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Zusammenfassung

In der vorliegendenDissertationwird ein Modellrahmenzur Beschreibung von
Baryonenals Diquark-Quark-Bindungszuständevorgestellt,der auf eine mani-
festeKovarianzderBeschreibungzielt.

NacheinemkurzenÜberblicküberdrei oft verwandteTypenvon Baryonmo-
dellenwird dasrelativistischeProblemeinesDrei-Quark-Bindungszustandesunter
Vernachl̈assigungvondreiteilchenirreduziblenWechselwirkungenbetrachtet.Di-
quarkswerdenalsseparableKorrelationenin derZwei-Quark-Korrelationsfunk-
tion eingef̈uhrt. Mit diesenhier angenommenenVereinfachungengelangtman
zu einerBeschreibung der Baryonenmittels einerBethe-Salpeter-Gleichungfür
Bindungszusẗandevon QuarkundDiquark,wobeidie beidenKonstituenten̈uber
Quarkaustauschmiteinanderwechselwirken. Skalareund axialvektorielle Di-
quarkswerdenin AnalogiezumMassenspektrumderMesonenalsdie dominan-
ten Zwei-Quark-Korrelationenin denBaryonenangenommen.Die Strukturder
relativistischenWellenfunktion,diedieskalarenundaxialvektoriellenKorrelatio-
nenbeschreibt,wird unterZuhilfenahmeeinerPartialwellenzerlegungausf̈uhrlich
diskutiert.

Die numerischenLösungender kovariantenBethe-Salpeter-Gleichungwer-
dendesweiterenzur Berechnungvon elektromagnetischen,starken und axialen
Nukleon-Formfaktorenherangezogen.Hierbeiwird derelektromagnetischeStrom-
operatorin demModell so konstruiert,daßer die Eichinvarianzrespektiert.In-
varianzunterchiralenSymmetrietransformationenist dagegenleicht verletzt,da
Vektordiquarksvernachl̈assigtwurden.Diesführt zu einermoderatenVerletzung
derGoldberger-Treiman-Beziehung.

Weiterhinwird die Möglichkeit, Confinementeffektiv übergeeigneteModi-
fikationender Quark-und Diquarkpropagatorenzu parametrisieren,untersucht.
Mittels einer solchenModifikation kann dasMassenspektrumder Oktett- und
Dekuplettbaryonenberechnetwerden. Obwohl dieseVorgehensweiseder Con-
finement-Parametrisierungsichalsgeeignetfür dieBerechnungraumartigerNuk-
leoneigenschaftenerweist, versagtsie bei der Behandlungvon Prozessen,bei
denengroßeEnergien auf das Nukleon übertragenwerden,wie z.B. bei aus-
gewähltenMesonproduktionsprozessen.

In einemweiterenAbschnittwerdendieLösungenfür Nukleonwellenfunktio-
nenund-observablenmiteinanderverglichen,die in dervoll relativistischenBe-
handlungund in einerweitverbreitetensemirelativistischenNäherunggewonnen
werden.Die hierbeibeobachtetenbetr̈achtlichenAbweichungenfür die berech-
netenObservablen,die sich ausder Anwendungder beidenMethodenergeben,
zeigendie Unzul̈anglichkeitendersemirelativistischenBehandlungauf.



Abstract

In this thesisa modelframework for describingbaryonsasdiquark-quarkbound
statesis presentedwhich is formulatedin anexplicitly covariantmanner.

After a shortsummaryof threewidely usedclassesof baryonmodelstherel-
ativistic boundstateproblemfor threequarksis considered,wherethree-particle
irreducibleinteractionsareneglected.Diquarksareintroducedasseparablecor-
relationsin the two-quarkcorrelationfunction. With thesesimplificationsas-
sumed,baryonsaredescribedby a Bethe-Salpeterequationfor boundstatesof
quarkanddiquarkwhich interactby quarkexchange. In analogyto the meson
spectrum,scalarandaxialvectordiquarksareconsideredto bethemostimportant
two-quarkconfigurationswithin baryons. The structureof the relativistic wave
function which encompassesthe scalarandaxialvectorcorrelationsis discussed
in termsof apartialwavedecomposition.

The numericalsolutionsof the covariantBethe-Salpeterequationaresubse-
quently employed in the calculationof electromagnetic,strongand axial form
factorsof the nucleons.The constructionof the electromagneticcurrentopera-
tor in thediquark-quarkmodelrespectsgaugeinvariance.Invarianceunderchiral
symmetrytransformationsis slightly violatedfor vectordiquarkshave beenne-
glected,leadingto amodestviolationof theGoldberger-Treimanrelation.

The possibility of an effective parametrizationof confinementby suitable
modificationsof thequarkanddiquarkpropagatorsis investigated.Therebythe
massspectrumof octetanddecupletbaryonscanbecalculated.It is shown that
themodellingof confinementchosenhereis suitablefor thecalculationof space-
likenucleonproperties,but its applicabilitybreaksdownfor processeswherelarge
energiesaretransferredto thenucleonasit is thecasein certainmesonproduction
processes.

Model solutionsfor nucleonwave functionsand observablesare compared
betweenthefull relativistic treatmentanda widely usedsemi-relativistic approx-
imation. The considerabledeviationsbetweenthe calculatedobservablesusing
thetwo methodsillustratetheinadequacy of employing thesemi-relativistic treat-
ment.
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Chapter 1

Intr oduction

1.1 General remarks

Up to now, no convincing solution for the problemof describingbaryonsand
mesonsin termsof a few underlyingfields hasbeenfound, yet it is widely be-
lievedthatquarksandgluonsarethebasicentitieswhich build thehadrons.The
associatedtheory is calledQuantumChromodynamics(QCD). The complexity
of this theoryin the low energy sectoris prohibitive for a straightforwarddeduc-
tion of hadronicpropertiesfrom it. Therefore,modelswith asimplifieddynamics
have beenemployedover the lastdecadeswhich aim at describinghadronswith
degreesof freedomborrowedfrom QCD(likequarks)or from theobservablepar-
ticle spectrum(likepions)thatmight bebettersuitedin thetreatmentof hadrons.

The aim of the presentthesisis to studya relativistic framework for the de-
scriptionof baryonsemploying quarkanddiquarkdegreesof freedom. Actual
calculationsareperformedwith rathersimpleassumptionsaboutthese,but it is
hopedthat furtherprogressin knowledgeaboutQCD’s quarkpropagatorandthe
structureof 2-quarkcorrelationswill clarify whetherthereductionto quarksand
diquarksin thetreatmentof baryonsis compatiblewith QCD.

Werefrainfrom discussingQCDhere.Therelevanceof QCDandits (approx-
imate)symmetriesfor hadronicphysicsis discussedin many goodtextbookson
quantumfield theory, seee.g. refs.[1, 2].

In the remainingpart of this Introductionwe will give a shortdescriptionof
the basicideasunderlyingthreeclassesof hadronicmodelswhich have become
popular(andhave remainedso) over the last years. This brief survey is by no
meansmeantto beexhausting,andservesonly asamotivationto considera fully
covariant approachlike the diquark-quarkmodel. A short overview about the
topicswhicharecoveredin thesubsequentchaptersis givenin thelastsubsection
of this chapter.



8 Intr oduction

1.2 Modelling Baryons

1.2.1 Constituent quark models

In theearlysixties,it hasbecomerecognizedthattheeightspin-1/2baryonstoday
referredto as“octetbaryons”belongto aneight-dimensionaltensorrepresentation
of the unitary group �������	� . Obviously this unitary symmetryis broken,ascan
beseenfrom themassdifferenceswithin thebaryonoctet,neverthelessa couple
of usefulrelationsamonge.g. theoctetmassesandmagneticmomentscouldbe
deducedfrom unitary symmetry[3] that appearedto be in fair agreementwith
experiment.

Quarkswith their denominations
�� , 	����� and �������	����� asbuilding blocks
of hadronshave beenintroducedsomewhat later asthe fundamentalrepresenta-
tion of theflavor group �������	� . Accordingto this hypothesis,thebaryonoctetis
an irreduciblerepresentationwhich arisesfrom the decompositionof the tensor
representationformed by threequarks. Another irreduciblerepresentation,the
decupletof spin-3/2baryons,hasbeenidentified in experimentsin subsequent
years.

To matchthebaryonquantumnumbers,thequarkshadto beassignedspin1/2.
Spin andflavor may be combinedto the larger group �����! "� andthenoctetand
decupletbaryonscan be interpretedas a 56-dimensionalrepresentationof this
group,with a symmetricspin-flavor wave function. However, the overall wave
functionneedsto beantisymmetric,andif oneis notwilling to sacrificethespatial
symmetryof a baryongroundstatewave function, one is led to the hypothesis
thatall quarksappearin threecolors. Baryonsarethenfully antisymmetriccolor
singlets.

Still, thesegroup-theoreticalconsiderationsdo not encompassa dynamical
model for baryonsin termsof quarks. To explain the plethoraof baryonreso-
nances,oneof theveryfirst models[4] aimsatdescribingbaryonsby solutionsof
a3-particleSchr̈odingerequationusingthenon-relativistic Hamiltonian# $ #�%'&)(�*+#�,�-.('/10

(1.1)#�%'&)(�$ 23 4 576 8:94;�<>= 0 #�,�-.('/?$A@; <>=CB 9 234 D E 5764GF E �IH
4KJ H E � 9ML (1.2)

Massivequarkswith
<>=�N

0.3GeVmovein aharmonicoscillatorpotentialwhich
( O ) confinesthequarks,( O!O ) allows for theseparationof variableseasilyand( OPO!O )
leadsto a rich spectrumof excitations,even far morethanobserved. However,
thesplitting betweenoctetanddecuplethasto beprovidedby somesortof spin-
dependentinteraction,from thetheoryof atomicspectrausuallyknown ashyper-
fine interaction.As meanwhileQCD becamefavoredby many theoriststo bethe
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theoryaccountingfor thestronginteractions,a tensorialanda spin-spininterac-
tion term in the Hamiltoniancould be motivatedby a non-relativistic truncation
of one-gluonexchangebetweenquarks[5, 6],#�QSRT&)( $ 234 D E 5764GF E

;VUXW� < 9=ZY\[^]�Z_ 2 �IH 4KJ H E �a` 4cb ` E *@d H 4KJ H E d 2 �!��`
4Tb ��H 4�J H E �a` E b �IH 4KJ H E � J ` 4cb ` E �Pe L (1.3)

Here,
UfW

is identifiedwith theQCDfinestructureconstantand ` 4 is thespinvector
for quark O . Spin-orbit interactionswhich also result from the non-relativistic
expansionof the one-gluonexchangeare usually neglectedusing more or less
convincing argumentsas they lead to practicalcomplications(e.g. three-body
interactions)andspoil thecalculatedhadronicspectrum[6].

We have introducedthe basicelements(
#�%C&)(�0c#�,I-.(g/

and
#�QSRT&)(

) of nearlyall
quarkpotentialmodelsthat have beendevisedsincethe first modelshave been
developedsomethirty yearsago. The conceptualproblemsassociatedwith this
approachare manifest: lack of covarianceand not even an approximatechiral
symmetryasthequarksappearwith massesof around0.3GeVin theHamiltonian.
Weshortlydiscussapproachesthathavebeentakento remedythis.

In orderto includerelativistic effects,onecertainlyhasto modify thekinetic
energy operator, #�%C&)(ih 23 4 576kj 8 94 * < 9= L (1.4)

Fortunately, it is in thiscasestill possibleto separateoverallboundstatevariables
(total momentumandspin)from relative variablessuchthat thefollowing holds:
the herebyconstructedmassoperatoris only a function of the relative variables
andtheoverall andrelativevariables(consideredasoperators)fulfill thecommu-
tationrelationsfor thePoincaŕealgebraseparately[7]. However, Poincaŕe invari-
ancedoesnot guaranteea covariant descriptionwithin Hamiltoniandynamics.
Rather, demandingcovarianceleadsto fairly complicatedspin-dependentcon-
straintson theHamiltonian.They have beenexplicitly formulatedfor light-cone
variablesin ref. [8] but arealsopresentfor theabove discussedconventionaluse
of GalileantimeastheMinkowski timevariablein relativity. As theseconstraints
areusuallyoverriddenin phenomenologicalapplications,covarianceis definitely
lost in semi-relativistic potentialmodels.

Chiral symmetryandits dynamicalbreakingleadto masslessGoldstonebo-
sons. They are identified with the pseudoscalarmesonswhich do have mass,
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but this being comparatively small. Thus, chiral symmetryappearsto be ex-
plicitly broken only by small parameterswhich in QCD are the currentquark
masses.Within the last years,it hasbecomepopularto replacepotentialsmo-
tivatedthroughone-gluonexchangeby non-relativistic approximationsto one-
mesonexchangebetweenquarks[9], to pay credit to the importanceof pions.
ThisdoesnotrendertheHamiltonianchirally symmetric,though,but solvessome
problemsof thelevel orderingin thebaryonspectrum.

To concludethis brief summaryof quarkpotentialmodels,we remarkthat
the practical impossibility of a covariant descriptionlimits thesemodelsto an
effectiveparametrizationof thespectrumandof somestaticobservables.In anon-
covariantdescription,thecalculationof dynamicalobservables,with thesimplest
beingform factors,introducetoo muchof a framedependenceinto theresultsas
thatthey couldbetrustedasmodelpredictions.

1.2.2 Soliton models

We now turn to a short discussionaboutanotherkind of baryonmodel which
in its original form alsopredatesQCD andeven the first quarkmodels. In our
exposition,we follow closelyref. [10]. The centralideais to regardbaryonsas
solitonsof aneffective,non-linearmesontheory. To illustratethis,let usstartwith
achirally symmetrictheorydescribingmasslesspionsandits chiralpartner, the l
meson.Theso-calledl modelis definedby theLagrangiandensitym $ 69 �!nVoqp b n o p * nVoVlrn o lf� *ts � ] b ] * l 9 � L (1.5)

The l field may be regardedasthe fourth componentof the pion field, andwe
seethat this Lagrangiandensityis invariantunderrotationsin the ( p 0 l ) space
leaving p 9 * l 9 constant.Thus,theLagrangianis invariantundertransformations
of thegroup uv�Iw�� which in turnsharesthesameLie algebrawith thechiralgroup����� ; �yxZ����� ; � . Dependingon thefunctionalform for

s
, themodelmayexhibit

alsothefeatureof spontaneoussymmetrybreaking.Thenon-linearversionof this
modelis definedby demandingl 9 * p 9 ${z 9 $}|�~V���'� L (1.6)

Introducing � $��\��� �IO�� b!� � , theLagrangiansimplifiestomk� 9C� $ z 9w��f� nVo���n o ��� 0 (1.7)

sincethepotential
s

reducesto a constantandmaybeomitted.Now we look for
static,finite energy configurationswith afinite extensionin spacewhichminimize
theenergy –solitons. Dueto theconstraintin eq.(1.6), p isavariablewhichlabels
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thepointsof thethree-dimensionalunit sphere.A finite energy configurationonly
exists if � approachesa constantvaluefor

d)�id h �
, with

�
beingtheposition

variable.Evidently, all points � on thespherewith radius � maybe identifiedin
thelimit � h �

, andafinite energy configurationis determinedby themap� h p�� � ����� 2 h � 2 0 (1.8)

which is labelledby its topologicalinvariants,thewindingnumbers. Thesecon-
siderationscanbeeasilyextendedto time-dependentfields p�� � 0 �T� sincethesame
boundaryconditionsasfor thestaticconfigurationsmusthold at infinity. Thusa
topologicalcurrentmaybedefined,� o $ @; w ] 9�� o��g�'� �f��� ��� � n��^��� ��� � nV�¡��� ��� � n"�q�¢�P£ 0 (1.9)

which conserves the winding numberas the correspondingcharge. It hasbeen
the conjectureof Skyrme [11] to identify the topological current

� o with the
baryoncurrentandthewinding numberwith thebaryonnumber. Unfortunately,
onefindsby scaling ����H 0 �T� h ���P¤aH 0 �T� thata configurationof minimal energy
is only obtainedfor ¤ h �

, i.e. the soliton is not stableandcollapsesto size
zero. This alreadyindicatestheway to resolve theproblem,by addinga termto
theLagrangian(1.7)with morederivatives(but nomorethantwo time-derivatives
in view of laterquantization)whichstabilizesthesoliton,mM�¦¥ � $ @� ; � 9 �?�¨§ � �.���Cn�o"��� 0 �����Cn��^��� £ � ���i��n o �¢� 0 �.���Cn � ��� £¡© L (1.10)

Thenastaticsolitonconfigurationis givenby theingenioushedgehog ansatz,�?ª $«� ��� ��OP� b^¬�¨ �����g� L (1.11)

We seethat the isovectorpion field is simply proportionalto the positionvec-
tor. The strengthof the pion field is determinedby

 ����� , thechiral angle. The
boundaryconditionsfor finite energy configurationmaybetranslatedinto there-
quirements

 ��®	� $ � ] and
 � � � $ ® for a configurationwith baryonnumber� . Thuswe have founda classicaldescriptionof baryonswithin thecontext of a

simplenon-linearmesontheory.
Therearisesthe immediatequestionof how the baryonsobtain their half-

integerspinandisospin,sincethefundamentalpionfield possessesspinzeroand
isospinone.To answerthisquestion,thesolitonneedsto bequantizedandto this
end,time-dependentsolitonsolutionsareneeded.Wedonotwantto gointo detail
hereandjust line out thebasicideas.Full time dependentsolutionsto thetheory
describedby theLagrangian

m $ m � 9C� * m �¦¥ � arehardto comeby. Nevertheless
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oneobservesthatglobalrotationsin isospace,causedby a time-dependentmatrix¯ �I�T��°±����� ; � , ��� � 0 �T� $ ¯ �I�T�a�?ª�� � � ¯ � �I�T� 0 (1.12)

do not changethe “potential” energy of the hedgehog,i.e. the part in the La-
grangiandependingonly on spatialderivatives. Thereforethey might be a suit-
ableansatzfor a time-dependentsoliton solution.1 The time derivatives in the
Lagrangiancreatetermswhich representthe rotationalenergy. Upon using the
hedgehogpropertiesanda suitabledefinition of angularvelocitiesascanonical
variablesonefinds[10]:² Theabsolutevaluesof spinandisospinareequal,³ 9 $�´ 9 .² The Hamiltonianof the problemreducesto the one of the sphericaltop,#µ$ 69.¶ ³ 9 *�·

. Here, ¸ is a momentof inertiaand
·

is thestaticenergy
(themass)of thesoliton.

Thus, uponquantizingthe top, ¹ and º as the quantumnumbersfor spin and
isospinmay be well assignedhalf-integer values,thoughthereis no compelling
reasonto do this.

Alas,onewouldliketo extendthetheoryto threeflavorsandto chiral �����!�	��x�������	� symmetryin orderto describethe baryonoctetanddecuplet.A detailed
review onthissubjectis providedby ref. [12]. Let theLagrangian

m $ m � 9C� * m �»¥ �
remainunchangedbut definethechiral field asan �����!�"� field usingthemesons¼�½

, � $ @ 0 L¡L¡L 0 [ , built by pions,kaonsandtheoctetcomponentof the ¾ ,
� $��\���À¿ O 3 ½ ¼ ½ ¤ ½ Á L (1.13)

Onemaywishto addsomeflavor symmetrybreakingtermsto theLagrangianand
canthenproceedasdescribedabove, i.e. by introducingthecollective rotations
andquantizingthe soliton. At somepoint onewould like to relatethe effective
mesontheoryto QCD,andonecouldstartby comparingsymmetries.It turnsout
that this modelpossessesanextra discretesymmetrythat is not sharedby QCD.
Under parity transformationsÂ the pseudoscalarmesonfields as describedby
QCDshouldobey ÂÃ� � ½ � � 0 �T� h J ¼ ½ � J � 0 �T� L (1.14)

1Thestaticsolitonviolatesisospinor, equivalently, rotationalsymmetry. Thereforeit needsto
beprojectedontogoodspin/isospinstates.Theintroductionof thecollective rotationin isospace
exactlydoesthis job.
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In themesontheory, onethereforedefinesÂ asÂÄ� � h J � 0 � h ��� L (1.15)

TheLagrangianis however invariantunder
� h J �

and � h � � separately. To
breakthis unwantedsymmetry, oneneedsto addsomeextra term to the meson
action, the famousWess-Zumino-Witten (WZW)term [13]. We statethe conse-
quenceswhichcomeaboutby addingthis term:² If photonsareaddedin a gaugeinvariantmannerto themesontheory, the

WZW term generatesa vertex for the anomalousdecay ] ª h ÅKÅ
. This

decayis determinedin QCD by the triangle graphwhich is proportional
to thenumberof colors, Æ�Ç . Thus,thestrengthof theWZW termcanbe
relatedto ÆÈÇ .² If oneconsidersan adiabatic

; ] rotationof the soliton during an infinite
time interval, theWZW termgivesa contribution ÆÈÇ ] to theactionwhile
all othercontributionsvanish.Thusthesolitonacquiresaphase� J @ ��ÉKÊ for
sucha rotation. For ÆÈÇ odd, the soliton mustthereforebe quantizedasa
fermion,in accordancewith ÆÈÇ $ � in QCD.

We find thatincorporatingtheQCD symmetries(for threeflavors)alreadygener-
atesagoodargumentto identify baryonswith solitons.

Thereis onemoreconnectionof thesolitonpictureto QCD.Wittenhasshown
in ref. [14] that in the limit ÆÈÇ h �

QCD transformsinto a theoryof weakly
interactingmesonsandbaryonsemerge assolitonsin this theory. However, an
exactmappinghasnotbeenfoundin this limit.

Instead,onecanconsidera Nambu-Jona-Lasinio(NJL) modelinvolving ex-
plicit quarkdegreesof freedom,definedby theLagrangian[15]mÌË�Í.Î $ÐÏÑ ��OPn Ò J < ª � Ñ JÔÓÖÕ ÏÑK× ½Ç; Å o Ñ^Ø Õ ÏÑK× ½Ç; Å o ÑqØ L (1.16)

Here,quarks( Ñ ) areassumedto comein 3 flavors and ÆÈÇ colors,
< ª denotesa

currentquarkmassmatrix which is assumedto containsmalldiagonaltermsand× ½ Ç arethegeneratorsof thecolor group ������Æ±� . Themodelis anapproximation
to QCD if oneassumesthe gluon propagatorto be diagonalin color spaceandN _ ¥ �I�r� . Additionally, in the limit

< ª $ ® it conserves the chiral �����!�	��x�����!�"� symmetryof QCD (with masslesscurrentquarks)which is of importance
for mesonandbaryonproperties.Upon Fierz transformingtheNJL Lagrangian
into attractive channels,onecanshow that in thelimit Æ�Ç h �

only themeson
channelssurvive indeed.
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Furthermore,this specificmodelandotherquarkmodelsof theNJL typead-
mit solitonic solutionswhich are reviewed in refs. [16, 17]. In contrastto the
non-linearl modelsdiscussedbefore,thesesolitonsarenon-topological.In mini-
mizing theenergy of afield configuration,onedeterminesthequarkenergy levels
in a backgroundmesonfield of the hedgehogtype, and a unit baryonnumber
is still provided by a configurationof ÆÈÇ quarks. It is an advantageousfeature
to retainquarkdegreesof freedomin thesolitonicpicture,if oneconsidersphe-
nomenologicalapplicationssuchascalculationsof structurefunctionsandparton
distributionswhichhavebeenperformedin thelastyears.

We will stopat this point andsummarizesomeimportantfeaturesof soliton
models.They possessa deepconceptualappealaswith therequirementof chiral
symmetryimposedontosomeeffective mesontheorythebaryonsariseaslumps
of thesewithout further ado. The possibletransformationof QCD in the limitÆÈÇ h �

into sucha nonlinearmesontheorycreatesthelink to thefundamental
quarks.However, in practicalcalculationsonehasto abstractfrom quarksentirely
or mustresortto NJL modelsascrudeapproximationsto QCD.For bothstrategies
it turnsout that in leadingorderof ÆÈÇ (quasiclassicalsolitonconfigurationwith
quantizedcollectivevariables)staticbaryonobservablesareonly accurateon the
20 L¡L�L 30 % level, asknown from nearlyall hadronicmodels. Correctionsdue
to thefinite numberof colors(or, phrasedotherwise,dueto mesonicfluctuations)
yield substantialcontributions, and their technically involved calculationtends
to hide the original conceptualbeauty. Another point of weaknessis the non-
covariantformulationwhichwill hamperthepossibleapplicationof thismodelto
hadronicprocessesin theintermediateenergy regime.

1.2.3 Bag models

SoonafterQCDsurfacedin theorycircles,it becamepopularto associatehadrons
with adifferentphaseof thetheoryascomparedto thevacuumphase.Thispicture
motivatestheoriginal M.I.T. bagmodel,wherethevacuumphaseis assumedto
prohibit thepropagationof quarksandgluonsbut createsbubblesof hadronicsize
in which quarksandgluonsmaypropagateordinarily. Themodelis reviewedin
ref. [18]. It is formalizedby theLagrangianm�ÙcÚ�Û $ � mÝÜaÞ�ß J � �Ì¸�à J @; ÏÑ�Ñ �âá L (1.17)

Insidethebag,to bespecified,̧�à $ @ , andoutside,̧�à $ ® . Thesurfacefunction�ãá
is definedby ä ¶Påäcæ\ç $ � o �âá and � o $ �I� ª 0Tè � is a normalizedunit vector

perpendicularto thesurface. Accordingto this setup,no quarkor gluoncurrent
canescapethebag,dueto theboundaryconditions(for astaticbag)è xêéëÇ $ ® 0 è bíì Ç $ ® 0 ÏÑ � Ò Ñ $ ® 0 (1.18)
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where éëÇ and

ì Ç denotethecolor magneticandelectricfield, respectively. The
bagconstant

�
hasbeenintroducedto balancethesurfacepressureof theconfined

color fields.
Theusualprocedurein finding thegroundstateis to assumeaspherical,static

bagandevaluatethe quarkwave functionsandenergy levels perturbatively. To
this end,onesolvesthe free Dirac equationwith the sphericalboundarycondi-
tions,andthelowest-lyingenergy level for amasslessquarkis approximately400
MeV for abagradiusof 1 fm, slightly abovetheconstituentquarkmassesusedin
thepotentialmodels.Thesplittingbetweennucleon(spin1/2)and

�
(spin3/2) is

evaluatedby aone-loopgluoncorrectionto the“bare” quarklevels.In theendone
findsthatthebagradiususuallycomesout too large,above1 fm, andfor theQCD
fine structureconstant

UfWiîï;
to accountfor the Æ J �

massdifference.Hence
thevalidity of aperturbativetreatmentis highly questionable.Furthermore,pionic
bagsgive just thewrongpionmass.

This led to theideato couplel mesonsandpionsto thebagin orderto regain
chiral invariance.Thesemodelscomeunderdifferentguisesas² a “hybrid” bagwherequarksand l J p coupleon thebagsurfaceandthe

latterarealsoallowedto propagateinsidethebag,² a “little” bagwherein contrastto the hybrid bagpionsareexcludedfrom
theinteriorof thebag,² a“cloudy” bagwherethemesonsareconstrainedto thechiralcircleandare
allowedinsidethebag,and² a “chiral” bagwheretheconstrainedmesonsaredescribedoutsidethebag
by the Skyrme Lagrangian

m $ m � 9C� * m �»¥ � which wasdiscussedin the
previoussubsection,cf. eqs.(1.7,1.10).

All thesefacetsof asoftenedbagaredescribedonanintroductorylevel in ref. [19].
Usuallyall thesemodelsimproveontheshortcomingsmentionedabove. Thebag
radiuscanbechosenconsiderablysmallerand

U á
needsnot beaslargesincetheÆ J �

splitting arisespartially from the pions. Additionally, they supportthe
popularpictureof a nucleonasconsistingof a valencequarkcoresurroundedby
a pionic cloud. As it will be of interestlater on, the non-zeroelectricform fac-
tor of theneutronis frequentlyattributedto “the” pion cloudaroundtheneutron
but sucha statementhasto beinterpretedwith careasit is only valid in a model
context suchasa bagmodel,wherevalencequarksaloneyield zerofor theform
factorindeed.

Especiallythe chiral bagmentionedlast in the above list aimsat combining
thesolitonpictureof baryonswith thevalencequarkpicture.At first sight,it is ap-
pealingto think of thebagsurfaceasaborderlinewhich indicateswhereto switch
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from a descriptionwith quarkdegreesof freedomto a descriptionwith mesons.
Thenobservablesshoulddependvery little on thesizeof the bag(Cheshire Cat
Principle) and this hasbeenfound indeed. Unfortunatelythe static properties
of baryonsarenot improvedascomparedto thepuresoliton,andcomeout even
worsethanfor solitonswhichareformulatedwith pseudoscalarandvectormesons
[12, 20]. Non-covarianceof the formulationandpossiblelarge modificationsof
observablesby quantumfluctuationsalsoremainpresentasproblemsto besolved.

1.2.4 Thediquark-quark pictur e: baryonsasrelativistic bound
states

Hopefully, the short review of the basicprinciplesof threeestablishedclasses
of baryonmodelshasillustratedthe conceptualvariancethat exists amongthe
models. Yet, all of them describestatic and a few dynamicobservablesfairly
well on theproverbialtwenty-percent-level of accuracy, andtheirdegreesof free-
dom may be motivatedfrom underlyingQCD andits symmetries.Nevertheless
we find thatnoneof theseis formulatedin a manifestlycovariantmanner, anda
modelwhich deliberatelycaresaboutcovariancemight bridgethe gapbetween
soft andhigh-energy physics.Experimentalprogressin this intermediateenergy
regime hasbeenconsiderablewithin the last years,andthereforeunderstanding
thecorrespondingresultswithin a hadronicmodelwith substructureconstitutesa
goodmotivation.

In thenext chapter, theframework of adiquark-quarkmodelwill bedescribed
in detail. In this model,we identify baryonswith polesin the3-quarkcorrelation
function. Thesepolesmay ariseby summingover infinitely many interaction
graphs,andit is well known that this summationleadsto boundstateequations
suchastheBethe-Salpeterequationwhich is usuallyformulatedfor two particles
but canbe extendedto � particlesaswell. We will reducethe 3-quarkproblem
to an effective two-particleproblemby introducingquasi-particles(diquarks)as
separable2-quarkcorrelations.ThecorrespondingBethe-Salpeterequationcanbe
solvedwithoutany non-or semi-relativistic reduction.For themodelcalculations,
we employ in a first attemptmassive constituentquarkswith the corresponding
free-fermionpropagator. It is certainly reasonableto assumethat a constituent
quarkmassis generatedin QCD,andthismassgenerationis reflectedin thequark
propagator[21], butweacknowledgethatthefull structureof thequarkpropagator
in QCDis certainlydescribedinadequatelyby just a free,massivepropagator.

In chapter3, we calculatethenucleonelectromagneticform factorsmaintain-
ing covarianceandgaugeinvariancewhich demonstratesthefeasibility of a fully
relativistic treatmentalsofor dynamicobservables.Theelectricnucleonproper-
tiescanbedescribedvery well, we emphasizeherein anticipationof the results
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thatthebehavior of theneutronelectricform factorcanbeunderstoodwithoutany
explicit referenceto pions.Themagneticmomentsturnout to beunderestimated,
at this stage.

Theresultsfor thepion-nucleonform factorandtheisovectoraxial form fac-
tor, presentedin chapter4, are, for the latter andaway from the soft point, in
accordancewith theavailabledata.For thepion-nucleonform factor, our predic-
tionsconvergewith thepredictionsof otherbaryonmodels.However, theresults
revealanoverestimatefor thepion-nucleonandtheweakcouplingconstantwhich
areobtainedin thesoft limit. Chiral symmetrydemandsherea furtherextension
of themodelto includeanotherdiquarkcorrelation,but this provedto bebeyond
thescopeof this work.

In contrastto thebaryonmodelsdescribedabove,confinementis not included
by constructionin thediquark-quarkmodel. In chapter5 we investigatethepos-
sibility of incorporatingconfinementby a suitablemodificationof quarkanddi-
quarkpropagators.Therebywearein thepositionto calculatethemassspectrum
of octetanddecupletbaryons,andalso the nucleonmagneticmomentsreceive
someimprovement. The justification of thesemodificationsis discussedthor-
oughly.

Chapter6 is concernedwith a critical comparisonto a semi-relativistic solu-
tion of the modelwhich is shown to be inadequate.Finally, we summarizethe
obtainedresultsin chapter7 andcommentupon further perspectives in the de-
scriptionof baryonswithin thecontext of thediquark-quarkmodel.

Mostof theresultspresentedherehavebeenpublishedpreviously, cf. refs.[22,
23,24, 25,26]. Also, theauthorof this thesishasbenefiteda lot from thecollab-
orationwith theauthorsof ref. [27] andref. [28].

Throughoutthe text we work in Euclideanspace,if not indicatedotherwise.
Theconventionsrelevantin this connectionaresummarizedin appendixA.1.
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Chapter 2

The Covariant Diquark-Quark
Model

2.1 Reduction of the relativistic thr ee-quark prob-
lem

Thethree-bodyproblemhasattractedagreatdealof attentionoverthelastdecades
andthe formal framework presentsitself to usasbeingquite established,for an
introductionseerefs. [29, 30]. Most work in the field hasbeenrestrictedto the
treatmentof quantummechanicalsystems,though,wherecertaintheoremsabout
existenceanduniquenessof solutionscouldbe proved,seee.g. ref. [31] for the
caseof three-particlescatteringwith just two-bodypotentials.For relativistic sys-
temsthe few-body problemseemsto be somehow ill-posed as formal require-
mentslike covarianceandlocality have led to the formulationof quantumfield
theorieswhich employ infinitely many degreesof freedom(that comeaboutby
the possiblecreationandannihilationof particles). Nevertheless,the spectrum
of mesonsandbaryons,their staticpropertiesandtransitionsindicatethat only
the degreesof freedomof a fixed numberof (constituent)quarksare relevant.
Thereforelet usintroducethenotionof baryonwavefunctionsasmatrixelements
of threequarkoperatorsthat interpolatebetweenthe vacuumanda boundstate
with observablequantumnumbers(seebelow eq. (2.7)). Within QCD, thenon-
perturbativevacuumisanon-trivial condensateandthereforethesewavefunctions
would containper definitionemseaquarkandgluonic parts. However, it seems
to bejustifiedphenomenologicallyto regardwavefunctionswhicharematrixele-
mentsof threeeffective quarkoperatorsbetweenthe perturbative vacuumanda
boundstateasthedominantonescomparedto otheroperatormatrixelementsthat
involve anarbitrarynumberof particlecreationandannihilationoperators.Then
thequantummechanicalformulationof thethree-bodyproblemcanbetakenover
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to field theoryin theformulationof Green’s functions.

2.1.1 Distinguishablequarks

First, let us considerthreedistinguishablequarks. Later we will generalizethe
obtainedresultsto indistinguishableparticles.

To save on notation,we will drop Dirac, flavor andcolor indices. They are
assumedto becontainedin thesingleparticlelabels.In ourdefinitionsof Green’s
functionsor boundstatematrix elementswe alwaystake out one _ -functionrep-
resentingconservation of the total momentum,e.g. we will denotea (dressed)
singlequarkpropagatorby � 4 with� ; ] � ¥ _ ¥ �Pð 4KJ � 4 �ñ� 4 �!ð 4Pò � 4 � $ ó  ¥ �KôCõ ó  ¥cö�÷ õ � ���Èø OT�Pð 4Tb �KôCõ J � 4cb ö�÷ õ���ùxMúP® d º Ñ 4 �í�Kô'õP� ÏÑ 4 � ö�÷ õ!� d ®�û (2.1)$ � F.T. úP® d º Ñ 4 �I�KôCõP� ÏÑ 4 � ö�÷ õ!� d ®�û L (2.2)

Wewill usetheabbreviation‘F.T. �I�r� ’ for theFouriertransformof thesubsequent
expression�I�r� in thefollowing. Theannihilationoperatorfor aquarkof kind O is
denotedby Ñ 4 . In thisway, thedisconnected(free)three-quarkpropagatoris found
to be Ó ª��Pð 4Pò � 4 � $ _ ¥ �!ð 6 J � 6 � _ ¥ �Pð 9 J � 9 ��ü � 4 �Pð 4�ò � 4 � (2.3)

Sumandproductrun over O $ @ 0 ; 0 � . The full quark6-point function (or the
3-quarkcorrelationfunction)

Ó
is accordingly� ; ] � ¥ _ ¥ký 3 �!ð 4KJ � 4 �.þ Ó �Pð 4�ò � 4 � $

F.T. ú!® d ºÿü Ñ 4 �I�KôCõ�� ÏÑ 4 � ö�÷ õ�� d ®Vû L (2.4)

It obeysDyson’sequation,symbolicallywritten asÓ $ Ó ª * Ó ª�� Ó L (2.5)

� is the three-quarkscatteringkernel that containsall two- and three-particle
irreduciblegraphsandthewholeequationinvolving thesymbolicproductsreads
explicitlyÓ �!ð 4Pò � 4 � $ Ó ª��!ð 4Pò � 4 � * (2.6)ó  ¥�� 6� ; ] � ¥ ó  ¥�� 9� ; ] � ¥ ó  ¥ < 6� ; ] � ¥ ó  ¥ < 9� ; ] � ¥

Ó ª��Pð 4Pò � 4 ���Ô� � 4�ò < 4 � Ó � < 4�ò � 4 � L
Besidesthefour-dimensionalintegrations,sumsoverDirac indices,colorandfla-
vor labelsareimplicitly understoodin thesymbolicmultiplication.
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Wedefinea three-particlewave function � to bethetransitionmatrixelement
betweenthe vacuumanda statewith an on-shellfour-momentum� andappro-
priatediscretequantumnumbers(spin,isospin, L¡L¡L ),� ; ] � ¥ _ ¥ký 3 � 4KJ �¢þ��i� � 6 0 � 9 0 � 2 � $ F.T. úP® d Ñ 6 �í� 6 � Ñ 9 �í� 9 � Ñ 2 �I� 2 � d ��û L (2.7)

A boundstateof mass
·

with wave function � will show up asa pole in the
6-pointfunction,i.e. in thevicinity of thepole

Ó
becomesÓ N ���Pð 6 0 ð 9 0 ð 2 � Ï��� � 6 0 � 9 0 � 2 �� 9 * · 9 0

(2.8)

where� $ � 6 * � 9 * � 2 . Insertingthis into Dyson’sequation(2.5)andcomparing
residues,onefindsthehomogeneousboundstateequation

� $ Ó ª	�
� �
Ó � 6 � $ ® L (2.9)

This is our startingpoint. As it stands,theequationis far too complicatedasnei-
ther the fully dressedquarkpropagatornor anexpressionfor all two- andthree-
particleirreduciblegraphsareknown. Onehasto resortto somesortof approx-
imation in which the problemis tractableand judge the quality of the chosen
approximationby theresultsfor theboundstateproperties.

Theproblemis greatlysimplifiedwhenonediscardsthree-particleirreducible
graphsfrom theinteractionkernel � . Wewill call thisapproximationtheFaddeev
(boundstate)problemin thefollowing. Thekernelthenconsistsof threeterms,

� $ � 6 * � 9 * � 2 L (2.10)

The �
4
, O $ @ 0 ; 0 � , describetheinteractionsof quarkpairs ��	ðK� , i.e. with quark( O )

asaspectator. ��O�	ðK� is hereacyclic permutationof (123). In figure2.1,examples
for admittedandexcludedgraphsin the kernel � for the Faddeev problemare
shown. The two-quarkpropagators� 4 fulfill their own Dyson’s equationwith
respectto thekernel �

4
, � 4 $ Ó ª * Ó ª�� 4 � 4 L (2.11)

The objects � 4 and �
4

are definedin three-quarkspace. The former containa
factor � 4 , thepropagatorof thespectatorquark,andthe lattercontaina factorof� � 64 (althoughthespectatorquarkis not involvedin theinteractionsdescribedby�
4
). Thematrix �� 4 is definedby amputatingall incomingandoutgoingquarklegs

from theconnectedpartof � 4 , � 4 $ Ó ª * Ó ª��� 47Ó ª L (2.12)
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+ . . . ++

Figure2.1: Examplesfor admittedandexcludedgraphsin the3-quarkinteractionkernel�
for theFaddeev problem.

Combiningthetwo previousequationsyieldsanintegralequationfor �� 4 ,
�� 4 $ �

4 * �
47Ó ª �� 4 L (2.13)

Still thismatrixcontainsremnantsof thespectatorquark,thistime � � 64 . Therefore
thetwo-quark� matrixof theinteractingquarks ��	ðK� is obtainedby� 4 $ �� 4 � 4 0 (2.14)

andcontainsjust a trivial unit matrix in thesubspaceof thespectatorquark.
We needonemoredefinition beforewe cantacklethe boundstateproblem.

Theso-calledFaddeev components�
4
areintroducedby

�
4 $ Ó ª�� 4 � 0

(2.15)

and by virtue of eqs.(2.9,2.10) � $ � �
4
. Solving eq. (2.11) for

Ó ª�� 4 and
insertingtheresultinto eq.(2.9)yields

� $ � 4 ��� E * �ãô���� L (2.16)

Using thedefinitionof �� 4 and � 4 in eqs.(2.12,2.14)theequationcanberewritten
as

�
4 $ Ó ª �� 4 ��� E * �yô�� $ �P� E � ô��f� 4 ��� E * �?ô�� L (2.17)

Thesearethe famousFaddeev boundstateequationsrelatingthe Faddeev com-
ponent �

4
to � E 0 �yô using the full two-quarkcorrelationfunction � 4 (insteadof

the kernel � ). In turn the � 4 would have to be determinedin a full solution to
theFaddeev problemby solvingeq.(2.13)which involvesthekernelcomponents�
4
. The relativistic Faddeev equations,depictedin figure 2.2, area setof cou-

pled 4-dimensionalintegral equationsandarethusa considerablesimplification
of theoriginal 8-dimensionalintegralequationproblemdefinedin eq.(2.9).Still,
the wave function components�

4
dependon the two relative momentabetween

thethreequarksandexpandingthesecomponentsin Dirac space[32] leadsto an
enormousnumberof coupledintegralequations.
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2
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Figure2.2: TheFaddeev boundstateequationfor thecomponent� 6 . Theequationsfor� 9 and � 2 follow by cyclic permutationof theparticleindices.

Therefore,we aim at furthersimplificationof theboundstateproblem. This
will beachievedby approximatingthetwo-quarkcorrelationfunction � 4 in terms
of asumoverseparablecorrelations,� 4 �!ð 6 0 ð 9 ò � 6 0 � 9 � $ 3 ½ � ½4 �Pð 6 0 ð 9 ��� � ½ �4 �!ð 6 * ð 9 � Ï� ½4 � � 6 0 � 9 � 0 (2.18)

pictorially shown in figure 2.3. Separabilityrefersto the assumedpropertyof� 4 that it doesnot dependon any of the scalarproductsð 4�b � E ( O 0  $ @ 0 ; ). We
call theseseparablecorrelations“diquarks”. The function � ½ is thevertex func-
tion of two quarkswith a diquark(labelledwith � ), Ï� ½ correspondinglydenotes
theconjugatevertex function.1 Different � ’s refer to differentrepresentationsin
flavor andDirac space,andwe name � � ½ � the “diquark propagator”for the re-
spective diquark.Theassumptionof separabilityin thetwo-quarkcorrelationsis
the startingpoint in the descriptionof baryonswithin the diquark-quarkmodel.
In the following sectionwe will introducescalarandaxialvectordiquarksasthe
supposedlymost importantcorrelationsandexplore the consequencesof quark
antisymmetrizationfor their parametrization.

A suitableansatzfor the Faddeev components�
4
, seefigure 2.4, takes the

form

�
4 � � 4 0 � E 0 ��ô�� $ 3 ½ Ó ª � ½4 � � E 0 ��ô���� � ½ �4 � � E * �aô � ¼ ½4 � � 4 0 � E * �aô � 0 (2.19)

wherewe introducedan effective vertex function of the baryonwith quarkand
diquark,

¼K½4
. It only dependson therelative momentumbetweenthemomentum

1We refer hereto the conjugateof a Bethe-Salpetervertex function. For the scalarandaxi-
alvectordiquarkswhichwill beof interest,it is introducedin eqs.(2.48,2.49).
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t 1 χa
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Figure 2.3: Theseparablematrix � 6 .
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Figure2.4: Theansatzfor � 6 usingeffectivebaryon-quark-diquark vertex functions� ½ 6 .
of thespectatorquark,� 4 , andthemomentumof thediquarkquasiparticle,� E * �aô .
A detailedderivationof this propertyof

¼�½4
canbefoundin refs. [29, 33].

Insertingthis ansatzinto theFaddeev equations(2.17)yieldscoupledintegral
equationsfor theeffectivevertex functions,¼ ½4 $AÏ� ½4 �!� E � ô � 3 � � � �E � � � �E ¼ �E * � �ô � � � �ô ¼ �ô � L (2.20)

We will rewrite theseequationsinto a form thatwill be familiar from the theory
of Bethe-Salpeterequations[34, 35]. To this endwe definea relativemomentum
betweenquark O andthediquarkmadeof thequarkswith label ��	ðK� ,� ��!�"4 $ � @ J ¾a� � 4KJ ¾r� � E * ��ô�� 0 (2.21)

andthetotalmomentum

� $ � 6 * � 9 * � 2 L (2.22)

In contrastto theseparationof variablesin a non-relativistic two-bodyproblem,
we have no uniquedefinition of the relative momentumbetweenquarkanddi-
quark. Thereforewe have introducedthe parameter¾ which distributesrelative
andtotal momentumbetweenquarkanddiquark.2 Physicalobservables,like the
massof the boundstates,form factorsetc. shouldof coursenot dependon this
parameter.

Usingthelasttwo definitionsfor totalandrelativemomentumandtakinginto
accountall momentumconservationconditionsin eq.(2.20),theboundstateequa-

2Let #%$ and #%& bethecoordinatesof quarkanddiquarkin configurationspace.Translational
invariancetells usthat '%()+* #%$-,/.10�#%&2,/.%3547698;: *�<>=@?BA .%3�'%()+* #C$�0�#C&�3 . Thereforeoneintroduces
arelativecoordinate#EDGFIHC4J#C$ < #C& andanoverall configurationvariableKL4NMO#C$-, *�P>< MQ3@#%& .
ThemomentaR DGFIH and ? aretheconjugatevariablesto # D�FIH and K . Then '%()+* #%$-,/.10�#%&5,/.%3>4'%() * # DGFIH 0�KS,UT+3 and,aftera Fouriertransformation,translationalinvarianceis seento befulfilled
with this choiceof coordinates,leaving thefreedomto chooseM arbitrarily.
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tionsread¼ ½4 � �V��!�"4 0 ��� $ 3 � 23 E 576 ó  ¥ ð ��!�"E� ; ] � ¥ �XWZY4 E�D ½ � � �V��!�"4 0 ð1��!�"E 0 ��� Ó\[ �Z] [ª � � � �!ð1��!�"E 0 ��� ¼ �E �!ð1��!�"E 0 ��� L
(2.23)Ó\[ �Z] [ª � � � describesthe disconnected(“free”) quark-diquarkpropagatorin the di-

quarkchannel̂ ,ÓB[ �Z] [ª � � � �Pð1��!�"E 0 ��� $ � E ��¾_� * ð1��!�"E ��� � � �E �'� @ J ¾a�9� J ð1��!�"E � 0 (2.24)

and � WZY4 ECD ½ � is thequark-diquarkinteractionkernelgivenby

� WZY4 ECD ½ � � � ��!�"4 0 ð ��!�"E 0 ��� $ 23 ô 576 Ï_
4 E ô Ï� ½4 �!ð E 0 Ñ �y� ôq� Ñ � � �E � Ñ 0 � 4 � 0 (2.25)ð E $ ¾_� * ð1��!�"E 0

(2.26)� 4 $ ¾_� * �V��!�"4 0
(2.27)Ñ $ J �V��!�"E J ð1��!�"4 * � @ J ; ¾a�9� L (2.28)

Thesymbol
Ï_ 4 E ô is equalto 1 if O 0  0 ð arepairwisedistinctand0 otherwise.

Clearly this Bethe-Salpeterinteractionkernel � WZY4 ECD ½ � describesthe quarkex-
changebetweenthetwo-particleconfigurationsof quark O /diquark � andquark  /
diquark ^ . To arrive at anequationfor physicalbaryons,we have to projectthese
configurationsonto the respective baryonquantumnumbers.This will be done
for the nucleonsandthe

�
resonancesin section2.3. As it will turn out, after

theprojectionof thevertex functionsthequarkexchangegeneratestheattractive
interactionthatbindsquarksanddiquarksto baryons.

2.1.2 Identical quarks

For identical quarksantisymmetrizationis required. Nevertheless,the Bethe-
Salpeterequation(2.23)will take thesamealgebraicform regardlessof theparti-
cle index O . Singleparticleindices O on thequarkpropagators� 4 andthediquark
propagators� � ½ �4 canbeomittednow aswell ason thevertices� ½4 astheir func-
tionalform doesnotdependonthem.However, somecareis neededsincethepar-
ticle indices O 0  0 ð in eq. (2.23)specifiedthe summationorder over color, flavor
andDiracindices.Thereforewewill introducefor eachtermin theBethe-Salpeter
equationfor identicalquarkssmallGreekmulti-indices ` D a�Dcbcbcb for quarksthatcon-
tain all of the indicesmentionedabove. Consequently, antisymmetrydemands
thatthediquark-quarkvertices� ½aed beantisymmetricin their indicesa^D d .
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Figure 2.5: Thecoupledsetof Bethe-Salpeterequationsfor theeffective vertex func-
tions � ½ .

TheBethe-Salpeterequationfor
¼ ½4 f ¼ ½

in thecaseof identicalquarkstakes
theform ¼ ½` � � ��!�" 0 ��� $ 3 � ó  ¥ ð ��!�"� ; ] � ¥ � WZY` d�g �!ð ��!�" 0 � ��!�" 0 ���1x (2.29)Ó [ �Z] [ª D d g d �Pð ��!�" 0 ��� ¼ �d �!ð ��!�" 0 ��� 0Ó [ �Z] [ª D d g d �!ð1��!�" 0 ��� $ � d g d �!ð = � ; � � � � �!ð%h�� 0 (2.30)�XWZY` d�g �Pð1��!�" 0 �V��!�" 0 ��� $ Ï� ½aegid�g �Pð = 0 Ñ �y� a g a � Ñ � � �` a � Ñ 0 � = � L (2.31)

Repeatedindicesare summedover. Pleasenote that, to save on notation,we
neglectedtheindicesfor theinvolveddiquarkchannelsin thesymbols

Ó [ �Z] [ª and� WZY . Due to the summationover
Ï_ 4 E ô an overall factorof two emergedthat we

have to absorbin thedefinitionof thediquarkpropagatorin thecaseof identical
quarks[33]. Spectatorquarkmomentað = ø � = ù , diquarkmomentað%h ø �VhTù and the
exchangequarkmomentumÑ aregivenbyð = ø � = ù $ ¾ � * ð ��!�" ø � ��!�" ù 0 (2.32)ð%h ø �VhTù $ � @ J ¾a�9� J ð1��!�" ø �V��!�" ù 0 (2.33)Ñ $ J ðZ��!�" J �V��!�" * � @ J ; ¾K�j� L (2.34)

Thesetof Bethe-Salpeterequationsis pictorially shown in figure2.5.
To concludethis section,we will write down the completelyantisymmetric

Faddeev amplitude k , obtainedby cuttingoff the threeexternalquarklegs from
thewave function � (cf. eq.(2.19)),

k>`Cl�`+mn`;o�� � 6 0 � 9 0 � 2 � $ 3 ½ !Ip9! (R !���q Q3� 4 E ô � � ½`�rs`+t � � E 0 ��ô���� � ½ � �g� @
J ¾K� J � ��!�"4 � ¼ ½` õ � �V��!�"4 � L

(2.35)
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Therelative momentum� ��!�"4 is definedasin eq.(2.21). Dueto theantisymmetry
of thediquark-quarkvertices� ½ thesummationover evenpermutationsof ��O@	ðK�
alreadygeneratesthefully antisymmetricFaddeev amplitude.

Summarizingtheresultsof thissection,wehaveshown thatthedetermination
of a 3-quarkwave functiondefinedby eq.(2.7)canbesimplifiedenormouslyby
thefollowing approximations:

1. Neglect all three-particleirreduciblecontributions to the full three-quark
correlationfunction

Ó
.

2. Assumethat the truncated,connectedtwo-quarkcorrelations(the � matri-
ces)canbe representedasa sumover separabletermsthat are identified
with diquark-quarkvertex functions,seeeq.(2.18).

The boundstateequation(2.9) reducesto a coupledsetof Bethe-Salpeterequa-
tions for effective baryon-quark-diquarkvertex functions

¼K½
, where � labelsthe

diquarktypesthataresummedover in theexpressionfor theseparable� matrix,
eq.(2.18). TheseBethe-Salpeterequations(2.29)arethemainresultof this sec-
tion andits only ingredientsare² thequarkpropagator� ,² thediquark-quarkvertices� ½ and² thediquarkpropagators� � ½ � .
The aim of this work is to explore the consequencesof choosingrathersimple
formsfor � , � ½ and � � ½ � thatin amoreelaborateapproachshouldbedetermined
by a suitableeffective theory of QCD. In the diquark sectorsof Nambu-Jona-
Lasinio(NJL) typeof models[36], thecorrespondingboundstateequationshave
beenformulatedfirst in ref. [37] andsolutionsof thefull Bethe-Salpeterequation
have beenobtainedin ref. [33]. However, theframework of anNJL modelis too
tight: quarkanddiquarkarenotconfinedandadditionallythediquarkis pointlike
( � ½vu$ � ½ � � 6 0 � 9 � where� 69w 9yx arethequarkmomenta).Furthermore,theframework
presentedhere is well-suitedfor the calculationof dynamicalobservables. In
the caseof electromagneticobservables,gaugeinvarianceis alsomaintainedin
numericalsolutionsto a high degreeof precision. This is somewhat harderto
achievein NJL modelcalculationsemployingsharpEuclideancut-offs. Partly due
to this limitation,nodynamicalobservablesof baryonshavebeencalculatedin the
diquarksectorof theNJL modelsofar, usingfully four-dimensionalsolutionsof
theBethe-Salpeterequation.
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2.2 Diquark correlations

As explainedin the previous section,“diquarks” or “diquark correlations”refer
to the useof a separabletwo-quarkcorrelationfunction, the � matrix. As the
diquark-quarkmodelpresentedhereis inspiredby the NJL model,we will de-
scribeshortlyhow separable� matricesarisein it anddiscusspreviousapproaches
to thediquark-quarkpictureof baryons.The following mainpartof this section
introducesour parametrizationof the � matrix includingtheexplicit form for the
diquark-quarkverticesandthediquarkpropagators.

Beforewe embarkuponthesepoints,let usdiscussheuristicallysomeprop-
ertiesof diquarks. Any two quarkswithin a baryonhave to be in a color anti-
symmetricstateasrequiredby thePauli principleandtheassumedcolor singlet
natureof baryons.If weconsiderfor themomentdiquarksasasymptoticstates(in
anunphysicalsubspaceof thewholeHilbert space),their spatialwave functions
(assumedto beseparatedfrom their Diracstructure)will bedominatedby asym-
metricgroundstate.This requiresthecombinationof flavor andDirac structure
to be symmetric.Their massspectrumandthereforetheir importanceasvirtual
statesin baryonscanbeguessedby looking at themesonspectrum:pseudoscalar
mesonscorrespondto scalardiquarks,vectormesonsto axialvectordiquarkssince
theintrinsic parity of ( Ñ ÏÑ ) is oppositeto theintrinsic parity of ( Ñ^Ñ ). Althoughthe
pseudoscalarmesonsareespeciallylight dueto their suspectednatureasGold-
stonebosons,the scalardiquarkscorrespondingto them shouldbe still lighter
thanaxialvectordiquarks.This point getssupportfrom latticecalculations[38].
In quenchedQCD employing Landaugaugethescalardiquarkcorrelationfunc-
tion correspondsto a massive stateof around700MeV whereastheaxialvectors
areheavier by around100MeV. Vectorandpseudoscalardiquarkmassesarethen
expectedto lie around1 GeV andthereforeassumedto belessimportantfor nu-
cleons. This is indeedthe casein a calculationwithin the Global Color Model
[39].

Having motivatedthe importanceof scalarand axialvector diquarks,let us
returnto theirdescriptionwithin the2-quarkcorrelations.As is well-known, sep-
arable� matricesarisefrom separable4-quarkscatteringkernels� f �

4 � 4 in the
following way3. Let

� Q ! R D ½ �!ð 6 0 ð 9 ò � 6 0 � 9 � $ � ½ �Pð 4 � × � ½ � �Pð 6 * ð 9 � Ï� ½ � � 4 � 0 (2.36)

be the scatteringkernel in the particularchannel � . Then the corresponding�
matrix in thischannelcanbeinferredfrom eq.(2.13)which for identicalparticles

3The kernels z ) introducedin eq. (2.10)containa factor {2|~}) , the inversepropagatorof the
spectatorquark.
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is modifiedto � $ � * @; �
Ó � 9C�ª � L (2.37)

Wedenote

Ó � 9C�ª asthefreetwo-quarkpropagator, asfor distinguishableparticlesit
correspondsto justtheproductof thesinglepropagators.Dueto theantisymmetry
of � in thelabels ��	ðK� , � is alsoantisymmetricin theselabels.Its solutionfor the
separablekernel � Q ! R D ½ reads� ½ �Pð 4�ò � 4 � $ � ½ �Pð 4 ��� � ½ � �!ð 6 * ð 9 � Ï� ½ � � 4 � L (2.38)

Theinverseof thepropagator� � ½ � is determinedby

§ � � ½ � © � 6 $ § × � ½ � © � 6 J @; Ï� ½ Ó � 9C�ª � ½ L (2.39)

We usethe symbolicproductnotationasin the previous chapter. The last term
in eq.(2.39)describesaquarkloopwith insertionsof thevertex functions� ½ andÏ� ½ .

In QCD thesimplesttermin theperturbative kernel,thegluonexchange,has
alreadya non-separableform. However, whenapproximatingthegluonpropaga-
tor by a _ -function in configurationspace,theresultingmodelis a Nambu-Jona-
Lasinio(NJL) modelwith pointlike four-quarkinteractionsthatcanbeviewedas
coloroctet–flavor singletquarkcurrentinteractions.This localcurrent-currentin-
teractioncanbe rewritten into attractive interactionsin color singletmesonand
color triplet diquarkchannels[15]. Let uspick thequark-quarkscatteringkernel
in thescalarchannel� whichwewrite in theform��� W �j` a^D d�� $ w Ó W � � W �j` a � Ï� W � d�� (2.40)$ w Ó W � Å����S� 9 ¤ ô �j` a � �\�KÅ���� 9 ¤ ô � d�� 0 (2.41)

wherewe considerjust an isospindoubletof two quarksthat arein a flavor an-
tisymmetric(

� 9 ) anda color antitriplet state( ¤ ô , ð $ ; 0���0��
). The

� 4
arePauli

matricesandthe ¤ ô areGell-Mannmatrices[40]. Thecouplingconstant

Ó W
regu-

latesthestrengthin this interactionchanneland
�

denotesthechargeconjugation
matrix. Thescalardiquarkpropagatoris by virtueof eq.(2.39)

§ � � W � © � 6 �Pð 9 � $ @w Ó W J ; �?��� ó  ¥ Ñ� ; ] � ¥ � ����Å�� � � � Ñ * ð�Ò ; �?� Å���� � � � �Pð�Ò ;
J Ñ � L
(2.42)

After suitableregularizationof thedivergentintegral it turnsout that the inverse
propagatorhaszerosfor certainvaluesof ð 9 , thereforeboundscalardiquarksexist
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in theNJL modelandthepropagatorcanbeviewedasa scalarpropagatorwhich
containstheeffectof thedressingquarkloop.

In analogyto themesonspectrumwherepseudoscalarmesonsarethelightest
ones,followedby vectormesons,axialvectordiquarksareexpectedto beimpor-
tant in the diquarkchannel.In fact, the axialvectordiquarkpropagatoracquires
poles[41], but their appearancedependson theratio of thecouplingconstantin
thediquarkchannelto thecouplingconstantin thepseudoscalarmesonchannel.

Having obtainedseparable� matricesfor the scalarandthe axialvectorcor-
relations,thespectrumof spin-1/2andspin-3/2baryonsis in principlecalculable
from theBethe-Salpeterequation(2.29).Thiswasdonein refs. [42, 43], however,
for thequarkexchangekernelastaticapproximationwasused(whichamountsto
neglectingall momentumdependencein the propagatorof theexchangequark).
In doing this, covarianceis lost, and the rich relativistic structureof the effec-
tive nucleon-quark-diquarkvertex functions,to be describedin section2.4, has
beenfurthermoreapproximatedby the dominatingnon-relativistic components,
the � waves.Thefull solutionof theBethe-Salpeterequations,i.e. with scalarand
axialvectordiquarks,for nucleonand

�
wasobtainedin ref. [33]. Subsequentcal-

culationsof staticnucleonobservablesemployedunfortunatelyonly thesolutions
in thescalardiquarksector[44, 45]. Especiallythemagneticmomentsturnedout
to bedeficient,thuscalling for includingtheaxialvectordiquarkchannel.

Theapproximationof thetwo-quark� matrix by afinite sumof isolatedpoles
at timelike momentað 9 seemsto be supportedby thesecalculations.Solutions
for on-shelldiquarkswerealsoobtainedin theladder-approximatedGlobalColor
model[39]. TheGlobalColorModelemploysanon-localcurrent-currentinterac-
tion, mediatedby aneffective gluonpropagatorandthereforeavoidstheregular-
izationproblemspresentin theNJL model.Parametrizingthe � matrix with only
theherebyobtainedscalardiquarkpolethenucleonBethe-Salpeterequationwas
solvedin ref. [46].

However, whengoingbeyondladderapproximation,i.e. includinghigheror-
der perturbationgraphsin the quark-quarkscatteringkernel, the diquark poles
disappearin theNJL model[47] aswell asin theMunczek-Nemirowsky model
[48]. The latter employs for the gluon propagatora _ -function in momentum
spaceandcanberegardedasquitecomplementaryto theNJL model,indicating
that in higher-ordercalculationswith a morerealisticgluon propagatordiquark
polesmaydisappearfrom thequark-quarkscatteringamplitudetoo.

Nevertheless,thephenomenologicalefficacy of usinga diquarkcorrelatorto
parametrizethe2-quarkcorrelationsdoesnot rely on theexistenceof asymptotic
diquarkstates.Rather, the diquarkcorrelatormay be devoid of singularitiesfor
timelikemomenta,whichmaybeinterpretedasonepossiblerealizationof diquark
confinement.In principle,onemayappealto modelsemploying ageneral,separa-
blediquarkcorrelatorwhichneednothaveany simpleanalyticstructure,in which
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caseno particleinterpretationfor thediquarkwould bepossible.Indeed,thefact
thattheinteractionmechanismin thequark-diquarkpicture(thequarkexchange)
is attractive, turnsout to be independentof the detailsof the employed diquark
correlations.It canbetracedbackto theantisymmetryof thediquarkandbaryon
verticesandarisesthus from the color and flavor factorsin the Bethe-Salpeter
equation,seethenext section.Lastbut not least,theusefulnessof thispictureand
of employing specificdiquarkcorrelatorshasto be judgedby comparisonto the
experiment.Calculationsof observableshave to go beyondnucleonand

�
mass

or the octetanddecupletspectrumastheseareratherinsensitive to the level of
sophisticationin thetreatment.

As theresultsfor the � matrix have sucha strongmodeldependence,we will
not resortto a specificeffective quarkmodel for calculatingit in the following.
Rather, we will employ an admittedlysimple ansatzfor the � matrix, the pole
approximationin thescalarandaxialvectorchannel.We will assumeanisospin-
doubletof 
 and  quarksaswearemainly interestedin nucleonproperties.Later
on, in chapter5, wewill generalizeour treatmentto thecaseof broken �����!�"� fla-
vor symmetry. We will usevertex functionswith a finite extensionin momentum
space,first becauseif strongdiquarkcorrelationsexist their sizeis mostlikely of
theorderof theprotonradius,andsecondly, to avoid artificial regularizationsin
solvingtheboundstateequations.Theansatzfor the2-quark� matrix reads,���Pð%` 0 ð a ò ��` 0 � a � f ���!ð 0 � 0 ��� $ � �` a �Pð 0 �����ê����� Ï� �d�� � � 0 ��� *� o ` a �Pð 0 ����� o�� ����� Ï� �d�� � � 0 ��� L (2.43)

Therelativemomentaaredefinedasð ø ��ù $ l¢ð%` ø ��`qù J � @ J lX��ð a ø � a ù 0 lë° ø ® 0 @ ù L (2.44)

Thediquarkpropagatorsusedin thescalarandtheaxialvectorchannelaretaken
to be

�ÿ����� $ J @� 9 * < 9 W�� � ��� 9 0 < $ < W�� � 0 (2.45)

� o�� ����� $ J @� 9 * < 9½ æ
Õ _ o�� * � @ J � � � o � �< 9½ æ Ø � ��� 9 0 < $ < ½ æ � L (2.46)

Thechoice
� ��� 9 0 < � $ @ and

� $ ® correspondsto freepropagatorsof a spin-0
anda spin-1particle,to beemployedhere.Most generally, thedressingfunction�

is notnecessarilythesamefor scalarandaxialvectordiquarks.However, when
investigatingnontrivial forms for

�
(which mimic confinement)in chapter5 we

will assumethesame
�

in bothchannelsfor simplicity.
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For thetrivial form, thediquark-quarkvertices� and � o correspondon-shell��� 9 $ J < 9 W�� w ½ æ x � to diquarkBethe-Salpetervertex functions.With quarklegsat-
tached,they areFouriertransformsof thetransitionmatrixelement� �!l5� * � � � � w o x` a � � 0 ����� � �'� @ J lf�j� J � � $ (2.47)ó  ¥�� ó  ¥ � � ��� ��Oy� b � * OS� b �r� úP® d º Ñ `a�í��`�� Ñ a �í� a � d � 0T�g|¢ø���� ùIû 0
with therelativecoordinate� $ ��` J � a and

� $ � @ J lX����` * l�� a . TheDirac
partof theconjugatevertex functionsis obtainedby chargeconjugation,Ï� � � � 0 ��� $ � § � � � J � 0 J ��� © � � � 0

(2.48)Ï� o � � 0 ��� $ J � � � o � J � 0 J ���g� � ��� L (2.49)

They have to be antisymmetricwith respectto the interchangeof the two
quarksandthis entails� � w o x` a � � 0 ��� $ J � � w o xa ` � J � 0 ���;�����e� � 6 � � � L (2.50)

As any two quarksin a baryonhave to belongto the color antitriplet represen-
tation, the diquark-quarkverticesare proportionalto the antisymmetrictensor���V� � with color indices

¯ 0c�
for the quarks,andwith � labelling the color of

the diquark. Furthermore,the scalardiquark is an antisymmetricflavor singletd ®�û representedby � � 9 � ½ � , andtheaxialvectordiquarkis asymmetricflavor tripletd @ 0 ð�û which canberepresentedby � � 9 � ô�� ½ � . Here, � and ^ labelthequarkflavors
and ð the flavor of the axialvectordiquark. For their structurein Dirac space,
we maintainonly thedominantcomponents,theantisymmetricmatrix � Å � � � for
thescalardiquarkandthesymmetricmatrices� Å o � � for theaxialvectordiquark.
Thus,with all theseindicesmadeexplicit, theverticesread4� �` a � �7� $ � W � Å � � �j` a s � � 9 0 � b ��� � � 9 � ½ �� ; ���V� �� ; 0

(2.51)

� o ` a � �7� $ � ½ � Å o � �n` a s � � 9 0 � b ��� � � 9 � ô�� ½ �� ; �s�V� �� ; L (2.52)

Normalizationsof the flavor andcolor part have beenchosensuchthat for the
matrixelementsin therespectivespacesthefollowing holds,ú Ï� 0�� d Ï� 0 ¹Xû ,�- " - � $ 69 ����� É ���O� É $ _ �s� 0 (2.53)úP® d ®Vû9� Ú p - � $ 69 �?� � �9 � 9 $ @ 0 (2.54)ú @ 0 O d @ 0 �ûj� Ú p - � $ 69 �?� � � 9 � 4 � � � � 9 � E � $ _

4 E L (2.55)
4Symbolicallydenotingthe totality of quark indicesby the sameGreeklettersthat areused

astheir Dirac indicesshouldnot causeconfusion.Theparticularflavor structuresaretied to the
Diracdecompositionof thediquarks,color- �  is fixed.
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The antisymmetrycondition(2.50) translatesinto a symmetrycondition for
thescalarfunction

s
,s � � 9 0 � b ��� $ s � � 9 0 J � b ��� �� �e� � 6 � � � L (2.56)

For l u$ @ Ò ; andthusfor
Ï�«� $ � �� �¡� � 6 � � � u$ � , it is not possibleto neglect the� b � dependencein thevertex withoutviolatingthequark-exchangeantisymmetry.

To maintainthecorrectquark-exchangeantisymmetry, weassumeinsteadthatthe
vertex dependson both scalars,� 9 and � b � in a specificway. In particular, we
assumethediquark-quarkvertex is givenby a function thatdependsonly on the
scalar �ÿ� $ � @ J ; lf� � b � * � 9 $ J � @ J ; lX� Ï� b � * Ï� 9 (2.57)

with
Ï� $ � @ J lf�G��` J l	� a and��¢y` D a;£ asgivenabove. Thetwo scalarsthatmaybe

constructedfrom theavailablemomenta� and � which havedefinitesymmetries
underquark exchangeare given by the two independentcombinations��` b � a
(which is essentiallythe sameas above � ) and � 9` J � 9a . The latter may only
appearin odd powerswhich areassociatedwith highermomentsof the Bethe-
Salpetervertex in a polynomialexpansionin � 9` J � 9a . Hence,theseareneglected
by setting s � � 9 0 � b ��� h s �I�r� (2.58)

whichobviouslysatisfiesthesymmetryconstraintgivenby eq.(2.56) ¤ l±° ø ® 0 @ ù .
For the actualcalculationswe will restrictourselvesto equalmomentumparti-
tioningbetweenthequarksin thediquarkcorrelation,l $ @ Ò ; . Thescalar� then
reducesto thesquareof therelativemomentum,� $ � 9 .

The overall strengthof the diquark correlationsgiven in eqs.(2.51,2.52)is
hiddenin the “diquark-quarkcoupling constants”� W and � ½ . To estimatetheir
values,we canresortto thecanonicalnormalizationconditionfor Bethe-Salpeter
vertex functions[34] which readsin our context,@; ó  ¥ �� ; ] � ¥ Ï� �` a � o nn�� o � Ó � 9C�ª �n` d¡D aO� � �d�� ¥$ ;^< 9W�� 0 (2.59)@; ó  ¥ �� ; ] � ¥ § Ï� �` a © � � o nn�� o � Ó � 9C�ª �j` d¡D a¡� § � �d�� © � ¥$  < 9½ æ L (2.60)

Here, � � � � � $ � � J �� � � �� o � o � is thetransversepartof thevertex � � . Notethatthe
polecontribution of theaxialvectordiquarkis transverseto its total momentum,
and the sum over the threepolarizationstatesprovides an extra factor of 3 on
ther.h.s. of eq.(2.60)ascomparedto eq.(2.59). With normalizationsaschosen
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in eqs.(2.51,2.52)the tracesover the color andflavor partsyield no additional
factors,seeeqs.(2.53–2.55).

In thefollowing, we will solve thebaryonboundstateproblemwith thecou-
pling constants� W and � ½ fixed in the indicatedmanner, keepingin mind that
theBethe-Salpeternormalizationconditiondeterminesthesevaluesonly on-shell.
Whencalculatingdiquarkcontributionsto the nucleonelectricform factors,we
will seethat theWard identity providesfor an indirectoff-shell constrainton � W
and � ½ . However, theratio betweentheconstantsfixedeitheron- or off-shell will
beof theorderof unity.

In themodelsectorwith scalardiquarksonly, wewill exploretheramifications
of severalans̈atzefor thescalarfunctions

s �I�r� ,sV¦ � R\- "c! $ Õ ¤ 9¦¤ 9¦ * � Ø ¦ 0
(2.61)s !I§ R $ �\��� � J �7ÒV¤ 9!I§ R � 0 (2.62)s Û�Ún¨ $ �\��� � J �I� J �Kª�� 9 ÒV¤ ¥Û�Ún¨ � L (2.63)

Thelastform, theGaussianform for thediquarkvertices,wassuggestedasaresult
of a variationalcalculationof an approximatediquark Bethe-Salpeterequation
in ref. [49]. The nucleoncalculationsof ref. [46] usedthis form without fixing
the strength� W by a conditionsuchaseq. (2.59). It turnsout that the necessary
valuefor ¤ Û�Ún¨ to obtainareasonablenucleonmassis aboutanorderof magnitude
smallerthanthevaluegivenin ref. [46]. Furthermore,wewill show in sect.2.5.2
thattheresultsfor theelectricform factorsin thescalardiquarksectorclearlyrule
out the Gaussianandthe exponentialform of the diquarkverticesandfavor the
dipoleansatz.

2.3 The diquark-quark Bethe-Salpeterequation

Equippedwith the separableform of the two-quarkcorrelations,eq. (2.43),and
the functional form of the scalar and axialvector diquark correlations in
eqs.(2.51,2.52),we will have a closerlook on theeffective Bethe-Salpeterequa-
tion derived in section2.1 andset it up for the nucleonandthe

�
in turn.5 To

completethemodeldefinition,wehaveto specifythefunctionalform of thequark
propagator. Wetakeit to beafreefermionpropagatorwith aconstituentmass

<>=
,� � � � $ OS� Ò J <>=� 9 * < 9= � � � 9 0 < $ <>= � ©«ª ��¬� � � 9 0 < $ <>= � $ @ L (2.64)

5We will sumup thefour nearlymass-degeneratestates®	¯Z¯50y®	¯50n®±°e0y® | underthelabel ®
in thefollowing.
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This incorporatesfrom thebeginninganeffectivequarkmassin theorderof mag-
nitude of several hundredMeV which is believed to be dynamicallygenerated
in QCD. Thepropertyof confinementis neithermanifestin eq.(2.64)nor in the
form of the diquarkpropagators,eqs.(2.45,2.46).Effective parametrizationsof
confinementin themodelpropagatorsandits influenceon resultswill beinvesti-
gatedin chapter5.

2.3.1 Nucleon

TheFaddeev amplitudeof eq.(2.35)takesthefollowing form,

k>` aed $ � �aed � § ² � 
 © ` * � oa¡d � o�� � ² � 
r� ` L (2.65)

Thenecessaryantisymmetrizationof k�` aed , providedby thesummationovereven
permutationsof themulti-indices ` a¡d asin eq.(2.35),will beunderstoodimplic-
itly from now on. Thespinorialquantities

² � � 0 ���	
?����� � $ Õ ² � � � 0 ���² o � � 0 ��� Ø 
?����� (2.66)

describetheeffectivenucleon-quark-diquarkvertex functions.Thequantity 
?�����
is a positive-energy spinorfor a spin-1/2particlewith momentum� .

We defineBethe-Salpeterwave functionsby attachingquarkanddiquarklegs
to thevertex functions,

³�ê� ��h�� � $ Õ �ê� ��h¡� ®® � o�� � ��h�� Ø 0
(2.67)

´ � � 0 ��� � $ Õ ´ �´ o Ø � � 0 ��� $ � � � = � ³�ê� ��h�� Õ ² �² � Ø � � 0 ��� L (2.68)

Vertex andwave function
²

and
´

areDirac matricesto beconstructedfrom the
quark-diquarkrelative momentum� , thenucleonmomentum� andthesetof

Å
matrices. The taskof their decompositionwill be taken up in the next section,
showing that therearealtogethereight componentsthat encompassall possible
spin-orbitcouplingsof quarkanddiquarkto thenucleonspin.

Insertingall thesedefinitionsinto theBethe-Salpeterequation(2.29),we find
theequation ó  ¥ ð� ; ] � ¥ §

Ó [ �Z] [ © � 6 � � 0 ð 0 ��� Õ ´ �´ o g Ø �Pð 0 ��� $ ® 0 (2.69)
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in which § Ó [ �Z] [ © � 6 � � 0 ð 0 ��� is theinverseof thefull quark-diquark4-pointfunc-
tion. It is thesumof thedisconnectedpartandtheinteractionkernel,

§ Ó [ �Z] [ © � 6 � � 0 ð 0 ��� $ � Ó\[ �Z] [ª � � 6 � � 0 ð 0 ��� J �XWZY 0 (2.70)� Ó [ �Z] [ª � � 6 � � 0 ð 0 ��� $ � ; ] � ¥ _ ¥ � � J ða�y� � 6 � � = � ³� � 6 � ��h�� 0 (2.71)

�XWZY $ @; Õ J � � � ÷ m l � � � � = � Ï� � � ÷ mm � � � � o g � ÷ m l � � � � = � Ï� � � ÷ mm �� � � � � ÷ m l � � � � = � Ï� o � ÷ mm � � o g � ÷ m l � � � � = � Ï� o � ÷ mm � Ø L
(2.72)

For completenesswe list the definitionsof quark, diquarkandexchangequark
momentum,seeeqs.(2.32–2.34),� = $ ¾ � * � 0 (2.73)��h $ � @ J ¾a�9� J � 0 (2.74)Ñ $ J � J ð * � @ J ; ¾K�j� L (2.75)

Thediquarkverticesandtheirconjugatesdependontherelativemomentabetween
aspectatorquarkandtheexchangequark,� 6 $ � * ð�Ò ; J � @ J �q¾K�j�kÒ ; 0 (2.76)� 9 $ J ð J ��Ò ; * � @ J �q¾a�9�kÒ ; L (2.77)

Physicalquantitiesshouldnotdependon themomentumpartitioningparameter¾
which expressesjust the invarianceunderreparametrizationsof the relative mo-
mentum.As we explainedearlier, this follows from relativistic translationinvari-
ancefor thesolutionsof theBethe-Salpeterequation.This impliesthat for every
solution

´ � � 0 � ò ¾ 6 � of theBethe-Salpeterequationthereexistsa family of solu-
tionsof theform

´ � � * ��¾ 9 J ¾ 6 �9� 0 � ò ¾ 9 � . Themanifestationof this invariance
in actualnumericalcalculationswill beinvestigatedin section2.5.2.

Color and flavor factorshave alreadybeenworked out in eqs.(2.69,2.70).
Theirderivationhasbeenrelocatedto appendixA.2.1.

2.3.2 Delta

The
� � @ ; � ; � resonanceis aspin-3/2,isospin-3/2state.Thereforeonly axialvector

diquarkcorrelationscanbepresentin the2-quark� matrixsincetheflavor stateof
the

�
hasto befully symmetric.Accordinglyits Faddeev amplitudereads

k>µ` a¡d $ � oa¡d � o�� � ² �g� 
 � �j` L (2.78)
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The effective
�

-quark-diquarkverticesare now quantitieswhich transformas
vector-spinors:

² o�� � � 0 ����
 � ����� , where 
 � ����� is a Rarita-Schwingerspinorde-
scribinga free spin-3/2particlewith momentum� . We may constructBethe-
Salpeterwave functionsby attachinglegs,´ o�� � � 0 ��� $ � � � = ��� o o g � ��h�� ² o g � � � 0 ��� L (2.79)

Both vertex and wave function
² o�� and

´ o�� are Dirac matriceswith two un-
contractedLorentzindices,respectively. Their completedecompositionin Dirac
spacewill beshown in thenext section.

TheBethe-Salpeterequationfor the
�

is in compactnotationó  ¥ ð� ; ] � ¥ ý
Ó [ �Z] [µ þ � 6 � � 0 ð 0 ��� ´ o g �µ �!ð 0 ��� $ ® 0 (2.80)

wheretheinversequark-diquarkpropagator

Ó � 6µ in the
�

-channelis givenbyý Ó\[ �Z] [µ þ � 6 � � 0 ð 0 ��� $ � ; ] � ¥ _ ¥ � � J ða�y� � 6 � � = �Ý��� o o g � � 6 � ��h¡� *� o g � � 9 6 �ñ� � � Ñ � Ï� o � � 99 � L (2.81)

The necessarycolor algebrathat entersthe explicit form of � Ó\[ �Z] [µ � � 6 doesnot
differ from the nucleoncaseasall diquarksare in a color antitriplet state. The
computationof theflavor factoris givenin appendixA.2.2.

2.4 Decompositionof the Faddeev amplitudes

At this point we will solve theproblemof theDirac spacedecompositionof nu-
cleonand

�
vertex functionswith quarkanddiquark. Theexerciseseemsto be

clearly straightforward in the sensethat, usinga finite basisof Dirac matrices,
tensorial(

�
) or vectorandscalarmatrices(nucleon)have to be found thatyield

properspinanddescribepositive parity andenergy solutions.We will go a step
further, however, andshow that representationscanbe found which correspond
to a partial wave decompositionin the baryonrest frame, i.e. a decomposition
into eigenfunctionsof spinandangularmomentum.Therebywe recover all non-
relativistic basiselementsthatwould survivea correspondingreduction.In addi-
tion, virtual componentsdueto the off-shell axialvectordiquarkandrelativistic
“lower components”will be found. The resultsobtainedin this sectionarethus
an explicit illustration of the differencebetweenrelativistic andnon-relativistic
baryonwave functions.
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Nucleon

In eq. (2.65) we have definedthe nucleonFaddeev amplitudesin termsof the
effective spinors

² � � � 0 ���k
?����� and
² o � � 0 ���k
?����� thatdescribethe scalarand

theaxialvectorcorrelationsin thenucleon.In thefollowing we will describethe
completedecompositionof the vertex function

²
in Dirac spacesuchthat the

Faddeev amplitudesdescribea spin-1/2particle with positive energy and have
positiveparity.

First let us definethe projectorsonto positive energy, ×·¶ , and for negative
energy, × � , by× ¶ ����� $ @; Õ @ * �GÒO ·¸¦ Ø 0 × � ����� $ @; Õ @ J �GÒO ·¸¦ Ø L (2.82)

The nucleonboundstatemassis denotedby
·¹¦

, and in the rest framethe nu-
cleonmomentumis givenby � $ ��º 0 O ·¸¦ � . Theprojectorsdefinedabove form a
completeset( ×·¶ * × � $ @ ) andthustheeffectivespinorscanbewrittenas² 
?����� $»² � × ¶ * × � �	
?����� $¼² × ¶ 
?����� L (2.83)

In the following, we will substitutethe projectedvertex function for the vertex
function itself,

² ×·¶ h ²
. Clearly it is thenan eigenfunctionof the positive-

energy projector, ² × ¶ $½² L (2.84)

Next weconsiderthetransformationpropertiesof theFaddeev amplitudesun-
derparity. To describenucleonswith positiveparity theFaddeev amplitudemust
fulfill Â¾k>` a¡d � Ñ 0 � 0 ��� $ � Å ¥ � � � ³Ñ � Å ¥ � a¡d �ê� ³� 0 ³�È��� Å ¥ ² � � ³� 0 ³�È�.
?� ³���'�j` *� Å ¥ � � � ³Ñ � Å ¥ � aed � �'o � ³� 0 ³�È�Ì� Å ¥ ² o � ³� 0 ³����
?� ³�È�g�n`¥$ k>` a¡d � Ñ 0 � 0 ��� 0 (2.85)

with
³� $ ×�¿ � 0 ³� $ ×	¿ � and× o��¿ $

diag¥ÁÀ J @ 0 J @ 0 J @ 0 @CÂ L (2.86)

Using the transformationpropertiesof the diquark-quarkverticesand a Dirac
spinor, Å ¥ � �cÅ ¥ $ � �M0 (2.87)Å ¥ � o Å ¥ $ J × o��¿ � � 0 (2.88)Å ¥ 
?����� $ 
?� ³�È� 0 (2.89)
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onecandeducefrom eq.(2.85)aconditionfor thevertex function
²

:Â Õ ² � � � 0 ���² o � � 0 ��� Ø $ Õ Å ¥ ² � � ³� 0 ³�È� Å ¥Å ¥ � × o��¿ ² � � ³� 0 ³�È�'� Å ¥ Ø ¥$ Õ ² � � � 0 ���J ² � � � 0 ��� Ø L (2.90)

Weseethatapartfrom theDirac indices
² �

transformslikeascalarand
² o likea

pseudovector.
The conditions(2.84) and(2.90) greatly restrict the numberof independent

componentsin the vertex function. The scalarcorrelations
² �

aredescribedby
two componentsandtheaxialvectorcorrelationsby six components,Õ ² � � � 0 ���² o � � 0 ��� Ø $ ÃÄÄÄ

Å
9�4 576 � 4 � � 9 0 � b ���>Æ 4 � � 0 ���Ç�4 576 ¯ 4 � � 9 0 � b ��� Å ��È o4 � � 0 ���

É¡ÊÊÊ
Ë L (2.91)

Thescalarfunctions � 4 and
¯ 4

dependon the two possiblescalars(� 9 and � b � )
that canbe formedout of the relative momentum� andthe nucleonmomentum� . TheDirac componentsdescribingthescalarcorrelationsmaybe built out of× ¶ and � Ò × ¶ andtheDiracpartof theaxialvectorcorrelationscanbeconstructed
usingthematrices� o × ¶ , � o � Ò × ¶ ,

Å o × ¶ ,
Å o � Ò × ¶ , � o × ¶ and� o � Ò × ¶ .

In table2.1theDiraccomponentsÆ
4
and È o4 aregivenascertainlinearcombi-

nationsof thesematrices.First, they obey a usefultraceorthogonalitycondition.
Definingtheadjointvertex functionin termsof conjugateDiraccomponents,Õ Ï² � � � 0 ���Ï² o � � 0 ��� Ø � $ ÃÄÄ

Å
9�4 576 ÏÆ 4 � � 0 ���f� 4 � � 9 0 � b ���Ç�4 576 ÏÈ o4 � � 0 ��� Å � ¯ 4 � � 9 0 � b ���

É ÊÊ
Ë 0

(2.92)

wefind for them Õ ÏÆ 4 � � 0 ���ÏÈ o4 � � 0 ��� Ø $ Õ � �IÆ 4 � J � 0 J ���g� � � � 6J � � È o4 � J � 0 J ���g� � � � 6 Ø L (2.93)

This identificationof the conjugatedcomponentsfollows by charge-conjugating
the Faddeev amplitudeand using the definition of the conjugatediquark-quark
verticesin eqs.(2.48,2.49).Thetraceorthogonalitypropertytakesthefollowing
form,

Tr
ÏÆ 4 Æ E $ ; � J @ � E ¶ 6 _ 4 E (2.94)

Tr
ÏÈ o4 È oE $ ; � J @ � E ¶ 6 _ 4 E (2.95)

Tr
ÏÆ 4 Å ��È oE $ Tr

ÏÈ oE Å � Æ 4 $ ® (2.96)
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Æ 6 ×·¶Æ 9 J O �� Ò � × ¶È o 6 �� o ×·¶È o 9 J O �� o �� Ò � × ¶È o 2 6Ì 2 Å o� ×·¶È o¥ 4
Ì 2 Å o� �� Ò � × ¶È o � j 29 § �� o� �� Ò � J 62 Å o� © × ¶È o Ç O j 29 § �� o� J 62 Å o� �� Ò � © × ¶

Table2.1: BasicDiraccomponentsof thenucleonvertex function.With ahatwedenote
normalized4-vectors, ÍÎÐÏ ÷Ñ ÷ Ñ . In thecaseof thecomplex on-shellnucleonmomentum,

we define ÍÒ Ï Ó4 � . Thesubscript� denotesthetransversalcomponentof a vectorwith
respectto thenucleonmomentum

Ò
, e.g. Î � ÏÐÎ�ÔÖÕ×ÎÙØ ÍÒ�Ú ÍÒ .

As asecondattribute,theFaddeev amplitudewrittenwith theseDiraccompo-
nentsis given asa completedecompositioninto partial waves, i.e. into compo-
nentsthatareeigenstatesof thespinaswell asof theangularmomentumoperator
in thenucleonrestframe.Thiswill beshown in section2.4.1.

Delta

TheFaddeev amplitudesfor the
�

aredescribedby aneffectiveRarita-Schwinger
spinor

² o�� 
 � , seeeq. (2.78). As in the nucleoncasewe only needto consider
theprojectedtensorvertex function

² o���Ûr�C� h ² o�� . Ûr�C� is theRarita-Schwinger
projector[50] ontopositive-energy, spin-3/2spinors,

Û o�� � $ × ¶ Õ _ o�� J @� Å o Å � * ;� � o � �· 9µ
J O� � o Å �

J
� � Å o· µ Ø $ � × ¶ × o�� L (2.97)

It obeys theconstraints

� o Û o�� $�Å o Û o�� $ ® L (2.98)

Thetensorvertex functionmustbeaneigenfunctionof theprojector, therefore² o�� $ º o � Û �C� L (2.99)
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Dueto theconstraints(2.98), º o�� mustbeeitherproportionalto _ o�� or thetrans-
verserelative momentum� � $ � J ��ã� � b ��È� maycontractwith oneindex of the
Rarita-Schwingerprojectorandthereforeº o�� $ÝÜßÞ _ o � *áà�Þ o �� �� 0 (2.100)

with
Ü Þ

and
à Þ o

beingDiracmatricesyet to bedetermined.
To furtherconstrainthevertex function,let usconsidertheeffectof theparity

transformationontotheFaddeev amplitude,Â�k µ` a¡d � Ñ 0 � 0 ��� $ � Å ¥ � � � ³Ñ � Å ¥ � aed � �Co � ³� 0 ³�È�Ì� Å ¥ ² o�� � ³� 0 ³����
 � � ³�È�'�j`
¥$ k�µ` aed � Ñ 0 � 0 ��� L (2.101)

Weneedto evaluatetheeffectof aparity transformationon theRarita-Schwinger
spinor. Thelattermaybebuilt asfollows [51],
 o ��� 0 �q� $ 3 â D W g � o m W6 â D lm W g � oâ �����f
y��� 0 � Þ � L (2.102)

The � oâ arespin-1polarizationvectors � < $ ® 0�ã @ � thatcanbewritten in terms
of a3-dimensionalspin-1polarizationvectorbasis �ä

â
as

� oâ ����� $ ÃÅ �ä
â *æåäQç�è é· µ éd � ¥ d *t· µO åä ç è é· µ

ÉË L (2.103)

In eq. (2.102), thesecovariant polarizationvectorsare combinedwith a Dirac

spinor 
y����� of helicity � Þ andappropriateClebsch-Gordancoefficients
� o m W6 â D lm W g to

give a spin-3/2objectwith helicity � . From thesedefinitionsit canbe seenthat
underparity the 
 o transformasfollows,Å ¥ × o��¿ 
 � � ³��� $ J 
 o ����� 0 (2.104)

andthereforethevertex functionmustobeyÂ ² o�� � � 0 ��� $�Å ¥ � × o �¿ ² �'� � ³� 0 ³�È� × �c�¿ � Å ¥ $»² o�� � � 0 ��� (2.105)

which translatesinto conditionsfor the unknown Dirac matricesappearingin
eq.(2.100), Å ¥ Õ Ü Þ � ³� 0 ³�È�× o��¿ à Þ � � ³� 0 ³�È� Ø Å ¥ $ Õ Ü Þ � � 0 ���à Þ o � � 0 ��� Ø L (2.106)
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Ü o��6 _ o � Û �'�Ü o��9 J O 2� � � § �� Ò � _ o � J O 92 Å o� �� �� © Û �'�Ü o��2 � � �� Ò � �� o �� �� Û �'�Ü o��¥ O � � �� o �� �� Û �'�Ü o��� Å o� �� Ò � � �� Û �'�Ü o��Ç J O Å o� � �� Û �'�Ü o��ê � § � o��� �� J 62 ø _ o � *ÔÅ o� �� Ò � � ��Kù © Û �'�Ü o��ë J O � � § �� Ò � � o� � �� J 6� ø �� Ò � _ o � *+Å o� � �� ù © Û �'�
Table2.2: BasicDiraccomponentsof the ì vertex function.

Thesetransformationpropertiessuggestthat
Ü Þ

is a linearcombinationof the Æ
4

and
à Þ o

canbecomposedusingthe È o4 thatwerefoundfor thenucleon.Againwe
will reshuffle the matricesto find a decompositionthat is orthogonalandyields
partialwavecomponents:

² o�� � � 0 ��� $ ë3 4 576 � 4 � � 9 0 � b ��� Ü o��4 � � 0 ��� L (2.107)

Theeightcomponents
Ü o��4

aregivenin table2.2. To statetheorthogonalitycon-
dition wewrite theadjointvertex functionasÏ² o�� � � 0 ��� $ ë3 4 576 ÏÜ o��4 � � 0 ���9� 4 � � 9 0 � b ��� L (2.108)

The definition of the adjoint Dirac componentsis inferredfrom the charge-con-
jugatedFaddeev amplitudeand the correspondingrelationsfor the axialvector
diquarkvertex andtheRarita-Schwingerspinor,ÏÜ o��4 � � 0 ��� $½� � Ü �go4 � J � 0 J ���'� �J� � 6 L (2.109)

Orthogonalityof thebasiccomponentscannow beexpressedas

Tr
ÏÜ o��4 Ü ��oE $ wa� J @ � E ¶ 6 _

4 E L (2.110)
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2.4.1 Partial wavedecomposition

In a generalmoving frame,all the componentsof the Faddeev amplitude k w µ x` aed
possessjust the total angularmomentum,1/2 for thenucleonand3/2 for the

�
,

asa goodquantumnumber. A furtherinterpretationof thecomponentsis not ob-
vious. In the rest frameof the boundstate,however, the trispinor k w µ x` a¡d canbe
written asa sumof trispinor componentseachpossessingdefiniteorbital angu-
lar momentumandspin, thusallowing a direct interpretationin termsof partial
waves.

Firstwesetupthegeneralformalismandapplyit to nucleonand
�

in turn. In
therestframethePauli-Lubanskioperatorfor anarbitrarytri-spinor ��` aed is given
by í 4 $ @; � 4 E ô m E ô 0 (2.111)

whosesquarecharacterizesthetotal angularmomentum,î 9 ��` aed $ ¹:��¹ * @ �j��` a¡d L (2.112)

Thetensor
m

is thesumof anorbital part, ï , anda spinpart, � , which read

ï E ô $ 23 ½ 576 � J OC� Õ � E ½ nnV� ô½ J � ô½ nnV� E ½ Ø 0
(2.113); �P� E ô �j`;` g D a¡a g D d�d g $ ��l E ô �j`;` gZð _ a¡a gZð _ d�d g * _ `;` g_ð �!l E ô � a¡a g~ð _ d�d g *_ `;` g1ð _ aea g1ð �!l E ô � d�d g 0 (2.114)

suchthat
m $ ï * � . Thetensorï is proportionalto theunit matrixin Diracspace.

The definition l o�� � $ J 49 ø)Å o 0TÅ � ù differs by a minus sign from its Minkowski
counterpart.Thetensorsï and � arewritten asa sumover therespective tensors
for eachof the threeconstituentquarkswhich arelabelled � $ @ 0 ; 0 � andwith
respectiveDirac indices̀;` g D aea g D d�d g .

With thedefinitionof thespinmatrix ñ
4 $ 69 � 4 E ô�l E ô thePauli-Lubanskioper-

atorreads� í 4 �j`;` g D a¡a g D d�d g $ ï
4
_ `;` g1ð _ a¡a g1ð _ d�d g * �P� 4 �n`;` g D aea g D d�d g 0 (2.115)

ï
4 $ � J O�� � 4 E ô Y � E nnV� ô * Ñ E nn Ñ^ô e 0

(2.116)�!� 4 �j`;` g D a¡a g D d�d g $ @; § �yñ
4 �j`;` g1ð _ a¡a g1ð _ d�d g * _ `;` g1ð ��ñ 4 � aea g~ð _ d�d g *_ `;` g ð _ aea¡g ð ��ñ 4 � d�d�g © 0 (2.117)
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wherewe have alreadyintroducedthe relative momentum� betweenquarkand
diquarkandtherelativemomentumÑ within thediquarkvia a canonicaltransfor-
mation:

� $ � 6 * � 9 * � 2 0 � $ ¾ � � 6 * � 9 � J � @ J ¾K�G� 2 0 Ñ $ @; � � 6 J � 9 � L (2.118)

In the diquark-quarkmodel, the quark (
U

) and diquark ( ò Å ) Dirac indices of��` a¡d do separate.In the parametrizationof the diquark-quarkvertices � �aed � Ñ �
and � oaed � Ñ � , cf. eqs.(2.51,2.52),we retainedonly the dominantDirac compo-
nentalongwith ascalarfunctionof Ñ . Thereforeno orbital angularmomentumis
carriedby thediquarks, ó 9 � �aed � Ñ � $ ó 9 � oaed � Ñ � $ ® 0 (2.119)

and the secondterm in the definition of ôöõ in eq. (2.116)dependingon ÷ may
safelybedropped.Theoperatorøúù now takestheform

ø ùüû
ó
ùöýSþ%ÿ�� � ý��2ù�� (2.120)ó

ù û � þ	� õ�

 � õ��� ù����	ý�� õ ��� 

 � õ 

 � ��� � (2.121)

þ����������! " $#&% '(')#*% +�+�# û �-, õ �/. �0� 

 � .21 �43 õ �! " $#65879'(')#0587	+�+�#Iý7( " # 5;:���3 õ �!'(' # 5<79+�+ # ý<7	')' # 5=�43 õ �!+�+ #&>$? � (2.122)�!� ù �@ " # % '(' # % +�+ # û AB ��CD7( " # 5<79')' # 5879+�+ # ýþD3 õ  " # 5E:���3 õ �!'(' # 587	+�+ # ý<7	')' # 5F�43 õ �!+�+ #&> ýþG7( " $#�5F�43 õ �4')')#�5F�43 õ �!+�+�# ?IH (2.123)

For evaluatingtheactionof thespinoperator3 õ onthediquark-quarkverticesJLK and JNM thefollowing identitiesprovedto beuseful,3O�P�RQ K�S �2ýT�RQ K	S �9��3O�"��U û VW� (2.124)3 � � �RQ B S ��RQ õ S � � ý � �RQ B S ��RQ õ S � � ��3 � � U û � VþPX ,/Y � õ �RQ Y S � � � (2.125)3O�P�RQ K	S �9��3O�"��U û �-Z �[Q K	S �\� (2.126)3 � � �RQ B S ��RQ õ S � � ��3 � � U û � ��Z �[Q B S ��RQ õ S � � H (2.127)
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Dirac Faddeev amplitude EV EV
com- component ] � ] ý_^P�a`6��`	ý_^P�

ponent of � ù of � ù
b A �dcV �  �RQ K S �!'(+ V eBb ù � V��fhg� � c �  �RQ K S �!'(+ þ eBi M A gj B � V c �  �[Q B S �4')+ V eBi M ù gj B � �Rfhg� � cV �  �[Q B S �!'(+ þ eBi M e k Ae � X4l õ cV �  �RQ õ S �!'(+ V eBi MB k Ae � Vl õ �Rf g� � c �  �[Q õ S �!')+ þ eBi M K k eù � X 1 g� õ ��f g� � � Ae l õ ? cV �  �[Q õ S �4')+ m A KBi M n k eù � VX 1 g� õ � Ae l õ ��f g� �o? c �  �[Q õ S �4')+ þ A KB

Table 2.3: Classificationof thecomponentsof thenucleonFaddeev amplitudein terms
of eigenfunctionsof p ù and q ù in the rest frameof the boundstate. ‘EV’ abbreviates
‘eigenvalue’ and r denotesanarbitraryPauli two-componentspinor. EachFaddeev com-
ponentis to be multiplied with the diquarkwidth function s�tvuxwzy ù9{ . Normalized4-
vectorsare |} w }�~�� }N� andnormalized3-vectorsarecorrespondingly|� w � ~�� � � .
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Nucleon
We will make useof the Bethe-Salpeterwave function � definedin eq. (2.68).
TheFaddeev takesthefollowing form, if thewave function insteadof thevertex
functionis used,�  " # �R� j ý������� # ')+6� ÷ �4�N� j � û � � K �*�N� j �!��� j ���@ J K � ÷ �4')+	ý� � M �*��� j �@��� j �/�@ J M � ÷ �4')+ H (2.128)

We will seekeigenfunctionsof the spin and orbital angularmomentumopera-
tors � ù and � ù , wherethe eigenfunctionsshall be of the generalform as indi-
catedabove. Thusthey representcomponentsof theFaddeev amplitudewith the
spectatorquarkleg attached,� � ���! $')+ . We notethat for thewave function � an
analogousdecompositionasfor thevertex functionholds,seeeq.(2.91),� � K �*��� j �� M ����� j � � û ����� ù�õ*� A g� õ �*� ù �4�D� j � b õ ����� j �n�

õ*� A g� õ ��� ù �4�D� j ��Q K i Mõ ����� j �
�)���� H (2.129)

A new setof scalarfunctions, g� õ and g� õ , hasbeenintroducedwhereasthebasic
Dirac componentsare the onesfrom table2.1. The reasonwhy we choosethe
wave function for further treatmentis that the Faddeev amplitudewritten with
thevertex functiondependsexplicitly on theaxialvectordiquarkpropagator� M(�
whichfor theProcaform inducesmixing betweenspacecomponentsof thevertex
function and the (virtual) time componentof the axialvectordiquark (and vice
versa) in which caseno partial wave decompositioncanbe found. This canbe
circumventedby usingthewave functionasin virtue of its definitionthediquark
propagatorhasbecomeabsorbedin � .

In table2.3 we have listed all eight componentstogetherwith the respective
eigenvaluesof � ù and � ù . The Faddeev componentsthat are given in the rest
frameof the nucleonhave beenbuilt using the basicDirac componentsfor the
wave functionshown in table2.1.

Thereis one ` wave associatedwith thescalardiquark,describedby
b A , and

two ` wavesassociatedwith theaxialvectordiquark,oneconnectedwith its virtual
time component,

i A , andthe otherdescribedby
i e . In a non-relativistic limit

wherediquarkoff-shell componentsareneglected,only the ` waves
b A , i e and

the � wave
i K wouldsurvive. It is remarkablethattherelativisticdescriptionleads

to accompanying four � waves,the “lower components”,which areexpectedto
givesubstantialcontributionsto thefractionof thenucleonspincarriedby orbital
angularmomentum. These� waves would not be presentin a non-relativistic
model.
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Delta

TheFaddeev amplitudewritten in termsof thetensorwave function � M(� defined
in eq.(2.79)reads�  " # �R� j ý�������� # '(+ � ÷ �4��� j ��û�� � M)� �*��� j �!� � � j ���! J M � ÷ �!'(+ H (2.130)

Again,thewavefunctiondecompositionproceedsin thesamemannerasdonefor
the � vertex function

� M)� �*��� j ��û �� õ�� A g� õ ����ù"�4�D� j �N� M(�õ ����� j � H (2.131)

Applying theoperators� ù and � ù , eqs.(2.121,2.123),to theFaddeev amplitude� � � � �@ $'(+ , this decompositionis seento yield eigenfunctionsof thespinandor-
bital angularmomentumoperators.Theirexplicit form in therestframeis shown
in table2.4.Thestrengthof thepartialwavesis determinedby thescalarfunctionsg� õ �*� ù �4�D� j � .

In contrastto thenucleon,only one ` wave (describedby � A ) is found. Two� wavesthatsurvive thenon-relativistic limit aregivenby � K and ��� , andone �
wave canbeattributedto thevirtual time componentof theaxialvectordiquark,� e . All evenpartial wavesareaccompaniedby relativistic “lower” components
thatcouldbeevenmoreimportantasin thenucleoncasefor only onedominant̀
wave is presentcomparedto threewithin thenucleon.

To summarize,therelativistic decompositionof nucleonand � quark-diquark
wavefunctionsyieldsarich structurein termsof partialwaves.Well-known prob-
lemsfrom certainnon-relativistic quarkmodeldescriptionsareavoidedfrom the
beginningin arelativistic treatment.First,photoinduced� � � transitionsthatare
impossiblein sphericallysymmetricnon-relativistic nucleongroundstates(de-
scribedby only one ` wave) will occurin our modelthroughoverlapsin theaxi-
alvectorpartof therespectivewave functions.Additionally, photoinducedtransi-
tions from scalarto axialvectordiquarkscantake place,thuscreatinganoverlap
of thenucleonscalardiquarkcorrelationswith the � axialvectordiquarkcorrela-
tions. Secondly, althoughthetotal baryonspinwill bemainly madeof thequark
spin in the ` waves,theorbital momentumof therelativistic � wavescontributes
aswell whichcouldnothappenin anon-relativistic descriptionsincethe � waves
areabsentthere.
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Dirac Faddeev amplitude EV EV
com- component ] � ] ý_^P�a`6��`	ý_^P�

ponent of � ù of � ù
� M)�A � c õV �  �[Q õ S �!')+ V A KB� M)�ù eK�  ¡ � V1 ��f¢g� � c õ � ùe l õ �"g�G£ � ? �  �[Q õ S �4')+ þ A KB
� M)�e X   Z gj B � V�Rf¤g� �	�¥g�G£ � �  �RQ B S �4')+ m eB� M)�B X   Z gj B � �"g�G£ �V �  �[Q B S �4')+ þ eB
� M)�K � l õ ��f¢g� �	�¥g�G£ �V �  �[Q õ S �!')+ m eB� M)�n � Vl õ �"g�G£ � �  �[Q õ S �4')+ þ eB
� M)�� Z � g� õ �¥g�G£ � � Ae6¦ c õ ý§l õ �Rf¤g� �	�¥g�G£ �4¨V �  �[Q õ S �!')+ m A KB� M)��   ¡ � V1 g� õ ��f g� �9� g�G£ � � AK ¦ l õ � g�G£ �2ýT�Rf g� � c õ ¨©? �  �[Q õ S �4')+ ^+þ A KB

Table 2.4: Classificationof the componentsof the ª Faddeev amplitudein termsof
eigenfunctionsof p ù and q ù in therestframeof theboundstate. r õ denotesanarbitrary
2Pauli « 3vector-componentspinor that representsthe non-vanishingcomponentsof ¬ M in
the ª rest frame. EachFaddeev componentis to be multiplied with the diquarkwidth
function s�tvuwxy ù { .
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2.5 Numerical solutions

After having describedthe numericalalgorithm that solves the Bethe-Salpeter
equationsfor nucleonand � , we will first presentsolutionsfor thenucleonwith
scalardiquarkcorrelationsonly. Theseresults,publishedin ref. [23], will provide
uswith constraintsonthescalarfunctionswhichenterthediquark-quarkvertices.
Especiallyresultson the neutronelectric charge radiusand the proton electric
form factorsignal the superiorityof usinga dipole form for the scalarfunctionj

appearingin eqs.(2.51,2.52).Although presentingform factorsat this point
is an early anticipationof resultswhich arenot derived until chapter3, it moti-
vatesthechoiceof thespecificdiquark-quarkvertex in thefull scalar-axialvector
calculationsof section2.5.3.

2.5.1 Numerical method

Wewill solvetheBethe-Salpeterequationsfor nucleons,eq.(2.69),andfor the � ,
eq.(2.80),in thebaryonrestframeasa systemof equationsfor vertex andwave
function. In aconcisenotationthesystemof equationsreads® �*��� j � û ¯�°	±0²³°´ ����� j ��µ������ j � (2.132)µ��*��� j � û ¶ � B	·�yþ¹¸�� B�º¼»0½ ® � · � j � H (2.133)

Theproductof quarkanddiquarkpropagatorsis givenby ¯ °	±0²³°´ and º »0½ is the
quarkexchangekernel.

Theprocedureto solve theequationscanbedividedinto thefollowing steps:¾ We will project out the unknown scalarfunctions describingthe partial
wavesfrom theexpansionsfor waveandvertex functionby contractionwith
appropriateDirac components.¾ As the scalarfunctions dependon two Lorentz scalars,� ù and ��� j ûX@¿ÁÀ �OÀ g�N� gj , weshift thedependenceon g�N� gj into anexpansionin Chebyshev
polynomialsandprojecttheequationsonto theexpansioncoefficients,the
Chebyshev moments.We will seethat this expansionis closeto a hyper-
sphericalexpansion.¾ The interactionkernelcanbe approximatedby a finite numberof Cheby-
shev polynomials.Employing appropriateorthogonalityrelations,theequa-
tionsarereducedto acoupledsystemof one-dimensionalintegralequations
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for theChebyshev moments.Thenumericaleffort will beconsiderablyre-
ducedcomparedto thebruteforcemethodwhichputswaveandvertex func-
tion on a two-dimensionalgrid, sinceonly a few Chebyshev polynomials
will beneeded.

Thesestepsaredescribedin moredetail in thefollowing.
Thewave function

®
andthevertex function µ have beenexpandedin Dirac

spaceaccordingto eqs.(2.91,2.129)in thenucleoncaseandfor the � according
to eqs.(2.107,2.131).We will usethe genericlabels Â õ ( X û ^Ã� H)H$H ��Ä ) for the
scalarfunctionsdescribingthe partial wavesin the vertex function andlikewisegÂ õ for the wave function. The scalarfunctionsdependin turn on the scalars� ù ,g�Å� gj , andthe latter scalarreducesin the baryonrestframeto Æ ûÈÇ)ÉÃÊÌË whereË is the anglebetween� andthe 4-axis,seeappendixA.1 for our conventions
for hypersphericalcoordinates.For numericalconvenience,weredefinethescalar
functionsassociatedwith the“lower” components,Â õ ¦ gÂ õ ¨dÍ ^  ^ � Æ ù Â õ ¦ gÂ õ ¨�� �[X¼É�ÎÏÎÌ� H (2.134)

The setof scalarfunctionsis now expandedinto Chebyshev polynomialsof the
first kind [52], Â õ ����ù$� Æ �úû Ð� Ñ � ´ X

Ñ Â Ñõ ����ù)�LÒ Ñ � Æ �Ó� (2.135)gÂ õ ��� ù � Æ �úû Ð� Ñ � ´ X
Ñ gÂ Ñõ ��� ù �LÒ Ñ � Æ �Ó� (2.136)

therebydefiningthe Chebyshev momentsÂ Ñõ and gÂ Ñõ . Here,we employ a con-
venient(albeitnon-standard)normalizationfor thezerothChebyshev momentby
settingÒ ´ ûÔ^¥Õ   þ .

In the first step, we project the left handsidesof eqs. (2.132,2.133)onto
the scalarfunctions Â õ and gÂ õ usingthe orthogonalityrelations(2.94–2.96)and
(2.110), gÂ õ �*��ù"� Æ � û �[Ö0×´ � õ �P�*�Vù$� Æ � Â � ����ù$� Æ � (2.137)Â õ �*��ù"� Æ � û ¶ � B ·�yþ¹¸�� B ��ØÙ×&� õ �¹�*�Vù"� · ù$�³Ú0×Û� Æ � Æ ×Û� gÂ õ � · ù$� Æ ×v� H (2.138)

Thenew propagatormatrix �[Ö ×´ � õ � andthemodifiedkernel �RØ × � õ � aretheresultof
takingDirac tracesaftermultiplicationwith therespective adjointDirac compo-
nents.Asaconsequence,thekernel �RØ × � õ � dependsonthepossiblescalarproducts



2.5Numerical solutions 51

betweenthevectors
· �4��� j whicharecanbeexpressedas

· ù , � ù , Æ × û g· � gj , Æ û g�¥� gj
and Ú × û gÜ � g� .

Usingtheorthogonalityrelationof theChebyshev polynomials,¶ A± A Ò
Ñ � Æ �!Ò Y � Æ �  ^ � Æ ù �6Æ û ¸ þ 7 Ñ Y � (2.139)

thesystemof equationsfor thescalarquantitiesÂ õ and gÂ õ is projectedonto their
Chebyshev moments,gÂ Ñõ ��� ù � û ¶ A± A ��Æ þ¸ �©Ö ×´ � õ � �*� ù � Æ � Y�Ý�Þàß�Y � ´ X Y ±

Ñ Â Y� �*� ù � Ò Y � Æ �!Ò Ñ � Æ �  ^ � Æ ù (2.140)Â Yõ ��� ù � û ¶ A± A ��Æ þ¸ ¶ � B ·��þ¹¸�� B �RØ × � õ � ��� ù � · ù � Æ � Æ × �³Ú × �xáÑ Ý�Þàß� Ñ � ´ X
Ñ ± Y gÂ Ñ� � · ù)� Ò Ñ � Æ × �!Ò Y � Æ �  ^ � Æ ù H (2.141)

Of course,in thepracticalcalculationtheChebyshev expansioncanbetakeninto
accountonly up to a â¢ã*äåLæ4ç momentfor the Â Yõ andup to a èÌã*äåLæ4ç momentfor thegÂ Ñõ . Thepropagatormatrix �[Ö ×´ � õ � canbeexpandedinto Chebyshev polynomials
aswell andtherebyresultsanexpressionfrom eq.(2.140)thatinvolvesanintegral
over threeChebyshev polynomials.TheadditiontheoremÒ Ñ � Æ �0Ò Y � Æ � û Aù �[Ò�é Ñ ± Y é�� Æ �>ýxÒ Ñ$ê Y � Æ �/� � è � âìëûíV6�� (2.142)Ò ´ � Æ �0Ò Y � Æ � û Aî ù Ò Y � Æ � (2.143)

simplifiesthis expressionto a form whereasubsequentapplicationof theorthog-
onality relation(2.139)reducesit to amatrixequation,gÂ Ñõ �*��ù)��ûz�©Ö ´ � õ � % Ñ Y �*��ù9� Â Yõ ����ù(� H (2.144)

The elementsof the propagatormatrix �©Ö ´ � õ � % Ñ Y are all real due to the explicit
phasefactor X Ñ in theChebyshev expansions.

Let usnow focusattentionon eq.(2.141),the4-dimensionalintegral over the
Bethe-Salpeterkernel,Â Yõ �*� ù �úû ¶ Ð´ · eï ¸ B � À · À ¶ A± A   ^ � Æ ×�ù �6Æ × ¶ A± A �6Æ ¶ A± A � Ú × ��Ø × � õ � ��� ù � · ù �³Ú × � Æ � Æ × �á

Ñ Ý�Þàß� Ñ � ´ X
Ñ ± Y gÂ Ñ� � · ù(� Ò Ñ � ÆP× �4Ò Y � Æ �  ^ � Æ ù H (2.145)
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We will take careof the angularintegrationsover Æ and Æ × next. To this end
we approximatethe Bethe-Salpeterkernel with Chebyshev polynomialsin the
following manner,��ØÙ× ×Û� õ � ûz�o^ � Æ ×�ù(�9�RØÙ×Û� õ � û Y Ý�Þàß ê A� ð � A

Ñ Ý�Þàß ê A� ã&� Aòñ õ � %
ð ã Ò ð ± A � Æ �!Ò ã ± A � Æ ×Û� H (2.146)

Thecoefficients ñ õ � %
ð ã arenot theChebyshev momentsof �RØ × × � õ � but rather

ñ õ � %
ð ã û þ� â åLæ4ç ýí^P� þ� è åLæ4ç ýí^¹� Y�Ý�Þàß

ê A� ó � A
Ñ Ý�Þàß ê A� ô � A Ò ð ± A � Æ ó �!Ò ã ± A � Æ ×ô �á_��ØÙ× ×v� õ �P����ù$� · ù"�³Ú6×Û� Æ ó � Æ ×ô � H (2.147)

The Æ ó ¦ Æ ×ô ¨ arethezerosof theChebyshev polynomial Ò Y�Ý�Þàß ê A � Æ � ¦ Ò Ñ Ý�Þàß ê A � Æ × �!¨ .Eqs.(2.146,2.147)areanexampleof theso-calledChebyshev approximationof a
functionwhichwehaveappliedto boththeargumentsÆ and Æ × . As is known from
theliterature[53], theChebyshev approximationof a functionis verycloseto the
approximationby theminimaxpolynomial, which (amongall polynomialsof the
samedegree)hasthesmallestmaximumdeviation from thetruefunction.

Wheninsertingthekernelapproximationbackinto eq.(2.145),weseethatthe
orthogonalityrelation(2.139)will take careof theintegrationsover Æ and Æ × . We
findÂ Yõ �*� ù �úû ^� â åLæ4ç ýí^P�	� è åLæ4ç ýí^¹� ¶ Ð´ · eï ¸ ù � À · À/¶ A± A � Ú × Y Ý�Þàß

ê A� ó � A
Ñ Ý�Þàß ê A� ô � A X Ñ ± YáIÒ Y � Æ ó �4Ò Ñ � Æ ×ô �Ó��Ø × × � õ � �*� ù � · ù �³Ú × � Æ ó � Æ ×ô � gÂ

Ñ� � · ù � H (2.148)

Herethesumrunsalsoover thelabel õ andtheChebyshev momentlabel è .
Finally we have succeededto transformthe original 4-dimensionalintegral

equationinto a systemof coupledone-dimensionalequations.In summary, the
systemreads, gÂ Ñõ �*��ù)�úû �©Ö ´ � õ � % Ñ Y �*��ù9� Â Yõ ����ù(�\� (2.149)Â Yõ �*��ù)�úû ¶ Ð´ � À · À¹Ø õ � % Y Ñ � · ù"����ù(� gÂ Ñõ � · ù9�ö� (2.150)

with thedefinitionØ õ � % Y Ñ � · ù �4� ù �úû ^� â åLæ4ç ýí^P�	� è åLæ4ç ýí^¹� · eï ¸ ù ¶ A± A � Ú × Y�Ý�Þàß
ê A� ó � A
Ñ Ý�Þàß ê A� ô � A X Ñ ± YáIÒ Y � Æ ó �4Ò Ñ � Æ ×ô �Ó��Ø÷× ×Û� õ �¹�*��ù"� · ù$�³Ú0×v� Æ ó � Æ ×ô � H (2.151)
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Themomentum
·

is discretizedon a meshwith è é . é points,with typically è é . é_ûþPVÏ� H$H$H � ¡ V , andthe integrationis performedasa Gaussianquadrature.Thenthe
problemis equivalentto tuningthelowesteigenvalueof a matrix equationto one
by readjustingtheparametersof themodel.

We have introducedthe numericalmethodfrom a merely technicalpoint of
view. CombiningtheChebyshev expansionof thescalarfunctionsdescribingthe
partial waveswith the Chebyshev approximationof the quark exchangekernel
replacesthe angularintegrationsover Æ ûòÇ)ÉÃÊÌË and ÆP× ûøÇ)ÉÃÊÌË × by sumsthat
aretruncatedby â åLæ4ç and è åLæ4ç , the highestChebyshev momentsof the vertex
andwave function partial waves,respectively. The questionis whetherthereis
another, moreintuitiveargumentthatsupportsaquickconvergenceof thesolution
with increasingâ åLæ4ç ¦ è åLæ4ç ¨ .

Thereexistsa motivationusingthis kind of expansionthat is relatedto sym-
metriesin a simplerdynamicalsystem.Thenumericalsolutionof the ladderap-
proximatedBethe-Salpeterequationin themasslessandmassiveWick-Cutkosky
modelhasbeenstudiedextensively in theliterature,for a review see[54]. In this
model,two massivemesonsinteractby exchanginga third (masslessor massive)
meson. In the caseof a masslessexchangemeson,the Bethe-Salpeterequation
exhibits an ù � ï � symmetry[55]. By expandingthe wave functionsinto hyper-
sphericalharmonicsú Ñ$û Y (cf. appendixA.1), thesolutionscanbeclassifiedusing
the quantumnumbersè (four-dimensionalangularmomentum)and ] , â (three-
dimensionalorbitalangularmomentumandits third component).Thezeroorbital
angularmomentumstatesof the Wick-Cutkosky model ( ] ûìV ) areessentially
givenby ®Dü-ýÿþ��û � ´�� Â ü-ýÿþ��Ñ �*��ù9� � Ñ � Æ �ö� (2.152)

with the
� Ñ � Æ � beingChebyshev polynomialsof thesecondkind. They arerelated

to the Ò Ñ � Æ � by Ò Ñ � Æ �öû � Ñ � Æ � � Æ � Ñ ± A � Æ �\� � è�� V6� H (2.153)

Thusan expansionof wave functionsinto the Ò Ñ ’s is closely relatedto the ex-
pansioninto hypersphericalharmonics.Furthermore,theauthorsof ref. [56] have
shown that in the caseof a massive exchangemeson,wherethe ù � ï � symme-
try is broken, theexpansioninto hypersphericalharmonicsconvergesamazingly
quickly althoughè ceasesto beagoodquantumnumber. Typically è åLæ4ç�� m was
sufficient to obtainstablesolutions,exceptfor theveryweakbindingregime.

After this shortdigressionlet usreturnto theBethe-Salpeterequationsin the
diquark-quarkmodel.TheBethe-Salpeterequationstreatedhereareladderequa-
tions as well, thoughcomplicatedby the mixing of componentswith differing
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angularmomentum.Nevertheless,theexpansioninto spinorhypersphericalhar-
monicsin themodelsectorwith pointlikescalardiquarksonly hasbeenshown to
work well in ref. [57]. This finding hasbeenconfirmedandextendedto point-
like axialvectordiquarksin refs. [58, 22]. Thuswe canconcludethat the ù � ï �
symmetryis alsoin thediquark-quarkmodelapproximatelyvalid.

Letuspointoutthekinematicalsituationsin whichtheremightariseproblems.
Due to the singularitiesin the propagatordenominatorsof ¯ °	±0²³°´ , the allowed
rangeof the momentumpartitioningparameter� in the nucleonBethe-Salpeter
equationis restrictedto �
	 ¦ ^ � â ð � Õ$¿ Ñ � â� Õ$¿ Ñ ¨L� (2.154)

if â�����;â ð � �Eâ� is assumed.Singularitiesin the exchangequarkpropaga-
tor andthediquarkverticesemploying è -polescalarfunctions � , seeeq.(2.61),
imposetheadditionalbounds� 	 : Aù ��^ � â� Õ$¿ Ñ �³� Aù ��^�ý â� Õ)¿ Ñ �4> � (2.155)� 	 : Ae ��^ � þ�� Ñ Õ$¿ Ñ �³�öAe �o^�ý þ�� Ñ Õ$¿ Ñ > H (2.156)

Note that theseboundson thevalueof � arisein thepracticalcalculationswhen
performedasoutlinedabove. In principle, � couldbechosenarbitrarily between
0 and1, but beyondtheseboundstheconnectionof therespectiveBethe-Salpeter
equationin Minkowski spaceandthepresentonein Euclideanspaceis no longer
givenby a simpleWick rotation,but theEuclideanspaceequationpicksup addi-
tional residueterms.6

If � is chosento becloseto oneof theboundariesgivenin eqs.(2.154–2.156)
thenthepropagatorsvarystronglydueto thevicinity of thepolesandtheirCheby-
shev expansion,employedto derive eq.(2.144),will convergeslowly. Thus,the
numberof Chebyshev momentsfor thepartialwavesin thewavefunction

®
, è åLæ4ç ,

needsto be increasedin orderto achieve sufficient accuracy for thevertex func-
tion. Wewill alsoseein thenumericalsolutionsthatthewavefunctionexpansion
itself will convergemoreslowly underthesecircumstances.

2.5.2 SolutionsI: The scalar diquark sector

In thissubsection,wewill presentresultsin themodelsectorwith scalardiquarks
only, summarizingthework describedin ref. [23]. We recall theFaddeev ampli-
tudefor thenucleon,cf. eq.(2.128)andtable2.3, thathasbeendecomposedinto

6We will encountertheproblemof relatingMinkowski andEuclideanvertex andwave func-
tionsagainin section3.2.1whencalculatingcurrentmatrixelements.
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Fixedwidth
� A �*� ù �)À é � é � ´�� ù���� û ^¥Õ%þ� ���N� â ð ¦ ¿ Ñ ¨ â� ¦ ¿ Ñ ¨ � ¦ ¿ Ñ ¨ Ö ðè û ^ 0.7 0.685 0.162 117.1è û¼þ 0.7 0.620 0.294 91.79è û ï

0.7 0.605 0.458 85.47è ûTm 0.7 0.600 0.574 84.37è ûTÄ 0.7 0.598 0.671 83.76
exp 0.7 0.593 0.246 82.16
gau 0.7 0.572 0.238 71.47

Fixedmassesè û ^ 0.7 0.62 0.113 155.8è û¼þ 0.7 0.62 0.294 91.79è û ï
0.7 0.62 0.495 81.08è ûTm 0.7 0.62 0.637 78.61

exp 0.7 0.62 0.283 74.71

Table 2.5: Summaryof parametersusedfor the variousscalarfunctions s�tvu { in the
diquark-quarkvertices,cf. eqs.(2.61–2.63).

partialwaves.Usingscalardiquarksonly, it readsin therestframe� � ���@ $'(+\û � g� A cg� ù �Rfhg� � c �  �[Ö
ð
� ���RQ K S �4')+ H (2.157)

The two scalarfunctions g� A and g� ù (relatedto the wave function) describeup-
perandlower componentof theeffective nucleonspinor. Likewiseonly thetwo
functions

� A and
� ù enterthedecompositionof thevertex function.

Wewill startoutwith investigationsof thevariousformsof thescalarfunction� ���N� that parametrizesthe diquark-quarkvertex, seeeqs.(2.61–2.63).Further-
morewe pick láû ^"Õ%þ for themomentumdistributing parameterin thediquark-
quarkvertex.

We have chosento considertwo cases:First we fix the the ratiosof quark
andscalardiquarkmassto thenucleonmass( â� Õ$¿ Ñ and â ð � Õ$¿ Ñ ) andtunethe
width parameter� in the scalarfunction � ���N� until the normalization Ö ð , cal-
culatedusingeq. (2.59),providesenoughbinding to reachthe physicalnucleon
mass. This correspondsto the constraintthat iterating the systemof equations
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�vû V H ïè åLæ4ç 0 2 4 6 8â åLæ4ç
0 0.7005 0.9551 0.9731 0.9738
2 0.7806 0.9797 0.9967 0.9979
4 0.7844 0.9922 0.9993 0.9999
6 0.7846 0.9928 0.9999 1.0000�UûíV H Z ^
0 0.6517 0.8379 0.9285 0.9431 0.9449
2 0.8755 0.8988 0.9743 0.9940 0.9965
4 0.9326 0.9614 0.9904 0.9977 0.9996
6 0.9406 0.9714 0.9978 0.9992 0.9998
8 0.9416 0.9726 0.9992 0.9998 0.9999

Table2.6: Convergenceof thegroundstateeigenvalueof theBethe-Salpeterequationin
termsof � åLæ4ç and  åLæ4ç , shown for two valuesof themomentumdistributing parameter! . For thekernelintegrationtheGaussquadraturewith  #" # w%$'& grid pointswasused,cf.
eq.(2.151).Themomentumintegrationin theiterationwasperformedwith  é . é w($'& grid
points,cf. eq.(2.150).Higheraccuracy in theseintegrationsdoesnotaffect theeigenvalue
in theprecisiongivenhere.

(2.149,2.150)yields an eigenvalue1. The resultsfor the ratios â� Õ$¿ Ñ ûòV H m~þ
and â ð � Õ$¿ Ñ û�V H*) aregivenin theupperhalf of table2.5. With this choiceand
the choiceof a dipole form for � ���N� we find a gooddescriptionof the nucleon
electricform factors,seebelow. In thesecondcase,wehavekeptfixedthediquark
mass( â ð � Õ$¿ Ñ ûíV H+) asbefore)andvary thequarkmassandthewidth parameter� until asolutionof theBethe-Salpeterequationwasfoundwith theproperty� ´A ����ù(�$À é � é � ´�� ù�� � û ^¥Õ%þ H (2.158)

This condition fixes the width of the zerothChebyshev momentof the ` wave
amplitude

� A which we normalizeby setting
� ´A ��V0� ûE^ . We canregardthis asa

conditionon theextensionof thewholenucleon-quark-diquarkvertex in momen-
tum spacesincethezerothmomentof

� A dominatesin the expansionof the nu-
cleonvertex function. Theresultingparametersetsthatsolve theBethe-Salpeter
equationaredisplayedin thelowerhalf of table2.5.

All of the parametersetssuffer from a generaldefectthat resultsfrom the
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Figure 2.6: The Chebyshev momentsof the dominatingscalarfunction |8 A in the ex-
pansionof thewave function. In the left panel,themomentsfor thechoice ! w9&�:<; are
shown. For the respective momentsdepictedin the right panel,the employed valueof! w%&�:>=�? is closeto thediquarkpropagatorpoles.

restrictionto scalardiquarksonly. Theconstituentquarkmassâ� hasto becho-
senratherlarge(correspondingto a stronglyboundscalardiquark)suchthat the
diquarknormalizationÖ ð providesenoughbinding energy for the nucleon. Fur-
thermore,thediquark-quarkverticesarerathernarrow in momentumspaceascan
beseenfrom thevaluesfor � . In configurationspace7, theextensionof thescalar
diquark(measuredby the FWHM valuefor the scalarfunction � ) is roughly 1
fm and thus the diquark is asbroadas the nucleonappearsto be whenprobed
with electronsor pions[59]! The inclusionof the axialvectordiquarkprovides
anotherattractive channel,thereforethescalardiquarknormalizationÖ ð couldbe
adjustedto smallervaluesandconsequentlytheconstituentquarkmasswill drop.
Theresultsto beshown in section2.5.3indeedconfirmthis argument.

Weturnnow to theconvergencepropertiesof theChebyshev expansion,pick-
ing asan examplethe set of parametersemploying a dipole form ( è û þ ) for
the scalarfunction � ���N� . Herethepole in the diquarkpropagatorandthe poles
appearingin � ���N� put the restriction �(	 ¦ V H Z ��V H ¡ þ¹¨ , cf. eqs.(2.154,2.156).We
exemplify our resultswith the choice � û V H ï (far away from any poles)and�Ðû�V H Z ^ (closeto thediquarkpropagatorpole). First we investigatetheconver-
genceof theeigenvalue(that is obtainedin thenumericaliterationof theBethe-

7We referhereto theFourier transformof the relative momentumbetweenthequarkswithin
thediquarkthatcorrespondsto thedistancebetweenthetwo quarks.
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Salpeterequation)in termsof thehighestChebyshev momentâ åLæ4ç employedin
theexpansionof thevertex functionand è åLæ4ç for thewave function. Theresults
of table2.6show that for the“safe” valueof �Jû V H ï sevenChebyshev moments
for bothwave andvertex functionaresufficient to determinetheeigenvalueto a
precisionbelow ^"V ± B . For the choiceof � nearthediquarkpropagatorpole two
moreChebyshev momentsareneededto arrive at the sameprecision. Further-
moretheresultsdemonstratethatin orderto obtainan � -independenteigenvalue,
thefull dependenceof thescalarfunctions

� õ � g� õ on theangleÆ ûíÇ(ÉÃÊdË hasto be
takeninto account,i.e. � -invarianceis not guaranteedfor anarbitrarytruncation
in theChebyshev expansion.

In the determinationof observablesthe explicit solutionsfor wave or vertex
function enter. We will thereforehave a look at their convergencepropertiesas
well. The Chebyshev momentsof the scalarfunctions

� A and
� ù building the

vertex functionshow a very similar convergencepatternfor thedifferentchoices
of � . Eachsubsequentmomentdropsin its magnitudeby a factorof 7 H)H$H 10
ascomparedto the magnitudeof the previous one. The situationis completely
differentfor theChebyshev momentsof g� A and g� ù , makingup thewavefunction.
This is depictedin figure2.6. Whereastheconvergencefor thechoiceof � û=V H ï
is still reasonablyrapid (a factorof 10 betweenthe subsequentevenChebyshev
momenta),themomentsof g� A for thechoice � û V H Z ^ becomesqueezedin mo-
mentumspaceandonly convergeslowly with increasingChebyshev order.

In thecalculationof form factorswewill needbothwaveandvertex function,
dependingon thediagramsto compute.Theslow convergenceof thewave func-
tion expansionwill put certainrestrictionson the numericalaccuracy whenever
therespectivescalarfunctionsareemployed.

ElectromagneticProperties
In thefollowing wewill quotefrom ref. [23] someresultsfor electricform factors,
electricradii andmagneticmomentswhichhavebeenobtainedwith theparameter
setsof table2.5.Thedefinitionsfor thecurrentoperator, theform factorsandradii
arecollectedin chapter3. Thenecessaryformalismfor calculatingtheappropriate
currentmatrix elementsis alsopresentedthere,alongwith the proof of current
conservation. Presentingtheresultsat this point will exhibit theshortcomingsof
thescalardiquarksectorandfurthermoremotivatesthechoiceof thedipoleform
for � ���N� in thecalculationswith scalarandaxialvectordiquarks.

In table2.7 we have compiledthe resultsfor the protonandneutroncharge
radii aswell asfor the nucleonmagneticmoments.A first glanceat the proton
chargeradiusconfirmsthatfixing thewidth of thedominantscalarfunction

� ´A of
thenucleon-quark-diquarkvertex functionfixesroughly this radiusaswell. But
whereasall parametersetsshow for theprotonchargeradiusamaximaldeviation
of about15 % to theexperimentalvalue,theresultsfor theneutronchargeradius
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Formof diquark @ � (fm) @EùÑ (fm ù ) A � A
Ñ

vertex � ���N�
fixed

� A % ´ -width : è û ^ 0.78 � 0.17 0.95 � 0.80è û¼þ 0.82 � 0.14 1.09 � 0.93è û ï
0.84 � 0.12 1.13 � 0.97

exp 0.83 � 0.04 1.16 � 1.00
gauss 0.92 0.01 1.22 � 1.07

fixedmasses: è û ^ 0.97 � 0.24 0.98 � 0.86è û¼þ 0.82 � 0.14 1.09 � 0.93è û ï
0.75 � 0.03 1.12 � 0.95

exp 0.73 � 0.01 1.13 � 0.96

experiment 0.84 � 0.11 2.79 � 1.91

Table 2.7: Electric radii of proton/neutronandthe nucleonmagneticmomentsfor the
parametersetshaving eitherthe

8 ´A -width or thequarkmassfixed.

differ drastically. Thedipoleandthequadrupoleform for � ���N� arehereclosestto
theobservedradius.

We have plottedthenucleonelectricform factorsup to a momentumtransfer
of B ù ûæþ H þ ¡ GeVù in figure 2.7. The protonform factor(left panel)hasbeen
normalizedto thephenomenologicaldipolefit¯DCFEFG�HI û ^1 ^	ý B ù ÕÏ��V H+) ^KJDLNM ù ��? ù � (2.159)

which representsfor momentumtransferbelow 1 GeVù a quiteaccuratedescrip-
tion of theexperimentallymeasured̄ I [60]. Heretheresultsfor theparameter
set employing the dipole shapefor � ���N� follows the phenomenologicaldipole
closestascomparedto the othercurves. Thereforewe employ the dipole in the
diquarkvertex for furthercalculations.Regardingtheoverallshapeof theneutron
form factor, only theGaussianparametrizationfor � ���N� producesresultsgrossly
deviatingfrom thescarceexperimentalinformationonehasaboutthisquantity. A
discussionof theavailableexperimentalresultsis postponeduntil section3.2.2.

Returningto the discussionof the resultsin table 2.7, we seethat the pro-
ton andneutronmagneticmomentsare( X ) muchtoo small and( X4X ) their ratio is
far from the experimentallymeasuredvalue. Both defectsareknown from ex-
ploratorystudieswithin otherformsof quark-scalardiquarkmodels[62] andcan
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Figure 2.7: Proton(left panel)andneutron(right panel)electric form factorsfor the
variousparametersetswith fixedwidth of thezerothChebyshev moment

8 A . Theexperi-
mentaldatafor theneutronis takenform ref. [61].

be attributed to the oversimplificationof the two-quarkcorrelationsto just the
propagationof aspinlessscalardiquarkthatcannotexhibit aspinflip whenstruck
byaphoton.Theproblemis furthermoreenhancedby thecomparatively largeval-
uesof theconstituentquarkmassin all parametersets.Rememberthat themain
indicationfor aquarkmassscaleof around0.3GeVcomesfrom anon-relativistic
estimateof thenucleonmagneticmoments.Accordingto this argument,thenu-
cleonmagneticmomentsareproportionalto ¿ Ñ Õ â� andthusquarkmassesbeing
largerthan0.5GeVareexpectedto yield magneticmomentsthatarefar toosmall.

Although the resultson theelectromagneticpropertieshave beenreportedat
this stagewithout derivation, we regard the previously unspecifiedform of the
diquarkvertex asbeingfixednow by thedipoleform. With theingredientsof the
modelbeingcomplete,we presentin the next subsectionsolutionsfor nucleon
and � usingthescalarandtheaxialvectordiquarkchannel.

2.5.3 SolutionsII: Scalarand axialvector diquarks

Including axialvectordiquarks,the Bethe-Salpeterequationscannow be solved
for nucleonand � . Thefull decompositionof wave andvertex functions,shown
in table2.3for thenucleonandin table2.4for the � , hasto betakeninto account
and the equationsare solved for the eight scalarfunctionsthat describevertex
andwave function respectively. Altogethertherearefour parameters:the quark
massâ� , thediquarkmassesâ ð � and â��� , andthewidth � of thedipole-shaped
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Set â� â ð � â��� � Ö ð Ö � ¿ � ¿ Ñ
[GeV] [GeV] [GeV] [GeV] [GeV] [GeV]

I 0.36 0.625 0.684 0.95 9.29 6.97 1.007 0.939
II 0.425 0.598 0.831 0.53 22.10 6.37 1.232 0.939

Table 2.8: Thetwo parametersetsof thefull modeltogetherwith thevaluesof diquark
normalizations(couplings)andtheboundmasses_

Ñ
, _ � thatarisefor thesesets.

diquark-quarkvertex.
Thesolutionsin thescalardiquarksectorsufferedfrom the large constituent

quarkmassesthat set a wrong scalewithin the nucleon,asseenby the results
for the magneticmoments. The inclusion of the attractive axialvector diquark
channelnow allows for solutionswith smallerquarkmassesandsmallerbinding
energy for thescalardiquark.Thediquarknormalization(or coupling)constantÖ ð
dropsfor thisreasonandthereforethenucleonbindingenergy becomessmallerin
thescalarchannel,but theadditionalbindingprovidedby theaxialvectordiquark
compensatesthis effect to yield thephysicalnucleonmass.

In the calculationspresentedhereandin the following chapterswe shall il-
lustratetheconsequencesof themodelassumptionswith two differentparameter
setswhichemphasizeslightly differentaspects.For SetI, weemploy aconstituent
quarkmassof â� û;V H Z m GeV which is closeto the valuescommonlyusedby
non-or semi-relativistic constituentquarkmodels.Dueto thefree-particlepoles
in thebarequarkanddiquarkpropagators,theaxialvectordiquarkmassis below
0.72 GeV andthe deltamassbelow 1.08 GeV. On the otherhand,nucleonand
deltamassesarefitted by SetII, i.e. theparameterspaceis constrainedby these
two masses.In particular, this implies â�`� V H ï ^ GeV. Both parametersetsto-
getherwith thecorrespondingvaluesresultingfor theeffectivediquarkcouplings
andbaryonmassesaregivenin table2.8.

Two differencesbetweenthe two setsare important in the following: The
strengthof theaxialvectorcorrelationswithin thenucleonis ratherweakfor Set
II, astheratio of axialvectorto scalardiquarknormalization(coupling), Ö � Õ¹Ö ð ûV H þ C , is muchsmallerthanfor Set I where Ö � Õ¹Ö ð ûòV H+) ¡ . We will quantify the
correlationstrengthmorepreciselywhenassessingthecontributionsof scalarand
axialvectorcorrelationsto thenormalizationof thenucleon,cf. section3.2.2.Sec-
ondly, the15 % differencebetweentheconstituentquarkmassesof the two sets
will have an influenceon the resultsfor magneticmomentsthat is evenstronger
thancouldbeexpectedfrom thenon-relativistic argument.
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Figure 2.8: TheleadingChebyshev momentsof thefunctions ijlk , im k and imon relatedto
thenucleonp waves.All functionsarenormalizedby thecondition ijrqkosut

.

Although the wave andthe vertex function areno physicalobservablesthey
do enterobservablematrix elementsvia Mandelstam’s formalism[63] (to bede-
scribedin thenext chapter)andthereforethestrengthsof thesinglecomponents
giveahint on theireffectonobservables.WehaveplottedtheleadingChebyshev
momentsof the scalarfunctionsdescribingthe nucleon v waves in figure 2.8.
Theseare wx qk and wy qn , describingthe v wavesfor scalarandaxialvectordiquark
and wy q k thatis connectedwith thevirtual time componentof thelatter. Weseefor
bothsetsthat thefunctions wy q k aresuppressedby a factorof z'{ n comparedto the
dominating wx qk . Thestrengthof theother v wave associatedwith theaxialvector
diquarkis roughlyproportionalto theratio |~}���|~� for therespectiveparameterset.

In appendixA.3 thenucleonpartialwavesfor SetI andthe � partialwavesfor
SetII (herethe � boundstatemasscorrespondsto the physicalone)areshown
anddiscussed.In summary, all the remarksfrom theprevioussubsectionon the
numericalaccuracy andtheconvergencepropertiesfor waveandvertex functions
applyalsoin thecaseof thefull model.Especiallyfor SetII, the � is anextremely
weaklyboundstateandthustheChebyshev expansionfor thewave functioncon-
vergesquiteslowly.

Beforeweturnto thedetaileddiscussionof thenucleonelectromagneticprop-
ertieswewill sumuptheresultsobtainedsofar. Fromaphysicalpointof view, the
parametersof the modelcould be chosenmoreintuitively after having included
theaxialvectordiquarksectorof themodel. This especiallyappliesto thevalue
of theconstituentquarkmasswhich appearedto be ratherlarge in thescalardi-
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quarksector. Still, the inclusionof the � resonanceleadsto ratherlarge quark
andaxialvectordiquarkmassesandconsequentlysmall axialvectorcorrelations
in the nucleon. This is an artefact of employing free quarkanddiquarkpropa-
gators,thereforewe will discussappropriatemodificationswhich mimic confine-
mentlaterin chapter5.

From a technicalpoint of view, we have succeededto transformthe full 4-
dimensionalprobleminto a manageableform. The chosenexpansionin Dirac
spaceinto partialwaveshasbeendonecovariantlyandtheresultsfor thepartial
wave strengthsidentify the leadingandsubleadingcomponents.TheChebyshev
expansionfor the scalarfunctionswhich describethe partial wave strengthshas
provedto bequiteefficientandaccurate,furthermoretheexpansionhasbeendone
for a Lorentzinvariantvariable,��� w�K� w� , with theconsequencethattheboostof
thewave andvertex functionsolutionsis renderedfeasible.A similar methodfor
treatingmesonsin aBethe-Salpeterapproachhasbeenputforwardin refs.[64,65]
wheretheefficacy of this techniquehasbeendemonstratedfor thesolutionof the
Bethe-Salpeterequationsaswell asin calculationsof mesonicobservables.

As a conclusion,thereis no technicalreasonwhy oneshouldstick to some
kind of non-relativistic approximationin solving a ladderBethe-Salpeterequa-
tion. Suchanapproximationcouldonly bejustifiedin averyweakbindingsitua-
tion andresultsfor physicalobservablesshoulddependin acontrolledmanneron
thenon-relativistic truncation.Weinvestigatethis issuein chapter6 for thecaseof
thediquark-quarkmodelwherewe compareresultsfor vertex functionsolutions
andobservablesobtained( � ) with theexact treatmentand( ��� ) in theSalpeterap-
proximation[66], apopularsemi-relativistic approximationof theBethe-Salpeter
equation.We find that the Salpeterapproximationstronglyviolatesthe approx-
imate ������� symmetrypresentin the solutionsof the full Bethe-Salpeterequa-
tion andobservablesobtainedwith bothmethodsdeviatein aratherunpredictable
manner.
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Chapter 3

ElectromagneticForm Factors

Electromagneticform factorsdescribeoneof themostbasicdynamicobservables
of a compositesystem:theelasticscatteringof anelectronon thecompositetar-
get. Electronand target interactwith eachother by exchangingquantaof the
electromagneticfield. For thetargetbeinganucleon,thescatteringis from aclas-
sicalpointof view afunctionof thechargeandmagnetizationdistributionswithin
the target which interactwith charge andspin of the electron,respectively. The
Sachsform factors��� and ��� , to beintroducedin eqs.(3.4,3.5),describein the
Breit systemexactlytheFouriertransformsof thesedistributions[67]. In theusual
field theoreticaltreatmentit is justified to assumethat thescatteringis mediated
by onevirtual photon(dueto thesmallnessof thecouplingconstantin quantum
electrodynamics),therebytheinformationon theelectromagneticstructureof the
probeis containedin thefollowing matrixelement,definedin momentumspace,���l�~� ������� ���¡ ~¢¤£�¥N��¦ �¨§ª© �«� © �¡ ¬¢�£�¥�'¦ �¯® � �����K° (3.1)

whereinitial andfinal targetstatepossesson-shellfour-momenta
�±® � �³² �´�~µ

and
�¨§ � �·¶ �´��µ , respectively. The currentoperator

� �
is obtainedfrom a

suitablemodelLagrangianwhereit is thecoefficientof thelineartermin
y �

, the
electromagneticvectorpotential.For nucleontargetsthematrixelementis written
in themostgeneralform as���l�~� �¹¸º¼»¾½ � �¿§ � À ² �ÂÁ ��Ã k ¶ �ÅÄ ÃÇÆµ�È�É�Ê �NË � ËÌ º¼»¡Í � �¯® �KÎ (3.2)

Here,
Ã k

and
ÃÏÆ

are the Dirac charge and the Pauli anomalousmagneticform
factor, respectively. The constantÄ describesthe anomalousmagneticmoment.
No furtherindependentstructuresexist if thecurrentis assumedto transformlike
avectorunderparity transformationsandif currentconservation,

� �`���l��� �Ð{�° (3.3)
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is to hold [68]. TheSachsform factors��� and ��� areintroducedas

��� � Ã k ² � Æ�ÑÈ Æ Ä ÃÇÆ ° (3.4)��� � Ã k ¶ Ä ÃÇÆ Î (3.5)

By definition, the valuesof ��� and ��� at zeromomentumtransferarethe nu-
cleonchargeandmagneticmoments.

It is convenientin thefollowing to introducematrixelementswhicharethem-
selvesmatrix valueddueto summationsover initial andfinal spin,� �¨§ª© � � ©<�¯® �ÓÒ �ÕÔ»¾½NÖ »¡Í º¼»¾½ � �¨§ � ��� � � ¸º¼»¡Í � �±® ��° (3.6)

to remove thenucleonspinorsin theparametrizationof
��� � �

. Using theGordon
identities[68], this matrixelementis written in termsof ��� and �×� as

� �¨§ª© �«� ©<�±® � � ² �ÂØÚÙÛ� �¨§ � À Á � ��� ¶ �ÜÈ � �� Æ ����� ² �×�`� Ì ØÚÙ�� �±® �KÎ (3.7)

Theform factorscanbeextractedfrom thisexpressionby takingtracesasfollows,

���K��� Æ �Ý� ÈÞÉµ � Æ�ß ¢Ç� �¿§ª© �l� © �±® � � � ° (3.8)

������ Æ �Ý� �ÅÈ ÆÉ� Æàß ¢Ç� �¨§ª© �l� ©<�±® � ��Á � �Âáâ° ãÑ��Á � ��áä�9Á � ² w� � w� �råæÎ (3.9)

This little introductoryexerciseprovided us with the necessaryformulaeto
obtaintheform factorsfrom thenucleoncurrentmatrixelement.Themoreformi-
dabletaskis to constructa suitablecurrentoperatorfor thediquark-quarkmodel
andto giveaprescriptionhow to obtainnucleonmatrixelementsfrom thecurrent
operatorandthe solutionsof the Bethe-Salpeterequation.The currentoperator
shouldrespectgaugeinvarianceandconsequentlythecondition(3.3), i.e. current
conservation,shouldhold.

Thefollowing sectionaimsatconstructingthecurrentoperator. Thisamounts
toclarify how thephotoncouplesto thefull quark-diquarkpropagator�Dç¾èÑéFç given
in eq. (2.70),the4-point function for quarkanddiquarkin thechannelwith nu-
cleon quantumnumbers. The resulting5-point function hasto fulfill a Ward-
Takahashiidentity which in turn guaranteesthat for the currentmatrix elements
currentconservationholds. Therebywe find non-trivial irreduciblecouplingsof
thephotonto thediquark-quarkverticesêìë and ê � , theseagull vertices, besides
theexpectedphotoncouplingsto quarkanddiquark.In totalwe will find thatthe
nucleoncurrentoperatorconsistsof
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í thephotoncouplingto quarkanddiquark(impulseapproximation),í thephoton-mediatedtransitionsfrom scalarto axialvectordiquarksandthe
reversetransition(extendedimpulseapproximation) andí contributionsfrom thequarkexchangekernelwhichcontainsthecouplings
to theexchangequarkandtheseagullcouplingsto thediquark-quarkver-
tices.

Unknown constantslike the anomalousmagneticmomentof the axialvectordi-
quarkandthe strengthof the scalar-axialvectortransitionswill be calculatedby
taking into accountthediquarksubstructurein a first approximationwhich does
notviolategaugeinvariancefor thenucleoncurrent.

The constructionof the currentoperatorby usingWard-Takahashiidentities
provides us furthermorewith a proof of the equivalenceof the canonicalnor-
malizationconditionfor Bethe-Salpeterwave functionwith thenormalizationto
correctboundstatecharge. The canonicalnormalizationamountsto fixing the
residueof theboundstatepolein thefull propagator� ç¾èÑéFç .

Equippedwith theexplicit form of thecurrentoperatorwe will thenproceed
by calculatingthe form factorsfor the two parametersetsintroducedin section
2.5.3. We find that currentconservation is reflectedin the numericalsolutions
very accurately. The electric form factorsof protonand neutronare described
very well by our solutionswhereasthemagneticform factorsfall shortby some
15 %, dueto our simplified assumptionsfor the quarkanddiquarkpropagators.
An interestingpoint is that therecentexperimentaldataon theratio ���±�~�×� for
theproton[69] stronglyconstrainstheaxialvectorcorrelationsin the nucleonto
berathermoderate.We will concludethis chapterby discussingpossiblefurther
improvements.

3.1 The nucleon curr ent operator in the diquark-
quark model

We shallmake useof the“gaugingof equations”formalismoutlinedin refs.[70,
71,72]. To simplify thetreatment,we will derive thecurrentoperatorby assum-
ing that thediquarkquasiparticlecould in principle be representedby a diquark
creationoperatorî�ï�� ðÂî�ï� °Fî � ï}òñ which createsscalarandaxialvectordiquarks.
Theresultingexpressionsareequivalentto theresultswhenconstructingthecur-
rentoperatorby startingfrom the3-quarkproblem,provideda Wardidentity for
thediquarkpropagatorholds(cf. refs.[72, 73]).

We employ a notationfor Green’s functionsasin section2.1. We remindthat
theirmultiplicationis to beunderstoodsymbolicallyandinvolvessummationover
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Diracindicesandintegrationovertherelativemomentaasin eq.(2.6).Weassume
that,in contrastto eq.(2.70),thequark-diquarkpropagatorin thenucleonchannel

��µ�ó¨�Åô¡õöô���÷�ø ¶ ÷�ù ² � ø ² � ù��¨� ç¾èÑéFç �Â÷�øN°¡÷úù ¦ � ø�° � ù��û� (3.10)ü Î ß Î � { ©Üýÿþ �������¾�Üî«������	N�¨¸þ ����
���Üî ï ���
�	'� © { �
is givenasa matrix thatdescribesthepropagationof chargeeigenstatecombina-
tionsof quarksº °Fî andscalardiquark � º î#� / axialvectordiquarks � º¼º�� °�� º î � °�� îÑî � ,
cf. appendixA.2.1. Thepartdescribedby thefreequarkanddiquarkpropagators
is of coursediagonalin the charge eigenstateswhereasthe possible(multiple)
quarkexchangedescribestransitionsbetweenthem. Likewise the 5-point func-
tion is definedto be

� � ��÷�ø�°¾÷�ù ¦ � ø° � ù���� ü Î ß Î � { ©ÜýÇþ ����� � �Üî«����� 	 �±¸þ ����
 � �Üî ï ���
 	 � �l� ��{Ñ� © { � Î (3.11)

We fix momentumconservationby ÷�ø ¶ ÷�ùÿ� � ø ¶ � ù ¶ � , where � denotesthe
photonmomentum.It is evident from the applicationof Wick’s theoremto this
equationthat � � contains(at least)all diagramsthat canbeconstructedfrom �
by attachinga photonto all propagators(like

� { ©Üýÿþ ¸þ © { � ) andvertices(like the
diquark-quarkvertices

� { ©Üý î�¸þ ¸þÏ© { � ). An equivalentdefinition of � � expresses
the procedureof attachingphotonson propagatorsandverticesby a functional
derivative,

� � �Â÷�øN°¾÷�ù ¦ � ø° � ù���� ² õõ y � ��{��ü Î ß Î � { ©Üýÿþ ����� � �Üî«����� 	 �¨¸þ ����
 � �Üî ï ���
 	 � ¥���� ð ²�� î ô � �«� ���r� y � ���r� ñ © { �������� q Î (3.12)

“Gauging” is anoperationwhichachievesthesameresultby thefollowing simple
rules[70]:

1. Notation: ! � � ² õõ y � ��{�� ! � ����"���� q where! � ü Î ß Î � { ©�þ ��� k � Î'Î'Î�¸þ ��� k � Î'Î�Î�Î'Î'Î © { � and! � � ü Î ß Î � { ©�þ ��� k � Î'Î'Î~¸þ ��� k � Î�Î'Î ¥���� ð ²#� î ô � � � ���r� y � ���r� ñ © { � .
2. It is a linearoperation,andfor aconstant$ its actionyieldszero, $ � � { .
3. It fulfills Leibniz’ rule, ��! k ! Æ � � �%! �k ! Æ ¶ ! k ! �Æ .

4. Gaugingthe inverse, ! è k , is accomplishedby applyingrule 2 and3, i.e.�&! è k !ò� � �Ð{(' �&! è k � � � ² ! è k ! � ! è k .
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Besidesthe above mentionedcontributionsto � � from attachingphotonsto
propagatorsanddiquark-quarkvertices(which areobtainedby gauging �Dç¾èÑéFç ),
thereexist othercontributionsthatcannotbeobtainedthisway: Althoughatransi-
tion from scalarto axialvectordiquarkcannotoccur,

� { ©Üý î Ë} î ï� © { � � { , this tran-
sition is possibleif mediatedby a photon,

� { ©Üý î Ë} î ï� � � © { �*),+-+-. é0/� { . Thespecial
featureof this scalar-to-axialvectortransitionis that it satisfiesgaugeinvariance
on its own, i.e. its contributionvanishesuponcontractionwith � � .

We know from gaugeinvariancethat thefive-pointfunction � � mustobey a
Ward-Takahashiidentity,

� � � � ��÷úø°¾÷�ù ¦ � øN° � ù����þ ø ½ � ç¾èÑéFç ��÷�ø ² �`°¾÷�ù ¦ � ø�° � ù�� ¶ þ ù ½ � çèÑé�ç ��÷úøN°¾÷�ù ² � ¦ � ø�° � ù�� ²þ ø Í � ç¾èÑéFç �Â÷�øN°¾÷�ù ¦ � ø ¶ ��° � ù�� ²%þ ù Í � ç¾èÑéFç ��÷�øN°¾÷�ù ¦ � ø�° � ù ¶ �ò��Î (3.13)

The charges
þ ø ½21 ø Í43 refer to the quarkchargesin the final [initial] state,likewiseþ ù ½21 ù Í53 refer to the respective diquarkcharges. The notationis somewhatsloppy,

since�Dç¾èÑéFç is amatrixthatdescribesthepropagationbetweenthedifferentcharge
eigenstatesof quarkanddiquark. Therefore,eq. (3.13) is to be understoodfor
each matrixelementof � ç¾èÑéFç .

Wewill show thatgauging� ç¾èÑéFç leadsto a � � thatfulfills theWard-Takahashi
identity (3.13). First, we fix somenotationfor the basicquarkanddiquarkver-
tices. Defining

² � x è k � � �76 � ø to be the quark-photonvertex, we find for the
gaugedquarkpropagator,x � ��÷�ø ¦ � ø¡� Ò � x ��÷�ø¾�86 � ø x � � ø¾�KÎ (3.14)

TheWard-Takahashiidentity for it reads

� � x � ��÷�ø ¦ � ø¾�¨� þ øÇ� x ��÷�ø ² ��� ² x � � ø ¶ �ò����Î (3.15)

In the samemannerwe gaugethe diquarkpropagator, given by eq. (2.67), and
write its Ward-Takahashiidentityas9: � �Â÷�ù ¦ � ù�� Ò � 9: ��÷úù��86 � ù�ø 9: � � ù � (3.16)

� ; : ��÷�ùN� {{ :=<><@? ��÷�ù��*A ; 6 � �&B {{ 6 � Ö <@?DC2?}�E A ; : � � ù'� {{ :FC2?"C � � ù��GA
� � 9: � �Â÷�ù ¦ � ù�� � ; þ �&B {{ þ }*E A � 9: ��÷�ù ² �ò� ² 9: � � ù ¶ �ò���K° (3.17)

wherewe have introducedthephotonvertex with thescalardiquark, 6 � �&B andthe
vertex with the axialvector diquark, 6 � Ö <@C}*E . For the gaugedfree quark-diquark
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propagatorweobtainafterapplyingLeibniz’ rule,

��� ç¾èÑéFçq � � Ò � � ç¾èÑéFçq 6 � q � ç¾èÑéFçq ° (3.18)6 � q � 6 � ø 9: è k ¶ x è k 6 � ù�ø Î (3.19)

The rules2 and3 cannow be appliedto the inhomogeneousquark-diquark
Bethe-Salpeterequationin orderto find � � ,1

� çèÑé�ç � � çèÑéFçq ¶ � çèÑéFçq HJI�K � ç¾èÑéFç Î (3.20)

After simplealgebraicmanipulationsusingtheaboveequationwefind

� � � ��� çèÑé�çq � � ¶ ã � ç¾èÑéFçq HJI�K � ç¾èÑéFç å � ° (3.21)

� � ç¾èÑéFç ð 6 � q ¶ � HJI�K � � ñ � çèÑéFç Î (3.22)

SincetheWard-Takahashiidentitiesfor thefreediquarkandquarkverticeshold,
eqs.(3.15,3.17),aWard-Takahashiidentity for 6 � q follows trivially. Now we con-
sider: if thefollowing identity for � H I�K � � holds,

� � � HJI�K � � �Â÷�ø�°¾÷�ù ¦ � ø�° � ù��¨�þ ø ½ HJI�K �Â÷�ø ² ��°¾÷�ù ¦ � øN° � ù�� ¶ þ ù ½ HJI�K �Â÷�ø�°¡÷úù ² � ¦ � ø�° � ù�� ²þ ø Í HJI�K ��÷úøN°¾÷�ù ¦ � ø ¶ �`° � ù'� ²(þ ù Í HJI�K �Â÷�øN°¾÷�ù ¦ � ø° � ù ¶ ���K° (3.23)

thentheidentity

� � ð 6 � q ¶ � HJI�K � � ñ �þ ø Í ��� ç¾èÑéFç � è k ��÷�ø�°¾÷�ù ¦ � ø ¶ �`° � ù�� ¶ þ ù Í ��� ç¾èÑéFç � è k ��÷úøN°¾÷�ù ¦ � øN° � ù ¶ �ò� ²þ ø ½ ��� çèÑéFç � è k �Â÷�ø ² ��°¾÷�ù ¦ � øN° � ù�� ²(þ ù ½ ��� ç¾èÑéFç � è k ��÷úøN°¾÷�ù ² � ¦ � øN° � ù�� (3.24)

is valid, ascanbe inferredfrom eq.(3.22)and ��� ç¾èÑéFç � è k � ��� ç¾èÑéFçq � è k ² H I�K ,
eq.(2.70). TheWard-Takahashiidentity for � � itself, eq.(3.13),follows imme-
diatelyafterleft andright multiplicationwith �DçèÑé�ç . Indeed,eq.(3.23)whichwe
will call the Ward-Takahashiidentity for the quark exchangekernel is derived
from a Ward-Takahashiidentity2 for ��� çèÑéFçq H I�K � ç¾èÑéFçq � � and eqs.(3.15,3.17).
Thereforewehaveestablishedeq.(3.13).

Matrix elementsof thecurrentbetweenboundstatesareobtainedfrom theex-
pressionfor � � , eq.(3.22).Thefull quark-diquarkpropagator, whichsandwiches

1As for LNMPO�QRM , thekernel SUT�V hasnotexactlytheform asgivenin eq.(2.72)but is ratherwrit-
tenasa largermatrix describingthequarkexchangebetweenall chargeeigenstatecombinations
of quarkanddiquark.

2Any perturbative graphwith external legs andan externalphotoncanbe shown to fulfill a
correspondingWard-Takahashiidentity.
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thefull vertex 6 � q ¶ � H I�K � � , canbeapproximatedat thenucleonboundstatepole
by

� ç¾èÑéFçXWZY ��� � � ² ÈÞÉ�� ¸Y� Æ ¶ È ÆÉ ¶ ¢�¥N£\[^]  ~¢û�F¥N¢`_ba
(3.25)

aswill be shown in the beginning of section3.1.3. Insertedinto eq. (3.22),we
find for thecurrentmatrixelement(theresiduetermof theleadingpole)� �¨§ª© � � ©<�¯® � � ¸Y § ðG6 � q ¶ � H I�K � � ñ Y ® Î (3.26)

This expressiondescribeshow to obtain boundstatematrix elementsfrom its
Bethe-Salpeterwave functionandis usuallyreferredto asMandelstam’s formal-
ism [63] althoughin theoriginal paperonly contributionsin impulseapproxima-
tion havebeendiscussed.

Whencontractingeq.(3.26)with � � , wecanusetheWard-Takahashiidentity
(3.24). Currentconservation, � � � �¨§ª© � � ©<�¯® � � { , follows immediatelyupon
usingtheBethe-Salpeterequations

��� çèÑé�ç � è k Y � ¸Y ��� ç¾èÑéFç � è k � {�Î (3.27)

Wehavearrivedatanimportantpoint in thischapter. Thenucleoncurrentdefined
in eq.(3.26)above is conserved.To guaranteegaugeinvariance,we mustinclude
in thedefinitionof thecurrentoperatorthegaugedBethe-Salpeterkernel � H I�K � �
besidesthephotoncouplingto thefreepropagators6 � q . Thelattercontribution is
commonlyreferredto asthe impulseapproximation. Incidentally, the necessity
of includingcurrentcontributionsfrom theBethe-Salpeterkernelfor a gaugein-
variantmatrix elementwasfirst discussedin ref. [74] in a deuteronboundstate
equationwherethebindingis providedby mesonexchange.

Weturnnow to theconstructionof explicit expressionsfor thecurrentoperator
in impulseapproximation,6 � q , andthegaugedkernel � H I�K � � .
3.1.1 Impulse approximation

Let us specify the electromagneticverticesof the basicconstituents,quarkand
diquark. For thequark-photonvertex, we employ theperturbative expressionas
themodelpropagatorin eq.(2.64)is thetree-level one,6 � ø � ² � þ øFÁ � Î (3.28)

Of courseit satisfiesthecorrespondingWardidentity (3.15).
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Figure 3.1: Resolved vertices:photon-scalardiquark,photon-axialvector diquarkand
anomalousscalar-axialvectordiquarktransition.

Thediquarkpropagatorsaretheonesof afreespin-0andspin-1particle,there-
forewealsoemploy thecorrespondingfreevertices6 � ù�ø � ; 6 � �&B {{ 6 � Ö <@C}�E A ° (3.29)6 � �&B � ²Çþ �&BÚ�Â÷�ù ¶ � ù�� � ° (3.30)6 � Ö <@C}*E � þ }*E ã ² � � ù ¶ ÷úù�� � õ <@C ¶ � � <ù ²�� ÷ <ù �¨õ � C ¶ ��÷ Cù ²�� � C ù �¿õ � < ¶Äâ��� C õ � < ² � < õ � C � ñ Î (3.31)

As the spin-1 vertex is not necessarilytextbook material,we refer to ref. [75]
for its derivation. TheconstantÄ which appearsin eq.(3.31)denotesa possible
anomalousmagneticmomentof theaxialvectordiquark.Weobtainits valuefrom
a calculationfor vanishingmomentumtransfer( � Æ �³{ ) in which thequarksub-
structureof thediquarksis resolved, i.e. in which a (soft) photoncouplesto the
quarkswithin thediquarks,cf. thesecondgraphin figure3.1. ThecalculationofÄ is provided in appendixB.1.1. Although theparameterspresentedin table2.8
differ for thetwo sets,especiallythediquarkwidth parameter� , weobtainin both
casesÄä� z�Î+{ (cf. tableB.1 in appendixB.1.1). This might seemunderstandable
from nonrelativistic intuition: themagneticmomentsof two quarkswith chargesþ k

and
þ Æ

addup to � þ k ¶³þ Æ �����ø , the magneticmomentof the axialvectordi-
quark is ��z ¶ Ä«�¾� þ k ¶ þ Æ �����}�E andif the axialvectordiquark is weakly bound,�}�E�� µ��ø , then Ä=� z .

As alreadymentioned,thereis onecontributionto thecurrentwhichcannotbe
obtainedby thegaugingmethod:photon-inducedanomalous3 transitionsfrom a
scalarto axialvectordiquarkandviceversa. Thecorrespondingvertex describing

3If theproductof theparity eigenvalues��� of thethreeparticlesat somevertex thatdescribes
their interactionis �����P� we call thevertex anomalous. For thescalar-axialvectortransitions,we
have �������\�����������*����� , thusthecorrespondingvertex is anomalous.
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thetransitionfrom axialvector(with index � ) to scalardiquarkmusthavetheform

w6 � C��} � ² � Ä ��}µ�ÈÞÉU  � C¡`¢ � � ù ¶ ÷úù�� ¡ � ¢ ° (3.32)

andthatfor thereversetransitionfrom anscalarto axialvector(index £ ) is given
by,

w6 � <}¤� �Ð� Ä ��}µ�ÈÞÉ   � <@¡R¢ � � ù ¶ ÷�ù�� ¡ � ¢ Î (3.33)

Thetensorstructureof theseanomalousdiagramsis derivedin appendixB.1.1by
resolvingthediquarksin a way asrepresentedby theright diagramin figure3.1.
Theexplicit factor zö�'È�É wasintroducedto isolatea dimensionlessconstantÄ ��} .
Its valueis obtainedroughlyas Ä ��}b¤Õµ�Î z (with thenext digit dependingon the
parameterset,cf. tableB.1). Sincethe only possibletransitionfor nucleonsin-
volves the scalar � º î#� diquarkand the axialvector � º î � diquark, thereis only a
constantcharge (or flavor) factor in eqs.(3.32,3.33).It is � þ ù ²uþ¥ ����µä� ² zö�~µ .
We seeimmediatelythat nucleoncurrentcontributionsusing theseverticesare
transversalandthusdonot affect currentconservation.

Thecurrentoperatorassociatedwith theanomaloustransitionsreads¸Y § 6 �¦¨§ èª©¬« Y ® �  1 ¥ ù 3 ð ���l���} � ¦¨§ èª©¬« ¶ ���«�}�� � ©¬«è ¦-§ ñ (3.34)�  1 ¥ ù 3 ð ¸Y ë ¸Y < ñ ; { x è k w6 � C��}x è k w6 � <}¤� { A ; Y ëY < A Î (3.35)

As for nucleonsonly the transitionbetweenscalar � º î#� diquark and axialvec-
tor � º î � diquark is possible,the flavor weight factor  1 ¥ ù 3 for the strengthof
the � º î � diquarkcorrelationsin the total axialvectorcorrelationsis included,cf.
eqs.(A.18,A.20).

To concludethis subsection,we write down the explicit expressionsfor the
protonandneutroncurrentmatrix elementsin theextendedimpulseapproxima-
tion, ® � �¨§ª© �«� ©<�±® � . è ),¯ ®®

� µ° ���l�ø � ¦-§ è ¦¨§ ¶ z° ���l���B � ¦-§ è ¦¨§ ¶ ���l�}�E � ©¬«Nèª©¬« ¶± °° ð ���l���} � ¦¨§ èª©¬« ¶ ���«�}¤� � ©¬«Nè ¦¨§ ñ ° (3.36)² � �¨§ª© � � ©<�±® � . è ),¯ ®² � ²äz° ð ��� �ø � ¦-§ è ¦¨§ ² ��� �ø � ©¬«Nèª©¬« ² ��� ��&B � ¦-§ è ¦-§ ¶���«�}�E � ©¬«Nèª©¬« ñ ² ± °° ð ���l���} � ¦¨§ èª©¬« ¶ ���«�}�� � ©¬«è ¦-§ ñ Î (3.37)

The superscript‘sc-sc’ indicatesthat the currentoperatoris to be sandwiched
betweenscalarnucleonamplitudesfor boththefinal andtheinitial state.Likewise
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Figure 3.2: Impulseapproximatecontributionsto theelectromagneticcurrent.For the
scalar-axialvector transition,a diagramanalogousto the third one(with initial andfinal
nucleonstatesinterchanged)hasto becomputed.

‘sc-ax’ denotescurrentoperatorsthataresandwichedbetweenscalaramplitudes
in thefinal andaxialvectoramplitudesin theinitial state,etc. As anexamplewe
give���«�ø � ©¬«èª©¬« � ¸Y < � : è k � <@C w6 � ø Y C �öw6 � ø �%6 � ø � þ ø¾� (3.38)

� × î ô ���µ�ó¨� ô ¸Y < � �¿§ ° � ¶ ��z ²ÙØ ���ò�o� : è k � <@C ��÷�ù��Kw6 � ø Y C � �¯® ° � �KÎ(3.39)

The weight factorsmultiplying the singlematrix elementsarisefrom flavor al-
gebra: we have chosento definethe matrix elementsto be independentof the
charge of the struckparticle,cf. eq. (3.38). The nucleonis decomposedinto its
chargeeigenstatesof quarkanddiquarkasin eqs.(A.18,A.20). Thentheweight
factorsfor thematrix elementsarecomposedof theweight factorsof thecharge
eigenstatesandthechargeof thestruckquarkor diquark.

We notethat theaxialvectoramplitudescontribute to theprotoncurrentonly
in combinationwith diquarkcurrentcouplings.

For visualization,the diagramsof the extendedimpulseapproximationare
shown in figure3.2.

3.1.2 Seagulls

A matrix elementof the quarkexchangekernel (betweencharge eigenstates)is
givenby HJI�KÚ } � ²#Û Ú } ê Ú �Â÷�øN° þ � x á � þ ��¸ê } � þ ° � ø¡� (3.40)

cf. figure3.3.Thecorrespondingflavor factorwhich is unimportantin thefollow-
ing is givenby

Û Ú } . As in theactualsolutionsof thenucleonBethe-Salpeterequa-
tion we have assumedthat thediquark-quarkverticesdependon just the relative
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Figure 3.3: Left panel:Thequarkexchangekernel. Right panel:Theseagullvertices.
The chargesbelongingto the incomingandoutgoingparticlesareenclosedin brackets,
theotherlabelsdenotetheir momenta.

momentumbetweenthe two “participating” quarks,ê } �Â÷«° � ��' ê } �¤�Â÷ ² � ����µÑ� .
Gaugingthekernelleadsto threeterms,

� H I�KÚ } � � � ²�Û Ú }Uè��ÂÈ Ú � � x á ¸ê } ¶ ê Ú � x � � á ¸ê } ¶ ê Ú x á � ¸È } � �êé Î (3.41)

The gaugeddiquark-quarkvertices ê } and ¸ê } arecalled ��È } � � and � ¸È } � � , re-
spectively. Thesearetheseagullverticesmentionedin thebeginningof thechap-
ter.

TheWard-Takahashiidentity (3.23)which leadsto a conservednucleoncur-
rent constrainsthe longitudinal part of the seagullvertices. Contracting(3.41)
with � � , insertingon the left handsideeq.(3.23)andusingtheWard-Takahashi
identity (3.15)for thegaugedexchangedquarkon theright handside,wefind

� � �ÂÈ } � � � � < ° � C � ë� þ < �>ê } � � < ² ��° � C � ² ê } � � < ° � C � � ¶þ C � ê } � � < ° � C ² ��� ² ê } � � < ° � C � � (3.42)��ìîí �Pï � ù ¶ � � � < ¶ � C �
°� � � ¸È } � � � � < ° � C � ë� ²ÿþ < ��¸ê } � � < ¶ �`° � C � ² ¸ê } � � < ° � C � � ²þ C ��¸ê } � � < ° � C ¶ ��� ² ¸ê } � � < ° � C � � (3.43)��ìîí �Pï � ù ² � � � < ¶ � C ��Î
The notationis explainedin the right panelof figure 3.3. Of course,suchcon-
straintsdonotfix theseagullverticescompletely. Wechoosea form whichsolves
for this constraintandis regular in the limit �Z' { . With � �Ý� � < ² � C ����µ the
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verticesread

�ÂÈ } � � � � °F� ¦ þ < ° þ C ��� þ < ��� � ² �ò� �� �Û� � ² � Æ �>ê } � � ² �×��µÑ� ² ê } � � � � ¶
þ C ��� � ¶ �ò� �� �Û� � ¶ � Æ �>ê } � � ¶ �×��µÑ� ² ê } � � � � ° (3.44)

� ¸È } � � � � °F� ¦ þ < ° þ C ��� ²ÿþ < ��� � ² ��� �� �Û� � ² � Æ � ê } � � ¶ �×��µÑ� ² ê } � � � � ¶
²ÿþ C ��� � ¶ ��� �� �Û� � ¶ � Æ � ê } � � ² �×��µÑ� ² ê } � � � � Î (3.45)

In thelimit �ð' { they simplify to

��È } � � � � °¡{ ¦ þ < ° þ C � � ² zµ � þ < ² þ C � � � îÚê }î � Æ ° (3.46)

� ¸È } � � � � °¡{ ¦ þ < ° þ C � � ² zµ � þ < ² þ C � � � î ¸ê }î � Æ Î (3.47)

We addasa sideremarkthat theseseagulltermswerederiveda little bit dif-
ferently in ref. [23]. Therethe Ward-Takahashiidentity for the matrix element� { ©Üýÿþ¬þ ¸þ ¸þ � � © { � hasbeenconsidered.Using the separableansatzfor the two-
quarkcorrelations,eq. (2.43), for expressionslike

� { ©Üýÿþ¬þ ¸þ ¸þÇ© { � , the constraints
(3.42,3.43)have beenderivedundertheassumptionthat thephoton-diquarkver-
ticescontainno quark loop, i.e. they aregiven by the perturbative expressions
(3.30,3.31).However, in the limit �ñ' { the seagullsmusthave the form asin
eqs.(3.46,3.47),asheretheWard-Takahashiidentitiesreduceto the(differential)
Ward identitieswhich fix theverticescompletely. In this kinematicalsituationa
dressingquarkloop in thephoton-diquarkverticesmustyield thediquarkcharge
(for anon-shelldiquark).

Furthermorewe notethatseagullverticesof a similar kind werefirst consid-
eredin ref. [76]. Theauthordiscussesextendedmeson-baryonverticesandderives
meson-baryon-photonverticesfrom a Lagrangianpoint of view by applyingthe
minimal substitutionrule.

Forcompletenesswegivetheexplicit expressionsfor theseagullandexchange
quarkcontributionsthatareobtainedwhenrecombiningthequark-diquarkcharge
eigenstatesto the correctnucleonflavor state. The symbolicmatrix multiplica-
tions are to be understoodas accompaniedby an integration over the relative
quark-diquarkmomentain the initial and final states,respectively, and a sum-
mationover Dirac andLorentzindices.First we write down thecurrenttermfor



3.1The nucleoncurrent operator in the diquark-quark model 77

theprotonthatcorrespondsto thediagramin thelower right of figure3.4,��� ���ò � ® +-óõô¨ó ² � ² kÆ ð ¸Y ë ¸Y < ñ ; H ���ò Ö ��� H ���ò Ö ��}H ���ò Ö }¤� H ���ò Ö }�} A ; Y ëY C A ° (3.48)H ���ò Ö �Â� � ��È ë � � � �^ö k °¡� ¦ þ¥ ° þ ù'� x á � þ ö �K¸ê ë � � Æ �K°H ���ò Ö ��} � ²äz° ± ° ��È C � � � �^ö k °¡� ¦ ° þ�¥ °¾µ þ�¥Ú¶ þ ù'� x á � þ ö �K¸ê ë � � Æ ��°H ���ò Ö }�� � ²äz° ± ° ��È ë � � � � ö k °¡� ¦ þ¥Ú¶ µ þ ùö°¾µ þ¥Ú¶ þ ù�� x á � þ ö �K¸ê < � � Æ ��°H ���ò Ö }¤} � ² z° �ÂÈ C � � � �^ö k °¡� ¦ þ¥Ú¶ µ þ ù�°�� þ¥Ç²(þ ù'� x á � þ ö ��¸ê < � � Æ �K°
to befollowedby theconjugatedseagullcontributionsasdepictedin thediagram
to thelower left in figure3.4,��� ���ò � ® +-óõô¨ó ² � ² kÆ ð ¸Y ë ¸Y < ñ ; H ���ò Ö �Â� H ���ò Ö ��}H ���ò Ö }¤� H ���ò Ö }¤} A ; Y ëY C A ° (3.49)H ���ò Ö ��� � ê ë � � k � x á � þ �l� ¸È ë � � � �^ö Æ °¡� ¦ þ ù ° þ¥ ��°H ���ò Ö ��} � ²äz° ± ° ê C � � k � x á � þ �l� ¸È ë � � � �^ö Æ °F� ¦ þ ù ¶ µ þ¥ ° þ�¥Ó¶ µ þ ù���°H ���ò Ö }¤� � ² z° ± ° ê ë � � k � x á � þ �l� ¸È < � � � � ö Æ °¡� ¦ µ þ¥o¶ þ ùö° ° þ�¥ �K°H ���ò Ö }�} � ² z° ê C � � k � x á � þ �l� ¸È < � � � ��ö Æ °¡� ¦ � þ¥ÿ²%þ ùö° þ�¥Ó¶ µ þ ù���°
and to be completedfinally by the exchangequark contribution, cf. the upper
diagramin figure3.4,���l�÷ E � ® +¨óõô-ó ² � ² kÆ ð ¸Y ë ¸Y < ñ ; H �÷ E Ö ��� H �÷ E Ö ��}H �÷ E Ö }�� H �÷ E Ö }�} A ; Y ëY C A ° (3.50)H �÷ E Ö �Â� � þ ùoê ë � � k � x á � þ � ð 6 � ø¬ñ á x á � þ ö �o¸ê ë � � Æ �K°H �÷ E Ö ��} � ² z° ± ° �Âµ þ�¥Ó¶ þ ù'�¿ê C � � k � x á � þ �¨ðõ6 � ø�ñ á x á � þ ö �K¸ê ë � � Æ ��°H �÷ E Ö }¤� � ² z° ± ° �Âµ þ�¥Ó¶ þ ù'�¿ê ë � � k � x á � þ �¨ðõ6 � ø ñ á x á � þ ö �K¸ê < � � Æ �K°H �÷ E Ö }�} � ² z° ��� þ¥Ç²%þ ù��¨ê C � � k � x á � þ �¨ðõ6 � ø ñ á x á � þ ö �K¸ê < � � Æ ��Î
Therespectivecontributionsto theneutroncurrentareobtainedby interchanging
thechargesof the º and î quarks,

þ�¥(ø þ ù . Therelativemomentain thediquark-
quarkverticesandseagullsareaccordingto figure3.4: � k �Ð÷úø ²�þ , � ö k � ÷úø ²Þþ ö ,� Æ � þ ö ² � ø and� ö Æ � þ�² � ø .
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Figure3.4: Exchangequarkandseagulldiagrams.

Thenucleoncurrentoperatoris now complete.Werecapitulatethatthecurrent
matrixelementis written as,

� �¿§ª© �l� © �±® �ÚÒ � ¸Y § 6 �²(' § Y ® � ¸Y § ð 6 � q ¶ 6 �¦¨§ èª©¬« ¶ � HJI�K � � ñ Y ® ° (3.51)

includingall thediscussedelements.Theimpulseapproximationoperator6 � q in-
volvesthecouplingsto quarkanddiquark,cf. eqs.(3.19,3.28–3.31).Theextended
impulseapproximationcomprisesadditionallytheanomaloustransitionsbetween
scalarandaxialvectordiquarks.Their operator6 �¦-§ èª©¬« is given in eq.(3.35). Fi-
nally wehavediscussedthecouplingto theexchangequarkkernel, � H I�K � � , in the
lastsubsection.

3.1.3 Normalization of the Bethe-Salpeterwave function and
the nucleoncharges

A boundstateBethe-Salpeterequationis ahomogeneousintegralequation,there-
fore its solutionsneedsubsequentnormalization. The canonicalnormalization
conditionis derivedby demandingthat the boundstatecontributesa pole to the
full two-bodypropagatorwith residue1. As thenucleonsarespin-1/2particles,
we demandthatnearthenucleonpolethefull quark-diquarkpropagatorbehaves
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likea freefermionpropagator,

x � � �¨� � � � ² ÈÞÉ� Æ ¶ È ÆÉ � � ² µ�ÈÞÉ � Ô » º » ¸º »� Æ ¶ È ÆÉ ) (3.52)

��� ç¾èÑéFç �
® ó+*,. ë� � ² µ�ÈÞÉ � � Y º¼» �o�¸º¼» ¸Y �� Æ ¶ È ÆÉ Î (3.53)

Now we write the inhomogeneousBethe-Salpeterequation(2.70) for the full
quark-diquarkpropagatorin theform

� ç¾èÑéFç �Ð� ç¾èÑéFç ã ��� çèÑéFçq � è k ² H ,.- å � ç¾èÑéFç (3.54)

andinsertthepoleform (3.53)on bothsidesto find thecondition] í _/.021 è � 03 �¹¸º¼» ¸Y ��� ç¾èÑéFçq � è k ² H ,.-� Æ ¶ È ÆÉ Y º¼» ë� ² zµ�ÈÞÉ Î (3.55)

Summingoverspins,applyingl’H ôspital’s rule andwriting theresultcovariantly
yieldsthefinal normalizationcondition

² zµ�ÈÞÉ ß ¢ ¸Y À � �544 � � ã ��� çèÑéFçq � è k ² H ,.- å Ì /  / 3 Y ë�àz�° (3.56)

where
� É denotestheon-shellnucleonmomentum.

Ontheotherhand,theelectricform factor ��� is normalizedto yield thephys-
ical nucleonchargesin the soft limit, � ' { . Using eq. (3.8) that extracts ���
from the currentmatrix elementandeq. (3.26) for the definition of the current
operator4 wefind anothercondition,

² zµ�È�É ß ¢ ¸Y ðõ6 � q ¶ � H I�K � � ñ Y ë� þ76 Î (3.57)

In fact, the two conditions(3.56,3.57)are equivalent for the proton which has
non-zerocharge

þ76
. In theliterature,a proof of this statementcanbefound[77]

wherethe authorstreat the caseof one interactionchanneland the momentum
partitioning fixed by

Ø � z ��µ . Crucial for their proof is the differential form
of the Ward-Takahashiidentity for the gaugedfull 2-particlepropagatorwhich
correspondsin our caseto thegaugedquark-diquarkpropagator, eq.(3.13). The
proof is easilyaccomodatedfor our purposesandhereit comes.

In ournotationfor thefull quark-diquarkpropagatorindicatingall fourparticle
momenta,� ç¾èÑéFç �Â÷�ø�°¾÷�ù ¦ � ø�° � ù�� , the momentaare not independent.We employ

4As thescalar-to-axialvectortransitionsaretransversal,they do not contributeto thenucleon
charges.
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thereforetheequivalentnotation � çèÑé�ç ��÷«° � ¦ � � with
� � ÷�ø ¶ ÷�ùÚ� � ø ¶ � ù and� °¾÷ beingtherelativemomenta.Ourusualconventionshold:

÷�ø@� � ø � � Øª� ¶ ÷ � �^� ° ÷úù�� � ù � �æ��z ²ÙØ � �Ð² ÷ � �^� Î (3.58)

For the gaugedpropagator� � ��÷�øN°¾÷�ù ¦ � ø�° � ù�� the four momentaareindependent,
andherewedefine �¿§ � � ø ¶ � ùÇ° �±® �³÷�ø ¶ ÷úùÇÎ (3.59)

TheWard-Takahashiidentity (3.13)cannow beformulatedas

� �¿§Ç²%�¯® � � � � � (3.60)þ ø ½ � çèÑé�ç ��÷ ² ��z ²�Ø �¾� �¿§ÿ² �¯® �¡° � ¦ �±® � ¶ þ ù ½ � ç¾èÑéFç �Â÷ ¶ Ø � �¿§ÿ² �¯® �¡° � ¦ �±® � ²þ ø Í � ç¾èÑéFç �Â÷«° � ¶ ��z ²ÙØ �� �¨§ ² �±® � ¦ �¨§ � ² þ ù Í � ç¾èÑéFç �Â÷«° � ²�Ø � �¿§ÿ² �¯® � ¦ �¨§ ��Î
As we remarkedearlier, this identity holdsfor eachmatrix elementof �DçèÑé�ç that
connectsinitial and final charge eigenstatesof the quark-diquarksystem. We
differentiatebothsideswith respectto

� �§
andsubsequentlyassumethesoft limit,�±® � �¿§ � Ò � , to find

� � � ² � þ ø Í ¶ þ ù Í � 4 � ç¾èÑéFç4 � � ��÷«° � ¦ � � ¶ (3.61)

� Ø�þ ù ½ ² ��z ²ÙØ � þ ø ½ � 4 � ç¾èÑéFç4 ÷ � ��÷«° � ¦ � � ¶ � Ø�þ ù Í ² ��z ²�Ø � þ ø Í � 4 � çèÑéFç4 � � �Â÷«° � ¦ � �ÛÎ
Since

þ ø Í ¶ þ ù Í � z (proton charge) for all the matrix elementsof � ç¾èÑéFç , we
employ for thefirst termon theright handside

44 � � è � çèÑé�ç ��� ç¾èÑéFç � è k é � { )
4 � çèÑé�ç4 � � � ² � çèÑé�ç 4 ��� ç¾èÑéFç � è

k
4 � � � ç¾èÑéFç Î (3.62)

Ontheotherhand,wecanuseeq.(3.22)for � � ontheleft handsideof eq.(3.61).
Thereforeweobtain

� ç¾èÑéFç ð 6 � q ¶ � HJI�K � � ñ � çèÑé�ç � ² � ç¾èÑéFç 4 ����ç¾èÑéFç���è
k

4 � � � çèÑé�ç ¶
� Ø þ ù ½ ² ��z ²ÙØ � þ ø ½ � 4 � çèÑé�ç4 ÷ � ¶ � Ø�þ ù Í ² ��z ²ÙØ � þ ø Í � 4 � çèÑé�ç4 � � Î (3.63)

Neartheboundstatethefull quark-diquarkpropagatorcanbewritten in thepole
form of eq. (3.53). We seethat the first termson the left and right handside
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of eq.(3.63)have a doublepoleat
� Æ � ² È ÆÉ , whereastheremainingtermscan

only contributeasinglepole.Fortunatelythesedropoutwhencomparingresidues
andweareleft with

¸º¼» ¸Y 4 ��� ç¾èÑéFç � è k4 � � Y º¼» ? �¹¸º¼» ¸Y ð 6 � q ¶ � H I�K � � ñ Y º¼» ? Î (3.64)

Putting Ê � Ê ö , performingthe spin summationand contractingwith
� �

, we
indeedfind the equalityof the canonicalnormalizationcondition(3.56)andthe
charge normalizationcondition(3.57). Also the neutronhasthe correctcharge:
Althoughtheoverallnormalizationcannotbefixedin thiscase,eq.(3.61)guaran-
teesthat its electricform factoris zeroin thesoft limit since

þ ø Í ¶ þ ù Í �·{ for all
quark-diquarkchannels.

It is possibleto provetheequivalenceof eqs.(3.56,3.57)withoutexplicitly re-
curringto theWard-Takahashiidentity(3.13).Theproofis slightly moretechnical
andfor thescalardiquarksectorof themodelit is describedin ref. [23].

3.1.4 Summary

In conclusionwe want to emphasizethe power of the generalWard-Takahashi
identity for thefull quark-diquarkpropagator, eq.(3.13).Its implicationsallowed
usto derive ( � ) conservationof thenucleoncurrent,( �Â� ) constraintson the longi-
tudinal partof all contributing graphs,notablyof the irreduciblequark-diquark-
photonvertices(seagulls)andfinally ( ���Â� ) theequivalenceof thecanonicalandthe
chargenormalizationcondition.It is interestingto notethatactuallycurrentcon-
servationholdsfor each singlediagramdepictedin figures3.2and3.4. This has
beenprovedin ref. [62] by usingjust thetransformationpropertiesof therespec-
tivematrixelementsundertimereversalandparity. But asweknow, gaugeinvari-
anceprovidesmore informationthanconservedcurrentmatrix elementson-shell.
This additionalinformationis manifestin the (off-shell) Ward-Takahashiidenti-
ties andit is certainlywrong to restrictoneselfto assortedcurrentcontributions
sinceat leastthecorrectnucleonchargescannotbeobtainedin general.This is a
shortcomingof a quark-diquarkmodelinvestigatedin refs.[78, 79]. Theauthors
employ parametrizednucleonFaddeev amplitudesandcalculateform factorsin
ageneralizedimpulseapproximationwhich,besidescontainingovercountedcon-
tributions[73], doesnot respecta Ward-Takahashiidentity like eq. (3.13). The
immediateconsequenceturnedout to be that the correctnucleonchargeshave
beenobtainedonly for aspecialchoiceof parameters.
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3.2 Numerical calculations

Beforewe presenttheresultsfor thenucleonelectricandmagneticform factors,
we will discussshortly thenumericalmethod.As we have calculatedtheBethe-
SalpeterwavefunctionsY in therestframeof thenucleon,wehaveto discusstheir
boostingto a moving frame.Therebywe will find thatanaccuratedescriptionof
theboostedwavefunctionis linkedto theaccuracy of its Chebyshev expansionin
therestframe.Sincethevertex function 8 show betterconvergencein theCheby-
shev expansion,it wouldbedesirableto use8 insteadof thewavefunction Y . We
find that this is feasibleonly for the diagramsof the extendedimpulseapproxi-
mationbut thatdueto their singularitystructurethediagramsevaluatedwith the
vertex function acquireadditionalresiduecontributionsin a certainkinematical
region. In this region the (Euclidean)vertex function 8 is not connectedto the
(Euclidean)wave function Y by simplycuttingquarkanddiquarklegsoff Y .

3.2.1 Numerical method

Thenumericalcomputationof theform factorsis donein theBreit framewhere

� � � �29 °¡{��K°� �® � � ² 9 ��µ�°F�;:=<±��° (3.65)� �§ � �29ä��µ °F�>:?<ì��°� � �à� �±® ¶ �¨§ ���~µ � �A@ì°F�;:=<±��°
with :=< �CB È ÆÉ ¶ 9 Æ �¬� .

The total currentoperator, eq. (3.51), employs the wave functions Y in the
initial andfinal state.Thesearedeterminedby thebasiccovariantsandthecorre-
spondingscalarfunctions wx ® � � Æ °¡�ò� w�¨� w� ÉÑ� , wy ® � � Æ °¡�×� w�¿� w� ÉÑ� , cf. eq.(2.129).We
recall thatwe absorbedtheangular( � ) dependencein theChebyshev expansion,
eq. (2.136). In the rest frame,

� É � �;@¯°��ÜÈÞÉÑ� , � is real and
© � ©ED z , therefore

theexpansionis alwaysconvergent. In theBreit framewe have thereal relative
momentain the initial state,� , andthe final state, ÷ , which areintegratedover.
Thereforetheangularvariables�@�`� w÷ � w� and �P

� w�Ó� w� arerealandnot larger
than1. Theangularvariablesthatenterthe initial andfinal statewave functions
asanargumentare,however,

� ® � w�Û� w�±® � :=<ÈÞÉ �P
 ² � zµ © 9 ©ÈÞÉ w�û� w�æ° (3.66)

� § � w÷ � w�¨§ � :=<ÈÞÉ �@� ¶ � zµ © 9 ©ÈÞÉ w÷ � w�æÎ (3.67)
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Therefore,in orderto usetherestframesolutions,analyticalcontinuationto com-
plex valuesfor � ® and � § is necessary. This canbe justified for the bound-state
Bethe-Salpeterwave functions Y . Thesecanbe expressedasvacuumexpecta-
tion valuesof local (quarkfield) andalmostlocaloperators(diquarkfield) andwe
canresortto the domainof holomorphyof suchexpectationvaluesto continue
the relative momentaof the bound-stateBethe-Salpeterwave function Y � � ° � �
into the4-dimensionalcomplex Euclideanspacenecessaryfor thecomputationof
Breit-framematrix elementsfrom restframenucleonwave functions. The nec-
essaryanalyticitypropertiesaremanifestin theexpansionin termsof Chebyshev
polynomialswith complex arguments.

Thereis apracticalobstaclein theoutlinedprocedure.As themaximumof the
squaredabsolutevalues

© � ® 1 § 3 © Æ¯ ©¬« � z ¶ � Æ �#���ÑÈ ÆÉ � riseswith increasing� Æ , we
encounterconvergenceproblemsfor thecurrentmatrixelementsastheChebyshev
momentsof higherorder F becomemoreandmoreimportant(

ý É is apolynomial
of degree F ). Considerthe strengthsof the wave function Chebyshev moments
presentedin appendixA.3 (SetI). ThefourthChebyshev momentof thedominat-
ing function wx k is about7 % of thezerothmoment.With

ý ô �������HG�� ô ² G�� Æ ¶ z
onecanestimatethecritical � Æ for which contributionsfrom wx ôk arecomparable
to theonesfrom wx qk ,© wx ôk ý ô ��� § � © ¯ ©¬« W © wx qk ý q ��� § � © ¯ ©¬« ) � Æ W z�Î>�JI ¥LK Æ Î (3.68)

As aconsequence,thegrid sizein theangularintegrationshasto beincreasedbe-
yondthis valueof � Æ becausethehigherChebyshev polynomialsintroducerapid
oscillationsin the integrand. Sincethe Chebyshev momentsof the vertex func-
tion convergemuchmorerapidly (

© x ôk © ¯ ©¬« �³{ Î+{ªz © x qk © ¯ ©¬« for SetII), it would be
desirableto use 8 insteadof Y in theexpressionsfor thecurrent,eq.(3.51).Hav-
ing Y � � ç¾èÑéFçq 8 , thefreequarkanddiquarkpropagatorswith thecorresponding
singularitiesareintroducedin the integrand. For sufficiently small � Æ theseare
outsidethe complex integrationdomain. For larger � Æ , thesesingularitiesen-
ter the integrationdomain,therefore,a propertreatmentof thesesingularitiesis
requiredwhenthey comeinto thedomainof interest.

For theimpulseapproximationcontributionsto theform factorswehavebeen
ableto take thecorrespondingresiduesinto accountexplicitly in the integration.
Heretheintegrationis reducedto onefour-dimensionalintegralovereither� or ÷
dueto theinherentõ -functionof thefreequark-diquarkpropagator� çèÑéFçq . Being
technicallysomewhatinvolved,wehaveplacedthematterinto appendixB.2. For
thesecontributions,onecancomparethecalculationswith boostedY and 8 and
verify numericallythatthey yield thesame,uniqueresults(upto several � Æ ). This
is demonstratedin appendixB.2.

For thecurrentcontributionsfrom thegaugedBethe-Salpeterkernel,cf. figure
3.4, two four-dimensionalintegrationsover � and ÷ arerequired. The complex
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singularitystructureof theintegranddid notallow asimilartreatmentasdescribed
in appendixB.2 for the diagramsof the impulseapproximation. Thereforewe
haveresortedto employ theboostedwave functions Y . As a result,thenumerical
uncertainty(for thesediagramsonly) exceededthelevel of a few percentbeyond
momentumtransfersof 2.5GeV

Æ
. Dueto this limitation (whichcouldbeavoided

by increasingsimply theusedcomputertime) theform factorresultspresentedin
section3.2.2arerestrictedto theregionof momentumtransfersbelow 2.5GeV

Æ
.

In additionto theaforementionedcomplications,thereis anotherboundonthe
valueof � Æ abovewhich theexchangeandseagulldiagramscannotbeevaluated.
It is dueto thesingularitiesin thediquark-quarkverticesê ë 1 � 3 � � ® � andin theex-
changequarkpropagator. Therational F -poleformsof thediquark-quarkvertices,M É è

® ó+*,. � � Æ ���æ�&� ÆÉ �#�&� ÆÉ ¶ � Æ �¤� É for exampleyield thefollowing upperbound,

� ÆON � ; ��� ÆÉ��z ² ° Ø � Æ ² È ÆÉ A Î (3.69)

A free constituentpropagatorfor the exchangequarkgives the additionalcon-
straint,

� Æ N � ; � Æø��z ² µ Ø � Æ ² È ÆÉ A Î (3.70)

It turns out, however, that theseboundson � Æ are insignificant for the model
parametersemployedin thecalculationsdescribedherein.

3.2.2 Results

For the scalardiquarksector, we have presentedresultsfor the nucleonelectric
form factors,radii and magneticmomentsalreadyin section2.5.2. Therewe
found a good descriptionof both the proton and neutronelectric form factor,
whereasthe magneticmomentsturnedout to be lessthanhalf of the respective
experimentalvalue. We attributed this failure to the absenceof axialvectordi-
quarks(which carryspinandthereforecontributeto thespin-flip currents)andto
thehigh constituentquarkmassemployedfor thesolutions.Furthermorethereis
a substantialcontribution to theelectricform factorsby theexchangequarkand
theseagulldiagrams[23] with thelatterbeingof theorderof 30 %. We attribute
thisfindingto therelativelysmalldiquarkwidth in momentumspaceandthequite
sizeablenucleonbindingenergy (which is around300MeV for theparametersets
from table2.5).

We turn now to theform factorsfor thetwo parametersetsof table2.8which
includeaxialvectordiquarkcorrelations.First we want to judgethe strengthof
the axialvector correlationswithin the nucleonby evaluatingthe contributions
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Figure 3.5: Electric form factorsof both nucleonsfor the parametersetsof table2.8.
Experimentaldatafor theprotonis takenfrom [60]. Theolderneutrondataanalysis[61]
containsmoresystematicuncertainties(dueto specificnucleon-nucleonpotentials)than
themorerecentdatafrom [80, 81].

of Y ë and Y � to the norm integral, eq. (3.56). The strengthof the axialvector
correlationsis ratherweakfor Set II, sincethe scalardiquarkcontributes92 %
to the norm integral of eq. (3.56) while the axialvectorcorrelationsandscalar-
axialvectortransitiontermstogethergive riseonly to the remaining8 % for this
set.Scalardiquarkcontributionsareterms W ¸Y ë Y ë , axialvectorcontributionsareW ¸Y � Y Ë andthe transitiontermsaccountfor the two crossterms. For SetI, the
fractionof thescalarcorrelationsis reducedto 66 %, theaxialvectorcorrelations
arethereforeexpectedto influencenucleonpropertiesmorestronglyfor SetI than
for SetII.

The resultsfor the nucleonelectric form factorsarepresentedin figure 3.5.
For the two setswe show herethesumof all diagrams,formedby theextended
impulseapproximationandtheexchangekernelgraphs.In table3.1wehavecol-
lectedthe correspondingradii.5 The phenomenologicaldipole behavior of the
proton ��� is well reproducedby both parametersets. In the neutroncase,the
slopeat the soft point andthe generalbehavior arewell accountedfor although
the datapointsof ref. [61] have to be interpretedwith caresinceherethe elec-
tric form factorhasbeenextractedfrom electron-deuteronscatteringdatausing
specificnucleon-nucleonpotentials. Data from morerecentexperimentswhich

5A radius[]\ correspondingto a form factor ^ is definedby []_\ ���a`cb \bedgfih d f2jlk]m ^ �on@� if ^ �on@�
is non-zero.For theneutronelectricchargeradius,thequotient̂ �pn2� is simply omitted.
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SetI SetII experiment

�>qP
~� .>* [fm] 0.88 0.81 0.836 r 0.013�>q ÆÉ � .>* [fm
Æ
]

²
0.12

²
0.10

²
0.113 r 0.007�>qP
~� ¯ ©es [fm] 0.84 0.83 0.843 r 0.013�>q�É�� ¯ ©es [fm] 0.84 0.83 0.840 r 0.042

Table 3.1: Nucleonelectricandmagneticradii for the two parametersetscomparedto
theexperimentalvaluesfrom [82] (for tvu ÆÉxw .>* ) and[60] (for theremainingradii).

largelyavoid thismodeldependencearestill rare.Our resultslie hereat thelower
experimentalbound.

In figure3.6we evaluatethecontributionsfrom thesinglediagramsfor SetI.
For thenotationof thesinglecurrentmatrix elementswe referto eqs.(3.36,3.37)
and(3.48–3.50).As canbeseen,theoverall behavior of theimpulseapproxima-
tion diagramsis closeto the total form factor. Clearly the onessandwichedbe-
tweenthescalarnucleoncorrelations(straightthin line) dominateover thematrix
elementsof theaxialvectorcorrelations(dashedthin line). Seagullsandexchange
quark representjust a correctionbelow 10 % but are neverthelessimportantto
guaranteethe correctbehavior for � ' { . On the otherside,the neutronelec-
tric form factoris muchmoresensitive to thebehavior of thesinglediagramsas
it arisesasa resultof delicatecancellations.Especiallywe want to point to the
contributionfrom theimpulseapproximationgraphswhichareproportionalto the
nucleonaxialvectorcorrelationsin theinitial andfinal states,i.e. to thematrixele-
ments

��� �ø � ©¬«èª©¬« and
��� �ù�ø � ©¬«èª©¬« (dashedthin line): At � Æ � { , they addpositively

to theneutroncharge but for increasing� Æ their contribution quickly drops. As
a consequence,strongeraxialvectorcorrelationstendto suppressthepeakin the
form factorwhich thedatasuggestto belocatedat � Æ � {ªÎ+µÚÎ'Î'Î¤{ªÎzy GeV

Æ
. Again,

theseagullsandtheexchangequarkgraphprovide for thecorrectneutroncharge.

Theresultsfor theprotonmagneticform factorareshown in figure3.7. Cor-
respondingly, we have collectedthesinglediagramcontributionsto themagnetic
moment{ � �×����{�� in table3.2. There,the influenceof two parametersis vis-
ible. First, in contrastto non-relativistic constituentmodels,the dependenceof
the protonmagneticmomenton the ratio ÈÞÉú���ø is strongerthan linear. As a
result,thequarkimpulsecontribution to {^
 with thescalardiquarkbeingspecta-
tor, which is thedominantone,yieldsaboutthesamefor bothsets,even though
thecorrespondingnucleonamplitudesof SetI contributeabout25 % lessto the
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SetI SetII experiment

�(������ ¦��+��¦p� 1.35 1.33�(� �� � ���2� � �2� 0.44 0.08�¡  �(� �¢A£ � ¦p�+� �2�¥¤ �(� �£¦¢ ���2� ��¦�� 0.43 0.24�(� �§A¨ � 0.25 0.22
SUM 2.48 1.92 2.79��© SUM ª 1.53 ª 1.35 ª 1.91�¡  ¤ ��© isoscalar 0.95 0.57 0.88�¡  ª ��© isovector 4.01 3.27 4.70

Table 3.2: Magneticmomentsof protonandneutron.Thecontributionsfrom the indi-
catedcurrentmatrix elementsareto beunderstoodascomingwith theappropriateflavor
factors,cf. eq.(3.36).

norm thanthoseof SetII. Secondly, the scalar-axialvectortransitionscontribute
equallystrong(SetI) or stronger(SetII) thanthespinflip of theaxialvectordi-
quarkitself. While for SetII (with weaker axialvectordiquarkcorrelations)the
magneticmomentsareabout30 % too small,thestrongerdiquarkcorrelationsof
Set I yield an isovectorcontribution which is only 15% below andan isoscalar
magneticmomentslightly above thephenomenologicalvalue.

Strongeraxialvectordiquarkcorrelationsarefavorablefor largervaluesof the
magneticmomentsasexpected.If the isoscalarmagneticmomentis takenasan
indicationthatthoseof SetI aresomewhattoostrong,however, acertainmismatch
with the isovectorcontribution remains,alsowith axialvectordiquarksincluded.
Looking at the left panelof figure3.7, we notethat theaxialvectordiquarkdia-
gram(dashedthin line) fallsveryslowly with increasing«¬ andeventuallycauses
aviolationof theobserveddipoleshape.For SetII, thiseffect is absentdueto the
weaknessof theaxialvectorcorrelations.

Wecanaddanothertwist to thestoryby comparingour resultsto therecently
measuredratio �® °¯±³²´¯¶µ for theproton[69], cf. figure3.8. Theratio obtained
from SetII with weakaxialvectorcorrelationslies above the experimentaldata,
andthatfor SetI below. Theexperimentalobservationthatthisratiodecreasessig-
nificantlywith increasing«¶¬ (about40% from «¶¬E·¹¸ to ºg»½¼ GeV¬ ), canbewell
reproducedwith axialvectordiquarkcorrelationsof a certainstrengthincluded.
The reasonfor this is the following: The impulse-approximatedphoton-diquark
couplingsyield contributionsthat tendto fall off slower with increasing«¬ than
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thoseof the quark. This is thecasefor both, theelectricandthemagneticform
factor. If no axialvectordiquarkcorrelationsinsidethe nucleonaremaintained,
however, theonly diquarkcontribution to theelectromagneticcurrentarisesfrom�Í� �¢AÎÍ� ¦��+��¦�� , seeeqs.(3.36,3.37).Althoughthis termdoesprovideasubstantialcon-
tribution to ¯± , its respective contribution to ¯¶µ is of the orderof ÏË¸ �ÑÐ . This
reflectsthe fact thatanon-shellscalardiquarkwould have no magneticmoment
at all, and the small contribution to ¯Òµ may be interpretedas an off-shell ef-
fect. Consequently, too large a ratio �® °¯±³²´¯¶µ results,if only scalardiquarks
aremaintained[23]. For SetII (with weakaxialvectorcorrelations),this effect is
still visible,althoughthescalar-to-axialvectortransitionsalreadybendtheratioto-
wardslowervaluesatlarger «¶¬ . Thesetransitionsalmostexclusivelycontributeto¯¶µ , andit thusfollowsthatthestrongeraxialvectorcorrelationsof SetI enhance
this effect. Justas for the isoscalarmagneticmoment,the axialvectordiquark
correlationsof SetI tendto besomewhattoostronghereagain.

3.2.3 Conclusions

Thenumericalresultsfor theelectricform factorssupportthealreadyemphasized
importanceof usingtheWard-Takahashiidentitiesfor constructingasuitablecur-
rent operator. The correctvaluefor ¯±ÔÓ ¸ÑÕ·×Ö7Ø , the nucleoncharge, hasbeen
obtainednotonly for thetwo parametersetsthathavebeenpresentedherebut also
for a generalchoiceof parametersandof themomentumpartitioning Ù . Further-
more,theprotonandneutronelectricform factorsaredescribedvery well in the
diquark-quark-model.
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Thestrengthof axialvectorcorrelationsÚ � within thenucleonturnsout to be
constrainedby two observations:

Û Theimpulseapproximationgraphsinvolving Ú � tendto suppresstheneu-
tron electricform factor. This becomeseffective only for strongercorrela-
tionsthanpresentedhere,though.

Û Althoughlargeraxialvectorcorrelationsarefavorablefor themagneticmo-
mentsasexpected,theratio �¡ a¯±³²´¯ÝÜ providestight bounds.As a result,Ú � shouldcontributeto thenucleonnormaround20%.

As hasbeenmentioned,aconsiderableimprovementin thedescriptionof thenu-
cleonmagneticmomentshasbeenachievedcomparedto thescalardiquarksector.
Theanomaloustransitionsbetweenscalarandaxialvectordiquarkarein thiscon-
nectionequally importantas the contributionsof the axialvectordiquark itself.
Weherebyconfirmtheconjecturefrom ref. [41] wherethenucleonmagneticmo-
mentshave beenascertainedin a simpleadditivediquark-quarkpictureincluding
scalarandaxialvectordiquark.

Nevertheless,the isovector magneticmomentsare still too small by about
15%. Wediscusstwo possibilitiesthatmightaccountfor themismatch.

Û As we will seein the next chapteron the pionic andthe axial form factor
of thenucleon,vectordiquarksneedto be includedin theparametrization
of the two-quarkcorrelationson theoreticalgrounds.Although their con-
tributionsto the nucleonbinding energy areexpectedto be negligible, cf.
the discussionin the beginning of section2.2, the photoncouplingof the
vectordiquarkscouldbestrongenoughto compensatetheunderestimated
magneticmoments.

Û Thetree-level form of theemployedquarkanddiquarkpropagatorsis cer-
tainly too näıve an assumption.As an example,a non-trivial quarkprop-
agatorwould lead to someeffective anomalousmagneticmomentof the
(constituent)quarkvia theassociatednon-trivial quark-photonvertex. The
effect of thelatterwould bevisible,e.g., in anenhancedmagneticmoment
contribution of thequarkimpulseapproximationdiagram.In chapter5 we
will thereforediscusssomeaspectsof a dressedquarkpropagatorandem-
ploy an especiallysimple parametrization(which avoids the free-particle
threshold)in calculationsof the octet-decupletspectrumandof form fac-
tors.



Chapter 4

Strongand Axial Form Factors

In this chapterwe will investigatethepion-nucleonform factorasanexampleof
a strongform factorandtheisovectoraxial form factorwhich is of interestin the
descriptionof nucleonweakinteractions.In thefirst case,weareinterestedin the
matrix elementsof a pseudoscalarcurrentoperator

� £Þ andin the secondcaseit
is the pseudovector1 currentoperator

� £àß �Þ whosematrix elementsarethe object
underscrutiny. The superscriptá labelsthe componentof the isovector triplet
whichbothcurrentoperatorsbelongto.

If the squaredmomentumtransferis equal to the pion mass, «¬â· ªäãå¬æ ,
thenthepseudoscalarmatrix elementis entirelydeterminedby thepion-nucleon
couplingconstantç æ Ø=Ø which is accessibleexperimentally. Thereappearsto be
noexperimentallyfeasiblescatteringprocesswhich is dominatedby one-pionex-
changesuchthat the form factorcould be determinedaway from the pion mass
shell.Thereforecorrespondingtheoreticalresultsfrom microscopicnucleonmod-
elssuchasthediquark-quarkmodelonly serveasaguidelinefor effectivenucleon
potentialmodelswhich incorporateone-pionexchange.

The matrix elementof thepseudovectorcurrentat «¬è·×¸ is determinedby
the é decayandthe correspondingweakdecayor axial couplingconstantçiê is
known quiteaccurately2. For spacelike « ¬ , theform factormaybedeterminedby
neutrino-deuteronscattering[85] but theseexperimentsaredifficult to perform.
Thustheaxial structureof thenucleonis known far lesspreciselythanits electro-
magneticstructure.

As it is well-known, theseseeminglyunrelatedconstantsçiê and ç æ Ø=Ø are
linked with eachother by the famousGoldberger-Treimanrelation, seebelow.
It canbe derived from the assumptionof chiral symmetryof an underlyingLa-

1Wereservethelabelpseudovectorfor theexternalcurrentsto distinguishthemfrom axialvec-
tor diquarks.Bothobjectshaveof coursethesameLorentzandparity transformationproperties.

2Althoughin 1959theconstantwasassumedto beknown preciseenough,ëLìîí ï;ð2ñAðóòõô÷özô]øaùú ö úLû , it is quitedifferentfrom thepresentlyknown value,ë ì í üAý2ýAý°òþô÷ö ûàÿ ø�ù ú ö ú÷ú���� [83, 84].
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grangianwhich conservesthe pseudovectorcurrent. Additionally it is assumed
that this chiral symmetryis spontaneouslybroken and pions appearas mass-
less Goldstonebosons. Now the physical pion is massive, albeit its massis
small, so chiral symmetryis explicitly broken andthe pseudovectorcurrentcan
beonly partiallyconserved(PCAC hypothesis). However, it canbeshown thatthe
Goldberger-Treimanrelationis still valid undertheassumptionthattheaxial form
factoris slowly varyingin thevicinity of «¬· ¸ . Furthermore,theGoldberger-
Treimanrelationholdsexperimentallyon thefive percentaccuracy level which,
amongotherobservations,lendssupportto theconceptof spontaneouslybroken
chiral symmetryandthepartially conservedpseudovectorcurrent.

We tried to show by theseintroductoryargumentsthat thepion-nucleoncou-
pling constantandtheweakdecayconstantarerelatedwith eachotherin amodel
independentway. Therebywe imply that if one were to start with a chirally
symmetricquark theoryoneshouldalwaysrecover the Goldberger-Treimanre-
lation for the nucleon, similar to the caseof electromagneticinteractionswhere
thenucleonchargesshouldalwayscomeout correctly. Again similar to theelec-
tromagneticcase,therearepowerful chiral Ward identitieswhich constrainthe
pseudovectorcurrentvertices.

Unfortunatelywe will not beableto complywith thedemandof a conserved
pseudovectorcurrentand to actuallyderive the Goldberger-Treimanrelation in
the diquark-quarkmodel in its presentform. As will becomeclear in section
4.1,vectordiquarkcorrelationsareinevitably neededto conserve thepseudovec-
tor current. Theseareneglectedin our model,for their influenceon thebinding
energy is assumedto be small andthey introducesix additionalscalarfunctions
in the nucleonvertex function � , thereforebeinga substantialnumericalcom-
plication. Our calculationspresentedin this chapteraim thereforeat quantitative
resultsfor theexpecteddiscrepancy andatpossibleexplanationsfor themeasured
weakcouplingconstant.In contrastto theanomalousmagneticmoments,thenon-
relativisticquarkmodelestimateç´ê ·¹¼ ² º is 31% largerthanthemeasuredvalue,ç´ê · Ï »���� , andthereforea relativistic treatmentsuchastakenupheremightoffer
anexplanationfor this difference.

We will begin with fixing our conventionsfor the matrix elementsand re-
derive quickly the Goldberger-Treimanrelation. Section4.1 explainstheneces-
sity of vectordiquarksfor pseudovectorcurrentconservation. In section4.2 we
areconcernedwith theconstructionof thepseudoscalarandpseudovectorcurrent
operatorfor our model.Herewe startwith a suitablequark-pionvertex which in
conjunctionwith achiralWardidentityyieldsthequark-pseudovectorvertex. The
structuresandstrengthsof thecouplingsof thediquarksto thepionandthepseu-
dovectorcurrentareobtainedfrom resolvingthediquarksin awaysimilar to their
electromagneticcouplings.Thenumericalresults,againobtainedby employing
the two parametersetsfrom table2.8,arepresentedin section4.3. We will find
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a slight overestimationof çiê anda violation of theGoldberger-Treimanrelation
of around15%. Theaxial form factorresultsfor finite « ¬ areconsistentwith the
presentlyavailableexperimentalresults.

Let usstartwith a few definitions.The(spin-summed)matrix elementof the
pseudoscalarcurrent

� £Þ is parametrizedas�	��
�l� £Þ � ��� � ·���� Ó ��
 Õ�� £�� Þ ç æ Ø=Ø Ó « ¬ Õ���� Ó ��� Õ�� (4.1)

which definesthepion-nucleonform factor ç æ Ø=Ø Ó «¬LÕ . As before, « · ��
 ª ���
holds. For numericalevaluation,we will choosetheneutralcomponent,

� ÐÞ , and
sandwichbetweenprotonflavor states,indicatedby thesubscript� . Straightfor-
wardalgebraallows to extracttheform factorasthefollowing Dirac trace,

ç æ Ø=Ø Ó « ¬ Õ?· ª ��� ¬©« ¬ Tr  �� �!��
�l� ÐÞ �"�#� � � � Þ%$ » (4.2)

Wetakefor grantedin thefollowing that ç æ Ø=Ø Ó ¸xÕ is closeto thepion-nucleoncou-
pling constantç æ Ø=Ø · ç æ Ø=Ø Ó ªOã ¬æ Õ asconsistentwith theassumptionof PCAC.

Thematrixelementsof thepseudovectorcurrentareparametrizedby theform
factor çiê Ó « ¬ Õ andtheinducedpseudoscalarform factor ç'& Ó « ¬ Õ ,

�	��
�x� £ ß �Þ �"�#� � ·�� � Ó ��
 Õ � £�  �( � � � Þ ç´ê Ó « ¬ Õ ¤ « � � Þ ç'& Ó « ¬ Õ $ � � Ó ��� Õ¥» (4.3)

For « ¬�) ¸ , theinducedpseudoscalarform factorwill bedominatedby thepion
pole, *,+.-/103254 ç'& Ó « ¬ Õ=·6�87 æ ç æ Ø°Ø Ó ¸ÑÕ« ¬ » (4.4)

We denotethepion decayconstantby 7 æ ·:9;�g»<� MeV. TheGoldberger-Treiman
relationfollows from currentconservation, « � �(� £ ß �Þ � ·H¸ , andafterreplacingç'&
by eq.(4.4)wefind,

çiê Ó ¸ÑÕ=· 7 æ ç æ Ø=Ø Ó ¸xÕ ² � © » (4.5)

The regularpart of the matrix element,çiê Ó «¶¬ Õ , andthe pion polepart, ç'& Ó «¶¬ Õ ,
canbeextractedfrom eq.(4.3)asfollows:

çiê Ó « ¬ Õ · ª (�>= Ï ¤ / 0? µ 0@BA Tr CD� �!��
�x� Ð ß �Þ � ��� � �FE � Þ � � ª ( � Þ ��� ©
« ¬ «

��GIH �
(4.6)

ç'& Ó « ¬ Õ · ��� ©
« ¬ E çiê Ó « ¬ Õ³ª ��� ©

« ¬ Tr  � �	��
�l� Ð ß �Þ � ��� � �O« � � Þ $ G » (4.7)

Having specifiedour conventions,we turn now to a shortdiscussionaboutthe
consequencesof excludingvectordiquarksfrom our considerations.
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4.1 Scalarand vector/axialvector diquarks aschiral
multiplets

The necessityof including vectordiquarksalongwith the axialvectorswasob-
served only very recentlyin ref. [86] within the context of an NJL model. Re-
memberthatdiquarksasseparable2-quarkcorrelatorsarein theNJL modelsolu-
tionsof the J matrix integral equation,with theinteractionkernelgivenin lowest
orderin thecouplingconstant.Theseparableinteractionkerneldescribesherethe
4-quarkpoint interaction:two quarksin a channelwith certaindiquarkquantum
numbersinteractlocally with two antiquarkswith respectiveantidiquarkquantum
numbers,seee.g. eq. (2.41) for the scalarchannel. The statementof ref. [86]
is summarizedasfollows: Chiral invarianceof theNJL Lagrangianrequiresthe
inclusionof quark-quarkinteractionkernelswith bothvectorandaxialvectordi-
quarkquantumnumbersandthesamecouplingconstant.Solutionsfor thesepara-
blevectordiquark J matrixdo nothave thesameform astheaxialvector J matrix,
e.g., apossiblevectordiquarkmasspolewill appearat largerinvariantmomentum
valuesthananaxialvectorpole. Neverthelessvectordiquarkshave to becarried
all theway throughthenucleonFaddeev problemin orderto complywith chiral
invariance.

In our model,we have parametrizedthe diquarkcorrelationswithout recur-
ring to a specificmodelLagrangian.To adaptthe above argumentto our case,
we introduceinterpolatingdiquarkfields asdonein section3.1. Let KBL¢ denote
scalardiquarkcreationoperatorsand K � LM �%K�N � L£ theonesfor vectorandaxialvector
diquarks. Scalarandvectordiquarksareflavor singlets,the axialvectordiquark
belongsto aflavor triplet, with its componentsdenotedby theindex O . Theappro-
priatecolor indicesaresuppressedasthey areunimportantfor theargument.The
interactionof (pointlike)diquarkswith quarkscannow bewrittenasaninteraction
Lagrangian,P�Q"RTS

· ç ¢VU ÖXWZY � Þ � ¬ Ö\[]K L¢ ¤ ç M^U Ö_WZY ( � � � Þ � ¬ Ö\[]K � LM ¤
ç £ U ÖXWZY ( � � � ¬ � N Ö [ K N � L£ ¤ `ba�c - »;dfe�g'h÷»i� (4.8)

where Ö denotesas usualthe quarkfield. A combinedinfinitesimal chiral and
isospinvariationof thequarkfield readsj Ö¶·Hª (Dk N � N � Þ Ö>� (4.9)

with k N denotinga setof threeinfinitesimalparameters.Straightforwardevalua-
tion to first orderin thevariationyieldsj U Ö W Y � Þ � ¬ Ö [ · ¸l� (4.10)j U Ö W Y ( � � � Þ � ¬ Ö [ · ª (Dk N U Ö W Y ( � � � ¬ � N Ö [ � (4.11)j U Ö W Y ( � � � ¬ � N Ö [ · ª (Dk N U Ö W Y ( � � � Þ � ¬ Ö [ » (4.12)
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We demandthat theinteractionLagrangian(4.8) be invariantunderaninfinitesi-
mal chiral variation. Substitutingeqs.(4.10–4.12)into eq.(4.8),we seethat this
leadsto therequirementsj K N � L£ · (mk N K � LM � j K � LM · (mk N K N � L£ n gbo ç £ · ç M » (4.13)

Vectorandaxialvectordiquarksmix underachiral(isovector)transformation.The
scalardiquarkchannelis unaffectedby thetransformationasits variationis zero.
This is equivalentto thestatementthatapseudovector(isovector)currentdoesnot
coupleto thescalardiquark. Summarizingthesefindingswe have foundthat the
scalardiquarkon the onesideandvector/axialvectordiquarkson the otherside
belongto differentchiral multiplets[86].

We learnsomethingelse.Theaboveargumentis only valid for a local quark-
diquarkinteraction.If weintroducedextendeddiquarksby anon-localinteraction
with somemomentumdependentvertex we would find additionalchiral seagull
verticesasa resultof the variation. This is very similar to the electromagnetic
case.Althoughwederivedtheseagullsin section3.1.2by requiringgaugeinvari-
ancevia aWard-Takahashiidentity for theBethe-Salpeterinteractionkernel,they
canalsobeobtainedfrom an interactionLagrangianwith momentum-dependent
vertices[76] in muchthesamewayasindicatedhere.

In the following we will neglect both the chiral seagullsand the vectordi-
quarkcorrelations.As we remarked earlier, the expectedhigh massof the vec-
tor diquarkswould suppressthestrengthof thecorrespondingvectorcorrelations
within thenucleon.Anotherargumentis concernedwith thenumericalfeasibil-
ity. In theDiracalgebra,thevectorcorrelationscouldbedecomposedsimilarly to
theaxialvectorcorrelations,leadingto six additionalscalarfunctions.Thiswould
increasethe numericaleffort considerablyandsincethe numericalcalculations
arealreadyvery involvedat this stage,theinclusionof vectordiquarksis beyond
thescopeof this thesis.On theotherhand,we have no seriousargumentfor the
neglectof theseagulls.However, wecanestimatefrom thenumericalresultspre-
sentedin section4.3 thattheir contribution to theweakcouplingconstantshould
bebelow tenpercent.

4.2 Pseudoscalarand pseudovector curr ent opera-
tor

First we will specifythequarkverticeswith pseudoscalarandpseudovectorcur-
rentoperatorsandthencontinuewith adiscussionof theeffectivediquarkvertices
thatcanbeobtainedby couplingthecurrentsto anintermediatequarkloop.
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As weusea freefermionpropagatorfor thequark,eq.(2.64),thescalarfunc-
tions pF�rq in theparametrizations �it · ª (,u ² p ªvq reduceto p · Ï and q · ã � .
Thissuggeststhatweusefor thepion-quarkvertex3w Þ ß � · ª � Þ q Ó	x ¬ Õ ¤ q Ó u ¬ Õ� 7 æ · ª � Þ q7 æ � (4.14)

anddiscardthethreeadditionallypossibleDiracstructures.Themomentaof out-
going and incoming quarkare x and u , respectively. The reasonis that in the
chiral limit eq. (4.14) representsthe exact pion Bethe-Salpeteramplitude(on-
shell, i.e. «¶¬ · ¸ ) for equalquarkandantiquarkmomenta,sincein this limit,
with constantp , theDyson-Schwingerequationfor thescalarfunction q agrees
with the Bethe-Salpeterequationfor a pion of zeromomentum.Of course,the
subdominantamplitudesshouldin principlebeincludedfor physicalpions(with
momentum

� ¬ · ªOã ¬æ ), whensolvingtheDyson-Schwingerequationfor p andq andtheBethe-Salpeterequationfor thepion in mutuallyconsistenttruncations
[48, 87,64]. Thegeneralizationto pionoff-shellmomentaasusedin eq.(4.14)is
by no meansuniquebut certainlythemostsimpleone.

Weusechiralsymmetryconstraintsto constructthepseudovector-quarkvertexw � Þ ß � . In thechiral limit, theWard-Takahashiidentity for this vertex reads,

« � w � Þ ß � ·6s �it Ó	x Õ � Þ ¤ � Þ s �it Ó u Õy� Ó «H· x ª u Õ¥» (4.15)

To satisfythis constraintweusetheform of thevertex proposedin ref. [88],w � Þ ß � · ª ( � � � Þ ¤ « �« ¬ � 7 æ w Þ ß � » (4.16)

Thephysicalpicturebehindthis form of thevertex is clear. In thespontaneously
broken phaseof chiral symmetrythe quarkacquiresmassandat the sametime
theGoldstonebosonpolemustappearin thefull quark-pseudovectorvertex, and
theGoldstonebosonpolein turn is proportionalto thegeneratedquarkmass.The
secondterm which containsthe masslesspion pole doesnot contribute to ç´ê as
canbeseenfrom eq.(4.6).

The pion andthe pseudovectorcurrentcancoupleto the diquarksby an in-
termediatequarkloop. As for theanomalouscontributionsto theelectromagnetic
current,wederive theLorentzstructureof thediquarkverticesandcalculatetheir
effectivestrengthsfrom thisquarksubstructureof thediquarksin appendixB.1.2.
For momentumdefinitionsat theseverticeswereferto figure3.1.

3We droptheflavor indiceson theverticesin thefollowing. Eachpseudoscalarvertex comes
with a factorof z|{ andeachpseudovectorvertex with a factorof z|{~} û asthesearewidely used
conventions.
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As alreadymentionedin thelastsection,nosuchcouplingsarisefor thescalar
diquark.Thiscanbeinferredfrom parity or covarianceor, simpler, oneconsiders
theflavor traceof anisovectorcurrentbetweentwo isoscalarstates(scalardiquark
vertex) which yields zero. The axialvector diquark and the pion coupleby an
anomalousvertex. Its Lorentzstructureis similar to that for thephoton-induced
scalar-to-axialvectortransitionin eq.(3.32),w]���Þ ß £(¨ · � Þ£(¨��� © ã �7 æ�� ��� ��� Ó u � ¤ x � Õ � « � » (4.17)

Here, � and é aretheLorentzindicesof outgoingandincomingdiquark,respec-
tively. The factor ã � ² 7 æ comesfrom the quark-pionvertex (4.14) in the quark
loop (seeappendixB.1.2),andthe nucleonmasswasintroducedto isolatea di-
mensionlessconstant� Þ£Í¨ .The pseudovector current and the axialvector diquark are also coupledby
anomalousterms. As before,we denotewith � and é the Lorentz indicesof
outgoingandincomingdiquark,respectively, andwith � thepseudovectorindex.
Outof threepossibleLorentzstructuresfor theregularpartof thevertex,u � � � ���f��� u � � « � � � � ����� « � n gbo � � ����� Ó u � ¤ x � Õ � �
only the last termcontributesto ç´ê in the limit « ) ¸ . We furthermoreverified
numericallythatthefirst two termsyield negligible contributionsto theform fac-
tor alsofor nonzero« . Again,thepionpolecontributesproportionallyto « � , and
our ansatzfor thevertex thusreadsw � ���Þ ß £(¨ · � Þ� ß £Í¨� � � ��� � Ó u � ¤ x � Õ � ¤ « �« ¬ � 7 æ w]���Þ ß £(¨ » (4.18)

Forbothcouplingstrengthsin thevertices
w]���Þ ß £Í¨ and

w � ���Þ ß £Í¨ weroughlyobtain � Þ£Í¨ ¤� Þ� ß £(¨ ¤��¡»z¼ slightly dependenton the parameterset,seetableB.2 in appendix
B.1.2.

Scalar-to-axialvector transitionsarealsopossibleby the pion and the pseu-
dovectorcurrent.An effectivevertex for thepion-mediatedtransitionhasonefree
Lorentzindex to becontractedwith theaxialvectordiquark.Therefore,two types
of structuresexist, onewith thepionmomentum« , andtheotherwith any combi-
nationof thediquarkmomentau � and x � . If weconsideredthis transitionasbeing
describedby an interactionLagrangianof scalar, axialvector and pseudoscalar
fields,termsof thelatterstructurewould beproportionalto thedivergenceof the
axialvectorfield which is a constraintthatcanbesetto zero.We thereforeadopt
thefollowing form for thetransitionvertex,w � Þ ß ¢A£ · ª ( � Þ ¢A£ ã �7 æ « � » (4.19)
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HeretheLorentzindex of theparticipatingaxialvectordiquarkis givenby é . This
vertex correspondsto a derivative couplingof the pion to scalarandaxialvector
diquark.

Thepseudovector-inducedtransitionvertex hastwo Lorentzindices,denoted
by � for thepseudovectorcurrentand é for theaxialvectordiquark.Fromthemo-
mentumtransfer« � andoneof thediquarkmomentaaltogetherfive independent
tensorscanbeconstructed,j � � � « � « � � « � u � � � u � � « � n gbo u � � u � � »
Note that a term constructedwith the totally antisymmetrictensorwould have
the wrong parity. We assume,as before,that all termsproportionalto « � are
containedin thepionpart.They donotcontributeto çiê anyway. Fromthediquark
loopcalculationin appendixB.1.2wefind thatthetermsproportionalto u � � « � andu � � u � � canagainbeneglectedwith anerroron thelevel of onepercent.Therefore,
weusea vertex of theform,w � �Þ ß ¢;£ · ( � © � Þ� ß ¢A£ j � � ¤ « �« ¬ � 7 æ w � Þ ß ¢;£ » (4.20)

For the strengthsof thesetwo transitionverticeswe obtain � Þ ¢;£ ¤ º®»<9 and (on
average)� Þ� ß ¢;£ ¤��g»oÏ , cf. tableB.2 in appendixB.1.2.

Thevertices
w � Þ ß £¦¢ � w � �Þ ß £�¢ for the reversetransitionsareobtainedby simply re-

versingthesignof « .
Having constructedall vertices,we cannow performthe flavor algebraand

write down thepseudoscalarcurrentmatrix elementin theextendedimpulseap-
proximation.As donein section3.1.1weintroducequarkcurrentmatrixelements
by

�(� Þ ß � � ¦��+��¦�� ·��Ú Þ�� �it w Þ ß � Ú Þ � (4.21)

wherethis time no flavor matrix factorcomeswith
w Þ ß � aswe computetheflavor

factorsseparately. Likewise scalar/axialvectordiquarkandthe transitionmatrix
elementsaredefined.With thesedefinitionswefind for thematrixelementof the
extendedimpulseapproximation

� �	��
�l� ÐÞ � ��� ��� � Q"� �� · �(� Þ ß � � ¦��+��¦p� ª Ïº �(� Þ ß � � �2�
� �2� ¤ �º �(� Þ ß � � � �2� � �2� ¤� ºº U �(� Þ ß ¢A£ � ¦��+� �2� ¤ �(� Þ ß £�¢ � �2� ��¦p� [ » (4.22)

As weneglectseagullcontributions,theonly contributionfrom theBethe-Salpeter
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kernelis dueto thecouplingto theexchangequarkandit readsexplicitly� �	��
�x� ÐÞ � ��� ����� ��� �D�� · �(� Þ ß §;¨ � (4.23)

· ª t¬ U �Ú Þ �Ú � [ E�� Þ§A¨7ß ¢2¢ � Þ§;¨7ß ¢A£� Þ§;¨7ß £¦¢ � Þ§A¨7ß £(£ G E Ú ÞÚ � G �� Þ§A¨7ß ¢2¢ · � Þ Ó u t Õs W Ó ÖxÕ Ó w Þ ß � Õ W s W Ó Ö|�oÕ �� Þ Ó u ¬ Õy�� Þ§A¨7ß ¢A£ · Ïº
� º�� � Ó u t Õs W Ó ÖxÕ Ó w Þ ß � Õ W s W Ó Ö_�pÕ �� Þ Ó u ¬ Õy�� Þ§A¨7ß £�¢ · Ïº
� º�� Þ Ó u t Õs�W Ó ÖlÕ Ó w Þ ß � Õ W s�W Ó Ö � Õ �� � Ó u ¬ Õ��� Þ§A¨7ß £(£ · ¼º � � Ó u t Õs W Ó ÖlÕ Ó w Þ ß � Õ W s W Ó Ö|�oÕ �� � Ó u ¬ Õ¥»

Thediagramsof theextendedimpulseapproximationareequivalentto thosedis-
playedin figure 3.2 and likewise the exchangequarkdiagramis similar to the
first diagramin figure 3.4. The black dot which representsthe quark-photonor
diquark-photonvertex shouldbereplacedwith theappropriatequark-pseudoscalar
or diquark-pseudoscalarvertex. Thematrixelementsfor thepseudovectorcurrent
differ from eqs.(4.22,4.23)only by an overall factorof 1/2 after replacingthe
pseudoscalarverticesby their pseudovectorcounterparts.

4.3 Numerical results

Having definedthe pseudoscalarandpseudovectorcurrentoperatorsin the last
sectionand having fixed all unknown coupling constantsby appropriatequark
loopcalculations,cf. appendixB.1.2,wecannow computetheform factorsfor the
two parametersetsof table2.8. Regardingthenumericalprocedure,themethod
andits intricacieshavebeenlinedout in section3.2.1andall theremarksmadein
thissectionalsoapplyhere.Wesummarize:impulseapproximationdiagramsare
computedin theBreit frameemploying boostedvertex functions� andtakinginto
accounttheresiduecontributions,cf. appendixB.2. Theexchangequarkdiagram
canonly becomputedusingboostedwave functions Ú andthereforethe related
numericalaccuracy becomesvery limited beyondmomentumtransfers«¶¬����g»z¼
GeV¬ .

Examiningç æ Ø=Ø Ó ¸ÑÕ whichis assumedto becloseto thephysicalpion-nucleon
coupling and the weak coupling constantçiê Ó ¸ÑÕ , we find large contributions to
both arisingfrom the scalar-axialvectortransitions,cf. table4.1. As mentioned
in theprevioussection,thevariousdiquarkcontributionsviolatetheGoldberger-
Treimanrelation. Somecompensationsoccur betweenthe small contributions
from theaxialvectordiquarkcouplingin impulseapproximationandthecompar-
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SetI SetIIç æ Ø=Ø Ó ¸ÑÕ çiê Ó ¸ÑÕ ç æ Ø=Ø Ó ¸ÑÕ çiê Ó ¸ÑÕ
�(��� �~ Þ ß � � ¦��+��¦�� 7.96 0.76 9.25 0.86�(� � �~ Þ ß � ���2� � �2� 0.50 0.04 0.10 0.01�(��� �~ Þ ß � � � �2� � �2� 1.44 0.18 0.34 0.04�(��� �~ Þ ß ¢A£ � ¦��+� �2�Ô¤ �(��� �~ Þ ß £�¢ ���2� ��¦p� 5.66 0.39 3.79 0.22�(��� �~ Þ ß §A¨ � 1.69 0.12 2.70 0.22
SUM 17.25 1.49 16.18 1.35ç æ Ø=Ø ç´ê
experiment 13.14¡ 0.07[89] 1.267 ¡ 0.0035[84]

13.38¡ 0.12[90]

Table4.1: Variouscontributionsto ¢ æ Ø°Ø Å¤£ É and ¢ ê Å¤£ É , labelledasin table3.2.

atively largeonesfrom scalar-axialvectortransitionswhich provide thedominant
effect to yield ç´ê Ó ¸ÑÕy�¹Ï .

Summingall thesecontributions,theGoldberger-Treimandiscrepancy,¥§¦ W©¨ ç æ Ø=Ø Ó ¸ÑÕçiê Ó ¸ÑÕ 7 æ� © ª Ï (4.24)

amountsto 0.14for SetI and0.18for SetII. Thelargerdiscrepancy for SetII (with
weaker axialvectorcorrelations)is dueto the largerviolation of theGoldberger-
Treimanrelationfrom theexchangequarkcontributionin thiscase.Thiscontribu-
tion is dominatedby thescalaramplitudes,andits Goldberger-Treimanviolation
shouldthereforebecompensatedby appropriatechiral seagulls asalreadymen-
tionedin section4.1. For SetII which is dominatedby scalarcorrelationswithin
thenucleon,theircontributionto çiê Ó ¸ÑÕ canbeestimatedto bearound0.1because
the seagullstogetherwith the contributions from

�(� � �~ Þ ß � � ¦��+��¦�� and
�Í� � �� Þ ß §A¨ � should

approximatelyobey theGoldberger-Treimanrelation.
The strongandweakradii arepresentedin table4.2 andthe corresponding

form factorsin figure 4.1. Experimentallythe axial form factor is known much
lesspreciselythantheelectromagneticform factors. In the right panelof figure
4.1theexperimentalsituationis summarizedby abandof dipoleparametrizations
of çiê thatareconsistentwith a wide-(energy)bandneutrinoexperiment[85]. Be-
sidesthe slightly too large valuesobtainedfor «¶¬ ) ¸ which are likely to be
dueto thePCAC violationsof axialvectordiquarksandof themissingseagullsas
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Figure4.1: Thepion-nucleonform factor ¢ æ Ø=Ø ÅD° ¬ É andtheaxial form factor ¢ ê ÅD° ¬ É .
’Diquark diagrams’labelsthesumof the impulse-approximateaxialvectorcontributions
and scalar-axialvector transitions. The shadedregion in the right panelrepresentsthe
uncertaintyin ¢ ê asdeterminedfrom quasi-elasticneutrinoscatteringwhenadipoleform
is fitted to both,thevectorandtheaxial form factor[85].

discussedin section4.1,ourresultsyield quitecompellingagreementwith theex-
perimentalbounds.As in thecaseof theelectromagneticform factorsweobserve
adominanceof thediquarkcontributionsfor larger «¬ .

Turningto thepion-nucleonform factorwehavefittedourresultsto an ± -pole,

ç æ Ø=Ø Ó « ¬ Õ?· ç æ Ø°Ø Ó ¸ÑÕÓ Ï ¤ « ¬ ² � ¬© Õ © » (4.25)

Theform factorof SetI is closeto amonopole, ± · Ï , with cut-off � t · ¸®»³² GeV,
whereastheoneof SetII is betterapproximatedby a dipole, ± ·´� , with cut-off

SetI SetII experimentµ æ Ø=Ø [fm] 0.83 0.81µ ê [fm] 0.82 0.81 0.70¡ 0.09

Table 4.2: Strongradius ¶ æ Ø=Ø andweakradius ¶ ê , theexperimentalvalueof thelatter
is takenfrom [85].
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� ¬ · ¸®»³9 GeV. Theexponent± is determinedby thestrengthof thediquarkcontri-
butionswhereasthecut-off hasto complywith theslopeat « ¬ ·¹¸ (theradius).It
is notabig surprisethattheprotonelectromagneticradii andthepionic/axialradii
areverycloseto eachothersincethedominatingimpulseapproximationdiagrams
haveaverysimilarbehavior for all observables.

As wehavementionedin thebeginningof thechapter, pion-nucleonform fac-
torsareusedin one-bosonexchangepotentialans̈atzeto describethe ·¸· force.
Most of the potentialsthat fit the dataemploy a monopolewith a large cut-off,� tº¹ Ï » º GeV, seee.g. ref. [91]. However, othernucleonmodels,lattice and
QCD sumrule calculationsindicatea monopolebehavior with a muchsmaller
cut-off � t¼» ¸g»½¼Ôª ¸g»<9l¼ GeV, cf. ref. [92] andreferencestherein.Ourcalculations
supportthis point of view.

Summarizingthe resultsof this section,we have found moderateviolations
of PCAC andtheGoldberger-Treimanrelation.Theseviolationsareestimatedto
bepartitionedequallybetweentheeffectsof neglectingchiral seagullsandvector
diquarks.Theinclusionof axialvectordiquarksis essentialto obtainvaluesfor the
weakcouplingconstantçiê�� Ï . Of particularimportancefor this resultarethe
transitionsbetweenscalarandaxialvectordiquarks,additionallythey restrictthe
axialvectorcorrelationswithin thenucleonto besmall.For thepion-nucleonform
factor, our modelcalculationssupporta monopole-or dipole-like fall-off with a
cut-off well below 1 GeV.



Chapter 5

EffectiveConfinement

In thischapterwewill investigatethepossibilityof incorporatingconfinementinto
thediquark-quarkmodelby a suitablemodificationof quarkanddiquarkpropa-
gators. As will becomeclear in the following, this will enableus to calculate
the massspectrumof octetanddecupletbaryons.Electromagneticform factors
recomputedwith the modifiedpropagatorsreveal a drasticincreaseon the mag-
netic moments,beingalmosttoo muchof an improvement. We have donethe
calculationsfor pointlike andfor extendeddiquarksto demonstratethenecessity
of the latter for a consistentdescriptionof massesandelectromagneticstructure.
Althoughtheresultsfor thespectrumandthemagneticmomentsareencouraging,
thereareseriousdifficultiesassociatedwith this approachof implementingcon-
finement,bothmotivatedfrom “theoretical”and“phenomenological”arguments.

Rememberthat the propagatorsalongwith the diquarkverticesarethe only
ingredientsof themodelafter thefull 3-quarkproblemhasbeenreduced,cf. the
summaryat theendof section2.1.By choosingthemostsimpleans̈atzefor them,
i.e. free spin-1/2andspin-0/spin-1propagatorsfor quarkanddiquarkwe have
succeededto describequitesuccessfullyvariousspacelike nucleonform factors.
However, shortcomingsremainwhich might becuredby allowing for non-trivial
propagators.Theseshortcomingsare:

Û To incorporatethe
¥

into thedescription,ratherlargequarkandaxialvector
diquark masseshave to be chosen,as their sum must be larger than the
massof the

¥
. Thisproblemextendsto thestrangequarkmassandstrange

diquarkswhenaimingat includingthewholeoctet-decupletspectrum.

Û Theisovectorpartof thenucleonmagneticmomentsis toosmall,evenafter
inclusionof the axialvectordiquarks.Thedifferenceis substantialfor pa-
rametersetswhichfit the

¥
mass.A reasonfor this,besidestoolargeacon-

stituentquarkmass,mightbetheinsufficiency of thebarequark-photonver-
tex to accountfor thequarkcontributionsto themagneticmoments.Gauge
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invariancedemands,however, thatanonperturbativequark-photonvertex is
intimatelyconnectedwith a nonperturbativequarkpropagator.

Û Hadronicreactionswheretimelike momentaof theorderof 1 GeV arede-
positedonto nucleons,e.g. mesonproductionprocesses,cannotbe de-
scribedwithin the model in its presentform. The free-particlepolesof
quarkanddiquarkcauseunphysicalthresholdsin theseprocesses.

As we see,the lack of confinementwhich is manifestin the polesof the quark
anddiquarkpropagatorsusedsofar is themainmotivationto consideralterations
in themodelpremises.At this stagewe hopethat thenecessarymodificationsin
thequark-photonvertex which arerequiredby gaugeinvariancewill improve the
resultson themagneticmomentsaswell.

5.1 Confinementin modelpropagators

Confinementis understoodas the absenceof coloredstatesin the spectrumof
observed particles. From a phenomenologicalpoint of view (asadoptedhere),
calculationsof s matrix elementsusingdiagramswith internalquarkloopsmust
not have any imaginarypartswhich areassociatedwith the singularitiesof the
quarkpropagators.So,eitherthey areabsentor theircontributionscancelin some
manner[21]. In this way, oneis led to considerthefollowing possibilities,which
arenotnecessarilytheonly ones:

a. Propagatorsareentirefunctionsin the whole complex plane[93]. If they
areto beanalytic,they mustpossessanessentialsingularityin theinfinite.
An exampleis thefunction 7 ÓD½ Õ?·�¾ ¨ .

b. Propagatorshave complex conjugatepoles[94]. In somesensethe poles
correspondto virtual excitationsthat canceleachother in physicalampli-
tudes.Hereanexampleis providedby thefunction 7 ÓD½ Õ?· ½�²®Ó áx¬ ¤ ½ ¬ Õ .

Wewill investigatetheconsequencesof propagatorsbeingentireanalyticfunc-
tions.We insisthereon analyticityin ordernot to loosetherelativistic reparame-
trization invariancerelatedto the choiceof the momentumpartitioningparame-
ter Ù .1 A word of cautionis in orderhere. The Wick rotationwhich connects

1As explainedin section2.3.1, ¿ invariancerequiresthefollowing: If À�ÁÃÂ�Ä!Å�Æ!¿ ï�Ç is asolution
of theBethe-Salpeterequationthen À�ÁÃÂ�È§ÁÉ¿ üËÊ ¿ ïÌÇÍÅÎÄ	Å�Æm¿ ü Ç with ¿ ü�Ïò©¿ ï is alsoone.In therest
frameof theboundstate,Å òÐÁÒÑ�Ä!ÓDÔÖÕ|Ç , thiscanbeshownto bevalid if theintegrationof thequark
exchangekernel ×�Ø|ÙXÁÃÂ�Ä3Ú�Ä!ÅyÇ overthecomponentÚ�Û canbeshiftedas Ú�Û�ÜÝÚ�Û�ÈÖÁÉ¿ üBÊ ¿ ï�ÇÍÓDÔÖÕ .
This is of coursepossible,if the propagatorsareanalyticin the complex domainof ÚXÛ givenbyÁ,Þ]ßBÚ�Û�ÄmàÍáâÚ�Û%ÇäãÖÁ!Á Ê�å Ä3È å Ç3Ä�æ ú ÄÌÁÉ¿÷ü Ê ¿ ï ÇDÔ Õfç Ç .
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Minkowski andEuclideanmetric is no longerapplicableasthepropagatorspos-
sesstheessentialsingularityat infinity. Furthermorewe areawarethatthis prop-
agatorcontradictsgeneralargumentsaboutthebehavior of propagatorsin gauge
theorieswith confinement.Following ref. [95], it shouldvanishfor u ¬ ) è in all
directionsof thecomplex u ¬ -planefasterthanthefreepropagator(u is theparticle
momentum). Furthermorethe propagatorsshouldhave cuts along the real u ¬ -
axis. Unphysicalcoloredstatesassociatedwith thesecutsarethento beremoved
from the observablespectrumby other conditionssuchas a suitabledefinition
of a physicalsubspace(cf. the long-known Gupta-Bleulermechanismto remove
scalarandlongitudinalphotonsfrom thephysicalparticlespectrumin QED[96]).
It seemsto be impossibleto implementpropagatorswhich behave as indicated
aboveandsuchaprojectionontophysicalstatesin actualmatrixelementcalcula-
tionsat present,though.Thereforewebelieve it is instructive to investigatesome
phenomenologicaladvantagesanddeficienciesof an“entire” propagator. In prac-
tical calculations,thequarkpropagatorwill beneededonly onalimited domainin
thecomplex planeandtheessentialsingularitythusposesno practicaldifficulty,
at leastfor theform factorcalculationspresentedhere.

The secondpossibleform for the propagatormentionedabove suffers from
only oneprincipaldeficiency, astherearecomplex conjugatepoleassociatedwith
it. Theasymptoticconditionsin thecomplex planearein this caseeasyto incor-
porate.Actual calculationswith this form areharderto performandarecurrently
underinvestigation.

Before we turn to the propagatorparametrizationchosenhere, we discuss
someaspectsof thequarkpropagatorthatareknown sofar. We regardthequark
propagatorto begivenin its mostgeneralform, s �it · ª (,u ² pÒªéq , with pF�%q being
scalarfunctions. Informationaboutthe quarkpropagatormay be obtainedfrom
calculationswithin the framework of Dyson-Schwingerequations,for a recent
review seeref. [21]. In thenearfuture, lattice resultswill provide uswith more
“empirical” information,for arecentstudyin quenchedQCDseeref. [97]. Unfor-
tunately, thequarkpropagatoris usuallycomputedin bothschemesonly for pos-
itive real u ¬ , whereu is theEuclideanquarkmomentum,thereforetheimmediate
benefitfor phenomenologicalcalculationsis limited. However, thesecalculations
haveestablishedanimportantgenericfeature.In rainbow truncationof theDyson-
Schwingerequationsaswell asin improvedtruncationschemesit couldbeshown
that the quarkacquiresan effective constituentmass,i.e. � Ó ¸ÑÕ ·�q Ó ¸xÕ ² p Ó ¸ÑÕ
is non-zerofor a vanishingcurrentquarkmass.This featureof dynamicalchiral
symmetrybreakinghasalsobeenobserved in the alreadymentionedlattice cal-
culation[97]. For phenomenologicalcalculations,thenumericalresultsfor pF�%q
have beenfitted to entirefunctionswhich hasbeensuccessfullyusedin the de-
scriptionof (spacelike)meson[98] andnucleonproperties[78, 79]. Themostim-
pressivesuccessin thisdirectionhasbeenachievedin acombinedrainbow/ladder
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truncationschemefor quarksandmesonsemploying a specificgluonpropagator
which displayssignificantenhancementat momentaof the orderof a few hun-
dredMeV. Herethequarkpropagatorhasbeencomputedfrom Dyson-Schwinger
equationson all complex momentumpoints2 whereit hasbeenneededto solve
the Bethe-Salpeterequationfor mesonsandto computetheir electric form fac-
tors [64, 65, 99]. Additionally the quark-photonvertex hasbeenobtainedfrom
the solutionof a correspondinginhomogeneousBethe-Salpeterequation[100].
In thesestudiesthe solutionfor the quarkpropagatorexhibited no polesfor the
(complex) momentasampledby themesoncalculations.Thesecalculationssup-
port theworkinghypothesisof aquarkpropagatorhaving no poles,at leastin the
interestingmomentumregime.

In eq.(2.64)wehavealreadyindicatedapossibleparametrizationof thequark
propagatorby multiplying thefreeonewith a singledressingfunction Y Ó u ¬X�¦ã Õ .
We choosea function for Y which is entireandanalyticandremovesthe free-
particlepolein thedenominatorof thefreepropagator,

Y Ó u ¬ �]ã Õ ¨ Y � � � Ó u ¬ �]ã Õ?·HÏOª a�êBë E ª�K u ¬ ¤ ãå¬ã ¬
G » (5.1)

The essentialsingularityoccursherefor u ¬ ) ª è . The parameterK regulates
the modificationascomparedto the free propagator. If K is large, the spacelike
propertiesremainnearlyunchanged,whereasfor timelike momentathepropaga-
tor blowsupquickly. For small K>ì Ï , eventhespacelikebehavior is substantially
modified.

For simplicity, we apply the samemodificationto the propagatorsof scalar
andaxialvectordiquarks,cf. eqs.(2.45,2.46).Additionally we chooseí · Ï in
eq.(2.46).Thisparameteris agaugeparameterwhendescribingtheinteractionof
a vectorfield with photons[75]. Thephotonvertex with theaxialvectordiquark
hasto bemodifiedcorrespondingly.

We notethatdueto theabsenceof polesthe“masses”ã � �]ã ¢;Î �]ã £Í¨ have no
physicalinterpretation.They aremerelywidth parametersof thepropagator.

5.2 The octet-decupletmassspectrum

Equippedwith propagatorswhich effectively mimic confinementwe cancalcu-
latethemassspectrumof octetanddecupletbaryons.This investigationhasbeen
reportedin ref. [24]. In doingso,we have to extendall previousconsiderations
to flavor s�î Ó ºxÕ andintroduceexplicit symmetrybreakingasvisible in theexper-
imentalspectrum.However, we will confineourselvesto the limit of unbroken

2This wasrenderedpossiblethroughtheanalyticalansatzfor thegluonpropagator.
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isospinand,accordingly, thestrange quarkmassis theonly sourceof symmetry
breaking,ã ¢Öï· ã ¥ · ã � , where ã ¥ �]ã � denotethemassparametersof ð u andK�ñ_òé± quark.

In orderto limit thenumberof parametersweassumethescalarandaxialvec-
tor diquarkmassparametersto beequalandintroducea diquarkmasscoefficientó

by

ã £ N¢AÎ · ã £ N£Í¨ · ó Ó ã £ ¤ ã N Õ Ó á1�rOéôVõ_ð��ÌKË�rö�÷ Õ » (5.2)

Thus á�O denotesthe flavor contentof the diquark. It will be interestingto see
whetherthe massdifferencesbetweenspin-1/2andspin-3/2baryonscanbe ex-
plainedwithout anexplicitly largeraxialvectordiquarkmassparameter.

Diquark3 ø 3 flavor matrices U J%ù £ Nmú [rû�ü arechosenantisymmetricfor scalardi-
quarks, J ù ¥ � ú · ª (� ��ý ¬ � J ù ¥ ¢ ú ·Hª (� �þý Þ � J ù � ¢ ú · ª (� �þý1ÿ » (5.3)

Herewe usefor the ý ’s the standardGell-Mannmatrices[40]. Axialvectordi-
quarkmatricesU J � £ N   [rû�ü aresymmetricin their indices��� x ,

J � ¥ �   · Ï� ��ý t �6J � ¥ ¢   · Ï� �þý ? �6J � � ¢   · Ï� �\ý � �J � ¥�¥   · j û t j ü t � J � �Í�   · j û ¬ j ü ¬ � J � ¢2¢   · j û Ð j ü Ð » (5.4)

To derive the Bethe-Salpeterequationsfor the octet ( · , � , � , � ) anddecuplet
baryons(

¥
, ��� , ��� , � ), onestartswith their flavor wave functionsprescribedby

theEightfold Way. Theoctetbaryonshave scalardiquarkcorrelations,therefore
this part of the flavor wave function is mixed antisymmetric. The axialvector
diquarkcorrelationsfor octetmembersaredescribedin flavor spaceby a sumof
two mixedantisymmetricstates.For thedecupletmemberswith only axialvector
diquarkscontributing theseareeithertotally symmetric(

¥ �i� � ¥	� �
� ) or mixed
symmetricstates.Thesewave functionsmay containdifferentmasseigenstates
of quark-diquarkpairs. For thesemasseigenstatesthesystemof coupledBethe-
Salpeterequationshasto besolved,wherethedecompositionin theDiracalgebra
accordingto section2.4canbeused.As anexampleweconsiderthe ��� hyperon
with its flavor wave function� � ���������� ��� � ð�����ð��� �� ð� ð!�#"%$ � &� �' "ð1ð("*) + (5.5)

Thescalardiquarkpart, ,��-�.,�� is clearlymixedantisymmetricandtheaxialvector
diquarkpartis thenormalizedsumof �/,0�1$2�3,4�5, and ,(,!��$2�3,(, , bothalsomixed
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experi- pointlike extended
ment diquark6 �870� �:9 6 �87!� �<; = &= &1> 7 &@?BA= � 0.5GeVC ¥ [GeV] 0.50 0.56CED [GeV] 0.63 0.68F

0.73 0.60GIH3JKGLD 1.37 0.58MONMQPMSRMQPUTMSR TMSV
WYXXXXXXZXXXXXX[ [GeV]

1.116
1.193
1.315
1.384
1.530
1.672

1.133
1.140
1.319
1.380
1.516
1.665

1.098
1.129
1.279
1.396
1.572
1.766

Table 5.1: Octetanddecupletmasses.

antisymmetric.TheDirac-flavor wave functioncontainsthreeindependentterms\^]¥._D¥ D5` , \baD�c ¥�¥�d and
\ea¥ c ¥ D d with atotalof 2+6+6=14unknownscalarfunctionswhich

showsthenecessaryincreaseof computerresources.
Wehave listedtheBethe-Salpeterequationsfor all octetanddecupletbaryons

in appendixA.4 andquotefrom theresultsgiventherejust oneremarkablefact.
Due to the symmetrybreaking,thereoccursmixing of the flavor singlet wave
functionwith thescalardiquarkcorrelationswithin the f . This mixing is absent
in quarkpotentialmodels.

As the diquarksherecan never be on-shell,we are not allowed to usethe
normalizationconditions(2.59,2.60)to fix the quark-diquarkcouplingstrengthsGLD and GIH . Thereforeweadjustthemto themassesof nucleonand g ,

MOh �ji +lknmLkGeVand
MOo �p9 +rqIm@q GeV.

In table5.1 we show resultsfor the massesof the remainingbaryons( s ) for
pointlikediquarksand( s�s ) for aquadrupole-likediquarkvertex function.For both
casestheoctet-decupletmassdifferenceis aresultof solelytherelativisticdynam-
ics; it is evenoverestimatedfor extendeddiquarks.The parametersetusingthe
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extendeddiquarksallowsaconsiderablereductionof theratio GIH#JKGLD ascompared
to theratio for pointlikediquarks.Still, axialvectorcorrelationsaresomewhattoo
strongregardingtheconstraintswhichhavebeenobtainedin chapters3 and4.

As canbeseenfrom table5.1,thecalculatedbaryonmassesarehigherfor the
spin-3/2statesthanthesumof thequarkanddiquarkmassparameters.Dueto the
absenceof poles,it is possibleto smoothlycrossthetree-level thresholdsgivenby
theboundariesfor themomentumpartitioningparametert in eqs.(2.154,2.155),
cf. thediscussionin refs.[58, 22].

Theseresultshavebeenobtainedwith thechoiceu �:9 in thepropagatormod-
ification function v^wyx � , cf. eq.(5.1),correspondingto a quitesubstantialmodifi-
cationof thespacelikepropagatorproperties.Sincemainlytheseareimportantfor
solvingtheBethe-Salpeterequationaswell asfor thecalculationof form factors,
weexpectvisiblechangesfor thelatteraswell. Wewill now turn to this issue.

5.3 Electromagneticform factors

In order to usethe machinerydevelopedin chapter3 for calculatingthe form
factors,we have to re-specifythe basicquarkanddiquark vertices. To satisfy
gaugeinvariance,thequarkvertex mustfulfill theWard-Takahashiidentity�-z{$|7!� a~}�a� ��� ����� � � �-z(��$ � � � �870���Q� (5.6)

with the quarkpropagatorbeingdressedby the function v wyx � of eq. (5.1). The
scalarfunctions����� aregivenin termsof v wyx � by�{�87 & � � 9v wyx � �87 & � C � � � ���87 & � � C �v wyx � �87 & � C � � + (5.7)

It turnsout that the longitudinalpartof thequarkvertex is unambiguouslygiven
by theBall-Chiuansatz[101], labelledby thesuperscriptBC,} a � � � ��� } a�� �'�� > } a � � � �Q� (5.8)}4aK� �'�� � $Bs ����z & � > �{�87 & �q � a $ (5.9)s ��z > 70� az & $|7 &�� ������z & ��$����87 & ��� z J > 7 Jq $�s�������z & ��$����87 & ����� +
Its exclusivity resultsif thefollowing four conditionsarevalid:

1. It satisfiestheWard-Takahashiidentity (5.6).

2. It doesnotpossessany kinematicalsingularities.
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3. It transformsunderparity, chargeconjugationandtime reversalasthefree
vertex.

4. It reducesto thefreevertex for � �:9 and � � C � .
The transversepartof the vertex,

} a � � � , remainsundetermined.We will put it to
zeroin thefollowing which is certainlyanoversimplificationregardingtheinfor-
mationaboutit which hasbeenobtainedduringthelastyears.It hasbeenshown
in ref. [102] that the requirementof multiplicative renormalizabilitygreatly re-
strictsthetensorstructureof thetransversalvertex. For largespacelike momenta�

, whereno resonancesarepresent,this leadsto a phenomenologicallyunim-
portantvertex modification. For thesmall andmoderatemomentumtransfersat
which we investigatethe form factors,a transversalterm which containsthe ef-
fect of the � mesonpolemight turn out to beof importancefor thequark-photon
vertex. The alreadymentionedstudy in ref. [100] hasobtainedthe full quark-
photonvertex asa solutionof an inhomogeneousBethe-Salpeterequation.The
quark-antiquarkscatteringkernelin thevectorchannelmustentertheequationfor
thequark-photonvertex aswell, therebythesolutionfor the full vertex contains
thevectormesonpoleasthepolealsoappearsin thefull quark-antiquarkscatter-
ing amplitude.Besideshaving found this vectormesonpolecontribution (being
transversal)to thequark-photonvertex, thestudyhasnumericallyconfirmedthat
the longitudinalpart of the vertex is given by the Ball-Chiu recipe. Within this
modelcontext, the remnantsof the vectormesonpole have beenshown to con-
tribute about30 % to the full pion charge radius �#  , with the remainderbeing
attributableto theBall-Chiuvertex.

In orderto createa link to the old and,at this time, fairly successfulpicture
of vectormesondominance,it wouldbeinterestingto investigatetheinfluenceof
thevectormesonpolealsofor thenucleonform factors.This requires,however, a
tremendouseffort to useaneffectivegluoninteractionliketheonefrom ref. [100]
for thequark-antiquarkandquark-quarkscatteringkernelsto describemesonsand
diquarks,to obtainthequark-photonvertex self-consistently, andto calculateor
reliablyparametrizethequarkpropagatorin thecomplex planewhereit is needed
for calculationsof nucleonproperties.This is beyondthescopeof this work.

Having introducedtheBall-Chiuvertex asanapproximationto thefull quark-
photon vertex and having discussedpossibleshortcomings,let us turn to the
diquark-photonvertices.Wemakeuseof theWard-Takahashiidentitiesfor scalar
andaxialvectordiquarks,��z�$270� a¡} a�� c ¢3£ dD-¤�c H¦¥ d �j� D-¤�c H�¥ d � ��§ � � � c ¢3£ d �-z(��$j�-§ � � � c ¢3£ d �870� � � (5.10)
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to fix the longitudinal part of the respective photonvertices. Neglecting again
transversalparts,we find for thevertices,

}�aD-¤ � $ � D�¤ ��z > 70� a z & > C & D-¤v wyx � ��z & � CED-¤ � $ 7 & > C & D-¤v wyx � �87 & � CED�¤ �z & $27 & � (5.11)

}4aK� ¢3£H�¥ � $ � H�¥ �-z > 70� a1¨ ¢3£ z & > C &H¦¥v wyx � ��z & � C�H�¥ � $ 7 & > C &H¦¥v wyx � �87 & � C�H�¥ �z & $|7 & >
� H¦¥ � 9 >ª© � � � £ ¨ a ¢ $ � ¢ ¨ a £ � + (5.12)

Thelasttermin eq.(5.12)is transversalandthereforenodressingcanbeinferred
from the Ward-Takahashiidentity. For this reason,we do not modify this term.
Comparedto thebarevertex, eq.(3.31),thetransversaltermappearswith a mod-
ified prefactor, � 9 >«© � insteadof

©
where

©
denotesthe anomalousmagnetic

moment. This is a consequenceof choosingthe gaugeparameter
F �¬9 in the

dressedpropagator[75].
Anomaloustransitionsbetweenscalarandaxialvectordiquarksareof course

possibleaswell. Their verticesremainunchanged,cf. eqs.(3.32,3.33).
We can determinethe unknown anomalousmagneticmoment

©
appearing

in eq. (5.12) and the strengthof the scalar-to-axialvector transitions
© D-H from

eqs.(3.32,3.33)by muchthesameprocedureasdescribedin section3.1 andap-
pendixB.1.1. That is, we calculatetheresolveddiquarkverticesfrom figure3.1,
of courseby usingthe dressedquarkpropagatorandquark-photonvertex given
above, andre-adjustthe diquarknormalization(coupling)constantsGnH® G'¯ w ¦±°H
and GnD� G'¯ w ¦²°D suchthat the differentialWard identity is fulfilled, cf. appendix
B.1.1.UsingtheserescaledquantitiesG'¯ w ¦²°H and GU¯ w ¦²°D , wedetermine

©
and

© D-H .
For pointlikediquarksasusedby thefirst parametersetof table5.1thecalcu-

lation of theresolvedverticesleadsto divergentintegralsandthereforeprohibits
their use. We have performedthe calculationfor the secondparametersetfrom

G'¯ w ¦±°D J�GnD G'¯ w ¦±°H J�GIH © © D-H
extendeddiquarks 0.73 1.33 0.69 1.76

Table 5.2: Rescaleddiquarknormalizationsandconstantsof photon-diquarkcouplings
for theparametersetwith extendedquarks,cf. table5.1.
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Figure 5.1: Electricform factorsof bothnucleonsfor theparametersetsof table5.1.

table5.1, i.e. thesetwhichemploysextendeddiquarks.Fromtheresultsfoundin
table5.2we seethattheanomalousmagneticmomentandthetransitionstrength
arereducedcomparedto thepreviouscalculationswith freepropagators,cf. table
B.1.

The form factorsarenow calculatedasthesumof the extendedimpulseap-
proximationdiagrams,cf. figure3.2,andof thequarkexchangekerneldiagrams
depictedin figure3.4. The relevant formulaefor the impulseapproximationare
givenby eqs.(3.36,3.37)andby eqs.(3.48–3.50)for theexchangekernelcontri-
butions.

Turningto theresultsfor theelectricform factors,shown in figure5.1,wesee
thefavorableinfluenceof thediquark-quarkverticeswith finite width. They lead
to a basicallycorrectdescriptionof theprotonelectricform factor. Theneutron
electric form factor is also much betterdescribedby the parametersetswhich
employsextendeddiquarks.Herewe seethealreadymentionedquenchingeffect
of theaxialvectorcorrelations,though.They arequitestrongascomparedto the
parametersetsfrom table2.8, with the scalardiquarkcontributionsto the norm
integral reducedto 51 % (thenumbersare66% for SetI and92% for SetII).

Regardingtheoverall shapeof thecalculatedmagneticform factors,depicted
in figure 5.2, we obtainthe sameconclusionasbefore. The parametersetwith
extendeddiquarksfairly well describestheempiricaldipoleshapewhereaspoint-
like diquarksassumethenucleonsto be far too rigid. It is interestingto observe
that for the extendeddiquarksthecalculatedmagneticmoments,¿ÁÀ � 3.32and¿ h � $ 2.14,now exceedtheexperimentalvaluesby 19 and12 percent,respec-
tively. We find that the magneticmomentcontribution of every singlediagram
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Figure 5.2: Magneticform factorsof bothnucleonsfor theparametersetsof table5.1.
Experimentaldatafor theneutronis takenfrom refs.[103, 104, 105, 106].

weighedwith its contribution to thetotal nucleonchargeis enhancedwhencom-
paringwith thecorrespondingratiosfor theSetsI andII whichemploy bareprop-
agatorandvertices.Clearly the dressingof propagatorsandverticeshasa quite
substantialeffect on the magneticmomentsanda morerefinedchoicefor them
mayprovide for anexactdescriptionof bothelectricandmagneticform factors.

5.4 Discussion

We have employed a simple parametrizationof quarkand diquark propagators
which rendersthemto be devoid of polesin the complex momentumplaneex-
cept for an essentialsingularityat infinity. Therebywe could demonstratethat
anoverall satisfyingdescriptionof boththeelectromagneticform factorsandthe
massspectrumof octetanddecupletbaryonshasbeenachieved. However, these
resultshave to be takenwith a grainof saltashasbeenalreadyalludedto. Gen-
eralargumentsaboutthefunctionalform of thequarkpropagatorin QCD simply
prohibit sucha behavior for timelike momentaashasbeenassumedhere. Since
massspectrumandform factorcalculationstestthepropagatoronly to a moder-
ateextent in thetimelike region (Re�Ñ7 & �ÓÒÔ$ 0.3GeV

&
) onemight arguethatthe

chosenform for thepropagatorparametrizesthemomentumregimeneededwell
enoughfor practicalcalculationsof physicalprocessesandonly thecontinuation
to largetimelikemomentaneedsto beadapted.

Ontheotherhand,thereareprocesseswhichpermitto testthequarkpropaga-
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Figure 5.3: The dominatingprocessesin thediquark-quarkmodelfor kaonphotopro-
duction,assumingsmallaxialvectorcorrelations.

torpropertiesfor largertimelikemomenta.Considerthephotoproductionof kaons
off theproton( � 7  Õ×Ö f ), measuredby theSAPHIRcollaboration[107]. The
dominantcontributionsto thisprocessin thediquark-quarkmodelaredepictedin
figure5.3. Thethresholdphotonenergy for this processto occur(with theproton
beingatrest)is ØÚÙ^Û 0.913GeVandabroad,dippedmaximumfor thetotalcross
sectionis foundfor ØÜÙ�Û 1.1 +3+3+ 1.5GeV. Now considertheleft diagramin fig-
ure5.3. For themomentum7 of thequarkpropagatingbetweenthepointsof the
photonabsorptionandkaonemissionwefind theboundReÝ87 &#Þ�ß $�Ý�t MOh > ØÜÙ Þ�&
[108], with

Màh
being the nucleonmassand t the momentumpartitioning pa-

rameterbetweenquark anddiquark. For photonenergies larger than 1 GeV a
propagatordressedasgivenby eq.(5.1)will show considerableenhancementand
this hasindeedbeenfound [109, 108]. Thecalculationof the total crosssection
usingthe parametersetwith pointlike diquarksfrom table5.1 revealsan upshot
of the crosssectionbeyond ØÜÙEÛ 1.2 GeV, clearly in contrastto the data. Only
with a (non-analytical)modificationfunction,váÝ87 & � C Þ Û 9 $�âäãæå ; $ 9ç�è 7 & > C &� èC &� ? � (5.13)

which dampsthe propagatorfor timelike momenta,the experimentalcrosssec-
tion couldbereproduced.Unfortunatelysolutionsof theBethe-Salpeterequation
and resultsfor observablesemploying sucha propagatordo not exhibit invari-
anceundershiftsof themomentumpartitioningparametert anymoredueto the
non-analyticityof v . Therebyrelativistic translationinvarianceseemsto belost.

Anotherphenomenologicalargumentagainstthepole-freeform for thequark
propagatorcomesfrom the analysisof DeepInelasticScatteringin the diquark-
quarkpicture.In theBjorkenlimit theleadingcontribution to thehadronictensor
is obtainedby calculatingtheimaginarypartof the“handbagdiagram”shown in
figure 5.4. This diagramconstitutesthe leadingpart of the Comptontensorin
forwardscattering.By Cutkosky’s rule the imaginarypart is obtainedby cutting
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Figure 5.4: Handbagdiagramfor Virtual ComptonScatteringin the diquark-quark
model. The imaginarypart of the forward amplitudeis obtainedby Cutkosky’s rule,
i.e. by settingthe intermediatequarkanddiquarkpropagatorson-shell,indicatedby the
dashedline.

thediagramasindicatedin the figureandsettingthepropagatorson-shellat the
cuts. This procedureis of coursenot possiblewhenemploying pole-freeprop-
agatorsandin this casethe imaginarypartof the Comptonscatteringamplitude
couldonly beobtainedby calculatingmorecomplicateddiagramswith intermedi-
atemesonsandbaryons.In thelimit of thesquaredphotonmomentum

� &
going

to infinity, eachof thesediagramswill besuppressedandthehadronictensorvan-
ishes,in obviouscontradictionto themeasuredfinite structurefunctions.

Thereforewe arein the peculiarsituationthat resultsobtainedby usingfree
quarkanddiquarkpropagatorscomparesfavorably with experimentswhencal-
culatingquarkdistributions. For the quark-diquarkmodelwith pointlike scalar
diquarksthis hasbeendonein ref. [57]. A simplequark-diquarkspectatormodel
which parametrizesthenucleonvertex function in termsof the“ é wave” covari-
ants ê � and ë � , cf. table 2.1, hasbeenusedin ref. [110] to calculatevarious
distribution andfragmentationfunctions.Thesecalculationsindicatethat theap-
proximationof theplethoraof intermediate(colorless)statespossiblein Compton
scatteringby a simple(colored)quarkanda (colored)diquarkworksamazingly
well. However, in thebeginningof thechapterwe have emphasizedthatexactly
thesethresholdsare soughtto avoid in other calculationssuchas thoserelated
to kaonphotoproduction.It thereforeremainsan interestingtaskto resolve this
puzzlein a consistentmanner.
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Chapter 6

The SalpeterApproximation

In thischapterwewill critically compareresultsfor vertex functionsandnucleon
observablesobtained( s ) by usingthefull solutionasdescribedin chapters2–4and
( s�s ) in the Salpeterapproximation[66] to the (ladder)Bethe-Salpeterequation.
The Salpeterapproximation,to be explainedbelow, is a popular3-dimensional
reductionof the original 4-dimensionalproblem. We mentionthat the hereob-
tainedresultsaresummarizedin ref. [25].

We can identify two motivationsto study semi-relativistic reductionsto the
Bethe-Salpeterequation.First,thegainin technicalsimplicity is substantialwhen
the equationis transformedinto a 3-dimensionalproblemwhich canbe solved
with the tried and testedmethodsfrom quantummechanics.Secondly, excited
stateswhich have negative norm are absentin the spectrumof a Salpeterap-
proximatedequation. We will shortly dwell upon this point. Let us consider
thespectrumof theBethe-Salpeterequationin ladderapproximationwithin two
well-studiedmodels,the Wick-Cutkosky model [111] and the positroniumsys-
tem [112, 113]. They have a classof “normal” solutions,i.e. solutionswith a
non-relativistic quantummechanicalanalogue,which exist alreadyfor infinitesi-
mally smallcouplingconstants.Ontheotherside,therearesolutionswhichbegin
to exist only for afinite couplingconstant,andthesearecalled“abnormal”states.
In the Wick-Cutkosky model, they are excitationsin the relative time between
the two constituentsandclearly in a non-relativistic descriptionwith no separa-
tion in the time coordinatebetweenthetwo constituentscorrespondingstatesdo
not exist. Furthermore,theseabnormalstateshave partly negative norm [35].
Therefore,theinterpretationof excitedstateswithin agivenmodelemploying the
Bethe-Salpeterequationfor modellingboundstatesis seriouslyhampered.Here,
theSalpeterapproximationallowsatransformationof theprobleminto aHamilto-
nianform with theHamiltonianbeinghermitianandthusno negativenormstates
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canarise1. This transformationis possibleastheinteractionkernelin theBethe-
Salpeterequationis assumedto beindependentof therelative timecoordinateor,
equivalently, independentof thefourthcomponentof therelativemomenta(equal
timeapproximation). Studiesemploying thistechniquein solvingfor groundstate
andexcitedmesonmassescanbefoundin refs.[115, 116].

Appreciatingtheadvantagesof theSalpeterapproximationin thecomputation
of excited statesonecould proceedandcalculatedynamicalobservablesfor the
boundstates.However, we will show in thefollowing thatnucleonform factors,
the pion-nucleonand weak coupling constantscalculatedin the diquark-quark
model differ substantiallyfor the full solution and the Salpeterapproximation.
Therefore,resultsfrom thelattermight leadto a misinterpretationof themodel’s
parameters.As thereexist studiesfor thediquark-quarkmodelusingtheSalpeter
approximation[62, 117], we will employ modelparametersaschosenthereto
furnishthecomparison.

6.1 Solutionsfor vertex functions

Wewill usethediquark-quarkmodelasdefinedin chapter2. Following refs.[62,
117], we employ freequarkanddiquarkpropagators,with thegaugeparameter

F
for theaxialvectordiquarkchosento be1, cf. eq.(2.46),� ÝÑ7 Þ Û s±7 JEì�C �7îí > C í� � (6.1)§×ÝÑ7 Þ Û ì 97 í > C í D-¤ � § aðï ÝÑ7 Þ Û ì ¨ aðï7 í > C íH�¥ + (6.2)

TheDiracpartof thediquark-quarkverticesis givenasin eqs.(2.51,2.52)byñ ] Û GnD Ý � ] v Þ 6 Ý � í Þ � ñ a Û GIH Ý � a v Þ 6 Ý � í Þ � (6.3)

with thescalarfunction
6

chosento be6 Ý � í Þ Ûòâäãæå�Ý ì ç = í � í Þ + (6.4)

Therelative momentumbetweenthequarksis denotedby � . We recapitulatethe
Bethe-Salpeterequationin shortnotation,\ Ý874��ó Þ Û � ÝÑ7 � Þ�ô§2Ý87îõ Þ÷ö Ý87���ó Þ (6.5)ö Ý874�
ó Þ Û ø u A zÝ q�ù Þ A Õ �'ú ÝÑ74��z!��ó Þ \ Ý�z!�
ó Þ + (6.6)

1Abnormalstatesmaystill exist, cf. ref. [114] for aninvestigationon thepersistenceof abnor-
malstatesin 3-dimensionalreductionsof a two-fermionBethe-Salpeterequation.
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All termsappearingherearedefinedin section2.3.1.Let � � Û � ìüûó	Ý �ný ûó Þ denote
thetransversalpartof any momentum� with respectto theboundstatemomentumó . TheSalpeterapproximationconsistsin reducingthemomentumdependence
of thequarkexchangekernelin thefollowing manner,Õ �'ú Ý874��z!��ó Þ  Õ �'ú Ý87 � ��z � Þ + (6.7)

In the rest frameof the boundstate, Õ �'ú ÝÑ7 � ��z � Þ�þ Õ �'ú Ý8ÿÜ��� Þ , andhencethe
(other)namesequaltimeor instantaneousapproximation.It followsimmediately
from eq. (6.6) that

ö Ý874�
ó Þáþ¬ö Ý*ÿ Þ . Although covarianceis lost by assuming
instantaneousinteractions,the solutionsfor

ö
are invariantagainstshifts in the

parametert which definesthedistribution of momentumbetweenquarkanddi-
quark.

Again following ref. [62], the reducedBethe-Salpeterequationcanbe pro-
cessedby introducing ô\ Ý*ÿ Þ Û � A ø uK7 AqKù \ Ý874��ó Þ � (6.8)

integratingeq. (6.5) over 7 A likewise, and thusarriving at an equationwith the
formal structure, � ô\ Û M ô\ + (6.9)

The“Hamiltonian”
�

is anintegraloperatorwhichcontains“kinetic” partsstem-
ming from the propagatorsanda “potential”, beingthe instantaneousquarkex-
change.

Insteadof solvingthisSchr̈odinger-typeequation,wewill employ thenumeri-
calmethoddevelopedin section2.5.1.Having expandedthewavefunction

\
and

thevertex function
ö

accordingto eqs.(2.91,2.129),we solve theBethe-Salpeter
equationfor the setsof scalarfunctions � ��� ��� ���

and � û��� � û� ���
. As describedin

section2.5.1,eachof thescalarfunctionsdependson 7 í and ��Û û7 ý ûó . Thedepen-
denceon � will be absorbedby the Chebyshev expansionof eqs.(2.135,2.136).
Note that in the Salpeterapproximationthe scalarfunctions

��� �
� �
pertainingto

thevertex functiondependonly on thesinglevariableÿ í Û�7 í Ý 9 ì � í Þ , thustheir
Chebyshev expansionscontainsjust evenmoments.

As statedaboveweadopttheparametersof refs.[62, 117]. Thefirst studyin-
vestigatesoneparametersetin thescalardiquarksectoronly andthesecondone
includesthe axialvectordiquark channelusinganotherparameterset. In these
studies,theauthordid not fix thediquark-quarkcouplingconstantsby a normal-
ization condition like in eqs.(2.59,2.60),but ratheradjustedGnD so as to obtain
the physicalnucleonmassfor given valuesof quarkand diquarkmass,andof
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Set C � CED-¤ C�H¦¥ = GIHðJ�GLD GnD
[GeV] [GeV] [GeV] [fm]

Ia Salpeter 0.35 0.65 - 0.18 - 20.0 (20.0)
full 16.5

IIa Salpeter 0.35 0.65 0.65 0.24 1 12.3 (11.5)
full 9.6

Table6.1: Thetwo parametersetsof themodelastakenfrom refs.[62, 117].GnHðJ�GnD whenincluding the axialvectordiquarks. This procedureis convenientas
theBethe-Salpeterequationis aneigenvalueproblemfor theeigenvalue GLD . In ta-
ble 6.1we have listedthetwo setsof parameterswith their correspondingeigen-
values GLD obtainedby us in the full calculationandthe Salpeterapproximation.
Thevaluesin parenthesesaretheonesfrom refs.[62, 117]. Pleasenotethatdue
to a differentflavor normalizationthesevalueshadto bemultiplied by 	 q to be
directlycomparableto ours.

Although we could reproducethe eigenvaluefor the modelcasewith scalar
diquarksonly, this is not the casefor Set IIa. We observe that the calculations
of [117] involvedonly 4 insteadof 6 axialvectorcomponentsof

ö a
, namelythe

projectedonesontozeroorbital angularmomentumandthecorrespondinglower
components.Still onewould expecta highereigenvaluein the reducedsystem.
Themorestriking observation is theamplificationof theeigenvalueby about20+3+3+ 25 % in theSalpeterapproximationalthoughthebindingenergy is small,be-
ing only 6% of the sumof the constituentmasses.This is in contrastto results
obtainedin themassive Wick-Cutkosky model[118] wheretheSalpeterapprox-
imation leadsto a reductionof the eigenvalue. This may be attributed to the
exchangeof abosoninsteadof a fermionasherein thediquark-quarkmodel.

Thesubstantialdifferencebetweenthetwo approachesis alsoreflectedin the
vertex functionsolutionsthemselves. Figure6.1 shows theChebyshev moments
of thedominantscalarfunction

��

for bothmethodsusingtheparametersof Set

Ia. Only theevenmomentaaregiven,sincetheoddonesarezeroin theSalpeter
approximation(but arepresent,of course,in thefull calculation).Two thingsare
manifest:theSalpeteramplitudeshaveamuchbroaderspatialextentthanthefull
amplitudes.Secondly, theexpansionin Chebyshev polynomialsthatrelieson an
approximate�	Ý ç Þ symmetryconvergesmuchmorerapidly for the full solution
but is hardly convincing in the Salpeterapproximation.Again, sincethe scalar
functionsdependin theSalpeterapproximationon just onevariable,7 í Ý 9 ì � í Þ ,
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Figure 6.1: The Chebyshev expansionof the dominantscalarfunction � 
������ �"!
in the

Salpeterapproximationandthefull calculation.

our expansionis a cumbersomeway of visualizingthe solutionbut makesclear
thattheSalpeterapproximationdoesnotexhibit anapproximate�	Ý ç Þ -symmetry.

WeremindourselvesthatSalpeterin hisoriginalwork [66] devisedtheinstan-
taneousapproximationof the Bethe-Salpeterkernelasthe first term in a pertur-
bationseriesfor the full solution. We clearly seethat oneshouldnot stopafter
thefirst termasthecharacterof theexactandtheapproximatedsolutiondiffer so
profoundly.

6.2 Resultsfor observables

Let us turn first to the calculationof the electromagneticform factors #%$ and#'& . They can be extractedfrom the currentmatrix elementas prescribedby
eqs.(3.8,3.9).In impulseapproximationthecurrentoperatorfor protonandneu-
tron reads(*) ó,+ è - a è ó �/.1032 (( Û qm ) - a� . ¦²°54�¦²° > 9m ) - aD-¤ . ¦²°54�¦²° > ) - aH¦¥ . 6 x 4 6 x � (6.10)7*) ó,+ è - a è ó �/. 032 (7 Û ì 9m � ) - a� . ¦²°54�¦²° ì ) - a� . 6 x 4 6 x ì ) - aD-¤ . ¦²°54�¦²° > ) - aH¦¥ . 6 x 4 6 x � +

(6.11)

Herewe adoptedthenotationfrom section3.1. Diagrammaticallythesinglema-
trix elementscorrespondto the left two graphsof figure 3.2. The quarkanddi-
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Figure 6.2: Nucleonelectricform factorsin theSalpeterapproximationandin thefull
calculation.Thecurvesfor theSalpeterapproximationhave beenobtainedby including
theChebyshev momentsof thevertex functionup to order < 2=6 x .
quarkverticeswhich areneededin thesediagramsaregivenby eqs.(3.28–3.31).
Thesediagramsaretheonly oneswhich have beencalculatedin refs. [62, 117],
with the following justificationgiven: asalreadymentionedin the summaryof
section3.1, the diagramsof the impulseapproximationseparatelyconserve the
current. Furthermore,peculiaridentitiesat zeromomentumtransferhold in the
Salpeterapproximation,) - A� Ý � í Û i Þ . ¦±°14�¦±° Û ) - AD-¤ Ý � í Û i Þ . ¦²°54�¦±° (6.12)) - A� Ý � í Û i Þ . 6 x 4 6 x Û ) - AH¦¥ Ý � í Û i Þ .>6 x 4 6 x � (6.13)

which areprovedby straightforwardcalculation.Theseidentities,in conjunction
with eqs.(6.10,6.11)andthenormalizationcondition(3.56)for thenucleonwave
function, guaranteethat proton and neutronhave their correctcharge, i.e. the
electricform factorssatisfy # ( ¯@?BAC? 7$ Ý � í Û i Þ Û 9 and # 7 w/D A²¯@? 7$ Ý � í Û i Þ Û i .

Wehaveseenthatin thefull calculationweneedthecurrentcontributionsfrom
thequarkexchangekernelto establishthecorrectnucleoncharges.This followed
asaconsequenceof thegeneralWard-Takahashiidentity, eq.(3.13),for thequark-
diquarkpropagator. Wewill thereforecomparetheimpulseapproximationfor the
Salpetercalculationto thecalculationswith full vertex functionswith andwithout
theexchangediagramsof figure3.4.

In figure 6.2 the electric form factorsof proton and neutronare displayed,
usingthe parametersof Set IIa. The first observation is that in the Salpeterap-
proximationwe could not obtainconvergencewith the expansionin Chebyshev
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— ¿%À —

Set ) - a� . ¦±°54�¦²° ) - aH�¥ . 6 x 4 6 x ) - aE ¥ . SUM
Ia Salpeter 1.57 - - 1.58(1.58)

full 2.04 - 0.31 2.38
IIa Salpeter 0.92(1.08) 1.37(1.7) - 2.29(2.78)

full 1.09 0.98 0.37 2.45

Table 6.2: The mostimportantcontributions to theprotonmagneticmomentfrom the
singlediagrams.Thenotationis asin table3.2. In parenthesesthevaluesof refs.[62, 117]
aregiven.

polynomialsbeyond
� íGF 0.4 GeVí . As describedin section3.2.1,we com-

putedthe form factorsin the Breit frame where
�

is real but � � Û û7 ý ûó � and�H+�Û ûz ý ûóI+ , theangularvariableswhich enterastheir argumentstheChebyshev
polynomialsfor theboostedvertex functions,have imaginaryparts. Their abso-
lute valuesmay exceedone,exceptfor the caseof zeromomentumtransfer, cf.
eqs.(3.66,3.67).Sothisexpansionthatworksin therestframe,andit doesbarely
sofor theSalpeterapproximation,will notgenerallywork in amoving frame.On
theotherhand,thedecreaseof thehigherChebyshev momentsis goodenoughfor
the full four-dimensionalsolutionthat the numericalvaluesfor the form factors
convergeup to severalGeVí . However, ascanbeseenfrom fig. 6.2 theSalpeter
approximationbadly fails above 0.5 GeVí therebyrevealingits semi-relativistic
nature.

Thesecondfinding concernstheelectromagneticradii. TheSalpeterapprox-
imation tendsto underestimatethe protoncharge radiusandto overestimatethe
absolutevalueof theneutroncharge radius,seethefirst two resultlinesof table
6.3. Theaxialvectorcorrelationstendto suppresstheneutronelectricform factor
muchmorein thefull calculationthanin theSalpeterapproximation.Remember
thatthissuppressionis dueto theaxialvectorcorrelationswhichhavebeenchosen
to beratherstrongfor SetIIa, as GLD Û GnH .

Turning to the magneticmoments,the contributionsof the variousdiagrams
aretabulatedin table6.2 for theproton. Following ref. [117] we ascribedto the
axialvectordiquarka ratherlargeanomalousmagneticmomentof

© Û 9 + J which
wasneededin thatstudyto fit theprotonmagneticmoment.As alreadyobserved
earlier, we couldreproducethemagneticmomentfor SetIa, however, for SetIIa,
the valuesdiffer andespeciallythe couplingto the axialvectordiquark is much
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Set Ia IIa
Salpeter full Salpeter full

IA IA all IA IA allÝ/�
À Þ w/K [fm] 0.89 1.00 0.99 0.88 1.01 1.01Ý/� íh Þ w/K [fm í ] ì 0.28 ì 0.21 ì 0.23 ì 0.06 ì 0.04 ì 0.04¿ÁÀ 1.58 2.05 2.58 2.29 2.07 2.45Ý/�
À Þ 2=6BL [fm] 1.04 1.09 1.06 0.85 0.99 0.99¿ h ì 0.77 ì 1.02 ì 1.65 ì 0.98 ì 1.02 ì 1.26Ý/� h Þ 2=6BL [fm] 1.05 1.09 1.00 0.94 1.06 1.05G  HM,M 8.96 11.71 15.34 6.03 6.95 9.36�ð HMIM [fm] 1.04 1.07 1.04 1.15 1.21 1.15GON 0.93 1.16 1.46 0.53 0.65 0.82� N [fm] 0.93 0.99 1.02 1.08 1.14 1.10

Table 6.3: Somestaticnucleonobservables.Theacronym ‘IA’ indicatesthattheresults
in thesecolumnshave beenobtainedin the impulseapproximationwhereas‘all’ means
thatalsothediagramsof thequarkexchangekernelhave beentakeninto account.

weaker in our Salpetercalculation. Rathermore interestingis the comparison
betweenthe full calculationsusingeitherSet Ia or Set IIa: The axialvectordi-
quarkimprovesthemagneticmomentonly marginally, dueto theneglectof the
anomaloustransitionsbetweenscalarandaxialvectordiquarks.TheSalpeterap-
proximationtendsto overestimatethecontributionof ) - aH�¥ . 6 x 4 6 x quitedrastically.

We have alsocalculatedthe pion-nucleonconstant,the weakcouplingcon-
stantandthecorrespondingradii for thetwo setsin a first approximation,taking
into accountonly thediagramswherethepseudoscalarandpseudovectorcurrent
coupleto the spectatoror the exchangedquark. Pleaserefer to table6.3 for the
numericalresults.Of course,thenumbersfor GON and G  PMIM obtainedfor thepa-
rametersof SetIIa signalthemissingcontributionsfrom theresolvedaxialvector
diquarkandfrom thescalar-to-axialvectortransitions.But we wantto emphasize
anotherpoint: Alreadyin impulseapproximationtheresultsvarystrongly(on the
level of 20 %) betweenthefull andtheSalpetercalculationwith theSalpeterap-
proximationunderestimatingthecouplings.But aswehaveseenfor themagnetic
momentsfor SetIIa, theSalpeterapproximationoverestimatesthem,sowearrive
at the conclusionthat observablesvary quite strongly and unpredictablywhen
employing theequaltime approximation.In this case,it is hardlyof useto relate
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parametersto thephysicalcontentwhich themodelhopefullydescribes.
Let us summarizethe resultsobtainedin this chapter. The Bethe-Salpeter

equationfor the nucleonhasbeensolved in a fully covariantway andin the in-
stantaneousSalpeterapproximation.As for themodelwith scalardiquarksonly
we have verified the resultsof ref. [62] whereasdiscrepanciesremainif the ax-
ialvectordiquark is included. Thesedifferencesare partly due to the fact that
in ref. [117] not all (groundstate)axialvectorcomponentshave beentaken into
account. Additionally, we take our result asan indication that the calculations
presentedin ref. [117] might suffer from someminor error.

However, themainpurposehasbeenthecomparisonof observablescalculated
in theSalpeterapproximationto theonesobtainedin the fully four-dimensional
scheme.Thefirst very surprisingobservationis theoverestimationof theBethe-
Salpetereigenvaluein theSalpeterapproximation.Phrasedotherwise,for agiven
couplingconstantthe binding energy would be much too small in the Salpeter
approximation.We have alsodemonstratedthat thecharacterof thevertex func-
tion solutionsin the full treatmentandfor the Salpeterapproximationis grossly
different,sincethe full solutionsexhibit an approximate� (4) symmetrywhich
is absentin the Salpeterapproximation. This hasdrasticconsequencesfor the
resultingnucleonelectromagneticform factorsif the photonvirtuality exceeds
0.4 GeVí . Although thenon-convergenceof the form factorsin theSalpeterap-
proximationin this momentumregime canbe solely ascribedto the Chebyshev
expansionwhich is inappropriatefor the instantaneousapproximation,we find
neverthelessdifferencesfor staticobservables.Ontheonehand,differentnucleon
radii differ only mildly in thesetwo approaches,with theexceptionof theneutron
chargeradius.Ontheotherhand,oneseesveryclearlythattheresults(obtainedin
theSalpeterapproximation)for themagneticmoments,thepion-nucleoncoupling
andtheweakcouplingconstantdeviatesizeablyfrom thefull calculation.



126 The SalpeterApproximation



Chapter 7

Summary and Conclusions

In this thesiswe have presenteda framework for a fully covariantdiquark-quark
modelof baryonsandobtainedsolutionsfor boundstatesandcertainnucleonob-
servableshaving employedsimpleans̈atzefor thequarkanddiquarkpropagators,
and the diquark-quarkvertices. We derived the basicBethe-Salpeterequations
governingthe dynamicsof the quarksandthe diquarkquasi-particlesby a suit-
ablereductionof the relativistic three-quarkproblem. This reductionconsistsin
neglectingthree-quarkirreducibleinteractionsandassumingseparabletwo-quark
correlations,the diquarks. Scalarandaxialvectordiquarkshave beenincluded
into thedescriptionasthepresumablymostimportantdiquarkcorrelations.

We solved the Bethe-Salpeterequationwhich sumsup the continuousquark
exchangebetweenquark and diquark in a fully covariant manner, therebyob-
taining relativistic baryonwave functionswhich containfar morestructurethan
non-relativistic wave functions. Thesewave functionshave beensubsequently
employed to calculateelectromagneticform factors. Here, we constructedthe
currentoperatorfor theelectromagneticfield usingWard-Takahashiidentitiesand
therebymaintaininggaugeinvariance.Covarianceandgaugeinvarianceareman-
ifest in the numericalresults. For the nucleonelectric form factorswe found
goodagreementwith theexperimentaldata.Themagneticmomentsfall shortby
approximately15 QPQPQ 30 %, dependingon whetherthe g resonanceis included
in the descriptionor not. A possiblesourceof this failure is found in the free
constituentquarkand diquarkpropagatorswhich have beenemployed in these
calculations.Thelack of confinementforcedusto chooseratherlargequarkand
diquarkmassesto obtaina bound g , and the perturbative quark-photonvertex
is probablyinsufficient to accountfor the observed magneticmoments.The re-
centlymeasuredratioof electricto magneticform factorof theprotonrestrictsthe
strengthof theaxialvectorcorrelationswithin thenucleonto besmall,onthelevel
of 20%, if our resultsareto matchthedata.

In anattemptto circumventtheproblemposedby theinclusionof the g reso-
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nanceandtheunderestimatedmagneticmoments,wehave investigatedapossible
parametrizationof confinementby modifying quarkanddiquarkpropagatorsto
renderthempole-freein thecomplex momentumplane.Thesemodificationsal-
lowed us to calculatethe massspectrumof octet and decupletbaryonsin fair
agreementwith experimentand the nucleonmagneticmomentsreceived addi-
tional contributionswhich evenrenderedthemto be largerby 15 % thantheex-
perimentalvalues. Nevertheless,thereareseriousdoubtsaboutthe justification
of sucha modification.Themodifiedpropagatorshave anessentialsingularityat
timelike infinity which is not in accordancewith generaltheoremsaboutthebe-
havior of propagatorsin quantumfield theory. Additionally, thissingularitycauses
a spuriousenhancementof thecalculatedcrosssectionin kaonphotoproduction,
andwouldrenderthecalculationof theleadingtwist contributionsto DeepInelas-
tic Scatteringimpossible.Therefore,refinedmethodsto incorporateconfinement
areneededandwork on this problemis currentlydone.

The isovectoraxial form factor for the nucleonand the pion-nucleonform
factorhave alsobeencalculated.Chiral symmetrycouldbeusedto constructthe
pseudovectorandthepseudoscalarquarkcurrentoperators.As it turnsout,chiral
symmetryrequiresalso the inclusionof vectordiquarksbesidesthe axialvector
diquarks,sincethey form a chiral multiplet. Theneglectof theformerleadsto a
moderateviolationof theGoldberger-Treimanrelation,andthepion-nucleonand
theweakcouplingconstantarefoundto besomewhattoo largecomparedto their
experimentalvalues.Sincethetransitionsbetweenscalarandaxialvectordiquarks
proved to be the main sourceof the calculatedGoldberger-Treimandiscrepancy
andthelargepion-nucleoncouplingconstant,we againconcludethataxialvector
correlationswithin thenucleonshouldbesmall.

We alsocomparedresultsfor nucleonvertex function solutionsandobserv-
ablesbetweenthe fully covarianttreatmentof the diquark-quarkBethe-Salpeter
equationandthe semi-relativistic Salpeterapproximation.The vertex functions
for the latter differedstrongly from the full solution,on a qualitative aswell as
on a quantitative level. Furthermore,we foundrathererraticdeviationsbetween
the resultsfor staticobservablesobtainedwith both methodsandthereforecon-
cludethatthesemi-relativistic treatmentis inadmissiblewithin thediquark-quark
model.

Regardingthe simplicity of the quark-diquarkpicture,the modelreproduces
fairly well the basicnucleonobservablesinvestigatedhere. It shouldbe con-
sidereda successthat maintainingcovarianceis feasiblein calculatingthe form
factorsand this is a good startingpoint to investigatemore involved hadronic
processes.For kaonphotoproduction,� Rj Õ×ÖTS , andassociatedstrangeness
production,RUR�VR(Õ×ÖTS , preliminaryresultsarealreadyavailable,cf. refs.[109,
119].

To checkthe viability of the chosenapproachwithin QCD, somemore in-
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formationaboutthequarkpropagatorandthetwo-quarkcorrelationsareneeded.
Whereasthereis justifiedhopethat latticeor Dyson-Schwingercalculationswill
provide uswith morerefinedresultsfor thequarkpropagatorin thenearfuture,
it is not clearat all whethera non-perturbative characterizationof thetwo-quark
correlationscanbefound. To proceedfurther in this direction,oneprobablyhas
to resortin anext stepto anapproximatemodelfor thequark-gluondynamics.
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Varia

A.1 Conventions

Throughoutthetext we work in Euclideanspacewith themetric W*XZY'[]\HX^Y . Ac-
cordingly, a hermitianbasisof Dirac matrices_H`badcfePg is usedwhich is relatedto
thematrices_hc�ij ak` j g of theDirac representationbyc e [lc ij a `m[onqpr` j Q (A.1)

Furthermorewe define ctsu[vnwcTx ctyzct{dcfe . The charge conjugationmatrix is de-
finedby |}[~nwctyzcfe . Thefreequarkpropagator�b�r�t� is determinedby therela-
tion, valid in thetheoryfor a free,massive fermion,����� �q� ���T�h�� ���f� � ��� [ � � e ��r���I� e������ ��p5�I�5�/��n��t�>� �b���f��a (A.2)�b���t�v[ pB� ��n��� � y,¡ � y �¢ (A.3)

We arrive at this equation,if we formulatethecontinuationbetweenMinkowski
andEuclideanspaceusingthewell-known rules� i £o¤ nwp�� e a ¥ £ ¤ ¥¦a (A.4)� i£ ¤ pB� e a § £ ¤ n¨§ (A.5)

for aformal transcriptionof positionvariables� £ andmomentumvariables� £ in
Minkowski spaceto their Euclideanpendants� and � . Additionally we prescribe
for the Euclideanmomentumvariables� ¤ n¨� . Furnishedwith an additional
transcriptionrule for themetrictensorin Minkowski space,W X^Yq¤ n¨\ X^Y a (A.6)
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wefind for thescalarandtheProcapropagator,© � R �ª[«n ¬R yª¡ � y r® a © XZY � R �ª[«n \ XZY ¡l¯�°1¯Z±²I³´5µR y,¡ � y¶1· ¢ (A.7)

Four-dimensionalmomentumintegrals,appearingin theBethe-Salpeterequa-
tion or in theexpressionfor currentmatrixelements,areevaluatedby usinghyper-
sphericalcoordinates.We parametrizetheCartesiancomponentsof anEuclidean
vector

� X in thefollowing way,

� X [ � ����¸¹¹º�»k¼¾½w¿¨»k¼¾½qÀI»k¼¾½ÂÁÃZÄ »�¿¨»k¼¾½qÀª»k¼¾½¨ÁÃ^Ä »tÀª»k¼¾½¨ÁÃ^Ä »�Á
Å^ÆÆÇ ¢ (A.8)

With the abbreviations ÈÉ[ ÃZÄ »�Á and �Ê[ Ã^Ä »tÀ the four-dimensionalvolume
integralmeasureis� � e ��r���I� e [ ¬�����I� e �ÌËi � ��� { � � �t� � xÍ xtÎ ¬ n�È y � È � xÍ x � � � yBÏi � ¿ ¢ (A.9)

HypersphericalharmonicsaredefinedbyÐ�ÑPÒ ² � Á a À a ¿ �I[ � y ÒÔÓ x� �/Õ ¡ ¬ ����Õ�n×Ö��zØC�rÖ5ØÙ� y�/Õ ¡ Ö ¡ ¬ �dØ »k¼¾½
Ò
Á | x ÓÚÒÑ Í Ò � Ã^Ä »�Á �1Û Ò ² � À a ¿ �za

(A.10)

wherethepolynomials| x ÓÚÒÑ Í Ò � Ã^Ä »�Á � aretheGegenbauerpolynomials[52] andtheÛ Ò ² �rÜ�azÝÞ� arethe familiar sphericalharmonics.For vanishingthree-dimensional
angularmomentum,ÖÞ[ �

, theGegenbauerpolynomialsreduceto theChebyshev
polynomialsof thesecondkind, | xÑ [àß Ñ

, andthecorrespondinghyperspherical
harmonicsaresimply Ð�Ñ i5i [âá ¬�h� y ß Ñ � ÃZÄ »�Á � ¢ (A.11)

Thus,theexpansionof relativistic groundstatewave functions( ÖÞ[ �
) in termsof

Chebyshev polynomials,asdonein section2.5for thebaryons,correspondsto an
expansioninto hypersphericalharmonics.
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A.2 Color and flavor factors in the Bethe-Salpeter
equations

A.2.1 Nucleon

For thederivationof thecolor factor, let usintroducethecolor singletstateof the
nucleonasbeingproportionalto a 3-dimensionalunit matrix ��ãåälæãç[oèêéìëí��3��� î/ï5ð3ï5ñ [àò x{ ��ó i �5ôöõø÷Ô[âò x{ \Zôöõùa ����� ��� [ ¬ ¢ (A.12)

Sincebothdiquarksarein anantitripletrepresentation,thecolorpartof theBethe-
Salpeterkernelreads(seefigureA.1)úüû*ýî�ï5ð3ï5ñ [ xyÿþ�� � ô þ ��� ô [«n xy ��\ � � \ ��� nm\ � � \ ��� � ¢ (A.13)

Sandwichingbetweenthenucleoncolor singletstateyields����� ú û*ýî/ï5ð3ï5ñ �3��� [ n x� \ ��� �r\ � � \ ��� n×\ � � \ ��� �1\ � � [«n ¬ ¢ (A.14)

Thenucleonflavor statedistinguishesof coursebetweenscalarandaxialvec-
tor diquarks.We rewrite thediquarksaseigenstatesof their total isospinandthe
projectiononto therespective È axis. They areeasilyexpressedby thecombina-

tionsof 	 and
�

quark. �
	 � �ª[on ò xy ��	 � n � 	T� hasisospinzero(scalardiquark).� 		�� , � 	 � �Â[ ò xy �
	 � ¡ � 	T� and
� �*� � have isospinonewith the respective third

( È ) componentbeing ¡ ¬ a � aPn ¬ . Expressedwith sphericalisospinmatrices� ² ,��� x [�� ò xy ��� x�� p�� y � and � i [�� { , they read

��	 � ��� n ¬Î � p�� y (A.15)

¸º � 		��� 	 � �� �*� �
ÅÇ � ¬Î � ¸º p�� x � yp�� i �Úyp
� Í x � y

ÅÇ (A.16)

Remembertheexpressionfor thenucleonFaddeev amplitude,������� [! s��� © "$# s 	&% � ¡  X�'� © X^Y � # Y 	T� � ¢ (A.17)

Thetwo summandsontheright handsiderepresentscalarandaxialvectorcorrela-
tions,respectively, andtheGreekindicescontainalsotheflavor indices.We will
write the nucleonflavor stateasa 2-vector, with scalarandaxialvectorcorrela-
tionsascomponents,andkeepin mind thatthey addup to theFaddeev amplitude
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asindicatedabove. Thentheprotonflavor wave functioncanbeconstructedwith
theappropriateClebsch-Gordancoefficientsas� (��$)+*�,1ï5ñ [ - � (�� ¶/.�®¦ î� (�� ¶/.�®*1032 [54 	I��	 � �ò x{ 	 � 	 � �ön ò y{ � � 		��76[ ¸º ò xy " xi % ¶ ��p�� y � .�®ò x� " xi % ¶ ��� x � .�® n ò x{ " i x % ¶ ��p�� Í x � y � .�®

ÅÇ ¢ (A.18)

Thescalarandaxialvectorflavor componentsareseparatelynormalizedto yield
unity, ¶ ®�.¦ î$8 *10:9 �;(ª� (�� ¶:.�®¦ î$8 *10:9=<[ ¬ a (A.19)

wherethe conjugateflavor statesare obtainedby Hermitian conjugation. The
absolutestrengthof the scalarandaxialvectorcorrelationsis determinedby the
solutionto theBethe-Salpeterequation.A redefinitionof thediquarkflavor ma-
tricesappearingin eq. (A.18) alsoaffectsthe diquarknormalizationconditions,
eqs.(2.59,2.60),andtheBethe-Salpeterkernelsuchthat thecontributionsof the
scalarandaxialvectorcorrelationsto observablesremainunchanged.Theneutron
flavor stateaccordinglywrites� Õ �$)+*
,1ï5ñ [ 4 � �
	 � �n ò x{ � � 	 � � ¡ ò y{ 	 � �*� � 6 (A.20)

Thematrixrepresentationof theBethe-Salpeterkernelwith respectto thediquark
isospineigenstatesdefinedabove is givenby (seefigureA.1)>/? i >:? xú û*ý)+*�,1ï5ñ [ >/? i>/? x ¬� 4 ��� y � y �A@ Ñ n×�k��� ²CB � y �D� y �A@ Ñn " �Úy,���öyE��F² �/% @ Ñ " ��� ² B �öy^�í���öy���F² �/% @ Ñ 6 ¢ (A.21)

Sandwichingbetweeneithertheprotonor theneutronflavor stateyieldstheiden-
tical flavor matrix >/? i >/? x�;(ª� ú û*ý)+*
,1ï5ñ � (�� [ � Õ � ú û*ý)+*
,1ï5ñ � Õ � [ >:? i>:? x ¬� - ¡ ¬ n Î Gn Î G n ¬ 2 ¢ (A.22)

Eqs.(A.14,A.22)provide for the explicit factorsin the Bethe-Salpeterkernelof
eq.(2.70).
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Figure A.1: Color andflavor indicesappearingin the Bethe-Salpeterkernel. Capital
lettersrun from 1 HIHIH 3 andlabelthecolor stateof quarks( J ) andof diquarks( KJ ). Small
lettersLNM/OQPSR�M/T labelquarkisospinand UVM$UXWDPZY[R�M$\ labelthethird componentof the
axialvectordiquarkisospin.

A.2.2 ]
Takingover thenotationsfrom theprevioussubsection,we write theflavor states
of thefour nearlymass-degeneratê resonancesas

¸¹¹º � ^ ÓfÓ �� ^ Ó �� ^ i �� ^ Í �
Å^ÆÆÇ [ ¸¹¹¹¹º

	 � 	_	��ò y{ 	 � 	 � � ¡ ò x{ � � 		��ò y{ � � 	 � � ¡ ò x{ 	 � �*� �� � �*� �
Å^ÆÆÆÆÇ ¢ (A.23)

The flavor matrix of the Bethe-Salpeterkernel involvesonly the axialvectordi-
quark( ` [ ¬ ) channel,� ú û*ýa � )+*
,1ï5ñ [ " ��� ² B � y �í��� y � F² � % @ Ñ ¢ (A.24)

Thisyieldsfor all ^ statesp�bø_ ¡%¡ a ¡ a � aPn%g identicalflavor factors,� ^=ced7f � � ú û*ýa � )+*
,1ï5ñZ� ^=ced;f � [ ¬ ¢ (A.25)

A.3 Wave functions

On the next pagesthe scalarfunctionsdescribingthe partial wavesof nucleon
and ^ aredisplayed.In figureA.2 we show thenucleonfunctions g� d , gh d for the
parameterSet I of table2.8. The momentumpartitioningparameteri [ � ¢ Gkjhasbeenchosen.This valueis roughly half way betweentheboundssetby the
constituentpoles,cf. eq.(2.154),iVb � � ¢ GkGkl a � ¢ GnmnG � ¢ (A.26)
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TheevenChebyshev momentadominatetheexpansionof thescalarfunctionsand
thereforewe show the threeleadingeven momentafor eachfunction. The two
dominatingo waves g� x and gh { convergequickly in their expansion.The

(
wavesg� y , gh y and gh � which follow next with respectto the overall magnitudedisplay

a more moderateconvergence. One can estimatethat these
(

waveswill have
an influenceon observableson the level of below 10 %. All otherfunctionsare
subdominant,especiallythe

�
wave gh s turnsout to beextremelysmall.

The ^ partial waves depictedin figure A.3 have beencalculatedusing the
parameterSet II which fits the experimental ^ mass. The binding energy is
only 24 MeV and consequentlythe rangeof allowed i valuesis restrictedby
eqs.(2.154,2.155)to ipb � � ¢ G � m a � ¢ Gklrq � ¢ (A.27)

We have choseni [ ¬ � G . The small binding energy is reflectedin the scalar
functionsasfollows. Theonly o wave g© x clearlydominatesandthe

(
waves g© y ,g© e and g© � representcorrectionsof the orderof oneper cent. All otherpartial

wavesaresuppressed.Althoughtheconvergenceof theChebyshev expansionis
still moderatefor g© x , the remainingfunctionspossessa numberof highermo-
mentswhich are larger thanonetenthof the zerothmoment. In figure A.3 we
havepickedthemoments0, 4 and8 to illustratethis behaviour.

A.4 Bethe-Salpeterequationsfor octetand decuplet

Herewe list theBethe-Salpeterequationsfor octetanddecupletbaryonsneeded
in section5.2. Firstwe introducethenotation:

s s® c ¶:. f a s X ® 8 ¶:. 9 Spin-1/2 wave function for flavor componentswith spectator
quark t andscalar �
uwv^� or axialvectordiquark

� uwvI� , decomposed
asin eq.(2.129)s XZY® 8 ¶/. 9 Spin-3/2 wave function for flavor componentswith spectator
quark t andaxialvectordiquark

� uwvE� , decomposedasin eq.(2.131)� ¶ Quarkpropagatorasin eq.(2.64)with �� �[ � ¶© c ¶/. f a © X^Y8 ¶/. 9 Diquarkpropagatorsasin eqs.(2.45,2.46)with � r® [«� c ¶:. f and� ¶1· [l� 8 ¶:. 9úyx$z¶ Quark exchangekernel with momentumdefinitions as below
eq.(2.72):

úyx$z¶ [on xy|{~}/� @c yBÏ f �  x �|�¶ � z �
� a'�ê[ ¬ a ¢P¢P¢ a q �
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As weconsidertheisospinsymmetriccase,theflavor labelsutaIvHaIt will bechosen
among	 ( and o��$��u*Õ�W�� ( 	=a+o ). Werecapitulatethenucleonequation(2.69),

4 � Í x¥ © Í xc ¥�¥ f �� � Í x¥ � © X^Y8 ¥�¥ 9 � Í x 6 4 s s¥ c ¥�¥ fs Y¥ 8 ¥�¥ 9 6 [54 ú s5s¥ n Î G ú�� s¥n Î G ú sBX¥ n ú�� X¥ 6 4 s s¥ c ¥�¥ fs �¥ 8 ¥�¥ 9 6 ¢
(A.28)

The � hyperonis describedby

¸¹º � Í x¥ © Í xc ¥  f � �� � Í x¥ � © XZY8 ¥  9 � Í x �� � � Í x � © X^Y8 ¥�¥ 9 � Í x
Å^ÆÇ ¸¹º s s¥ c ¥  fs Y¥ 8 ¥  9s Y  8 ¥�¥ 9

Å^ÆÇ [
¸¹º ú s5s n ú � s Î � ú � s¥n ú sBX ú�� X Î � ú�� X¥Î � ú sBX¥ Î � ú�� X¥ �

Å ÆÇ ¸¹º s s¥ c ¥  fs �¥ 8 ¥  9s �  8 ¥�¥ 9
Å ÆÇ ¢ (A.29)

The equationfor the � hyperonis obtainedby interchanging	�� o . ��ßå� G �symmetrybreakingcouplestheeightfoldway stateof the � to theflavor singlet,o*��	 � � ¡ 	,� � oO� ¡ � �1o�	T� . We introducetheflavor states� x [ � � �
	&oO�=n�	,� � oO�A� � Î � ,� y [�o*�
	 � � and Ö�[ � � � 	&o���n�	 � � o��/� � Î � andtheequationfor thephysical � hy-
peronreads

¸¹º � Í x¥ © Í xc ¥  f � �� � Í x © Í xc ¥�¥ f �� � � Í x¥ � © XZY8 ¥  9 � Í x
Å ÆÇ ¸¹º s s �/�s s � ³s YÒ

Å ÆÇ [
¸¹º n ú s5s Î � ú s5s¥ ú�� sÎ � ú s5s¥ � Î � ú�� s¥ú sBX Î � ú sBX¥ n ú � X

Å^ÆÇ ¸¹º s s � �s s � ³s � Ò
Å^ÆÇ ¢ (A.30)

Theequationfor the ^ reads,cf. eq.(2.80),� Í x¥ � © XZY8 ¥�¥ 9 � Í x s YE�¥ 8 ¥�¥ 9 [ � ú � X¥ s � �¥ 8 ¥�¥ 9 ¢ (A.31)

By interchanging	�� o onefinds the equationfor the � . Finally the �3� obeys
theequation
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4 � Í x¥ � © XZY8 ¥  9 � Í x �� � Í x � © X^Y8 ¥�¥ 9 � Í x$6 4 s YE�¥ 8 ¥  9s YE� 8 ¥�¥ 9 6 [54 ú � X Î � ú � X¥Î � ú�� X¥ � 6 4 s � �¥ 8 ¥  9s � � 8 ¥�¥ 9 6 ¢
(A.32)

In eq.(A.32) theinterchange	�� o leadsto the ��� equation.
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Figure A.2: Chebyshev momentsof thescalarfunctions ½¾ d and ½¿ d describingthe nu-
cleonwave functionfor parameterSetI.
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Figure A.3: Chebyshev momentsof the scalarfunctions ½ë d describingthe ì wave
functionfor parameterSetII.



Appendix B

Form Factor Calculations

B.1 Resolvingdiquarks

B.1.1 ElectromagneticVertices

Here we adoptan impulseapproximationto couple the photondirectly to the
quarksinsidethediquarksobtainingthescalar, axialvectorandthephoton-induced
scalar-axialvectordiquarktransitioncouplingsasrepresentedby the 3 diagrams
in figure 3.1. For on-shelldiquarkstheseyield diquark form factorsandat the
soft point ( íïîñð ) theelectricform factorsof scalarandaxialvectordiquarkare
equivalentto thenormalizationconditions(2.59,2.60).Herebyit is assumedthat
thediquark-quarkverticesò�óEô õ÷ö couldbeobtainedfrom a quark-quarkscattering
kernelwhich is independentof thetotaldiquarkmomentum,cf. alsosection3.1.3
wherewediscussedtheequivalenceof canonicalandchargenormalizationin the
nucleoncase.

Dueto thequark-exchangeantisymmetryof thediquarkamplitudesit suffices
to calculateonediagramfor eachof thethreecontributions,i.e., thoseof figure3.1
in whichthephotoncouplesto the“upper” quarkline. Thecolortraceyieldsunity
as in the normalizationintegrals,eqs. (2.59)and(2.60). To performthe traces
over the diquarkflavor matriceswith the charge matrix actingon the quarkline
it is advantageousto choosethe diquarkcharge eigenstates,cf. appendixA.2.1.
With thedefinition

íùø|îûúüDýÿþ ú��� � (B.1)



142 Form Factor Calculations

wethenobtainthefollowing flavor factors���� õ � ø
	��������� î ú����� � � íùø � � î úü�� (B.2)���� õ�� ����! 	��������� î ú� ��� � � � �#"$ 	 íùø � � $ � � 	 î %&' �� ú�( ú�
)+*, � (B.3)� �� õ�� ��-� 	��������� î ( ú����� � � íQø � � $ � � 	 î (/. $10 ú��2 (B.4)

For the flavor factorsof the scalarandaxialvectordiquarkswe obtainhalf their
total charges. The factor1/2 is dueto theantisymmetryof theverticesandalso
appearsin thenormalizationconditions(2.59,2.60).

Weareleft with thequarkloopthatinvolvesjustatraceovertheDiracindices.
Including the minussign for fermion loops,we find for the Lorentzstructureof
theresolvedvertices�� õ � ø î ( Tr 3 46587�-9�: 	 5<;ò ó>=@?BA!C�?�D� EGF �IH � 	 � õ J F �KH ú 	 ò óL=M?�N�C�?BD� EGF1O �KH � 	 � (B.5)�� õP� ����� î ( Tr 3 4 5 7�-9�: 	 5<;ò �Q= ? A C�? D� EGF �IH � 	 � õ J F �KH ú 	 ò �R= ? N C�? D� EGF1O �IH � 	 � (B.6)�� õP� ��S� î ( Tr 3 4 5 7�-9�: 	 5 ;ò ó =@? A C�? D� E F �IH � 	 � õ J F �KH ú 	 ò � =T? N C�? D� E F1O �IH � 	 (B.7)î U@V-W JYX õ���Z\[ �IH^] þ`_ ] 	 Z í [ 3 4 5 7�-9�: 	 5ba � a �>c

� 7 ( íedfU 	 c � 7 þ íedfU 	�KH � ú þ W �J 	 �KH �� þ W �J 	 �KH �� þ W �J 	 2
Thequarkmomentahereinare,H ú î H^] þg_ ]U ( í 9 þ 7 � H � î H^] þ`_ ]U þ í 9 þ 7 �H � î H^] þg_ ]U ( 7 2 (B.8)

Eventhoughcurrentconservationcanbemaintainedwith theseverticeson-shell,
off-shell

�� õ � ø and
�� õP� ����� do not satisfy the Ward-Takahashiidentitiesfor the free

propagatorsin eqs.(2.45,2.46).Thusthey cannotbe directly employed to cou-
ple thephotonto thediquarksinsidethenucleonwithout violating gaugeinvari-
ance.For íñî ð , however, they canbeusedto estimatetheanomalousmagnetic
moment h of the axialvectordiquark and the strengthof the scalar-axialvector
transition,denotedby h �S� in (3.32),asfollows.

Firstwecalculatethecontributionsof thescalarandaxialvectordiquarkto the
protoncharge, i.e. the contribution of the first diagramin figure 3.2 to ibj � ð 	 ,
uponreplacingthevertices

� õ � ø and
� õP� ����� givenin eqs.(3.30,3.31)by theresolved
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a �lk
¦lm� d a � a �lk

¦nm� d a � h h �S�
SetI 0.943 1.421 1.01 2.09
SetII 0.907 3.342 1.04 2.14

TableB.1: Rescaleddiquarknormalizationsandconstantsof photon-diquarkcouplings.

ones,
�� õ � ø and

�� õP� ����� in eqs.(B.5) and(B.6). Sincethe bare verticessatisfy the
Ward-Takahashiidentities,and sincecurrentconservation is maintainedin the
calculationof theelectromagneticform factors,thecorrectchargesof bothnucle-
onsareguaranteedto resultfrom thecontributionsto ibj � ð 	 obtainedwith these
barevertices,

� õ � ø and
� õP� ����� of eqs.(3.30,3.31).In orderto reproducethesecorrect

contributions,wethenadjustthevaluesfor thediquarkcouplings,a � and a � , to be
usedin connectionwith theresolvedverticesof eqs.(B.5) and(B.6). This yields
couplingsa �lk

¦nm� and a �lk
¦lm� , slightly rescaled(by a factorof theorderof one,cf. ta-

ble B.1). We seethat gaugeinvariancein form of the differentialWard identity
providesanoff-shellconstrainton thediquarknormalizationwherewehaveaver-
agedoverdiquarkoff-shell statesby performingthefour-dimensionalintegration
for thecurrentmatrix element.Oncethe“off-shell couplings” a �nk

¦nm� and a �nk
¦nm� are

fixedwe cancontinueandcalculatethecontributionsto themagneticmomentof
theprotonthatarisefrom theresolvedaxialvectorandtransitioncouplings,

�� õ�� ����! 
and

�� õ�� ��-� , respectively. Thesecontributionsdeterminethevaluesof theconstantsh and h �-� for thecouplingsin eqs.(3.31)and(3.32,3.33).Theresultsaregivenin
tableB.1. As canbeseen,thevaluesobtainedfor h and h �S� by this procedureare
insensitiveto theparametersetsfor thenucleonamplitudes.In thecalculationsof
observablesweuse h=îpo 2 ð and h �-� î 9 2 o .
B.1.2 Pseudoscalarand pseudovector vertices

Thepionandthepseudovectorcurrentdonotcoupleto thescalardiquark.There-
fore,in bothcasesonly thosetwocontributionshaveto becomputedwhichareob-
tainedfromthemiddleandlowerdiagramsin figure3.1with replacingthephoton-
quarkvertex by thepion-quarkvertex of eq.(4.14),andby thepseudovector-quark
vertex of eq.(4.16),respectively.

Firstweevaluatetheflavor traceimplicitly givenin thediagramsof figure3.1.
As weemploy only thethird component(in isospace)of thepseudoscalarandthe
pseudovectorcurrentsto obtain a�q�r1r and afs , cf. eqs.(4.2,4.6),we just needthe
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following flavor factors,

���� ���ó
� �� 	��tS����� î ú����� � � � � "$ 	 � � � � $ � � 	 î %' oð( o
), � (B.9)���� � ó
� �-� 	��tS����� î ( ú� ��� � � � � � � $ � � 	 î (/. $10 2 (B.10)

Theflavor factorsfor thepseudovectorverticesarehalf of theabove factors.
In the quark loop calculationswe usethe rescaledcouplingsfrom appendix

B.1.1 which proved to yield consistentresultswith respectto the Ward identity
for thenucleon.For theDirac partof thevertex describingthepion couplingto
theaxialvectordiquarkweobtain,�� ���ó
� �! î ( 9 W �Ju

q
X ����õ�v �KH^] þg_ ] 	 õ í vxw (B.11)3 46587�-9�: 	 5

�
a �lk
¦lm� 	 � c � 7 ( í�dfU 	 c � 7 þ íedfU 	�IH � ú þ W �J 	 �KH �� þ W �J 	 �KH �� þ W �J 	 �

andfixesits strength(at í � î~ð ) to h ó�� zy U 2|{ , seetableB.2.
For the effective pseudovector-axialvectordiquark vertex in eq. (4.18) it is

sufficient to considertheregularpart,sinceits pion polecontribution is fully de-
terminedby eq.(B.11)already. Theregularpartreads,�� õ����ó
� �� î 3 4 5 7��9�: 	 5

�
a �lk
¦lm� 	 � c � 7 ( íedfU 	 c � 7 þ íedfU 	�IH � ú þ W �J 	 �IH �� þ W �J 	 �IH �� þ W �J 	 w (B.12)} ( U@W �J X õ+���+v �KH ú þ H � þ H � 	 v ( Tr ~ ó ~ � H d � ~ õ H d ú ~ � H d �
� 2

Althoughafter the 7 -integrationthe termsin bracketsyield the four independent
Lorentzstructuresdiscussedin theparagraphaboveeq.(4.18),only thefirst term
contributesto afs

� ð 	 (with
H ú þ H � þ H � î �-� dfU 	 �IH^] þg_ ] 	 þ 7 ).

Thescalar-axialvectortransitioninducedby thepionis describedby thevertex�� � ó
� �-� î U@V W Ju
q
3 4 5 7�-9�: 	 5 a �lk

¦lm� a �nk
¦nm� c � 7 ( íedfU 	 c � 7 þ íedfU 	 w (B.13)�KH �M� H � 	 H � ú ( �KH �T� H ú 	 H � � þ �IH ú � H � 	 H � ��IH � ú þ W �J 	 �IH �� þ W �J 	 �KH �� þ W �J 	 �

andthereverse(axialvector-scalar)transitionis obtainedby substitutingí�� ( í
(or

H úQ� H � ) in (B.14). The correspondingvertex for the pseudovectorcurrent
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h ó�! h óõ�� �� h ó �-� h óõP� �-�
SetI 4.53 4.41 3.97 1.97
SetII 4.55 4.47 3.84 2.13

Table B.2: Strengthsfor pion-andpseudovector-diquark couplings.

reads �� õ��ó
� �-� î ( U@V-W J 3 4T5�7��9�: 	 5 a �lk
¦lm� a �nk

¦nm� c � 7 ( íedfU 	 c � 7 þ íedfU 	�KH � ú þ W �J 	 �IH �� þ W �J 	 �IH �� þ W �J 	 w} . õ�� � W �J ( H ú � H � ( H �T� H � ( H �T� H ú 	 þ (B.14)�tH ú H ��� õ��� þ �tH ú H �+� õB�� ( �tH � H �+� õ��C�� 2
The short-handnotationfor a(n) (anti)symmetricproductusedhereinis defined
as
�tH ú H �+� õ�v� î H õ ú H v�L� H v ú H õ � . The reversetransitionis obtainedfrom í�� ( í

togetherwith anoverall signchangein (B.14). As alreadymentionedin themain
text, the term proportionalto . õB� provides99 % of the valuefor afs asobtained
with thefull vertex. It thereforeclearlyrepresentsthedominanttensorstructure.

As explainedfor theelectromagneticcouplingsof diquarks,we usethesere-
solvedverticesin connectionwith therescaledcouplingsa �nk

¦nm� anda �lk
¦nm� to compute

a�q�r1r and afs in the limit í�� ð . In this way theotherwiseunknown constants
thatoccurin the(pointlike)verticesof eqs.(4.17–4.20)aredetermined.

As seenfrom the resultsin tableB.2, the valuesobtainedfor theseeffective
couplingconstantsareonly slightly dependenton theparameterset(theonly ex-
ceptionbeing h óõP� �-� wherethetwo valuesdiffer by 8 %). For thenumericalcalcu-
lationspresentedin section4.3weemploy h ó�� î�U 2|{ , h óõP� �! î�U 2 U , h ó �S� î � 2|� andh óõP� �-� î 9 2 o .
B.2 Calculation of the impulse approximation dia-

grams

In this appendixwe discussthedifficultiesin theformal transitionfrom theMin-
kowski to theEuclideanmetric.Theseareencounteredin theconnectionbetween
Bethe-Salpeterwave function � and vertex functions � in a general(boosted)
frameof referenceof thenucleonboundstate.
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FigureB.1: Thequarkcouplingdiagramof theimpulseapproximation.

As the genericexamplefor this discussion,we have chosenthe seconddia-
gramin figure3.2whichdescribestheimpulse-approximatedcontributionarising
from the couplingof the photonto the quarkwithin the nucleon. Furthermore
it is sufficient to restrictourselvesto scalardiquarkcorrelations,retainingonly� ó and � ó . Theprinciple of thecalculationwill neverthelessbecomeclear. We
have singledout this diagramand,having addedtheappropriatemomentumdef-
initions, it is shown in figureB.1. We evaluatethediagramin theBreit frame,cf.
themomentumdefinitionsin eqs.(3.65).

LetusconsiderMandelstam’sformalism,eq.(3.26),in Minkowskispacewhere
it hasbeenderived originally [63]. Here, the matrix elementsbetweenbound
statesarerelatedto thecorrespondingBethe-Salpeterwavefunctionsin Minkowski
spacewhichfor themomentareournucleonBethe-Salpeterwavefunctions�b� .1

Uponthetransitionto theEuclideanmetric,thecorrespondingcontribution to the
observable,hereto the nucleonform factors,is determinedby the “Euclidean”
Bethe-Salpeterwave function � j . In the rest frameof the nucleonboundstate
this transferfrom ¡ � ¢ of theBethe-Salpeterwave functionscommuteswith
thereplacementof thewaveby thevertex functions;thatis, uniqueresultsareob-
tainedfrom theEuclideancontributionsbasedoneitheremploying theMinkowski
spacewave functionsor thevertex functionswhich arerelatedby the truncation

of thepropagatorsof theconstituentlegs,here �£� î � iz¤ C6¥ ¤0 	 C ú�¦¦¦ � �z� , or, vice

versa, �z� î§i ¤ C6¥ ¤0 ¦¦¦ � �£� .

At finite momentumtransfer í � oneneedsto employ Bethe-Salpeterwave
functionsin a moregeneralframeof reference,herewe usethe Breit frame in
which neithertheincomingnor theoutgoingnucleonareat rest.As describedin
section3.2.1,the “Euclideanwave function” �zj in this frameis obtainedfrom
thesolutionto theBethe-Salpeterequationin therestframeby analyticcontinua-

1In the following the subscript ¨ standsfor definitionsin Minkowski spaceand © for the
correspondingonesin Euclideanspace.
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ª ;�b�¬« C ú � õ J ¦¦ � �z� Wick rotation(6(Y(^(^(Y( � ª ;� j�« C ú � õ J ¦¦ j � j6®°¯²±´³#µ�¶�·¸µ¹ º ¶ N�» ®½¼ ®¿¾¾À ¾¾À 6ÁÃÂ¯²±I³#µ�¶�·�µ¹ º ¶ N�» ÁÄ¼ Áª ;�£� F � õ J i ¤ C6¥ ¤0 ¦¦¦ � �£� Wick rotation(6(Y(^(^(Y( � ª ;�°j F � õ J i ¤ C6¥ ¤0 ¦¦¦ j �°jþ residueterms

Figure B.2: Interrelationof matrix elementsin Minkowski andEuclideanspace.The
integralsignis shorthandfor thefour-dimensionalintegrationovertherelativemomentumÅ , seeequation(B.15).

tion, in particular, by insertingcomplex valuesfor theargumentof theChebyshev
polynomials,seeeqs.(3.66,3.67).This correspondsto the transitionfrom left to
right indicatedby thearrow of theupperline in figureB.2.

In theanalogoustransitionon theotherhand,whenthe truncatedBethe-Sal-
peteramplitudesareemployed, thepossiblepresenceof singularitiesin the legs
hasto betakeninto accountexplicitly. In thepresentexample,thesearethesingle
particlepolesof thepropagatorsof theconstituentquarkanddiquarkthatmight
beencircledby theclosedpathin the

H 0
-integration.Thecorrespondingresidues

have to beincludedin thetransitionto theEuclideanmetricin this case,which is
indicatedin thelower line of figureB.2.

Theconclusionis thereforethatthenäıverelationbetweenBethe-Salpeterver-
tex andwave functionscannotbemaintainedin theChebyshev expansionof the
Euclideansphericalmomentumcoordinateswhensingularitiesareencounteredin
thetruncationof thelegs.Resortingto theMinkowski spacedefinitionsof vertex
vs. wave functions,however, uniqueresultsareobtainedfrom eitheremploying
thedomainof holomorphyof theBethe-Salpeterwave functionsin thecontinua-
tion to theEuclideanmetric(with complex momenta)or, alternatively andtechni-
cally moreinvolved,from keepingtrackof thesingularitiesthatcanoccurin the
Wick rotationwhenthetruncatedamplitudesandexplicit constituentpropagators
areemployed.

Therestof thissectionis concernedwith thedescriptionof how to accountfor
thesesingularitieswhich, for our presentcalculationsareaffectedby constituent
polesfor quarkanddiquark,give rise to residuetermsasindicatedin the lower
right cornerof figureB.2.

To thisendconsiderthequarkcontribution to thematrixelementsof theelec-
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Figure B.3: Location of the relevant singularitiesin the impulse-approximatequark
contribution to the form factors.The relative momentumÅ is the integrationvariablein
theloopdiagramcorrespondingto equation(B.15).

tromagneticcurrentwhich is givenby (cf. alsoeq.(3.39))Æ!Ç õJÃÈ ¦lm C ¦nm î 3 � 4 5 H�-9�: 	 5 ;� ó �KH þ � o (¿É 	 í �tÊ1Ë 	 « � _ ] 	 F � _ J 	 � õ J F �IH J 	 � ó �IH �tÊ�Ì 	 2
(B.15)

Weareinterestedin thelocationof thepropagatorpolesherein(in Minkowski
space).For thesepoles,solvingthecorrespondingquadraticequationfor theze-
rothcomponentof therelativemomentum

H 0
yieldsH �J ( W �J ( V X î ð Í (B.16)H 0Î ��ÏÐk � ú î (/É²ÑÓÒ �ÕÔ � W J � �KÖ (¿É d 9Ø× 	 � 	_ �J ( W �J ( V X î ð Í (B.17)H 0Î ��ÏÐk � � î (/É²ÑÓÒ �ÕÔ � W J � �KÖ ( � É d 9 ( o 	 × 	 � 	_ �] ( W � � ø ( V X î ð Í (B.18)H 0Î ��ÏÐk � � î � o (¿É 	 ÑÓÒ ��Ô � W � ø � �KÖ ( � É d 9 ( oPd 9 	 × 	 � 	

with Ô � W � Ö � 	 î�Ù Ö � þ W � ( V X . We usedthemomentumdefinitionsgivenin
figureB.1 andin eqs.(3.65).

For í î ð , i.e. in the restframeof thenucleonin which theBethe-Salpeter
equationwassolved,thenäıve Wick rotationis justifiedfor o ( $ÓÚlÛ�½ÜgÝ É Ý $1Þ�½Ü ,
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since there is always a finite gap betweenthe cuts containedin the hypersur-
faceRe

H 0 î ð of the Re
H 0

– Im
H 0

–
Ö

space.As í increases,thesecutsare
shiftedalongboth, the

H �
andthe

H 0
-axis,assketchedin FigureB.3. This even-

tually amountsto theeffect thatoneof thetwo cutsarisingfrom eachpropagator
crossesthe Im

H 0
-axis. As indicatedin thefigure, theWick rotation

H 0 � V H 5 is
no longerpossiblefor arbitraryvaluesof

H �
without encirclingsingularities.The

correspondingresiduesthusleadtoÆ!Ç õJßÈ ¦lm C ¦lm � 3 j 4 5 H�-9�: 	 5 ;� ó �KH þ � o (¿É 	 í �tÊ1Ë 	 « � _ ] 	 F �IH J 	 � õ J F � _ J 	 � ó �KH �tÊ�Ì 	þ V 3 4 � Ö��9�: 	 ��à Ö ;� ó �IH 5Î ��ÏÐk � ú � Ö þ � o (¿É 	 × �tÊÓË 	 « � _ ] 	 F � _ J 	 w� õ Jâá>ã+ä � F �KH J 	
	 � ó �IH 5Î ��ÏÐk � ú � Ö �tÊ�Ì 	þ analogoustermsfor F � _ J 	 and « � _ ] 	 (B.19)

upon transformingequation(B.15) to the Euclideanmetric. Here, the residue
integral is evaluatedat thepositionof thepole in the incomingquarkpropagatorF �IH J 	 on theEuclidean

H 5 -axisH 5Î ��ÏÐk � ú î ( V É Ù ¡ �å þ í � d�U þ V Ô � W J � �KÖ (¿É d 9Ø× 	 � 	 � (B.20)

whereRes
� F � _ J 	
	 denotesthecorrespondingresidue,andtheabbreviationà Öçæ àbè É½ÑâÒ�( Ô � W J � �éÖ (¿É d 9Ø× 	 � 	�ê

wasadoptedto determinethe integrationdomainfor which the encircledsingu-
laritiesof figureB.3 contribute.

Analogousintegralsover thespatialcomponentsof therelativemomentum
Ö

arisefrom theresiduescorrespondingto thepolesin theoutgoingquarkpropaga-
tor F � _ J 	 andthediquarkpropagator« � _ ] 	 asgivenin eqs.(B.17,B.18).

Oneverifiesthat thesecuts(asrepresentedby the shadedareasin Fig. B.3)
never overlap. Pinchingof thedeformedcontourdoesnot occur, sincethereare
no anomalousthresholdsfor spacelikemomentumtransferí � in thesediagrams.

Wehavenumericallycheckedtheproceduredescribedhereusingtheparame-
ter setfrom thescalardiquarksectoremploying diquark-quarkverticesof dipole
shape,cf. table2.5. We have calculatedthe contributionsto the protonelectric
form factor from the (quark and diquark) impulseapproximationdiagramsfor
two differentvaluesof É , É ú and É � . Hereby É ú î§o�d � is closeto theleft limit of
the É rangein which the (Euclidean)Bethe-Salpeterequationcanbe solved,cf.
eq.(2.154).Thesecondvalue,É � î!ð 2 U , liessafelyin themiddleof thisrange.For
eachÉ value,we calculatedtheform factorin Euclideanspaceusing( V ) boosted
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Figure B.4: The impulse-approximatedcontribution, correspondingto the two left di-
agramsof figure 3.2, to the electric form factorof the proton. We have employed the
dipole-ð parametersetfrom thescalardiquarksector, cf. table2.5. Resultsof theBethe-
Salpeterwave function calculationsfor the ñ values òBó�ô and õ@öÐ÷ are comparedto the
respective vertex function plus residuecalculations. The resultsarenormalizedto the
latterthatusesñzøçòBó�ô .
wave functions � ó and( V�V ) boostedvertex functions � ó alongwith the residue
prescriptionform eq. (B.19). The resultsare found in figure B.4. For É ú the
Chebyshev expansionof theBethe-Salpeterwave function to 9 ordersstill turns
out insufficient to provide for stablenumericalresults. This is dueto beingtoo
closeto thelimit of theallowedrangein É . Theconsiderablyweaker suppression
of higherordersin the Chebyshev expansionof the wave function ascompared
to theexpansionof thevertex functionenhancestheresidualÉ -dependenceof the
observablesobtainedfrom the former expansionat a given order, in particular,
whenit hasto reproduceclose-bypolecontributionsin theconstituentpropaga-
tors. The impulseapproximationcontributionsto ibj deviatesubstantiallyfrom
thoseemploying the vertex function and residuecalculationsin this case. On
the otherhand,for É � that hasbeenemployed to give the otherresultsof figure
B.4, uniqueresultsareobtainedfrom both procedures.Both the Bethe-Salpeter
wave functionandvertex functioncalculationarein perfectagreementfor values
of themomentumpartitioningthatarecloserto themiddleof the rangeallowed
to É . Furthermorethedifferencebetweenthevertex functioncalculationsfor É ú
and É � show a goodagreementandonly deviate for larger momentumtransfer
( í ��ù �

GeV
�
) by a few percent. Thus,the independenceof theform factoron

themomentumdistribution betweenquarkanddiquarkholdsin actualnumerical
calculations.
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Confinement, PhDthesis,TübingenUniversity, 1998,(in German).

[28] L. v. Smekal, Perspectivesfor Hadronic Physicsfrom Dyson-Schwinger
Equationsfor the Dynamicsof Quark and Glue, Habilitation Thesis,Er-
langenUniversity, 1998.

[29] A. W. Thomas(ed.), Fundamentalsof Three Body ScatteringTheory,
Springer, Berlin, Germany, 1977,(TopicsIn CurrentPhysics,Vol.2).
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möchteich alle diejenigenhervorheben,die bei der wöchentlichenKickerei mit
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