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ABSTRACT

How does cognition arise from the coordinated activity of billions of neurons?
The field of computational neuroscience aims to answer such questions through
mathematical modeling and simulation. While early computational efforts often con-
sisted of interpretable, hand-designed models based on recordings of a handful of
neurons, current experimental techniques enable capturing the activity of hundreds
to thousands of units. These large-scale recordings reveal complex, heterogeneous,
time-varying dynamics. This necessitates the use of models that are expressive
enough to capture the high-dimensional neural activity, while still being able to
provide understanding. We pursue this dual objective by using recurrent neural
networks (RNNs).

RNNSs are an expressive, biologically inspired model class that has emerged as a
powerful tool for generating hypotheses about neural computation. Yet, it remains
challenging to fit these models to neural data in a way that accurately captures
variability and scales to modern datasets. In this thesis, we introduce a method for
fitting stochastic RNNs to multi-session neural recordings at single-trial resolution.
To facilitate interpretability of large networks, we derive a bound on the number of
fixed points in low-rank, piecewise-linear RNNs.

We apply RNNS to investigate two neuroscientific questions related to working
memory. First, using task-trained RNNs, we show how low-dimensional attractor
dynamics support phase-based coding of working memory. We identify a connectiv-
ity structure that couples the phase of intrinsic oscillations to an external oscillatory
input, in a multi-stable manner. Second, using large-scale recordings from macaques
performing sequence working memory tasks, we test for the presence of either
attractor or transient dynamics. With our method for fitting stochastic RNNs, we
obtain a nuanced picture in which stable attractors guide memory maintenance
alongside substantial temporal variability.

Overall, this thesis contributes a framework that uses machine learning to bridge
low-dimensional RNN dynamics with high-dimensional neural activity, synaptic
connectivity, and cognitive functions.
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ZUSAMMENFASSUNG

Wie entsteht Wahrnehmung aus der koordinierten Aktivitat von Milliarden von
Neuronen? Das Forschungsgebiet Computational Neuroscience versucht, solche
Fragen mithilfe mathematischer Modellierung und Simulationen zu beantworten.
Waihrend frithe computergestiitzte Ansitze oft auf interpretierbaren, manuell entwi-
ckelten Modellen basierten, die auf Aufnahmen von wenigen Neuronen beruhten,
ermoglichen moderne experimentelle Techniken heute das Aufnehmen der Aktivitat
von Hunderten bis Tausenden von Neuronen. Diese riesigen Datensétze offenba-
ren komplexe, heterogene und zeitlich variierende neuronale Dynamiken. Daraus
ergeben sich neue Herausforderungen fiir Modelle, die einerseits ausdrucksstark
genug sein miissen, um hochdimensionale neuronale Aktivitdt zu erfassen, und
andererseits interpretierbar bleiben sollen. Wir adressieren diese Herausforderungen
mithilfe von Recurrent Neural Networks (RNNs).

RNNS’s sind eine ausdrucksstarke, biologisch inspirierte Modellklasse, die sich
als leistungsfahiges Hilfsmittel zur Generierung von Hypothesen iiber neuronale
Informationsverarbeitung etabliert hat. Dennoch bleibt es herausfordernd, diese
Modelle so an neuronale Daten anzupassen, dass sie sowohl die Variabilitdt korrekt
erfassen als auch auf aktuelle Datensitze skalieren. In dieser Arbeit stellen wir eine
Methode vor, um stochastische RNNs an neuronalen Daten von ‘multi-session’-
Aufnahmen mit einer Auflésung von einzelnen Versuchen anzupassen. Um die
Interpretierbarkeit grofser Netzwerke zu verbessern, leiten wir zudem eine obere
Schranke fiir die Anzahl von Fixpunkten in ‘low-rank, piecewise-linear” RNNs her.

Wir wenden RNNSs an, um zwei neurowissenschaftliche Fragestellungen im Be-
reich Working Memory (Arbeitsgedédchtnis) zu untersuchen. Erstens zeigen wir
anhand von RNNS, die trainiert wurden um Aufgaben zu losen, wie niedrigdimen-
sionale Attraktordynamiken eine phasenbasierte Kodierung im Working Memory
unterstiitzen. Dabei identifizieren wir eine Konnektivititsstruktur, die die Phase
intrinsischer Oszillationen multistabil mit einem externen oszillatorischen Input
koppelt. Zweitens untersuchen wir anhand grofiskaliger Aufnahmen aus Makaken,
die ‘Sequence Working Memory’ Aufgaben ausfiihren, ob eher Attraktor- oder tran-
siente Dynamiken vorliegen. Mithilfe unserer Methode zum Fitten stochastischer
RNNs erhalten wir ein differenziertes Bild, in dem stabile Attraktoren die Gedicht-
niserhaltung tibernehmen, wihrend gleichzeitig erhebliche zeitliche Variabilitat
besteht.

Insgesamt trdgt diese Arbeit zu einem Rahmenwerk bei, das Maschinelles Lernen
nutzt, um niedrigdimensionale RNN-Dynamiken mit hochdimensionaler neuronaler
Aktivitdt, synaptischer Konnektivitdt und kognitiven Funktionen zu verkniipfen.
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INTRODUCTION

1.1 MAKING SENSE OF LARGE SCALE NEUROSCIENCE DATA

Our cognition: Our memory, ideas, and plans all arise from the collective activity of
86 billion neurons, operating alongside a comparable number of glial (non-neural)
cells [1-3]. Each cortical neuron has on average seven thousand synaptic connections
with which it communicates [4]. Activity unfolds across a wide range of temporal
and spatial scales, from millisecond spiking events to lifelong learning, and from
local synaptic events to brain-wide networks. How can we understand a system as
complex as the human brain?

Perhaps surprisingly given the massive scale of the system of interest, the field of
neuroscience has been able to obtain remarkable insights by studying the activity
of only a fraction of all neurons recorded during simple tasks. As an example, in
the late 1960s Fuster & Alexander started recording from the prefrontal cortex and
thalamus of macaques doing a working memory task [5]. Their seminal 1971 paper
showed that a substantial number of recorded units (around 100 out of 170, recorded
from 5 macaques) have increased firing rates when information is maintained in
working memory. A finding that was independently reproduced in the same year
by Kubota & Niki [6].

These studies suggested that working memory is coded by the increased fir-
ing of prefrontal neurons. States of elevated firing during memory maintenance
were conceptualized as static attractor states in recurrent circuits [7—9], drawing on
foundational works on attractor networks [10, 11]. However, as recording technolo-
gies have scaled, the underlying picture has proven to be more complex. Neural
responses in prefrontal cortex tend to be more heterogeneous and time-varying
than they initially appeared [12-16], leading to a shift towards population level
views [17-19].

The scale of recordings is still rapidly increasing, producing datasets of unprece-
dented sizes and finer resolutions [20, 21]. While in the past, the field has been able
to get insight from small datasets and hand-picked single neurons, with the data
that is currently available, many processes in the brain might appear more complex,
or nuanced, than initially thought. To fully understand the neural processes that
give rise to cognition, models need to embrace this complexity. For such models, we
can posit two central challenges.

1. Expressivity. Models should match the large amount of neurons that are recorded,
and capture the heterogeneity and variability without relying on (trial) averages.
2. Interpretability. A framework is needed to understand these large-scale models;
How does high-dimensional neural activity relate to cognitive processes, and how
do these arise from their mechanistic underpinnings?
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1.2 TOWARDS EXPRESSIVE AND INTERPRETABLE MODELS WITH MACHINE
LEARNING AND DYNAMICAL SYSTEMS

Machine learning [22, 23] enables us to design computer programs that learn from
data and experience. This field has made huge strides in recent years. Algorithms
such as diffusion models [24] and transformers [25] are now capable of generating
realistic images and videos, as well as allowing us to engage in dialogues with
chatbots about a wide range of topics in technical depth.

The ability of modern machine learning algorithms to learn how to represent
complex, high-dimensional data positions them to be well suited for addressing
the challenge of expressivity. Recent examples include diffusion models for realistic
neural data generation [26, 27], and transformers for learning representations from
neural data [28, 29], allowing scaling to hundreds of datasets, spanning tens of
thousands of units [30].

However, a central question remains: How can we use these models to facilitate
understanding? One promising avenue is including some form of dimensional-
ity reduction [31-33]. If high-dimensional data can be represented through low-
dimensional latent trajectories, we, as humans, might be able to get more intuition
into how the underlying model operates. Ideally, the mapping between the data and
the latent space is such that the we can attribute the contribution of specific units to
each latent (and vice versa). Yet, even if we can successfully reduce dimensionality of
large datasets, it is not immediately obvious how we could understand trajectories
in a space of e.g., ten dimensions.

A promising approach to the second challenge, interpretability, is provided by
dynamical systems theory [34]. This rich theoretical framework offers a principled
way to characterize complex, nonlinear dynamics in terms of attractors, invariant
sets, and the geometry of trajectories, which enables reducing a high-dimensional
system to interpretable constituents. The idea that neural activity can be understand
through a (usually low-dimensional) dynamical system is called computation through
dynamics [33, 35—-38], or more generally dynamical systems reconstruction [39].

In line with this idea, a growing class of methods in neurosciences uses machine
learning to infer latent dynamical systems directly from neural data [40-46]. How-
ever it is not always immediately obvious how these latent dynamical systems
relate back to biological mechanisms, such as synaptic connectivity and population
structure.

1.3 RECURRENT NEURAL NETWORKS

There exists a tension between expressivity and interpretability: Increasing model
complexity, realism and capacity typically improves the ability to capture rich data
structure, yet can also make the resulting model harder to understand. A potentially
useful comprise is made by recurrent neural networks (RNNs) [47].

RNNSs are a common model class in neuroscience that are inspired by biological
neural networks, and are by construction dynamical systems. At the same time,
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they are highly expressive: they can approximate finite-time trajectories of any
dynamical system [48, 49]. RNNs can be trained to perform cognitive tasks using
modern machine learning techniques [50-58], designed to implement putative
mechanisms [59-61], as well as fit to neural data [62—69]. Once trained, RNNs can
be analyzed (or reverse engineered) to form hypotheses about the recurrent circuits
and dynamics that underlie computations [47, 51, 70-72].

Despite these successes, challenges remain. With regard to fitting to data, much
work has focused on deterministic RNNs [62-64, 66—69], using modest amounts of
data. To accurately model the variability and complexity in neural data we need
principled methods for fitting RNNs with stochastic transitions. To get the most
out of modern datasets we also need to scale the size of our models accordingly. In
Chapter 4, we present a method that can accurately fit stochastic RNNs to neural
recordings. In Chapter 5 we extend this method, allowing us to fit RNNs to over
thousand units recorded over 15 sessions.

In terms of analysis and reverse engineering, the field has so far largely relied on
approximate algorithms for finding fixed points [51, 70] and post-hoc dimensionality
reduction methods [31]. It is unclear how well these approaches scale to systems
that are intrinsically higher than three-dimensional (where visualization is less
straightforward), or to systems that exhibit strongly time-varying trajectories, rather
than being guided by fixed-point dynamics. As models become more realistic and
operate at finer time scales [73], both model fitting and subsequent analysis can be
expected to become more challenging.

While these challenges are not completely solved at the time of writing this thesis,
we make the following contributions: For the case were RNNs are piece-wise linear
and have low-rank connectivity, we show in Chapter 4 how to efficiently identify all
fixed points with polynomial complexity in number of units. As previous methods
had an exponential complexity [64, 65], our result facilitates exact analysis of the
dynamics of large (low-rank) RNNs. Additionally, we outline methods for studying
oscillatory (Chapter 3) and other non-static attractors (Chapter 5).

Nevertheless, the field has reached a stage where RNNs can perform cognitive
tasks to a degree that enables the extraction of meaningful insights and the genera-
tion of experimentally testable predictions. In this thesis, RNNs are used throughout
to investigate open questions in cognition. Motivated by the observation that the
timing (or phase) of neural activity can encode information, Chapter 3 uses RNNs to
study what types of neural dynamics and connectivity support phase-based coding
of working memory. In Chapter 5, we apply our newly developed method to fit
stochastic RNNs to neural data of macaques performing sequence working memory
tasks [74]. Our data-constrained RNNs reveal a nuanced picture in which attractor
dynamics coexist with temporal variability during working memory.
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1.4 OUTLINE OF THIS THESIS

We start with a background on RNNSs, including different approaches for analyzing
and interpreting them. This is followed by a background section on fitting RNNs
to neural data, including an overview of variational methods for probabilistic state
space models and their connection to teacher forcing methods. The next two chap-
ters are based on our published work. In Chapter 3, we use task-trained RNNs to
investigate how oscillatory dynamics can support working memory through phase
coding of information. In Chapter 4, we develop a method for fitting stochastic
recurrent neural networks to neural data. In the final results chapter (Chapter 5), we
extend the fitting method such that we can fit RNNSs to multiple recording sessions,
and aim to provide insight into a long-standing question regarding attractor dynam-
ics versus transients in (sequence-based) working memory. Finally, we summarize
our findings in Chapter 6 and discuss avenues for further research.

1.4.1 Publications included in this thesis

Chapter 3: Matthijs Pals, Jakob H Macke, Omri Barak. Trained recurrent neural
networks develop phase-locked limit cycles in a working memory task. PLOS Com-
putational Biology 20, 2 (2024).

Chapter 4: Matthijs Pals, A Erdem Sagtekin, Felix Pei, Manuel Gloeckler, Jakob H
Macke. Inferring stochastic low-rank recurrent neural networks from neural data.
The Thirty-eighth Annual Conference on Neural Information Processing Systems (2024).

1.4.2 Publications not included in this thesis

During my PhD I have also contributed to the following papers, which are not part
of this thesis:

Michael Deistler, Kyra L Kadhim, Matthijs Pals, Jonas Beck, Ziwei Huang, Manuel
Gloeckler, Janne K Lappalainen, Cornelius Schroder, Philipp Berens, Pedro ] Gongalves,
Jakob H Macke. Differentiable simulation enables large-scale training of detailed
biophysical models of neural dynamics. Nature Methods 22 (2025).

Sebastian Bischoff, Alana Darcher, Michael Deistler, Richard Gao, Franziska Gerken,
Manuel Gloeckler, Lisa Haxel, Jaivardhan Kapoor, Janne K Lappalainen, Jakob H
Macke, Guy Moss, Matthijs Pals, Felix C Pei, Rachel Rapp, A Erdem Sagtekin,
Cornelius Schroder, Auguste Schulz, Zinovia Stefanidi, Shoji Toyota, Linda Ulmer,
Julius Vetter. A Practical Guide to Sample-based Statistical Distances for Evaluating
Generative Models in Science. Transactions on Machine Learning Research (2024).



BACKGROUND

The first section of this chapters introduces recurrent neural networks (RNNs),
including various ways to train and analyse them. The second section focuses on
fitting RNNs to neural data. It introduces variational methods for probabilistic state
space models and their connection to teacher forcing methods.

2.1 RECURRENT NEURAL NETWORKS
2.1.1 Definition and motivation

Recurrent neural networks (RNNs) are a widely used model class in neuroscience [47,
50-58, 62, 64-69, 75, 76]. They strike a balance between expressivity (being universal
approximators of dynamical systems [48, 49]) and (partial) biological plausibility,
while also being trainable using modern machine learning techniques. Besides being
trained to perform cognitive tasks or match neural recordings, RNNs can be hand-
designed to implement putative mechanisms [59-61], analyzed using tools from
statistical physics [77, 78], or reverse-engineered in terms of underlying attractors [47,
51, 70-72].

Recurrent neural networks with N neurons can be defined as the following
continuous time system of differential equations:

de(t)

o = ~x(6) +J9(x) + Hu(t) + (1), (2.1)

with neural activity (currents) x € RN at time ¢, time-constant T € R™, recurrent
weight matrix J € RN*N, element-wise (current-to-rate) non-linearity ¢, external
input u € RN reaching the neurons with weights H € R¥*Niww and N-dimensional
white noise process ¢(t), and standard-deviation o € RT. If desired the weights can
be constrained to be excitatory-inhibitory (Dale’s law) [54, 79].

2.1.1.1 To spike or not to spike

The rate-based model makes many simplifications compared to biological neural
networks. Perhaps the most striking is the use of smooth, continuous firing rates,
whereas real neurons communicate via discrete spikes [80]. Although spikes are
physically continuous, they are typically modeled as delta-pulses. There are, how-
ever, settings where an equivalences between spiking and rate-based RNNs exists.
Typical arguments rely on temporal averaging, or spatial averaging (over duplicates);
As a simple heuristic motivation, if the input to a unit consists of N independent

5
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Poisson samples, the mean grows linearly with N while the standard deviation
scales as v/N, causing relative fluctuations to vanish in the large-N limit [81]. Other
equivalences can be formulated in terms of dynamical regimes [82] (altough there
is some nuance [83]). Recent work showed equivalences between spiking and rate
models in large heterogeneous networks without spatial duplicates [84], or by
simple a scaling of the weights [85]. Smooth low-dimensional latent dynamics can
also appear in high-dimensional spiking networks [60, 86, 87]. These latents can
be defined similarly to those in the low-rank rate networks below, i.e., as weighted
sums of neural activity, that again heuristically average out spiking variability.

As a point of nuance, we can of course not exclude that there are spike-timing
based codes that are challenging to model with a purely rate based network. There
recent work on directly training spike-based networks (e.g., [88—90]), might offer a
solution.

2.1.1.2  Training

For training and simulation Eq. 2.1 is discretized, typically with Euler-Maruyama:

Xepar = (1— %)Xl} + At (J¢(x¢) + Huy) + @Uet/ (2.2)

with e; ~ N(0,I). When training RNN to perform tasks, it is typical to take a
readout of the RNNs firing rates or currents:

y: = Wxg,
or yr = Wo(xy),

and optimize parameters 6 = (J,H) (and optionally 7 [75, 91]) by minimizing a
(e.g., mean-squared error or cross-entropy ) loss to targets y with gradient descent:

T
=Y st yr)
t=1

Backpropagation through time can be used to calculate the gradients with respect
to 6 [92]. The contribution of the loss at each timestep t depends on all states up till
that timestep, using the total derivative and the chain-rule we have:

Z OL; dyt Oxt 9%
ayt aXt ax, 00

toaL dy; (151 Ix
= th<HJeffxtlk>aer
Xy

Here, 5§ denotes the explicit derivative of the state update equation at time r with
respect to 0. The matrix Jog(X;_1_x) is the Jacobian evaluated along the trajectory:

= (-1 Hyding (9 (x1)) . (23)

act

X}k

Jett(Xe—1-k) =

X1k Ixp_qx
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The repeated multiplication of Jacobians, can lead to vanishing and exploding gra-
dients [93]. To illustrate this, if the network was linear (¢(x) = x), the product
would simply be H,t(;lr Jetr, with Joge = (1 — %)I + %J, i.e., the state of the RNN is
determined by the repeated multiplication of J.¢. The long-term behavior of this
product is governed by the matrix’s spectral radius (its largest absolute eigenvalue).
If the spectral radius is greater than 1, the network’s autonomous dynamics will
eventually explode; if it is smaller than 1, the activity will decay to zero (see Section
2.1.4). During backpropagation the maximum amplification or decay of gradients
are bounded by the matrix’s spectral norm (its largest singular value); If the largest
singular value of J. is greater than 1, the gradients can explode, whereas if it is
smaller than 1, they vanish. The discrepancy between the spectral radius and the
spectral norm arises because the effective Jacobian is typically a non-normal matrix,
which allows for transient amplification (see Section 2.1.4.2).

Various strategies help to mitigate these issues, including gradient clipping and
regularization [93, 94]. Weight initialization often also has a large impact on stable
learning in recurrent networks. In RNNs with tanh activations and weights sampled
iid., there is a transition from decaying to chaotic dynamics (that is sharp as
N — o) when the effective gain (i.e., spectral radius in case of linearized dynamics)
becomes 1 [77] (or /2 for ReLU [78]). Initializing just near this ‘edge of chaos’ [95]
is often a good choice [96], as it provides long time scales and rich dynamics [97]
without overly exploding gradients. The ‘rich basis’ can also be exploited in so-called
echo-state networks [98, 99], where backpropagation through time can be avoided
alltogether and only readout weights are trained.

When fitting RNNs to data, strategies such as teacher forcing can help [64, 100],
which will be discussed in more detail in section 2.2.7.

2.1.2 Low-rank RNNs

2.1.2.1  Linking high-D neural activity with low-D dynamics

Understanding an N-dimensional system (typically hundreds to thousands) is hard,
understanding a lower-dimensional system is typically easier. RNNs with low-rank
structure in their connectivity [49, 56, 59, 60, 76, 101, 102] admit a direct mapping
between high-dimensional neural activity and the underlying low-dimensional
dynamics. Additionally the low-rank structure facilitates linking computation to
population structure [56], analytic analysis [49, 59, 76] and inference (Chapter 4 and
Valente, Ostojic & Pillow [103]).

For ease of exposition, we will drop the additive noise term (see Chapter 4 and
Valente, Ostojic & Pillow [103]) for ways to include it). The key assumption is that
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the recurrent weight matrix J can be decomposed as a sum of R outer products of
left and right connectivity vectors m") and n(")’s:

R
J= Zm(r)n(r)-r = MNT,

dx(t)
BT

(2.4)

= —x(t) + MNT(x(t)) + Hu(t).

The advantage of this, is that (given x(0) in the span of M and H, or alternatively
after initial transients have decayed), the recurrent activity is confined to a lower-
dimensional linear subspace: We can see that in Eq. 2.4 new activity comes in only
along (in the span of) M and H:

MNT¢(x(t)), Hu(t)
—— ~~

R—dim Nipp—dim

We can obtain a set of R + Nj,,, equations that directly describe the dynamics in this
lower-dimensional space. Using:

x(t) = Mx(t) +Hv(t),
x(t),v(t) = [M,H] x(t),

and using the property of the left pseudoinverse, [M, H|T[M, H] = I, we can write:

sz(tt) = —x(t) + NTgp(Mx(t) + Hv(1)),
dv(t) .
T = —v(t) +u(t).

Thus we obtained an equivalent low-dimensional system that still fully describes the
dynamics. Note that Eq. 2.5 can be seen a a one one-hidden layer neural ordinary
differential equation [104].

2.1.2.2  Orthogonalized basis

To get a cleaner separation between the latent variable and inputs, we can move to
an orthogonalized basis.

In particular we will take M to be orthonormal (M™ = I) and N to have orthogo-
nal columns. Even when training RNNs without this strict constraint, we can always
obtain such a decomposition after training via the singular value decomposition:

MNT =J=USsV',

and setting M <— U and N < VS (where we take only the first R singular vectors
and values). This basis is unique up to sign flips and permutations of singular
vectors with the same singular values.



2.1 RECURRENT NEURAL NETWORKS

Additionally, to cleanly separate the contributions of the input, we decompose the
input weights into components parallel and orthogonal to the recurrent subspace:

H:MAH+HJ_AJ_.

Here, A| and A encode the magnitudes (i.e., projections / lengths) of the input
directions onto the corresponding subspaces.
We first define the parallel component, and project it out:

A= M'H,
Hyee = H—-MA,.

Next, we construct an orthonormal basis for the orthogonal component via QR
decomposition:

Hies = QR/

and set H; <~ Q, A, < R. Now, we can project the dynamics into the orthogonal-
ized basis (of orthonormal M and H | ) using:

x(t) = Mx(t) + H v(t),
x(t) =M"x(t), v(t) =H]x(t),

and obtain the reduced dynamics:

szsf) = —«(t) + NT‘P(MK(t) +H,v(t) + Aju(t), (2.6)
2.
Td‘;gt) =—v(t)+ A u(t).

All figures in the following chapters that show low-rank RNN dynamics make
use of this orthogonalised basis. Note that, if we are just interested in visualisation
we can simulate the original (non-orthogonal) coordinate system and then change
the trajectories to an orthogonal basis with matrix x < UTMx, where U are the first
R left-singular vectors of J.

2.1.3 Dynamical systems analysis

The field of dynamical systems studies systems that evolve over time, and tries to
characterize their long-term behavior, will the system converge to a stable state, will
it oscillate or display chaotic behavior [34]? This provides a framework for studying
activity in recurrent networks.

2.1.4 Dynamics of linear recurrent neural networks

Consider a linear RNN without input or noise. Assuming a linear activation function
(i-e., ¢(x) = x), the continuous-time dynamics are given by:
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ax(t)
T = —x(t) + Jx(t),
dx(t) 1
T Cx(t), where C = ;(] —1I).

This system has a fixed point at 0 (or a subspace in the case of degenerate eigen-

values). Fixed points are defined as states where the rate of change is zero, i.e.,
dax(t) _

7~ = 0.

The behavior given an initial state x(0) can be expressed using the matrix expo-
nential x(t) = ¢“*x(0). However, more insightful might be the solution obtained by
diagonalizing the system [34]. Let v; be the eigenvectors and A; the corresponding

eigenvalues of C:

N
x(t) = Z cieAftv,-,
i=1

where we assume the eigenvectors are linearly independent, and the c;’s are set
by the initial condition. This expression shows that the dynamics are a sum of
activity patterns, each evolving along its respective eigenvector. Considering a single
eigenmode, the term c;e’i'v; captures the system’s trajectory along the direction v;.

If A; € R, the amplitude of this component grows or decays exponentially
depending on the sign of A;: if A; < 0, this direction is stable, whereas if A; > 0, it is
unstable. If a fixed point has both stable and unstable directions, it is termed a saddle
point.

If instead if eigenvalues are complex: A; = Re(A;) + iIm(A;), the dynamics exhibit
oscillations. Using Euler’s formula: eMit = eRe(A)t (cos(Im(A;)t) + isin(Im(A;)t)),
we see that Re();) controls the exponential growth or decay of the amplitude,
while Im(A;) determines the oscillation frequency (with period is Imz(iﬁi))‘ Since C is
real-valued, complex eigenvalues occur in conjugate pairs, which implies that the
resulting trajectories are also real-valued and correspond to rotations (oscillations)
in a two-dimensional subspace.

2.1.4.1 Discretized linear dynamics.

As stated before, in practice we often consider a discrete-time version of the system.
Using a time step At, a forward Euler discretization of the linear dynamics results
in:

Xtyar = Xt + At Cxp = CXt,
where C =1+ AtC = (1— %)I + %J. The solution at time ¢ (¢ steps of duration
At) can again be written in terms of eigenvalues and eigenvectors [34] (now of C):

Xt = CtXO.

N
t
Xt = Z C,‘/\ivi.
i=1
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Now, stability is determined by the magnitude of the eigenvalues: the fixed point at
0 is stable if [A;| < 1 for all 7, unstable if |A;| > 1 for all i, and a saddle if both cases
are present. Complex eigenvalues A; = re’ give rise to oscillatory dynamics with

frequency 0/ (27r) and growth or decay as 7.

2.1.4.2 Non-normal Dynamics

The eigenvectors of the effective connectivity matrix C (or C) might not be orthogo-
nal to each other. This kind of matrix is called non-normal (defined as not commuting
with its transpose: CC' # C'C).

This can give rise to counter-intuitive transient dynamics. Even if all eigenvalues
have negative real parts and the system is thus stable, the non-orthogonality means
that activities along eigenvectors can feed into each other, which can lead to transient
increases in activity (before the eventual decay). This phenomenon is relevant in
neuroscience, and underlies theories of coding in working-memory (e.g., [105], see
also Chapter 5). To get insight into non-normal structure one can apply a Schur
decomposition to C [106].

2.1.4.3 Non-linear Dynamics and Linearization

For a non-linear RNN defined by:

X _ b —
= F(x() = Co(x(1)),

with C as before, we can not directly use the same strategy as before to get insight
into global stability of the system. What we can analyze, in a similar fashion to the
linear system, is the system’s behavior near a fixed point x*. Define the perturbation

7(t) = x(t) — x* [34]. The perturbation evolves as d'g—(tt) = %(x(t) —x*) = d’;(tt) =
F(x(t)) = F(x* +#(t)). A Taylor expansion at x* gives:
dy(t oF
M) pixe (1) = F(x) +7‘ 7(t) + ho.t,
dt —— ox Ix
=0

For sufficiently small #, the higher-order terms (h.0.t.) become negligible, allowing
us to approximate the local dynamics as a linear system (d'zi—(tt) = ?TE lx#(t)), with
stability given by the eigenvalues of the Jacobian 3—1; |+ -

To find the fixed points of non-linear systems we might have to resolve to numer-
ical optimization schemes. For high-dimensional systems such as RNNSs, specific
methods have been proposed [51, 70, 107], e.g., by numerically finding minima of
[FGo.

In non-linear systems visualizations also become more important [34]. If the
system is two-dimensional we can plot a phase plane, which shows the Jacobian
evaluated at various points. For higher-dimensional systems, plotting the fixed
points and example trajectories in the space spanned by the principal components
of the trajectories can be illuminating [51].

11
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Next to having multiple fixed points, non-linear dynamics also exhibit other
phenomena absent in linear systems. One example is attractive (or repelling) periodic
trajectories, called limit cycles, which we study in the context of RNNs in Chapter
3 (see also Sato & Gohara [108]). Another example is chaos, which can be defined
as a deterministic system that displays sensitive dependence on initial conditions
(i.e., exponential divergence), while being globally stable [34], a regime in which the
brain has been hypothesized to be in [109].

2.1.5 Interpreting RNNs 1. Piecewise linear

While we generally need to resort to numerical optimization to find fixed points in
non-linear systems, RNNs with piecewise-linear activations have fixed points and
cycles that can, in principle, be accessed analytically [64, 65, 70, 110-113]. Whether
this is practically feasible depends on the network size N and, as we demonstrate in
Chapter 4, the rank of the connectivity matrix.

The key insight is that the state space of a piece-wise linear RNN can be partitioned
into distinct regions in which the dynamics are linear. To illustrate this, consider
the piecewise-linear ReLU activation function with thresholds h;: ¢(x;) = max(x; —
h;,0). We can rewrite this activation as a (state-dependent) linear operation by
introducing a diagonal indicator matrix [65]:

dq
Dq = & ,
N
where the diagonal entries are defined as:
1, ifx; > h;

d; = )
0, otherwise

For each region () determined by Dq, the RNN dynamics become linear. For a
given state vector x(t) and corresponding Dg,, the RNN equation reads:

T% = —x(t) + JDax(t) — JDqoh + Hu(t). (2.7)
Because each of the N neurons can be either active (x; > h;) or inactive (x; < h;),
there are up to 2N possible configurations for Dq, each corresponding to a distinct
region in the phase space ruled by linear dynamics.

Consequently, for each of these 2N regions, we can analytically solve for its
fixed point by setting % = 0 conditioned on a specific configuration of D¢ [65].
Solving the linear system results in a candidate fixed point x*. After finding it, a
self-consistency check has to be performed: does the obtained x* actually lie in the
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assumed region ()? If it does, a true fixed point of the full, non-linear RNN has
been identified.

Similarly, in piecewise-linear framework we can find cycles, which is most easily
shown when switching to discrete maps. Let x;11 = Fq[x¢] be the linear map
conditioned on a region (), corresponding to discretizing Eq. 2.7. To find cycles with
period 2 (2-cycles), construct the map x;4» = F [Fq[x¢]], and solve for the fixed
point of all possible 22N sets of linear equations (all configurations of pairs of regions
(Q, QY'). Similarly, for k-order cycles we can search through 2N combinations. While
this relies on discretization, recent work has investigated finding cycles in continuous
systems, where one can analytically integrate the continuous system until it cross a
boundary between regions [113].

While attractive on paper, searching through 2N regions is unfeasible for RNNs
with hundreds of units given typical compute. Recent work has shown that a heuris-
tic algorithm can navigate this combinatorial space efficiently [70]. Furthermore,
if the network is both piecewise-linear and low-rank (with rank R), we show in
Chapter 4 that a vast majority of the 2V regions can be ignored when searching for
fixed points. In low-rank RNNs the (long-term) dynamics live in a R-dimensional
subspace of the full N-dimensional neural space. This R-dimensional subspace only
intersects a small subset of the 2V total regions, namely:

(%)

of them, which as a consequence, also bounds the maximum number of fixed
points. In Chapter 4, we prove this result, and also generalize it to piece-wise
linear activation functions constructed using a linear combination of D ReLUs:
p(x;) = ZE bfd)max(x — hi(d)), as for instance used in Dendritic RNNs [111], or the
clipped ReLUs used in Hess et al. [64] and Chapter 4.

2.1.6 Interpreting RNNs 2. Reduced systems and mean-field equations

So far, we have reduced the N-dimensional RNN dynamics to an effective R-
dimensional system, and looked at analysis of fixed points. However, despite
evolving in a low-dimensional subspace, low-rank RNNSs still do contain O(NR) pa-
rameters (still a significant reduction from O(N?) in standard RNNs). To gain more
insight into how connectivity and population structure shape the dynamics, we can
obtain a statistical description in which the connectivity vectors are drawn from a
probability distribution. This allows us to go from O(NR) parameters to a descrip-
tion in terms of O(R?) first- and second-order statistics (means and covariances)
of the probability distribution. This builds on ideas from dynamical mean-field
theory in statistical physics, introduced in the context of random recurrent neural
networks by Sompolinsky, Crisanti & Sommers [77]. In the case of low-rank RNNSs,
this framework leads to a particularly succinct description of the dynamics [49, 56,

59, 102].

13
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Alternative approaches to further reduce the system include descriptions in terms
of graphs [52, 57, 114], that highlight how the RNN switches between fixed points
and other attractors.

The background presented here largely follows work by Beiran et al. [49], Dubreuil
et al. [56], and Schuessler et al. [102], which build on Mastrogiuseppe & Ostojic [59],
yet we use an alternative approximation of the resulting integrals, which results in a
potentially more transparent expression for the dynamics. We apply this framework
in Chapter 3 to study low-rank RNNs driven by oscillatory inputs.

Here, we will consider a rank-1 RNN with 1 input vector (and we redefine
n < Nn). For simplicity we will assume h orthogonal to m. The approach here can
be straightforwardly extended to higher ranks. The rank-1 RNN is defined as:

dx(t
T 1:1(t ) Zn t)m; + o(t)h). (2.8)
Assuming the triplets (n;, m;, h;) are all independently sampled per neuron from a
joint probability distribution p(y); y = (1, m, h), Eq. 2.8 is a sampling estimator for
the recurrent input. This approaches per the law of large numbers, as N — oo:

PR N2 (1) 1By I () + o)) 29)

We assume p(y) is a mixture of L zero-mean Gaussians [49, 56]. This gives each
component an intuitive interpretation as a separate subpopulation in the network.

L L
y) = Zle\/(O,Zl) = Zwlp(y(l)), y(l) = (n(l),m(l),h(l)),
1 1

As derived in Beiran et al. [49] and Dubreuil ef al. [56] and in all detail here in
Supplementary .1.1, this implies that Eq. 2.9 can be rewritten as:

20 +2w( Dol -+o(00f)) By | (Va0(0:)] o

with AD(£) = (a3 x(£))2 + (01 0(t))? and z ~ N'(0,1).
This equation can be interpreted as an effective linear recurrent system, in

which the coupling is determined by the covariances between the recurrent and

input weight vectors (i.e., 0}(,121 and (l)) These couplings are modulated by a state-

dependent nonlinear gain term given by the expectation E, ) [4: <\/ AD(t) z)} .

For typical sigmoidal activation functions, this results in a stabilizing effect: as
the variance of the input, A()(t), increases, the nonlinearity ¢ enters a saturated
regime in which ¢’ tends toward zero, thereby weakening the effective recurrent
interactions again.
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2.1.6.1 A solvable example

To further understand how the covariances shape the dynamics, we consider the
case of a single population (L = 1) and no external input (v(t) = 0). The mean-field
dynamics reduce to:

sz(:) = —x(t) + Tpn k(t) B () [4)’( A(t) zﬂ , (2.11)

where A(t) = 02,x(t)?, z ~ N(0,1).
Previous work numerically approximated this expected [49, 56], however we can

obtain a closed-form expression by choosing a convenient activation function ¢. As
we show in Chapter 3, using sigmoidal activation

¢p(x) = erf <\/zﬁx) ,

which closely approximates the commonly used tanh(x), allows us to compute the
gain term analytically:

By [/ (vVB2)] = —=

This has recently been generalized in Schmutz et al. [76], where closed-form expres-
sions are also derived for other nonlinearities such as ReLU.
Substituting the analytical expression for the gain, we obtain:

dx(t)
T

Tn k(t)

1+ Zo2x(t)?2

= —x(t) + (2.12)

To understand this system, we next analyze its fixed points. Setting % =0, we
obtain:
Tmn K

K= —. (2.13)
\/1+ Fozx?

One solution is k¥ = 0. To assess its stability, we linearize Eq. (2.12) around x = 0.
The Jacobian (derivative) evaluated at x = 0 is:

4 dx —1+o0
di k=0 dt i
Therefore, the fixed point x = 0 is stable if ¢;;; < 1, and becomes unstable when
Omn > 1.
We can solve for additional fixed points by dividing both sides of the fixed-point
equation (Eq. 2.13) by «, and then solving for «, to obtain:
2 _ E Oﬁm -1 .

o op

15



16

BACKGROUND

Additional fixed points therefore exist only when 0,,, > 1, in which case two
symmetric solutions emerge:

202, —1
T 02

We can thus describe the system as follows: For ¢, < 1, the only stable fixed
point is ¥ = 0. As 0y, increases, the system undergoes a pitchfork bifurcation at
omn = 1. The fixed point at 0 becomes unstable and two stable non-zero fixed points
appear, where the recurrent drive along 0y, balances with the stabilizing effect of
the sigmoidal non-linearity.

This also shows that there is are at most 2 (symmetric) stable fixed-points in a one-
Gaussian-population rank-1 RNN with the chosen activation function. To generate
additional fixed-points, one can add additional subpopulations that saturate /
stabilize the dynamics at different regions in phase-space as is explained in Beiran
et al. [49].

2.2 FITTING STOCHASTIC RNNS TO EXPERIMENTAL DATA

In this section we will give background for the methods used in this thesis to fit
RNN s to experimental data. Neural responses can be highly variable. Recordings are
(generally) noisy recordings, and contain of only a subset of the neurons responsible
for the cognitive process we are interested in. To model this variability in neural
data, in this section we consider recurrent neural networks (RNNs) formulated as
stochastic state space models. Our goal in this section is twofold:

Inference: Estimate latent trajectories, i.e., RNN states z;.1, given observed data
yi.7 attimest=1,...,T.

Learning: Optimize parameters 0 of the RNNs that maximize the marginal likeli-
hood of the data:

argmﬂax po(yr.r) = argmﬂax/ pe(y1.T | 21.7)po(Z1.7) dZ1.T- (2.14)

While directly computing the likelihood is generally intractable, we can work to-
wards these two goals parsimoniously using variational inference, where we jointly
maximize a lower bound to the marginal likelihood p(y;.7) and minimize a diver-
gence between g(z1.7 | y1.7) and the true, usually intractable, posterior p(zi.7 | y1.7).
In particular we will use a method called variational particle filtering or variational
sequential Monte Carlo [115-117], as detailed below, which is specifically suitable
for time-series data.

2.2.1  RNNs as state space models

The joint probability of a state space model can be decomposed as [118]:
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T T

p(zir,yir) = plz) [ [ p(ze [ ze0) [ T p(ye | 22). (2.15)
=2 =1

We will assume the latent dynamics are Gaussian:

p(zt | zi-1) = N(F(z-1),X2), p(z1) = N (4zy, Zzy),

where F(z;_1) is the non-linear transition function parameterized by an RNN. The
observation model p(y; | z¢) is adapted based on the data-modality; in Chapter 4
we use a linear Gaussian model for continuous observations such as EEG data, and

in Chapters 4 and 5 we use a non-linear Poisson observation model for spiking data.

2.2.2 Inference

Irrespective of the formulation (non-linear or linear), in a state space model, the
filtering posterior p(z; | y1.t) satisfies the following recursion [118]:

Predict step: The dynamics are applied to the posterior and z;_; is marginalized
out:

p(zt | yii-1) = Ep(z lyre 1) [P(2t | Ze-1)] (2.16)

Update step: The observations are used to update:

p(zt | yit) < p(ye | ze)p(ze | y1:4-1) (2.17)

For a linear Gaussian model these are closed-form (via the Kalman Filter [119]). For
an RNN with non-linear state transitions the predict step becomes intractable. If
observations are also not linear Gaussian (e.g., Poisson), the update step also needs
to be approximated.

2.2.3 Importance sampling

For non-linear models, a Monte Carlo approximation can be used for the intractable
posterior, meaning p(z1.; | y1.¢) is approximated by a set of K weighted samples,
called particles:

1
P(let | Yl:t) ~ E Z 5(zll<:t)f

where 6(zX ;) denotes the k-th particle Dirac delta at z£,,.

While ideally this approximation would be constructed by directly sampling from
p(z1:+ | y1+) (Eq. 2.16), this is usually not possible. Instead, importance sampling can
be used [120]: draw samples from a proposal distribution r(z1 | -), chosen such

17
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that it has support wherever the target p(z1.; | y1.¢) is non-zero, and reweight the
samples accordingly. This only requires evaluating a quantity proportional to the
target density. Here p(z1. | y1.t) « p(y1.t, 21+) can be used since the observed data
p(y1:t) is constant with respect to zy.:

r .

p(z1: | 1) < p(yi: tlzlt)M/
r(zie | )

P(Zl:t | Y1:t) & W(Zl:t) (th \ )

_ pyiezie)
r(z1]) -~

Next drawing K samples, z&, ~ 7, the Monte Carlo approximation of r(zy; | ) ~

where the (unnormalized) 1mportance weight function is w(zy;) =

X LyK  5(zk,) is inserted

k k
W1 5(let)r

=

P(let | y1:t> i(

»
I
—

_ plyn t,z”)
r(ziyl)

, the final particle approximation is obtained:

with (unnormalised) particle weights w¥. = . After normalizing the weights

k
—k _ wl .t
wy.
S S

p(z1:t | yi:t) Zwlt ZU (2.18)

2.2.4 Sequential Importance Sampling and particle filtering

Constructing a proposal that allows directly sampling z1.7 jointly is hard. However
we can design a proposal that successively samples z; only conditioned on previous
particles z’{: +_1 and/or observations yi.r . Then, the Markov structure of the model
in Eq. 2.15 can be used to write the importance weights recursively as [120]:

k k k
k py: | zi) p(zf | z{ )
Wy X wlf;tfl F(Zk | ) t
t

Over time however, this suffers from weight degeneracy, where the variance of the
importance weights diverges until only a few particles have non-negligible weights.
To mitigate this, a resampling step is introduced [120]. Sample:

(2.19)

af ~ Discrete(af | @k,),
And take the corresponding particles as the new posterior approximation:
L&
plze | yi) = 2 ) (z)')
K k=1

Note that after a resampling step all weights were reset to @5, = 1/K.
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2.2.4.1 Summary of the particle filtering algorithm
Given initial samples z}'X ~ r and corresponding importance weights @} “repeatedly
execute the following steps:

resample ak | ~ Discrete(ak | | @ ,),

propose zf ~r(zf | ),

k P
reweight wk = p(yt | Zt)i(zt |z, ),
r(zi | )

Note that resampling is applied every step, but it might be advantageous to
resample only when the effective sample size drops below a certain threshold [121].
Following the presentation in Doucet & Johansen [120], here p(z1. | y1.¢) is directly
approximated instead of the separate update and predict steps (Eq. 2.16 and Eq.
2.17). The predict step (p(z: | y1:+—1)) can however be approximated by plugging
the particle filtering approximation for p(z;_1 | y1.+—1) (Eq. 2.18), into Eq. 2.16. This
results in the following mixture distribution:

K
p(zt | yi:-1) = Z wlf_ﬂ?(zt | th(_1)- (2.20)
k=1
where we used that [ f(x)é(a)dx = f(a).

2.2.4.2 A note on proposal distributions

The efficiency of the particle filter relies heavily on the choice of the proposal
distribution r. In this thesis we will make use of the following designs:

Bootstrap proposal: The simplest choice uses the transition dynamics as the pro-
posal: ¥ = p(z; | z¥ ). Plugging this into the weight update equation leads to a
massive simplification: w¥ = p(y: | zF). Conditioning on observations only takes
place through resampling.

Optimal proposal: If observations are linear and Gaussian: r « p(y; | z;)p(z: | zF ),
can be computed in closed form. This is called the optimal proposal as it minimizes
the variance of sampling (in fact the weights become independent of the newly
sampled z’t‘) [120].

Encoder x Transition: When observations are non-linear (as in Chapter 4), the
transition distribution can be combined with a learned encoder network ey (z; | y:),
i.e., we take r « eg(z; | yi)p(zs | zF ;).

2.2.5 Parameter learning

When fitting models to experimental data, one wants to find the model parameters
0 that maximize the marginal likelihood of the observations (Eq. 2.14). Note that,
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although, not explicitly written, in the following section we assume both g and p
can have learnable parameters, which are potentially (partly) shared.

2.2.5.1 Variational filtering objective

Particle filters provide an unbiased estimate of the marginal likelihood which is
(assuming resampling every time-step) [120]:

plyrr) = H% Y wf.

As proposed in three works published concurrently [115-117], to optimise param-
eters of p and g we do gradient descent on a lower bound to this estimate of the
marginal log-likelihood log p(y1.1)-

Denoting with g the approximate posterior distribution:

K K T

q(zif, ik [ yur) = [Tr@@ [y) [TT ] r(zf |Zt “yt)Discrete(af_; | @ _,).
k=1 k=1t=2

We have
log p = log E4[p] > E,[log p], (2.21)

per Jensen’s inequality, so we maximize:

Lsmc = Egllog p] = Z E, log K Z wk]. (2.22)

with backpropagation (through time). As suggested in previous studies [115-117,
122], the high-variance terms arising from the resampling can be dropped, at the
cost of inducing a slight bias in the gradients (but not in the likelihood estimate).

2.2.6  Connection to standard ELBO

We next show that by first dropping the resampling step, and then setting the
number of particles to K = 1, we recover the standard evidence lower bound (ELBO)
used in variational inference, e.g., in variational autoencoders [123, 124]:

Lerpo = Eq [log p(y1.1,21.7) — log g(z1.7)]
= Ey[log p(y1.1 | z1.7)] — Dxr(q(z17) || p(21:7)) - (2.23)

Reconstruction Regularization
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2.2.6.1 Dropping resampling: INAE

Removing the resampling step results in Sequential Importance Sampling, as pre-
viously described. In this case, particle trajectories evolve independently and the
likelihood estimator becomes

1 K 1 K T P
plyer) = ¢ Y whr= z 2wt
k=1 k=1t=1
and the corresponding objective
1 &I
Liwae = Eq 1ng Yo TTwr|,
k=1t=1

which is the Importance Weighted Autoencoder IWAE) [125-127] objective. Note
that because we are not resampling, the weights are not reset, so we have to multiply
them within the summation inside the log.

2.2.6.2 Recovering the ELBO (K = 1)

Consider now the case K = 1. The objective reduces to

L=E,
t=1

T
log H wtl .
Now we can again pull the product out of the log:

L=F,
t=1

T T
) log wt] =) Elogwy].
t=1

Substituting the definition of w; gives

T
L= ZIEq logp(y: | zt) +log p(z: | z;—1) —logr(ze | -)].
t=1

Since, without resampling and with K = 1, the approximate posterior is simply
q(z¢ | -) = r(z¢ | -), we obtain exactly the ELBO (Eq. 2.23).

2.2.6.3 On the ELBO in sequential VAEs

Similarly as to the sequential importance sampling approaches above, we can also
use the Markov structure of the model (Eq. 2.15) to decompose the ELBO (Eq. 2.23),
resulting in:

T T
Lsvar = ) Eq [logp(y: | z1)] — Z;EqH [Dxr(q(z [ ) [ p(ze [ 2i-1))] . (2.24)
t=1 t=
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This is used in various recent works (e.g., [44, 45, 111, 128, 129]), with different
choices of g(z; | -). Brenner et al. [111] and Mi et al. [129] make so-called mean-field
assumptions, which explicitly assumes that the latent variables are independent of
each other, when we condition on the data q(z1.7 | y1.7) = HtT:1 q(z¢ | y1.7)- This
factorization has the advantage that the SVAE loss (Eq. 2.24) can be evaluated in
parallel over time steps, and no backpropagation through time takes place. This is
computationally efficient, but might imply the RNN struggles to learn stable long-
term dynamics [23, 100]. Dowling, Zhao & Park [45] use approximate posteriors of
the form q(z; | z;—1, yr.1), where they combine the transition distribution p(z; | z;_1)
with an encoder e(z; | y;.r), similar to the proposals we use in Chapter 4. Instead
of a particle-based approximation they use Gaussian approximation, obtained by
sampling from p(z; | y1.4—1) (not unlike an ensemble Kalman Filter [130] or an
unscented Kalman Filter [131] without fixed sample points), after which the update

is equivalently g(z; | y1.7) o p(z¢ | y1.r—1)e(z¢ | yer)-
2.2.7 Relations to teacher forcing

Another common approach for training (generally deterministic) RNNs to reproduce
sequences of data is teacher forcing [23, 100]. We will start with the fully observed
setting where we model the sequence yj.1 directly with a recurrent neural network,
y: = Fg(y;—1). Here we can minimize the mean-squared error (MSE) of one-step-
ahead predictions:

T
Lyvse =Y |lye — Fo(yi—1)|,
=

where y; and y;_1 are successive samples from the data. This objective has a
probabilistic interpretation as maximum likelihood estimation given a Gaussian
observation model, i.e., argmaxg po(y2.r | 1) = [1i—s po(y: | yi_1), with pe(y: |
yi—1) = N (Fa(y:—1),0?I), for which the negative log-likelihood equals the MSE up
to scaling and constants.

Similarly, if we consider an RNN with latent dynamics z; = Fy(z;_1) and linear
observations y; = Bz;, we could optimize

2
’ (2‘25)

T
Lyvise =Y HB+Yt - Fe(th)‘
=2

which can be interpreted as teacher forcing in latent space, where the targets are
inferred deterministically from observerd data using the (pseudo-) inverse of the
observation matrix.

For stochastic transitions, pg(z; | z—1) = N (Fg(z¢_1),0°I), we get a direct
relation to the ELBO in Eq. 2.24. In particular, consider a mean-field approximation
of the posterior of the form:

q(zt | yt) = N (B'yt, Z,).
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If we plug this into the Dgp, term of the ELBO we get:

1 2
Dic (q(z | y0) | po(ze | zi-1)) = 55 [Bye — Fo(zi)|

1 R 1 2R

(D) - D4 2 loe L
202 (E) =7 T 3108 gz

+
where R is the dimensionality of z. Thus, up to additional terms involving the
covariances of g and p, the Dg;, term results in the same MSE objective as above.
Variational inference naturally extends this framework to more complex (nonlin-
ear) observation models by learning an encoder q4(z: | y:) (or q¢(z; | y1.7)) that
probabilistically inverts the observations.

The forms of teacher forcing discussed so far have the computational advantage
that loss terms can be evaluated in parallel over time, avoiding backpropagation
through time. As noted before this is also true for Eq. 2.24 with a mean-field
assumption on the posterior. However, during simulation (roll-out), the model must
generate latents z; based on its own previous samples, i.e., by successively sampling
from p(z; | z;—1), rather than from q(z; | y;). This mismatch can lead to error
accumulation and instability when generating long time-series, similar to classical
limitations of teacher forcing in deterministic RNNs [23, 100].

Recent work has attempted to mitigate this issue by training on n-step-ahead
predictions instead of one-step ahead predictions (i.e., only ‘forcing’ the RNN
every n timesteps), so-called sparse teacher forcing [132]. Alternatively, one can apply
generalized teacher forcing [64, 100], where the model is softly forced using a convex
combination of targets and predictions:

z: = (1 —a)Fp(z;—1) + aByr.

Theses approaches strike a balance between full backpropagation through time
(with its associated vanishing/exploding gradient issues [93]) and standard teacher
forcing.

Both variants of teacher forcing can also be interpreted through the lens of
variational inference [69]. In Chapter 4, we will sample latents from distributions
like: q(z¢ | yt,24—1). For linear observation models, p(z; | y¢, z;—1) is available in
closed form (as in Kalman filtering [119]), and corresponds to a linear combination
between RNN-predicted and data-inferred states, with weights determined by their
respective uncertainties. We have for the mean of g:

py = (I—KiB)Fg(z;—1) + Ky,

with K; the Kalman Gain. This resembles the interpolation in generalized teacher
forcing. Similarly, sparse teacher forcing could potentially be interpreted as alter-
nating between sampling from g = p(z; | z;—1) and q = q(z: | y:), which bears
resemblance to encoder dropout regularization schemes used in sequential VAE
models [45, 133].
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TRAINED RECURRENT NEURAL NETWORKS DEVELOP
PHASE-LOCKED LIMIT CYCLES IN A WORKING MEMORY
TASK

Neural oscillations are ubiquitously observed in many brain areas. One proposed
functional role of these oscillations is that they serve as an internal clock, or ‘frame
of reference’. Information can be encoded by the timing of neural activity relative
to the phase of such oscillations. In line with this hypothesis, there have been
multiple empirical observations of such phase codes in the brain. Here we ask:
What kind of neural dynamics support phase coding of information with neural
oscillations? We tackled this question by analyzing recurrent neural networks
(RNNSs) that were trained on a working memory task. The networks were given
access to an external reference oscillation and tasked to produce an oscillation, such
that the phase difference between the reference and output oscillation maintains the
identity of transient stimuli. We found that networks converged to stable oscillatory
dynamics. Reverse engineering these networks revealed that each phase-coded
memory corresponds to a separate limit cycle attractor. We characterized how the
stability of the attractor dynamics depends on both reference oscillation amplitude
and frequency, properties that can be experimentally observed. To understand
the connectivity structures that underlie these dynamics, we showed that trained
networks can be described as two phase-coupled oscillators. Using this insight, we
condensed our trained networks to a reduced model consisting of two functional
modules: One that generates an oscillation and one that implements a coupling
function between the internal oscillation and external reference.

In summary, by reverse engineering the dynamics and connectivity of trained
RNNSs, we propose a mechanism by which neural networks can harness reference
oscillations for working memory. Specifically, we propose that a phase-coding
network generates autonomous oscillations which it couples to an external reference
oscillation in a multi-stable fashion.
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TRAINED RECURRENT NEURAL NETWORKS DEVELOP PHASE-LOCKED LIMIT ...

3.1 DECLARATION
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3.2 INTRODUCTION

3.2 INTRODUCTION

Rhythmic neural activity is an abundant phenomenon in nervous systems. Neural
oscillations naturally underlie behavior with an observable oscillatory component,
such as walking and digesting [134, 135]. Oscillating neural activity is also widely
observed in brain regions implicated in higher cognitive functions, where there is
no obvious correlate to oscillatory behavior [136]. Such rhythmic neural activity
has been suggested to support short-term memory maintenance (among other
functions), by serving as an internal clock for the brain [137-142]. This makes phase
coding possible: Information can be encoded by spikes that are systematically timed
with respect to the phase of ongoing oscillations. Empirical observations of a phase
code in the brain were first described in the hippocampus of moving rats [143]. Since
then, phase coding has also been associated with the representation of discrete object
categories [144-146] for short-term maintenance of stimuli [147-150] and goals [151].
Such observations have been reported in a wide range of brain regions, including
the human medial temporal lobe as well as primate prefrontal and sensory cortices.

Oscillations are a dynamic phenomenon, and it is therefore a natural question
to ask: How do ongoing oscillations in the brain interact with the neural dynamics
that support cognitive functions? Specifically, we seek to characterize dynamical
systems that could underlie working memory relying on phase coding with neural
oscillations. We do so by assuming that cognitive functions can be described by a
low-dimensional dynamical system, implemented through populations of neurons
(computation through dynamics) [36, 37, 39, 46, 47, 56, 152], in line with empirical
observations [32, 33].

We make use of artificial recurrent neural networks (RNNs). RNNs are universal
dynamical systems, in the sense that they can approximate finite time trajectories of
any dynamical system [48, 49]. We are thus able to use these networks as hypothesis
generators — first training them on a cognitive task, and then reverse engineering
the resulting networks [39, 47, 51-58, 153].

Concretely, we provide RNNs with both a reference oscillation, and stimuli. Exper-
imental observations show that the phase of spikes relative to ongoing oscillations
contains information about external stimuli [145, 147, 150, 151]. Analogous to this,
we ask the RNN to produce an oscillatory signal, which has to code the identity
of stimuli by its phase relative to the reference oscillation (Fig. 3.1). Depending on
the training setup, we find two different solutions, of which one corresponds to
network units coding for information by their phase and one solution in which
units code with their average firing rates (Fig. 3.2). We show that phase-coded mem-
ories correspond to stable limit cycles and demonstrate how empirically observable
quantities control the stability of these attractors (Fig. 3.3). Having detailed the
dynamics, we study the connectivity of our trained RNNs (Fig. 3.4). Finally, we
show that the system can be well approximated by two coupled oscillators. Based on
these analyses, we propose that phase-coded memories reside in stable limit cycles,
resulting from the coupling of an oscillation generated by the recurrent network to
an external reference oscillation.
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3.3 RESULTS
3.3.1 Tractable, oscillating recurrent neural networks perform a working memory task

In order to study the dynamics of phase coding during working memory, we
defined a task in which an RNN receives transient stimuli, and has to encode their
identity using the relative phase of oscillations (Fig. 3.1a). The network consists of
N units, with activation x(t) € RV, recurrently connected via a connectivity matrix
J € RN*N, and receiving external oscillatory input u(t) € R [140, 150, 154], as well
as stimuli s(t) € R?,

TZ—); = —x(t) + Jtanh(x(£)) + 1V (t) + 1&)s(t) + &(1), (3.1)
where T represents the time constant of the units, tanh is an elementwise non-
linearity, 1(5¢) ¢ RN, 1) € RN*2 represent the input weights, and &(t) € RN
independent noise for each unit. Motivated by experiments observing phase coding
relative to local field potential oscillations (LFPs) [145, 147, 148, 150, 151], we used
filtered rat CA1 local field potentials [155, 156] as input u(t). By using the LFP
as input, we make the assumption that the neurons in our model have an overall
negligble effect on the LFP, which is valid if they are only a small subset of all
contributing neurons, or because the LEP largely reflects input coming an upstream
population.

During a given trial, one of two stimuli a or b, was transiently presented to
the network at a randomized onset-time, with amplitude s, or s;, respectively,
representing the working-memory to be stored (e.g. a navigational goal [151], or
sequence list position [150]). To define the desired output, we were inspired by
experimental studies showing that the relative timing of spikes to an ongoing
oscillation is informative about sensory stimuli. Similarly to these observations,
we wanted RNNSs to encode information about external events relative to ongoing
oscillations. To do this, the task for the network was to produce an oscillation,
that is either in-phase with respect to the reference signal, following stimulus a,
or anti-phase, following stimulus b. Networks were trained with backpropagation
through time (Fig. S.1) and successfully learned the task (Fig. 3.1b).

As we were interested in reverse engineering the networks, we made two sim-
plifications. After training, we replaced the LFP reference signal with a pure sine
wave with phase 6. During training, we chose a constraint on the connectivity that
reduces the complexity of our analysis while still allowing for expressive networks.
Specifically, we constrained the recurrent weight matrix to be of rank two, by de-
composing it as an outer product of two pairs of vectors (Fig. 3.1c; see Fig. S.2 for
unconstrained networks) [49, 56, 59, 102],

1
J = N(m(l)nﬂ)T +m@n@T), (3-2)

By constraining the weight matrix, we directly constrain the dynamics. Specifically,
the projections of network activity on the two vectors m(!), m(?), which we term
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FIGURE 3.1: Trained RNNs encode stimuli in oscillation phase. a) RNNSs receive transient
stimuli as input, along with a reference oscillation. Networks are trained to produce
an oscillation, such that the phase of the produced oscillation (relative to the reference
oscillation), maintains the identity of transient stimuli. b) Example output of trained
networks. Transient presentation of stimulus a, results in an in-phase output oscillation
(left), regardless of the initial phase (top or bottom). Similarly, the b stimulus results
in an anti-phase oscillation, again irrespective of its initial phase (right). ¢) To obtain a
tractable model, we apply a low-rank constraint to the recurrent weight matrix of the RNN,
i.e., we require that the weight matrix can be written as the outer product of two sets
of vectors m(l),m(z) and n<1),n(2). d) Low-rank connectivity leads to low dimensional
dynamics. In the absence of any input, the recurrent dynamics, described by coordinates
K1, %7, lie in a linear subspace spanned by m() and m® (purple). €) When probing the
model with sinusoidal oscillations, we can rewrite the system as a dynamical system in
a three-dimensional phase space, where the additional axis, 6, is the phase of the input
oscillation. We can visualize this phase space as a toroid such that the horizontal circle
represents 6, and the vertical cross-section is the x7, x; plane.

Zl=

_—

K1, ko respectively, are sufficient to describe the network dynamics in the absence of
inputs (Fig. 3.1d).

In the presence of sinusoidal input, the ks are not sufficient to describe the
dynamics, and we also need to know the current phase 6 of the reference oscillation.
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These three numbers constitute the complete phase space M for our dynamical
system (Fig. 3.1e),
M = {(K1,12,0) € R* x S'}.

3.3.2 Phase-coded memories correspond to limit cycle attractors

We reverse-engineered the dynamics of our trained networks in order to understand
how they solve the task [51]. We found that networks converge to one of two
solutions, characterized by their activity following the transient stimuli. The solution
that the network ends up choosing is dependent on both the training setup and the
initialisation used (See Fig. S.3 for an investigation into when each solution arises).

In the first solution, individual network units code for stimuli by using their
phase of oscillation relative to the reference, as illustrated by rate traces of example
units (Fig. 3.2a), as well as statistics for all units (Fig. S.3). In x space, the population
activity corresponds to two cycles that roughly lie on the same area, but have a
different phase relation to the reference oscillation (Fig. 3.2b). In the full phase space
M introduced above, this solution corresponds to the network activity residing in
one of two linked cycles (Fig. 3.2¢).

In the second solution, single units code stimulus identity by their average
activation (Fig. 3.2d). Units with activity far away from o saturate their (i.e. are at
the flat part of their) tanh nonlinearity, and as a consequence have little effect on
the phase of the output oscillation. A different subset of units saturates after after
either stimulus, leading to different units determining the output oscillation. These
units either directly transmit the input oscillation, creating an in-phase oscillation,
or flip its sign to create an anti-phase oscillation. In x space, activity lies on two
non-overlapping cycles (Fig. 3.2e), which are likewise completely separated in the
full phase space (Fig. 3.2f).

Given the that the phase-coding solution matches the phenomenon we set out to
investigate, whereas the rate-coding solution shows similarities to previous work
on fixed point dynamics in RNNs [49, 56, 58], we focus here on the analysis of the

‘phase-coding’ solution (Fig. 3.2a-c). The rate-coding and its similarities to existing

work is detailed in the Supplementary (Fig. S.4).

Single trials have a limited duration, and hence the cycles we observed might
arise either from a transient dynamical phenomenon or from stable attractors.
These would lead to different experimental observations of residual dynamics
(trial-to-trial variability in neural population responses) [157], and responses to
perturbations [153]. To study stability of limit cycles, we used discrete-time iterative
maps, also known as Poincaré maps [34, 108]. To obtain such a map, we start by
making a cross-section Q of the phase space (Q = {(k1,%2,6) : mod 6 = 27}), such
that trajectories go through Q once every cycle of the reference oscillation (Fig. 3.3a).
We can then define an iterative map, corresponding to following a trajectory starting
in Q till its next intersection with Q. We can denote this mapping (Qo — Q2r) as

Ket1 = P<Kc)r
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FIGURE 3.2: Both phase coding and rate coding can solve the working memory task. We
found two qualitatively different solutions. a) In the first solution (panels A to C), we find
that single unit activity codes for stimulus information by relative phase: We plot the rates
tanh(x;) of 4 example units i, as a function of the reference oscillation phase 6. We find that
single unit activity oscillates, with the phase relative to the reference oscillation depending
on stimulus identity (colors). b) Projecting x to the «1,x, plane reveals that population
activity lies on overlapping cycles in this plane. Here, the black dots denote § = 0. ¢) In
the full phase space M, the trajectories are non-overlapping, but the cycles are linked. d)
In the second solution (Panels d to f), we find that stimulus identity does not modulate
the phase of single units, but rather their mean activity. e) This rate-code corresponds to
two cycles separated in the xq, xp plane. f.) These cycles are also separated in the full phase
space.

where %, = [K1,,%2,]" corresponds to the c’th intersection of trajectory with Q.
Practically, we obtain the map by integrating the dynamics for one period of the
input oscillation (Eq 3.9). Once we find a fixed point of P, i.e. a trajectory comes
back exactly where it started, we obtain a limit cycle of the original system.

Using the Poincaré map, we found that trajectories starting from many initial con-
ditions quickly converged to one of two fixed points of P (Fig. 3.3a), corresponding
to the cycles observed during the working memory task (Fig. 3.2c). To confirm their
stability, we performed linear stability analysis by calculating the Floquet multipliers
(M), i.e., the eigenvalues of the linearized Poincaré map. Limit cycles are stable if
these have a magnitude less than one, i.e., |A| < 1.

This analysis allows us to study how the two inputs direct activity to the cor-
responding limit cycle. Without inputs, both cycles are stable (Fig. 3.3b, leftmost
cartoon). We can then tonically provide input corresponding to a scaled version of
one of the stimuli, and recalculate the maximal Floquet multiplier for the resulting
limit cycle. We found that this procedure gradually destabilizes the other limit cycle,
so that eventually only the limit cycle corresponding to the correct input remains
(Fig. 3.3b, right cartoons). Thus, for both stimuli, once a sufficient amplitude is
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FIGURE 3.3: Input controls the stability of the attractors in which phase-coded memories
reside. a) Poincaré maps illustrate that the cycles of Fig. 3.2 correspond to attractive limit
cycles. Sixteen trajectories with different initial conditions in three different snapshots
(after o, 1 and 13 cycles). Color marks the cycle they end up in. Bottom part shows
how trajectories intersect the Poincaré plane, which is shown on top. b) Linear stability
analysis of the Poincaré maps shows that stimuli of sufficient magnitude (s; > crit;) lead
to a bifurcation, such that only one of two limit cycles remains stable. Left: cartoon of
the bistable dynamics (without stimuli) and bifurcation during stimulus presentation
illustrated as a potential well. Right: Floquet multiplier norm (a measure of stability) as
a function of stimulus amplitude. Insets show the Poincaré map after 13 iterations with
the stimulus presented at amplitude s; = 1. ¢) Stability analysis for a range of amplitudes
and frequencies of the reference oscillation (quantities that naturally vary in the brain).
The box with dashed lines indicates the 5'th and g95’th percentiles of the amplitudes and
frequencies used during training trials. The ‘islands’ correspond to regions where bistable
dynamics persist. If the reference oscillation and amplitude are within such a bistable
region (e.g. the red star), there are two stable cycles, and the model can maintain memory
of a stimulus. For lower amplitudes (orange square and yellow triangle), the model only
retains bistability if the frequency is also lower (yellow triangle). The additional ‘islands’
correspond to regions with bistable m : n phase locking, where the reference oscillation is
an integer divisor of the oscillation generated by the RNN (e.g. purple oval, bistable 1 : 2
phase locking; pink circle, bistable 1 : 4 phaselocking). Trajectories on the right correspond
to the different markers in the parameter space on the left.

crossed (s; > crit;; Fig. 3.3b), a bifurcation occurs and only one limit cycle remains
stable. When the transient stimulus is removed, both limit cycles are stable again,
but the network has already been directed to one of them.
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As realistic neural oscillations exhibit drifts in both frequency and amplitude, we
next assessed the robustness of our network to variations of the reference oscillation,
going substantially beyond the range encountered during training. This analysis
also makes testable predictions, as changes in oscillation amplitude and frequency
can be experimentally observed, and potentially controlled [158].

We calculated the norm of the maximum Floquet multiplier for varying frequen-
cies and amplitudes of the reference oscillation (Fig. 3.3c), in order to determine
when bifurcations occur (i.e., maximum multiplier norm exceeding one). The result-
ing diagram allows us to draw two conclusions: First, there are multiple regions
with two stable oscillations, but with an m : n phase coupling, i.e., where the
internal oscillation frequency is an integer multiplier of the reference frequency.
This kind of cross-frequency phase-phase coupling is an integral part of previously
proposed theories of phase coding [140, 142] (however, interpretation of experi-
mental observations can be challenging [159]). Second, based on the shape and
location of the bistable regions (the ‘islands’ in Fig. 3.3c), we predict that being able
to phase-code stimuli is possible for reference oscillations with low frequency, only
if the amplitude is also low.

3.3.3 Low-rank RNNs as phase-coupled oscillators

Having described the dynamics, we next aimed to understand the population
structure that gives rise to these dynamics. To proceed, we observe that, following
the stimulus, the internal dynamics of the RNN quickly converge to a trajectory
in the (x1, x2) plane, which can be approximately described by its phase (Fig 3.2b
¢ = arctan(%)). Using this insight, we can rewrite our model as two phase-coupled
oscillators (Fig. 3.4a): one that describes the external reference oscillation phase
(f) and one that characterizes the internal RNN phase (¢). The dynamics of these
oscillators are then determined by the oscillation frequency w, and a coupling
function g(¢, 0) [160]:

6 =w,
¢=w+g(¢,0).

To extract the coupling function g from our trained networks, we rewrote the
model equations in polar coordinates, and approximated the radius in x-space as
constant (Fig. 3.4b, Methods). We then simulated the oscillators of Eq 3.3 using
this function, and observed two stable trajectories (superimposed lines in Fig. 3.4b),
showing that the coupling function is sufficient to induce bistable dynamics. We
found that the convergent trajectories are close to those of the RNN when projected
to the same phase space (6, ¢). We thus verified that our approximate description
captures the dynamics of the full RNN (Fig. S.5). Furthermore, the observed stimulus-
induced dynamics (Fig. 3.3¢c) can now be explained by the effect of input on the
coupling function. In the presence of input, the coupling function only admits
a single stable trajectory, resulting from one stable and one unstable trajectory
colliding and annihilating in a saddle-node bifurcation (Fig. 3.4c).

(3-3)
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FIGURE 3.4: Phase-coding RNNs are oscillators. a) We hypothesized that the model
functions as two coupled oscillators, where one represents the external reference oscillation
phase and one the RNNs’ internal oscillation phase. b) We extracted the coupling functions
from our trained RNNs. This coupling function induces bistable dynamics when it couples
two oscillators, as apparent from the superimposed stable and unstable trajectories. ¢) Input
stimuli transiently modify the coupling function, resulting in the bifurcation, previously
observed in Fig. 3.3b. d) To formalize the coupled oscillator description, we created a
reduced model where weights are drawn from a mixture of Gaussians. This model consists
of a population that generates oscillations, and two populations that together implement
the coupling function between internal and external oscillations. e) Simulating a reduced
set of equations that describe the idealized dynamics of RNNs with connectivity in terms
of a Gaussian mixture distribution, as well as 10 finite-size models with weights sampled
from this distribution, all result in trajectories similar to our original system, validating
our reduced description.

Finally, we wanted to know how the rank-two connectivity leads to these coupled
oscillators. To this end, we approximated the weights in the connectivity vectors of
the RNN using a mixture of Gaussians [49, 56, 59]. Fitting a mixture of Gaussians to
the connectivity of trained networks [161], and sampling weights from this mixture,
as in previous work [56], did not reliably lead to functioning networks (Fig. S.6
a). We were, however, able to manually design a reduced model, with weights
drawn from a mixture of Gaussians, based on the reverse-engineered dynamics of
trained networks, as well as the structure in their connectivity as revealed through
the clustering analysis (Fig. S.6 b). The reduced model consisted of three mixture
components (or subpopulations; Fig. 3.4d, Fig. S.7). One component is not connected
to the reference oscillation and autonomously generates its own oscillation. The
other two components implement the required coupling function. The two coupling
components differ only in their connectivity with the input; one population saturates
(i.e. is inhibited) by stimulus a, and one by stimulus b. By adding additional coupling
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populations, one can obtain a model that stores more than two stimuli, each in a
separate limit cycle (Fig. S.8).

The description in terms of a mixture of Gaussians enables us to derive a reduced
set of three equations, which describe the dynamics of the RNN, in the limit of
infinite units (3.5.4.2). We confirmed that finite-size networks are appropriately
described by this reduced description, by simulating trajectories of 10 RNNs (with
N=40096 units) sampled from the reduced connectivity (Fig. 3.4e). Thus, we show
that a sufficient connectivity for working memory through phase-coding entails two
modules: an oscillator and a coupling function that induces bistable dynamics.
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3.4 DISCUSSION

In this study, we raised a hypothesis about a potential dynamical mechanism under-
lying phase-coding with neural oscillations. Namely, that phase coding in recurrent
networks can be implemented through multi-stable coupling of two oscillations, one
internal and one external to the network. We arrived at the hypothesis by training
RNNSs on a working memory task, while supplying them with oscillatory reference
input. The networks had to encode transient stimuli by producing an oscillation
with a persistent phase shift with respect to the reference input.

Through reverse engineering the dynamics of trained RNNs, we found that phase-
coded memories correspond to stable periodic attractors. These materialized in our
models as linked cycles in phase space. The presence of attractive oscillatory dy-
namics, as opposed to marginally stable or transient trajectories, can be detected by
analyzing residual dynamics from data [157] or through perturbation studies [153].
We showed how LFP frequency and amplitude jointly control the stability of the
attractors. As LFP oscillation frequency and amplitude vary naturally in the brain,
and can potentially be steered [158], this relationship could be probed directly from
neural data.

Beyond characterizing the dynamics, we also revealed the effective underlying
connectivity. We showed that our trained RNNs are analogous to coupled oscillators
and that a sufficient connectivity for phase coding entails two modules: one generat-
ing an oscillation and one implementing a coupling function between this oscillation
and an external reference one. Two independently generated oscillations that couple
during memory are found in the medial temporal lobe (i.e. theta and gamma oscil-
lations) [136, 138, 149]. Our model would predict that coupling functions extracted
from neural data [160, 162], recorded from subjects performing working memory
tasks, should have a structure that induces multi-stability.

We used trained recurrent neural networks [37, 39, 47]. RNNs can be trained
to reproduce both neural activity and behavior [46, 55, 58, 153]. The resulting
networks can be understood in terms of their dynamical objects, i.e. the set of
attractors [51, 163], and in terms of the trajectories [57, 114] flowing between them.
In particular, recurrent models that implement discrete memory, as in this study,
often have a separate static attractor, or fixed point, for each memory [10, 49, 52,
53], although oscillatory models of memory have also been proposed [164-166].
Here we complement previous work by showing that stable dynamic attractors
naturally emerge when tasking networks to store memories in the relative phase of
oscillations.

Our findings support the notion that rhythmic neural activity can play a sup-
porting role in cognitive phenomena. Brain waves during working memory are
widely observed in neural systems of rats, primates, and birds [167]. Phase coding
of information relative to theta oscillations has been proposed to be a general coding
scheme in the brain [138]. Here, we focused on the coding of two distinct stimuli in
phase, which suffices to highlight the dynamics underlying the coding of discrete
pieces of information. Both our model and findings can also be extended to coding
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for more than two items. We show that a rank-2 model with additional coupling sub-
populations can memorise 4 stimuli in Fig. 5.8. Phase coding has also been observed
during memory of sequences of information, as well as for coding of position [143].
Linking these findings to our model requires further investigation. We note that
phase precession, in the sense of a continuous variable (e.g., position in a place field)
changing the phase to which a group of neurons locks could be explained by our
model through input translating the coupling function, as is tentatively shown in
Fig. S.9.

In summary, we used RNNs as trainable dynamical systems to form a hypothesis
on how oscillations can be harnessed for neural computation. We proposed that
phase-coded memories in recurrent networks reside in stable limit cycles resulting
from the coupling of internal and external oscillations.
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3.5 MODELS AND METHODS
3.5.1 Code availability

All code for obtaining the results and generating the figures is available at:
https:/ /github.com/mackelab/phase-limit-cycle-RNNs.

3.5.2 Training RNNs on a phase-coding task

3.5.2.1  Model definition
As stated in Eq 3.1, we used a continuous time RNN with N units [54],

dx

T = —x(t) + Jtanh(x(1)) + 1Ou(t) + 1005, (6) + 15, () + (1) (3.4)

The input weights I of Eq 3.1 are split into three vectors in RN: The oscillatory
reference input u(t) with input weights 1(°¢) and transient stimuli s,(t) and s, (t)
with weights I(%2) and 1(%), respectively. To obtain networks with tractable dynamics,
we implemented a low-rank constraint according to Eq 3.2. Trained networks
consisted of N = 512 units, with T = 20 ms.

3.5.2.2 Task

We defined a task in which stimulus identity is to be encoded in the phase of
an oscillation. During each trial, of duration T = 0.8s, a reference oscillation u(t)
with random initial phase 6 was provided to the RNN. Trials started with an
initial period, with duration drawn uniformly from [0.125s,0.25s]. After the initial
period, either stimulus a, s,(t), or stimulus b, s,(t), was shown, consisting of a

‘pulse” with a constant amplitude of 1 (see Fig. 3.1a). The duration of stimuli was

drawn uniformly from [0.125s,0.175s]. For the remainder of the trial, the target 7(t)
was either sin(6(t) — 0.277), when stimulus a4 was shown (‘in-phase’ trial), or else
sin(0(t) — 1.271) when stimulus b was shown (‘“anti-phase’ trial).

3.5.2.3 LFP processing

We used a publicly available data set containing LFP recordings from 3 Long-
Evans rats, to obtain a reference oscillation that captures the statistics of ongoing
oscillations in biological neural systems [155, 156]. Rats were chasing randomly
placed drops of water or food, and neural activity was recorded using multichannel
silicon probes inserted in area CA1 of the right dorsal hippocampus. The data
contains LFP from 31 to 64 channels, recorded over multiple sessions.

We read the data using Neo [168]. We first re-sampled the data from 1250 Hz to
500 Hz and then high-pass filtered at 7 Hz using a FIR filter with Hamming window
and 511 taps [169]. We normalised the signal by dividing the signal channel-wise
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with /207 pp, where oy pp is the channel-wise standard deviation, resulting in the
signals having a root mean square equal to a sine wave with amplitude 1.

In order to obtain a unique reference signal for each training trial, we split the
recordings for each rat in chunks. In particular, we first split the data into 4 second
segments, and picked a random channel for each segment. To extract instantaneous
phase of the LFP oscillation for creating training targets, we convolved the signal
with complex Morelet wavelets, consisting of the product of a complex sinusoid
with a Gaussian with standard deviation ¢/271f. We picked frequencies f from 7
to 9 in steps of 0.2, and set c (‘cycles’) to 7. For each trial we took the phase (angle)
corresponding to the frequency with the highest power. The first second of the
signal was discarded to avoid boundary effects. We also discarded a small fraction
of trials with artifacts, i.e. trials where the maximum absolute value of the signal
was larger than 4 (after normalisation). We ended up with 5708 trials from rat 1,
5669 from rat 2, and 5632 from rat 3.

3.5.2.4 Training

We approximated Eq 3.4 using the Euler-Maruyama method with timestep #, giving
us for a rank-two network,

I
Xpe1 =(1— ?)xn
ol (@) )T (0sc) ;1 1(s1) (s0)
+ = (5 L m" (07 tanh(x))] + 10wy + 15, + 100 s,,)

I
—

We use h = 2 for training, whereas for the stability analysis and Figures, we take
h = 0.5. We defined a mean-squared error loss £ between the targets 7(¢) and a
linear readout r(t) of the model’s activity at time ¢,

r(t) = %wa(t),
1 T N
g:T_RAum—mmdn (35)

where T is the time of the stimulus offset and T is the time at the end of a trial.
Note that, although we only demand that a weighted sum of the activity x(t) codes
for the information, this also causes the rates tanh(x(t)) to phase-code for stimuli
(Fig. 3.2a). In principle, one could also directly read-out the rates during training:
r(t) = LwT tanh(x(t)). Depending on the initialisation and training setup, this can
either lead to a rate-coding solution (Fig. 3.2D-F), or a phase-coding solution (see
Fig. S.3 for a more in-depth investigation).

We drew initial entries in the connectivity vectors from a zero-mean normal
distribution, with a covariance matrix that is the identity matrix, except for an initial
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covariance between m(l), n() of .6, an initial covariance between m(z), n® of 0.6
and a variance for w of 16 [56]. Note that the initial covariances also have an effect
on the solution the model finds (Fig. S.3). We minimised Eq 3.5, by optimising with
stochastic gradient descent all entries in 1(05¢) 1(sa) 166) m(1) m@ n() n?2) as well
as a scalar multiplying the readout weights w. We used the Adam optimizer in
Pytorch, with default decay rates (0.9, 0.999) and learning rate o.01 [123, 1770].

Each RNN was trained with LFP data from one rat. Shown in the main text is
an RNN trained using LFPs from rat 2, whereas for the analysis of many trained
models (Fig. S.3), also a third of the RNNs were trained using data from rat 1,
and a third on data from rat 3. Before each training run, we split the LFP into
short segments, of which 9o% were used as reference signal for the RNN during
training trials, and 10% as reference signal during validation trials. The validation
and training trials only differ in the portion of the local field potential that was
used as reference signal for the network, and in the seed used for generating the
randomised stimulus onsets and offsets. For the models shown in the main text, we
trained for 50 epochs, in batch sizes of 128, where one epoch denotes all training
trials created from the LFP of one rat. Due to the simplicity of the task, all networks
we used in the main Figures converged at this point (Fig. S.1), and we did not do
any model selection.

Some of the models in the supplementary Figures (Fig. 5.2 A Fig. S.3, Fig. S.8 A),
were guided to a phase-coding solution by adding a regularisation term Reg to the
loss, which keeps the average firing rates close to o:

2

1Y 1 T
Reg = N ; (T—TS /Ts xi(t)dt> . (3.6)

3.5.3 Analysing dynamics of oscillating low-rank RNNs

3.5.3.1 Dimensionality and dynamics of low-rank RNNs with periodic input

Here, we show that the dynamics of a rank-2 RNN with periodic input lie on a 3
dimensional manifold. To facilitate the analysis, we first consider the dynamics of
the network in the absence of transient stimuli (s, (f) = s;(t) = 0), and no recurrent
noise (0y,0ise = 0). Furthermore we set m® 1 m®@, which one can always obtain by
singular value decomposition of J, even if during training m") and m® became
correlated. We split up 1(°¢) in the parts parallel and orthogonal to the m’s,

1059 Z 1, + mWay + m@ay,
We can then express x(f) in the orthogonal basis

x(t) = mWiey () + mPiey (£) + 1, 0(t),
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with i € {1,2}:

mOTx()
m@OTm@)’
ITx(t)
I,

Ki(t) =

o(t) =

Here v(t) is the reference oscillation filtered by the model’s time constant 7. Using
* to denote convolution,

Al

o(t) = %u(t) cet +0(0)e k.

As both u(t) and v(t) explicitly depend on time, we first obtain the non-autonomous

dynamical system F,
d K1 d Ko

G dr = F(t/ K11K2)/ (3-7)
with p 1
T% = —x;(t) + Nn(i)T tanh(x(t)) + a;u(t). (3.8)

Next, we show that for periodic input this system can be considered as a three
dimensional autonomous dynamical system. We introduce the variable 8 = wt
mod 27 such that

“_,
at
We take u(t) = sin(6) and we can now find the closed form solution for v,
o(t) ! in(6 tan(wt)) + ce
= ————sin(f — arctan T.
(wt)2+1

Here, the last term on the right hand side will decay to o. Practically, we get rid of
this dependence on ¢, by taking appropriate v(0) such that ¢ = 0 (or by assuming
the simulation has run for a little amount of time).

Following this definition, both © and v are functions of 6, and we can consider
the autonomous dynamical system with coordinates «1, x>, 6,

dKl dK2 do o
I TR T G(KLKZ,G)-
3.5.3.2 Coordinate system for phase space figures

To create the phase space figures, we applied the following coordinate transform,
where %, 7, Z denote the coordinates in the figure,

% = cos(0)(F—xy),
7 = sin(0)(F — x1),
Z = K.
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Given an initial condition for «, i.e. x1(0), one can always pick an 7 such that this
is an injective map for all ¢. This requires 7 < k() for all ¢ (otherwise trajectories
would cross at the center). From Eq 3.8, we can see that x; (t) > & nW + |y =

dstl < 0, thus if we pick 7 > x1(0) > %|n(l) |1 + |a1], the requirement is satisfied.

3.5.3.3 Poincaré maps and linear stability analysis

We used Poincaré maps to study the stability of limit cycles [34, 108]. We took a
cross section Q = {(x1,%2,0) : mod 6 = 27}, and created the iterative map from
Q toitself (Qo — Q2rx),

KC+1 = P(KC )/
where k. = x1 ¢,k corresponds to the c’th intersection. Limit cycles correspond to

fixed points x* for which
k" =P(x").

To study the stability of limit cycles we see what happens to a small perturbation #g
to x*. Applying a Taylor expansion around «*, we have after one cycle,

&" + 11 = P(x*) + DP(x* )10 + hoo.t.,

where D, denotes the gradient operator, the partial derivatives with respect to .
DP(x*) is called the linearised Poincaré map at k*. To first order, perturbations scale
proportional to the norm of its eigenvalues A, called the Floquet (or characteristic)
multipliers. To see this we can express 7 as a linear combination of eigenvectors e of
D, P(x*) (for some scalars v) and get the following expression for the perturbation
after c cycles,

2
Ne = Z vie;As.
i=1
We now show how to obtain D,P(x*). Let 1(t,%0) denote the flow, a mapping

from (t,x) to x, obtained by integrating F(t,x) (Eq 3.7) for duration ¢, with initial
conditions #xg. The Poincaré map then corresponds to [171]
P(xc) = (T, %)
T (3-9)
= [ POyt we)dt + p(0,50)

where the second line is obtained by applying the fundamental theorem of calculus.
T denotes one period of the reference oscillation. Defining M(t) as D« (¢, %.), one
can obtain a variational equation for the linearized Poincaré map,

.
DP(x.) :/0 DyF(0, (t, k) Dy (t, 1)t + T

=M(T)
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with AM()
t
T DyF(t, (t, 1) )M(t).
Here, M(0) = I. M(t) is called the circuit or monodromy matrix. Since we can
not obtain the circuit matrix analytically we approximated M(7) using the Euler
method with timestep h.

3.5.4 Coupled oscillators and population structure

3.5.4.1 Extracting the coupling function
We can rewrite the internal dynamics of the RNN in polar coordinates with

k1 = rcos(¢),ky = rsin(¢p).

We extracted the coupling function g,

Tdi’ _1 (1(K1n(2) —1on™) T tanh(x) + (a0 — Kzf’él)u(e)) ,

dt — 2\ N
_d¢
g(6,¢) = aF @

Note that the radius of the two stable limit cycles might not be exactly constant, or
equal to each other, so for Fig. 3.3B and Fig. 3.3C we took for r the mean radius over
the two cycles.

3.5.4.2 Reduced models

In order to find a simplified description of the dynamics of our models we assumed
entries in the weight vectors of our network are N samples, indexed by j, from a
probability distribution p(y) [49, 56, 59, 102]. To keep the equations brief, we assume
one input v here, which can be straightforwardly extended to multiple inputs. Then
we have

Ilj,n]('l),njqz),m]('l),m]('z) ~ p(y),

ply) = p(I,nM, 0@, m® m®?),

We can then see Eq 3.8 as a sampling estimator for the recurrent input, which as
N — oo approaches the expectation,

AKi Noyeo
dt

We assume p(y) is a mixture of L zero-mean Gaussians [56],

i [n(i) tanh(;clm(l) +1om®@ + v, I)].

L
p(y) = ZI:ZUIN(O/ ).
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We can then obtain a mean-field description for the dynamics (see previous
studies [49, 56, 59, 102] for a derivation). Here the effective connectivity consists
of the covariances of the mixture components, modulated by a nonlinear ‘gain’
function (which approaches o when the non-linearity saturates),

d; L 0 (0 0 N
i ;wl(Kl‘Tmu)n(z‘) +520, 01 ) 00,1 )Ep () [tanh’ (VADZ)],

with AD = (0! 11)% + (o), 12)2 + (010)? and z = M (0,1).

Instead of numerically approximating the expectation as in previous studies [49,

56], we substitute erf(@x) for tanh(x) and analytically obtain a simpler approxi-
mation.

E, ) [tanh’(V/Az)] ~ E, ) [erf' (——=—2z)]

_nmA2

~Epgle” 7]
1

This gives us the following mean-field description for the rank-2 RNNSs,

~
~

0 ) 1

) 7
1+ %A(Z) (3.10)

, L
L —K; + Zwl(mam
1

O]
T, mp) 1520,

m(2

Jul) T 00

Inli

AD = (0 x1)2 + (0, 12)2 + (0f0)2.

m

3.5.4.3 Connectivity for mean-field model

By writing Eq 3.10 in polar coordinates we can see that the total change in phase of
the model is the sum of the change in phase of its populations,

dp(t) _ g, dp(H)
T—/——> =) w——>. 11

it Zl: (T (3.11)
Based on reverse engineering the dynamics and connectivity of our trained networks,
we can now choose covariances in order to design a model that approximates
the coupled oscillator equations (Eq 3.3). We here assume for all populations I,
Uy(nl()z> = Ur(nl<)1> (denoted as a,(rf)).

We first initialize a population that generates oscillations with angular velocity
w. We set this population unconnected to the input (O'I(l) = 0 for all 7). When taking
0@ p(1) = =0, and o, ay,a) = 0,0, [49, 59, 164] this populations produces
oscillations, with constant frequency,
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AP = g2P02,

Next, we create two populations that together implement the coupling function,

1
8($,6) o cos(2p)———,
1+ 35A (3.12)
A= U,anZ + 012(056)0(6)2.

Based on Fig. 3.3B, it seems reasonable to assume that the bistable dynamics stem
from sin(2¢), cos(2¢) and sin(26), Cos(29) terms, which we obtained by setting
Ty @) = Ty@)) (OF O1),,00) = =0y 2),2)), a0 Tpose) 7 0.

In order to get the stimulus- mduced blfurcatlon observed in Fig. 3.2C Fig. 3.3C,
we, additionally set the following connectivity for the input to the coupling popula-

Pz) ) (p)  _ (p3)
tions, o, # 0, (7 ;é 0, (7 @onl) = ~Tpeone = ~Tjeonn) = Tjeo,e- Lhen the

equatlons for the couphng populatlons read,

doP?) (t V2 1
¢T() <ﬂi§’>)m sin(¢ + 7)0(0) + 0,17 ) cos(29) N
2

AlP2) — (Pz)r +04 (Pz) (9)2 +(712((Sf)2)5a(t)2/

USC

3 1

p : (p3)

—0C sin(¢p — = )v(0) + 0o cos(2 _—,

r 1(2) J(osc) <(P 4) ( ) n(1)(2) ( (P)) 1+ gA(p3)
AP = P2 4 2o (0)2 + o 2Py (1)?.

When both s, and s, are zero, the sin(¢) terms cancel out and we retrieve the
desired coupling function (Eq 3.12; where the cos(2¢) terms dominate). When either
stimulus a or b is on, population 2 or 3 is inhibited, respectively (the non-linearities
of the units in this population saturate), causing the term on the right to go to zero.
Then the sin(¢) term of the population that is unaffected by the stimulus takes over
the coupling function, mimicking what we saw in Fig. 3.3B and Fig. 3.3C. For exact
values of the parameters, see Fig. S.7.
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INFERRING STOCHASTIC LOW-RANK RECURRENT NEURAL
NETWORKS FROM NEURAL DATA

A central aim in computational neuroscience is to relate the activity of large popula-
tions of neurons to an underlying dynamical system. Models of these neural dynam-
ics should ideally be both interpretable and fit the observed data well. Low-rank
recurrent neural networks (RNNs) exhibit such interpretability by having tractable
dynamics. However, it is unclear how to best fit low-rank RNNs to data consisting
of noisy observations of an underlying stochastic system. Here, we propose to fit
stochastic low-rank RNNs with variational sequential Monte Carlo methods. We
validate our method on several datasets consisting of both continuous and spik-
ing neural data, where we obtain lower dimensional latent dynamics than current
state of the art methods. Additionally, for low-rank models with piecewise-linear
nonlinearities, we show how to efficiently identify all fixed points in polynomial
rather than exponential cost in the number of units, making analysis of the inferred
dynamics tractable for large RNNs. Our method both elucidates the dynamical sys-
tems underlying experimental recordings and provides a generative model whose
trajectories match observed variability.
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4.2 INTRODUCTION

4.2 INTRODUCTION

A common goal of many scientific fields is to extract the dynamical systems under-
lying noisy experimental observations. In particular, in neuroscience, much work is
devoted to understanding the coordinated firing of neurons as being implemented
through underlying dynamical systems [33, 35—38]. Recurrent neural networks
(RNNSs) constitute a common model class of neural dynamics [46, 62, 64—69] which
can be reverse-engineered to form hypotheses about neural computations [47, 51].
As a result, several recent research directions have centered on interpretable or
analytically tractable RNN architectures. In particular, RNNs with low-rank struc-
ture [49, 56, 59, 60, 101, 102, 172] admit a direct mapping between high-dimensional
population activity and an underlying low-dimensional dynamical system. RNNs
with piecewise-linear activations [64, 65, 70, 110-112] are tractable, as they have
fixed points and cycles that can be accessed analytically.

To serve as useful models of brain activity, it is important that models also capture
the observed brain activity, including trial-to-trial variability. Many methods that fit
RNNSs to data are restricted to RNNs with deterministic transitions [46, 62, 64, 66—68].
It is unlikely that, in general, all variability in the data can be explained by variability
in the RNNSs initial state. Thus, adopting stochastic transitions is imperative. While
probabilistic sequence models are used effectively in neuroscience [31], they have
so far largely consisted of state space models without an obvious mechanistic
interpretation [40—43, 133].

Here, we demonstrate that we can fit large stochastic RNNs to noisy high-
dimensional data. First, we show that, by combining variational sequential Monte
Carlo methods [115-117] with low-rank RNNs, we can efficiently fit stochastic RNNs
with many units by learning the underlying low-dimensional dynamical system.
The resulting RNNs are generative models of neural data that can be used to sample
trajectories of arbitrary length, and also allow for conditional generation with (both
time-varying and stationary) inputs. Second, we show that, for low-rank networks
with piecewise-linear activation functions, the resulting dynamics can be efficiently
analyzed: In particular, we show how all fix points can be found with a polynomial
cost in the number of units — dramatically more efficient than the exponential cost
in the general case.

We first validate our method using several teacher-student setups and show that
we recover both the ground truth dynamics and stochasticity. We then fit our model
to several real-world datasets, spanning both spiking and continuous data, where
we obtain a generative model which needs lower dimensional latent dynamics
than current state of the art methods. We also demonstrate how in our low-rank
RNN:Ss fixed points can be efficiently inferred — potentially at a lower cost than
approximate methods [70], while additionally coming with the guarantee that all
fixed points are found.
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FIGURE 4.1: Our goal is to obtain generative models from which we can sample realistic
neural data while having a tractable underlying dynamical system. We achieve this by
fitting stochastic low-rank RNNs with variational sequential Monte Carlo.

4.3 THEORY AND METHODS
4.3.1  Low-rank RNNs

4.3.1.1  Access to the low-dimensional dynamics underlying large networks
Our goal is to infer recurrent neural network models of the form

X x() +Ip(x() + T ), (4.1

with neuron activity x(t) € RN, time-constant T € R+, recurrent weights J €
RN*N  element-wise nonlinearity ¢, an R dimensional white noise process &(t) and
Ty € RV*R In particular, we are interested in the case where the weight matrix J
has rank R < N, i.e., it can be written as J = MNT, with M, N € RN*R( [49, 56, 59,
102]). Assuming that x(0) lies in the subspace spanned by the columns of M and
Iy = MTI,, with T, € RR*R we can rewrite Eq. 4.1 as an equivalent R dimensional
system,

T2 2+ NTo(Mz(1)) + L), (42)
where we can switch between Eq. 4.1 and Eq. 4.2 by means of linear projection,
z(t) = (MTM)'MT"x(t) and x(t) = Mz(t). Note that we can directly extend these
equations to include input, representing, e.g., experimental stimuli or context. Even
if these stimuli are time-varying, x will be constrained to the span of the input
weights and M. By including input to the RNN, we can use the fit models for
conditional generation (see Supplement .3.3.2).
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4.3.1.2  Low-rank RNNs as state space models

We consider nonlinear latent dynamical systems with observations y;:

T T
p(zir,yrr) = p(z1) [ Tp(ze [ ze) [T p(ye | 22),
=2 t=1
p(zt | zi-1) = N(F(2¢-1),Z2), p(z1) = N (iz,, Zz,),
p(yt | z¢) = G(zt),

where the transition distribution is parameterised by discretising a low-rank RNN
with timestep At, we have mean F(zt) = az; + NT¢p(Mz;),

witha=1—2 and N = fN, and covariance X, (see Supplement .3.3.1). The
specific form of the observation function G, depends on the data-modality, e.g., here
we use a Poisson distribution for count observations. This formulation allows one
to keep the one-to-one correspondence between RNN units (or a subset of those)
and recorded data neurons, (as was desired in previous work, e.g., [66-68, 173]). For
example, assuming Gaussian observation noise, we can simply use that x; = Mz;
and define G = NV (Mz;, Zy).

Once we learn p(z1.7,y1.7), we can use the obtained RNN as a generative model
to sample trajectories, and reverse engineer the underlying dynamics to gain insight
in the data generation process. Given the sequential structure of the RNN, we can
do model learning by using variational sequential Monte Carlo (also called Particle
Filtering) methods [115-117].

4.3.2  Model learning with variational sequential Monte Carlo

4.3.2.1  Sequential Monte Carlo

Sequential Monte Carlo (SMC) can be used to approximate sequences of distribu-
tions, such as those generated by our RNN, with a set of K trajectories of latents z.1
(commonly called particles) [120]. As we do not have direct access to the posterior
p(zt | y1:t), we instead sample from a proposal distribution r, and adjust for the
discrepancy between the proposal and target posterior distribution using impor-
tance weights. Thus, a crucial choice when doing SMC is picking the right proposal
distribution 7, from which we can sample latents conditioned on the previous latent
z;_1 and observed data yj.1, or a subset of those. Given initial samples z1 K<y
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and corresponding importance weights @} X (as defined below) SMC progresses by
repeatedly executing the following steps:

resample ”]f—l ~ Discrete(a’t‘fl | @]f,l),
k
propose zf ~ r(zf | yi, th:f),
(yo, 2t | 2)
reweight wf = P t;1 ’
k a_q
r(zi | ynz,'y)
wk _

with @¢ = Foal Here, the resampling step avoids most of the weights from
=
concentrating on very few particles. Using SMC, we obtain, at time ¢, a filtering

approximation to the posterior,

K
qaie(z1e | y1e) = Y wio(2h,). (4-3)
k=1

The unnormalised weights give an unbiased estimate to the marginal likelihood,

T 1 K
p(yrr) = H X Z wlf (4-4)

We now detail how we pick the proposal distribution r. For linear Gaussian observa-
tions G = N'(Wz;, Ly), we set r(z; | yt,2—1) = p(2+ | yi,24-1), as this is available
in closed form and is optimal (in the sense that it minimizes the variance of the
importance weights [120])

r(zt | yt,2ze-1) = N((I— KW)F(z;_1) + Ky,, A7) (4-5)

with K the Kalman Gain: K = AZWTZgl, and A, = (Z;! —Q—WTZ;lW)’l (or
equivalently K = Z,WT(WZ,WT + Zy)’l, and A, = (I — KW)ZX,). For non-linear
observations, we can not invert the observation process in closed form, so we
instead jointly optimize a parameterized ‘encoding’ distribution e(z; | y;_y.;) (asin a
variational autoencoder [123]). In particular, we assume e to be a multivariate normal
with diagonal covariance, which we parameterize by a causal convolutional neural
network, such that each latent is conditioned on the t' latest observations (although
sometimes non-causal encoders can be advantageous, see Supplement .3.2.5). We
then use the following proposal:

1(zt | 21, Yi—pt) < e(Zt | Yi—p)P(2t | 2i-1), (4.6)

where we now also assume p(z; | z;_1) has a diagonal covariance matrix.
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4.3.2.2  Relationship to Generalised Teacher Forcing

In our approach, the mean of the proposal distribution at time ¢ is a linear com-
bination between the RNN predicted state F(z;_1) and a data-inferred state 2;. A
recent study obtained state-of-the art results for reconstructing dynamical systems
by fitting deterministic RNNs with a method called Generalised Teacher Forcing
(GTF), which similarly linearly interpolates between a data-inferred and an RNN
predicted state at every time-step [64]; the model propagates forward in time as
2 = (1 —wa)F(z;—1) + a2. Hess et al. [64] showed that by choosing the appropriate «,
one can completely avoid exploding gradients, while still allowing backpropagation
through time, and thus obtaining long-term stable solutions [100]. The optimal «
can be picked based on the maximum Lyaponuv exponent of the system (a measure
of how fast trajectories diverge in a chaotic system).

By including the RNN in the proposal distribution, we similarly to GTF allow
backpropagation through time through the sampled trajectories. The linear combi-
nation is given by a = (£, !+ WTZ;1W)’1WTZ;1W in Eq. 4.5, and similarly in
Eq. 46 by a = (271 + )y 1)_125 !, where ¥;, is the predicted variance of the encod-
ing network. Thus, instead of interpolating based on an estimate of how chaotic
the system is, our approach combines RNN and data inferred states adaptively
(every time step, if Eq. 4.6 is used) based on how relatively noisy the transition
distribution is with respect to the data-inferred states at time ¢, analogous to, e.g.,
the gain of a Kalman filter. In the formulation of GTF of Hess et al. [64], an invertable
observation model is required. By learning an encoder that predicts a distribution
over latents, our method naturally extends to models with non-invertable (e.g.,
Poisson) observations.

4.3.2.3 Variational objective

We can fit our RNNs to data by using SMC to specify a variational objective [115-
117]. In variational inference, we specify a family of parameterized distributions Q,
and optimize those parameters such that a divergence (usually the KL divergence)
between the variational distribution q(z1.7) € Q and the true posterior p(zi.7 | y1.1)
is minimized. We do this by maximising a lower bound (ELBO) to the log likelihood
p(y1.r). In particular, we can use Eq. 4.4 to specify the ELBO objective [115-117]

L=E, (%% |y logPlyur)], (4-7)
with gsmce the sampling distribution:

k
qsmc (Z%iljgra%;IT(A | yur) = H?:l ”(Zlf | y1) H{f:] HtT:Z ”(th{ | zl:fllyt)Discrete(alt‘A |
@i 1)-

During each training iteration, we run SMC, using the closed form optimal pro-
posal (Eq. 4.5) if observations are linear Gaussian, otherwise the proposal includes
a parameterised encoder (Eq. 4.6). We can then use the resulting unnormalised
importance weights (Eq. 4.4) to estimate the ELBO, which we maximise with back-
propagation (through time). As suggested in previous studies [115-117, 122], we
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FIGURE 4.2: Proof sketch.

use biased gradients during optimization by dropping high-variance terms arising
from the resampling.

4.3.3 Finding fixed points in piecewise-linear low-rank RNNs

After having learned our model, we can gain insight into the mechanisms underlying
the data generation process by reverse engineering the learned dynamics [51],
e.g., by calculating their fixed points. Here, we show that the fixed points can
be found analytically and efficiently for low-rank networks with piecewise-linear

activation functions. This class of activation functions ¢(x;) = Y2 bl(d)max(xl- -
h(d),O) includes, e.g., the standard ReLU (¢(x;) = max(x; — h;,0)) or the “clipped’

Vellriant (p(x;) = max(x; + h;,0) — max(x;,0)) [64] which we used in all experiments
with real-world data here.

Naively, the cost of finding all fixed points piecewise-linear networks scales
exponentially with the number of units in the networks: we would have to solve (D +
1)N systems of N equations [65, 111]. If networks are low rank, it is straightforward
to show that we can reduce this cost to solving (D + 1)N systems of R equations (See
Supplement .3.1). In addition, however, we show that the computational cost can
be greatly reduced further: One can find all fixed points in a cost that is polynomial
instead of exponential in the number of units:

Proposition 1. Assume Eq. 4.1, with J of rank R and piecewise-linear activations ¢.
For fixed rank R and fixed number of basis functions D, we can find all fixed points
in the absence of noise, that is all x for which % = 0, by solving at most O(NR)
linear systems of R equations.

Proof. See Supplement .3.1.

Sketch. Assuming D = 1, activations ¢ = max(0,x; — h;); N units will partition
the full phase space into 2V regions in which the dynamics are linear (2 units, 4
regions in Fig. 4.2). We can thus, in principle, solve for all fixed points by solving
all corresponding linear systems of equations [65, 111]. If dynamics are confined
to the R-dimensional subspace spanned by the columns of M, only a subset of the
linear regions (3 in Fig. 4.2) can be reached. Each unit partitions the space spanned
by the columns of M with a hyperplane (pink points in Fig. 4.2). The amount of
linear regions in M, becomes equivalent to ‘how many regions can we create in
R-dimensional space with N hyperplanes?” Using Zaslavsky’s theorem [174], we
can show that this at most Y-X (V) € O(NR) (for fixed R).
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4.4 EMPIRICAL RESULTS
4.4.1  RNNs recover ground truth dynamics in student-teacher setups

We validated our method using several student-teacher setups (Fig. 4.3; additional
statistics in Fig. S.13). We first trained a ‘teacher” RNN, with the weight matrix
constrained to rank 2, to oscillate. We then simulated multiple trajectories with a
high level of stochasticity in the latent dynamics (Fig. 4.3a, top left) and additional
additive Gaussian observation noise (Fig. 4.3a, top right) on the observed neuron
activity (y; ~ N (xi,aj), with x = Mz). A second ‘student” RNN was then fit to the
data drawn from the teacher, and both recovered the true latent dynamical system,
as well as the right level of stochasticity (Fig. 4.3a, bottom; Fig. 4.3d).

We also verified that we can obtain covariance matrices ¥, that are numerically
close to the ground truth, for teacher networks with various levels of noise (Fig. S.14).
When using the bootstrap proposal (i.e., sampling from the prior; r = p(z; | z;-1)),
or too few particles, the right level of stochasticity is not obtained, indicating that
the use of multiple particles and a proposal that conditions on observed data is
indeed beneficial.

Given that neurons emit action potentials, which are commonly approximated
as discrete events, we repeated the initial teacher-student experiment with Poisson
observations generated according to y; ~ Pois(softplus(w;x; — b;)). The student
RNN again recovers the oscillatory latent dynamics. Note that because of the affine
transformation in the observation model, the inferred dynamics can be scaled
and translated with respect to the teacher model. To verify that samples from our
inferred model follow the same distribution as samples from the teacher model, we
computed several statistics, which all show a close match (Fig. 4.3e; Fig. S.13).

In our final teacher-student setups, we verified the ability to recover dynamics
when there are known stimuli or contexts. In particular, we trained a rank-2 RNN
on a task where, at each trial, it receives a transient pulse input corresponding to a
particular angle 6 (given as sin(6), cos(6)), and is asked to provide output matching
the input after stimulus offset. The teacher RNN learns to perform the task by using
an approximate ring attractor - which the student RNN accurately infers (Fig. 4.3c).
Here, we inferred all fixed points by making use of Preposition 1. To demonstrate
that our method also works when inputs are strongly time-varying, we included
an additional setup where the teacher network was asked to report the sign of the
mean of a noisy stimulus (Fig. S.15).

4.4.2  Stochasticity allows recovering low-dimensional latents underlying EEG data

After validating our model on a toy example, we went on to several challenging real-
world datasets. We first used an EEG dataset [175, 176] with 64 channels containing
one minute of continuous data sampled at 160 Hz (Fig. 4.4). This dataset was
recently used in a study where generalized teacher forcing (GTF) was used to fit
deterministic RNNs with low-rank structure [64]. The GTF method obtains state-of-
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FIGURE 4.3: RNNs recover dynamics in teacher-student setups. a) Example ground truth
latent trajectory and phase plane of low-rank RNN trained to oscillate (top left) and
noisy observations of neuron activity (top right; 6/20 shown). A second low-rank RNN
trained on the activity of the first recovers ground truth dynamics. b) Same set-up, but
with Poisson observations. ¢) The teacher network was trained on a task where it has to
provide an output corresponding to 8 different angles depending on an input cue. The
student network, when given the same input during fitting, recovers the approximate ring
attractor. d) Mean (£1SD) autocorrelation of the latents of the models from panel a, show
the oscillation frequency is captured, as well as the decorrelation due to recurrent noise.
The scale of the observed rates also agrees between student and teacher. e) Mean rates and
ISI between student and teacher units of panel b match. f) Example rate distribution of
one unit of the teacher and student RNN (of panel c), after onset of the 8 different stimuli.
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FIGURE 4.4: Example ground truth EEG [175, 176] and (unconditionally) generated traces
by our model. Shown are 5/64 EEG channels.
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Dataset Method Dstsp 4 Dy | dim 6]

EEG GTF [64] 21+02 011£001 16 17952
adaptive . . . .

(64d) daptive GTF [64] 24+02 013+001 16 17952
SMC (ours) 21401 0.11+0.01 3 3920

TABLE 4.1: Lower dimensional latent dynamics than SOTA at same sample quality. We
report median + median absolute deviation over 20 independent training runs, ‘dim’ refers
to the dimensionality of the model’s underlying dynamics and |6 denotes the total number
of trainable parameters. Values for GTF taken from Hess et al. [64].

the-art results on several dynamical systems reconstruction tasks. It outperformed
SINDy [177], neural differential equations [104], Long-Expressive-Memory [178],
and other methods, while using a smaller latent dynamical system.

Here we show that using a stochastic RNN with SMC instead of a deterministic
RNN with GTE we can decrease the latent dimensionality even further, from 16 to
just 3 latents, while matching the original reconstruction accuracy (Table 4.1). We
hypothesize this is because the data can be well explained by stochastic transitions
with simple underlying dynamics as opposed to complex deterministic chaos.

We evaluated samples from our RNN with two measures which were used in
previous work [64], one KL divergence-based measure between the states (Dssp),
and one measure over time, based on the power spectra of generated and inferred
dynamics (Dp; see Supplement .3.4.12). Unlike Hess et al. [64], who applied smooth-
ing, we optimized our models directly on the raw EEG data. We also fit stochastic
full-rank RNNs with variational SMC, however these models tend to have worse
performance on this task, while also being less interpretable (Fig. S.16).

4.4.3 Interpretable latent dynamics underlying spikes recorded from rat hippocampus

We next investigated how well our model can capture the distribution of non-
continuous time series. In particular, we used publicly available electrophysiological
recordings from the hippocampus of rats running to drops of water or pieces of
food [155, 156]. We binned the spiking data into 1oms bins and fit a rank-3 RNN to
~850 s of data. Samples generated by running the fit RNN autonomously closely
matched the statistics of the recordings (Fig. 4.5a-c). Previous investigations into
this dataset have examined the relationship between spikes and theta (5-10 Hz)
oscillations in the local field potential ( [155]), and found that units were locked to
the LFP rhythm, with the relative phase depending on the subregions from which
the units were recorded. The latents generated by the RNN are visually similar to
the average local field potential (Fig. 4.5d) and match its power spectrum (Fig. 4.5e).
While the model was solely trained on the spikes, the posterior latents (Eq. 4.3) have
a clear phase relationship with the LFP, as evidenced by a high coherence between
the posterior latents and LFP. In contrast, and as expected, latents from running
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FIGURE 4.5: RNNs reproduce the stationary distribution of spiking data. a) We fit a rank-3
RNN to spike data recorded from rat hippocampus [155, 156] (left), and generate new
samples from the RNN (right). b) Single neuron statistics. Mean rates and means of
interspike interval (ISI) distributions of a long trajectory of data generated by the RNN
(gen) match those of a held-out set of data (test). As a reference we additionally computed
the same statistics between the train and test set. ¢) Population level statistics. We plot
the pairwise correlations between all neurons for generated data against the pairwise
correlations in the test data. d) The corresponding latents generated by running the RNN
look visually similar to the local field potential (LFP). e) The peak in the power spectrum
matches between latents and LFP. f) The posterior latents show coherence with the LFP. As
a reference, we compute the coherence between the LFP and the latents generated by the
RNN.
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FIGURE 4.6: Posterior latents of our model (fit solely spikes) can be used to predict rat
position.

the RNN are not correlated with the LFP (Fig. 4.5f). The correspondence between
generated latents and LFP was absent when we use a related method for fitting
RNNSs (with deterministic transitions) to neural data (LFADS [46]; Fig. S.17). Using
the bootstrap proposal also led to lower-quality samples (Fig. S.18).

Units in rat hippocampus have been shown to code for position, e.g., through
place cells [179], which tend to fire if the animal is at a specific location. To further
investigate how well we can model recordings from the hippocampus, we fit a
rank-4 RNN to an additional set of recordings of rats running on a linear track [180—
182] (Fig. 5.19). As in Zhou & Wei [183], we first focus only on the spikes recorded
while the rat is moving, which we bin into 25 ms bins. The RNN again accurately
reconstructs the distribution of spikes and again has latent oscillations. Here the
frequency at which power peaks is slightly higher than that of the LFP, potentially
related to phase precession ( [143]). While solely trained on spikes, the posterior
latents also allowed us to predict the position of the rats with reasonable accuracy
(R? = 0.79 £ 0.05 mean + SD, N = 4 RNNs; Fig. 4.6). We also fit rank-12 RNNs
to around 15 minutes of recording (again with 25 ms bins), which includes long
intermediate periods where the rat is stationary. Here our generative model learns
to have higher theta power during running bouts, in line with the data (Fig. S.20).

4.4.4 Extracting stimulus-conditioned dynamics in monkey reaching task

We further investigated how well we can recover stimulus-conditioned dynamics.
We applied our method to spiking activity recorded from the motor and premotor
cortices of a macaque performing a delayed reaching task. This type of data has been
popular for investigating neural dynamics underlying the control of movement [33,
36] and evaluating neuroscientific latent variable models [46, 184, 185]. We first
validated the ability of our method to obtain a sensible posterior by evaluating it on
the Neural Latents Benchmark [185] (Supplement .3.2.5, Table S.1).

We then went on to a set-up where we explicitly conditioned our model on
external context. For simplicity, we constrained our experiment to trials with straight
reach trajectories in the data. We fit a rank-5 model to these data while conditioning
the RNN dynamics on the target position by providing the target position as input.
Our model was able to infer single-trial latent dynamics and neuron firing rates
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FIGURE 4.7: Inferred and generated dynamics from the model fit to macaque spiking activity
during a reaching task. a) Latent states inferred from the macaque spiking data prior to
movement initiation (“pre-movement’) and during movement execution (‘movement’),
colored by the intended reach target. b) Reach trajectories decoded from model-inferred
neural activity. ¢) Dissimilarity matrices computed across the seven conditions (i.e., the
seven colors in a, b) for per-neuron mean firing rate and ISI. We generate neural activity
from the model by providing the same conditioning stimuli as in the real data. Then, for
each statistic, we compute and show the correlation distance between conditions in the
real data (left) and model-generated data (right). d, e) Same as a, b, but with latent activity
and behavioral predictions generated from the model with conditioning inputs including
directions not seen in the real data (e.g., lime green). For clarity, we show only a subset of
conditions in the decoded reaches.
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FIGURE 4.8: Comparison of our analytic method (star) and the approximate method
proposed in Eisenmann et al. [70] (blue) for finding the fixed points of the teacher RNN in
Fig. 4.3¢c. We can also use Proposition 1 to constrain the search space of the approximate
method (orange). Error bars denote the minimum and maximum amount of fixed points
found over 20 independent runs of the algorithm.

that predict reach velocity with high accuracy at lower latent dimensionalities
than models without inputs (Fig. 4.7b, R?> = 0.90 for this model, see Table S.2 for
additional statistics).

We examined the posterior latents inferred by the model and found that our
model recovers structured and interpretable latent dynamics. Before movement
onset, latent states corresponded to the intended reach targets, which were near
the edges of a rectangular screen (Fig. 4.7a, left), in line with [184]. During the
movement period, the latents followed parallel curved trajectories that preserve
target information (Fig. 4.7a, right) and can be decoded to predict monkey reach
behavior (Fig. 4.7b).

We then generated neural data from the RNN conditioned on stimulus input.
Again, the distribution of spikes is well-captured (Fig. S.21). We additionally evalu-
ated whether the model faithfully captures differences in spiking statistics across the
seven reach directions, finding reasonable correspondence in dissimilarities between
conditions in the generated and the real data (Fig. 4.7c). Finally, we simulated
our trained RNN with conditioning inputs, including reach directions not present
in the data, and found that the structured latent space recovered by the model
enables realistic generalization to unseen reach conditions (Fig. 4.7d, e, lime green
condition).

4.4.5 Searching for fixed points

In Proposition 1, we derived a bound on the number of systems of equations one has
to solve in order to find all fixed points in piecewise-linear low-rank RNNs. Recently,
an approximate algorithm for finding fixed points in piecewise-linear networks
was proposed [70]. Here, we perform an exploration into how this compares to
our analytic method by searching for fixed points of the RNN in Fig. 4.3¢ (top).
For the same number of matrix inverses computed by our analytic method, the
approximate method generally does not find all 17 fixed points (Fig. 4.8). We note,
however, that (unlike ours) the convergence of the approximate method depends
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on the dynamics of the RNN, and as a result, there are theoretical scenarios where
the approximate method can be shown to be faster. Yet we empirically also found
scenarios where the approximate methods failed to converge within the time-frame
of our experiments (Fig. S.22).

Our analytic method relies on the insight that only a subset of all linear subregions
formed by the piecewise-linear activations can be reached in low-rank networks.
For networks with moderate rank, the cost of searching through all of the subre-
gions might still be too high. We can, however, hugely reduce the search space of
the approximate method [70] (from (D + 1)N to y-* ( D"(Y)), at an upfront cost
(Supplement .3.2.7; orange line in Fig. 4.8).
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4.5 DISCUSSION

Here we proposed to fit low-rank RNNs to neural data using variational sequential
Monte Carlo. The resulting RNNs are generative models with tractable underlying
dynamics, from which we can sample long, stable trajectories of realistic data. We
validated our method on several teacher-student setups and demonstrated the
effectiveness of our method on multiple challenging real-world examples, where we
generally needed a latent dynamical system with very few dimensions to accurately
model the data. Besides our empirical results, we obtained a theoretical bound on
the cost of finding fixed points for RNNs with piecewise-linear activation functions
when they are also low-rank.

Adding stochastic transitions to low-rank RNNs can potentially hugely reduce
the rank required to accurately model observed data, as demonstrated here with a
network fit to EEG data where we could reduce the dimensionality from 16 to just 3.
While many methods that fit RNNSs to neural data (e.g., [46, 62, 64, 66—68]) assume
deterministic transitions, there is a rich literature concentrating on probabilistic
sequence models in neuroscience (e.g., [40—43, 133]). In particular, a recent work
termed FINDR [43] uses variational inference (but not SMC), to similarly find
very low-dimensional dynamical systems underlying neural data. These stochastic
dynamical systems were parameterized using neural differential equations [104].
While Eq. 4.2 can be seen as a neural differential equation with one hidden layer,
our particular formulation allows us to find its fixed-points effectively and map
back to a regular, mechanistically interpretable RNN (Eq. 4.1) after fitting, which
enables additional investigations into neural population dynamics [49, 56, 59, 172].

We here — similar to FINDR (and [186]) — did not use the adjoint method as
is typical in the neural differential equation literature, but rather a simple Euler-
Maruyama discretisation scheme and standard backpropagation through time.
However, one could investigate how we can integrate our approach with variational
approaches that use adjoint methods when fitting latent neural SDEs [187, 188] as
well as with filtering approaches for continuous time systems [189]. This could be
especially relevant for irregularly sampled time-series.

The reason we can do the mapping between a low-rank RNN (Eq. 4.1) and a
latent dynamical system (Eq. 4.2) crucially relies on our assumption that samples
from the recurrent noise process are correlated, such that they lie within the column-
space of M. Valente, Ostojic & Pillow [103] showed that for linear low-rank RNNs
arbitrary covariances in the full N dimensional space can be used, when increasing
the dimensionality of the latent dynamics to twice the rank R (to the column space
of both M and N), this however does not generalise to our non-linear setting. We
do expect correlated recurrent noise to be appropriate for modeling stochasticity
arising from unobserved inputs or from partial observations [103] —additionally,
correlated noise constituted a pragmatic choice that allows building an stochastic
model that can allow for trial-by-trial variability while maintaining the tractability
of low-rank deterministic RNNs.
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Still, future work can investigate training networks with more relaxed assumptions
on the recurrent noise models, including extensions to non-Gaussian noise-processes.
The latter could be of particular interest if more biologically plausible (i.e., spiking)
neurons were used in the recurrence [87, 173].

Our results also open up further avenues to explore questions in neuroscience.
The relation between LFP and spike (phase) in the hippocampus has been of great
interest [136, 143, 155]. While we performe some preliminary investigation into the
relation between the inferred latents and the local field potential, further studies
could perform a systematic investigation into their relation, for instance, by using a
multi-modal setup [69], or to investigate multi-region temporal relationships and
interactions [66].

Taken together, by inferring low-rank RNNs with variational SMC, we obtained
generative models of neural data whose trajectories match observed variability, and
whose underlying latent dynamics are tractable.

CODE AVAILABILITY

Code to reproduce our results is available at:
https://github.com/mackelab/smc_rnns

ACKNOWLEDGMENTS

This work was supported by the German Research Foundation (DFG) through
Germany’s Excellence Strategy (EXC-Number 2064/1, PN 390727645), SFB 1089 (PN
227953431) and SPP2041 (PN 34721065), the German Federal Ministry of Educa-
tion and Research (Ttiibingen Al Center, FKZ: 011S18039; DeepHumanVision, FKZ:
031Lo197B), and the European Union (ERC, DeepCoMechTome, 101089288), the
‘Certification and Foundations of Safe Machine Learning Systems in Healthcare’
project funded by the Carl Zeiss Foundation. MP and MG are members of the
International Max Planck Research School for Intelligent Systems (IMPRS-IS). We
thank Cornelius Schroder for feedback on the manuscript, and all members of
Mackelab for discussions throughout the project.


https://github.com/mackelab/smc_rnns

ATTRACTOR DYNAMICS UNDERLIE SEQUENCE WORKING
MEMORY IN DATA-CONSTRAINED RECURRENT NEURAL
NETWORKS

Sequences of stimuli can be maintained in working memory by encoding each item
by a distinct pattern of neural population activity. However competing hypotheses
about the underlying dynamics have been proposed: the patterns of activity might
be supported either by stable attractor states that persist over time, or by transient
sequential dynamics. To investigate the dynamics underlying sequence memory, we
fit low-rank recurrent neural networks (RNNs) to multi-session spiking recordings
of macaques. Our data-constrained generative models accurately reproduced popu-
lation spiking activity and recovered single-unit tuning properties across recording
sessions. Consistent with prior analyses, the fitted networks represented items
presented at different sequence positions in separate low-dimensional subspaces in
the neural activity, alongside a dominant temporal component. The RNNs enabled
direct investigation of the underlying dynamics. By isolating the temporal and stim-
ulus subspaces, we found a manifold of fixed points emerged during the memory
retention period. Targeted perturbation analyses further revealed that activity within
this manifold is consistent with attractor-like dynamics. The models predict that
brief optogenetic perturbations delivered along this attractive manifold can induce
persistent shifts in neural activity and corresponding behavior, selectively for each
sequence position. Our data-constrained low-rank RNNs suggest that sequence
working memory is organized by coding in distinct subspaces, within which stable
attractor-like dynamics support persistent representations.
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5.2 INTRODUCTION

Many behaviors require remembering ordered sequences, for instance holding a
multi-digit authentication code in mind long enough to enter it correctly. Working
memory is the capability that allows holding and manipulate information over short
periods during such tasks [190]. Early theories proposed that working memory was
instantiated by the persistent firing of neurons throughout the memory interval [5,
6, 191]. In addition to reports of persistent activity (e.g., [192, 193]), subsequent
work has revealed that many individual neurons exhibit complex, time-varying
responses [12-16]. One way to reconcile these observations is that the information
can remain stable at the population level during memory maintenance, [17-19].

In sequence working-memory tasks, population activity exhibits additional struc-
ture: Items presented at different serial positions can occupy distinct low-dimensional
subspaces within the population activity, as observed in experiments with both
single unit resolution [74, 194, 195] and broadband MEG recordings [196]. This
geometry resembles a representation in which items can be bound to sequence
position along (approximately) orthogonal axes [197, 198]. Such a scheme enables or-
dered information to be maintained within a single population despite overlapping
neural units.

However, representational geometry alone does not reveal the dynamical mecha-
nisms that underlie these patterns. Multiple competing hypotheses remain under
active investigation in the field [199]; the same stable population-level representa-
tion could arise either from persistent attractor states [y7—11, 19, 50, 200] or from
sequences of decaying transients [105, 201, 202]. We therefore ask: what dynamical
regime underlies memory maintenance in the observed subspace during working
memory for sequences?

To address this question, we fit recurrent neural networks (RNNs) to single-unit
recordings from macaques performing a sequence working-memory task [74]. RNNs
are widely used to model neural population activity and to generate hypotheses
about the computations they implement [37, 47, 51, 63, 65, 67]. Here we focus
on RNNs with low-rank connectivity [49, 56, 59, 60, 76, 102], which provides
interpretability through a direct link between high-dimensional population activity
and an underlying low-dimensional dynamics.

We first design a framework for fitting stochastic low-rank RNN such that we can
fit one RNN to units recorded over multiple sessions at single trial resolution. The
resulting RNN is a generative model of the data, that captures both spiking statistics
and recovers experimentally observed population level representations. We perform
stability analyses of the low-rank RNNs latent dynamics and in silico perturbation
experiments, and show that the network maintains sequence information via stable
attractor dynamics together with a time-varying component. Our results predict
that transient perturbations delivered along the memory manifold during the delay
period will induce persistent shifts in the neural state, resulting in behavioral
changes.
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FIGURE 5.1: Two hypotheses underlying population codes during working memory. a)
We use data from an experiment in which macaques performed a task requiring them to
maintain sequences of 1—3 stimuli in working memory [74]. b) Previous studies found a
separate (approximately orthogonal) subspace for each sequence position in the population
activity of PFC neurons [74, 194, 195]. ¢) Subspaces are consistent throughout the delay.
d) Stable decoding during the delay period could arise from either attractor dynamics
(top; [10, 11, 19, 49]) or transient sequential activity (bottom; [105, 201, 202]).

5.3 RESULTS
5.3.1 Dynamical mechanisms underlying stable working memory representations

To study the dynamics underlying working memory, we use a dataset of single-unit
recordings from the macaque prefrontal cortex (PFC) [74]. Macaques maintain se-
quences of 1-3 stimuli which, after a delay of 1.15-1.5s, are indicated by pressing
on the screen (Fig. 5.1a). Chen ef al. [74] found that each item in the sequence
was represented in approximately orthogonal subspaces of the population activity
(schematically in Fig. 5.1b), in line with other recent studies [194-196]. These sub-
spaces can be consistently decoded throughout the memory period (schematically
in Fig. 5.1¢).

Stable decoding of remembered items during the delay could arise from distinct
dynamical mechanisms (Fig. 5.1d): one possibility is that attractor dynamics underlie
persistent activity patterns, for instance via a fixed point for each stimulus (Fig. 5.1d,
top) [10, 11, 19, 49, 200]. Alternatively, the observed time-invariant subspace could
emerge from transient sequential activity, in which a sequence of modes (patterns of
activity) that trigger one another bridge the delay (Fig. 5.1d, bottom) [105, 201, 202].
Summing these transient modes can also result in a stable constant representations
throughout a memory period [105]. To formalize these hypotheses, we constructed
RNN models that maintain a stable memory representation while using either
attractor or transient dynamics (Fig. S..23, S..24). While we observed a similar
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FIGURE 5.2: Multi-session low-rank RNN with consistent latents between sessions. a)
Each unit in the RNN is identified with one recorded unit (left). We assume that the
recurrent weights have a low-rank structure (middle), meaning that we can write the
RNN’s recurrent connectivity weights J as an outer product of left and right connectivity
vectors m and n’s. The low-rank connectivity structure implies that the multi-session
neural activity is constrained to a shared low-dimensional subspace (right; spanned by the
m and input vectors). b) To fit the RNNs to neural data, we use sequential Monte Carlo
methods where the latent dynamics are parameterized by a low-rank RNN that is shared
between session. During training we alternate trials from different session. ¢) The latents
between sessions are consistent with each other as shown by using the inferred latents
during the late delay period to do cross-session decoding of the maintained items.

geometry of the latents between both models, we confirmed that our subsequent
analyses can distinguish between the two models.

5.3.2  Data simulated with multi-session RNNs match key properties of recordings

To distinguish between the mechanisms proposed above, we train a generative
RNN models of the spiking activity macaques. Because the recordings are collected
over multiple days, we employ multi-session low-rank RNNs that capture shared
population dynamics (Fig. 5.2a). Each recorded unit is mapped to a corresponding
RNN unit (Fig. 5.2a, left), and the low-rank constraint on recurrent weights (Fig. 5.2a,
middle) ensures that network activity evolves within a shared, low-dimensional
subspace across sessions (Fig. 5.2a, right). We use RNNs with piecewise-linear
(ReLU) activation functions, allowing fixed points and other dynamical features to
be efficiently studied [64, 65, 70, 110, 112, 203].

To fit these RNN models at single-trial resolution, we develop a method for
fitting low-rank RNNSs toto multi-session data (Fig. 5.2b). This method builds
on a previous framework Pals et al. [203] and leverages sequential Monte Carlo
methods [115-117, 120]. During training we alternate data from different sessions.
We use a so-called ‘bootstrap proposal’: At each time step, we propagate multiple
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FIGURE 5.3: Generative RNNs capture key properties of the data. a) Our data-fitted
RNNSs act as generative models that produces stochastic spike trains for all recorded units,
conditioned on task inputs: A constant fixation input until the end of the delay, and the
sequence of task stimuli to be maintained (encoded as (sin(6, cos(8), where 6 is the angle
of the stimulus). b) Key statistical properties of neural activity are accurately reproduced
by the model. Comparisons between RNN-generated data and held-out recordings show
agreement in mean firing rates, inter-spike-interval (ISI) variability, and pairwise correla-
tions between neurons. Two example sessions are shown. ¢) Units with mixed-selectivity
are captured by our RNN as shown by this example tuning curve of a neuron that jointly
encodes stimulus identity and sequence position. d) Orthogonal transformations of the la-
tent activity reveal three stimulus-encoding subspaces, each corresponding to one sequence
position. Neural trajectories within each subspace separate according to the stimulus pre-
sented at that position (colors); each line represents the activity in one trial. e) Additional
latent dimensions capture temporal dynamics that are largely independent of stimulus
identity, including ramping activity during the delay and transient responses at stimulus
onset. f) Identified latent dimensions consistently explain a large amount of delay activity
across model seeds and macaques.
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latent trajectories (‘particles’) forward according to the low-rank RNN dynamics.
The sampled trajectories are then resampled based on how well they explain the
observations in the currently presented session. We fit 5 RNN to 15 sessions of
recordings of macaque G (1121 units, 10892 trials used for training) and 5 models to
15 sessions of macaque O (1367 units, 6852 trials). To verify that latent dynamics
are consistent between sessions after fitting the model, we perform a cross-session
decoding analysis. We first use our inference setup to obtain posterior latents
for each session separately, then train session-wise decoders to decode presented
stimuli from late-delay latents. By testing each decoder on the inferred latents
of all other sessions, we confirmed our framework results in a low-rank RNN
that successfully captures a shared latent structure underlying data collected over
multiple sessions (cross-decoding accuracies: macaque G: 0.87 4= 0.009, 0.85 £ 0.01,
0.90 £ 0.01, macaque O: 0.97 £+ 0.01, 0.94 £ 0.01, 0.92 £ 0.009, mean =+ sd over 5
models, for sequence position 1 to 3, respectively; Fig. 5.2c).

After fitting the RNNs, we can generate new trajectories of latent dynamics
and corresponding spiking activity for all units in the data, given stimulus inputs
(Fig. 5.3a). The generated spiking activity shows a good match to the recorded
activity across held-out spiking data from all sessions, both in terms of firing rates
(macaque G: r = 0.996 £ 0.008, macaque O: r = 0.999 +£ 0.001), inter-spike-interval
(ISI) variability (G: ¥ = 0.980 & 0.01, O: 0.984 £ 0.006), and pairwise correlations be-
tween units (G: r = 0.888 £0.04, O: r = 0.895 £ 0.02; all # & sd over 15 sessions, after
first averaging over 5 trained RNNs per macaque; Fig. 5.3b). Previous reports [194]
have found units that jointly code for position and stimulus, i.e., fire in response
to a stimulus only when it is shown at a particular sequence position, and might
be responsive to different stimuli at different sequence positions. Such units are
also found in our model (Fig. 5.3¢c). Moving on to population level analysis, we
first find an orthonormal transformation of the RNN dynamics that allows us to
find directions in RNN activity space that capture task-related variability [19]. In
line with previous experiments [74, 194] and models [198, 204], we find separate
two-dimensional subspaces for each sequence position. Additionally, we also find
components in the latent dynamics that correlate with timing information [12, 205],
such as stimulus onset and progression of the delay period (Fig. 5.3e). To quantify to
what degree the neural activity during the delay can be explained by stimulus and
timing information, we compute the variance explained by each of the found basis
vectors (Fig. 5.3f). In total the 8 basis directions explain 64% =+ 1.5% (£sd n = 10) of
variance of the RNN'’s delay activity, indicating we have isolated relevant directions
of neural activity during the memory period.

5.3.3 Analysis of RNN indicates attractor-guided dynamics

Having verified that our model generates activity that matches the recordings,
we next analyse the RNNs dynamics. The time-varying activity observed during
the delay period implies that the network state does not converge to a fixed-
point attractor during memory maintenance. Yet time-varying activity does not
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FIGURE 5.4: Indications of attractor dynamics. a) To isolate attractor-related dynamics in
the presence of time-varying activity, we clamped the time latents to their mean value
near the end of the delay period and simulated the remaining latents. Grey trajectories
show how latents evolve when not clamped. b) Analysis of the reduced latent system
reveals multiple stable fixed points (white) and saddle points (half-black/half-white) that
cluster around the average neural activity observed during the delay periods (colored
circles), suggesting that trajectories are guided toward a stable manifold in this region of
state space during memory-maintenance. ¢) We find fixed points for all models, and when
clamping the timelatents at different timepoints during the delay. d) Perturbations during
the delay in all trials of the highlighted condition (pink) are most consistent with a stable
manifold: perturbations that land near the activity observed in other trials (gray) move
little, whereas trajectories that end outside this manifold quickly converge back to it. e)
Quantification of perturbations (like in ¢, but for all conditions). In line with an attractive
manifold, perturbations that land closer to one of the condition means (on-manifold) show
less movement than those that land further away (off-manifold). f) We can consistently
find indications of attractor dynamics across seeds for both macaques.
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FIGURE 5.5: Targeted perturbations selectively change behaviorial responses to one
sequence position. a) To test whether the identified position subspaces are relevant for
behavior, we apply targeted perturbations that selectively change the models decoded
responses for one particular sequence position. Here we add a perturbation to the position
1 subspace (left), on many repetitions of the same trial (with sequence 3,2,4). We can change
the models response from choosing item 3 to item 1 for the first sequence position, while
leaving the responses for the latter two positions mostly unaffected (right). b) Accross
all possible permutations, and all trained models, we can consistently change the target
position. We retain this effect if we use a perturbation where the same current is applied

to a subset of units (mimicking optogenetic perturbations), although with a decreased
position specificity.
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rule out attractor dynamics [206], for example, chaotic or periodic attractors have
been suggested to underlie neural representations during working memory [172,
207]. Alternatively, previous work suggests that activity may evolve in directions
orthogonal to the subspace in which stimulus information is maintained by static
attractors [18, 19].

To investigate the latter possibility, we simulate the RNN until it is near the end
of the delay period. Then, we clamp the time-varying latent variables to their mean
value, and continue the simulation for several additional seconds (Fig. 5.4a), while
keeping the fixation input on. Under these conditions, the models tend to converge
to a steady state. To identify the corresponding fixed points of the clamped system,
we apply the algorithm of Eisenmann et al. [70]. We find both stable and saddle
fixed points that cluster around the mean latent values during the delay period
(Fig. 5.4b), for models trained on data of both macaques, irrespective of the exact
clamping timepoint (Fig. 5.4c). This result suggests that the dynamics during the
delay may be guided by an underlying attractor structure.

Different dynamical regimes can also be distinguished by their responses to
perturbations ( [200, 208, 209]; see Fig. S..23, S..24 for results with toy models).
We therefore apply perturbations to the RNN activity within one of the stimulus
subspaces, at the start of the delay period, and examine how the activity evolves
thereafter. If the ring of activity reflects a manifold of stable states, perturbations
that remain on the manifold should produce little subsequent movement, whereas
perturbations that move the activity away from the manifold should decay back
toward it, and therefore exhibit larger movement. Conversely, if the subspace were
marginally stable during the delay, perturbations in any direction should produce
little movement. Finally, if the subspace corresponded only to an output dimension
rather than the internal subspace where stimuli are stored, all trajectories should
decay back toward the original state. The behavior observed in (Fig. 5.4d, e, f) is
most consistent with the presence of a stable manifold.

Finally, we use the model to generate experimental predictions: Can we use
targeted perturbations during the memory period to change the macaques response
for one sequence position, while keeping its response to the the other positions
unaffected? To answer this, we first identify a neural subspace from which we
could decode behavioral responses, using inferred latents matched to macaque
behavioral outcomes. The found behavioral subspace is also relevant for activity
generated by simulating the RNN; We can use it to decode the sequence of stimuli
presented to the RNN with with an accuracy of 0.87 +0.029, 0.77 +0.034, 0.72 &
0.051 for sequence position 1, 2 and 3 respectively (y £sd, n = 10). Next, we
apply targeted perturbations to the previously identified stimulus subspace, which
produce persistent shifts in the network state that lead to corresponding changes in
the decoded behavioral output (Fig. 5.5). To test whether these stimulus subspaces
can be causally manipulated using experimentally relevant interventions, we apply
optogenetic-style perturbations during the delay period. Specifically, we inject the
same constant current into a subset of units associated with the target stimulus
subspace. Because these perturbations cannot be perfectly aligned with the low-
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dimensional position subspaces, their effects are somewhat less selective than
idealized subspace-targeted perturbations, but nevertheless induce reliable shifts
in the network state. These results suggests that a brief perturbation to a stimulus
subspace during the delay can steer the macaque’s response toward a desired target
outcome, specifically for one stimulus position.

5.4 DISCUSSION

We fit low-rank RNNs to multiple sessions of neural recordings of macaques
performing sequence working memory tasks [74]. The obtained RNNs are generative
models that can generate realistic spiking data with underlying latent trajectories
matching the previously reported geometry [74, 194, 195]. Our models allowed us to
investigate the responsible dynamical system. Through both stability analysis and
perturbation analysis, we find support for the RNNs using stable attractor dynamics
while also displaying time-varying delay activity.

We obtained our results using a new approach for fitting multi-session low-rank
RNNs. There are many other methods for fitting dynamical systems to multi-session
data. One commonly used method is LFADS [46], with a potential additional session-
alignment loss (NoMAD; [210]). In LFADS, variability is captured by the initial
conditions, per-trial biases [211], or optionally inferred inputs. While well-suited
for decoding applications, our approach of learning stochastic transitions might
help with obtaining a generative model (see Pals et al. [203] for a direct compari-
son between LFADS and stochastic low-rank RNNs). XFADS [45] is similar to our
method in that it learns stochastic transitions and uses a comparable formulation of
the posterior latents, yet it imposes a Gaussian approximation rather than a more
flexible particle-based representation. Other recent multi-session methods include
learning session-specific low-rank perturbations [212], hypernetwork-generated con-
nectivity [213], or sessions-specific reweighting of a shared connectivity basis [214].
These approaches all obtain session-specific models, while our framework learns a
unified dynamical system that can jointly generate data across sessions, potentially
providing a more holistic representation.

The underlying dynamics of our data-constrained models resemble ideas pro-
posed in previous studies using task-trained or hand-designed models. Our decom-
position of dynamics into stimulus-coding subspaces and orthogonal time-coding
directions is closely related to Murray et al. [19] and Druckmann & Chklovskii
[18], although we found a stable circular manifold storing the stimulus as opposed
to the proposed marginally stable planes. Similarly, Chaisangmongkon ef al. [215]
found that activity in RNNs trained to perform working memory tasks displayed
time-varying activity along one dimension and stimulus-dependent attraction in
others (leading to trajectories converging to what they termed "tunnels’), closely
resembling what we find. Complementing these studies, we here obtained a model
that is directly fit to neural data and additionally reproduces realistic population
activity.
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One might wonder whether the inferred attractor dynamics reflect the underlying
system or biases of the model class. Recent work has highlighted potential identifia-
bility issues when fitting RNNs to partially observed systems, showing that models
can favor attractor-like solutions when approximating high-dimensional transient
dynamics, particularly under limited capacity [216]. Here, we use comparatively
large networks, which could potentially mitigate this effect. Additionally, in sup-
port of our results, we applied our fitting method to data generated from models
with either transient or attractor dynamics. In these student-teacher setups, we can
recover the correct underlying mechanism (Fig. S. .25, S. .26).

Yet transient and attractor dynamics make distinct predictions about how the
system responds to perturbations or noise, as also noted by Qian et al. [216]. Pertur-
bation approaches have recently been applied successfully in vivo to distinguish
dynamical mechanisms [200, 209]. Our model makes clear predictions for how tar-
geted perturbations should affect subsequent dynamics, and behavioral responses
during sequence working memory tasks, providing a route for experimental valida-
tion. Analyzing trial-to-trial deviations from the mean dynamics [157] may offer an
additional way to distinguish between these regimes.

In summary, our results indicate that sequence working memory representations
are supported by attractor dynamics within position specific coding subspaces, while
additional dimensions capture time-varying components. Future work combining
data-constrained models with causal perturbations will be essential for verifying
our proposed system.
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5.6 METHODS
5.6.1  Details of the data

We used data from Chen et al. [74], see the corresponding paper for in-depth details.
In brief, macaques were set in front of a screen and performed a sequential working
memory task. Each trial started with the macaque pulling a level and fixating at a
yellow fixation square. After 100 ms 6 empty circles situated on the vertices of a
hexagon appear, and the fixation square turned white. After another 500 ms one to
three stimuli were presented sequentially for 250 ms each with an inter-stimulus
interval of 300-500 ms. After a delay of 1150 to 1500 ms the white square turned
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blue, the macaques released the level and the touched locations on the screen. If the
touched locations matched the stimuli, the macaques received a drop of water or
juice. Note that the experiment contained both recording days were the monkeys
had to report the stimuli in the presented (forward) order, as well as days were they
had to report them in reverse order. For this study we only use forward recordings.

Recordings were obtained using a semichronic microdrive system (Gray Matter
Research, USA [217]) implanted in the left hemisphere. A 157-channel tungsten
electrode array (LS-157, AlphaOmega; ~ 1 M(), 1.5 mm interelectrode spacing)
was used and the recording chamber covered the prefrontal and premotor areas.
Electrode depths were adjusted to maximize the number of recorded units. High-
frequency signals (300-80oo Hz) were sorted offline using IronClust and manually
curated (Plexon Inc.). Both single- and multi-unit activity were included. Units were
discarded if they had firing rates <1.2 Hz or on average less than 5 spikes per trial.
We discretized the recordings to 5oms bins. We used the first 15 recordings from
two macaques, giving us 1121 (macaque G) and 1367 (Macaque O) units.

5.6.2 Recurrent neural networks

We use RNNss of the form (e.g., [54, 63, 77]):

Td);(tt) — —x(t) + T p(x(£)) + Hu(t) + Tx&(t), (5-1)

where x(t) € RY is the vector of neural activity (currents), T € R is the synaptic
time constant, and J € RN*N is the recurrent connectivity matrix. The task stimuli
are represented by input u(t) € RMm and corresponding weights HY*Niw, and
Z(t) € RR is white noise input with coupling matrix Tx € RN*R. The nonlinearity
is applied element-wise as:

gb(xi) = max(xi —b;, 0).

We assume that each RNN unit maps to one recorded unit, and that the recorded
spiking activity can be describe by an underlying continuous rate r;(t). Since the
RNN activity ¢(x(t)) is dimensionless, we introduce a per-neuron gain and bias.

ri(t) = softplus (w; x;(t) + ¢;),
where the softplus(x) = log(1 + e*) ensures non-negative rates.

5.6.2.1 Low-rank structure

High-dimensional neural activity can be studied by looking at an underlying low-
dimensional system [37]. This link can be made explicit in low-rank RNNs [49, 56,
76, 102]. Low-rank RNNs also facilitate our multi-session inference setup, as we
model units recorded over different sessions, whose activity then lives in a shared
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low-dimensional subspace. To construct these networks, we constrain the weight
matrix J to have rank R:

J=MNT, M,N e RV*R (5-2)

This results in the dynamics being confined to the linear subspace spanned by M
and H (Assuming x(0) in this space, or after initial transients have decayed, and
I'x = MI';). This implies we can describe the RNN dynamics by an R-dimensional
variable z(t) and an Nj,,,-dimensional variable v(t); we can write

x(t) = Mz(t) + Hv(t).

We can now equivalently write the RNN dynamics (Eq. 5.1) by describing how the
activity evolves in the (R + Nj,,,)-dimensional subspace:

rdzd(:) = —z(t) + NT¢(Mz(t) + Hv(t)) +I;5(1),
0~ —v() +u(r).

5.6.2.2  Discretization

We discretized the latent dynamics using the Euler-Maruyama method with timestep

Ap.Leta=1-2, %, = 4T,IT, N = 2N, we obtain
Ziy1 =azy+ NTgb (Mzt + Hvt) + 1, (5.3)
vipr =avi+ (1 —a)upy, (5-4)

with #, ~ N(0,%;) and where, with a slight abuse of notation, we wrote z;.1, Vi1
for integrating the system one time-step ahead (i.e., for z; a,Vi4at). The currents of
the RNN units, and corresponding predicted rates are given by:

= Mz; + Hvy,
r; = softplus(diag(w)x; + c). (5.5)

5.6.2.3 Probabilistic model

Given observed data y;.7, the generative model corresponding to:
T-1 T
p(zi.T, yiT | viT) = p(21) H P(zig1 | 2, vi HP Vi | zt, Vi),
t=1 t=1

where vy.7 is deterministically defined from the input u;.7 by Eq. 5.4. The latent
transition distribution is given by the low-rank RNN dynamic (Eq. 5.3):

p(zit1 | 2t v¢) = N(ﬂzt + NT(P(MZt + HVt),Zz),
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and we also assume the initial condition to be Gaussian distributed: p(z;) =
N (p1,%1). Observations are assumed to be Poisson distributed:

y: ~ Poisson(r;),

with the rate r; given by Eq. 5.5.

5.6.3 Inference and training

5.6.3.1 Sequential Monte Carlo

Because the exact posterior p(z1.7 | y1.7) is intractable, we approximated it using
Sequential Monte Carlo (SMC) with a set of K particles representing latent trajecto-
ries [120]. At each timestep, latents were proposed from the bootstrap proposal, i.e.,
from the RNN dynamics p(z; | z;—1) and assigned importance weights:

zf ~plz | Zf ),
wf = p(yt | zf).

These were normalized as @ = w/ ZJK 1 wt followed by a resampling step. This
process results in a filtering approximation to the posterior at time

Frite (Z1:¢ | y1:t) Z w’f&

We optimized the RNN by maximizing an Evidence Lower Bound (ELBO) defined
over the joint distribution of all particles and ancestor indices, gsmc [115-117]:

L=FE,_ (@K 1y logplyrr)], (5.6)

%mc(zl T/

where p(y1.r) = [15; %Z,Ile wk is the unbiased marginal likelihood estimate.
During optimization we discarded high-variance gradient terms associated with the
resampling step [115-117].

5.6.3.2  Optimisation

During training we alternated batches drawn from different recording sessions. For
computing the loss, we only considered the rates given by RNN units matching the
data units in the current batch. We minimised the ELBO (Eq.5.6) with stochastic
gradient descent, using the Adam [218] optimiser in Pytorch [170].

We used batches of 128 trials, and trained for 750 epochs. Each training epoch
consists of 15 sessions, with 344-571 (macaque O) and 566-850 (macaque G) trials
per session. We used cosine decay to 10~ for the learning rate, after an linear warm
up of 50 epochs from 107 to 10~3. Training took around 8 hours on one NVDIA
3080 for macaque O and 12 hours for macaque G. There was a training instability
on some runs; In case NaNs or divergent losses appeared, a run was restarted. The
models had a rank of R = 64, and we used k = 32 particles.
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5.6.3.3 Initialisation

Models were initialized as follows:

Nij~U_ 1 1y, Mij~ U1 1y,
VN’V/N VR’ VR
Hjj ~ U1 Ly hi~U 1 1y,
Ninp/ Ninp VN’ VN
b <0, c—0,
w<+1, a<+ .9,
Y, < 011, 2,01 <1,
Uz, < 0.

We constrained a to be between 0 and 1 by instead optimizing @ with the following
(sigmoidal) parameterization a = exp(— exp(d)) [219]. We assumed all covariances
are diagonal and isotropic; parameterized by their standard deviations using . =
I softplus(&)>.

5.6.4 Stimuli and time basis directions

To obtain interpretable low-rank RNN dynamics, we expressed the latent activity
in terms of orthogonal modes aligned with task variables. The connectivity vectors
M were unconstrained during training and therefore do generally not define an
orthogonal coordinate system. This means that individual latents z() can reflect
arbitrary linear combinations of underlying modes. We obtained an orthogonal basis
after training, by performing a singular value decomposition of the connectivity
matrix,

J=MNT =USVT,

and projecting the latent state as z +— U' Mz (retaining only the first R singular
vectors).

This basis is still agnostic to task structure. To better understand which latent
dimensions encode variables such as stimulus identity we performed an additional
orthonormal transformation that aligned components with task-relevant variables
(inspired by Murray et al. [19]).

The latent activity was arranged as a tensor Z € RR*51%52X53%T ‘ywhere R = 64
latents, S; = 6 stimulus identities at each of three sequence positions, and T denotes
time. Because not all stimulus combinations were valid (each item could appear
only at one position) and sequence elements had unequal durations, we defined a
binary mask M indicating valid samples.
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We first subtracted the global mean activity of each neuron across all valid
samples:

Y MuZem A
= - 7 Z - Z -
]’lr Zm Mm U

where m runs along all task and time dimensions.

To isolate task-related variance, we computed marginalizations for time and each
sequence position. For a given marginal (e.g., position 1: i = S;), activity was
averaged over all other dimensions using the mask:

Z(i) _ Zke.A,' Mkzk

ZkE.A,‘ Mk ’

where A; denotes all axes except neurons and the marginal of interest. Only samples
with nonzero mask support were retained, and the result was reshaped to Z!) €
IRN X Ki .

We then performed PCA:

and the leading eigenvectors were retained to form W(). We kept 2 components for
time and each of the three sequence positions.

Subspaces were extracted sequentially (time, position 1, position 2, position 3).
After each step, the new basis W) was orthogonalized with respect to previously
extracted components Wprev:

WO« WO — Wy (W W),

followed by normalization of the columns. To prevent variance leakage across
marginals, we projected out the subspace at the current step:

Z+— 7 - WOwiTz,

All W) were concatenated to form Wene € RR*8_ This basis was extended to a full
orthonormal basis Wy, € RR*R by appending random vectors and orthogonalizing
the combined set via QR decomposition.

We computed the basis vectors Wy, using a train set of data generated by the
RNN on 2400 trials (20 trials for each out of 6 X 5 x 4 = 120 possible stimulus
conditions). For all plots, we first generated new data, changed to an orthogonal
basis using UM followed by subtracting with the mean y and an orthonormal
rotation with Wgy,.

For analysis of the RNN dynamics (perturbations and fixed points), we trans-
formed the RNN'’s latent dynamics such they are expressed in this basis. Take
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A= WfTuHUTM and ¢ = WfTuuy. Under the change of coordinates z.y = Az — ¢,
the RNN parameters are updated as:

M+ MA!, N « AN,

hy, « MA 'c— b+ Hy, hy < ac—g¢,

zg +— Azy—c,

with the RNN now described by:
_ g7
2141 = az; + NTReLU (Mzt + hz) +hy.

In Fig 5.2, we plot the variance of the delay activity per component. Because the
(fixation) input is constant across conditions during the delay, and because the latent
trajectories were expressed in an orthonormal basis, the variance captured in the
latent variables z corresponds directly to variance in RNN activity x.

5.6.5 Conditional fixed points

To find fixed points conditioned on a subset of clamped latent coordinated, we
partitioned the latent states into R, clamped and R, moving components:

e
Zy = (tm) ’ Re+ Ry =R,
Z

where ch) is clamped and ng) evolves according to the dynamics. We can treat the
fixed coordinates as input or bias to the moving latents. Denoting, with ...(") and
...(9) the columns or rows corresponding to moving and frozen coordinates, we
obtained a set of R;; equations describing only the moving latents:

zgfi = azgm) + azgc) + N™MTReLU (M(m)zgm) + M(C)zgc) +hy + Hv) + hgm),

= az" + NO"TReLU(M™ 2" + h{")) +h{",

with effective offsets
h") =Mz 4+ h, + Hy,
hgm) = ﬂch) + hl-

Note we here assumed input v to be constant, allowing us to incorporate it as a bias
term.
For fixed zgc), the conditional fixed points are defined by solutions to

20" = az{" + N TReLU (M™2(" 4+ h{") +h{",
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The full latent fixed point is then reconstructed as

()
zy
Z, = .
Li’”)}

We identified fixed points by simulating the clamped RNN for 7 seconds (140
timesteps of 50 ms) while maintaining the fixation input. The latent state at the
final timestep was extracted, perturbed with uniform noise, and used as the initial
condition for the heuristic SCyFi algorithm [70].

The SCyFi algorithm is designed to compute fixed points in piecewise-linear
systems, such as the ReLU-based RNNs used in this study. In piecewise-linear
systems, the latent space is partitioned into regions, each governed by its own linear
dynamical system. Given a latent state, SCyFi starts by obtaining the region in which
that latent state resides, and computes the fixed point of the corresponding linear
system. The resulting candidate fixed point may either lie within the same region,
in which case it is a valid fixed point of the system, or fall into a different region. In
the latter case, SCyFi reinitializes to the new region and computes the fixed point
for the new corresponding linear system. This process is repeated until either a
valid fixed point is found (within the current region) or a maximum number of
iterations is reached.

5.6.6 Perturbation analysis

For the perturbation analysis, we simulated the RNNs and applied an impulse
current to all RNN units o.5s. after the last stimulus input. Let Ztarget € RXr be
the target in latent space, where R, denotes the amount of latents we want to

()

perturb. We can define the perturbation P, € R® to latents z,"’, or equivalently,
the corresponding perturbation Py € RN to units x; as:

P, = ng) — Ztarget,
Py = M(p)(ztarget —MP)Ty),

where M is assumed to be orthonormal (see above) and M(P) picks out the columns
corresponding to the latents we want to perturb. For Fig. 5.4d-f perturbation targets
were sampled uniformly from a box spanning the delay-period range of each
stimulus subspace coordinate, expanded by x1.2. Movement was integrated over
the next 0.75s to compute the correlation coefficients in Fig. 5.4e and f.

To model optogenetic-style perturbations (Fig. 5.5b), we constrained perturbations
to act with uniform intensity on a subset of recurrent units. We can think of the
entries in the dense perturbation vector Py as computed above, as quantifying the
contribution of each neuron to the desired latent-space displacement. We therefore
selected the top 5% of units with the largest magnitudes in Py, giving us a sparse
mask m € {0, 1}". Restricting the perturbation to a binary subset of neurons results
P(Z)pto

in an unscaled latent-space perturbation = M Tm that is generally not
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perfectly aligned with the target displacement P,. We determined the scaling ¢ by
minimizing the reconstruction error ||P, — PPt |3 via orthogonal projection. The
resulting scaling factor and the corresponding perturbation applied to the recurrent
units are given by:

=opt
L EE
| BSP |12

opto
PP = cm.

5.6.7 Behavioral decoding

We trained a shared 6-class logistic regression (with I1 regularization C = 1; [169])
to decode the macaques responses on (standardized) latents inferred from the
macaques spikes using our sequential Monte Carlo framework. We averaged latents
over a 0.25 s window ending .o5s after the macaques responses, and fit the same
decoder to the responses corresponding to each sequence position. The decoder
trained on inferred latents was then applied to generated latent trajectories, with
time windows defined based on the macaques average response times.

5.6.8 Hand-constructed models

To verify our methods, we implemented RNNs that maintain memory of one angular
variable 0 using either attractor or transient dynamics. We used methods from Beiran
et al. [49] for constructing low-rank RNNs with Gaussian populations. The models
were simulated using:

szd(:) = —z(t) + %NTqa(MZ(t) +Hv(t)) +T-(t),
Td‘;(tt) = —v(t) +u(t).

5.6.8.1 Transient dynamics

We constructed a rank-20 recurrent neural network with N = 500 units, with
¢$(x) = ReLU(x) and I'y = M. The dynamics consisted of two sets of 10 transient
modes: one encoding sin(#) and one encoding cos(6).

The connectivity matrix M was initialized with i.i.d. Gaussian entries. To generate
sequential dynamics, we imposed a feedforward chain within each set of modes.
Let D € RV*? be a random Gaussian matrix. The left connectivity vectors for one
set of modes were defined as:

n™ =0.1d®.
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The output mode accumulated contributions from all previous modes:
9 .
n'? =0.1d% 4 gout ) m®,
i=1

The input weights I € RN*2 were aligned with the first mode of each set:
1V =g («m® 4+ V1-a2d").

Dynamics were simulated using Euler-Maruyama integration with time constant
T = 0.3, time step At = 0.05, and Gaussian noise of amplitude ¢ = 0.005 injected in
the low-rank subspace.

5.6.8.2  Approximate ring attractor

We constructed a rank-2 RNN with N = 600 units and activation ¢(x) = ReLU(x +
2). Following Beiran et al. [49], the network was partitioned into P = 6 equally sized
populations, each associated with a preferred angle

_ 2mp

=0,...,P-1.
P p

Op

The connectivity vectors were defined using structured population means plus
Gaussian noise. For each population p:

m(mlrp) = ./2 — 0—5 COS(GP) + O.bdgnmllp)’
m(mP) — /2 of sin(6,) + abdﬁ,z'”z"”).

The corresponding left connectivity vectors were

n(m.p) — _ 8rec cos(6,) 1+ oy <"‘mn dg’ll/lﬂ) +4/1— o2, d}(lml,r?)) ,

\/2— 0

n(mZ/p) — & Sln(ﬂp) 1 +0.b <amn d](nm2/p) + mdgﬂ%p)) .

2
Z—Uh

Parameters were set to 0, = 0.2, grec = 3, and ay,, = —0.5. The positive ReLU bias
and recurrent gain push the dynamics away from the origin, while the negative
alignment a,, stabilizes activity along the ring. The input matrix I € RN*2 was
aligned with the connectivity modes:

IZU’[(D&[M‘F 1—0(%]31),

where a; = 0.75, 01 = 6, The time constant was T = 0.2, and Gaussian noise with
amplitude o = 0.1 was used.
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5.6.9 Dataset for student-teacher setups

To verify that we can in principle recover transient dynamics, we constructed a
dataset using the hand-construct model with transient dynamics. Task input for a
total of 6000 trials of length 5s steps was generated. Each trial had one stimulus
presented: u; = [cos(0), sin(0)], with § drawn uniformly from 6 stimulus conditions.
The stimuli were applied for 250 ms, following a random onset of 500 — 700 ms.
The RNN activity was mapped to spikes via

riy = softplus(wepsxis + bi), (5.7)
Vit ~ Poisson(r;). (5.8)

The gain wqps and offsets b were set so that the resulting spike trains approximately
matched the marginal statistics of the experimental data (mean firing rates, inter-
spike-interval distributions, and pairwise spike-count correlations). In particular
we chose, for the transient dynamics: wops = 1.0 and b; ~ N (—0.25,1.0), and for
the attractor dynamics wg,s = 0.1 and b; ~ N'(—0.1,0.5). Neurons and trials were
partitioned into 8 disjoint sessions. Within each session, trials were divided into 75%
training and 25% validation sets.

5.6.10 Session-consistency loss for student-teacher setups

In the student-teacher setups, we found that latent axes were not consistently
aligned across sessions in the students with rank 2 or 3: the same stimulus could
be represented in different coordinates (e.g. cos 6 in z; for one session and in z, for
another). This was fixed by the consistency loss described here which encourages
a shared latent geometry across sessions. Note that we did not apply this loss for
any model fit to macaque data. We hypothesize that the alignment problem is
more likely to appear in the student-teacher settings here, where the ground-truth
dynamics are more low-dimensional and highly symmetric.

Concretely, during each training bach, we computed for each of the presented
stimuli s, the mean latent vector Zs over trials for a fixed delay window of .5s,
starting .5s after stimulus offset. We maintained a session-aggregated reference
centroid c;, initialized from the first batch in which s appeared, then updated with
exponential momentum, ¢; < B ¢s + (1 — B) Z5, (with B set to .9). The auxiliary loss
was

L centroid = Z ”CS - ZS”%/
s

added to the variational objective with weight 50 for the rank-2 RNN fit to the
attractor teacher model, and weight 1 for the rank-3 RNN fit to the transient teacher
model. The reference centroid was updated after computation of the loss (after
which gradients were also detached).
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6.1 SUMMARY

In this thesis we developed methods for fitting and interpreting recurrent neural
networks (RNNs), and used these models to investigate neural dynamics. In Chapter
3, we used RNNSs to investigate dynamics and connectivity during working memory
maintenance in the presence of ongoing oscillations. We found that RNNs trained
on a working memory task, while receiving oscillatory input can code information
relative to the phase of this oscillation by using stable attractor dynamics. We showed
that this temporal-coding mechanism was supported by distinct subpopulations:
One population that is an intrinsic oscillator, and two additional populations that
couple the intrinsic and input oscillation in a multi-stable fashion. In Chapter 4, we
proposed a method for fitting stochastic low-rank RNNs to neural data, based on
variational sequential Monte Carlo methods, and derived a bound on the number of
fixed points in low-rank RNNs when they have piecewise-linear activation functions.
In Chapter 5 we investigated neural dynamics during a sequence working memory
task. We fit RNNs to data of macaques, using our method from Chapter 4, adapted
such that we could fit one RNN to recordings collected over multiple sessions. We
found that the RNNs used attractor dynamics to encode the stimuli and showed that
targeted perturbations can selectively change the memory and behavioral response
of one item in the sequence.

6.2 FUTURE DIRECTIONS

6.2.0.1 Towards interpretable realistic models

We motivated the use of RNNs by arguing that they strike a balance between
interpretability and expressivity. Interpretability can be considered from two com-
plementary perspectives. First, models may be mechanistic, with variables and
parameters corresponding directly to biological properties. Second, models may
provide an intermediate level of description that bridges mechanistic details with
complex data.

From a mechanistic perspective, RNNs make substantial simplifications relative to
biological neural networks. One might hope that properties not explicitly modeled
are either irrelevant for the phenomena of interest, or average out at the popu-
lation level. However, it is unlikely that intrinsic features of neural computation,
such as spike timing and plasticity, can be entirely neglected [80, 220] (see also
Section 2.1.1.1). Recent work has incorporated greater biological realism into trained
RNNS, including short-term synaptic plasticity [221] and spiking dynamics [85, 88—
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90, 222]. In our own work, we have contributed models with Hodgkin-Huxley-type
dynamics trained on a simple working memory task [73].

If additional biological detail cannot be ignored, this means facing engineering
challenges. Training large, biophysically detailed network models, and fitting them
to neural data in a probabilistic framework, remains challenging. Our inference
framework (Chapter 4) exploits low-rank structure to decouple inference complexity
from the number of neurons in the model. However, introducing richer biological
detail can break this decoupling; Increasing both the effective dimensionality and
the number of parameters to be estimated. Combining low-rank connectivity with
other structural constraints such as sparsity might be important for increasing
expressivity while preserving tractability [223].

The second notion of interpretability we consider arises from the ability of
models to map high-dimensional neural activity onto lower-dimensional, more
tractable representations. From this perspective, ignoring biological detail may be
justified if the underlying dynamics can still be recovered, i.e., if there exists a
form of universality where diverse architectures, biological or artificial, converge to
similar latent dynamical systems when solving the same task [52]. Whether such
equivalences generally hold remains an open question, even across different training
runs of the same model [57]. If dynamics are indeed universal, approaches that
focus directly on inferring latent dynamical systems (e.g., [41—46]) would be well
justified.

Emphasizing biological realism on the one hand and abstract dynamical equiva-
lence on the other, are complementary. Biologically grounded dynamical systems
models may better reveal the structure underlying neural computation [222], as well
as the conditions under which low-dimensional abstractions remain valid. However,
developing models that include more biophysical detail than standard rate-based
RNNSs, while still being expressible in terms of interpretable low-dimensional dy-
namics is an important open challenge.

6.2.0.2 In need of validation

There is an ever-growing cornucopia of methods for fitting dynamical systems
models to neural data. We could organize them into various axis, such as whether
or not they are probabilistic [40—45, 65] or use deterministic transitions [46, 62—64,
66—69, 210], or by whether they are general latent dynamical systems [40—46, 64, 69,
210]) or have some level of mechanistic interpretation [62, 63, 65-68]. Inspired by
the availability of larger datasets, recent work outlines various strategies tailored to
larger multi-session datasets, by using session-specific input biases [211], session-
specific low-rank perturbations [212], hypernetwork-generated weights [213], or
session-specific weighting of a shared pool of basis vectors [214].

It is however anything but clear which of these methods gives the best results.
There are efforts for benchmarking methods in computational neuroscience, such as
the Neural Latents Benchmark [185], which focus on inferring smoothed Poisson
rates and behavioral predictions. Few-shot inference or prediction benchmarks might
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be potentially better at distinguishing models [224, 225]. Yet, these benchmarks
do neither directly test the quality of the generative model, nor how well an
any underlying ground truth dynamic or mechanism is recovered. Validating our
model-fitting methods seems paramount: A recent paper showed that in certain
regimes with partial observations [216], all evaluated methods for fitting RNNs
could spuriously infer attractor dynamics when the underlying system did not have
them.

One possible path forward is to develop benchmarks that explicitly evaluate gener-
ative performance, particularly the ability to generate data conditioned on held-out
perturbations. Such a framework could directly probe whether models capture the
underlying dynamics rather than merely fitting observed activity. The usefulness of
testing responses to perturbations is supported by recent work showing that more
realistic biologically grounded models can better predict experimental perturbation
responses than models without connectivity constraints, in some settings [222].
Moreover, perturbation-based analyses have proven effective at distinguishing be-
tween competing dynamical mechanisms in vivo [200, 209]. A complementary
approach is to examine trial-to-trial variability around mean dynamics [157], which
can be interpreted as probing the system with small perturbations.

6.2.0.3 Closing remarks

In this work, we have contributed to the broader effort of using machine learning to
learn interpretable models from neural data, with a particular focus on recurrent
neural networks exhibiting explicit low-dimensional dynamics. We introduced new
methods for fitting these models to data and analyzed them to gain insight into the
neural mechanisms underlying working memory.

Looking ahead, an important challenge will be to extend these approaches to
more complex and biologically realistic models while maintaining interpretability
and tractability. At the same time, modeling progress should be accompanied by the
development of good evaluation strategies, as without such validation, it remains
unclear under which conditions fitted models faithfully capture the underlying
neural computations. Nevertheless, reverse-engineered machine-learning models
serve as useful hypothesis generators for the dynamics underlying complex neural
data. Ultimately, it will only be through the interplay between such models and
new experiments that we can genuinely understand the computations performed
by neural systems
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.1 SUPPLEMENTARY INFORMATION BACKGROUND

.1 SUPPLEMENTARY INFORMATION BACKGROUND
.1.1  Derivation of low-rank RNN mean-field equations
This derivation is based on work by Beiran et al. [49], Dubreuil et al. [56], and

Schuessler et al. [102], which build on Mastrogiuseppe & Ostojic [59].
We start with a rank-1 RNN:

" N
U () 0T e (e()m; +0(h) (1)

Assuming the triplets (n;, m;, h;) are all independently sampled per neuron from
a joint probability distribution p(y); y = (n,m,h), Eq. S.1 can be seen as a sampling
estimator for the recurrent input, which, via the law of large numbers, approaches
the expectation as N — oo :

dtl(tt) N2 () + E,(y) [ng (x(t)m +v(t)h)]. ()

We assume p(y) is a mixture of L zero-mean Gaussians [49, 56]. This gives each
component an intuitive interpretation as a separate subpopulation in the network.

L
p(n,m,h) = p(y) = Zl)sz(O,Zz).

To obtain Eq. S.6, we start with rewriting Eq. S.2 in terms of standard Gaus-
sian variables. We can use that any multivariate Gaussian (here any component
(n,m, k) ~ N(0,%;) ) can be written as a linear transformation B(") of independent
standard normal variables:

(n, m,h)(l) = B(l)q, q~N(0,1I3),

where B(!) could be obtained via a Cholesky decomposition of ¥;. Equivalently,
separating this expression per component, we can write, for e.g., n):

3
1
i =Y )@, 9@~ N(0,1). (3)
d=1
Plugging these in in Eq. 5.2 we obtain:

Tdi;(tt) =—x(t)

L 3 ) 3 o @ 3 o @ (-4)
+Zwl]EP(CI) an,dq( )¢ (K(t)zbm,d/q( ) +U(t) th,d’q( )>] .
I d
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Next we apply integration by parts (Stein’s lemma) ;) [9f(9)] = E,(4)[94f(q)]; g
N(0,1) for each g(?) of each of the L components:

& (D) _(d) 2 0 _(d) 2 (D _(d)
) ;bn,,ﬂ ¢ K(t);bm,d,q +U(t)§bh,d/q ’
3
Zbg{;aqw (K(t) g;bfi}d,q(d) +o(h) Y bhq >)1 ,

d/
3
= Dbk, + 0(0b) By |¢f (K(f) Y60 @) o) Yyl g N ,
d d’ a/

where we used the chain rule in the third line. Substituting this back into Eq. S.4,
we arrive at:

d L 3 /
t ;;(:) - _K<t) + Zl:wl ;bl(j?i md + v( )blgl)i)]Ep(q) [‘P ( .. )] (-5)

Finally we simplify again be rewriting the b(!) back in terms of covariances of y(*).

Starting with the terms in front of the expectation (e.g., 2211 b;gl();lbfqi)d) we have:

where we used the definition of covariances in the first line, Eq. S.3 in the second
line and E,4) [ g(@)] = 6,4 for independent d and d’ in the last line. A similar
argument applies to the terms inside the expectation:
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= lEp(z) (P/ ( Z(K( )bfn)d/ + U( )b](ql,)j )ZZ)] ; 2~ N(O,l)

I (1
=Ep) | (\/ )2 ; )2 ; 2 4 2xv ; bfn,)dbf(z,ZlZ) ] ,

p(z) :4’/ (\/K() R 2‘711 )}
p(2) :4’/ ( A(l)(f)zﬂ ,

where we used in the second line that for independent zero-mean unit Gaussians (%),

the linear combination } 4 a(d)q(d) is equivalent to /Y, a(?2z (where z ~ N(0,1)),
and in the fourth line that the cross-term 2x(t)v(t) Y b,, db( ) vanishes because of

the assumption that m) and 1) are uncorrelated.

Substituting these into Eq. S.5 results in the desired result (Eq. 5.6) which shows
that the mean-field dynamics depend only on second-order statistics of the weight
distribution, with nonlinear effects entering through a scalar gain term:

A0 _ Y (<1088 + 0100 By [¢,/( A(l)(t)Zﬂ, 6)

1

with AD (1) = (o3 x(£)% + (01 0(£))? and z = N'(0, 1).
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.2 SUPPLEMENTARY INFORMATION CHAPTER 3

2.1 Loss curves

rat 1 rat 2 rat 3 —— validation
—---- train

0.4

loss

0.2

0 20 40 0 20 40
epochs

FIGURE .1: Loss over epochs for three models, each trained with LFP data from a separate
rat. An epoch denotes one pass through all trials in the training or validation set. The
validation trials are defined before training and are not used for calculating gradients.
However, the training and validation error are almost identical throughout training. This
is expected, as the validation and training trials only differ in the portion of the local
field potential that was used as reference signal for the network, and in the seed used for
generating the randomised stimulus onsets and offsets.
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2.2 Dynamics of unconstrained networks are similar to low-rank RNNs

trial with:
= stimulus a
stimulus b

usTx Us™

ux'x ux'x
(5] (5]

F1GURE .2: a) We also trained RNNs without rank constraint. For these networks initial
entries in the recurrent weight matrix | were drawn from a zero-mean Gaussian with

variance gﬁz Here, we add a regularisation term to the loss, which keeps the average firing
rates close to o, to avoid a rate-coding solution (Eq 3.6). We set g to 0.6 and took a learning
rate of 0.001, with the training setup otherwise as for the low-rank networks (Section
3.5.2.4). In order to find a basis similar to the one used for plotting the dynamics of the
low-rank RNN we took the following approach. First we calculated basis vectors for the
activity due to recurrent dynamics: J tanh(x(t)), by performing a Principal Component
Analysis (singular vector decomposition): ULV = Jtanh(X), where X is an N x 27
matrix containing the activity of all units for one period of oscillation of each type of trial
(stimulus a and b). We took the first two columns (principal components), u; and uy, of
U, as well as the input vector 1(0sc) orthogonalised with respect to these two principal

components as basis for X. This basis retains 77% of the variance of X (measured by r2).

Since now, similar to the low-rank case, we can write the projection of x(¢) on IS?SC) as a

function of 6, we can plot trajectories with coordinates (6, u-lrx, u;x), and we obtain two
stable cycles, linked in phase-space, as in Fig 3.2. b) Here we train full-rank networks
without regularisation, and find dynamics lying on two non-linked cycles, similar to the
rate-coding model in Fig 3.2. The basis is constructed similar to a, here explaining 87% of
the variance.
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2.3  Influence of the training setup on the network solution
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FIGURE .3: (Caption on next page.)
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FIGURE .3: (Figure on previous page.) a) Here we analysed to what degree a model will learn
a phase- versus a rate-coding solution, as a function of the training setup and initialisation.
To quantify to what degree either solution is learned, we first computed for all units in a
model the absolute difference between their (normalized) rate after stimulus a and their
rate after stimuli b, as well as the absolute phase difference between trials with either
stimulus. To get one measure of rate coding per model, we then calculated the mean
over the absolute rate differences of all units, and similarly took the mean absolute phase
differences as a measure of phase coding. We plot here in the first row these two measures
for 6 models for each combination of the following conditions: ranks 1,2,3, full rank
(columns); output during training is Wx (lin-out) or W tanh(x) (tanh-out); regularisation
that penalises deviations from the mean (Eq 3.6) is used (reg) or not (no-reg). All of these
models use the default initialisation used in the manuscript and were trained for 100
epochs. Additionally we plot the validation loss after training in the second row. We
observe that for rank 1 only models with tanh-out learn the task, and that these models
learn a purely rate-coding solution. This is in line with our theory, as we previously
showed that the phase-coding models couples its autonomously generated oscillations.
Autonomous oscillations can only be generated by models of rank 2 and higher. For rank 2
and higher we can see that regularised models with a linear readout during training will
generally learn a phase-coding solution, whereas models with a non-linear readout and no
regularisation will generally learn a rate-coding solution.

b) We repeated the experiment, but now initialised each network to start out with oscillatory
dynamics. We can do this by initialising the weight matrix with a pair of complex conjugate
eigenvalues with real part larger than 1 [49, 59] (this is only possible for rank 2 and higher).
We can observe that models with oscillatory initialisation are generally more likely to
learn a phase-coding solution; in particular all rank 2 models learn a purely phase-coding
solution.
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.2.4 Rate-coding solution in detail
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FIGURE .4: (Caption on next page.)
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FIGURE .4: (Figure on previous page.) We here detail a simple rate-coding model that performs
the working memory task. Such a model consists of two populations, one responsible
for an oscillatory output in-phase with the reference oscillation, and one responsible for
the anti-phase output oscillation. Depending on which stimulus was last seen, either
population is dominating the readout.

b) We reverse engineered a trained RNN with rank-1 connectivity. Due to the rank
constraint, in the absence of any input, the trained model implements a one-dimensional
dynamical system (with variable x). We can plot the change in « as a function of x and
observe the model learned to have three stable fixed points (left). We can fit a mixture
of two Gaussians to the connectivity (I = input, n, m = left, right connectivity vector, w
= output) which indicates that the model includes one population responsible for the
fixed point at o (negative coupling between the connectivity vectors m, and n), while
contributing little to the dynamics at the other fixed points (Due the large variance of
m, the units of this population will have saturated rates when « is away from o). This
population produces an in-phase oscillation, due to the positive covariance between input
(10959 and output weights (w). The other population is responsible for the two stable fixed
points away from o (positive coupling between the connectivity vectors m, and n, small
variance of m), and produces the anti-phase oscillation. Note that this model is almost
identical to the one described in [49] Figure 4 (but with oscillations added on top).

¢) We can make the description from the previous panel more formal by engineering a
rate-coding model. We initialised two covariance matrices (right), creating a two population
model with similar dynamics as in the previous panel (left).

d) We plot the latent dynamics (top row) and output (bottom row) given by the mean-field
equation describing the network activity in the limit of infinite units (blue, red), as well
as finite size simulations (grey). For the finite size simulations, we used models (N=4096)
with weights sampled from the mixture of Gaussians. We can see that in the absence
of input, depending on the initial state the model will go to either the fixed point at o,
corresponding to an in-phase oscillation, or one of the two fixed points away from o,
corresponding to an anti-phase oscillation, respectively. For the second and third column,
we provided the network with stimulus a, and b respectively, for the first .15s of the trial.
Stimuli can successfully steer the network to the right fixed point and output oscillation
phase, irrespective of initial condition.
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.2.5 Converged RNN dynamics match those of coupled oscillators

— — RNN
------ coupled
oscillators

o)
(\'e

FIGURE .5: We simulated two coupled oscillators with the coupling function extracted
from a trained network (Fig 3.3b). The two oscillators represent the RNN'’s phase (¢) and
the reference oscillation phase (f). Starting simulations from various initial conditions
demonstrates that the coupling function induces bistability, as all simulations converge
to one of two stable cycles on the torus. Furthermore, the convergent trajectories of the
coupled oscillators are a close match to those of the full RNN projected into the same
space (¢,0), indicating that the coupled oscillator description is appropriate for the RNN.
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2.6 Connectivity of trained models
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FIGURE .6: a) In order to study the connectivity of trained models, we fitted a mixture of
Gaussians with 1 to 7 mixture components to the connectivity vectors of three different
models [56], each trained with LFP data from a seperate rat. For this, we used variational
inference with a Gaussian prior on the mean with precision 10° and mean o. After each fit,
we resampled the weights 30 times and computed the loss over a batch of 128 trials with a
pure sine wave as reference oscillation. Altough for no amount of components we reliable
were able to resample functioning models, from 3 components onwards a small fraction
of sampled model have a comparable loss to the original trained model (red line). b) The
covariance structure when fitting three components to weights of a trained network give
us some hints as to what is needed to get a functioning model (top: covariances, bottom:
pair plots). One component is unconnected (zero covariance) to the reference oscillation
and has a skew-symmetric structure between the singular vectors. This structure generates
oscillations [49, 59, 164]. The other two components, each connected to one stimulus and
with opposite covariance between the input and singular vectors, together implement the
coupling function.
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2.7 Connectivity of mean-field model
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FIGURE .7: The designed covariance structure for the reduced model shown in Fig 3.4D,E,
which leads to dynamics similar to the trained models. It also shares connectivity structure
with trained models (Fig. S.6b), namely having one component unconnected to the reference
oscillation that autonomously generates oscillations, and having the other two components,
each connected to one stimulus, implement the coupling function.
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2.8 Geometry is preserved in a model coding for 4 stimuli, but more coupling populations

are required.
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FIGURE .8: (caption on next page.)
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FIGURE .8: (Figure on previous page.)a) Our model can be straightforwardly extended to code
for more than 2 stimuli. Here, we trained a network to maintain 1 of 4 stimuli at a given
trial, by producing an output oscillation at —0.27t, —0.77r, —1.471 or —1.77 radians offset
with respect to the reference LFP, for stimulus 4, b, c or d, respectively. Again we find a
stable limit cycle for each stimuli, which form linked cycles in phase-space.

b) We now reverse engineered this model further, in particular we also found a reduced
description of a model coding for 4 stimuli, in terms of 5 subpopulations. As before, 1
population generates oscillations, but we now have 4 coupling populations. Each stimulus
inhibits all but one coupling population, so that the remaining coupling population guides
the network dynamics to the limit cycle corresponding to the presented stimulus.

¢) The reduced model is specified by a mixture of 5 Gaussians, here we show the covariances
that can be used to generate the connectivity of a model coding for 4 stimuli.

d) Besides the connectivity with respect to the input, the recurrent dynamics (given by
the overlaps, or covariances, between the connectivity vectors m’s and n’s) also had to be
adjusted in order to allow memorising 4 stimuli instead of 2. We showed in our manuscript
that rank 2 phase-coding models can described well by their coupling function, which
gives the dynamics of the model as a function of the phase of the input oscillation (¢) and
the phase of its internal oscillation (¢). The two limit cycles in the model described in
the main text originated from the sin(2¢) and cos(2¢) terms in the coupling function. To
code for 4 stimuli, we need higher frequency terms (e.g. cos(4¢)) in the coupling function.
To understand how these originate from the recurrent connectivity, we decompose the
coupling function. The coupling function generated by multiple populations is simply a
summation over the coupling functions generated by the individual subpopulations. These
in turn can be decomposed as the product of a linear part stemming from the covariances
between the connectivity m’s and n’s of the subpopulations, and a non-linear part (the
gain) that relates to how saturated neurons in this populations rates are (a neuron is
saturated when its activity is at the flat part of the tanh non-linearity). Here we show that
two populations that saturate at opposite phases of ¢ are enough to create a coupling
function containing higher frequency terms, leading to dynamics with four limit cycles.
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.2.9 Phase precession through translation of the coupling function
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FIGURE .9: (Caption on next page.)
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FIGURE .9: (Figure on previous page.) Phase precession in rat hippocampus entails a place cell
changing its relative phase of firing as a result of rat moving through a place field [143]. We
here show how to create a network that changes its relative phase of oscillation depending
on a continuous valued stimulus input. We setup a network with connectivity drawn from a
mixture of three Gaussians, again with two components implementing a coupling function
and one component implementing an oscillator. The network receives a sinusoidal reference
input with phase 6 as sin(8), cos(6) through input vectors 1(95¢), 1(05¢%) respectively, as
well as continuous valued stimulus input, representing place field position, s(t) € [0,1)
as sin(s(t) 177), cos(s(t) 1 ) through input vectors 16+, 1) respectively. The oscillator
component has connectivity equal to Fig. S.7, whereas for the coupling components (p2, p3)

we define the covariance matrices as follows: For the off-diagonal elements, (7%2))[(05%) =

_oP) _ (p3) _ (p3)
n@losca) T Y@ [losca) T ¥ (1) ploscy)”

two has zero variance for (is unconnected to) 1652) and component three has zero variance
for 1), This gives a coupling function of the form: g(6,¢) = sin(6 — ¢) m +
7

—h)
cos(6 — ¢) e T for constants a,b,c that depend on the exact values of the

variances and covariances of the mixture components. For large c and small b, the coupling
function will change from asin(6 — ¢) to acos(0 — ¢) as s(t) changes from 0 to 1. We
plotted here, the coupling function of a network (N=2056 units) with connectivity drawn
from mixture of Gaussians as described above, for s(t) = 0 and s(¢) = 1. The coupling
function translates between these two states as a consequence of position input s(t). b)
Different trials on which s(t) is tonically presented at different values lead the the network
locking to a unique phase difference with respect to the reference oscillation. In phase-
space, this appears as the stable cycle shifting along the surface of a torus.

otherwise o. For the diagonal elements, component
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.3 SUPPLEMENTARY INFORMATION CHAPTER 4
3.1 Proof of preposition 1

.3.1.1  Problem definition

We are interested in finding all fixed points of the following equation:

DX ) +10(x()), 7)

with x(t) € RV, element-wise nonlinearity ¢(x;) = Y5 bl(d)max(xi - hgd)) and low-
rank matrix ] = MNT, with M,N € RN*R and R < N. Since T only scales the
speed of the dynamics, we will, for convenience and without loss of generality,
assume T = 1.

.3.1.2  Preliminaries: Fixed points in Piecewise-linear RNNs

First, we briefly repeat results from Durstewitz [65]. Assume D = 1, ¢(x;) =
max(x; — h;). To find all fixed points of Eq. .7, start by redefining ¢ by introducing a
diagonal indicator matrix:

dq

an

1, ifx; > hy
withdy = { 7 17

0, otherwise
Then our RNN equation, for a given x and corresponding D, reads:

dx

It = —X(t) + JDQX(i’) — JDgh.

Each of the 2N configurations of D¢, corresponds to a region in which the dynamics
are linear. Thus, for each configuration, we can solve:

0= —x+JDax —JDgh,
x* = (JDq —1)"'JDnh.

Next, we check whether the obtained x* is consistent with the assumed Dq, (Eq. .8).
If so, we found a fixed point of the RNN. We have to check, as the solution to the
system of linear equations can lie outside of the linear regions specified by Dg,. Note
that if for some D¢, the matrix JD¢, — I is not invertible, then there is no single fixed
point, but we still can find a structure of interest (e.g., a direction with eigenvalue o
corresponds to marginal stability, i.e., a line attractor).
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FIGURE .10: Proof sketch including Dq’s. The phase-space of an RNN with N (here 2)
units with activation max (0, x; — h;) is partitioned into 2N (here 4) regions in which the
dynamics are linear, each corresponding to a configuration of Dq. If dynamics are confined
to the R-dimensional subspace spanned by the columns of M, only a subset (here 3) can be
reached. Each unit intersects the space spanned by the columns of M with a hyperplane
(the pink points in the Figure). The amount of linear regions in M, thus becomes equivalent
to "how many regions can we create in R-dimensional space with N hyperplanes?"

.3.1.3 Preliminaries: Fixed points in Piecewise-linear low-rank RNNs

First, assume x(0) is in the subspace spanned by the columns of M. With the low-
rank assumption, we can rewrite Eq. .7 for all ¢ € [0, c0), by projecting it on M [49,

56, 59]:

O a(t) + NTp(M(t) ) (9)
with x(t) = Mz(t).

Now assume x(0) contains some part x*(0) not in the subspace spanned by M,
i.e., we have x(0) = Mz(0) + x*(0). The dynamics of x*(t) are simply given by
% = —x*(t) which will decay to its stable point at 0 irrespective of z(t), and can
thus not contribute additional fixed points.

Naively, using the same strategy as before to obtain all fixed points z, we would
need to solve 2V linear systems of R equations (again for all configurations of Dg):

2t = (NTDoM — I)"INTDgh, (.10)

.3.1.4 Preliminaries: Hyperplane arrangements

In the subsequent section, we will turn to the question of how many equations we
need to solve to find all possible fixed points. Recall that it is possible to calculate
the fixed points analytically because piecewise-linear nonlinearities partition space
into subregions in which dynamics are linear. Each of the linear regions corresponds
to a configuration of Dq. For networks with low-rank connectivity, we have to
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consider only a small subset of those, as only a small subset of all configurations
of D, correspond to x’s within the column space of M (See Fig. S.10). To find out
exactly how many regions lie within the column space, we will need to answer the
question: in how many regions can we divide R-dimensional space, with N hyperplanes?
To answer this question in general, we will need a theorem from the field of
hyperplane arrangements [174, 226—228]. Here we give a brief introduction.

Introduction to hyperplane arrangements.

A finite arrangements of hyperplanes is a set of N affine subspaces A = {ay,...,an}
in some vector space V = IRR. Recall a hyperplane is an R — 1 dimensional subspace
defined by a linear equation a; := {v € V|m'v = h} for some m € V,h € R.
Note that any linear system of equations Mv = h with M € RN*R equivalents
defines an arrangement of N hyperplanes in R dimensional space. In Fig. S.11a,c,
we show arrangements of 3 hyperplanes in IR?. In this case, a hyperplane is a line,
but there are infinitely many possibilities on how we can arrange these lines in
two-dimensional space. We are interested in

N (A) := number of regions A partitions R¥,

where regions correspond to the connected components of RR \ A. In this simple
case, we can visually verify that the arrangements in Fig. S.11a partitions the space
into 7 regions, whereas the arrangement in Fig. S.11¢ partitions the space into only
6 regions. Clearly, the number of regions .4 partitions space in is strongly related
to the number of unique intersections of lines. We have fewer regions in Fig. S.11c,
simply because all lines intersect at the same point. If we can wiggle the hyperplanes
a little, and not change the number of regions (as we can do in Fig. S.11a, but not
Fig. S.11¢), we call the hyperplanes in general position (see Theorem 1 for a formal
definition).

To count the amount of regions for any arrangement of hyperplanes, we can
leverage an algebraic construction called the intersections poset L(.A). This is the
set of all nonempty intersections of hyperplanes in A and includes V. Elements of
this set are generally referred to as flats. The flats are ordered by reverse inclusion
x <y <= x D y in the intersection poset. We visualized example intersection
posets of the previous examples (Fig. S.11b, d). Here we organized the flats by
dimensionality (such a visualization is called a Hesse Diagram). Importantly for
any real arrangement A, N'(.A) solely depends on £(.A) (Corollary 2.1, [228]).

To calculate NV (A) from L(.A), we need one last construction, namely the Mébius
function, recursively defined by

1 ifs =X
u(X,s) = . (11)
— Laososi(X,s'), ifs C X.

The numerical values for the example are shown in Fig. S.11.
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FIGURE .11: a) An arrangement of 3 hyperplanes a1,a; and a3 in general position. b) the
associated intersection poset of the arrangement in a. ¢) An alternative arrangement with its
associated intersection poset. d). Blue numbers indicate the value of the Mobius function.

Theorem 1 (Zaslavsky’s Theorem; [174, 228]). Given a vector space V = RR and an
arrangement of N hyperplanes A = {ay,...,an} on V, then the number of regions A
partitions V in (denoted N'(\A), can be expressed as follows

N(A) = Z V(]RR,S)(—l)dim(s)
seL(A)

furthermore, it holds that
R /N
vy (V) (12
r=0

with equality if and only if A is in general position i.e., A must satisfy
(i) {a1,...,ap} C Aand p < R=dim(N}_;a,) =N—p
(ii) {ay,...,ap} CAandp >R =N_ a2, =D

One can verify this fact for the given example shown in Fig. S.11. We refer to
Stanley [228] for an in-depth formal introduction to this topic. Fundamentally, it is
based on the following recursion that the number of regions for any arrangement
satisfies

N(AU{an}) = N(A) + N (A1)

where AW+ := {ani1 Najla; € A ani Na; #D,an+1 € a;} (Lemma 2.1, Stanley
[228]). Note that ay1 is itself an R — 1 dimensional vector space, and each intersec-
tion an41 Na; is an R — 2 dimensional hyperplane within a1 (e.g., the intersection
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of two planes is a line within the planes). Hence A“N+1 is itself an arrangement of
N hyperplanes, but in an R — 1 dimensional subspace. In fact, the intersection poset
exhaustively enumerates the elements of all possible A%, and the Mobius function
can be shown to satisfy the above recursion.

If we choose ¢(x;) = max(x; — h;,0) i.e D = 1, each neuron would partition space
by a single hyperplane x; = h; or equivalently the R dimensional subspace by the
hyperplane M;z = h;. Hence, the hyperplane arrangement is determined by the
matrix M and offset h. As these quantities are learned during training of the RNN,
this arrangement is often in a general position because it is simply numerically
unlikely that two hyperplanes are exactly parallel or intersect in exactly the same
"point".This does, however, change in the general case D > 1, for which we derive a
tighter bound in the section below.

Arrangements of parallel families.

For the general case ¢(x;) = Y5, bl(d) max(x; — hl@, 0) each neuron will partition
space with D hyperplanes bZ@Xi = bfd)h§d) = x; = hfd) as before; equivalently
each neuron partitions the R dimensional subspace with D hyperplanes M;z = hl(d).
Notably, all the D hyperplanes here will share the same row of M, and thus they
are parallel. Clearly, any such arrangement cannot be in general arrangement by
definition.

The resulting arrangement will have a very specific structure. Let’s define

Ai={ap,...,aip}

as a family of D parallel hyperplanes. Any pair of hyperplanes a;,a;,, € A; is
parallel. A low-rank RNN with N neurons and a general piecewise-linear activation
function will thus lead to an arrangement consisting of N families of D parallel
hyperplanes.

We can use this specific structure to obtain a tighter bound.

Lemma 1. Let A = A1 U ---U An_1 be an arrangement of N — 1 families of D parallel
lines, then it satisfies the following recursion

D

NAUAN) =N(A)+ ) N (AN,

d=1

Furthermore, denote by N'(N, R, D) the maximum number of regions attainable by any
arrangement of N families of D parallel hyperplanes in R dimensional space then

N(N,R,D) < N(N-1,R,D)+D-N(N—-1,R—1,D).
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Proof. To add Ay to A, we have to add D new parallel hyperplanes. We can do so
by iteratively applying Lemma 2.1 [228]. We obtain

N(AU{an1, ..., anp}) = N(AU{any, ..., anp-1)})
+N((AU {ant, - -o/ﬂN(D—1)})aND)

D d—1 aNd
:N(A)+ZN<[AU U{aNi}] )
d=1

i=1

Now note that A"/ := {an; Naylay, € A aniNay, # D,an; € apm}, hence by
definition only hyperplanes that intersect with ay; are included in this set. As ay; is
parallel to any other ay; for all i # j, all ay; N ay; cannot be in the set. Hence for
any d, we have that

N (

which proves the first equation.

Recall that we define N'(N, R, D) as the maximum number of regions attainable
by any arrangement. Notice that 4 by construction is an arrangement of N — 1
families of D parallel hyperplanes in R dimension. Thus by definition N (A4) <
N(N-1,R,D).

As noted before, the intersection set of two hyperplanes in dimension R is
itself a hyperplane of dimension R — 1. Furthermore the intersection sets of D
parallel hyperplanes with ay,, remain parallel. Hence A4 is an arrangement
of at most N — 1 families of D parallel hyperplanes in R — 1 dimensions. Thus
N(ANd) < N(N —1,R —1,D) leaving us with

d—1 Nd
AU U{ﬂm‘}] ) = N(A™4)

i=1

N(.AU{CINl,...,aND}) SN(N—LR,D)—‘rD-N(N—l,R—l,D).

As this holds for any arrangement, it also holds for the arrangement that has
N (N, R, D) regions (i.e., which maximizes the number of regions) and, therefore,
proves the second equation.

O

Lemma 2. Let A be an arrangement of N families of D parallel hyperplanes. Then, it holds

that
R (N
N(A) <) Dr< >
r=0 r
with equality if each family is in a general position, i.e., that every subarrangement
{a1j,, -, anjy } forall 1 < j; < D is in general position.

Proof. We will first construct an intersection poset L(.A) on the level of families A;
in general position. After all, the intersection properties between these families is the
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same as between their elements, e.g., if 4,1 intersects 4;; then also all lines in A;
intersect all lines in A;.

The resulting intersection poset L(.A) can be clustered into the corresponding
families. We visualize the construction in Fig. S.12.

At each rank r (level from bottom to top), we can choose exactly (I;] ) families of
hyperplanes that intersect (exactly the case if we just have N hyperplanes in general
position). To obtain a flat of dimension R — r we have to choose r out of the N
hyperplane families without replacement.

I, e.g., two families of parallel hyperplanes A;, A; intersect, then any element a;;
will intersect with any element aji forall 1 <k, I < D leading to at most D? flats
within each family (there can be less as other families might intersect in the same
"point"). In general, each cluster of intersections of r families will contain at most
D' flats.

By construction of L(.A) and Theorem 1, the lemma follows directly.

To show that this construction indeed is an upper bound for all arrangements, we
can use Lemma 1. There, we established a recursion, which any such upper bound
must satisfy. Hence, assume AV (N, R, D) = YR ; D"(V). Notice that using Pascal’s
identity, we can rewrite

/\/'(N,R,D):iDer)

R—-1
=N(N-1LRD)+ Y} D’“(N_l)

r=0 r
—N(N=1,R,D)+D -N(N—1,R—1,D)

.3.1.5 Proof of proposition

Using the previously derived techniques, we will prove here the main proposition.
Furthermore, in Algorithm 1, pseudo-code is given to compute all fixed points in
practice.
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N Ak | {Nk aa,|d1, - ., di < D}

AN Ay | {a1iNayli,j < D} AN Ay | {aiNay;li,j < D}

—

Ay [{ayli <= D} AN [{anili <= D}
\ RR /

FIGURE .12: Construction of the intersection poset L(.A) for an arrangement of N families

A; of D parallel hyperplanes in "general position".

Proposition 1. Assume the RNN of Eq. .7, with J of rank R and piecewise-linear activations:
o(x;) = Y7 bl(d)max(x,- - hgd), 0). For fixed rank R and fixed number of basis functions
D, we can find all fixed points in the absence of noise, that is all x for which % =0, by
solving at most O(NR) linear systems of R equations (for fixed R).

Proof. By definition, each neuron partitions RN in D + 1 linear regions with D hyper-
planes described by xgd) = hl@, for the i"th neuron. Using that in the columnspace

of M, we have x = Mz, it follows that each neuron partitions the R dimensional sub-
space spanned by columns of M, with D hyperplanes described by Y2 M; ,z, = hl(d)

Notice that these hyperplanes are parallel, as they all share the same coefficients

M; but have a different offset hl@. Using Lemma 2 we know that there can only be
R, D"(Y) such regions.

How do we find those regions? Let’s first consider the case of D = 1, and
assume that the hyperplanes are in general position. We can find the corresponding
configurations of Dq as follows. We first obtain the set of all intersections of R
hyperplanes. For this we try to solve (g ) systems of R equations. Let Mg € RR*R be
the matrix obtained by choosing R different rows 1, ..., R of M € RN*R (i.e,, picking
R neurons), then we may find the corresponding intersection of R hyperplanes by
solving the following linear system of R equations

Zn = MElhR and Xn = Mzn.

which will always have a unique solution if all hyperplanes are in general position,
as then all My have rank R. Each xn, has 2R possible bordering linear regions. We
can find the corresponding D = diag([dy,...,dxn)’s matrices of each of those
subsections as follows. First d; = I(xn < 0) for all i <= N. By construction
1,...,R at xn will be exactly at the threshold, by moving away from it dg can
become either zero or one, depending on in which region we and up. Hence, the 28
regions correspond to one in which either combination of neurons 1, ... R is active
(meaning that it is above the threshold). We thus just have to check all combinations
di,...,dg € {0,1}R. Using this, we will find at most Y% , (I;] ) unique configurations
(as this is the maximal number of regions possible for D = 1). To find all the
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fixed points we hence have to solve Eq. .10 for each configuration. We thus end
up with solving (11\{ ) systems of R linear equations to find all regions, and another
YR o (N) € O(NR) (for fixed R) systems of R linear equations to find all fixed
points.

Let us now consider the case for D > 1. Note that an RNN with N units and
D basis functions per unit, can be expanded to an RNN with ND units with
activation ¢(x;) = max(x; —h;,0) ( [111], Theorem 1). Any fixed point can then still
be analytically computed using Eq. .10. We expand the network but keep track of

all Y} D’(g ) possible intersections. It still holds that from each intersection, we can
reach 2R regions. In total, we will now find at most Y%, ’(I;] ) regions (Lemma 2).
To find all the fixed points, we hence have to solve (})D” + YR ; (Y)D" systems of
R linear equations, which for constant D and R has a cost of O(N*)

Finally, let’s consider the case when hyperplanes are not in general position
(which is unlikely to happen when doing numerical optimization). If there are
intersections of more than R hyperplanes, we proceed as before, but in case the
intersection of R hyperplanes we are currently considering intersects additional
hyperplanes, set the diagonal elements of D corresponding to these additional
hyperplanes arbitrarily to 1 (as intersections including the additional hyperplanes
are considered separately). On the other hand, in case some hyperplanes are only
part of intersections of less than R hyperplanes (because they became parallel),
we proceed as follows. Instead of considering only intersections of R hyperplanes,
we now also consider all possible intersections of r hyperplanes, with 1 <r < R.
For this, we solve no more than y} (I;[ ) systems of r equations. Let M, € R™*R
be the matrix obtained by choosing r different linearly independent rows 1,...,r
of M € RN*R; then we may find a point on the corresponding intersection of r
hyperplanes (note that the intersection itself can now also be a hyperplane) by to
solving the following linear system of r equations

Zn = M;rhr and Xn = Mzn.

with 1 being the pseudoinverse. We here now end up with solving no more than
YR (Ij ) systems of r linear equations to find all regions, which has an equal cost in
N as the previous cases. O

We here provide pseudocode. For simplicity, we restrict ourselved to the case of
D =1 and assume that the arrangement specified by M and h is in general position.
This can be generalized to the general setting as presented in the proof.
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Algorithm 1: Improved exhaustive search for all fixed points

Data: N € RV*R M € RV*R h ¢ RN
Result: z_set set of all fixpoints, D_set the set of all relevant Dq

configurations.
D_set :={};
z_set := {};

idx=11,...,N];

// Find feasible configurations
idx_comb = all (}§) combinations of indices idx;
for (i1, ...,ig) in idx_comb do
MR = M[(il,. . .,iR), Z];
hg =h[(iy,...,ir)];
// MR is invertible as the arrangement is in general position
zn = solve(Mg, hg);
XN = MZm,’
d_init = xn > h;
for (v1,...,0g) in {0,1}R do
d = d_init[(i1,...,ig)].set(vy,...,0R) ;
Dq, = diag(d) ;
D_set = D_set U{Dq};

~

/ Find fixed points, for the at most Y'X , (I;’ ) configurations
for Dqy in D_set do
z* = solve(N'DoM — I, NTDqh) ;
x* = Mz*;
// check if fixed point is consistent with assumed Dq
if diag(x* > h) == Dq, then
‘ z_set = z_set U {z*};
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3.2 Additional figures & tables

.3.2.1  Additional statistics for Teacher-Student setups

a b C
pairwise correlations

Vi i/

000 025 -1

student

teacher

FIGURE .13: a-c) Pairwise correlations between units of the modes for panel a-c) of Fig. 4.3,
respectively. Note that ¢ is computed over all conditions.

. - O k=64
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2 e a k=10
g ﬁg a k=1
° . =|
% 1 = — O Bootstrap (k=64)
.05 ==

FIGURE .14: Our method allows recovering the true latent noise in student-teacher setups.
We repeated the experiment of Fig. 4.3a for teacher networks with three levels of latent
noise, with diagonal covariances matrices X, = o2I. For each teacher we trained 5 student
networks with varying number of particles (k), as well as using the bootstrap proposal
(i.e., sampling from the prior). The standard deviations o of the latent noise process only
matches between the student and teacher, if we use enough particles during training. The
bootstrap proposal (with k=64) is not as reliable as the optimal proposal.
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FIGURE .15: To demonstrate that our method works with time-varying input, a rank-1
teacher RNN with 60 units was trained to report the sign of a time-varying stimulus (left).
We then generated 400 trials of data with observation noise covariance ~x = .01I and
latent noise covariance Xy = .00251. We trained a student on the observed activity of the
teacher for 400 epochs. The matching latent dynamics of the student and teacher lie in the
column space of the recurrent and input weights (right; coordinates z and 3, respectively;
see Supplement .3.3.2).

.3.2.2  EEG: Inferring full-rank RNNs

4
D B Rank 3 (N=512)
D
] H2
! . 1
2 & 14 &
1 0

FIGURE .16: We fit full-rank RNNs to EEG data, by parameterising the mean of the transition
distribution as F(z;) = az; + (1 — a)J¢(z;). We trained full-rank RNNs with 30 units (a
roughly similar amount of parameters as our rank-3 RNNs with 512 units), as well as
full-rank RNNs with 128 units (over 10 times more parameters). The KL divergence-based
measure (Ds:sp), between generated samples and data is worse for the full-rank RNNs,
while also being less interpretable.
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FIGURE .17: Latent Factor Analysis via Dynamical Systems (LFADS) [46] is a current method
that can be used to fit RNNs to neural data, and while it is generally used for inference,
can also be used for generation. We here explored sampling from LFADS, both using
the autonomous version, and when using the controller (i.e., stochastic inputs). We fitted
LFADS to the HPC-2 dataset (using AutoLFADS for model selection [229]). a) In the case
of an autonomous LFADS model, one samples an initial condition from the prior and then
simulates a deterministic RNN forward. As on long sequences not all variability can be
explained by variability in the initial condition, the latents end up not representing any
variability that resembles the underlying system (cf. Fig. 4.5). b) In the case of a full LFADS
model with the controller, one can sample both an initial condition and time-varying inputs
from the controller’s auto-regressive prior. Here the full model seemed to rely overly on
the controller’s data-inferred inputs for inference, which deviated quite strongly from
the samples from the controller’s auto-regressive prior. As a consequence, the generated
latents do not seem to represent variability that is meaningful.

.3.2.3 HPC-2: Additional results

LFP spike stats
° o T esse _——
N ‘n | 3 k=10
Dw | rts o k=1
u] é% O bootstrap (k=64)

) ;%é = = train/test
3 0 .

Hrate Hisi pw corr.

F1GuRre .18: The Hellinger distance (Df) between the power spectrum of latents and LFP of
HPC-2 is lower when using the bootstrap proposal or too few particles (left), and simulated
data is slightly worse when using the bootstrap proposal (right)
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.3.2.4 HPC-11: Additional results

data generated spikes mean rates (hz) cv ISls
: 4 //'
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§ }:5 3
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c 0.21 e z, LEP Iasarsansay
— [ ] 4
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o 3 0.001
b Zy Zy A SNr——
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FIGURE .19: a) We fit a rank-4 RNN to spikes recorded from rat hippocampus [180-182],
and generate new samples from the RNN (right), taking only the part of the recording
where the rat is running. b) Single neuron statistics. The mean rates and coefficient of
variations of interspike interval (ISI) distributions of a long trajectory of data generated by
the RNN (gen) match those of a held-out set of data (test). As a reference we additionally
computed the same statistics between the train and test set. ¢) Population level statistics.
The pairwise correlations between neurons for generated data and the test data. d) The
corresponding latents generated by the RNN consists of 10Hz (fast theta) oscillations on
top of slower oscillations. e) Latents with further zooming in (on time), shown together
with the LFP signal. f) The power spectrum of latents sampled from the RNN, which show
power at a slightly higher frequency than that of the LFP [143].
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FIGURE .20: We additionally fit a rank-12 RNN to a whole recording (2067 seconds resam-
pled to 40 Hz) which includes long bouts where the rat is stationary. a) We generate a
new sample from the RNN and obtain matching spike statistics. b) Generated latents by
our model. ¢) Inferred posterior latents can again be used to predict the location of the
rat on a held-out set. d) Using the same decoder on generated latents, we obtain a model
that also predicts alternating bouts of stationarity and running. e) The mean power of the
latents at theta frequency during running bouts is higher then during stationarity bouts.
The increased theta power during running is also there in the LFP data — again with latent
dynamics obtained from spiking data oscillating at a slightly higher frequency than the
LEP.
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FIGURE .21: Spiking statistics of model-generated (teal) and train data (brick red) compared

against test data.
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.3.2.5 Neural Latents Benchmark evaluation

We applied our method to the MC_Maze dataset of the Neural Latents Benchmark
(NLB) [185] at 20 millisecond bin size (Table .1), by using our method to obtain
expected Poisson rates, given a filtering posterior over latents. The benchmark
evaluates methods on a number of metrics: ‘co-bps’ (co-smoothing bits-per-spike)
assesses the quality of firing rate predictions for a set of held-out neurons that
are unobserved in the test data, evaluated with the Poisson likelihood of the true
spiking activity given the rate predictions. ‘vel R2" evaluates how well the model’s
inferred firing rates can predict the subject’s hand velocity. ‘PSTH Rz’ evaluates how
well peri-stimulus time histograms (PSTHs) computed from model-inferred rates
match empirical PSTHs from the data. ‘fp-bps’ evaluates predictions on heldout
timesteps (which we predict by running the RNN forward from the last data-inferred
step). We found that our method outperforms classical methods (GPFA [230] and
SLDS [42]) while certain state-of-the-art deep learning (LFADS [46, 229], Neural
Data Transformer [28]) are slightly better than our method on the ‘co-bps’ metric,
but our method matches them in the ‘vel R2" metric (in case we include smoothing
information in the proposal) . We do note that NLB metrics center around evaluating
the quality of smooth rates inferred from spikes, which is not the central focus of our
method, which is generation, i.e., sampling noisy trajectories that reproduce variabil-
ity in the data. We here found that the quality of inference increased when using an
non-causal CNN encoder as part of the proposal distribution, and additional gains
might be obtained by also changing the target distribution to a smoothing (instead
of a filtering) one [231].

While our method also has comparatively lower dimensionality than the other
deep learning approaches, a latent dimensionality of 36 is still considerably higher
than all networks considered in the Main text. We reason that we need a high
number of latents, because the full MC_Maze dataset has a large number of conditions
(108), spanning multiple maze-configurations, which may be difficult to fully model
with autonomous low-dimensional latent dynamics.

.3.2.6  Stimulus-conditioning in monkey reaching task

For the experiment with stimulus-conditioned dynamics in the monkey reaching
task, we tested the performance of models with and without the conditioning inputs.
We found that the conditioning inputs allow the networks to perform better on
velocity decoding at lower dimensionalities.

Following the analysis in Fig. 5.5, we also further visualized the model’s match to
the spiking statistics, including mean and standard deviation (SD) of spiking rate,
and mean, SD, and coefficient of variation (CV) of inter-spike intervals. We observed
a good match to the mean and SD of the spiking rate across all conditions. Match to
ISI statistics is also quite reasonable given the noise observed between estimates of
the statistics from train and test.
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method dim co-bps? velR2t PSTHR21 fp-bps?
Spike smoothing 137  0.2076 0.6111 —0.0005 —
GPFA 52 0.2463 0.6613 0.5574 —
SLDS 38 0.2117 0.7944 0.4709 —0.1513
LFADS 100  0.3554 0.8906 0.6002 0.2454
NDT 274  0.3597 0.8897 0.6172 0.2442
Ours 36 0.3225 0.8479 0.5927 0.2184
Ours (non-causal) 36 0.3407 0.8902 0.5963 0.2417

TaBLE .1: Performance of our method on the MC_Maze dataset of the Neural Latents Bench-
mark, ‘dim’ refers to the dimensionality of the model’s underlying dynamics (where

possible).

conditioning dim vel R2 T
5 0.7897 +0.0687
w/o 6  0.8944 -+ 0.0039
conditioning g 0.9085 4 0.0048
16 0.9196 + 0.0041
with 5 0.8589 & 0.0493
conditioning ¢ 09018 4+ 0.0114

TaBLE .2: Performance benefits of conditioning for monkey reaching task.

.3.2.7  Comparison to an approximate method for finding fixed points

# fixed points found

-
~

»

-

=@ approximate
combined
analytic

5000 25000 50000
# inverses

FIGURE .22: Repetition of the experiment of Fig. 4.8, but now with a rank-2 RNN with 128
units. Again, we show the number of fixed points found as a function of the number of
matrix inverses computed, with errorbars denoting the minimum and maximum amount
of fixed points found over 20 independent runs of the algorithm.
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Recently an approximate method for finding fixed points in piecewise-linear RNNs
was proposed [70]. The method proceeds by randomly selecting a linear region
(a configuration of D), see Supplement .3.1.2) and calculating the corresponding
fixed-point. If it is indeed a ‘true’ fixed point of the RNN (it is consistent with the
assumed Dq,)), we store it. If the fixed point was inconsistent with the assumed Dq,
we iteratively initialize D according to the “virtual” fixed point found and calculate
the new fixed point corresponding to this D, until we either reach a ‘true’ fixed
point or reach a certain amount of iterations. Then, we reinitialize at a randomly
selected new configuration of D, and repeat the procedure.

Under some conditions, the approximate method can be shown to converge in
linear time (|[MNT|| + ||aI|| < 1) [64], where it will be faster than our exact method
— however in general the convergence of the approximate method strongly depends
on the dynamics of the networks. In particular, there are reasonable settings where
the approximate method fails to find all fixed points, such as of a rank-2, 128
unit RNN with 17 fixed points (trained similarly to the teacher RNN of Fig. 4.3¢;
Fig. S.22). While an in-depth study of the approximate method is out of scope, we
hypothesize that the failure to converge is because when initializing with randomly
selected Dqs out of (D + 1)N possible configurations, the approximate method
tends to converges to the same set of Dgs.

Our method is completely independent of the dynamics of the system and has a
fixed cost, after which one is guaranteed that all fixed points are found. However, we
do note that there can be scenarios where our exact method is still too costly. In this
scenario, we propose to use the approximate method, with one adjustment - we first
pre-compute the subset of ¥ D’(l;] ) configurations that can contain fixed points,
and then initialize the approximate method using randomly selected D from
this subset. Empirically, this leads to better convergence in at least some scenarios
(Fig. 4.8, Fig. S5.22)

For the approximate method, we used code from:
https:/ / github.com /DurstewitzLab /CNS-2023, which was released with the GNU
General Public License.

.3.3 Additional details of low-rank RNNs

.3.3.1  Discretisation

Given

d
rd—f = —z(t) + NTp(Mz(t)) + T,&(1),
Using the Euler-Maruyama method with timestep Ay:

Ay

A VA
ziy = (1— ?t)zt + ?NT(P(MZt) + Ttrz(-?t/

and with ¢; ~ NV(0,1), definea =1 — A& N = %N, and X, = %FZFI, we obtain

T
the transition distribution used in our experiments. Note the slight ‘overloading’ of
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t here, as the discrete time indice ¢ of e.g., z; corresponds to the continuous time

z((t—1)Ay).
.3.3.2  Conditional generation

Given input weights H € RN*Ns and stimulus s € RM:, we define our model as

T X)) 4 Tp(x(0) + His() + &

Using the same assumptions as before, x can be described by R + N; variables

T% — —2(t) + NTop(Mz(t) + H(1)) + &,
T% = —35(t) +s(t),

with x = Mz + Hs, and m = (M, H]T[M, H])~![M, H]Tx
S

We can write the distribution generated after discretization as:

~

T

p(z1.1, y1.1,81:7]81.7-1) = HP Stlst—1)p(z¢|8¢-1, 211 HP yi|8t,zt),
t=2 t=1

p(2z¢l8i-1,2i-1) = N(F(8t-1,21-1),22), p(z1) = N (z,, Za,),
p(8t[8t-1,8t-1) = 6(a8—1 + (1 —a)s;—1), p(81) = 6(0),
where the mean of the transition distribution is F(8¢,z;) = az; + NT¢(Mz; + H;).
For constant input s, § will converge to s, and we can ignore the additional N;
variables, assuming x(0) = Mz(0) + s. Similarly if s varies on a time scale slower
than 7, s = § is a good approximation [56]. Here, for experiments where the input

is a constant context signal (Fig. 5.5), we substitute s for § and consider the R
dimensional system described by z (which now has additional conditioning on s):

T

T
p(zi.r, yr1[s1:T) = p(Z1 HP Zi|8¢ 1,241 HP yilst, zt),
t=2 t=1

p(ztlsi-1,ze-1) = N(F(st-1,21-1), E2), p(21) = N (pz,, £, ),
where F(st, z¢) = az; + NT¢(Mz; + Hs;).
.3.3.3 Linear transformations of the latent space and orthogonalisation
Given

Xer1 = ax; + MNTp(x;) + ey,
Ziy1 = az; + NTgb(MZt) + €4,
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with €, ~ N (0,%,), ex ~ N(0,MZ,MT). We can do any linear transformation of
the latent dynamics z: Z = Az, as long as A has rank R, without changing the
neuron activity x. To see this, define M=MA"1!1 N=AN,and ¢; ~ N(0, AZZAT),
giving us:

X¢11 = ax; + MNT(p(xt) + €y,

211 = a2y + NTp(M2) + €3,

which will leave x unchanged, while our latents z are expressed in a new basis. We
typically got a more interpretable visualization of the latents by orthonormalising
the columns of M. Thus we applied for all visualisations after training A = UTM,
with M = U, where U are the first R left singular vectors of ] = MNT.

.3.4 Details of empirical experiments
3.4.1  Training details
.3.4.2 Initialisation

Our models are (unless noted otherwise) initialized as follows:

Nij~U_ 1 1,
VN’VN
Mij~U_ 1 1y,
VR'VR
2
Wi ~ N0, 2),
Hij NZ/{[_ 1 , 1 ],
Ninp Ninp
hi~ U 1y,
VN’ VN
b+ 0,
a<+.9,
2, « 011,
Y 1
Pz <0,

where W and b are the output weights and biases respectively. For Gaussian
observations we initialise Xy < .01L

For experiments with Poisson observations, we jointly optimized a (usually causal)
CNN encoder as part of the proposal distribution. The CNN was conditioned on
observations and predicted the mean and log variance of a normal distribution.
It consisted of common initial layers consisting of 1D convolutions, with a GeLU

147



148

SUPPLEMENT

activation function, and a separate output convolution for the predicted mean and
(log) variance. The CNN was initialized to the Pytorch [170] defaults, except for the
bias of the log variance output layer, to which we added a log(.01) term, such that
the output matches the initially predicted variance of the RNN. The exact number
of layers and channels are reported in the sections for each experiment.

For the teacher-student setups, we used as non-linearity ¢(x;) = max(x; — h;,0)
for both the students and the teachers, and for all experiments with real-world data,
we used the “clipped’ ¢(x;) = max(x; + h;,0) — max(x;,0) [64].

.3.4.3 Parameterisation

We constrain a to be between 0 and 1 by instead optimising @ with the following
(sigmoidal) parameterisation 2 = exp(—exp(d)) [219]. In experiments with the
optimal proposal, we estimate the full ¥,, which we constrain to be symmetric
positive definite, by optimizing a lower triangular matrix C such that ¥, = CCT,
where we additionally constrain the diagonal of C to be positive using C;; =
exp(C;;/2). For all diagonal covariances, we parameterise the diagonal elements
using ¥; = exp(X;;). For Poisson observations, we apply a Softplus function to
rectify the predicted rate.

.3.4.4 Optimisation

During training we minimise the variational SMC ELBO [115-117] (Eq.4.7) with
stochastic gradient descent, using the RAdam [218] optimiser in Pytorch [170]. We
generally use an exponentially decaying learning rate (details under each experi-
ment).

.3.4.5 Teacher student experiments
.3.4.6  Dataset description

We created datasets by first training ‘teacher” RNNs to perform a task and then
generating observations by simulating the trained teacher RNNs.

For Fig. 4.3a, b we used code from [172] (https://github.com/mackelab/phase-
limit-cycle-RNNSs, Apache licence) to train rank-2 RNNSs to produce oscillations,
using a sine-wave with a periodicity of 50 time-steps as a target and an additional
L2 regularisation on the rates. After training, we extracted the recurrent weights
M, N and biases h, orthonormalized the columns of M, and created a dataset
by simulating the model for 75 timesteps, with X, = .041. For Fig. 4.3a we used
N = 20 units and generated observations according to G = N (Mz, Zy), with
Yy = .011. Fig. 4.3b we used N = 40 units and generated observations according to
G = Pois(Softplus(wMz; — b), with w =4 and b = 3.

For Fig. 4.3¢, we followed a similar procedure but now trained the teacher RNN
on a task where it has to use input. After an initial period of 25 time steps, a stimulus
was presented for 25 timesteps consisting of [sin(6),cos(6)]T, where 6 was randomly


https://github.com/mackelab/phase-limit-cycle-RNNs
https://github.com/mackelab/phase-limit-cycle-RNNs

.3 SUPPLEMENTARY INFORMATION CHAPTER 4

selected every trial out of 8 fixed angles. The RNN was tasked to produce output
that equals the transient stimulus for the next 100 time-steps. Here we used N = 60
units, X, = .0025I and generated observations according to G = N (Mz;, Zy), with
Yy = .00251. The training data for the student RNN was included for each trial the
corresponding stimulus.

.3.4.7 Training details

The ‘student” RNNs had 20, 40, 60 units, respectively and rank R = 2, matching that
of the teacher RNNs. For Fig. 4.3a, c. The observation model was a linear Gaussian
according to G = N (Mz;, Xy), and we used the optimal proposal distribution.
For Fig. 4.3b we used G = Pois(Softplus(WMz; — b)), with W a diagonal matrix
(scaling the output of each unit individually). For Fig. 4.3b, we used a causal CNN
encoder as part of the proposal distribution. It consisted of 3 layers, with kernel
sizes (21,11,1), and channels (64, 64,2). We used (causal) circular padding.

For all three experiments, we used k = 64 particles, batch-sizes of 10, and de-
creased the learning rate exponentially from 103 to 10~°. For Fig. 4.3a we trained
for 1000 epochs of 200 trials, for Fig. 4.3b for 1500 epochs of 400 trials and for
Fig. 4.3¢ for 200 epochs of 8oo trials. We used a workstation with a NVIDIA GeForce
RTX 3090 GPU for these runs. One model took about 3 to 4 hours to finish training.

.3.4.8 Evaluation setup

For Fig. 4.3 we generated long trajectories of T = 10000 time-steps of data for both
the student and teacher RNNSs. To facilitate visual comparisons between student and
teacher dynamics, we also orthonormalized the columns of the students weights
M after training, and for Fig. 4.3a,c picked signs of the columns of M such that
the student and teacher match (note that after orthormalizing, the columns of M
are equal to the non-zero singular vectors of the full weight matrix J, which are
only unique up to a sign flip). As noted before, this leaves the output of the model
unchanged. The autocorrelation in Fig. 4.3a was computed by convolving a sequence
of lag= 120 steps of data with itself (with duration 2xlag), and normalising such
that lag=o corresponds to a correlation of 1. We repeated this for 8o sequences
starting at different time-points of the whole trajectory.

.3.4.9 EEGdata
.3.4.10 Dataset description

We used openly accessible electroencephalogram (EEG) data from [175, 176] (
https:/ /www.physionet.org/content/eegmmidb/1.0.0/, ODC-BY licence). The data
was recorded from a human subject sitting still with eyes open (session Soo1Ro1),
and was sampled at 160 Hz. Like [64], we used the full 1 minute of recording, but
unlike [64], we did not smooth the data (but just standardized the data). Thus, to
compare our performance to [64], who ran their evaluation using the smoothed
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data, we smoothed our generated samples equivalently, using a Hann filter with
a window length of 15-time bins, so that we can also compare our samples to the
smoothed data.

3.4.11  Training details

We used N = 512 units, and rank R = 3. The observation model was a linear
Gaussian conditioned on the hidden state and we used the optimal proposal dis-
tribution. We trained for 1000 epochs consisting of 50 batches of size of 10, and
k = 10 particles. The learning rate was decreased exponentially from 1073 to 107°.
Models were trained using NVIDIA RTX 2080 TI GPUs on a compute cluster. A
single model took between 4 and 5 hours to finish training.

.3.4.12  Evaluation setup

We used our RNN to generate one long trajectory of T = 9760 steps of data, y; (after
discarding the first 2440 steps), which we compare to the EEG data, §;, using two
evaluation measures from [64, 111] (using code from
https://github.com/DurstewitzLab/GTF-shPLRNN, GNU General Public License):
Dsisp: This is an estimate of the KL divergence between the ground truth and
generated states. To compute this, we obtained kernel density estimates of the
probability density functions (over states, not time), using a Gaussian kernel with
standard deviation ¢ = 1. We get for the EEG data: p(y) = + ¥ N(§:,1), and
for the generated data §(y) = 1+ I ; N (yt, I). We then used the following Monte

p(5")
Tk

Carlo estimate of the KL divergence: Dgtsp ~ % Y log using n = 1000 samples

A

¥’ drawn randomly from the EEG data.

Dpy: This is an estimate of the difference in power spectra between the ground
truth and generated states. We first computed for each data dimension the spectra
yi,, yi, for the EEG and generated data, respectively. We used a Fast Fourier
Transform, smoothed the estimates with a Gaussian kernel with standard deviation
o = 20, and normalized the spectra so they sum to 1. We computed the mean of the

Hellinger distances between the spectra: Dy = 2 ¥ \% V9 — VYl

.3.4.13 Hippocampus HC-2
.3.4.14 Dataset description

We used openly accessible neurophysiological data recorded from layer CA1 of the
right dorsal hippocampus [155, 156] (https://crcns.org/data-sets /hc/hc-2/about-
hc-2. Signals were recorded as the rats engaged in an open field task, chasing
drops of water or pieces of food that were randomly placed. We used the session
eco13.527 from rat ID ec13, which is approximately 1062 seconds long. From 37
units (neurons) we used 21 neurons that have maximal spike counts, discarding
the rest of the comparatively silent neurons. We binned the spike data to 1oms. We
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used the first 8o percent of the data for training, and the rest was saved for testing
purposes.

.3.4.15 Training details

We used N = 512 units, and rank R = 3 for the run that was used in our Fig. 4.5. We
used a causal CNN encoder as part of the proposal distribution, which consisted of
3 layers with kernel sizes (150, 11, 1), with (64, 64, 3) channels. During our study, we
swept over multiple ranks and found that theta oscillations consistently emerged
from rank 3 onwards, after which reconstruction accuracy was relatively stable. For
each rank, we used three different seeds and two different first layer sizes for the
encoder, 25 or 150. The duration of a randomly sampled trial (sequence length) from
the whole data was 94 time steps when the first layer size was 25, and 219 when the
first layer size was 150. We, however, also found that the choice of the duration did
not affect the results much. We trained the model using 3000 epochs, each epoch
consisting of 3000 trials with 64 batches and k = 64 particles. The learning rate was
decreased exponentially from 1072 to 10~°. A single model took approximately 21
hours to finish training on a NVIDIA RTX 2080 TI GPU on a compute cluster.

.3.4.16  Evaluation setup

We used our RNN to generate data that matches the duration of the test data, which
is 20810 time steps (~208 s) (after discarding the first 1000 steps). We compare
different spike statistics of generated data with test data, and for comparison
purposes, we also compared the same statistics measurements between train and
test data as well. We calculated the mean firing rate of each neuron, mean of ISI
distributions, and pairwise correlations. We used a band-pass filter 1-40 Hz for the
latents and the LFP signal before calculating the powerspectrogram (Fig.4.5e).

.3.4.17 Hippocampus HC-11
.3.4.18 Dataset description

We used openly accessible neurophysiological data recorded from hippocampal CA1
region [180-182] (https:/ /crcns.org/data-sets/hc/hc-11/about-hc-11). We used the
subset of the dataset called the maze epoch, where a rat was running on a 1.6-meter
linear track, with rewards located at each end (left and right). Throughout this task,
neural activity was recorded from 120 identified pyramidal neurons. As in [69], we
only used 60 neurons that had sufficient activity and discarded rest of the units. We
used code from [183] (https://github.com/zhdg6/pi-vae) to preprocess the spike
data, and only use data corresponding to the rat running and the location data
being available for the results shown in Fig. 5.4 and Fig. S.19. For the model shown
in Fig. 5.20 we used the last 1350s of data of the Maze epoch, which also includes
bouts where the rat is stationary. We used 25ms bins.
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.3.4.19 Training details

We used N = 512 units, and rank R = 4 for Fig. 5.4 and Fig. S.19 and rank R = 12 for
Fig. S.20. We used a causal CNN encoder with zero padding with 3 layers (24, 11, 1),
(64, 64, 4) channels, and 3 layers (150, 11, 1), (128, 64, 12) channels, respectively. The
models were trained for 3000 epochs, each epoch having 3000 trials with a sequence
length of 94 time bins (2.35 s) and 219 bins (5.48 s), respectively. We used batch
sizes of 64 and k = 64 particles. The learning rate was decreased exponentially from
1073 to 10°. A single model took approximately 21 hours to finish training on a
NVIDIA RTX 2080 TI GPU on a compute cluster.

.3.4.20 Evaluation setup

We used our RNN to generate data that matches the duration of the test data,
which is 4289 time steps (~107 s) (after discarding the first 1000 steps) for Fig. 5.4
and Fig. S.19 and 16539 time steps (~413 s) for Fig. S.20. We calculated the mean
firing rate of each neuron, coefficient of variations of ISI distributions, and pairwise
correlations. For the R? reported in the Main text, we fit a ridge regression model
to the posterior latent variables on the training data, after smoothing with a Hann
window of size 100, and apply the regression model to latents inferred from the test
data.

.3.4.21  Monkey Reach
.3.4.22  Dataset description

We used the publicly available MC_Maze dataset from the Neural Latents Benchmark
(NLB) [185] (https:/ /dandiarchive.org/dandiset/000128, CC-BY-4.0 licence). The
data were recorded from a macaque performing a delayed center-out reaching task
with barriers, resulting in a variety of straight and curved reaches. For simplicity,
we took only the trials with no barriers and thus straight reach trajectories, resulting
in 592 training trials and 197 test trials. We binned the data at 20 ms and aligned
each trial from 250 ms before to 450 ms after movement onset.

To create conditioning inputs for the model, we took the x and y coordinates of
the target position for each trial and scaled them to be between —1 and 1. We then
provide this scaled target position as constant context input to the RNN for the
duration of the trial.

.3.4.23  Training details

We ran a random search of 30 different models with rank » € 3,4, 5,6 and particle
number k € 16,32, 64. All models had 512 units and used a causal CNN encoder with
kernel sizes (14,4,2) and channels (128,64,r). We used (causal) reflect padding.
We trained each model for up to 2000 epochs, terminating training early if no
improvement was seen for 50 epochs. Each model took around 3 to 4 hours to train
on an NVIDIA RTX 2080 TI GPU on a compute cluster. Seeing that a rank of 5 was
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sufficient for velocity decoding R? ~ 0.9, we took the best-performing rank-5 model
for subsequent analyses.

.3.4.24 Evaluation setup

For qualitative evaluation of replication of cross-condition differences, we grouped
the reach targets in the data into 7 conditions, one at each corner and the midpoint
of each edge of the rectangular reach plane, excluding the midpoint directly at the
bottom. We then generated data from the model RNN using conditioning inputs
from the test trials of the real data. Then, for the test data and the model-generated
data, we computed mean firing rate and inter-spike interval for each neuron for
each condition. We then computed correlation distance (1 — r, where r is the Pearson
correlation coefficient) on the neuron statistics between conditions in the test data
and model-generated data.

For generation of data for Fig. 5.5d, e, we selected target locations by choosing
angles from 0 to 360°, evenly spaced by 22.5°, and determined the corresponding
reach endpoint on a square spanning from (—1, —1) to (1,1). We then constructed
conditioning inputs similar to the real data using these target locations and simu-
lated the RNN with them. To decode the reaches, we used a linear decoder trained
from inferred firing rates to reach velocity from the real data.

.3.4.25 Neural Latents Benchmark
.3.4.26  Dataset description

We again used the publicly available MC_Maze dataset from NLB (see Supplement
.3.4.22). We resampled the data to 20 ms bin size and followed the standard data
preprocessing procedures for the benchmark, as described in [185].

.3.4.27 Training details

We ran a random search of 30 different models with varying rank from 12 to 40 and
particle number k € 16,32,64. All models had 512 units and used a used a CNN
encoder with kernel sizes (14,4,2) and channels (128,64,36), either with causal
reflect padding or acausal zero padding. We trained each model for up to 2000
epochs, terminating training early if no improvement was seen for 50 epochs. Each
model took around 10 to 12 hours to train on an NVIDIA RTX 2080 TI GPU on a
compute cluster.

Because the primary task of the benchmark is co-smoothing, i.e., prediction of
held-out neuron firing rates from held-in neurons, we provide the encoder with
only the activity of held-in neurons. However, the observation likelihood component
of the ELBO is computed on all neurons, held-in and held-out.

After training, we selected the model with the best co-smoothing score on the val-
idation split and submitted its predictions to the benchmark for the final evaluation.
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.3.4.28  Evaluation setup

Automated evaluation was performed on the benchmark platform, as described
in [185].

We used for the prediction at timestep ¢, the expected Poisson rate of held-out
neurons, conditioned on the activity of held-in neurons at the current and previous
timesteps, by making use of the filtering Posterior (Eq. 4.3). We averaged over 32
sets of trajectories with 192 particles each.
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4.1 Ring attractor model
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FIGURE .23: a) We constructed a rank-2 ring-attractor RNN, with 6 stable fixed points (left).
Example trajectories for 6 different stimulus inputs are shown on the right. b) Perturbations
reveal the underlying attractor structure. We perturb one of the stimulus conditions (green).
After perturbation trajectories converge to one of the 6 stable fixed points.
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4.2 Transient dynamics model
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FIGURE .24: a) We constructed a rank-20 RNN, with 2 sets of 10 modes that sequentially
activate (left). One set of modes maintains sin of the angular stimuli, and one set maintains
cos. Example trajectories for 6 different stimulus inputs are shown on the right, with
the subspace axis estimated similar to the main text. b) Perturbations again reveal the
underlying attractor structure. We perturb one of the stimulus conditions (green). After
perturbation trajectories do not move towards the different class means, indicating no
evidence for a multi-stable attractor.

4.3 Student-teacher setup with attractor dynamics
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FIGURE .25: a) We fit student models with rank 2 to data generated from the teacher model
in Fig. S. .23. Flow fields from the students matches that of the teachers quantitatively. b)
Generally the students (3 seeds) are able to capture the multi-stable, approximate ring
attractor of the teacher, however the students do sometimes find one additional spurious
stable fixed point on the attractive manifold.
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4.4 No spurious attractors in student-teacher setup with transient teacher
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FIGURE .26: a) We fit student models with rank 3, 20 and 4o, to data generated from the rank
20 teacher model in Fig. S. .24. In particular the rank 3 student case is interesting as based
on Qian ef al. [216], we might expect to find spurious attractors when the student does
not have the capacity to match the teacher. In order to check whether or not the models
learn transient dynamics, we first simulate the RNNs for an extended time after stimulus
onset. For all models the latent dynamics collapse, indicating the stimulus maintenance
was indeed transient. b) We also performed perturbation analysis. We plot one example
perturbation on the left, and next, similar to Fig. 5.4, we compute the correlation coefficient
over distance moved compared to how far the perturbations pushed the trajectories away
from the class means. Across three seeds per student rank, we do not find any strong
support for attractor dynamics.
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