ` ¥ a -|4 P ? � ` ¥ a
c ` ¥ a¥ and (4.46)

� Æ ` ¥ a -|4 ( 4 I'P 4 I � ` ¥ a
c ` ¥ a¥ (4.47)
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which introducedthe unknown function � ` ¥ a and P - � � & )*` 6�6 � & 4 Í ��� a . However,
having introducedthis formal solutionof (4.45)wecanelaborateon thesolutions(4.43)

À ` ~ G a - ¯
¥ G ` � ` ~ a N ¥ a¥ G DFr°G�� � Æ ` ¯¥ ` � ` ~ a N ¥ a @C_ � I ¯

X g þ g   pMm X pX } � � ` � ac ` � a r°G N (4.48)

U ` ~ G a - ¯
¥ G ` � ` ~ a N ¥ a¥ G � � � ` ¯¥ ` � ` ~ a N ¥ a @C_ � I ¯

X g þ g   pMm X pX } � � ` � ac ` � a � (4.49)

This formal solutionof theCallan-Symanzikequationespeciallydemonstratesthat the � -dependenttermscancelin theproduct
À U G suchthat the renormalizationcondition(4.42)

is explicitely verified.
Theformal solution(4.43)motivatestheansatz

À ` ~ G a - 7 ` _ a7 ` � a DFr�G�� � G ` _ a and
U ` ~ G a - 7 ` _ a7 ` � a � (�` _ a (4.50)

which definesthe auxiliary functions 7 and � and usesthe definitions
_ - ~ÄG ) R and� - � Gs) R for the external momentum~ and the renormalizationpoint � . Herebythe

(RG invariant)scale� R hasbeenintroducedwhich is asyet undetermined.Thedefinition
(4.50)obviously implementstherenormalizationcondition(4.42)whichamountsto:À U G - 7 ` _ a7 ` � a À U G 8 ~

- ( � (4.51)

The nonperturbative running coupling ¯
¥ G is thenproportionalto 7 . This constantof

proportionalityis fixedto be
c Qc Q ¯

¥ G ` � ` ~ a N ¥ a - 7 ` _ a � � ` � a - ¥ G6 � - (6 � c Q 7 ` � a � (4.52)

Pleasenotethatthevalueof 7 and � is notconstrainedin any wayby therenormalization
condition (4.42) since � cancelsand 7 doesoccur only as a fraction in (4.51). Phrased
differently: it is simply theform of therelationbetween

À N U and 7 N � thatguaranteesthat
(4.42) is satisfied,i.e. the renormalizationcondition (4.42) is satisfiedregardlessof the
functional shapeor the valuesof 7 and � in the perturbative domain. This reflectsthe
reducednumberof renormalizationconditions;theperturbative subtractionschemewould
imposethe two conditions(4.41)on thefunctions

À
and

U
. Thenonperturbative extension

of this perturbative subtractionschemeimposesonly oneconditionon the product
À U G .

This hasto be kept in mind sincethis will turn out to be the key to selectbetweena one
parameterfamily of solutionswhichwill befound.

4.4 Leading Order Infrared Anal ysis

Theinfraredbehaviour of thegluon-andghostrenormalizationfunctions
À

and
U

will turn
out to bethemostinterestingaspectof thesolutions.This is becausetheIR behaviour of

À
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and
U

determinestheinfraredbehaviour of therunningcouplingandit will alsogiveaclose
connectionto theKugo-Ojimaconfinementcriterion[Kug95],[WA01]. In thefollowing the
leadingcontribution to theIR behaviour of

À
and

U
will bederivedanalytically.

To this endwe startwith theghostequationin theform (4.13)wheretheangleapprox-
imationhasalreadybeenused.Theleft handsideof theequationdoesessentiallydepend
only on theproduct

À U
whichmustbehave likeÀ U ` _ a5z _ � for

_ � (4.53)

in the deepinfrared. The power � might be zeroor nonzero.However, if it is zerothen
onecannotavoid logarithmicsingularitiesin (4.13) that would occur in the limit

_ � .
The specialcasethat � - � would imply that

À U
becomesconstantin the IR; in this

casethe ghostequation(4.13) necessitatesthat
U

becomesnegative for small momenta.
This, however, would then conflict with the corresponding’wrong-statistics-sign’ of the
ghostpropagator. Thereforeonehasto concludethat � - � doesnot leadto anacceptable
solution. This alsogivesa possibleanswerasto why theconstantin thesubtractedghost
equation(4.19)hasto bezero;if it werenot, thenit would leadto thesameconclusionthat
have beendrawn for thecasethat � - � .

Weproceedassumingthat � ¶- � andtheghostequation(4.13)immediatelytells that

U ` _ a ¥ G � �Q ( � 4 (I rD � rD _ r � and (4.54)

À ` _ a ¥ G � �Q ( � 4 (I � G _ G � (4.55)

for
_ � . Hereby� �Q - `H(�)*`H(�
C� G a ` ³ �K& ) 6 a is the leadingcoefficient of theanomalous

dimensionof the ghostfield. For the reasonsthat have beendiscussedabove we assume
that

U ` _ a is positive for all
_ Öè� andthat

À ` _ a is positive in the infrared;the integral in
(4.13)thenyieldstheconstraintthat

��Ó��YÓ±I � (4.56)

Up to now all resultshave beenobtainedusingonly the ghostDSE, i.e. the leadingIR
behaviour (4.54),(4.55)andtheconstraint(4.56)will remainunchangedirrespective of the
contributionsto thegluonDSE.

Onenow substitutestheseresultsin thegluonDSE(4.25).Looking at thevariouscon-
tributionsonefinds that the ghostloop behaves like

z _ r°G � in the deepinfraredwhereas
thegluon loop contributes

z _ � for smallmomenta,i.e. thegluon loop is very subleading
in theinfrared.Thishasto becomparedto theMandelstamapproximationwheretheghost
degreesof freedomareneglectedwhich thusyields a completelydifferentqualitative be-
haviour of thegluonself energy [HvSA98]. Substitutingthe leadingIR behaviour (4.54),
(4.55)for thefunctions

À
and

U
in thegluonDSE(4.25)wefind that

À ` _ a ¥ G � �Q �6 ³
I (I 4 � 4 (³ ? (6 � r¡D � G _ G � � (4.57)
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Comparingthecoefficientsof thetwo solutions(4.57)and(4.55)onefindsthat³
I (I 4 � 4 (³ ? (6 � - �6 ( � 4 (I � - 
�( h � ( Í���;( � � (4.58)

Oneof the two solutionsfor � hasto be discardedbecauseof the constraint(4.56) thus
giving theuniquesolution

� - 
�( 4 � ( Í���;( � � � �Î� I � (4.59)

Pleasenotethat this resultfor thepower � hasagainbederivedusingonly the leading
IR divergencein thegluonDSEwhich is dueto theghostloop only. Any othertermthatis
subleadingin theinfrared(i.e. that is lessdivergentthan

_ r°G � ) cannotinfluencethesecon-
clusions.Thiswill beusedwhenthequarkloopcontribution to thegluonDSEis discussed
in chapter5. It is interestingto notethatusingbareverticesinsteadof thenonperturbative
onesthatareemployedin thepresentapproachonefindsthat � � � ��; [AB98b],[AB98a].

Theleadinginfraredbehaviour of
À

and
U

whichis givenby (4.54),(4.55)togetherwith
theresultfor thepower � (4.59)determinealsotheIR behaviour of therunningcoupling:

¥ G À ` ~ G a8U G ` ~ G a ¯
¥ G ` � ` ~ a N ¥ a � �Q ( � 4 (I rD - B ¥ G & (4.60)

for ~ G � . Usingtheexplicit value(4.59)onefindsthat
¥ G & � (�( ��� ( whichcorrespondsto��& -�¥ G & )*` 6 � a ����� 6 Í .

TheleadingorderinfraredanalysishasbeendoneusingtheDSEsfor
À

and
U

. Equally
well onecouldhave startedwith thecorrespondingequationsfor 7 and � which arerelated
to
À

and
U

via (4.50). However, the resultscanof coursebe directly translatedandone
finds:

7 ` _ a ü -Õc Q ¥ G & and �` _ a Ñ�_ � (4.61)

for
_ � . This implies that the infrared limit of 7 depends(via

c Q ) on the numberof
flavours ��� . Since

¥ G & � (�( ��� ( onefindsthattheIR limit of 7 rangesbetween
ü - Í�� I � for��� - � and

ü - �'� I Í for ��� - 
 .
This leadingorderinfraredanalysiscouldnow beextendedusingfor

_ � theexpan-
sions

7 ` _ a - ü�� ¼ ñ� m J�m @ ¼ Q
2 � J @ D _ J : " @ � � " � g D " G � p- ü ( ? 2 Q DFQ _ : ? 2 DFQ�Q _ D " G � ? 2 Q�Q D _ � � ? �A�A� and

�` _ a -\_ � Ñ � ¼ ñ� m J�m @ ¼ Q
V � J @ D _ J : " @ � � " � g D " G � p-\_ � Ñ ( ? V Q DFQ _ : ? V DÊQ Q _ D " G � ? V Q�Q D _ � � ? �A�A�

(4.62)
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for 7 and � . Theseexpansionare thensubstitutedinto the gluon- andghostDSEs; then
onecancomparethe coefficientsof the IR diverging contributions andcanthusderive a
systemof equationsfor the coefficients. The solution of this systemof equationsthen
gives the power � andthe coefficients

V � J @ and
2 � J @ . This extendedinfraredanalysis

which takesinto accounttheleadingaswell asthesubleadingtermsin theIR is necessary
if the gluon equationis separatedagainafter it hasbeensubtracted.Becauseotherwise
therewould be a oneparameterfamily of solutionsto this separatedgluon equationand
the iterative procedurewould yield ambiguitive results. This is linked to the fact the this
extendedinfraredanalysisunavoidablycontainsoneundeterminedparameter� whichis not
fixedby thesystemof equationsfor thepower � andthecoefficients

V � J @ and
2 � J @ . This

is not a deficiency of the IR analysisbut it simply correspondsto the fact that only one
renormalizationconditionhasbeenused,thusleaving aoneparameterfamily of solutions.

In short:from atechnicalpointof view onecouldsaythattheleadingorderIR analysis
is necessaryto allow for stablenumericalresultswhile theextendedIR analysisis only nec-
essaryfor thesubtractedandagainseparatedgluonequationwhereit effectively implements
thesecondrenormalizationcondition.

If thesubtractedbut notagainseparatedform ((4.31)or (4.71))of thegluonDSEis used
for thecalculationsthanthisextendedinfraredanalysisis notnecessarysincethecondition
(4.75) (seenext section)is usedto selectoneof the solutionsout of the one–parameter
family.

4.5 Scale Invariant Representation

In thelastsectionthenonperturbative definitionof therunningcouplinghasbeendiscussed.
This leadto therepresentation(4.50)of therenormalizationfunctions

À
and

U
of thegluon-

andtheghost-propagatorrespectively. Therelation(4.50)definesthefunctions7 and � and
theDSEsfor thegluon(4.25)andtheghost(4.15)canof courseberephrasedin termsof 7
and � . But this sectionwill not just give thecorrespondingtranslationsof theequationsin
section4.2; theresultsof thediscussionconcerningthenonperturbative runningcoupling,
therenormalizationandtheinfrared(IR) analysiswill allow to elaborateon this.

Using(4.50)oneobtainsfor theghostequation(4.15)

�` _ a7 � ` _ a - ˜À � 4 P (I �` _ a 7 DFr�� ` _ a ? ¸
�
} PP �` P a 7 DFr�� ` P a (4.63)

where
,

and
_

the cutoff andthe externalmomentumin units of the scale
R

. In orderto
obtainthisequationit hasbeenusedthat¥ G(�
C� G

³6 � &A7 ` � a rD - c Q �K&6 Í � G ¥ G 7 ` � a r¡D �6�6 4 Í ��� )+�K& (4.64)- �6�6 4 Í ����)+�K&- P
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with
c Q - (�( 4 I'��� )+� & and. Wecannow againsubtracttheDSE(4.63)at therenormal-

izationpoint � - � Gs) R in orderto eliminatethecutoff dependence.Thisyields

�` _ a7 � ` _ a 4��` � a7 � ` � a - ¯Å � ` _ a 4 ¯Å � ` � a (4.65)

wheretheabbreviation

¯Å � ` _ a - 4 (I �` _ a 7 DFr�� ` _ a ?
�
Q
} PP �` P a 7 Dôr�� ` P a (4.66)

hasbeenused.(Thebarover
Å

is meantto distinguish(4.17)and(4.66).)
Theinfraredanalysisyieldsthat 7 and � behave in theIR accordingto

7 ü
and � Ñ�_ � � (4.67)

Using this analyticallyknown IR behaviour we candeterminethe IR limit of ¯Å � ` _ a and
find that

¯Å � ` _ a � for
_ � (4.68)

asit mustbe the caseif
U

is IR divergent. However, this entailssomeimmediateconse-
quencesfor therenormalizationof theghostDSE.Thepreliminaryanalysisin section4.2
leadto theconclusionthat, in principle, thereis an (arbitrary)constantin theghostequa-
tion (compare(4.19)). Thereit hasbeendiscussedthat in generalthereis no reasonto set
this constantequalto zero;even more: it might be impossibleto setthis constantconsis-
tently equalto zero. However, the IR analysistells that

� ` � G a - � for � G - � , i.e. it is
completelylegitimateto use

� - � in the ghostequationandit correspondsto the renor-
malizationpoint � G - � . (Seealsothediscussionin section4.4 whereit hasbeenargued
that

�
is zerobecauseotherwiselog-termswouldappearin theghostequationwhichwould

thenleadto inconsistencies.)TheIR divergentbehaviour of theghostpropagatoris adirect
consequenceof

� - � . On theotherhand,theKugo–Ojimaconfinementcriterion[Kug95]
is linked to the the basicfact that the ghostpropagatoris IR enhanced(ascomparedto a
simplepole). This stronglysuggeststhat

� - � is theonly consistentpossibilitywhich is
alsosupportedby thework [WA01].

Onecannow usethedefinitionof 7 and � (4.50)to rewrite thegluonDSEin termsof
thesefunctions.Thependantof equation(4.25)is

79DFr�G�� ` � a� G ` _ a 7 DFr°G�� ` _ a -5À � ? À D
¥ G(�
C� G � &³

�
Q
} P_ ;I P G_ G 4 ( ;I P _ 4 �Í �` P a 7 ` _ a7 ` � a DFr��? ¸

�
} PP ;Í

_
P
4 ; �` P a 7 ` _ a7 ` � a DFr��? ¥ G(�
C� G �K&³

³
I 7�� ` _ a�` _ a

�
Q
} P_ P _ 7�� ` P a 7�� ` _ a�` P a �` _ a 4 (³ 7sG�� `

_ a
� G ` _ a ? (I ¸

�
} PP 7sG�� ` P a7 G�� ` � a � G ` P �

(4.69)
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Therenormalizationconstant
À D multipliesthecontributionsof the3-gluon-vertex. The

correctscalingbehaviour for
À � would be

À � - ` 7 ` � a ) 7 ` , a;a DFr�G�� . Using the scalingbe-
haviour of ˜À � - ` 7 ` � a ) 7 ` , a;a � this then would imply (via the STI

À D - À �s) ˜À � ) thatÀ D - ` 7 ` � a ) 7 ` , a;a DFr � � thusviolating
À D - ( . However, this would introduceadditional

scaleandcutoff dependencein thegluonDSE.And especiallythecutoff dependenceleads
to ultraviolet diverging contributionsfrom thethe3-gluonloop if ( 4u³ PKÖV� . This would
bethecasefor ���	Ó ; andthis divergencecouldnotbeabsorbedin any way.

Therefore,in thepresentschemeit is not possibleto imposebothat thesametime: the
Landaugaugeidentity

À D -ZÀ �s) ˜À � andthecorrectleadinglog behaviour which is known
from perturbationtheory. Thereforeit seemsthattheSTI

À D -�À �s) ˜À � hasto beabandoned
in the presentapproach.(Itcanbe shown that it doesnot leadto consistentalternatives to
abandonthecorrectanomalousdimensions[vS98].)

While it is in principlepossibleto use
À D - ( thiswouldnotyield thecorrectperturba-

tivebehaviour of therenormalizationfunctionswhile it wouldnotaltertheIR behaviour of
thesolutions. In orderto reproducethecorrectshort-distancebehaviour onehasto retain
the scaledependenceof

À � . A reasonableresolutionto the conflicting constraintson the
scaleandthecutoff-dependencecanbeobtainedby setting

À D - 7 ` � a7 ` P a
DFr � �

(4.70)

whereP is theloopmomentumin unitsof thescale
R

.
Havingdiscussedthisadditionalproblemwecannow proceedandcanagainsubtractthe

equationat the renormalizationpoint � - � G ) R which eliminatesall pureconstantsin the
equation.However, thegluonequationdoescontainonetermwherethecutoff-dependence
cannotbeeliminatedsinceit doesdependontheexternalscale.Usingmanipulationswhich
arequitesimilar to thosethatleadfrom (4.25)to (4.31)wefind

(� G ` _ a 7 DFr�G�� ` _ a 4 (� G ` � a 7 DFr�G�� ` � a - ¯Å ` _ a 4 ¯Å ` � a (4.71)

where¯Å ` _ a is definedas

¯Å ` _ a - ((�(
�
Q
} P_ ;I P G_ G 4�( ;I P _ 4 �Í ? ;

_
P �` P a 7 G�� ` P a? _ ; Í ¸

�
} PP G �` P a 7 G�� ` P a ? ((�(

³
I 7�� ` _ a�` _ a

�
Q
} P_ P _ 7�� ` P a�` P a4 (³ 7sG�� ` _ a� G ` _ a 4 (I

�
Q
} PP 7sG�� ` P a� G ` P 4 ü G��Ñ G P G � ? (6 � ü G��Ñ G _ I�� � (4.72)

Theonly formal cutoff dependencethatremainsis containedin theterm

_ ;Í ¸
�
} PP G �` P a 7 G�� ` P a (4.73)
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andit cannotbeabsorbedusinga subtractive schemesinceit is multiplied by theexternal
scale

_
. Termsof thiskind canin principleonly berenormalizedusingmultiplicative renor-

malizability. However, pleasenotethat this termis finite in thelimit
,

andtherefore
thereis no needto renormalizeit.

It hasalreadybeendiscussedthat theequationin thesubtractedform (4.71)cannotbe
separatedagaininto two equations,seethediscussionin section4.2.For theghostequation
it couldbearguedthat theconstantthatconsistsof all the � -dependenttermscanbesetto
zerowhich in that casecorrespondsto the renormalizationpoint � - � . The reasonfor
this beingthat ¯Å � goesto 0 in theinfrared. This is differentfor thegluonDSE.Thelatter
containstheghost-loopcontributionswhich go like

_ r�G � andthusarehighly divergent in
theIR. This entailsthatonecanneitherconcludenorexcludethat(� G ` � a 7 DFr�G�� ` � a 4 ¯Å ` � a - � (4.74)

is a consistentpossibility.
Thevalueof (� G ` � a 7 DFr°G�� ` � a - ��� ��H� � (4.75)

is notfixedby theDSEandhasto besupplementedasanadditionalconstraintwhicheffec-
tively incorporatesthesecondrenormalizationcondition(besides

À U Gs` � a - ( ). Without
this secondconstraintthesubtractedequationswould allow for a oneparameterfamily of
solutions,theparameterbeingthevalueof (4.75).



Chapter 5

Dynamical Quarks

This chaptercenterson the quark DSE and on the quark loop contribution to the gluon
DSE.First thequarkDSEis discussedandtheprojectionontothescalarandvectorialself-
energies is done. It is the thusobtainedform of the quarkDSE that is usedto calculate
thenumericalsolutionsthat arepresentedin thechapter6. Following this thequarkloop
contribution to thegluonDSEis examined.Herethediscussionwill emphasizetheinfrared
behaviour of thequarkloop andespeciallyits renormalizationwill be discussedin detail.
This chapterthuspresentsall formal ingredients(besidesthosethathave beenintroduced
in section4.1) thatarethenusedto obtaintheresultsthatwill bepresentedin chapter6.

5.1 The Quark Dyson-Sc hwing er Equation

TheDSEfor thequarkpropagatoris givenby

f rD `e� a -�À G f rDQ `e� a ? ¥ G À D 
6 ³ } ² ~`eI�� a ² � 8 f ` ~ aH£ : ` ~ N � a 2 8H: `e� 4 ~ a � (5.1)

Hereandin thefollowing
f

denotesthe full fermionpropagatorwhich in its mostgeneral
form canbewritten (for Euclideanmomenta)f rD `e� a -|4�0 � ) B `e� G a ?�® `e� G a (5.2)

therebyintroducingthe two scalarfunctions
B

and
®

which areusuallycalledthe vecto-
rial andthescalarself-energy respectively.

f Q denotesthebarequarkpropagatorwhich is
obtainedfrom (5.2)by setting

B�- ( and
® - W Q .

Thefull gluonpropagator(in Landaugauge)is denotedby

2 8;: `e� a - P 8;: 4 � 8 � 8� G
À `e� G a� G (5.3)

- P 8;: 4 � 8 � 8� G � G ` _ a� G 7 ` _ a7 ` � a Dôr°G��
(5.4)
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where
_

and � denotetheexternalscale� G andtherenormalizationpoint � G in unitsof the
scale

R
. Theparameterizationof thegluonrenormalizationfunction

À
in termsof 7 and �

hasbeenmadeexplicit for laterconvenience.
In section4.1 it hasbeendiscussedthat the presenttruncationschemeamountsto a

simplifiedSTI which hasto beusedto solve for thequark-gluonvertex. To theextent that
thequark-ghostscatteringkernelis neglectedthis identity reads

U r¡D `e� G a ~ 8 £ 8 `e� N § a -É0 f r¡D `e� G a 4¢0 f rD `H§ G a (5.5)

wherethe essentialdifferenceto the Abelian Ward-Takahashiidentity (WTI) is the addi-
tional factor

U rD `e� G a ontheleft handside.However, thisadditionalfactordoesnotchange
the way onesolves the WTI (seethe detaileddiscussionin section2.3) and the solution
correspondinglyreads

£ 8 `e� N § a - U ` ~ G a £ ¸8 ? £ µ8 - (�` P a 7 ` _ a7 ` � a � £ ¸8 ? £ µ8 � (5.6)

Herebythecontributions
£ ¸ and

£ µ referto thelongitudinal(Ball-Chiu [BC80a], [BC80b])
andtransverse(Curtis-Pennington[CP90]) partof thefull vertex asspecifiedin (2.32)and
in (2.37)respectively. The 7 N � -dependencehasbeenmadeexplicit in (5.6) for laterconve-
nience.

It is to be notedthat the longitudinal contribution
£ ¸ (i.e. the Ball-Chiu part of the

vertex) alonewould give rise to logarithmicdivergencesin the quarkDSE. Thesewould
thenhave to be absorbedin

À G thus leadingto
À G ¶- ( . The transverseCP–contribution

assuresthattheselogarithmicdivergencesarecancelledthusgiving
À G ( . Thishasbeen

shown for thecaseof QED² . For thepresenttruncationschemethis impliesthat theghost
factor

U
hasto multiply theBC andtheCPpartin thesameway.

From the identity
À D É- ˜À rD� and from the scalingbehaviour of ˜À � we find that in

Landaugaugeonewouldhave

À D  - 7 ` , a7 ` � a � � for
,

(5.7)

where
,

and � denoteagainthe UV cutoff and the renormalizationpoint in units of the
scale

R
. This cutoff dependenceof the vertex renormalizationconstantwould make the

self-energy contributionsto thequarkpropagatorequalto zeroin thelimit that
,

.
This is very muchthesameproblemthat hasalreadybeenencounteredfor the renor-

malizationconstant
À D ; therewe alsofoundthat thecutoff dependenceof

À D couldnot be
cancelledin any way. Thereforeit seemsnecessaryto usethesameprescriptionasfor

À D
or moreprecisely:

À D - 7 ` P a7 ` � a �
(5.8)

where P denotesthe loop momentumin units of
R

. At presentthis hasthe statusof an
additionalprescriptionwhich is necessaryat thecurrentlevel of truncation.
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Usingthisprescriptionfor
À D onecanwrite thequarkDSEin theform

f r¡D `e� a -�À G f rDQ `e� a ? À D 
6³�c Q

} ² ~`eI�� a ² � 8 f ` ~ a £¹¸8 ? £+µ8
P 8;: 4 § 8 § 8§ G 7 `H§ G ) R a �`H§ G ) R a§ G (5.9)

with § - � 4 ~ andwheretherelation
¥ Gb` � a - 7 ` � a ) c Q hasbeenused.

For the numericalsolution it is advantageousto first transformthe quarkDSE in the
form (5.1) to a coupledsystemof equationsfor theself-energies

B
and

®
whichhave been

definedin (5.2). Thisyieldsthefollowing systemof equations:

B `e� G a -�À G ? À D  6³�c Q
} ² §`eI�� a ² 7 ` ~ÄG ) R a �` ~ÄG ) R a~ G `H§ G B G `H§ G a ?±® G `H§ G a(I ³ `e� G ? § G a � � N §Ä� 4 I�� G § G `H( ? I � G a (~ G B `e� G a ? B `H§ G a B `H§ G a4 � G § G `e� G ? § G a (~ G # B `e� N § a B `H§ G a 4 I � G § G (~ G # ® `e� N § a ® `H§ G a? ³I � § N �	� Á `e� N § a ` B `e� G a 4´B `H§ G a;a B `H§ G a N (5.10)

® `e� G a -�À G À J W ? À G 6³�c Q
} ² §`eI�� a ² 7 ` ~ Gb) R a �` ~ Gs) R a~ G `H§ G B G `H§ G a ?�® G `H§ G a³

I ` B `e� G a ? B `H§ G a;a ® `H§ G a ? I � G § G 4�� � N §Ä� G (~ G # B `e� N § a ® `H§ G a4 I � G § G 4|� � N §Ä� G (~ G # ® `e� N § a B `H§ G a? ³I Á `e� N § a ` B `e� G a 4´B `H§ G a;a B `H§ G a � (5.11)

For thegluon-andtheghostDSE a specificone-dimensionalapproximationhasbeen
usedto investigatethe behaviour of the renormalizationfunctions

À
and

U
in the deep

infrared. Note that the one-dimensionalapproximationis necessaryin order to allow for
the analytic infrared analysis. The specificangleapproximationthat hasbeenusedhas
beenexplicitely constructedto maintainthebehaviour for infraredaswell asfor ultraviolet
momenta.It turnsout that the quarkDSE is different. The equationfor

B
is assumedto

be the most interestingof the two self-energies
B

and
®

of the quark. This is because
®

is in a sensefixedby thepatternof chiral-symmetrybreaking.Thereforeonecouldargue
thatany confinementsignaturehasto befound in

B
. Usingthesameprocedureasfor the

gluon- andghostDSE onewould employ a one-dimensionalapproximationfor thegluon
renormalizationfunction

À
andfor any nonperturbative ingredientthatmight enterdueto

the vertex. However, onefinds that any onedimensionalapproximationthat neglectsthe



5.2 Quark-Loop Contrib ution to the Gluon DSE 53

�
�

��� �I� �
�

Figure5.1: MomentumRoutingfor thequark-loopcontribution to thegluonDSE.

angulardependencewill resultin
B `e� G a - ( for all momenta� G . I.e. in thequarkequation

all informationon thevalueof

lim� ~ � Q B `e� G a 4 ( (5.12)

is containedin theangulardependenceof
À `H§ G a asit enterstheDSE for

B
dueto its de-

pendenceon the gluon propagator. While the infrared limit of
B

is thereforenot known
analyticallytheresultsto bepresentedlater(seechapter6) will show that

B
becomescon-

stantin the infrared. Any possibledivergence(e.g. of
B

in the IR) would definitelyspoil
thestablenumericalsolutionthat is found. Thereforeonecanconcludethat in thepresent
truncationscheme

B
becomesconstantin the infrared. The resultsthat arediscussedin

chapter6 alsoshow that
®

becomesconstantin theinfrared.

5.2 Quark-Loop Contrib ution to the Gluon DSE

Up to now theeffect of the quark-loopin theDSE for the gluon propagatorhasbeenne-
glected.In thisandthefollowing sectionsthequarkloopandespeciallyits renormalization
arediscussedin detail. The qualitative influenceon the resultsfor the gluon- andghost
renormalizationfunctionsis discussed.To this endthe infraredlimit of the quarkloop is
derivedandput into relationwith therenormalizationscheme.

Thecontribution of thequark-loopto theDSEfor thegluonpropagator
2 rD8H: is depicted

in fig. 5.1andit givenby 4�¥ G À D  ���I x 8;: `e� a (5.13)

where
À D  is thevertex renormalizationconstantand ��� is thenumberof quarkflavours.

Thepolarizationis explicitely definedas

x 8H: -|4[¥ G %  } ² ~`eI�� a ² � z � 8 f ` ~ aH£ : ` ~ N § a f `H§ a (5.14)

where § - � 4 ~ . Thecolourmatrix P õCó hasbeenfactoredout and %  is thecolour trace.
Thevertex

£ : is thefull quark-gluonvertex in Landaugauge.As suchit is thesolutionof its
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own STI, seethediscussionin section4.1andin theprecedingsection.Thesolutionof the
approximateSTI whichneglectsthequark-ghostscatteringkernelgives(5.6). In thepresent
approachweneglectthesubleadingcontributionsof thevertex andretainonly its dominant
structure.For QED� it hasbeenexplicitely verifiedthatthesubleadingcomponentsof (5.6)
dochangetheresultsby lessthan� % (evenin thevicinity of thephasetransition).Sincethe
resultsfor thequarkpropagator(thosefor QED� andthosethatwill bepresentedin chapter
6) arevery similar in thesensethat

B
and

®
becomebothconstantin theinfraredit canbe

safelyassumedthat thecontribution of thesubleadingcomponentswill beof theorderof� % or lessalsofor thecaseof QCD.In thisapproximationthevertex explicitely reads£ : ` ~ N § a - U `e� aI B ` ~ a ? B `H§ a � : � (5.15)

This vertex containsthemultiplicative ghost-factor
U

which entersvia thesolutionof the
approximateSTI (5.5)andwhich is theprimarydifferencebetweenthequark-gluonvertex
in Landau-gaugeQCDandtheelectron-photonvertex in QED.Besidesbeingthedominant
contribution to the vertex, the approximateform (5.15) also hasthe correctperturbative
limit.

As hasbeendiscussedin section4.1; thegluonrenormalizationfunction
À

is extracted
by applyingtheprojector

� 8H: - P 8;: 4 6Ä~ 8 ~ :~ G (5.16)

to thegluonDSEfor theinversepropagator
2 r¡D8;: . In orderto derive thequark-loopcontri-

bution to theDSEfor the renormalizationfunction
À

we have to apply thesameprojector
thepolarization(5.14).This yields:

� 8;: ` ~ a 2 � � �E¡ @8;: ` ~ a -\³ ~ G ) À ` ~ G a and (5.17)

� 8;: ` ~ a x � � ` ~ a - � 8;: ` ~ a ~ G P 8;: 4 ~ 8 ~ : x�` ~ a -É³ ~ G x�` ~ a (5.18)

wherethepolarizationscalarx is definedas:

x�`e� a -|4 (³ � G
} ² ~`eI�� a ² � 8H: `e� a � z � 8 f ` ~ a U `e� aI B ` ~ a ? B `H§ a � : f `H§ a � (5.19)

Now wecanwrite thefull gluonDSEfor thegluonrenormalizationfunction
À

with the
quark-loopcontribution included:

(À ` ~ G a -�À � ? À D
¥ Gs�K&6 Í � G

  ~Q
} §$G~ G ;I § ²~ ² 4 ( ;I §$G~ G 4 �Í À `H§ G a8U `H§ G a? } ~  ~
} § G§ G ;Í ~G§ G 4 ; À `H§ G a8U `H§ G a? ¥ G �K&6 Í � G

³
I U ` ~ G a

  ~Q
} § G§ G § G~ G U `H§ G a 4 (³ U G ` ~ G a ? (I } ~  ~

} § G§ G U G `H§ G a4�¥ G À D  ���I x�`e� a � (5.20)
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This form of thegluonDSEreliesonthetheangle-approximation(seesection4.1)which is
usedfor everythingbut thequark-loopcontribution. In this form theequationstill contains
therenormalizationconstant

À D andtheprescription(4.70)hasbeenusedin orderto obtain
thecorrectscalingbehaviour.

ThegluonDSE(5.20)cannow betranslatedinto anequationfor 7 N � usingtherelation
(4.50). This equationcan thenbe subtractedat the renormalizationpoint � G to give the
extendedform of (4.71)whichdoesnow alsocontainthequark-loopcontribution

(� G ` _ a 7 DFr°G�� ` _ a 4 (� G ` � a 7 DFr°G�� ` � a -
¯Å ` _ a 4�¥ G À D  7 Dôr°G�� ` � a ���I x�`e� a 4 ¯Å ` � a 4�¥ G À D  7 DFr�G�� ` � a ���I x�`e� a (5.21)

where¯Å is definedin (4.72).In thissubtractionstepall cutoff dependenceshouldhavebeen
cancelledandonly cutoff independenttermsshouldremain. However, onehasto keepin
mindthatasubtractive renormalizationschemewill only work if all cutoff dependentterms
appearaspureconstants(independentof theexternalscale

_
). We will investigatewhether

this is thecasefor thequark-loop.
In the following sectionswe will discussthe renormalizationof the quark loop. It

will turn out that its infraredbehaviour cannotbe disentangledfrom the renormalization
prescriptionthat is used. Thereforeit is advantageousand necessaryto first derive the
behaviour of the quark loop in the deepinfrared. To this end we needa more explicit
expressionof thepolarizationscalarx .

In orderto find a moreexplicit expressionof the polarizationscalar(5.19)onehasto
evaluatethetraceandtheprojection;

� 8;: `e� a � z � 8 « ~ ) B ` ~ a G ?�® ` ~ a G ¬ � : « § ) B `H§ a G ?�® `H§ a G ¬ -6 4 I ~ G 4 
 � � N ~ � ? Í� G � � N ~ � G B ` ~ a B `H§ a (5.22)

usingthiswe obtain:

x�`e� a - (³ � G I U `e� a
6 �`eI�� a ² } ~ G ~ G R°¯ ` ~ a8¢ `e� N ~ a (5.23)

with theangularintegral

¢ `e� N ~ a - " Dr¡D } � ( 4 � G B ` ~ a ? B `H§ a R°¯ `H§ a ~ G ? ³ � ~ � 4 6 ~ G � G (5.24)

andtheabbreviation R ¯ ` ~ a - B ` ~ a~ G B G ` ~ G a ?�® G ` ~ G a � (5.25)

Herebywe usedthedefinitionthat � - ��� � ` � a where
�

is theanglebetweentheEuclidean
four vectors� and~ .
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5.3 Infrared Behaviour of the Quark Loop

The analytic infrared analysisof the coupledsystemof DSEsfor the gluon- and ghost-
propagator(seesection4.4) revealedimportantinformationon the solutions. First it was
foundthat thenonperturbative runningcouplingdoeshave aninfraredfixedpoint. This IR
behaviour of the runningcouplinghasbeenfoundusingonly the leadingIR behaviour of
thegluon-andghostrenormalizationfunctions

À
and

U
. Thereforeit is of courseinteresting

to seewhetherthis leadingIR behaviour of therenormalizationfunctions(andthustheIR
fixedpoint of therunningcoupling)is changedqualitatively by theinclusionof thequark-
loop. For thegluon–ghostsystemit hasbeenfoundthat the leadingcontribution in theIR
comesfrom theghost-loopin thegluonDSEandthat it behaveslike

_ r�G � with � � � �Î� I .
This givesriseto thenext question:Doestheinclusionof thequarkloop changethevalue
of � ?

In order to answerthesequestionswe have to find an analyticexpressionfor the IR
behaviour of thequarkloop. Assumingthat � G � we cansimplify theangularintegral
(5.24)sincein this limitB `H§ a � B `H§�£ a and

R°¯ `H§ a � (B `H§�£ a (§ G ?�Ã G `H§�£ a (5.26)

with the abbreviation § £ - W ü _ `e� G N ~ÄG a . (Herewe assumedthat
B

and
®

will become
constantin the deepinfrared; an assumptionthat will be shown to be justified oncethe
completenumericalsolutionhasbeendiscussed.)UsingtheseapproximateexpressionsforB

and
R°¯

we canevaluatetheangularintegral (5.24)andfind

¢ `e� N ~ a - B ` ~ a ? B `H§ £ aB `H§�£ a �I�� ~ ~ G � 4 � G 4 (4 6 ~ G � � G 4 (I 4 � � G 4 ( ? ³ � ~ � G 4 (I 4 � � G 4 ( (5.27)

where

� - � G ? ~G ?±Ã G `H§�£ aI�� ~ (5.28)

Sincewe considerthe limit that ��G � it follows that � is very large (anticipatingthatÃ G `H§�£ a ÖZ� ). This allows to expandtheresult(5.27)in powersof (�) � . Usingtheexpan-
sions(for �¥¤ ( )

� 4 � G 4 ( - (I'� ? (Í � � ? ((�
�� ^ ? �A�A� (5.29)

� G 4 (I 4 � � G 4 ( - (Í � G ? ((�
�� ² ? �A�A� (5.30)

onefinds that the leadingpower of thefirst andthesecondcontribution to (5.27)cancels.
The result of this expansioncan then be expandedin powers of � G and thus yields the
infraredbehaviour of thequarkloop.
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Puttingeverythingtogetheronefinds that thepolarizationscalar(5.23)behavesin the
deepinfraredlike

x�`e� a U `e� a (6 � G x Q ? x D D � G for � G � (5.31)

with

x Q -�I³ } ~Q } ~ G ~ ² R°¯ ` ~ a` ~ G ?�Ã G ` ~ G a;a G
³
I 4 ~ G~ G ?�Ã G ` ~ G a (5.32)

x D - } ~Q } ~ G ~ Â R°¯ ` ~ a` ~ G ?�Ã G ` ~ G a;a ²
B ` ~ a ? B `H§�£ aB `H§�£ a ( 4 ~ G~ G ?�Ã G ` ~ G a (5.33)

This shows that thequarkloop in thegluonDSEbehavesin thedeepinfraredlike the
ghostrenormalizationfunction

U
which enteredthequarkloop via thequark-gluonvertex.

TheIR behaviour of thequarkloop is thusaconsequenceof theapproximateSTI thatgave
this vertex. For ��� - � it hasbeenfound(seesection4.4) that theghostrenormalization
function

U
behaveslike

_ r � in the infrared. For thegluonDSE that immediatelyimplies
that theghostloop (

z _ r°G � ) is still thedominantcontribution in the infrared. In short: the
quarkloop is subleadingin theinfrared.

TheconclusionsconcerningtheleadingIR behaviour of thegluon-andghostrenormal-
ization functions

À
and

U
thathave beendrawn in section4.4 rely only on the leadingIR

divergentcontribution; i.e. on the fact that theghostloop is thedominantcontribution in
the infrared. Sincethis is not alteredby the inclusionof thequarkloop we find theresult
thatalsofor ���	Ö|� onehasin LandaugaugeÀ _ G � and

U _ r � (5.34)

for small momenta.I.e. alsowith quarksincludedwe find that theghostpropagator
U

is
infraredenhanced(ascomparedto theperturbative simplepole)andthegluonrenormaliza-
tion function

À
is infraredvanishing,leadingto anIR suppressedgluonpropagator.

The infraredanalysisin section4.4 showed thatalsothevalue � doesdependonly on
the leadingIR divergencein thegluonDSE.This immediatelyimplies that thevalueof �
is not alteredby the inclusionof the quark loop. I.e. alsofor ��� Ö×� onestill hasthat� � � �Î� I . This resulttogetherwith (5.34)saysthat theleadingIR behaviour of thegluon-
andtheghostrenormalizationfunctions

À
and

U
is notaffectedin any wayby theinclusion

of thequarkloop in thegluonequation.
This leadingIR behaviour of

À
and

U
thenimmediatelyimpliesthatthenonperturbative

runningcoupling ¥ G À U G - (6 � c Q 7 (5.35)

hasaninfraredfixedpointalsofor ���	Ö|� . Theinfraredanalysisin section4.4showedthat
theIR limit of 7 dependson ��� correspondingto

7 ` _ a ü `H��� a with
ü `H����Ö|� ac Q `H����Ö|� a -

ü `H��� - � ac Q `H��� - � a (5.36)
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andthis resultdoesagainrely solelyon theleadingIR divergencein thegluonDSE;i.e. on
the fact that the ghostloop is dominantin the infrared. Sincethis remainsvalid after the
inclusionof thequarkloopwefind thateventhevalueof theIR fixedpoint is notalteredby
thequarkloop, it doesnotdependon thenumberof quarkflavours ��� .

In summary:for ���SÖV� we foundthat theleadingIR behaviour of thegluon-andthe
ghostpropagatoris not different from the case��� - � . This highlights the importance
of ghosts;the ghost-loopgives the leadingcontribution in the infrared and thus results
in an IR vanishinggluon propagatorandan IR enhancedghostpropagator. This in turn
alreadyensuresthat the Kugo-Ojimaconfinementcriterion [Kug95],[WA01] is satisfied.
Thisconclusiondoesthereforerestsolelyontheghostsandis notalteredby thequarkloop.

5.4 Renormalization of the Quark Loop

The presentsectioncenterson the renormalizationof the quark–loopcontribution to the
gluonDSE.First we will discussthegeneralaspectsandconstraintsthathave to be taken
into account.Following this two possibilitiesfor therenormalizationof thequark–loopare
examined.

In section5.3theinfraredbehaviour of thequarkloophasbeenderived.We foundthat
it behaveslike

x�`e� a U `e� a (6 � G x Q ? x D D � G (5.37)

in the infraredwherethe coefficients x Q and x D aregiven in (5.32)and(5.33). Looking
at the UV behaviour of thesecoefficients we found that x Q is logarithmically divergent
whereasx D is convergent.

This is oneof the reasonswhy the quarkloop is different. The gluonic andtheghost
contributionsto thegluonDSEareeitherUV finite or doappearasadditive constantsin the
gluonDSE.This is differentfor thequarkloop; its leadingcontribution in theinfraredis

z|U `e� a�D x Q (5.38)

which explicitely dependson theexternalscale� . Neglectingthequarkloop all divergen-
ciescouldbeaccountedfor usinga subtractive renormalizationscheme.But a subtractive
schemecan,of course,only handleadditive constants.If thedivergentcontribution do de-
pendon the externalscalethanin principle onehasto resumeto anotherrenormalization
scheme.

This alsoemphasisesanotherdifficulty: the renormalizationof the quarkloop cannot
be disentangledfrom its infraredbehaviour. Every renormalizationschemethatmight be
usedhasto accountfor the log-divergenceof the coefficient x Q that multiplies the ghost
renormalizationfunction

U
thusinfluencingthe IR behaviour of thequarkloop. This has

to be kept in mind sinceusually it is assumedthat the infrared behaviour is essentially
independentof theUV contributions.This is not truefor thequarkloop.
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The perturbative one–loopscalingof the renormalizationconstant
À � is known to be

(seee.g.[Mut87])

À � - ( ? ¥ G(�
C� G �K&³ ; 4 (I 4 6³ ���I �M�  G� G (5.39)

And thisespeciallyimpliesthatthequark–loopshouldcontributethelogarithmicdivergence

4 ¥ G(�
C� G
6³ ���I �q�  G� G (5.40)

to
À � in thegluonDSE.This hasto becomparedto the(logarithmicallydivergent)contri-

bution of thequark–loopto thegluonDSE(5.20);onefinds1

4 « ` U `e� a À D  ¬ ¥ G(�
C� G
6³ ���I �M�  G� G � (5.41)

Thequark–loophastheadditionalfactor
« ` U `e� a À D  ¬ which introducesadditional(andun-

expected)scaleandcutoff dependenceascomparedto (5.40).Furthermoretheghostrenor-
malizationfactor

U `e� a dependson theexternalscale;thisdependencecannotbeaccounted
for andit obviously doesnot correspondto theexpected1-loopscaling(5.40).

However, in order to correctly reproducethe anomalousdimensionof the gluon one
wouldexpectthatthequark–loopcontributesa log-divergenceof theform

z � � ¥ ` , a DFr�G�� (5.42)

where
,.-  �G�) � G . This is notsatisfiedfor thequark–loopcontribution in (5.20)andit will

be shown in the following that the samerenormalizationprescriptionthat hasbeenused
for thequarkDSEhasto beusedfor thequark–loopin thegluonDSE in orderto resolve
this problem.Notethata quitesimilar problemhasalreadybeenencounteredin thegluon
DSE; therethecutoff dependenceof the renormalizationconstantcould not be accounted
for while its scaledependencewasnecessaryto give thecorrectoverall scaledependence.

In thegluon–ghostsystemtheprescription

U `e� a - 7 ` _ a7 ` � a � (�` _ a
 g ¦ p g � p � D¿ g ¦ p for P Ö _ g � p g � p � D¿ g � p for

_ � P (5.43)

(whereP is the loop momentum)hadto be usedin orderto obtainthecorrectanomalous
dimensions.In order to be consistentwith this approximationit is mandatoryto employ
thesameprescriptionfor thequark–loop.This thenleadsto a modifiedpolarizationscalar
whichcanbeconvenientlywritten in theway

x�`e� a - x¨§�`e� a ? x&£�`e� a (5.44)

1Usingtheknown perturbative limits ©Yª¬« ~`�®°¯ and ±�ª¬« ~²�®�³µ´ for « ~¶®¸· onefinds for theangle
integral (5.24)thelimit: ¹ºª¬«�»'¼ �® ª¾½�¿ÁÀ  « ~ ¿�¼ ~ for ¼ ~ ®Â· .
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wherethetwo contributions x § andx £ aredefinedaccordingto

x¨§�`e� a - (³ � G U `e� a Í �`eI�� a ²
� ~Q } ~ G ~ G R°¯ ` ~ a8¢ `e� N ~ a N (5.45)

x&£U`e� a - (³ � G Í �`eI�� a ² } ~� ~
} ~ G ~ G R°¯ ` ~ a8¢ `e� N ~ a8U ` ~ a (5.46)

andwheretheangleintegral
¢ `e� N ~ a is definedin (5.24). However, a word of cautionis in

orderhere.Theinfraredlimit of thequark–loopin theoriginal form was

x�`e� a U `e� a (6 � G D x Q for � G � (5.47)

where x Q turnedout to be logarithmicallyUV-divergent. This infraredbehaviour of the
quark–loophasbeenchangeddueto theprescription(5.43)which hadto beusedin order
to stayconsistentwith the gluon–ghostsystem.The infraredlimit of x¨§ and x&£ canbe
calculatedandonefinds

x¨§U`e� a ü G��³ ® G `H� a Ñ (_ � (I Ã G `H� a _ � ?�� ` _ ² a z _ � r � N (5.48)

x&£�`e� a I³ } ~Q } ~ G ~ ² R°¯ ` ~ a` ~ G ?�Ã G ` ~ G a;a G
³
I 4 ~ G~ G ?±Ã G ` ~ G a U ` ~ a (5.49)

for � G � . In order to calculatethe IR limit of x § it hasbeenassumedthat
® `H� a andÃ `H� a arenonzero(which will beshown to besatisfied,seechapter6). This resultshows

that x¨§ vanishesfor � G � while x&£ becomesconstantin the infrared. And from the
discussionup to now it is obviousthatthis constantis logarithmicallydivergent.

Having discussedthe generalaspectswe will now examinetwo possibilitiesto renor-
malizethequark–loop.In orderto facilitatethefollowing discussionit is advantageousto
make thescaledependenceof thequark–loopcontribution explicit. Theghostrenormaliza-
tion function

U
contributes 7 ` � a r�� to theoverall scaledependenceof the quark–loopand

therelation
¥ G - 7 ` � a ) c Q allows to replacethecouplingconstant.However, if thegluon

DSEis to beusedin thescaleinvariantrepresentationin thesubtractedform (cf. eq(4.71))(� G ` _ a 7 DFr�G�� ` _ a 4 (� G ` � a 7 DFr�G�� ` � a - ¯Å ` _ a 4 ¯Å ` � a (5.50)

onehasto divide by thefactor 7 DFr�G�� ` � a that in thebeginningappearson theleft handside
(cf. eq(4.50)). Takingthis into accountthefull scaleandcutoff dependenceof thequark–
loopcontribution is 4 7 � ` � a À D  ((�
C� G c Q

6³ ���I �M� DFr��  G� G � (5.51)

Herebythe prescription(5.43)hasbeenusedandthe correspondingpolarizationscalaris
thereforedefinedby (5.44)(x¨§ andx�£ aredefinedby (5.45)and(5.46)).Two possibilities
to renormalizethequark–looparenow examined.
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1. In a first attemptonecouldmultiplicatively renormalizethequark–loopcontribution to
thegluonDSE. In this caseit would be necessaryto specifythe renormalizationconstantÀ D  suchthat the scaleas well as the cutoff dependenceof the quark–loopis cancelled
multiplicatively. As far asthe scaledependenceis concernedthereis no otherpossibility
thanto assumethat

À D  z 7 ` � a r�� (cf. eq(5.51)). Theconstantof proportionalityhasto be
usedto cancelthelogarithmicdivergenceof x&£�`H� a wherex¨§ and x&£ arenow definedby
(5.45)and(5.46)sincetheprescription(5.55)is not usedin this case.Thequark–loophas
beenshown to becomeconstantin theinfrared,seeeqs(5.48)and(5.49).Thisconstantcan
beseparatedinto two parts:

lim� ~ � Q x&£�`e� a - � Q ?�� D D � � ¥ ` , a Dôr�� (5.52)

In a minimal subtractionschemeonewould subtractthe � � ¥ ` , a contribution thusleaving
thefinite constant

� Q suchthattherenormalizedquarkloophastheUV-finite infraredlimit

lim� ~ � Q x¨§U`e� a ? x�£i`e� a � Q (5.53)

Togetherwith theenforcedscaledependencethis leadsto thedefinitionÀ D - � Q ) � D D � � ¥ ` , a �;rD7 ` � a � (5.54)

for thevertex renormalizationconstant
À D  . Thisdefinesthemultiplicative renormalization

scheme.However, sincewe will usethe gluonDSE in the subtracted(andnot againsep-
arated)form it is not necessaryto rely on this multiplicative renormalizationscheme.The
correspondingsubtractive renormalizationschemeis discussedin thefollowing.

2. In thequarkequationtheadditionalprescriptionÀ D  7 ` P a7 ` � a �
(5.55)

(whereP is theloop momentum)hasbeenusedin orderto correctlyreproducetheanoma-
lousdimensions.For consistency this shouldbealsousedin thequark–loop.As compared
to (5.45)and(5.46)thisgives

x&§�`e� a - (³ � G U `e� a Í �`eI�� a ²
� ~Q } ~ G ~ G R°¯ ` ~ a8¢ `e� N ~ a 7 ` P a7 ` � a �

(5.56)

x�£i`e� a - (³ � G Í �`eI�� a ² } ~� ~
} ~ G ~ G R°¯ ` ~ a8¢ `e� N ~ a8U ` ~ a 7 ` P a7 ` � a � � (5.57)

Comparingwith (5.51)onefinds that thescaledependencethat is introducedby (5.55) in
(5.51)cancelsthe remainingscaledependenceof the quark–loop.Furthermore,theaddi-
tional factor 7 ` P a � impliesthatthequark–loopnow contributesa logarithmicdivergenceof
theform z � � ¥ ` , a DFr�G�� (5.58)
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which correspondsthecorrectanomalousdimensionof thegluon. To shortly summarize:
theprescription(5.55) leadsto thecorrectcutoff andscaledependenceof thequark–loop
contribution to thegluonDSE.In thepresentrenormalizationscheme(i.e. if (5.43)together
with (5.55)is used)theUV divergenceof thequark–loopappearsasanadditive constant.
Thereforeall cutoff dependenceis cancelledandthefull gluonequationis renormalizedif
thegluonDSEis usedin thesubtractedform (5.21).

If onewould usethegluonDSEin thesubtractedandagainseparatedform onewould
have to explicitely subtractthedivergentconstantaccordingto

x&§�`e� a ? x&£�`e� a 4 x¨§U` � a ? x&£�` � a -
x¨§�`e� a ? x&£i`e� a 4 x&£�`H� a 4 x¨§U` � a ? x&£�` � a 4 x&£�`H� a � (5.59)

Thequark–loopcontribution to thegluonDSEwould thenbe

4 ���I x&§�`e� a ? x&£�`e� a 4 x�£i`H� a (5.60)

wherex¨§ andx&£ aredefinedin (5.56)and(5.57)respectively. However, sinceany constant
couldhave beenintroducedthis is ambiguitive ashasbeenrepeatedlymentioned.

Thesubtractive renormalizationscheme(2.) is usedfor all calculationswherethegluon
DSEhasbeenusedin thesubtractedform (4.71). This appliesto all resultsfor thegluon-,
ghost-andquarkpropagators.



Chapter 6

Results for Gluons, Ghosts and
Quarks

This chapterfocuseson the numericalresultsthat are obtainedas solutionsto the full,
coupledsystemof DSEsfor thegluon-,ghost-andquarkpropagators.Thesolutionthat is
presentedhereis anabinitio solutionof thecoupledsystemsubjectto thetruncationsthat
have beendiscussed.The main objective is thereforenot to reproduceall experimentally
known quantitiesto high accuracy but to learnaboutthe morequalitative featuresof the
solutionsfor the propagators;chiral symmetrybreakingandpositivity beingthe primary
concerns.

First theaccuracy of thepresentapproachis discussed.ThegluonDSEin its subtracted
andseparatedform ((4.31)subjectto (4.33))andin thesubtractedform (4.31)arecompared
andthe influenceof the infraredanalysisandof therenormalizationschemeon theresults
is investigated.

Following this the resultsfor the quenchedapproximation(i.e. neglectingthe effects
of the quarkfield fluctuations)arediscussed.Finally the resultsfor the full, unquenched
systemof DSEsarepresented.Theseresultsarethencomparedto recentlatticeresultsand
the(non-)positivity of thecorrespondingspectraldensitiesis examined.

6.1 Accurac y of the Appr oach

This sectioncenterson the inherentaccuracy of the presentapproachasfar asthe results
for thepropagatorsandfor quantitieslike thepiondecayconstantareconcerned.

DependingonwhetherthegluonDSEis usedin its subtractedform (4.31)or in its sub-
tractedandagainseparatedform ((4.31)subjectto (4.33))this accuracy is limited because
of differenttechnicalreasons.Using thegluonDSEin thesubtractedandagainseparated
form ((4.31)subjectto (4.33))onehasto fix thevalueof theparameter� whichdetermines
the infraredbehaviour of gluon-andghostrenormalizationfunctions. If thegluonDSE is
usedin theform (4.31)thanthevalueof (4.75)hasto befixed.

Thephysicalboundaryconditionthat thesystemof DSEshasto satisfyaswell asthe
analyticallyknown infraredlimit of thesolutionswill beutilized to constraintheseformal
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� �` , a � R /MeV ��Ã )Ä� R ��Ã /MeV
4K� § ¯§Ä� DFE � /MeV

-3 0.891 189.3 0.0800 15.2 63.9
-2 0.903 229.7 0.0875 20.1 80.5
-1 0.916 283.9 0.0956 27.1 102.9
0 0.930 359.5 0.1043 37.5 133.8

+1 0.946 469.7 0.1137 53.4 178.4
+2 0.964 639.5 0.1239 79.2 242.5
+3 0.985 920.1 0.1349 124.1 302.2

Table6.1: Resultsfor ��� - � usingthesubtractedandseparatedgluonDSE((4.31)subject
to (4.33)),for differentvaluesof theIR parameter� . Thecorrespondingplotsof 7 N � andof
theeffective coupling 7 � areshown in fig. 6.1.

parametersasmuchaspossible.
Thefollowing discussionrelieson thesystemof DSEsfor gluons,ghostsandquarksin

thequenchedapproximation.First theresultsfor thegluonDSEin theform ((4.31)subject
to (4.33))arediscussedandthecorrespondingresultsfor thesubtractedbut not separated
form (4.31)arepresentedin thesecondpartof this section.

For thegluonDSE in thesubtractedandseparatedform ((4.31)subjectto (4.33)) it is
necessaryto usethesubleadingordersof theinfraredexpansionwhich hasbeendiscussed
in section4.4. This infraredanalysisrefersto the parameter� which is not fixed in any
way. However, thevalueof � is quite importantasfar asthe strengthof chiral symmetry
breakingin thefermionequationis concerned.In table6.1 theresultsfor ��� - � andfor4�³ � � � ? ³ arelisted. On a technicallevel it is interestingto notethat thevalueof � at
thecutoff doesdependonthevalueof � , ascanbeseenin thefirst columnof table6.1.This
valueof � at thecutoff is importantbecauseperturbationtheorycorrespondsto thelimit

�` _ a ( and 7 ` _ a (� � ¥ ` _ a (6.1)

for asymptoticallylarge
_

. Therefore,in general� at thenumericalUV cutoff
,

shouldbe
ascloseto 1 aspossible.This is becausethedifferenceof �` , a 4 ( measurestheextentto
which theperturbative regimeof thesolutionshasbeenreachedat thecutoff.

Table6.1alsoshows theresultsfor thepion decayconstantandthechiral condensate.
Thesehave beencalculatedusingthePagels-Stokarapproximation[PS79] for thepion de-
cayconstant

� G Ã - �K&6 � G } § G § G Ã G `H§ G a ( ? § G Ã � `H§ G a G§ G ?�Ã G `H§ G a G (6.2)

andthecorrespondingchiral limit approximationfor thecondensate:

� § ¯§� -|4 �K&6 � G } § G §$GB `H§ G a
Ã `H§$G a§ G ?�Ã G `H§ G a (6.3)
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Figure6.1: Resultsfor thesubtractedandseparatedsystemof equationsfor ��� - � . Left
panel:Thefunctions7 and � for � -|4�³ N � N ? ³ . Rightpanel:Theeffectivecoupling ` 7 D � a
for � - 4�³ N � N ? ³ . The correspondingresultsfor the pion decayconstant��Ã andfor the
chiral condensate

� § ¯§� arelistedin table6.1.

wherethe definition of the massfunction
Ã ` _ a - ® ` _ a ) B ` _ a hasbeenusedandwhereÃ �

denotesthederivative of
Ã 1. Thechiral condensate

� § ¯§Ä� hasa contribution from the
barepropagatorif thebarecurrentquarkmassW Q is nonvanishing.This contribution has
to besubtracted;however, this is a delicateissuesinceit is necessaryto know thescaling
behaviour of themassfunctionnotonly in theperturbative domainbut alsofor intermediate
andsmallmomenta.It hasbeenfoundthattheresultfor thequarkcondensatedoesdepend
quitestronglyon theassumedscalingbehaviour of thebaremass.Thereforeit seemsto be
moretrustworthy to usethe relation(6.3) only in thechiral limit W Q - � wherethe bare
contribution to

� § ¯§Ä� vanishes.
Notethattheresultsfor thepiondecayconstantandfor thechiralcondensatedodepend

on � quite drastically. However, if onecomparesthe resultsfor the pion decayconstant
beforeandaftermultiplicationwith thescale

R
thanonesees,that this strongdependence

is mostlydueto thepronounced� dependenceof theIR scale
R

. Thereasoncanbeseenby
looking at theleft panelof figure6.1. Thefunction 7 is essentially(up to a constantfactor)
thenonperturbative runningcoupling.And thescale

R
is determinedusingthevalueof the

runningcouplingat themassof the
À

boson:

� � Í&Î - (6 � c Q 7
Ã G <R Ï- � � (�( Í�� (6.4)

The left panelof figure 6.1 clearly shows that the � -variation hasa stronginfluenceon
the point where 7 crosses0.118. (The constantfactorthat distinguished7 andthe strong
coupling(6.4)doesn’t changethisqualitatively.) Figure6.1thusmakescompletelyobvious
why the scale

R
hassucha strongdependenceon theparameter� . Thefigure alsoshows

1See[RW94] for a derivationanda discussionof therelations(6.2)and(6.3)
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Figure6.2: 7 for smallmomentafor differentvaluesof theIR parameter� .
� �` , a �` ,.- (�� » a 4 �`H(�� � a
-3 0.891068 0.0526
0 0.930478 0.0341
+3 0.985035 0.0085

+3.2 0.989766 0.0064
+3.4 0.994708 0.0042
+3.6 0.999942 0.0019
+3.8 1.005290 -0.0005

Table6.2: Variationof �` _ a for largemomentawith respectto theparameter� .
thatthelargemomentumregionis notverywell suitedto thismethodto determinethevalue
of
R

, sinceasmallchangein 7 might leadto aquitesubstantialchangeof
R

.
The changeof the scale

R
is the main reasonfor the � -dependenceof the pion decay

constant��Ã andthechiral condensate
� § ¯§Ä� . However, it is not only thescalethatchanges

it is alsotheeffective interactioǹ 7 D � a thatentersthefermionDSEandwhichdetermines
thestrengthof chiral symmetrybreaking.Thecorrespondingresultsfor ` 7 D � a andfor � -4�³ N � N ? ³ areshown in theright panelof figure6.1.Thisshowsthattheeffective interaction
for � - ? ³ hasa largerpeakvalueandis alsobroaderthantheeffective interactionfor the
case� - � N 4	³ .

To sumup: therearetwo reasonsfor the � -dependenceof theorderparameters��Ã and� § ¯§¡� ; onereasonis the changeof the IR scale
R

the other is the changeof the effective
interactioǹ 7 D � a whichessentiallydeterminesthestrengthof thechiralsymmetrybreaking
in thequarkDSE.Thesetwo effectscombineto yield thetotal � -dependenceof ��Ã /MeV and
of
4K� § ¯§Ä� DFE � /MeV in table6.1.
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The � -dependence,while seeminglysmallfor therenormalizationfunctions
À N U or 7 N � ,

leadsto anamplified � -dependenceof theresultsfor thepion-decayconstantandthechiral
condensate(seetable6.1).Obviouslyonehasto fix thisdependenceon � by anindependent
constraint.Thisconstraintis dictatedby thesystemof DSEs:it is givenby theanalytically
known andphysicallymotivatedbehaviour of the solutionsfor very small andvery large
momenta.In theinfrared 7 mustbecomeconstantandfor very largemomentathefunctions7 and � shouldapproachtheir correspondingperturbative limits ascloselyaspossible.

The infrared limit of 7 for 3 different valuesof � is shown in fig. 6.2. Given that 7
mustbecomeconstantin the infrared(andassumingthat themomentathatareshown are
small enough)onehasto concludethat valuesabove � - I do not correspondto the an-
alytically known IR behaviour of 7 (Thereis yet anotherreason: 7 is proportionalto the
nonperturbative runningcouplingandshouldthereforebe a strictly decreasingfunction.).
This effectively givesan upperboundto the rangeof allowed � -values. The secondcon-
straintrefersto theperturbative limit, i.e. thebehaviour of � and 7 for very largemomenta.
Thedegreeto which theperturbative limit of � is reachedat thecutoff is demonstratedin
table6.2. Theseresultsfavour larger valuesof � . The two constraintstogetherlimit the
rangeof allowed � -valuesto a very narrow interval which thendeterminestheaccuracy of
theobtainedsolutionsfor therenormalizationfunctions.

In thefirst partof thepresentsectionthe � -dependenceof theresultsof thegluonDSE
in thesubtractedandseparatedform ((4.31)subjectto (4.33))have beendiscussed.In the
secondpartof this sectionthecorrespondinginvestigationsfor thegluonDSEin theform
(4.31)arediscussed.Theresultsdonot dependon � , however, they do dependon thevalue
of c Q7 DFr°G�� � G (6.5)

at thesubtractionpoint. This is examinedin thefollowing
To testthenumericalprocedureandtheaccuracy of theroutinesoneshouldexaminefirst

how preciselya specificvalueof (6.5) is reproducedby thefinal solutionof thesubtracted
equation.Theresultsthatarelistedin table6.3show: above

c Q )l`8� G `H( a 79DFr°G�� `H( a;a - Í the
renormalizationconditionis reproducedwith very goodaccuracy. Theright columngives
thecorrespondingvaluesof �` , a whichmustdependon therenormalizationconditionthat
hasbeenusedfor (6.5). PleasenotethattherenormalizationconditionÀ U G ` � a - ( (6.6)

is notaffectedin any wayby thischoiceof thevalueof (6.5). This is becausetheequations
aresolved for the functions 7 and � which parameterisethe renormalizationfunctions

À
and

U
accordingtoÀ ` ~ G a - 7 ` _ a7 ` � a DFr�G�� � G ` _ a U ` ~ G a - 7 ` _ a7 ` � a � (�` _ a (6.7)

with
_¢- ~ÄG ) R and � - � G ) R . Usingtheserepresentationsof

À
and

U
onefindsÀ U G ` _ a -�7 ` _ a7 ` � a (6.8)
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c Q )*`8�$Gb` � a 7 DFr�G��s` � a;a c Q )*`8�$Gb` _ a 7 Dôr°G�� ` _ a;a � - � �` , a
5 5.8570 1.0806
8 7.9999 1.0173
9 9.0000 1.0029
10 9.9999 0.9903
11 10.9998 0.9791
12 12.0002 0.9689
13 13.0000 0.9594
14 13.9999 0.9506
15 14.9999 0.9423
20 19.9997 0.9063
30 30.0003 0.8495

Table6.3: The left column gives the value of (6.5) at the renormalizationpoint � - ( .
Themiddleandtheright columnlist theresultsusingtheserenormalizationconditionand
renormalizationpoint. Theresultshavebeenobtainedusingonly quitemoderatenumerical
efforts andavery moderateconvergencecriterion.

thusthat the renormalizationcondition(6.6) is satisfiedfor any pair of functions 7 N � . Es-
peciallythevalueof � at thecutoff is notfixedin any wayby therenormalizationcondition
(6.6). However, in orderto reproduceperturbationtheoryonewould like to find thelimits

� ( and 7 (�) � � ¥ ` _ a � (6.9)

To conclude:If only therenormalizationcondition(6.6)is imposed,thesystemof equations
for 7 N � is not sufficiently constrained,i.e. thereis a one parameterfamily of solutions
wherethevalueof (4.75)is theparameter, seethediscussionin section4.4.Thisparameter
effectively implementsthesecondrenormalizationconditionandis chosento guarantythat7 N � have thecorrectlimits in theperturbative region.

Having thusverifiedthatthesolutionsconsistentlyreproducetheimposedrenormaliza-
tion conditionwe now proceedwith further testsof the accuracy. A mandatoryphysical
conditionis that theresultsmustnot dependon therenormalizationpoint s. Let usassume
thatonedoesimposethecondition c Q� G ` � a 7 Dôr°G�� ` � a - (CI (6.10)

at � - ( . This correspondsto thevalueswhich areshown in table6.4. Onecannow use
eachpair of valueswhich is listedin table6.4asrenormalizationcondition. Eachof these
pairsshouldbe equallysuitedto reproducethe whole table. However, due to numerical
instabilities it is not the whole rangeof momenta(from 0 to the UV cutoff) wherethe
resultsareindependentof thesubtractionpoint � . Thecalculationsshow thattheresultsfor7 and � areeachindependentof therenormalizationpoint � with arelative accuracy of less
than (�� r ² if (�� � � � D (�� � . Outsidethis interval theaccuracy of therenormalizationpoint
independencedecreases.
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_ Ò ´¿ ~ g � p 	ÒºÓ ~�Ô g � p0.1583E-1 6377.3642
1.0 12.0002

0.11753E+2 23.0962
0.18370E+3 33.0757
0.15697E+4 39.4292
0.13243E+5 45.0527

Table6.4: Themomentum
_´- ��G ) R andthevalueof

c Q )*`8�$Gb` _ a 7 DFr°G�� ` _ a;a if therenormal-
izationcondition(6.10)is used.

* �` , a � R /MeV ��Ã )Õ� R ��Ã /MeV
4K� § ¯§� DôE � /MeV

22.0 0.914 274.1 0.0942 25.8 98.9
21.0 0.923 319.3 0.0999 31.9 117.4
20.0 0.933 378.1 0.1061 40.1 141.4
19.0 0.945 456.6 0.1127 51.5 173.0
18.0 0.957 566.6 0.1199 68.0 215.8
17.0 0.972 732.3 0.1282 93.8 272.9

Table6.5: Resultsfor thesubtractedbut not separatedequation,for ��� - � . Theleftmost
columngivesthevalueof

c Q )l` 7 DFr°G��	�$G a at thesubtractionpoint. Theresultsfor thepion
decayconstant��Ã andfor thechiral condensate

� § ¯§� have beencalculatedusing(6.2) and
(6.3) respectively.

Having verified the numericalaccuracy andstability of the subtractionprocedureone
can now investigatethe dependenceof the strengthof chiral symmetrybreakingon the
constraint(6.5).

The resultsin table6.5 show a similar dependenceon thevalueof (6.5) asthe results
in table6.1show on thevalueof theparameter� . TheIR scale

R
doesagaindependquite

stronglyon thevalueof (6.5)at thesubtractionpoint andit variesin accordwith thevalue
of � at the cutoff. This changeof the scale

R
togetherwith the changein the effective

interactionagaincombinesto yield the total changeof thepion decayconstant��Ã andthe
chiral condensate

� § ¯§� , seetable6.5.
Thevalueof � at thecutoff increasesasthevalueof (6.5) is decreased.And sincethe

sameargumentsasfor thegluonDSEin thesubtractedandseparatedform applyonehasto
concludethattheperturbative limit of � (andof 7 ) favourssmallvaluesof (6.5).

But as for the gluon equationin the subtractedandseparatedform it is not only the
variationof � at the cutoff that hasto be taken into account;it is alsothe behaviour of 7
in the infraredthat hasto be compared.In our approach7 is (up to constantfactors)just
the nonperturbative runningcoupling,compare(6.4) andthe runningcouplingshouldbe
a strictly decreasingfunction of the renormalizationpoint. Figure6.3 shows that 7 hasa
bumpin theinfraredif

c Q )l` 79DFr°G�� � G a is chosento bebelow a certaincritical value,which
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Figure6.3: Behaviour of 7 ` _ a for
_ � andfor differentvaluesof

c Q )*` 7 DFr�G��W�$G a at the
subtractionpoint,usingthegluonDSEin its subtractedform (6.5).

in turn doesof coursedependon thesubtractionpoint. I.e. for thesubtractionpoint
_ -� Gs) R�-�³ � I Í 
 thathasbeenusedto calculatethe resultsin table6.5 andin figure6.3 the

renormalizationconditionhasto satisfy c Q7 DFr°G�� � G Ö�( Í (6.11)

This gives a lower boundon the rangeof allowed valuesfor (6.5). Comparingthis to
the resultsin table6.5 onehasto concludethat thepion decayconstantis not larger than� 
 Í MeV.

To summarize:In principle onewould like to have that � at the cut-off is ascloseto
1 aspossible,becausethenthesolutionsextendfar into theperturbative region. However,
thecoupledsystemof DSEsandespeciallytheidentificationof thenonperturbative running
couplingenforceanotherconstraint:thecouplingshouldbea strictly decreasingfunction,
becauseotherwisethecorresponding

c
functionwould be double-valued. This constraint

effectively limits the rangeof allowed valuesfor (6.5) as it limits the rangeof allowed
valuesfor the IR parameter� . The two constraintstogether, i.e. the known behaviour of
thesolutionsin theinfraredandin theultraviolet effectively constraintherangeof allowed
valuesfor (6.5) to a narrow interval. Thewidth of this interval thendeterminestheoverall
accuracy of all theresults.This is becausethe infraredscale

R
is determinedby matching

thevalueof thenonperturbative runningcouplingto theknown valueof � � at themassof
theZ-boson.Any inaccuracy in 7 will thusleadto amuchamplifiedinaccuracy in thescaleR

which is theninheritedby all furtherresults.
It remainsto comparethetwo approacheswith regardto themutualconsistency of the
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results.As a first steponesolvesthesystemof DSEsfor thegluonandtheghostusingthe
gluon DSE in its subtractedandseparatedform ((4.31)subjectto (4.33)). This givesthe
functions 7 and � for all momenta.In a secondsteponecannow take theseresultsfor 7
and � (thathave beenobtainedusingthegluonDSEin thesubtractedandseparatedform)
andcalculatethevalueof c Q7 DFr°G�� � G (6.12)

atsomearbitrarysubtractionpoint � . Thiscanthenbeusedasinputfor thesecondapproach
wherethe gluon equationin the subtracted(andnot separated) form (4.31) is used. The
resultsthatareobtainedin thiswayusingthetwo approachesdoagreeto veryhighaccuracy
(relative differenceÓ�(���r ² wherebythenumericaleffort hasstill beenquitemodest).Note
that this doesnot imply that theconstantin thegluonDSE is zero; the two equationscan
be comparedonly for the casethat the constantis zero,however, it might be nonzeroin
general.

In the following we will usethe gluon DSE in the subtractedbut not separatedform
(4.31)exclusively.

6.2 Quenc hed Appr oximation

Thecoupledsystemof gluon-andghostDSEsin thequenchedapproximationhasbeenex-
tensively studiedfirst by v. Smekal,HauckandAlkofer [vSHA97, vSHA98,vS98,AvS00]
andusingbareverticesby AtkinsonandBloch [AB98b, AB98a]. This canbeextendedby
addingthequarkDSE to thegluon-ghostsystemwhile still neglectingthequarkloop. In
this quenchedapproximationthequarksdo not couplebackto thegluonsandghosts,how-
ever, theresultsfor thegluonsandghostsdeterminetheresultsfor thequarks.Theresults
for thisquenchedapproximationarepresentedin thissection.

The resultsfor the gluon- and ghostrenormalizationfunctionsare shown in the left
panelof fig. 6.4usingtheparameterization(4.50)which definesthefunctions 7 and � . As
impliedby theanalyticinfraredanalysisthenumericalsolutionfor 7 shows thatit becomes
constantin the infraredandthat � behaves like � z _ � for small

_
. Using the relations

(4.50)this impliesthat thegluonrenormalizationfunction
À

is infraredvanishingwhereas
theghostrenormalizationfunction

U
is infrareddiverging. This is in completeaccordance

with theanalyticallyobtainedinfraredbehaviour which isÀ z _ G � and
U×z _ r � (6.13)

for
_ � andwith � � � �Î� I (seesection4.4). Theinfraredbehaviour of 7 doesespecially

reflecttheanalyticallyobtainedresultthatthenonperturbative runningcoupling(4.52)has
aninfraredfixedpoint atabout ��� 6 Í .

Thecorrespondingresultsfor thevectorialself-energy
B

andthemassfunction
Ã -® ) B areshown in the right panelof fig. 6.4. The massfunction

Ã
is stronglyenhanced

andthusclearly shows that the solutioncorrespondsto broken chiral symmetry. This is
alsoexpressedby the low energy constantslike thepion decayconstant��Ã andthechiral
condensate

� § ¯§Ä� .
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Figure6.4: Resultsfor the quenchedapproximationfor onelight quark(W Q - ( MeV);
Left panel: Resultsfor thefunctions 7 and � thatarerelatedto thegluon-andghostrenor-
malizationfunctions

À
and

U
via (4.50).Rightpanel: Resultsfor thevectorialself-energyB

andthemassfunction
Ã - ® ) B where

B
and

®
arerelatedto thefull quarkpropagator

via (5.2).

The numericalsolutionsthat have beenfound for the quenchedapproximationyield
(using(6.2)and(6.3)):

� Ã �ª� ( Ã @ y and
4�� § ¯§Ä� � (�
 Í Ã @ y �

(6.14)

wherethequarkcondensate
� § ¯§¡� hasbeencalculatedin thechiral limit suchthatthereis no

barecontribution whichwouldhave to besubtractedotherwise.Thenumericalvaluesgiven
heredoof coursedependon thescale

R
thatis determinedby matchingthenonperturbative

runningcoupling(4.52)at themassof theZ-bosonto theexperimentallyknown value:

� � Í Î - (6 � c Q 7
Ã G <R Ï- � � (�( Í (6.15)

Theproblemsthatarisedueto thismatchingprocedurehavebeendiscussedin theprevious
section.Thesetechnicalproblemsimply thatevensmallinaccuracies(bethey numericalor
dueto thefinite accuracy subtraction)will inevitably changethescaleby anamountwhich
is largeenoughto changee.g. ��Ã by about� %.

Theleft panelof fig. 6.4alsoshowsthevectorialselfenergy
B

. Theresultsshow that
B

is slightly enhancedfor smallmomentaandthatit becomesconstantin theinfraredatabout� ( � ³ � . Asidefrom this infraredlimit
B

doesnotdisplayany otherqualitative feature.

6.3 Dynamical Quarks

Someof thequalitative featuresof the inclusionof the quarkloop have alreadybeendis-
cussedin theprecedingsections.Thereit hasbeenshown that thequarkloop contribution
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Figure6.5: Numericalresultsfor 7 N � for differentnumbersof flavours, for the full, un-
quenchedcalculation. Left Panel: Resultsfor 7 for ��� - � N ( N I N ³ N 6 N � N 
 . (Seealsota-
ble 6.6 for the IR limits of 7 ) Right Panel: Resultsfor � for ��� - � N 
 ; the resultsfor��� - ( N I N ³ N 6 N � evolve continuouslyfrom the ( ��� - � )-result to the ( ��� - 
 )-result.
(Seealsotable6.7 for thevalueof � at thecutoff) Thefunctions 7 and � arerelatedto the
gluon-andghostrenormalizationfunctions

À
and

U
via (4.50)andtheresultsfor

À
and

U
areshown in fig. 6.6.

��� 0 1 2 3 4 5 6
lim�²� Q 7 ` _ a 8.2988 7.7958 7.2929 6.7899 6.2869 5.7839 5.2810

Table6.6: Analytically derivedvaluesfor the infraredlimit
ü

of 7 ü
for
_ � . These

valuesarereflectedin thenumericalsolutionwhich is shown in theleft panelof fig. 6.5.

to thegluonDSEis subleadingin theinfraredascomparedto theghostloop. Thishasbeen
shown to imply thattheleadinginfraredbehaviour of thegluon-andghostrenormalization
functionsremainsunchangedascomparedto thequenchedapproximation.This is reflected
by thesolutionsfor 7 N � andfor thecasethat ����ÖÕ� which areshown in fig. 6.5 Theleft
panelof fig. 6.5 shows the numericalresultsfor 7 for differentnumbersof flavours. For
thesecalculationsa correspondingnumberof light flavourshasbeenchosen;i.e. ��� -�³
correspondsto threelight flavourseachhaving a barequarkmassof 1 MeV. The results
show that theinclusionof thequarkloop doesnot changetheresultsfor 7 on a qualitative
level. It is only theinfraredlimit 7 ü

for
_ � thatdependson thenumberof flavours:ü

beingsmallerfor larger ��� . This ��� -dependenceis evidentin thenumericalsolutionthat
is shown in theleft panelof fig. 6.5aswell asin table6.6which givestheanalyticallyde-
rivedvaluesfor

ü
asthey have beenobtainedfrom theanalyticinfraredanalysisin section

4.4.
Theright panelof fig. 6.5shows thesolutionsfor � thatcorrespondto thesolutionsfor7 which areshown in theleft panelof thesamefigurefor thetwo exemplarycases��� - �
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��� 0 1 2 3 4 5 6�`e �Gs) R a 0.944 0.941 0.934 0.923 0.904 0.869 0.841

Table6.7: Numericalresultsfor thevalueof � at thecutoff for different ��� . Thesolutions
for �` _ a for ��� - � and ��� - 
 areshown in theright panelof fig. 6.5.

��� 0 1 2 3 4 5 6R
440 397 349 307 228 144 83

Table6.8: Resultsfor theinfraredscale
R

for ��� - � N ( N I N ³ N 6 N � N 
 .
and ��� - 
 . Thesolutionsfor ��� - ( N I N ³ N 6 N � N 
 evolve smoothlyfrom the ��� - � result
to the resultfor ��� - 
 andthecorrespondingvaluesof � at thecutoff arelisted in table
6.7 for all ��� . Thesolutionsarequalitatively very similar, however, thebehaviour of � for
large momentadoesdependon thenumberof flavours ��� ; moreprecisely: � is generally
somewhatsmallerfor largemomentaif thenumberof flavoursis increased(seetable6.7).
Thisdoesnot conflictwith theperturbative limit which impliesthat 7 and � behave like

7 ` _ a (� � ¥ ` _ a and �` _ a ( (6.16)

Thedifferentvaluesof � at thecutoff correspondto differentvaluesof thescale
R

; these
arelistedin table6.8.Theseresultsshow thatasmallervalueof theIR scale

R
corresponds

to a smallervalueof � at thecutoff. This correlationhasto beexpectedsinceif calculated
backto physicalunits� G -\_�R onehaseffectively asmallercutoff (in physicalunits).Since� is a monotonicallyincreasingfunction this scaledependencethenimplies thata smaller
scale

R
will correspondto a smallervalue �` , a . However, theresultsshow that this is not

theonly influence;thedifferencebetweenthenumericalresultsfor � arenot exhaustedin
thedifferentvaluesof � at thecutoff. Theslopeof thetwo solutionsthatareshown in the
right panelof fig. 6.5 is different. Looking closerat theresultsonefinds that theslopeof� for largemomentais thesmallerthelarger thenumberof flavoursis. Therearethustwo
effects:first thereis ascaledependencewhicheffectively givessmallervaluesof � for large
momentaandsecondlytheslopeof � for largemomentabecomessmallerif thenumberof
flavoursis increased.

However, a word of cautionis in orderhere;in section6.1 it hasbeendiscussedthat
thedeterminationof thescale

R
hasan inherentinaccuracy. This accuracy of

R
givesthe

upperboundfor theaccuracy of all further resultsandit effectively amountsto anoverall
accuracy of h � % for theresultsthatarelistedin table6.8.

Theresultsfor 7 and � directlytranslateinto resultsfor therenormalizationfunctionsfor
gluonsandghosts,

À
and

U
andinto correspondingresultsfor thenonperturbative running

coupling � � asdefinedin (4.52). The resultsfor the renormalizationfunctionsareshown
in fig. 6.6 andthey arerelatedto the resultsfor 7 and � via thedefinitions(4.50). These
resultsshow that

À
and

U
do not changequalitatively due to the inclusion of the quark

loop. The gluon renormalizationfunction
À

is infraredvanishingfor all ��� whereasthe
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Figure6.6: Numericalresultsfor the gluonandghostrenormalizationfunctions è and é
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ghostrenormalizationfunction é is infrareddiverging for all ê�ë thusleadingto aninfrared
enhancedghostpropagator.

The resultsfor ü�ý for differentnumbersof flavoursareshown in fig. 6.7. The plots
show that the ( ê�ë )-dependenceof the infraredlimit of ø is exactly cancelledby the ô�#*) �
factor that is the containedin the definition (4.52). This leadsto an infraredfixed point
of the runningcoupling ü�ý which is independentof thenumberof flavours ê�ë . For large
momentatherunningcouplingdecreasesmoreslowly for largernumbersof flavours.This
behaviour is shown in moredetail in theright panelof fig. 6.7which shows theresultsforü�ý in thevicinity of therenormalizationpoint � � ì�� �� andin physicalunits.

Theresultsfor thequarkpropagatorareencodedin thevectorialself-energy $ andthe
massfunction � ì+�,#%$ where$ and � aredefinedaccordingto (5.2).

Themassfunction ��������ì��!���"�
#
$&����� is shown in theleft panelof fig. 6.8for ê�ë�ìQô
anddifferentvaluesof thecurrentquarkmass.It is evidentthatthemassfunctionis strongly
enhancedin theinfraredwhich impliesthatthechiral symmetryis broken. Asidefrom this
enhancementin the infraredthe massfunction doesnot show any unexpectedqualitative
featuresor any deviation from its strictly decreasingbehaviour. However, thechiral limit
solution (��� =0) is clearly distinguishedfrom the ���.- î solutionsby its differentUV
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ê�ë 0 1 2 3 4 5 6/10 #��(��� 51 47 43 40 35 29 2324365 ¯5"7�8:9%; #��(��� 168 157 145 134 122 110 96

Table6.9: Resultsfor the pion decayconstant
/ 0

andfor the chiral condensate365 ¯5"7 forê�ë ì î�ð	ô�ð3õ�ð3ñ�ð3ö�ð3÷�ð	ò . Theresultsfor
/ 0

have beencalculatedusing �'� ì ô��(��� for all
flavourswhich impliesthat for ê�ë=<Qñ thescreeningeffect of thequarksis overestimated.
Thepion decayconstanthasbeencalculatedusingthePagels-Stokarapproximation(6.2).
andtheresultsfor 365 ¯5"7 have beencalculatedin thechiral limit �'� ì î usingtherelation
(6.3).

scaling.Fromtherenormalizationgroupequationthis is expectedto be

������� 2 ö�>
�@?BA
ñ

CEDGF �
HI� JLKCMDNF ���"� 8:O JPK
365 ¯5"7�QSR
� for �'� ìQî ð (6.17)

�������
CMDNF �
HI�CEDGF �����

J K ��� for �'�T- î (6.18)

for � where�×ì(� � #�� , HAì � � #U� and
?BA ìïô�õG#U� ñ�ñ 2 õ�ê�ëV� , themaindifference

beingtheadditional ô�#S� for thecasethat �'� ì î . This asymptoticbehaviour is found in
completeagreementwith thenumericalresultsthatareshown in the left panelof fig. 6.8.
Theinfraredlimit of themassfunction �������1ìW�!�����
#
$&���"� is shown in theright panelof
fig. 6.8. Also theseresultsclearlydemonstratethat thesolutionof thefull coupledsystem
doescorrespondto broken chiral symmetry. However, the resultsfor � alsoshow that
chiral symmetrybreakingis to weak;thevaluesof ���8î�� beingonly about ò�î % 2 ��î % of
thephenomenologicallyexpectedvalues.

Themassfunctiondoesnot show any qualitative ( ê�ë )-dependence;theonly difference
beingthat theoverall sizeof � andthusof themassfunction � decreasesasthenumber
of flavoursincreases.This screeningeffect is clearlyshown in table6.9 wherethe results
for the pion decayconstant

/ 0
andfor the chiral condensate365 ¯5�7 are listed for different

numbersof flavours. Theseresultscanbedirectly comparedto thevaluesthatareusedin
recentphenomenologicalstudies:

/ 0YX 	�õG��ò��(��� (see[C Z 98]) and 365 ¯5�7 X � õ�ñ�ò��(���4� ;
(see[AJ88], [AJ90] and[RM90]). For ê�ë�ì°î the numericalresult is about ò�î % of the
experimentallyknown valueand for ê�ëAì ò the pion decayconstanthasabouthalf the
valuethat it hasfor ê�ë ì�î . This is in completeaccordwith the ( ê�ë )-dependenceof the
massfunctionandof thechiral condensatewhichall scalewith ê�ë like thepiondecaycon-
stant.Thereasonfor thiscommon( ê�ë )-dependenceof all thesequantitiesthatmeasurethe
strengthof chiralsymmetrybreakingessentiallyis thatthey all inherit the( ê�ë )-dependence
of theinfraredscale� .

In table6.10 the dependenceof the resultsfor the pion decayconstant
/ 0

(using the
Pagels-Stokarapproximation(6.2)) on the currentquarkmass�'� is given for ê�ë ì ô .
Theseresultsallow to estimatethemassdependenceof theresultsfor

/ 0
in table6.9where

the ê�ë dependenceof theresultsis themainissue.
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��� #��(��� 0 1 2 5/ 0 #��(��� 46 47 50 66

Table6.10: Resultsfor thepion decayconstant
/ 0

for differentcurrentquarkmassesand
for ê�ë¶ì ô . Thepion decayconstanthasbeencalculatedusingthePagels-Stokarapproxi-
mation(6.2).
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Figure6.9: Resultsfor thevectorialself-energy $ of thequarkwhich is relatedto thefull
quarkpropagatorvia (5.2). The correspondingresultsfor other ê�ë interpolatesmoothly
betweentheresultsthatareshown in thefigure.

Again, a word of cautionis in orderhere. As hasbeennotedbefore: the resultsfor
the pion decayconstant

/ 0
andfor the chiral condensate365 ¯5"7 canonly be asaccurateas

the resultsfor the infraredscale � . This hasbeendiscussedrepeatedlyin the preceeding
sectionsandit alsoappliesto theresultsshown in table6.9.Theupshotis thattheresultsin
table6.9areto beconsideredaccurateup to ]Y÷ %

The resultsfor the vectorialself-energy $ areshown in fig. 6.9. Here it is morein-
terestingto look at the �8ê�ëV� -dependencesince $ is essentiallyindependentof the quark
mass.Thenumericalresultsfor ê�ëíì�î�ð3ñ�ð	ò areshown in fig. 6.9 andthecorresponding
resultsfor ê�ë�ì ô�ð3õ�ð3ö�ð3÷ interpolatesmoothlybetweenthe curvesthat areshown in fig.
6.9. Thereis no dramaticdifferencebetweenthe resultsfor the quenchedapproximation
andthetheresultsfor ê�ë!< ô�ð3õ . However, ascanbeseenin fig. 6.9theinfraredlimit of $
displaysanon-negligible dependenceon ê�ë whichbecomesmorepronouncedasthenum-
berof flavoursis increased.Whereasthequalitative featuresremainunchangedthevalueof
$&�8î�� aswell asthesizeof thebumpsignificantlydependson ê�ë ; thebumpat intermediate
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momentais morepronouncedfor large ê�ë . This bump thereforeis an interferenceeffect
which is largely amplifiedin thefull, unquenchedcase.

In thissectiontheresultsfor thefull, unquenchedsystemof DSEsfor thegluon-,ghost-
andquarkpropagatorshave beenpresentedanddiscussed.Theresultshave beenpresented
for î�^Âê�ë_^ ò andfor variousvaluesof thebarequarkmasses.Theresultsfor thequark
propagatorshave beenusedto calculatethepion decayconstantandthechiral condensate
whichhave beencomparedto thephenomenologicallyacceptedvalues.

The resultsfor the gluon- and ghostrenormalizationfunctionsare qualitatively very
similar to the resultsthat have beenobtainedin the quenchedapproximation,the main
differencebeingtheinfraredlimit of ø . Theresultsfor thequarkself-energies � and $ do
dependon thenumberof flavours ê�ë . Thestrengthof chiral symmetrybreakingbecomes
smalleras ê�ë is increased;thisis,e.g.,expressedby thedecreaseof thepiondecayconstant.
The effective interactionin the quarksubsystemwhich is the reasonfor chiral symmetry
breakingis essentiallyø������8ù����"� . For very small � this effective couplingis very closeto
zero since ù�`+�ba for small � . The effective coupling ø������8ù����"� thereforeis essentially
independentof the IR limit of ø (which is multiplied by � a ). This is accompaniedby the
observation that it is mainly thebehaviour of ù at intermediateandlarge momentawhich
determinestheoverall strengthof theeffective coupling.

Whereasthe scalarself-energy � remainsqualitatively unchangedas the numberof
flavoursis altered,thevectorialself-energy $ dependsmorefundamentallyon ê�ë . As the
numberof flavours is increasedthe bump at intermediateenergies becomessignificantly
enlarged. This bumpthereforeis aninterferenceeffect which is dueto theinclusionof the
quarkloop in thegluonequation.

6.4 Comparison to Lattice Results

In thelastsectionthenumericalresultsfor thefull unquenchedsystemof DSEshave been
presented.In thepresentsectiontheseresultswill becomparedto recentlatticeresults2.

In fig. 6.10theDSE–resultsfor thegluon-andghostrenormalizationfunctionsè and é
arecomparedto correspondinglatticeresults.Theleft panelof fig. 6.10showsacomparison
of thenumericalresultsfor ê�ë ì î for èc����� to the lattice resultsthathave beenreported
in [LSW98]. Theoverall agreementbetweentheDSEresultsfor è andthecorresponding
latticeresultsof [LSW98] is satisfactory. Theonly quantitativedifferencebeingthesizeand
theshapeof thebumpin è for smallmomenta.Thelatticeresultsandthusthecomparison
arevalid for ê�ë�ìQî only. However, sincetheresultsfor thegluonrenormalizationfunctionè do dependonly weakly on the numberof flavours the agreementbetweenthe lattice
resultsandtheDSEresultsfor ê�ë - î wouldbesimilar (compareright panelof fig. 6.10).

The agreementbetweenthe resultsfor the ghostrenormalizationfunction é and the
correspondinglatticeresults(right panelof fig. 6.10)is evenmorestriking; theresultsare
in very goodagreement.As far asthe �8ê�ëV� -dependenceis concernedthesameremarksas

2Also theresultsthathave beenreportedin [Lan01] qualitatively supportthebehaviour of d and e shown
in fig. 6.10.
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Figure6.10:Comparisonof theDSE-resultsfor therenormalizationfunctionsè and é with
correspondingresultsfrom latticecalculations.Left Panel: Resultsfor è , thelatticeresults
have beentaken from [LSW98]. Right Panel: Resultsfor é , the lattice resultshave been
takenfrom [SS96].

for è apply: thedependenceon thenumberof flavourswould beto smallasto alter these
conclusions(seeright panelof fig. 6.6).However, thecomparisonis only valid for ê�ë�ìQî .

Thenumericalresultsfor thequarkpropagatorè ì ô�#
$ arecomparedin fig. 6.11to
recentlattice resultsfor thequarkpropagatorin Landaugauge[SW01]. Thesehave been
calculatedusingan improved Sheikholeslami-Wohlert quarkactionwith tree-level mean-
field improved coefficients. For the presentpurposethe most interestingsetof resultsin
the right panel is the renormalizedquark propagatormon which is marked by crossesp .
Theresultslook qualitatively quitesimilar exceptthefact thetheinfraredbehaviour of the
latticeresultsseemsto beslightly differentthantheIR behaviour of theDyson-Schwinger
results. The DSEsgive a è ì ô�#
$ that becomesconstantin the deepinfraredwhereas
the lattice resultsseemto indicatethat è is a monotonicallydecreasingfunction in the
infrared. The lattice resultshave to be comparedto thecaseê�ëµì¸î which (asfar asthe
resultsfor $ andthusfor è ì ô�#
$ areconcerned)is barelydifferentfrom the resultsforê�ëZì9ô�ð3õ . This impliesthatbothmethodsagreeon thequalitative resultthat è for ê�ë�ì=î
is a monotonicallyincreasingfunction.

6.5 Positivity

In thefirst sectionthebasicsymmetriesof QCD andespeciallytheBRSsymmetryof the
QCD Lagrangianhave beenoutlined. Thereit hasbeenelucidatedthatpositivity is a key
issuein theBRSquartetmechanism.In orderto identify thephysicalsubspaceof thetotal
statespaceit is thereforenecessaryto checkwhetherthepropagatorsthathave beencalcu-
latedin solvingthefull coupledsystemof DSEsdo violate thepositivity constraints.This
wouldthengiveriseto thecompellingpicturethatconfinementis evidentin thepropagators
via violationsof thepositivity constraintswhich wouldapplyto particlesthatappearin the
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Figure6.11:Comparisonof theDSE–resultsfor è6ìQô�#
$ (LeftPanel) andthecorrespond-
ing latticeresults(RightPanel) whichhave beentakenfrom [SW01].

asymptoticspectrumof thetheory.
The Dyson-Schwingerformalismis setup in Euclideanspace.This implies that the

thusobtainedGreensfunctionshaveto to satisfytheOsterwalder-Schraderaxioms([OS73],
[OS75])which arethebasicaxiomsfor a Euclideanquantumfield theory. In section3.5a
shortoutlineof theapproachandtheformalismhasbeengiven;thereweespeciallyempha-
sisedthefactthattheEuclideanpendantof thepositivity constraintis Osterwalder-Schrader
reflectionpositivity.

For themostbasiccase,for thepropagator, reflectionpositivity canbewrittenas:

?Gu � ?GuVv ¯/ � 2 � � ðUw�"�
xy��� 2 v � / � v � ðNwv �b< î (6.19)

where
/

is acomplex valuedtestfunctionwith supportin z
��� � ð{w���V| � �T- î~} . Thisspecialcase
of Osterwalder-Schraderreflectionpositivity canbeshown to beanecessaryaswell assuf-
ficient conditionfor theexistenceof a Källen-Lehmannrepresentation[AvS00]. Therefore
it is sufficient to find a counterexampleby suitablychoosingthe testfunction

/
which is

completelyunconstrained.
After a threedimensionalFouriertransformationthecondition(6.19)becomes�

� ?���? H ¯/ � � � ˜x�� 2 � �T� HI�8ð w��� / �����,< î (6.20)

where

˜xy��� � ð w�c��ì ? ; �"xy��� � ð w�"�
�����c��� w� w���b< î (6.21)

and
/

denotesfrom hereon theFouriertransformof thetestfunction
/

in (6.19).
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Figure6.12: Resultsfor the Fourier Transform(6.22) for ê�ë&ì î�ð3ñ�ð	ò . For other ê�ë the
resultsinterpolatesmoothlybetweenthevaluesthatareshown in thefigure. Theabsolute
value w� � hasbeensetto 0.

Obviously it sufficesto look at theFourier transform(6.21). If this Fourier transform
of thepropagatoris foundto benegative within aninterval thenonecanalwayschoosethe
testfunction

/
in a way thatonly this specificinterval contributesto the integral in (6.19)

thusresultingin aviolationof thecondition(6.19).
Firstwewill look at thepositivity condition(6.21)for thegluonpropagator. Two of the

integrationscanbetrivially performedleaving theonedimensionalintegral

˜xy����ðow� � ��ì ? � � èc���
�� � w� � �
� � � � w� � �����c���E�

� ���!< î (6.22)

Pleasenote that w� � hasthe statusof a parameterin this case: in order to concludethat
positivity is violated it suffices to show that xy���)ðNw� � � is negative for a finite interval of
w� � -values.

Theresultis shown in fig. 6.12It is clearlyvisible that theFourier transform(6.22)is
negative within an interval õ+^��.^ ò (This featurehasbeenexplicitely verified to per-
sist for î�^ w� � ^ ô�î ). This unambiguouslydemonstratesthat thegluonpropagatordoes
violate reflectionpositivity. This implies that the gluon propagatorof the corresponding
Garding–Wightmannfield theorydoesnothaveaKällen-Lehmannrepresentationwith pos-
itive definitespectraldensity, i.e. the gluon propagatorthat hasbeenfound corresponds
to gluonicexcitationswhich cannotbe found in theasymptoticspectrum.This resulthad
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Figure6.13: Left Panel: Resultsfor theFourier transform(6.23),testingpositivity for the
full quarkpropagator. RightPanel: Fouriertransform(6.23)for thebarepropagator, i.e. for
$ ì ô and �=ì ��� . The resultsin the left panelshow anoscillatorybehaviour for large
valuesof 2 �P� 8:9 � which is, however, simply dueto the limited numericalaccuracy. This
cannotbeinterpretedasviolationof positivity.

alreadybeenfound for thequenchedapproximation,neglectingthe influenceof thequark
loop. Theseresultsshow that thequarkloop somewhatalterstheextent to which (6.22)is
negative; however, thequalitative featurethattheFouriertransformof thegluonpropagator
is negative within afinite interval remainsvalid for î�^ ê�ë!^ ò .

Onewould expect that the quarkpropagatorbehavessimilarly; i.e. the quarkpropa-
gatorshouldviolatepositivity muchlike thegluonpropagator. ThecorrespondingFourier
transformfor thequarkpropagatoris

˜mG���)ð w� � ��ì ? � � �o����� � � � w� � �
�����c���E� � ���,< î (6.23)

with

�o��� 5 � ��ì $&� 5 � �5 � $ � � 5 � � � � � � 5 � � � (6.24)

Thenumericalresultsareshown in fig. 6.13. The left panelshows the resultsfor the full
propagatorusingtherelation(6.23)andfor comparisontheright panelshows theresultsfor
thebarepropagator, i.e. for thecasethat $¸ìQô and �þì ��� . For bothcases,i.e. for thefull
aswell asfor thebarepropagatortheresultsarepurelypositive. Theoscillatorybehaviour
of the resultsfor large valuesof 2 �P� 8E9 � is simply due to the limited accuracy. - These
oscillationsflattenout asthenumericaleffort is increased.Thereforeonehasto conclude
that the resultsfor the Fourier transform �o� do not show any indicationthat positivity is
violatedfor thequarkpropagator.

However, it hasto beemphasisedthatthis is nota necessarycondition;it is a sufficient
one. The expression(6.20)might well be negative even if theFourier transform(6.23) is
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positive sincethe test function
/

is not constrainedin any way. However, if the Fourier
transform(6.23)is purelypositive thanthereseemsto benoeasyalternative way to testfor
violationsof positivity (whicharestill possible).



Chapter 7

Phenomenological Constraints
on the Quark Propagator

Theprecedingchaptersintroduceanddiscusstheformalismandtheresultsfor thegluon-,
ghost-andquarkpropagatorsusingtheDyson-Schwingerapproach.This approachyields
the propagatorsonly for space-like momentawhich is the relevant momentumregion for
typical phenomenologicalapplications,ase.g. boundstatecalculationswithin the Bethe-
Salpeterframework [SB51], [Nak69]1. Thesestudiesusuallyfocuson observableslike the
boundstatemass,(space-like) form factorsor magneticmomentswhich areall essentially
determinedby thespace-like propertiesof thequarkpropagatorandthe interactionof the
constituentsof the boundstate(seee.g. [Tan97], [AvS00]). However, it turns out that
productionprocesseswith large momentumtransferlike e.g. kaon photoproductionare
differentsincein thesereactionsthe time-like propertiesof thequarkpropagatorturn out
to beof primaryimportance.Productionprocesseslikekaonphotoproductioncantherefore
yield phenomenologicalconstraintson thebehaviour of thequarkpropagatorin the time-
like region.

The calculationof the crosssectionfor kaon photoproductionhasbeencarriedout
within thecovariantdiquark-quarkmodelfor baryons[AR95], [OHAR98], [OPvS00]which
is briefly reviewedin thenext section.Following this differentmodelpropagatorsthatrep-
resentdifferentpossibilitiesto implementconfinementat the level of the propagatorsare
introduced.Thenthekinematicalparticularitiesthatdistinguishproductionprocesseslike
kaonphotoproductionfrom typical boundstatecalculationsareexamined. Having intro-
ducedthebasicconceptsthe main objective of the presentchapter, i.e. the calculationof
the crosssectionfor kaonphotoproduction,cannow be approached.This thenallows to
constrainthebehaviour of thequarkpropagatorin thetime-like region [AAF Z 00a].

1Thesestudiesdo probethe propagatorsonly for very small time–like momenta. Seethe discussionin
section7.3
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Figure7.1: Thecoupledsetof BSEsfor theeffective vertex functions ��� .
7.1 Brief Review of the Diquark-Quark Model

In this sectionthebasicconceptsandtheformalismof thecovariantdiquark–quarkmodel
is briefly recalled.Minor detailsandpurely technicalargumentsthatarenot centralto the
presentdiscussioncanbefoundin theappendixB.3 or in [AAF Z 00a] andarenot repeated
here.A detaileddiscussionof thediquark–quarkmodelcanbefoundin [Oet00].

Startingfrom theFaddeev–formalism[Fad65] (seee.g. [Glö83] for a morerecentin-
troductorytextbook) for threequarksandusing two essentialassumptionsonearrives at
a Bethe–Salpeterequation(BSE) thatdescribesbaryonsasboundstatesof quarksanddi-
quarksinteractingvia quarkexchange. Theseassumptionsare (i) all three–particleirre-
duciblegraphscanbeomittedand(ii) the two–quarkcorrelationscanbeapproximatedby
separablecorrelations,theso–calleddiquarks. Thepresentchapteris restrictedto a short
review of the main conceptswhereasthe actualderivation of the BSE for the effective
baryon–diquark–quark vertex functions� � is detailedin [AAF Z 00a]. Usingthedefinitions
for totalandrelative momentumgivenasin figure7.1this integral equationreads

� ��:� � � ¯� � ð��"�Iì �I���
? u C̄
� õ�>�� u�  �

�
��¡6�£¢U� � ¯� � ð C̄ ð��¤��é ¢{¢

�
¡¥� �I�S� � C̄ ð��"�!�

� �
¡6�£¢ � � C̄ ð��"�

� ��¦ §¨�=� (7.1)

Here é ¡ describesthedisconnectedquark–diquarkpropagator

é ¢{¢
�
¡¥� �I�S� � C̄ ð��"��ì�m ¢�¢

�
¡ ��©B� � C̄ �!x �I�S� �%�8ô 2 ©¨�
� 2 C̄ �¥ì m ¢{¢

�
¡ � C �
x �I�S� �
� 2 C �!� (7.2)

Furthermore,thequark–diquarkinteractionkernel   contains(besidesthepropagatorof the
exchangedquark)thediquarkamplitudesªc�� definedvia theseparabilityassumption

� � ��§ ¡ ðM§�«U¬�� ¡ ðM�b«U��ì
� � �
� ª �� ��§ ¡ ðM§�«U�,x � � �

� ��§ ¡ � §�«�� ¯ª �
�
� ��� ¡ ðM�b«U� (7.3)

of thequark–quark� –matrix.Thekernelexplicitly reads

  �
�
��¡6�£¢U� � ¯��ð C̄ ð��¤�Iì ¯ª ��:�£¢S � C̄ � ©B�)ð 5 �!m P

�
« � 5 �®ª

�
¡¥�  � � � 5 ð ¯� � ©B�"�

ì ¯ª ��:�£¢S � C ð 5 �,m P
�
« � 5 �®ª

�
¡¥�  � � � 5 ðM�c��ð (7.4)
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with

5 ì��8ô 2 õ�©¨�
� 2 ¯� 2 C̄ ì¯� 2 � 2 C ð
since� ì°� � � � ¡ � �b« and

C̄ ì C 2 ©B� . Theaboverelationsalsoindicatetheindependenceof
themomentumpartitionparameter© sincetheJacobianof thetransformation̄

C C
equals

unity for fixedtotalmomentum� .
For thesolutionof theBSE(7.1)onestill hasto choosetheappropriatequantumnum-

bersassociatedwith baryons. One finds that the quark exchange(parameterisedby the
kernel   �

�
) generatessufficient attractionto bind quarksand diquarksto baryons(see

[CPB89], [Rei90] and[Bal90]). For identicalquarksantisymmetrizationis requiredwhen
projectingontobaryonquantumnumbers.Fortunately, thisdoesnotalterthealgebraicform
of theBSE(7.1). Rather, it simply impliesthatonemayomit thesingleparticleindices� on
thequarkpropagatorsm � . Only whencaringaboutthediscretequantumnumbersonehas
to revert to theseindicessincethey specifythe summationorderover colour, flavour and
Dirac–indicesin (7.1). Furthermorethefunctionalformsof thediquarkpropagatorsx �P�

�
andtheverticesª��� do not dependon the quarklabels. Theseindependenciesarealready
indicatedin (7.2)and(7.4)asthequarklabelsfor themomentahave beenomitted.

In aself–consistentapproachonewouldcalculatethe � –matrixfrom its own BSE.How-
ever, this is beyondthescopeof thepresentinvestigation.Insteadthe � –matrixis modelled
by diquarkcorrelatorswhich have ananalyticstructuresuchthatno particleinterpretation
for thediquarkexists. We will restrictourselvesto thescalarandaxialvectorchannelsas
thesecomprisetheminimal setto describeoctetanddecupletbaryons.Furthermorethese
channelsaregenerallyassumedto bethemostimportantones,see[RS00] and[AvS00] and
referencestherein.Thecorrespondingseparableansatzfor thetwo–quark� –matrixreads

� ��¢{� ²± ��§ 8 ðM§ � ¬�� 8 ðM� � ��ì°ª´³ ��¢ � ¯§yð�� � �,xy�
� � � ¯ª�³²± � ¯��ð�� � � �
ª Q�²¢ � ¯§yð�� � �bx Q%µ �
� � � ¯ª µ ²± � ¯��ð�� � �!� (7.5)

Herewe rewrite thediquark–quarkverticesª ³@¶ QV· asfunctionsof relative, ¯§ ìW��§ 8 2 �8ô 2����§ � , and total, � � ì�§ 8 � § � ì�� 8 � � � , momentainsteadof the singlequarkmo-
menta.In actualcalculations,wechoosefor simplicity thesymmetricmomentumpartition,
i.e. � ì ô�#�õ . Shifting the valueof � is possible,however, this complicatesslightly the
parameterizationof diquarkcorrelations,seethediscussionbelow (7.12)andin [OPvS00].

Thediquarkpropagatorsin thescalarandtheaxialvectorchannelaremodelledas

xy�
�"� ì 2 ô
� � � � � ýM¸

/ � �� � ýM¸ ð (7.6)

x Q
µ �
�"� ì 2 ô
� � � � � �º¹

» Q%µ � �8ô 2�¼ � �
Q � µ� � �º¹

/ � �� � �º¹
� (7.7)

Herebythedressingfunction
/ �
� � # � � � will bechosento cancelthesingularityon thereal

time-like axis thuseffectively implementingconfinement.Differentpossibleforms for
/

will be discussedin section7.2 andusedin thesubsequentsections.Note that thechoice
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/ �
� � # � � ��ìQô and ¼ ìQî correspondsto thefreepropagatorsof spin–0andspin–1particles.
In general,the dressingfunctions

/
aredifferent in the scalarandaxialvectorchannelsas

well as they aredistinct from the onefor the quarkpropagator. For simplicity, however,
identicaldressingfunctionsareassumedfor all propagators.As the presentinvestigation
neglectsany axialvectordiquarkloopsit is sufficient for thepresentpurposeto use ¼ ì ô ,
see[OHAR98] whereit hasbeenshown that choosing ¼ ì ô leadsto almost identical
resultsfor baryonamplitudesas ¼ ìQî .

If diquark polesexisted in the � matrix, the diquark–quarkvertices ª and ª Q would
on-shell �
� � ì 2 � � ýE¸ ¶ �º¹ · � correspondto diquarkBethe–Salpetervertex functions. These
vertex functionshave a finite extensionin momentumspaceand fall off fast enoughto
renderall integralsfinite. Empirically oneassumesthat the correspondingscaleis linked
to the (inverse)proton radius. The conjugatevertex functions ¯ª areobtainedby charge
conjugation,

¯ª ³ ����ð��"� ì ½ ª ³ � 2 ��ð 2 �"� ¾ ½ ¾ ð (7.8)

¯ª Q ����ð��"� ì 2 ½¿��ª Q � 2 ��ð 2 �"�%� ¾ ½ ¾ ð (7.9)

whereÀ denotesthetranspose.
In thefollowing thevertex functionsareconstructedexplicitely. They mustbeantisym-

metricundertheinterchangeof thetwo quarks.This implies

ª ³@¶ Qº·��¢ � ¯��ð��"�Iì 2 ª ³@¶ QV·¢�� � 2 ¯��ð��¤� Á�ÂyÃ 8:O ÁLÄ�� (7.10)

Any two quarkswithin a baryonbelongto the colour antitriplet representation.Thusthe
diquark–quarkverticesareproportionalto theantisymmetrictensorÅ{ÆBÇUÈ . Here $ and �
arethecolourindicesof thequarkswhereasx labelsthecolourof thediquark.Furthermore
the scalardiquarkis antisymmetricwhile the axialvectordiquarkis symmetricin flavour.
We maintainonly the dominantcomponentswith regardto the structurein Dirac space.2

Thesearetheantisymmetricmatrix ��É ³ ½Ê� for thescalardiquarkandthesymmetricmatrices
��É Q ½Ê� for theaxialvectordiquark. Considering,for the time being,only two flavoursthe
verticesthenread3

ª ³ �²¢ � ¯��ð��"� Á~Ë 8:9 � ìÌª ³ ��¢ � ¯�c� ì F ý ��É ³ ½Ê� �²¢ �4� ¯� � � ��Í � � �
�

Î õ
Å{ÆBÇ�ÈÎ õ ð (7.11)

ª Q�²¢ � ¯��ð��"� Á~Ë 8:9 � ìÌª
Q��¢ � ¯�c� ì F � ��É Q ½Ê� �²¢ �4� ¯� � � ��Í

� ÍG«U� �
�

Î õ
Å{ÆBÇ�ÈÎ õ � (7.12)

Choosingthescalarfunction � to dependonly on thesquaredrelative momentum¯� � , these
verticesareindeedantisymmetricwith respectto exchangeof quarklabelsfor thepartition

2ThecompleteDirac structurefor thescalardiquarkcontainingfour independenttensorscanbe obtained
by analogyfrom the onefor pseudoscalarmesons.The completeDirac structurefor the axialvectordiquark
consistsof twelve independentterms,four longitudinalandeighttransverseones.

3In the compactnotationthe indices Ï and Ð of Ñ*ÒPÓ not only containthe Dirac labelsbut alsothosefor
flavourandcolour.
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� ì9ô�#	õ . Otherwiseaparameterizationof � woulddependonboth ¯� � and ¯�ÕÔ@� in orderto
comply with antisymmetrization[OPvS00, MR97]. However, completeindependencefor
observablequantitieson � could only be obtainedby solving the BSE for the two–quark
� –matrix in which casethe scalarfunctions� could dependon the quantity � ¯�ÌÔo�"� � (for
� ì=ô�#�õ ) which is symmetricunderquarkexchange.In theactualcalculationswe will use
amultipoletypeansatz

��������ìÌ��Ö´���"� ì × �Ö× �Ö � �
Ö
� (7.13)

Theoverall strengthof thediquarkcorrelationsgiven in (7.11)and(7.12) is governed
by the ’diquark-quarkcouplingconstants’

F ý and
F � . They couldbedeterminedby either

imposingthecanonicalBethe–Salpeternormcondition[Nak69] on ª ³@¶ QV· or by thesolution
to thedifferentialWardidentity for thediquark–photonvertex which is sensitive to thesub-
structureof thediquarks[OAvS00]. For simplicity, we will fix

F ý from fitting thenucleon
mass.Whenincludingaxialvectordiquarkswe will assumetheratio

F
� #
F ýóì î�� õ assug-

gestedby the resultsthat arereportedin [OAvS00]. In this mannerthe baryonBSE (7.1)
becomesaneigenvalueproblemfor thecouplingconstants

F ý and
F
� .

Notethatby parameterisingthequark–quark� –matrixno referenceto thenatureof the
quark–quarkinteractionhasbeenmade.For example,to quantitatively includepionic ef-
fectsonewouldhave to solveDSEsfor thequarkpropagatorandtheBSEwith explicit pion
degreesof freedom.Studieswithin the Nambu–Jona–Lasiniomodel[NJL61a], [NJL61b]
usingdiquark–quarkcorrelationseitherin asolitonbackground[ZAWR97]or with explicit
pion interactionbetweenthequarks[Ish98] leadto asubstantialgainin thebindingenergy.
Sincethecouplingconstant

F ý is determinedfrom thenucleonmass,thosestudiessuggest
thattheinclusionof piondegreesof freedomwouldmerelyleadto ashift of this constant.

Equippedwith the separableform of the two–quarkcorrelations(see(7.5)) and the
functionalform of thescalarandaxialvectordiquarkcorrelationsin (7.11)and(7.12),it is
now possiblespecifytheeffective BSEfor thenucleon.

Uponattachingquarkanddiquarklegsto thevertex functions� oneobtainstheBethe–
Salpeterwave functionsØ . Equation(7.1) canthenberewritten asa systemof equations
for wave–andvertex functions:? u §

� õ�>�� u é O�8 ����ðM§yð��"�
Ù ³ ��§yð��"�Ù Q � ��§yð��"� ì9î�� (7.14)

Here é O�8 ����ðM§yð��"� is the inverseof the quark–diquarkfour–point function which results
from thequarkexchange4. It is thesumof thedisconnectedpartandtheinteractionkernel
whichcontainsthequarkexchange,

é O´8 ����ðM§�ð��¤�Iì�� õ�>�� u » u ��� 2 §¨�bm O�8 ���=Ú���ÛÊx O�8 ��� J �
2 ôõ

2 ª ³ Ã Ü RR Ä m ¾ Ã Ú Ä ¯ª ³ Ã Ü R Ý Ä Î ñ�ª Q
� Ã Ü RR Ä m ¾ Ã Ú Ä ¯ª ³ Ã Ü R Ý ÄÎ ñ�ª ³ Ã Ü RR Ä m ¾ Ã Ú Ä ¯ª Q Ã Ü R Ý Ä ª Q
� Ã Ü RR Ä m ¾ Ã Ú Ä ¯ª Q Ã Ü R Ý Ä (7.15)

4Thediscretelabelshave beenomittedto easethenotation.
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where’ Û ’ denotessimplemultiplicationswithout any contractionsbecausethethusmulti-
plied operatorsacton different(di)quarks.Theflavour andcolour factorshave beenmade
explicit andthereforeª ³ ��� � � and ª Q ��� � � from now on only representtheDirac structures
of the diquark–quarkvertices(multiplied by the invariant function ��Ö´��� � � , cf. (7.13)).
The freedomto partition the total momentumbetweenquarkanddiquark introducesthe
parameter©ßÞáà î�ð	ôSâ with �ãÚ ìä©B� � � and � J ìá�8ô 2 ©¨�
� 2 � . The momentum
of the exchangedquark is then given by 5 ì 2 � 2 § � �8ô 2 õ�©b�
� . The relative mo-
mentaof thequarksin thediquarkverticesª and ¯ª are � � ìå� � §B#�õ 2 �8ô 2 ñ�©¨�
�G#�õ and
� 8 ì°�!#�õ � § 2 �8ô 2 ñ�©¨�
�*#�õ , respectively. Invarianceunder(four dimensional)translations
impliesthatfor every solution

Ù ����ð��"¬�© 8 � of theBSEa family of solutionsexiststhathave
theform

Ù ��� � ��© � 2 © 8 �
�)ð��"¬�© � � . ConsideringtheBSEasa lineareigenvalueproblemfor
thewavefunction

Ù
in thecouplingconstant

F ý , translationinvariancerequiresthecoupling
constanteigenvalueto be independentof © oncea bound–statemass2 � � ìæ� � is fixed.
This independenceis exactlywhatoneobservesin thenumericalsolutionsof theBSE,pro-
vided theanalyticform of thedressingfunctions,eq (7.26)–(7.28),is used.However, the
© –independenceis lost whensubstitutingnon–analyticpropagatorssuchasthoseparame-
terisedby thedressingfunction

/ ; whichwill beintroducedbelow (see(7.29)).Thereason
beingthat Cauchy’s theoremdoesnot apply to non–analyticfunctions. The differencein
theeigenvaluesof theBSEunderthevariationof © canbeshown to equalacontourintegral
in thecomplex � –plane.This integral vanishesonly if theintegrandis ananalyticfunction.
However, whenchoosing

? - ÷ in (7.29),thepropagatorresemblesthefreepropagatorin
a largedomaintherebymitigatingthe © –dependence.

Bethe-Salpeterequationshave beeninvestigatedfor decades;the first investigations
focusedon modeltheorieslike e.g. � ; -theory(seetheoriginal work [Wic54], [Cut54] and
the review [Nak69]) in orderto studythebasiccharacteristicsof theBSE itself. Lateron
it becamefeasibleto apply the BSE to morerealisticmodelswhich describemesonsand
baryons,seee.g.therecentreviews[RW94] and[AvS00] andreferencestherein.It hasbeen
first discussedin ref. [Kau69] andextensively studiedin [AA99] thattheBSE(solvedasan
eigenvalueproblemfor thecouplingconstant)canyield complex solutionsfor thecoupling
constant

F �
for excitedstates.Theorigin of theseunphysicalsolutionshasbeenexamined

andit hasbeenshown that thesesolutionsoccuronly outsidethedomainof validity of the
approximationthathasbeenusedfor thekernel   . Thereasonbeingthattheapproximations
for thekernelandfor thepropagatorsthatentertheBSEhave to bemutuallyconsistent,see
[AA99] for details.

Thestructureof theequationsfor theoctetbaryonsissimilarto thatof thenucleon(7.14).
However, thenumberof Diracstructuresç ³ and ç Q increasesdueto thepossibledifferent
quark–diquarkflavourconfigurations.Theseequationsaregivenin full detailin [OHAR98]
and[Oet00]. Allowing for flavour symmetrybreaking,that is inducedby a differencebe-
tweenthemassesof strangequarkandup/down quark,discriminatesvertex functions ç ³
and ç Q with differentdiquarkconfigurations[OHAR98]. The è hyperonis of particular
interestfor theproductionprocess�®É   è to bediscussedin thefollowing. Thereforeit
is appropriateto morecloselyexaminethedifferentcorrelationsthatmake up the è . One
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findsthecorrelations:

ç4éê` ç ³ ë Ý ð ç ³ ë R and ç QÆ � (7.16)

whicharedistinguishedby symmetryanddiquarkcontent.In thefollowing scalardiquarks
andsymmetrisedaxialvectordiquarksaredenotedby squarebrackets à �����Vâ andcurly brack-
etszM�����V} respectively. Usingthisnotationthescalarcorrelationsm 8 and m � canbewritten in
theform

m 8 ììz ? à í_H%â 2 íîà ? H%âï}M# Î õ ð m � ì�H�à í ? â (7.17)

andtheaxialvectorcorrelationreads

$ïìðà ? zïí=Hº} 2 í!z ? HV}�âñ# Î õ�� (7.18)

Note that broken mNò�� ñ*� –flavour symmetryinducesa componentof the total antisymmet-
ric flavour singlet 8ó ; àôà H
íbâ

?�� à í ? âñH � à ? H%âõí¨â into wave and vertex functions. In non–

relativistic quarkmodelswith mGò��8ò�� symmetrysuchacomponentis forbiddenby thePauli
principle. However, theseflavour singlet admixturescannotbe avoided sincethe lower
componentsin thebaryonbi–spinorsarenon–vanishing.In actualcalculationsthesinglet
contributionsturnout to besmall[OHAR98].

Thestrongform factor
FGö�÷ é entersthecalculationof thecrosssectionfor kaonphoto-

production.It is thereforesuggestive to first discussthebasicformalismfor thecalculation
of theseform factors.

Figure7.2shows thedominantcontributionsto thestrongform factors.Herethemeson
directlycouplesto oneof thebaryonconstituents.Keepingonly suchdirectcouplingswhile
omitting thoseto the exchangedquarkdefinesthe impulseapproximationthat is adopted
here5. The two diagramsshown in fig. 7.2 actuallycorrespondto a numberof diagrams
whichdiffer by thetypeof theinvolveddiquarks.Let usfirst considertheprocessin which
the mesoncouplesto the quark. The diquarkhasto be a scalarí ? –diquarksincethis is
theonly overlapbetweenthewave–functionof theprotonandthewave–functionof the è .
Thesecondimportantcontribution representsthecouplingof themesonto thediquark;the
diquarkassociatedwith themomenta� Z or � O maybescalaror axialvector.

The meson–quarkvertex that entersthe calculationof thediagramsshown in fig. 7.2
is the solution of a separateBSE which hasbeenextensively studied,see[AvS00] and
referencestherein. In thechiral limit this BSEbecomesformally identicalto theDSEfor
thescalarself energy function �!��� � � whenonly the leadingDirac structureis considered,
i.e.

øNù
ú
ø{û ì�üVýî��� O ðM� Z ��ì �õ / É ³ �!���

�
Z �
� �!��� � O � (7.19)

where
/

is themesondecayconstant.
5Contributionsto the nucleonelectromagneticform factorsbeyond the impulseapproximationthat arise

from thecouplingto theexchangedquarkarediscussedin [OAvS00], [OPvS00]and[Oet00].
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Figure7.2: Dominantdiagramsfor the strongform factor
FGö�÷ é . The incoming proton

carriesthemomentum� � while �2ë is associatedwith theoutgoingè hyperon.Theincoming
mesoncarriesthemomentum� andcouplesto thequark(left panel) or to thediquark(right
panel).

Thestructureof themeson–diquarkverticesis constrainednot only by Lorentzcovari-
anceandparity but alsoby the Bose–statisticsfor the two involved diquarks. The pseu-
doscalarmesonaxialvectordiquarkvertex is thusparameterisedas

ü����P� ì 2 �
� �P�õG�
� / Å��� Q%µ ��� O � � Z �

Q � µ � (7.20)

Here the superscripts��ð × denotethe Lorentz indicesof the incomingandoutgoingaxi-
alvectordiquark,respectively andthe momentaaredefinedasindicatedin fig. 7.2. The
nucleonmass� hasbeenintroducedto definethe dimensionlesscouplingconstant� �P� .
Furthermore� is theaverageof themassesof theconstituentquarksin thediquarks.The
correspondingansatzfor thescalar–axialvectortransitionreads,

ü ý � ì 2 � ý �
� / �  ð (7.21)

wherethedefinitionsarethoseof (7.20)and � ý � is againa dimensionlessconstant6 spec-
ifying the overall strengthof the vertex. The vertex (7.21) describesthe couplingof the
diquarksto the derivative of the pseudoscalarmesons.Sucha constructionis suggested
by the chiral structureof the stronginteractionsthat can be written as expansionin the
derivativesof theGoldstonebosons,at leastin thechiral limit.

Having introducedall ingredientsonemaynow proceedandcomputethediagramsin
fig. 7.2. Accordingto theMandelstamformalism[Man55] the diagramshown in the left
paneltranslatesinto anexpressionof theform

? u 5
� õ�>�� u ¯ç�ë1� 5 ë�ð��2ëV�
m*��� Z �
ü ý ��� O ðM� Z �
mG��� O �
ç���� 5 ð�� � �
xy��� J �Eð (7.22)

whereonly thegeneralstructurehasbeenindicated,i.e. indicesthatareassociatedto the
couplingandpropagationof axialvectordiquarkshave beenomitted.Theconjugatevertex
function, ¯ç is relatedto thevertex function ç accordingto:

¯çy����ð��"�IìÌ© J ½�ç�� 2 ��ð 2 �"�
¾ ½ ¾ (7.23)

6Thesecouplingconstantsarefixedusinga procedurethatis detailedin [Oet00].
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with © J ì9ô and© J ì 2 ô whentheinvolveddiquarkis respectively of scalaror axialvector
type.Theloopmomentumis denotedby 5 andthemomentaaredefinedasfollows

� O ì 5 � ©¨� � ð � Z ì°� O � � ì 5 ë � ©B�2ë and � J ì 2 5
� �8ô 2 ©¨�
� � � (7.24)

Again, ©åÞæà î�ð	ôSâ is themomentumpartitionparameter. Thediagramin the right panelof
fig. 7.2 translatesinto a correspondingexpressionwherequarkanddiquarkpropagators
needto beexchangedascomparedto (7.22).

7.2 Confining Model Propagator s

Thenäıve useof perturbative quarkanddiquarkpropagatorsleadsto asymptoticstatesin
thespectrumthat would have to be interpretedasfree (di)quarks7. Hencebaryonswould
decayinto quarksunlesskinematicallyboundandthis would contradictthe confinement
phenomenon.Thepresentchapterfocusesontheideaof incorporatingconfinementinto the
diquark-quarkmodelby suitablemodificationsof thequarkanddiquarkpropagators.These
propagatorsare modified by multiplicative dressingfunctions(as indicatedin (7.6) and
(7.7)) to remove thepolesthatwould occurin theperturbative propagatorsat the(di)quark
masses.This allows to calculatethespectrumnot only of octetbut alsodecupletbaryons
[OHAR98] and (space-like) nucleonform factors[BRS00], [BRSZ 99]. However, there
wouldbeyetotherunphysicalshortcomingsdueto theuseof perturbativequarkanddiquark
propagators:productionprocesseswith time-likemomentumtransfersof theorderof ô GeV
could not be describedproperly. Again, the free–particlepolesof quarksand diquarks
wouldcauseunphysicalthresholdsin theseprocesses.An appropriatemodificationof these
propagatorswould notonly remove theunphysicalthresholdsbut alsoserve asaneffective
descriptionof thestronginteraction.

Thedressingfunctionsthatwill bespecifiedbelow implementdifferentpossibilitiesto
remove thesingularitiesfor real time-like momentain thequarkanddiquarkpropagators.
Eitherthesesingularitiesareabsentor theircontributionscancelin someway[AvS00]. The
qualitativebehaviour describedcanbeencodedin thefollowing models(whicharecertainly
not theonly possibilities)for thequarkpropagatorin Euclideanspace,

m Ã « Ä ���c� ì �E� # 2 � Ú� � � � � Ú
/ « �

�
� � Ú ð § ìQî�ð������{ð3ñAð (7.25)

with

/ � ����� ì ô (barepropagator)ð (7.26)
/ 8 ����� ì ôõ � � ô

� � ô 2 �S# ?
� � � ô
� � ô � ��# ? ð (7.27)

/ � ����� ì ô 2 ���{� à 2 ? �8ô � �"�6â ð (7.28)/ ; ���5ðM����� ì ���	���°à ? �8ô � �"�o�8ô � ���S�6â � (7.29)

7For a discussionof diquarkconfinementseetheoriginalwork [BRS96]andthereview in [Hel98].
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Figure7.3: Thepropagatorfunctions,˜
/ «U���"��ì / «U���"�
#{��� � ô�� for real� andfor § ìQî�ð������yð3ñ ,

cf. eqs(7.26)–(7.29).Thesolid line correspondsto thefreepropagator. Herewe have set? ìQô .

Thetrivial dressingfunction
/ � correspondsto thebarepropagator. Thiscaseis consid-

eredonly for comparison.
The propagator(7.27) hascomplex conjugatepoles [Sti96] suchthat corresponding

virtual excitationscanceleachotherin physicalamplitudes.Hereby� hasthestatusof a
parameterthatwould be interpretedasthequarkmassif andonly if thepoleswereon the
realaxis.

In asecondscenario(7.28),thedressingfunctionis chosensuchthatthepropagatorsare
entirefunctionsandnon–trivial for all finite complex momenta.Then,however, they must
have anessentialsingularityat | �ã| � ì [EI93, BRSZ 99]. This typeof dressingfunction
hasbeenusedquite successfullyto describethe space-like aspectsof baryonswithin the
covariantdiquark-quarkmodel,seee.g.[HAOR97]and[OHAR98].

Third, it might behelpful to approximatepropagatorsby non–analyticfunctions(7.29)
andconstrainthemsuchthat they asymptoticallybehave like ô�#�| �ã| � for both, large space-
likeandtime-likemomenta.Sinceweenforcethepropagatorsto befreeof poles,they must
be non–analyticfunctionsdependingon both the particle momentum� and its complex
conjugate� � . Consequentlythequark–photonandquark–mesonverticesarenon–analytic
andtranslationinvarianceis lost in thesolutionsto thenucleonBSE.Theseissueshavebeen
detailedin section7.1.

In fig. 7.3 the dressingfunctionsareplotted in the form ˜/ «������Mì / «{���"�
#U��� � ô�� for
§9ì¸î�ð������yð3ñ for real � . Note that thesedressingfunctionsarereal in that case.Oneob-
servesthat ˜/ 8 ���"� and ˜/ ; ���"� changesignwhile thefunction ˜/ � ���"� increasesdrastically. For
asymptoticallylarge space-like momentathe threemodelpropagatorsm Ã « Ä ð´��§ ì ô�ð3õ�ð3ñ*�
matchup with the barepropagatorm Ã � Ä . The presentinvestigationfocuseson the phe-
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nomenologicalimplicationsof thethusmodifiedpropagators.

7.3 Kinematical Particularities of Production Processes

The calculationof boundstatemasseswithin the Bethe-Salpeterframework (essentially)
relieson thespace-like propertiesof thepropagatorsof theconstituents.However, for the
descriptionof productionprocesseslike �¤É è   thebehaviour of thepropagatorsof the
constituentsin thetime-like region turnsout to beof primaryimportance.In principlethese
propagatorscanbecalculatedusingDSEs[AvS00] andalsorespective latticemeasurements
shouldbeavailablein thenearfuture; for preliminaryresultsseee.g. [SW01, HKLW98].
Both methodscomprisethenon–perturbative dynamicsandshouldthereforegive thebasic
ingredientsto describehadronsasboundstateof quarks.However, bothapproachesareset
up in Euclideanspaceandonehasto revert to extrapolationswhenthepropagatorsareto
beusedfor time-like momenta.If onewould like to analyticallycontinueform Euclidean
spacebackto Minkowski spaceonewould have to know the propagatorsnot only on the
real axis but in a region of the complex plane. In orderto calculateamplitudesof physi-
calprocessesbetweenon–shellparticlesusingtheEuclideanBethe–Salpeterformalismthe
temporalcomponentsof the externalmomentamustbe purely imaginarythus leadingto
complex internalmomenta.In thesecalculationsthereforethestructureof thepropagators
in the complex momentumplaneis essential.As repeatedlymentioned:confinementis
understood(within thisphenomenologicalcontext) astheabsenceof poleson thetime-like5 � –axisin thepropagatorsof colouredstates.

The BSE is mostconveniently solved in the rest frameof the boundstatewherethe
totalmomentumof theboundstateis � ì�� wîÕðM����� . In (7.14)theloopmomentum§ relative
betweenquarkanddiquarkis chosento bereal.Hencethetemporalcomponentof thequark
momentum§!Úíì°©B� � § becomescomplex. Thereforethesolutionof theBSE’probes’the
quarkpropagatorat complex momenta;moreprecisely:within a parabolashapedregion,
seefig. 7.4.Thevaluesof § � Ú thatarecoveredwhenintegratingover § lie within aparabola
thatopenstowardsthespace-like axis,cf. fig. 7.4. The interceptof theparabolawith the
realaxis is at (small) time-like § � Ú ì 2 ��©B��� � . Thus,solving theBSEmainly probesthe
behaviour of thequarkpropagatorfor space-like momenta.

Thesolutionof theBSEyieldsthevertex functionsthatarethebasicingredientsto all
furthercalculations,like e.g. thecalculationof thecrosssectionfor productionprocesses.
Having examinedthemomentumregimerelevant to thesolutionof theBSEitself we now
focuson themomentumregimethat is ’probed’ in thecalculationof productionprocesses
like kaonphotoproduction.A contribution to thereaction�¤É è   that involvesa quark
loop is shown in fig. 7.5. It turns out that it suffices to considera parabolashapedre-
gion of the complex 5 � –plane(i.e. it is sufficient to consideronly this momentumand
ignoretheothers).This canbeunderstoodin at leasttwo ways: Onecouldusethewave–
functionsratherthanthe vertex–functionsfor the calculationof the diagram. In this case
thepropagatorsthatdependon �=Ú�ðM§!Ú and� J areincludedin thewave–functionsandthere
would beno necessityto treatthemseparately. Nevertheless,consideringthepropagators
mG��� Ú �8ð�mG� 5 �8ð�mG��§ Ú � and xy��� J � separatelyonefindsthatamongall theinternalmomentain
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Figure7.5: Main contribution to kaonphotoproduction�¤É   è ,

thediagramit is 5 thatreachesfarthestin thetime-like regime.Thusthefollowing analysis
for � Ú and§ Ú wouldyield lessrestrictive conditions.

Fromthemomentumroutingshown in fig. 7.5onehas:

5 ì°� O � �  ì°©B� � C � �  (7.30)

where© is againthemomentumpartitionparameter(� O ìÌ©¨� � C ð,� J ì��8ô 2 ©¨�
� 2 C ) andC
denotesto the loop momentum.Theloop momentumis chosento berealwhich implies

that the externalmomentalike � and �  musthave an imaginarytemporalcomponentin
orderto correspondto physicalparticles.Thefollowing kinematicalconsiderationsreferto
theprotonrestframeandassumethatthephotonpropagatesalongthe

v
-axis,

� ì�� wîÕðM�����8ð �  ì��8î�ð 3 ð	î�ðM� 3 �8ð C ì�� wC ð C u �,� (7.31)

Hencethemomentumenteringthequarkpropagatorbecomes

5 � ì 2 © � � � � C � 2 õ�©B� 3�� õ 3 CEJ � �"� õ�©¨� � õ 3 � C u (7.32)
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wherethe real and imaginarypartsof 5 � have beenseparated.This shows that we need
to know the propagatormG� 5 � � at complex 5 � in orderto be ableto computethe handbag
diagramshown in fig. 7.5. Thesetof valuesof 5 � thatoccuris illustratedin fig. 7.4. The
situationseemsto bequiteparallelto whatwe foundfor theBSE;in bothcaseswe needto
know thepropagatorsin aparabolashapedregionof thecomplex plane.Theinterceptwith
theimaginaryaxisis in bothcasesminustwo timestheinterceptwith therealaxis(cf. fig.
7.4). However, thereis oneimportantdifference.For theproductionprocessestheintercept
with the real axis doesdependon the photonenergy

3
, moreprecisely: � ì���©B� �K3 � �

whereasfor theBSEonehas� ì ��©B��� � . Thusfor
3 ì î thecomputationof thehandbag

diagramshown in fig. 7.5 usesthesameregion of thecomplex planethat is necessaryto
solve theBSE.However, for

3 - î theparabolais shiftedin thedirectionof thenegative
realaxis.

The thresholdfor kaonphotoproductionis at
3

slightly lessthan ô GeV andthe cross
sectionhasbeenmeasured[T Z 98] up to

3 X õ GeV. This impliesthatthehandbagdiagram
‘probes’thequarkpropagatormuch fartherinto thetime-like region thantheBSEitself.

Theanalogouskinematicalanalysisfor strangeness–production �®� �   è (seeright
panelof fig. 7.4) exhibits the samequalitative features.That processaswell ‘probes’ a
parabolashapedsubsetof the complex plane,wherebythe parabolais somewhat broader
than the one in figure 7.4. However, thereis againan importantdifference: for typical
kinematicalsituationstheparaboladoesextendonly up to 5 � X 2 î�� ÷�ñ GeV

�
into thetime-

like region. That is, the reaction�¤� �   è ‘probes’ the propagatorsin essentiallythe
sameregionastheBSEdoes.It is thereforenotassensitive askaonphotoproductionto the
behaviour of thepropagatorin thetime-like region.

The main conclusionof the above discussionis that certainproductionprocessesare
significantlymoresensitive to thestructureof thequarkanddiquarkpropagatorsthane.g.
thebaryonspectrumascalculatedwithin theBethe-Salpeterformalism.Hencethestudyof
suchprocessesshouldprovide importantinformationaboutthesepropagators.

7.4 Results for Kaon Photopr oduction

This sectionis divided into two parts;first the modelparameters(seetable7.1) arefixed
from the octetbaryonmassesandthe nucleonmagneticmoments.The numericaldetails
for solving theoctetbaryonBSEsandthecomputationof the form factorsarethoroughly
discussedin [Oet00]. Thentheresultsfor thestrongform factor

FGö�÷ é areshortlydiscussed
sincethey enterthecalculationof thecrosssectionfor kaonphotoproduction.Theresultsfor
É"�   è , which arethemainobjective of thepresentinvestigation,arethenpresentedin
thesecondpartof this section.Theresultsthatarediscussedherehave beenfirst published
in [AAF Z 00a].

Within the requirednumericalaccuracy it hasbeenassuredthat the above described
independenceof theoctetmassesof themomentumpartitionparameter© whenanalytical
propagatorsare used. As arguedbefore, this invariancedoesnot hold for non–analytic
propagators. In thesecases© hasbeenchosento be closeto its non–relativistic value� Ú #U� � Ú � � J � where � Ú and � J denotequark and diquark massparametersof the
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I II III IV V VI expt.
diquark: only scalar scalarand

axialvector/ � 2 1 1 3 1 3?
2.0 8.0 4.0 6.0 4.0 6.0�ML ì � J [GeV] 0.40 0.45 0.45 0.52 0.45 0.52� ý [GeV] 0.64 0.70 0.69 0.75 0.67 0.72N

0.70 0.95 0.92 0.97 0.92 0.97× �
[GeV
�
] 0.25 0.1 0.1 0.1 0.1 0.1

� Ü 2.83 2.47 2.64 2.32 2.70 2.33 2.79� Ö 2 2.37 2 2.15 2 2.32 2 2.08 2 2.08 2 1.82 2 1.91

octetmasses,� ÷ ìQî�� 	�ñG	 GeV fixed
è [GeV] 1.13 1.12 1.12 1.12 1.13 1.12 1.12O

[GeV] 1.30 1.27 1.29 1.30 1.22 1.21 1.19P
[GeV] 1.37 1.37 1.39 1.36 1.37 1.33 1.32

Table 7.1: The six parametersetsof the model investigatedhereand the respective re-
sults for the nucleonmagneticmomentsand the octet masses. Calculationsusing the
first four setsinvolve only scalardiquarks,whereasthe setsV and VI also include axi-
alvectordiquarks.The parameter

N
determinesthe diquarkmass(scalarandaxialvector),� J ì N � � �

� � � � , with themassparameters� � �
�

of its constituentquarks.Theparame-
ter
×

determinesthewidth of thediquarkamplitudes,see(7.13).For setI thecorresponding
shapeof theamplitudeswaschosento bea quadrupole(� ì ö ), for theothersetswe fixed
it to beadipole(�Qì6õ ).

flavour channelassociatedwith the consideredbaryon. This choiceis naturalsinceother
onesyield largereigenvaluesof theBSE.Thephysicalnucleonmassis usedto fix thescalar
diquarkcoupling

F ý andthe è -massto determinethestrangequarkmassparameter� ý . By
reproducingthe phenomenologicaldipole fit for the proton electric form factor, éRQ one
essentiallyfixesthediquarkwidth

×
.

Table7.1 lists thesix parametersetsthatwill beemployedto computetheobservables
of productionprocesseslater on. The first four setsarerestrictedto the dominantscalar
diquarkcorrelations.SetI refersto thepole–freeexponentialdressingfunction,

/ � , while
the setsII and III areassociatedwith dressingfunctionsof the Stingl type,

/ 8 (cf. eqs.
(7.27)and(7.28)). Thesetwo setsdiffer by thevalueof

?
thatcharacterisestheseparation

of thecomplex conjugatepoles.Finally setIV assumesthenon–analyticpole–freedressing
function,

/ ; (cf. (7.29)).Thedressingof thepropagatorsincreasethepredictedprotonmag-
netic momentwhenall othermodelparametersremainunchanged.Using the parameters
of setII but freepropagatorsyields � Ü ì=õG� õG� while theStingl–typepropagatorsresultin� Ü ìQõG� ö�ò and � Ü ì õG��ò�ö for

? ìæ���î and
? ì=öG��î , respectively. Themagneticmoment

of theprotonfalls a little shortfor thesetsII andIV. Theoverall pictureemergesthat the
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Figure7.6: Left panel: Protonelectricform factornormalizedto thedipolefit. Theexperi-
mentaldataaretakenfrom ref. [H Z 76]. Rightpanel: Theratio � � Ü�` Q²�
# ` A for theproton
with theexperimentaldatapublishedin ref. [JZ 00].

restrictionto only scalardiquarkcorrelationsproducestoo large ratios | � Ö�# � Ü | andrather
largemasssplittingsbetweentheoctetbaryons,especiallybetween

O
andè .

As shown in fig. 7.6 all setsreasonablywell reproducethe electric form factor, ` Q .
The resultsareconfinedwithin a region that is characterizedby lessthanapproximately
15%deviation from thedipolefit. Thisdeviation,althoughrectifiableby refiningthetime–
consumingparametersearch,is of no significancefor the conclusionsthat will be drawn
from theresultsfor theproductionprocesses.This will becomeclearfrom thediscussions
below.

Thecalculationsthatemploy theparameterssetsV andVI includea moderateadmix-
ture of axialvectordiquarks,

F
� #
F ý�ì î�� õ . For simplicity the axialvectordiquarkmasses

arechosenidenticalto thescalarones.Here,theStingl form
/ 8 (setV) andthenon-analytic

form,
/ ; (setVI) areof particularinterest,sincelater it will be shown that the exponen-

tial form,
/ � producesunacceptableresultsfor the productionprocesses.Upon inclusion

of the axialvectordiquarkthe gooddescriptionof ` Q remainsunchangedwhile the ratio
| � Ö"# � Ü | andthe masssplitting between

O
and è even improve. For setVI the predicted

octetmassesarealmostindistinguishablefrom their experimentalvalues. As alreadyob-
served in [OAvS00] andas is exhibited in the right panelof fig. 7.6, the ratio ` Q{# ` A
calculatedwith axialvectordiquarksincludedcomesconsiderablycloserto theexperimen-
tal valuesthanin acalculationthatomitsthesedegreesof freedom(setsI–IV). As explained
in [OAvS00], increasingthestrengthof axialvectorcorrelationsin theprotonforcesthera-
tio ` Q�# ` A to bendto lower valuesat largephotonvirtualities. This alsosuggeststhat in
orderto preciselyreproducetheempiricalresultonewouldneedaslightly largeraxialvector
couplingthantheassumed

F
� #
F ýIìQî�� õ .

All setspredictthemaximumof theneutronelectricform factorto lie betweenî���î�õ�÷ba
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Figure7.7: Resultsfor thestrongform factor
FGö�÷ é . Theparametersets(I–VI) aredefined

in table7.1. For � � a�è �BF areobtainedfrom a rationalfit asexplainedin themain text.
(See[AAF Z 00a] and[Fis99] for adetaileddiscussion.)

` Q4a î���î�ö . This is only abouthalf the valueextractedfrom recentexperiments[PZ 99,
OZ 99]. Within thismodelapproachimproveddescriptionsfor this form factorcanbefound
in [OPvS00]and[OAvS00].

In a previousstudy[OAvS00] thatemployedfreequarkanddiquarkpropagatorsit was
not possibleto reproducethenucleonmagneticmomentsandthe i masssimultaneously.
Thekinematicalbindingof the i requireda largeconstituentquarkmass,� Ú ìQî�� ö�ñ GeV,
which in turndecreasedthemagneticmoments(in magnitude).Furthermoretheuseof free
propagatorsenforcedmoderateaxialvectordiquarkcontributions(about25%) to properly
describethe ratio ` Q�# ` A of electricandmagneticform factorsfor � � up to õ GeV

�
. In

contrast,theintroductionof dressingfunctionsfor thequark–photonvertex (see[AAF Z 00a]
for details)allowsto chooseratherlargeupquarkmassparametersaround�jL ìQî�� ö�÷ GeV
andstill obtainaprotonmagneticmomentthatagreeswith experimentreasonablywell.

Figure7.7 displaysthe resultsfor the form factor
FGö�÷ é,��� � � that will be usedin the

calculationof the crosssectionfor kaonphotoproduction.8 Theseresultshave beencal-
culatedin the Breit–framewhich is specialbecausethe calculationscannotbe performed
below a certainmomentumfor the meson.This lower boundis given by: � � <ðè �BF ì
� � é 2 � � ÷ X î�� ö GeV

�
andbelow thismomentumonehasto usea(rational)extrapolation.

For the specialcase� � ì î it hasbeenexplicitely verified that the thusobtainedresults
areequalto the correspondingresultsthat areobtainedin the lab–frame. The prediction
for
FGö�÷ éc��� � ì î�� is comparableto thosefoundby QCD-sumrule or Skyrmemodelcal-

culationsbut somewhatsmallerthanthechiral bagmodelresult,cf. [JC99] andreferences
therein.Extrapolating

F*ö{÷ éc��� � � to thekaonmassshell � � ì 2 � � ö yieldsvaluesin the
rangeô�ò�� ñ°^ F*ö{÷ é�^ ô�	�� ñ . This is slightly above theballparkof thenumbersextracted
from experiment[TRdS95].

8Theseresultsareincludedherefor completeness.For a detaileddiscussionof the theoreticalbackground
thereaderis referredto [Fis99].
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Figure7.8: Main contributionsto kaonphotoproduction�¤É è   . The incomingproton
andtheoutgoingè carrythemomenta� and �oé respectively. Thelower partof thefigure
shows thetreelevel diagramthatmodelstheexchangeof a virtual kaon.

Having introducedthebasicformalismandhaving fixedtheparametersof themodelit
is now possibleto discusstheresultsfor kaonphotoproductionÉ"�   è . Themaincontri-
butionsto this reactionareshown in fig. 7.8wheretheinternalmomentaof the(uncrossed)
‘handbagdiagram’aredefinedaccordingto

� O ì°� � © Ü � � J ì 2 �
� �8ô 2 © Ü �
� (7.33)

5 ì°� O � �  � Z ì 5y2 � ö (7.34)

�Né ì�� � �  2 � ö ��ë�ì°� � �8ô 2 © Ü �
� 2 �8ô 2 ©�é��
�oé�� (7.35)

Here © Ü and ©�é arethe momentumpartition parametersof theprotonandthe è , respec-
tively. Both, © Ü and©�é canbechosenindependentlyin therangeî�^ì© Ü ðM©´é°^ ô .

The two ‘handbagdiagrams’modelthe couplingto oneof theconstituents.They are
calculatedwithin theMandelstamformalism[Man55] whichyields

$ 8 ìÌ�
? u �
� õ�>�� u ¯ç�éc����ë$ð��oéã�
mG��� Z �
ü ö � 5 ðM� Z �
mG� 5 � zMü  ��� O ð 5 �
mG��� O �
ç{������ð��"�
xy��� J � }

(7.36)

for theamplitudeof theuncrossedhandbagdiagram.Here ¯ç�é and ç Ü arerespectively the
vertex–functionsof the è andtheprotonasdiscussedin section7.1. Furthermoreü ö is the
meson–quarkvertex that hasbeendiscussedin the precedingsection. The photon–quark
coupling, ü  is describedby the Ball–Chiu vertex (2.32) or its generalisationto the case
of non–analyticpropagators,seesection7.1 andespeciallythe discussionin [AAF Z 00a].
Thetransversecontribution is usuallyfoundto beverysmall(for boundstatereactions)and
thereforeit will beneglectedin thefollowing. Althoughtheform of thisvertex is notmodel
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specific,it containstheself–energy functionsandthusit implicitly dependson themodel
propagators.Theexpressionfor thecrossedhandbagdiagramcanbeeasilyinferredfrom
(7.36); this andall othertechnicaldetailsthat enterthis calculationaregiven in appendix
B.3.

The treelevel diagrammodelstheexchangeof a virtual kaonandis expectedto yield
a non–negligible contribution for large photonenergies. For the photon–mesoncoupling
we usea barevertex multiplied with thekaonelectromagneticform factor(seeAppendix
B.3) while themeson–baryonvertex is proportionalto

FGö�÷ é!��� � � thathasbeendiscussed
in section7.1.

The‘handbagdiagrams’shown in figure7.8probethepropagatorsnot only for space-
like momentabut alsofor comparablylarge time-like momenta,ashasbeenemphasised
in section7.3. This sensitivity to thebehaviour of thepropagatorsfor time-like momenta
distinguishesthereaction�¤É è   from mostotherproductionprocesses.

In theleft panelof fig. 7.9 thetotal crosssection����É"�   è&� is shown asa function
of thephotonenergy

3
. Oneobservesthattheparametersets(II–IV) predictcrosssections

that arecomparablewith the experimentaldata. Thesemodelcalculationsdo not include
axialvectordiquarks.Oncethesedegreesof freedomaretakeninto account(setsV andVI),
thecross–sectionis overestimatedby abouta factorfour. For thefive setsII–VI onefinds
thatthetotalcrosssectionisstronglydominatedby thekaon–exchangediagram(cf. fig. 7.8)
while thehandbag–typediagramscouldbealmostneglected9 andit is obvious that in this
casetheresultsfor

FGö�÷ é (cf. fig. 7.7)directly translateinto resultsfor thecrosssection.If
only a singlediagramcontributesinterferencecannotoccurandit is evidentthatthemodel
calculationsdo not reproducethedip in theenergy region ô���ô GeV ^ 3 ^ ô�� ö GeV. Tuning
the modelpropagatorssuchthat the two diagramsareof equalimportancethis dip could
be reproduced[AAF Z 00b]. Onefinds that an exponentialdressingfunction (set I) leads
to an extremeoverestimationof the experimentaldata. In this caseactually the handbag
diagramsdominatewhile thekaonexchangecontributionsarecomparatively small. Figure
7.9clearlyshows thatthelargedisagreementof themodelresultswith thedatacertainlyis
not a fine–tuningproblem. Ratheronehasto concludethat the comparisonwith the data
rules out propagatorsthat strongly rise in the time-like region as the one dressedby an
exponentialfunction.

The differential crosssectionis shown in the right panelof fig. 7.9 for the energy
interval ô�� õ GeV ^ 3 ^ ô�� ñ GeV asa function of the anglebetweenthe momentaof the
initial protonandthefinal kaonin thecenterof massframe(seeappendixB.3 for details).
Although themodelcalculationsreproducetheempiricalincreaseof thedifferentialcross
sectionascos|o¸ ý goesfrom minusto plusone,the increaseappearsto beoverestimated.
For thoseparametersets(II–VI) for whichtheresultingcrosssectionsaredominatedby the
kaonexchangediagramsthepredicteddifferentialcrosssectionsturn out too small in the
backwardscatteringregion while they aretoo big in theoppositedirection.As a resultthe
total crosssectionagreeswith theempiricaldatareasonablywell. Again, theexponential
type propagatorsyield differential crosssectionsthat areway off the dataandthis again

9It is interestingto notethatevenfor thehandbagdiagramaloneresultsobtainedwith a Ball-Chiu or bare
photonquarkvertex, respectively, differ by atmosta few percent.
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Figure7.9: The total crosssectionfor kaonphotoproductionasa functionof the incident
photonmomentum

3
(left panel) andthe differentialcrosssection(right panel) for kaon

photoproductionaveragedin the energy bin à ô�� õ�ð	ô�� ñ�â GeV. The parametersets(I-VI) are
definedin table7.1. Theexperimentaldataaretakenfrom [T Z 98].

necessitatestheconclusionthatthis typeof dressingfunctionis notacceptable.
Theasymmetriesthataredefinedin (B.44)–(B.46)havealsobeencalculated.Onefinds

that they essentiallyvanishfor themodelpropagatorsthatcanbeconsideredto bereason-
able, i.e. setsII–VI. Although the modelcalculationcorrectlypredictsthat the polarised
photonasymmetry

O
, see(B.46), is positive for cos| cm a°î andnegative otherwise,the

absolutevaluesareoff by several ordersof magnitude.Only whensubstitutingpropaga-
tors thatarecharacterizedby theexponentialdressingfunction thepredictedasymmetries
roughlyagreewith theempiricaldata. However, this typeof propagatorhasalreadybeen
discardedfor reasonsthathave beendetailedabove.



Chapter 8

Conc lusions and Outlook

The quark propagatorhasbeenthe main objective of the presentstudy. Threedifferent
approacheshave beenfollowedwhichmutuallycomplementeachother.

First the fermion propagatorin (2+1)-dimensionalQED hasbeeninvestigatedwithin
the Dyson–Schwingerapproachin order to allow for a direct comparisonwith the corre-
spondingcalculationsfor QCD.Herebytwo differenttruncationschemeshavebeenstudied
which allows to assessthe reliability of the results.It hasbeenfoundthat thebare–vertex
approximationaswell astheBall–Chiuansatzfor thevertex giveverysimilar resultswhich
indicatesthat theresultsaregeneralandnot specificto thetruncationscheme.Within this
framework thephasestructureof this modeltheoryhasbeenexaminedandin particularit
hasbeenshown that thereis a phasewherethe chiral symmetryis spontaneouslybroken
andwherethefermionsareconfined.Theseresultshave beenthemotivation for thestudy
of QED; : while beingtechnicallymuchsimplerthanQCD both theoriessharethesame
basicphenomena.

Theresultsfor thefermionpropagatorareencodedin thecorrespondingresultsfor the
self–energies $���� andit hasbeenshown thattheresultsfor $ arequalitatively differentin
theconfinedphaseandin theunconfinedphase.For theunconfinedphaseonefindsthat $
hasa power-like behaviour in the infraredwhich entailsthat $&��������� . This is in explicit
contrastto thebehaviour of � in theconfinedphase:thereit is foundthat � becomescon-
stantin theinfraredat a non–vanishing�����n����� . This convincingly demonstratesthatthe
fermionpropagator(in QED� ) possessestheinformationwhetheror not thecorresponding
particleis confined.Thescalarself–energy � andespeciallyits infraredbehaviour indicate
whetherthechiral symmetryis spontaneouslybroken. For theunconfinedphaseonefinds
that ����� whereasfor theconfinedphaseonefinds that � is stronglyenhancedfor small
momentawhich demonstratesthat the confinementphasetransitionis alsoa chiral phase
transition.
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The main part of the presentstudyfocuseson the quarkpropagatorin Landaugauge
QCD andon thequark–loopcontribution to thegluonDSE.In anab initio calculationthe
full coupledsystemof DSEsfor thegluon-,ghost-andquarkpropagatorhasbeensolved.
In orderto arriveataclosedsystemof equationstheapproximateSlavnov–Taylor identities
have beenusedto constructthevertex functions.

The solutionsthat have beenfound for the quenchedapproximationand for the full
coupledsystemof DSEsarequalitatively very similar. For bothcasesthesolutionsshow
thatchiral symmetryis spontaneouslybroken.This is expressedby thepiondecayconstant
andthechiralcondensatewhicharebothnonzero.However, thestrengthof chiralsymmetry
breakingturnsout to small.For ������� and �����K� oneobtainsfor thepiondecayconstant
about60%and30%,respectively, of theexperimentallymeasuredvalue. This decreaseof���

is mainly dueto the thedecreaseof the infraredscale � which is theninheritedby the
pion decayconstant,thechiral condensateandthemassfunctionwhich all decreaseasthe
numberof flavoursincreases.Thescalarself–energy � andthemassfunction � become
bothconstantin theinfraredquitesimilar to theresultsthathave beenfoundin QED� .

A possibleconfinementsignatureshouldbeapparentin � sincethescalarself–energy
� is essentiallyfixedby thepatternof chiral symmetrybreaking.Theresultsshow that �
becomesconstantin the infraredwhich is in qualitative agreementwith the infraredlimit
of � in theconfinedphaseof QED� . Furthermoreit hasbeenfoundthat � hasa bumpat
intermediatemomentathat increasesin sizeas the numberof flavours is increased.This
bumpthereforeis aninterferenceeffectdueto thequark–loopwhichoccursonly in thefull
coupledsystem.

Also theresultsfor thegluon-andghostrenormalizationfunctions� and � arequalita-
tively very similar to thecorrespondingresultsfor thequenchedapproximation.Sincethe
quark–loopis subleadingin the infrared(ascomparedto theghost–loop)onefinds for all ¢¡ ��� ¡ � that the gluon propagatoris infraredvanishing( �¤£¦¥:§�¨ ©"ª ) while the ghost
propagatoris infraredenhanced( �«£¬¥��® ¨ ¯�° ). The renormalizationfunctionshave been
rewritten usingthe functions ± and ² which have a moredirect physicalinterpretationin
termsof therunningcoupling( £³± ) andtheeffective interaction( ±´² ) in thequarkDyson–
Schwingerequation.It hasbeenshown that thequalitative featuresof ± and ² remainun-
changedupontheinclusionof thequark–loop.However, the infraredlimit ±n�   � aswell as
theUV limit of ² decreaseasthenumberof flavoursis increased.This ��� –dependenceof
² is inheritedby theeffectivecoupling ±´² andthusleadsto thepronounced��� –dependence
of thestrengthof chiral symmetrybreaking.Thenon–perturbative runningcoupling µ�¶ is
proportionalto ± in awaythatthe ��� –dependenceof ±n�   � cancels.This impliesthat µ�¶ has
aninfraredfixedpoint at µ�¶�·�¸´¹ º�» independentof thenumberof flavours.
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Oneof themainissuesof thepresentstudyis theinvestigationof thephysicalpositivity
constraintsfor thegluon-andquarkpropagators.A violationof thesepositivity constraints
implies that no Källen–Lehmannrepresentationexists andthat the correspondingparticle
thereforecannotoccur in the asymptoticspectrum.For the gluon propagatorit hasbeen
found that positivity is violatedfor all

 ¢¡ ��� ¡ � . This very stronglyindicatesthat all
colouredgluonstatesareconfined.This is in contrastto theresultsfor thequarkpropagator
whereno violation of the physicalpositivity constraintscould be found. However, while
the violation of positivity implies that the correspondingparticle is confinedone cannot
concludethatthenon–violationof positivity indicatesunconfinedparticles.

Finally it has beeninvestigatedwhethermesonproductionprocessescan give phe-
nomenologicalconstraintsonthequarkpropagator. It hasbeenshown thattheseproduction
processesinvolve a large time–like momentumtransferto oneof the constituentsof the
boundstatesthat participatein the reaction. Among thesemesonproductionprocesses
kaonphotoproductionhasbeenfound to beparticularlywell suitedto constrainthequark
propagatorin thetime–like region. ThiscomplementstheDyson–Schwingerstudieswhich
aresetup in Euclideanspaceanthusyield thepropagatorsonly for space–like momenta.

The differentialandtotal crosssectionaswell astheasymmetriesfor kaonphotopro-
ductionhave beencalculatedwithin thecovariantdiquark–quarkmodel. Herebytheprop-
agatorsof the quarkanddiquarkhave beendressedin a way that effectively implements
confinement.In orderto studytheimportanceof thequalitative featuresof thequarkprop-
agatordifferentdressingfunctionshave beenexaminedandcompared.Theresultsfor the
crosssectionof kaonphotoproductionclearlyshow thatthequarkpropagatormustnot rise
in thetime–like region andin particularpropagatorswith anexponentialdressingfunction
have beenruled out. Among the dressingfunctionsthat have beenconsideredthe results
favour the Stingl ansatz[Sti96] which hasno singularitiesfor real momentabut complex
conjugatepoles.This is alsosupportedby Dyson–Schwingerstudiesfor QED� [Mar95].

The comparisonof theDyson–Schwingerresultsfor QED� in theconfinedphaseand
QCD revealsimportantsimilarities.For theconfinedphaseof QED� it hasbeenfoundthat
thefermionpropagatorbecomesconstantin theinfraredwhile it vanisheswith apower-like
behaviour in theunconfinedphase.Thestudywithin this modeltheorythussuggeststhata
fermionpropagatorwhichbecomesconstantin theinfraredindicatesfermionconfinement.
Transferredto QCD this would thenimply that the quarkpropagatorthat hasbeenfound
correspondsto aconfinedquark.

This possiblescenariowouldbesurprisingbecausetheresultsfor thegluonpropagator
gave credibility to thehypothesisthatconfinementis apparentin thepropagatorsvia viola-
tion of thepositivity constraints.Furthermorethenon–positivity of colouredstateswould
directlycombinewith theBRSquartetmechanismto explain theabsenceof colouredstates
in thephysicalspectrum.

However, neitherfor QCDnor for QED� any indicationof positivity violationcouldbe
foundfor thefermionpropagator. As farasQED� is concernedit seemsto beveryunlikely
that this resultdoesdependon the truncationschemesincetwo ratherdifferenttruncation
schemeshave beeninvestigated.For QCD the situationis similar thoughsomewhat less
conclusive. Thedifficultiesthathave beenencounteredin therenormalizationof thequark
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DSE andof the quark loop indicatethat the quark–gluonvertex asconstructedfrom the
approximateSlavnov–Taylor identity ignoresan importantingredient.This shouldbedue
to theneglectionof thequark–ghostscatteringkernelin thecorrespondingSlavnov–Taylor
identity.

Thediscussionalsohighlightsthecentralissuesthathave to bemorethoroughlyunder-
stoodin orderto advancethepresentinvestigation.First it hasto beexaminedwhetherthe
violation of positivity for thequarkpropagatoractually is a necessaryconfinementsigna-
ture. Herethecomparisonwith QED� clearly indicatesthat this is not thecase.Secondly
in theconstructionof thequark–gluonvertex the quark–ghostscatteringkernelshouldbe
taken into account.This is essentialbecauseotherwisetherenormalizationof thequarkis
impossiblewithout furtherprescriptions.



Appendix A

Dyson-Sc hwing er Equations:
Numerical Methods

This appendixcollectsvarioustechnicalaspectsof the numericalsolutionof the DSEsin
QED� andQCD. The focus is on the numericalmethodsthat have beenfound usefulas
well ason the (technical)problemsthatoccur. Most of the techniquesthathave beenap-
plied to solve theDSEsfor QED� (andthataredescribedin the following section)canbe
appliedto thecoupledsystemof DSEsfor QCD. - However, for thecaseof QCD thereare
someadditional(technical)problemswhichareshortlydiscussedin aseparatesection.The
Chebyshev approximationhasbeenextensively usedandit is discussedin sectionA.2

A.1 Dyson-Sc hwing er Equations for QED¼
Analytically thesystemof DSEsfor the fermion propagatorandthephotonpropagatoris
first transformedinto a coupledsystemof equationsfor theselfenergy functions��½x� and
thepolarizationscalar¾ (seeeqs.(2.47)-(2.49)).As hasbeensaidalready, this is acoupled
systemof nonlinear integral equations. Thereforeit hasto be solved using an iterative
process.If we write thesystemof DSEs(2.47)-(2.49)formally as

¿ �ÁÀ���Â�ÃÅÄÇÆÉÈËÊ ¿ ½x��½"¾Ì½"ÀÎÍ (A.1)

���ÁÀ���Â�ÆÐÏzÊ ¿ ½x��½"¾Ì½"ÀÎÍ (A.2)

¾Ñ�ÁÀ���Â��ÒÆ:ÓÔÊ ¿ ½x��½"ÀÎÍ (A.3)

where � is thenumberof fermionflavoursand ÆÉÈ�½xÆzÏ and Æ:Ó containthenontrivial con-
tributions to

¿ ½x� and ¾ respectively. Theseselfenergy contributions ÆÉÈ�½xÆÐÏ and ÆÉÓ do
dependnonlinearlyon

¿ ½x� and ¾ . The iterative processgivesa sequenceof approxima-
tions

¿�ÕÁÖ
§ �ÁÀ���Â�ÃÅÄÇÆÉÈËÊ

¿�Õ ½x� Õ ½"¾ Õ ½"ÀÎÍ (A.4)

� ÕÁÖ § �ÁÀ���Â�ÆÐÏzÊ
¿�Õ ½x� Õ ½"¾ Õ ½"ÀÎÍ (A.5)

¾ ÕÁÖ § �ÁÀ���Â��ÒÆ:ÓÔÊ
¿�Õ ½x� Õ ½"ÀÎÍ (A.6)
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to theexactsolution × ¯¿ ½ ¯��½ ¯¾RØ of (A.1), (A.2) and(A.3) suchthat
¿�Õ ¯¿ � Õ ¯� ¾ Õ ¯¾ (A.7)

for Ù giventhatthatstartingguess× ¿ ® ½x� ® ½"¾ ® Ø is in a sensenot to ’f ar’ from thereal
solution × ¯¿ ½ ¯��½ ¯¾�Ø .

Theselfenergies ÆÉÈ�½xÆÐÏ and Æ:Ó areexpressedasloop integralsover theEuclidean4-
momentum. One of angularintegrationscan be performedtrivially suchthat the radial
integral over Ú ° andanangularintegral over theanglebetweentheexternalmomentumÀ
andtheloopmomentumÚ remainsto bedonenumerically.

To illustratetheconceptsit is appropriateto shortlyrecall theDSEfor thepolarization
scalarin thebarevertex approximation;the techniquesandmethodsaregeneralandhave
beenalsoappliedto theDSEsfor

¿
and � . In thetheasymmetricmomentumrouting the

DSEfor ¾ reads:

¾��ÁÀ���ÂMº��
Û °
À °

Ü � Ú
�ÁÝ´Þß� �

à
À °
á À�½"À¢â¢Ú:ã á À�½"Ú:ãÉâ á À¢â¢Ú:½"Ú:ã �<ä��ÁÀ¢â¢Úz���<än�ÁÚz� (A.8)

with

�<än�ÁÚz��Â
¿ �ÁÚz�

Ú ° ¿ �ÁÚz�ÎÄÇ���ÁÚz� (A.9)

andthe conventionthat
á À�½"ÚzãÌÂ³À�Ú:å�æ�çè��é���Â³À�Ú�ê denotesthe scalarproductof the Eu-

clideanfour momentaÀ andÚ . Eq. (A.8) is equalto

¾Ñ�ÁÀ���ÂjÝ��
Û °
À °

Ã
�ÁÝ´Þß� °

ë�ì

®
Ü Ú ° Ú:�<än�ÁÚÐ��íD�ÁÀ ° ½"Ú ° � (A.10)

í0�ÁÀ ° ½"Ú ° ��Â
Ö
§

 §
Ü ê Ú ° ��Ã(â à ê ° �ÎÄîÝ´À�Ú�ê � ä �ÁÀ ° Ä¢Ú ° â¢Ý´À�Ú�ê<� (A.11)

wherethe angulardependencehasbeenmadeexplicit and the trivial angularintegration
hasbeenperformed.Theradialmomentumintegral in (A.10) canbesolvedusingdifferent
numericalmethodsbut it hasbeenfoundthatit usuallysufficesto use

ïñð
ï´ò

Ü ¥ � �Á¥���ÂMó
à
»
� �Á¥ § �ÎÄ

ô
�
� �Á¥ ° �ÎÄ

Ý à
Ý´º
� �Á¥��õ�

Ä � �Á¥ ª ��Ä
� �Á¥�öõ�ÉÄø÷x÷x÷qÄ � �Á¥Îù  ª �ÎÄ

� �Á¥Îù  �õ�
Ä Ý

à
Ý´º
� �Á¥Îù  ° �ÉÄ

ô
�
� �Á¥Îù  § ��Ä

à
»
� �Á¥�ùÔ� (A.12)

which canbefoundin [PTVF92]. However, someof theangularintegralsin theDSEsfor¿
and � have integrablesingularitiesof ú"æ�û -type at À ° ÂüÚ ° . To handlethis the radial

momentumintegrationover Ú�° hasbeensplit into two parts
ëÉý�þ
ë�ÿ�� Ü Ú °

� ì
ë�ÿ�� Ü Ú ° Ä

ëÉý�þ
� ì

Ü Ú ° (A.13)
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anda Gauss-Legendrequadraturehasbeenusedto avoid theendpointsof thetwo separate
integrals.WhethertheextendedSimpsonformula(A.12)or theGauss-Legendreintegration
hasbeenused;in bothcasesthemeshpointshave beendistributedexponentially. I.e. if the
meshpoints × ¥ ® ½x¹x¹x¹�½"¥ÎùÐØ areuniformly distributedthenthetransformation

¥ Õ �zÕ ÂM¥ ® Û ¥qÀ
Ù
� ú-æ�û ¥Îù

¥ ®
ÙÅÂ   ½xÃ´½x¹x¹x¹:½x� (A.14)

will leave the endpointsunchangedbut will lead to a over-proportionaldensityof mesh-
points in the vicinity of ¥ § andcomparablylittle mesh-pointsfor large valueswhich are
comparableto ¥�ù . The radial momentumintegrationin (A.10) hasbeendonewith about
300mesh-pointson theaveragebut upto 1000to testthenumericalaccuracy of theresults.

For the angularintegrationover ê in (A.11) a Gauss-Legendreroutinehasbeenused
with 30 mesh-pointsin theaveragebut up to 150mesh-pointsfor few calculationsto test
thenumericalaccuracy.

It turnsout that it is not completelystraightforward to evaluatethe integral (A.11) nu-
merically. The difficulties that appearshown up asan extremely large (andnumerically
unstable)valueof ¾Ñ�ÁÀ�� for small À ° . Thedifficulties canbe tracedbackto the interpola-
tion that is usedto evaluatetheselfenergy functions

¿
and � (which define � ä ). Related

problemshave beeninvestigatedin [BP95a].
Thesedifficultiescanbeunderstoodin a ’heuristic’ way; for large Ú ° andsmall À ° the

function �<än�ÁÀz°ÔÄ ÚÎ°Ôâ Ý´À�Ú�ê�� will bevery closeto Ã�� ÚÎ° which implies that íD�ÁÀz°ñ½"ÚÎ°õ� will
bevery closeto

í0�ÁÀ ° ½"Ú ° ��Â
Ö
§

 §
Ü êÅ�ÁÚ ° ��Ã(â à ê ° �ÎÄ¢Ý´À�Ú�ê�� ÃÚ ° (A.15)

The integral over ��ÃËâ à ê ° � vanishesin this limit aswell asthe integral over ê . However,
the cancellationthat is necessaryto guarantythe integral over ��Ã�â à êq°õ� is zero if done
numericallyturnsout to beratherdemanding.If thefunctions

¿
and � arenot interpolated

veryaccuratelyandverysmoothlythecancellationwontwork if theintegral is donenumer-
ically. This implies that inaccurateangleintegrationswill leadto spuriousquadraticUV
divergenciesin thepolarisationsscalar.

Themostsimpleinterpolationis probablythelinearinterpolation

� �Á¥���Â � �Á¥ Õ ��Ä ��� �Á¥ Õ �&�Á¥�â¢¥ Õ � (A.16)

where¥ Õ ½"ÙËÂ�Ã´½"Ý�½x¹x¹x¹z½x� arethemesh-pointswherethefunction
�

is actuallyknown. For
thederivative

� �
onecoulde.g. usea threepoint formula. Using this simpleinterpolation

to evaluate
¿

and � andthus �<ä at �ÁÀ ° ÄjÚ ° â Ý´À�Ú�ê�� it seemsto be impossibleto find a
numericallystablevalueof ¾Ñ�ÁÀ�� for small Àz° .

So oneshouldusemoresophisticatemethodsfor the interpolation. The next method
thatmight beconsideredappropriatearepolynomial

� �Á¥Î��Â
	����Á¥�� (A.17)
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or rationalapproximations

� �Á¥���Â 	���Á¥��
	��Ì�Á¥�� (A.18)

where 	� and 	�� arepolynomialswhich areto be matchedto the function
�
. Thereare

routinesin [PTVF92] for polynomialandrationalinterpolation,however, theseareto slow
to beappliedto anarrayof say200or morefunctionvalues.To speedthingsup onecould
usethepolynomialor therationalinterpolationonasmallsub-arrayof functionvalues.Lets
assumethatwehave to evaluatethefunction

�
at ¥ andletsfurthermoreassumethat

¥ ��� ¥ � Ö § � ¹x¹x¹ � ¥ � ¹x¹x¹ � ¥ � (A.19)

suchthat thereareabout20 meshvaluesof
�

in total with abouthalf of themsmallerand
half of themgreaterthan¥ . Now oneusesthissub-arrayof valuesasinput for interpolation.
Usingthispiece-wiseinterpolation(whetherit bepolynomialor rational)onefindsthatthe
polarizationscalarin the infrared is muchmorestablethanwith the linear interpolation,
however, therearestill somesmallernumericaluncertainties.Thesecanbetracedbackto
the fact that onehasuseda piece-wiseinterpolationwhich leadsto an interpolatedfunc-
tion which will still have somenon-smoothremnantsof thebordersthatmarktheintervals
(A.19) thathave beenusedfor theinterpolation.

To have an accurateinterpolationwhich is alsofastenoughoneis leadto the Cheby-
shev approximation,which is discussedin sectionA.2. To increasethe accuracy not the
functions

¿ ½x� and ¾ themselves have beenapproximatedbut their logarithm. Further-
more, to increasethe accuracy, the interpolationhasbeencarriedout using the interval
Ê ú-æ�û��ÁÀ � Õ � ��½xú"æ�û��ÁÀ ��� ï �EÍ insteadof Ê À � Õ � ½"À ��� ï Í (whereÀ � Õ � andÀ ��� ï aretheIR andthe
UV cutoff of theradialmomentumintegral). Usingthismethodhasseveraladvantages;first
andforemostthe fact that this yieldsa numericallystableandaccuratepolarizationscalar
for all momentaandespeciallyin the infrared. But thereis even moreto it; the fermion
Dyson-Schwingerequations,i.e. theequationsfor

¿
and � containtermsproportionalto

¿ �ÁÚz��â ¿ �ÁÀ��
Ú ° â¢À ° (A.20)

whereÚ ° is theloopmomentumandÀ ° is theexternalmomentum.In thelimit that Ú ° À °
this becomesa derivative which would have to beapproximatedif onewould usea linear
or a polynomial/rationalinterpolation. This is not the casefor the Chebyshev interpola-
tion becausethereis an exact formula (A.29) to calculatethe derivative of a Chebyshev
approximatedfunction.

A.2 Chebyshev Appr oximation

In this sectionthe Chebyshev approximationmethod[PTVF92], [AS72] is recalled. The
methodis usedin the computationsto approximatetheselfenergy functions

¿ ½x� andthe
polarizationscalar¾ . Thisisnecessarysincenoangularapproximationhavebeenemployed
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which implies that theangularintegralshave to bedonenumerically. This, of course,im-
pliesthat

¿ ½x� and¾ have to beevaluatedatmomentawhicharedifferentfrom theexternal
momentummesh.

TheChebyshev polynomials� Õ areorthogonalin theinterval Ê â�Ã´½xÃ Í
Ö
§

 §
Ü ¥ �

Õ �Á¥Î�����u�Á¥��� Ã(â¢¥ ° Â
  Ù��ÂMÚ
Þ�� Ý ÙÅÂMÚ��Â  
Þ ÙÅÂMÚ Â  

(A.21)

andarealsoboundedwithin Ê â Ã´½xÃ Í . TheChebyshev polynomial �� is of degree� andhas
� zerosin theinterval Ê â�Ã´½xÃ Í . Thereis avery compactrepresentationof the �� :

����Á¥���Â�åõæ�ç ����nå�å�æ�çè�Á¥�� (A.22)

which immediatelygivesa formulafor thezerosof �� whicharelocatedat

¥ � Â�å�æ�ç Þß�ÁÚBâÇÃ�� Ý��
� Ú Â�Ã´½"Ý�½x¹x¹x¹:½!� (A.23)

aswell asfor theextrema,whicharelocatedat

¯¥"�ÌÂ�åõæ�ç ÞÎÚ
� Ú Â�Ã´½"Ý�½x¹x¹x¹z½!� (A.24)

TheChebyshev polynomialssatisfyalsoadiscreteorthogonalityrelation

�
�$# §

� Õ �Á¥ �u����% �Á¥ �u��Â
  Ù��ÂMÚ& � Ý ÙÅÂMÚ'�Â  & ÙÅÂMÚ Â  

(A.25)

in additionto (A.21) whereÙx½!( � & and¥"��½"Ú ÂKÃ´½"Ý�½x¹x¹x¹z½ & arethe & zerosof ��� .
Onewould like to have anapproximationof anfunction

�
of theform

� �Á¥���Â
ù  §
Õ # ®

) Õ � Õ �Á¥Î��Â
ù  §
Õ # ®

å Õ � Õ �Á¥Î��â å ®Ý (A.26)

suchthattheapproximationis exactat the � zeros¥"� of �� , i.e.

� �Á¥"�u��Â
ù  §
Õ # ®

) Õ � Õ �Á¥"�n� (A.27)

Now onemultipliesbothsideswith ��% �Á¥ �u� andsumoverthezeros.Using(A.25)oneobtains

�
Ý å
Õ Â

ù
�$# ®

� Õ �Á¥"�u� � �Á¥"�u� (A.28)
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whichgivesusthecoefficient å Õ in termsof thevaluesof
�

at thezeros¥"� of � � .
Having obtainedthe approximation(A.26) to the function

�
it is now simple to find

correspondingapproximationsfor thederivative andfor theintegral of
�
, sincetheonly the

derivativesandthe integral of the Chebyshev polynomialshasto be known. The deriva-
tive itself as well as the indefinite integral of

�
will have a certainapproximationof the

form (A.26) with coefficients å �Õ for thederivative andwith coefficients * Õ for theindefinite
integral of

�
. A simplecomputationgives:

å �Õ  § Â�å
�ÕÁÖ
§ Ä Ý��ÁÙ�âÇÃn��å

Õ ÙÔÂ & âÇÃ´½ & â¢Ý�½x¹x¹x¹:½"Ý (A.29)

* Õ Â å Õ  § âøå
ÕÁÖ
§Ý��ÁÙ�âÇÃn� Ù � Ã (A.30)

wheretherecurrencefor thecoefficients å �Õ hasto bestartedwith thevalueså �� Â�å �� Ö § Â
 

andtheformulafor * Õ hasto besupplementedby acorrespondingvalueof * § .
For every sufficiently smoothfunction the approximation(A.26) would converge to

�
for � . But in practicewewill of coursetruncatetheapproximationatafinite � . Since
theChebyshev polynomialsareboundedto theinterval Ê â�Ã´½ Ä�Ã Í theerrorcannotbelarger
thanthe sumover the coefficients å+� that have beenneglected. Given that

�
is a smooth

function,thecoefficients å$� will decreasevery rapidly with increasingÚ suchthatthetotal
erroris essentiallyequalto

å � Ö § ��É�Á¥Î� (A.31)

This is anoscillatoryfunctionwith � Ä Ã equalextremain therange Ê â�Ã´½ Ä�Ã Í . I.e. thetotal
errorthatis madein truncatingtheseriesin (A.26) is distributedsmoothlyover theinterval
Ê â Ã´½ Ä�Ã Í . This heuristicexplanationillustratesthe fact that theChebyshev approximation
(A.26) is verycloseto aapproximatingminimalpolynomialfor thefunction

�
. (A minimax

polynomialhasthesmallestmaximumdeviation from
�

amongall polynomialsof thesame
degree.)

A.3 Dyson-Sc hwing er Equations for QCD

Thenumericalmethodsthathave beendescribedin sectionA.1 canbe equallyappliedto
theDSEsof LandaugaugeQCD.However, it turnedout thedifferentmeasurenecessitates
the useof different methodsfor the angularintegrations;this is shortly explainedin the
presentsection.

Consideringonly thethatpartof thepolarizationthatreducesto thebarevertex; in the
perturbative limit on has:

¾Ñ�ÁÀ ° ��Â Ýà ÞÎÀ °
Ü Ú ° �<ä´�ÁÚ ° ��íD�ÁÀ�½"Úz� (A.32)

with

íD�ÁÀ�½"Úz��Â
Ö
§

 §
Ü ê Ã âîê ° ¿ �ÁÚ ° �ÉÄ ¿ �-, ° � �<än�-, ° � Ú ° Ä à Ú�À�ê â¢º´Ú ° ê ° (A.33)
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FigureA.1: Comparisonof the’effective’ Integrandfor theangularintegral (A.33),asseen
from the Gauss-Legendremethod(left panel)and from the Gauss-Jacobimethod(right
panel).

where ,MÂKÀ â Ú . Thedifficult thing is to (numerically)avoid thepotentialdivergenceof
thepart Ö

§
 §
Ü ê Ã(â¢ê ° Ú ° Ã(â¢º´ê ° (A.34)

which appearsapproximatelyin the limit that the momentaÚÎ° and À:° arevery different
in size. For thesevery asymmetricmomentumconfigurationsthe angularintegral (A.33)
reducesto approximatelyto (A.34)because�<ä´�-,�°�� is essentiallyÃ�� ÚÎ° andthusindependent
of theangleê in thislimit. Theintegral (A.34) is analyticallyzero,however, if thenumerical
integrationis not accurateenough,thanonewill find a spuriousquadraticUV divergence
(much like for QED� ). In table A.1 we comparethe accuracy of the Gauss-Legendre
methodandtheGauss-Jacobimethodfor theangularintegral (A.33) for differentmomenta
Àz°ñ½"ÚÎ° andusing

¿ ÂKÃ´½x�øÂ   ¹   Ã�Ä Û ¥qÀ��&â�¥Î� to calculate
¿ �ÁÀz°õ� and �<än�ÁÀz°ñ� .

Thesuperioraccuracy of theGauss-Jacobimethodis clearlyillustratedin tableA.1. It’s
not to difficult to understand,why the Gauss-Jacobiintegrationmethodis so muchmore
accuratefor theangularintegral (A.33). All GaussianQuadraturemethodssplit theintegral
up into two parts,theweight 1 andthefunction

�
2
�
Ü ¥31¢�Áê<� � �Áê���·

ù
Õ # §

1 Õ � �Áê Õ � (A.35)

where1 Õ arethe weightsand ¥ Õ arethemeshpoints. Theweight of theGauss-Legendre
methodis just Ã whereastheweightof theGauss-Jacobimethodis

��Ã(â¢ê��54���Ã(Ä¢ê��76 (A.36)

which is equalto
� Ã(â¢ê ° for µ�Â984ÂüÃ�� Ý . I.e. for this specificchoiceof µ and 8 the

weight of theGauss-Jacobimethodis just equalto the ��Ã âjê ° � factorin (A.33) which
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À ° Â   ¹ Ã´½"Ú ° Â   ¹ Ã gauleg gaujac
20 -1.660773143081649E-02 -1.654030995673128E-02
40 -1.654965140974475E-02 -1.654124830204696E-02
60 -1.654373296234553E-02 -1.654114720854071E-02

Àz°�Â   ¹ Ã´½"ÚÎ°RÂ�Ã   gauleg gaujac
20 1.512119232602598E-02 1.570807865249677E-02
40 1.563268979223002E-02 1.570807865305222E-02
60 1.568550397194039E-02 1.570807865362877E-02

Àz° Â   ¹ Ã´½"Ú�°ËÂ�Ã  ´ ´  gauleg gaujac
20 -4.237893453849506E-04 1.570796347778181E-04
40 8.244329369611102E-05 1.570796353689294E-04
60 1.347291491104046E-04 1.570796359674817E-04

TableA.1: Comparisonof theaccuracy of thenumericalangularintegrationfor theangular
integral (A.33) usingGauss-Legendre(gauleg) or Gauss-Jacobi(gaujac)integration. The
integral (A.33) hasbeenevaluatedfor differentmomentaÀ ° ½"Ú ° andfor differentnumbers
of meshpointsfor theangularintegration,N=20,40,60.

comesfrom theangularmeasurein 4 dimensions.That is the ’effective’ integranddiffers
just by this measurefactor, which is includedin theweightof theGauss-Jacobiintegration
method.Thedifferenceis illustratedin Fig. A.1 which shows the ’effective’ integrandfor
the Gauss-Legendreandthe Gauss-Jacobimethod. As onecansee: the integrandfor the
Gauss-Jacobimethodis muchsimplerandthuspotentiallyeasierto integrate.



Appendix B

Technicalities

B.1 Symmetries of the Mass Terms in QED¼
In 2+1dimensionsparitycorrespondsto theinversionof oneaxissincetheinversionof both
axescouldbeundoneby arotationwith angleÞ . For thefollowing discussionit is therefore
assumedthatunderparity 	 onehas �Á¥Î½ � ��Â;:¥ :¥"<�Â �&â�¥Î½ � � .

The parity transformationof a two-componentspinor = andon the gaugefield
¿?>

is
givenby

	�=���@�½A:¥��-	  § ÂK� § =���@´½A:¥"<�� (B.1)

	 ¿ ® ��@�½A:¥��-	  § Â ¿ ® ��@´½A:¥B<�� (B.2)

	 ¿ § ��@�½ :¥��-	  § Â�â ¿ § ��@´½ :¥"<<� (B.3)

	 ¿ ° ��@�½ :¥��-	  § Â ¿ ° ��@´½ :¥B<�� (B.4)

andtime reversal� is givenby

��=���@�½A:¥Î���  § Â�� ° =��&â�@�½A:¥�� (B.5)

� ¿ ® ��@´½A:¥����  § Â ¿ ® �&â�@�½A:¥�� (B.6)

� :¿ ��@´½A:¥����  § Â â :¿ �&â�@�½A:¥�� (B.7)

A masstermof theform & ¯=C= where= is a two-componentspinoris thusoddunder	 and
under� . Chargeconjugationof thetwo-componentspinor = andthegaugefield amounts
to

* ¿ > *  § Â â ¿ > *D=E*  § Â�� § =GF (B.8)

I.e. thetheoryis invariantunder *H	I� andunder 	�� but not under 	 and� separatelysince
thesetransformationswouldchangethesignof themassterm & ¯=C= (= is a two-component
spinor).

However, if onelooksat thefour-componentspinor

J Â = §= °
(B.9)
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theusualmassterm & ¯JHJ (whichdoesnow containthefour-componentspinor
J

) becomes

& ¯JHJ Â & = F § ���K= § â�= F° ���K= ° (B.10)

Theparity transformationdoesnow give = § � § = ° and= ° � § = § which impliesthat
(B.10) is invariantunderparity transformations.

This is differentfor themassterm

& ¯J ÃÝ L
� ½ L

ö J Â & = F § ���K= § Ä�= F° ���K= ° (B.11)

which is notparity invariant. In thetwo componentformalismthemassterm(B.11)would
introduceaChern-Simonsmasstermfor thegaugefield via theone-loopvacuumpolariza-
tion [DJT82, AHW82, Red84]. It is notcompletelyclearwhetherthemassterm(B.11)and
the correspondingChern-Simonsterm could be generatedspontaneouslythus leadingto
spontaneousviolationof parity in QED� . However, it seemsthatparityconservingvacuum
configurationsaretheonly onesthatcanbegenerateddynamicallyin vectortheoriessince
they areenergeticallypreferred[VW84].

B.2 Angle Integrals

This sectionlists theangleintegralsthathave beenfoundparticularlyusefulin theinvesti-
gationof Dyson-Schwingerequationsin QCD andin QED� . See[GR94] and[AS72] for
moreon this.

For theangleintegralsthatappearin theDyson-Schwingerequationsfor QCD thefol-
lowing generalrecursionformulahasbeenused

Ö
§

 §
Ü ê ÃÅâîê ° ê ° � Â

� Þ
Ý

M ���ÇÄ §° �M ���ÇÄ¢Ý�� (B.12)Ö
§

 §
Ü ê Ã(â¢ê ° ê �

êËâ'� Â
Ö
§

 §
Ü ê Ã(â¢ê ° ê �  § ÄN�

Ö
§

 §
Ü ê Ã âîê ° ê

� âøÃ
ê â'� (B.13)

whichcomprisesthefollowing specialcases:

Ö
§

 §
Ü ê Ã(â¢ê ° Ã

��â¢ê ÂMÞ �{â �-� ° âÇÃn� (B.14)Ö
§

 §
Ü ê Ã(â¢ê ° ê

��â¢ê ÂMÞ � ° â Ã
Ý â'� �-� ° âMÃn� (B.15)Ö

§
 §
Ü ê Ã(â¢ê ° ê °

��â¢ê ÂMÞ�� � ° â Ã
Ý âN� �-� ° âÇÃn� (B.16)Ö

§
 §
Ü ê Ã(â¢ê ° ê �

��â¢ê ÂMÞ�� ° � ° â Ã
Ý âN� �-� ° âÇÃn� â Þ » (B.17)
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FigureB.1: Kinematicsfor kaonphotoproductionÀ L
XGY

in the centerof momentum
frame. The incomingprotonandphotoncarry the momenta	 and À[Z respectively. The
outgoingkaonand

X
arelabelledby themomentaÀ]\ and 	 ë .

For QED� thefollowing angleintegralshave beenused:

Ö
§

 §
Ü ê Ã
µîâîê Â�ú-æ�û

µîÄÇÃ
µîâÇÃ (B.18)Ö

§
 §
Ü ê ê
µîâîê Â â�ÝÌÄøµ�ú"æ�û

µîÄÇÃ
µîâÇÃ (B.19)Ö

§
 §
Ü ê ê °
µîâîê Â�µ â�ÝÌÄÇµ�ú"æ�û µîÄøÃ

µîâøÃ (B.20)Ö
§

 §
Ü ê Ã
��µ âîê�� ° Â

Ý
µ ° âÇÃ (B.21)Ö

§
 §
Ü ê ê
��µ âîê�� ° Â

Ý�µ
µ ° âÇÃ âøú"æ�û

µîÄÇÃ
µîâÇÃ (B.22)Ö

§
 §
Ü ê ê °
��µ âîê�� ° ÂMÝ

Ý�µ ° âÇÃ
µ ° âÇÃ â¢Ý�µ�ú-æ�û µîÄÇÃ

µîâÇÃ (B.23)Ö
§

 §
Ü ê ê �
��µ âîê�� ° Â

�´µ � â¢º�µ
µ ° âøÃ â à µ ° ú-æ�û µîÄÇÃ

µîâÇÃ (B.24)

B.3 Kaon Photopr oduction ^`_ acb

In this appendixthecalculationof thediagramsshown in fig. 7.8 is detailed.They provide
themaincontributionsto thereactionÀ L

XGY
.

Thecalculationshave beenperformedin both: the restframeof theprotonandin the
centerof momentumsystem(CMS). For thefollowing discussionwe choosetheCMS for
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definiteness.Themomentaaredefinedaccordingto figureB.1, thatis

	îÂ �&âedÎ½   ½   ½"ÙfdB<�� (B.25)

À[Z�Â �-dÎ½   ½   ½"Ùfd�� (B.26)

À]\�Â �5g�:Àh\[g cosé<½+g�:À]\ig sin é<½   ½"Ù�di\Î� (B.27)

	 ë Â �&âjg :À]\[g cosé âkg :Àh\ig sin é<½   ½"Ù�d ë � (B.28)

wherethedefinitions:

dB<ÑÂ � ° < ÄNd ° (B.29)

di\�Â Ã
Ý��-d�Ä'dB<�� �-d�Ä'dB<�� ° âÇ� °ë ÄÇ� ° \ (B.30)

g :À]\BgñÂ �-di\�� ° âø� ° \ (B.31)

d ë Â :À]\ ° ÄÇ� °ë (B.32)

havebeenused.Theon–shellconditionsandmomentumconservationleaveonly two kine-
maticalvariablesundetermined.Theseareusuallychosento betheenergy d of theincom-
ing photonandthe angle é betweenthe spatialmomentaof the photonandthe outgoing
kaon.

Thethreediagramsin figure7.8show thecontributionsto thetransitionamplitudesthat
we will discusshere.Theuncrossed‘handbagdiagram’translatesinto

¿
§ ÂMÙ

Ü ª�À
�ÁÝ´Þß� ª ¯l ë �ÁÀ���½�	 ë �-m��ÁÀ Ö � M \��-,Î½"À Ö �-m��-,�� × M Z �ÁÀ  ½�,��-m��ÁÀ  �

l �ÁÀ�½�	Î�-n{�ÁÀ3o	�@Ø
(B.33)

with themomentumroutingdescribedin (7.33),seealsofigure7.8. Thenotationis asset
up in section7.4: ¯l ë and

l � arethevertex–functionsof the
X

andtheprotonrespectively
(seesection7.1). Furthermore

M \ is themeson–quarkvertex (7.19)thathasbeenspecified
in section7.1.Thephoton–quarkcoupling,

M Z is describedby theBall–Chiuvertex (2.32)
Thecrossed‘handbagdiagram’correspondsto theexpression

¿
° ÂMÙ

Ü ª À
�ÁÝ´Þß� ª ¯l ë �ÁÀÐ��½�	 ë ½ �-m��ÁÀ Ö � M Z��-,Î½"À Ö �-m��-,�� × M \��ÁÀ  ½�,��-m��ÁÀ  �

l �ÁÀ�½�	Î�-n{�ÁÀ3o	�@Øß¹
(B.34)

Thedefinitionsfor , and À Ö have changedascomparedto themomentumrouting for the
amplitude

¿
§ givenin (7.33)-(7.35).For (B.34)we have instead:

,¢ÂMÀ  â¢À]\ and À Ö Â
,{Ä¢À[Z(½ (B.35)

with all othermomentumdefinitionsunchanged.
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The amplitudecorrespondingto the treelevel diagramarisingfrom kaonexchangeis
givenby

¿ �RÂ � ¯p ë Ê ûq\	ù ë L öDÍ
p � � Ã

, ° ÄÇ� ° \ �
Msr"t r ��¹ (B.36)

Here ûq\	ù ë representsthestrongform factorthathasbeendiscussedin section7.1and �u\
is thekaonmass.Thephotonpolarizationis denotedby

t r while
M r

refersto kaon–photon
vertex containingtheelectromagneticform factorof thekaon

v
w Â M+r �-,Î½"À���Â �-, r Ä¢À r ��± \�x �&�ÁÀ â',�� ° ��¹ (B.37)

For thepurposeof thepresentinvestigationit is sufficient to parameterisethekaoncharge
form factor with a monopolesuchthat the phenomenologicalvalue of the kaon radius,á �õ° \ x ã�Â �   ¹ à ºzy   ¹  7{ � fm ° , is reproduced:± \ x �-|Ì°���ÂKÃ��q��Ã(Ä'|Ì°+�u�   ¹ » º GeV�2°õ� .

The Bethe–Salpeterformalism is set up in Euclideanspaceashasbeendiscussedin
section7.3. The loop momentumÀ is chosento be real, thus the temporalcomponents
of theexternalmomentain (B.25)–(B.28)have to bepurely imaginary. Hencetherelative
momentumÀ�� asgiven in (7.35) is complex. Sincethe solutionof the BSE providesthe
vertex function

l ë only for realrelativemomentaÀ�� , onehasto extrapolate
l ë to complex

momenta.This is doneusingrationalfunctionsthatarefitted to thevertex functions(which
areknown at � realmesh-points).Theserationalfunctionscantheneasilybeanalytically
continued. For real momentaa comparisonof the fitted parameterisationto the known
resultsallows usto estimatethereliability of this treatment.

Thedifferentialcrosssectiondependsonly ontheenergy d of theincomingphotonand
theangle é betweenthespatialphotonandkaonmomenta.Thatis illustratedin figureB.1.
The differential crosssectionis definedwith respectto the solid angleelement

Ü} \ Â
Ý´Þ Ü � cosé�� of theoutgoingkaon:

Ü �Ü} \ �-dÎ½xé���Â
Ã
º ¶�~!� ¶-�

˜Ü �Ü} \ �-dÎ½xé�� (B.38)

with

˜Ü �Ü} \ �-dÎ½xé���Â
µ
� º´Þ ° º���<�� ë g ¿ § Ä

¿
° Ä

¿ ��g ° ¹ (B.39)

As indicatedin (B.38)onehasto average,respectively sumover thespinsç Õ ½xçx� of theinitial
andfinal states.Thephasespacefactorsdenotedby µ aregivenas

µjÂ Ã
	�÷ À[Z

g�:À]\Bg °
di\ d ë

Ü g�:À]\BgÜ �-di\ÌÄ'd ë � (B.40)
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with

Ü g :Àh\igÜ �-di\ÑÄ'd ë � Â g :À]\Bg
di\ â

�À]\Ì÷ :	 ë
d ë

 § ¹ (B.41)

Notethattheright handsideof (B.41) remainspositive giventhat & ë ���u\ . In theCMS
theexpression(B.40) for µ simplifiesto

µMÂ g :À]\[g
g :À[Zig

Ã
ç ½ (B.42)

where çMÂ �-	 ÄÒÀ[Z��2°ÇÂ �ÁÀ]\îÄ�	 ë �2° denotesthe total centerof massenergy squared.
In obtainingthe phasespacefactors(B.40) the oneparticlenormalisationconditions(for
Minkowski space)

á À3g À � ã&Ï�ÂMÝ´À ® �ÁÝ´Þß� ���õ� ��:À¢â :À � � and
á À3g À � ã-� Â À ®& �ÁÝ´Þß� �s�õ� ��:À¢â :À � ��½ (B.43)

for bosons( � ) andfermions( ± ) have beenadopted.Theseconventionsalsoenterthecal-
culationof the transitionamplitudes

¿�Õ ½"Ù Â Ã´½"Ý�½ à andthe normalisationof the Bethe–
Salpeterwave–functions.

Oneobtainsthevariousasymmetriesby restrictingthesumin eq(B.38)over thespins
to two of thethreenon–scalarparticles.Theseasymmetriesare: the

X
–polarizationasym-

metry

	i�-dÎ½xé�� Â Ã
º ¶��� ¶��

Ê ç ë Â Í�â�Ê ç ë Â Í
Ê ç ë Â Í�Ä�Ê ç ë Â Í (B.44)

thepolarizedtarget asymmetry

���-dÎ½xé���Â Ã
Ý ¶!�[� ¶ �

Ê ç � Â Í�â�Ê ç � Â Í
Ê ç � Â Í�Ä�Ê ç � Â Í (B.45)

andthepolarizedphotonasymmetry

Æh�-dÎ½xé���Â Ã
Ý ¶���� ¶��

Ê ç Z Â Í�â�Ê ç Z Â Í
Ê çKZ Â Í�Ä�Ê çKZ Â Í ½ (B.46)

wheretheshorthandnotation

Ê ç ë Â Í:Â ˜Ü �Ü} \ ¶!� #�� etc¹è¹ (B.47)

hasbeenusedandwherethespinsof thephoton,theprotonandthe
X

have beendenoted
by ç5Z�½xç � and ç ë , respectively.

Thetotal crosssectionis finally obtainedfrom (B.38)via

�[�-d[��Â
�

®
sin é Ü é

Ü �Ü} \ �-dÎ½xé���¹ (B.48)
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