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Abstract

This dissertation studies the numerical approximation of various partial bulk—surface differential
equations in time-dependent domains. The main interest is an application to a model of tissue
growth which is a slight modification of a model presented in Eyles et al. [2019]. The model
couples a Poisson equation in the time-dependent domain with a forced mean curvature flow of
the free boundary surface, with nontrivial bulk—surface coupling in both the velocity law of the
evolving boundary surface and the boundary condition of the Poisson equation.

To prepare studying this elaborate system, we present two results on two closely related
systems of partial differential equations without any coupling term.

In the first work [Edelmann, 2022], we derive convergence results for evolving finite elements
applied to a diffusion-type equation on a time-dependent domain, whose velocity is given expli-
citly only for the boundary surface and then extended harmonically into the bulk, i.e. obtained
by solving a Laplace equation with the given boundary velocity as boundary condition. The
weak formulation is then discretized in space using isoparametric finite elements of polynomial
degree at least two. We formulate and prove H'-optimal error bounds for the spatial semi-
discretization.

The second work [Edelmann, 2021] deals with an elliptic partial differential equation on a
stationary domain, endowed with a generalized Robin boundary condition. This boundary
condition includes the Laplace—Beltrami operator on the boundary surface of the domain. The
weak formulation of this elliptic equation is discretized using isoparametric finite elements of
arbitrary polynomial degree. We provide error bounds that are both L?- and H!'-optimal.

The third work [Edelmann et al., 2024] studies the aforementioned model of tissue growth.
The tissue pressure solves a Poisson equation with an inhomogeneous Robin boundary condition
and the boundary surface follows a forced mean curvature flow with the boundary values of the
tissue pressure being the forcing term. The presented analysis highly relies on results and
techniques from the previous works and the literature cited within the paper. Paired with some
additional auxiliary results, we state and prove error bounds for the spatial semi-discretization
with evolving bulk-surface finite elements of polynomial degree at least two, which are H!-
optimal in the respective Sobolev spaces of the approximated quantities.

In the above mentioned three works, the convergence analysis is clearly separated into stability
und consistency. Numerical experiments that illustrate and complement the proven theoretical
results are given in the three works.






Zusammenfassung

Die vorliegende Arbeit untersucht die numerische Approximation verschiedener partieller bulk—
surface Differentialgleichungen in zeitabhéingigen Gebieten. Das Hauptziel ist eine Anwendung
auf ein Modell fiir Tumorwachstum, welches eine leichte Abwandlung des in Eyles et al. [2019]
prasentierten Modells ist. Das Modell koppelt eine Poisson Gleichung in einem zeitabhéangigen
Gebiet mit einem forced mean curvature flow des freien Randes, mit nichttrivialer Kopplung
sowohl im Geschwindigkeitsgesetz des Randes als auch in der Randbedingung der Poisson Glei-
chung.

Bevor wir dieses umfangreiche System von partiellen Differentialgleichungen untersuchen, wer-
den zunéchst zwei Resultate iiber nahe verwandte Systeme ohne Kopplungsterme présentiert.
Zunéchst werden in [Edelmann, 2022] Konvergenzergebnisse fiir finite Elemente angewandt auf
eine Diffusionsgleichung in einem zeitabhéngigen Gebiet hergeleitet. Die Bewegung des Gebiets
ist nur fiir den Rand explizit gegeben und dann im inneren des Gebiets durch eine harmo-
nische Erweiterung gegeben, d. h. durch die Losung der Laplace Gleichung. Die schwache
Formulierung des Systems wird mit isoparametrischen finiten Elementen mindestens zweiten
Grades diskretisiert. Wir formulieren und beweisen H!'-optimale Fehlerschranken fiir die Semi-
diskretisierung.

Die zweite Arbeit [Edelmann, 2021] behandelt eine elliptische partielle Differentialgleichung
auf einem stationdren Gebiet mit verallgemeinerten Robin-Randbedingungen. Diese Randbedin-
gung enthélt den Laplace—Beltrami Operator auf der Randflache des Gebiets. Die schwache For-
mulierung wird mit finiten Elementen beliebigen Grades diskretisiert und wir beweisen Fehler-
schranken, die L?- und H'-optimal sind.

Die dritte Arbeit [Edelmann et al., 2024] untersucht das anfangs genannte Modell eines Tu-
morwachstums. Der Gewebedruck erfiillt eine Poisson Gleichung mit einer inhomogenen Robin-
Randbedingung und der freie Rand bewegt sich gemafl einem forced mean curvature flow, wobei
der forcing term durch die Randwerte des Gewebedrucks gegeben ist. Die Analyse dieses Mo-
dells benotigt die Resultate und Techniken der vorangegangenen Arbeiten sowie der dort zi-
tierten Literatur. Zusammen mit weiteren Hilfsresultaten werden H!'-optimale Fehlerschranken
fiir die Semidiskretisierung mit evolving bulk—surface finiten Elementen vom polynomiellen Grad
mindestens zwei bewiesen - in den entsprechenden Sobolevraumen der approximierten Losungen.

In den drei genannten Papers ist die Konvergenzanalyse klar getrennt in Stabilitdt und Kon-
sistenz. Numerische Experimente, die die Ergebnisse illustrieren und abrunden, werden jeweils
am Ende der Arbeiten présentiert.
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1. Introduction

1.1. Related work

Finite element analysis for coupled bulk—surface partial differential equations is a relatively new
field in numerical analysis. While finite element methods for partial differential equations of
many different types on stationary domains are widely studied, the literature for evolving bulk—
surface partial differential equations is scarce. In this section we give a brief summary of the
most important related works for this thesis.

In 1988, Dziuk [Dziuk, 1988] developed a linear finite element method for a simple elliptic
equation on an arbitrary two-dimensional stationary surface and provided optimal-order error
bounds in both H!'- and L?-norm. This was extended to an algorithm for the mean curvature
flow of arbitrary surfaces in [Dziuk, 1990], where the method developed in [Dziuk, 1988] is
applied to a two-dimensional surface that moves with a normal velocity that is, at each point,
proportional to the mean curvature of the surface at that point. However, a convergence proof
was not given.

In [Dziuk and Elliott, 2007a], the authors construct a linear finite element method for parabolic
equations on evolving surfaces. A diffusion equation is derived and its weak formulation is
discretized in space using evolving surface finite elements. The authors state and prove error
bounds that are optimal in H'-norm, not in L?>-norm. Optimal-order L? error bounds were then
proved in [Dziuk and Elliott, 2013a).

In [Demlow, 2009], the author defines higher-order surface finite elements for the Laplace—
Beltrami problem of [Dziuk, 1988]. Based on a polyhedral approximation of the surface, isopara-
metric surface finite element spaces of arbitrary polynomial degree are constructed. The author
proves optimal-order convergence rates in both H'- and L?-norm and thus generalizes the results
of [Dziuk, 1988] to surface finite elements of arbitrary polynomial degree.

For an excellent review article on related surface partial differential equations and results up
to 2012 we refer to [Dziuk and Elliott, 2013a).

In [Elliott and Ranner, 2013], the authors study a model elliptic problem on a bulk domain
coupled to a surface partial differential equation posed on the boundary surface and prove H!-
norm and L?-norm optimal-order error estimates for finite elements of arbitrary polynomial
degree. This work contains crucial geometric estimates that are used frequently throughout this
thesis.

In [Kovécs, 2018], the results of [Dziuk, 1988], [Demlow, 2009] and [Dziuk and Elliott, 2007a]
are generalized to high-order evolving surface finite elements. The setting is as in [Dziuk and
Elliott, 2007a] (where linear finite elements are used for spatial discretization) and the results of
[Demlow, 2009] are used to prove optimal-order error bounds for evolving surface finite elements
of arbitrary polynomial degree.

13



1. Introduction

The results up to this point have in common that either the surface is stationary or that the
surface evolution is given explicitly. A crucial next step is done in [Kovécs et al., 2017], where
a diffusion equation on an evolving surface is considered together with a velocity law coupled
to this diffusion equation. With the velocity no longer given explicitly, an additional approxi-
mation error arises, which together with the non-trivial couplings makes both the stability and
the consistency analysis considerably more challenging. In [Kovécs et al., 2020], a convergent
evolving finite element algorithm for mean curvature flow of closed surfaces is presented. The
techniques developed therein opened up the possibility to analyse geometric surface flows.

The results in this thesis borrow and adapt techniques and results mainly from the works
mentioned so far to derive convergence analyses in the respective situations.

1.2. General setting

Throughout this work, we use the following setting: Let 7" > 0 and ¢ € [0,7]. We consider
a time-dependent open and bounded domain €(¢) with smooth boundary I'(¢) = 9€Q(t). The
initial domain is denoted by Q¢ = €(0), so is the boundary surface I'y = I'(0). The closure is
denoted by Q(t) = Q(t) UT'(t). We assume that there exists a smooth map

X:Qo—Qt), p— X(pt)

that maps the initial domain Qy to Q(t). It is convenient to think of Q(t) as a collection of
particles, where a particle labeled with p € Qg is at the position X (p,t) € Q(t) at time ¢t. The
VELOCITY v(z,t) at a point x = X(p,t) is given by

0
v(x,t) = =X(p,t).
(,1) = 5. X(p, 1)
We denote the space-time domain 7 and space—time surface I't by

or= |J ewu{tt, I'r= J T®)U{t}.
}

tel0,T te[0,T)

For a function u defined on 7 or I'p (or both), the MATERIAL DERIVATIVE at a point x = X (p, t)
is denoted by

(X(p,t),t) = Vu(x,t) - v(z,t) + Qu(m,t) :

. _d
0%u(z,t) = 5

—
dt

The notation used for the weak formulation as well as for the discretization is not given here
since they slightly differ in each paper.

By n = n(z,t) we denote the unit normal vector to = € I'(t) pointing outside of 2(¢) and for
a function u defined on I'r we denote by

Ohu(-,t) = aanu('jt) =n(-,t) - Vu(-,1t)

the NORMAL DERIVATIVE of .

14



1.3. Summary: Contribution of the papers

1.3. Summary: Contribution of the papers

In this section, we give a brief summary of the main results contributed by the three papers
Edelmann [2022], Edelmann [2021] and Edelmann et al. [2024]. While also being of independent
interest, the first two papers can be considered as crucial groundwork for the third paper, which
relies on the previous results. In all works, spatial discretization is obtained with (evolving)
bulk—surface finite elements, as described down below. For time discretization, we use linearly-
implicit backward difference formulae, although the convergence results are only available for
the spatial semi-discretization. The three papers are the main part of this thesis and are found
below in sections A, B and C.

The first paper [Edelmann, 2022] studies the spatial semi-discretization of a parabolic partial
differential equation on an evolving domain Q(¢). Here, the velocity v(-, t) of the domain is given
explicitly only on the boundary surface I'(¢) of Q(¢) and then determined as harmonic extension
of the given boundary velocity. The main challenge is to bound the errors in the diffusion
equation in terms of the position errors of the moving mesh. We provide H'-optimal-order error
estimates for finite elements of polynomial degree at least 2.

The second paper [Edelmann, 2021] studies the discretization of an elliptic partial differential
equation on a (stationary) domain €2 endowed with a generalized Robin boundary condition.
The challenge here, compared with previous related works, is to generalize the results from
conforming finite elements (where the finite element space is a subspace of the space of the
weak solution) to non-conforming finite elements (where the finite element space no longer is
a subspace of the weak solution space) and to take the regularity of the weak solution into
account. We provide optimal-order error estimates in both L?- and H'-norm for finite elements
of arbitrary polynomial degree.

The third paper [Edelmann et al., 2024] studies the spatial discretization of a system of
partial differential equations which are a model of tumour growth. This model was proposed in
[Eyles et al., 2019] and is slightly modified in this thesis. The velocity of the domain and its
boundary are no longer given explicitly. Instead, the boundary velocity satisfies a forced mean
curvature flow with the trace of the tissue pressure being the forcing term. The tissue pressure
is determined by a Robin boundary value problem in the evolving bulk. The main challenges
here are the non-trivial couplings, which lead to a sophisticated stability analysis, as well as the
consistency analysis, where different interpolation operators and Ritz maps are needed for all of
the unknown quantities. We provide error estimates for finite elements of polynomial degree at
least two, which are optimal in the H'-norms of the respective Sobolev spaces.

1.3.1. Finite element analysis for a diffusion equation on a harmonically evolving
domain

The first paper [Edelmann, 2022] studies the evolving finite element spatial semi-discretization
of a diffusion equation on a time-dependent domain €(¢). The diffusion equation for a scalar
quantity u(-,t) on Q(t) endowed with a Neumann boundary condition is given by

O u(z,t) + u(z, t)V - v(z,t) — fAu(x,t) = f(x,t) in  Q(t),

%u(x’ ‘[;) = g(.%‘, t) on F(t) )

15



1. Introduction

where f and g are given functions defined on Q7 and I'r, respectively, and g > 0 is a given
constant. The velocity v of (¢) and T'(¢) is not given explicitly, instead, the velocity vp = v|p
of the boundary surface I'(t) is given, and the inner velocity v(-,¢) in Q(¢) is determined as the
harmonic extension of vr, that is the solution to the Laplace equation:

{—Av(-,t) =0 in Qt),
v(-,t) = vp(-,t) on I'(t).

Various applications and related works are listed in the introduction of the paper, see Section A.1.
We state and prove optimal-order H'-norm error bounds for the spatial semi-discretization
with finite elements of polynomial degree at least two, which hold true in the two- and three-
dimensional case. These restrictions are due to an O(h¥~"/2)-type inverse estimate in the sta-
bility analysis, where k is the polynomial degree of the finite elements and n is the spatial
dimension. This can only be bound for k¥ — 3 > 0 as h — 0. In numerical experiments, we
observe the expected optimal order in the case of linear finite elements as well, however with the
presented techniques this can not be proved. The convergence result is stated in Theorem A.4.1.
The proof is clearly separated into stability and consistency, with geometric arguments only
entering the consistency part. The stability analysis is first done for the partial differential
equation describing the motion of the domain and then extended to the parabolic equation, see

Remark A.2.1. Numerical experiments are provided.

1.3.2. Isoparametric finite element analysis of a generalized Robin boundary value
problem on curved domains

The second paper [Edelmann, 2021] studies the finite element discretization of an elliptic partial
differential equation on a stationary domain with smooth boundary. We consider the following
second-order partial differential equation endowed with a boundary condition that includes the
Laplace—Beltrami operator:

—Au+rku=f in €,

2u—FOzu—BApu:g on I'=09,

on
where o > 0,8 > 0 and x > 0 are given constants and f and g are given functions on 2 and
I, respectively. The results given in the paper can be considered as generalization of the results
in [Kashiwabara et al., 2015], where existence and regularity results are provided for a similar
boundary value problem, yet the convergence analysis therein only holds true for conforming
finite elements, which is restrictive for domains with curved boundaries.

We give L%- and H'-optimal-order error estimates for isoparametric finite elements of arbitrary
polynomial degree. As opposed to the previous paper, we do not need the restriction for the
finite element spaces to be at least of second polynomial degree. This is due to the boundary
value problem being stationary, so an inverse estimate in the stability analysis is not required.
The proof is separated into stability and consistency. The regularity of the solution is taken
into account in the consistency part. A two and a three-dimensional numerical example are
provided.

16



1.3. Summary: Contribution of the papers

1.3.3. Numerical Analysis of an evolving bulk—surface model of tumour growth

The third paper [Edelmann et al., 2024] studies an evolving bulk—surface finite element method
for a model of tumour growth. Eyles, King and Styles [Eyles et al., 2019] recently proposed a
model that couples a Poisson equation for the tissue pressure u(-,t) in the domain with a forced
mean curvature flow of the boundary. The tissue pressure is the solution of the boundary value
problem

—Au=-1 in  Q(),
(1.3.1)

0
%u+au—ﬂH+Q on I'(t),

where o > 0 and 8 > 0 are given constants, H(-,t) is the mean curvature of I'(¢) and Q(-, 1) is
a given surface source term. The velocity of the free boundary surface I'(¢) is determined by a
forced mean curvature flow, that is

vp=Vn, with V=—-FH+au on I(). (1.3.2)

These equations are strongly coupled through the appearance of both u(-,¢) as forcing term in
the mean curvature flow and of H(-,t) as a source term in the boundary condition.

It is shown in [Kovécs et al., 2020, Lemma 2.1] that for a surface evolving under forced mean
curvature flow (1.3.2), the mean curvature and surface normal satisfy the following parabolic
evolution equations:

. ) ) (1.3.3)
0°H = fArH + B|AI*H — aAru — a|A]*u on T'(t).

{ 9°n = BArn + B|A|>n — aVru on I'(t),

For the finite element method, a moving mesh is required not only for the boundary surface

I'(¢) but also for £2(¢) in order to solve the above Robin boundary value problem for the tissue
pressure u. To achieve this, we extend the velocity vr harmonically into (¢):

{_szo in  Qt), (1.3.4)

v =uwp on TI'(t).

In view of the term Aru in (1.3.3), we need the trace yu of u on I'(t) to be in H!(T(t))
with controlled norm in the exact and numerical solution as well as in the approximation error.
This cannot be ensured for the original Eyles—King—Styles model with the boundary condition
(1.3.1). To overcome this, we add a regularization term to the boundary condition:

(9anu +au— pAru=FH+Q on TI(t), (1.3.5)
with a constant p > 0. It is shown in [Kashiwabara et al., 2015] that the solution u to (1.3.1)
with boundary condition (1.3.5) has higher regularity on the boundary. We will show that with
this added regularization term, we can control the H!(I'(t)) norm of the numerical error in yu.
In Section C.4.5, we give a brief explanation why with the presented techniques, we see no way
to achieve this bound without adding this regularization term.
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1. Introduction

The collected equations are listed in Section C.2.2.5. The weak formulation of these equations
is discretized to obtain approximations to H and n which then are used to obtain an approximate
surface velocity v and an approximation to wu.

We state and prove optimal-order H'-norm error bounds for all approximated quantities for
bulk—surface finite elements of polynomial degree k > 2. The order restriction is again due to the
use of inverse estimates in the stability analysis. The convergence proof is clearly separated into
stability and consistency. We provide numerical experiments to illustrate the proven convergence
rate and to study the dependence of the solution on the parameters «, g and pu.
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A. Finite element analysis for a diffusion
equation on a harmonically evolving domain

This chapter is identical to the paper [Edelmann, 2022] with the same title. An exception are
citations, which are updated to the most recent versions of the cited papers. This work was first
submitted in August 2019 and, after a major revision, got accepted in May 2021.

Abstract.  We study convergence of the evolving finite element semi-discretization of a
parabolic partial differential equation on an evolving bulk domain. The boundary of the domain
evolves with a given velocity, which is then extended to the bulk by solving a Poisson equation.
The numerical solution to the parabolic equation depends on the numerical evolution of the
bulk, which yields the time-dependent mesh for the finite element method. The stability analysis
works with the matrix—vector formulation of the semi-discretization only and does not require
geometric arguments, which are then required in the proof of consistency estimates. We present
various numerical experiments that illustrate the proven convergence rates.

A.1. Introduction

This paper studies the numerical discretization of a diffusion equation in a time-dependent
domain that is specified by the velocity of its boundary. The interior velocity is determined as
the solution of a Laplace equation with the given boundary velocity as Dirichlet data.

The strong formulation of this model is to find the time-dependent domain Q(t) C R™ (n =
2,3), t € [0,T], which moves with a velocity v that is the harmonic extension of the a priori
given velocity v' of the boundary I'(t) = 9€(t). That is, v is not given explicitly but determined
as the solution of the Laplace equation, for all ¢ € [0, 77,

—Av(z,t) =0, x € Qt), (A.1.1a)
v(x,t) = v (z,1), xel(t). (A.1.1b)

In Q(t) we seek a solution u = w(z,t) with given initial data u(-,0) = wug to the partial
differential equation

0u(z,t) + u(z,t)V - v(z,t) — BAu(x,t) = f(z,t), € Qt), tel0,T], (A.1.2)

where 0°® denotes the material derivative, V-v is the divergence of the velocity and 5 > 0 is a given
diffusion coefficient. On the boundary, we impose the Neumann condition %(:ﬂ,t) = g(z,1),
x € I'(t), t € [0,T], where n denotes the unit outward pointing normal to I'(¢).
Convection—diffusion equations in time-dependent domains have gained considerable interest
in the past decades. A model similar to (A.1.2) (without (A.1.1)) with an additional convection
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A. Diffusion equation on a harmonically evolving domain

term, together with homogeneous Dirichlet boundary conditions is analyzed in Badia and Codina
[2006] and Boffi and Gastaldi [2004] in an arbitrary Lagrangian—Eulerian (ALE) framework,
where the velocity is determined by the ALE mapping. In Boffi and Gastaldi [2004], the velocity
of the boundary is prescribed and the ALE mapping is constructed as the harmonic extension of
the boundary positions. This approach is first proposed in Formaggia and Nobile [1999] in the
context of a generic conservation law on a moving domain, see also Gastaldi [2001], Formaggia
and Nobile [2004] and the references therein.

Diffusion equations on evolving surfaces are analyzed in Dziuk and Elliott [2007a,b, 2013a]
for a given velocity, and there are recent works, where the velocity is not given explicitly but
determined by various velocity laws that depend on the solution of the diffusion equation on the
surface, see Kovécs et al. [2017], Kovacs and Lubich [2018], Kovécs et al. [2020].

Of particular interest is Eyles et al. [2019], where a bulk—surface model for tissue growth is
presented, together with a numerical algorithm. Instead of the coupled system (A.1.1)—(A.1.2),
in [Eyles et al., 2019, (1.1)—(1.3) & Section 6.1.2] they consider the boundary velocity

oF :%+5H, (A.1.3)

and instead of (A.1.2) they consider an elliptic boundary value problem in the moving bulk. Here
H denotes the mean curvature of the boundary surface and «, 8 are given positive constants.

Through the numerical analysis of the problem with a given boundary velocity (A.1.1)—(A.1.2)
we will develop techniques which are expected to be essential for the more involved tumor growth
model of Eyles et al. [2019]. However the stability and error analysis of this free boundary value
problem is beyond the scope of this paper, see the forced mean curvature flow problem in Kovacs
et al. [2020].

In this paper, we prove error bounds for the spatial semi-discretization of the coupled problem
(A.1.1)-(A.1.2) with isoparametric finite elements of polynomial degree at least two. More
precisely, we show H'-norm error bounds in the positions and the velocity v that are uniform in
time, and L>°L? norm and L?H" norm error bounds for the solution u of the diffusion equation.
The proof clearly separates the stability and consistency analysis. To prove stability of the semi-
discrete equations, we adapt techniques recently used in Kovécs et al. [2017], Kovacs [2018] to
the present situation. The stability analysis of the semi-discrete problems use energy estimates.
Transport formulae are used to relate mass and stiffness matrices corresponding to different
discrete domains. In order to estimate errors between these matrices on different domains, a
key issue is to control the W1 >-norm of the position error uniformly in time. This is done with
an inverse estimate, that yields an (’)(hk_"/ 2) bound uniformly in time, which is small only for
k > 2. The stability analysis of the semi-discrete diffusion equation uses the same techniques
and is based on the stability analysis of the semi-discrete velocity law. Moreover, it becomes
clear how the position error affects the error in the numerical solution to (A.1.2).

The stability analysis relies on smallness assumptions on the defects. These are shown to
be true in the following consistency analysis, that uses geometric approximation estimates and
interpolation results. The final convergence result is then obtained by combining stability and
consistency estimates together with interpolation error bounds.

The paper is organized as follows.

20



A.2. Problem formulation

In Section A.2 we recall basic notation and formulate a diffusion equation on an evolving
domain together with the above velocity law. We derive the weak formulation.

In Section A.3 we describe the high-order evolving finite element approximation of the prob-
lem. After introducing an ezxact triangulation of the curved domain, we define the computational
domain and the finite element method. We describe the spatial semi-discretization and derive a
matrix—vector formulation, which will be crucial for the stability analysis.

In Section A.4 we state the main result of the paper, which gives convergence estimates for
the spatial semi-discretization with evolving isoparametric finite elements of polynomial degree
at least 2. We outline the main ideas of the proof.

In Section A.5 we collect auxiliary results that will be needed for the following analysis. The
first part deals with the evolving mass and stiffness matrices and their properties, which are
crucial in the stability analysis. The second part collects geometric estimates which will be
needed only for consistency analysis.

Section A.6 analyses the stability of the semi-discrete velocity law without a diffusion equation
on the evolving domain. In Section A.7, we extend the stability analysis to the semi-discrete
diffusion equation. Section A.8 contains the consistency analysis, that is, estimating the defects
obtained on inserting the interpolated exact solutions into the numerical scheme.

In Section A.9 we prove the main convergence result by combining the stability and consistency
estimates. Section A.10 provides several numerical experiments which illustrate the theoretical
results.

A.2. Problem formulation

A.2.1. Basic notation

For t € [0,T], let () € R™ (n = 2,3) be an open bounded and connected set with smooth

boundary I'(t) = 9Q(t) and Qo = 2(0), Iy = I'(0). We denote Q(t) = Q(¢t) UT'(t). We assume
that there exists a sufficiently smooth map X : Qo U Ty x [0,7] — R™ such that

Q) = {X(p.1): pe Q). T(t)={X(p.t): peTo}.

The velocity v(x,t) at a point z = X (p,t) € Q(t) is defined by

o(X(p,0),1) = X (p,1).

For a function u = u(z,t), x € Q(t), t € [0,T], the material derivative at z = X (p,t) is defined
by

0u(x,t) = %U(X(p, t),t) = %u(w,t) + Vu(z,t) - v(z,t). (A.2.1)

For z € I'(t), we denote by n = n(z,t) the unit outward pointing normal to I'(t). We define the
space—time domain 27 and the space—time surface I'yr by

Or= | Q@) x{t}, Tr= {J T@ x{t}. (A.2.2)

te[0,T] te[0,T]
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A. Diffusion equation on a harmonically evolving domain

For functions ¢, defined on Q(t), we have bilinear forms

m(p,¥) = / ppda,
a(t) (A.2.3)
a(p, ) = /Q(t) V- Viydr.

Note that these bilinear forms explicitly depend on ¢, but we will omit the argument ¢, for
brevity. It will always be clear from context for which ¢ € [0, 7] the bilinear forms are evaluated.

A.2.2. Diffusion equation

We assume that u = u(+, t) is the density of a scalar quantity on Q(t) (for example, mass per unit
volume). We follow a construction of [Dziuk and Elliott, 2007a, Section 3] to obtain a diffusion
equation with Neumann boundary conditions:

Pu+uV-v—pFAu=f in Q),
ou (A.2.4)

%:Vu-n:g on I'(t),

where V - v denotes the divergence of the velocity, 8 > 0 is a given diffusion coefficient and n
the unit outward pointing normal to I'(¢).

A.2.3. Harmonic velocity law

Contrary to existing works (cf. Elliott and Ranner [2021]), the velocity v(-,t) of ©(t) is not given
explicitly. Instead, only the velocity of the boundary I'(t) = 0€(t) is given; the velocity of the
bulk is then determined as the harmonic extension, i.e. as the solution to the Laplace equation.
More precisely, we have the following differential equation for v(z,t): for each ¢ € [0,T]

{—Av(-,t) =0 in Q)

v(-,t) =0 (,t)  on T(t). (A.2.5)

We assume that v! is defined on a neighborhood of I'r, as defined in (A.2.2). This system is
considered together with the position ODEs: for each p € ©(0)

X(p,0)=p.

We consider an equivalent problem with homogeneous Dirichlet boundary conditions: assume
that o' (-, ) is the trace of a given function w(-,t) € H'(€(t))" and consider the equivalent
problem: find ¥(-,t) € H(Q(t))" such that

{—Aa;(-,t):Aw(-,t) in  Qt),

5 t) = 0 on T(t). (A.2.6)

It is easily seen that the solution v = v + w to (A.2.5) does not depend on the choice of w.
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A.2. Problem formulation

A.2.4. Coupled problem: strong and weak formulation

We consider the following system of partial differential equations: for given 8 > 0, f : R™ x
0,7] - R, g : R* x [0,7] — R and o : R® x [0,7] — R", find the unknown function
u : Qp — R, the unknown velocity field v : 2 — R™ and the unknown position function
X :QoUTy x [0,T] — R™ such that for all ¢t € [0, 7]

(0u(, )+ u( )V - v(-.1) = BAu(,1) = f(-1) o 00).
O ()= gf0) o T().
%("t):”(X(wt),t) in  QyUTYy, (A.2.7)
A= o 920).

\ o( ) = o (-, 1) -

Without loss of generality, we assume 8 = 1 and g = 0 in the following.

Remark A.2.1. The last three equations of (A.2.7) purely describe the motion of the domain
Q(t) and are independent of the parabolic equation for u. The latter includes the velocity v in
the material derivative as well as the divergence of the velocity in the equation. This is reflected
in the stability analysis, which is first done for the discretization of the domain motion, and then
extended to the parabolic equation. On the other hand, if the velocity field v was given for the
whole domain, the finite element analysis for the parabolic equation alone would be remarkably
easier. Convergence results for these types of problems with given velocity are found in [Elliott
and Ranner, 2021, Section 8].

We now derive a weak formulation. By multiplying the first equation with an arbitrary test
function ¢ € H'(2(t)) such that 0°p exists in L(Q(t)), integrating over (t), using the Leibniz
formula, Green’s formula and the Neumann boundary condition, we arrive at

d
— u<p+/ Vu-sz/ f<p+/ ud®p.
dt Jaw Q1) Q) 0

Multiplying (A.2.6) with arbitrary test function ¢ € HJ(Q(t))" , integrating over Q(t) and using
Green’s formula, we obtain

/ V’ﬁ-Vi/J:—/ Vw- -V,
Q) Q)

where we have used that the boundary integrals vanish thanks to ¢ € H}(2(t))" . Here, the
dot denotes the Euclidean inner product of the vectorizations of the matrices, i.e. the Frobenius
norm inner product of the matrices. Again, it can be shown that the weak solution v = v + w
does not depend on w.

The weak formulation of the diffusion equation and the domain evolution thus reads: find
u(-,t) € HY(Q(t)), v(-,t) € HE(Q(t))™ such that for all ¢ € HY(Q(t)) with d%p € L3(Q(t)),
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A. Diffusion equation on a harmonically evolving domain

Y € HY(Q(t))™ and all t € [0,7)

d
— wp+/ Vu-Vw—/ fcp+/ ud®yp,
dt Ja o0 () ()

/ Vo -V =— Vw -V,
Q) Q(t)

(A.2.8)
v=0+w,
dX
o =V

This is considered together with given initial data u(-,t) = ug(-), X(-,0) = Id.
We assume throughout the paper that there exists a unique weak solution with sufficiently
high Sobolev regularity on [0, 7. Precise regularity assumptions will be given in Theorem A.4.1.
From now on, we will be working in the more technically challenging three-dimensional case.
All of the upcoming results are valid in the two-dimensional case as well.

A.3. Evolving bulk finite elements

In this section we briefly recall the evolving isoparametric finite element method which is used
for semi-discretization in space. We refer to Elliott and Ranner [2013, 2021] for a more detailed
introduction into the construction of isoparametric finite elements.

In the following, we denote Qg = Q(0) for brevity. The initial domain ) is triangulated and
the nodes are then evolved in time by solving the position ODE &; = v(z;,t) in each node,
together with (A.2.5).

A.3.1. High-order domain approximation

We construct a triangulation 7;51) of )y consisting of closed simplices with maximal diameter h.
The union of all simplices of ’7;51) defines a polyhedral approximation 2 of )9, whose boundary
I'y, = 09, is an interpolation of I'y.

Each simplex T € ’771(1) corresponds to a curved simplex T° C ), which is parametrized over
the unit simplex T with a map ®%. = &7 + pr. Here, &7 denotes the usual affine function

that maps T onto T. For the construction of an appropriate pr, we refer to Elliott and Ranner
[2013]. The union of those curved simplices can be considered as an ezact triangulation of Q.

Using the map ®%., we can define an isoparametric mapping @gﬁ ), that maps the unit simplex

T to a polynomial simplex 7). lek)

is then defined as the union of elements in 77l(k), where
771(]6) ={T® . T ¢ 771(1)}, T® = {@gc)(f) :TeT).

A.3.2. Evolving finite element method

Here and in the following, we use the notational convention that vectors and matrices are denoted
with bold-face letters. As mentioned, we set n = 3 and assume that the order k£ > 2 is fixed.
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A.3. Evolving bulk finite elements

Based on the previous subsection, we obtain a triangulation of €2y, whose nodes 33(1)7 cee x?v

are collected in a vector x* = (z9,. .. ,x?\,) € R3VN. We assume that the enumeration is such

that exactly the first Np nodes lie on the boundary I'g = 0€2g. The nodes are evolved in time
and collected in a vector x(t) = (x1(t),...,zn(t)) with x(0) = x°. We use the notation

- (31)

to indicate which nodes live on the boundary. The nodal vector x = x(t) defines a computational
domain Qj(x) = Q(x(t)) with boundary I';(x). The finite element basis functions ¢;(-,t) :
Qn(x(t)) — R satisfy
0j(ri(t),t) =6, 1<jE<N,
and their pullback to the reference triangle is polynomial of degree k. Note that, since the velocity
is not given explicitly, we are in general not able to find the exact positions (t)=X (58?, t), so
that Qp(x(t)) is not the triangulation of (t) corresponding to the exact positions X(:U?,t). It
is therefore more convenient to denote the dependence on x instead of ¢, i.e. to write Qp,(x) and
not Q,(t), etc.
The finite element space is now given as

Sh(x) = span{p1[x], ..., on[x]},

where ¢;[x|(-) = ¢;(,t) for x = x(t).
We use the notation

So,n(x) = {@n[x] € Sp(x) : ypnlx] = 0} = span{pnp4+1(x), ..., pNn[x]},

where vy, denotes the trace of a function ¢y, defined on Q(x) on I'y(x). We set

N
Xh(pfh t) = Z xa(t)% [X(O)](ph) y DPn € Q(i)z U Fg 5
j=1

which has the properties that Xj,(29,¢) = 24 (t) and Xh(x?, 0) = ZE?, implying that X (z,0) ==z
for all z € QY UTY. The discrete velocity vp,(z,t) at a particle = Xp(pp, t) is given by
d
Uh(Xh(pl‘u t)v t) - aXh(ph) t) .
The basis functions satisfy the transport property

< (o] (X, 1) =0, (A3.1)

which implies ¢;[x(t)](Xn(pn,t)) = ¢;[x(0)](py). For the discrete velocity, this means
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A. Diffusion equation on a harmonically evolving domain

In particular, vy (-,t) € Sp(x(t)). For a finite element function

N
un(z,t) =Y ui(t)p;x(1)]()
j=1
the discrete material derivative at x = X}, (pp, t) is defined by

N
. d :
Opun(x,t) = L un(Xn(pn,t),1) = ;ug‘(t)% x(®)](z),
where we have used the transport property again. In particular: dfus(-,t) € Sp(x(t)).

A.3.3. Spatial semi-discretization and matrix—vector formulation

The evolving finite element discretization of (A.2.8) reads: find the unknown position vector
x(t) € R3N and the unknown finite element functions up(-,t) € Sp(x(t)), Un(-,t) € Son(x(t))?
such that for all ¢ (-,t) € Sp(x(t)) with Ofpp € Sp(x(t)) and all Yy (-,t) € Son(x(t))?

d .
T UpPh + / Vuy - Vo, = / fon + / unOp e 5
Qp(x(1)) Qr(x(1)) Qp(x()) Qr(x(1))

(A.3.2)
/ Vﬁh-vwhz—/ Vwy, - Vb, ,
Qp(x(t)) Qp(x(t))

together with

0
aXh(pfut) = vp(Xn(pn,t),t),  Xn(pn,0) =pn,

for py, € Q?L U F?L, where vy, = U + wy,. The initial values for the nodal vector u corresponding
to up(+,0) and the nodal vector x(0) are taken as the exact initial values of the nodes xg-) of the
initial triangulation of Q:

u;(0) = u(2),0), z;(0)=2aY (j=1,...,N). (A.3.3)

We now show that the nodal vectors u € RY and v € R?*" corresponding to the finite element
functions wu;, and vy, respectively, together with the position vector x € R3N satisfy a system of
differential equations. We set (omitting the omnipresent argument t)

N N
up =Y uigi[x],  vh =Y vjps[x]
= =1

with u; € R, v; € R3 and collect the nodal values in vectors u € RV, v € R3N. The domain-
dependent mass and stiffness matrices M(x) and A(x) are defined by

Mmﬂaéuwm%Mm,

A@M54UVMMVMMM.
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A.3. Evolving bulk finite elements

In view of the following discretization of the velocity law, we use the notation

(An() Ank)
A= () Aei)

where Ajp(z) € RV and Agy(x) € RVeXNa - Ay (x) thus corresponds to the finite element
functions which vanish on the boundary. We will use the same notation for M(x) when it is
necessary. It is important to note that the sub-matrix Ags(x) is invertible.

For the right-hand side of the diffusion equation, we define the vector

£(x(t))k :/Q ( )fgok[x]da:.

By linearity, the transport property implies 0y, = 0, so the first equation of (A.3.2) is equivalent
to

d
7; M(x(®)ut)) + Ax(t)u(t) = £(x(t)).
For the velocity law, we remind that the nodes z;(t), 7 = 1,..., Nr, on the boundary are

known explicitly since vU'(-,¢) is prescribed. Writing v;(t) = v (z;(t),t), we have the finite
element interpolation of v!':

Nr
vh (1) =Y v (0 [x(D)(-) -
j=1

We write

N
wp(-t) = Y wi(O)px(®)(),  wi(t) =v;(t) for j = 1,..., Nr,
j=1

for an arbitrary extension of v}:. Noting that v has three components, a short calculation shows
that the second equation of (A.3.2) is equivalent to

(I3 © Apa(x)) v = — (I3 @ (A21(x)  Az(x))) <vvv§2) ’

where w*! is the vector containing the nodal values of wy in the inner nodes. Here, I3 denotes
the identity matrix of size 3 x 3 and ® denotes the Kronecker product. The solution v, we are
seeking is then obtained by v, = U,I; + vy, and corresponds to the nodal vector

F N
v .
vV = <VQ n WQ> , le v, = g 1 vjpilx].
o

Using the fact that Ago(x) is invertible, it is easily seen that the solution v does not depend on
the particular choice of w®, which is why we use w®* = 0.
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A. Diffusion equation on a harmonically evolving domain

The matrix—vector formulation reads (omitting the Kronecker product notation)

S MG + Au = £(x),
—Ap(x)v(x) = Ay (x)v!(x),

d (x' . vl

The initial nodal vectors u(0) and x(0) are chosen as in (A.3.3).
We will see in the following sections that the matrix—vector formulation is the only tool used
in the stability analysis, where geometric estimates are only needed for the consistency analysis.

A.3.4. Lifted finite element space

In the error analysis, we compare functions on three different domains: the exact domain Q(¢),
the discrete domain () = Q5 (x(t)) obtained by the finite element method and the interpolated
exact domain §f (t) = Qp(x*(t)), which is the computational domain corresponding to the nodal
vector x*(t) with the exact positions x(t) = X(x?, t) of the nodes at time t.

Any finite element function u, € Sp(x) on the discrete computational domain, with nodal
values u;, j =1,..., N, is related to a finite element function 4y, € Sy (x*) with the same nodal

values:
N
ah = ZUj(pj[X*] .
j=1

Based on Section A.3.1, we obtain a map Ap(-,t) : Qp(x*(¢)) — Q(t) (cf. Elliott and Ranner
[2013, 2021]), that is defined element-wise and maps the curved elements of the triangulation
of Qp,(x*(t)) onto the corresponding parts of 2(¢). Restricted to interior simplices with at most
one node on the boundary, this map is the identity. On boundary simplices, Ay, is of class C* if
the boundary is of class C* (see [Elliott and Ranner, 2013, Lemma 4.6]).

Definition A.3.1. For a function uy, € Sp(x*(t)), we define its lift % : Q(t) — R by
Uy (Ap(z,t),t) == Up(z,t) .

The composed lift from finite element functions up, on Qp(x(t)) to functions on Q(t) is denoted
by

ub =ab .
. u 7
denoted by Iu € Sp,(x*). We set Iu = ([hu)’ : @ — R. An interpolation estimate is obtained
from [Elliott and Ranner, 2013, Proposition 5.4], based on Bernardi [1989].

For any u € HF*1(Q), there exists a unique finite element interpolation in the nodes =

Proposition A.3.2 (Interpolation error). There exists a constant ¢ > 0 independent of h < hg
(ho sufficiently small) and t such that for all 1 <m < k, u(-,t) € H™ 1 (Q(¢t)) and t € [0, T]

|w = Tnull L2y + RIV(u = Thu)| L2y < ™ [lull gmi o)) -
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A.4. Statement of the main result

A.4. Statement of the main result

We are now able to formulate the main result of this paper, which yields error bounds for the
spatial semi-discretization of (A.2.8) with evolving isoparametric finite elements of polynomial
degree k > 2. We introduce the notation

ah(z,t) = XE(p,t) € Qu(t) for z = X(p,t) € Qt).

Theorem A.4.1. Consider the spatial semi-discretization (A.3.2) of (A.2.8) with evolving isopa-
rametric finite elements of order k > 2. We assume a quasi-uniform admissible triangulation of
the initial domain and initial values chosen by finite element interpolations of the exact initial
data. Assume that the problem admits an exact solution (u,v,X) that is sufficiently smooth
(w € H1(Q), v, X € HFYQ®)", n = 2,3 ) for t € [0,T] and that the solution v is
such that the triangulation of the interpolated exact domain Q5 (t) remains quasi-uniform for
t € [0,T]. Then there exists an hg > 0 such that for all mesh widths h < hg the following error
bounds hold on Q(t), fort € [0,T):

t
<Hu£("t) = (D)2 +/0 g, (- 8) = U(‘vS)H%{l(Q(s))dS) < ch*,
loF (-, t) = v(, )l aeye < chF
X5 (C,t) = X (o) | ag)n < ch”.

The constant ¢ depends on the reqularity of the exact solution (u,v, X), onT and on the regularity

of f.

In the following proof of error bounds, we clearly separate the stability and consistency ana-
lysis. The stability analysis, which is the significantly more difficult task in this work, borrows
techniques used in Kovécs et al. [2017] and extends them to the present evolving bulk problem.
The crucial differences are that in the stability analysis for the domain evolution the boundary
has to be taken into account and the error only lives in the interior of the domain, whereas for the
diffusion equation there is also an error on the boundary. The stability analysis relies on auxiliary
results from Section A.5, which require a bound on the W>-norm of the position errors. With
the H'-norm error bound together with an inverse estimate, we obtain an O(h*~"/2) error bound
for the position error, which is only small for £ > 2. This is why we impose the condition k& > 2
in the above result.

The consistency analysis requires geometric estimates for the evolving isoparametric finite
element method. Such estimates are mainly taken from Elliott and Ranner [2013], which are
generalized to the time-dependent case in Elliott and Ranner [2021].

The stability proof will yield h-independent bounds of the errors in terms of the defects.
The stability analysis is done in the matrix—vector formulation, which allows a compact and
manageable representation of the computations. We use energy estimates and transport formulae
to relate mass and stiffness matrices for different nodal vectors. This allows us to work with the
interpolated exact domain Qj(x*(¢)), which is a finite element triangulation of Q(¢) and only
available in theoretical consideration.
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A. Diffusion equation on a harmonically evolving domain

In Section A.5 we prove auxiliary results that are used in the stability analysis, and then
collect geometric estimates which are needed for the consistency analysis. In Section A.6 we
analyze stability of the semi-discrete velocity law without a diffusion equation on the evolving
domain. The stability analysis of the semi-discrete diffusion equation, which requires results
from Section A.6, is then done in Section A.7. The defects are then bounded in Section A.8 and
the proof of Theorem A.4.1 is completed in Section A.9.

A.5. Auxiliary results

A.5.1. Properties of the evolving mass and stiffness matrix

The following construction and results are similar to [Kovacs et al., 2017, Section 4], where
similar identities are shown for surfaces only. We extend these results to the present case of
domains. In the stability analysis, we have to relate finite element matrices corresponding to
different nodal vectors. Let x,y € R3V be two nodal vectors defining discrete domains Qj(x),
Qn(y), respectively. We set e = x —y. For any 6 € [0,1], we have the intermediate domain
Q9 = Qp(y + fe) which is the discrete domain corresponding to the intermediate nodal vector
y + fe.

For any vector w € RN we set

N
wh = ijcpj[y + fe| € Sp(y + be) .
j=1

In particular, we have the finite element function 6,9Z corresponding to e:

=z

Z ejpily + Oe].
J=1

Lemma A.5.1. In the above setting, the following identities hold for any w,z € R :

1
W (M) - M)z = [ [ bV eh)zhancs,

1
wl(A(x) — A(y))z = /0 o vl - (DQZefL)Vde:cdH,

— 0 _ 0 O\T
where Dqo = trace(Vey) I3 — (Ve + (Vey) ™).
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Proof. We use transport formulae from Elliott and Ranner [2021]:

wH(A) - Az = |

Vw} - Vzjde — / V) - Vz0dx
Qn(x)

Qn(y)

1

d

= /0 0 Jos V) - V20 dzdd
h

1
= / / Voguwl, - V) + Vi - Vg2
0 Jay

+ (VeI — (Ve + (Vel)T) ) Vo - V2fdadd

The first two terms vanish thanks to the transport property. This shows the second identity,
since V - e = trace(Vef). The first identity is proven similarly. O

A direct consequence is the following lemma, where for any symmetric and positive (semi-
)definite matrix K, we denote the induced (semi-)norm on RN by ||w|/k := (wTKw)/2.

Lemma A.5.2. If ||V - eZHLOO(Qi) < u for 6 €10,1], then
WMy oe) < €2 [Wlne) for 6 €[0,1].
If I|Dgg ehll e gy < 1 for 6 € [0,1], then
Wl acyroe) < €2 |Wllag) for 6 € 0,1].
Proof. We use the previous lemma and an L?-L>°-L?-estimate and compute for 0 < 7 < 1:

W4y ey — W[4y = W (M + 7e) — M(y)) w
:/ / wiV - edwddedl
0 Jaf
i 0
= | IR0 19 el 0

< [ 19 Rty 000
A Gronwall argument shows the first result. The second estimate is shown analogously. O
Lemma A.5.3. Assume that

. (A.5.1)

| =

IVenll Lo (y)) <
Then, for 0 < 6 < 1 the function wf = Zjvzl wip;ly + 0e] on QY is bounded by
190l o9y < ol T3l o)

0 ~
lwpllppoy < SllwpllLrg) »

for 1 < p < oo, where ¢, and ¢, depend only on p.
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A. Diffusion equation on a harmonically evolving domain

Proof. We parametrize Q‘z over Q%:

N
Y (pn) = Ya(pn,0) = > _(y; + 0e;)0;(y](pn) (pn € Q) = (y))
Jj=1

N
Z Y505 (y1(pn) +926j<pj[>’](ph) = pn +0¢2(pn) |

where we have used that Y}? (pn) = pp. Differentiating with respect to py yields

DY (pr) = I +0DéeY (py) . (A.5.2)

By the transport property, we have wf (Y (ps)) = w(Y,2(ps)) = wi(ps). Differentiation with
respect to py yields

Duwj (Yy) (pn)) DYy (pn) = Dwp (pr) - (A.5.3)
From (A.5.2) we have under the assumption ||Ve}|| 00, y)) < 1
1
DY (pr)z| = |2 +6(Vep) 2| 2 |2 = 8](VeR) 2| = Sl

Thus, the matrix DY}?(py,) is invertible and we have with (A.5.3)

0 10 0 0 -1
Duf, (Vi (pn)) = Du(on) (DY (o1))
implying | Def (¥ (pn))| < 2/Duf)(py)] and thus
vazHLoo(Qg) < QHVW(fJLHLoo(Qg) :

For 1 < p < oo, we use the transformation formula and the fact that HDe(,]Z(ph)HLoo(Qg) < Zto
obtain

Vil = [, IPubiaPash = [ [Put o] aer ovion | an
h

= [ DR (DY () det DYi (1)

2,

<e /Q Dl (on) P dpr = VL, g

h

For the second estimate, we note that the transport property immediately implies
0 _ 0
HwhHLOO(QfL) - HwhHLoo(Q(})L) .

For 1 < p < 00, we use the transformation formula and the same arguments as above. O
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Another consequence of Lemma A.5.2 is the following.

Lemma A.5.4. Let x*(t) be the vector of the exact positions xj(t) = X(xg-),t). Then, we have
for all w,z € RV:

d oo,
w' (dth (t>>> 2 < cl[wlnee o) l12lvee o) -

d *
W ( AL (0)) 2 < clwlaw oyl ace -

The constant ¢ depends on the WH>°(Qr)-norm of v, the dimension n and the length T of the
time interval, but is independent of h and t.

Proof. The proof can be found in [Dziuk et al., 2012, Lemma 4.1] for surfaces and can directly
be transferred to the present situation, using arguments from the proof of Lemma A.5.2. O

A.5.2. Geometric estimates

We collect geometric estimates that are used later in the consistency analysis. For a finite
element function 7y, : 5 (t) — R, its lift is denoted by 7}, : () — R (see Definition A.3.1). The
following lemma shows that the norms of finite element functions and their lifts are equivalent. A
proof can be found in [Elliott and Ranner, 2013, Proposition 4.9], based on Ciarlet and Raviart
[1972].

Lemma A.5.5. Letny, : Q0 (t) — R with lift nf, : Q(t) — R. Then there exist constants c1,ca > 0
such that
cillmmll s ey < Imbllzzeey < callmnller o)

allVanllz@: ) < VIRl ey < el Vanllza@s o) -

The constants depend on the dimension n, the length T of the time interval and the geometry of
Qr but are independent of h and t.

We define discrete analogues of the bilinear forms m and a, defined in (A.2.3): For ny, xa:

Q} (t) = R, we define

my,(Nh, Xn) = /Q*(t) NMhXh
h

ap(Mh, Xn) = /Q*(t) Vn - Vxn -
h

The following lemma estimates the difference between the discrete bilinear form on the inter-
polated exact domain and the exact bilinear form of the lifted functions on the exact domain.
A proof can be found in Elliott and Ranner [2021].
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A. Diffusion equation on a harmonically evolving domain

Lemma A.5.6 (Geometric approximation errors). For np,xn € Sn(x*(t)) with corresponding
lifts nfl, Xﬁ; the following estimates hold: there exists a constant ¢ such that
ANy kil,.¢ l
‘mZ(nh,Xh) - m(”thh)‘ < ch”[Inpll L2y Ixhl L2 @) »

‘ai(ﬁh, Xn) — a(np, Xﬁ)‘ < ™|Vl 2 en IV X 220 -

The constant ¢ depends on the dimension n, the length T of the interval and the geometry of Qr
but is independent of h and t.

A.6. Stability of the semi-discrete harmonic velocity law

We will start with analyzing stability of the semi-discrete velocity law without the diffusion
equation, since the domain evolution is independent of the parabolic equation, see Remark A.2.1.
The stability analysis of the semi-discrete diffusion equation, which is based on the following
results, is presented in the next section.

We consider the nodal vectors v, x € R3V which satisfy

(Is ® AQQ(X))VQ = —(I3® Ag (x))v!,

X =V.

I, *
sy — (X0
X (t) - <XQ’*(t)>
the vector of the exact positions at time ¢ € [0, T]. Note that 7(t) = z;(¢) for all j =1,..., Np
T

(A.6.1)

with given vI'. We denote by

since v!' is given explicitly. i.e. x!(t) = x1*(¢).

We consider the interpolated exact velocity vji(-,t) = >

ding nodal vector
. VF’* (t)
0= (Jar(y)

N

=1 v} (t)p;[x* ()] with the correspon-

Note again that v *(t) = vl (¢).

A.6.1. Error equations
The vectors x* and v* satisfy (A.6.1) up to a defect da:

(13 & AQQ(X*))VQ’* = —(I3 ® Aoy (X*))VF’>|< + Moy (X*)dvn ,

x"=v*.

(A.6.2)

We set dy = (dyr,dye) € R3Y with d,r = 0 € R3"T. This notation will be useful in the stability

analysis. The defect dy corresponds to a finite element function dj(-,t) = Zj\f: 1 45 ()i [x* ()] €
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A.6. Stability of the semi-discrete harmonic velocity law

So.n(x(t))3. We denote the errors in the nodes and in the velocity by e = x? — x%*, e o0 =
v — v%* and use the notation
(o) = (22) o= () = (&)
eX = = y eV = = .
ey ey ey ey

In the following, we write A(x) instead of I3 ® A(x), for brevity. We rewrite (A.6.1) as

AQQ(X*)VQ = — (A.22 (X) — AQQ(X*))VQ’* (A 6 3)

— (Aga(x) — Ao (x))eyo — Agi(x)vF . a
Subtracting (A.6.2) from (A.6.3) and using v = vI** yields the error equations
An(x)eye =  — (An(x) — Apa(x"))v™" — (A (x) — Ana(x*))eye
— (A21 (X) — Agl(X*))VF’* — MQQ(X*)dVQ s (A64)
éxQ = €ya.

A.6.2. Dual norm

We recall that the mass and stiffness matrices Maa(x) and Agg(x), respectively, induce norms
on Sp (x). Note that Ags(x) defines a norm on Sp j,(x), whereas A(x) defines only a semi-norm
on Sp(x). We define the dual norm

lldp |l = sup th(x*)dz-@/;hdx = sup d oMy (x*)z
h H Qh( )) 07é¢h650,h(x>k)3 HwhHH(%(Qh(X*)) U#ZGRBNQ (Z AQQ(X*) )1/2
do Mas(x7) Agy(x7) 2w

= sup

0£weR3Na (wTw)1/2

1
= (dEQMQQ(X*)AQQ(X*>71M22(X*)dv9)2 = HvaHhx* .

65
= || A (x*) T2 Mo (x vﬂﬁ

A.6.3. Stability estimate

We are now ready to state and prove the first main stability result. The following stability result
holds under a smallness assumption on the defect. It will be proven in Section A.8 that this
assumption is satisfied for k = k > 2, where k is the order of the finite element method.

Lemma A.6.1. Assume that, for some k > %, the defect is bounded as follows:
[dye()]lxy < ch”™, te€][0,T]. (A.6.6)

Then there exists an hg > 0 such that for h < hg and t € [0,T], the following error bounds hold.
et ()l < © / ey (5) 2 e s (A.6.7)

ey () < cllda (DI + / [y ()2 .y (A.6.5)
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A. Diffusion equation on a harmonically evolving domain

Proof. The proof uses energy estimates that are similar to techniques used in Kovécs et al.
[2017] and Kovécs et al. [2019]. We extend their results for coupled surface problems to the
present evolving bulk problem. Since the structure of the proof is similar to the cited works,
we might skip some non-trivial steps. However there are some crucial differences that need to
be pointed out: The evolving bulk Q(¢) has a boundary I'(¢) that has to be taken into account,
whereas in Kovécs et al. [2017], Kovécs et al. [2019] the considered evolving surfaces have no
boundaries or interiors. Moreover, we exploit the fact there is no position or velocity error in the
boundary because the boundary velocity is given. This implies that the lift of the finite element
function corresponding to the error is a H}-function and turns out to be crucial to estimate the
error equations, see (A.6.11) and (A.6.12) below. In addition, the space dimension n € {2,3}
requires the assumption k > n/2, which is due to an inverse estimate at the end of this proof,
see Remark A.6.2.

In view of the auxiliary results from Section A.5 and in particular condition (A.5.1), we need
to control the W1 >°-norm of the position error e,(-,t). Let 0 < t* < T as the maximal time
such that

Ve (- )| oe (0 0 (1)) < RE3/2/2 (A.6.9)
Note that e;(-,0) = 0 implies t* > 0. We prove the stated error bounds for ¢ € [0,¢*] and then

show that t* =1T.
We test the first equation of (A.6.4) with e o and obtain

ey ||,2«;22(x*) == e\T,Q(A22(X) — Agy(x*))v*
— eyo(An(x) — Ag(x))eyn (A.6.10)
—elo(Ag(x) — Aoy (x))vi* — eloMa(x*)dyo .

It is crucial to combine the first and third term of (A.6.10). Note that

VF - AH(X) A12 (X) VF
(0,e40)A(x) <VQ> = (0,el0) <A21(x) A22<X)> <V9> (A6.11)
= eEQAQIL(X)VF + e\TIQ Agg(x)vQ .

T
S

We set e,r =0 and el = (ezr, ). Applying (A.6.11) to (A.6.10), we obtain

levlape) = — ey (A(x) = A(x"))v" — ega(Az(x) — An(x"))eye
_ e:l:QMQQ(X*)dVQ (A.6.12)
=—el(A(x) — Ax"))v' —el(A(x) — A(x"))ey, — eIM(x*)d, .

v

We estimate these three terms separately.
(i) We use that

Dﬂzeg = trace(Vel) I3 — (Veg + (Veg)T>
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A.6. Stability of the semi-discrete harmonic velocity law

and thus HDQ‘?1 ed|l < ¢||Vel||. With Lemma A.5.1, an L2-L2-L>®-estimate and Lemma A.5.2, we
arrive at

1
el (A(x) - A(x*))v* = / A (Dﬂzeg)VvZ’edxdG
0 [

Qh
! 0 0 0
< [ 191 Dogedlla 1927 e ogy 00

0
< || Vel a0y Vel 2o V05l oo )

= cllevlax)llexlla) VUil Lo (@, x+)) -

The last factor is bounded by a constant independent of h, since v; is the finite element in-
terpolation of the exact velocity (see [Bernardi, 1989, Theorem 4.1]). Using Young’s inequality
together with the fact that [[ey | a(x+) = [|€y||As(x+), We obtain

* * 1
ev (A(x) = A(x))V" < llevalld,, ey + Cllexalla, e -

(ii) Similarly, using the smallness assumption (A.6.9), we obtain

ey (A(x) = A(x"))ey < ¢l VeyllEa (g, o I VeR Il ()

< Ch(”*3/2)/2He _ Ch(n—3/2)/2‘

VHAZA(X*) ‘eVQH_QAzQ(X*) :

(iii) Using the Cauchy—Schwarz inequality together with Young’s inequality, we estimate

1 1
eEQM22(X*)dVQ = eEQAQQ(X*)§A22(X*)_§M22(X*)dvﬂ

IN

1A20) ool + | An () F M (") d o
= Lleva iy + elldunl? e
The combination of the three estimates with absorptions (for h < hg sufficiently small) yields
[éx0 sy = levaliAsuoer) < ellealihpgey + clidyalle (A.6.13)
We connect %HerH2A22(x*) and |’éxﬂ”2A22(x*)- We have

1d d

) 1 N
iaHerHigg(x*) = ezﬂA22(X*)er + 56;59 <th22(X (ﬂ)) exa .

With the Cauchy—Schwarz and Young inequalities, we obtain

. . . 2
eIQA22(X*)er < ||ex9||A22(x*)||er||A22(x*) < HerH2AQQ(x*) + ZHerHAQQ(x*) :

For the second term Lemma A.5.4 yields

1 d .
oo (A0 1) exs < Cllewt (e
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A. Diffusion equation on a harmonically evolving domain

We thus obtain, using (A.6.13)

1d
§&||ex9||3§22(x*) < CHerH?&gg(x*) + CHvaHE,x* .

Integrating from 0 to ¢ and using ey o (0) = 0, we obtain

t t
lexet () e oy < € /0 ()2 e o) ds + /O cllexe(5)3 e (o 15

The Gronwall inequality thus yields (A.6.7), which then inserted into (A.6.13) yields (A.6.8).

Now it remains to show that for h < hg sufficiently small we in fact have t* =T. For 0 < ¢ < t*
we have with an inverse inequality (see Brenner and Scott [2008]) and for h < hg sufficiently
small:

IVea(, )l oo n e 1)) < b2 Ve ()| 120 (x (1))
= ch™|lexa (t)l[A e o) < b7
1 x-3/2

< -=h

This shows that the bound (A.6.9) can be extended beyond ¢*, which contradicts the maximality
of t* unless t* =1T. O

Remark A.6.2. The previous lemma remains valid in the two-dimensional case, where the
assumption (A.6.6) is only required for k > 1. Either way it requires the finite element method
to be of order two, at least.

A.7. Stability of the semi-discrete diffusion equation

In this section, we extend the stability result to the nodal vector u(t) of the numerical solution
to the semi-discrete diffusion equation.

A.7.1. Error equations

The numerical solution uy(xz,t) = SN

i1 uj (1)@ [x(t))(z) with corresponding nodal vector u =
u(t) = (uj(t))},, satisfies

d

T (M(x)u) + A(x)u = f(x). (A.7.1)
The finite element interpolation wj (-,t) of the exact solution u(:,t) with corresponding nodal
vector u*(t), when inserted into the matrix—vector formulation, yields defects dy;, corresponding
to a finite element function d}, such that

d

T (M(x")u*) + A(x")u" = f(x*) + M(x*)dy . (A.7.2)
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Rewriting (A.7.1) in a similar way as (A.6.3) and subtracting from (A.7.2) yields the error
equation

d

a(M(X*)eu) + A(x")ey =—

A.7.2. Dual norm

In order to bound the defect in u we need to introduce a different dual norm than in the previous
section, which is due to the fact that the defect d lives on the whole domain (t) and does not
vanish on the boundary. We use the notation K(x*) = M(x*) + A(x*) and consider the dual
norm (cf. (A.6.5))
1) up At T
—1 * pu— _—
PR G) e sy [0nllarn @ o) (A.7.4)
* *\ — * 1/2
= (dgM("K(x") "M(x*)du) "~ = [[dulex -

For simplicity we do not use another notation for the dual norm of dy, as it will always be clear
from context which dual norm is meant. In the following stability proof we need the following
technical lemma.

Lemma A.7.1. For a function w = w(x,t) : Q(t) — R, we have
0*(V-w)=V-90°w—Vv-Vuw,

where v = v(x,t) is the velocity and Vv -Vw denotes the Frobenius norm inner product, i.e. the
FEuclidean product of the vectorizations of the matrices.

Proof. Based on Dziuk et al. [2013] a similar identity for the surface divergence is shown in
Kovécs et al. [2019]. The proof is adapted by embedding everything into a surface I'(t) =
Q(t) x {0} € R%. O

A.7.3. Stability estimate

We are now able to state and prove the stability result for the error e,. Note that the previous
stability estimates for ex and e, remain valid since the solution to the domain evolution does
not depend on the numerical solution uy, but the solution uy to the diffusion equation depends
on the solution x of the position vectors, which is reflected in the following proof.

Lemma A.7.2. Assume that, for some k > %, the defects are bounded as follows:
[du(@)llxr@) < ch™,  l[dya (@) llox) < ch™, t€]0,T]. (A.7.5)

Then there exists an hg > 0 such that the following estimate holds for h < hg and t € [0,T],
where the constant C' is independent of h:

t t
leu(®)2x0e) + /0 lea(s)13 per (o ds < C /0 ()12 e o) + 1y ()12 eyl
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Proof. The proof is similar to the proof of Lemma A.6.1. Let 0 < t* < T be the maximal time
such that

IVew (-, )| Lo (e (1)) < AE3/D/2,

llew(s )Ml Lo (e () < 1-

for all t € [0,¢*]. Note that e;(-,0) = 0 = e,(+,0) implies t* > 0. Again, we will prove the error
bound for ¢ € [0,¢*] and then show that t* coincides with 7.
Testing (A.7.3) with e, we obtain (omitting the argument ¢)

Td

eb - (M(x")ew) + €L A(x)eu = — ep (M(x) — M(x"))u’)
d
— el (M(x) — M(x)Jeu) (A7)
— el (Ax) — Alx)) u” — el (AGx) — A(X")) e

—eT(f(x) — £(x*)) — eTM(x*)dy .

u

We estimate the six terms on the right-hand side separately.
(i) We apply the product rule to obtain

d - " d .
o 5 (M) - MOx)u') = ek (V) ~ M)+ e (M)~ M(x) ) A1)

For the first term of (A.7.7) we use Lemma A.5.1, an L?-L2-L°°-estimate and Lemma A.5.3 to
obtain

}eE (M(x) — )ut| = QG JOhuy % 42d6
< ez ‘V -ef apu? ’ dé
0 L2(99) L2(Q) Le=(Q)
() *0
< el lexllacer [0 \mh(x*» -

With an elementary computation the last term can be bounded by

197" | Lo ey < €l (B)lloo

and the nodal values of u*(t) are exactly the nodal values of 9*u(-,t). The smoothness assump-
tion on w and 0®u thus implies || 0|/ < ¢, and we arrive at

len (M(x) = M(x") 0| < clleullmee llexllace)

Using the basis functions, Lemma A.5.1 and the Leibniz formula, a tedious but elementary
computation yields

1
el — (M(x) — M(x*))u* = / / LoV - elur’dedd
dt 90

/ / uy’ v . vidxdd
QQ
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A.7. Stability of the semi-discrete diffusion equation

where v is the velocity of Q2 as a function of ¢, i. e. the finite element function in Sp(x*(t) +
fex(t)) with nodal vector X* + féx = v* + ey, implying v} = v;;’e + 0ef. We will estimate both

integrals separately, where we use the identity from Lemma A.7.1. With 8,262 = €Y and writing

va = v, o4 e we obtain the following estimate for the first integral: (we write LP instead of

Lr (QQ) and M and A instead of M(x*) and A(x*) in the occurring norms)

oy - el AT 0 dzde

el (et i o) I

<clleall (HV%HL2 + HWhHLwHVeme + Vel 2lIVeal oo ) llupll Lo
< clleullnm (levlia + IVopllz=llex/a + llevlalVerlze) [0l

< clleallmx) (levllax) + lexllax)) -

QG

*,60

< up,

‘VU

0
= 9%

—I-QHVez

HVG
L2

-

We analogously estimate the second integral and obtain

“Z v . v dxdf

Q9 < clleallmx) (levliaxs) + lexllac)) -

Finally, we obtain for the first term of (A.7.6):

d * *
—el 5 (M) = M(x)u) < ¢ leullnggee) (llevllape) + lexlage)) -

(i) For the second term of (A.7.6), we obtain similarly

— el T ((M(x) ~ M(x"))ey)
— gt (5 (M6~ MO Jea = 5 5 (€M)~ M(x)ew)
< clleulaaier (levllae) + llexlacen) (o) — 5 (€5(M(0) ~ M)

1d

< Clleullmee) (levllage) + lexllape)) = 537 (ea (M%) = M(x"))eu) -

(iii) For the third term we use Lemma A.5.1 and Lemma A.5.3 and estimate

el(A(x) — A(x*)u’| < ¢ / 19220 IV 2 Ly 1905 e 6

< c||Veulrz, ) lIVezll 2, e IV UR | oo (9 (x))

< CHeuHA(x*)HeXHA(x*) :

where we have used the smoothness assumption on w.
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(iv) Similarly, we estimate

‘eT(A(x) —A(x"))ey| =

u

1
/ / Vel (Dggeg) Vel dzdf
0o Ja? "

< C‘|v€u|’%2(gh(x*))||V€$’|L°°(Qh(3(*))
< ch(v3/2)/2

el e -

(v) For the fifth term we use the Leibniz formula, an L°°-L?-L?-estimate and Lemma A.5.3,
to obtain

ey (f(x) — £(x7))

u

1
d
= / feldx — / felde = / — | feldxdo
Ql Qo o df Jao

1
= / / g fel + fogel +felv - el dxdh
0 Jaf \:6/

1
:/ / flelel + felv - eldxds
0 Jaf

1
< /0 11 oo ey €8l 2 0l gy + 1w €l 2oy 19 - 21 2as 6

< cllex/me) lleullmee) + cllex)lace) leallmee)

< cllex||ax)lleallnx)
where we have used the Poincaré inequality in the last step, which yields for e € HE(Q(t))
lex|ivxr) = llexll 2@, < clletlirz) < ellVerll ) < cllexllaxe -
(vi) For the last term of (A.7.6), we use
eTM(x*)dy = el K (x*) 2 K(x*) "2 M(x")dy
IK(x") 2 eu[3 + CIK (x") "2 M(x")du 3
= & llealidager) + g lleullhge) + Clldull? o

Combining estimates (i)-(vi), using Young’s inequality on each product, for h < hg sufficiently
small such that ch(#=3/2)/2 < 1/6, we obtain after absorbing ||eu|\i(x*):

1d 1
5 arllealree) + glleullioe) < cllelRauey + cliexlie) + cllev ey
1d .
— 5 (R M) ~ Mx)ew) + el .
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Inserting the estimates from Lemma A.6.1, we have

d t
&HeuHi/[(x*) +lleull Ay < clleullfapey + elldvll e + C/o v (s)]|% x-ds

d .
% (eq(M(x) — M(x"))eu) + cf|dull? 5 -
Integrating from 0 to ¢ for ¢t € [0,¢*] and using a Gronwall argument as in part (C) of [Kovécs
et al., 2019, Proposition 6.1], we finally obtain the desired result for ¢ € [0,¢*]. The proof is
then finished by showing that ¢* coincides with T', which is due to the same argument as in the
previous section. [

Remark A.7.3. The previous lemma remains valid in the two-dimensional case, where the
assumption (A.7.5) is only required for k > 1.

A.8. Defect bounds

In this section we show that the smallness assumptions in Lemma A.6.1 and Lemma A.7.2 are
satisfied for kK = k£ > 2, which in combination with the stability results will lead to the desired
error bounds. We remind that we have different dual norm definitions (A.6.5) and (A.7.4) since
the defect functions live in different finite element spaces. We avoid using different notations,
because the dual norms only appear on d, and dy, so it is always clear from context which
definition is meant.

A.8.1. The interpolating domain

In order to estimate the defect d,, we need to introduce a discrete velocity on the smooth domain,
which is denoted by vj,.

Recall that () can be described as image X (-, t)(€o) with a sufficiently smooth map X : Qg x
[0, 7] — R3. The nodes ri(t) =X (x?, t) define an interpolating domain which is parametrized

over Q% via
N

X;:(phv t) = Z‘T;(t)gpj [X(O)](ph) y Pn € Q?I :
j=1

The velocity of the interpolating domain is given, using the transport property of the basis
functions (A.3.1), by
al d
vh( ) = Y vi(eix (D)) with o} (t) = %)

J=1

For a material point p(t) = X} (pn,t) € Qun(x*(t)), pn € Y, on the interpolated exact domain,
this velocity satisfies

* d *
vy, (pa(t),t) = aXh(ph,t)-
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A. Diffusion equation on a harmonically evolving domain
Associated with py(t) is its lifted material point y(¢) = Ap(pn(t),t) € Q(t). This lifted point
moves with velocity

d d

un(y(t),t) = ay(t) = &Ah(m(t%t) = (OuAn)(pr(t),t) + vh(Pr(t), ) VAR(PK(t), 1) .

We can use these velocities to define discrete material derivatives for functions ¢y and ¢ defined
on Qp,(x*(t)) and Q(t), respectively, via

Ope on = Oppn + vj, - Vo,
95, ¢ = 0o+ V.

The basis functions ¢;[x*] enjoy the transport property 8;;; @; = 0. It is not true in general that
the lifted basis functions satisfy 854,05 = 0, with 95 = 0° as defined in (A.2.1). In particular,
we have (8;2 cpj)e =+ 8'(,0? in general. The following lemma shows that the transport property is
satisfied with the discrete velocity defined above, which will be crucial in the following.

Lemma A.8.1. For j=1,..., N, we have
(%hcpg =0.
In particular, we have for any finite element function n, € Sp(x*(t)) and for any u € H*T1(Q(t))
° ¢ o [ o T ¢ ° °
(81)7;%) =05 m, and (avzlhu) =05 Ihu=I,05 u.
Proof. Follows from Definition A.3.1, the chain rule and the transport property of the basis
functions, cf. [Dziuk and Elliott, 2013a, Lemma 4.1]. O

For the following defect estimate, we introduce the notation
@ (s Xn) = / MhxrV - vpde,
Q5 ()

an(n,x) = / nxV - vpda .
Q(t)

Lemma A.8.2. For any n(-,t), x(-,t) € HY(2(t)), we have

d

&m(n’ x) =m(0°n, x) +m(n,0°x) + q(n, x) ,

d ° ° ~
3301 X) = m (95,m,x) +m (1,95, X) + (0, X)

On the discrete domain, for nn(-,t), xn(-,t) € Sp(Qn(x*(t))), we have

d * * . * ° *
" (s Xn) = my, (av;;ﬁh, Xh) +my, (nh, 5v;Xh) + @, Xn) -
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A.8. Defect bounds

Proof. Follows directly from the Leibniz formula (see [Elliott and Ranner, 2021, Section 8.3]). [

We are now in position to formulate and prove the required defect estimates.

Lemma A.8.3. Let the domain (t) and the exact solution (u,v,X) be sufficiently smooth.
Then there is a constant ¢ > 0 and an ho > 0, such that for all h < hg and all t € [0,T], the
defects dyo and dy, are bounded by

ldvelax < ch,
Idullx < ch®.

Proof. We start with estimating d,,. The defect equation (A.7.2) is equivalent to

* d * /T * /T *
mp, (du, on) = &mh(Ihua on) + ap(Inu, on) —my,(f, on)
= m, (95 Tnw. on ) + g (T, o1) + i (T, on) — mi (£ 0n)

for all ¢ € Sp(x*). The exact solution u satisfies, using Lemma A.8.2 and Lemma A.8.1,

0= Somlu, o) + alu, o) — m(f, oh)
= m (88, u,6h) + @, 9h) + alu,oh) — m(f.h)
Subtracting both terms yields
i (s on) = (i, (9% Tnws on ) —m (05,, 1))
+ (g (T on) = @, 1)) (A8.1)
+ (0 (T o) = aluy 04)) = (i (£, 0n) = m(F,6h)) -

We will estimate the four differences separately.
(i) For the first difference we use 85h Ihu=1 haghu:

\m?i (@:;fh% <Ph> —m (35h% <P§L)‘ < ’m}j (@',;fh% SDh) —m <8’;‘hfhu7 @ﬁ)‘
+ ‘m (Ih35hu — 0%, u, cpfl) ‘ .
For the first term note that (8;thu)f = Gghlhu, so Lemma A.5.6 yields

’mz ((%thu, <ph) —-m ((%hlhu,cpfl)‘ < ch¥ ||85hfhuHL2(Q) HcprHLg(Q) :
Now we bound

HaghIhuHH(Q) = H'Iha%hu B a5hu + 85huHL2(Q)

< (chF+1) |08 u—0°u+0° <c

ul| 2oy <
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A. Diffusion equation on a harmonically evolving domain

where we have used that |03 u — 0%ul|12(q) < ch*+1 (see [Elliott and Ranner, 2021, Lemma
8.23]) and the regularity assumption on w. Similarly

’m (Iha%hu — % wﬁ) ‘ < (1185, u - a5h“HL2(ﬂ) H(Pﬂ L2(9)

< ch” H@%}}LH H(pleLQ(Q) < ch”

¢
‘w’l‘ L2Q)

Altogether, we have for the first difference of (A.8.1)

‘mz (35;;171% @h) —m (35;% @ﬁ)‘ < chF ng)

L2(Q)
(ii) In a similar way:
i s on) = @, o) | < a3 (Tass on) = @It )| + [ (T = 0, 61|
For the first term, we use [Elliott and Ranner, 2021, Lemma 8.24]:

hk—l—l ‘

i (T, on) = @I, )| < eh™* Tl gy |k | < en™* |t L@

For the second term, we use an L2-L?-L> estimate and [Elliott and Ranner, 2021, Lemma 8.24]
to bound ”Vi)\hHLoo(Q):
@ (T =, oh)| < 1w = w2 b 2@ IV - Billioso)
< ch" Mol 2@ VORIl o) < e lgh I L2 () -

(iii) The third term of (A.8.1) is estimated similarly:

a5, (Tns on) = alu, 21| < [ai(Tuws on) = allnu, )| + [alTnu = u, )
< M|V Iull g2y I Vohll 2 + IV (Tnu — w) || 120y IV @5 | 22(0)
< ch¥l|ghllm g) -
(iv) For the last term of (A.8.1) we immediately have
mi (f,en) — m(f, 0h)| < ch|[ fll 2o llehll 2 -

Putting those four estimates together, using norm equivalence, we obtain

mj(dy,
dullose = ull ey = sup Bl g
h 0£onesn(x) 1Pl E1 Q)

Now we estimate d«, which is defined by the defect equation (A.6.2). We set dl = (0, d\T,Q)
and wT = (0, wT) for w' € R3V2 and test with w* to obtain with a computation similar to
(A.6.11) (omitting the tensor notation) w'M(x*)dy = w' A (x*)v* which is equivalent to

/ ep - dpdz = / Vo - Vupda
Qn(x*) QO (x*) (A.8.2)

= an(pn, [nv) — algh, Inv) + alil, Iv)
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A.9. Proof of Theorem A.4.1

for all @5, € Spp(x*). We will estimate the first difference and the second term of (A.8.2)
separately, starting with the second term. Since ¢y, € So (x*) we have ¢! € H}(Q(t)) and thus
a(goi, v) = 0. With Proposition A.3.2, we obtain

a(@h, Inv) = algh, Inv = v) < Vgl 2o IV (I = 0)l 22()
< ¥ ([Vep 2o llvll g (g -
The first difference in (A.8.2) is estimated analogously to (iii) in the first part of this proof and
yields
lan(pn, Inv) = alph, 1nv)| < ch¥[[ Vil L2

for h < hg sufficiently small using the regularity assumption.
Putting these estimates together yields with Lemma A.5.5:

dT MQQ(X*)WQ
ldyefox- = sup

o < ch”.
O;SWQGRgNQ ”W HAQQ(X*)

A.9. Proof of Theorem A.4.1

We prove the first error bound. The remaining ones are shown analogously. The error is
decomposed using interpolation and lift:

. =\t
uy —u= (uh—Ihu) + (Ipu — u) .

The right term can be bounded by c¢h* in the H'-norm using an interpolation estimate. For the
first term we obtain, using norm equivalence, Lemma A.6.1 and Lemma A.8.3

@ — Tnw’| < el = Tl 20, e 1)) = clleallvceey

L2(Q(t))

t
<e / 1du($)] o+ ldy (3)]2 ods < ch®
0
Analogously

IV (@ — Inw) | 2y < el V(@ — Inu)ll z2a, o (6y)) = clleullage) -
Lemma A.7.2 and Lemma A.8.3 yield the result. The remaining estimates are shown analogously.

Remark A.9.1. (L2-estimate)

The convergence rate in u,v and X in the L?-norm is expected to be of order k41, which is also
reflected in the numerical experiments down below. In order to prove O(h*+1)-error bounds for
the diffusion equation one could work with the Ritz projection Rpu instead of the interpolation
Inu. In fact, defining a Ritz projection as described in [Elliott and Ranner, 2021, Section 3.3/,
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A. Diffusion equation on a harmonically evolving domain

< ch¥+1. This yields

¢f. Dziuk and Elliott [2013a], we are able to prove SUPte[O,T]||du(t)||zx*(t) <

the error bound

t t
leu(®lgeer) + /0 lew(s)II e sy ds < CAZH 4 ¢ /0 Iy ()12 eyl

It is further possible to define a Ritz map for the Laplace equation for the velocity, taking the
inhomogeneous boundary conditions into account. However, taking the Ritz projection instead
of the finite element interpolation implies that the corresponding error e, does not vanish on
the boundary anymore. This induces a different defect dy in v and an additional defect dx in
the equation éx = ey + dx, where dx can be considered as the error between the finite element
interpolation Ipv and the Ritz projection Rpv of v. While it is indeed possible to obtain an
O(RF*1Y bound for dy this is no longer true for the new defect dy, which still has to be estimated
in the A-norm, see (A.6.13), yielding only an h* error bound.

A.10. Numerical experiments

In this section we illustrate the theoretical results with various numerical experiments. Fitting
the layout of the stability proof we start with an evolving domain problem in two dimensions
without solving a diffusion equation on that domain. The second example is similar to the
first one, but three-dimensional. In the third example we show convergence plots for a diffusion
equation with nonhomogeneous Neumann boundary conditions on a rotating and growing sphere.
All experiments were implemented in MATLAB® R2018a and performed in reasonable time
on an MSI GE63VR notebook with Intel Core i7-7700HQ processor and 16 GB DDR4-RAM.

A.10.1. An evolving open domain

We consider problem (A.2.5) for ¢ € [0, 1], with Q(0) being the unit circle in R?. As exact
solution, we choose

v, t) = <exp(—2t) (e};i()g()_sg;()x(gg%—_e;{g)(xg) sin(m))) ’

which satisfies —Av = 0. Exemplary triangulations of (t;) for t; = j/5, j = 0,...,5 are shown
in Figures A.1 and A.2.

We apply a second-order isoparametric finite element method. The degrees of freedom range
from 143 to 28315. For time discretization we use a linearly implicit 4-step BDF method with
a time step size 7 = 8- 1073, such that the time discretization error is negligible. To compute a
reference solution, we use the fact that the above v satisfies —Awv(-,¢) = 0, and solve the position

ODEs
d

(1) = vla;(0),1), ;(0) =af,

in all nodes :c?, j =1,...,N, of the initial triangulation with a RK4 method and time step
size 7 = 2% 107, Since stiffness is no issue in the position ODEs, an explicit high-order time
discretization scheme is sufficient to compute a reference solution.
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We record the position error

llerrsell oo 2y == sup [[(zf)" = ido I z2@qe)2
n:nt<1
llerrs|| oo (p1) := n_SnliIilHV (@) = idag) 2 @) -

and the velocity error erry in the same norms for different choices of h. Figure A.3 shows the
results. The error in H'-norm converges with the expected order, whereas the convergence rate
of the L?-norm error is one order higher. This is not covered by the theory of this paper and
left to possible future works.

Remark A.10.1 (Linear finite elements). We solved the same problem with linear finite ele-
ments. Although not covered by the theory of this paper, we observe the expected O(h?)-conver-
gence in L?-norm and O(h)-convergence in H'-norm.

A.10.2. An evolving 3d domain

This example is similar to the previous one, but in three dimensions. We consider (A.2.5) for
t € [0,0.1], with ©(0) being the unit ball in R3. As exact solution, we choose

sin(—t/10)(z% — 223 + 22)
v(x,t) = | sin(—t/10)(exp(z2) sin(z3) — exp(x3) sin(z2))
exp(—5t)(zf — o3)

which satisfies —Av = 0. We use isoparametric finite elements of second order. The degrees of
freedom range from 177 to 843. For the time discretization and reference solution, we proceed
as in the previous example, with 7 = 1073 for the BDF method and 7 = 1076 for the reference
solution. We record the L°(L?)- and L°°(H!)-norm of the position and velocity error. The
results are shown in Figure A .4.

Cog

Figure A.1.: Triangulation of Q(t) at to = 0 (left), t; = 0.2 (center) and t2 = 0.4 (right).

49



A. Diffusion equation on a harmonically evolving domain

Figure A.2.: Triangulation of (¢) at t3 = 0.6 (left), t4 = 0.8 (center) and ¢5 = 1.0 (right).

Error in v Error in X
1071 ¢ ‘ 7 107t F ! -
1072 g 2 1072 g /
1073 1 $ 1073 F
. 104 g ER 1074 g
| g |
“ 05T 1% 105¢
10701 o= 02 FR LU
L o
1077 F ——L>®°(HY-error { 1077 | .
—o— L>®°(L*)-error | —o— [°°(L?)-error ||
10—8 | | | 10—8 | ‘ ‘
10—1.5 10—1 10—0.5 10—1.5 10—1 10—0.5

mesh size (h) mesh size (h)

Figure A.3.: Convergence rate of the evolving quadratic finite element discretization of Exam-
ple A.10.1.
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Error in v Error in X
107! 107t r T T 1
- [om) z
o) |
i —— L (H')-error
—e— [>°(L?)-error
1072 1 1072 g
< | (R T ]
= I & I S
= = -
<5} <) -

107-3¢ 1 1073 g
i ---O(h?) i § 7]
i - O 1 i - p
i —— L (H')-error || i 3
I —e— L®°(L?)-error || L--"
10_4 10L03 10L02 10_4 1OL03 10L02
mesh size (h) mesh size (h)

Figure A.4.: Convergence rate of the evolving quadratic finite element discretization of Exam-
ple A.10.2.

A.10.3. Diffusion equation

In this example, we consider the diffusion equation (A.2.4), where the velocity again satisfies
(A.2.5). As exact solution, we choose f =1 and

u(z,y,t) = e (2% + ) (2 — 7)),

oz, t) = (1 _ 7«(1t)) (;’j) + (_xy) . where () = 1+26_t

The velocity v describes a growing ball which in addition is rotating anti-clockwise (cf. [Kovacs
et al., 2017, Example 11.1]), r(¢) is the radius of the ball at ¢ € [0,7]. We compute the right-
hand side functions f and g of (A.2.4) and apply second order isoparametric finite elements in
space and a linearly implicit 4 step BDF method with time step-size 7 = 1073 in time.

Note that v is linear in 2 and y, so the solution to —Av = 0 is computed exactly by the finite
element method. This is reflected in the convergence plot in v, which shows a purely temporal
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convergence and is thus not shown here. We record the error

Herru”Lw(m) ‘= Sup ||(UZ)L - u('7tn)||L2(Q(tn)) )
nityp <1

T 30 @ =l ta) gy |

n:tp, <1

||erruHL2(H1) :

where 7 denotes the time step size and ¢, = n7 the n-th time step. Figure A.5 shows the
results. As expected the error in the L?(H')-norm converges with the expected order, whereas
the L?-norm convergence rate is one order higher.

Error in u

1071

1072

-
-

-
L-

1073

TRT T T T

error

1074

1075

—— L2(H*')-error
- —e— L°(L?)-error

10—6 | | | | | | | | |
10—1.3 10—1.2 10—1.1 10—1 10—0.9 10—0.8 10—0.7 10—0.6 10—0.5

mesh size (h)

Figure A.5.: Convergence rate in u of the evolving quadratic finite element discretization of
Example A.10.3.
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B. Isoparametric finite element analysis of a
generalized Robin boundary value problem
on curved domains

This chapter is identical to the paper [Edelmann, 2021] with the same title. It was first submitted
in September 2020 and got accepted in 2021.

Abstract. We study the discretization of an elliptic partial differential equation, posed on
a two- or three-dimensional domain with smooth boundary, endowed with a generalized Robin
boundary condition which involves the Laplace—Beltrami operator on the boundary surface.
The boundary is approximated with piecewise polynomial faces and we use isoparametric finite
elements of arbitrary order for the discretization. We derive optimal-order error bounds for this
non-conforming finite element method in both L?- and H'-norm. Numerical examples illustrate
the theoretical results.

B.1. Introduction

B.1.1. The generalized Robin boundary value problem

In this paper, we study the following second-order partial differential equation endowed with a
boundary condition including the Laplace-Beltrami operator

—Au+ku=f in Q,

B.1.1
?—Fau—ﬁApu:g onI'=09Q, ( )
n

where Q C R™ (n = 2,3) is a domain with curved boundary I' = 9Q, a > 0,8 > 0 and k > 0
are given constants and f, g are given functions on 2 and 052, respectively.

The generalized Robin problem (B.1.1) is studied in Kashiwabara et al. [2015] (with x = 0).
The authors prove existence and uniqueness of the weak solution and analyze the regularity of
the solution given the regularity of f and g. It turns out that the solution to the generalized
problem possesses better regularity properties than the solution to the standard Robin problem,
that is (B.1.1) with 8 = 0. Moreover, they analyze the conforming finite element discretization
of (B.1.1) and prove optimal-order error bounds in both L?- and H'-norm. However, in Kashi-
wabara et al. [2015] the authors have to assume that Q can be represented exactly by the finite
element mesh such that the numerical domain coincides with the exact domain or, equivalently,
that the finite element space V}, is contained in the solution space V. Two different cases are
considered: either I' is polyhedral, or of class C1!. In the first case, they have to introduce
mixed boundary conditions, because the generalized boundary condition cannot be imposed
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B. Generalized Robin boundary value problem on curved domains

on the entire boundary (see [Kashiwabara et al., 2015, Remark 3.1]). In the second case, it
is restrictive to assume that the computational mesh is capable of representing the boundary
exactly.

The purpose of this paper is to generalize the results of Kashiwabara et al. [2015] to non-
conforming finite elements, where the additional error that stems from the approximation of
the geometry is taken into account. Based on a polyhedral approximation of €2, on which linear
finite elements can be used, we construct a piecewise polynomial approximation domain and
isoparametric finite elements of arbitrary order. Since the finite element space is no longer
contained in the solution space, we cannot compare the finite element solution and the exact
solution directly. To overcome this, we lift the finite element solution to the solution space to
be able to analyze the error of the method.

The above setting allows us to treat different types of boundary conditions in a unified setting.
Here we focus on the generalized Robin problem, and the convergence results for the isoparame-
tric finite element discretization of (B.1.1) with the standard Robin boundary condition (8 = 0)
or Neumann boundary condition (o = 5 = 0) are obtained as a consequence. We derive error
bounds between the exact solution and the lifted finite element solution that are optimal with
respect to the regularity of the right-hand side functions f and g. Under suitable regularity
assumptions, the error satisfies optimal-order error bounds.

B.1.2. Applications

The problem (B.1.1) has applications for example in heat conduction processes, see Goldstein
[2006], or in the context of Schrodinger operators [Gesztesy and Mitrea, 2008]. Generalized Robin
boundary conditions appear also in the context of domain decomposition methods [Gerardo-
Giorda et al., 2010, Quarteroni and Valli, 1999] and in the Schwarz waveform relaxation algo-
rithm [Gander and Halpern, 2007, Halpern, 2009]. A more comprehensive list of applications
can be found in Kashiwabara et al. [2015].

B.1.3. Outline of the paper

In Section 2, we introduce basic notations and derive a variational form of the generalized
Robin problem. In Section 3, the approximation of the geometry is described, followed by the
isoparametric finite element method in Section 4. In Section 5, we derive error estimates in
both L?- and H'-norm. We begin by stating the main results in Section 5.1, followed by a
convergence proof for the H'-estimate that is clearly separated into stability and consistency,
and finally the proof of the L2-estimate. We finish with some numerical experiments in two and
three space dimensions in Section 6.

B.2. Continuous problem

B.2.1. Preliminaries

Let Q C R™, (n = 2,3) be an open, bounded and connected domain with sufficiently smooth
boundary I' = 0. In the following, we require I' at least of class C?. For a more thorough
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introduction to the following concepts and definitions, we refer to [Dziuk and Elliott, 2013b,
Section 2], where more details about the following concepts can be found, cf. Dziuk and Elliott
[2007a], Elliott and Ranner [2013].

The outer unit normal on I' is denoted by n. The tangential gradient of a function w defined
on some open neighborhood of T" is given by

Vrw =Vw — (Vw-n)n

and depends on values of w on I' only. The Laplace-Beltrami operator is given by

n

Arw = Vrp-Vrw= > (Vr); (Vr),w.
j=1

We denote by d : R™ — R the signed distance function
—dist(z,T') ifzxeQ,
d(z) =40 ifexel,
dist(z,I')  otherwise,

where dist(x,T') = inf{|z — y| : y € '} denotes the distance of x to I'. Since I is a C>-manifold,
there exists a 6 > 0 and a strip

Us = {x e R" : |d(x)| < §} (B.2.1)
such that for each z € Us there exists a unique p(z) € I' such that

z = p(a) + d@)n(p(@)). (B.2.2)

see [Dziuk and Elliott, 2013b, Section 2]. p(x) is the closest point to = on T'.

We let ¢ > 0 denote a generic constant that assumes different values on different occurrences.
We use the standard notation for Sobolev spaces, i.e. H(Q) = L*(Q) = {u : Q@ - R :
Jquidz < oo}, HFH(Q) := {u € L*(Q) : Vu € H*(Q)"}. It is well known that the trace yu
of a function u € H*(Q) is in H*"Y/2(I') if ' € C*~11. Due to the Laplace Beltrami operator
in the boundary condition of (B.1.1), it turns out that we need yu € H(I') to derive a weak
formulation. Therefore H!(f2) is not the suitable weak solution space. Instead, we work with
the space

HY D) = {u e HEQ) s que HET)
endowed with the norm
1/2
HUHH’“(Q,F) = (HUH?{k(Q) + H'YUH?qk(F)) . (B.2.3)

Recall that for a function w € H¥(T'), the H*(T')-norm is defined using tangential derivatives,
ie.
1/2
hollgrnry = (llZay + 1Vrwle ) -

It is shown in [Kashiwabara et al., 2015, Lemma 2.5] that the space H¥*(€;T) with the inner
product that induces (B.2.3) is a Hilbert space.
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B. Generalized Robin boundary value problem on curved domains

B.2.2. Variational form

To derive the weak formulation, we make use of the integration by parts formula on I': for
w € HY(T'), we have (see Dziuk and Elliott [2013b])

/—Apuwda = / Vru - Vrwdo . (B.2.4)
r r
We multiply (B.1.1) with a test function ¢, integrate over Q and obtain

/Vu-V<p+/<aucpdx—/m’y(pdaz/fapdm.
0 r On Q

Substituting the boundary condition and using (B.2.4) with w = v, we arrive at

/ Vu -V + kupdr + a / (vu)(yp)do + 6/ Vr(yu) - Vr(ye)do
0 r r

=/ fedz + / 9(vp)do .
Q r
We use the following notation for bilinear forms defined on H'(€;T') x H'(Q;T):

mﬂ(u,v):/uvdx,
Q

a®(u,v) = / Vu - Vudr,
Q
m' (u,v) = /F(Vu)(vv)da, (B.2.5)

a(u,0) = [ Ve(yu) - Ve(r)do,
r
a(u,v) = a®(u,v) + km®(u,v) + am® (u,v) + Ba’ (u,v).

The right hand side is denoted by

tp) = / feda + / g(vp)do.
Q r
The variational form thus reads: find v € V.= H'(Q;T) such that

a(u, ) = {(p) (B.2.6)
for all o € H'(Q;T). The following regularity result is proved in Kashiwabara et al. [2015].

Proposition B.2.1. Let o, >0,k >0and j > 1. IfT € C7', f € HI7Y(Q), g € HYD),
then there exists a unique solution uw € HI1(Q;T) that satisfies the a priori bound
lull iy < ¢ (1 mi-1) + lgllgi-1ay) -

Let us remark that for the standard Robin boundary value problem, i.e. (B.1.1) with 8 = 0, we
need g € Hi~1/2(T") to have u € HIT1(Q), and the trace theorem then yields yu € HIT1/2(T), so
the generalized problem requires less regularity in the data to produce a more regular solution,
cf. [Kashiwabara et al., 2015, Remark 3.5].
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B.3. Domain approximation

Before we describe the finite element method, we need to construct an approximation of 2 and
I'. We follow the construction of Elliott and Ranner [2013], which is based on Lenoir [1986],
Bernardi [1989] and Demlow [2009].

B.3.1. Linear approximation

Let Qg) be a polyhedral approximation of {2 with boundary F;ll) = 8921). We construct Q;Ll)
such that the faces of FELI) are simplices whose vertices lie on ' (triangles in R? and straight

lines in R?). We construct a quasi-uniform triangulation 771(1) of QEZI) consisting of simplices
(tetrahedrons on R? and triangles in R?). We set

h = max{diam(7T") : T € 7;(1)}

and assume that h < hg, where hg is sufficiently small such that I’g) C Ug, where Us is defined
in (B.2.1).

B.3.2. Exact triangulation

Before we define the computational domain, we define an ezxact triangulation of €. We denote
by T the unit n-simplex. For each T € 771(1), there exists an affine transformation & : R® — R”
that maps T onto T', which we write as

&7(7) = Bra + br,

where By € R™ "™ by € R™. ®p is exactly the map used for linear finite elements. We now call
T¢ a curved simplex if there exists a C''-mapping &7 that maps 1" onto T which is of the form

7 = @1+ or,
where ®7 is an affine map as defined above and o7 : TRV isaC Lmapping satisfying
Cr :=sup |Dor(#)B;'| < C < 1. (B.3.1)
zeT
There are several ways to define gr. We follow the construction of Elliott and Ranner [2013],

based on Dubois [1990]. Note that each T € 7;51) is either an internal simplex with at most
one node on the boundary, or 1" has more than one node on the boundary. In the first case,
we set o = 0. For the latter case, we denote by [ the number of nodes of T that lie on the
boundary F;Ll). The vertices o7, . .. ,l’g 41 of T" are ordered such that L ,:U;‘F lie on Fgll). For

each 27 € T, there is a unique representation

n+1
T _ T
T —E Aja:j
=1
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B. Generalized Robin boundary value problem on curved domains

in barycentric coordinates. Note that

n

Anpr=1-> ).
j=1

We write 27 = (A, ..., Ay) for the coordinates of z in 7. We introduce

We have \*(Z) = 0 if Z is a node which is not belonging to the boundary (or if Z is on the edge
between such nodes in the three-dimensional case, when [ = 2), and \*(z) =1if z € T'N I‘gll).

We denote by 77 the face of I‘Ell) that corresponds to the boundary face of T',i. e. 70 = Tﬂfg).
For x ¢ &, we denote the projection of z = ®7(Z) onto 71 by

l
=2 Lo
= A*
Then, using the normal projection p defined in (B.2.2), we define or by

A @) R ey(@) - y(@), T ¢T,
or(r) = NS
0, ifreo.
Basic regularity properties of the above maps are stated and proved in Elliott and Ranner
[2013]. In particular, it is shown that pr satisfies (B.3.1) for A < hg sufficiently small.
B.3.3. Computational domain and lifts

We can now define the higher-order computational domain QEL) for k> 1. Let T € T(l)

cp’f, ey @ﬁk be the Lagrangian basis functions of degree k on T corresponding to the nodal pomts
zl,...,2™ on T. Here, n; denotes the number of nodal points on each element, for example

ng = 4 or ng = 10 for linear or quadratic finite elements in three dimensions. Then, we define a
parametrization of a polynomial simplex T*) by

ng
)= 5@ (@)
j=1
Note that, by the Lagrangian property, we have
q)(k) (Al) P (Al)

We can apply this to each T € 7D and then define Q) as the union of elements in ’T(k), defined
h h h
by
T = (1® .7 ey, T® .= 6V @) 2T,
(1)

For k = 1, this notation is consistent with the notation of €2, in the previous subsection.
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B.4. The isoparametric finite element method

Definition B.3.1. For a function wy, : Q;Lk) — R, its lift wﬁl : Q — R is defined by wﬁl =
wp, © ((ngc))_l, i.e.

wh, (@g?)(x)) =wp(z), =€ Q( )

-1 (k)'

For a continuous function w :  — R, its inverse lift is defined by w™" = w o @

The following lemma states that both the L?-norm and the H'-seminorm of functions on Ql(lk)
and their lifts are equivalent.

Proposition B.3.2. There exists a constant ¢ > 0 independent of h (but depending on k, n
and the geometry of ), such that for all wy, : sz) - R

1 !
*||whHL2(Q<k>.F(k>) < llwnllzz@iry < cllwnll 2w .pey

||vwhHL2 Q(k> < ||vwh”L2 < CvahHLQ Q(k))

*||VFh(VhUJh)||L2(F<k> < IVe(ywp)ll2 @y < el Vi, (rwwn)l (Ko -

Proof. See [Elliott and Ranner, 2013, Proposition 4.9] for the bulk estimate and Demlow [2009]
for the estimate on the boundary. O

B.4. The isoparametric finite element method

In this section we introduce the finite element method. We use piecewise polynomial finite
element functions of degree k, which lead to isoparametric finite elements. Isoparametric finite
elements are also used in Elliott and Ranner [2013] in the context of bulk-surface equations;
the traces of isoparametric bulk finite element functions on the boundary can be considered as
surface finite elements, see e.g. Dziuk and Elliott [2007a, 2013b].

From now on, we write {2, and I'j, instead of Q,(lk) and F,(Zk). We collect the nodes z1,...,zx €
R™ of the triangulation in a vector x = (x1,...,2y) € R™ such that exactly the first Np
nodes x1,...,zn, lie on I We use Lagrangian basis functions 1, ..., ¢nx, which are defined
elementwise such that their pullback to the reference element is polynomial of degree k. The
basis functions satisfy the property ¢;(xy) = 0;; for 1 < j,k < N. The finite element space is
then defined as

Vi :Span{(Pl,...,QON} :

Recall that, as opposed to Kashiwabara et al. [2015], the finite element space V}, is not contained
in V = H'(;T). The right-hand side functions are approximated with appropriate functions
frn:Qp = Rand g, : 'y, = R. If f and g are continuous, one could use the inverse lifts or the
finite element interpolations, for example.
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B. Generalized Robin boundary value problem on curved domains

We use the following discrete analogues of the bilinear forms defined in (B.2.5):

m%(uh,vh):/ upvpde
Qp,

a%(uh,vh) = Vuy - Vupdz,
Qp

mg(“ha’”h):/ (ynun) (ypon)doy,
'y

aj, (up, vp) = g Vr, (ywun) - Vr, (vnop)doy,
h

Q Q r r
ap(up, vy) = ay, (up, vy) + £my, (up, vp) + amy, (up, vp) + Bag, (up, vp) -
Here, v, denotes the discrete trace operator on I'y, doj, denotes the discrete surface measure on

I';, (see Elliott and Ranner [2013], Demlow [2009], Dziuk and Elliott [2013b] for further details).
Moreover, we denote

Uh(pn) = fhsohdfCJr/ gn(Ynon)doy, .

Qn T

The bilinear forms are defined on V;, x V}, and ¢, is defined on V},.
The discretized formulation of (B.2.6) now reads: given fp, gn € V3, find up, € Vj, such that

an(un, ¢n) = Ln(en) (B.4.1)

for all 5, € V},. Since ay, is coercive and bounded and V}, is a (finite-dimensional) Hilbert space,
we get existence and uniqueness of the discrete solution by the Lax-Milgram lemma.

B.4.1. Matrix—vector formulation

We derive a matrix—vector formulation of the discretized problem. First, we note that (B.4.1)
is equivalent to: find uy, € V}, such that

an(un, ¢;) = Ln(p;)
for all basis functions ¢;, j = 1,..., N. The functions f; and g, which are assumed to be finite

element functions, can be written as fj,(-) = Eévzl fn(xi)ei(), gn(s) = Zj\f:rl gn(zj)e;i(-). We
collect the nodal values in vectors

f=(fa(@)))or. &= (gnlz;)) .

60



B.4. The isoparametric finite element method

We define the bulk and surface mass and stiffness matrices:
(Mgq)x = / pjorda,
Qp
(Aq)jk =/ Vi -Vopdr, 1<jk<N,
Qp,
(Mr)jx = /F (Vi) (vner)dor,
h

(Ar)ji = A Vr, (mes) - Vr, (ywer)doy, 1<,k < Np.
h

We introduce the matrix v = (In.,0) € RNt XN “where T Ny denotes the identity matrix of size
Nr x Nr. For a finite element function wy, with nodal values collected in a vector w, yw € RAT
is the vector of the nodal values on the boundary nodes.

Proposition B.4.1. Let up(-) = Z;V:1 ujp;i(-) € Vi, denote the finite element solution to (B.4.1)

and u = (uj)évzl the vector of nodal values. Then the spatially discretized problem (B.4.1) is
equivalent to the linear system

Ku=b, (B.4.2)
where K = Y (aMr + BAr)y + kMgq + Aq and b = Mqf + v"Mrg.
Proof. Follows from linearity and a direct computation. O

The following properties of K are needed in the error analysis.

Lemma B.4.2. For a finite element function wy, = Zjvzl wjp; with corresponding nodal vector
w € R, the ap-norm of wy, defined by ||wylla, = (an(wp,wp))? = (WIKw)Y2 and the
HY(Qy,,T',)-norm are equivalent.

Proof. For a = 8 = k = 1, we have ||wp|la, = [|wnlm1(q,;r,)- In the general case, denote
¢1 = min(a, 8, k, 1) and co = max(a, 8, k, 1) and we have

c1llwnlla, < llwallgr,r,) < c2llwnllay, -
O

Remark B.4.3. If the right-hand side functions f and g are not approrimated with finite
element functions, the vector b in (B.4.2) is defined by integrals over Q and T, which then
have to be approximated with quadrature rules. In this paper, we do not intend analyzing these
numerical integration errors and therefore assume that f and g are approximated with finite
element functions f, and gn. This is not fully practical for f € L*(Q), g € L*(T), ¢f. Dziuk
[1988], Elliott and Ranner [2013]. We will carefully carry out the error analysis such that this
approximation error is taken into account. If f and g are continuous, fr, and gn can be chosen
as finite element interpolations of f and g, and provided that f and g are sufficiently reqular
this interpolation error is of the same order as the order of the finite element method.
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B. Generalized Robin boundary value problem on curved domains

Definition B.4.4. For a function w € H*(Q), its finite element interpolation Iyw € Vy is given
by

N N

Taw(-) = w(a)p;(-).

j=1

The lifted finite element interpolation Ipw : 0 — R is then defined as
N
Iyw = <Ihw> .

Note that since n € {2,3}, we have H?(2) C C%), so the pointwise evaluation is well-
defined. The following two approximation properties are crucial in order to prove optimal-order
error bounds with respect to the regularity of the exact solution.

Proposition B.4.5. Let k > 1. There exists a constant ¢ independent of h and j, such that for
all2<j<k+1

lw — IhwlL20ry < CthwHHJ’(Q;F) ;
lw = Inw| gy < e Hwll gs o
for all w € HI(Q;T).
Proof. See [Bernardi, 1989, Corollary 4.1] and Demlow [2009]. O

Proposition B.4.6. For any up, wy, € Vy, with lifts uﬁl,wz € V,f C HY(Q), we have the following
estimates:
Q Q1 l ki, .l l
st un wn) = m®(uh, wh)| < B k|2 b 2o

i, wn) = m (o wh)| < B s o kLo

Q
Jaf2 s wn) — (ot wf)| < e L an o o s 0
The traces of up,wy on I'y, and their lifts on I' satisfy

[k s ) = m a0} | < R |yl ey
Jaf (s wn) = a (uh, wh)| < BF Tk | ey | Ve 2y
For u,w € H*(Q) with inverse lifts u™', w™", we have

Jaft(utw ™) = a®(, w)| < RFH ull g2y 0l 2y

Proof. See in the proof of [Elliott and Ranner, 2013, Lemma 6.2]. O
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B.5. Error analysis

In this section, we analyze the error of the isoparametric finite element method. Since the exact
solution and the numerical solution are defined on different domains, we cannot compare them
directly. Instead, we compare the exact solution to the lift of the numerical solution. We derive
optimal-order error estimates for finite elements of arbitrary order k > 1, with respect to both
the regularity of the solution and the approximation of the data.

We begin by stating the main results of this paper. The proof of the following theorems
follows down below and is clearly separated into stability and consistency.

B.5.1. Statement of the main result

Theorem B.5.1. Let j > 1 be a natural number, f € HI=1(Q), g € H=YT), letu € HITL(;T)

be the solution of (B.2.6). Denote by uy, : ng) — R the numerical solution to (B.4.1) computed
with isoparametric finite elements of order k > 1, fr and g approzimations to f and g. Then,
the error between the exact solution and the lifted finite element solution is bounded by

lu — uh || g1y < CR™ED el f — fhll ey + cllg — ghll ey »

where C' and c¢ are independent of h, C depends on | fllr2q), lgllz2@) and
[[wll grminck 5)+1(,ry and c is independent of these quantities.

In particular: If 5 > k and fy, and gy are chosen such that || f — f}lLHLQ(Q) < ch* and ||g —
QHLQ(F) < ch®, then the error is bounded by

lu — uj | g iy < CRE, (B.5.1)
where C' depends on the regularity of f and g and on ||ul| gr+1(ory-

Remark B.5.2. The assumptions in the second part of Theorem B.5.1 are satisfied if f €
H(Q), g € H¥(T) for k > 2. In this case fi, and gy, can be chosen as finite element interpolations

of f and g. The interpolation errors are then bounded using Proposition B.4.5, and we arrive
at (B.5.1).

For the L?-estimate, we need slightly more assumptions, see Remark B.5.6.

Theorem B.5.3. Let j > 1 be a natural number, f € HI=Y Q)N HY(Q), g € HI7Y(T), let

u € HITYH(Q;T) be the solution of (B.2.6). Denote by uy, : ng) — R the numerical solution of
(B.4.1) computed with isoparametric finite elements of order k > 1. Then, the error between the
exact solution and the lifted finite element solution is bounded by

o~ w2y < CHP™694 4 el f — fhl 0

+cllg - gM|L2(F) +ch* | f - f}lLHHl(Q) )

where C and ¢ are independent of h, C depends on |flg(q), lgllzz@) and
[[wll grmincr.iy 41,y and c is independent of these quantities.
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B. Generalized Robin boundary value problem on curved domains

In particular: If 5 > k and f, and g are chosen such that ||f — f}lL”LQ(Q) < chF || f —
f}ZLHHl(Q) <candlg— géHL2(F) < ch¥*1, then the error is bounded by

[ — up|| 2oy < CHFHL.

Remark B.5.4. The assumptions in the second part of Theorem B.5.3 are satisfied if f €
HMY(Q), g € HFYT) for k > 1 with f, = Inf, gn = Ing, see Proposition B.4.5.

The proof of Theorems B.5.1 and B.5.3 follows down below and is clearly separated into
stability and consistency.

B.5.2. Stability

The finite element interpolation uj : Qgﬂ) — R of the exact solution, which corresponds to the

nodal vector u* = (u(xj))év:l, satisfies the numerical scheme up to a defect d, which corresponds

to a finite element function dj, € Vj;:
Ku* = b+ (Mq +~v"Mry)d. (B.5.2)

Note that K is symmetric and positive definite and thus both K~ and K~%/2 exist. Subtracting
(B.5.2) from (B.4.2), we find that the error e = u — u* satisfies

Ke = —(Mq +~™Mrpv)d.
We test this equation with e and obtain
le|%k := eTKe = —eT(Mq +v™Mpy)d.
The defect will be estimated in the dual norm induced by the bilinear form ay:

- d™ (Mg +~v"Mry)K~ /2w
Idll, = [[K~2(Mg + "™Mry)d]z = sup S Moty Mry)

0£AweRN (WTW)1/2
dT(Mgq 4+ v"Mrp~)z Jo. drnendx + [ (vadn)(vaen)dop,
= sup T 1/2 = sup L L
0+£z€RN (z1Kz) 0%pneVi, lenllas

With the Cauchy—Schwarz and Young inequality, we obtain

lelk = —eT(Mq +~7"™Mry)d = —e"K'?K~3(Mq +~+"Mrv)d
< [|K 2|l |K™V/2(Mq +"™Mrv)d| 2 (B.5.3)
= lellx|Id]] -

We thus have shown that

lellx <lld]|-
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B.5.3. Consistency

In this section, we bound the dual norm of the defect in order to obtain an optimal order H!-
estimate. In order to prove error bounds of order j, we assume that the solution v € H/*1(Q;T),
which is provided if T is a C’*l-manifold, g € H=}(T), f € H/=1(Q) (see Proposition B.2.1).
Note that since j > 1 and the dimension n € {2,3}, we have H/*1(Q) C C%(Q) and the finite
element interpolation I, nu of u is well-defined.

Proposition B.5.5. Under the assumptions of Theorem B.5.1, the defect is bounded by
Idllx < CR™™ D 1| fi, = fll2 (@) + €lgh — 9l 2y » (B.5.4)

where C' = C(|| fll 22> |9l 20y, 1wl gi+r iry)-
Proof. The defect equation (B.5.2) is equivalent to

ms} (dn, on) + mi (dn, on) = amy, (Inu, on) + Bay (Iyu, gn)
+ wms} (Inu, on) + afl (Inu, on) — €h(on)

for all finite element functions ¢ € V. Since 4,02 € H'(;T), the exact solution u satisfies
0 = am® (u, ) + fa’ (u, ) + km* (u, ) + a® (u, ) = €(g},) -

Subtracting both equations yields

mit(dn, n) + My, (dn, on) = @ (mZ(Ihu, on) —m' (u, @2))

We estimate the five terms separately.
(i) We write

my, (Inu, on) — m' (u, oh)
r

=mj, (Inu, o) — m" (Iyu, @),) + m* (I — u, o)
With the Cauchy—Schwarz inequality and Proposition B.4.5 we obtain for the second term:

m" (I — u, 0,) < [v(Inw = w)ll g2y vl 2y
< I — ull 2.0y 19kl 1 iy

< M| o ey 05 | ury -
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For the first term, we use Proposition B.4.6 and then Proposition B.4.5:

’mlf:(fhua on) —m' (I, <Plh)’
< b Iy Inul| 2y 1y 22 )
< WM Iyul| 2 .ry 160 | )
< chF ! (HIhU - uHL2(Q;F) + HUHLQ(Q;F)) HSOthHl(Q;F)
< ch**! (Ch]+1||u”Hj+1(Q;F) + ||UHH1(Q;F)) HSD%HHl(Q;F)
< Chk+1||u||Hj+1(Q;F)||90§1HH1(Q;F) :
(ii) Similarly, we write
a’}:(lhua Qph) - a’r(ua (102)
=ay, (Ipu, pp) — aF(Ihu, cp%) + ar(Ihu —u, gpﬁl) .
We then proceed as in the first step and obtain
‘ag(fh% on) — GF(% ‘Plh)‘ < Chmin(k+1’j)HUHHJ"H(Q;F)HSOlh”Hl(Q;F) .
(iii,iv) Using Propositions B.4.5 and B.4.6, we obtain analogously
[ (T ) — m® (s )| < ™ 5D a1 0y s
and
“(

a2 (T, 1) — (s, )| < ™Dl g1 gy | s sy -

(v) For the last term we note that
Un(pn) = Ueh) = my (f 0) = m(f, o)
+ i, (ghs mpn) — m' (9, 76h) -
We write
miy (Fus on) = m (£, 0h) = mi! (fn on) = m® (fr03) +m®(fi, = F.0h) -
By the Cauchy—Schwarz inequality the last term is bounded by
m(fr = fo0h) < Wb = Fllrze ol mor) -
For the first term we use Proposition B.4.6:
mi2(fsson) = M (S eh)| < B 2 b 2y

< o (Ifh = Fllzee) + 1 2@ ) Iehllm oy
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B.5. Error analysis
so that we obtain the bound
Q Q ! k l ! !
‘mh (fnron) —m(f, Soh)‘ < ch®|[ fll 2o lenllm iry + el fr = Fllzz@llenllm @) -
In a similar fashion we estimate
8 (gn, o) = T (g, 6h) | < (R** gl oy + llgh — gllzaqey ) Ihllm @y

Adding the five estimates, using definition (B.5.3) of the dual norm together with the coercivity
of ay, we obtain (B.5.4). O

Now we can prove Theorem B.5.1.

Proof of Theorem B.5.1. The error is decomposed in the following way:
w—ub = (u— Iu) + (Ihu—uil) :
With Proposition B.4.5, we obtain [|u — Ipul g1,y < ¢h?||ull gri+1(q.r). For the second term, we
note that I ru — up, is the finite element function corresponding to the nodal vector u* —u = —e,
so using Proposition B.3.2 and Lemma B.4.2, we obtain
. ~
1w = wpll ey < clllhw — unllaioy,r,) < dlellk < cfldf,

so the result follows from Proposition B.5.5. O

B.5.4. L’-estimate
In order to derive an optimal-order L?-estimate, we apply the Aubin-Nitsche trick.
Proof of Theorem B.5.3. Consider the dual problem

for n € L*(Q;T), find 2, € H*(;T) such that
alzy, ) =m®(n,v) +m" (yn,79) for all € H'(QT).

This is the weak formulation of (B.1.1) with f = 7, g = yn. Since n € L*(;T), we have
zy € H?(S;T) and 2, satisfies the a priori estimate (see Proposition B.2.1)

20l zr25ry < ellnllz2oir) - (B.5.5)
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B. Generalized Robin boundary value problem on curved domains
Withn=e=u— uﬁl and writing z = z. for brevity, we have

lell2e(qury = m™ (e, €) +m" (e, ve) = ale, 2)

a(u — uh7 2 — Inz) + alu, Iz) — a(ul, I,2)

a(u—ub, 2z — Iz) + 0(I,2) — a(ul, Iz — 2) — a(ub, 2)

w—up, 2 = Ipz) + (In2) = (Inz) + an(up, I2)
—a(ul, Iz — 2) — a(ul, — u, 2) — a(u, 2)

a(u —ul, 2z — I,2) (B.5.6)
K(Ihz — £h Ihz))
) =

) —

Il
o

(
(

l <uh,fhz 2)

— u, z))

+(
+ (ah uh,Ihz—z
+< -

ah h—u ,Z

+ (ah( 2 — a(u,z))

We estimate the five terms separately.
(i) Using the boundedness of a, Theorem B.5.1, Proposition B.4.5 and the a priori bound
(B.5.5), we obtain

a(u—uh, 2 = Inz) < cllu = uy |l g 12 = Inzllm o)
< chl|zll g2.rllu — ubll g o)
< chlel aary (CR™™ %D + | = fhlzaey + cllg = ghllze) )

< (D g bl — fill e + chllg = ghll ) ) el -
(ii) We write

((Inz) — 0, (Inz) = m(f, 1nz) — m§ (fr, Inz)
+mb (g, Inz) — mk (gn, Inz)
= m(f = fi, 1n2) + (MO 1n2) = mi) (i ) )

+m" (g = gh, 1n2) + (m" (gh, 142) = m (g1, 1n2) ) -
Using Cauchy—Schwarz, Proposition B.4.5 and (B.5.5), we see that the first term is bounded by

m(f — fr, In2) < If = fhllee) (Hnz — 2l 2y + 12l 2.
< |f = fhllzeory (eh® + 1) ||zl 2o
<clf = fillzyllell L2 -
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B.5. Error analysis

For the third term we proceed similarly and obtain

m'" (g — gh, Inz) < llg = gh 220yl n2 )l 22r)
<llg— Q;LHB(F) (Hfhz - Z”L2(Q;F) + HZHLQ(Q;F))
< cllg = ghllzzmyllell 2 -
For the second term we use Propositions B.4.6 and B.4.5 to obtain
M (fhs 1n2) = w2 (s Tn2) < L (18 = Fll oy + 11l @) ) 1n2l i o) .
< (11 = Flloy + 1l ) llelary -

With Proposition B.4.6, we similarly obtain
mT(gh, Inz) = mh (gn, Tn2) < b (gl oy + gh = gllzary ) lell 2y -
(iii) With Proposition B.4.6 and Theorem B.5.1, we obtain

an(up, Inz — 27" — alul,, Iz — 2)
< ch¥ g || oy 1 Inz = 2l ooy

< eh®|lul, = u + ull g oryehlzll 2o

< o (Jluh, = wllrry + lullm o ) 12 )

< ch* ! <Chmin(k’j) +ollf = fill2) +cllg — QML?(F)) llell z2(o;ry -
(iv) Using the same arguments, we obtain for the fourth term

alup, —u~l 27 — a(ul, — u, 2)
< ch|luj, = ull gy |21 @iy

< ch” (Chmin(k’j) +llf = fillz2) +cllg — QZHL?(F)) lell z2(o;r) -
(v) For the fifth term, using u, z € H?(2), we have with Proposition B.4.6 and Theorem B.5.1

an(u,271) = a(u, 2) < Al oy |2l ey
< " ul| g oy llell 2 r) -
Inserting all the bounds into (B.5.6) gives the bound:
lell 2y < CR™EDTL el f — fhll 2 + cllg — ghll ey + ¥ = fhll i »

where C' depends on ||u| gi+1 (., [[flla1) and [|gllz2r). This completes the proof of Theo-
rem B.5.3. 0
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B. Generalized Robin boundary value problem on curved domains

Remark B.5.6. Compared with Theorem B.5.1, we need for j = 1 the additional assumption
that f € HY(Q). This is due to the first two estimates of Proposition B.4.6, which only give
a hE-error bound for f € L*(Q) in (B.5.7). Alternatively, since fi € H'(Q), we could simply
estimate

mE(fh, Inz) — m(fro Inz) < k¥ il oy llell 2oy

in (B.5.7) without using the triangle inequality and then make the reasonable assumption that
fn can be chosen such that Hf}llqu(Q) < || fllz2(q) with a constant independent of h. Keeping
in mind that we need f € H*1(Q) anyway to obtain the full order, the assumption f € H(Q)
becomes redundant in this case.

Corollary B.5.7. Consider the standard Robin problem

—Au+ku=f in Q,
Ou

+au=g on T =00,
On

Here, the weak solution u is in H'(Q), and with minor modifications to the above convergence
proof, we obtain under suitable assumptions the error estimate

Ju — upllr20) + Bllu — || g1y < CHEH

for the isoparametric finite element method. The same result holds for the Neumann boundary
condition, t.e. « =0 and k > 0.

B.6. Numerical examples

We illustrate the theoretical results with some numerical examples. We use isoparametric finite
elements of degree one and two to solve a generalized Robin problem in two and three space
dimensions. Polyhedral approximations are obtained with distmesh [Persson and Strang, 2004].
For quadratic finite elements, we add new nodes and project the boundary nodes on the boun-
dary. All functions are implemented in MATLAB, the isoparametric elements are implemented
based on the ideas of Bartels et al. [2006].

Example B.6.1. (Two-dimensional)
We solve the generalized Robin boundary value problem
—Autu=Ff in Q,
ou (B.6.1)

—+u—Aru=gyg on ' =00,
on

where ) = {x cR?: |z| < 1} is the unit circle, with isoparametric finite elements of degree one
and two. As exact solution, we chose

u(z,y) = zy(a® + y°)?
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B.6. Numerical examples

from which we compute the right-hand side functions f and g. We compute numerical solutions
for different mesh sizes. The finest mesh we used for linear finite elements has around 18000
nodes and the refined version used for quadratic finite elements has around 73500 nodes. The
error between the lifted numerical solution and the exact solution corresponding to each mesh
size h is reported in Figure B.1 with a double logarithmic scale for finite elements of polynomial
degree 1 and 2. The error err(h) is expected to converge with order k and k+1 (k =1,2) as
stated in Theorem B.5.1 for the HY(Q;T)-norm and in Theorem B.5.3 for the L*(§%;T)-norm,
respectively. The numerical results therefore illustrate the expected rates of convergence.

[ — by || L2sr) = ul || 2 i)
]_00 g I I g 100 g I I g
101 | r 101 | T
1072} 10|
103 o . w03 |
5 - i ] 5 g ]
=107 E E 107t 5
o g o g |
107° £ 107°F ]
106 i 106 ~—-0(h) |]
] E - 0(h?) |
1077 H 1077 ¢ pl 4
| : =2 |
1078 ‘ ‘ 10-8 ! \
10715 101 10710 1071
mesh size (h) mesh size (h)

Figure B.1.: Convergence rate of the GRP discretization of Example B.6.1 with isoparametric
finite elements of degree 1 and 2 in two dimensions.

Example B.6.2. (Three-dimensional)
We solve the generalized Robin boundary value problem (B.6.1) where

Q={zeR®: |z| <1}

s the unit ball, with isoparametric finite elements of degree one and two. As exact solution, we
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B. Generalized Robin boundary value problem on curved domains

chose

u(z,y) =2 +y* —

2

from which we compute the right-hand side functions f and g. The finest mesh we used for linear
finite elements has around 7000 nodes, and the refined version used for quadratic finite elements
has around 55000 nodes. The error between the lifted numerical solution and the exact solution
1s reported in Figure B.2 for elements of polynomial degree 1 and 2. The numerical results
tllustrate the expected rates of convergence as stated in Theorem B.5.1 and Theorem B.5.3.
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mesh size (h)

Figure B.2.: Convergence rate of the GRP discretization of Example B.6.2 with isoparametric
finite elements of degree 1 and 2 in three dimensions.
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C. Numerical analysis of an evolving
bulk—surface model of tumour growth

This chapter is an updated version of [Edelmann et al., 2024], which is currently undergoing a
minor review process and is about to be accepted in IMA J. Numer. Anal.

Abstract. This paper studies an evolving bulk—surface finite element method for a model
of tissue growth, which is a modification of the model of Eyles, King and Styles (2019). The
model couples a Poisson equation on the domain with a forced mean curvature flow of the free
boundary, with nontrivial bulk—surface coupling in both the velocity law of the evolving surface
and the boundary condition of the Poisson equation. The numerical method discretizes evolution
equations for the mean curvature and the outer normal and it uses a harmonic extension of the
surface velocity into the bulk. The discretization admits a convergence analysis in the case of
continuous finite elements of polynomial degree at least two. The stability of the discretized
bulk—surface coupling is a major concern. The error analysis combines stability estimates and
consistency estimates to yield optimal-order H'-norm error bounds for the computed tissue
pressure and for the surface position, velocity, normal vector and mean curvature. Numerical
experiments illustrate and complement the theoretical results.

C.1. Introduction

Eyles, King and Styles [Eyles et al., 2019] proposed and studied a ‘tractable’ model for tumour
growth that determines the evolving tumour domain (2(¢) at time ¢ with the free boundary
surface I'(¢) together with the tissue pressure u(z,t) on £2(t):

e The tissue pressure u solves a Poisson equation on the bulk 2(¢) with an inhomogeneous
Robin boundary condition, where the inhomogeneity is a sum of the mean curvature on
I'(t) and a given source term.

e The surface I'(t) follows a forced mean curvature flow with the tissue pressure on the
boundary as the forcing term.

This model has non-trivial bulk—surface coupling in both the velocity law of the evolving surface
and the boundary condition for the tissue pressure. A related model based on the Stokes
flow, instead of Darcy’s law which yields the Poisson equation, was proposed in [King and
Venkataraman, 2021].

While the original model of [Eyles et al., 2019] turned out intractable to us, we show that a
modified tumour model is indeed tractable by numerical analysis (alas, not the tumour itself).
The modification replaces the Robin boundary condition by a generalized Robin boundary con-
dition that adds the surface Laplacian of u as a regularizing term. This allows us to control the
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C. Evolving bulk—surface model of tumour growth

H(T'(t)) norm of the error in v in the numerical discretization, which is essential in the stability
analysis.

We propose and analyse an evolving finite element method for the modified bulk—surface
problem, which differs from the method proposed in [Eyles et al., 2019] in how the forced mean
curvature flow is handled numerically. We use the numerical approach of [Kovécs et al., 2019,
2020], which discretizes evolution equations for the outer normal and the mean curvature, and
which allows for an error analysis that yields convergence with optimal-order error bounds.

In Section C.2 we formulate the model equations and further equations that are to be solved
numerically. In Section C.3 we describe the evolving finite element semi-discretization and for-
mulate the main result on optimal-order error bounds in the H! norm (Theorem C.3.1). This
theorem is proved in the course of Section C.4 on stability (bounding errors in terms of defects)
and Section C.5 on consistency (bounding defects), using also auxiliary results from the ap-
pendix (Section C.8). In Subsection C.4.5 we explain which term in the error equations prevents
us from a stability analysis for the original Eyles—King—Styles model. Numerical experiments
in Section C.7 illustrate the behaviour of the numerical method and the (tiny) effect of the
regularization on the solution.

C.2. The Eyles—King—Styles model of tumour growth

C.2.1. Basic notions and notation

For times ¢ in an interval [0, T, we consider a time-dependent closed surface T'(t) in R? that is
the boundary of a bounded domain £2(¢) C R3. With Q° = Q(0) and T'° = I'(0), we assume that
the closure Q(t) = Q(t) UT(t) C R3 is the image of a smooth map X: QO UT? x [0,7] — R?
with the properties that X (-, 0) is the identity map and, for each ¢, X(-,¢) is an embedding and
in particular

Q) ={X(g;t) : ¢€Q%, T(t)={X(q1t) : ¢eT}. -

In view of the subsequent numerical discretization, it is convenient to think of X(q,t) € Q(t)
as the position at time t of a particle labelled by its initial position ¢ € Q°UT?, and of W
as a collection of such particles. Particles that are initially in the interior Q° remain in the
interior 2(¢) and those on the boundary surface I'’ remain on the boundary surface I'(t). In the
following, we will refer to (t) as the bulk and to I'(¢) as the boundary.

To indicate the dependence of the domain and its boundary on X, we will write
Q) =Q[X(t)] and T(t) =T[X(,1)],

or briefly Q[X] and I'[X] when the time ¢ is clear from the context. The velocity v(x,t) € R? at
a point = = X(q,t) € Q(¢t) UT'(¢) equals

8 X (q,1) = v(X (g, 1), 1). (C.2.1)

For a known velocity field v, the position X (q,t) at time t of the particle with label ¢ is obtained
by solving the ordinary differential equation (C.2.1) from 0 to ¢ for a fixed q. We denote the
surface velocity and surface position

UF('7t) = v('at)’F(t) and XF(‘vt) = X('7t)’F0'
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C.2. The Eyles-King—Styles model of tumour growth

For a function u(z,t) (x € Q(¢t) UL'(t), 0 <t < T) we denote the material derivative (with
respect to the parametrization X) as

0%u(zx,t) = %u(X(q,t), t) = Vu(x,t) - v(z,t) + Owu(x, t) for = X(q,t).

On any regular surface I' C R3, we denote by Vru: I' — R3 the tangential gradient of a
function u: I' — R, and in the case of a vector-valued function u = (uy, ug,u3)” : I' = R3, we let
Vru = (Vruy, Vrug, Vrus). We thus use the convention that the gradient of u has the gradient
of the components as column vectors. We denote by Vr - f = tr(Vrf) the surface divergence of
a vector field f on T', cf. [Dziuk and Elliott, 2013b, equation (2.7)], and by Apu = V- Vru the
Laplace—Beltrami operator applied to u; see the review [Deckelnick et al., 2005] or [Ecker, 2012,
Appendix A] or any textbook on differential geometry for these notions.

We denote the unit outer normal vector field to I' by n: I' — R3. Its surface gradient contains
the (extrinsic) curvature data of the surface I'. At every x € I', the matrix of the extended
Weingarten map,

A(x) = Vrn(z),
is a symmetric 3 x 3 matrix (see, e.g., [Walker, 2015, Proposition 20]). Apart from the eigenvalue
0 with eigenvector n(x), its other two eigenvalues are the principal curvatures k1 and kg at the
point x on the surface. They determine the fundamental quantities

H :=tr(A) = k1 + ka2, |A]?> = K3 + K3, (C.2.2)

where H is the mean curvature (as in most of the literature, defined here without a factor 1/2)
and |A| is the Frobenius norm of the matrix A.

C.2.2. Model equations and more equations
C.2.2.1. A ‘tractable’ model for tumour growth

In [Eyles et al., 2019], Eyles, King and Styles studied the following model for tumour growth,
which determines the tissue pressure u(x,t) on the evolving tumour domain () with the free
boundary I'(¢) by the following Robin boundary value problem (« here corresponds to 1/« in
[Eyles et al., 2019]):

—Au= -1 in Q(t), (C.2.3a)

Ohtu+au = FH + Q on I'(¢), (C.2.3b)

where 0, is the outer normal derivative, a > 0 and 5 > 0 are given constants, H(z,t) is the
mean curvature of the surface I'(¢), and Q(z,t) is a given surface source term. (In Eyles et al.
[2019] the authors state that “a and /3 are regularising parameters, the unregularised case being
associated with the limit o — 0 with 3 fixed”.) We assume throughout that Q: R3 x R — R

is a smooth function. The surface velocity is determined by the velocity law of a forced mean
curvature flow:

vr = Vn,  with the normal velocity V =—0H +au on I'(t). (C.2.4)

Note that the above equations are strongly coupled through the appearance of H as a source
term in (C.2.3b) and of u as the forcing term in (C.2.4).
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C. Evolving bulk—surface model of tumour growth

C.2.2.2. Forced mean curvature flow

The velocity law (C.2.4) describes a forced mean curvature flow. In [Kovacs et al., 2020,
Lemma 2.1] it was shown that the mean curvature and surface normal from (C.2.4) satisfy
parabolic evolution equations along the flow, which read (note that here au corresponds to u of
[Kovécs et al., 2020]):

0*n = BArn + B|A*n — aVru on I(t), (C.2.5a)
O°H = BArH + B|APH — alAru — a|A]*u onI'(t). (C.2.5b)

In our numerical method, we will discretize the weak form of these equations by evolving
finite elements and use the so obtained approximations to H and n in (C.2.4) to compute an
approximate surface velocity. The second-order term Apwu in (C.2.5b) requires special attention
in the stability analysis.

C.2.2.3. Harmonic extension of the surface velocity into the bulk

For the finite element method, a moving mesh is required not only on the boundary I'(¢) but
also on Q(t); cf. [Eyles et al., 2019, Section 6.1.2]. This is achieved by extending the velocity
vr, which is given by the forced mean curvature flow, harmonically into (2(t), i.e., we have the
equation

—Av=0 in Q(¢),
(C.2.6)

v =r on I'(¢).
With this velocity, the positions X (g, t) are obtained by solving the ordinary differential equation
(C.2.1). The equations given so far fully describe the coupled bulk—surface model of [Eyles et al.,
2019).

C.2.2.4. Regularization

In view of the term Aru in the evolution equation (C.2.5b) for the forced mean curvature flow,
it is crucial that the trace of u on T, denoted yu, be in H'(T') with controlled norm in the
exact and the numerical solution, and in the error. We cannot ensure this for the original
Eyles—King—Styles model. We therefore add a regularization term in the boundary condition
(C.2.3b),

Onu — pAru+au=Q + SH on I'(t),

with a positive constant ¢ > 0. Such a boundary condition is sometimes referred to as a
generalized Robin boundary condition. It is shown in [Kashiwabara et al., 2015, Section 3.2]
that the solution w has improved regularity on the boundary. We will show that here we can
control the H*(T') norm of the numerical error in u whenever the bulk inhomogeneity in the
error equation is suitably bounded in the dual space of H!(Q2) but not necessarily in L?(€).
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C.2. The Eyles-King—Styles model of tumour growth

C.2.2.5. Collected equations used for the discretization

Altogether, we consider the following strong formulation of the modified model problem, which
consists of four coupled groups of equations:

—Au = -1 in Q(t),
(C.2.7)

Onu—pAru + au = H + Q on I'(t);

0°n = BArn + B|A|*>n — aVru on I'(t),
O°H = BArH + B|A*H — aAru — afA|*u on T(t), (C.2.8)

vp =Vn with V =—8H + au on I'(¢);

—Av=0 in Q(t),
! in (1) (C.2.9)

v =or on I'(t);
X =voX on QOUTY. (C.2.10)

In the following weak formulation and matrix—vector formulation of the discretization and in
the error analysis, the corresponding equations are clearly separated into these four parts. We
refer to (C.2.7) as the generalized Robin boundary value problem, to (C.2.8) as the forced mean
curvature flow, to (C.2.9) as the harmonic velocity extension, and to (C.2.10) as the ODE for
the positions.

C.2.3. Weak formulation
C.2.3.1. Generalized Robin boundary value problem

In this subsection, we briefly write 2 and I' and omit the argument X or ¢. The weak formulation
of the Robin boundary value problem (C.2.3) is to find u € H'(Q) such that (with v denoting
the trace operator):

/QVu-unjLu/FVr(’yu) -Vr(ve") +04/F(W)(%0“)

(C.2.11)
—— [ems [H+ Q0"
Q r

for all % € H(Q).

C.2.3.2. Forced mean curvature flow

The weak formulation of the parabolic equations for n and H in (C.2.8) reads:

/a'ntp +,8/Vrn Vre" —5/!14\21& ©" —Oé/vr Yu)

(C.2.12)

/8°H90 +ﬁ/er-vW _ —/\A| Vil +a/vr<w>-w
r T T r
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C. Evolving bulk—surface model of tumour growth

for all test functions ¢" € HY(I'[X])? and ¢ € H'(I'[X]). Recall that the system is coupled
to the velocity law (C.2.4) and the ordinary differential equation (C.2.1) that determines the
boundary surface I'[X (-, t)] = 9Q[X (-, t)].

C.2.3.3. Harmonic velocity extension

After extending vp € H'/2(I') to an (arbitrary) function w € H'(Q) with yw = v, the weak
formulation of the harmonic extension (C.2.9) (which is an inhomogeneous Dirichlet problem)
reads: Find v € H1(Q)? with v — w € H}(Q)?3 that satisfies

/ Vu-Ve' =0, (C.2.13)
Q(t)

for all p* € H}(Q)3. Recall that the equation for v is coupled to the ordinary differential
equation (C.2.1) that determines the domain Q[X (-, 1)].

C.3. Spatial semi-discretization with bulk—surface finite elements

We formulate the isoparametric evolving bulk—surface finite element discretization for the cou-
pled tumour growth system, following the descriptions in [Elliott and Ranner, 2013] and [Kovacs
et al., 2019], as well as details from [Dziuk, 1988] and [Demlow, 2009]. We use tetrahedral and
triangular finite elements in the bulk and on the surface, respectively, and continuous piecewise
polynomial basis functions of degree k, which are compatible on the boundary. For details on
higher-order finite elements we refer to [Elliott and Ranner, 2013, Section 5], [Demlow, 2009,
Section 2.5], [Edelmann, 2022, 2021], [Kovécs, 2018], and [Elliott and Ranner, 2021].

C.3.1. Evolving bulk-surface finite elements

The initial bulk-surface domain Q° UT? is discretized by an isoparametric tetrahedral mesh of
degree k, denoted by Qg. The meshes are assumed to form an admissible family of triangula-
tions Tp, of decreasing maximal element diameter h; see [Dziuk and Elliott, 2007a, Elliott and
Ranner, 2013] for the notion of an admissible bulk—surface approximation, which includes quasi-
uniformity and shape regularity. By piecewise polynomial interpolation of degree k, the nodal
vector defines an approximate bulk—surface domain Q% that interpolates Q in the nodes g;- By
construction, the boundary of the tetrahedral mesh Q?L forms an equally admissible triangular
approximation I') = 8(22 of the initial boundary I'V.
The nodes g; of the triangulation are collected in the vector

0
0 __ XF 3\ NV
- ()<

where we assume that the boundary nodes x{ = (qj)j-vzr1 lie on the boundary I', while the
remaining (Ng = N — Nr) nodes x{, are in the interior of Q°.
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C.3. Spatial semi-discretization with bulk—surface finite elements

The nodes x° will evolve in time and at time ¢ they are collected in the vector

xr(t) 3\ N
t) = R
x(t) <XQ(t)> € ( ) )
which employs the same partitioning as before. We will often suppress the omnipresent argument
t.

By piecewise polynomial interpolation on the plane reference tetrahedron that corresponds to
every curved tetrahedron of the triangulation, the nodal vector x defines a domain §2;[x] and
its boundary surface I'y[x], which actually depends only on xr.

We then define globally continuous finite element basis functions

wilx]: Qp[x] — R, i=1,...,N,
wi[X]:Fh[X}—)R, izl)"'aNFa

which have the property that on every tetrahedron and triangle, respectively, their pullbacks to
the reference element are polynomials of degree k, and which satisfy at the node z;

i[x](xj) =06;; foralli,j=1,...,N,
wi[x](mj)zéij fOI‘aﬂi:L...,NF,j=1,...,N.

Since we have I'j,(t) = 04 (t), by construction the basis functions satisfy the crucial property
that 1);[x] is the discrete trace of ¢;[x], i.e.

Vi[x] = ynepi[x]- (C.3.1)

These functions span the bulk and surface finite element spaces in Qj[x] and on I',[x], respec-
tively:

Wnlx] = span{p1[x], ..., on[x]}, (C.3.2)
Sp[x] = span{y1[x], ..., Y [x]}. (C.3.3)

For a finite element function uj, € Sp[x], the tangential gradient Vr, xjus is defined piecewise
on each element. Note that Vj[x] C H'([x];T1[x]) and Sy[x] € H'(T',[x]). We denote the
space of discrete functions with vanishing trace by

V%] = {v € Vi[x] : yv = 0} = span{one11]x], ..., on[x]}. (C.3.4)

The discrete domain at time t is parametrized by the initial discrete domain via the map
Xn(-,t): 52 — Qu[x(t)] defined by

N
Xn(an, 1) =Y j(t) p;[x(0)(an),  an € U, (C.3.5)
j=1

which has the properties that Xp(gj,t) = z;(t) for j = 1,...,N and Xj(gy,0) = g for all
qn € Q?L. We then have

Qux(8)] = QXu(-,1)]  and  Ta[x(t)] = T[Xa(-, 1)),
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where the right-hand sides equal the domain {Xp(gn,t) : g € €9} and surface
{Xn(qn,t) : gn € TV}, respectively, as in Section C.2.1.
The discrete velocity vp,(z,t) € R? at a point @ = X (qn,t) € Q[Xp(+,1)] is given by

0 Xn(qn,t) = vn(Xn(qn,t),t).

In view of the transport property of the basis functions [Dziuk and Elliott, 2007a],

d

T <<Pj [x(t)](Xh(Qhat))> =0 for gqy€, 36
()X 1) =0 for g T),

the discrete velocity equals, for x € Qp[x(t)],
N
t)=> vi(t)pix®)](x)  with v;(t) = &;(t),
J=1

where the dot denotes the time derivative d/dt. Hence, the discrete velocity vy (-, t) is in the bulk
finite element space Vj[x(t)], with nodal vector v(t) = %(t), while its discrete trace vp, (-, t) =
Nr
i=1

Yhop(-,t) is in the surface finite element space Sp[x(t)], with nodal values v = (v;(t))

(5 (1)), = % (1).
The discrete material derivative of a finite element function up(-,t) € Vu[x(t)], with nodal
values (u;(1) Y., at & = Xn(gnt) € lx(t) is

N
Opun(w,t) = %Uh(Xh(tht)) =Y a(O)e;x®)](2), (C.3.7)

J=1

and similarly, for wy,(-,t) € Sp[x(t)], at © = Xn(qpn,t) € Tp[x(t)] is

. d
8hwh(x7t) dt Xh Qha Zw] w] ) (C38)

Since 1; = Yh¢p;, for j =1,..., Np, this directly implies that we have 9 (yhun) = v (9fun).

C.3.1.1. Lifts

We now introduce a lift operator for bulk—surface functions, following [Dziuk, 1988, Elliott
and Ranner, 2013, 2021]. Let us denote the interpolated surface by I'; = T',[x*] and the
corresponding interpolated domain by Qf = Q[x*], with x*(t) = X (x°, ).

Following [Dziuk, 1988], we define the lift of functions wy: I'; — R as

wﬁ: r - R with wﬁ(p) =wp(x), VperT, (C.3.9)

where x € I'} is the unique point on I'; with z —p orthogonal to the tangent space T,I'. We
further consider the lift of functions wy: € — R to wf: Q@ — R by setting wi (p) = wp(z) if
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C.3. Spatial semi-discretization with bulk—surface finite elements

x € Q) and p € Q are related as described in detail in [Elliott and Ranner, 2013, Section 4].
The mapping Gj,: € — ) is defined piecewise, for an element E € 7}, by

Ghlp(z) = Fe((FE)_l(x)), for any x € F, (C.3.10)

where F, is a C! map (see [Elliott and Ranner, 2013, equation (4.2) & (4.4)]) from the reference
element onto the smooth element e C 2, and Fg is the standard affine linear map between the
reference element and E, see, e.g. [Elliott and Ranner, 2013, equation (4.1)]. The inverse lift
wt I'; — R denotes a function whose lift is w: I' = R, and similarly for the bulk as well. Note
that both definitions of the lift coincide on I'. Finally, the lifted finite element space is denoted
by St, and is given as Sf = {w} | w, € Sp}.

Then the composed lift operator ¥, as used in [Kovécs et al., 2019], lifts finite element functions
wp, = Zjvzl w;j¢;jx| on the discrete surface I'p[x] to functions on the exact surface I'X] via the

finite element function wy, = Zjvzl w;¢j[x*] on the interpolated surface I';,[x*], by setting
wk = ()" (C.3.11)

We will compare the positions of the exact surface I'[.X (+,¢)] and the discrete surface I'j, [x(¢)] by
comparing any point x € I'[X (-, )] with its associated point % (z,t) € I';[x(¢)], which is defined
as

zk(z,t) = XE(q,t) € Th[x(t)] for ¢ € T? such that  X(q,t) =2 € T[X(-,t)]. (C.3.12)

Here, the discrete flow map Xj(-,t): I, [x*(0)] — R3 is defined in (C.3.5) and we denote its
composed lift by X,f(',t) = (Xh(',t))L: % — R3.

C.3.2. Semi-discretization of the coupled bulk—surface system

C.3.2.1. Semi-discretization of the generalized Robin boundary value problem

The semi-discretization of the Robin boundary value problem (C.2.3) computes u; € Vj[x] such
that (with 7, denoting the discrete trace operator)

Vuh-w;:w/

Tp(x)

Ve, () - Vo, (meg}) + 0 / (ytan) (mgt)

Qp[x] La(x)

(C.3.13)
—— [ e [ @H Q) Oned)
Qn(x) T (x)
for all ¢} € V,,[x]. Here @, is the finite element interpolation of @ on I'y(x).

C.3.2.2. Semi-discretization of the forced mean curvature flow

A finite element semi-discretization of the parabolic equations (C.2.12) for n and H reads as
follows: Find ny(-,t) € Sp[x(t)]® and Hy(-,t) € Sp[x(t)] that satisfy, with u;, from (C.3.13) and
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C. Evolving bulk—surface model of tumour growth
with A = (Vphnh + (Vphnh)T)/Q and Vj, = —0Hp, + aypup,

Opuppp + B | Vrn, - Ve, = [AplPny o —a | Vr,up - @),

I'p[x] I'p[x] T'p[x] T'p[x]
ool + 8 [ Vo Hy Vel = - / APVt v [ Vrun - Vi,
T'p[x] Thlx] T'p[x] 'y [x]

(C.3.14)
for all test functions ¢} € Sp[x]? and o € Sp[x].
The discrete surface velocity vr, (+,t) € Sp[x(t)]® with nodal vector vr is determined by

ur, = I, (thh), where V), = —BH} + aypup € Splx] (C.3.15)

and Ij,: C(T'y[x]) — Sh[x] denotes the Lagrangian finite element interpolation operator on I'j[x].
The nodal vector xp(t) that determines the discrete surface I'y[x(t)] is obtained by integrating

Xr = Vvr, xr(0) = x2. (C.3.16)

C.3.2.3. Discrete harmonic velocity extension and ODE for positions

We compute v, € Vi [x]® with y,v;, = vr, such that
/ Vop, - Vgl =0 (C.3.17)
Qp(x)

for all ¢} € VY[x]>. From the nodal vector v = (vr;vg) of the finite element function vy, the
nodal vector x(t) that determines the discrete domain Q[x(t)] is obtained by integrating

X0 = VvQ, xq(0) = x2. (C.3.18)

C.3.3. Matrix—vector formulation
C.3.3.1. Mass and stiffness matrices

We collect the nodal values of the semi-discrete approximations to tissue pressure wuy(+, t), velocity
vp(+, ), normal vector ny(+,t), mean curvature Hy(-,t) in the column vectors

u=(uj) eRY,  v=(v;) eR®»  n=(n;) ek  H=(H) cRM,
respectively. As we did with the position vector x, we partition
() =)
u= , V= ,
up v
corresponding to the nodes on the surface and in the bulk. Furthermore, the nodal values
of the semi-discrete normal velocity V}, = —SH), + avypun € Sp[x] are collected in the vector

V = (V;) € RM:
V= —,BH+ aur.
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C.3. Spatial semi-discretization with bulk—surface finite elements

We denote the domain-dependent bulk stiffness and mass matrices by Ag(x) € RV*N and
Mg (x) € RVXN respectively, and define them as

Mg (x)]i; = /Q beeste)

i,j=1,...,N. (C.3.19)
Mgl = [ Vel Vil
Qp (%)
We partition these matrices as
Aprp(x) ApQ(X))
A= = C.3.20
alx) <AQF(X) Aqqa(x) ( )
and similarly for Mg (x).
We denote the surface mass and stiffness matrices, (recall ¥; = y,p;, j =1,...,Nr), by
Mr(x)]i; = i ¥i[x] ;]x],
n(x) iji=1,..., Np. (C.3.21)
Ar(x)]i; = s ()Vrh[x]%[X] Vi, x5 %],
n(x

The discrete trace matrix, corresponding to the discrete trace operator =, is given by
v = (In, 0) € RNT*N,

where I, denotes the Nr x Nr identity matrix. For any nodal vector u € RY corresponding to
a finite element function uj, € V4[], the vector yu = ur € R is the nodal vector of the finite
element function y,up, € Sp[x], cf. (C.3.1).
Moreover, for a matrix and for an arbitrary dimension d, we use the notation
M (x) =1, oMp(x), Alf(x) =18 Ar(x), (C.3.22)

where I; € R%*? denotes the identity matrix, and ® denotes the Kronecker product of matrices.
If the dimension d is clear from the context, we will drop the superscript .
Finally, we define the tangential gradient matrix D(x) € R3V <Nt

D () 1t 1y v g = / GilX) (Y, pa s 2])e

(%)

fori,j=1,...,Np, £=1,2,3. Alternatively, this could be written as

D(x)= [Da(x)| with Dy} = / D,

where D, ¢b; denotes the {-th component of the discrete tangential gradient of ;.
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C. Evolving bulk—surface model of tumour growth

C.3.3.2. Matrix—vector formulation of the generalized Robin boundary value problem

We define the vector f,(x, H) € R by

L=~ [ b+ [ @@ S=1oN, (€339
Qp (X) Ty (X)

so that
f,(x, H) = —Mg(x)1 + v M (x)(8H + Q(x)),

where 1 € RY is the vector with all entries equal to 1 and Q(x) is the nodal vector of Q on

Tp(x), ie. Q(x) = (Q(z:)).
The discretized Robin boundary value problem (C.3.13) determines the nodal vector u € RV
as the solution of the linear system of equations

(AQ(X) + iy T AR (x)y + a’yTMp(x)7>u = f, (x, H). (C.3.24)

C.3.3.3. Matrix—vector formulation of forced mean curvature flow
The discrete velocity law (C.3.15) written in terms of the nodal vectors becomes simply
vi=Ven with V = —fH + avyu, (C.3.25)

where o denotes the componentwise product of vectors, i.e. (Ven); = Vjn; for V = (V;) € R
and n = (n;) € (R3)Nr. We define the functions f,(x,n) € R3"r and fy(x,n, V) € R by

fa(x, n)|j+(£—1)Np =p |Ah|2 (np)e slx],
Fh(x)

fulen V)= = [ 4PVl
Fh(x)

forj=1,...,Nrand £ =1,2,3.
The formulation of the semi-discretized forced mean curvature flow equations (C.3.14) then
leads to the matrix—vector formulation

ME’} (x)n + ﬁAE’] (x)n = f,(x,n) — aDr(x)vu, (C.3.26a)
Mr(x)H + BAr(x)H = f(x,n, —FH + ayu) + aAp(x)yu. (C.3.26b)
Without the coupling terms containing u or 1, these are the discrete equations studied in [Kovécs
et al., 2019] for the discretization of pure mean curvature flow.
C.3.3.4. Matrix—vector formulation of the harmonic velocity extension

In view of the partitioning (C.3.20), the matrix—vector formulation for the discrete harmonic
velocity extension (C.3.17) reads

AP (x)vg = —ABL(x)vr. (C.3.27)

In summary, the matrix—vector formulation of the bulk—surface finite element semi-discretization
of the coupled problem (C.2.7)—(C.2.9) is given by equations (C.3.24)—(C.3.27).
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C.3. Spatial semi-discretization with bulk—surface finite elements

C.3.3.5. Matrix—vector formulation of the coupled bulk—surface problem
In summary, with x = (xp;xq), v = (vr;vq), and
L(x) := Ag(x) + py " Ar(x)y + ayTMp(x)7, (C.3.28)

the full matrix—vector formulation of the bulk—surface finite element semi-discretization of the
coupled problem (C.2.7)—(C.2.9) thus reads as follows:

L(x)u= f,(x,H) (C.3.29a)

Mr(x)n + fAr(x)n = f,(x,n) — aDr(x)ur (C.3.29b)
Mr(x)H + fAr(x)H = fy(x,n, V) + aAp(x)ur (C.3.29¢)
V = —H + aur (C.3.29d)

vi=Ven (C.3.29)

Anq(x)va = —Aqr(x)vr (C.3.29f)

% =v. (C.3.29¢)

C.3.4. Error bounds

Our main result yields optimal-order error bounds for the finite element semi-discretization
using finite elements of polynomial degree k& > 2 under the assumption that the exact solution
is sufficiently regular. The following result will be proved in the course of this paper.

Theorem C.3.1. Consider the space discretization of Section C.3.2 of the coupled bulk—surface
problem (C.2.7)—(C.2.10), using evolving bulk—surface finite elements of polynomial degree k > 2.
Suppose that the problem admits an exact solution (X,v,n, H,u) that is sufficiently differentiable
on the time interval t € [0,T], and that for each t, the flow map X (-,t) is an embedding.

Then, there exists a constant hg > 0 such that for all mesh sizes h < hg the following error
bounds for the lifts (C.3.11) of the approzimate tissue pressure and the discrete boundary position
hold over the exact domain Q(t) = Q[X (-, t)] and ezxact surface T'(t) =T [X(-,t)] for0 <t <T:

lug (-5 8) = w0l .oy < ChP,
[k (- 8) — idpy e, ray < CRF,

where x¥ is defined in (C.3.12).
Furthermore, || X1 (-,t) — X0 a1 Qo,roys < ChF, and there are analogous error bounds for
velocity, normal vector and mean curvature:

1ok (- 8) = ()l g @.rays < CRY,
g (- 8) — n(- 1) || g1y < Ch*,
VHEC#) = H Ol o) < ChE.

The constant C is independent of h and t, but depends on bounds of higher derivatives of the
solution (u, X,v,n, H) and on the length T of the time interval.
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C. Evolving bulk—surface model of tumour growth

Theorem C.3.1 will be proved in the course of Sections C.4 and C.5, using also results from
the appendix (Section C.8). We note that Eyles et al. [2019] does not study well-posedness of
the original system, and we are also not aware of any well-posedness results for the coupled
problem either.

The observations after [Kovécs et al., 2019, Theorem 4.1] are valid for the present result.
These include, that in particular the error bound for the positions implies that the bulk—surface
mesh satisfies our admissibility assumptions on the meshes, which includes quasi-uniformity
and shape regularity. For more details we refer to the detailed discussion after Theorem 4.1 in
Kovécs et al. [2019].

C.4. Stability of the spatially discretized bulk—surface problem

In this section we prove stability of the semi-discretization of the coupled bulk—surface problem
in the sense that errors are bounded by defects in the semi-discrete equations in appropriate
norms. The precise result is stated in Proposition C.4.3 below. Its proof requires error bounds
for each of the three sub-problems (generalized Robin boundary value problem, forced mean
curvature flow, harmonic velocity extension) and their non-trivial coupling.

For ease of presentation we choose in the following the parameters

The general case just leads to different constants, as we will not study asymptotic limits as «
or B or p goes to zero or infinity.

C.4.1. Preparation: Estimates relating different mass and stiffness matrices

In the following stability proof, we use technical results relating different finite element domains,
which were proved in [Kovécs et al., 2017] for the surface mass and stiffness matrices and in
[Edelmann, 2022] for the bulk mass and stiffness matrices. We use the following setting.

Let x € R3V be a nodal vector defining the discrete domain €(x) with boundary I';(x).
We denote by xr € R3MT the nodes of x that lie on the boundary I';(x). For any nodal
vector u = (u;) € RY and w = (wj) € R with corresponding finite element functions
up = Z;VZI uj;[x] € Vy[x] and wy, = Z;V:FI w;jp;[x] € Sp[x], respectively, the mass and stiffness
matrices define norms on Qj,(x):

||u”§/lﬁ(x) = u'Mg(x)u = ”%H%%Qh(x)) 5
iAo = vt Aq(x)u = [Vunliz(q, )
and in the same way for the surface mass and stiffness matrices.
Let x,x* € R*" be two nodal vectors that define discrete domains Qj[x] and Qj[x*] with
boundaries I', (x) and I',[x*]. We denote the difference by e = x—x*. For 6 € [0, 1], we consider

the intermediate domain QY = Q[x* + fe] and the corresponding finite element function given
by

(C.4.1)

N
eZ:Z ejd;[x* + fe].
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C.4. Stability of the spatially discretized bulk—surface problem

In the same way, any vectors u € RV or w € RT define finite element functions uz € Vp[x* +0e]
and w{ € Sp[x* + e], respectively.

Lemma C.4.1. In the above setting, the following identities hold for any bulk nodal vectors
w,z € RN or surface nodal vectors w,z € RNT:

wl (MQ(X) — MQ(X*)>Z = /01 /QG wh (V- e9)z) do

wT(AQ(x) AQ(X*))Z_ / 1 th (Dﬂeeh)wh a9

WT<MF(X) z—/ / w) Vre ezl do
1-\0

WT<AF(X) Ar(x ))z_ /0 y Vrouf, - (Draeh>vrezh a6,

(C.4.2)

where we have Dy e = tr(E%)I3—(E?+(E%)T) with E = Ve € R*3 and Dro el = tr(GY) 13—
(G? + (GNT) with G = Vpee € R3*3,
Furthermore, for any w € R?’NF, z € RNT | the following identity holds:

w" (D(x) - D(x"))z = /01 /Fg (wf - Ve =) Vrg - €6 (C.4.3)

Proof. The formulae result from the Leibniz rule (transport formula). A proof of the first pair of
identities is found in [Edelmann, 2022, Lemma 5.1], for the second pair in [Kovécs et al., 2017,
Lemma 4.1]. The last identity follows from the third one. O

The following lemma combines Lemmas 4.2 and 4.3 of [Kovacs et al., 2017] and Lemmas 5.2
and 5.3 of [Edelmann, 2022].

Lemma C.4.2. In the above setting, suppose that
0
IVepll Lo (anx]) < 5 -

Then, for 0 < 0 < 1, the finite element functions u‘z = Z;VZI ujoj[x* + fe] on QZ and wz =
;V:FI w;pi[x* + Oe] on TY are bounded by

oy < eolflinry  I908sagap) < oIVl o
||U)ZHLP(F§L) < cpllwhll o o), Hvrzwzﬂm(rg) < &l Vrowh |l 1o ro). -
for 1 <p < oo, where ¢, < 0o is independent of 6 € [0,1] and of h.
If ||V, 1€l Loo () < < 1, using the lemma for wf = ef shows that
IVroehllporsy <5, 0<6<1, (C.4.5)
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C. Evolving bulk—surface model of tumour growth

and then Lemma C.4.2 with p = 2 and interchanging the roles of x* and x* + fe yield the
following:

The norms || - HMQ(X*we) are h-uniformly equivalent for 0 < 6 < 1, (C.46)
and so are the norms || - [, (x*+6e), | * IMrx*+6e)s ||+ | Ar(x*+6e)- o

Under the condition that e := vah[x*]62||,;oo(ph[xﬂ) < i, using (C.4.5) in Lemma C.4.1 and
applying the Cauchy—Schwarz inequality yields the bounds, with ¢ = cc3,

w (Mg (x) — Mg (x*))z < ce ||l ) 12l mg (x4 4T
W (Aq(x) — Ag(x))z < cz [[wlla, ) 2] ag (x)

and the analogous formulae for Mr and Ar. We will also use similar bounds where we use the
L> norm of z, or its gradient and the L? norm of the gradient of ey,.

Consider now a continuously differentiable function x: [0,7] — R3¥ that defines a finite
element domain Qp[x(t)] for every ¢t € [0,T], and assume that its time derivative v(t) = x(t) is
the nodal vector of a finite element function vy(+,t) that satisfies

IV )| ooy < K, 0<t<T. (C.4.8)

With e = x(t) — x(s) = ftv(r) dr, the bounds (C.4.7) then yield the following bounds, which

S

were first shown in [Dziuk et al., 2012, Lemma 4.1] for surfaces: for 0 < s,t < T with K|t—s| < i,
we have with C = cK

W (Ma(x(1)) = Mq(x(s)))z < C [t — s| [Wllnag ox) 12 vg (x(0)

(C.4.9)
W (Aq(x(t) — Ag(x(s)))z < Clt — 8] [[Wll aqxen 12l Ag (x)-

Letting s — t, this implies the bounds stated in [Kovécs et al., 2017, Lemma 4.6] for surfaces
and [Edelmann, 2022, Lemma 5.4] for domains:

w — Mg (x(t)z < C|W/lng () 12l Mg x()
(C.4.10)

w —A6(x(t)z < Cl|wlaqx@) 12l agx(t)

and analogously for surfaces. Patching together finitely many intervals over which K|t — s| < %,
we obtain the following:

The norms || - HMQ(x(t)) are h-uniformly equivalent for 0 < ¢ < T, (C.4.11)
and so are the norms || - || o x()) -

and analogously for surfaces.
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C.4. Stability of the spatially discretized bulk—surface problem

C.4.2. Defects and errors for the coupled system

We consider finite element functions xj, uj, vy = (vf,,v4 ), and wy = (nf, Hy), with cor-
responding nodal vectors u*, x*, v* = (vj;v§), and w = 7(n*;H*), which are suitable finite
element projections of the corresponding exact solution X, u, v = (vr,vq), and w = (n, H), res-
pectively. The precise definition of these interpolations and Ritz-type projections will be given
in Section C.5.2, where we will also prove that the obtained defects (i.e. consistency errors) are
O(h*) in the appropriate norms.

For each variable the corresponding error vector will be denoted by a subscript, e.g. for X
the error between the semi-discrete solution x and the finite element interpolation of the exact
solution x* is defined by

ex =x—Xx",

which collects the nodal values of the finite element function e,. The errors ey, en, ey, ey — and
the corresponding finite element functions — are defined analogously.

C.4.2.1. Error equation for the generalized Robin boundary value problem

The nodal vectors u*,x*, v*, n*, H* of the projected exact solution are inserted into the first
equation of the numerical scheme (C.3.29a) and yield the defect dy defined by

L(x*)u* = £, (x*, H*) + Mg (x")dy . (C.4.12)

Subtracting (C.4.12) from the first equation of (C.3.29), we obtain that the errors e, satisfy the
error equation

L(x)ey = (f,(x,H) — f,(x*, H"))
- (L(X) . L(X*))u* (C.4.13)
— Mg (x")dy, .

C.4.2.2. Error equations for the forced mean curvature flow

When the nodal vectors of the projected exact solutions u*, x*, v*, H*, n* are inserted into the
numerical scheme (C.3.29b)—(C.3.29d), they yield defects dy,dm and dy,. defined by

Mr(x*)n* + Ap(x*)n* = £,(x*,n*) — Dp(x*)yu* + Mr(x*)dy,
Mr(x*)H* + Ap(x*)H* = fy(x*,n*, —H* + u*) + Ap(x*)yu* + Mr(x*)dy ,
V' =-H"+u"
vi =V en* +dy,.

(C.4.14)

As before, we subtract (C.4.14) from (C.3.26a), (C.3.26b) and (C.3.25), and obtain that the
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C. Evolving bulk—surface model of tumour growth

errors e, and epy satisfy the error equations

— Dp(x*)yeq — (Dr(x) — Dp(x*))yu (C.4.15)
— MF(X )dn,
MF(X)éH + AF(X)eH = — (MF(X) — M[‘(X*))H*

— (Ap(x) — Ap(x*))H"

+ (fa(x,n, —H + yu) — fy(x*, n*, ~H* 4+ yu*))

+ Ar(x*)veq + (Ap(x) — Ap(x*))'yu (C.4.16)
— Mrp(x")dn,

and the error ey, is obtained from
ey, =Ven—V en" —dy,. (C.4.17)
Apart from the coupling terms with u included here, stable error propagation has been shown

in [Kovécs et al., 2019]. In the following we will therefore concentrate on the critical coupling
terms involving e, and u.

C.4.2.3. Error equations for the harmonic velocity extension

The interpolated exact solution v* = (vi;v{) satisfies the numerical scheme (C.3.29f) up to a
defect dy,, defined by

Aqo (X*)Va = —AQF(X*)VF + MQQ(X*)dVQ . (C.4.18)
Subtracting this equation from (C.3.27), we obtain the error equation
Aqa(x")ev, + Aar(x ey, = — (Aga(x) — Aga(x")) ev, — (Aqa(x) — Aga(x")) v

) _
— (Aar(x) — Agr(x7)) evy — (Agr(x) — Aar(x")) vr
— Maq(x*)dy,, -

With ey = (ey,;ey,) and dy = (0;dy,,), this equation simplifies to

(8 I%) Aq(x')ey = — (8 I(;) ((AQ(X) —Ag(x")) ey

+ (Ag(x) — Ag(x*)) v* (C.4.19)
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C.4.3. Stability bound

We bound the errors at time ¢ in terms of the defects up to time ¢ and the errors in the initial
values. The errors are bounded in the H' norms on the surface I' and, where relevant, in the
bulk 2. For a nodal vector e associated with a surface finite element function e € Sp[x], we
define with the symmetric positive definite matrix Kr(x) = Ar(x) + Mp(x)

||e||%(r(x) =e'Kr(x)e = ||€”§{1(rh(x)) )
and similarly for e associated with a bulk finite element function e € V}[x], we define with the
matrix Kg(x) = Ag(x) + Mg(x)

lell, o = e"Ka(x)e = lelZ .00
With the matrix L(x) = Aq(x) + vTAr(x)y + v Mr(x)v of (C.3.28) we set

2 T 2 2 2
||eHL(x) =e L(x)e ~ ”eHHl(Qh(x)) + ||7uhHH1(Fh(x)) = ||€”H1(Qh(x),rh(x))7

where the constant in the equivalence of norms (denoted above by the symbol ~) is independent

of h. To bound the defect d, we further need the following norm for a bulk nodal vector
d € R, which equals the dual norm for the corresponding finite element function d € V, [x]:

fQ X ngh
Il = Il 10,y = sup
0#0neV0[x] IPRILH Q) [x])

The following result provides the key stability estimate, which bounds the errors in terms of the
defects and the initial errors.

Proposition C.4.3. Assume that the reference finite element functions
$Z(, t)v U;kz('v t)’ UTL(v t)v HZ(v t)v n;kz('? t)

on the interpolated surface T'y[x*(t)] and bulk Qp[x*(t)] have W norms that are bounded
independently of h, uniformly for all t € [0,T]. Let

5= max (du(t) vty + Ity ey + 1m0
<t< (C.4.20)
Il (8) vt e @) + v () e e ) + Iy D)
be a bound of the defects and
e’ = llen(0) Ik, (x0) + llen(0) |k, (x0) (C.4.21)
be a bound of the errors of the initial values. If the defects and initial errors are bounded by
3
5 +%<ch®  for some K with 5 <K <k, (C.4.22)

then there exists h > 0 such that the following stability bound holds for allh < h and 0 <t < T':

lew(®)|lLix 1)) + llex(t) L)) + llev ()l @)
+ ller (6) k. oer 1)) + len () lkp ey < C(6 +€°),
where C' is independent of h and t, but depends on the final time T.

(C.4.23)
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C.4.4. Proof of Proposition C.4.3
C.4.4.1. Preliminaries

Let t* < T be the maximal time such that the following inequalities hold true:

ez (5 ) llw. o0 ([ (1)) = p(r=3/2)/2

lew (s )llw @ -y < A2

lew(, Ollwro@uper oy < BE722 0 for e (0,17). (C.4.24)
||en('7t)||W1 oo Fh[X*( )D S h("{_l)/2

We first prove the stated error bounds for 0 < ¢t < ¢*. At the end of the proof we will show that
t* actually coincides with T

Since the reference finite element functions xj(-,t), vy (-,t), uy(-,t) and H;(-,t), nj(-,t) on
the interpolated bulk §2;,[x*(¢)] and surface T',[x*(t)], respectively, have W norms that are
bounded independently of h for all ¢ € [0,7], the bounds (C.4.24) together with Lemma C.4.2
imply that the W1 norms of the bulk-surface finite element functions (-, 1), va(-,t), un(-,t)
and Hy,(-,t), np(-,t) on 2,[x(t)] and I'y[x(t)], respectively, are also bounded independently of h
and t € [0,t*], and so are their lifts to 2, [x*(¢)] and T'[x*(¢)].

The estimate on the position errors e, in (C.4.24) and the W* bound on v;, immediately
imply that the results of Section C.4.1 apply. In particular, due to the bounds in (C.4.24) (for a
sufficiently small h < hg), the main condition of Lemma C.4.2 and also (C.4.5) are satisfied (with
ez = ). Hence the h-uniform norm equivalences and estimates in (C.4.7) hold between the
surfaces defined by x and x*. Similarly, again due to (C.4.24), the bound (C.4.8) also holds, and
hence the estimates in (C.4.9), (C.4.10) and the h-uniform norm equivalences in time (C.4.11)
also hold.

In the following, ¢ and C' denote generic constants that take different values on different
occurrences. In contrast, constants with a subscript (such as ¢y) will play a distinctive role in
the proof and will not change their value between appearances.

C.4.4.2. Error bound for the generalized Robin boundary value problem

We test (C.4.13) with e, and obtain

eEL(X)eu = eE (fu(x,H) — £, (x*, H*))

— e (L(x) — L(x*))u* (C.4.25)
— eEMQ(x*)du .

We begin with estimating the first term on the right-hand side. We introduce finite element
functions on the intermediate surface I') = T'[x?] with x? = x* + fex (0 < 6 < 1) that are
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C.4. Stability of the spatially discretized bulk—surface problem

defined by

Nr

Hj = (Hf +0(H; — H}))pi[x" + fey],
i=1
Nr

Qh =D _(QF +0(Qi — Q))pilx" + ey,

=1

where )7 and @); are the values of the source term @ at x} and x;, respectively. Their nodal
vectors are denoted H? = (HY) and Q% = (QY). We let €2 be the finite element function on
29 = 2[x%) with nodal vector ey, and we set e, = €, for later use. We then have

dé

! d < / 0 / 0 0 0
= — | - €y T e,(Hp +Q )d@.
| @ [ [ e+ Q)

By the Leibniz formula and using that 9 ez = 0 by the transport property, this becomes

I:/Ol<—/gieﬁ(v-ei)+/w

h

cpeny [ d
I:= eg(fu(x, H) - f,(x*,H*)) = /0 —(egfu(xe’H(?)) do

OH] + QY- ¢) + /

oy + a;@i))de,
I

h

which we bound with the Cauchy—Schwarz inequality, noting further that 85Hfl = e?{ and
5%, = &

1
I< /0 (HeZ”L?(QZ) V- 63:||L2(Qg) + ”ezHL?(rg) |Hj + Q?LHLOO(FZ) V- ez”LQ(Fi)
el (I + eBllaqgy) ) o

By Lemma C.4.2 and condition (C.4.24), which yields that H,f is bounded in the maximum
norm by a constant independent of i and @, this integral can be further bounded by

I < leullr2(o, ) llexll @, xo) + cllewll L2, xe) <||€I||H1(F;L[x*}) + [ler + eQ”LQ(Fh[x*]))'

The second term (denoted II) on the right-hand side of (C.4.25) can be estimated with
Lemma C.4.1. We obtain

IT < cllewll g, x,0n ) €zl i@ e, o)) 1 T toe (@, o], 0) -

Finally, we have

IT] = —eTMp(x*)dy = /Q ot S lleulzone Il
Rx*
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C. Evolving bulk—surface model of tumour growth

so that altogether
leullLeey = leull i@, xe,0 )
< C(Hea&”Hl(Qh[x*]Ih[x*]) + ller + eqll 2, ) + HduHL2(Qh[x*])>
= c(llexlluoer) + ller + eqlir o)) + ldullvtg ) )
Using that [leql|y(x+)) < cllexllmyx+)) < cllex||Lx+), this becomes
leullLx) < C<||eX||L(x*) + [len| vy (x+)) + Hdu||MQ(x*)>- (C.4.26)
In addition to this bound of e,, we also need a bound for its material time derivative 9%e,,.

To this end we differentiate the error equation (C.4.13) with respect to time and test with €é,.
Using the same arguments as in bounding e, before, together with the bound [[éql|n (x+) <

C(HeXHMF(x*) + HeerMF(x*)), we find

leullLee) < C(HeUHL(x*) + llexllLee + llevlLee

_ (C.4.27)
Fllenlmy ey + lerllvp ) + ldullvg () + ”duHMQ(x*))‘
C.4.4.3. Error bound for the forced mean curvature flow
We test the error equation (C.4.16) for eg with ég. On the left-hand side we obtain
T : - T (]2 1d 2 L prd
eaMr(x)én + epAr(x)en = [enly o + 5 g lenlaw — 5 em <5A(X)>GH-

On the right-hand side, the resulting terms that do not depend on w are estimated in exactly
the same way as in [Kovécs et al., 2019, Section 7], and for the extra terms we estimate as
follows. The most critical term is éf;Ar(x*)vey, whose direct estimation with the Cauchy—
Schwarz inequality would contain the Apr(x*)-norm of e, which cannot be suitably bounded.
Instead we rewrite

ARG e = i (ehAr (76, - o (AT )76 - e Ar(x)ve.

For the last term with &4, after bounding via the Cauchy—Schwarz inequality and Young’s
inequality with a small p > 0,
e Ar(x*)veu < [lenl|ap ) Ivéull ar )

< Jler ko) 1€l < 307 lerlli ey + 5201€ullf )

we use the bound (C.4.27) for ||éy[/px+). We note that only the Mr-norm of éy appears in
this bound, and HéHH%/IF (x+) times a small constant factor can be absorbed in the corresponding
term on the left-hand side, since the Mp-norms at x and x* are equivalent uniformly in h.
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The term ef; (Ar(x) — Ar(x*))~u is of the same type as ef; (Ar(x) — Ap(x*))H*, which was
estimated in [Kovdacs et al., 2019, after (7.27)]. Here, the same proof and the use of condition
(C.4.24) for u = u* + e, yield the bound

éﬂ (Ap (x) — Ap (X*))'yu

d :
< — (eh(Ar(0 = Ar(x)yu) + ¢ lenllaree) (lexlirie) + levli i)-

Q.
~

Proceeding as in [Kovécs et al., 2019, after (7.30)], which includes an integration in time, we
obtain a bound for eq, cf. [Kovécs et al., 2019, (7.33)],

t
ler (1) 15y (- 1)) < C/O (Hex(S)H%(x*(s)) + llevr ()5 (x(s))

+ llen ()1 (e o)) + lem(s) Iy e ) 8
+ e llex(®) i1y + € ler(0) I, x-(0)) (C.4.28)

t
2 2
o [ (106 R e+ 1) Rt

1 () g e ) ) 45

Testing the error equation (C.4.15) for e, with é,, we obtain in the same way, but now with
terms that can be directly estimated, the bound for ey,

t
llen ()15 (s (1)) < C/O (Hex(s)”%(x*(s)) + llevr (9) & e (s))
1 len(s) e oo+ lem(3) ey e o ) 05
+ llex (Ol e 1)) + € len(0) I e o))

t
¢ (1) R ey + 1909 R o )

Noting V' = —H + u and using Lemma 5.3 of [Kovécs et al., 2021] in (C.4.17) in the same way
as in deriving the velocity error bound (5.44) of [Kovécs et al., 2021], we obtain the following
error bound for the boundary velocity:

(C.4.29)

leve (Dl t) < C(Heu(t)HKr(x*(t)) + [lerm (t) ke (x=()) + ”en(t)”Kr(x*(t)))
+ lldvr () llkr (x= (1)) - (C.4.30)

We have éx = e, and ex(0) = 0, and hence

lexe (O)llkce e 1) / lewe () e o) (C.431)
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C.4.4.4. Error bound for the discrete harmonic velocity extension

The error equation (C.4.19) is the matrix—vector formulation of a discretized Dirichlet problem:
Given e, € Sp[x*], find e, € V,[x*] with yxe, = ey such that

/ Ve, - Vo = §(en) for all 5, € VP[x*], (C.4.32)
Qh[x*}
where f denotes the linear form on VJ[x*] that maps ¢}, € VP [x*] with nodal vector ¢ to
flon) = — @' (Ag(x) — Ag(x")) ey
— 0" (Ag(x) — Ag(x") V' (C.4.33)

— T Mg (x*)dy.
Proposition C.8.1 (concerning the Dirichlet data e,,.) and standard finite element theory (con-
cerning the functional f) give us the bound
||€v”H1(Qh[x*]) < ||fHH}:1(Qh[x*]) + ||€vr||H1/2(rh[x*]) ) (C.4.34)
where

f(n)
Wl @nben =, S oo
B @bl o eevoien) 1onllar(a, e

We estimate the three terms of (C.4.33) separately. The steps are analogous to previous estimates
based on Section C.4.1.

(i) For the first term we have, for sufficiently small h, using condition (C.4.24),

@' (Ag(x) — Ag(x)) ev < cllonll o, x I Vel Lo e 1wl m @ o)
é Ch(l{—3/2)/2

_ o pli3/2)/2

lenll ez e lewll 71 @ 1x))
lonll e (@ e lev kg () -
(ii) For the second term we obtain
" (Ag(x) — Ag(x")) v < cllonll e IVl 20 e 105 w00 (60, e -
(iii) The third term is bounded by
@ Mg (x*)dy < [lonll 1@, pe vl
Combining these estimates yields

It ety < € (B2 ley licqer) + lexllager) + ldvles )

For h < hg sufficiently small we can absorb the error e, and insert the above estimate for § in
(C.4.34) to obtain

levlixgexr) < ¢ (leve i) + lexllagee) + lldvllex) - (C.4.35)

We have éx = ey and ex(0) = 0, and hence

t
lex (D)1 (x+ (1)) S/O llev(s)llkq (x+(s)) ds- (C.4.36)
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C.4.4.5. Combining the error bounds

By now we have the coupled inequalities (C.4.26), (C.4.28) and (C.4.29), (C.4.30) and (C.4.31),
(C.4.35) and (C.4.36) for the error vectors ey, e and en, ey, and ex,., ey and ey, respectively.

Combining the bounds (C.4.31) and (C.4.36) for ey, inserting the bounds (C.4.30) and (C.4.35)
for ey, and e, and noting that HexH%(x*) = HexHir(x*) + HexH%{Q(x*), we obtain after using the
Gronwall inequality to get rid of the term [|ex||r,x+) under the integral,

t
llex(t) lnx 1)) < C/O (Heu(s)HKp(x*(s)) + [ler (s) lkp (x+(s)) + Hen(S)HKr(x*(s))>dS

t
o [ (1 () ey + 14 (9 e . (.37

Inserting this bound into (C.4.26) and using the Gronwall inequality to get rid of the term
leullr,(x=) under the integral yields

t
lew(®)lLee () < C/o (st (5) e ey + llem ()l ) s
+ cller () v (= (1)) + € lldu(t)lIvg (x* 6)) (C.4.38)

t
+ C/O <HdVF(3)HKp(x*(s)) + Hdv(s)”*,x*(s))ds‘

Inserting (C.4.30), (C.4.37) and (C.4.38) into (C.4.28) yields

t
ller (8) 1y (e (1)) < C/O (HeH(S)H%{F(x*(s)) + Hel‘l(s)H%{p(x*(s)))ds + ¢ [ler(0) |15, (x- (o))
t
+e / (1) g o + () R ey + 1) g e o) (C43)

ey () g e o+ 1y (5) 12 ) ds:

Similarly, inserting (C.4.37) and (C.4.30) into (C.4.29) yields

t
||en(t)||%{p(x*(t)) B C/o (HeH(S)H%{F(x*(s)) + ||en(5)”%(p(x*(s)) + HeQ(S)Hi/IF(x*(s)))dS

t
2 2 C.4.40
o [ (1006 R e+ 10(5) Rt (C-4.40)

v () e ey + v ()12 e ) s
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Summing up (C.4.39) and (C.4.40) and using the Gronwall inequality thus yields

lert (D)5 e () + len(®) 1 e

< ¢(llest ()l e o) + len(0)lep - o))
t ) ) ) (C.4.41)
+ C/O e (8) g = (5)) + 1 n () 7y (e () + N1 ul(S)Iva, (e (s)

+ Hdu(S)H%\/IQ(x*(S)) + ”dVF (S)H%{p(x*(s)) + Hd ( )H* X*(8) )

Inserting this bound first into (C.4.38), then both into (C.4.37) and finally that bound into
(C.4.30) and (C.4.35) yields the stated stability bound (C.4.23) on the interval [0, t*].

It remains to show that ¢t* = T if h is sufficiently small. We use the assumed defect bounds
to obtain error bounds of order x:

llex(t)lnx= ) + llev (O llue= @) + lea® @) + lem®)lkp o= @) + lent) ko= @) < Ch".

By the inverse inequality [Brenner and Scott, 2008, Theorem 4.5.11], we then have for ¢ € [0, t*]

lex () lwoe (1)) + v D llwroe (@uer o)) + [1€w(s ) lwee (@, x(6))
< ch ™2 ([lex(®) e ) + llev(B)llnge o)) + lea®) lupe ) < cOR™32 < Jal=/2/2

and

llea () llwroe @y o)+ llen D)ooy, e o)
= Ch_l(HeH(t)HKr(x*(t)) + ||en(t)||KF(x*(t))) <cChi 1l < %h(”_l)m

for sufficiently small h. Hence we can extend the bounds (C.4.24) beyond ¢*, which contradicts
the maximality of t* unless t* = T. Therefore, we have the stability bound (C.4.23) on the
whole interval [0, T7]. O

C.4.5. Why not for the original Eyles—King—Styles model?

We cannot prove stability of the numerical method in the case p = 0, which corresponds to
the model originally proposed in [Eyles et al., 2019]. The difficulty is caused by the term
(L(x) — L(x*))u* in the error equation (C.4.13) for ey, which in particular contains (Ag(x) —
Ag(x*))u*. We see no way to bound the L?(2;[x*]) norm (or the H~'/2 norm) of the finite
element function with this nodal vector in terms of the H'(€Q[x*], T;[x*]) norm of the position
error e,. If such a bound had been available, then a result similar to Proposition C.8.3 (with an
additional H~'/2(Q) forcing term in the bulk) would have allowed us to control the H' (' [x*])
norm of the error function e,, as is crucially required in the above proof. As Subsection C.4.4.2
shows, this obstacle does not appear with the generalized Robin boundary condition, for which
the H(T',[x*]) norm of the error function e, can be controlled directly by energy estimates.
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C.5. Consistency

In this section we prove that the initial values and the defects appearing in the stability bound
of Proposition C.4.3 are indeed bounded as O(hk) in the appropriate norms that appear in the
stability result. The defect estimates follow the ideas of [Dziuk and Elliott, 2013a, Kovécs et al.,
2017, Kovécs et al., 2019, 2020].

C.5.1. Finite element projections of the exact solution
C.5.1.1. Interpolations and their errors

The Lagrange interpolation operator on the boundary is denoted by [ ,I; = (:f ,I; )¢, and similarly
the Lagrange interpolation operator in the bulk is denoted by I,? = (T,?)[
functions both interpolations are defined componentwise.

The vectors x* collect the nodal values of the interpolation of the exact solution X, i.e. of
Xp(t) = f}?X(-, t) € V,[xY3 |, with its lift I;, X = (f,?X)g being a function on the exact domain
and its boundary.

We recall that the interpolation operators satisfy the error bounds, cf. [Elliott and Ranner,
2013, Demlow, 2009, Elliott and Ranner, 2021], for any w € H*+1(Q) and any z € H**(T"), for
1<j<kandh< hyg,

For vector valued

lw — Iwl 2 () + hllw — Liwl oy < b |wl i), (©51)
Iz = I, 2l 2y + Bllz = Ty 2l ey < 2] e -

C.5.1.2. Denoting bilinear forms

We briefly introduce a short yet general notation for bilinear forms on continuous and discrete
domains. Let x denote any of the domains ,I" or their interpolations Q7 ,I';, then we define
the following bilinear forms, for any w, ¢ in the appropriate space,

my(w, ) Z/wso and a*(w,sO):/V*w-V*w,
* *

i.e. the (semi-)inner products on L?(x) and H'(x), respectively.
For brevity we further introduce the notation ax = a, + m, for the H 1(*)—scalar product on
a continuous or discrete domain x € {Q,I', Q7 '} }.

C.5.1.3. A generalized surface Ritz map

Recall that €2} is the interpolation of the exact domain Q[X|, whose boundary 92} is the nodal
interpolation of the boundary I'[X], i.e. we have the relations Q} := Qj[x*] where x* collects
the nodes of f}?X, and I’y :=T'[x}] = 09} (depending only on the nodes xj. of f};X)

We will now define a few different (generalized) Ritz maps, which will play a crucial role in
the consistency analysis. Note that since the bulk and the surface are time dependent, all these
Ritz maps are depending on time as well, hence, for instance, they do not commute with time
derivatives.
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We start by defining a Ritz map on the boundary, cf. [Kovéacs, 2018, Section 6], which will
be used for the geometric variables n and H determining the nodal values of the vectors n* and
H*. For any w € HY(I'[X]) we first determine R} w € Sp,[x*] such that, for all ¢p, € Sp[x*],

ars (Ryw, gn) = ar(w, (¢n)"), (C.5.2)

and then defining the Ritz map via the lift R} w = (ng)f . For vector valued functions the Ritz
map is defined componentwise.

The above Ritz map Rg satisfies the error estimates, see [Kovacs, 2018, Theorem 6.3-6.4], for
any w € H**1(I") and for 1 < j < k and h < hy,

lw — Rpw||r2(ry + hllw — Rywl gy < ch? T wl] oy, €53
10°(w — Ryw)||z2(ry + h)|0°(w — Ryw)| gy < ch? ™! <||wHHJ'+1(F) + Ha.wHHHl(F)>- -

C.5.1.4. A generalized bulk Ritz map

With the use of the interpolated bulk Qf = I X, its boundary I'; = I} X, and the above defined
boundary interpolation operators and the surface Ritz map (C.5.2) we will define a new bulk
Ritz map.

The new bulk Ritz map will be defined via a Poisson problem with inhomogeneous Dirichlet
boundary conditions using the Ritz map fig as boundary data. Using such a Ritz map, with
the appropriate boundary data (i.e. the boundary Ritz map of the trace), allows us to decouple
certain bulk and surface terms during the consistency analysis.

For any w € HY(Q;T) we define the bulk Ritz map ﬁgitzw such that it solves the following
inhomogeneous Dirichlet problem using the surface Ritz map ﬁg(fyw) as Dirichlet boundary
values, for any ¢, € VP[x*],

dﬂ; (Esitzwv (ph) = ELQ(TU, @fL)? (C 5 4)
YR w = Ry (yw).

As before, we set RR%w = (RR#)t.
The following error estimates hold for the bulk Ritz map (C.5.4).

Lemma C.5.1. For the bulk Ritz map defined by (C.5.4) we have the following bulk—surface
error estimates. Using finite elements of polynomial degree at most k, for any w € H*1(Q;T),
and for j <k and h < hg, we have

lw = REw| 2 qury + hllw — R w| g o,y < b’ w]| i o

108 (w — R, w)|| 2 (1) + hll08(w — Ryw)l iy < ch?H (HwHHHl(Q;F) + Ha.wHHﬂ'H(Q;F))-
(C.5.5)

Proof. The proof is a technical adaptation of [Elliott and Ranner, 2021, Lemma 3.8 and 3.10]
(handling the Dirichlet boundary data by the harmonic extension operator and its properties)
in the setting [Elliott and Ranner, 2021, Section 8] (in particular note Lemma 8.24 therein). [
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C.5.1.5. Stability of finite element projections

The above finite element projection errors directly imply the stability bounds, for Z,, = I3}, T ,1;
and P, = R}, RV with h < hy,

[Znvlls < (L4 ch)lvllgz and [[Prollgs < cljo]la, (C.5.6)

where the norm || - ||7; denotes the suitable H’/-norm in the correct domain corresponding to
the projection.

C.5.2. The chosen finite element projections of the exact solution

We now define the suitable finite element projections:

;= I X,
up = R, therefore viul = R} (yu), s
vE = (v, vh ) = T therefore suk =k, = I () (C57)
h T,k YO,k rU, YnVh T,h rn\Y0),

wh, = (u},, Hy) = (Bjn, R} H).
With these choices the error estimate for the initial data (C.4.21) directly follows.

C.5.3. Consistency estimates for the coupled bulk—surface system

We will estimate the consistency errors (C.4.20) of the coupled system using the general strategy
given below, which follows the ideas of [Dziuk and Elliott, 2013a, Kovécs et al., 2017, Kovécs
et al., 2019, 2020, Edelmann, 2022].

The L? (either L*(£2}) or L?(I'})) norm of a defect dj, is given by

d
ldilly = sup T en)
" 0#pnel? HSOhHLg

We then estimate the scalar product using the following approach (see the above references
as well):

(a) We first subtract the weak formulation of the continuous sub-problems from the cor-
responding defect equation from Section C.4.2 (given there in a matrix—vector form).
Therefore the defect is rewritten as the sum of pairs comparing discrete and continuous
objects.

(b) Crucial pairs will vanish using the definitions of the Ritz maps (C.5.2) and (C.5.4).

(c) We estimate the remaining pairs separately, using the following strategy: We add and
subtract a suitable term, and then use the geometric approximation errors for the bilinear
forms, see [Dziuk and Elliott, 2013al, [Kovéacs, 2018, Lemma 5.6, [Elliott and Ranner,
2021, Lemma 10.3] and apply the stability bounds (C.5.6) and the error bounds for the
finite element projections (C.5.5), (C.5.3).
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In the defect estimates below we will clearly indicate these steps.
As in the stability analysis, without loss of generality, we will again set the parameters

C.5.3.1. Consistency estimates for the Robin boundary value problem

(a) Recalling that uj = éﬁmu, and by subtracting the weak formulation (C.2.11) with ¢* =
()¢ from (the abstract formulation of) the semi-discrete Robin problem (C.4.12), we obtain
the following representations of the defect d:

me, (du, 0}) = ag, (uh, ¢h) — an(u, (¢})°)

+ (arh (viup, ¢p) — ar(yu, (SO%)Z))
o ! (C.5.8)
+ (e, (mg o) — mr (s, ()

- (Tt ~ i)
( )

for which we recall the definition of the (bi)linear forms aq, ar, mpr, and f as well as their
semi-discrete counterparts aq, , ar,,, mr,, and §; (note that the definition of semi-discrete linear
form f; contains the approximations @)} = I hQ and H} = RFH ).

(b) We start by analysing the first two pairs in d,,.

For the first two pairs, using the definition of the continuous and discrete bilinear forms agq
and ag,, ar and ar,, and the definition of uj = RthZ (C.5.4) together with the definition for

its trace yyuy = fy;'fLR?tzu = RZ(’}/U) via (C.5.2), we directly compute

(a0 (i h) = anu, (6))) + (ar, (i, k) — ar(ru, (91)))
= (a0, (i o) — anu. (1)) + (ar, Giui, o) - ar(yu, (1))
— (ma, (b 1) = mau, (1)) = (e, Gt o8) = mr(yu, (01 ).

Crucially, only the last two pairs remain here as the first two pairs vanish, by the definition
of the bulk Ritz map u; = E,Ffitzu, see (C.5.4), in combination with the definition (C.5.2) and
observing the proper choice of boundary condition vyju; = ’y;‘LEEitZu = fig(yu) in (C.5.4).

(c¢) The remaining pairs in d,, are therefore

ma, (dus o1) = = (ma, (s k) — ma(u, (64)"))

7huh7 Soh) mr(’yuv (SDT}LL)K)

N—— ——

- (e
+ (mr 'yhuh, QOh) mF(Vua (902)8)
= (e — (o).
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C.5. Consistency

The first three pairs with the L2-bilinear forms are estimated, using the error estimates (C.5.3)
and the stability bound (C.5.6) for the Ritz map, and the bulk geometric approximation errors
[Elliott and Ranner, 2021, Lemma 8.24], as

ma, (uf, @) — ma(u, (gh)") = ma, (R, o) — ma (R u, (9})") + ma (R u — u, (¢})")
< ehF T |ull gy 1 (05l 22(0) -

The two similar terms are estimated analogously (now using [Kovéacs, 2018, Lemma 5.6]), as
O( hk-ﬁ-l)‘

For the last pair, we will recall that the inhomogeneity @} is the interpolation I, »@Q and Hp
is the surface Ritz map E};H We then estimate, using the error estimates (C.5.1), (C.5.3), the
stability bounds (C.5.6), and the geometric approximation errors [Kovéacs, 2018, Lemma 5.6]
and [Elliott and Ranner, 2021, Lemma 8.24], as

Fi(eh) = 1(#h)) = ma(L, (¥})) —ma, (L, ¢})
+mr, (@, yheh) — mr(Q.7(¢h)")
+ (mr, (Hi k) — me(H, () )
< A (1QU s oy + IH g ) ) (i) s s
Altogether we obtain the following defect bounds in the discrete dual norm:
dullL2(p) = O(W*FY).

By differentiating (C.5.8) in time, and using similar arguments as above — analogously to
[Kovécs et al., 2021, Section 6] — yields the consistency bound

ldullL2(0s) = O(AFFY).

C.5.3.2. Consistency estimates for the forced mean curvature flow

The defects d,, and d in the forced mean curvature flow are estimated using the steps (a), (b),
and (c), exactly as in [Kovédcs et al., 2019, 2020], heavily relying on the the proper choice of
boundary conditions in the definition of Rﬁitz, ie.

Vhun = B = Ry, (yu).
The defect in the velocity d,, is directly estimated, using [Kovécs et al., 2021, Lemma 5.3] and
the interpolation error estimate on I' (C.5.1) for v = I} (yv), as

7T * % 0 —
el oy < ellhve =0l ey + 100 (Vi mi) = Vo™ oy
T
< ¥yl gre ey + Vi, = LV Iyl g en) + 2R (IV iy + Il i o)) -

The middle term here is estimated further as O(h¥), recalling that V;* = —f{gH + 'yhﬁﬁitzu
and using multiple triangle inequalities, together with the approximation properties of the Ritz
maps and the surface interpolation.

Altogether we proved the following defect bounds:

ldnllL2(rs) = O(h"*), ldallL2@rs) = O(h**1), and [ dor | 1ry) = O(h").
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C. Evolving bulk—surface model of tumour growth

C.5.3.3. Consistency estimates for the harmonic velocity extension

Recalling that we have set vy = I ,?1) hence yjvy = vp, = j}; (yv), which has nodal values

v = (vf, VE)T € RN with v[ given as the nodal values of the surface interpolation.

In order to derive an expression for the defect in the velocity in 2, we translate (C.4.18) to
the semi-discrete functional analytic setting, and obtain that d, satisfies the equation, for the
given vy = Iﬁv and for any ¢} € V o[x]?,

ag: (I}v, @h) = mo: (dy, 9}).-

Subtracting the equivalent weak formulation of the harmonic extension (C.2.13) from the

above equation, setting ¥ = (¢%)¢ € HE ()3, yields

may (dv, @}) = ag; (I}v, &}) — an(v, (#})").

By similar arguments as above we obtain

may, (dv, 0) = agy (Iv, o) — aa(v, (})") < ch®||vl| e o) |7l 1.0 -

using the bulk interpolation error estimate (C.5.1).
Altogether we proved the defect bound

||dv||H;1(Q}*1) = O(hk)-

C.6. Proof of Theorem C.3.1

The errors for all variables X, u, v, n, and H are decomposed using either interpolations or
the appropriate Ritz maps, see (C.5.7), and using the definition of the composed lift * from
Section C.3.1.1. As an example, for the flow map X we have

XE-X=(X) - X = (X, - X)) + (XD - X),

the other functions are treated similarly.

The projections errors (cf. second term) are bounded in the (appropriate) H' norm by Ch¥,
using interpolation or Ritz map error estimates.

For the errors between the numerical solution and the projections (cf. first term), we use the
stability estimate of Proposition C.4.3 together with the defect bounds shown in Section C.5 to
obtain

leallnoe + lexlloe + llevlinee) + ler i e + lenle ey < ChE.

By the equivalence of norms shown in [Dziuk, 1988, Lemma 3] and by the definition of discrete
norms, we have

v Y4 v *
1(Xn — X5) Nl opxoprixep < ellXn — Xpllm @ xonr o) = cllex)inee

and similarly for the other errors. This proves the result. O
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C.7. Numerical experiments

C.7. Numerical experiments

We performed numerical simulations and experiments for the coupled bulk—surface system
(C.2.7)—(C.2.10) using its matrix—vector formulation (C.3.29) and linearly implicit BDF time
discretizations, see the next Section C.7.1:

e We performed convergence experiments involving an example with radially symmetric
exact solutions, and report on the convergence rates to illustrate the theoretical results
of Theorem C.3.1. The same test example was used in [Eyles et al., 2019, Section 6.4.1].
Note that the parameter a here equals to 1/« in [Eyles et al., 2019].

e We performed some numerical experiments from [Eyles et al., 2019, Section 6.4.3]: choosing
the same parameters « and 3, as well as using the three-dimensional analogues of the initial
domain.

e We performed a numerical experiment which compares the numerical solution for various
regularization parameters (4 = 0, 0.01, 0.1, and 1).

The numerical experiments use quadratic evolving bulk—surface finite elements, for compu-
ting the finite element expressions quadratures of sufficiently high order were employed, such
that their errors are negligible compared to discretisation errors. The parametrization of the
quadratic elements was inspired by [Bartels et al., 2006]. The initial meshes were all generated
using DistMesh [Persson and Strang, 2004], without taking advantage of any symmetry of the
surface.

C.7.1. Linearly implicit full discretization

For the time discretization, we use a g-step linearly implicit backward difference formula with
q < 6. For a step size 7 > 0, t, = nT < T, we introduce for n > ¢ the discrete time derivative

7=0
and the extrapolated value
q—1
q" = Z,yjun—l—]
§=0
The coefficients are given by the relations d(¢) = > 1_, 5;¢0 =31, 11— )" and v(¢) =

S927i¢7 = (1= (1= ¢)9)/¢, respectively.
We compute approximations u” to wu(t,), p" to p(t,) etc. by the linearly implicit BDF
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C. Evolving bulk—surface model of tumour growth

discretization

(Ag®") + 7" (LAr(F") + aMp (X)) u” = £, (X", H")
M EMa" + AR (X")n" = £,(x", 7", H") — aDr(X")u”,
Mrp(X")H" + BAR(XH" = £, (X", 0", H", 0") + aAr(X")u”.
V"= —-gH" + au”" (C.7.1)
V? =V"en"
—Aqa(X)VE = Agr(X™) v

x'=v".

C.7.2. Convergence experiments using radially-symmetric solutions
C.7.2.1. Constructing the radially-symmetric solutions in R™*!

We consider radially-symmetric solutions to the coupled bulk-surface problem (C.2.7)-(C.2.10)
with ¢ = 0 and a time-independent constant inhomogeneity ). For curves in two dimensions the
identical exact solutions were constructed and used in [Eyles et al., 2019, Section 6.4.1]. (Note
that the parameter « here equals to 1/a in [Eyles et al., 2019]). For later reference we performed
these computations in m-dimensional surfaces in R™*!, and will report on experiments in R3.
We recall that the surface normal and mean curvature on a sphere I'(t) of radius R(t) are

given by

n:% and H:%.

(a) Let us first construct the radially-symmetric solution of the Robin problem (C.2.7) with
=0 (i.e. equation (C.2.3)).

Recall that in R™*+! the Laplace-Beltrami operator for a radially-symmetric function w is
given by

1
Au = —mﬁr (rm&nu).
r
Therefore,

u=u(r)= +co

2(m+1)

satisfies the bulk equation (C.2.3a), i.e. —Au = —1.
Now we need to determine the constant ¢y such that the Robin boundary condition (C.2.3b)
holds. Recall that in R™*! the gradient of a radially-symmetric function u is given by

Vu = 0,ut,

where 7 is the unit vector corresponding to the radial coordinate. We note here that on the
sphere T'(t) we have 7 = n.
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C.7. Numerical experiments

We now plug in the solution into the boundary condition (C.2.3b) of the Robin problem, and
compute on I'()

, 2
Q+pH = (&«(ﬁ +CO> TA’)‘R(t) 'Ha(m +CO)‘R“)

R(t) R(t)®
m+ 1 +a<2(m—i—1)

+ Co) .
Upon plugging in H = m/R(t) and rearranging, we obtain

! m R(t) R(t)?
coa<Q+6R(t) - m+1> T 2mt 1)

and hence the radially-symmetric solution of the Robin problem is given by

r? 1 m R(t) R(t)?
) = u(r,t) = - - — . C.7.2
u(@,t) = u(r?) 2(m+1)+a<Q+ﬁR(t) m—|—1> 2(m+1) (C.7.2)
(b) We will now formulate the ODE governing the surface evolution and determine its solution.
~We start by recalling that X (2°,t) = R(t)zo (with z° on the unit sphere) which satisfies
X =vo X, where
v=Vn= (—BH —|—au) n,

where the normal velocity, by the above computations, is given by

V= - /3% +au(R(t),t) = Q — jiﬂl.
The ODE for the radially-symmetric surface evolution therefore reduces to
R =q - 1,
R(0) = RY,
which has the solution, for all ¢,
R(t) = (R* — (m + 1)Q)e "™V 4 (m + 1)Q. (C.7.3)

C.7.2.2. Convergence experiments

For the convergence experiment we chose the following initial values and parameters: The initial
surface I'? is a two-dimensional sphere of radius R? = 1.5, the time-independent constant forcing
is set to @ = 1.5, the initial concentration u°(z,0) is given by (C.7.2) for all x € T°. That is
we are in a situation where a solution exists on [0,00) and the exact solutions for I'[X] and
u(-,t) are given in (C.7.3) and (C.7.2), respectively. The above choices are the exact same as
the one chosen for [Eyles et al., 2019, Figure 3] (except the computations here are performed in
the two-dimensional case), similarly to [Eyles et al., 2019] the parameters o and [ are varied.
The regularization parameter is set to pu = 0.
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C. Evolving bulk—surface model of tumour growth

We started algorithm (C.7.1) from the nodal interpolations of the exact initial values
LX (-, t)], n(,t;), H(-,t;), and u(-,t;), for i = 0,...,¢q — 1. In order to illustrate the con-
vergence results of Theorem C.3.1, we have computed the errors between the numerical solution
(C.7.1) and (the nodal interpolation of the) exact solutions of the coupled bulk—surface problem
(C.2.7)—(C.2.10) for the above radially-symmetric solution in dimension m = 2.

In Figure C.1 we report on the errors between the numerical solution and the interpolation
of the exact solution until the final time 7" = 1, for a sequence of meshes (see plots) and for a
sequence of time steps 7,41 = 7/2. The logarithmic plots report on the L>(H!) norm of the
errors against the mesh width A in Figure C.1 top, and against the time step size 7 in Figure C.1
bottom. The lines marked with different symbols and different colours correspond to different
time step sizes and to different mesh refinements on the top and bottom, respectively.

In both plots in Figure C.1 we can observe two regions: On the top, a region where the spatial
discretization error dominates, matching the O(h?) order of convergence of Theorem C.3.1 (see
the reference lines), and a region, with small mesh size, where the temporal discretization error
dominates (the error curves flatten out). For the graphs in the bottom, the same description
applies, but with reversed roles. Convergence of fully discrete methods is not proved here, but
O(7?) is expected for the 2-step BDF method, cf. [Kovécs et al., 2019].

The convergence in time and in space as shown by Figure C.1 are in agreement with the
theoretical convergence results (note the reference lines). We obtained similar convergence plots
for varying « and [ parameters.

C.7.3. Experiments on o and [ dependence

As in [Eyles et al., 2019, Section 6.4.3] as an initial domain  C R? we choose the ellipsoid with
radii 0.5, 0.5, and 1, i.e.

Q:{meR3|\/%+%+x§§1}, and I'=0Q.

The initial domain and surface is approximated with quadratic bulk—surface finite elements with
7162 and 1430 degrees-of-freedom in the bulk and on the boundary, respectively. The time step
size is set to 7 = 1072, The model parameters are set to Q = 1.5 and p = 0, while a and /3 are
varied for different experiments.

The initial data for the geometry (nf) and HY) were obtained by interpolation, while for the
Robin problem u) solves the discretized Robin problem (C.3.13).

In Figure C.2 and C.3 we report on the numerical solution at different times with o = 10 and
8 =1and =1 and 8 = 0.1, respectively. For the sake of a direct comparison we are using the
identical values as [Eyles et al., 2019, Figure 5] and [Eyles et al., 2019, Figure 6], respectively.
The two experiments are performed in different dimensions. (Note that the parameter « here
equals to 1/« in [Eyles et al., 2019]).

C.7.4. Experiments on the effect of the regularization

We performed a numerical experiment reporting on the effect of the regularization (cf. Sec-
tion C.2.2.4).
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Figure C.1.: Spatial and temporal convergence of the BDF2 / quadratic ESFEM discretization

of the coupled bulk—surface problem with « =1 and 8 = 1.
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C. Evolving bulk—surface model of tumour growth

coupled bulk-surface problem from [EKS19] (Q = 1.5, a =10, §=1)
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C.7. Numerical experiments

coupled bulk-surface problem from [EKS19] (Q =1.5,a =1, 3=10.1)
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C. Evolving bulk—surface model of tumour growth

The three columns of Figure C.4 show the numerical solution with varying regularization
parameter = 0, 0.01, 0.1, 1 (from left to right) with a fixed source @ = 1.5, and fixed model
parameters @« = 1 and 8 = 1. The initial data were generated exactly as before. The bulk and
surface mesh has 7162 and 1430 degrees-of-freedom, respectively, while the time step size is set
to 7 = 1073. As observable in Figure C.4, the regularization (even with p = 1) has minimal
effects both on the bulk-surface mesh evolution and the surface variable wu;}.

C.8. Appendix: Stability bounds of finite element approximations to
the Laplace equation with inhomogeneous boundary conditions

We give regularity estimates of finite element approximations to the Laplace equation with
inhomogeneous Dirichlet and Robin boundary conditions. Such bounds play an important role
in the stability analysis of the numerical method for the tumour growth model and are also
of independent interest. As we are not aware of these finite element stability results in the
literature, we present them here together with their proofs.

C.8.1. Dirichlet problem
Consider the Dirichlet problem
—Au=0 in {2,

u=g¢g onl.
It follows directly from the weak formulation and the trace theorem that

lull o) < Cllgllgyzy. (C8.2)

Consider now a quasi-uniform finite element discretization of the Dirichlet problem, with boun-
dary data given by the finite element function g; on the boundary I', of the computational
domain {25, obtained by quasi-uniform finite element interpolation of the boundary I' of (2.
There we have the bulk finite element space V}, and the boundary finite element space Sy, which
is the trace space of Vj: For every v, € Vj, its trace y,vy is in Sp. We let V,? be the subspace

of V,, with trace 0. For a given g, € Sp, the finite element approximation up € Vy, is determined
by

Vup - Vop, =0 forall ¢ € V,?, YhUh = Gh-
Qp

There is a discrete bound analogous to (C.8.2).

Proposition C.8.1. In the above situation, the finite element approzimation uy obtained from
a quasi-uniform and shape-reqular family of triangulations is bounded by

lanllzrsn) < C lgnllzraeyy: (C.8.3)

where C' depends on bounds of finitely many derivatives of a parametrization of the boundary
surface I' and on the quasi-uniformity and shape regularity bounds, but is independent of h and
gn € Sy C H1/2(Fh).
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Figure C.4.: Numerical solution (I'} and uj) of the coupled bulk-surface problem with varying
regularization parameter p = 0, 0.01, 0.1, 1 (column-wise from left to right) o = 1
and 5 = 1.
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For linear finite elements on a two-dimensional polygonal domain {2}, such a bound was proved
by Bramble, Pasciak & Schatz [Bramble et al., 1986], Lemma 3.2, and for linear finite elements
on smooth domains, with a polygonal computational domain §2;,, this was proved by Bramble
& King [Bramble and King, 1994] (as an immediate corollary to their Theorem 1). We are not
aware of a proof in the literature of the more general result for quadratic or higher-degree finite
elements with non-polygonal computational domain, nor of the result in the three-dimensional
case.

Proof. Let I EZ: H'(0,) — V), be the isoparametric Scott-Zhang finite element interpolation
operator, see [Hansbo et al., 2020, Section 4.4], and see [Scott and Zhang, 1990] for the simpler
case of polygonal domains, as well as [Camacho and Demlow, 2015] for the case of smooth
closed surfaces. The operator I EZ is a stable projection that preserves nodal values, in particular
boundary values in Sy, i.e. ’yhf}fzvh = vy, for all vy € V.

Let E: HY/2(I') — H'(£2) be the solution operator of the Dirichlet problem: u = Eg,
with [|Ef| g1 (q)emi/z@y < € by (C.8.2). We consider a discrete harmonic extension operator
Eh: Sh(Fh) — Sh(Qh) given by

Engn = I,/ (Egy)™".

Note that v, Engn = gn. The finite element approximation uy is defined equivalently by u, =
Engn + wp, where wy, € V,? satisfies

Vuwy -Veop=— [ V(Engn)-Ven  forall o, € V).
Qp Qp

With ¢, = wy, we obtain immediately

HwhHHg(Qh) < HEhthm(Qh) =: q,

and so we have ||up| g1(0,) < 2a. We estimate (with different constants C')

7S 0N\—1 0N\—0
a = ||I;*(Egp) 12 < CUI(EGR) a2
< |Egpllm (o)
l

< Cllgnll g2y

< Cllgnll g,y
where we obtained the estimates, in order, by the stability of the isoparametric Scott—Zhang
interpolation, see [Hansbo et al., 2020, Eq. (4.45)] with m = s = 1; by the H! norm equivalence

of lifted functions; by the bound (C.8.2); by the H'/2 norm equivalence of the lift. This proves
(C.8.3). O
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C.8.2. Robin boundary value problem
Consider the Robin boundary value problem

—Au=0 in{,
Oww+u=g onl,

with the weak formulation to find € H'(Q) such that

/Vu-V(p—i—/*yu ’y(p:/g*ygo for all p € H(£2). (C.8.5)
Q r r

We are particularly interested in the boundary value map g — ~u. We recall the following
regularity result, which is readily obtained from e.g. [Taylor, 2011, Chapter 5].

Lemma C.8.2. Let Q) be a sufficiently reqular bounded domain with boundary I'. For every
g € L3(T), the Robin boundary value problem (C.8.4) has a weak solution v € H3/%(Q), and its
trace is bounded by

[vullz @y < Cllglle(ry, (C.8.6)
where C' depends on bounds of finitely many derivatives of a parametrization of the boundary

surface T'.

Proof. The Lax-Milgram lemma provides a unique weak solution v € H'(Q2) for every g €
H~'/2(T"), with
vull gy < eyllullziey < Cllgllg-12my

by the trace theorem. Furthermore, by [Taylor, 2011], p. 410 and Section 5.7, we have u € H?((2)
for every g € HY/?(T), and

[vull gsrory < eyllull 2y < Cllgll gy

The stated result then follows by interpolation of Sobolev spaces.

O
For the finite element approximation uy € Vj, defined by
Vuy, - Vp, + / VhUh YhPh = / gnynpn  for all ¢p € Vp, (C.8.7)
Qp Ty Ty

we have an analogous bound to Lemma C.8.2.

Proposition C.8.3. In the situation of Lemma C.8.2, the finite element approximation up
obtained from a quasi-uniform and shape-reqular family of triangulations satisfies

Iveunll vy < Clignllzzr,)

where C' depends on bounds of finitely many derivatives of a parametrization of the boundary
surface I' and on the quasi-uniformity and shape reqularity bounds, but is independent of the
mesh size h and of gn, € L*(T}).
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C. Evolving bulk—surface model of tumour growth

Proof. We denote the left-hand sides of (C.8.5) and (C.8.7) by a(u, ) and ap(un, n), respec-
tively, and the right-hand sides by m(g,vy) and mp(gn, Yhen), respectively. Note that a(-,-) is
an H'(Q)-elliptic bilinear form, and m(-, ) is the L?(T") inner product.

We consider the Ritz map Eh: HY(Q) — V, € HY(Q4) that defines ﬁhw € V,, through

an(Ryw, p) = a(w,¢h)  for all @), € V.

We define Ry,: H'(Q) — Vi C HY(Q) by the lift Ryw = (Rpw)’. Tt is known from [Elliott and
Ranner, 2021, Lemma 3.8] that

IRhwll 1) < Cllwllga) for all w e H'(Q),
[Rpw — wl g1y < Ch|lwl g2q) for all w € H?*(Q),
which further implies, by interpolation of Sobolev spaces,

IRhw — wl () < CBY? wllggoraiqy  for all w e HY2(). (C.8.8)

In particular this holds true for the solution u € H3/2(Q) of (C.8.4) with the lifted finite element
function g = gﬁ.
We estimate

vnunll e,y < Clvn(un — Baw) | ey + IRl gy (C.8.9)

(i) Consider the first term on the right-hand side. By an inverse inequality and the trace
inequality (via a pair of norm equivalences) we obtain

v (un — Ruw) [y < Ch™Y2 ]l (un — ﬁhu)llm/?(rh) < Ch™?|lup, — Ryullpia,) -

To bound this term, we note that by the equations (C.8.5) and (C.8.7) for u and uj and the
definition of the Ritz map,

an(un — Ry, n) = ma(gn, 1men) — mlgh, (me)")-
It is known from [Dziuk and Elliott, 2013a, Lemma 5.5], [Kovéacs, 2018, Lemma 5.6] that the
right-hand side is bounded by

[mu(gn, en) — m(gh, (ve))| < CR2|gnll 2y Inenll Lz, < CR2 gl L2y lenllmay)-

(For isoparametric finite elements of polynomial degree k the above estimate holds with R**!
instead of h2.)
By the h-uniform equivalence of the norm induced by a; and the H'(£,)-norm on Vj, this
yields B
lun = Ruull e,y < Ch?|lgnllzar,)

and hence N
v (un — Bow) ey < CH¥2|gnll L2y -
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C.8. Appendix: Stability bounds

(ii) Now we turn to the second term on the right-hand side of (C.8.9). By the H' norm
equivalence under the lift [Demlow, 2009, equation (2.16)] we have, with Ryu = (Rju)",

Ivn Bl e,y < Cll(vmBRru) ey = ClyRuul gy -

Let R} : HY(T') — S; C H'(T) be the Ritz map for —Aru+u=0onT (see, e.g., [Kovdcs, 2018,
Definition 6.1]), i.e., Rbw = (RYw)¢, where wj, = RLw € S}, is determined by

/ (Vr’wh - Vron +wp @h) = /(er - Vreh + U“Pi) for all ¢ € Sp.
T r

By the proof of Theorem 6.3 [Kovécs, 2018] (working with & = 0 and the H! stability of the
Ritz map in the estimates of part (b) of the proof therein) that

IR, wl ey < Cllwllmry for all w e H'(T),
||R£’LU - w||L2(F) S Ch ”wHHl(F) fOI‘ all w S H2(F)

Note that we have formulated the error estimate such that we have the H'(T') norm on the
right-hand side. By interpolation of Sobolev spaces this further yields

IRfw = wl /2y < CAY2 [|w]| gy (C.8.10)
We estimate
Iy Ruull gy < v Raw — Rpyul gy + 1Ryl gy

Using first an inverse inequality (via a pair of norm equivalences) and then the trace inequality
with (C.8.8) and (C.8.10), (C.8.6) (where g = g), the first term on the right-hand side is
bounded by

Iy Ruu — Riyull ey < Ch™Y2(lyRyu — Riyull sy
< Ch_l/z(”VRhU - ’YUHH1/2(F) + llyu— RE’Y“HHUQ(F))
< Ch V2 (|| Ryu = ull ey + llve — Ryyull gz )
< Chl2 (Oh1/2||uHH3/2(Q) + Ch2 |y g ry)
< Cllgllrzr)-

The second term is bounded by

IRLyull ey < Cllvullmry < Cllgllzery-

Combining the bounds of (i) and (i) and noting that the L? norm equivalence under the lift
yields ||g[|z2r) = ||gfLHL2(p) < ClignllL2(r,), we finally obtain the stated bound for |[v,upl| g1 (r,)-
O
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D. Appendix: Isoparametric finite element
implementation

In this section, we give a brief summary on how to implement the finite element method in the
three-dimensional case. We start with linear finite elements both for the bulk and the surface
and then extend it to second-degree polynomials, where the transformation from the reference
element is no longer affine. The topic of mesh generation is not covered here.

D.1. Linear bulk finite elements

We denote by N the number of nodes of the triangulation and by 7' the number of elements.
The mesh is given by an array nodes € RV*3, where nodes (k, :) is the k-th node, and an array
elements € R7*4 where elements(k,j) is the index of the j-th node of the k-th element, i.e.
nodes (elements(k,j),:) is the j-th node of element k.

We denote by Np the number of points that lie on the boundary I' = 02 and assume for
simplicity that the array nodes is ordered such that exactly the first Nt nodes are the boundary
nodes.

In the following, we explain how to compute the local mass and stiffness matrices correspon-
ding to each element.

We use the notational convention that capital X denotes points in R?® whereas lower-case
x,y, z denote the three variables (X = (z,y,2)). Basis functions are denoted by ¢, element
transformations by ®. Matrices are denoted by bold—face capital letters. Every quantity with a
hat corresponds to the reference element.

The reference element is the unit simplex
E’:{(az,y,z)ER3: 0<z4+y+z<1,z>0,y>0, z>0}.
We denote the corners by )?1, . ..)?4. The Lagrangian basis functions @; are defined by the

property @()A(k) = djk.
Integrals of functions f = f(z,vy, 2) defined on E are parametrized by

11—z lacy
/f!E y,2)d(z,y, 2 / / / fx,y, z)dzdydz .

For an arbitrary element E with nodes X; = (:ci,yi,zi)T, 1 = 1,2,3,4, the transformation
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D. Appendix: Isoparametric finite element implementation

P : E — E and its inverse are given by

Pp(X)=BX + X1,
(V) =B (Y - X;), where
B=(X2-X1 X3—X1 X4-X1)€ R,

) =
) =

The reference mass matrix M is defined by ﬁ?k =/ 7 $jPr and can be precomputed and
stored. For an arbitrary element F with corresponding affine transformation ®5(X) = BX + b,

the transformation formula yields M = |det(B)|ﬁQ for the local mass matrix corresponding
to E.
The reference stiffness matrix A is defined by A?k = 7 VP - V. In order to apply the

transformation formula, it is convenient to define matrices A%, Agy, AL, Agy, Agz and A$
by

(A2,) = /E 02,0, 3 (D.11)

and the remaining ones defined analogously. As for the stiffness matrix, these are precomputed
and stored. For an arbitrary element E with corresponding transformation ®g(X) = BX + b,
the chainrule and tranformation formula yield

/V%Oj‘VwkZ/AV@TB1BTV<Ek\det(B)y.
E E

Writing C = B~! € R3*3, an elementary calculation shows

1

+ (C11C21 + C12C92 + 013023)(11%; + (:&gy)T)
+(C11C31 + C12032 + C13C33) (AL + (AL)T)
+(C31 4+ C% + 033)1&3@/
+ (C21C31 4 C22C32 + 023033)(4&;2 + ('K'SZ)T)
+(C3 + C5, + C35) AL

from which we obtain the local stiffness matrix.

D.2. Linear surface finite elements

The reference element E C R? is given by the nodes

R 0 R 1 R 0
X1=10], Xo=(0], Xg=|1
0 0 0
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D.3. Second order finite elements (polygonal)

and the normal vector i = (0,0,1). The Lagrangian basis functions @; are defined by the
property @()?k) = d;. In particular: 0.%; = 0.

For an arbitrary element E with nodes X; = (x;,vi,2)7, i = 1,2,3, the transformation
dp E — Eis given by

¢p(X)=BX + X;, where

Xo—X X3—X
B= (X2 - X -4 ngz—xgig)fi—ﬁgu) :

The x denotes the cross product. Note that we have the relation n = Bn, where n denotes
the normal vector of E. This can be rewritten as D®g(-)n = n, which will be crucial for
isoparametric elements. - .

The reference surface mass matrix M! is defined by Mjr-k =/ 7 $jPr which is precomputed
and is simply the reference mass matrix for linear bulk finite elements in R?. For an arbitrary
element E with corresponding transformation ®z(X) = BX + b, the transformation formula
yields M = |det(B)\ﬁF for the corresponding local surface mass matrix.

The reference surface stiffness matrices AL Agy, Agy are defined as analogously to (D.1.1)
For an arbitrary element F with corresponding transformation ®5(X) = BX + b, the relation
0;(Y) = @;(®5'(Y)) and the chain rule yield

C110:9; + C210,0;
Vyei(Y) = CTVx3;(X) = | C120,3; + C220,3; |
C130:9; + C230,P;

where C = B™! and Y = ®(X). Here we have used 9,{; = 0. For the tangential gradient on
FE, it is easily seen that
VE(,OJ' = CTV{b\j .

Applying the transformation formula together with the above relations yields that the local
surface stiffness matrix is given by
AT = (C} + Ch + Ch)AL,
+ (C11C21 + C12C2 + 013023)(A£y + (Agy)T)
+(C} + C3, + C3)AL .

D.3. Second order finite elements (polygonal)

Before deriving how to implement second order isoparametric elements, we start with the case
of polygonal local elements. Note that for curved domains, where the boundary is approximated
by piecewise polynomials, only the boundary elements, i.e. those simplices with more than one
node on the boundary are curved. The interior simplices with at most one node on the boun-
dary are tetrahedrons and the parametrization from the reference element is affine. Exploiting
that, quadrature formulas to approximate the integrals are only needed for the boundary bulk
elements.
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D. Appendix: Isoparametric finite element implementation

The reference element E is again the unit simplex but now considered with the 10 standard
second order nodes )?1, .. ,)A( 10- The Lagrangian basis functions are defined by ©;(X;) = d;;.

For an arbitrary plain element E with nodes X; = (x;,%,2)", i = 1,...,10, the affine
transformation &g = E — E and its inverse are determined by Xi,...,X4 and given as in the
linear case.

The reference bulk mass matrix M is given by ﬁ?k =/ 7 ®jPr and is yet again computed
and stored once. For an arbitrary element E with corresponding affine transformation ®5(X) =

BX + b, the transformation formula yields M = | det(B)|ﬁQ for the local mass matrix.

Q

2 etc. are defined as in the linear case, for instance

__The reference bulk stiffness matrices A
A2, = (J5 0:80:5n) ji-

For an arbitrary element F with corresponding transformation ®z(X) = BX + b, we denote
C = B~!. The chain rule, the transformation formula and the same calculation yield the same
result as (D.1.2).

D.4. Isoparametric bulk elements

In this section, we explain how to deal with the isoparametric bulk elements, i.e. the boundary
elements of the bulk triangulation with more than one node on the boundary. We refer to
Bartels et al. [2006], where isoparametric implementations are explained for two-dimensional
bulk domains.

D.4.1. Mesh data

Starting from the order-1-mesh, the boundary elements are those with more than one node on
the boundary. When creating an order-2-mesh, the new nodes that are created on the edge
between boundary nodes have to be projected orthogonally onto the boundary. In the simple
case of a mesh on the unit ball, this is achieved by normalizing the new nodes. The new elements
have

e Zero or one boundary node, if the initial element has zero or one boundary node,
e three boundary nodes, if the initial element has two boundary nodes,
e six boundary nodes, if the initial element has three boundary nodes.

The curved elements are those with three or six boundary nodes. We add another column in
the elements array, where the the last column counts the number of boundary nodes.

Note that the following isoparametric procedure, when applied to polygonial (interior) ele-
ments is equivalent to the affine procedure presented previously. If one aims to keep a short
code, it is not necessary to distinguish between boundary and interior elements. However, the
isoparametric procedure is computationally more expensive, which is why we use it only on the
boundary elements, where it is necessary.
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D.4. Isoparametric bulk elements

D.4.2. Isoparametric parametrization

The reference simplex E is the same as for the plain bulk elements and given by the nodes
)A(j, j =1,...,10. Consider we are given a curved simplex F with nodes P;, 7 = 1,...,10.
We assume that Pj,..., P, are the corners and Ps,..., Pig lie on the respective (curved) line
segments (edges) of the (curved) simplex.

The isoparametric transformation ®p : F — FE is given by

~

10
Op(x) = Pipj(z), z€ck,
j=1
where @; are the Lagrangian basis functions on the reference element.

D.4.3. Mass matrix

~

On a curved simplex E = ®p(F), we apply the transformation formula and a quadrature rule

(T, K )i, (see Section D.4.5) on E:

/E ik = /Ewm)@k(xndew%(xn(ix
14

5 S () B ()| det DB ()| = M.
1

m

The factors @;(x,,) do not depend on the element F and thus not on the transformation. They
are precomputed once and stored in a matrix ¢ € R¥**10 guch that ¢,y = @;(z,). We then
obtain in matrix—vector form:
14
M? =" k| det D g ()@ Pm (D.4.1)
m=1
where ¢,, denotes the m-th row of .
For the derivative, we see that

10

OhPp =) Piohp; =P 0P,
j=1
where
o1
P=(P - 10)eR¥™ =] : [eR".
P10

We thus have
D(I)E<$m) = (P : 819/5(1'771) P- 829/5(xm) P- 83@('%'771)) € R?)XB .

The values of the derivatives of the reference basis functions in the nodes are independent of the
transformation. They are precomputed once and stored in matrices ¢z, ¢y, @. € R14x10,
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D. Appendix: Isoparametric finite element implementation

D.4.4. Stiffness matrix

The chain rule yields Vio(y) = D®, 3(z) (where y = ®p(z)) so the transformation formula
and a quadrature rule yield

/ Vi Vo = /AV@;F(D(I)E)_l(Dq)E)_TV@HdetD(I)E‘
E E
14
~ > kmV;(@m) T DOp(xm) " DOE(2m) T VB (2 )| det DO p(m)|

m=1

_ AQ

for the local stiffness matrix.
Collecting the values V@;(xy,) in an array V@(z,,) € R3*1Y and denoting

By, i= DOp(an) "V(en) € R,

we can write
14
A% =" k| det DOp () BBy, - (D.4.2)

m=1
Note that (D.4.2) looks similar to (D.4.1), but the matrix B,, depends on both the transforma-
tion and the quadrature node, so it has to be computed for each element and each quadrature
node.

D.4.5. Quadrature rule on E

The quadrature rule we apply on E has 14 nodes and is of order 5. It has the form

14
[ F@) Az~ S b f ().
E m=1

The nodes and weights are taken from [Gellert and Harbord, 1991, Table VI] and are not listed
here.

D.5. Isoparametric surface elements

D.5.1. Isoparametric parametrization

Consider we are given a curved triangle £ C R? with nodes P, ..., P;. We assume that P,
P, and P; are the corners and that Py, P5 and P are on the line segment (Pi, P3), (Ps, P3)
and (Ps, Pp), respectively. We denote by E C R? the reference element. The isoparametric
transformation of F is given by

6
bp:E—E, (&)=Y Pgi&n),
j=1

where ¢;, j =1,...,6 are the basis functions on the reference element.
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D.5. Isoparametric surface elements

D.5.2. Mass matrix

~

On a curved triangle £ = g(FE), we apply the definition of a surface integral and a quadrature
rule on F:

/ ion = /E@@kna@]g % Oy ®p]la
7
23" bn B3 (€ 1) B € 1) | (D@15 X 0y ®15) (s )| = M

m=1

The factors @;(§m, mm) do not depend on the transformation. They are precomputed once and
then stored in a matrix ¢ € R™*6 where @ik = Pr(&5,n;)- In matrix—vector form, we obtain

7
Ml = Z EmPm@||(0c®r % 0,®E) (Ems nm)|l2

m=1

where ¢, denotes the m-th row of ¢.
For the derivative, we see that

8§<I>E:P-(“)§g5, anq)E:P'anav

where

P=(P - P)eR¥, g=|[:]|eRrY.
Y6

The values of the derivatives of the basis functions in the nodes are independent of the trans-
formation. They are precomputed once and stored in matrices ¢, @y,.

D.5.3. Stiffness matrix

We follow a construction similar to the curved line segments in R?. The map ® g, considered as
a map R? — R3 is not invertible. We construct a map

DRSS R, (€,1,2)— B(E,1,2)
such that ®(£,7,0) = ®(€,n). We require that the Jacobian matrix satisfies
(D®)(&n,0)0 =n(Pg(& 7)) -
Note that for x = ®g(£,n) € E, the unit normal vector is given by

n(a:) _ ag‘bE(évn) X an(bE(€777)
10e®E($,m) x 0y @r(&;n)l2
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D. Appendix: Isoparametric finite element implementation

This implies that the Jacobian satisfies (at (£,7,0) € R3)
= AP w(6,m) x 0P p (€,
DB(E,7,0) = (%Pr(&,n) 0Pu(En) [aieagaen:) = BEm).
For a basis function @ = @;, R? — R, we set

GRS R, B(Em,2) =),

We have

B(E,m.0) = B(En) = p(PE(Em) = P(B(E,1,0))
and thus with the chainrule, writing z = ®g(&,n),

de@(n, €)
92, &) | =B(E&,n) Ve(z).
0

We set C(&,n) := B(&,7)~! and thus have

Vipj(x) = C(&,m) " VB(£.1.0)
C11(&m0e@(€,m) + Caa (€ m)Onp (€, 1)
C12(&m0e@(€,m) + Ca2(&, MOy P(&,m)
C13(&,m)0e2(&,m) +Cgs(§,77)3n<ﬁ(€,n)
Now we use that B(&,7)n = n(®g(£,7)) = n(x) and thus n(z)T = nTB(&,7)T and compute

(&
Vigi() = (I —n(z)n(@)") Ve, () B
C(&:m)"VE;(€1.0) — n(z)n(z) "C(E,n) B¢ 7, 0)
- C(f U)TVA](&??,O)-

For the stiffness matrix, we obtain

| Veer Vo= [ €15, OB ae0s x 0,061
E E

7
~ > ki (VZ,CCTVEL) (s ) (D@ - 0 @) (En ) 2 = AT

m=1

e01(Emsnm) -+ OcP6(Emy Mim)
v@(fmv nm) = ar]@l (fm, 77m) Tt an@fi(gm’ 77m) € R3X6
0 . 0

We write

and set By, := C(&, 0m) Y VB(Em, ) € R3*6. We then obtain in matrix-vector form

7
= Z “mBgBmH(aﬁ@E X 877(I)E)(£ma77m)”2'

m=1
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