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Zusammenfassung

Die vorliegende Dissertation ist dem strukturellen und enumerativen Studium tropischer
Kurven und Überlagerungen gewidmet. Die Analyse erfolgt anhand zweier spezifischer
Forschungsfragen: Tropische spaltende Jacobische und tropische spin Hurwitzzahlen mit
abgeschlossenen Zykeln.

In Teil 1 geht es um das Zusammenspiel von tropischen Kurven und tropischen abelschen
Varietäten. Wir untersuchen strukturelle Aspekte tropischer spaltender Jacobischer von Kur-
ven vom Geschlecht 2, und zwar sowohl auf globaler wie auch auf atomarer Ebene. Global
erreichen wir ihre Charakterisierung in der Kategorie tropischer Kurven TC (durch Über-
lagerungen) und in der Kategorie tropischer abelscher Varietäten TA (als Quotient eines
direktes Produkt von zwei elliptischen Kurven). Atomar identifizieren wir ihre Bausteine,
ein Paar von Geschlecht 1 Kurven zusammen mit einer gewissen Untergruppe ihres direkten
Produkts, und rekonstruieren daraus die Charakterisierungen in TA und TC. Wir nutzen
die atomare Perspektive, um unser Verständnis von spaltenden Jacobischen weiter zu kon-
densieren und gehen zu ihrer Betrachtung im Modulraum tropischer Kurven bzw. prinzipiell
polarisierter tropischer abelscher Varietäten über. Hier untersuchen wir eine Variante des
tropischen Schottky Problems für spaltende Jacobische bzw. dessen Umkehrung. Wann
immer möglich, nutzen wir tropische Geometrie, um abstrakte Charakterisierungen durch
konkrete Algorithmen zu untermauern.

In Teil 2 geht es um das Zusammenspiel von tropischer Geometrie mit anderen Diszi-
plinen. Wir nutzen diese Interaktion (im Rahmen der enumerativen Geometrie) zur Unter-
suchung einer geometrisch motivierten Zahl aus, der Spin Hurwitzzahlmit abgeschlossenen
Zykeln. Dazu führen wir eine tropische Zählung von verzweigten Überlagerungen ein,
welche mit der ursprünglichen Zahl übereinstimmt, und verwenden schließlich Methoden
der tropischen Geometrie, um strukturelle Eigenschaften dieser Zahl (Polynomialität und
Wanddurchquerungsformeln) zu untersuchen.
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Introduction

This thesis is based on three projects. We provide a thematic overview here. Each project
will contain a more technical and detailed introductory section. Results and future research
will be discussed in more detail there, too.

0.1 Part I: Tropical split Jacobians.

In algebraic as well as in tropical geometry, a curve comes together with an abelian variety,
its Jacobian.

This defines a relation between the category of tropical abelian varieties (tav), TA, and
the category of tropical curves, TC, a relation that is also compatible with covers of curves.
Understanding the nature of this connection means knowing how phenomena in TC are
expressed in TA or vice versa.

On the level of moduli spaces, this relation is formalized by the tropical Torelli map
ttrg , which connects the moduli space M tr

g of tropical curves to the moduli space Atrg of
principally polarized tav (pptav). In this context, the tropical Schottky problem asks for the
characterization of the locus of Jacobian varieties inside Atrg . It is the tropical counterpart of
the classical Schottky problem, with origins in the work of Abel, Jacobi, and Riemann and
which, despite extensive study and progress, is not fully resolved.

Our research embeds in this framework through two projects that study a specific
phenomenon, tropical split Jacobians.

0.1.1 Results from Project 1

Project 1 (Chapter 2) is a holistic study: Jacobians of genus 2 curves are two-dimensional
tav and as such more complicated than their one-dimensional cousins, elliptic curves. Split
Jacobians are a simplification. They take on different forms depending on whether we look
at them in TA or TC:

Theorem 0.1.1. (Split Jacobians and Covers: Theorem 2.6.2)
Let Γ be a tropical curve of genus 2. Then JacpΓq splits if and only if Γ covers an elliptic

curve.
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In Project 1 we set up a categorical framework and develop tools/techniques necessary
to establish and further study this correspondence:

Theorem 0.1.2. (Split Jacobians and Optimal Covers)
Introducing the notion of optimal covers resolves issues of non-uniqueness and non-

computability: An optimal cover fixes a "canonical" representative for a splitting of JacpΓq
(Theorem 2.6.4) and produces a second optimal cover (Theorem 2.6.9) that can both be
computed algorithmically (Subsection 2.6.3).

On the level of categories, Theorem 0.1.1 and 0.1.2 connect morphisms in TC to isogenies
inTA viaF such that the following global picture emerges: Split Jacobians appear either as a
pair of optimal covers in TC or as an isogeny ϕ satisfying JacdpTEq – kerpϕq – JacdpTE 1q

in TA.
Further results include:

• Theoretical:

– Categorical tools: Sections 2.2.2 and 2.2.3 extend the existing theory of real
tori with integral structure. Section 2.3.2 transfers relevant concepts to TA,
introduces exact sequences and studies their behaviour under dualization.

– Analysis of morphisms in TC and TA: We analyze the push-forward φ˚ and
its dual φ˚ for covers φ : Γ Ñ TE of elliptic curves (Sections 2.5.5 and 2.5.6).
Invoking the universal property of the Jacobian ([69], Proposition 4.14), we then
relate factorizations of φ to factorizations of φ˚.

– Criteria for optimality: Section 2.5.7.

• Concrete:

– Algorithmic point of view on Theorems 2.1.2 and 2.1.3 (Section 2.6.3).
– Morphisms in TC and TA: Sections 2.5.5 and 2.5.6.
– Criteria for optimality: Section 2.5.7.

This projects builds on the Preprint [32]. Section 2.1.2 contains a more detailed discussion
of results.

0.1.2 Results from Project 2
Project 2 (Chapter 3) takes a different approach. Instead of looking at the phenomenon as a
whole, we analyze its building blocks, a pair of elliptic curves TE 1 and TE together with a
specific finite subgroup G of their product, and how to reassemble them into a Jacobian.

Theorem 0.1.3. (Reconstruction Theorem: Theorem 3.5.17) Given splitting data
pTE 1,TE,Gq, there exists a curve Γ of genus 2 and a pair of optimal covers pφ1 : Γ Ñ

TE 1, φ : Γ Ñ TEq such that JacpΓq splits via an isogeny ϕ with JacdpTE 1q – kerpϕq –
JacdpTEq.
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We use this atomic understanding to tackle a Schottky type problem for split Jacobians,
specifically investigating the locus Q of split Jacobians and the locus TL of curves with
split Jacobians in the moduli space Atr2 of principally polarized tropical abelian varieties and
the moduli spaceM tr

2 of tropical curves of genus 2.
We have a coarse parametrization P ↠ Q Ă Atr2 for Q, in the sense that multiple

parameter values may correspond to the same (isomorphism class of) objects (Section 3.6).
This parametrization can be leveraged to gain a deeper understanding of the geometry of
Q by analyzing its intersection with the boundary of Atr2 (Section 3.6.1). To resolve the
redundancy inP and establish the connection to tropical curves, we develop and implement
an algorithm that selects a representative in Q for each parameter value and computes the
pointwise preimage under the tropical Torelli map (Algorithm 2 and Section 3.7). This leads
to a combinatorial characterization of the preimage TL.

Theorem 0.1.4. (Combinatorial Structure of the Split-Jacobian Locus: Theorem 3.6.9) The
locus of curves with d-split Jacobian, TLd, admits a description in terms of certain cones
and their images inM tr

2 .

Further results include:

• Theoretical:

– Categorical tools: Sections 3.2.2 and 3.2.3 develop one of the main tools for the re-
construction procedure, a tropical analogue of Mumford’s Criterion (Proposition
3.2.8) and introduce further concepts such as adjoints in TA.

– Theoretical foundations for the Reconstruction Theorem: This includes deter-
mining conditions for pTE 1,TE,Gq to constitute splitting data (Section 3.5.1),
proving the existence of a pptav J and an associated isogenyTE 1‘TE Ñ J (Sec-
tion 3.5.2) together with a pair of optimal covers pφ1 : Γ Ñ TE 1, φ : Γ Ñ TEq
(Section 3.5.4).

• Concrete:

– Concrete aspects of the Reconstruction Theorem: The existence proofs are con-
structive. We provide explicit procedures to build the genus 2 curve with Jacobian
J from splitting data (Algorithm 2 and its implementation (Section 3.7)) and to
compute the pair of optimal covers (using methods from Section 2.6.2).

– Analysis of a Schottky-type problem for split Jacobians (Section 3.6.1).

This project builds on the Preprint [33]. Section 3.1.4 provides a more detailed discussion of
results.

Projects 1 and 2 are written so as to be as self-contained as possible. The overlap is
kept to a minimum, though not avoided when necessary for readability or to emphasize the
structural parallels that unite the two projects.
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0.1.3 Context
This research connects to a large body of work on tavs and tropical covers, mainly in the
context of Prym varieties (see e.g. [7], [16], [62], [6], [14], [29], [57], [69]). It parallels
classical questions from algebraic geometry that go back to Jacobi, Legendre and others (see
e.g. [53], [38], [38]).

0.2 Part II: Tropical spin Hurwitz numbers with com-
pleted cycles.

In algebraic as well as in tropical geometry, enumerative geometry forms a central sub-
discipline.

There is a relation between the category of algebraic curves, C, and the category of
tropical curves, TC, which associates to an algebraic curve a tropical curve (e.g. via dual
graphs endowed with metrics) and to a branched cover, a tropical cover. This relation allows
for the translation of enumerative questions between the two settings.

At the level of moduli spaces, enumerative theories involving curves and covers are
related via the tropicalization map trop, which connects the moduli spaceM g,n of n-pointed
genus g curves to the moduli spaceM tr

g,n of tropical curves with n marked points.
Our research embeds in this framework through the study of a specific enumerative

invariant, spin Hurwitz numbers with completed cycles.

0.2.1 Results from Project 3
Spin Hurwitz theory is an enumerative theory of geometric objects, covers of curves with a
theta characteristic. The number of such covers, subject to fixed ramification constraints, is
called a spin Hurwitz number. This number admits a representation-theoretic expression in
terms of characters of Sergeev-group. Based on this expression, a purely representation-
theoretic quantity known as the spin Hurwitz number with completed cycles (HWCspin)
(Definition 5.5.1) is introduced.

In Definition 8.2.2 we introduce a tropical geometric count:

Definition 0.2.1 (Tropical spin Hurwitz number with multi-completed cycles). The tropical
spin Hurwitz number with multi-completed cycles is a weighted sum

ÿ

π:ΓÑTP1

multpπq

of tropical covers π : Γ Ñ TP1 of the tropical projective line TP1 meeting prescribed
constraints, with weights multpπq as defined in Section 8.2.

Using the Fock space formalism and a graphical method for computing vacuum expecta-
tions, we prove a correspondence theorem equating the classical and tropical spin Hurwitz
numbers:
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Theorem 0.2.2. (Spin Hurwitz Correspondence for completed cycles: Theorem 8.2.3) For
fixed discrete data, the classical and the tropical spin double Hurwitz number with multi-
completed cycles agree:

HWCspin
“ HWCspin

trop .

This re-geometrization transforms operator-theoretic vacuum expectations into ex-
plicit tropical covers of TP1, paving the way for a tropical analogue of the spin GW/H-
correspondence.

The tropical setting can also be leveraged to examine spin Hurwitz numbers with pr`1q-
completed cycles for polynomiality.

Theorem 0.2.3 (Polynomiality and wall-crossing: Propositions 8.3.8, 8.3.29 and Theorems
8.3.16, 8.3.39). The tropical invariants are piecewise polynomial in the ramification data and
satisfy explicit wall crossing formulae.

Further results include:

• Theoretical: We define a generalization of the spin-double Hurwitz numbers with r`1
completed cycles (Section 5.5) and give a character formula for them (Theorem 5.5.3)
that mirrors the one for classical Hurwitz numbers. To the best of our knowledge, this
minor generalization has not been explicitly recorded.

• Computational: We give a closed formula for the connected spin Hurwitz numbers
with 1 completed cycles, in analogy to [66] (Theorem 2) for Hurwitz numbers. This
formula is used to rewrite the spin completed cycles cut-and-join operators in Section
7.5.1, which allows for a geometric reinterpretation of these operators.

Section 3.8.1 provides a more detailed discussion of results.

0.2.2 Context

Classical theory: type A

The enumeration of covers of a fixed Riemann surface with specified ramification behavior is
a classical problem. With origins in the work of Hurwitz in the 19th century, it is a geometric
problem at first. Yet, this setting is not necessarily the most productive one. Translating
the associated Hurwitz numbers into other areas of mathematics reveals new facets of the
problem and has led to a growing body of results, ranging from structural insights to explicit
computations ([28], [66], [22], [23], [50]).

Central settings (algebraic geometry, tropical geometry, representation theory, group
theory and Fock space formalism) together with their interconnections are illustrated in
Figure 1. Among these, tropical geometry enjoys a central position with direct connections
to nearly all areas that support Hurwitz numbers.
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Within each setting, Hurwitz numbers acquire different expressions. The original count
HW of ramified covers appears in the group theoretic setting as the count HWgroup of
tuples of elements of the symmetric group, which encode the monodromy of the covers.
In the representation-theoretic setting, on the other hand, HW corresponds to a sum of
products HWrep. of so-called central characters of the symmetric group. This connection
arises naturally, as group-theoretic phenomena are often examined with the help of rep-
resentations of the respective group. HWrep. can now be conveniently calculated using
operator formalism of bosonic and fermionic Fock space. These are two infinite-dimensional
inner product spaces overCwith an action of a certain matrix algebra on them. The Hurwitz
number is realized as a vacuum expectation, xvH, OvHy, where O a specific operator and vH
the vacuum vector. The precise way to move between all settings is described in detail in
Chapter 4. For now, an overarching impression of the network of mathematical areas that
support Hurwitz numbers will suffice.

HW

HWtrop

Alg. geometry

Rep. theory Fock space HWrep. HWFock

Trop. geom.

Figure 1: A network for type A theory: Areas supporting Hurwitz numbers (HW ), on the
left, and their realization within each setting, on the right. Double-headed arrows on the
right indicate correspondences (equalities) between different realizations. Double-headed
arrows on the left represent bidirectional bridges between the different settings.

Building on the representation-theoretic expression HWrep., a purely representation-
theoretic number emerges: The Hurwitz number with completed cycles (HWC) (wavy arrow
in Figure 2). Advantages include: Computability, connections to integrable systems, better
behavior generalizing the piecewise polynomiality for double and quasi-polynomiality for
single Hurwitz numbers discussed below.

Polynomial behavior and moduli spaces We introduce a dynamic viewpoint by con-
sidering the function that sends ramification data to the corresponding Hurwitz number
with completed cycles. For single Hurwitz numbers this function is quasi-polynomial (a
polynomial up to a combinatorial prefactor depending on the parts of the ramification parti-
tion). For double Hurwitz number it is only piece-wise polynomial, i.e. given by a collection
of polynomials each describing the function on a subset of its domain.

This polynomial behavior is a geometric phenomenon, governed by the structure of
certain moduli spaces:
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Quasi-polynomiality for single Hurwitz numbers is a direct consequence of the ELSV
formula, which expresses them as intersection numbers on the moduli space of stable curves
with marked points Mg,n. Coefficients of these quasi-polynomials are themselves inter-
sections numbers, meaning that single Hurwitz numbers encode information about the
intersection theory of Mg,n.

Piecewise polynomiality, in turn, inspired Goulden, Jackson and Vakil to conjecture an
ELSV-type formula for double Hurwitz numbers, whose anticipated shape is determined by
finer knowledge of these polynomials (such as their degrees). In analogy with the single
case, such a formula would not only explain this polynomiality, but also provide insights
into the intersection theory of a conjectural compactification of Picg,n (the Picard variety of
the universal curve over Mg,n, see [43]).

In short, the presence of some kind of polynomial behavior suggests geometric structure
in the background, likely given by a moduli space of some kind, and is therefore natural to
seek and study.

Re-geometrization The representation-theoretic number HWC acquires a geometric
meaning in two ways:

• The Gromov-Witten/Hurwitz (GW/H) correspondence ([66]): Gromov-Witten invari-
ants (GWI) are intersection products on the moduli space Mg,npP1, dq of degree
d stable maps to P1, supposed to represent the number of covers of P1 satisfying
specific geometric constraints. The (GW/H) correspondence identifies completed
cycles Hurwitz numbers with certain GWI , thereby returning a geometric meaning
to HWC .

• Their evaluation in Fock space formalism, which offers a natural translation in tropical
language (see [28]): HWC become geometric by appearing as a count of tropical
covers.

The result is a variant of Figure 1 for HWC :

GWI

HWCtrop

HWC HWCFock

[66
]

[66]

[28]

[28]

HW

HWtrop

HWrep.HWFock

defines

Figure 2: A network for type A theory: The network for Hurwitz numbers, on the left, is
a blueprint for the completed-cycles variants on the right. The wavy arrow indicates that
HWC is defined via the representation-theoretic expression of HW .
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Spin theory: type B

Spin Hurwitz numbers enumerate branched covers of a fixed spin curve (a curve with theta
characteristic) with specified ramification behavior and sign fixed by a lift of this theta
characteristic to the source. They were introduced by Eskin-Okounkov-Pandharipande in
2008 for certain computations in the moduli space of differentials on a Riemann surface [37].
Recent work [41] establishes a spin GW/H correspondence, linking this theory to the spin
Gromov-Witten theory of P1. These GWI, in turn, emerge from the ordinary GW theory of
Kähler surfaces via localization by cosections, reducing it to the GW theory of an associated
spin curve ([41]).

To date, the spin theory enjoys almost the same "global structure" as the non-spin theory
(see Figure 3). This is the result of the cumulative work carried out in [54], [56], [45], [55],
[40], which provides major components of Figure 3.

GWIspin

HWCspin
trop

HWCspin
HWCspin

Fock

[41
]

[55],[41]

open

0.2.2

HW spin

HW spin
trop

HW spin
rep.

[45], [40]

[31]

defines

Figure 3: A network for type B theory from ordinary spin Hurwitz numbers, on the left,
to completed cycles, on the right. Note: The absence of a Fock space expression for ordi-
nary double spin Hurwitz numbers stems from a key difference from the classical theory.
Double Hurwitz numbers (two special ramifications, 2-cycles elsewhere), agree with their
2-completed-cycle analogues . This explains the presence of the operator Formalism in
Figure 1. This equality fails in the spin setting, as ordinary double spin Hurwitz numbers
(two special ramifications, 3-cycles elsewhere) differ from their 3-completed-cycle analogues.
The connection betweenGWIspin andHWCspin

trop (the dashed arrow) is yet to be established.
This can be done by modeling [28] for type A theory and using the spin ingredients devel-
oped in this thesis and in [31].

We contribute by adding tropical counterparts: In previous work [31] we introduced
a tropical count and established its equivalence to the algebraic one, using degeneration
techniques (to complete the left part of Figure 3). The setting was exclusively geometric.
Here, we turn to the right part of Diagram 3. The setting is representation-theoretic. The
goal is

• To re-geometrize the spin invariants HWCspin, completing the right part of Figure 3
and thereby returning the theory to a geometric setting.

• To analyze their structural properties (polynomial behavior, wall-crossing formulae).
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This fits into the program initiated by [9], [28] and [23] and continued by [46] to
tropicalize Hurwitz-type enumerative invariants and supports on-going research efforts in
the spin-setting.

0.3 Preword
« On ferait une bonne oeuvre, Hérodote, en procurant un abrégé de toute la matière
[...].

Et ceux aussi qui ont avancé suffisamment dans l’examen des ouvrages complets, il faut
qu’ils gardent en mémoire le schéma, réduit aux éléments, du système entier ; car nous
avons un besoin fréquent de la saisie de l’ensemble, non autant de celle des parties. Il
faut donc aller continuellement vers les vues d’ensemble, mettre dans la mémoire cela
seulement à partir de quoi sera possible la vue dominante jetée sur les choses, en même
temps que se fera jour la connaissance précise et complète du particulier, du moment
qu’auront été bien compris et bien retenus les schémas valables universellement. Car,
même dans le cas de celui qui est parfaitement instruit, c’est cela qui permet, dans toute
connaissance précise, de dominer le détail : le fait de pouvoir user rapidement des vues
rassemblantes, en ramenant chaque chose à des éléments et à des termes simples. Car
la concentration de la vue englobante qui enserre toutes choses sans faille, ne peut
appartenir à qui n’est pas capable d’embrasser en lui-même, à l’aide de brèves formules,
tout ce qui a été examiné avec précision dans sa particularité C’est pourquoi, une telle
méthode étant utile à tous ceux qui sont familiarisés avec la science de la nature, moi
qui recommande une activité incessante dans cette science, et qui trouve dans cette
occupation ce qui procure le plus de calme à la vie, j’ai composé pour toi cet abrégé
élémentaire de toutes mes opinions dont je parlais tout à l’heure.» (Épicure, Lettre à
Hérodote)

This text is an attempt: I try to fit things in a system of thinking (category theory). To
honor the interconnected nature of all topics considered, I deliberately include broad context
and explain already established work. This is especially crucial regarding Hurwitz theory,
where the essence lies in the interplay of different mathematical areas. An isolated tropical
perspective would not do justice to the topic. I believe in explaining broadly and embedding
new results within a wider framework. This shows: There is nothing truly new under
the sun, rather old ideas in new settings. This work is a small part of this large cohesive
mathematical narrative.

0.4 Guiding principles
We find Epicure’s program of providing a "vue d’emsemble" in different forms throughout
this thesis:

1. Literally, through the concept of moduli spaces.

xv



2. Implicitly, through synthesis (e.g. placing questions into larger context, bringing
various mathematical disciplines together and connecting abstract with concrete
mathematics).

1. Moduli spaces A moduli space is an answer to a classification problem. It organizes
a collection of mathematical objects by reducing them to their defining properties and by
deciding which objects are to be identified. This reflects a sense of what is mathematically
relevant. The result is a "vue d’emsemble" in the sense of Epicure, hiding details and placing
objects into one setting. This perspective allows for the distinction between what is specific
and what is general and how different objects interact. Approaches to study them are:

• Via special phenomena/subclasses of objects: In this thesis, we analyzeM tr
2 and Atr2 via

tropical split Jacobians (Project 1 and 2).

• Via enumerative geometry: Enumerative invariants may often be expressed as intersec-
tion numbers on a suitable moduli space. Explicit formulas for these invariants inform
about the intersection theory of the underlying space and, in turn, about the space
itself. In this sense, moduli spaces of (tropical) Hurwitz covers are also present in the
third project. More concretely, we conjecture via enumerative geometry that the num-
bersHW spin (HW spin

trop ) are equal to the degree of a branch map from a moduli space of
spin admissible covers to a symmetric product of P1, which encodes the location of the
branch points of a spin cover. Furthermore, our study of the polynomiality behaviour
of the numbersHWCspin leads to the expectation that these numbers, analogously to
the numbersHWC , can be expressed in terms of an intersection product on a moduli
space.

Because of this central role played by moduli spaces in all projects, we discuss moduli spaces
in detail, in particular in the category-theoretic framework, in the Preliminary section,
Chapter 1, see Section 1.2.

2. Synthesis While the three projects deal with specific research problems, each project
serves as a case study. A goal of this thesis is to is to present each project in its larger
mathematical context.

Projects 1 and 2: The broader context is the connection between tavs and curves. A
universal language, category theory, used in for example in Section 2.3 for tav, in Section 2.4
for curves, in Section 1.2 to introduce moduli spaces, or in Section 2.6 to carry over algebraic
methods to the tropical setting, facilitates the task.

Project 3: The broader context is a network of mathematical disciplines hostingHWCspin,
visualized in Figure 3.15. Excerpts are: Tropical geometry links to algebraic geometry via
degeneration ([31] proves a Correspondence Theorem), and to representation theory via
Feynman graphs (Section 8.1).
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The context unifying Parts I and II is the category of algebraic/tropical curves (see Figure
4), with two classes of morphisms: Optimal covers (used to understand split Jacobians) and
tropical spin Hurwitz covers with completed cycles (which are to be counted).

Category of algebraic curves Category of tropical curves...

"tropicalization"

Figure 4: Vue d’emsemble: The category of algebraic/tropical curves with objects = alge-
braic/tropical Curves (green = genus 1) and morphisms = Hurwitz covers (fat arrows =
optimal covers). Dashed circles enclose sets of morphisms that contributes to one Hurwitz
number.

Tropical geometry is well-suited for realizing Point 2, due to an inherently connective
character. We have already seen one expression of this character: It provides formalized
bridges to various mathematical disciplines. This connecting nature also shows up in another
form: As bridge between abstract and concrete mathematics. A recurring goal is to move as
smoothly as possible between the two.

Indeed, tropical geometry offers a setting in which the two poles, abstract theory and
concrete computations, often coexist closely. The tension between abstract and concrete is
a reoccurring theme in this thesis, and we argue that it is a fruitful one. The reconstruction
procedure in Section 3.5 exemplifies this, demonstrating how theoretical and explicit results
stimulate each other.

Two perspectives on tropical geometry Tropical geometry is developed in formal
analogy with classical algebraic geometry: Fundamental objects in algebraic geometry
(curves, covers,...) will have a counterpart (tropical curves, tropical covers,...) that plays
an equivalent role in the tropical theory. These counterparts are either imported from
algebraic geometry (via "tropicalization") or defined intrinsically according to the same
motivating principle as their algebraic analogues. This parallel development establishes a
close connection between the two theories.
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The present work splits according to these two approaches:

Intrinsic approach: Part I. Category theory offers a framework to formalize the intrinsic
development of the tropical language. Objects in tropical geometry studied in this text fall in
the category of rational polyhedral spaces and require methods from discrete mathematics
and combinatorics. Objects in complex algebraic geometry build on solution sets of poly-
nomial equations over C. Methods emerging from analytic geometry have evolved into
an abstract machinery that draws from various areas such as algebra, topology and more.
Structural similarities between the two fields suggest that (in principle) many constructions
in algebraic geometry can be defined "analogously" and made functional for the tropical
setting. Category theory provides a structured framework to do so.

The present work contributes to this program (initiated by [69]) in the context of
tropical abelian varieties and their relation to ramified covers. The starting point here is the
concept of tropical split Jacobians, which has a formal counterpart in algebraic geometry
but is intrinsically tropical. Through a tropical category-theoretic approach we are able to
retain abstract concepts and strategies from the classical treatment, while taking advantage
of the tropical setting to develop concrete algorithms to work with them.

Extrinsic approach: Part II. Enumerative problems in algebraic geometry provide a strong
motivation that drives the development of the tropical language via the first approach
(tropicalization). Degeneration techniques, for example, are commonly used to reduce their
complexity. Tropical geometry encodes the "end product" in a combinatorial object, which
is treated as the counterpart of the original object itself.

The occasion for further extending the tropical formalism in Part II is the classical count
of spin Hurwitz numbers with completed cycles. We build on the work of [28] in the context
of Gromov-Witten invariants and Hurwitz numbers who recognized the suitability of tropical
geometry to encode expressions in the operator formalism of Fock space. The transition to
spin Hurwitz numbers comes naturally. Previous work by [28] and [46] positioned tropical
geometry within a broad network of mathematical areas connected by Hurwitz theory (see
Figure 1). The present text sees this as opportunity to establish analogous connections in
the spin case, thereby integrating itself into this ongoing research program.

0.5 Overview

Part I: Tropical split Jacobians. Chapter 2 establishes a categorical framework for tav
and curves and derives a characterization of split Jacobians in TA and TC.

Chapter 3 contains a procedure for constructing split Jacobians from their building
blocks and a characterization in Atr2 andM tr

2 .

Part II: Tropical spin Hurwitz numbers with completed cycles Part II is laid out
according to the network of mathematical areas that host (spin) Hurwitz numbers, with a
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focus on creating a structured framework for further research:
We start with a review of the classical (type A) theory: Chapter 4 covers the algebraic,

the representation theoretic, and the tropical setting and Chapter 6 the Fock space setting.
This structure is mirrored in Chapters 5 and 7 for the spin (type B) theory. Apart from
collecting known results, these chapters provide a unified framework that highlights the
parallels between the type A and the type B theory, as well as the bridges between the
different settings.

Building upon this structured foundation, Chapter 8 finds a tropical language and
presents the main results of the third project.
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Chapter 1

Preliminaries

This chapter introduces classical concepts around curves and moduli problems, providing
the algebraic context in which this work is done. We structured this preliminary material so
that it mirrors the framework used for the tropical setting in subsequent chapters. Those
later chapters will contain technical introductory sections to the necessary tropical concepts.
We close with an informal outlook towards their tropical analogues.

1.1 Category of algebraic curves
Objects: A curve C is a reduced, projective variety of dimension one, not necessarily con-
nected, over C, i.e. C is isomorphic a one dimensional subvariety of Pn (see [18], Section
1.5).

Assume C Ă Pn and let IpCq be the ideal generated by all homogeneous polynomials
vanishing on C . A point p P C is smooth (singular), if the Jacobian matrix p Bfi

Bxj
ppqqi,j , where

fi are generators of IpCq, has rank at least n ´ codimCppq “ n ´ 1 (rank strictly smaller
than n´ codimCppq “ n´ 1). If all points are smooth, we say that C is smooth, and C is
singular otherwise.

Morphisms: Let Ci for i “ 1, 2 be curves. A morphism of curves will be a regular map
f : C1 Ñ C2 (i.e. locally of the form fpxq “ pg0pxq : ... : gmpxq, where each gi is the
quotient of homogeneous polynomials of the same degree in the homogeneous coordinate
ring of C).

1.1.1 Smooth curves and Riemann surfaces
A fundamental invariant associated with a curve C is its genus (invariant under birational
transformations). There are essentially two notions ([70], Definition 3.2):

• the geometric genus pgpCq given by the dimension of the space of global sections
H0pC,Ω1

Cq of the cotangent sheaf Ω1
C , i.e. the C-vector space of holomorphic 1-forms

or differentials on C .
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• the arithmetic genus papCq :“ 1´ χpOCq, where OC is the structure sheaf on C , i.e.
the sheaf of regular functions on C , and χ its (algebraic not topological see [39]) Euler
characteristic.

These agree when C is irreducible and smooth. We set gpCq :“ papCq “ pgpCq. If
C is reducible (equivalently disconnected since it is smooth), we set gpCq :“ papCq “

1´ k `
řk
i“1 gpCiq, where C “

Ťk
i“1Ci is its decomposition into irreducible components.

Irreducible and smooth curves form (with non-constant regular maps as morphism) a
subcategory C whose analytic counterpart is the category of compact Riemann surfaces
RS.

Category of compact Riemann surfaces Objects: A Riemann surface X is a complex
analytic manifold of dimension 1. Seen as a real manifold, a compact Riemann surface is a
connected and compact orientable surface and hence homeomorphic to a connected sum of
g tori (Theorem 2.4.3 [20]). The number gpXq :“ g is the analytic counterpart of the genus
and called the (topological) genus of X . Morphisms: Let Xi for i “ 1, 2 be compact Riemann
surfaces. A map of sets f : X1 Ñ X2 is a morphism, if f is holomorphic (see Definition
1.1.2).

Equivalence of categories Smooth curves and Riemann surfaces are equivalent notions.
More precisely: There is a functor F : C Ñ RS, which equips an irreducible smooth
curve C of genus g with a unique complex structure turning C into a Riemann surface of
(topological) genus g (see e.g. [20]).

Theorem 1.1.1 ([42], Chapter 1.3). The functor F has a quasi-inverse, i.e. the categories of
smooth and irreducible algebraic curves and compact Riemann surfaces are equivalent.

Theorem 1.1.1 justifies the use of either C or RS as a setting for new terminology or
constructions. RS is the right setting for describing morphisms in more detail.

Maps between compact Riemann surfaces A combination of highly restrictive con-
ditions, compactness of both target and base space together with holomorphicity, leads to
maps with structured behavior.

Definition 1.1.2. Let C and D be compact Riemann surfaces. We call a map f : C Ñ D
holomorphic if and only if for every point p P C and every choice of charts ϕp around p and
ϕfppq around fppq the map F :“ ϕfppq ˝ f ˝ ϕp

´1 is a holomorphic map between open sets
of C. We call F the local expression for f .

In fact, by carefully choosing our charts we can always achieve that (if f is non-constant)
F is a power function z ÞÑ zkp where the positive integer kp is uniquely determined. Here,
carefully choosing means that we need to impose a restriction on the choice of charts ϕp
and ϕfppq: We require that they are centered at p, fppq, i.e. ϕpppq “ 0 “ ϕfppqpfppqq (see
[20], Theorem 4.2.1). In this case we call kp the ramification index of f at p.
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Generically, i.e. except at finitely (since C is compact) many points, kp “ 1. Points,
where kp ą 1 are called ramification points of f and their images fppq P D branch points.
Except at branch points, each q P D has exactly d inverse images under f . This constant is
called the degree of f . Figure 1.1 shows a local image of f around a generic point (on the
left) and a branch point (on the right). The collection of ramification indices of preimages of
branch points are called ramification profile and form a partition of the degree of f .

Sheet 1

Sheet 2

f

Generic point Branch point

Figure 1.1: Real (local) picture of a degree 2 branched covering of P1 with ramification
profiles p2q over the branch point. The generic point has ramification profile p1, 1q.

1.1.2 Singular curves: Nodal Curves
It will be useful to extend the study of curves to curves with mild singularities: A node is a
singularity on the curve which is locally complex-analytically isomorphic to a neighborhood
of the origin in the zero locus txy “ 0u Ă C2. A nodal curve is a curve such that every one
of its points is either smooth or a node.
Example 1.1.3. Consider C :“ trX : Y : Zs : f :“ ZY 2 `X3 ´ ZX2 “ 0u Ă P2 ([70],
Exercise 3.7). Then C has exactly one singularity P :“ r0 : 0 : 1s, which is the unique
solution to:

Bf

BX
“ 3X2

´ 2XZ “
Bf

BY
“ 2Y Z “

Bf

BZ
“ Y 2

´X2
“ 0.

We claim thatP is a node, i.e. locallyC looks like the union of two linesmeeting transversally:
Consider the chart UZ : tZ ‰ 0u Ă P2 with coordinates px, yq :“ ϕZprX : Y : Zsq “

pX{Z, Y {Zq. We have ϕZpUZ X Cq “ V pfpx, y, 1qq “ V py2 ` x2px ´ 1qq and ϕZpP q “
p0, 0q. Around the origin, y2 ` x2px ´ 1q “ 0 is complex-analytically isomorphic to
0 “ y2 ` x2 ¨ p´1q “ py` xqpy´ xq, which is the union of the two lines y “ x and y “ ´x.
More precisely, the map px, yq ÞÑ px

?
1´ x, yq, where

?
1´ x denotes the principal branch

of the square root, is locally biholomorphic.
Both notions of genus can be extended to nodal curves: The geometric genus of a nodal

curveC is given by the geometric genus of its normalizationCν . The definition of arithmetic
genus requires no further adjustments and relates to papCνq as follows:

papCq “ papC
ν
q `#t nodes of Cu([70], Exercise 3.8). (1.1)

These do not agree in general.
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Example 1.1.4. Let C be the curve from Example 1.1.3 and ν : Cν Ñ C its normalization.
We have papCq “ 0` 1´ 1` 1 “ 1 and pgpCq “ 0.

As a slogan: pgpCq is the genus of the curve obtained from C after "unravelling" all
the nodes and papCq is the genus of the curve obtained from C after "smoothing" all the
nodes. Roughly, unravelling a node either creates a new connected component or decreases
the number of holes. The summand #t nodes of Cu (Equation 1.1) compensates for the
resulting decrease in genus and reveals a feature of papCq: It stays constant in families of
curves with possibly singular fibres (see Section 1.2.1).

ν

C

Cν

papCq “ 1` 2pgpCq “ pa pC
νq “ 1

Figure 1.2: A nodal curve C , its normalization Cν , on the left (obtained by "unravelling" all
nodes), and the curve after "smoothing" all nodes, on the right.

Remark 1.1.5. We have an equivalence of data ([70], Fact 3.9)

pC nodal curve, tpiuinodesq ÐÑ pCνsmooth curve, tpp1i, p2i quimarked pointsq,

given by associating to a curve C with normalization ν : Cν Ñ C , the smooth curve Cν

together with the preimages pp1i, p2i q “ ν´1ppiq and, conversely, to a tuple pCν , tpp1i, p
2
i quiq

the unique curve obtained by identifying the points p1i and p2i . This means we can think of
a nodal curve as a possibly disconnected smooth curve together with the data of marked
points.

1.2 Moduli problems
Moduli problems related to the category of curves are a recurring theme of this text. They
appear in Project 2 and, indirectly, in Project 3. We include a general introduction here,
based on [70], [1], [47], [19] and [75]. Our main example is the moduli space of curves.

Classification is a fundamental task in mathematics, a moduli problem specifies this task
and, in doing so, suggests what a "good" classification should be.
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Definition 1.2.1. (Naive moduli problem)([47], Definition 2.8) Let C be a category with
fiber products. Given a class of objects P in C and an equivalence relation „ on P, find an
objectMP in C whose points are in bijection with equivalence classes of objects in P. The
data pP,„q is referred to as a naive moduli problem.

There is often a natural notion of "proximity" in P, that can be formalized by the notion
of a family (see Example 1.2.9). The exact definition depends on the moduli problem. A good
model is: Let C “ Top be the category of topological spaces. A family ofP-objects over the
base (space) B is a space X together with a surjective morphism π : X Ñ B whose fibers
π´1pbq are objects in P ([19], Definition 1). Note: families over points correspond to objects
in P. Any notion of family that we will consider is a variant of this.

We extend a moduli problem given by pP,„q as in Definition 1.2.1 to include the data
([47], Definition 2.10):

• for each object B in C, a pair pPB,„Bq consisting of a set of "families" over B and an
equivalence relation on PB ,

• for each morphism f : B1 Ñ B, a pullback map f˚ : PB Ñ PB1 ,

such that the following compatibility conditions are satisfied:

1. „B specializes to „ on objects (to be made precise).

2. the pullback Id˚ of Id : B Ñ B is the identity on PB .

3. „B is compatible with pullbacks, i.e.

• for a morphism f : B1 Ñ B and families X1 „B X2, we have f˚pX1q „B1

f˚pX2q.
• for morphisms g : B2 Ñ B1,f : B1 Ñ B and X P PB , pf ˝ gq˚pXq „B2

g˚ ˝ f˚pXq.

We specialize to the setting C “ SchC (the category of schemes over C) and clarify Point
1: Families over B :“ SpecC correspond to objects in P. Hence, we require pP,„q “

pPSpecC,„SpecCq. This data can be conveniently packaged into a functor.

Definition 1.2.2. A moduli functor/problem for the setting above is a contravariant functor

FP : SchC Ñ Set,

where

FPpBq :“ PB{ „B and FPpB
1 f
ÝÑ Bq :“ f˚.

Definition 1.2.3. Let FP be a moduli problem (Definition 1.2.2). If FP is representable, i.e.
if there exists a schemeMP such that FP – HomSchCp¨,MPq (as functors),MP is called a
fine moduli space for FP.
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Remark 1.2.4. A fine moduli spaceMP for a problem FP satisfies all we could wish for:
For every scheme B, we have a bijection between the set of families of P-objects over B
and the set of morphisms from B toMP given by the component

TB : FPpBq “ tfamilies over Bu Ñ HomSchCpB,MPq

of the natural transformation FP

T
– HomSchCp¨,MPq.

In particular, settingB “ SpecC yields a bijection between equivalence classes of objects
in P and C-points ofMP.

Being representable is a strong condition and provides additional structure.

Definition 1.2.5. LetMP be a fine moduli space for a problemFP (Definition 1.2.3). Denote
by T a natural isomorphism FP Ñ HomSchCp¨,MPq. Then

U :“ T´1
pIdMP

q P FPpMPq

is called the universal family.

Remark 1.2.6. The adjective "universal" is used for U , since any family X
over B can be obtained from U via pullback: Let f :“ TBpXq (see Re-
mark 1.2.4) and consider the commutative diagram (with diagram-chase)
HompMP,MPq HompB,MPq IdMP

f

FPpMPq FPpBq U X U f˚pUq

˝f

f˚

TMP TB

showing X “ f˚pUq.

Not all moduli problems admit a fine moduli space, in fact many do not see Example
(1.2.10). Relaxing (the requirements of) Definition 1.2.3 introduces the concept of a coarse
moduli space.

Definition 1.2.7. Let FP be a moduli problem. A coarse moduli space for FP is a pair
pMP,Φq, whereMP is a scheme and Φ : FP Ñ HomSchCp¨,MPq is a natural transformation,
satisfying that

• for all pairs pM 1,Φ1q as above, there exists a unique natural transformation Ψ such

that
FP Homp¨,MPq

Homp¨,M 1q

Φ

Φ1 D!Ψ commutes.

• the map ΦSpecC is a bijection.
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Remark 1.2.8. A pair pMP,ΦPq as in Definition 1.2.7 is (still) a moduli space: Condition 1
(Definition 1.2.7) spells that C-points ofMP parameterize equivalence classes in P

P{ „– FPpCq
ΦSpecC
ÝÝÝÑ HomSchCpSpecC,MPq –MPpCq.

A pair pMP,ΦPq is a (only) a "coarse" moduli space: The component maps ΦB of Φ are not
necessarily bijections. This mean that the geometry ofMP and the original moduli problem
may be quite different.

We collect two examples of moduli problems in C “ SchC from [70] we found enlight-
ening.

Example 1.2.9. Let P :“ tl : l line through the origin in C2u with equivalence relation
„ being equality. A naive answer to Task/Definition 1.2.1 would be to setMP “ P1 with
bijective correspondence:

x

ˆ

X
Y

˙

y “ l ÞÑ rX : Y s “: rls.

However, we wantMP to encode additional structure: We have a natural notion of proximity.

We say l1 “ x

ˆ

X1

Y1

˙

y is "close to" l2 “ x

ˆ

X2

Y2

˙

y (where Xi ‰ 0) if Y1
X1

is close to Y2
X2

with

respect to the euclidean topology on C (see Figure 1.3).

l1

l2

P1

U

Figure 1.3: Intuitive notion of proximity in P1 (on the left). On the right, a sketch of the
universal family over P1.

Families of lines. A family of lines through the origin (over a scheme)/(parameterized by)
X is a line bundle π : LÑ X that is a subbundle of the trivial vector bundle X ˆ C2 Ñ X
(this means: we can find an injective morphism L

i
ÝÑ X ˆ C2 of vector bundles whose

cokernel exists (as a vector bundle) with equivalence relation on the set of families over
X being the "existence of an isomorphism of line bundles that is compatible with both
embeddings. More precisely, pL i

ÝÑ X ˆ C2q „X pL1 i1
ÝÑ X ˆ C2q, if there exists an
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L

X

π
X P1

x

π´1pxq
lx

ãÑ

C2X P1

rlxs
L

FPpXq Q P Hom pX,P1q

Figure 1.4: Visualization of TX .

isomorphism L
ϕ
ÝÑ L1 of line bundles such that

L X ˆ C2

L1

ϕ

i

i1 commutes. Note: This

aligns with what we would want to call a family of P-objects since the line bundles in
question come together with fiberwise injective maps to C2 (given by i). The equivalence
relation for families just means that after embedding the families are equal.
The extended moduli problem. Define

FPpXq “ tpLÑ Xqu{ „X and FPpX
f
ÝÑ X 1

q : FPpX
1
q Ñ FPpXq, pLÑ Xq ÞÑ pf˚LÑ X 1

q,

where pf˚L Ñ X 1q denotes the usual pullback. This data is compatible (i.e. it defines a
functor FP : SchC Ñ Set) since

• the pullback takes subbundles to subbundles, i.e. pf˚L Ñ X 1q is again (via f˚i) a
subbundle of bundle X 1 ˆ C2 Ñ X 1.

• FPpIdXq “ IdFPpXq and the equivalence relations „X behave well with the pullback
maps f˚.

A fine moduli space for FP. There exists a natural isomorphism FP

T
– Homp¨,P1q, i.e. a

collection of component maps

TX : FPpXq
„
Ñ HompX,P1

q

satisfying some additional compatibility conditions. Here is an intuition for TX ’s behavior
on closed points (see also Figure 1.4): Let L π

ÝÑ X P FPpXq and lx :“ ipπ´1pxqq P txu ˆ C2

the line obtained after embedding the fiber of π above a point x ofX . ThenL π
ÝÑ X gives rise

to a morphism X Ñ P1 defined for closed points by x ÞÑ rlxs. To see why the construction
of TX must be restated in algebraic terms in order to associate to each family over a scheme
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a morphism of schemes, consider the following example:Let L be the trivial line bundle over
X :“ SpecpCrxsq “ trx ´ as, a P Cu Y tr0su. On closed points, trx ´ as, a P Cu – C, L
together with its map to X ˆ C2 are given by

L “ Cˆ C i
ÝÑ X ˆ C2, pa, tq ÞÑ pa, pa, taqq.

Having constructed an assignmentX to P1 on the level of closed points a ÞÑ r1 : as, we need
to address two issues: First, how to properly handle the point r0s and then how to turn this
into a genuine morphism of schemes. Regarding the first, the fiber Lr0s of π over r0s is the
pullback of π along SpecpCpxqq Ñ SpecpCrxsq “ X . This is given by Lr0s “ SpecpCpxqrtsq,
the affine line over SpecpCpxqq, with injective map to SpecpCpxqq ˆA2 “ SpecpCpxqqru, vs
induced by the map on rings u ÞÑ t and v ÞÑ tx. We see that extending the assignement X
to P1 to a full morphism of schemes is not immediate. For a formal construction we refer to
[70], Example 2.4.

The universal family is given by the tautological bundle (see [70])

tprls, cq P P1
ˆ C2 : c P lu “: U Ñ P1, prls, cq ÞÑ rls.

Since P1 is a fine moduli space: Specifying the data of "families of lines" is equivalent to
endowing P1 with a topology. It is the weakest topology induced by the collection of maps
to P1 (that are in bijective correspondence with these families). It is the Zariski topology,
when considering families of lines as above (corresponding to maps from schemes).

However, P1 also has a finer topology than the Zariski topology, the complex topology,
which is induced by a metric. This would correspond to only looking at families of lines
over complex spaces (i.e. line bundles over a complex spaces that are subbundles of the
trivial bundle), thus endowing P1 with a metric that formalizes our notion of proximity.

Example 1.2.9 is as nice as it gets: The moduli functor is representable and the corre-
sponding fine moduli space is compact. The situation is already very different for curves of
genus 1.

Example 1.2.10. Consider the following classification problem: Let P :“ tC :
C smooth curve of genus 1u with relation „ given by C1 „ C2 if and only if they are
isomorphic. A naive answer to Task/Definition 1.2.1 exploits the following fact (see [70]):
For C a smooth curve of genus 1 there exists t P Czt0, 1u such that

C – Et :“ trX : Y : Zs : Y 2Z `XpX ´ ZqpX ´ tZq “ 0u.

The idea is to use U :“ Czt0, 1u as a first approximation to a parameter space. We have a
surjective map

ϕ : U Ñ P{ „, t ÞÑ rEts

with ϕ´1prEtsq “ tt, 1
t
, 1 ´ t, 1

1´t
, t´1

t
, t
t´1

u. In order to construct a scheme out of these
ingredients, we describe the sets ϕ´1prEtsq as orbits of a group action onU : Define S3ˆU Ñ

9



U, pσ, tq ÞÑ σ¨t by p12q¨t :“ 1
t
and p23q¨t :“ 1´t. Then ϕ´1prEtsq “ S3¨t andU{S3 – P{ „

(as sets), where U{S3 is the set of orbits of U under the action of S3. Since S3 can be viewed
as an algebraic group (i.e. a group object in SchC, see [47], Definition 3.1 for more details)
and the action of S3 on U is algebraic (i.e. S3 ˆ U Ñ U, is a morphism in SchC that is
compatible with the group structure (identity, inversion, multiplication), see [47], Definition
3.5 for more details), there is hope to turn the quotient U{S3 into a scheme. It works in this
case: The corresponding quotient in SchC is given by the morphism

j : A1
zt0, 1u Ñ A1, t ÞÑ jptq :“ 28

pt2 ´ t` 1q3

t2pt´ 1q2

known as the j-invariant, where

• U is exactly the set of C-points of A1zt0, 1u.

• preimages of closed points of A1 (i.e.those corresponding to C) are exactly the orbits.

The data needed to specify the extended moduli problem/the moduli functor FP (i.e. a
notion of family together with equivalence relations on the sets of families over a common
base) will be defined in Section 1.2.1. At this point only the following remark: M1 :“ A1 is
a moduli space for FP, but it is not a fine one.

A different issue and an informal discussion. Compactness is (among others) a desirable
property. What should a good compactification ofM1 be? A compact spaceM1 such that
M1 Ă M1 open. Ideally, M1 itself should be a moduli space, a moduli space for smooth
curves of genus 1 and for objects that are generalisations of them. Although P1 appears as
the most natural candidate, the question remains whether it is a good compactification in
the sense described above: We have "jptq “ 8", if t “ 0, 1. In these cases, the curves E0

and E1 are nodal cubics of arithmetic genus 1. This means we can view P1 as moduli space
for curves of (arithmetic) genus 1, which are allowed to have nodes as singularities.

The "family" Et parametrized by t satisfies jpEtq Ñ
tÑ8

8. P1 provides a limit object for
Et at t “ 8. This shows that the compactification not only parametrizes a larger class of
objects, but also answers the question: How do objects in a family degenerate?

The parameter spaces constructed in Examples 1.2.9 and 1.2.10 are not canonical, their
definitions involve several arbitrary choices. However, having established that these are
moduli spaces, the general theory guarantees that the corresponding Hom functors are
unique up to natural isomorphism and, by Yoneda’s Lemma, so are the respective schemes.

Remark 1.2.11. Example 1.2.10 represents an instance of a general procedure for construct-
ing moduli spaces: Given a moduli functorFP (if possible) find a family ofP-objects U π

ÝÑ S
such that for each equivalence class rps of P-objects there exists (at least one) point s of
S with π´1psq is a member of rps (in Example 1.2.10, S “ A1zt0, 1u). If U π

ÝÑ S has the
local universal property ([47], Definition 2.28) and equivalence classes correspond exactly
to orbits of the action of an algebraic group G, then any coarse moduli space for FP (if it
exists) is an orbit space (see [47], Definition 3.23 and Proposition 3.35).

10



Obstructions to representability.

Being representable is a desirable but strong condition: LetM be in SchC, then Homp¨,Mq

is a sheaf in the Zariski topology (see e.g. [47], Exercise 2.18). This means: If a moduli
functorF is representable, thenF is a sheaf. In particular, compatible families glue uniquely
(see [8], Section 2.1.1).

Example 1.2.12. [[70], p.49] Sketch example: The moduli functor FP of curves of genus 1
(Example 1.2.10) is not representable. Let tU1, U2u be the Zariski open cover of S, where S
is a cycle of 4 rational curves as shown in Figure 1.5 (after Figure 25 of [70]). Consider the
families U1 ˆ E

p1
ÝÑ U1 and U2 ˆ E

p1
ÝÑ U2, where E is a smooth curve of genus 1. Since

the restriction of p1 to the intersection U1 X U2, p1|U1XU2 , agrees with p2|U1XU2 , p1 and p2
are compatible.

If FP is a sheaf, then p1 and p2 should glue to a unique family over S. Let σ P

AutpEqztIdEu (this exists see [70]) and consider the family C π
ÝÑ S obtained by gluing

U1 ˆ E
p1
ÝÑ U1 and U2 ˆ E

p1
ÝÑ U2 along the two connected components U 1 and U2 of

U1 X U2 via pId, Idq : U 1 ˆ E Ñ U 1 ˆ E and pId, σq : U 1 ˆ E Ñ U 1 ˆ E. It can be shown
that π is not isomorphic to the trivial family. Hence, there are at least to ways to glue p1
and p2.

S

U1 U2

Ă Ă

Figure 1.5: A sketch of the base S, reproduced from Figure 25 ([70]) for convenience of the
reader.

Example 1.2.12 shows: The presence of non-trivial automorphism is (often) an obstruction
to representability.

1.2.1 Moduli problems and the category of algebraic curves
Main Example: Moduli space of (marked) curves

In the coming section, we shall dwell further on the problem of classifying curves of genus
g. We start with:
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The naive moduli problem. Example 1.2.10 and Example 1.2.12 serve as informal moti-
vation for introducing the notion of a stable (marked) curve. These will be the objects we
will want to classify up to isomorphism.

Definition 1.2.13. [[70], Definition 3.10 and Proposition 3.13] Let C be a connected curve
with at most nodes as singularities and σ “ tp1, ..., pnu a set of distinct and smooth points
of C . We call

• C stable, if |AutpCq “ tφ : C Ñ C | φ is an automorphismu| ă 8.

• pC, σq stable, if |AutpC, σq “ tφ P AutpCq : φppiq “ piu| ă 8.

A point pi P σ is a marked point, the preimages of nodes and marked points under the
normalization map ν : Cν Ñ C are special, and the tuple pC, σq is an n-marked/pointed
curve.

IfC is smooth and gpCq ě 2, then |AutpCq| ă 8. Hence, we can force the automorphism
groups for nodal curves to be finite using the following marking rule: Let pC, σq be an n-
marked curve and Cν its normalization. Then pC, σq is stable if and only if every irreducible
component Ci Ă Cν has

• at least 3 special point, if gpCiq “ 0.

• at least 1 special point, if gpCiq “ 1.

Remark 1.2.14.

• We allow for nodal curves to have a chance to obtain a compact moduli space of curves
of genus g.

• Automorphism groups are an obstruction to representability. We restrict to finite
automorphism groups to ensure that the problem is bounded (see [70], Figure 10 for
a sketch of an unbounded sequence nodal curves). The precise reason is that this
condition ensures that the moduli stack of curves Mg,n is Deligne-Mumford (see e.g.
[70], Section 5.1).

The extendedmoduli problem/themoduli functor Recall, a moduli functor is specified
by the following data:

1. for each scheme S, a set of families over S.

2. for each set PS , an equivalence relation „S .

3. for each morphism S 1 Ñ S, a pullback map PS Ñ PS1 of families.

1. Families of curves.

12



Definition 1.2.15. [[70], Definition 3.15] A family of n-marked (smooth/stable) genus g
curves is a tuple pπ : C Ñ S, p1, ..., pn : S Ñ Cq, where

• π is a (smooth/flat), proper, surjective, finitely presented morphism of schemes such
that the fibers Cs :“ π´1psq over any geometric point s P S is a (smooth/stable)
connected curve of arithmetic genus g.

• p1, ..., pn are pairwise distinct sections of pi with for any s P S pipsq is a smooth point
of Cs.

For S in SchC, let

• P
pg,nq
S be the set of smooth families with base S.

• P
pg,nq

S be the set of stable families with base S.

Remark 1.2.16. Some explanatory words on Definition 1.2.15:

• Definition 1.2.15 only imposes requirements for geometric fibers, since we intend to
work over algebraically closed fields.

• flat, proper, surjective, finitely presented is a collection of technical conditions for what
constitutes a well-behaved family of curves: For example guaranteeing that various
numerical invariants of fibers are constant such as the dimension, the arithmetic
genus, the degree of π (see [76], 24.1).

• The morphisms p1, ..., pn pick out exactly exactly n pairwise distinct smooth points
p1psq, ..., pnpsq in every fiber.

2. Equivalence relation. Two families with base S are equivalent

pπ : C Ñ S, p1, ..., pn : S Ñ Cq „S pπ1 : C 1
Ñ S, p11, ..., p

1
n : S Ñ C 1

q

if there exists an isomorphism φ : C Ñ C 1 such that for i “ 1, ..., n the diagram
C C 1

S

π

φ

π1

p1i
pi

commutes.

3. Pullback maps. Let π : C Ñ S be a family of curves and f : S 1 Ñ S any morphism of

schemes. Consider their fiber product in SchC:
C ˆS S

1 C

S 1 S

πS1 π

f

.

The map πS1 : CS1 :“ CˆSS
1 Ñ S 1 is again a family of curves (in the sense of Definition

1.2.15), since the collection of properties (proper, smooth/flat, finitely presented, surjective)
is preserved under base change (see e.g. [76], Section 9.4).
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For f : S 1 Ñ S, introduce the pullback of smooth/stable families

f˚
pπ : C Ñ S, p1, ..., pn : S Ñ Cq :“ pπS1 : CS1 Ñ S 1, p1,S1 , ..., pn,S1 : S 1

Ñ CS1q,

where pi,S1 :“ ppi ˝ fq ˆ IdS1 . Fact: Stability is also preserved under base change. We
package data 1.-3. into moduli functors.

Definition 1.2.17. [[70], Definition 3.17] Let g, n ě 0. Define the moduli functor of smooth
n-marked genus g curves Mg,n : SchC Ñ Set by

Mg,npSq “ P
pg,nq
S { „S and Mg,npS

1 f
ÝÑ Sq :“ f˚ : Mg,npSq Ñ Mg,npS

1
q

and the "compactified moduli problem" given by the moduli functor of stable n-marked genus
g curves Mg,n : SchC Ñ Set:

Mg,npSq “ P
pg,nq

S { „S andMg,npS
1 f
ÝÑ Sq :“ f˚ : Mg,npSq Ñ Mg,npS

1
q.

If n “ 0, write Mg :“ Mg,0, respectively Mg :“ Mg,0.

Solution 1: Schemes. The moduli problems Mg,n and its compactification Mg,n (Defini-
tion 1.2.17) admit the following solution:

Theorem 1.2.18. (Deligne-Mumford-Knudsen, [70]) For 2g ´ 2 ` n ą 0, there exists a
varietyMg,n and an irreducible, projective varietyM g,n containingMg,n as a nonempty,
open and dense subvariety, both of dimension 3g ´ 3 ` n, that are coarse moduli spaces
for Mg,n and Mg,n, respectively. Moreover, if g “ 0, the situation is as good as it gets: M0,n

andM0,n are even fine moduli spaces.

Solution 2: Stacks. The primary reason for seeking an alternative solution to the classifi-
cation problem is that the moduli functors, Mg,n and Mg,n, are not representable. We make
the following trade: We renounce to the parameterizing object being in SchC. In return
we get a more complicated object, a Deligne-Mumford stack (also denoted byMg,n), but in
which many properties of a fine moduli space are automatically built in. We now give a
brief sketch of this new object, while keeping track of the following two properties we wish
it to have:

S.1 A one-to-one correspondence between morphisms S Ñ Mg,n and families over a
scheme S.

S.2 Existence of a universal family.

Basic structure: The new object is a pair pMg,n, F : Mg,n Ñ SchCq, where Mg,n is a
category defined by
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• Objects: Families of stable curves pπ : C Ñ S, p1, ..., pn : S Ñ Cq (Definition 1.2.15),

• Morphisms: A morphism from pπ1 : C 1 Ñ S 1q to pπ : C Ñ Sq (leaving out sections to
simplify notation) is a pair pf̂ , fq that identifies π1 as the pullback of π. More precisely:

Hompπ1 : C 1 Ñ S 1, π : C Ñ Sq “ tpf̂ , fq such that
C 1 C

S 1 S

f̂

π1 π

f

commutesu,

and F : Mg,n Ñ SchC is a functor defined by

pπ : C Ñ Sq ÞÑ S and pf̂ , fq ÞÑ f.

More structure: The fiber over S, F´1pSq, which is the subcategory whose objects map to S
(in this case: elements ofPpg,nq

S ) and whose morphism map to IdS (in this case: pairs pf̂ , IdSq
inducing an equivalence of families over S (compare to „S)), is a groupoid, i.e. a category
in which all morphisms are isomorphisms, and the pair pMg,n, F : Mg,n Ñ SchCq is a
category fibered in groupoids over SchC, i.e. a category M together with a functor F : M Ñ

SchC such that "pullbacks exists up to canonical isomorphims" (see [1], Definition2.4.1).
This means Property S.1 is built into the pair pMg,n, F q: A scheme S in SchC can be
considered a category fibered in groupoids over SchC given by pSchS, FSq, where SchS is
the category whose objects are schemes over S (i.e. schemes X together with a morphism
X Ñ S) and whose morphisms are morphisms of schemes over S and FS : SchS Ñ SchC

just forgets the map to S. A morphism S
f
ÝÑ Mg,n is a functor SchS Ñ Mg,n such that

SchS Mg,n

S

f

F 1
S

F

commutes. The assignment

pS
f
ÝÑ Mg,nq ÞÑ fpSq,

where S is viewed as an object of SchS , yields the correspondence stated in Property S.1.
Even more structure: Mg,n is not just a category fibered in groupoids, it is a Deligne-

Mumford stack. Features include:

• A "sheaf-like behavior": Objects glue in a unique way (see e.g. [1], Definition 2.5.1
for a precise statement). Note, this addresses one obstruction to represenability, the
presence of non-trivial automorphism (Example 1.2.12), essentially achieved by the
notion of morphisms in the category Mg,n: Let S be a scheme. Instead of just having
a set of equivalence classes of families over S (the moduli functor perspective), we
now have a groupoid that additionally records how families are isomorphic.
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• Existence of universal family: see Theorem 1.2.19 and see e.g. [1], Definition 3.1.27,
for a general Definition, and Example 3.1.29.

• Mg,n has an atlas: There is a (representable) surjective morphism (of categories fibered
in groupoids) U Ñ Mg,n from a smooth scheme U (interpreted as category fibered
in groupoids), which allows us (in some sense) to study Mg,n via U . This should
be thought of in analogy to studying a scheme via an affine cover. In this context
surjective means that the family C π

ÝÑ U corresponding to U Ñ Mg,n satisfies that
every stable curve occurs as a fiber of π.

Many concepts that are defined for schemes and morphism of schemes (such as smooth-
ness, irreducibility, dimension, different flavours of points) have an analogue in the theory
of algebraic stacks and can often be studied by looking at the atlas U . Without precise
Definitions here are features of Mg,n parallel to and extending Theorem 1.2.18:

Theorem 1.2.19. ([70], Theorem 5.1)
For 2g ´ 2 ` n ą 0, there exists (irreducible, proper and smooth as stacks) Deligne-

Mumford stacksMg,n andMg,n of dimension 3g ´ 3` n withMg,n containingMg,n as a
nonempty, open substack. The universal family is given by the morphism Mg,n`1 Ñ Mg,n

that forgets a section.

Remark 1.2.20. It could be argued that categories fibered in groupoids aremore fundamental
than moduli functors, since there is a map sending a category fibered in groupoids to a
moduli functor (i.e. a functor SchC Ñ Set):

pM, F : M Ñ SchCq ÞÑ pS ÞÑ F´1
pSq{Isom.q,

where F´1pSq{Isom is the set of objects of F´1pSq up to morphisms in F´1pSq. We can
recover the moduli functorMg,n : SchC Ñ Set (Definition 1.2.17) as the image of the pair
pMg,n, F : Mg,n Ñ SchCq and there is a morphism Mg,n ÑM g,n, that induces a bijection
on geometric points.This identifies the moduli spaceM g,n as "coarse image" of the better
behaved Deligne-Mumford stack Mg,n.

Towards a combinatorial description ofM g,n.

Recall the equivalence of data from Remark 1.1.5:

pC, tqiui nodes, tpjuj marked pts.q ÐÑ pCν , tpq1i, q
2
i qui Y tpjuj marked pts.q, (1.2)

where C is a connected nodal curve and Cν is smooth, but possibly disconnected. Encode
the right-hand side of (1.2) by means of a combinatorial object.

Definition 1.2.21 ([70]). Let pC, p1, ..., pnq be a marked curve and Cν its normalization.
We construct the dual graph ΓC in the following way:
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• For each irreducible=connected component Cν
v (alternatively for each irreducible

component Cv of C) draw a vertex v (dual to Cν
v ) with weight gpvq defined as the

genus of Cν
v .

• For each marked point pi and node q with preimages tq1, q2u attach a half edge h,
respectively a pair of half edges h1, h2, to the vertex dual to the component that
contains pi, q1 and q2, respectively.

• Connect two half edges h1 and h2 to an edge, if they are dual to a pair of preimages
tq1, q2u as above.

Stratification. M g,n has a stratification according to dual graphs ([70], Proposition 4.14),
i.e. it is the disjoint union

Ť

ΓM
Γ over all isomorphism classes Γ of stable graphs of genus g

with n ends (Section 4.2.1), whereMΓ ĂM g,n is the set of marked curves with dual graph
Γ.

Recursive structure of the moduli problem. The equivalence of data (1.2) suggests: Lower
dimensional moduli problems Mg1,n1 (where n1 ď n and g1 ď g) are building blocks of Mg,n

and stable graphs (i.e. dual graphs of stable curves) blueprints for their assembly. Here is a
formalization (see [70], Proposition 4.15 and Proof): Let Γ be the dual graph of an n-marked
stable curve of genus g and consider the moduli functor MΓ collecting building blocks
according to Γ. On objects we have

S ÞÑ MΓpSq :“
ź

vPV pΓq

Mgpvq,npvq,

where npvq is the number of half-edges adjacent to v. These building blocks are assembled
to an n-marked curve of genus g according to a natural transformation ζ̂Γ : MΓ Ñ Mg,n

whose component ζSΓ "glues" a collection of families

pCv
πv
ÝÑ S, pqh : S

qh
ÝÑ CvqhPHpvqqvPV pΓq with Hpvq :“ th : h half-edge adjacent to vu

along pairs of sections tqh1 , qh2u that correspond to edges of Γ (see [4] (Chapter X, Section 7)
for a formal description of the gluing process). Since

ś

vPV pΓqM gpvq,npvq is a coarse moduli
space for MΓ, we can complete the diagram (Definition 1.2.7)

MΓ Homp¨,
ś

vPV pΓqM gpvq,npvqq

Mg,n Homp¨,M g,nq

ζ̂Γ D!

and obtain a unique natural transformation whose restriction to C-points gives rise to a
finite morphism

ζΓ :MΓ ÑM g,n
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with impζΓq “ M
Γ, the closure of MΓ in M g,n (see [70], Proposition 4.15). The gluing

morphism ζΓ identifies the set MΓ (MΓ) as quotient of the product
ś

vPV pΓqMgpvq,npvq

(
ś

vPV pΓqM gpvq,npvq) by AutpΓq and reveals much about the structure of M g,n (see [70],
Proposition 4.15 and Exercise 4.18):

• MΓ are not just subsets. They are nonempty, irreducible, locally closed inM g,n with

dimpMΓ
q “ dimpM

Γ
q “ dimp

ź

vPV pΓq

M gpvq,npvqq “ dimpM g,nq ´#EpΓq.

• The interior ofM g,n is equal toMΓ, where Γ is a vertex of genus g with n ends.

• The boundary BM g,n :“M g,nzMg,n consists of subsetsM
Γ, where #EpΓq “ 1, and

M
Γ
“
Ť

Γ1 MΓ1 , where the union is over all Γ1 such that Γ1 is a specialization of Γ1.
In summary, we can see that the structure of the boundary follows combinatorial rules.

Moduli space of covers

Just as we have a parameter space for objects in the category of algebraic curves, there are
also parameter spaces for its morphism:

• The moduli space of stable maps Mg,npD, dq: This space parametrizes degree d stable
maps from genus g, n-pointed curves to a fixed target curve D ([66]).

• Themoduli spaceHgÑh,dpµ1, ..., µnq, which is a compactification of the Hurwitz space:
This space parametrizes admissible covers of degree d of a genus g curve with specified
ramification behavior pµ1, ..., µnq over marked points p1, ..., pr, simple ramification
over points q1, ..., qs and no further ramification ([26]).

The first serves as setting for defining GW-invariants, while the second gives rise to Hurwitz
numbers (as the degree of a map br : HgÑh,dpµ1, ..., µnq Ñ Mg,r`s called the branch map,
which sends a cover to its base curve, marked at its branch points).

1.3 Towards tropical geometry
Tropical geometry is developed in formal analogy with classical algebraic geometry: Fun-
damental objects in algebraic geometry will have a "tropical counterpart" that plays an
equivalent role in the tropical theory. These counterparts are either imported from algebraic
geometry (via "tropicalization") or defined intrinsically according to the same motivat-
ing principle as their algebraic analogues. This parallel development establishes a close
connection between the two theories.

We refrain from establishing the concepts we introduced in the algebraic realm here
in the tropical realm and rather introduce them as needed in the two forthcoming parts of
this dissertation. Here, we list the concepts in the form of a dictionary and provide forward
references to their precise introductions:
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1. Consider classical objects contained in the category of algebraic varieties. The ambient
category for corresponding tropical objects is the category of rational polyhedral spaces.
The correspondence for fundamental objects is as follows:

• variety ÞÑ tropical variety: A balanced polyhedral fan, roughly a collection of cones
satisfying specific gluing conditions).

• in particular: stable marked curve ÞÑ stable tropical curve: The dual graph (Definition
1.2.21) equipped with a metric (introduced in Sections 2.4 and 4.2.1).

• branched cover ÞÑ tropical Hurwitz cover (introduced in Section 4.2.2).
Beyond formal analogy: Algebraic degeneration (abstract tropicalization) provides a struc-
tured way to map objects from the algebraic category into the polyhedral one.

2. The category of stacks has a tropical parallel in the category of stacky fans (roughly,
collections of quotients of rational polyhedral cones satisfying specific gluing condition).
We saw in Section 1.2.1 thatM g,n has a stratification according to dual graphs. Tropical
geometry establishes the combinatorial part as a moduli space in its own right.

The moduli spaceM tr
g,n, introduced in Section 3.4.3, should solve the moduli problem of

parametrizing tropical curves of genus g with n marked points. In genus 0, M tr
0,n can be

constructed as a tropical variety: It is a balanced polyhedral fan ([29]). For higher genus,
graphs may have non-trivial automorphism groups. As in Section 1.2 this is an obstruction
to being a tropical variety. A construction may now be performed within the more general
category of stacky fans.

Beyond formal analogy: The combinatorial types of genus g tropical curves are precisely
the dual graphs of stable curves in Mg,n, andM tr

g,n can be canonically identified with the
boundary complex of the Deligne-Mumford compactification Mg,n Ă Mg,n ([30], Theorem
6.3.).
More recent work extends the category-theoretic framework from Section 1.2 to tropical
moduli spaces: [21] introduce a tropical moduli functor for the naive moduli problem of
classifying curves. This is a contravariant functor

Mtr
g,n : RPC Ñ Groupoid

from the category RPC of rational polyhedral cones (rather than the category of schemes
over C). This setting provides a tropical analogue of Theorem 1.2.19:
Theorem 1.3.1 ([21], Theorems 1 and 2). For 2g ´ 2 ` n ą 0, the moduli functor Mtr

g,n

is representable by a cone stack, i.e. by a geometric stack over the category of rational
polyhedral cone complexes. The universal family is given by the tropical forgetful morphism
Mtr

g,n`1 Ñ Mtr
g,n.

Tropical curves will be discussed in detail in Sections 2.4 and 4.2, tropical moduli spaces
in Part 3 and the process of tropicalization is carried out in more detail in [31] (for spin
curves) and in Section 8.1 (for the completed cycles invariants).
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Part I

Tropical split Jacobians of curves of
genus 2
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Index of Notation

TT The category of real tori with integral structure. 22, 29

TA The category of tropical abelian varieties. 22, 40, 82

TC The category of tropical curves. 22, 89

Ab The category of abelian groups. 22, 35, 56, 98

Σ Depending on the context: A real torus with integral structure or pptav. 22, 29, 82

qΣ The dual of Sigma. 22, 29

ζ Polarization on Σ. 22, 38, 82

fζ Isogeny induced by ζ . 22, 38, 84

f : Σ1 Ñ Σ2 A morphism in TT. 22, 30

qf : qΣ2 Ñ qΣ1 The dual of f . 22, 30, 83

Kerpfq0 Kernel of f in TT or TA. 22, 30

kerpfq Kernel of f in Ab. 22, 37

ζΓ Natural principal polarization on JacpΓq. 22, 46, 48, 71, 91

ΦP0 The tropical Abel-Jacobi map with reference point P0. 22, 46, 91

TE Tropical elliptic curve. 22, 49

Γ Tropical curve. 22, 78

Jpp The pptav from Construction 3.5.8. 22, 102, 105, 117

ζpp The principle polarization on Jpp from Construction 3.5.8. 22, 102, 107

Qpp The quadractic form associated to Jpp with pp ζpp. 22, 108, 113
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Chapter 2

A categorical framework and
characterization in TA and TC

2.1 Introduction

We explore the following connection between the category of tropical abelian varieties (tav),
TA, and the the category of tropical curves, TC: Let Γ, Γ̃ be tropical curves, φ : Γ Ñ Γ̃ a
cover. Denote by JacpΓq and JacpΓ̃q the respective Jacobians and consider the assignmentF
sending Γ P TC to JacpΓq P TA, and sending φ to the push-forward φ˚ : JacpΓq Ñ JacpΓ̃q.

As F provides a way to communicate between TC and TA, it becomes essential to
appreciate the nature of this communication: Given a phenomenon P in TC (an object that
satisfies a certain property, a collection of interrelated objects,...), one may wonder at how
it is expressed as phenomenon in TA, or vice versa. The present works embeds in this
framework by studying the phenomenon of tropical split Jacobians.

Tropical split Jacobians in TA and in TC. Jacobians of genus 2 curves are two-
dimensional tav and as such more complicated than their one-dimensional cousins. When-
ever Γ, however, is a covering of an elliptic curve, it so happens that JacpΓq splits into simpler
objects, the direct sum of elliptic curves (Theorem 2.1.1). This decrease in complexity comes
with a multitude of advantages, but suffers from two major problems

• Indeterminacy: Non-uniqueness of the splitting.

• Indeterminability: Non-computability of the splitting.

Similar to algebraic geometry, optimal coverings (see Definition 2.4.3) offer a remedy for
both: They resolve indeterminacy as they provide us with a canonical choice. They resolve
indeterminability as they provide us with an algorithmic approach.
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2.1.1 Context and Background
Attempts at unification of various constructions in the context of tropical curves and tavs
(e.g. [62], [3]), using category theory as common language, have recently been made in [69]
continuing the work of [57]. We follow up on this development and extend the theory in
tropical geometry, see Sections 2.2, 2.3 and 2.5, to broaden its scope of action and application,
and to provide a transparent and structured framework to its organic growth. There is
a large body of work on tavs and tropical covers. Jacobians and Prym varieties are two
classes of tavs that have been studied extensively, bringing forth connections between curves
and tavs; connections that are fruitful at both levels, the level of objects and the level of
moduli spaces (see e.g. [62], [6], [14], [29], [57], [58], [69]). Prym varieties provide a link
to unramified covers (see [49]). Ramified tropical covers, on the other hand, have made a
notable appearance in the context of various enumerative problems (see e.g. [22],[12]), as
they open the way to a combinatorial approach.

The study of connections between ramified covers and tavs, initiated by [69], is new.
Our work provides a new approach to study the interplay of ramified covers and tavs, here
in the context of genus 2 curves covering elliptic curves and their Jacobians.

Inspiration from Algebraic Geometry

Once the tropical framework is established, we realize that classical questions like:
• When is the Jacobian of a curve C of genus 2 isogenous to a product of two elliptic
curves, E and E 1?

• Is such a decomposition unique and can it be made explicit?
that go back to Jacobi, Legendre and others are just as natural in the tropical world. Moreover,
the kinship of both areas provides guidance for the tropical investigation; many constructions
behave analogously. This lets us oftentimes import ideas from algebraic geometry. We give
a short overview to make the parallels visible, for details we refer to ([53], [38]): The answer
to the first question is positive if and only if there exists a finite cover f : C Ñ E. The
answers to the remaining two questions are "in general it is not unique" and "making it
explicit is not trivial". Whenever f is optimal, however, i.e. f does not factor through a
non-trivial isogeny, the situation changes: There exists another elliptic curve E 1, an optimal
covering f 1 : C Ñ E 1 and an isogeny ϕ : JacpCq Ñ E ‘ E 1 whose kernel is isomorphic to
the group of degpfq-torsion points of E. Explicit descriptions of f 1 and E 1 can already be
found in the works of Jacobi and Legendre for degree ď 4, Kuhn, Frey and Kani with a more
modern approach obtain results for various cases of degree ď 11 ([53],[38]).

We want to put forth tropical geometry as a setting that allows abstraction and concrete-
ness to coexist: The classical treatment uses a powerful, rather abstract machinery that was
developed over a long period of time. What makes a tropical investigation so interesting is
that with tropical geometry we have a setting that makes both possible: We will work at the
same level of abstraction, at the same time, make abstract concepts accessible by providing
concrete algorithms to work with them.
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2.1.2 Results

Our first result identifies a phenomenon in TC that relates to split Jacobians as follows.

Theorem 2.1.1. (Theorem 2.6.2) Let Γ be a tropical curve of genus 2. Then JacpΓq splits if
and only if Γ covers an elliptic curve.

This relation, however, is not a bijection in the sense that a cover fixes the splitting of
JacpΓq and a splitting the cover. Our next results show that these failings can be remedied
by introducing the concept of optimal covers (see Definition 2.4.3), which is motivated by a
similar notion in algebraic geometry.

Theorem 2.1.2. (Theorem 2.6.4) If φ : Γ Ñ TE is an optimal cover of degree d, then
TE 1 :“ kerpφ˚q is a tropical elliptic curve and JacpΓq splits, i.e. there exists an isogeny
ϕ : TE 1

À

TE Ñ JacpΓq whose kernel is isomorphic to JacdpTEq, the group of d-torsion
points of TE.

Theorem 2.1.2 should be understood as follows: Optimal coverings allow us to fix a
"canonical" representative for a splitting of JacpΓq. The complement of TE, TE 1, enjoys a
similar relation with Γ:

Theorem 2.1.3. (Theorem 2.6.9) In the setting of Theorem 2.1.2: There exists another
optimal cover φ1 : Γ Ñ TE 1 of degree d such that φ1 interacts "nicely" with φ.
The term "nicely" is made precise in Theorem 2.6.9. Informally, φ1 gives rise to the same
splitting ϕ whose kernel also satisfies kerpϕq – JacdpTE 1q.

Taken together, Theorem 2.1.2 and Theorem 2.1.3 describe the situation in TC and TA,
i.e. split Jacobians appear either as a pair of optimal covers in TC or as an isogeny satisfying
JacdpTEq – kerpϕq – JacdpTE 1q in TA. Informal, but illustrative is Figure 2.1.

Γ

TE TE 1

φ φ1

JacpΓq » TE 1 ‘ TE

In TC : In TA :

Figure 2.1: Split Jacobians in TC and in TA.

Breaking down the right-hand side of Figure 2.1 further, reveals the symmetry which
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the left-hand side already suggests. We have the diagram (see Diagram 2.23):

TE 1 TE 1
À

TE TE

JacpΓq

TE 1 TE 1
À

TE TE

md

φ 1
˚

ι1

ϕ
φ
˚

ι1

md

φ
1
˚

ϕ̃
φ˚

p1

p2

(2.1)

where ιi and pi are the canonical injections, respectively projections, andmd is the compo-
nentwise multiplication-by-d map.

We dedicate a separate analysis to φ˚ and its dual φ˚: For covers of the form φ : Γ Ñ TE,
where Γ is of genus 2, see Subsection 2.5.5 and for covers without any restriction on the
genus of Γ see Subsection 2.5.6. This analysis is detached from split Jacobians, but still
focuses on covers of elliptic curves. One reason for this is that the target TE may be viewed
as an object of TA as well. This "double-identity" allows us to invoke the universal property
of the Jacobian ([69], Proposition 4.14) and relate factorizations of φ to factorizations of φ˚.

An effort is made throughout to balance abstract and algorithmic techniques: Compu-
tational results concerning optimal covers, φ˚, and φ˚ are discussed in Subsection 2.5.5 to
2.5.7. Concerning split Jacobians, Subsection 2.6.3 supports Theorems 2.1.2 and 2.1.3 with
an algorithmic point of view.

The present work relies on technology developed in [52], [69], [57], [61] and many more
for handling tavs efficiently, and which we develop further in Subsections 2.2.2, 2.2.3 and
2.3.2 to meet our needs.

2.1.3 Overview

Split Jacobians are studied in TA and TC. This exposes them to two different theories. We
treat these separately at first: See Sections 2.2 and 2.3 for the theory of tavs and Section
2.4 for the theory of curves. Section 2.5 brings them together and sets the stage for the
remainder of Chapter 2.

We begin Section 2.2 with a reminder of real tori with integral structure. These form
a category, denoted by TT, that TA is built on. Still in TT, Subsections 2.2.2 and 2.2.3
extend the existing theory with further concepts relevant to split Jacobians. Tropical abelian
varieties are discussed in Section 2.3, starting with preliminaries in Subsection 2.3.1. In
2.3.2 we transfer the notions developed in 2.2.2 and 2.2.3 to TA. Here, we also define exact
sequences and study their behaviour under dualization. This concludes the part on tavs.

Section 2.4 is devoted to the category of tropical curves, recalling background on curves
and covers in Subsection 2.4.1. We define optimal tropical covers in Subsection 2.4.2.

Section 2.5 establishes a connection between TC and TA, one that we explore in 2.5.2
in the setting of curves of genus 2 covering curves of genus 1. Subsections 2.5.5 and 2.5.6 are
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a blend of computational and abstract results on φ˚ and φ˚, merged together in Subsection
2.5.7 to obtain criteria for optimality.

Section 2.6, finally, is devoted to the phenomenon of tropical split Jacobians. Here we
prove Theorem 2.1.1, 2.1.2 and 2.1.3, our main abstract results, which we accompany with
examples and make algorithmically accessible in Subsection 2.6.3.

2.1.4 Future work
We investigate extensions to higher genus. Let Γ be a tropical curve of genus g. Then JacpΓq
is a g-dimensional pptav.

• Full splitting: We say JacpΓq fully splits, if JacpΓq is isogenous to a g-fold product
of elliptic curves.

Question 2.1.4. How do fully split Jacobians appear in TC, respectively in TA?

Investigating Question 2.1.4 would shed light on the behavior of the functorF : TC Ñ

TA, since we consider a wider class of phenomena. Building on the case of genus 2,
we can still ask: Given a cover φ : Γ Ñ TE does JacpΓq split? Whether a single map is
sufficient for such a strong condition is questionable: Let ϕ : JacpΓq Ñ TE1‘...‘TEg
be an isogeny. Then φi :“ pi ˝ ϕ ˝ ΦP0 , where ΦP0 is the tropical Abel-Jacobi map
with reference point P0 and pi is projection onto TEi, should give rise to a cover for
i “ 1, ..., g. An affirmative answer becomes less likely, as g increases. Whether all
g maps are necessary, is questionable as well. Already in genus 2 we can get away
with only one. A need of g ´ 1 covers is a suitable working hypothesis (perhaps with
additional requirements concerning their interactions).

Task 2.1.5. Develop criteria for JacpΓq to decompose into a product of elliptic curves.

Just as for genus 2, we can perturb a splitting of JacpΓq by a g-fold product of isogenies
of elliptic curves. To address non uniqueness we ask:

Question 2.1.6. Suppose JacpΓq fully splits, can we single out a canonical represen-
tative for such a splitting? What does this mean for the covers φi’s?

Optimality seems to be a suitable notion in this context. The definition of an optimal
cover carries over to higher genus without any further adjustment.

Task 2.1.7. Characterize optimality in TA, using the kernel of the push-forward.

Results from Task 2.1.7 are expected to clarify the relation between optimal covers and
fully split Jacobians and hopefully offer a way to resolve non-uniqueness in higher
genus. Further questions are: Suppose JacpΓq fully splits and φi (as defined above) is
optimal for i “ 1, ..., g. What can we say about their degree and their relation to each
other?
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• Partial Splittings: In addition to full splittings, several partial splittings involving
Jacobians of curves of lower genus may be of interest. Determine necessary and
sufficient conditions for

1. Splitting off an elliptic curve, i.e. conditions for JacpΓq to be isogenous toA‘TE,
where A is a tav.

2. Splitting into a product of lower dimensional Jacobians.
3. Splitting off a (product of) lower dimensional Jacobians, i.e. conditions for JacpΓq

to be isogenous to A‘ JacpΓ1q, where A is a tav and Γ1 a curve of lower genus.

We aim for a characterization in TA (analyzing properties of the isogeny) and in TC
(analyzing the relation between curves involved in the splitting). Most approachable
seems to be the first case, splitting off an elliptic curve. Assuming these conditions
mimic the genus 2 case, that is they are related to the existence of covers between
the respective curves, we could proceed as follows: Let φ : Γ Ñ TE 1 be a cover and
consider

0 Ñ kerpφ˚q
i
ÝÑ JacpΓq Ñ cokerpiq Ñ 0

in the category of groups. If kerpφ˚q is connected, A :“ kerpφ˚q and TE :“ cokerpiq
could be a candidate for a splitting of JacpΓq as in Point 1. A natural transition towards
Point 2 is to investigate the case of genus 3, where A is itself the Jacobian of a curve
of genus 2. This will yield first data on how more general splittings manifest in TC.

2.2 The category of real tori with integral structure

2.2.1 Preliminaries
We start with a description of a surrounding category TT, the category of real tori with
integral structure.

Objects: More precisely, we start with a description of its objects (see [58], Section 2.3
and [69], Section 4): The data Σ :“ pΛ,Λ1, r¨, ¨sq, where

• Λ and Λ1 are finitely generated free abelian groups of the same rank,

• r¨, ¨s : Λˆ Λ1 Ñ R is a non-degenerate pairing,

contains all the information needed for building a real torus with integral structure and will
therefore be identified as such. The torus is given by the quotient HompΛ,Rq{Λ1, where the
pairing r¨, ¨s encodes the way in which Λ1 is to be viewed as a lattice in HompΛ,Rq, namely
via the embedding Λ1 Ñ HompΛ,Rq : λ1 ÞÑ r¨, λ1s. Note that we also have an embedding
Λ Ñ HompΛ1,Rq : λ ÞÑ rλ, ¨s which turns Λ into a lattice in HompΛ1,Rq. This allows
for the construction of the dual torus qΣ which is realized as the quotient HompΛ1,Rq{Λ
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and identified by the data qΣ :“ pΛ1,Λ, r¨, ¨stq, where r¨, ¨st denotes the transposed pairing.
The dimension of Σ is the R-vector space dimension of HompΛ,Rq and equal to rkpΛq
(equivalently equal to rkpΛ1q).

Maps: Now that we have defined the objects of TT, we turn to structure-preserving
maps. For i “ 1, 2 let Σi :“ pΛi,Λ

1
i, r¨, ¨siq be real tori with integral structure. A pair of

group homomorphisms pf# : Λ2 Ñ Λ1, f# : Λ1
1 Ñ Λ1

2q is called a morphism of integral tori
f : Σ1 Ñ Σ2 and denoted by f :“ pf#, f#q, if

rf#pλ2q, λ
1
1s1 “ rλ2, f#pλ

1
1qs2 (2.2)

is satisfied for all λ11 P Λ1
1 and λ2 P Λ2. From this data we construct a homomorphism of

real tori as follows: Consider the R´linear map Hompf#q : HompΛ1,Rq Ñ HompΛ2,Rq
and note that the restriction of Hompf#q to Λ1

1 (viewed as lattice via the embedding given
by r¨, ¨s1) is exactly f#. Hence, the compatibility condition (2.2) guarantees that Hompf#q

takes Λ1
1 to Λ1

2. Passing to the quotients yields the requested morphism of tori.
Just as the data for one torus actually yields two tori, Σ and qΣ, we obtain a second

morphism from the data underlying f by considering the transposed pair, pf#, f#q “: qf :
qΣ2 Ñ qΣ1, called the dual morphism .

Since properties of the induced map of quotients are encoded as properties of the pair
pf#, f#q (see [69], Definition 4.8), we call f

• surjective, if f# is injective.

• finite, if f# is injective (equivalently if rΛ1 : f
#pΛ2qs ă 8).

• injective, is f is finite and f#pΛ1
1q is saturated in Λ1

2.

• an isogeny, if f is surjective and finite.
The following categorical constructions have been introduced in e.g. [69] and [58].
Definition 2.2.1. To a morphism f : Σ1 Ñ Σ2 we associate the integral tori

1. Kerpfq0 :“ pΛ1{Impf#qsat, kerpf#q, r¨, ¨sKq, where r¨, ¨sK is the pairing induced by
r¨, ¨s1.

2. Cokerpfq :“ pkerpf#q,Λ1
2{Impf#q

sat, r¨, ¨sCq, where r¨, ¨sC is the pairing induced by
r¨, ¨s2.

3. Impfq :“ Kerpqq0, where q : Σ2 Ñ Cokerpfq is the morphism induced by the natural
maps on the lattices.

As the notation suggests, these are Kernels and Cokernels in the sense of category theory
(see [69], Proposition 4.7).
Remark 2.2.2. Note that the torus built from the dataKerpfq0 is naturally identifiedwith the
connected component of the identity of the kernel of f (viewed as map on the quotients) (see
[58], Section 2.3). The same applies toKerpqq0 and the image of f , i.e. Hompf#qpHompΛ1,Rqq

Hompf#qpHompΛ1,RqqXΛ1
2
.
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2.2.2 More categorical constructions
Here, we provide additional categorical constructions needed in Sections 2.5 and 2.6.

Lemma 2.2.3. Let Σ2 be a real torus with integral structure and Σ1
i

ãÝÑ Σ2 a subtorus,
i.e. an injective morphism. The quotient group Σ2{Σ1 has an integral structure given
by pkerpi#q,Λ1

2{Impi#q, r¨, ¨sQq, where r¨, ¨sQ : kerpi#q ˆ Λ1
2{Impi#q Ñ R is the pairing

induced by r¨, ¨s2. It is a torus of dimension rkpΛ2q ´ rkpΛ1q.

Remark 2.2.4. The integral structure of the quotient group Σ2{Σ1 presented here emerges
from the proof of a later Lemma (Lemma 2.3.9), which adapts methods from the complex
setting to the tropical one. Under the premise that TA behaves like its algebraic counter-
part, pkerpi#q,Λ1

2{Impi#q, r¨, ¨sQq is therefore the lattice representation of Σ2{Σ1 one would
expect. This integral structure can also be seen to agree with Cokerpiq, where i : Σ1 ãÑ Σ2

is the inclusion, the definition expected from a tropical categorical point of view. This
illustrates the proximity between the tropical and classical behaviour.

Proof. Note that ΣQ :“ pkerpi#q,Λ1
2{Impi#q, r¨, ¨sQq is an integral torus:

• kerpi#q and Λ1
2{Impi#q are lattices: i being injective implies that Impi#q is saturated.

Hence, Λ1
2{Impi#q is one as well as a direct summand of the lattice Λ2.

• rkpΛ1
2{Impi#qq “ rkpΛ2q ´ rkpΛ1q “ rkpkerpi#qq.

• r¨, ¨sQ is well-defined and non-degenerate since r¨, ¨s2 is.

We show that ΣQ can be identified with the group theoretic quotient, i.e. that Σ2{Σ1 – ΣQ

as groups: Let V2 :“ HompΛ2,Rq{Λ1
2 and V1 :“ HompΛ1,Rq{Λ1

1. We have

Σ2{Σ1 “ V2{ipV1q
Φ1
–
V2{Hompi#qpV1q

Λ1
2{Impi#q

,

where Φ1 is constructed from V2 Ñ
V2{Hompi#qpV1q

Λ1
2{Impi#q

, f ÞÑ f̄ by applying two times the
universal property of the quotient group. It is easy to see that Φ1 is bijective. The morphism

V2 Ñ Hompkerpi#q,Rq, f ÞÑ f| kerpi#q

satisfies f ÞÑ 0 for f P Hompi#qpV1q and hence, gives rise to a unique morphism

Φ2 : V2{Hompi#qpV1q Ñ Hompkerpi#q,Rq.

Note that Φ2 is R-linear and injective: Suppose f| kerpi#q “ 0. Since i# is surjective we can
complete

Λ1 Λ2

R

i#

f (2.3)
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to a commutative diagram, hence f P Hompkerpi#q,Rq. For surjectivity, we take advantage
of the additional structure of Φ2 and conclude the proof with a dimension argument:

dimRpHompkerpi#q,Rqq “ rkpkerpi#qq “ rkpΛ2q ´ rkpΛ1q

dimRpV2{Hompi#qpV1qq “ dimRpV2q ´ dimRpHompi#qpV1qq “ rkpΛ2q ´ rkpΛ1q.

The quotient Σ2
π
ÝÑ Σ2{Σ1, where π “ pπ#, π#q is given by the inclusion, π#, and

the quotient map, π#, satisfies a universal property that can be deduced from universal
properties of the lattices it is built from.

Lemma 2.2.5. Let f : Σ2 Ñ Σ3 be a homomorphism of integral tori such that f vanishes
on a subtorus Σ1

i
ãÝÑ Σ2. Then there exists a unique homomorphism g : Σ2{Σ1 Ñ Σ3 such

that
Σ2 Σ3

Σ2{Σ1

f

π g
(2.4)

commutes.

Proof. We can express f ˝ i “ 0 in terms of lattices as i# ˝ f# “ 0 and f# ˝ i# “ 0. By
the universal property of the kernel kerpi#q π#

ãÝÑ Λ2 and universal property of the quotient
Λ1

2

π#
ÝÑ Λ1

2{Impi#q there exists unique group homomorphisms g# and g# such that

Λ2 Λ3 Λ1
2 Λ1

3

kerpi#q Λ1
2{Impi#q

f#

g#
π#

f#

π#
g#

(2.5)

commute. Then g :“ pg#, g#q is a homomorphism of tori

rλ3, g#pλ̄12qs3 “ rλ3, f#pλ
1
2qs3 “ rf#

pλ3q, λ
1
2s2 “ rg#pλ3q, λ̄12sQ

that satisfies f “ g ˝ π.

Since free abelian groups are the building blocks of integral tori, it is not surprising that
the notion of a product and a coproduct exists and strongly relies on the corresponding
notion in the category of abelian groups.

Definition 2.2.6. Given integral tori Σ1 and Σ2, we define their product Σ1 bΣ2 as follows:
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• The underlying discrete data is pΛ1 ˆ Λ2,Λ
1
1 ˆ Λ1

2, r¨, ¨s1 ` r¨, ¨s2q, where Λ1 ˆ Λ2,
respectively Λ1

1 ˆ Λ1
2, denotes the direct product of groups and r¨, ¨s1 ` r¨, ¨s2 is given

by ppλ1, λ2q, pλ
1
1, λ

1
2qq ÞÑ rλ1, λ

1
1s1 ` rλ2, λ

1
2s2.

• The object Σ1 b Σ2 is equipped with a pair of morphisms, π1 : Σ1 b Σ2 Ñ Σ1 and
π2 : Σ1 b Σ2 Ñ Σ2, induced by the natural projection and inclusion maps between
the lattices.

The resulting object is an integral torus, that is:

• The pairing r¨, ¨s1 ` r¨, ¨s2 is non-degenerate.

• The projection maps π1 and π2 are morphism of tori.

The coproduct of Σ1 and Σ2 is defined analogously via the (co)product of the underlying
lattices and will be denoted by Σ1 ‘ Σ2.

Remark 2.2.7. Although coproduct and product coincide (for finitely many factors), just
as it is the case in the category of abelian groups (Ab), we maintain different notations to
indicate which of the two universal property is being used.

Proof. The objects, Σ1 b Σ2 and Σ1 ‘ Σ2, are both integral tori. We still need to verify,
though, whether they deserve to be called product, respectively coproduct, in the sense
of category theory. For the purpose of illustration we only examine the case Σ1 b Σ2,
arguments for the coproduct are completely analogous:
Let Σ3 be a torus with morphisms f1 and f2 into each factor of Σ1 b Σ2. We can complete
the diagram

Σ3

Σ1 Σ1 b Σ2 Σ2

f1
f
2

π1 π2

to a commutative diagram by connecting the torus Σ3 to Σ1 b Σ2 through

f : Σ3 Ñ Σ1 b Σ2

defined by the pair pf#, f#q, where

• f# is the unique group homomorphism that makes

Λ1
3

Λ1
1 Λ1

1 ˆ Λ1
2 Λ1

2

f 1
#

f
2#f#
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commute. Existence and uniqueness of f# are an immediate consequence of the
universal property of the direct products of groups.

• f# is the unique group homomorphism that makes

Λ3

Λ1 Λ1 ˆ Λ2 Λ2

f
#
1 f#

f #
2

commute. Existence and uniqueness follow from viewing Λ1 ˆ Λ2 as coproduct (in
Ab) and applying the respective universal property.

Since f is clearly unique, we only need to check whether it is a morphism to conclude the
argument. But this follows directly from the compatibility of the pair pf#, f#q: We have

pr¨, ¨s1 ` r¨, ¨s2qppλ1, λ2q, f#pλ
1
3qq “ rλ1, f1#pλ

1
3qs1 ` rλ2, f2#pλ

1
3qs2

“ rf#
1 pλ1q, λ

1
3s3 ` rf#

2 pλ2q, λ
1
3s3

“ rf#
1 pλ1q ` f#

2 pλ2q, λ
1
3s3

“ rf#
pλ1, λ2q, λ

1
3s3

for all λ13 P Λ1
3 and pλ1, λ2q P Λ1 ˆ Λ2. Hence, Σ1 b Σ2 has the universal property of the

product.

We conclude by defining equalizers and coequalizers in TT: For morphisms

Σ1 Σ2,
f

g
we consider the following pairs pL, ϕLq and pC, ϕCq, where

• L :“ pΛL,Λ
1
L, r¨, ¨sLq and C :“ pΛC ,Λ

1
C , r¨, ¨sCEq are integral tori with

ΛL :“ Λ1{Impf#
´ g#qsat,Λ1

L :“ tλ11 P Λ1
1 : f#pλ

1
1q “ g#pλ

1
1qu

ΛC :“ tλ2 P Λ2 : f#
pλ2q “ g#pλ2qu,Λ

1
C :“ Λ1

2{Impf# ´ g#q
sat

and with pairings r¨, ¨sL and r¨, ¨sCE induced by r¨, ¨s1 and r¨, ¨s2.

• ϕL : L Ñ Σ1 and ϕC : Σ2 Ñ C are the morphisms induced by the natural maps on
the lattices.

Aword onwell-definedness, exemplary for r¨, ¨sL: Letλ1, λ2 P Λ1 with λ1´λ2 P Impf#´g#q
and λ1 P Λ1

L. Using that f ´ g is a morphism of tori we have:

r λ1 ´ λ2
loomoon

“f#´g#pλ3q

, λ1s1 “ rλ3, f# ´ g#pλ
1
qs2 “ 0.
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Lemma 2.2.8. The category of integral tori TT has equalizers and coequalizers. It is finitely
complete and cocomplete.

Proof. By the existence theorem for limits (colimits), TT is finitely complete (finitely co-
complete), if it has binary products (binary coproducts) and binary equalizers (binary
coequalizers). By Definition 2.2.6, TT has binary product and coproducts, the existence of

equalizers and coequalizers remains to be shown: Let Σ1 Σ2

f

g
be a parallel pair. We

claim that their equalizer is given by pL, ϕLq as constructed above, i.e. that

1. f and g become equal when pulled back to L: f ˝ ϕL “ g ˝ ϕL.

2. L is universal with this property.

We work on the level of lattices. Note that pΛ1
L, ϕL#q is the equalizer of the pair pf#, g#q

in the category of abelian groups,Ab, and pΛL, ϕ
#
L q is related to the coequalizer pΛ̃L, ϕ̃Lq

of pf#, g#q in Ab as follows: ΛL is the torsion-free quotient group of Λ̃L and ϕ#
L the

composition of ϕ̃L with the natural projection p : Λ̃L Ñ ΛL. This yields

f# ˝ ϕL# “ g# ˝ ϕL# and ϕ#
L ˝ f#

“ ϕ#
L ˝ g#

proving point (1) of the claim. For point (2), let pL̃, ϕL̃q be another pair satisfying (1). We
need to construct a unique arrow L̃

γ
ÝÑ L with ϕL̃ “ ϕL ˝ γ. Since pΛ1

L, ϕL#q is the equalizer
of pf#, g#q, there exists a unique group homomorphism γ# such that the left diagram of
Figure 2.2 commutes.

Λ1

L̃
Λ1

1 Λ1
2

Λ1
L

γ#

ϕL̃#

f#

g#

ϕL#

ΛL̃ Λ1 Λ2

ΛL Λ̃L

ϕ#
L̃

ϕ̃L

g#

f#
γ#

γ̃#

p

Figure 2.2: Applying the universal property of the equalizer (on the left) and the universal
property of the quotient and of the coequalizer (on the right) in the category of abelian
groups.

Similarly, we complete the righthand side of Figure 2.2 to a commutative diagram: The
universal property of the coequalizer gives rise to a unique map γ̃# whose kernel kerpγ̃#q
contains the torsion subgroup of Λ̃L as ΛL̃ is torsion-free. Applying the universal property
of the quotient ΛL then yields γ# as desired. Moreover, γ :“ pγ#, γ#q is a morphism of tori
since

rλ̄, γ#pλ
1
q

loomoon

“ϕL̃#pλ1q

sL “ rλ, ϕL̃#pλ
1
qs1 “ r ϕ#

L̃
pλq

loomoon

“γ#pϕ#L pλqq

, λ1sL̃ “ rγ#pϕ#
L pλq

loomoon

“λ̄

q, λ1sL̃
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holds for all λ P Λ1 and λ1 P Λ1

L̃
concluding point (2).

The statements for coequalizers, analogous to points (1) and (2), are verified by the pair
pC, ϕCq. The proof is similar and will therefore be omitted.

2.2.3 Factorization
We use factorizations to gain insight into the structure of a morphism. To that end, we
consider factorizations with special properties.
Definition 2.2.9. Let f : Σ1 Ñ Σ2 be a surjective morphism of integral tori. We call a
map g1 : Σ1 Ñ Σ3 minimal for f , if f factors through g1 (i.e. f “ g2 ˝ g1) and for all other
factorizations g̃2 ˝ g̃1 of f , where g̃1 : Σ1 Ñ Σ̃3 and dimRpΣ̃3q ď dimRpΣ3q, there exists a
unique map h1 such that the diagram on the left

Σ1 Σ̃3 Σ2 Σ1 Σ̃3 Σ2

Σ3 Σ3

g1

f

g̃1 g̃2

g1

f

g̃1

D!h2

g̃2

g2
D!h1 g2

(2.6)

commutes. In complete analogy, we call g1 maximal for f , if f factors through g1 and for
all other factorizations of f with dimRpΣ̃3q ě dimRpΣ3q there exists a unique map h2 such
that the diagram on the right commutes.

Let us now bring these theoretical constructs to life by considering the tropical Stein
factorization (see [10] for an analytic analogue): Let f : Σ1 Ñ Σ2 be surjective and consider

Σ1 Σ1{Kerpfq0 Σ2

f

πf ϕf (2.7)

Since Σ1{Kerpfq0 is a torus of dimension dimRpΣ2q (Lemma 2.2.3), the projection map πf
is a morphism with kerpπf q “ Kerpfq0 and ϕf an isogeny.
Lemma2.2.10 (Tropical Stein Factorization). Every surjectivemorphism of tori f : Σ1 Ñ Σ2

factors canonically through an isogeny and a morphism whose group-theoretic kernel is
connected as in (2.7), such that πf is minimal for f (see Definition 2.2.9).

Explicitly, (2.7) satisfies the following universal property: For all factorizations g1 ˝ π1 of
f such that g1 is an isogeny there exists a unique isogeny ϕ1 such that

Σ1 Σ3 Σ2

Σ1{Kerpfq0

πf

f

π1 g1

ϕf
D!ϕ1 (2.8)
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commutes.

Proof. For such a factorization g1 ˝ π1 of f we have

kerpfq “ kerpg1 ˝ π1
q “ kerpπ1

q ` pπ1
q
´1
pkerpg1qzt0uq,

where π1´1pkerpg1qzt0uq is a finite set since g1 is an isogeny and kerpπ1q a (not necessarily
connected) group. This implies Kerpfq0 Ă kerpπ1q as Kerpfq0 is the connected component
containing the identity. By the universal property of the quotient (Lemma 2.2.5) there exists
a unique morphism of integral tori ϕ1 such that (2.8) commutes, i.e. π1 factors through
πf and ϕf through g1. Moreover, ϕ1 is surjective (since π1 is) with finite kernel (since
kerpϕ1q Ă kerpϕf q holds), hence an isogeny.

Remark 2.2.11. In [69], Röhrle and Zakharov prove that an isogeny canonically factors
into a free isogeny and a dilation. This factorization enjoys a universal property similar
to the tropical Stein factorization (see [69], Lemma 4.9). Note that both factorizations are
complementary: The tropical Stein factorization decomposes surjective morphisms, when
specialized to isogenies, however, it is trivial.

As a first application of the tropical Stein factorization we rediscover a fact whose
analogue for complex tori is well-known (see [35], Proposition 4.6):

Lemma 2.2.12. Let f : Σ Ñ Σ1 be a morphism of integral tori. The number of connected
components of kerpfq and kerp qfq agree.

Proof. The tropical Stein factorizations of the surjective morphisms Σ f
ÝÑ Impfq and qΣ1

qf
ÝÑ

Imp qfq give rise to factorizations of f and qf :

Σ
πf
ÝÑ Σ{Kerpfq0

ϕf
ÝÑ Impfq ãÑ Σ1

qΣ1
π

qf
ÝÑ Σ1

{Kerp qfq0
ϕ

qf
ÝÑ Imp qfq ãÑ Σ.

Note that the number of connected components of each kernel, cpkerpfqq and cpkerp qfqq, is
given by | kerpϕf q| and | kerpϕ

qf q|) (i.e. by the geometric degree of the respective isogeny,
ϕf and ϕ qf (see [69])). In particular, it is finite. We can dualize the first sequence to obtain
another factorization of qf

qΣ1 ↠ |Impfq
qϕf
ÝÑ ­pΣ{Kerpfq0q Ñ

qΣ,

where the last map factors through Imp qfq (simply because it is a factorization of qf )

qΣ1 ↠ |Impfq
qϕf
ÝÑ ­pΣ{Kerpfq0q

g
ÝÑ Imp qfq ãÑ qΣ.
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Since g is finite as (the restriction of the) dual of the surjective map πf and surjective
(artificially made so by restricting the target), it is an isogeny. With g being an isogeny, the
composition g ˝ qϕf is one as well. So minimality of the tropical Stein factorization (Lemma
2.2.10) forces ϕ

qf to factor through g ˝ qϕf and therefore kerpϕ
qf q Ą kerpqϕf q holds. Using

kerpqϕf q – kerpϕf q for isogenies, we can conclude that cpkerpfqq ď cpkerp qfqq. Finally, "ě"
follows from q

qf “ f.

2.3 The category of tropical abelian varieties

2.3.1 Preliminaries
By enhancing an integral torus with the data of a polarization, we create a new object:

Definition 2.3.1. A tropical abelian variety (tav) Σ “ pΛ,Λ1, r¨, ¨sq is a real torus with
integral structure together with a polarization, i.e. a group homomorphism ζ : Λ1 Ñ Λ
such that the bilinear form rζp¨q, ¨s : Λ1 ˆ Λ1 Ñ R is symmetric and positive definite. If ζ
is a bijection, we call ζ a principal polarization (pp) and Σ a principally polarized tropical
abelian variety (pptav). In any case, the dimension of Σ is the R-vector space dimension of
HompΛ,Rq and equal to rkpΛq (equivalently equal to rkpΛ1q).

A polarization ζ defines an isogeny fζ :“ pζ, ζq between Σ and its dual qΣ, which,
endowed with the so-called dual polarization qζ (previously defined by Röhrle and Zakharov,
see first version of [69]), is a tav as well. We can characterize its kernel, kerpfζq, using the
type of ζ , which is given by the invariant factors pα1, ..., αnq (where n :“ rkpΛq) of its Smith
normal form. We have:

kerpfζq – Z{α1Zˆ ...ˆ Z{αnZ.

If pλ1iqni“1 and pλiqni“1 are lattice basis of Λ1 and Λ, respectively, such that ζpλ1iq “ αiλi, then
qζ is defined by λi ÞÑ α1αn

αi
λ1i.

Morphism of tav are not required to satisfy any additional conditions, i.e. the properties
of morphisms of real tori with integral structures are, in a sense, sufficient: For example,
they are, as is generally the case, a source of new objects (see Definition 2.3.4). To this end,
let us first look at how polarizations can be transported along morphisms.

Definition 2.3.2. LetΣ2 be a tav with polarization ζ2, Σ1 a real torus with integral structure,
and ϕ : Σ1 Ñ Σ2 an isogeny. Then ϕ˚ζ2 :“ ϕ# ˝ ζ2 ˝ ϕ# is a polarization on Σ1 and called
the induced polarization or alternatively the pull-back of ζ2 by ϕ. Conversely, suppose Σ1

carries a polarization ζ1. We can define the push-forward of ζ1 by ϕ as ϕ˚ζ1 :“ qζ , where
ζ :“ qϕ˚

qζ1. We say that an isogeny ϕ : Σ1 Ñ Σ2 is polarized with respect to polarizations
ζ1 on Σ1 and ζ2 on Σ2, if ζ1 is the polarization induced by ϕ and ζ2, in other words, if the
diagram
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Σ1 Σ2

qΣ1
qΣ2

ϕ

fζ1 fζ2

qϕ

commutes.

Note that pulling back polarizations always turns ϕ into a polarized isogeny. The same
is not true for the push-forward.

Remark 2.3.3.

• The pull-back of a polarization has been introduced in [58] and [69]. Another notion of
push-forward can be extracted from Proposition 4.11 in [69] by using the identification

HompΛ1
1,Λ1q – HompΛ1,Zq b Λ1

1

`

– H1,1pΣ1q,
˘

where the H1,1pΣ1q
˘

denotes the tropical homology group defined in [69]. Explicitly,
ζ1 ÞÝÑ

řn
i“1 Hompζ1pλ

1
iq,Zq b λ1i, where pλ1iqi is a lattice basis of Λ1

1, and using the
natural notion of push-forward in this setting, which is given by f˚ :“ Hompf#,Zqb
f#.

• Isogenies are special in that sense that they allow for bidirectional transport of polar-
izations. However, a surjective morphism is enough for the push-forward and a finite
one for the pull-back.

Definition 2.3.4. ([57], Proposition 1.1.2) To a morphism f : Σ1 Ñ Σ2 we associate the
following tropical abelian varieties:

1. Kerpfq0 (Definition 2.2.1) with polarization ζK :“ i˚ζ1, where i : Kerpfq0 ãÑ Σ1 is
the inclusion.

2. Cokerpfq (Definition 2.2.1) with polarization ζC :“ q˚ζ2, where q : Σ2 Ñ Cokerpfq is
the quotient map.

Similarly, we can transfer the notions of (co-)products and (co-)equalizers to TA: To a

pair of morphism Σ1 Σ2,
f

g
we associate the following tropical abelian varieties:

1. pL, ϕLq (Lemma 2.2.8) with polarization ζL :“ ϕ˚
Lζ1, the equalizer of the pair pf, gq.

2. Cokerpfq (Lemma 2.2.8) with polarization ζC :“ ϕC˚ζ2, the coequalizer of the pair
pf, gq.

Definition 2.3.5. Given tavs Σ1 and Σ2, we define their product Σ1 b Σ2 as follows:
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• The underlying real torus with integral structure is given by the product Σ1 b Σ2 in
TT (see Definition 2.2.6).

• The polarization ζ1 ˆ ζ2 is defined component-wise.

The resulting object is a tav, that is the group homomorphism ζ1 ˆ ζ2 satisfies the condition
described in Definition 2.3.1. The coproduct of Σ1 and Σ2 is defined analogously and will be
denoted by Σ1 ‘ Σ2.

Putting all these pieces together we see that the category of tavs, TA, has a certain
amount of structure. It makes it the perfect setting for several categorical constructions.

Lemma 2.3.6. The category of polarized tropical abelian varieties, TA, is additive, i.e.

1. it contains a zero object given by the trivial object: pt0u, t0u, r¨, ¨sq.

2. it has an abelian group structure on the Hom-Sets, which is given by the usual addition.

3. for any two objects, the product and coproduct are defined as in Definition 2.3.5.

Moreover, for every morphism f

• cokernel and kernel exist (Definition 2.3.4).

• such that if Kerpfq0 “ 0, then f is the kernel of its cokernel.

• such that if Cokerpfq0 “ 0, then f is the cokernel of its kernel.

Hence, TA is abelian.

This has already been remarked in [57]. The existence of binary coequalizers and
equalizers further shows: TA is finitely complete, respectively finitely cocomplete.

2.3.2 Exactness and Dualization
Although TA has a notion of kernels, these are not suitable for defining exact sequences.
We use group-theoretic kernels instead and define:

Definition 2.3.7. We call a sequence

0 Ñ Σ1
f
ÝÑ Σ2

g
ÝÑ Σ3 Ñ 0, (2.1)

of tropical abelian varieties exact, if f is injective, g is surjective, and Impfq “ kerpgq holds.
Note that in particular kerpgq is connected and itself a tropical abelian variety.

Warning: In contrast to the category of abelian groups not every morphism of tavs gives
rise to a short exact sequence.
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Lemma 2.3.8. Let

0 Ñ Σ1
f
ÝÑ Σ2

g
ÝÑ Σ3 Ñ 0.

be a short exact sequence of tropical abelian varieties. Then the dual sequence

0 Ñ qΣ3
qg
ÝÑ qΣ2

qf
ÝÑ qΣ1 Ñ 0

is exact. In other words

q̈ : TA Ñ TA

is an exact functor.

Proof. Suppose Σi “ pΛi,Λ
1
i, r, siq and denote by Vi the universal cover HompΛi,Rq of Σi

for i “ 1, 2, 3. We construct the commutative diagram in Figure 2.3 as follows:

0 Λ1
1 Λ1

2 Λ1
3

0 V1 V2 V3 0

0 Σ1 Σ2 Σ3 0

0 0 0

F G

π1 π2 π3

f g

B

Figure 2.3: Applying the snake lemma in the proof of Lemma 2.3.8.

Lift the composition V1
π1
ÝÑ Σ1

f
ÝÑ Σ2 to a map F into the universal covering V2

of Σ2 such that the respective square commutes and F p0q “ 0. In fact F is given by
Hompf#q and R-linear. Hence, kerpF q is a vector space that satisfies kerpF q Ă Λ1. It
follows kerpF q “ t0u. Proceed analogously for g to fill in the second row with an exact
sequence 0 Ñ V1 Ñ V2 Ñ V3 Ñ 0.
Since the category of abelian groups is abelian, we can use the snake Lemma to get an exact
sequence of kernels and cokernels (see Figure 2.3):

0 Ñ Λ1
1

f#
ÝÑ Λ1

2

g#
ÝÑ Λ1

3 Ñ 0.
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Applying the exact functorHomp¨,Rq yields an exact sequence between the universal covers
of the dual varieties

0 Ñ HompΛ1
3,Rq

Hompg#q
ÝÝÝÝÝÑ HompΛ1

2,Rq
Hompf#q
ÝÝÝÝÝÑ HompΛ1

1,Rq Ñ 0. (2.2)

The maps factor through the quotient. By pushing (2.2) down we get

qΣ3
qg
ÝÑ qΣ2

qf
ÝÑ qΣ1 Ñ 0.

We still need to check whether qg is injective, i.e. g#pΛ3q is saturated in Λ2: ApplyHomp¨,Rq
to the second row of 2.3 to obtain

0 Ñ Λ3 Ñ Λ2 Ñ Λ1 Ñ 0.

Since the Λi are free abelian groups, the sequence splits and Λ3 is a direct summand of Λ2.
This finishes the proof.

Quotients of tavs. We can always extend an exact sequence 0 Ñ Σ1 Ñ Σ to a short exact
sequence 0 Ñ Σ1 Ñ Σ Ñ Σ2 Ñ 0 in the category of abelian groups. Whether we can do so
in the category of tropical abelian varieties is a priori not clear. We address this question in
the following Lemmas, adapting methods from the complex world to the tropical setting.

Lemma 2.3.9. Let Σ be an abelian variety and suppose Σ1 i
ÝÑ Σ is an abelian subvariety.

Then there exists an abelian variety Σ2 and a morphism Σ ↠ Σ2 whose kernel is Σ1.

Proof. Recall that we have a relatively good handle on when Σ1 Ñ Σ2 Ñ 0 extends (in the
category of tori!) to the left. This is precisely the case when the kernel is connected.
Seizing the opportunity, we make our lives easier by working with the dual instead: The
map qi : qΣ Ñ qΣ1 is surjective and gives rise to a short exact sequence in the category of
groups

0 Ñ kerpqiq Ñ qΣ Ñ qΣ1
Ñ 0. (2.3)

We claim that (2.3) lives in the category of tropical abelian varieties, i.e. that kerpqiq is
connected. Denote by cpkerpiqq the number of connected components of kerpiq. As i is
injective, kerpiq is trivial and 1 “ cpkerpiqq “ cpkerpqiqq by Lemma 2.2.12. All that remains
to be done is the translation back to our original setting: Apply the dualization functor to
obtain a short exact sequence of tavs (Lemma 2.3.8)

0 Ñ Σ1
Ñ Σ Ñ |kerpqiq Ñ 0

and set Σ2 :“ |kerpqiq.
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Remark 2.3.10. From the preceding proof we can extract a concrete description of the
quotient in terms of lattices. We have Σ2 “ pkerpi#q,Λ1

2{Impi#q, r¨, ¨s
t
Kq, where i denotes

the inclusion map, Σ1 “ pΛ1
1,Λ

1
2, r¨, ¨s

1q, and r¨, ¨sK is the pairing induced by the pairing r¨, ¨s
on Σ, and recognize the quotient of integral tori from Lemma 2.2.3, but now automatically
equipped with a polarization.

There is another kind of quotient that creates an object in TA, the group-theoretic
quotient of a tav by a finite group.

Lemma 2.3.11. Let Σ be a tav and suppose G Ă Σ is a finite subgroup. Then there exists a
tav ΣG and a free isogeny Σ ↠ ΣG whose kernel is G.

Proof. Let HompΛ,Rq π
ÝÑ Σ be the universal covering of Σ. Then π´1pGq is a lattice

containing Λ1 such that rπ´1pGq : Λ1s ă 8. The embedding π´1pGq
i

ãÝÑ HompΛ,Rq induces
a non-degenerate pairing

r¨, ¨sG : Λˆ π´1
pGq Ñ R, pλ, λ1q Ñ rλ, λ1sG :“ ipλ1qpλq

which identifies the quotient ΣG :“ Σ{G as real torus with integral structure built from
pΛ, π´1pGq, r¨, ¨sGq. UpgradingΣG to a tav requires the data of a polarization. To that extend,
note that the quotient map q : Σ Ñ ΣG is an isogeny so its dual qq is one, too. Hence, we can
use qq to define a polarization on qΣG as the induced polarization qζG :“ qq˚qζ and set ζG :“

q

qζG,
i.e. ζG “ q˚pζq.

Remark 2.3.12. Note that q is not necessarily polarized with respect to ζ and ζG since
q˚pζGq and ζ do not agree in general. This will be discussed further in Project 2 (Chapter 3).

Factorization of morphisms of abelian varieties. Since morphisms of tavs are not
required to satisfy any additional properties, we can transfer definitions and results of
Subsection 2.2.3 to TA. In particular, we have that the tropical Stein factorization of a
surjective morphism of tavs

Σ1 Σ1{Kerpfq0 Σ2

f

πf ϕf (2.9)

is legitimate in TA as Σ1{Kerpfq0 is a tav by Lemma 2.3.9.

2.4 The category of tropical curves

2.4.1 Preliminaries
In this section we describe the category of tropical curves, TC. We base our exposition on
[3] and [6], drawing on the foundational work of Mikhalkin in [61] and of Mikhalkin and
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Zharkov in [62]. Objects of TC are tropical curves. These are, in analogy to the complex
setting, (connected) topological spaces homeomorphic to a locally finite 1-dimensional
simplicial complex and carry a tropical structure ([62], Definition 3.1). An equivalent way
to package the information of a tropical curve is by means of a metric graph ([62], Section
3.3). This is the data we want to work with.

Definition 2.4.1. A tropical curve Γ is the geometric realization of a metric graph pG, lq,
i.e. a finite graph G with no legs/ends (i.e. no 1-valent vertices) together with a function
l : EpGq Ñ Rą0: It is the topological quotient

Γ :“

‚
ď

ePEpGq

r0, lpeqs{ „

endowed with the path metric and with equivalence relation „ coming from the incidence
relations of G. Any pG1, l1q that is obtained from pG, lq by adding or deleting vertices of
valence 2 (and adapting the length function accordingly) is called a model for Γ and G its
combinatorial type. The genus of Γ is the genus of a model and is given by the number
|EpGq| ´ |V pGq| ` 1, since we do not allow genus at vertices.

For us, the structure preserving maps of TC will be harmonic morphisms (see e.g. [7]
or [16], Section 2.1): Let Γ and Γ̃ be tropical curves. A continuous and surjective map
φ : Γ Ñ Γ̃ is called a harmonic morphism if there exist models pG, lq and pG̃, l̃q such that

• φpV pGqq Ă V pG̃q and φ´1pEpG̃qq Ă EpGq.

• φ is locally integer affine linear: On each edge e P EpGq, φ restricts to an affine
function with integer slope depφq (possibly 0), called the weight or expansion factor of
φ at e.

• φ is harmonic/balanced at every P P Γ: For any ṽ P TφpP qΓ̃

dP pφq :“
ÿ

vPTPΓ,v ÞÑṽ

dvpφq

is independent of ṽ, where TPΓ (TφpP qΓ̃) is the set of tangent directions emanating
from P (φpP q) and dvpφq is the directional derivative of φ in the direction of v (i.e.
dvpφq :“ depφq for the edge e in direction of v).

In analogy to the complex setting, we refer to harmonic morphisms as tropical covers. A
tropical cover φ is finite, if depφq ą 0 for all edges e, and non-finite else. Its degree is given
by the number degpφq :“

ř

PPΓ,P ÞÑP̃ dP pφq, where P̃ P Γ̃ is an arbitrary point. We will
work with tropical curves through choice of a model and by abuse of notation identify Γ
with pG, lq.
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Remark 2.4.2. The ramification index of a point P P Γ is given by

RP pφq :“ 2dP pφq ´ 2´
ÿ

vPTPΓ

pdvpφq ´ 1q.

One may then distinguish between unramified covers, i.e. covers that satisfy RP pφq “ 0 for
all P P Γ, and ramified ones. The map φ in Figure 2.4 (b), for example, is ramified, while ϕ
is not. We mostly consider ramified covers.

2.4.2 Optimal tropical covers
As in algebraic geometry (see e.g. [53]), there is a distinguished class of so-called optimal
covers among the morphisms of TC. We introduce them here.

Definition 2.4.3. Let Γ and TE be curves of genus 2 and 1. We call a harmonic map
φ : Γ Ñ TE optimal if it does not factor through a non-trivial cover, i.e. if there exists a
curve TẼ and maps φ̃ : Γ Ñ TẼ, ϕ : TẼ Ñ TE such that

Γ TẼ

TE

φ̃

φ ϕ

commutes, then ϕ is an isomorphism (i.e. degpϕq “ 1).

TẼ

Γ

φ̃

8

4

4

TE

φ

4

ϕ

1

2
1Γ

φ̃

1

1

1

TE

φ

12 3

TẼ

pbqpaq

Figure 2.4: A curve of genus 2 covering two elliptic curves. The numbers in Figure 2.4 (a)
are edge lengths and in Figure 2.4 (b) edge weights.

Example 2.4.4. Figure 2.4 (a) shows a cover of degree 2 on the right, which for degree
reasons must be optimal. The cover on the left, however, is not as it factors, for example,
through the first, giving rise to a cover of degree 4. This factorization is shown in Figure 2.4
(b), with numbers corresponding to edge weights, the green ones to those of φ and ϕ, and
the blacks ones to those of φ̃.
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2.5 Crossing Bridges

2.5.1 Preliminaries
We establish a functorial connection between TC and TA. To an object Γ of TC we assign
an object of TA through the following construction (see [6] or [58]):
Construction 2.5.1. Let pG, lq be an oriented model of Γ and s, t : EpGq Ñ V pGq the
source and target maps. Then pG, lq comes with two lattices that are related by a non-
degenerate pairing:

• The lattice of harmonic 1-forms,Ω1
GpZq: For each oriented edge ewe introduce a formal

symbol de called a basic 1-form on G and set Ω1
GpZq to be

tω :“
ÿ

e

ωede : ωe P Z,
ÿ

e:tpeq“V

ωe “
ÿ

e:speq“V

ωe @V P V pGqu.

It is the subgroup of the free group over tde : e P EpGqu consisting of harmonic
1´forms on G.

• The lattice of integral 1-cycles, H1pG,Zq: It is the first simplicial homology group of G
given by kerpBq, where

B : C1pG,Zq Ñ C0pG,Zq, e ÞÑ tpeq ´ speq

is the boundary operator.

• The integration pairing,
ş

¨
¨: We can integrate a basic 1-form

ż

e

de1 :“

#

lpeq, if e “ e1

0, else

and extend linearly to obtain a perfect pairing
ż

¨

¨ : Ω1
GpZq ˆ H1pG,Zq Ñ R, pω, cq ÞÑ

ż

c

ω.

These building blocks are independent of the choice of model (see also [6]). This means
that lattices that arise from different models (that have compatible orientations) are related
by isomorphisms, that leave the integration pairing invariant. We will write Ω1

ΓpZq and
H1pΓ,Zq, instead, and complete Construction 2.5.1 by assigning a pptav to Γ.
Definition 2.5.2. The Jacobian of Γ is the pptav built from pΩ1

ΓpZq,H1pΓ,Zq,
ş

¨
¨q with

principal polarization ζΓ : H1pΓ,Zq Ñ Ω1
ΓpZq,

ř

aee ÞÑ
ř

aede. It is related to Γ by the
tropical Abel-Jacobi map:

ΦP0 : Γ Ñ JacpΓq, P ÞÑ

ż

γP

¨,

where P0 P V pΓq is a fixed vertex and γP P C1pΓ,Zq is any path connecting P0 to P in Γ.
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Remark 2.5.3. Note that the construction of the tropical Jacobian works on exactly the same
principle as the classical one over C. In fact, the analogy goes one step further: We have an
isomorphism JacpΓq

ΦΓ
– Pic0pΓq ([62], Theorem 6.2), where Pic0pΓq :“ Div0pΓq{PrinpΓq is

the group-theoretic quotient of Div0pΓq, the group of divisors of degree 0, by PrinpΓq, the
subgroup of principal divisors ([62], Section 4.2). This setting makes it easy to specify two
homomorphsims that are induced by a cover φ : Γ Ñ Γ̃: The push-forward φ˚ : Pic0pΓq Ñ
Pic0pΓ̃q and the pull-back φ˚ : Pic0pΓ̃q Ñ Pic0pΓq of divisors defined by

φ˚

´

ÿ

i

niPi

¯

:“
ÿ

i

niφpPiq and φ˚
´

ÿ

j

ñjP̃j

¯

:“
ÿ

j

ÿ

Pij ÞÑP̃j

ñjdPij
pφqPij.

Now, Remark 2.5.3 suggests two natural candidates for playing the counterpart of a
cover φ in TA. We start by describing these as morphisms of tavs and understanding their
relationship: As the notation suggests, φ˚ and φ˚ are dual to each other.

Lemma 2.5.4. Let φ : Γ Ñ Γ̃ be a cover. We consider the morphism ψ˚ : JacpΓq Ñ JacpΓ̃q
induced by the push-forward φ˚ under the identification Pic0pΓq Ñ JacpΓq, respectively
Pic0pΓ̃q Ñ JacpΓ̃q, given by the tropical Abel-Jacobi map. Then the dual homomorphism
qψ˚ : |JacpΓ̃q Ñ |JacpΓq is induced by the pull-back on divisors φ˚ : Pic0pΓ̃q Ñ Pic0pΓq.

Lemma 2.5.4 is most certainly known, although a proof does not seem to appear in the
literature. We include it here for the sake of completeness and as an illustration of Remark
2.5.3.

Proof. Let us fix reference points QΓ P Γ and φpQΓq P Γ̃ and consider the map ψ˚ that
makes the following diagram commute:

Pic0pΓq Pic0pΓ̃q

JacpΓq JacpΓ̃q

φ˚

ϕΓ ϕΓ̃

ψ˚

.

In doing so, we may figure out the assignment rule of ψ˚ by "diagram-chasing" elements: As
the vertical arrows are the isomorphisms induced by the Abel-Jacobi map ([62], Theorem
6.2), i.e. defined by

ϕΓ

´

ÿ

i

niPi

¯

“
ÿ

i

ni

ż Pi

QΓ

p¨q and ϕΓ̃

´

ÿ

i

niP̃i

¯

“
ÿ

i

ni

ż P̃i

φpQΓq

p¨q,

we get

ψ˚ : JacpΓq Ñ JacpΓ̃q :
ÿ

i

ni

ż Pi

QΓ

p¨q ÞÑ
ÿ

i

ni

ż φpPiq

φpQΓq

p¨q.
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We claim that ψ˚ is given by the pair pψ#
˚ , ψ˚#q, where ψ#

˚ is the pull-back of 1-forms and
ψ˚# the push-forward of cycles, i.e. that for all

ř

i ni
şPi

QΓ
p¨q P JacpΓq

Hompψ#
˚ ,Zq

´

ÿ

i

ni

ż Pi

QΓ

p¨q

¯

“
ÿ

i

ni

ż Pi

QΓ

ψ#
˚ p¨q and

ÿ

i

ni

ż φpPiq

φpQΓq

p¨q

agree on Ω1
Γ̃
pZq. Inserting an arbitrary ω “

ř

k akdẽk P Ω1
Γ̃
pZq and using linearity of the

integral we see that we only need to verify the equality by summands, i.e. that for fixed
tuple pk, iq we have

ż φpP q

φpQΓq

pdẽkq “
ÿ

ej ÞÑẽk

ż P

QΓ

dejpφqdej, where P :“ Pi.

Choose a model of Γ (Γ̃) containing QΓ and P (φpQΓq and φpP q) as vertices and such that
the set E (Ẽ) of edges, that cannot be subdivided further, satisfies the following conditions:
No e P E (Ẽ) is a cycle, nor does φpeq contain any cycle. If γ :“

ř

jmjej is a path (with
ej P E) in Γ from QΓ to P , then γ̃ :“

ř

jmjφpejq is a path connecting φpQΓq to φpP q in
Γ̃. Since integration is path-independent in the respective Jacobians, we use γ and γ̃ to
compute the integrals above:

ż φpP q

φpQΓq

pdẽkq “
´

ÿ

ej ÞÑẽk

mj

¯

¨ lpẽkq and
ÿ

ej ÞÑẽk

ż P

QΓ

dejpφqdej “
ÿ

ej ÞÑẽk

mj dejpφq lpejq.

Recalling how φ behaves with respect to edge lengths (i.e. dejpφqlpejq “ lpẽkq holds since
by our choice of models we excluded winding) finally proves the claim.
The transposed pair pψ˚#, ψ

#
˚ , q is the dual of ψ˚. Under the natural isomorphisms Ω1

Γ

ζΓ
–

H1pΓ,Zq and Ω1
Γ̃

– H1pΓ̃,Zq we can interpret it as morphism between the Jacobians
we denote by ψ˚ “ pψ˚#, ψ˚

#q, where ψ˚# is the push-forward of 1-forms and ψ˚
# the

pull-back of cycles. As above one shows that ψ˚ is induced by the pull-back of divisors
φ˚ : Pic0pΓ̃q Ñ Pic0pΓq, thereby completing the proof.

From now on the identification JacpΓq – Pic0pΓq will be implicit and, justified by
Lemma 2.5.4, we use the notation φ˚ and φ˚ for both settings.

2.5.2 Curves of genus 2 covering curves of genus 1.
We explore this connection in the setting of curves of genus 2 covering curves of genus 1: As
Definition 2.4.3 suggests we will be interested in factorizing tropical coverings. A daunting
task made easier by the following Lemma that allows us to transfer the factorization question
from the category of tropical curves to the category of tropical abelian varieties.

Note that the tropical Abel-Jacobi map is an isomorphism (of rational polyhedral spaces)
in the case of genus 1. It can be used to endow TE with the structure of a group. In analogy
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to the classical case we call TE an elliptic curve and depending on the context, regard TE as
an object of TC or, by abuse of notation, as an object of TA (the identification of JacpTEq
with TE will be used implicitly).

Lemma 2.5.5. Let φ : Γ Ñ TE and φ̃ : Γ Ñ TẼ be harmonic maps and φ˚ : JacpΓq Ñ TE
and φ̃˚ : JacpΓq Ñ TẼ the respective push-forwards. Then the following are equivalent:

• φ “ ϕ ˝ φ̃ for an isogeny ϕ : TẼ Ñ TE.

• φ˚ “ ϕ̂ ˝ φ̃˚ for an isogeny ϕ̂ : TẼ Ñ TE.

Remark 2.5.6. The proof of Lemma 2.5.5 relies on a universal property of the Jacobian
([69], Proposition 4.14). Applied to our setting, the map µ : JacpΓq Ñ TE in [69] induced
by φ : Γ Ñ TE corresponds to φ˚. To make the connection to [69] clearer we write µ for
φ˚ and µ̃ for φ̃˚ in the proof of Lemma 2.5.5.

Proof of Lemma 2.5.5. The fact that factorization on the level of tropical covers corresponds
to factorization on the level of Jacobians is essentially a consequence of Proposition 4.14. in
[69].
To see this, note that φ and φ̃ are morphisms of rational polyhedral spaces whose targets
are also integral tori. Hence, there exists unique homomorphisms µ and µ̃ such that the
following diagram commutes for all P0 P Γ:

TE Γ TẼ

TE JacpΓq TẼ

ΦP0

φ̃

t´φ̃pP0q
t´φpP0q

µ̃µ

φ

.
If φ “ ϕ ˝ φ̃, choose P0 P φ̃

´1p0q and observe that t´φpP0q “ t´φ̃pP0q “ id. Then ϕ̂ :“ ϕ

satisfies µ “ ϕ̂ ˝ µ̃. Conversely, suppose µ factors through an isogeny ϕ̂. Let P0 P φ
´1p0q

and obtain a factorisation of φ through an isogeny ϕ :“ ϕ̂ and a harmonic map given by
post-composing φ̃ with the translation t´φ̃pP0q:

Γ TẼ TẼ TE.
φ̃ t´φ̃pP0q ϕ̂

φ

Lemma 2.5.5 defines our approach: Translating covering language into the language of
pptav. This gives us the opportunity to address cover-related questions with a new set of
tools and guides our next steps: We study
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• isogenies of elliptic curves

• the push-forward and pull-back morphism

separately, and merge our results in Subsection 2.5.7 to develop criteria for verifying opti-
mality.

2.5.3 Isogenies of Elliptic Curves.

We start by retrieving the analogy of an algebraic result in the tropical world: Recall that
multiplication-by-a maps, where a is a complex number, yield isogenies between complex
elliptic curves (in their complex analytic representation as 1-dimensional complex tori) and
what is more, all possibilities are fully exhausted by this class of mappings. Essentially the
same holds for 1-dimensional integral tori, that is tropical elliptic curves.

Lemma 2.5.7. Let ϕ be an isogeny between elliptic curves, TE and TẼ, of length l and l̃.
Under the identificationsTE – R{lZ andTẼ – R{l̃Zwe have: ϕ is induced by anR´linear
map ϕ̃ : R Ñ R, z ÞÑ a# ¨ z, where a# P Z and ϕ̃pl̃Zq Ă lZ holds.
Under the identifications TE – JacpTEq and TẼ – JacpTẼq we have: ϕ “ pϕ#, ϕ#q

is defined by a tuple pa#, a#q P Z2 such that l̃a# “ la# holds and ϕ is an isomorphism
precisely when pa#, a#q “ p˘1,˘1q.

We see: On the quotient, ϕ corresponds to a multiplication-by-a# map, where a# P Z.
The tuple pϕ#, ϕ#q, of course, provides two multiplication maps, that characterize the
winding and dilation behaviour of ϕ separately (see [69]).

Proof. We choose to work in the category of tropical abelian varieties. Thus, we will identify
all elliptic curves involved with their respective Jacobians. An isogeny ϕ is then given by a
pair of group homomorphisms

ϕ# : Ω1
TE Ñ Ω1

TẼ : ω ÞÑ a#ω̃

ϕ# : H1pTẼ,Zq Ñ H1pTE,Zq : B̃ ÞÑ a#B

where B (B̃) is a homology basis of TE (TẼ) and ω (ω̃) the associated basis of tropical
1-forms. The compatibility of pϕ#, ϕ#q with the integration pairings on TE and TẼ poses
additional requirements on the pair of integers pa#, a#q:

ż

B̃

ϕ#
pωq “

ż

ϕ#pB̃q

ω.

Specifying the metric on TE and TẼ by the real numbers l and l̃ finally leads to relation,
l̃a# “ la#, as claimed. The actual isogeny ϕ is given by z ÞÑ a# ¨ z.
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Remark 2.5.8. In algebraic geometry elliptic curves (over algebraically closed fields) are
characterized by their j-invariant. The appropriate tropical analogue is the cycle length (see
[52], [61]). It is a geometric property that allows us to distinguish between non-isomorphic
curves. Computations in Lemma 2.5.11, 2.5.18 and 2.5.15 should be seen in this light.

Continuing in the vein of Lemma 2.5.7, we obtain:

Lemma 2.5.9. For i “ 1, 2, 3 let TEi be an elliptic curve of length li. Let ϕ1 : TE1 Ñ TE2

and ϕ2 : TE1 Ñ TE3 be two isogenies given by tuples pa#i , ai#q P Z2, i “ 1, 2 as in Lemma
2.5.7. Then ϕ1 factors through ϕ2 if and only the following holds:

a#3 :“
a#1

a#2
P Z and a3# :“ a#3 ¨

l3
l2

P Z.

In this case, pa#3 , a3,#q defines an isogeny ϕ3 that satisfies ϕ1 “ ϕ3 ˝ ϕ2.

Proof. Suppose ϕ1 factors through ϕ2 via an isogeny ϕ3, i.e. ϕ3 satisfies ϕ3# ˝ ϕ2# “ ϕ1#

and ϕ#
2 ˝ ϕ#

3 “ ϕ#
1 . Expressed in terms of the defining tuples pa#i , ai#q for i “ 1, 2, 3 as in

Lemma 2.5.7 we have, a3# ¨a2# “ a1# and a#2 ¨a#3 “ a#1 , or equivalently, using l1a
#
1 “ l2a1#

and l1a#2 “ l3a2#:

a#3 “
a#1
a#2

P Z and a3# “ a#3 ¨ l3
l2
P Z. (2.10)

Conversely, suppose (2.10) holds. Then pa#3 , a3,#q gives rise to a well-defined morphism of
tori ϕ3, which satisfies ϕ1 “ ϕ3 ˝ ϕ2 by construction.

2.5.4 Procedure to address a factorization problem.

Here, we describe a procedure to solve the factorization problem described below. How
to perform specific computations mentioned in step 2 is covered in Subsection 2.5.5. Let Γ
be of genus 2 and suppose Γ covers elliptic curves TE and TẼ via φ, φ̃ respectively (see
Lemma 2.5.5):

When does the morphism φ˚ factor through φ̃˚?

Step 1: Reduction to a lower dimensional factorization problem. This factorization
problem can be simplified further: Let µ :“ φ˚ and µ̃ :“ φ̃˚ and suppose kerpµ̃q Ă kerpµq.
Otherwise conclude immediately: µ does not factor through µ̃. Let µ “ ϕµ ˝ πµ and
µ̃ “ ϕµ̃ ˝ πµ̃ be the Stein factorization of µ and µ̃. Since

Kerpµq0 ` π´1
µ pkerpϕµqq “ kerpµq Ą kerpµ̃q “ Kerpµ̃q0 ` π´1

µ̃ pkerpϕµ̃qq
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we have Kerpµ̃q0 Ă Kerpµq0. This yields a well-defined map pr such that the left part of

JacpΓq JacpΓq{Kerpµq0 TE

JacpΓq{Kerpµ̃q0 TẼ
πµ̃

πµ ϕµ

ϕµ̃

pr ?

(2.11)

commutes. As Kerpµ̃q0 is a subgroup of finite index of Kerpµq0 since JacpΓq{Kerpµ̃q0 and
JacpΓq{Kerpµq0 are both 1-dimensional tori, pr is an isogeny (and thus ϕµ ˝ pr as well).
Moreover, kerpϕµ ˝ prq Ą kerpϕµ̃q holds. That is, the initial factorization problem reduces
to the lower dimensional problem of factorizing ϕµ ˝ pr through ϕµ̃.

Step 2: Solve lower dimensional factorization problem. We use Lemma 2.5.9: Set
TE1 :“ JacpΓq{Kerpµ̃q0, TE2 :“ TE, TE3 :“ TẼ, ϕ1 :“ ϕµ ˝ pr and ϕ2 :“ ϕµ̃. If Γ is of
type "theta", see Figure 2.6, compute l1 and pa#i , ai#q (for i “ 1, 2) using Lemma 2.5.15. For
the other maximal combinatorial type of a curve of genus 2, the dumbbell graph (see Figure
2.8), we have a formula for l1 in Lemma 2.5.18. The pair pa#i , ai#q is then computed as in
the proof of Lemma 2.5.15. Then µ factors through µ̃ if and only if the following holds:

• kerpµ̃q Ă kerpµq,

• a#3 :“
a#1
a#2

P Z and a3# :“ a#3 ¨ l3
l2
P Z.

In this case, ϕ̂ :“ ϕ3 solves the initial factorization problem.

2.5.5 The push-forward

As before, let φ : Γ Ñ TE be a cover and gpΓq “ 2. Then φ˚ is clearly surjective making its
kernel the first object of interest. Note, however, that φ˚ belongs to two different worlds, the
category of tav (TA) and the category of abelian groups (Ab). This means that its kernel
will have two different identities as well.

We study both, first in detail for the case where Γ is of type "theta" as in Figure 2.6. For
the case where the combinatorial type of Γ is the dumbbell-graph, we provide a collection
of results in Subsection 2.5.5.

Type theta

Convention 2.5.10. This next part calls for consistency in naming that allows us to refer
to individual parts of a cover φ : Γ Ñ TE explicitly. We introduce the labeling we want to
use for the graphs underlying Γ and TE in Figure 2.5.
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e

e1

e2

re1

re2

Γ TE

Figure 2.5: Labeling for the graphs underlying Γ and TE.

Next, let us fix concrete homology basis (with edges oriented as in Figure 2.5):

• pB1, B2q :“ pe` e2, e2 ´ e1q of H1pΓ,Zq.

• B̃ :“ ẽ1 ` ẽ2 of H1pTE,Zq.

We denote by pω1, ω2q and ω̃ the canonical basis of tropical 1-forms associated to pB1, B2q,
respectively B̃ (i.e. ωi “ ζΓpBiq and ω̃ “ ζTEpB̃q). We want to stress that the following
arguments apply to any choice of basis, the formulas below, however, will differ.

An arbitrary cover of degree d is captured by the following data:

• a triple of winding numbers pn, n1, n2q P N3
0, where ni (n) counts how many times the

edge ei (e) passes over the edge re2 (re1),

• a triple of dilation factors pdepφq, de1pφq, de2pφqq P N3
0,

that satisfy:

ndepφq ` pn1 ´ 1qde1pφq ` pn2 ´ 1qde2pφq “ d.

pn´ 1qdepφq ` n1de1pφq ` n2de2pφq “ d.
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P0 P1

re1

re2TE

e

e1

e2

Γ

φ

Figure 2.6: Schematic picture of a finite cover of an elliptic curve by a curve of genus 2 of
type "theta".

Lemma 2.5.11. Let Γ be an abstract tropical curve of type "theta" and φ : Γ Ñ TE a
tropical cover of degree d. In TA, the kernel of φ˚ (i.e. Kerpφ˚q0) is an elliptic curve of
length lK given by the absolute value of the matrix product vMwt, where

• M :“

ˆ

lpeq ` lpe2q lpe2q
lpe2q lpe1q ` lpe2q

˙

is the period matrix associated to the choice of

basis from Convention 2.5.10.

• v :“ pv1, v2q is any vector whose entries satisfy: v2depφq ` v1de1pφq “

gcdpdepφq, de1pφqq.

• w :“ p n1´n2

gcdpn2´n1,n`n2´1q
, n`n2´1
gcdpn2´n1,n`n2´1q

q.

Proof. Recalling that φ˚ is a surjective morphism from a 2-dimensional to a 1-dimensional
torus, it is not surprising that (in TA) its kernel is a tav of dimension 1, in other words
an elliptic curve (see Remark 2.5.12). More interesting is the statement about lK , since the
length is an isomorphy-invariant of elliptic curves. So, in order to capture of the geometry
of Kerpφ˚q0, we need to look at it in more detail: Its lattice representation (see Definition
2.3.4)

pΩ1
Γ{Impφ˚

#
q
sat, kerpφ˚#q, r¨, ¨sKq

allows us to access lK via integration on Γ, i.e. lK “ |
ş

B
ω|, where B and ω are basis of the

lattices defining Kerpφ˚q0. To obtain a concrete expression for lK in terms of covering data,
we compute B and ω explicitly.

54



We start with kerpφ˚#q: The map φ˚# : H1pΓ,Zq Ñ H1pTE,Zq, sends a cycle
ř

ei to the
cycle

ř

φpeiq. This yields

φ˚#pB1q “ ppn2 ´ 1q ` pn´ 1q ` 1qB̃ and
φ˚#pB2q “ ppn2 ´ 1q ´ pn1 ´ 1qqB̃,

for our choice of basis pB1, B2q from Convention 2.5.10. A contracted cycle B “ w1B1 `

w2B2 P H1pΓ,Zq generates kerpφ˚#q, if the pair of coefficients pw1, w2q P Z2 in addition to
satisfying

0 “ φ˚#pBq “ w1pn` n2 ´ 1qB̃ ` w2pn2 ´ n1qB̃

ô 0 “ w1pn` n2 ´ 1q ` w2pn2 ´ n1q,

is relatively prime. This yields

w :“ pw1, w2q “

ˆ

n1 ´ n2

gcdpn2 ´ n1, n` n2 ´ 1q
,

n` n2 ´ 1

gcdpn2 ´ n1, n` n2 ´ 1q

˙

.

We continue withΩ1
Γ{Impφ˚

#qsat: The pullback of 1-formsφ˚
# is injective asφ˚ is surjective.

Hence, Impφ˚
#q is generated by φ˚

#pω̃q whose representation in terms of the basis pω1, ω2q

from Convention 2.5.10 is

φ˚
#
pω̃ “ dẽ1 ` dẽ2q “ de1pφqde1 ` de2pφqde2 ` depφqde

“ depφqω1 ` pde2pφq ´ depφqqde2 ` de1pφqde1

“ depφqω1 ´ de1pφqω2.

As a result, we get

Impφ˚
#
q
sat

“ xωQ :“
depφq

gcdpdepφq, de1pφqq
ω1 ´

de1pφq

gcdpdepφq, de1pφqq
ω2y,

whereby it should be emphasized that gcdpdepφq, de1pφqq ‰ 0 holds, even if φ is not finite:
Suppose otherwise. Then depφq “ de1pφq “ 0 implies de2pφq “ 0 due to balancing. So, φ
cannot be surjective, a contradiction.
Note, the quotient Ω1

Γ{Impφ˚
#qsat is naturally identified with a complement of Impφ˚

#qsat

in H1pΓ,Zq. To find one, we need to extend ωQ to a basis of H1pΓ,Zq by adding a 1-form
ω :“ v1ω1 ` v2ω2. The requirement that the new pair pωQ, ωq can be obtained from pω1, ω2q

by an invertible coordinate change can be rephrased as condition imposed on the coefficients
of ω:

v2depφq ` v1de1pφq “ gcdpdepφq, de1pφqq.

Any such 1-form ω generates a complement and is therefore suitable for us (see Remark
2.5.13). This concludes our hunt for basis. The desired formula reads

lK “ |

ż

B

ω| “ |

ż

w1B1`w2B2

pv1ω1 ` v2ω2q|
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and can be compactly written as matrix product lK “ |vMwt|, whereM is the period matrix
associated to our choice of basis (see Convention 2.5.10).

Remark 2.5.12. We interpret the 1-dimensional torusKerpφ˚q0 “ pxωy, xBy, r¨, ¨sKq, where
ω P Ω1

Γ and B P H1pΓ,Zq are lattice basis as in Lemma 2.5.11 such that lK :“
ş

B
ω ą 0, as

Jacobian of a metric graph TE 1 with lpTE 1q “ lK via:

Ω1
TE1 “ xωy, H1pTE 1,Zq “ xBy, and ζTE1 ,

the usual pp (Definition 2.5.2) and, by abuse of notation, denote JacpTE 1q again by TE 1 (see
beginning of Subsection 2.5.2).

Remark 2.5.13. Note that the vector v from Lemma 2.5.11 is not uniquely determined:
Solutions to

v2depφq ` v1de1pφq “ gcdpdepφq, de1pφqq

differ by elements of xp depφq
gcdpdepφq,de1 pφqq

,
´de1 pφq

gcdpdepφq,de1 pφqq
qyZ, which corresponds to adding a

multiple of the generator of Impφ˚
#qsat. The reason for this indeterminacy can be found in

the proof of Lemma 2.5.11. It arises from the identification of the quotient Ω1
Γ{Impφ˚

#qsat

with a complement of Impφ˚
#qsat and does not affect the matrix product vMwt, since we

have
ż

B

φ˚
#
pωq “

ż

φ˚#pBq

ω “ 0.

The transition to Ab is accompanied by a loss of structure (the kernel is no longer a
tav). A trade-off that is necessary to fully understand it.

Lemma 2.5.14. The group-theoretic kernel of the push-forward map consists of translates
of the 1-dimensional torusKerpφ˚q0 by elements of φ˚ JacdpTEq (the image of the d-torsion
subgroup JacdpTEq of JacpTEq under φ˚). Moreover, the number of connected components
is given by | kerpγq|, where γ : JacpΓq{Kerpφ˚q0 Ñ JacpTEq is the natural map.

The beginning of the following proof is similar to the proof of Proposition 6.1. ([49]). As
we work in a different setting, we present it here for the sake of completeness. Compare
also to Proposition 4.7 in [69] for a different characterization of the connected components
of kerpfq for general morphism f .

Proof. The kernel of φ˚ is the image of Hompφ#
˚ q

´1 H1pTE,Zq under the universal cov-
ering of JacpΓq. Recalling that Hompφ#

˚ q is R-linear we can write the solution set
Hompφ#

˚ q
´1 H1pTE,Zq as translation of the kernel of Hompφ#

˚ q by a set consisting of
specific solutions to the equations

Hompφ#
˚ qpxCq “ C for C P H1pTE,Zq.
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We now compute such a specific solution. The isomorphisms H1pΓ,Zq – Ω1
Γ and

H1pTE,Zq – Ω1
TE allow us to identify φ˚# with the push-forward of 1´forms and consider

the composition φ˚# ˝ φ#
˚ : Ω1

TE Ñ Ω1
TE . This is easily seen to be the multiplication-by-d

map. Hence, we have

Hompφ#
˚ q ˝ Hompφ˚#q “ Hompφ˚# ˝ φ#

˚ q “ d ¨ id

for the Hom-duals and 1
d
Hompφ˚#qpCq as solution of Hompφ#

˚ qpxCq “ C .
We write

Hompφ#
˚ q

´1 H1pTE,Zq “ kerpHompφ#
˚ qq `

1

d
Hompφ˚#qH1pTE,Zq

and descend to JacpΓq to obtain the desired description of kerpφ˚q. Remembering that
Hompφ˚#q is the lift of φ˚ to a map between the universal coverings (Lemma 2.5.4) and
using JacdpTEq “ H1pTE,Zq

dH1pTE,Zq , this looks like:

kerpφ˚q “ Kerpφ˚q0 `
Hompφ˚#qH1pTE,Zq

d ¨ Hompφ˚#qpH1pTE,Zqq X H1pΓ,Zq
“ Kerpφ˚q0 ` φ˚ JacdpTEq.

Note that we have just written kerpφ˚q as union of cosets of its subgroup Kerpφ˚q0. We
did even more: We found a finite superset for a set of representatives, which is given by
φ˚ JacdpTEq. In other words, the number of connected components is finite and given
by the index of Kerpφ˚q0 in kerpφ˚q. We can consider the following commutative exact
diagram in the category of abelian groups (see Figure 2.7)

and apply the snake Lemma to obtain an isomorphism kerpφ˚q

Kerpφ˚q0

B
ÝÑ kerpγq. In particular

we see that the surjective map γ has a finite kernel, is therefore an isogeny, whose kernel
counts the number of connected components as claimed.

We give an explicit description of the isogeny γ from Lemma 2.5.14 and compute the
number of connected components in terms of data from our cover.

Lemma 2.5.15. The tav JacpΓq{Kerpφ˚q0 is an elliptic curve of length l̃ “ |wQMvQ
t
|,

where

• M is the period matrix associated to the choice of basis from convention 2.5.10.

• vQ :“ pvQ1 , v
Q
2 q is any vector whose entries satisfy:

vQ1 pn` n2 ´ 1q ´ vQ2 pn1 ´ n2q “ gcdpn2 ´ n1, n` n2 ´ 1q.

• wQ :“ p´
de1 pφq

gcdpdepφq,de1 pφqq
, depφq
gcdpdepφq,de1 pφqq

q.
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0 0 kerpγq

Kerpφ˚q0 JacpΓq JacpΓq
Kerpφ˚q0

0

0 kerpφ˚q JacpΓq JacpTEq 0

kerpφ˚q

Kerpφ˚q0
0 0

id γ

B

Figure 2.7: Applying the snake Lemma in the proof of Lemma 2.5.14.

Under the identifications JacpTEq – R{lZ and JacpΓq{Kerpφ˚q0 – R{l̃Z the isogeny γ
from Lemma 2.5.14 takes the form:

R{l̃Z Ñ R{lZ, z ÞÑ az,

where a “ gcdpdepφq, de1pφqq.

Proof. We derive a lattice representation pkerpi#q,Ω1
Γ{Impi#q, r¨, ¨s

t
Kq of the quotient variety

JacpΓq{Kerpφ˚q0 from Lemma 2.3.9 (or Remark 2.3.10) by choosing the natural inclusion
i “ pi#, i#q defined by the maps

i# : Ω1
Γ ↠ Ω1

Γ{Impφ˚
#
q
sat and i# : kerpφ˚#q ãÑ H1pΓ,Zq

as embedding of Kerpφ˚q0 into JacpΓq. Just like in Lemma 2.5.11 we determine l̃ by express-
ing explicit basis ωQ and BQ of the lattices kerpi#q and Ω1

Γ{Impi#q in terms of our chosen
basis from Convention 2.5.10. The equality kerpi#q “ Impφ˚

#qsat is immediate from the
definition of i. Relying on the results of Lemma 2.5.11 we set

ωQ :“
depφq

gcdpdepφq, de1pφqq
ω2 ´

de1pφq

gcdpdepφq, de1pφqq
ω1.

Since i# is just the inclusion, we have Impi#q “ kerpφ˚#q “ xBy (Lemma 2.5.11), where
B “ w1B1 ` w2B2 P H1pΓ,Zq with coefficients

pw1, w2q “

ˆ

n1 ´ n2

gcdpn2 ´ n1, n` n2 ´ 1q
,

n` n2 ´ 1

gcdpn2 ´ n1, n` n2 ´ 1q

˙

.
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Any cycle BQ :“ vQ1 B1 ` vQ2 B2 such that

vQ1 pn` n2 ´ 1q ´ vQ2 pn1 ´ n2q “ gcdpn2 ´ n1, n` n2 ´ 1q

holds, generates a complement of Impi#q in H1pΓ,Zq. We identify xBQy with the quotient
Ω1

Γ{Impi#q. The length l̃ is then given by the absolute value of the integral
ż

BQ

ωQ “

ż

wQ
1 B1`w

Q
2 B2

pvQ1 ω1 ` vQ2 ω2q,

which written as matrix product reads wQMvQ
t.

As a closer look at Figure 2.7 reveals, γ just sends an equivalence class rxs to the image
of a representative under the push-forward, i.e. γprxsq “ φ˚pxq. Hence, γ# : Ω1

TE Ñ

kerpi#q, is defined by ω ÞÑ φ#
˚ pωq. We recognize this as multiplication by a#, where a#

satisfies φ#
˚ pωq “ a#ωQ and is therefore equal to gcdpdepφq, de1pφqq. This together with

the knowledge of l̃ and l is sufficient to give a concrete description of the isogeny γ under
the identifications JacpTEq – R{lZ and JacpΓq{Kerpφ˚q0 – R{l̃Z (see Lemma 2.5.7):

R{l̃Z Ñ R{lZ, z ÞÑ a#z.

Remark 2.5.16. A priory, all arguments, which lead us to a#, are based on a particular
choice of basis (Convention 2.5.10). This should not be the case: The lengths l̃ and l are
intrinsic characteristics of the curves, so should the description of γ be. And indeed, the
balancing condition implies that gcdpdepφq, de1pφqq “ gcdpdepφq, de2pφqq, which in turn
guarantees that interchanging the roles of e1 and e2 does not affect a#.
Using Lemma 2.5.7 we can also describe the full pair γ “ pγ#, γ#q since γ# is the multipli-
cation by a# :“ l̃a#

l
.

Corollary 2.5.17. The number of connected components of kerpφ˚q is equal to k`1, where
k :“ maxtj P N : j

a#
ă 1u.

Proof. By Lemma 2.5.14 we know that the number of connected components is the order of
kerpγq. We can use Lemma 2.5.15 and Remark 2.5.16 to write it down explicitly:

kerpγq “ tx P R{l̃Z : a#x P lZu “ tx P R{l̃Z :
l ¨ a#

l̃
x P lZu.

and conclude by specifying a set of representatives:

t0,
l̃

a#
, ...,

k ¨ l̃

a#
u, where k :“ maxtj P N :

j

a#
ă 1u.
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Type dumbbell

The case where φ is finite is already addressed in Subsection 2.5.5. Therefore, working with
a curve Γ of type "dumbbell" as in Figure 2.8 automatically leads us to the non-finite case
since: Whenever Γ maps to a curve of genus 1, at least the edge connecting P0 to P1 is
contracted (a sketch of all other possibilities is shown in Figure 2.8).

To formulate Lemma 2.5.11 and 2.5.15 in this case, we fix as before:

• the homology basis pB1, B2q :“ pe1, e2q of H1pΓ,Zq and B̃ :“ ẽ of H1pTE,Zq,

• the canonically associated basis pω1, ω2q of Ω1
ΓpZq and ω̃ of Ω1

TEpZq,

and characterize a cover of degree d by a tuple of winding numbers pn1, n2q P N2
0 together

with a tuple of dilation factors pde1pφq, de2pφqq P N2
0 that satisfy n1de1pφq ` n2de2pφq “ d.

Lemma 2.5.18. Let φ : Γ Ñ TE be a degree d cover as in Figure 2.8. In TA, the kernel of
φ˚ is an elliptic curve of length lK given by the absolute value of the matrix product vMwt,
where

• M :“

ˆ

lpe1q 0
0 lpe2q

˙

is the period matrix associated to the choice of basis.

• v :“ pv1, v2q is any vector whose entries satisfy: v2de1pφq ´ v1de2pφq “

gcdpde1pφq, de2pφqq.

• w :“ p ´n2

gcdpn1,n2q
, n1

gcdpn1,n2q
q.

The tav JacpΓq{Kerpφ˚q0 is an elliptic curve of length l̃ “ |wQMvQ
t
|, where

• vQ :“ pvQ1 , v
Q
2 q is any vector whose entries satisfy:

´pn2v
Q
1 ` n1v

Q
2 q “ gcdpn1, n2q.

• wQ :“ p
de1 pφq

gcdpde1 pφq,de2 pφqq
,

de2 pφq

gcdpde1 pφq,de2 pφqq
q.

P0

P1

re TE

e1

e2
Γ

φ

re

e1

e2

φ

Figure 2.8: Schematic picture of two non-finite covers of an elliptic curve by a curve of genus
2 of "dumbell type".
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2.5.6 The pull-back
Changing gears, we now work with divisors to study the dual of φ˚. Recall that from this
perspective φ˚ is simply the pull-back of divisors (see Remark 2.5.3). For background on
divisors on tropical curves see e.g. [49], [2], [5] and references therein.

We are still interested in covers of the form φ : Γ Ñ TE, but do not require Γ to have
genus 2. Just as in Subsection 2.5.5, we approach φ˚ by understanding its kernel kerpφ˚q. We
proceed as follows: The groundwork will be laid in Lemma 2.5.19, which we formulate for
any harmonic map φ : Γ Ñ Γ̃. This means we find a superset of kerpφ˚qwhose elements are
easily described and allow for concrete manipulation. This will be used later in Construction
2.5.20.

Lemma 2.5.19. Let φ : Γ Ñ Γ̃ be a tropical cover of degree d. Then kerpφ˚q Ă JacdpΓ̃q
and we have

D P kerpφ˚
q if and only if all slopes of φ˚f are divisible by d,

where f is a rational function satisfying d ¨D “ divpfq.

Proof. We obtain a drastic simplification of φ˚ by post-composing it with φ˚: As is easily
verified, we have that φ˚φ

˚ is given by the multiplication-by-d map on JacpΓ̃q. This im-
mediately gives us the desired superset for kerpφ˚q as the kernel of the composition, i.e.
JacdpΓ̃q, and proves the first statement.
Since D has order d, there exists a piecewise linear function f : Γ̃ Ñ R such that d ¨D “

divpfq. Suppose φ˚D “ divpgq for g : Γ Ñ R. Then divpd ¨ gq “ φ˚pd ¨ Dq “ divpφ˚fq
(recall: divpφ˚pfqq “ φ˚pdivpfqq), shows that φ˚f ´ d ¨ g is constant and g “ 1

d
φ˚f ` c for

c P R. Thus, g is only well-defined if 1
d
φ˚f is, i.e. all slopes are divisible by d.

As promised, applying Lemma 2.5.19 to the case where Γ̃ is of genus 1 provides a
simple description of divisors that are potentially contained in kerpφ˚q: By restricting the
isomorphism TE Ñ JacpTEq to TErds we see that we can write any D P JacdpTEq as
DP :“ P ´ P0, where P P TErds and P0 P TE denotes the identity (i.e. the origin in
TE – R{lZ).

Construction 2.5.20. For any point P P TE “ R{lZ let PP0 (P0P ) be the oriented edge
of length l1 (l2) connecting P with P0 (P0 with P ). If P P lQ{lZ, we have ordpP q ă 8.
Hence, there exists a rational function f on TE whose set of zeroes and poles is tP, P0u.
We can translate the statement divpfq “ ordpP q ¨DP into a linear system

$

’

&

’

%

s1 ` s2 “ ordppfq “ ordpP q

´s1 ´ s2 “ ordP0pfq“ ´ordpP q,

l1s1 ´ pl ´ l1qs2 “ 0

where
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• l1 encodes the position of p,

• ps1, s2q is the data specifying f , i.e. s1 (s2) denotes the slope of f on PP0 (P0P ),

and solve for s1 “ ordpP qpl´l1q
l

and s2 “ ordpP ql1
l

.

P0P

l1

l2 “ l ´ l1

f

TE

Figure 2.9: A rational function f on TE as described in Construction 2.5.20.

As the pullback of f along φ rescales slopes by local dilation factors, the divisor φ˚DP

is principal if and only if every edge e P EpΓq satisfies:

• If e ÞÑ e1 for e1 Ă PP0, then depφq pl´l1ql
P Z holds.

• If e ÞÑ e1 for e1 Ă P0P , then depφq l1l P Z holds.

We package this information into a continuous function qΓ : r0, ls Ñ R|EpΓq| that assigns to
each l1 P r0, ls the vector qΓpl1q with coordinates

qeΓpl1q :“

#

depφq
pl´l1q
l
, if e ÞÑ e1 Ă PP0,

depφq
l1
l
, if e ÞÑ e1 Ă P0P ,

for e P EpΓq.

This allows kerpφ˚q to be described in a clean and concise manner.

Proposition 2.5.21. Let φ : Γ Ñ TE be a cover of degree d, where gpΓq “ g, and
qΓ : r0, ls Ñ R|EpΓq| the function from Construction 2.5.20. Then qΓ decides whether a
divisor lives in the kernel of the pullback map φ˚. We have:

kerpφ˚
q – qΓpTEq X Z|EpΓq|,

where, by abuse of notation, we write qΓpTEq using that the domain of qΓ parameterizes
points of TE. In particular, if DP P kerpφ˚q, then ordpDP q divides d.

Proof. Note that qeΓpl1q P Z is true if and only if l1 P lQ{lZ. Hence, the isomorphism is just
a consequence of Construction 2.5.20. Suppose DP P kerpφ˚q, i.e. qΓpl1q P Z|EpΓq| where l1
is the length of PP0. Then l1 is equal to i

ordpDP q
l for an i P t0, ..., ordpDP q ´ 1u and

qeΓpl1q “

#

depφqp1´
i

ordpDP q
q, if e ÞÑ e1 Ă PP0,

depφq
i

ordpDP q
, if e ÞÑ e1 Ă P0P ,

P Z for all e P EpΓq
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implies

ordpDP q | depφq for all e P EpΓq.

Considering that
ř

e ÞÑe1 depφq “ d holds for every edge e1 of TE, ordpDP q has to divide d
as well.

Remark 2.5.22. Note, that φ˚ is injective whenever qΓpTEq does not contain any integer
vector.

2.5.7 Criteria for Optimality.
Verifying optimality based on Definition 2.4.3 is tricky, in general. However, should the
combinatorial type ofΓ be the dumbbell-graph, then the structure of (not necessarily optimal)
coverings of TE is particularly simple: They split into two "independent" isogenies. Lemma
2.5.23 gives a characterization of optimality in this case.

Lemma 2.5.23. Letφ : Γ Ñ TE be a degree d cover of dumbell type (Figure 2.8). Thenφ fac-
tors through a non-trivial isogeny ϕ if and only if gcdpdφpe1q, dφpe2qq ą 1 or gcdpn1, n2q ą 1
holds.

Proof. For the duration of this proof we will assume Γ to have the dumbbell-graph as
combinatorial type and work in the notation of Lemma 2.5.18. We start with a structural
observation: The map

F :M :“ tφ : Γ Ñ TEu Ñ tpφ1 : TE1 Ñ TE,φ2 : TE2 Ñ TEqu, φ ÞÑ pφ|e1 , φ|e2q

is surjective with fibres F´1pφ1, φ2q “ tφt : Γt Ñ TE, t P Rě0u, where Γt denotes the
curve of type dumbbell obtained by connectingTEi along an edge of length t. This procedure
is not unique, but could be made so by forcing F to remember the positions of the vertices
P0, P1 P Γ. To avoid clutter, we do not mark points.
Now that we have identified the building blocks of a φ PM , it becomes easy to construct a
factorization of φ: Define isogenies

ϕ : TE 1
Ñ TE and φ1

i : TEi Ñ TE 1, for i “ 1, 2,

where TE 1 is the elliptic curve of length lpeq with edge e and TEi the one with edge ei, by

npϕq :“ gcdpn1, n2q, dϕpeq :“ gcdpdφpe1q, dφpe2qq, lpeq :“
npϕqlpTEq
dϕpeq

,

nipφ
1
iq :“

nipφq

npϕq
, dφ1

i
peiq :“

dφpeiq

dϕpeq
.

Set φ1 P F´1pφ1
1, φ

1
2q to be a cover whose source curve is Γ. We have φ “ ϕ ˝ φ1 with

degpϕq “ npϕq ¨ dϕpeq, that is ϕ is non-trivial if and only if either gcdpdφpe1q, dφpe2qq ą 1 or
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gcdpn1, n2q ą 1 holds. We conclude the proof by observing that this factorization is maximal
(in the sense that degpϕq is maximal by construction), so that any other factorization of φ
must factor through this one.

We could attempt a similar approach for the theta-graph and characterize the absence of
optimality by the existence of a non-trivial solution to a system of equations analogous to,
but more complex than, the one behind the previous proof. The following Proposition is the
choice of a different path.

Proposition 2.5.24. A cover φ is tropically optimal if and only if kerpφ˚q is connected.

Proof. We know from Lemma 2.5.5 that factorizations of φ correspond to factorizations of
the push-forward φ˚. Thus, consider

JacpΓq TẼ TE,
µ̃ ϕ

φ˚

where µ̃ is a morphism of tori and ϕ an isogeny. We make two observations:

1. Without loss of generality we can assume kerpµ̃q to be connected: Otherwise, decom-
pose µ̃ further as

JacpΓq JacpΓq{Kerpµ̃q0 TẼ TE
˜̃µ ϕ̃ ϕ

φ˚

µ̃

and replace µ̃ by ˜̃µ and ϕ by the isogeny ϕ̃ ˝ ϕ.

2. Assuming (1) (i.e. connectedness of the kernel) we know that kerpµ̃q Ă kerpφ˚q is a
torus. More precisely, it is a subtorus of Kerpφ˚q0 of the same dimension. Since every
l-dimensional real torus is simple, we actually have an equality: kerpµ̃q “ Kerpφ˚q0.

Combining observations (1) and (2) we see that any factorization of φ˚ factors through the
minimal map, πφ˚

: JacpΓq Ñ JacpΓq{Kerpφ˚q0 of the Stein factorization of φ˚ (Lemma
2.2.10). Back to the statement of Proposition 2.5.24:
If kerpφ˚q is connected, then JacpΓq{Kerpφ˚q0 – TE and πφ˚

“ φ˚. In this case, we see
that the minimal map is also maximal (Definition 2.2.9). Hence, φ must be optimal (again by
Lemma 2.5.5).
Otherwise, the map JacpΓq Ñ JacpΓq{Kerpφ˚q0 gives rise to a non-trivial factorization of
φ˚ that contradicts optimality. This finishes the proof.
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Remark 2.5.25. The proof of Proposition 2.5.24 yields the following reformulation: A cover
φ is tropically optimal if and only if the minimal factorization of φ˚ is also maximal.

As a direct consequence we obtain:

Corollary 2.5.26. Any tropical cover φ : Γ Ñ TE, where gpΓq “ 2, factors through an
optimal cover.

This means: Optimal covers are not uncommon, but an integral part of every cover.
While the first map, πφ˚

, in the Stein factorization of φ˚ corresponds to the optimal cover
described in Corollary 2.5.26, the second map, ϕφ˚

, measures how far φ is from being optimal
by counting the number of connected components of kerpφ˚q.

2.6 From Covers to Curves: Tropical split Jacobians
We have seen: In genus 1, the curve and its Jacobian are (in some sense) indistinguishable
and as 1-dimensional pptav easy to understand. As an increase in genus, however, entails
an increase in complexity of the associated Jacobian, it seems natural to look for situations
in which it is built of simpler objects.

Definition 2.6.1. Let Γ be a tropical curve of genus 2. We say that JacpΓq splits, if JacpΓq
is isogeneous to the coproduct of two elliptic curve TE ‘ TE 1. In this case we call TE 1 a
complement of TE and vice versa.

This is a phenomenon in TA that takes on the following form in TC.

Theorem 2.6.2. Let Γ be a tropical curve of genus 2. Then JacpΓq splits if and only if Γ
covers an elliptic curve.

We will leave the proof of Theorem 2.6.2 to Subsection 2.6.5. At this point we only would
like to suggestwhy this characterization might not be satisfactory: We can perturb a splitting
of JacpΓq by isogenies of elliptic curves, leading to non-uniqueness of the complement or
non-uniqueness of the cover, depending on the direction considered in Theorem 2.6.2.

Example 2.6.3. Suppose JacpΓq is isogeneous to TE ‘ TE 1 via ϕ1. Let TẼ be an elliptic
curve of length 3 ¨ lTE1 and ϕ2 : TE 1 Ñ TẼ the corresponding isogeny of degree 3. Then
pid ‘ ϕ2q ˝ ϕ : JacpΓq Ñ TE ‘ TẼ is (as composition of isogenies) an isogeny and TẼ
another complement of TE.

2.6.1 The canonical complement
Optimal covers improve the situation considerably and will set the scene for Subsections
2.6.1, 2.6.2 and 2.6.4. The exact setting is described in Theorem 2.6.4 and will be maintained
throughout.

65



Theorem 2.6.4. If φ : Γ Ñ TE is an optimal cover of degree d, then TE 1 :“ kerpφ˚q is a
tropical elliptic curve and JacpΓq splits, i.e. there exists an isogeny ϕ : TE 1

À

TE Ñ JacpΓq
whose kernel is isomorphic to JacdpTEq.

Proof. We start by observing that optimal maps generate short exact sequences: Since φ
is optimal, we know that TE 1 :“ kerpφ˚q is a tropical abelian variety of dimension 1 (see
Lemma 2.5.11) and even more, it is a tropical elliptic curve with principal polarization ζTE1

(see Remark 2.5.12). This means that we have an exact sequence of tropical abelian varieties

0 Ñ TE 1 i
ÝÑ JacpΓq

φ˚
ÝÑ JacpTEq – TE Ñ 0,

where we used that for tropical elliptic curves the embedding TE ãÑ JacpTEq, P ÞÑ P ´Q0

for the choice of a point Q0 P TE is an isomorphism of rational polyhedral spaces ([69],
Proposition 4.13). Picking Q0 to be identity element, turns it into a morphism of tori. The
dual sequence

0 Ñ }TE |φ˚
ÝÑ ­JacpΓq

qi
ÝÑ }TE 1 Ñ 0

is also exact (see Lemma 2.3.8). Identifying }TE 1, ­JacpΓq and}TE with their respective duals
yields two exact sequences:

0 Ñ TE 1 i
ÝÑ JacpΓq

φ˚
ÝÑ TE Ñ 0

0 Ñ TE φ˚

ÝÑ JacpΓq
g
ÝÑ TE 1 Ñ 0.

(2.12)

Consider the coproduct TE 1
À

TE in the category of tropical abelian varieties (see Defini-
tion 2.3.5) and let ϕ be the unique map making the diagram

JacpΓq

TE 1 TE 1
À

TE TE

i ϕ
φ ˚

commute. We claim that the morphism ϕ which is defined by pP 1, P q ÞÑ ipP 1q ` φ˚pP q is
an isogeny, i.e. surjective and finite. From the two sequences (2.12) we see that JacpΓq is
the sum (in the usual sense, not the direct sum!) of two elliptic curves:

JacpΓq – JacpΓq{ kerpφ˚q ` kerpφ˚q – Impφ˚
q ` Impiq.

This yields another exact sequence (now of abelian groups!):

0 Ñ Impφ˚q X Impiq
f1
ÝÑ Impφ˚q

À

Impiq
f2
ÝÑ JacpΓq Ñ 0, (2.13)

66



where the map f1 is given by x ÞÑ px,´xq and f2 is the usual addition. Recalling that i and
φ˚ are injective, identifies sequence (2.13) with the exact sequence associated to ϕ (as group
homomorphism in the category of abelian groups). This proves surjectivity. Finally, since

kerpϕq – Impφ˚
q X Impiq “ Impφ˚

q X kerpφ˚q – kerpφ˚φ
˚
q “ JacdpTEq

is finite, ϕ is finite.

To avoid working exclusively in the abstract category of tav, we translate the proof into
the explicit language of matrices.

Example 2.6.5. Let φ be the optimal cover from Example 2.4.4. Recall that the kernel of φ˚

is an elliptic curve of length 1 with lattice representation given in terms of the base choice
from Convention 2.5.10 (see also Lemma 2.5.11)

pxω :“ ω1 ´ ω2y, xB :“ B2y, r¨, ¨sKq.

Set TE 1 :“ kerpφ˚q. We already have a coordinate description of φ˚, let us now determine
one for the natural inclusion i : TE 1 ãÑ JacpΓq: As a map on the underlying tori, i is
induced by

Hompi#q : Hompxωy,Rq Ñ Hompxω1, ω2y,Rq,

where i# : xω1, ω2y ↠ xω1, ω2y{x2ω1´ω2y – xωy is the quotient map. For f P Hompxωy,Rq
we have f ˝ i#pω1q “ fpωq and f ˝ i#pω2q “ 2fpωq (since ω1 “ ω1 ´ p2ω1 ´ ω2q “ ω
in the quotient, analogously for ω2), which makes the first exact sequence in (2.12) of the
preceding proof explicit:

0 TE 1 JacpΓq TE 0

0 R{Z R2{

ˆ

2 1
1 2

˙

Z2 R{3Z 0.

i

– –

φ˚

–
¨

˝

1

2

˛

‚ ´

2 ´1
¯

(2.14)

We proceed in the same way for the second and obtain

0 TE JacpΓq TE 1 0

0 R{3Z R2{

ˆ

2 1
1 2

˙

Z2 R{Z 0.

φ˚

– –

g

–
¨

˝

1

0

˛

‚ ´

0 1
¯

(2.15)
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By joining the left parts of the both sequences we obtain a coordinate description for the
isogeny ϕ:

TE 1 ‘ TE JacpΓq

R{Z‘ R{3Z R2{

ˆ

2 1
1 2

˙

Z2

ϕ

– –
¨

˝

1 1

2 0

˛

‚

(2.16)

whose kernel kerpϕq “ t

ˆ

0
0

˙

,

ˆ

1
2
3
2

˙

u – R{3Zr2s.

2.6.2 The complementary cover
The proof of Theorem 2.6.4 reveals a certain kind of symmetry: In terms of exact sequences
TE 1 is related to JacpΓq in the same way as TE is. Hence, it is natural to ask, whether this
symmetry does not hold at a more fundamental level, i.e. whether the sequences

0 Ñ TE 1 i
ÝÑ JacpΓq

φ˚
ÝÑ TE Ñ 0

0 Ñ TE φ˚

ÝÑ JacpΓq
g
ÝÑ TE 1 Ñ 0

(2.17)

are generated by an optimal map as well. To this end, consider:

Construction 2.6.6. Let Γ be of genus 2 with labeling as fixed in Figure 2.6 and Figure 2.8,
depending on whether Γ is of type theta or of type dumbbell. Let us define φ1 : Γ Ñ TE 1 as
the composition

Γ
ΦP0
ÝÝÑ JacpΓq

fζΓ
– ­JacpΓq

qi
ÝÑ }TE 1

fζTE1

– TE 1,

where ΦP0 denotes the Abel-Jacobi map with base point P0 P Γ.

The following Lemma paves the way for a reinterpretation of the sequences (2.17) in
terms of φ1.

Lemma 2.6.7. The map φ1 : Γ Ñ TE 1 from Construction 2.6.6 is a tropical cover.

Proof of Lemma 2.6.7. We prove the statement in two steps. In step 1 we deal with TE 1 in
its incarnation as the tav kerpφ˚q whose lattice representation is (see Definition 2.3.4)

pK,K 1, r¨, ¨sKq :“ pΩ1
Γ{Impφ˚

#
q
sat, kerpφ˚#q, r¨, ¨sKq

and show that φ1 (now viewed as map to a tropical torus) is tropical, i.e. satisfies the following
properties:

68



1. φ1 is continuous and restricts to an affine function on each edge.

2. the differential Dφ1
P at P P Γ takes integral tangent vectors to integral tangent

vectors.

3. φ1 is harmonic.

For step 2, we turn to TE 1 as metric graph and recognize in φ1 an actual morphism of graphs,
a tropical cover.
Note that the first part of (1), φ1 is continuous, is an immediate consequence of the continuity
of the Abel-Jacobi map ΦP0 (Theorem 4.1, [6]) since fζΓ , fζTE1 andqi are obviously continuous
as morphisms. For the second part we utilize the local description of the lift Φ̃P0 of the
Abel-Jacobi map to HompΩ1

Γ,Rq given in [6] (Theorem 4.1) to determine a description of
the lift φ̃1 of φ1 to HompK,Rq. That is the map given by the upper path in the following
diagram:

Γ HompΩ1
Γ,Rq HompH1pΓ,Zq,Rq HompK 1,Rq HompK,Rq

JacpΓq |JacpΓq |kerpφ˚q kerpφ˚q

rΦP0

ΦP0

HompζΓq

π1 π2

Hompi#q

π3

HompζTE1 q

π4

fζΓ qi
fζTE1

where πi for i “ 1, ..., 4 are the canonical projections. Let ê be an oriented edge with
parametrization

r0, lpêqs Q t ÞÑ S ` t ¨ vê,

where S is the initial vertex and vê a primitiv integral tangent vector at some interior point
P P ê. Then rΦP0 is given by the affine map

r0, lpêqs Q t ÞÑ rΦP0pSq ` t ¨ p
1

lpêq

ż

ê

q P HompΩ1
Γ,Rq

and φ̃1 by

r0, lpêqs Q t ÞÑ rΦP0pSq ˝ ζΓ ˝ i# ˝ ζTE1 ` t ¨ p
1

lpêq

ż

ê

ζΓ ˝ i# ˝ ζTE1q P HompK,Rq.

We (need to) show that (the image of) p 1
lpêq

ş

ê
ζΓ ˝ i# ˝ ζTE1q (under π4) is an integral tangent

vector of kerpφ˚q, i.e. (that the lift is) an element of the dual lattice HompK,Zq. Since
ζTE1 : K 1 Ñ K is an isomorphism, it suffices to verify that

1

lpêq

ż

ê

ζΓ ˝ i#p¨q P HompK 1,Zq
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holds. Recalling thatK 1 “ xByZ with B “ w1B1 ` w2B2 and w1, w2 P Z yields:

1
lpêq

ş

ê
ζΓ ˝ i#pBq “ 1

lpêq

ş

ê
pw1pde` de2q ` w2pde2 ´ de1q

“

$

’

&

’

%

w1, ê “ e

´w2, ê “ e1

w1 ` w2, ê “ e2

,

(2.18)

whenever Γ is a theta-graph (Lemma 2.5.11 and notation therein), and

1
lpêq

ş

ê
ζΓ ˝ i#pBq “ 1

lpêq

ş

ê
pw1pde1q ` w2pde2q

“

$

’

&

’

%

w1, ê “ e1

w2, ê “ e2

0, ê “ e

,

(2.19)

whenever Γ is a dumbbell-graph (Lemma 2.5.18 and notation therein). The maps 1
lpêq

ş

ê
ζΓ ˝

i#p¨q for ê P EpΓq take integer values on a lattice base of K 1 and are therefore elements of
HompK 1,Zq. This proves (1) and (2).
Computations (2.18) and (2.19) also provide a coordinate description of the differential

Dφ1
P : TP pΓq Ñ Tφ1pP qpkerpφ˚qq

of φ1 at an interior point P of ê. Consider, for example, (2.18): A generator vê of TP pΓq is
sent to w1,´w2 or w1 ` w2, depending on whether ê is (equal to) e, e1 or e2. With this one
easily checks that φ1 is balanced at the vertices of Γ, exemplarily for P1 we have:

ÿ

λ

Dφ1
P1
pλq “ w1 ` w2 ´ pw1 ` w2q “ 0,

where the first sum is over all primitive integral tangent vectors λ at P1, that is λ “

ve,´ve1 ,´ve2 . The verification of the balancing condition (using (2.19)), when Γ is a
dumbbell-graph, is analogous.
For step 2 we turn φ1 into a morphism of metric graphs by viewing kerpφ1

˚q as elliptic curve
TE 1 with vertex set V pTE 1q :“ tφ1pP0q, φ

1pP1qu. Since φ1 is non-constant and harmonic at
all vertices of Γ, it must be surjective (see [3], Remark 2.7) and therefore a tropical cover.

Remark 2.6.8. Note that φ1 is not necessarily finite (see Example 2.6.10).

Lemma 2.6.7 provides us with a second cover. From this perspective Theorem 2.6.4 reads
as follows:
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Theorem 2.6.9. In the setting of Theorem 2.6.4, there exists another cover φ1 : Γ Ñ TE 1

such that
• φ1 also generates the exact sequences (2.17), i.e. i “ φ1˚ and g “ φ1

˚.

• φ1 is optimal and of degree d.
Moreover, the isogeny ϕ : TE 1

À

TE Ñ JacpΓq satisfies kerpϕq – JacdpTE 1q and is polar-
ized with respect to fζΓ andmd ˝ fζTE1

À

TE
(see Definition 2.3.2), wheremd : TE 1

À

TE Ñ

TE 1
À

TE denotes the multiplication-by-dmap and ζΓ, respectively ζTE1
À

TE , are the usual
principal polarization on JacpΓq and TE 1

À

TE (see Definition 2.3.5).
Proof. Let φ1 be the cover from Construction 2.6.6. The notions of push-forward and pull-
back morphisms that naturally come with it, make it worthwhile to re-examine the exact
sequences (2.17). First, note that their labelling withφ˚ andφ˚ is not quite precise: We should
actually replace TE with JacpTEq, but have omitted the isomorphism TE – JacpTEq to
avoid cluttering notation. The same applies to the desired reinterpretation of i and g in
terms φ1. We specify an embedding of TE 1 into its Jacobian via

j : TE 1
Ñ JacpTE 1

q, P ÞÑ P ´ 0JacpTE1q,

where 0JacpTE1q is the identity element. Again, by abuse of notation we call g the map
between the respective Jacobians to get a commutative diagram

Γ JacpΓq

TE 1 JacpTE 1q,

ΦP0

φ1 g

j
(2.20)

which proves g “ φ1
˚. Turning towards Lemma 2.5.4 next, provides us with the right

interpretation for i as pull-back of φ1 and seeing that kerpφ1
˚q is connected (exactness of the

second sequence in (2.17)), ultimately shows that φ1 is optimal (Lemma 2.5.24).
As tropical cover φ1 satisfies

φ1
˚ ˝ φ

1˚
“ degpφ1

qid.

Then degpφ1q can be computed as | kerpφ1
˚ ˝ φ

1˚q|. Using the reinterpretation of i and g in
terms of φ1 to interchange the roles of φ and φ1 in the proof of Theorem 2.6.4, we obtain
kerpϕq – kerpφ1

˚ ˝ φ
1˚q and thus degpφ1q “ d and kerpϕq – JacdpTE 1q, simultaneously.

We conclude by investigating the behaviour of ϕ with respect to the pp ζΓ and ζTE1
À

TE :
Since ϕ is finite, it induces a polarization ϕ˚pζΓq on TE 1

À

TE that makes the diagram

H1pE
1,Zq

À

H1pE,Zq H1pΓ,Zq

Ω1
E1pZq

À

Ω1
EpZq Ω1

ΓpZq

ϕ#

ϕ˚pζΓq ζΓ

ϕ#

(2.21)
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commute. Using that

• ϕ# “ φ1
˚,#‘φ˚,# is the composition of pφ1

˚,#, φ˚,#qwith the addition-of-components
map,

• ϕ# “ pφ1˚,#, φ˚,#q,

• φ1
˚ ˝ φ

1˚ and φ˚ ˝ φ˚ are multiplication-by-d maps on TE 1 and TE,

together with exactness of (2.17), yields

ϕ˚
pζΓqp

ÿ

e1

ae1e
1,
ÿ

e

aeeq “ d ¨ p
ÿ

e1

ae1de
1,
ÿ

e

aedeq

as claimed.

Example 2.6.10. Let us retrace Subsection 2.6.2 by continuing with Example 2.6.5. The
natural principal polarization ζΓ provides us with an identification of JacpΓq with its dual.
Due to our choice of basis forH1pΓ,Zq and Ω1

Γ (Convention 2.5.10), its representation matrix
is simply I2, analogously for fζTE1 . Then φ1 (as a tropical map, here we view its target as a
torus and not as a curve) is given by the composition:

Γ JacpΓq |JacpΓq }TE 1 TE 1

R2{

ˆ

2 1
1 2

˙

Z2 R2{

ˆ

2 1
1 2

˙

Z2 R{Z R{Z

ΦP0
fζΓ

–

qi

–

fζTE1

– –.

I2 p 0 1 q 1

(2.22)

We want to understand φ1 as harmonic morphism of metric graphs next. By fixing P0 as in
Figure 2.10 (on the right), we obtain a representation of Γ inside its Jacobian (see Figure 2.10
on the left). Equipped with coordinates for the points of Γ we can simply compute φ1pV pΓqq
by

φ1
pP0q “ 0 and φ1

pP1q “
`

0 1
˘

ˆ

1
1

˙

“ 0 P R{Z

and set V pTE 1q :“ tP :“ φ1pP0qu. To determine the local descriptions of φ1 we proceed as
in the proof of Lemma 2.6.7. Since B “ B2, we have:

φ1
|e : r0, 1s Q t ÞÑ P, φ1

|e1
: r0, 1s Q t ÞÑ P ´ t and φ1

|e2
: r0, 1s Q t ÞÑ P ` t.

These encode how Γ covers TE 1, so we see that φ1

• contracts e, i.e. that depφ1q “ 0.

• maps ei to e without any dilation (but reversing the orientation of e1).
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• is of degree 2.

1 2 3

1

2

3

P “ P0

TE 1 Γ
P1

P “ P0

e

e1

e2

TE 1

e

e1

e2

P0

P1

P

Γ

φ1

Figure 2.10: φ1 as tropical cover on the left and as harmonic morphism of graphs on the
right.

Recall from Example 2.6.5 that kerpϕq “ t

ˆ

0
0

˙

,

ˆ

1
2
3
2

˙

u. By projecting onto the first coordi-

nate we see kerpϕq – R{Zr2s and kerpϕq – R{3Zr2s by projecting onto the second.

2.6.3 Algorithm for φ1

Identify a cover with the discrete data it is determined by, i.e. if Γ is of

• Type theta with: a triple of winding numbers pn, n1, n2q P N3
0 and dilation factors

pdepφq, de1pφq, de2pφqq P N3
0 such that

ndepφq ` pn1 ´ 1qde1pφq ` pn2 ´ 1qde2pφq “ d,

pn´ 1qdepφq ` n1de1pφq ` n2de2pφq “ d.

• Type dumbbell with: a tuple of winding numbers pn1, n2q P N2
0 and dilation factors

pde1pφq, de2pφqq P N2
0 such that

n1de1pφq ` n2de2pφq “ d.

Given an optimal cover, we can compute the complementary cover:
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Input: An optimal cover φ : Γ Ñ TE.
Output: The complementary cover φ1 : Γ Ñ TE 1.

1. Determine kerpφ˚q as described in Lemma 2.5.11, if Γ is of type theta, or Lemma 2.5.18,
if Γ is of type dumbbell. Set TE 1 :“ kerpφ˚q.

2. Determine local dilation factors as described in Lemma 2.6.7 in computation (2.18), if
Γ is of type theta, or computation (2.19), if Γ is of type dumbbell.

3. Determine winding numbers by using that φ1 is locally integer affine linear: Each
edge gives rise to an equation involving dilation factors, winding numbers, and the
metric data of Γ and TE 1.

2.6.4 From Covers to Curves ultimately

Bringing together the two perspectives, that of φ and that of φ1, finally reveals the symmetry
hidden in the proof of Theorem 2.6.4: Given an optimal cover φ, we have constructed
another optimal cover, φ1, whose interaction with φ (through push-forward and pull-back
of divisors) generates two so-called complementary exact sequences

0 Ñ TE 1 φ1˚

ÝÝÑ JacpΓq
φ˚
ÝÑ TE Ñ 0

0 Ñ TE φ˚
ÝÑ JacpΓq

φ1
˚

ÝÑ TE 1
Ñ 0.

The pair of maps, pφ1˚, φ˚q and pφ1
˚, φ˚q, in turn give rise to isogenies, ϕ and ϕ̃, by utilizing

the coproduct, respectively the product, property of TE 1
À

TE (recall that finite products
coincide with finite coproducts in TA). We capture the pattern of their interactions in the
diagram below:

TE 1 TE 1
À

TE TE

JacpΓq

TE 1 TE 1
À

TE TE

md

φ 1
˚

ι1

ϕ
φ
˚

ι1

md

φ
1
˚

ϕ̃
φ˚

p1

p2

(2.23)

where ιi and pi are the canonical injections, respectively projections. The diagonals are
formed by our exact sequences and a small diagram-chase shows that ϕ̃ ˝ ϕ is the compo-
nentwise multiplication-by-d map.

Example 2.6.11. The following diagram summarizes the interaction of the two optimal
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covers φ and φ1 from Example 2.6.10 (see Diagram 2.23):

R{Z R{Z
À

R{3Z R{3Z

R2{

ˆ

2 1
1 2

˙

Z2

R{Z R{Z
À

R{3Z R{3Z

¨2

p 1
2 q

p 10 q

p 1 1
2 0 q

p
1
0
q

p 01 q

¨2

p 0
1
q

p 0 1
2 ´1 q

p2
´
1
q

p 1 0 q p 0 1 q

(2.24)

2.6.5 Proof of Theorem 2.6.2
We use methods and results from Subsection 2.6.1 and 2.6.2 to complete the proof of Theorem
2.6.2.

Proof of Theorem 2.6.2. Suppose JacpΓq splits, i.e. there exists an isogeny

ϕ : JacpΓq Ñ TE ‘ TE 1.

We have to show that Γ covers an elliptic curve. To this end, define φ : Γ Ñ TE (in analogy
to the classical case, see [36]) as the composition

Γ
ΦP0
ÝÝÑ JacpΓq

ϕ
Ñ TE ‘ TE 1 p1

ÝÑ TE,

where p1 is the projection onto the first factor. To realize that φ is a tropical cover we
proceed exactly as described in the proof of Lemma 2.6.7. We only mention the points where
adjustments have to be made. A lift φ̃ of φ is given by the upper path in the following
diagram:

Γ HompΩ1
Γ,Rq HompΩ1

TE ‘ Ω1
TE1 ,Rq HompΩ1

TE,Rq

JacpΓq TE ‘ TE 1 TE

rΦP0

ΦP0

Hompϕ#q

π1 π2

Hompp#1 q

π3

ϕ p1
(2.25)

where πi for i “ 1, 2, 3 are the canonical projections. To verify that

1

lpêq

ż

ê

ϕ#
˝ p#1 p¨q P HompΩ1

TE,Zq

75



holds, let ω be a generator of Ω1
TE and let

ϕ#
˝ p#1 pωq “ ϕ#

pω, 0q “ w̃1ω1 ` w̃2ω2

for some w̃1, w̃2 P Z be basis representation. Finally, replace wi in computations (2.18) and
(2.19) by w̃i and note that this does not make any difference to the remaining arguments.
For the other direction, suppose Γ covers an elliptic curve TE. By Corollary 2.5.26 we know
that any cover φ : Γ Ñ TE factors through an optimal cover, say φ2:

Γ TE2 TE.
φ2 ϕ2

φ

Then, by Theorem 2.6.4 JacpΓq splits.
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Chapter 3

Building blocks and characterization in
Atr2 andM tr

2

3.1 Introduction
Embedded in the broader context of exploring connections between the category of tropical
abelian varieties (tav), TA, and the category of tropical curves, TC, Project 1 (Chapter 2)
([32]) is a holistic analysis: Split Jacobians may appear either in the form of 2 dimensional
abelian varieties that decompose into a product of two tropical elliptic curves, or as a pair of
tropical optimal coverings.

Theorem 3.1.1. ([32], Theorem 61 and Theorem 66) Let Γ be a tropical curve of genus 2.
For an optimal pair pTE,φq, that is a pair consisting of a tropical elliptic curve TE and a
tropical optimal cover φ : Γ Ñ TE, there exists another optimal pair pTE 1, φ1q such that
the tropical Jacobian of Γ, JacpΓq, splits. Moreover, the splitting of JacpΓq is given by an
isogeny

ϕ : TE 1
à

TE Ñ JacpΓq,

whose kernel satisfies JacdpTE 1q – kerpϕq – JacdpTEq. In this case JacpΓq is said to be
d-split and pTE,TE 1, kerpϕqq is referred to as splitting data.

More precisely, through push-forward and pull-back of divisors φ and φ1 generate two
exact sequences

0 Ñ TE 1 φ1˚

ÝÝÑ JacpΓq
φ˚
ÝÑ TE Ñ 0

0 Ñ TE φ˚
ÝÑ JacpΓq

φ1
˚

ÝÑ TE 1
Ñ 0.

The pair of maps, pφ1˚, φ˚q and pφ1
˚, φ˚q, in turn give rise to isogenies, ϕ and ϕ̃, by utilizing

the coproduct, respectively the product, property of TE 1
À

TE (recall that finite products
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coincide with finite coproducts in TA) and interact as follows:

TE 1 TE 1
À

TE TE

JacpΓq

TE 1 TE 1
À

TE TE

md

φ 1
˚

ι1

ϕ
φ
˚

ι2

md

φ
1
˚

ϕ̃
φ˚

p1 p2

(3.26)

where ιi and pi are the canonical injections, respectively projections. The diagonals are
formed by our exact sequences and a small diagram-chase shows that ϕ̃ ˝ ϕ is the compo-
nentwise multiplication-by-d map.

Project 2 (Chapter 3) opens with an atomic perspective.

Question 3.1.2. What are the basic components of split Jacobians and how are they assem-
bled?

Let TE and TE 1 be tropical elliptic curves and G a finite subgroup of their product.
Question 3.1.2 translates to:

Task 3.1.3. Setting: TA and TC. Determine whether pTE,TE 1, Gq is splitting data and, if
it is, construct a tropical curve Γ of genus 2 whose Jacobian splits accordingly (see Section
3.5 for a precise statement).

Task 3.1.3 paves the way for addressing issues of a more global nature in the moduli
space Atr2 of principally polarized tropical abelian varieties and the moduli spaceM tr

2 of
tropical curves of genus 2.

Task 3.1.4. Setting: Atr2 andM tr
2 . Analysis of the structure of the locus of split Jacobians

and the locus of curves with split Jacobians.

3.1.1 Local: Task 3.1.3
The expected end product has been described in [32] (see Theorem 3.1.1). In consequence,
we adopt the following approach:

Plan 3.1.5 (see Plan 3.5.1). Given splitting data pTE,TE 1, Gq, proceed as follows:

1. Determine a splitting ϕ : TE ‘ TE 1 Ñ J and generate a diagram Dϕ modelled on
Diagram 2.23,

2. Construct Γ,

3. Define covers φ and φ1 of TE and TE 1.
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3.1.2 Global: Task 3.1.4
A natural by-product of Plan 3.1.5 is a family of split Jacobians and a characterization of
their pointwise preimage under the tropical Torelli map ttr2 . The moduli spacesM tr

2 and Atr2
offer the right setting for a change of perspective. We consider the following subsets:

• Q Ă Atr2 the locus of split Jacobians.

• TLd ĂM tr
2 the locus of curves with d-split Jacobians.

We think of the first as a Schottky type problem for split Jacobians, whereas the second is a
tropical analogue of the classical locus of curves with pd, dq-split Jacobians, which is known
to be an irreducible 2 dimensional subvariety of M2 (e.g. [73] or [59]).

Concretely, we are interested in
• characterizing the intersection of Q with the boundary of Atr2 .

• determining TLd has a "tropical" structure that in some sense reflects the algebraic
one.

3.1.3 Context
The present work has its roots in classical algebraic geometry, as did the first project in this
series, [32]. In [38] Frey and Kani describe how to construct curves of genus 2 covering two
elliptic curves E and E 1 from an isomorphism

α : E 1
rds Ñ Erds

whose graph Gα is isotropic with respect to the Weil pairing on pE ˆ E 1qrds. The isotropy
condition for Gα is necessary for one of the main tools in this context, Mumford’s Criterion
(Proposition 16.8 [63] or [65], p. 231), for which we develop a tropical analogue in Section
3.2.2: It guarantees that the candidate for the Jacobian, the quotient pE 1 ˆ Eq{Gα, can be
equipped with a principal polarization (pp). Guided by their ideas, we consider an analogue
starting point: We take the data contained in α to represent the buildings blocks of a classical
split Jacobian and consider analogues of these building blocks for tropical split Jacobians.
While the main steps in the construction of Γ can be found in the classical and tropical
approach (see Plan 3.1.5), their implementation diverges. For more details on the classical
side we refer to [38].

With two separate but related settings, Tasks 3.1.3 and 3.1.4 need to be tackled in
different ways: Working in TC and TA, we build on techniques developed in [16], [22],[12]
for handling curves and covers and [52], [69], [57], [61], [32] and more for handling tav.
Working inM tr

2 and Atr2 , we rely on results of [3], [29], [14] and [17].
The philosophy is the one of [32], we want to use tropical geometry to make abstraction

concrete and offer both, an abstract and a constructive approach. The perspective, on the
other hand, is a different one: Abstraction appears in the form of moduli spaces, i.e. we leave
the "local" point of view, a focus on objects, to notice that split Jacobians arise in families
whose structure we tend to grasp.
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3.1.4 Results
Here we describe our main contributions.

Theorem 3.1.6. (Theorem 3.5.17) Let pTE 1,TE,Gq be splitting data, i.e. G is the graph of
an isomorphism α between the d-torsion points of TE 1 and TE. Then there exists: A curve
Γ of genus 2 and a pair of optimal covers pφ1 : Γ Ñ TE 1, φ : Γ Ñ TEq, each of degree d,
that induce a splitting

ϕ : TE 1
à

TE Ñ JacpΓq

with JacdpTE 1q – kerpϕq – JacdpTEq.

Remark 3.1.7. Depending on the combinatorial type of Γ, there exists either a unique curve
or an infinite family of curves, and consequently, either a unique pair of maps or an infinite
family of such pairs.

Theorem 3.1.6 shows: Plan 3.1.5 has two possible outcomes. These correspond to the
two maximal combinatorial types of curves of genus 2, the theta and the dumbbell graph,
and can be distinguished using Algorithm 2 (see Subsection 3.5.3 and Section 3.7 for its
implementation).

This naturally translates into a question posed in terms of moduli spaces, asking for the
intersection of the locus Q of split Jacobians with the boundary of Atr2 (see Subsection 3.6.1).
The results of which we use to obtain the following combinatorial characterization of TLd.

Theorem 3.1.8. (Theorem 3.6.9)
The locus of curves with d-split Jacobian, TLd, decomposes into φpdq subsets

TLd “
ď

k

Lk, (3.1)

where φpdq denotes the Euler phi function. Each Lk corresponds to a 2 dimensional fan
obtained by subdividing the positive quadrant: For each maximal cone σ̃ Ă Lk there exists
a linear map ϕσ̃ : σ̃ Ñ M tr

2 that maps the open cone to a 2 dimensional cone in the
theta part ofM tr

2 . Restricting ϕσ̃ to a ray r that is a face of two cones yields a linear map
ϕσ̃|r ˆ id : r ˆ Rě0 ÑM tr

2 whose image in the dumbbell part ofM tr
2 is ϕσ̃prq ˆ rB , where

rB denotes the ray that corresponds to the bridge edge. Moreover, the linear maps are
compatible in the sense that for two neighboring maximal cones σ̃ and σ̃1 the restriction of
ϕσ̃, respectively ϕσ̃1 , to a common face agree.

3.1.5 Overview
Chapter 3 consists of three parts. In part 1, Sections 3.2 to 3.4, we mainly cover background
material on tavs, tropical curves and their Jacobians.

We start in Section 3.2 with a description of the category of tavs and review some
categorical constructions such as kernels, products and coproducts that will be needed later.
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The material we discuss is known, except for Subsections 3.2.2 and 3.2.3. Here we develop
one of the main tools for part 2, a tropical analogue of Mumford’s Criterion (Proposition
3.2.8) and define adjoints in TA, a notion we will find useful for concise notation. Section
3.3 introduces the category of tropical covers, combining [3] and [6], and includes a short
recall on tropical optimal covers, which we introduced in [32].

In Section 3.4 we describe a connection between TC and TA, which on the level of
objects is given by Γ ÞÑ JacpΓq. Considering the reverse direction is tricky. The transition to
moduli spaces (Section 3.4.3) offers a constructive approach since the objects parameterizing
pptavs and curves are in some sense more concrete. Our exposition is based on [29] and
[13]. We will be as as brief as possible, only aiming at a visualization of the objects involved.
This concludes part 1.

The reconstruction procedure, which is the main focus of Project 3, is discussed in
Section 3.5 with a computational supplement in Section 3.7. Here we prove Theorem 3.1.6,
which may be retraced computationally using Algorithm 2.

In part 3, consisting of Section 3.6, we investigate part 2 from the perspective of moduli
spaces, study a tropical analogue of the locus of curves with split Jacobians (Theorem 3.1.8)
and a Schottky type problem in this context.

3.1.6 Future work
• In genus 2: The combinatorial structure associated to TLd (see Theorem 3.1.8)
organizes Q according to Selling’s reduction algorithm. Since we work with a set
description of Q that is not a set of representatives, we expect a certain amount of
redundancy in Description (3.1).

Conjecture 3.1.9. The fans associated to L1 and Ld´1 have the same image inM tr
2 .

The case d “ 3 is verified in 3.6.12, examples for higher degree point in the same
direction. More generally:

Task 3.1.10. Describe the intersection behavior inM tr
2 of the fans associated to Lk

for all k.

Completing this task would give a more comprehensive understanding of the moduli
space structure of TLd.

• Extension to higher genus:

1. Full splitting: Given g elliptic curve TE1, ...,TEg and a finite subgroup G of
their direct product:
– When is pTE1, ...,TEg, Gq splitting data?
– If it is, is it minimal data (i.e. both necessary and sufficient for constructing

a curve of genus g)? Can we make this construction explicit?
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Likewise, we define
– Q Ă Atrg as the locus of split Jacobians. It is a subset of the tropical Schottky

locus Acogr
g Ă Atrg of Atrg , where for genus ą 3 this containment is strict.

– TLg ĂM tr
g the locus of curves with split Jacobians.

Task 3.1.11. Describe the structure of Q and TLg .

2. LetΓ be a curve of genus g. In parallel to Project 1 (Section 2.1), we can investigate
the following intermediate situation from an atomic perspective
(a) Splitting off an elliptic curve: JacpΓq is isogenous to A‘ TE, where A is a

tav,
(b) Splitting into a product: JacpΓq is isogenous to a product of lower dimen-

sional Jacobians:
(c) Splitting off a product: JacpΓq is isogenous to A‘

ś

i JacpΓiq, where the
Γi’s are curves of lower genus.

We plan to reverse-engineer these splittings by constructing Jacobians from
lower dimensional building blocks. More precisely, start with JacpΓ1q, JacpΓ2q

with g “ g1 ` g2 and a finite subgroup G and consider the quotient J :“
JacpΓ1q ‘ JacpΓ1q{G. Next: 1. Develop criteria for G such that J lies in the
tropical Schottky locus of Atrg (in particular it is a pptav). 2 Determine the
preimage of J under the tropical torelli map ttrg .
As in Project 1, genus 3 is the most approachable next case.

3.2 Category of tropical abelian varieties

3.2.1 Preliminaries
A large part of the following work will take place in the category of tropical abelian varieties
TA. Here we give a straight-to-the-point description. For a more complete introduction
see Chapter 2, Sections 2.2 and 2.3. Let Σ be a real torus with integral structure, i.e. Σ “

pΛ,Λ1, r¨, ¨sq, where

• Λ and Λ1 are finitely generated free abelian groups of the same rank,

• r¨, ¨s : Λˆ Λ1 Ñ R is a non-degenerate pairing,

with topological realization HompΛ,Rq{Λ1, where Λ1 Ă HompΛ,Rq via r¨, ¨s, and qΣ :“
pΛ1,Λ, r¨, ¨stq its dual (see [32], Sections 2.1).

Definition 3.2.1. Objects: A tropical abelian variety (tav)Σ “ pΛ,Λ1, r¨, ¨sq is a real toruswith
integral structure together with a polarization, i.e. a group homomorphism ζ : Λ1 Ñ Λ such
that the bilinear form rζp¨q, ¨s : Λ1ˆΛ1 Ñ R is symmetric and positive definite. The dimension
of Σ is the R-vector space dimension of HompΛ,Rq and equal to rkpΛq (equivalently equal
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to rkpΛ1q). Moreover, ζ is called a principal polarization and Σ a principally polarized tropical
abelian variety (pptav), whenever ζ is a bijection.

Morphisms: For i “ 1, 2 let Σi :“ pΛi,Λ
1
i, r¨, ¨siq be tavs. A morphism of tavs is a pair of

group homomorphisms f :“ pf# : Λ2 Ñ Λ1, f# : Λ1
1 Ñ Λ1

2q such that

rf#pλ2q, λ
1
1s1 “ rλ2, f#pλ

1
1qs2 (3.27)

is satisfied for all λ11 P Λ1
1 and λ2 P Λ2.

Dual notions: The dualization functor q̈ : TA Ñ TA sends a tav Σ to qΣ equipped with
the so-called dual polarization qζ (see [32], Section 3.1, previously defined by Röhrle and
Zakharov, see first version of [69]) and a morphism f , accordingly, to the dual morphism,
qf : qΣ2 Ñ qΣ1 obtained from the pair pf#, f#q.

Since properties of the induced map of quotients are encoded as properties of the pair
pf#, f#q (see [69], Definition 4.8), we call f

• surjective, if f# is injective.

• finite, if f# is injective (equivalently if rΛ1 : f
#pΛ2qs ă 8).

• injective, is f is finite and f#pΛ1
1q is saturated in Λ1

2.

• an isogeny, if it is surjective and finite.

The category of tavs is particularly nice, it is abelian (see [57]), finitely complete and
finitely cocomplete ([32], Lemma 11). This means that we have notions of (co)kernels and
(co)products (and the like) and they behave as we would expect from the category of abelian
groups. Knowing this will be sufficient for our purposes. Therefore, we consider explicit
constructions only to a limited extend and refer the reader to [32] for more details.

Definition 3.2.2. ([32], Definition 9) Given tavsΣ1 andΣ2, we define their product Σ1

Â

Σ2

as follows:

• The underlying real torus with integral structure is pΛ1 ˆΛ2,Λ
1
1 ˆΛ1

2, r¨, ¨s1 ` r¨, ¨s2q,
where Λ1 ˆ Λ2, respectively Λ1

1 ˆ Λ1
2, denotes the direct product of groups and

r¨, ¨s1 ` r¨, ¨s2 is given by ppλ1, λ2q, pλ
1
1, λ

1
2qq ÞÑ rλ1, λ

1
1s1 ` rλ2, λ

1
2s2.

• The polarization ζ1 ˆ ζ2 is defined component-wise.

• The object Σ1

Â

Σ2 is equipped with a pair of morphisms, π1 : Σ1

Â

Σ2 Ñ Σ1 and
π2 : Σ1

Â

Σ2 Ñ Σ2, induced by the natural projection and inclusion maps between
the lattices.

The resulting object is a tav, that is:

• The pairing r¨, ¨s1 ` r¨, ¨s2 is non-degenerate.
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• The group homomorphism ζ1 ˆ ζ2 satisfies the condition described in Definition 3.2.1.

• The projection maps π1 and π2 are morphism of tori.

The coproduct of Σ1 and Σ2 is defined analogously and will be denoted by Σ1

À

Σ2.

Lemma 3.2.3. ([32], Lemma 26) Let Σ be a tav and suppose G Ă Σ is a finite subgroup.
Then there exists a tav ΣG and a free isogeny Σ

q
↠ ΣG whose kernel is G.

We also include the following Lemma proved in Chapter 2.

Lemma 3.2.4. [[32], Lemma 23] Let

0 Ñ Σ1
f
ÝÑ Σ2

g
ÝÑ Σ3 Ñ 0.

be a short exact sequence of tropical abelian varieties. Then the dual sequence

0 Ñ qΣ3
qg
ÝÑ qΣ2

qf
ÝÑ qΣ1 Ñ 0

is exact. In other words

q̈ : TA Ñ TA

is an exact functor.

3.2.2 Isogenies and Polarizations

Isogenies form a distinguished class of morphisms of tavs that are in some sense closely
related to polarizations and interact well with them.

Polarizations induce isogenies

A polarization ζ defines an isogeny fζ :“ pζ, ζq between Σ and its dual qΣ. We can character-
ize its kernel using the so-called type of ζ , which is given by the invariant factors pα1, ..., αnq
(where n :“ rkpΛq) of its Smith normal form. We have:

kerpfζq – Z{α1Zˆ ...ˆ Z{αnZ

and thus a "canonical" identification of Σ and qΣ, whenever fζ is an isomorphism, or equiva-
lently whenever ζ has type p1, ..., 1q (i.e. ζ is a pp).
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Bidirectional transport of polarizations via isogenies

Recall that isogenies ([32], Section 3.1) allow us to transfer polarizations from the target
variety to the domain and vice versa. In other words, any integral torus that is isogenous to
a tav can be turned into tav itself.
Definition 3.2.5. LetΣ2 be a tav with polarization ζ2, Σ1 a real torus with integral structure,
and ϕ : Σ1 Ñ Σ2 an isogeny. Then ϕ˚ζ2 :“ ϕ# ˝ ζ2 ˝ ϕ# is a polarization on Σ1 and called
the induced polarization or alternatively the pull-back of ζ2 by ϕ. Conversely, suppose Σ1

carries a polarization ζ1. We can define the push-forward of ζ1 by ϕ as ϕ˚ζ1 :“ qζ , where
ζ :“ qϕ˚

qζ1. We say that an isogeny ϕ : Σ1 Ñ Σ2 is polarized with respect to polarizations
ζ1 on Σ1 and ζ2 on Σ2, if ζ1 is the polarization induced by ϕ and ζ2, in other words, if the
diagram

Σ1 Σ2

qΣ1
qΣ2

ϕ

fζ1 fζ2

qϕ

commutes.

Polarizing isogenies

Note that pulling back polarizations always turns ϕ into a polarized isogeny. The same is
not true for the push-forward. Characterizing under which circumstances a polarization on
the source is induced by a polarization on the target becomes relevant for Subsection 3.5.2
and is content of the subsequent Lemma.
Lemma 3.2.6. Let ϕ : Σ1 Ñ Σ2 be an isogeny and ζ1 : Λ1

1 Ñ Λ1 a polarization on Σ1. We
denote by pγ1, ..., γnq the invariant factors of i : Impϕ#q Ñ Λ1

2 and by xα1 the first invariant
factor of ζ1 : Λ1

1 Ñ Impϕ#q (meaning the smallest with respect to divisibility). Then, there
exists a polarization ζ2 on Σ2 such that ϕ˚ζ2 “ ζ1, if

1. Impϕ#q Ą Impζ1q.

2. Detpiq :“
śn

j“1 γj is a divisor of xα1.
While condition (1) in Lemma 3.2.6 is necessary for the existence of the polarization ζ2,

the divisibility condition (condition (2)) is only sufficient: It has been formulated so as to
provide the reader with easily verifiable criterion. The sacrifice of necessity is deliberate.

Proof. Our goal is to complete
Λ1 Λ2

Λ1
1 Λ1

2

ϕ#

ϕ#

ζ1 ζ2
(3.28)
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to a commutative diagram by connecting the lattices Λ1
2 and Λ2 by means of a polarization

ζ2 on Σ2. We proceed in two steps:

(i) Invert Diagram 3.28 "as much as possible" and define a polarization ζ̃2 on a sublattice
of Λ1

2.

(ii) Extend ζ̃2 to Λ1
2 in an appropriate way.

Consider

Impϕ#q Λ1 Λ2

Λ1
1 Λ1

2

Impϕ#q

g2

ϕ#

ϕ#

ζ1

ζ1

g1

i

(3.29)

where g1 and g2 are the inverses of the isomorphisms obtained from ϕ# and ϕ# by restricting
their respective codomains and define ζ̃2 : Impϕ#q Ñ Λ2 as the composition g2 ˝ ζ1 ˝ g1. By
construction ζ̃2 satisfies ϕ# ˝ ζ̃2 ˝ ϕ# “ ζ1 and for all λ P Impϕ#q (i.e. λ “ ϕ#pλ

1
1q for some

λ11 P Λ1
1) we have:

rζ̃2pλq, λs2 “ rζ̃2pϕ#pλ
1
1qq, ϕ#pλ

1
1qs2 “ rϕ#

˝ ζ̃2 ˝ ϕ#pλ
1
1qq, λ

1
1s1

“ rϕ#
˝ g2 ˝ ζ1 ˝ g1 ˝ ϕ#pλ

1
1qq, λ

1
1s1 “ rζ1pλ

1
1q, λ

1
1s1.

Hence, rζ̃2p¨q, ¨s2 : Impϕ#qR ˆ Impϕ#qR Ñ R is symmetric and positive definite. This
finishes step (i). For step (ii), let n “ dimpΣ1q “ dimpΣ2q and recall that both Impϕ#q and
Impϕ#q are full-dimensional sublattices since ϕ is an isogeny. We extend ζ̃2 injectively along
i by looking at the diagram in Figure 3.1 (a) in coordinates (see Figure 3.1 (b)).

paq Λ1
2 Λ2 pbq Zn Zn

Impϕ#q Zn
ζ̃2

i
Mpζ̃2q

Mpiq

Figure 3.1: Transition to coordinates in the proof of Lemma 3.2.6.

On Impϕ#q and Λ2 these are chosen such that the transformation matrix of ζ̃2,Mpζ̃2q,
is in Smith normal form. We impose no restrictions on the choice for Λ1

2. Set

Mpζ2q :“ diagppα1, ..., pαnq ¨Mpiq´1,
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where ppα1, ..., pαnq are the invariant factors of ζ̃2 and Mpiq´1 is the inverse of Mpiq over
Q. SinceMpiq´1 is the product of its adjoint and the scalar 1

Detpiq
and Detpiq is a divisor of

xα1,Mpζ2q is an integer matrix. By forgetting coordinates, we obtain an extension, ζ2, of ζ̃2
along i as desired. Note that ζ2 is automatically injective as detpMpζ2qq is non zero.
We conclude the proof by verifying that ζ2 induces a scalar product x¨, ¨y :“ rζ2p¨q, ¨s2 on
Λ1

2R, equivalently that the matrix associated to x¨, ¨y is symmetric and positive definite. In
order to provide us with coordinate representations, C and C 1, of x¨, ¨y and its restriction to
Impϕ#qR ˆ Impϕ#qR, we fix lattice basis S, S 1 and S2 of Λ2,Λ

1
2 and Impϕ#q. Doing so, we

observe that C and C 1 are related by the following equation:

C 1
“S2 M t

S1piq ¨ C ¨S2 MS1piq.

Since C 1 is symmetric, we have

S2M t
S1piq ¨ Ct

¨S2 MS1piq “ C 1t
“ C 1

“S2 M t
S1piq ¨ C ¨S2 MS1piq

and conclude that Ct “ C using that S2MS1piq is invertible overR. Choosing S 1 and S2 such
that S2MS1piq is in Smith normal form with invariant factors pβ1, ..., βnq, we can compute
the leading principal minors detpCkq of C in terms of the ones of C 1:

detpC 1
kq “

k
ź

i“1

β2
i ¨ detpCkq, k “ 1, ..., n.

By Sylvester’s criterion all of these must be positive, since C 1 is symmetric and positive
definite. Hence, C is as well.

Remark 3.2.7. In the setting of Lemma 3.2.6, note that whenever ζ2 exists it is unique: The
condition that Diagram 3.28 commutes requires any such ζ2 to be an extension of ζ̃2, which
is fixed (by ζ1 and ϕ) on a sublattice of Λ1

2 of full rank. In this case we call ζ2 the inducing
polarization.
The divisibility criterion in Lemma 3.2.6 involves the invariant factors of the polarization
ζ1 on Σ1, however with restricted target. These relate to the type pα1, ..., αnq of ζ1 in the
following way ([67], Section 4):

lcmp pαi`1pγk´i : 0 ď i ď k ´ 1q |αk | gcdp pαk´1`ipγn´i`1 : 1 ď i ď n´ k ` 1q,

where ppγ1, ..., pγnq denote the invariant factors of the inclusion Impϕ#q ãÑ Λ1. If n “ 2 this
yields

pα1pγ1 |α1 | gcdppα1pγ2, pα2pγ1q and lcmppα1pγ2, pα2pγ1q |α2 | pα2pγ2.

Clearly, the proof of Lemma 3.2.6 has an algorithmic flavor, which we now concretize.
Algorithm 1 provides us with an if-and-only-if-criterion for the existence of ζ2, which is
accessible for algorithmic verification and turns into a step-by-step construction should ζ2
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Algorithm 1 Tropical Mumford’s Criterion

Input: An isogeny ϕ and a polarization ζ1.
Output: A matrixM that decides whether ζ2 exists.

I. For Z-basis T 1 and S of Λ1
1 and Λ2, let S2 and T 2 denote the basis on Impϕ#q and

Impϕ#q induced by the injective maps ϕ# and ϕ#. Set
A :“T 1 MT 2pζ1q.

II. Choose a Z-basis S 1 of Λ1
2 and let B :“S2 MS1piq.

III. ComputeM :“ A ¨ B´1.

exist. The classical counterpart of Proposition 3.2.8 (see [59], Proposition 16.8 or [65], p.231)
is of a different flavor: It places certain requirements on a pairing eλ which is associated to
the polarization λ and a matching Weil pairing. We consider this difference to be one of the
main reasons why Plan 3.1.5 can be carried out explicitly in the tropical setting.

Proposition 3.2.8. Let ϕ : Σ1 Ñ Σ2 be an isogeny and ζ1 : Λ1
1 Ñ Λ1 a polarization on

Σ1. There exists a polarization ζ2 on Σ2 such that ϕ˚ζ2 “ ζ1 if and only if the outputM of
Algorithm 1 is an integer matrix. In this case,M is a coordinate representation of ζ2.

3.2.3 Adjoints
We will find the following to be a useful addition to our toolbox.

Definition 3.2.9. Let f : Σ1 Ñ Σ2 and f̃ : Σ2 Ñ Σ1 be two morphism of integral tori. We
say that f̃ is adjoint to f (alternatively that pf, f̃q is an adjoint pair), if their exists principal
polarizations ζ1 on Σ1 and ζ2 on Σ2 such that the following diagram commutes:

Σ1 Σ2

qΣ1 Σ̌2

fζ1

f̃

fζ2 .

qf

(3.30)

Note that though the notion of adjoint is not unique in the strict sense of the word, it is
"essentially" so (meaning unique up to conjugation by isomorphisms).

Lemma 3.2.10. (Properties of adjoint morphisms)
Let pf, f̃q be an adjoint pair. For i “ 1, 2 denote by x¨, ¨yi the scalar product on Λ1

iR induced
by ζi. We have:

1. xλ11, f̃#pλ12qy1 “ xf#pλ
1
1q, λ

1
2y2 for all λ11 P Λ1

1 and λ12 P Λ1
2.
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2. Kerpf̃q0 – ­Cokerpfq.

Moreover, if f is an isogeny, then so is f̃ and the composition f̃ ˝ f is given by pf˚ζ2 ˝
ζ´1
1 , ζ´1

1 ˝ f˚ζ2q.

Proof. Points p1q,p2q and the formula for f̃ ˝f are easily derived by manipulating definitions.
Since the dualization functor, q̈, takes isogenies to isogenies, we see that f is an isogeny if
and only if f̃ is one.

3.3 Category of tropical curves

3.3.1 Preliminaries
The second category we work in is the category of tropical curves, TC. Our exposition is
based on [3] and [6], relying on the foundational work of Mikhalkin in [61] and of Mikhalkin
and Zharkov in [62].

Definition 3.3.1. Objects: A metric graph pG, lq is a finite graph G with no legs/ends (i.e.
no 1-valent vertices) and a function l : EpGq Ñ Rą0. The geometric realization Γ of pG, lq
is called a tropical curve of genus gpΓq :“ b1pGq with model pG, lq and combinatorial type G,
where b1pGq denotes the first Betti number of G.

Morphisms: A continuous and surjective map φ : Γ Ñ Γ̃ between two tropical curves Γ
and Γ̃ is called a tropical cover (see e.g. [7] or [16], Section 2.1) if there exists models pG, lq
and pG̃, l̃q such that

• φpV pGqq Ă V pG̃q and φ´1pEpG̃qq Ă EpGq.

• φ is locally integer affine linear: On each edge e P EpGq, φ restricts to an affine
function with integer slope depφq (possibly 0), called the weight or expansion factor of
φ at e.

• φ is harmonic/balanced at every P P Γ: For any ṽ P TφpP qΓ̃

dP pφq :“
ÿ

vPTPΓ,v ÞÑṽ

dvpφq

is independent of ṽ, where TPΓ, respectively TφpP qΓ̃, is the set of tangent directions
emanating from P , respectively φpP q, and dvpφq is the directional derivative of φ in
the direction of v (i.e. dvpφq :“ depφq for the edge e in direction of v).

We say that φ is finite, if depφq ą 0 for all edges e, and non-finite else. In any case,
degpφq :“

ř

PPΓ,P ÞÑP̃ dP pφq, where P̃ P Γ̃ is an arbitrary point, provides a well-defined
notion of degree, a tropical analogue of the corresponding notion in algebraic geometry.

We will work with tropical curves through choice of a model and by abuse of notation
identify Γ with pG, lq.
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3.3.2 Setup

In Sections 3.5 and 3.6 we only work in the genus 1 and 2 part of TC. We recall a class of
morphism introduced in 2 that is relevant in this context:

Definition 3.3.2. Let Γ and TE be tropical curves of genus 2 and 1. We call a cover
φ : Γ Ñ TE optimal if it does not factor through a non-trivial cover, i.e. if there exists a
curve TẼ and maps φ̃ : Γ Ñ TẼ, ϕ : TẼ Ñ TE such that

Γ TẼ

TE

φ̃

φ ϕ

commutes, then ϕ is an isomorphism (i.e. degpϕq “ 1).

Γ

φ̃

1

1

1

TE

φ

8 2

TẼ 4 1

Figure 3.2: A curve of genus 2 covering two elliptic curves. The numbers are edge lengths.

Example 3.3.3. Figure 3.2 shows a cover of degree 2 on the right, which must be optimal.
The cover on the left, however, is not as it factors, for example, through the first, giving rise
to a cover of degree 4.

3.4 Bridging TC and TA

3.4.1 Preliminaries

The categories TC and TA are connected:

• To each object Γ we assign an object JacpΓq in TA,

• To each morphism φ : Γ1 Ñ Γ2 we associate a morphism φ˚ in TA,
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where JacpΓq denotes the Jacobian of Γ and φ˚ : JacpΓ1q Ñ JacpΓ2q the push-forward
of φ (Section 2.5.5). This connection, especially in the case of curves of genus 2 covering
curves of genus 1, was discussed in detail in Chapter 2. We briefly recall some constructions
relevant in this context.

Construction 3.4.1. (see [6] or [58]) Let pG, lq be an oriented model of Γ and s, t : EpGq Ñ
V pGq the source and target maps. Then pG, lq comes with two lattices that are related by a
non-degenerate pairing:

• The lattice of harmonic 1-forms,Ω1
GpZq: For each oriented edge ewe introduce a formal

symbol de called a basic 1-form on G and set Ω1
GpZq to be

tω :“
ÿ

e

ωede : ωe P Z,
ÿ

e:tpeq“V

ωe “
ÿ

e:speq“V

ωe @V P V pGqu.

It is the subgroup of the free group over tde : e P EpGqu consisting of harmonic
1´forms on G.

• The lattice of integral 1-cycles, H1pG,Zq: It is the first simplicial homology group of G
given by kerpBq, where

B : C1pG,Zq Ñ C0pG,Zq, e ÞÑ tpeq ´ speq

is the boundary operator.

• The integration pairing,
ş

¨
¨: We can integrate a basic 1-form

ż

e

de1 :“

#

lpeq, if e “ e1

0, else

and extend linearly to obtain a perfect pairing
ż

¨

¨ : Ω1
GpZq ˆ H1pG,Zq Ñ R, pω, cq ÞÑ

ż

c

ω.

These building blocks are independent of the choice of model (see also [6]). This means
that lattices that arise from different models (that have compatible orientations) are related
by isomorphisms, that leave the integration pairing invariant. We will write Ω1

ΓpZq and
H1pΓ,Zq, instead, and complete Construction 3.4.1 by assigning a pptav to Γ.

Definition 3.4.2. The Jacobian of Γ is the pptav built from pΩ1
ΓpZq,H1pΓ,Zq,

ş

¨
¨q with

principal polarization ζΓ : H1pΓ,Zq Ñ Ω1
ΓpZq,

ř

aee ÞÑ
ř

aede. It is related to Γ by the
tropical Abel-Jacobi map:

ΦP0 : Γ Ñ JacpΓq, P ÞÑ

ż

γP

¨,

where P0 P V pΓq is a fixed vertex and γP P C1pΓ,Zq is any path connecting P0 to P in Γ.
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As in classical algebraic geometry, we can identify JacpΓq with Pic0pΓq :“
Div0pΓq{PrinpΓq, where Div0pΓq is the group of divisors of degree 0 and PrinpΓq, the
subgroup of principal divisors ([62], Section 4.2). Then φ˚ is the morphism induced by the
push-forward of divisors under this identification, whose dual φ˚ is induced by the pull-back
([32], Lemma 35).

3.4.2 Setup
Specializing to the case of curves of genus 2 covering curves of genus 1, we are interested in
a particular class of objects in TA, so-called tropical split Jacobians.

Definition 3.4.3. ([32], Definition 58) Let Γ be a tropical curve of genus 2. We say that
JacpΓq splits, if JacpΓq is isogeneous to the coproduct of two elliptic curve TE ‘ TE 1. In
this case we call TE 1 a complement of TE and vice versa.

Convention 3.4.4. We fix a labelling for the combinatorial types we are going to work
with (see Figure 3.3)

e

e1

e2

e

e1 e2

P0

P0

P1

P1

Figure 3.3: A curve of type theta on the left and of type dumbbell on the right.

and for explicit computations basis

• pB1, B2q :“ pe`e2, e2´e1q ofH1pΓ,Zq, if Γ is of type theta, and pB1, B2q pB1, B2q :“
pe1, e2q, if Γ is of type dumbbell.

• in both cases the canonically associated basis pω1, ω2q of Ω1
ΓpZq (see [32], Section 5).

3.4.3 From the perspective of moduli spaces
The connection between TA and TC focuses on individual objects. Transferred to the level
of moduli spaces, it gives rise to the tropical Torelli map

ttr2 :M tr
2 Ñ Atr2 ,Γ ÞÑ JacpΓq

whereM tr
2 and Atr2 denote the moduli space of tropical curves of genus 2 and the moduli

space of pptav of dimension 2, respectively ([17], [14]). For these moduli spaces to be
well-behaved, we need slightly more general notions of tropical curves, their Jacobians
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and correspondingly of pptav. For example, to guarantee that M tr
2 is both complete (i.e.

closed under specialization) and relates well to its algebraic counterpart M2 (via taking
dual graphs) (see [29], Remark 2.4), we need to generalize Definition 3.3.1 and allow our
curves to carry genus at their vertices: A tropical curve Γ will be a metric graph pG, lq as
in Definition 3.3.1 together with a genus function g : V pGq Ñ Zě0 that satisfies a certain
stability condition (see [29], Definition 2.1). To include this new piece of data, we define
pG, gq to be the combinatorial type of Γ and the number gpGq`

ř

vPV pGq
gpvq to be its genus.

The definition of the Jacobian extends to this case and results in a slightly generalized notion
of pptav (by relaxing the positive definite-condition to positive semidefinite and renouncing
to the non-degeneracy of

ş

¨
¨ ). We refer to [29] (Section 4 and 6) or [13] (Section 4 and 5) for

more details as it will be of no further relevance to us.
Now, the tropical Torelli-map ttr2 is a morphism in the category of stacky fans, a category

that is suitable for the construction of tropical moduli spaces. Naturally, Atr2 andM tr
2 are

both objects therein.
A pptav Σ is a real integral torus that carries a pp ζ , alternatively a pair pHompΛ,Rq

Λ1 , Qq,
where Q is the quadratic form associated to the symmetric bilinear form rζp¨q, ¨s. After
suitable choice of basis one can find a representative of the isomorphism class of a 2-
dimesnional pptav Σ of the form pR2{Z2, Qq, where Q is an element of S̃2

ě0, the space of
positive semidefinite 2 ˆ 2 matrices with rational nullspace. Note that in Atr2 the notion
of isomorphism is stronger than in TA: An isomorphism of pptavs (in Atr2 ) is (in TA) an
isomorphism f : Σ1 Ñ Σ2 of integral tori such that f is polarized with respect to the pp ζ1
on Σ1 and ζ2 on Σ2 (see Definition 3.2.5 and [69], Definition 4.10).

Moreover, Σ1 and Σ2 are isomorphic if and only if for their selected representatives,
pR2{Z2, Q1q and pR2{Z2, Q2q, there exists X P GLpZq with Q2 “ X tQ1X . This suggests
the quotient S̃2

ě0{GLpZq, where the action of GLpZq on S̃2
ě0 is given by GLpZq ˆ S̃2

ě0 Q

pX,Qq ÞÑ X ‚ Q :“ XTQX , as a candidate for Atr2 . Indeed, there is a point-wise bijection
between the two, which leads us to work with this interpretation of Atr2 in Subsection 3.5.3.
More precisely, Atr2 is a stacky fan with cells

CpD1q :“ σ̄D1{ StabpσD1q, where σ̄D1 :“ x

ˆ

1 ´1
´1 1

˙

,

ˆ

1 0
0 0

˙

,

ˆ

0 0
0 1

˙

yRě0

CpD2q :“ σ̄D2{ StabpσD2q, where σ̄D2 :“ x

ˆ

1 0
0 0

˙

,

ˆ

0 0
0 1

˙

yRě0,

CpD3q :“ σ̄D3{ StabpσD3q, where σ̄D3 :“ x

ˆ

1 0
0 0

˙

yRě0,

CpD4q :“ σ̄D4{ StabpσD4q :“ t0u,

where StabpσDi
q ď GLpZq is the setwise stabilizer of σDi

. These are glued together
according to the equivalence relation

Q1 „ Q2 ô X tQ1X “ Q2 for some X P GLpZq.

As pointed out in [29] (Section 4), gluing CpDiq for i “ 2, 3, 4 does not change CpD1q, so
that Atr2 is homeomorphic to CpD1q (see Figure 3.4).
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Atr2CpD2qCpD1q

Glue

Figure 3.4: Visualization of Atr2 as in [29] with dashed lines indicating symmetry.

The stacky fanM tr
2 (see [29], Definition and Theorem 3.4) consists of cells

CpG, gq :“ R|EpGq|

Rě0 {AutpG,ωq

for each combinatorial type pG, gq, where AutpG, gq is the automorphism group, i.e. the set
of graph automorphisms that preserve g, and gluing determining equivalence relation: the
relation of specialization (see Figure 3.5). In this setting, the tropical Torelli map sends Γ to
its tropical period matrix ([13], Definition 5.1).

lpeq
lpe1q

lpe2qlpeq

lpe1q

lpe2q

e2e1 e
e
e1

e2

Glue

M tr
2

Figure 3.5: Visualization ofM tr
2 as in [29] with dashed lines indicating symmetries.

3.5 Constructing Curves of genus 2 covering Curves of
genus 1

Let Γ be a curve of genus 2. Following Chapter 2 ([32]) we can compute a splitting of JacpΓq
wheneverΓ covers an elliptic curve. Such a splitting is given by an isogeny ϕ : TE 1

À

TE Ñ
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JacpΓq from which we only want to record the splitting data, i.e. pTE,TE 1, kerpϕqq. In
this section we reverse the procedure and ask, given TE and TE 1, together with a finite
subgroup G of their direct product:

• When is pTE,TE 1, Gq actual splitting data?

• If it is, is it minimal data, i.e. both necessary and sufficient, for constructing a curve of
genus 2 covering TE and TE 1?

3.5.1 Planning the reconstruction process

Results of [32] (see Section 3.1) determine our strategy.

Plan 3.5.1. Given splitting data pTE,TE 1, Gq, proceed as follows:

1. Determine a splitting ϕ : TE ‘ TE 1 Ñ J and generate a diagram Dϕ modelled on
Diagram 2.23.

2. Construct Γ.

3. Define covers φ and φ1.

The properties of splitting data

We address the feasibility of Plan 3.5.1 first and ask whether splitting data captures the
essence of Diagram 2.23, i.e. the data that is both, necessary and sufficient, for its recon-
struction.

A closer look reveals: The lower triangle (corresponding to the product property
TE 1

À

TE) arises from the upper one (the one corresponding to the coproduct property
TE 1

À

TE) as image through the dualization functor, q̈ : TA Ñ TA (see Definition 2.3.8),
and by subsequent identification of the duals with the original spaces. The data required for
its reconstruction is therefore: An isogeny ϕ and canonical isomorphisms to the duals. We
mimic this procedure to construct a diagram Dϕ associated to ϕ.

Construction 3.5.2. Let J be a pptav and ϕ : TE 1
À

TE Ñ J an isogeny with principal
polarizations ζTE1

À

TE on TE 1
À

TE (Definition 3.2.2) and ζ on J , both providing isomor-
phisms to the dual varieties. Start buildingDϕ from ϕ by drawing arrows that correspond to
the canonical injections and projections, ιi and pi. These (drawn as solid arrows in Diagram
3.31) form its skeleton. Next, complete the upper part to a commutative triangle and set
fi :“ ϕ ˝ ιi for i “ 1, 2. For the base triangle, let ϕ̃ be the adjoint of ϕ (with respect to the
polarizations ζTE1

À

TE and ζ as in Definition 3.2.9) and define the maps gi by pi ˝ ϕ̃ to finish
the construction.
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TE 1 TE 1
À

TE TE

J

TE 1 TE 1
À

TE TE

f1

ι1

ϕ f2

ι1

g1
ϕ̃

g2

p1 p2

(3.31)

Lemma 3.5.3. Let ϕ : TE 1
À

TE Ñ J be an isogeny to a pptav J . The diagram Dϕ as in
(3.31) has exact diagonals if and only if there exists an integer d such that the following
holds:

• kerpϕq – tpλ, αpλqq : λ P TE 1rdsu, where α : TE 1rds Ñ TErds is an isomorphism.

• ϕ˚ζ “ pmd,mdq, where ζ is the principal polarization on J andmd the multiplication-
by-d map.

We will use the following characterization of subgroups of the direct product of two
groups.

Lemma 3.5.4. (Goursat’s Lemma, [44]) LetG1, G2 be groups andH ď G1 ‘G2 a subgroup
such that the projections p1 : G1 ‘ G2 Ñ G1 and p2 : G1 ‘ G2 Ñ G2 remain surjective
when restricted toH . If Ni is the kernel of the restriction of pi toH , then the image ofH in
the direct product G1{N2

À

G2{N1 is the graph of an isomorphism

α : G1{N2 Ñ G2{N1.

Proof of Lemma 3.5.3. Let ϕ : TE 1
À

TE Ñ J be an isogeny between pptavs and ϕ̃ its
adjoint with respect to the polarizations ζTE1

À

TE and ζ (Definition 3.2.9). For Dϕ to have
exact diagonals means that for i, j P t1, 2u

1. fi is injective.

2. gi is surjective.

3. kerpgiq “ Impfjq holds whenever i ‰ j.

Recall from Construction 3.5.2 that for i ‰ j, gj is given by qfi (up to pre- and post-
composition with isomorphisms). Then fi being injective implies that qfi is surjective
and exactness of both diagonals is already equivalent to p1q and p3q.

We express these in terms of requirements on ϕ that match the statement of Lemma
3.5.3. As

kerpfiq “ kerpϕ ˝ ιiq “ kerpϕq X Impιiq,
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we have:

p1q ô kerpϕq X TE 1
à

t0u “ t0u and kerpϕq X t0u
à

TE “ t0u.

For p3q, we address ” Ą ” first and observe:

g2 ˝ f1 “ 0 and g1 ˝ f2 “ 0 ô ϕ̃ ˝ ϕpTE 1
à

t0uq Ă TE 1
à

t0u and
ϕ̃ ˝ ϕpt0u

à

TEq Ă t0u
à

TE
ô ϕ˚ζ “ pmα1 ,mα2q for some α1, α2 P N,

where the last equivalence holds because of the following arguments: From Lemma 3.2.10
we know that the composition of ϕ with its adjoint, ϕ̃, is given by

ϕ̃ ˝ ϕ “ pϕ˚ζ ˝ ζ´1
TE1

À

TE, ζ
´1
TE1

À

TE ˝ ϕ˚ζq

So ϕ̃ ˝ ϕ respects the product TE 1
À

TE (i.e. ϕ̃ ˝ ϕ is a product of morphisms between
the individual factors) if and only if its lift Hompϕ˚ζ ˝ ζ´1

TE1
À

TEq does so. This in turn
means that ϕ˚ζ itself must be of the form ph1, h2q for group homomorphisms h1 and h2,
given that ζ´1

TE1
À

TE is and that the Hom-functor reflects the property of being a product.
Finally, recalling that all lattices involved are 1-dimensional, yields hi “ mαi

, whereby, after
suitable choice of basis, we can assume that αi P N.

Taken together, p1q and the ” Ą ”´part of p3q determine the shape of kerpϕq to some
extent: From ϕ̃ ˝ ϕ “ pmα1 ,mα2q we see kerpϕ̃ ˝ ϕq “ TE 1rα1s

À

TErα2s and kerpϕq is a
subgroup that projects (via p1 and p2) onto subgroups, say TE 1ra1s, respectively TEra2s, of
each factor.
Subgroups of direct product that project surjectively onto each factor are characterized by
Goursat’s lemma (Lemma 3.5.4): IfNi is the kernel of the restriction of pi to kerpϕq, the image
of kerpϕq in the direct product TE 1ra1s{N2

À

TEra2s{N1 is the graph of an isomorphism

α : TE 1
ra1s{N2 Ñ TEra2s{N1.

We remark that (1) forces both

N2 “ pTE 1
à

t0uq X kerpϕq and N1 “ pt0u
à

TEq X kerpϕq

to be trivial and thus d :“ a1 “ a2 as α is an isomorphism.
At this point we should notice that we have almost arrived at the statement of Lemma 3.5.3.
The only thing left is to take advantage of the ” Ă ”´part of p3q and claim that, under the
previous conditions, ” Ă ” holds if and only if d “ α1 “ α2 is also true.

For the "only-if"-direction, suppose (without loss of generality) that d ‰ α2. This
means that p2| kerpϕq does not project surjectively onto TErα2s, i.e. that there exists a λ2 P
TErα2szTErds. Then ϕ̃ ˝ ϕp0, λ2q “ p0, 0q shows ϕp0, λ2q P kerpg2q, but ϕp0, λ2q R Impf1q.
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Otherwise ϕp0, λ2q “ ϕpλ1, 0q would imply p´λ1, λ2q P kerpϕq, a contradiction to λ2 P

TErα2szTErds. For the "if"-direction, consider a point λ P kerpg2q, i.e. ϕ̃pλq P TE 1
À

t0u.
Since ϕ is surjective, we can write λ as ϕpµ1, µ2q for some pµ1, µ2q P TE 1

À

TE. Applying
ϕ̃, yields µ2 P TErα2s. Then, TErα2s “ TErds guarantees that we can find a point
pµ̃1, µ2q P kerpϕq and obtain

λ “ λ` 0 “ ϕpµ1, µ2q ´ ϕpµ̃1, µ2q “ ϕpµ1 ´ µ̃1, 0q P Impf1q

as desired. This finishes the proof.

Notation 3.5.5. We now start with Plan 3.5.1: Take two elliptic curves TE 1, TE and a
finite subgroup G as in Lemma 3.5.3, i.e. G is the graph of an isomorphism α between the
d-torsion points of TE 1 and TE, where d P N.

We will continue to use this notation for the remaining sections.

3.5.2 Step 1 of Plan 3.5.1

A first natural choice for J and ϕ, suggested by the classical treatment in [38], is given by

pTE 1
à

TEqG and q : TE 1
à

TE Ñ pTE 1
à

TEqG,

where pTE 1
À

TEqG is the quotient of TE 1
À

TE by G, and q the quotient map (Lemma
3.2.3).

Key observation

Using the "Cover-to-Splitting" direction discussed in [32] (Theorem 3.1.1) to probe the
"classical" choice shows: q fails to meet the requirements of Lemma 3.5.3. This, understood
well enough, will eventually show what role q and pTE 1

À

TEqG have to play.
In the setting of Theorem 3.1.1 of [32] we find q to be part of the following commutative

triangle

TE 1
À

TE JacpΓq

pTE 1
À

TEqG

q

ϕ

ϕ̄
(3.32)

where G :“ kerpϕq and ϕ̄ is defined by the universal property of the quotient in Ab.
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Breaking down (3.32) further, to the level of lattices, shows ϕ̄ is a morphism of tori:

Ω1
TE1pZq

À

Ω1
TEpZq Ω1

TE1pZq
À

Ω1
TEpZq Ω1

ΓpZq

H1pTE 1,Zq
À

H1pTE,Zq π´1pGq H1pΓ,Zq

q# ϕ̄#

ϕ#

ϕ#

q# ϕ̄#

(3.33)

where

• ϕ “ pϕ#, ϕ#q “ ppφ1
˚, φ˚q, pφ

1˚ ‘ φ˚qq.

• q “ pq#, q#q “ pId,
ş

`
ş

p¨qq

• ϕ̄ “ pϕ̄#, ϕ̄#q “ pϕ#,
ş

p¨q´1 ˝ Hompϕ#q|π´1pGqq

with

ż

p¨q : H1pΓ,Zq Ñ HompΩ1
Γ,Rq, B Ñ

ż

B

¨

ż

`

ż

p¨q : H1pE
1,Zq

à

H1pE,Zq Ñ π´1
pGq, pB1, Bq Ñ p

ż

B1

`

ż

B

qp¨, ¨q

the inclusions induced by the natural pairings on JacpΓq, respectively on TE 1
À

TE, π
the universal covering of TE 1 ‘ TE, and

ş

p¨q´1 denotes the isomorphism Imp
ş

p¨qq –

H1pΓ,Zq given by
ş

Bi
¨ ÞÑ Bi for a lattice Basis pB1, B2q of H1pΓ,Zq and the corresponding

lattice Basis p
ş

B1
,
ş

B2
q of Imp

ş

p¨qq. One verifies that ϕ̄# is a group isomorphism, (3.33)
commutes, and ϕ̄ is compatible with the pairings, using π´1pGq “ Hompϕ#q´1pH1pΓ,Zqq
(since kerpϕq “ G) and using that Hompϕ#q is a vector space isomorphism (it is a surjective
map between spaces of equal dimension) that agrees with ϕ# (lifted to a map between the
universal covers).

Now both TE 1
À

TE and JacpΓq carry principal polarizations that provide a link be-
tween the upper and lower path. We have:
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Ω1
TE1pZq

À

Ω1
TEpZq Ω1

TE1pZq
À

Ω1
TEpZq Ω1

ΓpZq

H1pTE 1,Zq
À

H1pTE,Zq π´1pGq H1pΓ,Zq.

q# ϕ̄#

md˝ζTE1
À

TE

q# ϕ̄#

ϕ̄˚ζΓ ζΓ

Figure 3.6: The interaction of the natural pp onTE 1
À

TE and JacpΓq, providing a blueprint
for ϕ.

This brings us to 3 important observations:

1. By default (meaning with default polarization (see [32], Lemma 26) pTE 1
À

TEqG is
not a pptav.

2. The map ϕ̄ is not an isomorphism of tav, though it is, of course, an isomorphism of
abelian groups. This factors ϕ into a free isogeny q and a dilation (i.e. an injective
isogeny) ϕ̄ since q# and ϕ̄# are isomorphisms (compare to [69], Lemma 4.9).

3. The polarization ϕ̄˚ζΓ is not principal.

Example 3.5.6. We examine triangle (3.32) for the splitting generated by the optimal cover
from Figure 3.2 with our usual choice of coordinates (for details on the computations see
[32], Section 6). Then

R{Z
À

R{3Z R2{

ˆ

2 1
1 2

˙

Z2

R2{x

ˆ

1
0

˙

,

ˆ

1
2
3
2

˙

yZ

I2

p 1 1
2 0 q

p 1 1
2 0 q

(3.34)

breaks down into

Z2 Z2 Z2 Z2

Z2 Z2

Mpϕ#q“

¨

˝

1 2

1 0

˛

‚

Mpϕ̄#q“

¨

˝

1 2

1 0

˛

‚

Mpq#q“

¨

˝

1 ´1

0 2

˛

‚

Mpϕ#q“

¨

˝

0 2

1 ´1

˛

‚

Mpq#q“I2

Mpϕ̄#q“

¨

˝

0 1

1 0

˛

‚

(3.35)
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This yields coordinate representations for the polarizations ϕ̄˚ζΓ and ζG

Mpϕ̄˚ζΓq “Mpϕ#
q ¨MpζΓq ¨Mpϕ̄#q “

ˆ

1 2
1 0

˙

¨ I2 ¨

ˆ

0 1
1 0

˙

“

ˆ

2 1
0 1

˙

MpζGq “Mpζ̌Gq “Mpq#q ¨Mpζ̌TE1‘TEq ¨Mpq#q “

ˆ

1 ´1
0 2

˙

that reflect our observations from above:

1. pTE 1 ‘ TEqG with default polarization ζG is not a pptav since ζG is of type p1, 2q.

2. ϕ̄ is only a dilation as ϕ# is not an isomorphism.

3. ϕ̄˚ζΓ is not principal.

The previous discussion demonstrates:

• The failure of q to meet the requirements of Lemma 3.5.3 can be traced back to
observations (2) and (3).

• The failure of pTE 1 ‘ TEqG to provide an adequate basis for supporting a principle
polarization that interacts "well" with q (see Lemma 3.5.7 for a precise statement) can
be traced back to observation (1). It is confirmed by Lemma 3.5.7.

The previous discussion also demonstrates: These issues can be fixed by using Figure 3.6 as
a blueprint for ϕ. We treat q as building block and construct ϕ step-wise according to Figure
3.6: The following Lemma takes care of the second vertical arrow.

Lemma 3.5.7. Let J :“ pTE 1 ‘ TEqG and q : TE 1
À

TE Ñ J be the quotient map. Then
there exists a unique polarization ζ on J with q˚ζ “ md ˝ ζTE1

À

TE . Moreover, ζ is not
principal.

Proof. We show existence and uniqueness of ζ using Lemma 3.2.6 and suggest referring to
Diagram 3.33 for an overview of the lattices involved. Since q# is an isomorphism, condition
(1), that is Impq#q Ą Impmd ˝ ζTE1

À

TEq, is automatically satisfied. For the divisibility
condition, condition (2), we determine the invariant factors of

md ˝ ζTE1
À

TE : H1pTE 1,Zq
à

H1pTE,Zq Ñ Impq#q and i : Impq#q ãÑ π´1
pGq.

The former is just the component-wise multiplication-by-d-map whose first and second in-
variant factor is d. For the latter, we first establish a coordinate representation of π´1pGq and
Impq#q inside HompΩ1

TE1 ,Rq ‘HompΩ1
TE,Rq with respect to the dual basis pω, 0q˚, p0, ω̃q˚.

Doing so we identify Impq#qwithΛ1
1 :“ x

ˆ

lTE1

0

˙

,

ˆ

0
lTE

˙

yZ, which corresponds to choosing

ppB, 0q, p0, B̃qq as basis onH1pTE 1,Zq
À

H1pTE,Zq and embedding it by means of
ş

`
ş

p¨q.
For π´1pGq, recall that G is the graph of an isomorphism α between cyclic groups of order
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d (Lemma 3.5.3). Under the identification of TE with R{plTEZq, lTEd is a generator of TErds
whose preimage under α, in turn, generates TE 1rds – R{plTE1Zqrds, i.e. is of the form k¨lTE1

d

for some k P N with 1 ď k ď d ´ 1 and gcdpk, dq “ 1. Then, G “ x

ˆ

k¨lTE1

d
lTE
d

˙

yZ and its

lift π´1pGq to the universal cover is the 2-dimensional lattice G` Λ1
1 generated by

ˆ

lTE1

0

˙

and
ˆ

k¨lTE1

d
lTE
d

˙

. With respect to these we can specify the representation matrix of i since
ˆ

0
lTE

˙

“ d ¨

ˆ

k¨lTE1

d
lTE
d

˙

´ k ¨

ˆ

lTE1

0

˙

:

Mpiq “

ˆ

1 ´k
0 d

˙

and compute its type pγ1, γ2q by

γ1 “ gcdp1, k, dq “ 1 and γ2 “ detpMpiqq “ d.

We see, that Detpiq “ γ1 ¨ γ2 “ 1 ¨ d is a divisor of the first invariant factor ofmd ˝ ζTE1
À

TE .
Hence, by Lemma 3.2.6, ζ exists and is unique. Moreover, ζ cannot be principal: Otherwise
q# ˝ ζ ˝ q# would have the same type as q#, p1, dq as previously computed (since q# ˝ ζ is
an isomorphism), but q# ˝ ζ ˝ q# “ md ˝ ζTE1

À

TE has type pd, dq, a contradiction.

Determine the splitting ϕ

We now construct ϕ. For convenience, let J “ pTE 1
À

TEqG, as before, and relabel the
target of ϕ (see step 1 of Plan 3.5.1) from J to Jpp, instead.

Construction 3.5.8. Let pTE 1,TE,Gq be splitting data and ζ be the unique polarization
from Lemma 3.5.7. For lattice basis pω1, ω2q of Ω1

TE1pZq
À

Ω1
TEpZq and pB1, B2q of π´1pGq

define:

• ζpp : π´1pGq Ñ Ω1
TE1pZq

À

Ω1
TEpZq by Bi ÞÑ ωi for i “ 1, 2.

• ϕ̄ :“ pϕ̄#, Idq, where ϕ̄#pωiq :“ ζpBiq.

• Jpp :“ pΩ1
TE1pZq

À

Ω1
TEpZq, π´1pGq, r¨, ¨sppq, where

rω,Bspp :“ rϕ̄#pωq, BsG for all B P π´1pGq and ω P Ω1
TE1pZq

À

Ω1
TEpZq.

Proposition 3.5.9. Let Jpp, ζpp and ϕ̄ be defined as in Construction 3.5.8. Then, Jpp with
polarization ζpp is a pptav and ϕ :“ ϕ̄ ˝ q a morphism of tavs satisfying the conditions
described in Lemma 3.5.3.

Proof. Proposition 3.5.9 naturally decomposes into two parts, which we address separately:
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1. Jpp is a pptav.

2. ϕ satisfies the conditions of Lemma 3.5.3.
Because r¨, ¨sG is a non-degenerate pairing and ϕ̄# is injective and linear, r¨, ¨spp, which is
equal to the composition r¨, ¨sG ˝ pϕ̄#, Idq, equips the quotient with the structure of an
integral torus. To see that ζpp even grants Jpp the status of a pptav, it is only the "polarized-
part" that needs checking (principal it will be, since ζpp is a group isomorphism). Thus, let
us verify that ζpp induces a scalar product on π´1pGq b R: For λ11, λ12 P π´1pGq b R write
λ11 “ aB1 ` bB2 in terms of the basis pB1, B2q. Unpacking definitions we obtain

rζpppλ11q, λ
1
2s
pp

“raω1 ` bω2, λ
1
2s
pp

“ rϕ̄#
paω1 ` bω2q, λ

1
2sG

“raζpB1q ` bζpB1q, λ
1
2sG “ rζpλ11q, λ

1
2sG

and recognize, in the last step, the bilinear form induced by ζ on J (with the quotient
pairing). Since ζ is a polarization, this is indeed a scalar product. For part p2q, note that by
construction

rϕ̄#
pλ1q, λ

1
2sG “ rλ1, ϕ̄#pλ

1
2qs

pp

holds for all λ12 P π´1pGq and λ1 P Ω1
TE1pZq

À

Ω1
TEpZq. Hence, ϕ̄ is a morphism, even an

isogeny, and ϕ as composition of isogenies, is one as well. Target and domain varieties
are principally polarized by part p1q. Its kernel agrees with kerpqq, since ϕ̄ is a group
isomorphism, and is, therefore, the graph of an isomorphis α as required by Lemma 3.5.3
(condition 1). Condition 2, finally, holds by construction:

ϕ˚ζpp “ pϕ̄ ˝ qq˚ζpp “ q˚pϕ̄˚ζppq “ q˚pζq “ md ˝ ζTE1
À

TE.

Corollary 3.5.10. Let ϕ be the map from Proposition 3.5.9 and Dϕ the diagram associated
to ϕ as in Construction 3.5.2. Then Dϕ has exact diagonals.
Proof. This follows from Lemma 3.5.3.
Example 3.5.11. Let TE and TE 1 be two elliptic curves with lTE “ 3 and lTE1 “ 1 and
α : TE 1r2s Ñ TEr2s the unique isomorphism. We choose ω1 :“ pω, 0q, ω2 :“ p0, ω̃q as
basis of Ω1

TE1pZq
À

Ω1
TEpZq and let the two generators (of π´1pGq) play the role of B1 and

B2:

π´1
pGq “ xp

ż Q1

P 1

,

ż Q

P

q, pω, 0q˚yZ Ă HompΩ1
TE1 ,Rq ‘ HompΩ1

TE,Rq,

where Q1 P TE 1 and Q P TE are the only non-trivial points of order two and P 1 P TE 1 and
P P TE are fixed reference points (that yield isomorphisms to the respective Jacobians).
Under the identification TE 1 – R{Z and TE – R{3Z we have

G “ t

ˆ

0
0

˙

,

ˆ

1
2
3
2

˙

u Ă R{Z‘ R{3Z and π´1
pGq “ x

ˆ

1
0

˙

,

ˆ

1
2
3
2

˙

yZ.
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We continue working in coordinates and compute ζ (see Lemma 3.5.7), more precisely
pB1,B2qMpω1,ω2qpζq, via Algorithm 1:

pB1,B2qMpω1,ω2qpζq “

ˆ

2 0
0 2

˙

¨

ˆ

1 ´1
0 2

˙´1

“

ˆ

2 1
0 1

˙

.

Setting ζpp, ϕ̄ and Jpp as described above Proposition 3.5.9 yields

pB1,B2qMpB1,B2qpϕ̄#q “ I2 and pω1,ω2qMpω1,ω2qpϕ̄
#
q “

ˆ

2 1
0 1

˙

,

such that all maps interact as expected (see Diagram 3.6):

Z2 Z2 Z2

Z2 Z2 Z2.

I2

¨

˝

2 1

0 1

˛

‚

¨

˝

2 0

0 2

˛

‚

¨

˝

1 ´1

0 2

˛

‚

I2

¨

˝

2 1

0 1

˛

‚ I2 (3.36)

With coordinate representations at hand, we check that ζpp is a polarization simply by
computing its Gram matrix

Mprζppp¨q, ¨sppq “MpζqtMpr¨, ¨sGq “

ˆ

2 1
1 2

˙

and obtain

ϕ : R{Z‘ R{3Z Ñ R2
{

ˆ

2 1
1 2

˙

Z2, x ÞÑ

ˆ

2 0
1 1

˙

x,

an isogeny of pptav whose associated diagram Dϕ has exact diagonals:
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R{Z R{Z
À

R{3Z R{3Z

R2{

ˆ

2 1
1 2

˙

Z2

R{Z R{Z
À

R{3Z R{3Z

¨2

p 2
1 q

p 01 q

p 2 0
1 1 q

p
1
0
q

p 01 q

¨2

p 1
0
q

p 1 0
´1 2 q

p´
1
2
q

p 1 0 q p 0 1 q

Figure 3.7: The diagram associated to the isogeny ϕ from Example 3.5.11.

Note that in Example 3.5.11 we used the output data from Example 62 ([32]) to generate
Dϕ, but ended up in a slightly different place. Remark 3.5.12 clarifies this.

Remark 3.5.12. Construction 3.5.8 should produce a pptav Jpp and a dilation ϕ̄ that extend

Ω1
TE1pZq

À

Ω1
TEpZq Ω1

TE1pZq
À

Ω1
TEpZq

H1pTE 1,Zq
À

H1pTE,Zq π´1pGq

q#

md˝ζTE1
À

TE

q#

ζ
(3.37)

to a commutative Diagram as in Figure 3.6. The specific pp ζpp and the isomorphism ϕ̄# (see
Construction 3.5.8) are just a matter of choice. We argue that these are natural in anticipation
of Step 2 of Plan 3.5.1 (see also Definition 3.4.2): Given an arbitrary ϕ̄# P Autpπ´1pGqq,
Construction 3.5.8 has to be adapted as follows. Set

ζ p̃ppϕ̄#pBiqq :“ ωi and rω,Bs
p̃p :“ rϕ̄#

pωq, ϕ̄´1
# pBqsG,

where ω P Ω1
TE1pZq

À

Ω1
TEpZq andB P π´1pGq. Then J p̃p and Jpp differ by an isomorphism

f :“ pid, ϕ̄#q : J
pp Ñ J p̃p of pptavs that respects the pp, i.e. f satisfies f˚ζ p̃p “ ζpp.

3.5.3 Step 2 of Plan 3.5.1
Specifically, we ask whether Jpp from Construction 3.5.8 is the Jacobian of a curve of genus
2. Widening our perspective, we recognize here the incarnation of a classical problem, the
tropical Schottky problem. It is useful to embed step 2 in this more general framework and to
rephrase it as follows:
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• Does Jpp lie in the tropical Schottky locus, i.e. in the image of the tropical Torelli map
ttr2 :M tr

2 Ñ Atr2 ?

• If yes, can we compute the preimage(s) of Jpp under ttr2 explicitly?

When g ď 3 the tropical Torelli map is surjective, hence feasibility (the first question) will
not be an issue. It is the second point that is of real interest, especially since ttr2 is, in contrast
to the classical case, not injective (see [13], p. 24,25).

A concrete approach.

Here, we take a practical approach to step 2 and ignore (as far as possible) the structural
framework it is embedded in. We also provide a computational tool for constructing Γ and
use it in Section 3.6 for gaining experience of how Γ depends on the choice of splitting data
(see Lemma 3.6.2 and Lemma 3.6.3).

Interim Setup. Recall from Subsection 3.4.3: The points of Atr2 are in bijection with the
points of the quotient S̃2

ě0{GLpZq, where S̃2
ě0 denotes the space of positive semidefinite

matrices with rational nullspace and the action ofGLpZq on S̃2
ě0 is given byGLpZqˆ S̃2

ě0 Q

pX,Qq ÞÑ X ‚ Q :“ XTQX ([29], Section 4.3).
An essential ingredient in this context is a result by Selling. Paraphrased for our purposes

it reads:

Proposition 3.5.13 (Selling). Any positive definite 2ˆ 2 matrix Q is GLpZq-equivalent to
a matrix in

x

ˆ

1 0
0 0

˙

,

ˆ

0 0
0 1

˙

,

ˆ

1 ´1
´1 1

˙

yRě0,

which can be computed explicitly using Selling’s Reduction Algorithm (see [77], Section 2.3.3,

and [71]). If Q satisfies q12 ă 0, then transformations of type (1)
ˆ

1 0
1 1

˙

and (2)
ˆ

1 1
0 1

˙

are already sufficient.

Proposition 3.5.14. Let Jpp be the pptav from Construction 3.5.8. Then one of two cases
can occur:

1. Jpp is the Jacobian of a unique tropical curve C whose combinatorial type is the
theta-graph.

2. There exists a family of tropical curves C over Rě0 such that Jpp is the Jacobian of
each fiber.

Using Algorithm 2 we can identify which one does and give an explicit description of the
tropical curve(s) for each specific case.
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Proof. In order to access the methods developed in the context of the tropical Schottky
problem ([13]), we first have to reformulate our input (Jpp with principal polarization ζpp)
in adequate language: The equivalence class of pJpp, ζppq corresponds to Q̄pp P S̃2

ě0{GLpZq,
where Qpp is a coordinate representation of the scalar product rζppp¨q, ¨spp. We have to
computeQpp next: We know from the proof of Proposition 3.5.9 that rζppp¨q, ¨spp agrees with
rζp¨q, ¨sG. Thus, upon fixing Z-basis

• S 1 :“ p

ˆ

lTE1

0

˙

,

ˆ

k¨lTE1

d
lTE
d

˙

q of π´1pGq,

• S :“ ppω, 0q, p0, ω̃qq on Ω1
TE1

À

Ω1
TE with dual basis S˚,

we see that Qpp :“ MpS1,S1qprζ
ppp¨q, ¨sppq factors as S1MSpζq

t ¨MpS,S1qprζp¨q, ¨sGq. Since the
quotient pairing ([32], Lemma 26) is defined by

r¨, ¨sG : Ω1
TE1

à

Ω1
TE ˆ π´1

pGq Ñ R, pλ, λ1q Ñ jpλ1qpλq,

where j denotes the embedding π´1pGq ãÑ HompΩ1
TE1 ,Rq

À

HompΩ1
TE,Rq, we have:

MpS,S1qprζp¨q, ¨sGq “S1 MS˚pjq “

ˆ

lTE1
k¨lTE1

d

0 lTE
d

˙

.

To obtain a coordinate representation for ζ (the polarization inducingmd ˝ ζTE1
À

TE) next,
we use Algorithm 1, just to note that most of the work has already been carried out in
the proof of Lemma 3.5.7: With the notation therein, fix T 1 :“ ppB, 0q, p0, B̃qq as basis for
H1pTE 1,Zq

À

H1pTE,Zq and take the basis S and S 1 as above. Then S1MSpζq is given by
the matrix product

T 1MSpmd ˝ ζTE1
À

TEqS2M´1
S1 piq “

ˆ

d 0
0 d

˙ˆ

1 ´k
0 d

˙´1

“

ˆ

d k
0 1

˙

and Qpp finally by

MpS1,S1qprζ
pp
p¨q, ¨sppq “

ˆ

d ¨ lTE1 k ¨ lTE1

k ¨ lTE1
k2lTE1`lTE

d

˙

.

The idea is to recognize in Qpp the period matrix of genus 2 graph Γ and recover Γ by just
reading off edge lengths from its matrix entries. However, the non-injectivity of ttr2 requires
a more systematic approach: In the spirit of [13], we therefore compute a representative QΓ

for each relevant combinatorial type Γ and check whether Qpp is GLpZq-equivalent to one
of these. From Section 3.4, with the corresponding base choice, we get

Q1
Γ “

ˆ

lpeq ` lpe2q lpe2q
lpe2q lpe1q ` lpe2q

˙

and Q2
Γ “

ˆ

lpe1q 0
0 lpe2q

˙
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for the theta-graph and the dumbbell-graph with corresponding closed cones

σ1
Γ “ x

ˆ

1 0
0 0

˙

,

ˆ

0 0
0 1

˙

,

ˆ

1 1
1 1

˙

yRě0 and σ2
Γ “ x

ˆ

1 0
0 0

˙

,

ˆ

0 0
0 1

˙

yRě0.

Since σ2
Γ is just a face of σ1

Γ, it suffices to consider σ1
Γ, which we will, for the sake of

convenience, replace by

σ :“

ˆ

1 0
0 ´1

˙

‚ σ1
Γ “ x

ˆ

1 0
0 0

˙

,

ˆ

0 0
0 1

˙

,

ˆ

1 ´1
´1 1

˙

yRě0,

accordingly Qpp by
ˆ

1 0
0 ´1

˙

‚ Qpp, but retain our old notation Qpp in this case. Next,

we perform Selling’s Reduction Algorithm (Proposition 3.5.13) to reduce Qpp to a form
lying in σ. Non-uniqueness poses a problem for determining edge lengths in a consistent
way (see Remark 3.5.16 and 3.5.15). We therefore extend Selling’s Reduction Algorithm (as
described in [77], Section 2.3.3) by applying transformations X P Stabpσq to get a unique
representative Q̃pp in

F :“ x

ˆ

0 0
0 1

˙

,

ˆ

1 0
0 1

˙

,

ˆ

2 ´1
´1 2

˙

yRě0.

Since F Ă σ we can write Q̃pp as linear combination of the extreme rays of σ:

Q̃pp
“ l1

ˆ

1 0
0 0

˙

` l2

ˆ

0 0
0 1

˙

` l3

ˆ

1 ´1
´1 1

˙

.

If Q̃pp lies in the interior of σ, we conclude thatQpp is the periodmatrix of the theta-graph
whose metric is fully determined by the coefficients li for i “ 1, 2, 3, i.e. we have

lpeq “ l1, lpe1q “ l2, lpe2q “ l3.

Suppose, however, that Q̃pp lies in a face of σ, then it can only lie in the interior of a 2-
dimensional face since detpQppq ‰ 0. ThusQpp is equivalent to a form in σ2

Γ. In other words,
it is the period matrix of a family of curves C Ñ Rě0 with

• general fibre Ct whose combinatorial type is the dumbbell-graph with lpe1q, lpe2q
determined by the two non-zero coefficients and bridge edge of length t.

• special fibre C0 whose combinatorial type is the common specialization of the theta-
and the dumbbell-graph obtained by contracting one edge.

An algorithmic perspective on Proposition 3.5.14: We implemented this algorithm in
SINGULAR and provide instructions for use that are of interest to us here, as they clarify the
question of length assignement in the case that Q lives in the boundary. For more details on
Algorithm 2 see Section 3.7.
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Algorithm 2 :
Input: A pptav Jpp as in Proposition 3.5.14.
Output: A tropical curve C with JacpCq “ Jpp.

1. Perform Selling’s reduction algorithm to obtain a representativeQ ofQpp in σ. (Output
option: the Selling Parameters of Q and a list of integers that records the number of

transformations of type (1)
ˆ

1 0
1 1

˙

and (2)
ˆ

1 1
0 1

˙

yielding Q (in reverse order of

their application, ending with type (1))).

2. For all X P Stabpσq – S3 compute X ‚ Q. If X ‚ Q P F , set Q :“ X ‚ Q.

3. Let L be a list. Write Q as linear combination of the extremal rays of σ. Add the
coefficients to L.

4. Return L.

Remark 3.5.15. Length output interpretation for Algorithm 2:

1. If all entries of L are non-zero, then Qpp is the period matrix of the theta-graph and
the entries of L correspond to the edge lengths lpeq, lpe1q, lpe2q (in this order).

2. Else, Qpp is the period matrix of a family of curves whose combinatorial type is the
dumbbell graph. Using the labeling from Figure 3.3 we interpret the entries of L as
follows:

• If l3 “ 0 (i.e. Q P σ2
Γ), set lpeiq “ li.

• If l2 “ 0 (i.e. Q R σ2
Γ), consider

ˆ

´1 0
´1 1

˙

‚ Q and set lpe1q “ l1 and lpe2q “ l3.

• If l1 “ 0 (i.e. Q R σ2
Γ), consider

ˆ

1 ´1
0 ´1

˙

‚ Q and set lpe1q “ l3 and lpe2q “ l2.

From the perspective of moduli spaces.

As we move away from a sole focus on the algorithmic part of the problem, we bring
the structural framework back into the picture: From the perspective of moduli spaces
(Section 3.4.3) Proposition 3.5.14 asks for a special fibre, the preimage of Qpp under ttr2 .
Since tσ̄D1 , σ̄D2 , σ̄D3 , σ̄D4u is a complete set of representatives forGlpZq-equivalence classes
of secondary cones (see [29], Example 4.10), we (only) know that Qpp P X ¨ σ̄D1 for an
X P GlpZq. We first find an X with X tQppX P σ̄D1 using Selling’s Reduction Algorithm.
The cone σ̄D1 , however, still has symmetries that arise from the action of its stabilzer
StabpσD1q. So we pick a fundamental domain, the cone F in the proof of Proposition 3.5.14
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(see blue-shaded area in Figure 3.8), and compute the unique representative Q̃pp of Qpp in F .
If li ‰ 0 holds for i “ 1, 2, 3 (see Proposition 3.5.14 and its proof), in other words, if Qpp is a
generic point (see [14], Definition 2.1.1) of Atr2 , we have

pttr2 q
´1
pQpp

q “ tCu.

This reflects the fact that ttr2 is of tropical degree 1. Else

pttr2 q
´1
pQpp

q “ tCu,

where C is the family of tropical curves from Proposition 3.5.14. Figure 3.8 offers a visual-
ization of both situations.

Atr2M tr
2

ttr2

ttr2

Figure 3.8: Propostion 3.5.14 for case (1) in black and case (2) in red.

Remark/Reference 3.5.16. The reconstruction is based on the approach of [13], where
they construct an arbitrary curve with a given tropical Jacobian. Not only arbitrary in the
sense, that a positive definite quadratic formQ can be the period matrix associated to curves
with different combinatorial types (the natural non-injectivity of ttr2 ). But also arbitrary
when specifying the metric for a fixed combinatorial type pG, gq. There is not necessarily a
uniqueGlpZq representative ofQ in the corresponding cone σpG,gq, since we can still operate
on Q with X P StabpσpG,gqq. Depending on our choice of representative, we get different
metrics on pG, gq. The reason for this is as follows: The action of StabpσpG,gqq on elements of
σpG,gq really corresponds to permuting edges of G. To determine edge lengths, however, we
fix a cycle base and an order on EpGq, write Q as linear combination of the corresponding
extreme rays and match the resulting coefficients to the edges according to our chosen order.
In order to do justice to the geometric meaning behind the StabpσpG,gqq-action, we remove
the element of arbitrariness and only use the representative of Q in F to determine the
metric.
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3.5.4 Step 3 of Plan 3.5.1
Fix Γ :“ C or Γ :“ C0,Γt :“ Ct for t P Rą0, P0 P Γ as in Figure 3.3, depending on whether
case (1) or (2) occurs in Proposition 3.5.14, and define maps

φ :“ g2 ˝ ΦP0 and φ1 :“ g1 ˝ ΦP0

adding a subscript t pφt, φ1
tq for case p2q. At this point, all that remains is to assemble the

building blocks from steps 1 and 2 of Plan 3.5.1.

Theorem 3.5.17. Let pTE 1,TE,Gq be splitting data, i.e. G is the graph of an isomorphism
α between the d-torsion points of TE 1 and TE. Then there exists

• a (family of) curve(s) of genus 2 Γ (Γt for t ě 0),

• a (family of) pair(s) of optimal covers pφ1 : Γ Ñ TE 1, φ : Γ Ñ TEq (pφt, φ1
tq for t ě 0)

of degree d,

that induce a splitting

ϕ : TE 1
à

TE Ñ JacpΓq

with JacdpTE 1q – kerpϕq – JacdpTEq.

Proof. Let ϕ,Γ, φ1 and φ be as in steps 1-3, omitting the subscript t for clarity. All that
remains is to show that the maps φ and φ1 are optimal covers of degree d with g1 “ φ1

˚,
g2 “ φ˚, f1 “ φ˚ and f2 “ φ

1˚. Compare the definition of φ and φ1 with the complementary
cover ([32], Section 6.2) and note that they are constructed according to the same pattern.
We therefore refrain from proving the covering-property and refer to Lemma 64 in [32],
instead. With two covers at our disposal we embark to reinterpret Diagram 3.31 in terms of
φ and φ1: We specify embeddings

j1 : TE 1
Ñ JacpTE 1

q, P 1
ÞÑ P 1

´ 0JacpTE1q

j2 : TE Ñ JacpTEq, P ÞÑ P ´ 0JacpTEq

that are compatible with ΦP0 . Under these identifications (i.e. TE 1 – JacpTE 1q and TE 1 –

JacpTE 1q via j1 and j2) we see that

• g1 (g2) corresponds to the push-forward φ1
˚ (φ˚) since

Γ JacpΓq Γ JacpΓq

TE 1 JacpTE 1q TE JacpTEq,

ΦP0

φ1 g1

ΦP0

φ g2

j1 j2
(3.38)

commute.
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• f1 (f2) corresponds to the pull-back φ1˚ (φ˚) ([32], Lemma 35)

which, together with the exactness of the diagonals in 3.31, implies optimality of φ and φ1.
We can now compute degpφq and degpφ1q as in the proof of Theorem 66 ([32]) For φ we
have

degpφqid “ φ˚ ˝ φ
˚
“ pg2 ˝ j2q ˝ pj

´1
2 ˝ f2q

“ p2 ˝ ϕ̃ ˝ ϕ ˝ ι2,“ p2 ˝ pmd,mdq ˝ ι2 “ md

and thus degpφq “ d. The analogous computation for φ1 shows degpφ1q “ d as well.

We let Example 3.5.11 rest for reconstruction step 2, as it was already conceivable from
the "Cover-to-Splitting" direction (see Figure 3.2 and Example 67 ([32]), that Jpp is the
Jacobian of the theta-graph whose edges have all length 1. We pick it up again to illustrate
step 3 of Plan 3.5.1.

Example 3.5.18. We define

φ1 : Γ Jpp “ JacpΓq JacpTE 1q TE 1

R2{

ˆ

2 1
1 2

˙

Z2 R{Z

ΦP0 g1

–

j1

–

p 1 0 q

(3.39)

and

φ : Γ Jpp “ JacpΓq JacpTEq TE

R2{

ˆ

2 1
1 2

˙

Z2 R{3Z

ΦP0 g2

–

j2

–

p´1 2 q

(3.40)

where coordinate representations are taken from Figure 3.7. In order to understand φ and φ1

as morphisms of graphs we work locally as [32] (see Example 67 for details). We can easily
read off parametrizations of e, e1 and e2 in Jpp from Figure 10 ([32]). By acting on these
withMpgiq we finally obtain

φ1
|eptq “ t` 0JacpTE1q, φ

1
|e1
ptq “ 0JacpTE1q, φ

1
|e2
ptq “ t` 0JacpTE1q,

φ|eptq “ ´t` 0JacpTEq, φ|e1ptq “ ´2t` 0JacpTEq, φ|e2ptq “ t` 0JacpTEq,

where t P r0, 1s.
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TE 1

e

e1
e2

P0

P1

0JacpTE1q

φ1

Γ

TE
0JacpTEq

φ

P0 P1

e1

e2

e

2 Γ

Figure 3.9: φ1 and φ as morphisms of graphs.

Remark 3.5.19. We can now answer the two questions at the beginning Section 3.5:
pTE 1,TE,Gq is splitting data if and only if it satisfies the conditions described in Lemma
3.5.3. Moreover, Theorem 3.5.17 shows, it is both necessary and sufficient.

3.6 Moduli space perspective
We investigate a Schottky-type problem and study the fibres of ttr2 for the case of split
Jacobians. In this context, we are interested in the following subsets:

1. Q Ă Atr2 the locus of split Jacobians.

2. TLd ĂM tr
2 the locus of curves with d-split Jacobians.

The second is a tropical analogue of the locus of genus 2 curves with pd, dq-split Jaco-
bian studied for example in [73], [59]) or [74]. The notation from the previous Section is
maintained.

3.6.1 A Schottky-type Problem

As a result of our reconstruction procedure in Section 3.5, we have a representative for each
isomorphism-class of pptavs that gives rise to a split Jacobian, i.e. we have a description for
Q:

Q “ tQpp
pd, k, lTE1 , lTEq | d P Ną1, k P Z˚

d, lTE1 , lTE P Rą0u.

With this family of pptavs coming from geometry at hand, it is natural to ask for Q X BAtr2 .
For each specific case, Proposition 3.5.14 tells us whether Qpp is a generic point, but it does
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so only a posteriori meaning after running through Algorithm 2. Much more satisfying
would be an a priori characterization, one that is inspired by the following observation

Qpp
P σ is not a generic point ô lTE “ klTE1pd´ kq for k, d P N,

k ă d, gcdpk, dq “ 1.

This can be seen immediately by writing Qpp as linear combination of the extreme rays of σ
and noting that only one of the coefficients can vanish. More generally:

Remark 3.6.1. We have used the description of σ in terms of generators. As a system of
inequalities it is given by

t

¨

˝

q11
q12
q22

˛

‚P R3
| q12 ď 0, q11 ` q12 ě 0, q22 ` q12 ě 0u,

where we identify a 2 ˆ 2 symmetric matrix with entries qij with a vector in R3. Then,
Q P σ lies in a 2-dimensional face if and only if one of the inequalities is not strict.

We exploit Remark 3.6.1 and Algorithm 2 to give a concrete description of the intersection
with the boundary for two subfamilies of Q.

Lemma 3.6.2. Consider the same setting as in Proposition 3.5.14 and let k “ 1. Then case
p2q holds if and only if there exists α P Ną0 with

α ¨ lTE “ pd´ αq ¨ lTE1 .

Proof. The proof is based on two simple observations:

1. A reduced representative Q of Qpp inside σ can be obtained only using the transfor-

mation
ˆ

1 0
1 1

˙

.

2. Q lies in a 2-dimensional face if and only if q22 ` q12 “ 0 holds.

We start with p1q: Consider the sequence

an :“ ´qpp12 ´ pn` 1qqpp22 , n P N

and note that panqnPN is strictly decreasing. Let α̃ :“ mintn P N|an ď 0u. We claim

that Q :“

ˆ

1 0
α̃ 1

˙

‚ Qpp P σ, i.e. that Q satisfies the inequalities from Remark 3.6.1. A

computation shows

q12 “ qpp12 ` α̃qpp22 ,

q11 ` q12 “ qpp11 ` p2α̃ ` 1qqpp12 ` α̃pα̃ ` 1qqpp22 ,

q22 ` q12 “ qpp12 ` pα̃ ` 1qqpp22 ,

114



i.e.

q12 “ ´aα̃´1 ă 0

q11 ` q12 “ qpp11 ` pα̃ ` 1qqpp12 ´ α̃aα̃ ě qpp11 ` pα̃ ` 1qqpp12
q22 ` q12 “ ´aα̃ ě 0

as an immediate consequence of the definition of α̃ and the fact that panqnPN is strictly
decreasing. Recalling that qpp11 “ dlTE1 and qpp12 “ ´klTE1 , we obtain

qpp11 ` pα̃ ` 1qqpp12 ě 0

since d ě α̃ ` 1 (again by minimality of α̃) and conclude (1). Note that point (2) is just a
special case of Remark 3.6.1 when combined with the following observation:

q11 ` q12 “ 0 ô qpp11 ` pα̃ ` 1qqpp12 “ 0 and α̃aα̃ “ 0

ô d “ α̃ ` 1 and α̃plTE1 ´ pα̃ ` 1q
lTE1 ` lTE

d
q “ 0

ô d “ α̃ ` 1 and plTE1 ´ pα̃ ` 1q
lTE1 ` lTE

d
q “ 0,

where the last equivalence holds since d ą 1 (and thus α̃ ‰ 0q, so we have a contradiction.
As intermediate result (from p1q and p2q) we get: Case p2q in Proposition 3.5.14) holds if and
only if q22` q12, i.e. aα̃ “ lTE1 ´pα̃` 1q

lTE1`lTE
d

vanishes. This shows the "only if"-direction
(by setting α :“ α̃` 1 of the statement of Lemma 3.6.2. For the "if"-direction suppose there
exists such an α P Ną0, then aα´1 “ 0 and α ´ 1 “ α̃ since panqnPN is strictly decreasing.
This means Q P σ by point p1q, in particular Q is in a 2-dimensional face by p2q.

A symmetrical result is content of the following Lemma.

Lemma 3.6.3. Consider the same setting as in Proposition 3.5.14 and let d ě 3, k “ d´ 1.
Then case p2q holds if and only if there exists β P Ną0 with

β ¨ lTE “ pd´ βq ¨ lTE1 .

The proof is based on the same methods, but their implementation is tedious and more
complicated. We leave it at a rough sketch.

Sketch of Proof. If Qpp P σ, then case p2q holds if and only if lTE “ pd ´ 1q ¨ lTE1 (see
Observation above Remark 3.6.1. If not, replace the two observations from the proof of
Lemma 3.6.2 by:

1. We can find a reduced representative Q of Qpp inside σ of the form
ˆ

1 β̃
0 1

˙ˆ

1 0
1 1

˙

‚ Qpp.
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2. Q lies in a 2-dimensional face if and only if q11 ` q12 “ 0 holds.

Consider a sequence pbnqnPN analogous to panqnPN and set

β̃ :“ mintn P N|bn ď 0u.

Then check that the entries of Q satisfy the inequalities from Remark 3.6.1 and argue that
equality can hold at most once, namely for q11 ` q12. A final substitution provides us with
the claimed equation.

Example 3.6.4. Consider two elliptic curves TE and TE 1 with lTE “ 5 and lTE1 “ 3. We
are looking for subgroups G of the direct product TE 1 ‘ TE that arise from isomorphisms
between their d-torsions. These should be as required by Lemma 3.6.2 and 3.6.3 of the form
(here in coordinates, i.e. as map R{3Zrds Ñ R{5Zrds):

3

d
ÞÑ

5

d
(as in Lemma 3.6.2) and pd´ 1q3

d
ÞÑ

5

d
( as in Lemma 3.6.3)

and yield for each d a pptav Jpp (Constrution 3.5.8) that is the Jacobian of a family of curves
whose combinatorial type is the dumbbell-graph. According to the previous discussion
consider

a ¨ 5 “ pd´ aq ¨ 3,

which is satisfied, for example, by the tuple pd “ 16, a “ 6q or pd “ 24, a “ 9q. Running
through Algorithm 2 we find that the special fiber of the corresponding family of genus
2 curves is defined by plpe1q “

1
2
,lpe2q “ 30q, for the tuple pd “ 16, a “ 6q, and plpe1q “

1
3
,lpe2q “ 45q, for the tuple pd “ 24, a “ 9q. The general fibers are as in the proof of

Proposition 3.5.14.

Example 3.6.4 illustrates: Geometrically, the subfamilies of pptavs from Lemma 3.6.2
and 3.6.3 correspond to fixing a special class of isomorphisms between the d-torsion points
of TE 1 and TE. The reason for explicit results in these cases is simply that the (type of)
reduced representative in σ that is produced by Algorithm 2 is fixed. For a general Qpp P Q

we only know that there exists a sequence pα1, β1, ..., αn, βnq of positive integers such that
ˆ

1 βn
0 1

˙ˆ

1 0
αn 1

˙

¨ ¨ ¨

ˆ

1 β1
0 1

˙ˆ

1 0
α1 1

˙

‚ Qpp
P σ.

If we want to extend our previous approach, the question arises whether there exist other
subfamilies of Q that restrict the possibilities for pα1, β1, ..., αn, βnq (e.g. that fix n). In other
words whether pα1, β1, ..., αn, βnq has geometric meaning.

Example 3.6.5. In the vein of previous results, we aim at classes of isomorphisms whose
graphs are the subgroups G (Lemma 3.5.3). But more conservatively, work with fixed d “ 5
and k “ 2 first. The result is sobering: For lTE “ 2 and lTE1 “ 3, for example, we have type
p2, 0q, and for lTE “ 10 and lTE1 “ 100, type p3, 1q.

116



Hence, from now on we will fix pα1, β1, ..., αn, βnq as additional, purely algebraic datum
and split the initial question about the intersection Q X BAtr2 :

1. Given G (i.e. given k, d), can we find TE and TE 1 such that Jpp as constructed in
3.5.8 is equal to JacpCq (see Proposition 3.5.14, case (2))?

2. Given TE and TE 1, can we findG such that Jpp “ JacpCtq for each member Ct of C?

Question (1). The following Lemma can be viewed as a generalization of Lemma 3.6.2
and 3.6.3, assuming that the representative is fixed (!).

Lemma 3.6.6. Let 1 ď k ď d be coprime and pα1, β1, ..., αn, βnq P Nzt0u2n´1 Y N. Then
there exists elliptic curves TE and TE 1 with Jpp “ JacpCq as in case (2) of Proposition
3.5.14, if one of the following two linear equations has a solution plTE1 , lTEq P Rą0:

cj1pαi, βi, k, dqlTE1 ` cj2pαi, βiqlTE “ 0, j “ 1, 2,

where the coefficients cj1 and c
j
2 for j “ 1, 2 are fixed byG (i.e. by k, d) and pα1, β1, ..., αn, βnq.

Proof. Let Q :“

ˆ

1 βn
0 1

˙ˆ

1 0
αn 1

˙

¨ ¨ ¨

ˆ

1 β1
0 1

˙ˆ

1 0
α1 1

˙

‚ Qpp. We claim that Q P Bσ,

whenever one of the following holds:

q11 ` q12 “ 0 or q22 ` q12 “ 0. (3.41)

Suppose q11 ` q12 “ 0. We have to show that the entries of Q satisfy the remaining
inequalities from Remark 3.6.1. Note that q11 ą 0 since qpp11 is and, given that transformations

of type
ˆ

1 β
0 1

˙

and
ˆ

1 0
α 1

˙

keep one of the diagonal entries of Qpp fixed, the other does

not change sign as well.

Exemplary for Q̃ :“

ˆ

1 0
α 1

˙

‚ Qpp: We have q̃11 “ qpp11 ` αqpp12 and q̃22 “ qpp22 . Then

0 ă q̃11q̃22 ´ pq̃12q
2 (Q̃ is positive definite) implies that q̃11 and q̃22 have the same sign.

This shows q12 “ ´q11 ă 0 and q22 ` q12 “ q22 ´ q11 ą 0 follows from 0 ă q11q22 ´
pq12q

2 “ q11q22 ´ pq11q
2. Proceeding analogously for the case q22 ` q12 “ 0 proves the claim.

To obtain equations of the form given in Lemma 3.6.6, consider, equivalently to Equations
(3.41), their d-multiple. It then follows from the structure of Qpp that these are linear in lTE1

and lTE , i.e. with no constant term: By acting with
ˆ

1 β
0 1

˙

and
ˆ

1 0
α 1

˙

on Qpp we simply

swap the entries of Qpp, which are linear functions in lTE1 and lTE , for linear combinations
of them.

Remark 3.6.7.
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• The existence of a solution to the equations in Lemma 3.6.6 is equivalent to cj1 and
cj2 having different sign. A closer look at both reveals that cj2 ą 0. The sign of cj1,
however, depends on G and pα1, β1, ..., αn, βnq.

• The proof shows that Equations (3.41) cannot be satisfied simultaneously.

Question (2). Unlike Question (1), answering Question (2) involves finding a special
solution to a quadratic equation. By considering

q11 ` q12 “ 0 or q22 ` q12 “ 0

as equations in d and k we get:

cj1pαi, βiqlTE1 ¨ k2 ` cj2pαi, βiqlTE1 ¨ kd` cj3pαi, βiqlTE1 ¨ d2 ` cj4pαi, βiqlTE “ 0,

where cji P Z with cj1, c
j
3, c

j
4 ą 0 and cj2 ă 0 for j “ 1, 2 are fixed by pα1, β1, ..., αn, βnq.

Then G exists, if one of the above has a solution pd, kq with d P N and k P Z˚
d .

3.6.2 Locus of curves with split Jacobian
Subsections 3.5.3 and 3.6.1 give us a way to understand and organize the locus of curves
with d-split Jacobians that follows naturally from previous considerations.
Construction 3.6.8. The locus TLd :“ pttr2 q

´1pQdq decomposes into

TLd “
ď

kPZ˚
d

Lk,

where Lk :“ pttr2 q
´1pQd,kq and Qd Ă Q and Qd,k Ă Q are the subsets obtained by fixing d,

respectively d and k. Now, Qd,k is the disjoint union of Qd,k XBAtr
2 and Qd,kzpQd,k XBAtr

2 q.
By Lemma 3.6.6 we know that Qd,k X BAtr

2 is in 1:1 correspondence with a union of half
rays:

ď

pαi,βiq

tplTE1 , lTEq P R2
ą0 | c1pαi, βi, k, dqlTE1 ` c2pαi, βi, k, dqlTE “ 0u,

where pαi, βiq are so that c1pαi, βi, k, dq ą 0 (Remark 3.6.7). In this case we say pαi, βiq
is feasible (for d and k).

We define the fan∆k associated to Lk as the collection of cones obtained by subdividing
R2

ą0 as above and taking the Euclidean closure.
Theorem 3.6.9. The locus of curves with d-split Jacobian decomposes into φpdq subsets

TLd “
ď

kPZ˚
d

Lk,

where φpdq denotes the Euler phi function. The fan∆k (see Construction 3.6.8) has maximal
cones σpαi,βiq indexed by feasible types and relates toLk via a family of linear maps tϕσpαi,βiq

:

σpαi,βiq ÑM tr
2 u such that
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• ϕσ̃ maps the interior of σ̃ :“ σpαi,βiq to a 2 dimensional cone in the theta part ofM tr
2 .

• restricting ϕσ̃ to a ray r that is a face of two maximal cones yields a linear map
ϕσ̃|r ˆ id : r ˆ Rě0 ÑM tr

2 whose image in the dumbbell part ofM tr
2 is ϕσ̃prq ˆ rB ,

where rB denotes the ray that corresponds to the bridge edge.

• the maps in tϕσpαi,βiq
u are compatible in the sense that for two neighboring maximal

cones σ̃ and σ̃1 the restriction of ϕσ̃, respectively ϕσ̃1 , to a common face agree.

Proof. We address the structure of ∆k first and then describe its realization inM tr
2 .

1. Maximal cones are indexed by feasible types:
A point plTE1 , lTEq in the interior of a maximal cone σ̃ P ∆k corresponds to

QppplTE1 , lTEq P pQd,kzpQd,k X BAtr
2 qq, i.e. we have

q12 ă 0,´q12 ´ q11 ă 0,´q12 ´ q22 ă 0, (3.42)

where Q :“ pqijq :“ pαi, βiq ‚ QppplTE1 , lTEq P σ denotes the representative (in σ) obtained
by Selling’s reduction algorithm (see Subsection 3.5.3). Since inequalities (3.42) depend
continuously on plTE1 , lTEq, points in a small neighborhood of plTE1 , lTEq yield pp of type
pαi, βiq as well. This is true as long as inequalities (3.42) are preserved.

If they are not, thenQplTE1 , lTEq P BAtr2 and henceQppplTE1 , lTEq P BAtr2 . More precisely:
If ´q12 ´ q11 “ 0 or ´q12 ´ q22 “ 0 holds, then QppplTE1 , lTEq has type pαi, βiq as well
and plTE1 , lTEq lies on the ray that corresponds to pαi, βiq. If q12 “ 0, then plTE1 , lTEq is a
point on the ray defined by pα̃i, β̃iq, where pα̃i, β̃iq differs from pαi, βiq by an α or by a β
transformation: q12 “ 0 does not occur when performing Selling’s reduction algorithm, but
Q P σ. We compare inequalities (3.42) before and after an α, respectively β transformation:

qafter12 “ ´qbefore23 , qafter13 “ qbefore13 ` 2qbefore23 , qafter23 “ 2qbefore23 ` qbefore12

qafter12 “ ´qbefore13 , qafter13 “ qbefore12 ` 2qbefore13 , qafter23 “ qbefore23 ` 2qbefore13

We see qafter12 “ 0 means, either qbefore23 “ 0, or qbefore13 “ 0. Selling’s Algorithm has to
terminate earlier.

2. Construction of ϕσ̃: For each maximal cone σ̃ with corresponding type pαi, βiq write
QplTE1 , lTEq :“ pαi, βiq ‚ QppplTE1 , lTEq as linear combination of the extreme rays of σ

l1plTE1 , lTEq

ˆ

1 0
0 0

˙

` l2plTE1 , lTEq

ˆ

0 0
0 1

˙

` l3plTE1 , lTEq

ˆ

1 ´1
´1 1

˙

,

and set ϕσ̃plTE1 , lTEq :“ pl1, l2, l3q. Note that ϕσ̃ : σ̃ ÑM tr
2 is linear since

l1 “ q12 ` q11, l2 “ q12 ` q22, l3 “ ´q12.
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3. Compatibility: Combining Points 1 and 2, we see

ϕσ̃ “

¨

˝

qafter12 ` qafter11

qafter12 ` qafter22

´qafter12

˛

‚ and ϕσ̃1 “

¨

˝

qbefore12 ` qbefore11

qbefore12 ` qbefore22

´qbefore12

˛

‚

for cones σ̃ and σ̃1 having a common face r. As r is defined by qbefore12 ` qbefore11 “ 0 or
qbefore12 ` qbefore22 “ 0, ϕσ̃|r and ϕσ̃1|r agree up to permutation.

4. The interior of σ̃: ϕσ̃pσ̃q is a cone that maps the interior of σ̃ to the theta part of
M tr

2 . This is an immediate consequence of Point 2. We show that ϕσ̃pσ̃q is 2 dimensional:
First, suppose Rě0 ¨ lTE1 is not a face of σ̃ and let γ be a path between the two extreme
rays of σ̃ with constant lTE coordinate (see Figure 3.10). Given plTE1 , lTEq, pl̃TE1 , l̃TEq P σ̃,
observe that QppplTE1 , lTEq „ Qpppl̃TE1 , l̃TEq in Atr2 implies l̃TE1 ¨ l̃TE “ lTE1 ¨ lTE (by taking
determinants). Then ϕσ̃|γ is injective and for a shift γϵ :“ γ ` p0, ϵq, where ϵ ą 0 is big
enough, we have ϕσ̃pImpγqq X ϕσ̃pImpγϵqq “ H by the same argument. This proves that
ϕσ̃pσ̃q is 2 dimensional. Now, suppose Rě0 ¨ lTE1 is a face of σ̃ and consider a path with
constant lTE1 coordinate instead.

lTE

lTE1

r1

r2

γ

γϵ

Figure 3.10: Paths γ and γϵ in the proof of Theorem 3.6.9

5. The boundary of σ̃: If plTE1 , lTEq lies on a common face r of two maximal cones,
then lTE1 and lTE are both non-zero and give rise to a pp that lives in the boundary of Atr

2 .
Then, by Proposition 3.5.14, its preimage under ttr2 consists of a family of tropical curves of
type dumbbell whose cycle lengths are fixed by the non-zero entries of ϕσ̃plTE1 , lTEq. This
induces a map

ϕσ̃|r ˆ id : r ˆ Rě0 ÑM tr
2 ,

whose image in the dumbbell part of M tr
2 is ϕσ̃prq ˆ rB , where rB denotes the ray that

corresponds to the bridge edge.
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∆2

lTE

lTE1

p0, 0q

p1, 0q

p1, 1q

r1

r2

∆1

lTE

lTE1

p0, 0q

p1, 0q

p2, 0q

r1

r2

Figure 3.11: The fan ∆1 on the left and the fan ∆2 on the right with cones labeled by their
type pα, βq.

Remark 3.6.10.

• The maps ϕσpαi,βiq
can be viewed as local inverses of the Torelli map.

• By taking the Euclidean closure in R2 of the cones induced by subdividing R2
ą0

according to feasible types, we get points that do not fit into the setting of Section 3.5,
namely points whose lTE- or lTE1-coordinate is 0. Nevertheless, these give insight into
the behavior of the reconstruction procedure in the limit lpTEq Ñ 0 or lpTE 1q Ñ 0
for the inputs pTE,TE 1, Gq. The corresponding genus 2 curve tends towards a curve
whose combinatorial type is a cycle with a vertex of genus 1.

Remark 3.6.11. With Lemma 3.6.2 and 3.6.3 we have an explicit description of the fans ∆1

and ∆d´1 associated to L1 and Ld´1: For ∆1 we have a collection of d cones obtained by
subdividing R2

ě0 as follows:

d´1
ď

α“1

tplTE1 , lTEq P R2
ą0 |αlTE ` pα ´ dqlTE1 “ 0u.

For ∆d´1 the subdivision is induced by

d´1
ď

β“1

tplTE1 , lTEq P R2
ą0 | βlTE ` pβ ´ dqlTE1 “ 0u

and generates d cones.

Example 3.6.12. Let d “ 3, then TL3 “ L1 Y L2. By Remark 3.6.11 we have an explicit
description for both: ∆1 is induced by

tplTE1 , lTEq P R2
ą0 | lTE ´ 2lTE1 “ 0u Y tplTE1 , lTEq P R2

ą0 | 2lTE ´ lTE1 “ 0u
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and the fan ∆3´1 by:

tplTE1 , lTEq P R2
ą0 | lTE ´ 2lTE1 “ 0u Y tplTE1 , lTEq P R2

ą0 | 2lTE ´ lTE1 “ 0u.

See Figure 3.11. Following the proof of Theorem 3.6.9 we compute the maps associated to
the maximal cones of ∆1:

ϕp0,0q “

¨

˝

2lTE1

lTE
3

´
2lTE1

3

lTE1

˛

‚ϕp1,0q “

¨

˝

2lTE
3

`
2lTE1

3
´lTE1

3
`

2lTE
3

´lTE
3

`
2lTE1

3

˛

‚ϕp2,0q “

¨

˝

2lTE
lTE

lTE1

3
´

2lTE
3

˛

‚ (3.43)

Compatibility is verified exemplarily for ϕp0,0q and ϕp1,0q: r1 is given by the equation 2l1 “ l.
Substituting in (3.43) yields

ϕp0,0q “

¨

˝

2l1

0
l1

˛

‚ and ϕp1,0q “

¨

˝

2l1

l1

0

˛

‚.

We conclude with a visualization in Figure 3.12. Repeating the same procedure for ∆2 we
get

ϕp0,0q “

¨

˝

lTE1

lTE
3

´
2lTE1

3

2lTE1

˛

‚ϕp1,0q “

¨

˝

´lTE1

3
`

2lTE
3

2lTE
3

`
2lTE1

3
´lTE
3

`
2lTE1

3

˛

‚ϕp1,1q “

¨

˝

lTE
2lTE

lTE1

3
´

2lTE
3

˛

‚

and see that the image of ∆1 and ∆2 inM tr
2 agree.

σp2,0q

σp1,0qσp0,0q
r1

r2

Figure 3.12: The image of ∆1 inM tr
2 .
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3.7 Appendix
This section follows Subsection 3.5.3 and the notation therein. We review Selling’s reduction
algorithm in greater detail (see [77], Section 2.3.3 and [71]) and provide an overview of some
SINGULAR procedures, which may be used in the context Split Jacobians.

A 2-dimensional positive definite quadratic form q with associated matrix Q :“ pqijq is
represented by its Selling parameters:

q12, q13 :“ ´q11 ´ q12, q23 :“ ´q11 ´ q12.

Selling’s reduction algorithm reduces q to a form whose Selling parameters are all non-

positive: Without loss of generality suppose q12 ă 0, else consider
ˆ

1 0
0 ´1

˙

‚ Q and

do:

• Compute the Selling Parameters of Q.

• If q13 ą 0, set Q :“

ˆ

1 1
0 1

˙

‚ Q.

• If q23 ą 0, set Q :“

ˆ

1 0
1 1

˙

‚ Q.

Repeat until q13 ď 0 and q23 ď 0.
Procedures available in the context of split Jacobians are:

Procedure: SELLING.
Input: A symmetric and positive definite 2ˆ 2 matrix Q with q12 ă 0.
Output: Selling parameters of a represantative Q̃ of Q in σ and a list of integers that records

the number of transformations of type (1)
ˆ

1 0
1 1

˙

and (2)
ˆ

1 1
0 1

˙

needed to obtain Q̃.

Procedure: FD_VERTETER.
Input: A symmetric and positive definite 2ˆ2matrixQwith non-positive Selling parameters.
Output: A represenative of Q in the fundamental domain F (see Subsection 3.5.3).

Procedure: LENGTH_OUTPUT
Input: A matrix Q P F .
Output: A curve Γ whose Jacobian is defined by Q.

Now Steps 1 and 2 of Plan 3.5.1 may be retraced computationally: Let pTE,TE 1, Gq be
splitting data, where TE and TE 1 are elliptic curves of length 1, respectively 3, and G is the
graph of

f : R{3Zr18s Ñ R{Zr18s,
7 ¨ 3

18
ÞÝÑ

1

18
.
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Step 1 of Plan 3.5.1: The splitting data pTE,TE 1, Gq is recorded as

pd, k, lTE1 , lTEq “ p18, 7, 3, 1q.

We compute the pptav Jpp by running SETMATRIX, which returns:
> matrix Q=SETMATRIX(18,7,3,1);
> Q;
Q[1,1]=54
Q[1,2]=-21
Q[2,1]=-21
Q[2,2]=74/9

i.e. Qpp “

ˆ

54 ´21
´21 74

9

˙

(see Subsection 3.5.3).

Step 2 of Plan 3.5.1: Running SELLING and RED_VERTRETER returns
> list L=SELLING(Q);L;
[1]:
-1/3
[2]:
-11/9
[3]:
-5/3
[4]:
1
[5]:
2

and
> matrix Qn=RED_VERTRETER(L);
> Qn;
Qn[1,1]=26/9
Qn[1,2]=-5/3
Qn[2,1]=-5/3
Qn[2,2]=2

where Qn is a representative of Qpp in σ whose Selling parameters are ´1
3
, ´11

9
, ´5

3
and

ˆ

1 1
0 1

˙

,

ˆ

1 0
2 1

˙

is a sequence of transformations that relates Qpp to Qn. The unique

representative inside F is obtained by invoking
> matrix Qnn=FD_VERTRETER(Qn);Qnn;
Qnn[1,1]=14/9
Qnn[1,2]=-1/3
Qnn[2,1]=-1/3
Qnn[2,2]=2

124



and

> list Ln=LENGTH_OUTPUT(Qnn);Ln;
[1]:
Jacobian of tropical curve of type T:
[2]:
[1]:
11/9
[2]:
5/3
[3]:
1/3

returns the length data L “ 11
9
, 5
3
, 1
3
(see Algorithm 2) together with the combinatorial type

of the curve Γ whose Jacobian is Jpp.
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Part II

Spin Hurwitz numbers with completed
cycles
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3.8 Introduction
The second part of this thesis moves from an intrinsic focus on tropical geometry to its
relation to other fields. The setting is a large network of mathematical disciplines, whose
interaction we study through the lens of enumerative geometry, Hurwitz numbers in partic-
ular.

Classical theory: type A Hurwitz numbers enumerate covers of a fixed Riemann surface
with specified ramification behavior. While their origin is geometric, translating these
numbers into other areas of mathematics has led to a growing body of results, ranging from
structural insights to explicit computations ([28], [66], [22], [23], [50]). Figure 3.13 sketches
the network:
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HWC

HWtrop

HWCtrop

Algebraic geometry

T
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ry

R
ep
re
se
n
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F ock space
formalism

HWgroup

HWrep.

Def.

HWCFock

Degeneration

Feynman
graphs

Figure 3.13: Areas supporting Hurwitz numbers (HW ) and Hurwitz numbers with completed
cycles (HWC). The double-headed arrows indicate a correspondence (equality) between the
respective invariants, the wavy arrow the transition to completed cycles via the substitution
rule fµ ÞÑ pµ.

In green: The geometric count (HW ) is translated into a group theoretic (HWgroup) one
by encoding the monodromy of ramified covers as tuples of elements of the symmetric
group. The number of such tuples becomes the coefficient of a product of elements in the
class algebra of the symmetric group and yields a representation-theoretic formula (HWrep.)
for Hurwitz numbers given by products of so-called central characters fµ.
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In blue: For target P1, Hurwitz numbers with completed cycles (HWC) are defined purely
representation-theoretically, by the substitution rule fµ ÞÑ pµ applied to the expression
HWrep., where the pµ are the shifted symmetric power sums. This comes with several
advantages: First, HWC can be expressed in the operator formalism of fermionic/bosonic
Fock space (HWFock) as vacuum expectation of a specific operator (Definition 6.4.1). This
makes an efficient computation possible. Second, this expression identifies the generating
function of HWC as a tau-function of the KP hierarchy and links Hurwitz theory to
integrable systems. Third, HWC enjoy much better properties than classical HW such as
piece-wise polynomiality.

Re-geometrization: This purely representation-theoretic number acquires a geometric
meaning in two ways:

• The Gromov-Witten/Hurwitz (GW/H) correspondence (see [66]), which identifies
certain Gromov–Witten invariants on Mg,npP1, dq with completed-cycles Hurwitz
numbers.

• Their evaluation in Fock space formalism, which offers a natural translation in tropical
language (see [28]), where HWC appear as a count of tropical covers.
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HWCFock
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Feynman
graphs

GWI

GWItrop

Figure 3.14: The two ways in which HWC acquires geometric meaning: 1. via the GW {H
correspondence (the upper dashed arrow). 2. by "tropicalizing" HWCFock.

129



We see: Tropical geometry is central, as it enjoys direct connections to nearly all settings
that support Hurwitz numbers.

Spin theory: type B Spin Hurwitz numbers enumerate branched covers of a fixed spin
curve (a curve with theta characteristic) with specified ramification behavior and sign fixed
by a lift of this theta characteristic to the source. They were introduced by Eskin-Okounkov-
Pandharipande in 2008 for certain computations in the moduli space of differentials on a
Riemann surface [37]. As of now this theory enjoys almost the same global structure (Figure
3.15) as Hurwitz theory:

• (upper green triangle, Geometric setting): Starting from [37], [54] and [56] develop
degeneration techniques, which [31] subsequently uses to introduce a tropical count
and prove its equivalence to the classical one.

• (lower blue triangle, Representation-theoretic and Fock space setting): Following
[45] representation-theoretic formulation of spin Hurwitz numbers, [40] introduced
their completed cycles analogues, specifically spin Hurwitz numbers with pr ` 1q-
completed cycles (building on [37] and [55]). In this work, we use Fock space formalism
from [40] to re-geometrize completed cycles spin Hurwitz numbers, and study piece-
wise polynomiality, their polynomiality domains (walls) and wall-crossing formulas.
These have been studied previously in the operator formalism of [40]. We provide a
combinatorial point of view.

This fits within the lineage of [28] and [23] studies on double Hurwitz numbers and GWI,
alongside [46] studies on monotone-Hurwitz numbers, and completes Diagram 3.15 for the
spin variants, building on prior work in [31].
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Figure 3.15: Areas supporting spin Hurwitz numbers (HW spin) and spin Hurwitz numbers
with completed cycles (HWCspin). Solid double-headed arrows indicate established corre-
spondences, while dashed ones represent those yet to be established.

3.8.1 Results
Our first result provides a tropical count (Definition 8.2.2) and a correspondence theorem
that re-geometrizes the purely representation-theoretic invariant.

Theorem 3.8.1. [Theorem 8.2.3] Fix discrete data: Positive integers d, g ą 0, even integers
r1, ..., rb ą 0 and odd partitions µ, ν of d P N such that r1 ` ...` rb “ 2g ` lpµq ` lpνq ´ 2
holds. The classical and the tropical spin double Hurwitz number with multi-completed
cycles agree:

Thsping pµ, pr1 ` 1q, ..., prb ` 1q, νq “ hsping pµ, pr1 ` 1q, ..., prb ` 1q, νq

Thspin,‚g pµ, pr1 ` 1q, ..., prb ` 1q, νq “ hspin,‚g pµ, pr1 ` 1q, ..., prb ` 1q, νq.

If r :“ r1 “ ... “ rb, we simply write Thspin,rg pµ, νq/Thspin,r,‚g pµ, νq.

The discrete data governing both invariants now has a geometric interpretation: The
tropical invariant enumerates covers (with suitable multiplicity) of the tropical projective
line TP1 of degree d by genus g curves with odd edge weights and vertex valencies fixed by
the integers ri.

Theorem 3.8.1 also paves the way for investigating structural properties of the map:

Thspin,rg : H Ñ Q, x ÞÑ Thspin,rg px´, x`q, (3.2)
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where H :“ tx P Zn :
řn
i“1 xi “ 0 and xi oddu, using combinatorial methods.

We obtain another proof that (3.2) is piecewise polynomial and new wall crossing formu-
lae. The wall crossing formula of [40] is a coefficient of a product of vacuum expectation of
B-Okounkov-Pandharipande operators and expressions derived from the generating series
for multi-completed cycles ([40], Definition 6.15). Our formula expresses wall crossing in
terms of completed cycles spin Hurwitz numbers for smaller counting problems, a struc-
ture that mirrors that of formulae obtained for related problems through tropical methods
([28],[23],[46]). These numbers are inherently tied to the covers we enumerate as they reflect
building blocks of covers on either side of the wall (see Section 8.3).

Theorem 3.8.2. [Proposition 8.3.8 and Theorem 8.3.16, Proposition 8.3.29 and Theorem
8.3.39] The function Thspin,rg is piecewise polynomial and satisfies explicit wall crossing
formulae.

Strategy Powerful techniques for proving theorems of this type were introduced by [23]
in the context of double Hurwitz numbers. We adapt these methods to the spin setting,
further evidence of their broad applicability.

We first consider the case where the source is of genus 0. Just like for double Hurwitz
numbers, this setting is entirely combinatorial. The vertex multiplicities (local spin Hurwitz
numbers, we determine in Section 8.2) are constant. Thus, the genus 0 case reduces to
enumerating graphs of fixed type, whose multiplicities depend only on the structure of each
graph (see Definition 8.2.2).

Extending to higher genus adds

• Combinatorial complexity: Cycles lead to auxiliary variables for edge weights, in
addition to variables for end weights.

• Algebraic complexity: The multiplicity of each covers requires an algebraic input in
the form of local spin Hurwitz numbers.

This requires a change of approach. Following [23], we introduce a new counting unit, the
x-graph, that encompasses all covers that share the same underlying undirected graph. Its
multiplicity is now independent of all auxiliary variables, since it is computed by integrating
over them. The challenge: In our spin setting this means integrating over odd lattice points
of bounded polytopes in a hyperplane arrangement. In order to use the general theory that
deals with lattice points in polytopes (Erhart theory), we work with rational hyperplane
arrangements. Care is needed since summing a polynomial over lattice points of a rational
polytope usually yields a quasi-polynomial (see Lemma 8.3.31 and 8.3.33). Finally, we recover
Theorem 3.8.2 for g ą 0.

3.8.2 Overview
We review the classical (type A) theory in Chapters 4 and 6, the spin (type B) theory in
Chapters 5 and 7, and find a tropical language in Chapter 8.
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Chapter 4 explains the transition from Hurwitz numbers to completed cycles and locates
these new invariants in a broader framework (the wavy arrow connecting the green with the
blue part of Diagram 3.15). We start by reviewing Hurwitz numbers in the algebraic, respec-
tively tropical setting, before moving on to the representation-theoretic setting, which leads
to the definition of Hurwitz numbers with completed cycles. Chapter 6 provides a brief but
sufficiently general introduction to Fock spaces and an overview of the method for translat-
ing Hurwitz-type enumerative problems into operator formalism. A solid understanding
proves useful for later chapters.

Chapter 4 and 6 serve as a preparation for Chapters 5 and 7, where the same method is
applied to spin Hurwitz numbers. By establishing this structured framework here, we have
a blueprint for Chapters 5 and 7.

Chapters 5 and 7 are organized so as to make parallels visible to the type A theory
visible: In 5 we review the algebraic, tropical and representation-theoretic setting, which
leads to completed cycles spin Hurwitz numbers (HWCspin). Here we generalize the
definition to arbitrary completed cycles and give a character formula for them, providing
a slight generalization of [40] that mirrors the classical approach. In 7, we review the
Fock space formalism of type B and HWCspin

Fock, which prepares for re-geometrization of
completed cycles in Chapter 8. This re-geomtrization builds on well-known methods for
computing certain vacuum expectations of products of bosonic operators via Feynman
diagram and follows the program carried out for the non-spin case in [28]. We enhance
these diagrams to tropical covers of TP1 and introduce tropical completed cycles numbers,
a count with geometric meaning that agrees with the representation-theoretic one. Finally,
we analyze properties such as piecewise polynomiality and wall-crossing behavior, building
on the work in [22] and [23].

3.8.3 Future work

Natural extension of this work are:

• Further study the polynomial behavior established in [40] from a tropical perspective.

– Polynomiality of one-part spin Hurwitz numbers: [40] give a concrete formula
in terms of Stirling numbers of the second kind (Proposition 7.11). It would cer-
tainly be interesting to have a geometric/graph-theoretic explanation for the
appearance of Stirling numbers in this context.

– Quasi-polynomiality of spin single Hurwitz numbers: Already in genus 0, the
tropical approach poses difficulties which are due to the structure of the Riemann-
Hurwitz formula. For double Hurwitz numbers terms involving the degree d
of a cover cancel. For single Hurwitz numbers, however, they do not: As a
consequence, the number of branch points increases with d. This complicates
the classification of all possible combinatorial types, a challenge inherent to the
tropical approach that does not arise when working with operator formalism.
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• Complete Diagram 3.15: Investigate Gromov-Witten theory of spin curves tropically
and obtain a spin analogue of the Gromov-Witten/Hurwitz correspondence in the
tropical setting. The type A analogue found in [28]) serves as a guide.

Further directions:

• Investigate the relationship between Hurwitz and spin Hurwitz numbers: Determine
cases where both agree (up to a sign). Is there a rule that describes how the even
and odd part of a spin Hurwitz number partitions the Hurwitz number? Does this
partition reflect (perhaps asymptotically for dÑ 8) the count of odd and even theta
characteristics on a curve of genus g, 2g´1p2g ` 1q{2g´1p2g ´ 1q?

• Tropical moduli spaces and intersection theory: Tropical moduli spaces and their
relation to classical ones have been extensively studied (see e.g. [26], [27], [25]). As
proposed in [68], these relations can be leveraged to connect tropical and algebraic
invariants not only on an individual basis, but systematically at the level of moduli
spaces.

– Flavor 1: Construct a moduli space for (tropical) spin Hurwitz covers and define
(tropical) spin Hurwitz numbers as degree of a (tropical) branch map. A potential
approach is to combine the (tropicalization of) the space of admissible covers
[26] with the moduli space of (tropical) spin curves [18]). We know that the
(algebraic) moduli space of spin curves admits a map to the moduli space of
curves of degree 22g . Similarly, one could relate the space of (tropical) admissible
covers and the (tropical) admissible spin covers by forgetting the respective spin
structures. This connection could be used to explore the relationship between
Hurwitz and spin Hurwitz numbers via pullback/pushforward along the forgetful
morphism.

– Flavor 2: Towards a tropical ELSV/ELSV-type formula for single/double Hurwitz
numbers. With the ongoing development of intersection theory on tropical
spaces, an opportunity arises to lift the definition of Hurwitz numbers/spin
Hurwitz numbers to the level of the moduli space of CURVES (not maps) and
potentially address the conjecture of Goulden/Vakil from a tropical perspective.

• New counts: (Tropical) Split Hurwitz numbers, a subcount that only considers Hurwitz
coverings φ : Γ Ñ B for which the Jacobian JacpΓq splits. A related question: What
percentage of Hurwitz cover satisfies this splitting property? More generally, one can
count maps according to properties that are tractable in families. This translates to
asking: How frequently does a given property occur in moduli space of covers?
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Chapter 4

Type A theory

This chapter surveys the theory of type A theory, i.e. the classical theory around Hur-
witz numbers. The first part covers their definition in the algebraic and in the tropical
setting. Degeneration techniques provide the most direct connection between the two.

The second part reviews Hurwitz numbers in the representation-theoretic setting,
which leads to the definition of Hurwitz numbers with completed cycles. The material
presented in this chapter is standard. Our exposition follows Okounkov’s and Pandhari-
pande’s foundational paper [66], supplemented by [20] and [9].

4.1 Algebraic setting

Fix

• a connected compact Riemann surface (equivalently: an irreducible and smooth curve)
D of genus h.

• a collection of points q1, ..., qn P D.

• positive integers d and g.

• a collection µ1, ..., µn of partitions of d.

Define a (connected/potentially disconnected) Hurwitz cover of type pg Ñ h, d, µ1, ..., µnq to
be a holomorphic map f : C Ñ D such that

• C is a compact and (connected/potentially disconnected) Riemann surface of genus g,

• f is of degree d and

• ramified at qi as prescribed by the partition µi.
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Introduce an equivalence relation on the set of Hurwitz covers: Let f : C Ñ D and
f̃ : C̃ Ñ D be of type pg Ñ h, d, µ1, ..., µnq. Then

f is equivalent to f̃ :ô D isomorphism ϕ : C Ñ C̃ such that f “ g ˝ ϕ.

There are only finitely many equivalence classes rf s and the cardinality |Autpf̃q| of the
automorphism group of f̃ P rf s is finite and independent of the choice of representative.

Definition 4.1.1. The connected/disconnected Hurwitz number
H
g

d
ÝÑh

pµ1, ..., µnq{H
‚

g
d
ÝÑh

pµ1, ..., µnq is the weighted sum

H
g

d
ÝÑh

pµ1, ..., µnq{H
‚

g
d
ÝÑh

pµ1, ..., µnq :“
ÿ

rf s

1

|Autpfq| ,

of equivalence classes rf s of (connected/potentially disconnected) Hurwitz covers of type
pg Ñ h, d, µ1, ..., µnq.

Remark 4.1.2. A necessary condition for the existence of Hurwitz covers of type pg Ñ

h, d, µ1, ..., µnq is given by the Riemann Hurwitz formula:

2´ 2g “ dp2´ 2hq `
n
ÿ

i“1

pd´ lpµiqq.

Optionally, one of the decorations g, h or d will be omitted and understood as determined
by the Riemann Hurwitz formula.

Section 4.4 requires a generalization of Definition 4.1.1 for target curve P1.

Definition 4.1.3. [[66], Section 0.3.2]
Extend Definition 4.1.1 for target curve P1 to encompass the following cases:

• Let H‚
d:“0pH, ...,Hq :“ 1.

• If |λi| ą d for some i, let H‚
dpλ1, ..., λnq :“ 0.

• If |λi| ď d, let λ̃1 be the partition of size d obtained by adding parts of size 1 to
λi. Then: H‚

dpλ1, ..., λnq :“
śn

i“1

`

m1pλ̃iq
m1pλiq

˘

H‚

g
d
ÝÑ0

pλ̃1, ..., λ̃nq, wherem1pλq counts the
number of 1’s occurring in λ and g is determined by the Riemann Hurwitz formula.

4.1.1 Degeneration formula

Within (the framework of) algebraic geometry, degeneration techniques offer an approach
to the Hurwitz problem and reveal its recursive structure.
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Theorem 4.1.4 ([20], Theorem 7.5.1). The following degeneration formulas hold for all
Hurwitz numbers:

1. Reducing the genus of a higher genus base curve

H‚

g
d
ÝÑh

pµ1, ..., µsq “
ÿ

µ

l
ź

i“1

µi|Autpµq| ¨H‚

g´lpµq
d
ÝÑh´1

pµ1, ..., µs, µ, µq

2. Base curve of genus zero: reducing branch points

H‚

g
d
ÝÑ0

pµ1, ..., µs, ν1, ..., νtq “
ÿ

µ

l
ź

i“1

µi|Autpµq| ¨H‚

g1
d
ÝÑ0

pµ1, ..., µs, µqH
‚

g2
d
ÝÑ0

pµ, ν1, ..., νtq.

Here, g1 and g2 are determined by the Riemann-Hurwitz formula and satisfy the
condition g1 ` g2 ` lpµq ´ 1 “ g, where lpµq denotes the length of the partition
µ “ pµiqi.

Iterating these degeneration steps yields:

Lemma 4.1.5 ([20], Theorem 7.5.3.). All disconnected Hurwitz numbers can be expressed
in terms of Hurwitz numbers for a base of genus 0 with only 3 ramification points,
H‚

g
d
ÝÑ0

pλ1, λ2, λ3q.

This reduces the Hurwitz problem to a combinatorial one requiring only triple Hurwitz
numbers as algebraic input, the foundation of the tropical approach. While the barrier
for specific computations is lower with smaller algebraic input, it still prevents general
ones: Specific numbers can be computed via the character formula, but there are no closed
formulas for all the classes of triple Hurwitz numbers that can appear in a degeneration.

4.2 Tropical setting

4.2.1 Weighted tropical curves and morphisms
We generalize Section 2.4 to include weighted tropical curves with ends.

Definition 4.2.1. Curves: A (vertex-weighted) abstract tropical curve Γ is a triple pG, l, gq
consisting of

1. a metric graph pG, lq, i.e. a finite graph G with E8pGq Ă EpGq the subset of ends
(i.e. edges adjacent to a single vertex), and a function l : EpGq Ñ Rě0 Y8 such that
lpeq “ 8 if and only if e P E8pGq.

2. a weighting g : V pGq Ñ Zě0 on the vertices.
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The pair pG, gq is its combinatorial type.
For a vertex v, the value gpvq is called the genus of v. The genus of Γ is defined as

gpΓq “ b1pGq `
ÿ

vPV pGq

gpvq,

where b1pGq denotes the first Betti number of the graph.
As in Section 2.4, any pG1, l1q that is obtained from pG, lq by adding or deleting vertices

of valence 2 (and adapting the length function accordingly) is called a model for Γ. For a
standalone tropical curve, we identify Γ with its essential model pG, lq, which is chosen so
that V pGq is the set of points with gpvq ą 0 or valpvq ‰ 2. The curve Γ is called

• explicit, if gpΓq “ b1pΓq.

• stable, if for all v P V pΓq we have

2gpvq ´ 2` valpvq ą 0.

This means that each genus 0 vertex has to be at least trivalent and 2-valent vertices
have to be of higher genus.

Morphisms: In analogy to the unweighted case (Section 2.4.1), we call a map π : Γ Ñ B
a harmonic morphism/tropical cover if π is a harmonic morphism/tropical cover between
the metric graphs ([3], Section 2), i.e. π is surjective and continuous and there exist models
pG, lq for Γ and pG̃, l̃q for B such that

i πpV pGqq Ă V pG̃ q and π´1pEpG̃ qq Ă EpGq,

ii locally integer affine linear, i.e. π restricts on each edge e to an affine linear function
π|e : r0, lpeqs Ñ R : t ÞÑ a` ωpeqt whose slope is a positive integer. We call ωpeq the
weight ωpeq.

iii harmonic/balanced: Let v P Γ and e1 adjacent to πpvq. We require the integer dv :“
ř

e ÞÑe1
ωpeq to be independent of the choice of e1. In this case call dv the local degree of π

at v.

When working with covers, we identify Γ and B with models that fit these conditions.

Remark 4.2.2.

• Let Γ andB be metric graphs. A graph homomorphism π : GÑ G̃ (on the underlying
graphs) that satisfies Condition i can be promoted to a morphism of metric graphs (i.e.
a graph homomorphism satisfying Condition i and ii) by a suitable assignment of edge
weights: For all contracted edges e, we have ωpeq “ 0. For a non-contracted edge e of
finite length, ωpeq is uniquely determined by the equation lpπpeqq “ ωpeqlpeq. Since
ωpeq ą 0, this relation implies that
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– lpeq “ 8 if and only if lpπpeqq “ 8 (i.e. non-contracted ends are mapped to
ends).

– end weights are not uniquely determined by the metrics.

If the balancing condition is satisfied onEpΓqzE8pΓq, then π can further be promoted
to harmonic morphism by choosing end weights such that the balancing condition
is satisfied. If not, π remains a morphism of metric graphs for any choices of end
weights, but fails to be harmonic.

• For a harmonic morphism, we will often drop the distance labelings of B and Γ and
consider only their combinatorial type. This is due to the fact that for a non-contracted
edge e in Γ its length is uniquely determined be ωpeq and the length of πpeq.

• Note the change of notation from Section 2.4: We use ωpeq instead of depπq. This
notation hides the fact that the ωpeq come from a cover, but is more common in the
context of Hurwitz theory.

4.2.2 Tropical Hurwitz covers
We introduce a specific class of tropical covers that emerge from the classical enumeration
via degeneration.

Definition 4.2.3. A tropical cover π is a tropical Hurwitz cover if at every point v P Γ the
local Riemann Hurwitz condition is satisfied, i.e. we have

rπ,v :“ dvp2´ 2gphpvqqq ´
ÿ

pωpeq ´ 1q ´ p2´ 2gpvqq ě 0, (4.1)

where the sum is over all edges adjacent to v and the genus function g is extended on Γ by
mapping points that are not vertices to 0.

The cover π is an isomorphism if there exists a tropical Hurwitz cover π1 such that
π ˝ π1 “ π1 ˝ π “ id. An isomorphism π : Γ Ñ Γ from Γ to itself is called an automorphism
of Γ. Concretely, an automorphism of Γ is an automorphism of the underlying graph that
preserves edge lengths and vertex genera.

Let π : Γ Ñ B be a tropical Hurwitz cover. In analogy to the complex setting, we
introduce the following concepts

• Degree: The degree of π is given by the integer degpπq :“
ř

p1Pπ´1ppq dp1 , where p P B
is an arbitrary point. The balancing condition ensures that degpπq is independent of
the choice of p.

• Ramification: A subsetE of Γ, where πpEq is a point, is called a ramification component
if E is a connected component of π´1pπpEqq, such that

– E contains an edge e P EpΓqzE8pΓq,
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– E contains a vertex v P V pΓq with rπ,v ą 0 or

– E contains a point that lives on an end e P E8pΓq with ωpeq ą 1.

Let µ “ pµ1, . . . , µnq a partition. We say an end e has ramification profile µ with
respect to π if π´1peq “ te1, ..., enu a set of ends of Γ with weights ωpeiq “ µi.

2

2

4

rπ,v “ 1

v
4 4

0

44

π π π

Figure 4.1: Local picture of a tropical cover. Ramification components E are in green. The
black numbers are edge weights.

4.2.3 Tropical Hurwitz numbers

Fix

• a connected explicit tropical curve B of genus h with n ends.

• positive integers d and g.

• a collection µ1, ..., µn of partitions of d.

Define a (connected/potentially disconnected) tropical Hurwitz cover of type pg Ñ

h, d, µ1, ..., µnq to be a tropical Hurwitz cover π : Γ Ñ B of degree d such that

• Γ is a (connected/potentially disconnected) tropical curve of genus g,

• π is unramified over BzE8pBq and

• there exists a labeling of the n ends of B, such that the end labeled i has ramification
profile µi.

Introduce an equivalence relation on the set of tropical Hurwitz covers: Let π : Γ Ñ B and
π̃ : Γ̃ Ñ B be of type pg Ñ h, d, µ1, ..., µnq. Then

π is equivalent to π̃ :ô D isomorphism ϕ : Γ Ñ Γ̃ such that π “ π̃ ˝ ϕ.
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There are only finitely many equivalence classes rπs and the cardinality |Autpπq| of the
automorphism group of π̃ P rπs is finite and independent of the choice of representative.
The multiplicity of rπs is:

multprπsq :“
1

|Autpπq|

ź

ePEpΓqzE8pΓqq

ωpeq
ź

vPV pΓq

|Autpµvq| ¨HgpvqÑgpπpvqqpµvq,

where

• µv is the local ramification profile at v P V pΓq: Let e1, ..., el P EpBq be adjacent to
v1 “ πpvq and e1i , ..., e

li
i P EpΓq the collection of edges adjacent to v that map to ei,

i “ 1, ..., l. Define µv “ pµ1, . . . , µlq to be the collection partitions

µi “ pωpe1i q, . . . , ωpe
li
i qq $ dv.

• |Autpµvq| “
śl

i“1 |Autpµ
iq|.

• HgpvqÑgpπpvqqpµvq is the local Hurwitz number.

As usual, we identify equivalent covers and write multpπq for multprπsq.

Definition 4.2.4. The connected/disconnected tropical Hurwitz number
TH

g
d
ÝÑh

pµ1, ..., µnq{TH‚

g
d
ÝÑh

pµ1, ..., µnq is the weighted sum

TH
g

d
ÝÑh

pµ1, ..., µnq{TH‚

g
d
ÝÑh

pµ1, ..., µnq :“
ÿ

rπs

multpπq,

of equivalence classes rπs of (connected/potentially disconnected) tropical Hurwitz covers
of type pg Ñ h, d, µ1, ..., µnq.

4.2.4 Correspondence
The following correspondence theorem clarifies the relation between classical and tropical
Hurwitz numbers.

Theorem 4.2.5 ([22],[9]). Let g, h non-negative integers, d a positive integer and µ1, ..., µn
partitions of d. Then

HgÑhpµ1, ..., µnq “ THgÑhpµ1, ..., µnq.

Remark 4.2.6.

• Theorem 4.2.5 shows that the tropical count is independent from the base curve, just
as the classical is.

• [9] proves Theorem 4.2.5 for tropical covers with explicit tropical base curves B. The
same argument can be used to omit this condition.
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4.3 Representation-theoretic setting
Via monodromy representations, Hurwitz numbers can be translated to a multiplication
problem in the class algebra Zpdq of the symmetric group Sd, leading to a representation-
theoretic expression, the character formula.

4.3.1 Monodromy representation

A (connected/possibly disconnected) monodromy representation of type pg Ñ h, d, µ1, ..., µnq
is a tuple of permutations pσ1, ..., σn, a1, b1, ..., ah, bhq P Sdn`2h satisfying

• σi has cycle type µi,

•
śn

i“1 σi
śh

i“1rai, bis “ id, where rai, bis :“ aibiai
´1bi

´1,

• for connected: xσ1, ..., σn, a1, b1, ..., ah, bhy acts transitively on t1, ..., du.

There is a correspondence between Hurwitz covers and monodromy representations: A
Hurwitz cover of type pg Ñ h, d, µ1, ..., µnq defines a homomorphism ρ : π1pDzB, coq Ñ Sd,
where

π1pDzB, coq “ xα1, β1, ..., αh, βh, r1, ..., rn |
n
ź

i“1

ri

h
ź

i“1

rαi, βis “ idy

is the fundamental group of the target surfaceD with base point c0, punctured at the branch
locus B with standard generating set tα1, β1, ..., αh, βh, r1, ..., rnu consisting of loops ri
around the punctures of D and handle generators αi, βi. The monodromy representation
associated to f is the list pρpr1q, ..., ρprnq, ρpα1q, ρpβ1q, ..., ρpαhq, ρpβhqq, which uniquely
defines ρ. The image ρpriq, for example, is a permutation with cycle type given by the
ramification profile of f .

Theorem 4.3.1 ([20], Theorem 7.3.1 and Theorem 7.3.2). The connected/disconnected
Hurwitz numberH

g
d
ÝÑh

pµ1, ..., µnq{H
‚

g
d
ÝÑh

pµ1, ..., µnq (Definition 4.1.1) is equal to |M |

d!
, where

M is the set of (connected/possibly disconnected) monodromy representations of type
pg Ñ h, d, µ1, ..., µnq.

4.3.2 Character formula

The class algebra of Sd is the center Zpdq of its group algebra CrSds. The algebra Zpdq has
two natural basis (as a vector space)

• The conjugacy class basis: tCµ|µ $ du, where Cµ :“
ř

σ σ P Zpdq is the sum of
permutations of cycle type µ.
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• The semisimple basis: teλ|λ $ du indexed by the irreducible representations λ of Sd
(also identified with partitions of d).

The change-of-base matrix is fully determined by the character table of Sd ([20], Theorem
8.4.2).

Theorem 4.3.1 can be easily encoded in terms of the conjugacy class basis.

Theorem 4.3.2 ([20], Proposition 9.2.3). The disconnected Hurwitz number
H‚

g
d
ÝÑ0

pµ1, ..., µnq (Definition 4.1.1) is equal to 1
d!
rCp1,...,1qsCµn ...Cµ1 .

By changing basis we obtain the character formula.

Theorem 4.3.3 ([20], Theorem 9.3.1). The disconnected Hurwitz number H‚

g
d
ÝÑ0

pµ1, ..., µnq

(Definition 4.1.1) is equal to

ÿ

|λ|“d

`dimpλq

d!

˘2
n
ź

i“1

|Cµi |χλpµiq

dimpλq
,

where χλpµiq is the character of the irreducible representation λ evaluated at any permuta-
tion of cycle type µi and |Cµi | is the number of elements of cycle type µi.

4.3.3 Towards completed cycles
Notation: Let P be the set of all partitions. Define fµ : P Ñ C by

• fµ ” 1, if µ “ H.

• fµpλq :“
`

|λ|
|µ|

˘

|Cµ|χλpµq

dimpλq
else. (If |µ| ą |λ|, fµ ” 0. If |µ| ă |λ|, then χλpµq makes sense

since S|λ| includes all permutations of cycle type µ.)

Rewrite the formula in Theorem 4.3.3
ÿ

|λ|“d

`dimpλq

d!

˘2
n
ź

i“1

fµipλq. (4.2)

Broader context: The algebra CP of C valued functions on P has a distinguished subalge-
bra: The algebra Λ˚ of shifted symmetric functions defined as the image of the injective
linear map ([66], Section 0.4)

8
à

d“0

Zpdq
ϕ
ÝÑ CP, Cµ ÞÑ fµ.

(Comment: Although Λ˚ is only canonically isomorphic to a subalgebra of CP, presenting it
as the image of ϕ is better suited for our purposes.)
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As an algebra, Λ˚ is freely generated by the shifted symmetric power sums pk P CP ([66],
(0.14)), i.e. Λ˚ “ Crp1, p2, ...s.

As a vector space, Λ˚ admits two key basis for our applications: tfµ|µ P Pu and
tpµ|µ P Pu, where pµ :“

ś

i pµi .
This provides another vector space basis for

À8

d“0 Zpdq via ϕ: The counterpart of the
conjugacy class basis is given by tµ̄|µ P Pu, where µ̄ :“ 1

ś

i µi
ϕ´1ppµq is called the completed

cycle conjugacy class. These will be used in the next section to define Hurwitz numbers with
multi-completed cycles.

4.4 Completed cycles Hurwitz numbers
For the completed cycle theory we restrict to target genus h “ 0. The index h will be
dropped, with Hurwitz numbers labeled exclusively by either d or g, depending on the
context. Completed cycles are linear combinations of ordinary conjugacy classes (see 4.3.3).
We define Hurwitz number with multi-completed cycles, accordingly.

Definition 4.4.1. Fix positive integers d, g, k1, ..., kn and partitions µ, ν of d P N such
that k1 ` ... ` kn “ 2g ` lpµq ` lpνq ´ 2 holds. The disconnected Hurwitz number with
multi-completed cycles h‚dpµ, pk1 ` 1q, ..., pkn ` 1q, νq is defined the linear combination of
ordinary extended disconnected Hurwitz numbers (Definition 4.1.3)

h‚dpµ, pk1 ` 1q, ..., pkn ` 1q, νq :“
ÿ

λ1,...,λn

ρpk1`1q,λ1 ¨ ... ¨ ρpkn`1q,λn ¨H‚
dpµ, λ1, ..., λn, νq,

where the summation is over all partitions λi of integers less than or equal to ki ` 1 and the
coefficients ρpki`1q,λi come from the expansion pki ` 1q “ pki ` 1q `

ř

λ1
ρpki`1q,λiλi of the

completed cycles in ordinary conjugacy classes given in [66], (0.21).

Remark 4.4.2. Hurwitz numbers with completed cycles have a geometric interpreta-
tion as a count of stable maps from a (not necessarily connected) source curve to P1

([72], Proposition 2.7.) Introduce connected Hurwitz numbers with multi-completed cycles
hdpµ, pk1 ` 1q, ..., pkn ` 1q, νq by imposing a connectedness condition on the source.

By replacing fµ in Equation (4.2) by pµ{
ś

i µi we obtain the character formula for Hurwitz
number with multi-completed cycles.

Theorem 4.4.3. [[66], Section 3.1.1]
The degree d disconnected double Hurwitz number with multi-completed cycles (Defini-

tion 4.4.1) is given by

h‚dpµ, pk1 ` 1q, ..., pk1 ` 1q, νq “

śn
i“1 ki!

zpµqzpνq

ÿ

λ

χλµχ
λ
ν ¨

n
ź

i“1

pki`1pλq

pki ` 1q!
,

where zpµq :“ |µ|!{|Cµ|p“ |Autpµq|
ś

i“1 µiq and χλµ :“ χλpµq is the character of the
irreducible representation λ evaluated at any permutation of cycle type µ.
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A generating function for multi-completed cycles: We have seen in Section 4.1 that Hurwitz
numbers exhibit a recursive structure. A standard technique to deal with such sequences is
to embed them in a single function: Introduce

Fµ,νpz1, ..., znq :“
8
ÿ

k1,...,kn“´2

h‚dpµ, pk1 ` 1q, ..., pkn ` 1q, νq
n
ź

i“1

zki`1
i ,

and its expression in terms of characters

Fµ,νpz1, ..., znq “

śn
i“1 ki!

zpµqzpνq

ÿ

λ$d

χλµχ
λ
ν ¨

n
ź

i“1

epλ, ziq,

where we used Theorem 4.4.3 together with

pkpλq “ k!rzksepλ, zq, epλ, zq “
8
ÿ

i“1

eλi´i`
1
2

and conventions

pk`1 :“

#

0, if k “ ´1.

´1, if k “ ´2.
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Chapter 5

Type B theory

This chapter reviews the theory of type B theory around spin Hurwitz numbers.

5.1 Algebraic setting

5.1.1 Spin curves
Definition 5.1.1. Let C be a compact Riemann surface/smooth curve. A spin structure or
theta characteristic on C is either of the following equivalent objects:

• A divisor L, such that 2L „ KC , where KC is the canonical divisor on C .

• A line bundle LÑ C such that Lb2 „ ωC , where ωC is the canonical bundle.

We call a tuple pS, Lq a spin curve. Moreover, we define the parity ppLq of L as

ppLq “ h0pC,Lqmod 2,

where h0pC,Lq is the dimension of the vector space H0pC,Lq. If ppLq “ 0, we say L has
even parity, while for ppLq “ 1, we say L has odd parity.

Example 5.1.2. The curve P1 admits only one isomorphism class of spin structures given
by the divisor L “ ´rpts. Since h0pP1, Lq “ 0, the parity of L is even.

5.1.2 Spin Hurwitz numbers
Fix

• a spin curve pD,Lq of genus h with parity p :“ h0pLq mod 2.

• a collection of points q1, ..., qn P D.

• positive integers d and g.
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• a collection µ1, ..., µn of odd partitions of d (i.e., partitions whose parts are all odd).

A (connected/potentially disconnected) spin Hurwitz cover of type pg Ñ ph, pq, d, µ1, ..., µnq
is a map f : pC,Nf,Lq Ñ pD,Lq, where

• f : C Ñ D is (connected/potentially disconnected) Hurwitz cover of type pg Ñ

h, d, µ1, ..., µnq, and

• Nf,L the theta characteristic defined by Nf,L :“ f˚pLq bOp1
2
Rf q with Rf being the

branch divisor of f . (Note that 1
2
Rf is well-defined precisely because of the oddness

of the µi’s.)

The parity ppfq of f (as a spin Hurwitz cover) is the parity of the pull-back theta characteristic
Nf,L. Any Hurwitz cover can be enhanced to a spin Hurwitz cover once a spin structure on
the base is fixed, provided that the µi are odd.

Definition 5.1.3. The connected/disconnected spin Hurwitz number
Hp

g
d
ÝÑh

pµ1, ..., µnq{H
‚,p

g
d
ÝÑh

pµ1, ..., µnq is the weighted sum

Hp

g
d
ÝÑh

pµ1, ..., µnq{H
‚,p

g
d
ÝÑh

pµ1, ..., µnq :“
ÿ

rf s

p´1qppfq

|Autpfq| , (5.1)

of equivalence classes rf s of (connected/potentially disconnected) Hurwitz covers of type
pg Ñ h, d, µ1, ..., µnq.
Moreover, we define the sub-counts

H
pp,`q

gÑh {H
‚,pp,`q

gÑh “
ÿ

ppfq even

1

|Autpfq|
and H

pp,´q

gÑh {H
‚,pp,´q

gÑh “
ÿ

ppfq odd

1

|Autpfq|

that yield enumerations of covers with fixed parity.

Definition 5.1.4. Extend Definition 5.1.3 for target P1 to encompass the following cases:

• Let H‚
d“0pH, ...,Hq :“ 1.

• If |µi| ą d for some i, let H‚
dpµ1, ..., µnq :“ 0.

• If |µi| ď d, let µ̃i be the partition of size d obtained by adding 11s to µi. Then:
H‚
dpµ1, ..., µnq :“

śn
i“1

`

m1pµ̃iq
m1pµiq

˘

H‚

g
d
ÝÑ0

pµ̃1, ..., µ̃nq, where m1pµq counts the number
of 1’s occurring in µ and g is determined by the Riemann Hurwitz formula.
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5.1.3 Degeneration formula
Lee and Parker extend the degeneration method from Section 4.1 to maps between spin
curves, revealing that spin Hurwitz numbers satisfy recursive relations similar to ordinary
Hurwitz numbers (see [56] for details or [31] for a sketch proof).

Theorem 5.1.5 ([56], Theorem 1.1, [45], Theorem 4.5). The following degeneration formulas
hold for all spin Hurwitz numbers:

1. If h1, h2 with h1 ` h2 “ h and p1, p2 parities with p “ p1 ` p2 mod 2 and any
0 ď n0 ď n then

H‚,p
gÑhpµ1, ..., µnq “

ÿ

µ

ź

i

µi¨Autpµq¨H‚,p1
g1Ñh1

pµ1, ..., µn0 , µqH
‚,p2
g2Ñh2

pµ, µn0`1, ..., µnq,

where g1 and g2 are determined by the Riemann Hurwitz formula.

2. If h ě 2 or ph, pq “ p1, 0q then

H‚,p
gÑhpµ1, ..., µnq “

ÿ

µ

ź

i

µi ¨ Autpµq ¨H‚,p
g̃Ñh´1pµ, µ, µ1, ..., µnq,

where g̃ is determined by the Riemann Hurwitz formula.

The sums are taken over all odd partitions µ “ pµiqi of d.

5.2 Tropical setting

5.2.1 Tropical spin curves
We extend Section 4.2.1 to include tropical curves with spin structures. For more details, we
refer to [81, 18].

Let Γ a graph, with edge set E and vertex set V . Then, we consider the F2 vector spaces
E and V spanned by E and V respectively. Every element of E is canonically identified with
a subset of E. We consider the linear map

B : E Ñ V

where for an edge e with vertices v and w, we have Bpeq “ v ` w. We call CΓ “ kerpBq the
cycle space of Γ. Moreover, for P P CΓ, we denote by Γ{P the graph obtained by contracting
all edges in P .

Definition 5.2.1. We define a tropical spin curve to be a triple pΓ, P, sq, such that

• Γ is an abstract tropical curve,
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• P P CΓ is a collection of cycles in Γ,

• s : Γ{P Ñ Z{2Z is the sign (or parity) function, such that spvq “ 0 if gpvq “ 0.

The parity of a tropical spin curve is defined as

spΓq “
ÿ

vPV pG{P q

spvq.

5.2.2 Tropical spin Hurwitz covers
We enhance the covers from Section 4.2.2 with spin structures, obtaining a class of covers
that emerges naturally from the degeneration of their classical (spin) counterparts.

Definition 5.2.2. A tropical spin cover is a tuple pπ, s, sBq, such that

• π : Γ Ñ B is a tropical Hurwitz cover,

• all edge weights are odd,

• pΓ, r0s, sq is a tropical spin curve, i.e. we choose the empty cycle for P ,

• pB, r0s, sBq is a tropical spin curve as well.

We define the parity of pπ, sq to be

ppπ, sq “
ÿ

vPV pΓq

spvq P Z{2Z.

5.2.3 Tropical spin Hurwitz numbers
Fix

• a tropical spin curve an pB, r0s, sBq, where B is an abstract tropical curve of genus h
with n ends and parity p :“ sBpBq.

• positive integers d and g.

• a collection µ1, ..., µn of odd partitions of d.

A (connected/potentially disconnected) tropical spin Hurwitz cover of type pg Ñ

ph, pq, d, µ1, ..., µnq is a tropical spin Hurwitz cover π : pΓ, sq Ñ pB, sBq, where π : Γ Ñ B
is (connected/potentially disconnected) tropical Hurwitz cover of type pg Ñ h, d, µ1, ..., µnq
and sBpBq “ p. Introduce an equivalence relation on the set of tropical spin Hur-
witz covers: Let pπ, sq : pΓ, sq Ñ pB, sBq and pπ̃, s̃q : pΓ̃, s̃q Ñ pB, sBq be of type
pg Ñ ph, pq, d, µ1, ..., µnq. Then

π is equivalent to π̃ :ôD isomorphism ϕ : Γ Ñ Γ̃ such that π “ π̃ ˝ ϕ

and spvq “ s̃pϕpvqq for all v P V pΓq.
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As usual, we want to identify equivalent spin Hurwitz covers and introduce the multiplicity
of pπ, s, sBq as record of the number of ways in which pπ, s, sBq may be promoted to a
degenerate spin Hurwitz cover of nodal curves with same local parities. Using the same
notation as in Section 4.2.3 we define:

Definition 5.2.3. Let B a tropical curve and pπ, s, sBq a tropical spin cover of B, that is
unramified over BzE8pBq. We define its multiplicity

multpπ, s, sBq “ p´1q
ř

vPV pΓq spvq
1

|Autpπq|

ź

ePEpΓqzE8pΓq

ωpeq
ź

vPV pΓq

|Autpµvq|¨H
sBpv1q,spvq
gpvqÑgpv1qpµvq,

(5.2)
where we use v1 to denote πpvq and HsBpv1q,spvq

gpvqÑgpv1qpµvq as in Definition 5.1.3.

Definition 5.2.4. The connected/disconnected tropical spin Hurwitz number
THp

g
d
ÝÑh

pµ1, ..., µnq{TH‚,p

g
d
ÝÑh

pµ1, ..., µnq is the weighted sum

THp

g
d
ÝÑh

pµ1, ..., µnq{TH‚,p

g
d
ÝÑh

pµ1, ..., µnq :“
ÿ

pπ,s,sBq

multpπq, (5.3)

of equivalence classes of (connected/potentially disconnected) tropical spin Hurwitz covers
of type pg Ñ ph, pq, d, µ1, ..., µnq.

Remark 5.2.5.

• We note that in the definition of tropical spin Hurwitz numbers, we do not impose
an explicit compatibility condition between the sign functions s on Γ and sB on B.
This contrasts [31], where the parity function s : V pΓq Ñ Z{2Z on Γ is required
to be admissible. That is a function s, such that for all v P V pΓq there exists a spin
Hurwitz Cover f (with connected domain curve) contributing to the local Hurwitz
number associated to v with ppfq “ spvq. Here, compatibility issues are encoded in
the multiplicity: If the parity function is not admissible, then the cover contributes 0
to the count.

• Moreover, as in the classical case, we do not include B in the notation of the tropical
Hurwitz numbers. Again, the tropical spin Hurwitz number is independent of the
choice of the genus g curve B, however it does depend on the parity of the spin
structure on B. This is clarified in Theorem 5.3.1.

• A collection of examples and closed formulae for special cases is available in [31].
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5.3 Correspondence
The following correspondence theorem clarifies the relation between classical and tropical
spin Hurwitz numbers.

Theorem 5.3.1 ([31]). Let g, h non-negative integers, d a positive integer, µ1, ..., µn parti-
tions of d. Moreover, let p P Z{2Z, then we have

H‚,p
gÑhpµ1, . . . , µnq “ TH‚,p

gÑhpµ1, . . . , µnq.

5.4 In the language of representation theory
Spin Hurwitz theory and Hurwitz theory share the same backbone structure. To emphasize
these parallels, we present a representation-theoretic expression as a substitution rule:
Replace

• the symmetric group Sd by the Sergeev group hd.

• irreducible representation by irreducible spin representations.

• the algebra CrSds by the superalgebra Hd.

• the center Zpdq of CrSds by the supercenter Zd of Hd.

Recall: We presented a representation-theoretic expression for Hurwitz numbers as result
of translating ramified coverings into monodromy representations. Monodromy representa-
tions also appear in [37] as initial connection between the geometric and the representation-
theoretic framework for spin Hurwitz numbers. Section 5.4 briefly references these to
motivate the substitution Sd ÞÑ hd, that sets the representation theoretic machinery in
motion (Section 5.4).

Monodromy representation

The enumeration of Hurwitz covers in (5.1) takes parities into account. Their monodromy
representations, however, do not retain this data. Still: [37] uses the maps in (5.1) as building
blocks new covers whose monodromy define morphisms ρ : π1pDzB, coq Ñ Bpdq Ă S2d

(as in Section 4.3.1), where Bpdq is the hyperoctahedral group.
The group Bpdq admits a central extension hd

0 Ñ Z2 Ñ hd Ñ Bpdq Ñ 0,

called the Sergeev group. The parity of the Hurwitz cover is encoded through the
existence/non-existence of a "canonical lift" of ρ to hd.

We give an alternative definition of hd (not as central extension), which is better suited
for our purposes:
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Definition 5.4.1. Let d a positive integer. The Sergeev group hd is the semi-direct product
hd “ Sd ˙ Cld , where

• Cld :“ xϵ, ξ1, . . . , ξd|ξiξj “ ξ2 “ ϵ2 “ 1, ϵξjξi for i ‰ jy is the Clifford group and

• σ P Sd acts on Cld by ϵ ÞÑ ϵ and xi ÞÑ xσpiq.

While the unsigned count of morphisms ρ : π1pDzB, coq Ñ G that send the loop
generator ri to a fixed conjugacy class of a finite groupG requires considering all irreducible
representations of G (see Theorem 4.3.3 for G “ Sd), letting G “ hd and including signs
amounts to considering only representations of hd where ϵ acts as´1. These representations
are called spin representations (of Bpdq) ([45], Section 1.5).

Character formula

Irreducible spin representations correspond to irreducible modules of the twisted group
algebra of hd ([45], Section 1.5)

Hd “ Crhds{1` ϵ.

These representations are studied in the framework of superalgebras, revealing further
parallels to the classical theory.

Superalgebra structure. A superalgebra is a Z2-graded algebra A “ A0 ‘ A1 with
AiAj Ă Ai`j for i, j P Z2.

The morphism

deg : hd Ñ Z2, degpξiq :“ 1 and degpϵq “ degpσq :“ 0, σ P Sd

defines a Z2–grading on hd, which turns Crhds into a superalgebra with direct sum decom-
position C0rhds ‘ C1rhds, where Cirhds :“ Crtg P hd|degpgq “ ius. The quotient algebra
Hd inherits this superalgebra structure.

Classification of irreducible supermodules Irreducible spin representations arise from
irreducible supermodules of Hd ([45], Proposition 1.13). Mirroring the classical setting
(Section 4.3.1), these are classified by strict partitions of d ([45], Propositions 1.16).

The supercenter Zd Let Zd denote the supercenter of Hd ([45], Section 1.4). Since Hd

is semisimple ([15], by Lemma 3.6), Zd is equal to the even part of the ordinary (algebra)
center of Hd.

The algebra Zd has two natural vector space basis indexed by odd and strict partitions
of d.

• The conjugacy class basis: tcµ|µ P OPpdqu, where cµ is the image of the sum
ř

x x P

Crhds over all x in the conjugacy class of a permutation σ P Sd Ă hd.
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• The semisimple basis: teBλ |λ $ du of orthogonal idempotents indexed by irreducible
supermodules V λ ofHd for λ P SPpdq (see [45], Remark 1.11 using thatHd is semisim-
ple).

For λ P SPpdq, let ζλ : hd Ñ C be the (usual) character of the spin representation associated
to the supermodule V λ by forgetting the grading and write ζλpµq for its value at σ P Sd Ă hd
of cycle type µ P OPpdq.

Theorem 5.4.2 ([45], Theorem 1.10). The disconnected spin Hurwitz number
H‚,0
gÑ0pµ1, ..., µnq (Definition 5.1.3) is equal to

2p
ř

ipℓpµiq´dq´2dq
ÿ

λPSPpdq

ˆ

dimpV λq

2δpdq{2d!

˙2 n
ź

i“1

|cµi |ζλpµiq

dimpV λq
,

where δpdq “ 1 if d is odd and δpdq “ 0 if d is even and |cµi | is the number of elements in
the conjugacy class of a permutation σ P Sd Ă hd of cycle type µi.

Towards spin completed cycles Notation: Let SP be the set of all strict partitions. Define
the central character fµ : SP Ñ C by

• fµ ” 1, if µ “ H.

• fµpλq :“
`

m1pµq`|λ|´|µ|
|λ|´|µ|

˘

|cµ|ζλpµq

dimpV λq
, where m1pµq is the number of parts of µ equal to 1,

else.

Rewrite the formula in Theorem 5.4.2

2p
ř

ipℓpµiq´dq´2dq
ÿ

λPSPpdq

ˆ

dimpV λq

2δpdq{2d!

˙2 n
ź

i“1

fµipλq. (5.4)

Broader context: The algebra CSP of C valued functions on SP has a distinguished
subalgebra: The algebra ΛB of supersymmetric functions is defined as the image of the
injective linear map ([40], Proposition 3.14)

8
à

d“0

Zd
ϕ
ÝÑ QSP, cµ ÞÑ fµ.

(Comment: Usually ΛB is defined as a subalgebra of the algebra of symmetric functions,
which itself can be viewed as subalgebra of CP. Since the central characters are only defined
for strict partitions, we work with CSP instead using that symmetric functions are uniquely
determined by value on strict partitions (see [48], Proposition 6.1.))

As an algebra, ΛB is freely generated by the usual symmetric power sums pk P CP with
k odd ([48]), i.e. ΛB “ Crp1, p3, ...s.
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As a vector space, ΛB admits two key basis for our applications: tfµ|µ P OPu and
tpµ|µ P OPu, where pµ :“

ś

i pµi .
This provides another vector space basis for

À8

d“0 Zd via ϕ: The counterpart of the
conjugacy class basis is given by tµ̄ |µ P OPu, where µ̄ :“ 1

ś

i µi
ϕ´1ppµq is called the spin

completed cycle conjugacy class. These will be used in the next section to define spin Hurwitz
numbers with multi-completed cycles.

5.5 Completed cycles spin Hurwitz numbers
The completed cycle theory is restricted to target P1. The index h will be dropped, with spin
Hurwitz numbers labeled exclusively by either d or g, depending on the context.
Definition 5.5.1. Fix positive integers d, g ą 0, even integers r1, ..., rb ą 0 and odd
partitions µ, ν of d P N such that r1` ...` rb “ 2g` lpµq` lpνq´ 2 holds. The disconnected
spin double Hurwitz number with multi-completed cycles hspin,‚,0g pµ, pr1 ` 1q, ..., prb ` 1q, νq
is defined as the linear combination of ordinary spin Hurwitz numbers

|Autpµq||Autpνq|

b!

ÿ

λ1,...,λb

ρpr1`1q,λ1 ¨ ... ¨ ρprb`1q,λb ¨H
‚,0
g̃ pµ, λ1, ..., λb, νq, (5.5)

where the summation is over all odd partitions λi of integers smaller or equal to ri ` 1,
g̃ is defined by the Riemann Hurwitz formula (for pd, h “ 0, λ̃iq with λ̃i the partition of
size d obtained by adding 11s to λi), and the coefficients ρpri`1q,λi come from the expansion
pri ` 1q “ pri ` 1q `

ř

λi
ρpri`1q,λiλi of the completed cycles in ordinary conjugacy classes

(see [41], Lemma 2.11).
Remark 5.5.2.

• To make sense of the right hand side of (5.5), refer to Definition 5.1.4 for extended
spin Hurwitz numbers.

• Definition 5.5.1 specializes to Definition 4.5 in [40] by setting ri ` 1 “ r ` 1 for
i “ 1, ..., b.

• Introduce connected spin double Hurwitz number with multi-completed cycles
hspin,0d pµ, pk1 ` 1q, ..., pkn ` 1q, νq by imposing a connectedness condition on the
source.

We derive a character formula for spin Hurwitz number with multi-completed cycle.
Theorem 5.5.3. The degree d disconnected spin double Hurwitz number with multi-
completed cycles (Definition 5.5.1) is given by

hspin,‚,0g pµ, pr1 ` 1q, ..., prb ` 1q, νq “
21´g

b!
ś

i µi
ś

j νj

ÿ

λPSPpdq

ζλµζ
λ
ν

2δpλq`lpµq`lpνq
¨

b
ź

i“1

pri`1pλq

pri ` 1q
,
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where ζλµ :“ ζλpµq (ζλµ ) denotes the usual character of the irreducible representation
corresponding to λ at µ (ν) ([40], Definition 3.11).

The case, ri ` 1 “ r ` 1 for all i, is stated in [40], but without explicit proof. For
completeness and to present a general formula that mirrors Theorem 4.4.3 for type A, we
include a proof here.

Proof. The linear expansion on the right hand side of Equation (5.5) corresponds to replacing
the central characters fpri`1q by the usual power sum functions ppri`1q{pri ` 1q. The rest
follows from a simple computation, using

• the relation between central and the usual characters (see Section 5.4 or [40], Definition
3.11) to obtain:

dimpV λqfλµ
2δpλq{2d!

“
2dζλµ

2δpλq{2`lpµqzpµq
,

where zpµq “ |Autpµq|
ś

i“1 µi and fλµ :“ fµpλq.

• the Riemann-Hurwitz formula for the factor 21´g .
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Chapter 6

Type A Fock space formalism

6.1 Introduction

The theory of Fock spaces is a standalone theory that first emerged from physics literature and
has since then been applied across various branches of mathematics. This chapter presents
the Fock space formalism through the lens of its application to enumerative theories such
as Hurwitz- and Gromov-Witten theory. From this perspective, it offers a framework for
handling generating functions of Hurwitz numbers efficiently as it allows the class algebras
of all symmetric groups (collected in ‘dPNZpdq) to be treated simultaneously. Recall that
‘dPNZpdq has two basis that are naturally indexed by partitions: The conjugacy class basis
tCµuµ and the semi-simple basis teλuλ corresponding to the irreducible representations λ
of Sd. Accordingly, there are two types of Fock spaces, fermionic and bosonic Fock space.
One constructs these as vector spaces over C:

• Fermionic Fock space with basis corresponding to the irreducible representations.

• Bosonic Fock space (which can be identified with the algebra of symmetric or shifted
symmetric functions (see Remark 6.5.3) with basis given by the power sum functions
tpµu corresponding to (completed cycles) conjugacy classes.

Translating between the two settings is formalized by the so-called boson-fermion corre-
spondence, which provides an isomorphism between bosonic and fermionic Fock space as
representations of a Heisenberg algebra.

The general framework is established Sections 6.2 and 6.3, introducing the two types of
Fock spaces together with the Lie algebras that act on them. Section 6.5 relates these two
settings. The material is a synthesis of [11] and [51]. We make no proofs but attempt to
convey ideas whenever helpful to understand a certain construction. Additional background
material and helpful ideas are drawn from [50] and [19]. As the literature uses different
notations and conventions, this compilation is an attempt to present the material in a unified
and, to the best of our ability, consistent setting.
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Tailored towards applications in Hurwitz theory are Sections 6.4 and 6.5.1. Following
the foundational work of Okounkov and Pandharipande in [66], we introduce vacuum
expectations as values assigned to operators acting on Fock space and define key operators
on the fermionic side. An insight from the general framework is that these operators arise
naturally from the action of a certain matrix algebra and that their vacuum expectations can
be viewed as a specific element of the corresponding infinite dimensional matrix. Within
this framework, the Hurwitz generating function is encoded as the vacuum expectation of a
specific operator. The boson-fermion correspondence (Section 6.5) then allows for a transla-
tion from fermionic to bosonic Fock space and, subsequently for the re-geometrization of
the original enumerative problem via tropical geometry (see [28]).

6.2 Relevant Lie algebras
Vector spaces with bilinear forms give rise to Lie algebras: If the bilinear form is symmetric,
the result is a Clifford algebra.

Definition 6.2.1 ([40], Definition 3.20). Let V be a vector space over K equipped with a
quadratic form q. The Clifford algebra ClpV, qq of pV, qq is the unital free algebra on V (i.e.
the tensor algebra of V with unit 1) modulo the relations

v2 “ qpvq ¨ 1

for all v P V . The commutator Lie bracket turns ClpV, qq into a Lie algebra.

Remark 6.2.2. If CharpKq ‰ 2, then a quadratic form is the same as a symmetric bilinear
form x¨, ¨y. We will write ClpV, x¨,¨yq in this case. Using xu, vy :“ 1

2
pqpu` vq´ qpuq´ qpvqq,

one rewrites the relations v2 “ qpvq ¨ 1 as uv ` vu “ 2xu, vy ¨ 1, where uv ` vu is called
the anti commutator of v and u.

If the bilinear form is skew-symmetric, the result is a Heisenberg algebra.

Definition 6.2.3. Let V be a vector space over K and ω : V ˆ V Ñ K a skew-symmetric
bilinear form. The Heisenberg algebraHeispV, ωq of pV, ωq is the Lie algebra with underlying
vector space V ‘K and Lie bracket

rpv, kq, pv1, k1qs :“ p0, ωpv, v1qq, (6.1)

where v, v1 P V and k, k1 P K.

Definition 6.2.4. A representation of a Lie algebra/projective representation of a Lie algebra
g on a C-vector space V is a Lie algebra homomorphism ρ from g to the algebra glpV q of
endomorphisms of V /the quotient glpV q{C ¨ Id. Moreover, ρ is said to be irreducible if V
does not contain any non-trivial ρ-invariant subspaces.

The following abstract Lie algebras will play a central role:

157



• The Heisenberg algebraHA :“ HeispV, ωq, generated by the complex vector space
V with basis of formal symbols tan, n P Zu and skew-symmetric bilinear form
ωpan, amq :“ nδn,´m, where δn,´m denotes the Kronecker delta. We identify the
underlying vector space V ‘ C (via p0, 1q ÞÑ γ) with the C-span of tγ, an, n P Zu.
The resulting commutator relations (6.1) are: ran, ams “ nδn,´mγ and rγ, ans “ 0.

• The Clifford algebra ClA :“ ClpV, x¨, ¨yq, generated by the complex vector space V
with basis of formal symbols tψk, ψ˚

k , k P Z` 1
2
u and symmetric bilinear form given

by: xψk, ψ˚
l y “

δk,l
2

and xψ˚
k , ψ

˚
l y “ xψk, ψly “ 0.

Operators will come from a collection of the following concrete Lie algebras: We denote
by

glp8q :“
à

i,jPZ` 1
2

Ei,j,

the algebra of infinite-dimensional matrices, and by

A8 :“ t
ÿ

i,jPZ` 1
2

aijEi,j | aij “ 0 for |j ´ i| ąą 0u,

the larger algebra of all matrices supported in a bounded strip with Lie Bracket given by the
commutator.

6.3 Vector spaces and representations

6.3.1 Bosonic Fock space

The bosonic Fock spaceB is the space of polynomials in infinitely many variablesCrx1, x2, ...s.
We have a distinguished vector, the constant polynomial 1, called the vacuum vector. The
terminology is of physical origin and will become clear in Subsection 6.3.2 (together with
the Boson-Fermion correspondence). There is a natural (vector space) basis txµ :“

ś

xµiuµ
indexed by partitions.

Representations on bosonic Fock space

For µ P R the map ρµ : HA Ñ glpBq given by

ρµpanq “
B

Bxn
, ρµpa´nq “ nxn, ρµpa0q “ µ and ρµpcq “ 1,

where n P N and glpBq denotes the endomorphism Lie algebra, defines an irreducible
representation of H on B (Definition 6.2.4):
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The map ρµpanq is clearly linear and compatibility with the Lie brackets of HA and
glpBq is readily verified. For irreducibility, note that the polynomials

ρµpcqp1q, ρµpa´1q
k1 ˝ ... ˝ ρµpa´nq

knp1q “
n
ź

i“1

ikixkii , ki P N (6.2)

form a basis of B. Since any ρµ-invariant subspace t0u ‰ W Ă B contains the vacuum (by
repeatedly applying an to a 0 ‰ w P W ), we haveW “ B.

B may be equipped with an inner product x¨, ¨y such that the vacuum has norm 1, i.e
x1, 1y “ 1, and such that ρµpanq is adjoint to ρµpa´nq. Then (6.2) forms an orthogonal basis
with respect to x¨, ¨y and we have

xρµpa´1q
k1 ˝ ... ˝ ρµpa´nq

knp1q, ρµpa´1q
k1 ˝ ... ˝ ρµpa´nq

knp1qy

“ x1, ρµpanq
kn ˝ ... ˝ ρµpa1q

k1ρµpa´1q
k1 ˝ ... ˝ ρµpa´nq

knp1qy

“ x1,
B

Bknxn
˝ ... ˝

B

Bk1x1
p

n
ź

i“1

ikixkii qy “
n
ź

i“1

ki!.

Existence and uniqueness of x¨, ¨y together with the orthogonality can be verified with a
similar computation.

6.3.2 Fermionic Fock space — the infinite wedge
The fermionic Fock space, alternatively the (half) infinite wedge, is an inner product space
p
Ź8

2 V, x¨, ¨yq that is constructed as follows: Let V be the vector space withC-basis tsusPZ` 1
2
.

Then
Ź8

2 :“
À

S CvS is the C vector space with basis tvS :“ s1 ^ s2 ^ ...uS indexed by
sequences S :“ psiqiPN P pZ` 1

2
qN such that

• S is decreasing,

• only finitely many positive slots of Z ` 1
2
are occupied, i.e. S` :“ SzpZě0 ´

1
2
q, is

finite,

• only finitely many negative slots of Z` 1
2
are vacant, i.e. S´ :“ pZě0 ´

1
2
qzS is finite,

and inner product x¨, ¨y :
Ź8

2 V ˆ
Ź8

2 V Ñ C defined by xvS1 , vS2y :“ δS1,S2 .

Remark 6.3.1.

• The symbol ^ is purely formal, but is reminiscent of the exterior algebra of V . In this
sense, ^ is multilinear and alternating and we call vectors vS semi-infinite wedges.

• This construction is best understood against its physical background (see [51], Section
4.2): The infinite wedge is a mathematical model for Dirac’s positron theory and build
according to the following assumptions
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– (Negative energy states): The wave equation of an electron admits solutions
with negative energy.

– (Pauli’s exclusion principle): Two electrons cannot occupy the same energy state
– (Dirac sea): A perfect vacuum is a region where all positive energy states are

unoccupied and all negative energy states are occupied.

The vector space V records energy states of a single electron. These can be positive
or negative. The infinite wedge records

Ź8
2 V the energy states of a distribution of

electrons in a region. The perfect vacuum is modeled by the vacuum vector

vH :“
´1

2
^

´3

2
^

´5

2
^ ....

It plays a distinguished role in the mathematical theory, often serving as a reference
state for evaluating operators (Definition 6.4.1).
By definition, any vector vS differs from the vacuum only in a finite number of places:
An occupied energy state is thought of as an electron of that energy and a vacant
negative energy state as a positron. Example: The vector v :“ 3

2
^ ´3

2
^ ´5

2
^ ´7

2
^ ...

corresponds to an electron of energy 3
2
and a positron of energy 1

2
.

Charge decomposition. To each vS we can associate an integerm :“ |S`|´|S´|, called its
charge, and obtain a corresponding decomposition

Ź8
2 V “ ‘mPZ

Ź8
2
m V , where

Ź8
2
m V is

the subspace generated by semi-infinite wedges of chargem. Each
Ź8

2
m V has a basis indexed

by partitions. Exemplary for
Ź

8
2
0 V : We have a bijection between the set of basis vectors vS

of charge 0 and partitions given by vS ÞÑ λ :“ pλk :“ sk ` k ´ 1
2
qkPN. We argue that the

sequence λ P ZN is indeed a partition: The vacuum vector is sent to pλkqk “ 0, which we
identify with the empty partitionH. Suppose vS ‰ vH. We have 0 ă s1 “ Sv`p|S`|´1q` 1

2
,

where Sv is the number of vacant slots between´1{2 and s1. So λ1 P N. Since´pλk´λk`1q

is equal to the number of vacant slots between sk and sk`1, pλkqk is decreasing and 0 for k
large enough. Indeed, chooseK such that sk ´ sk`1 “ 1 for all K ď k. Then

λk “ λ1 ´#pvacant slots between s1 and skq
looooooooooooooooooooomooooooooooooooooooooon

“Sv`|S´|

“ |S`| ´ |S´| “ 0, k ě K

since vS has charge 0. Hence, λ is a finite sequence with λk P N, i.e. a partition. We will use
this bijection and write vλ instead of vS .

Representations on fermionic Fock space

We understand how the Lie algebras in Subsection 6.2 operate on
Ź8

2 V .
Construction outline: We start by constructing a representation r0 of glp8q and extend

r0 to a representation r1 of A8:
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glp8q A8

glp
Ź8

2 V q glp
Ź8

2 V q{C ¨ Id.

r0 r1

As r1 will only be a projective representation (Definition 6.2.4), we have to pass to a bigger
Lie Algebra Â8, which is a central extension of A8, to get an ordinary representation r̂1 on
Ź8

2 V :

0 C ¨ c Â8 A8 0

0 C ¨ Id glp
Ź8

2 V q glp
Ź8

2 V q{C ¨ Id 0

r̂1 r1 ,

where we will set Â8 :“ A8 ‘ C ¨ c with c P ZpÂ8q.
1. Construction of r0. The representation r0 is a generalization of the following: The

n-dimensional matrix Lie algebra Matpn,Cq has a representation on any n-dimensional
vector spaceW – Cn given by Ei,j ¨ ek “ δjkei. Via

A ¨ pw1 ^ ...^ wkq :“
k
ÿ

i“1

w1 ^ ...^ pA ¨ wiq ^ ...^ wk

we also get a representation of Matpn,Cq on the Grassmann algebra
Ź

W .
Accordingly, we identify V with C8 via s ÞÑ es, where es denotes the standard basis

vector with index s P Z` 1
2
and let Ei,j P glp8q act on V via Ei,j ¨ s “ δjsi. Then

r0pAqpvSq :“ As1 ^ s2 ^ ...` s1 ^ As2 ^ ...` ...,

where A P glp8q and vS P
Ź8

2 V , is linear and well-defined, since

r0pEi,jqpvSq “

#

0 j R S,

s1 ^ ...^ i^ ..., else,

is and every such A is a finite linear combination of the matrices Ei,j . One verifies compati-
bility with the Lie brackets to conclude that r0 is a representation.

2. Construction of r1. To extend r0 toA8 we have to deal with finite linear combinations
of matrices with entries only on the Z Q c-shifted diagonal:

Ac :“
ÿ

i,jPZ` 1
2

aijEi,i`c,

The r0-definition works for c ‰ 0, since again

Acs1 ^ s2 ^ ...` s1 ^ Acs2 ^ ...` ...,
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is a finite: We have Acs “ ai ¨ i, if s “ i ` c, and 0 else. Moreover, there exists an index
k such that @i ď k we have i, i ` c P S. The corresponding summand vanishes as ^ is
alternating. For c “ 0, however, we have A0s “ as ¨ s and

A0vS “ pas1 ` as2 ` ...qvS

may diverge. As any vS has only finitely many positive terms, it suffices to introduce a correc-

tion term for the action of Ei,i for i ă 0 and define: σpEi,jq :“
#

r0pEi,jq ´ Id, i “ j ă 0

r0pEi,jq, else.
This gives rise to a well-defined map σ : A8 Ñ glp

Ź8
2 V q whose behavior with respect

to the Lie brackets is given by

rσpA1q, σpA2qs “ σprA1, A2sq ` apA1, A2q ¨ Id,

where a : A8 ˆA8 Ñ C is the bilinear map defined by

apEi,j, Ek,lq “

$

’

&

’

%

1 i “ l ă 0 and j “ k ą 0,

´1 i “ l ą 0 and j “ k ă 0,

0 else.
(6.3)

(see [11], Lemma 1.3).
Passing to the quotient yields a Lie algebra homomorphism r1

A8
σ
ÝÑ glp

8
2
ľ

V q ↠ glp

8
2
ľ

V q{C ¨ Id

and thus a projective representation of A8.
3. Construction of r̂1. An ordinary representation is obtained as follows: Introduce

a central extension Â8 of A8 by a 1-dimensional center; this is the Lie algebra Â8 :“
A8‘C ¨cwith Lie bracket/commutator relations rA1, A2s

^ :“ A1A2´A2A1`apA1, A2q ¨c

for Ai P A8 and c P ZpÂ8q. Define r̂1 : Â8 Ñ glp
Ź8

2 V q by

r̂1pA` λ ¨ cq :“ r1pAq ` λ ¨ Id.

The map r̂1 is a representation of Â8 that preserves charges, i.e. it restricts to representations
on the charge spaces: r̂m1 : Â8 Ñ glp

Ź8
2
m V q form P Z.

6.4 Operators and vacuum expectations
This section aims at two results: Application 1 and 2 (6.4.4 and 6.5.1) that encode Hurwitz
numbers as the action of certain operators on bosonic and fermionic Fock space. For that
purpose, we start by fixing terminology in Section 6.4.1, continue by defining the key
operators to finally arrive at an expression for Hurwitz numbers as vacuum expectation on
fermionic Fock space in Section 6.4.4. To derive a similar expression on bosonic Fock space,
we use Boson-Fermion correpondence (Section 6.5)
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6.4.1 Terminology
The fermionic Fock space is an inner product space with infinite dimensional matrices
operating on it. This motivates the following terminology.

Definition 6.4.1. Let A be an operator on
Ź8

2 V . The expression xvS, ApvS1qy for basis
vectors vS and vS1 is called a matrix element of A. The diagonal matrix element xAy :“
xvH, ApvHqy corresponding to the vacuum vector is the vacuum expectation.

Remark 6.4.2.

• Consider the inner product space pRn, x¨, ¨yRnq, where x¨, ¨yRn denotes the standard
scalar product. Terminology 6.4.1 is to be understood in analogy to: LetA P Matpn,Rq
and e1, ..., en, the standard basis vectors. Then xes, Aes1y is equal to the matrix entry
eTs Aes1 “ Ass1 .

• Since the boson-fermion correspondence (Section 6.5) allows us to transport the
representation ofA8 on

Ź8
2 V to a representation on bosonic Fock space, we may

transfer Definition 6.4.1 to this setting and call a product of the form, x1, Ap1qy for an
operator A, vacuum expectation of A.

6.4.2 Charged fermionic operators
Consider the following family of operators: For k P Z` 1

2
, let

ψk :

8
2
ľ

V Ñ

8
2
ľ

V, vS ÞÑ k ^ vS, i.e. ψkpvSq “
#

p´1q|tsPS:sąku|vSYtku, if k R S,

0, else,

with adjoint (with respect to the inner product x¨, ¨y) ψ˚
k given by

ψ˚
kpvSq “

#

p´1q|tsPS:sąku|vSztku, if k P S,

0, else,
.

Accordingly, the operators tψk, ψ˚
´kuką0 are called creation and tψk, ψ

˚
´kukă0 annihilation

operators. Note that the basis tvSuS can be obtained through the action of the creation
operators on vH.

Concrete realization ofClA: The subalgebraC of glp
Ź8

2 V qwith basis tψk, ψ˚
k , k P Z` 1

2
u

is a Clifford algebra: These operators satisfy the anti-commutation relations ([66], Section
2.1.2)

ψk ˝ ψ
˚
l ` ψ˚

k ˝ ψl “ δkl ¨ Id and ψk ˝ ψl ` ψl ˝ ψk “ ψ˚
k ˝ ψ

˚
l ` ψ˚

l ˝ ψ
˚
k “ 0.

Hence, we find C to be isomorphic to ClA (Section 6.2).

163



Regarding to the framework of Section 6.3, we have r̂1pEi,jq “: ψi ˝ ψ
˚
j :, where

: ψi ˝ ψ
˚
j ::“

#

ψi ˝ ψ
˚
j , if j ą 0

´ψ˚
j ˝ ψi, if j ă 0

denotes the normally ordered product: Recall that r̂1pEi,jq “ σpEi,jq and use that for j ă 0
and i ‰ j, we have : ψi ˝ ψ˚

j :“ ψi ˝ ψ
˚
j .

6.4.3 Bosonic operators
We can realize the Heisenberg algebra HA from Section 6.2 as subalgebra of the central
extension pÂ8, r¨, ¨s

^q: Let Λn :“
ř

iPZ` 1
2
Ei,i`n P Â8, for n P Z, be the matrix with 1 on

the n-th diagonal and denote by H the algebra with basis tΛn, n P Zu Y tcu. Then

rc,Λns
^
“ 0 and rΛn,Λms

^
“ rΛn,Λms ` apΛn,Λmq ¨ c “ apΛn,Λmq, n,m P Z

since the Λn generate a commutative subalgebra of pA8, r¨, ¨sq and c is a central element.
Using (6.3) together with bilinearity one computes

rΛn,Λms
^
“
ÿ

i,j

apEi,i`n, Ej,j`mq ¨ c “ n ¨ δ´n,m ¨ c

and finally obtains H – HA via Λn ÞÑ an and c ÞÑ γ (Subsection 6.2).
The operators αn :“ r̂1pΛnq P glp

Ź8
2 V q are called bosonic operators. We examine their

action on the basis tvS :“ s1 ^ s2 ^ ...uS (see Subsection 6.3.2):

αnpvSq “
ÿ

i:i`n“sjPS

s1 ^ ...^ sj´1 ^ i^ sj`1 ^ ..., (6.4)

where the i-th summand, s1^ ...^sj´1^i^sj`1^ ..., vanishes, if i P S, and is equal to˘vS1

with S 1 “ Szti` nu Y tiu, else. The sign is given by p´1q|tsPS:sąiu|, where |ts P S : s ą iu|
is the number swaps necessary to move i to the right position. In particular, we see: bosonic
operators preserve charges.

Much of the significance of bosonic operators in the context of Hurwitz theory, more
broadly in the context of character theory of the symmetric group, comes from reformulating
the action of bosonic operators (6.4) in terms of partitions. Restrict αn to the subspace/sector
Ź

8
2
0 V of charge 0 and recall that vS , as well as v1S , can be indexed by partitions (Subsection

6.3.2). Then, (6.4) can be seen to match the Murnaghan-Nakayama recursion, a recursive
algorithm for computing characters the symmetric group. An operator-theoretic formulation
is as follows.

Lemma 6.4.3 ([50], Theorem (Murnaghan-Nakayama)). Let µ be a partition of d, then
lpµq
ź

i“1

α´µipvHq “
ÿ

λ$d

χλµvλ,
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where χλµ :“ χλpσq is the character of the representation corresponding to λ evaluated at a
permutation σ of cycle type µ.
Example 6.4.4. Let µ and ν be partitions of d. Using Lemma 6.4.3 and the orthogonality of
the vectors vλ we compute:

x

lpνq
ź

i“1

α´νipvHq,

lpµq
ź

i“1

α´µipvHqy “ x
ÿ

λ$d

χλνvλ,
ÿ

λ1$d

χλ
1

µ vλ1y “
ÿ

λ$d

χλνχ
λ
µ.

6.4.4 Application 1: Hurwitz numbers as vacuum expectation on
fermionic Fock space

Wewant to express Hurwitz numbers with multi-completed cycles as vacuum expectation on
fermionic Fock space. With Lemma 6.4.3 we have operators that take care of the "character-
part" (

ř

λ χ
λ
µχ

λ
ν ) of

h‚dpµ, pk1 ` 1q, ..., pk1 ` 1q, νq “

śn
i“1 ki!

zpµqzpνq

ÿ

λ

χλµχ
λ
ν ¨

n
ź

i“1

pki`1pλq

pki ` 1q!
.

Indeed, x
ślpνq

i“1 ανi
ślpµq

i“1 α´µiy is equal to
ř

λ$d χ
λ
νχ

λ
µ (see Example 6.4.4). For each λ we still

need a coefficient
śn

i“1

pki`1pλq

pki`1q!
, i.e. we want to insert operatorsPk`1 (between

ślpνq
i“1 ανi and

ślpµq
i“1 α´µi) that send vλ to pk`1pλq ¨ vλ. Rather than defining these operators individually,

we construct a generating function E0pzq that relates to Pk as epλ, zq relates to pk (i.e. via
Pk “ k!rzksE0pzq) and derive a vacuum expectation for the entire generating function for
multi-completed cycles instead: Fµ,νpz1, ..., znq “

8
ÿ

k1,...,kn“´2

h‚dpµ, pk1 ` 1q, ..., pkn ` 1q, νq
n
ź

i“1

zki`1
i “

śn
i“1 ki!

zpµqzpνq
¨
ÿ

λ$d

χλµχ
λ
ν ¨

n
ź

i“1

epλ, ziq.

(6.5)

Here, E0pzq is an operator on
Ź

8
2
0 V rrzss and x¨, ¨y extends to

Ź

8
2
0 V rrzss via xzi, zjy “

zi`j . According to (6.5), we want E0pzq to have eigenvalues epλ, zq with corresponding
eigenvectors vλ.

Ansatz: Define E0 :“
ř

kPZ` 1
2
ezkEkk P Â8rrzss and consider the r0 action of E0 on a

basis vector vH ‰ vS P
Ź

8
2
0 V :

E0vS “ p
ÿ

kPZ` 1
2

ezkEkks1q

loooooooomoooooooon

“ezs1s1

^s2 ^ ...` s1 ^ p
ÿ

kPZ` 1
2

ezkEkks2q

loooooooomoooooooon

“ezs2s2

^s2 ^ ...` ...

“ p
ÿ

siPS

ezsiqvS “ p

8
ÿ

i“0

ezpλi´i`
1
2
q
qvλ “ epλ, zqvλ,
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where vS “ vλ for the partition λ :“ pλi :“ si ` i´ 1
2
qiPN (see Section 6.3.2). Recall from

Section 6.3.2 that the r0 action is not necessarily well-defined, i.e. we need to work with r̂1.
One computes

r̂1pE0qpvSq “ epλ, zqvλ ´ p
ÿ

0ąkPZ` 1
2

ezkq

loooooomoooooon

“ 1

ez{2´e´z{2

vλ

and adjusts for the second summand by defining

E0 :“
ÿ

kPZ` 1
2

ezkEkk `
1

ez{2 ´ e´z{2
¨ Id and

E0pzq :“ r̂1pE0q “
ÿ

kPZ` 1
2

ezk : ψkψ
˚
k : `

1

ez{2 ´ e´z{2
¨ Id.

Proposition 6.4.5 ([66], Proposition 3.1). The generating series Fµ,νpz1, ..., znq can be
expressed on fermionic Fock space:

Fµ,νpz1, ..., znq “

śn
i“1 ki!

zpµqzpνq
¨ x

lpµq
ź

i“1

αµi

n
ź

i“1

E0pziq

lpνq
ź

i“1

α´νiy

We extract operators Pk to arrive at an expression for individual Hurwitz numbers.

Definition 6.4.6. For k ą 0 define Pk :“ k!rzksE0pzq “
ř

jPZ` 1
2
jk : ψjψ

˚
j :.

By taking the coefficient of zk1`1
1 ¨ ... ¨ zkn`1

n in Proposition 6.4.5, we find:

Corollary 6.4.7. The Hurwitz number h‚dpµ, pk1 ` 1q, ..., pk1 ` 1q, νq is given by:
śn

i“1 ki!

zpµqzpνq
¨

x
ślpµq

i“1 αµi
śn

i“1 Pki`1

ślpνq
i“1 α´νiy.

This formalism was primarily developed for Gromov-Witten invariants. For Hurwitz
numbers the additional factor of

śn
i“1 ki! might be taken care of by setting P̃k :“ rzksE0pzq,

instead. Then, P̃k has eigenvalues pkpλq
k!

.

6.5 Type A boson-fermion correspondence
Following [51],we connect the representation ofHA on bosonic Fock space B (Section 6.3.1)
to the one on fermionic Fock space (Section 6.3.2).
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Theorem 6.5.1. [[51], Section 5.1] The representations r̂m1 and ρm (see Subsection 6.3.1)
of the Heisenberg algebraHA are equivalent, i.e. there exists a vector space isomorphism

fm :
Ź8

2
m V Ñ B such that

Ź8
2
m V

Ź8
2
m V

B B

fm

r̂m1 pAq

fm

ρmpAq

commutes for all operators A P H.

Moreover, fm satisfies vmH ÞÑ 1, where vmH :“ m´ 1
2
^m´ 3

2
^ ... denotes the charge m

vacuum vector.

Theorem 6.5.1 provides a dictionary (fm) to translate between r̂m1 pHq and Impρmq, where

αn Ø

$

’

&

’

%

B

Bxn
, for n ą 0,

n ¨ xn, for n ă 0,

m, for n “ 0.

(6.6)

Bypassing ρm and r̂m1 , we can still use the isomorphism fm to transport operators acting
on

Ź8
2
m V to operators acting on B and vice versa: Let A P glp

Ź8
2
m V q or A P glpBq, then

conjugation with fm, respectively f´1
m , yields fm ˝ A ˝ f´1

m P glpBq or f´1
m ˝ A ˝ fm P

glp
Ź8

2
m V q.

We want to extend this procedure to
Ź8

2 V while preserving the compatibility described
in (6.6). For eachm P Z introduce a copy Bm :“ zmCrx1, x2, ...s of B and define

8
2
ľ

V “
à

mPZ

8
2
ľ

m

V
f :“‘mPZf̃m
ÝÝÝÝÝÝÝÑ

à

mPZ
Bm “ Crz, z´1, x1, x2, ...s,

where f̃m is the composition of fm with the (vector space) isomorphism B Ñ Bm, p ÞÑ zmp.
The map f is compatible with Theorem 6.5.1, in the sense that f respects chargem vacuum
vectors (f̃mpvmHq :“ zm) and (6.6):

f̃m ˝ αn ˝ f̃
´1
m Ø

$

’

&

’

%

B

Bxn
, for n ą 0,

n ¨ xn, for n ă 0,

m, for n “ 0.

(6.7)

Theorem 6.5.2 ([51], Theorem 6.1 and Section 5.1). The map f :“ ‘mPZf̃m is an isomor-
phism of vector spaces. On a basis, f̃0pvλq “ sλp

x1
1
, x2

2
, ...q, where sλ is the Schur polynomial

indexed by λ, and f̃´1
0 pxµq “

ř

λ χ
λpµqvλ.

Remark 6.5.3. We can identify B with the ring of symmetric functions Λ via xi ÞÑ p̃i,
where p̃i is the usual i-th power-sum symmetric function in infinitely many variables.
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That is we find the basis txµuµ to correspond to the power-sum basis tp̃µuµ (and thus
to the conjugacy class basis of

À8

d“0 Zpdq). Recall that Λ has another prominent basis
tsλuλ indexed by irreducible representations λ, namely the Schur polynomials that (via
Theorem 6.5.2) correspond to the basis tvλuλ of (the charge 0 sector of) fermionic Fock
space. In Λ, both basis are not "equal": While power-sum functions are easier to define,
Schur polynomials have the advantage of forming an orthonormal basis with respect to the
inner product on Λ.

Fock space formalism removes this imbalance by creating two separate settings. In each,
one of the two bases will be the most natural and (rather than cumbersome definitions) it is
their relationship (i.e. base change) that will be recorded by f0.

Remark 6.5.4. [28] considers a rescaled version ρ̃m of the representation ρm given by

ρ̃mpanq “ n
B

Bxn
, ρ̃mpa´nq “ xn, ρ̃mpa0q “ m and ρ̃mpcq “ 1,

which is equivalent to r̂m1 via the isomorphism g ˝ fm :
Ź8

2
m V Ñ B, where g : B Ñ B is

defined by xn ÞÑ xn
n
and 1 ÞÑ 1.

6.5.1 Application 2: Hurwitz numbers as vacuum expectation on
bosonic Fock space

Using the boson-fermion correspondence, we can transport E0pzq to B. Conjugation with f
(in the sense of Section 6.5) yields the following:

Lemma 6.5.5 (Lemma 1.4.8, [64]). The bosonic description of E0pzq is given by:

EB0 pzq :“
1

ςpzq

8
ÿ

l“0

1

l!

ÿ

i1`...`il“0

ςpi1zq ¨ ... ¨ ςpilzq

i1 ¨ ... ¨ il
: ai1 ¨ ... ¨ ail :,

where ςpzq :“ ez{2 ´ e´z{2.

The bosonic counterparts Fk :“ k!rzksEB0 pzq of Pk’s are called cut-and-join operators.
Together with Lemma we obtain a bosonic version of Corollary 6.4.7:

Lemma 6.5.6. The Hurwitz number h‚dpµ, pk1 ` 1q, ..., pk1 ` 1q, νq is given by:
śn

i“1 ki!

zpµqzpνq
¨

x
ślpµq

i“1 aµi
śn

i“1 Fki`1

ślpνq
i“1 a´νiy.
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Chapter 7

Type B Fock space formalism

7.1 Introduction
This chapter serves as an introduction to the type B theory and follows the structural
blueprint established in Chapter 6.

The general framework is developed in Sections 7.2 and 7.3, introducing the two types
of Fock spaces and the Lie algebras that act on them. Section 7.5 relates these two settings
via the type B boson-fermion correspondence.

Tailored towards applications in spin Hurwitz theory, Sections 7.4 and 7.5.1 derive a
fermionic and a bosonic expression for spin Hurwitz numbers, ultimately enabling the
re-geometrization of the original enumerative problem in Section 8.1. The material is taken
from [40],[80], supplemented with original work in Section 7.5.1.

7.2 Relevant Lie algebra
The following abstract Lie algebras will play a central role in the type B theory:

• The Heisenberg algebra HB generated by the complex vector space with basis of
formal symbols taBn , n P Z odd u Y tγu and with skew-symmetric bilinear form
ωpaBn , a

B
mq :“

m
2
δn,´m und ωpγ, aBnq :“ 0. The commutator relations are: raBn , aBms “

m
2
δn,´mγ and rγ, aBn s “ 0.

• The Clifford algebra ClB generated by the complex vector space with basis of formal
symbols tφn, n P Zu and with symmetric bilinear form xφkφly “

p´1qk

2
δk,´l.

Concrete Lie algebra: The role of the matrix algebra A8 in type A theory is assumed by one
of its subalgebras.

Definition 7.2.1. Let B8 be the subalgebra ofA8 (Section 6.2) consisting of those matrices
that satisfy ιpAq “ ´A, where ι is the involution ι : A8 Ñ A8, Ei,j ÞÑ p´1qi`jE´j,´i.
The matrices Bj,k :“ E´j,k ´ p´1qk`jE´k,j for j ą k form a basis of B8.
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7.3 Vector spaces and representations

7.3.1 Bosonic Fock space of type B

The bosonic Fock space of type B is the space of polynomials Crx1, x3, x5, ...s with indetermi-
nates indexed by odd natural numbers. We have a distinguished vector, the constant polyno-
mial 1, called the vacuum vector. There is a natural (vector space) basis txµ :“

ś

xµiuµPOP

indexed by odd partitions.

Represention on bosonic Fock space of Type B

The map ρB : HB Ñ glpCrx1, x3, x5...sq given by

ρBpaBnq “ n ¨
B

Bxn
, ρBµ pa

B
´nq “

xn
2

and ρBpcBq “ 1,

where n P N is odd and 1 denotes the identity operator in glpCrx1, x3, x5...sq, defines an
irreducible representation of HB on Crx1, x3, x5...s (see [40], Section 3.3).

Crx1, x3, x5...s may be equipped with an inner product x¨, ¨y such that the vacuum has
norm 1, i.e x1, 1y “ 1, and ρBpaBnq is adjoint to ρBpaB´nq.

7.3.2 Fermionic Fock space of type B

Since the action of charged fermions generates fermionic Fock space of type A, the Clifford
algebra CℓA is considered the more fundamental object. The B-type theory starts from the
Clifford algebra CℓB .

Neutral fermions

Explicitly, we can realize CℓB as subalgebra of CℓA: Call the following linear combinations
of charged fermions

φn :“
1
?
2
pψn´ 1

2
` p´1qnψ˚

´n´ 1
2
q, n P Z,

neutral fermions, the algebra they generate the algebra neutral fermions, and verify the
anticommutation relations of CℓB :

φnφm ` φmφn “ p´1qnδn,´m. (7.1)

This shows: The algebra neutral fermions is isomorphic to CℓB . Following the example
of the type A theory, define the fermionic Fock space of type B (FB) to be the vector
space generated by the action of CℓB on the vacuum vH P

Ź8
2 V with inner product x¨, ¨y
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inherited from
Ź8

2 V . We have

φnpvHq “

$

’

&

’

%

0 if n ă 0,
1?
2
pn´ 1

2
^ ´1

2
^ ´3

2
^ ...q if n ą 0,

1?
2
p´3

2
^ ...q if n “ 0.

Using the anticommutation relations (7.1) and the fact that neutral fermion with negative
index annihilate the vacuum, one can arrange for any element φm1 ˝ ... ˝ φmrpvHq, where
mj P Z, to be of the formφn1 ˝...˝φnl

pvHq, where the nj are strictly ordered all non-negative
integers. The set

tφn1 ˝ ... ˝ φnl
pvHq : n1 ą n2 ą ... ą nl ě 0 and l ą 0u Y tvHu,

is a basis of FB . The decomposition CℓB “ CℓB0 ‘ CℓB1 , where CℓB0 and CℓB1 are spanned
by all products φn1 ˝ ... ˝ φnl

of even, respectively odd length, induces a vector space
decompositionFB “ FB

0 ‘FB
1 . The spaceFB

0 is the typeB analogue of the charge 0 space
Ź

8
2
0 V . It has an orthonormal basis tvλuλ indexed by strict partitions (see [55], Section

3.2.1): Given λ P SP, we define

vλ :“

#

φλ1 . . . φλlpλqpvHq, if lpλq is even.
?
2φλ1 . . . φλlpλqφ0pvHq, if lpλq is odd.

Representation of B8 on FB
0

In contrast to the type A theory, normal ordering is not needed to get a well-defined action
of B8 on FB

0 .
Lemma 7.3.1. The assignements

Bj,k ÞÑ p´1qj : φjφk : and Bj,k ÞÑ p´1qjφjφk

yield two irreducible representations of B8, a projective and an ordinary one,
rB1 : B8 Ñ glpFB

0 q{CId and rB0 : B8 Ñ glpFB
0 q.

Denote by r̂B1 : B̂8 Ñ glpFB
0 q the ordinary representation obtained from rB1 (The

construction of the central extension B̂8 is analogous to the one of Â8 in Section 6.3.2).

7.4 Application 1: Spin Hurwitz numbers as vacuum
expectation on fermionic Fock space of type B

7.4.1 Bosonic operators of type B
Definition 7.4.1. The bosonic operators αBn (of type B) are defined by:

αBn :“
´1

2

ÿ

kPZ

p´1qk : φkφ´k´n :, where n P Z.
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Remark 7.4.2.

• Bosonic operators vanish for n even: Using : φiφj :“ ´ : φjφi : and : φiφi :“ 0 for
i, j P Z ([80], Section 1.4.6), we obtain

αBn “ ´
1

2

ÿ

kPZ

p´1qk : φkφ´k´n :“ ´
1

2

ÿ

ką´k´n

p´1qk : φkφ´k´n :

`
´1

2

ÿ

kă´k´n

p´1qk : φkφ´k´n :
looooomooooon

“´:φ´k´nφk:

pl:“´k´nq
“

´1

2

ÿ

ką´k´n

p´1qk : φkφ´k´n : `
p´1q´n

2

ÿ

lą´l´n

p´1q´l : φlφ´l´n :

“

#

´
ř

ką´k´np´1qk : φkφ´k´n :, if n is odd,
0, if n is even.

• For nZ odd, the preceding computation shows:

αBn “ ´
1

2

ÿ

kPZ

p´1qk : φkφ´k´n :“ ´
ÿ

ką´k´n

p´1qk : φkφ´k´n :“ ´
ÿ

ką´k´n

p´1qkφkφ´k´n.

Note, the normal ordering in Definition 7.4.1 is not necessary since : φkφ´k´n :‰
φkφ´k´n if and only if k “ k ` n, i.e. n “ 0.

• The adjoint pαBq˚n is given by

pαBq
˚

n “ ´
1

2

ÿ

kPZ

p´1qk p: φkφ´k´n :q˚
looooooomooooooon

“:φ˚
´k´nφ

˚
k :

“ ´
1

2

ÿ

kPZ

p´1qk p´1q : φk`nφ´k :
looooooooomooooooooon

“:φ´kφk`n:

“ αB´n,

where φ˚
k “

#

´φ´k, if k is odd
φ´k, if k is even

follows from recalling that φk is defined in terms

of charged fermions.

Lemma 7.4.3 ([40], Lemma 3.31). The operators tαBn unPZ odd satisfy

rαBn , α
B
ms “

m

2
δn,´m.

Together with the identity they generate an algebra isomorphic to the Heisenberg algebra
HB .

Remark 7.4.4. For n P Z odd, define ΛBn :“
ř

´k´năk Bk,´k´n P B̂8. Then tΛBn unPZ odd Y

tcBu, realizes HB as a subalgebra of the central extension induced by the representation r1
(compare to Section 6.4.3): pB̂8 :“ B8 ‘ C ¨ cB, r¨, ¨s^q. Since we did not properly define
the Lie bracket r¨, ¨s^, verifying the commutation relations in Lemma 7.4.3 is best done in
glpFB

0 q.
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We have a type B analogue of the Murnaghan-Nakayama rule.

Lemma 7.4.5 ([40], Corollary 3.33). For µ P OP a partition, we have:

lpµq
ź

i“1

αB´µipvHq “
ÿ

λPSP

ζλµ
2δpλq{2`lpµq

vλ,

where δpλq :“
#

1, if lpλq is odd.
0, if lpλq is even.

7.4.2 The vacuum expectation formula

With the type B analogue of the Murnaghan-Nakayama rule (Lemma 7.4.5) we can realize
the "character-part" of the character formula for spin Hurwitz numbers (Theorem 5.5.3) as
vacuum expectation: Let d be a positive integer and µ, ν P OPpdq. Using the orthogonality
of the vectors vλ and Remark 7.4.2:

x

lpνq
ź

i“1

αBνi

lpµq
ź

i“1

αB´µiy “ x

lpνq
ź

i“1

αB´νipvHq,

lpµq
ź

i“1

αB´µipvHqy “
ÿ

λPSP

ζλν ζ
λ
µ

2δpλq`lpνq`lpµq
.

The coefficients
śb

i“1

pri`1pλq

pri`1q
will come from the action of operators PB

r`1 with eigenvalues
pri`1pλq for λ P SP.

Definition 7.4.6 ([40], Definition 3.34 and Lemma 3.35). The operators

PB
r`1 :“

1

2

ÿ

kPZ

p´1qkkr`1 : φkφ´k :“
ÿ

ką0

p´1qkkr`1, φkφ´k

where r P N even, have eigenvalues pr`1pλq and corresponding eigenvectors vλ.

Let k ą 0. Then

p´1qkφkφ´kpvλq “

#

vλ, if k “ λi

0, else

is easily verified. One obtains:

PB
r`1pvλq “

ÿ

ką0

p´1qkkr`1φkφ´kpvλq “ p
ÿ

i

λi
r`1

qvλ “ pr`1pλqpvλq.

As an immediate consequence, we have the following (see [40] for the case ri`1 “ r`1
for all i):
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Proposition 7.4.7. The spin Hurwitz number with completed cycle can be expressed on
fermionic Fock space:

hspin,‚,0g pµ, pr1 ` 1q, ..., prb ` 1q, νq “
21´g

b!
ś

i“1 µi
ś

j“1 νj
śb

i“1pri ` 1q

¨ x

lpµq
ź

i“1

αB
νi

b
ź

i“1

PB
ri`1

lpνq
ź

i“1

αB
´µi

y

Remark 7.4.8. In Section 7.5.1 we use results from [40] that are expressed in terms of
generating functions: Introduce the type B analogue of E0pzq ([40], Definition 5.5)

EB
0 pzq “

ÿ

kPZ

1

2

ÿ

kPZ

ekzp´1qk : φkφ´k :P B̂8rrzss

with PB
r`1 “ pr ` 1q!rzr`1sÊ0pzq for even r. Generally speaking: Working with generating

series simplifies (among other things) the determination of the bosonic expression of PB
r`1

(i.e. the transport of the action of PB
r`1 to an action on Crx1, x3, ...s).

7.5 Type B boson-fermion correspondence
Bosonic and fermionic Fock space of type B are connected in a similar way to how the
corresponding objects are connected in the type A theory.

Theorem 7.5.1. [[40], Theorem 3.32] The representations r̂B1 and ρB (see Sections 7.3.2
and 7.3.1) of the Heisenberg algebra HB are equivalent. This equivalence is realized by the
vector space isomorphism fB : FB

0 Ñ Crxs, which is given by vλ ÞÑ 2´lpλqQλp
1
2
xq, where

x :“ px1, x3, ...q and Qλ is the Schur Q-function associated to λ P SP ([40], Section 3.2).

7.5.1 Application 2: Spin Hurwitz numbers as vacuum expectation
on bosonic Fock space and related computations

The boson-fermion correspondence of type B provides a way to transport operators acting
on FB

0 to operators Crxs. We exploit Theorem 7.5.1 for the operator EB
0 pzq.

Lemma 7.5.2 ([40], Lemma 5.7). The bosonic description of EB
0 pzq is given by:

cothp
z

2
q

8
ÿ

n“1

ÿ

k1`¨¨¨`kn“0,ki odd

2n´2

n!
:

n
ź

i“1

ζpkizq
aBki
ki

:,

where we write aBki for ρ
BpaBkiq P glpCrx1, x3, ...sq, ζpzq :“ 2 sinhp z

2
q, and : aBki : for the

normal product of the aBki ’s, which means that the indices from left to right are increasing.
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As usual, call the coefficients FB
r`1 :“ r!rzr`1sEB

0 pzq “

r!rzr`1
s

ˆ

cothp
z

2
q

8
ÿ

n“1

ÿ

k1`¨¨¨`kn“0,ki odd

2n´2

n!
:

n
ź

i“1

ζpkizq
aBki
ki

:

˙

(7.2)

spin completed cycles cut-and-join operators.

Lemma 7.5.3. The spin Hurwitz number hspin,‚,0g pµ, pr1 ` 1q, ..., prb ` 1q, νq is given by:

21´g

b!
ś

i µi
ś

j νj
¨ x

lpµq
ź

i“1

aBµi

n
ź

i“1

FB
ri`1

lpνq
ź

i“1

aB´νiy.

Note that multiplying by r! instead of pr ` 1q! eliminates the factor 1
śb

i“1pri`1q
in Propo-

sition 7.4.7.

Towards a graph-theoretic interpretation. The action of the cut-and-join operators
FB
r`1 has a geometric interpretation in terms of algebraic degeneration (see Section 8.1) that

is not visible yet. Indeed, FB
r`1 is the coefficient of a certain power of z in a gigantic sum

that mixes products of functions in z together with bosonic operators. Rewriting Equation
(7.2) as in Lemma 7.5.6 is a first step. For that purpose introduce the following notation:

ζpzq :“ 2 sinhp
z

2
q, Spzq “

ζpzq

z
, ρpzq “

1

2
coshp

z

2
q

and

SZr`2´2g :“ tx P Zr`2´2g : x1 ď ... ď xl ă 0 ă xl`1 ď ... ď xr`2´2g,
r`2´2g
ÿ

i“1

xi “ 0 and xi oddu

for the set of ordered integer vectors of length r ` 2´ 2g with odd entries that sum up to
zero. We denote by x` (x´) the partitions formed by the positive (negative) part of an ele-
ment x P SZr`2´2g and write hspin,0,rg px`, x´q (hspin,‚,0,rg px`, x´q) for hspin,0g pµ, pr ` 1q, νq

(hspin,‚,0g px`, pr ` 1q, x´q), where x` “ µ and x´ “ ν.
Lemma 7.5.6 simplifies FB

r`1 to a weighted sum of words in the bosonic operators aBki .
The next Lemma provides an interpretation for the coefficients appearing in this sum.

Lemma 7.5.4. The connected spin Hurwitz numbers with 1 completed cycles are given by:

hspin,0,rg px`, x´q “ 21´gr!rz2gsρpzq

ś

i Spx
´
i zq

ś

j Spx
`
j zq

Spzq
.
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Proof. An explicit computation of the vacuum expectation (see [40], Proposition 6.1)

hspin,‚,0,rg px`, x´q “
r! ¨ 21´g

ś

i x
`
i

ś

j x
´
j

rzr`1
sx
ź

i

αB
x`i
EB0 pzq

ź

j

αB
´x´j

y, (7.3)

is carried out by using the commutation relations derived from the properties of the B-
Okounkov-Pandharipande operators ([40], Lemma 5.8):

rαBm,E
B
n pzqs “

ˆ

1

2
`
`´1

2

˘

m`1
˙

ζpmzqEBn`mpzq (7.4)

rEBmpzq, α
B
n s “

ˆ

´1

2
`
`´1

2

˘

n
˙

ζpnzqEBn`mpzq (7.5)

rαBm, α
B
n s “

m

2
δ´n,m (7.6)

to reduce (7.3) to a linear combination of vacuum expectations of the form xEBmpzqy “ δm
ρpzq
ζpzq

.
More precisely: 1. Start by moving EB0 pzq to the left by substituting αBmEB0 pzq by

EB0 pzqα
B
m ` rαBm,E

B
0 pzqs

looooomooooon

p...qEB
mpzq

.

This produces two terms: One in which EB0 pzq absorbs αBm increasing its subscript bym and
another in which EB0 pzq is shifted one step further to the left. Repeat until (7.3) reduces to a
linear combination of terms of the form xEBk pzq

ś

ią0 α
B
i

ś

jă0 α
B
j y.

2. Since αB-operators with positive subscript annihilate the vacuum, we move them to
the right using αBi αBj “ αBj α

B
i ` rαBi , α

B
j s. This always yields a term in which the operator

with a positive subscript is further to the right, eventually resulting in 0 after iteration. And,
if i` j happens to be equal to 0, a second term is created in which both cancel, producing a
scalar.

The surviving terms are of the form c ¨ xEBk pzq
ś

jă0 α
B
j y, where c is a scalar and the

subscripts sum up to 0.
3. Finally, move EBk pzq to the right using relations (7.4). From (7.4) also note: Non-zero

contributions to (7.3) come from EB0 pzq absorbing αB-operators whose subscripts sum up to
0 such that the remaining operators can pairwise cancel.

However, non-trivially mixed-terms (i.e. obtained by pairwise cancellation and absorp-
tion) contribute to the disconnected number only (see [66], Section 3.2). It then follows that
the Formula in Lemma 7.5.4, the connected part of (7.3), corresponds to EB0 pzq absorbing
the αB-operator in each step.

A sanity check. Completed cycles spin Hurwitz numbers can be compute in a number of
ways, e.g. by using Lemma 7.5.4 or by extracting the connected part of Definition 5.5.1. We
verify that both agree.
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Example 7.5.5. Consider hspin,0,21 pp3q, p3qq. We have

ρpzq
pSp3zqq2

Spzq
“

1

2
`

5

12
z2 ` ... and hspin,0,2g pp3q, p3qq “ 21´1

¨ 2!rz2spρpzq
pSp3zqq2

Spzq
q “

5

6
,

by Lemma 7.5.4. On the other hand, hspin,‚,0,2g pp3q, p3qq is a linear combination of ordinary
(extended) spin Hurwitz numbers (Definition 5.1.4) whose connected part is

ρp3q,p3q

ˆ

0

0

˙

H0
g̃“1pp3q, p3q, p3qq ` pρp3q,p1,1q

ˆ

2` 1

1

˙

` ρp3q,p1q

ˆ

1` 2

2

˙

qH0
g̃“0pp3q, p1, 1, 1q, p3qq

with coefficients determined by the expansion of ¯p3q in ordinary cycles ([41], Lemma 2.11)

¯p3q “ ρp3q,p3qp3q ` ρp3q,p1,1,1qp1, 1, 1q ` ρp3q,p1,1qp1, 1q ` ρp3q,p1qp1q ` ρp3q,HH

“ p3q ` p1, 1q `
1

6
p1q ´

1

720
H.

Excluding the empty partition (since we are interested in the connected number) and
using [54] finally yields:

hspin,0,21 pp3q, p3qq “
´1

3
` p1 ¨ 3`

1

6
¨ 3q

1

3
“

5

6
.

Lemma 7.5.6. The operators FB
r`1 satisfy

FB
r`1 “

ÿ

gě0

ÿ

xPSZr`2´2g

2lpxq´1`g

|Autpx`q||Autpx´q|
hspin,0,rg px`, x´q

ź

i

aB
x´i

ź

j

aB
x`j
.

Proof. Recall, the right hand side of (7.2) is a sum of words in the aBki that contribute to the
coefficient of zr`1. Rewriting it as power series in z we see: The coefficient of zr`1 is formed
by a choice of summand in the series expansion of cothpzq together with a word in aBki . Note
that each individual aBki contributes with a power of z coming from a summand of ζpkizq.
The series expansions

cothpzq “
1

z
`
z

3
`Opz3q{h.o.t. in odd powers of z

ζpzq “ z `Opz3q{h.o.t. in odd powers of z

form the basis for the following observation.

1. The longest word in the aBki has length r ` 2: Choose the l.o.t. in each series.

2. There are words of length r ` 1 given by choosing the z´term in each series.

3. Any further deviation from the choices above give rise to a decrease of the word
length by 2 since cothpzq and ζpzq are odd in z.
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Let g remember the difference between word length and power of z, i.e.

pr ` 2q ´ 2g “ pword lengthq.

Expression (7.2) becomes

r!
ÿ

gě0

ÿ

xPSZr`2´2g

2lpxq´2

|Autpx`q||Autpx´q|
rzr`1

s

ˆ

cothpzq

ś

i ζpxizq
ś

i xi

˙

ź

i

aB
x´i

ź

j

aB
x`j
,

where the factor |Autpx`q||Autpx´q| appears by ordering the positive, respectively negative
part of x. Substituting cothpzq “ coshpzq

sinhpzq
and Spzq “ ζpzq

z
we obtain

r!
ÿ

gě0

ÿ

xPSZr`2´2g

2lpxq´1

|Autpx`q||Autpx´q|
rzr`1

s

ˆ

coshp
z

2
qzlpxq´1

ś

i Spxizq

Spzq

˙

ź

i

aB
x´i

ź

j

aB
x`j

“

ÿ

gě0

ÿ

xPSZr`2´2g

2lpxq´1

|Autpx`q||Autpx´q|
rz2gs

ˆ

r! coshp
z

2
q

ś

i Spxizq

Spzq

˙

ź

i

aB
x´i

ź

j

aB
x`j

Using ρpzq “ 1
2
coshp z

2
q together with Lemma 7.5.4 yields the result.
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Chapter 8

Tropical type B theory

This is the point at which the discussion of the type B theory comes full circle. The tropical
theory connects to the classical one via algebraic degeneration (Chapter 5). The operator
formalism reveals a second connection: In the type A theory, vacuum expectations of the
form xaBi1 ...a

B
iny, are known to be computable graphically, as a weighted sum of Feynman

diagrams (see [28]).
We extend this approach to the type B theory and identify the graphs in question

as tropical covers of TP1. This allows us to convert the representation-theoretic count
HWCspin into a geometric countHWCspin

trop , of tropical spin Hurwitz covers with completed
cycles (see Figure 3.15). We then use the tropical setting to analyze properties of these
numbers, such as polynomiality and wall-crossing behavior, already of interest in type A
theory, and thereby recover type B results of [40].

8.1 Re-geometrization: Boson-Tropical Correspondence

Recall the expression of completed spin Hurwitz numbers as vacuum expectation on bosonic
Fock space:

hspin,‚,0g pµ, pr1 ` 1q, ..., prb ` 1q, νq “
21´g

b!
ś

i µi
ś

j νj
¨ x

lpµq
ź

i“1

aBµi

n
ź

i“1

FB
ri`1

lpνq
ź

i“1

aB´νiy. (8.1)

What follows is based on two observations:

• The vacuum expectation decomposes into a sum of vacuum expectations of the form
xm0...mb`1y, wheremi denotes a normally ordered product of bosonic operators, and
m0 (mb`1) contains only factors aBk with k ą 0 (k ă 0).

• The only non-zero contribution comes from polynomials P (in the operators aBk ) of
the form P “ m0...mb`1, where themi fit together nicely (see Proposition 8.1.2).
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Construction 8.1.1. [compare to [28], Definition 5.4.1]
To a normally ordered product of bosonic operators m :“ p:

śl
i“1 a

B
ki

:q we associated a
vertex v with an edge germ of weight ki for each aBki whose orientation is determined by
the sign of ki. If ki ă 0, the edge germ points towards the left, and if ki ą 0, towards the
right. Each edge germ is provided with a marking (to keep track later on of all the ways
different edge germs can be glued together). This is called the Feynman fragment associated
tom (see Figure 8.1).

To a polynomial P “ m0...mb`1 as above we associate a collection of ordered Feynman
fragments pv1, ..., vbq (one for eachmi with i ‰ 0, b` 1) together with a set of left and a set
of right pointing ends corresponding to the monomialsm0 andmb`1.

Graphical condition. A collection of Feynman fragments can be merged to a Feynman
graph, if edge germs can be paired together to form an edge. More precisely, if for each right
pointing edge germ, there exists a left pointing edge germ belonging to a fragment of equal
weight further to the right. The resulting graph will have edges labeled by tuples of germ
markings (see Figure 8.1). This "graphical condition" that allows Feynman fragments to be
merged to Feynman graphs characterizes precisely the condition of P making a non-zero
contribution.

To keep track of this merging process, we mark all edge germs.

m “ aB´5a
B
´3pa

B
1 q

2paB3 q
2

1
3

5

3

3
1

2

2

3

4

11 3

5

3

3 11

22 34

43

3

5

3

3

22

3

3

5

3

5

11

22

xP :“ paB5 a
B
3 qpa

B
´5a

B
´3pa

B
1 q

2paB3 q
2qppaB´1q

2paB´3q
2aB5 a

B
3 qpa

B
´5a

B
´3qy

Figure 8.1: On the left, a normally ordered product and its Feynman fragment. On the right,
a vacuum expectation and Feynman graph contributing to it. The black numbers are edge
weights, the green ones markings.

Proposition 8.1.2 (Graphical condition, Wick’s theorem of type B). Let P be a polynomial
appearing in the linear expansion of (8.1). The vacuum expectation xP y is non-zero if and
only if the collection of Feynman fragments associated to P can be connected to a graph.
Moreover, xP y is equal to the weighted sum of all Feynman graphs associated to P , where
each graph contributes with the product over all edge weights (including ends) each counted
with a factor of 1

2
.

Proof. The proof is analogous to the proof of the type A version of Wick’s theorem (see
[28], Proposition 5.4.3). The only difference consists in the factors of 1

2
that come from the

commutation relations of the type B bosonic operators (see Lemma 7.4.3).
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Remark 8.1.3. The connected part xP y˝ of the vacuum expectation xP y is defined by
subtracting all possible products of vacuum expectations that are obtained by factorizing P
([66], Section 3.3.1). A Feynman graph that contributes to such a product of vacuum ex-
pectations is disconnected, with connected components corresponding to the individual
factors. Thus, we only need to consider connected Feynmnan graphs when computing
connected invariants.

We can immediately transfer this "graphical tracking-technique" for the calculation of
vacuum expectations to the case of spin Hurwitz numbers.

Proposition 8.1.4. The spin Hurwitz number hspin,0g pµ, pr ` 1q
b
, νq is equal to the weighted

count of connected Feynman graphs associated to monomials P , that appear in the linear
expansion of (8.1). Each such graph contributes with the product of its edge weights
(without a factor of 1

2
) times a factor of hspin,0,r

g px`i ,x
´
i q

|Autpx`q||Autpx´q|
for every vertex vi, where x´i (x`i )

denotes the partition of weights of ingoing (outgoing edges).

Proof. Linear expansion of the right-hand side of Equation (8.1) leaves us with a weighted
sum of vacuum expectations of monomials P “ m0...mb`1 as in Proposition 8.1.2. Each of
the b cut-and-join operator FB

r`1 donates a normally ordered product of bosonic operators
mi and a coefficient of the form 2r`1´gi hspin,0,r

g px`i ,x
´
i q

|Autpx`q||Autpx´q|
. Hence, P appears with coefficient

śb
i“1 2

r`1´gi hspin,0,r
g px`i ,x

´
i q

|Autpx`q||Autpx´q|
in the expansion of (8.1). LetG be a Feynman graph associated

to P . To facilitate later computations we attach the number gpviq :“ gi to the vertex vi
corresponding tomi. Taking into consideration Proposition 8.1.2 we have to count a graph
G with weight

ź

ePEpGq

ωpeq

2
looooomooooon

commutation relation

ź

viPV pGq

2r`1´gpviq
hspin,0,rg px`i , x

´
i q

|Autpx`q||Autpx´q|
loooooooooooooooooooooomoooooooooooooooooooooon

operator contribution

.

We claim that factors of 2 cancel with the prefactor 21´g in (8.1). A look into the proof of
Lemma 7.5.6 tells us that r ` 1´ gpviq is equal to valpviq ´ 1` gpviq. We get:

1

2|EpGq|

ź

viPV pGq

2r`1´gpviq “
1

2|EpGq|

ź

vPV pGq

2valpvq´1`gpvq
“

1

2|EpGq|
22|EpGq|´|V pGq|`

ř

vPV pGq gpvq.

Recall, that the first Betti number of G, b1pGq, satisfies the following identity:
|V pGq| ´ |EpGq| “ 1´ b1pGq. With |V pGq| “ b and

|EpGq| “
1

2
p

b
ÿ

i“1

lpx´i , x
`
i q ´ lpµq ´ lpνqq “

1

2
pbpr ` 2q ´ 2

b
ÿ

i“1

gpviq ´ lpµq ´ lpνqq

“ g ´ 1` b´ 2
b
ÿ

i“1

gpviq,
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we obtain

1´ b1pGq “ |V pGq| ´ |EpGq| “ g ´
b
ÿ

i“1

gpviq

and hence |EpGq| ´ |V pGq| `
řb
i“1 gpvq “ g ´ 1. This proves the claim.

Remark 8.1.5. Note, Proposition 8.1.4 generalizes immediately to spin Hur-
witz numbers hspin,0g pµ, pr1 ` 1q, ..., prb ` 1q, νq and to the disconnected count
hspin,‚,0g pµ, pr1 ` 1q, ..., prb ` 1q, νq by removing the connectedness condition.

Example 8.1.6. Figure 8.2 shows all Feynman graphs that count towards (connected)
hspin,0g“2 pp3q, p3q, p3q, p3qq. Note that the second graph occurs 6 times with markings
ti1, i2, i3u “ tj1, j2, j3u “ t1, 2, 3u.

3 33

3311

i1j1

i2j2

i3j3

Figure 8.2: Feynman graphs contributing to hspin,0g“2 pp3q, p3q, p3q, p3qq. The first graph has
vertices of genus 1, while the second has vertices of genus 0. To avoid overloading the
drawing, these have been omitted.

8.2 Tropical spin completed cycles Hurwitz numbers
Uprading Feynman graphs to tropical Covers. Let TP1 be the tropical line with b
vertices and G a connected Feynman graph associated to a polynomial P “ m0...mb`1 that
appears in the expansion of (8.1). Upgrade G to a tropical cover π : Γ :“ pG, l, gq Ñ TP1,
where

• the metric l is determined by the metric on TP1.

• the genus function is defined as in the proof of Proposition 8.1.4 and we forget the
marking on the edges of G.

Note that Γ is balanced since edge weights at every vertex are given by a vector px´, x`q P
SZr`2´2gpvq and has by Proposition 8.1.4 genus gpΓq “ b1pGq `

ř

vPV pGq
gpvq “ g. We call

π a tropical spin completed cycles Hurwitz cover.

Example 8.2.1. The left hand side of Figure 8.3 shows all tropical spin completed cycles
Hurwitz covers that contribute to the connected count hspin,0g“2 pp3q, p3q, p3q, p3qq, obtained
by updgrading the Feynman diagrams from Example 8.1.6. Linearly expanding the local
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completed cycle Hurwitz numbers (Definition 5.5.1) at each vertex, yields the ordinary spin
Hurwitz covers on the right side of Figure 8.3 (coefficients of the linear expansion have
been omitted). Following [28], we add a fat end for each completed 3-cycle to differentiate
between the two.

33

3 33

33

3 3

33

33

3 33

“

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

“

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

Figure 8.3: Tropical spin completed cycles Hurwitz covers with a fat end for each completed
3-cycle to differentiate them from the ordinary covers on the right (see Example 8.2.1)

We give a tropical analogue of the numbers in Definition 5.5.1.
Definition 8.2.2. Fix positive integers d, g ą 0, even integers r1, ..., rb ą 0 and odd
partitions µ, ν of d P N such that r1 ` ...` rb “ 2g ` lpµq ` lpνq ´ 2 holds.

Let TP1 be the tropical line with vertices p1, ..., pb. The con-
nected/disconnected tropical spin double Hurwitz number with multi-completed cycles
Thgpµ, pr1 ` 1q, ..., prb ` 1q, νq/Thspin,‚g pµ, pr1 ` 1q, ..., prb ` 1q, νq is given by

ÿ

π:ΓÑTP1

multpπq

where the sum is over all covers π : Γ Ñ TP1 such that
• Γ is connected/disconnected tropical curve of genus g with odd edge weights only,

• the unbounded left (resp. right) pointing ends of Γ have weights as prescribed by µ
(resp. ν),

• over each pi there is a unique vertex vi of Γ whose valence is equal to 2` ri ´ 2gpviq,
and

multpπq “
1

|Autpπq|

ź

ePEpΓq

ωpeq
b
ź

i“1

hspin,0,rig px`i , x
´
i q,
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where x´i (x`i ) denotes the partition of weights of ingoing (outgoing edges) at vi P V pΓq
and, as usual, Autpπq :“ tπ1 : Γ1 Ñ TP1

|Dϕ P AutpΓqπ “ π1 ˝ ϕu is the automorphism
group of π.

If r :“ r1 “ ... “ rb, we simply write Thspin,rg pµ, νq/Thspin,r,‚g pµ, νq.

The isomorphism class of π contains exactly 1
|Autpπq|

ś

vPV pΓqp|Autpx
`
v q||Autpx

´
v q|q Feyn-

man graphs ( a factor of
ś

vPV pΓqp|Autpx
`
v q||Autpx

´
v q|q for the number of ways to label edge

germs and a factor 1
|Autpπq|

to account for overcounting).

Theorem 8.2.3. For the discrete data as above, the classical and tropical counts agree:

Thgpµ, pr1 ` 1q, ..., prb ` 1q, νq “ hgpµ, pr1 ` 1q, ..., prb ` 1q, νq

Thspin,‚g pµ, pr1 ` 1q, ..., prb ` 1q, νq “ hspin,‚g pµ, pr1 ` 1q, ..., prb ` 1q, νq.

Genus 0 vertex multiplicities.

Lemma 8.2.4. The genus 0 vertex multiplicities are equal to hspin,0,rg px`, x´q “ r!.

Proof. We use Lemma 7.5.4. Recall that the constant term of the quotient of two series
in z is the quotient of the constant terms. With Spxzq “ 1 ` x2

224!
z2 ` x4

245!
z4 ` ... and

1
Spzq

“ 1 ´ z2

24
` 7z4

5760
` .. ρpzq “ 1

2
p1 ` z2

222!
` z4

244!
` ...q Since hspin,0,rg px`, x´q we obtain

hspin,0,rg px`, x´q “ 2r!1
2
.

8.3 Geometric properties: Polynomiality and Wall-
crossing

Thus far, we have analyzed counting problems with fixed data, treating each one in isolation.
More structure is to be uncovered by a change of perspective.

Definition 8.3.1. For k, l ě 0 consider the subspace Hpk, lq Ă Nl ˆ Nk that consists of
pairs of odd partitions pµ, νq of the same number with fixed lengths lpµq “ l and lpνq “ k,
i.e. we haveHpl, kq :“ tpµ, νq :

řl
i“1 µi “

řk
j“1 νju. Any choice of a positive integer g and

an even integer r yields a map

Thspin,rg : Hpk, lq Ñ Q, pµ, νq ÞÑ Thspin,rg pµ, νq.

and an assignment pµ, νq ÞÑ TSpµ, νq, where TSpµ, νq is the set of relevant covers for the
number Thspin,rg pµ, νq (see Definition 8.2.2).
(The set TSpµ, νq depends on g and r, but we suppress this in the notation as both should
be clear from the context.)

Remark 8.3.2. We note that
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• Thspin,rg is the trivial map if the data pk, l, g, rq does not satisfy the Riemann-Hurwitz
condition. As of now, we implicitly assume that it is met.

• preimages of 0 and8 are marked, which is essential to guarantee piecewise polyno-
miality of the function Thspin,rg . This means that AutpΓq is independent of µ and ν
for any Γ that contributes to TSpµ, νq. Moreover, if g “ 0, then AutpΓq is trivial.

The transition from considering spin Hurwitz numbers for a fixed pair of partitions
pµ, νq to viewing them as function on the spaceHpk, lq has uncovered structure that was
previously hidden by the static nature of the counting problem: the function Thspin,rg is piece-
wise polynomial, i.e. it subdivides the spaceHpk, lq into loci of polynomiality c Ă Hpk, lq
we call chambers separated by hyperplanesWI,J called walls.

8.3.1 Genus 0
Among all genera, the genus 0 case proves most accessible from a combinatorial standpoint
(compare to Section 8.3.2): By generalizing the proofs of [22] (Section 6), we recover similar
polynomiality results andwall-crossing formulas only using polynomiality of spin-completed
cycle Hurwitz numbers with three branch points as algebraic input. This follows from Lemma
8.3.3 ([22], Lemma 6.4), which holds for rational tropical curves in general (not only for
tri-valent trees), and its Corollary.
Lemma 8.3.3 ([22], Lemma 6.4). Let Γ be a rational tropical curve. If we choose the weight
µi for the in-end labeled i and νj for the out-end labeled j, then the weights ωpeq of all inner
edges e are uniquely determined (but might be negative). The weight ωpeq equals

ωpeq “
ÿ

iPI

µi ´
ÿ

jPJ

νj,

where I Ă t1, ..., lu and J Ă t1, ..., ku are the subsets of in- and out-ends belonging to the
connected component of Γzteu from which e points away.
Corollary 8.3.4. Let Γ be a rational tropical curve.
The parity of the edge weights of Γ is entirely determined by the graph structure, i.e. it is
independent of any specific choice of odd end weights.
The property "ωpeq odd @e P EpΓq" does not depend on any specific choice pµ, νq of odd end
weights.
Proof. By Lemma 8.3.3 we have

ωpeq “
ÿ

iPIe

µi ´
ÿ

jPJe

νj

for e P EpΓq and subsets Ie Ă t1, ..., lu and Je Ă t1, ..., ku of in- and out-ends. Write
µi “ 2k1 ` 1 and νj “ 2k̂j ` 1, then

ωpeq “ 2p
ÿ

iPIe

ki ´
ÿ

jPJe

k̂jq ` |Ie| ´ |Je|
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is odd if and only if |Ie| ´ |Je| is odd.

We combine the above with the fact that a graph will stay relevant to the count as long
as edge weights stay positive.

Lemma 8.3.5. The assignment pµ, νq ÞÑ TSpµ, νq naturally gives rise to a hyperplane
arrangement Wpl, kq in Hpk, lq consisting of hyperplanes of the form WI,J “ tpµ, νq :
ř

iPI µi “
ř

jPJ νiu, where I Ă t1, ..., lu and J Ă t1, ..., ku are non-empty subsets. The
connected components of the complement Hpk, lqzWpl, kq describe precisely the locus
where the sets TSpµ, νq remain constant under variation of pµ, νq, i.e. the set of underlying
directed graphs with variables as edge weights does not change.

Proof. Fix a point pµ1, ν 1q P Hpk, lq and let π : Γ Ñ TP1
P TSpµ1, ν 1q be a cover. Lemma

8.3.3 gives edge weights of Γ in terms of pµ1, ν 1q. Corollary 8.3.4 shows that we may vary
pµ1, ν 1q without losing any of the directed graphs that correspond to a feasible cover π as
long as all edge weights stay positive (see Remark 8.3.6 for correspondence between covers
of TP1 and directed graphs). Hence, the inequalities

ωpeqpµ, νq ą 0 for all e P EpΓq and Γ P TSpµ1, ν 1q

describe the maximal subset of Hpk, lq such that TSpµ1, ν 1q remains unchanged.

Remark 8.3.6. Note that by Lemma 8.3.5 it makes sense to associate a set of relevant covers
TS to a chamber c, i.e. a connected component of the complement Hpk, lqzWpl, kq, instead
of viewing all sets TSpµ, νq for pµ, νq P c separately. Depending on the situation at hand
we identify an element of TS with

1. a family of tropical covers π over the discrete base c Ă Hpk, lq whose total space is
a cover of TP1 by a tree Γ with polynomial edge weights that satisfies the balanc-
ing condition. More precisely, a fibre over pµ, νq is the cover in TSpµ, νq given by
evaluating edge weights at pµ, νq.

2. a directed tree Γ with polynomial edge weights that satisfies the balancing condition,
together with an ordering ă on the vertices V pΓq that is compatible with the edge
directions, i.e. source v1 and target vertex v2 satisfy v1 ă v2.

The first emphasizes the dynamic nature of the situation, while the second offers an elegant
way of analyzing wall-crossing (see following paragraph).

Remark 8.3.7. The hyperplane arrangement Wpl, kq is natural from another point of view:
The connected components of the complementHpk, lqzWpl, kq describe precisely the locus,
where connected and disconnected counts agree. A disconnected cover of degree d can be
expressed as a union of covers of smaller degrees, say d1 and d2 with d “ d1` d2. Therefore,
such a cover exists only if the underlying discrete data pd, µ, νq admits a decomposition into
smaller counting problems- that is, if there exists subsets I Ă t1, ..., lu and J Ă t1, ..., ku
with d1 “

ř

iPI µi “
ř

jPJ νi, equivalently d2 “
ř

iPIc µi “
ř

jPJc νi.
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Proposition 8.3.8. [[40], Theorem 6.4] The function Thspin,r0 is a homogeneous polynomial
of degree k`l´2

r
´ 1 within each chamber c Ă Hpk, lq cut out by the hyperplanesWI,J from

Lemma 8.3.5.

Proof. Restrict to a chamber c and use Lemma 8.3.5 and Remark 8.3.6 to count families
π : Γ Ñ TP1

P TS of tropical covers with pµ, νq´dependent weight.
Since local vertex multiplicities are constants (Lemma 8.2.4) and edge weights are ho-

mogeneous polynomials of degree 1 in pµ, νq, multpΓq is a homogeneous polynomial of
degree |EpΓq| “ |V pΓq| ´ 1 “ l`k´2

r
´ 1 for any Γ P TS. As TS is finite, Thspin,r0 is a finite

sum of homogeneous polynomials of equal degree, and therefore homogenous itself. This
concludes the proof.

Example 8.3.9. Consider the counting problem

Thspin,20 : Hp3, 3q Ñ Q, pµ, νq ÞÑ Thspin,20 pµ, νq. (8.2)

Figure 8.4 shows a directed tree Γ corresponding to a family of covers π (see Remark 8.3.6)
with π P TS for any chamber c and whose contribution to p8.2q is given by:

multpΓq “ p2!q2pµ1 ` µ2 ` µ3q.

µ1 ` µ2 ` µ3
µ1

µ2

µ3

ν1

ν3

ν2

Figure 8.4: A directed tree that contributes to Thspin,20 pµ, νq.

Wall crossing formulae. A natural question to ask is what happens to Thspin,r0 as we
cross a wall. This information is encoded in so-called wall crossing formulae.

Definition 8.3.10. Let c1 and c2 be two neighboring chambers separated by a wall WI,J ,
i.e. c1 and c2 are defined by the same inequalities except for the one corresponding to WI,J .
Let c1 be given by

ř

iPI µi ´
ř

jPJ νi ą 0 and c2 by
ř

iPI µi ´
ř

jPJ νi ă 0. The polynomial
WCr

0,I,J “ Thspin,r0 |c1
´ Thspin,r0 |c2

is called a wall crossing formula.

Remark 8.3.11. Note: The restriction of Thspin,r0 to a single chamber, together with all
wall crossing formulae, is enough to reconstruct the full function Thspin,r0 . This encoding
is efficient since wall crossing formulae depend only on smaller counting problems (see
Theorem 8.3.16).

Let us denote the set of relevant covers in the chamber c1 (c2) by TS1 (TS2) and by TSω1
(TS´ω

2 ) the subset of all covers that have an edge e of weight ω :“ ωpµ, νq :“
ř

iPI µi ´
ř

jPJ νi (´ω). Note that by Lemma 8.3.3 this edge is unique. We define an equivalence

187



relation on TSω1 , that "makes the structure of the set TSω1 visible" by identifying common
building blocks of its members:

pΓ,ăq „1 pΓ̃, ẵq if and only if the connected components of Γzteu and Γ̃ztẽu

together with their inherited orders agree.

The same construction yields an equivalence relation „2 on TS´ω
2 .

Example 8.3.12. Consider the counting problem

Thspin,20 : Hp4, 4q Ñ Q, pµ, νq ÞÑ Thspin,20 pµ, νq

that asks for 4-valent directed trees with 3 vertices and ends of weight pµ, νq. Let c1 and c2
be chambers separated by the wallW “ tω :“ ν4 ´ µ3 ` µ4 “ 0u. Figure 8.5 shows two
equivalent covers in TS´ω

2 and their common building blocks.

µ1
ω

µ2
µ3 ν1

ν3
ν2

ω
ν4µ4

´ωµ3

ν4µ4

µ1

µ2
ν1

ν3

ν2
´ωµ3

ν4µ4

µ1

µ2

ν1

ν3

ν2„2

Building Blocks :

Figure 8.5: An example for the equivalence relation „2.

Remark 8.3.13. It is worth looking at the following from a "cross-chamber-perspective": We
know that edge weights of a balanced graph are poynomials in the end weights, talking about
their sign does not make sense. However, should we have two graphs in different chambers
that have edges e and ẽ such that |ωpeq| “ |ωpẽq| holds, we can. If sgnpωpeqq “ sgnpωpẽqq
is the case, we say e and ẽ point in the same direction, and in opposite direction otherwise.
When viewed as a cover, this "orientation-reversal" corresponds to switching the order in
which the vertices adjacent to e are mapped to TP1. Indeed, this is a just consequence of
the balancing condition.

Proposition 8.3.14. We have a bijection ϕ : TSω1 { „1Ñ TS´ω
2 { „2 that behaves sign-

reversing with respect to the multiplicity, i.e. multpϕprΓs1qq “ ´multprΓs1q holds, and
satisfies |rΓs1| ` |ϕprΓs1q| “

`

a
a1,a2

˘

, where a “ k`l´2
r

, a1 “ |I|`|J |´1
r

and a2 “ a´ a1.
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Proof. We construct ϕ as follows: Given pΓ,ăq P TSω1 with edge of weight ω denoted
by e, consider Γzteu “ Γ1 Y Γ2. We claim that there exists pΓ̃, ẵq P TS´ω

2 such that
Γ̃ztẽu “ Γ1 Y Γ2, where ẽ is the edge of weight ´ω, and define ϕ̃ : TSω1 Ñ TS´ω

2 { „2

by ϕ̃pΓq :“ rΓ̃s2. By construction ϕ̃ factors through the quotient (i.e. well-defined on
equivalence classes) and yields an injective map ϕ : TSω1 { „1Ñ TS´ω

2 { „2. To see that ϕ is
surjective as well requires an argument similar to the one needed to prove the existence of
Γ̃. We address the existence first.
Note, we already know Γ̃ as a graph: it consists of the two components Γ1 and Γ2 connected
by an edge of weight |ω|. It remains to be shown that Γ̃ can be turned into a cover, i.e.
that we find ẵ such that pΓ̃, ẵq P TS´ω

2 holds. The inequality ω ă 0 in c2 forces ẽ to have
polynomial weight ´ω since relevant covers have positive edge weights when evaluated
at partitions. Recall that by Remark 8.3.13 we interpret this as "switching the direction"
of e in Γ. Why is this always possible? We can only produce a sink or a source, if one of
the vertices adjacent to e, say v, has e as unique in-going or out-going edge. Without loss
of generality suppose v has in-going edges of weight ω1, ..., ωn and outgoing edge e such
that

řn
i“1 ωi “ ω (as polynomials). Reversing the orientation of e creates a sink. We argued

previously that all inequalities defining c1 and c2 are the same except for the one given by
the wall. Hence, ωi ą 0 holds in both chambers and ω can never be zero, a contradiction.
We can now define ẵ on V pΓ̃q “ V pΓq by modifying ă as follows: interchange/switch
the positions of the vertices adjacent to e in ă . This proves the claim. By the same type
of argument (starting from rΓs2 P TS´ω

2 { „2 instead of rΓs1 P TSω1 { „1) we see that ϕ is
surjectiv as well.
The previous construction shows that image and preimage of ϕ are made of the same building
blocks:

1. a directed weighted tree Γ1 with a1 :“ |V pΓ1q| “
|I|`|J |´1

r
(by Riemann-Hurwitz)

ordered vertices from which precisely one is not balanced and end weights given by
µI and νJ .

2. a directed weighted tree Γ2 with a2 :“ |V pΓ2q| “
|Ic|`|Jc|´1

r
ordered vertices from

which precisely one is not balanced and end weights given by µIc and νJc .

In order to obtain a graph in rΓs1 respectively ϕprΓs1q, connect the two unbalanced vertices
by an edge of weight |ω| and pick an ordering ă that refines the ordering on V pΓ1q and
V pΓ2q. If v1 ă v2 holds, we get a graph in rΓs1, and one in ϕprΓs1q otherwise. We see that
|rΓs1| ` |ϕprΓs1q| is given by the number of ordering on a :“ a1 ` a2 “

k`l´2
r

vertices that
refines two given orderings on a1 and a2 vertices, which is

`

a
a1,a2

˘

: such an order corresponds
to a vector v of length r1 ` r2. We can position the r1 vertices freely in v with the only
condition being that we respect the order dictated by Γ1. The positions of the remaining r2
vertices are then fixed.
To finish let us address how ϕ behaves with respect to the multiplicity. First, note that this
is well-defined (on equivalence classes) since all members of an equivalence class share
the same underlying graph. We have just seen that ϕprΓs1q for rΓs1 P TSω1 { „1 is given by
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the equivalence class of covers obtained by switching the direction of e in Γ. Thus, each
member is counted with the same multiplicity up to a change of sign: Recall that multpΓq is
a product over edge weights and local completed cycles spin Hurwitz numbers. The only
terms affected by the wall-crossing are:

1. The edge weight ω. It changes by a minus sign.

2. The local spin completed cycles Hurwitz numbers attached to the vertices adjacent
to e. These change by moving ramification from 0 to 8 or backwards, which has
no effect since these are even in the entries of the partition corresponding to the
respective ramification profiles.

Example 8.3.15. Refer to Example 8.3.12 and consider Γ P TSω1 . Then Figure 8.6 shows
rΓs1, ϕprΓs1q and verifies |rΓs1| ` |ϕprΓs1q| “ 1` 2 “

`

3
1,2

˘

.

´ωµ3

ν4µ4

µ1

µ2
ν1

ν3

ν2 ´ω
µ3

ν4µ4

µ1

µ2

ν1

ν3

ν2

ωµ3

ν4

µ4

µ1

µ2
ν1

ν3

ν2

rΓs1

„2

ϕprΓs1q

tω “ 0u

Figure 8.6: The map ϕ from Proposition 8.3.14.

Theorem 8.3.16. For the wall the WI,J with adjacent chambers c1 and c2 the wall crossing
formula is given by

WCr
0,I,J “

ˆ

a

a1, a2

˙

Thspin,r0 pµI , pνJ , ωqqThspin,r0 ppµIc , ωq, νJcqω.

The whole function Thspin,r0 can be recovered from its value inside one chamber and
all its wall-crossing formulas. Theorem 8.3.16 states that this encoding is efficient, since
wall-crossing formulas are determined by spin Hurwitz numbers (with completed cycles)
with less input data.
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Proof. Let pΓ,ăq P TS1. We differentiate two cases, either pΓ,ăq P TSω1 or not. If not, then
pΓ,ăq P TS2 as well and their contribution cancel inWCr

0,I,J since they are counted with
the same multiplicity on both sides of the wall. This yields

WCr
0,I,J “ Thspin,r0 |c1

´ Thspin,r0 |c2
“

ÿ

ΓPTSω
1

multpΓq ´
ÿ

Γ1PTS´ω
2

multpΓ1
q.

Since multiplicities are well-defined on equivalence classes, we get by Proposition 8.3.14:

WCr
0,I,J “

ÿ

rΓs1PTSω
1 {„1

|rΓs1| ¨multprΓs1q ´
ÿ

rΓ1s2PTSω
2 {„2

|rΓ1
s2| ¨multprΓ1

s2q

“
ÿ

rΓs1PTSω
1 {„1

p|rΓs1| ` |ϕprΓs1q|q ¨multprΓs1q “
ÿ

rΓs1PTSω
1 {„1

ˆ

a

a1, a2

˙

¨multprΓs1q.

By definition TSω1 { „1 is in bijection with the set of tuples of graphs pΓ1,Γ2q as described
in the proof of Proposition 8.3.14. We can turn Γ1{Γ2 into a cover that counts towards the
spin Hurwitz number
Thspin,r0 pµI , pνJ , ωqq{Thspin,r0 ppµIc , ωq, νJcq by attaching an outward/inward directed end of
weight ω to the unique unbalanced vertex of Γ1/Γ2. This modification yields a bijection to the
set of tuples of covers that contribute to Thspin,r0 pµI , pνJ , ωqq and Thspin,r0 ppµIc , ωq, ωq, νJcq.
Thus

WCr
0,I,J “

ˆ

a

a1, a2

˙

ω
ÿ

pΓ1,Γ2q

multpΓ1qmultpΓ2q

“

ˆ

a

a1, a2

˙

Thspin,r0 pµI , pνJ , ωqqThspin,r0 ppµIc , ωq, νJcqω

proves the claim.

8.3.2 Higher genus
Following [23] we do not fix the lengths of ramification profiles over 0 and8 separately:
We investigate properties of the map

Thspin,rg : H Ñ Q, x ÞÑ Thspin,rg px´, x`q,

where H :“ tx P Zn :
řn
i“1 xi “ 0 and xi oddu.

Remark 8.3.17. The domain of the map Thspin,rg is discrete. We can extend Thspin,rg to
the space HR :“ tx P Rn :

řn
i“1 xi “ 0u of real valued vectors as follows: For x P H,

Thspin,rg pxq is a weighted sum of graphs. As for the genus 0 case, the set of these graphs
remains unchanged "near x" (see Proposition 8.3.29 for a precise statement). By equipping
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these graphs with real valued end and edge weights, we can extend Thspin,rg locally to a
real-valued function. However, for x P HRzH, Thspin,rg pxq is not a completed cycles spin
Hurwitz number and graphs are not tropical completed cycle spin Hurwitz covers. These
graphs arise from discrete counting problems but, with real weights, the parity notion is
lost.

Added complexity. Lemma 8.3.3 is what makes the genus 0 case clean. Together with
Corollary 8.3.4 it allows us to associate to each chamber c a set TS whose elements are
families of tropical covers over c - an association that fails in higher genus. The reason is
as follows: For each independent cycle we get a free parameter, that is we have a certain
amount of choice when equipping the graph with a balanced weighting. Consequently, the
subset ofH where all edge weights remain positive now depends on these extra parameters.
The chambers of polynomiality (see Lemma 8.3.27), however, do not.

To handle this added complexity, we broaden our notion of "smallest counting unit"
from a directed weighted graph with vertex ordering to an x-graph.

Definition 8.3.18. Given a completed cycle spin Hurwitz cover π : Γ Ñ TP1 arising from a
counting problem Thspin,rg pxq fixed by g ą 0 and x “ px1, ..., xnq P H with xi ‰ 0, we build
a graph with variables as edge weights: The x-graph Γpxq associated to π is obtained by

• compactifying Γ, i.e. adding a 1-valent vertex to each end (thereby capping all infinite
rays).

• forgetting edge directions and vertex ordering.

An x-graph is equipped with a fixed orientation, the reference orientation, that allows us to
endow Γpxq with a reference weighting: Let pB1, ..., Bb1pΓqq be a canonical homology basis of
Γpxq and ei a fixed edge in Bi. Assign to ei a parameter ji, its weight. The remaining edge
weights are fixed by the balancing condition, i.e. can be expressed uniquely in terms of x
and pj1, ..., jb1pΓqq. Note, Γpxq is geometrically meaningful for odd weight and end vectors!

To view Thspin,rg as a sum over x-graphs, we must be able to reconstruct from Γpxq all
covers whose x-graph is Γpxq. This reconstruction problem reduces to finding all compatible
pairs ppj1, ..., jb1pΓqq,ăq, where pj1, ..., jb1pΓqq is a weight vector andă a vertex ordering. The
challenge is that we do not a priori know how these pieces of data interact (The relationship
between weight vectors and vertex orderings, as well as the relationship between different
weight vectors, is unclear.): To resolve the situation, we construct a suitable "container"
space, that naturally organizes this data.

Construction 8.3.19. As Γ :“ Γpxq is a simplicial object, we can consider the associated
chain complex

0 Ñ CΓ
1

B
ÝÑ CΓ

0 Ñ 0,

where

192



• CΓ
0 is the free abelian group of 0´chains with coefficients in R.

• CΓ
1 is the free abelian group of 1´chains with coefficients in R.

• B : CΓ
1 Ñ CΓ

0 is the boundary operator.

Recall that the groups CΓ
0 and CΓ

1 both have natural basis given by the set of vertices V pΓq
(interior and 1-valent vertices), of edges EpΓq (interior edges and ends) respectively. Hence,
we may identify the coefficient-vector of a 1´chain c (represented with respect to the natural
basis of CΓ

1 ) with an assignment of R-valued weights to the edges of Γ (R-weighting on
Γ). The R-weighting satisfies the balancing condition at every interior vertex if and only
if the image of c under B lies in the subgroup U generated by all 1´valent vertices with
coefficient vector x P HR, i.e.

Bpcq “
ÿ

i

xivi, where xi “ 0, if valpviq ą 1, and
ÿ

i

xi “ 0.

The spaces B´1p
ř

i xiviq will therefore parameterize all possible ways to endow Γ with a
balanced R-weighting. As they also emerge naturally from Γ, they qualify as the container
spaces we are looking for.

Definition 8.3.20. To an x-graph Γ we attach the bundle of container spaces CΓ
πΓ
ÝÑ HR,

that records all balanced R-weightings as end weights of Γ vary. We define CΓ Ñ HR to be
the union of the sets txuˆB´1pxq for all x P HR, where x is identified with an element of U .
The fibers B´1pxq are translates of the b1pΓq´dimensional vector space kerpBq “ H1pΓ,Rq,
and CΓ therefore a subset of the trivial bundle HR ˆ CΓ

1 .

The following Lemma provides a justification for why Definition 8.3.20 is suitable for
our combinatorial problem.

Lemma 8.3.21. Let Γ be an x-graph of genus g. The property "ωpeq odd @e P EpΓq" does
not depend on any specific choice of end weigths, x P H, or odd edge weights, pj1, ..., jb1pΓqq,
(Definition 8.3.18).

Proof. Cut Γ at the edges labelled by pj1, ..., jb1pΓqq and use Corollary 8.3.4.

Note that although any point ω in a fiber of CΓ will give rise to a balanced R-weighting,
it does not automatically correspond to a tropical cover: The orientation ω induces on Γ
might not allow for a total order on the vertices, thus ω is not adequate. This singles out
the induced orientation as the property to keep track of when it comes to deciding whether
a weight vector ω is adequate. In fact "inducing the same orientation" is an equivalence
relation on the fibre and partitions πΓ´1pxq in a natural way.

Definition 8.3.22 ([24]). Let CΓ
πΓ
ÝÑ HR be the bundle of container spaces for a given

x-graph Γ and view πΓ
´1pxq as a subspace of R|EpΓq| (identifying CΓ

1 with R|EpΓq| via the
isomorphism that takes the basis consisting of edges to the standard basis). The set of
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coordinate hyperplanes tei “ 0 u, where ei denotes the coordinate of the i-th standard basis
vector associated to an internal edge, restricts to a hyperplane arrangement Apxq inside
each fiber πΓ´1pxq. The partition induced byApxq is exactly the partition corresponding
to the equivalence relation from above, i.e. where the chambers ofApxq are equivalence
classes indexed by fixed orientations on Γ.

Example 8.3.23. We illustrate Construction 8.3.19, Definitions 8.3.20 and 8.3.22 using the
x-graph Γ shown in Figure 8.7. As this example will be revisited, we take the time to embed
it in a broader context here: Let the data g “ 1, n “ 6, r “ 2 define the following counting
problem

Thspin,2,`1 : H Ñ Q, px1, ..., x6q ÞÑ Thspin,2,`1 px´, x`q. (8.3)

Then (8.3) asks for graphs of genus 1with 6 ends, 3 inner vertices of valency 4 or 2 depending
on the genus at that vertex. Note that Γ is such a graph.

One computes kerpBq “ xe1 ` e3 ´ e2y Ă R9. Hence, πΓ is contained in the trivial
bundleHRˆR9 via the embedding i (see Figure 8.7 for a sketch in the quotient R9{R6 – R3

corresponding to xe1, e2, e3y).

v7

v8

v9 v4

v5

v6

e6

e1

e2

e3

e5

e4

e7

e8

e9

v1

v2

v3

txu

txu

x x

ˆ

ˆ

HR HR

πΓ

π´1
Γ pxqΓ

e1e2

e3
i

ãÝÑ

R3

Figure 8.7: On the left the x-graph Γ, on the right a sketch of πΓ.

Inside each fibre πΓ´1pxq – R, we have the hyperplane arrangement Apxq as sketched
in Figure 8.9: Here, Apxq consists of three walls, j “ 0, j “ x2 ` x3 and j “ ´x4 ´ x5,
corresponding to interior edges, which together cut out two bounded chambers.

Building on Example 8.3.23, we generalize the observations concerning the "shape" of
Apxq:

Remark 8.3.24. The arrangementApxq exhibits structural properties that are independent
of x, e.g. it comes with a minimal number of non-transversalities that are forced by the
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structure of the graph: Each vertex induces a non-transversality given by the intersection of
the hyperplanes corresponding to its adjacent edges. These cannot be resolved by variations
of x, which can only create additional non-transversalities. This means that a change in
topology of Apxq is always accompanied by a vanishing chamber.
Lemma 8.3.25 ( [24], Lemma 2.12). Let c be a chamber of Apxq. The corresponding
orientation allows for the set of internal vertices to be totally ordered if and only if c is
bounded.

Thspin,rg as sum over x-graphs. Let x̃ P H. Lemma 8.3.25 identifies the locus of adequate
weight vectors in πΓ´1px̃q as the union of bounded chambers ofApx̃q. The contribution of Γ
to Thspin,rg px̃q is obtained by summing the contributions from all covers π whose underlying
x´graph is Γ:

multpΓq :“
ÿ

π

multpπq.

Then, multpΓq is given by the weighted integral of the polynomial

PΓpeq :“

|EinpΓq|
ź

i“1

ei

|V inpΓq|
ź

i“1

hipeq, e :“ pe1, ..., e|EpΓq|q P R|EinpΓq|
‘ Rn,

over the odd lattice points of the bounded chambers c ofApx̃q:

multpΓq “
1

|AutpΓq|

ÿ

c bounded
sgnpPΓpeqqmpcq

ÿ

ePcXp2Z`1q|EpΓq|

PΓpeq,

where
• E inpΓq (V inpΓq) is the set of internal edges (vertices).

• hipeq is the local completed cycle spin Hurwitz number at vertex i (Figure 8.8).

• sgnpPΓpeqq is notation for the sign of
ś|EinpΓq|

i“1 ei on c (This sign is constant on c (see
Definition 8.3.22). The sign of hipeq is even constant onHR as it is an even polynomial
in the edge weights (see Lemma 7.5.4)).

• AutpΓq is the automorphism group of the x-graph Γ (disregarding edge weights and
orientation).

13

hipeq “ h0,20 pp3q, p1, 1, 1qq

1

1i

Figure 8.8: The local completed cycle Hurwitz number at vertex i. The non-zero entries of e
are 3, 1, 1, 1.
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Finally, we update the counting unit from π to Γ:

Thspin,rg px̃q “
ÿ

ΓPTSx

multpΓq,

where TSx denotes the set of x´graphs relevant for Thspin,rg px̃q and extend Thspin,rg to HR
in the obvious way (see Proposition 8.3.29).

Remark 8.3.26. The decomposition πΓ´1px̃q “ V ‘ tx̃u Ă R|EinpΓq| ‘Rn allows us to view
πΓ

´1px̃q and Apx̃q as subsets of Rb1pΓq via the isomorphism R|EinpΓq| – Rb1pΓq induced by
the reference weighting (Definition 8.3.18). Accordingly, we write

multpΓqpx̃q “
1

|AutpΓq|

ÿ

cpx̃q bounded

mpcpxqq
ÿ

jPcpx̃qXp2Z`1qb1pΓq

sgnpPΓpx̃, jqPΓpx̃, jq

and observe that the new counting unit Γ behaves similarly to the genus 0 case: It is
independent of the extra parameters j. However, unlike the genus 0 case, the set TSx is now
even independent of specific chambers: Whether Γ contributes to Thspin,rg px̃q is encoded in
Apx̃q.

Lemma 8.3.27. To each Γ P TSx we associate an assignment ϕΓ : HR Ñ Q : x ÞÑ bpApxqq
that counts the number of bounded chambers bpApxqq in Apxq. Individually, each ϕΓ is
locally constant except along certain hyperplanes. Collectively, they naturally gives rise
to a hyperplane arrangement W in HR consisting of hyperplanes of the form WI “ tx :
ř

iPI xi “ 0u, where I Ĺ t1, ..., nu is a non-empty subset. The connected components of
the complement HRzW describe precisely the locus where all functions ϕΓ are constant.

The proof of Lemma 8.3.27 requires the following technical ingredient:

Lemma 8.3.28 (Variant of Farkas’ Lemma [60], Chapter 6). Let A P Rmˆn and b P Rm.
Then either Ax ď b has a solution x P Rn or Aty “ 0 has a solution y ě 0 with bty ă 0.

Proof. From Remark 8.3.24 we know that the number bpApxqq changes whenever the system
of inequalities defining a bounded chamber c inApxq

A ¨ ω ď b, where we write bi :“ bpxqi “
ÿ

iPIi

xi for Ii Ă t1, ..., nu (8.4)

(renaming xi :“ ´xi if necessary) andA is a matrix with integer entries, becomes unsolvable.
Consider x1 and x2 such that system (8.4) is solvable for x1 and not for x2. By Farkas’
Lemma there exists a vector y ě 0 that satisfies ytA “ 0 such that bpx1qty ě 0, but
bpx2qty ă 0. This can only happen, if a component of bpxq changes sign, i.e. there exists
x3 with 0 “ bpx3qi “

ř

iPIi
x3i, thus x3 P WIi “: WI . Conversely, suppose x3 P WI . We

construct an x´graph Γ such that ϕΓ drops at x3:
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• If |I| is odd: Choose x´graphs Γ1 and Γ2 that contribute to the counts
Thspin,rg1

pxI ,´
ř

iPI xiq and Thspin,rg´g1 p
ř

iPI xi, xIcq, respectively, and glue them along
their end of weight

ř

iPI xi.

• If |I| is even: Choose x´graphs Γ1 and Γ2 that contribute to Thspin,rg1
pxI ,´

ř

iPI xi ´

y,´yq and Thspin,rg´g1´1p
ř

iPI xi ` y, y, xIcq (note: since |I| is even, g ą 0) and identify
the ends of weight

ř

iPI xi ` y and y, thus forming a new cycle in the glued graph.

It follows immediately that for x sufficiently generic (i.e. x P HRzW) ϕΓ is constant in
a neighborhood of x (since the topology of Apxq is preserved) and that the locus where
all functions ϕΓ are constant corresponds exactly to the connected components of the
complement HRzW.

Proposition 8.3.29. Let Γ P TSx contribute to Thspin,rg . For x̃ P HX pHRzWq, multpΓq is
a polynomial in the x̃i of degree 2gpΓq ` |V inpΓq| ´ 1 “ 2g ` b´ 1.

Proposition 8.3.29 falls naturally within the scope of Erhart theory. We present a proof
here while deferring the proofs of certain required Erhart-theoretic results until later.

Proof. A bounded chamber cpx̃q in Apx̃q Ă Rb1pΓq induces a family Zn Ñ Rb1pΓq, x ÞÑ cpxq
of integer polytopes such that: The topology is fixed across the family (i.e. the set of facets
including their outward normal vector is fixed up to translation and scaling), as long as x
varies within the connected component cH ofHRzW that contains x̃ (Lemma 8.3.27).More
precisely, cpxq is the convex hull of a fixed set V pcpxqq of x-dependent vertices, whose
coordinates are affine integer linear functions in x.

Applying the affine map ϕ : Rb1pΓq Ñ Rb1pΓq, j ÞÑ 1
2
Idj´ 1

2

ˆ

1
...
1

˙

yields another family of

polytopesZnXcH Ñ Rb1pΓq, x ÞÑ c̃pxq :“ ϕpcpxqqwith vertex set tϕpvpxqq|vpxq P V pcpxqqu,
where vertex coordinates are now affine linear functions in x with coefficients in 1

2
Z.

Then the contribution
ÿ

jPcpxqXp2Z`1qb1pΓq

sgnpPΓpx, jqqPΓpx, jq (8.5)

of cpxq to multpΓq may be rewritten in terms of c̃pxq as
ÿ

kPc̃pxqXZb1pΓq

sgnpP̃Γpx, kqqP̃Γpx, kq “
ÿ

α

cαpxq
ÿ

kPc̃pxqXZb1pΓq

kα, where

P̃Γpx, kq :“ PΓpx, 2k ` 1q :“
ř

αPNb1pΓq cαpxqk
α is its decomposition as polynomial in k

with coefficients cαpxq P Qrxs. By Lemma 8.3.31 (for the family c̃pxq and polynomial weight
kα)

F : Zn X cH Ñ R, x ÞÑ
ÿ

kPc̃pxqXZb1pΓq

kα
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is a quasi-polynomial of degree dimpc̃pxqq ` |α| “ b1pΓq ` |α| and period "at most"
p2, ..., 2qT P Zn, i.e. there exists at most 2n polynomials Fi such that

F pxq “

$

’

’

’

’

&

’

’

’

’

%

F1pxq, xi ” 1 mod 2 for i “ 1, ..., n.

F2pxq, x1 ” 0 mod 2, xi ” 1 mod 2 for i “ 2, ..., n.
...
F2n , xi ” 0 mod 2 for i “ 1, ..., n.

Restricting to HX cH , one obtains polynomials

HX cH Q x ÞÑ
ÿ

kPc̃pxqXZb1pΓq

kα and HX cH Q x ÞÑ
ÿ

α

cαpxq
ÿ

kPc̃pxqXZb1pΓq

kα

of degree b1pΓq` |α| and b1pΓq`degpPΓpx, jqq. Combining the Euler characteristic formula
for Γ with the fact that the local completed-cycles spin Hurwitz number hipx, jq at vertix vi
has degree 2gpviq ([40], Theorem 6.4), shows

degpPΓpx, jqq “ |E in
pΓq| `

|V inpΓq|
ÿ

i“1

degphipx, jqq “ |V in
pΓq| ` b1pΓq ´ 1`

|V inpΓq|
ÿ

i“1

2gpviq and

b1pΓq ` degpPΓpx, jqq “ 2gpΓq ` |V in
pΓq| ´ 1.

It follows thatHX cH Q x ÞÑ multpΓqpxq is a polynomial of degree 2gpΓq` |V inpΓq| ´ 1 “

2g ` b´ 1, since Γ contribute to Thspin,rg .

Example 8.3.30. We return to Example 8.3.23: Let Γ be the x-graph from Figure 8.7 and
consider the connected component cH ofHRzW defined by: x1, x3, x3 ě 0, x4, x5, x6 ď 0,
x2 ` x3 ď ´x4´ x5. Figure 8.9 illustrates for x̃ “ p5, 3, 3,´5,´5,´1q P cH the hyperplane
arrangementApx̃q with its two bounded chambers, c1px̃q and c2px̃q, and the corresponding
induced orientations.

x1

x2

x3 x4

x5

x6

j

x2 ` x3 ´ j ´x4 ´ x5 ´ j

0 x2 ` x3 ´x4 ´ x5

j
c2 px̃q c1 px̃q

Γ A px̃q

“ “

6 10

Figure 8.9: The x-graph from Example 8.3.30 with reference weighting and hyperplane
arrangement Apx̃q for x̃ P cH .
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0 x2 ` x3

c2pxq

0 x2`x3
2

´ 1

c̃2pxq

1
j k

ϕ : j ÞÑ 1
2
j ´ 1

2

3 1´1
2

Figure 8.10: Sketch of affine coordinate change ϕ. The red points correspond to the lattice
points that contribute to the count.

We follow the strategy outlined in the proof of Proposition 8.3.29 to determine Γ’s
contribution to Thspin,2,`1 . As multpΓq splits additively across the chambers, c1px̃q and c2px̃q,
we can handle each chamber individually. Below, we detail the computation for c2px̃q, c1px̃q
is treated similarly. We can express the contribution of cH X p2Z ` 1q Q x ÞÑ c2pxq to
multpΓq as

mpc2pxqq
ÿ

jPc2pxqXp2Z`1q

sgnpPΓpx, jqqPΓpx, jq “
ÿ

0ďjďx2`x3 odd
PΓpx, jq,where

mpc2pxqq “ 1 “ sgnpPΓpx, jqq and PΓpx, jq “ px2 ` x3 ´ jqp´x4 ´ x5 ´ jqjp2!q3

(2! accounts for the local vertex multiplicities), in terms of the family c̃2pxq obtained via the
affine coordinate change "j “ 2k ` 1" (see Figure 8.10):

ÿ

kPc̃2pxqXZ

P̃Γpx, kq “

t
x2`x3

2
´ 1

2
u

ÿ

k“0

p2!q3px2 ` x3 ´ 2k ´ 1qp´x4 ´ x5 ´ 2k ´ 1qp2k ` 1q.

Since all xi are odd, the upper summation bound tx2`x3
2

u is equal to x2`x3
2

´ 1, a polynomial
(as opposed to a quasi-polynomial) expression in the xi. This shows

ÿ

kPc̃2pxqXZ

P̃Γpx, kq “

x2`x3
2

´1
ÿ

k“0

p2!q3px2 ` x3 ´ 2k ´ 1qp´x4 ´ x5 ´ 2k ´ 1qp2k ` 1q

“
´8

24
px2 ` x3qpx

2
2 ` 2x2x3 ` x23 ` 2qp2x4 ` x2 ` x3 ` 2x5q,

which is indeed a polynomials of degree 2g ` 3´ 1 “ 4.

Lemma 8.3.31. Let Zn1

Ñ Rn, x ÞÑ P pxq be a family of n-dimensional rational polytopes
and vipxq “ Gix` hi with Gi P p1

2
Zqn1ˆn and hi P p1

2
Zqn, i “ 1, ..., l, such that, for all x in

a region c Ă Qn1 , the vertex set V pP pxqq of P pxq is given by:

V pP pxqq “ tv1pxq, ..., vlpxqu.

Then, for any f P Qrj1, ..., jns

Zn1

X cÑ R, x ÞÑ
ÿ

jPP pxqXZn

fpjq
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is a quasi-polynomial in x of degree n ` degpfq whose period pQ1, ..., Qn1q satisfies Qi P

t1, 2u@i.

It is known that for a family of polytopes as in Lemma 8.3.31, the lattice-point enumerator
(f “ 1) is a quasi-polynomial of period at most 2. To obtain the corresponding result for the
weighted enumeration we use the methodology of [34], converting the weighted sum into a
lattice point count in a higher dimensional polytope.

Proof. Without loss of generality, assume P pxq Ă Rn
ě0 (if not: see Remark 8.3.32) and

fpjq “ jα1
1 ¨ ... ¨ jαn

n . The statement of Lemma 8.3.31 for general f 1 P Qrj1, ..., jns follows
by decomposing f 1 into a sum of monomials.

Step 1: Lift to the unweighted case. Convert the V -description of P pxq on c into an
H-description and write P pxq in the form P pxq “ ty|Apxqy “ bpxq, y ě 0u with Apxq P
Zrxssˆñ, bpxq P Zrxss by introducing additional variables (i.e. n ď ñ).

Next, consider the weight-lifting polytope P ˚pxq for P pxq and weight f constructed as
in [34] (Corollary 2.5 and 2.6):

P ˚
“

"ˆ

y
y1

˙

|

¨

˝

Apxq 0
D

loomoon

n

0
loomoon

ñ´n

C

˛

‚

ˆ

y
y1

˙

“

ˆ

bpxq
´e

˙

, y, y1 ě 0

*

Ă Rñ`m, where

e “

¨

˚

˝

´1
...

´1

˛

‹

‚

, C “

¨

˚

˚

˚

˝

C1 0 0 ... 0
0 C2 0 ... 0
... ...

. . . ...
...

0 ... ... ... Cn

˛

‹

‹

‹

‚

with Ci “
`

Iαi
Iαi

˘

and

D “

¨

˚

˚

˚

˝

d1 0 0 ... 0
0 d2 0 ... 0
... ... . . . ... ...
0 ... ... ... dn

˛

‹

‹

‹

‚

with di “

¨

˚

˝

1
...
1

˛

‹

‚

,

/

.

/

-

αi,

and note: For y P P pxq with yi ą 1, the set
␣

y1|pD 0 qy ` e “ Cy1, y1 ě 0
(

is equal to the
product py1 ´ 1qCpα1q ˆ ...ˆ pyn´ 1qCpαnq of dilated hypercubes pyi´ 1qCpαiq of size αi
associated to y.

For fixed x P Zn1 , Theorem 1.1 ([34]) gives:
ÿ

yPP pxqXZñ

fpyq “
ÿ

´ y
y1
¯

PP˚pxqXZñ`m

1. (8.6)

Step 2: Proof of the unweighted case. Without loss of generality, suppose that the vertices of
P pxq have coordinates strictly larger than 1. If not, translate P by v P Zñ, P ˚pxq by pv, 0qT

and consider
ÿ

yP
`

P pxq`v
˘

XZñ

fpy ´ vq “
ÿ

´ y
y1
¯

P

`

P˚pxq`p v0 q
˘

XZñ`m

1. (8.7)
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If (8.7) gives rise to a quasiploynomial in x of period at most 2, so does (8.6).
By Lemma 8.3.33, the vertices of P ˚pxq are of the form v˚pxq “ pypxq, y1pxqq, where

• ypxq :“ py1pxq, ..., yñpxqq is a vertex of P pxq.

• y1pxq is a vertex of the product of hypercubes
śn

i“1pyipxq ´ 1qCpαiq associated to
ypxq.

In particular, v˚pxq has only coordinates yipxq, yipxq ´ 1 or 0 for ypxq a vertex of P pxq.
This means: The weight-lifting process (Step 1) gives rise to an |α| ` n-dimensional

family c Q x ÞÑ P ˚pxq with the property that for every x P c, each v˚pxq P V pP ˚pxqq is an
affine linear function in x with coefficients in 1

2
Z (since this holds for the vertices of P pxq

by assumption). We can apply Proposition 1 ([79]) to conclude that

Zn1

X cÑ R, x ÞÑ
ÿ

jPP˚pxqXZñ`m

1

is a quasi-polynomial in x of degree n`|α| “ n`degpfqwhose period pQ1, ..., Qn1q satisfies
Qi P t1, 2u@i.

Remark 8.3.32. If P pxq Ă Rn
ě0 does not hold, then writing P pxq in the form Apxqy “

bpxq, y ě 0 necessitates introducing for each original variable ji in P two new variables j`i
and j´i (representing positive and negative parts, respectively). Under this transformation:
A monomial jα becomes a sum of monomials in the variables j`i and j´i (e.g. j1j2 turns
into j`1 j`2 ` j´1 j

´
2 ´ j`1 j

´
2 ´ j´1 j

`
2 ). This requires the following adjustments in the proof of

Lemma 8.3.31:

• Prove Step 1 for a monomial f in 2n variables (replace index n by 2n from Step 1
onward).

• Deduce the statement of Lemma 8.3.31 for polytopes P̃ pxq in the form Apxqy “

bpxq, y ě 0 and general polynomial weight f .

• Recover Lemma 8.3.31 for the original P pxq.

Lemma 8.3.33. Let

• P Ă Rn be a rational polytope in the form tx|Ax “ b, x ě 0u, where A P Zsˆn and
b P Zs, whose vertices have coordinates strictly greater than 1.

• P ˚ Ă Rn`m be the weight-lifting polytope for the weight functionωpxq :“ xα1
1 ¨...¨xαn

n

constructed in [34], Corollary 2.5 and 2.6.
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Then, the vertex set V pP ˚q satisfies

V pP ˚
q Ă tpx, x1q|x P V pP qand x1 P V p

n
ź

i“1

pxi ´ 1qCpαiqqu, where

px1´1qCpα1qˆ ...ˆpxn´1qCpαnq denotes the product of dilated hypercubes pxi´1qCpαiq
of size αi associated to x.

Proof. Without loss of generality, assume αi ą 0 for i “ 1, ..., n. Otherwise, permute the
coordinates of P such that the first ñ coordinates correspond to αi ą 0, and construct P ˚

as in the proof of Lemma 8.3.31. The following then applies, noting that the product of
hypercubes is only taken up to ñ.

Let M :“ tpx, x1q|x P V pP q and x1 P V p
śn

i“1px
i ´ 1qCpαiqqu. We show P ˚ “

convpMq.
Observations:

1. A vertex of the dilated hypercube pxi ´ 1qCpαiq has coordinates in t0, xi ´ 1u.

2. A vertex of the product
śn

i“1px
i ´ 1qCpαiq is a product of vertices from each of the

factors.

Consider a point px̃, x̃1q P P ˚. Then, x̃ P P and x̃1 P
śn

i“1px̃
i ´ 1qCpαiq, where x̃1 P

śn
i“1px̃

i ´ 1qCpαiq is the product of positively dilated hypercubes associated to x̃ (Recall:
x̃i ´ 1 ą 1 holds by assumption on the vertex coordinates of P ). Hence, we can write

• x̃ “
ř

k λkxk for some λk ě 0 with
ř

k λk “ 1 and xk P V pP q .

• x̃1 “
ř

j λ
1
jyj for some λ1j ě 0 with

ř

j λ
1
j “ 1 and yj P V p

śn
i“1px̃

i ´ 1qCpαiqq.

Combining Observations 1 and 2, we use the coefficients λk to express each vertex yj
as a convex combination of vertices yjk of the product

śn
i“1px

i
k ´ 1qCpαiq associated to

xk P V pP q: yj “
ř

k λky
j
k. Here, the superscript j does not denote a component, but

indicates that the choice of vertex yjk of
śn

i“1px
i
k ´ 1qCpαiq depends on yj . Then, x̃1 “

ř

j λ
1
jyj “

ř

j

ř

k λ
1
jλky

j
k yields

px̃, x̃1q “
ÿ

j

ÿ

k

λ1jλkpxk, y
j
kq, where pxk, y

j
kq PM,

as desired.

The following example was computed using

polymake

Example 8.3.34. Consider a rectangle P Ă R2 with vertices p7
2
, 2q, p7

2
, 5
2
q, p2, 5

2
q, p2, 2q.

Write P in the form tx|Ax “ b, x ě 0u:
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$P = new Polytope<Rational>( EQUATIONS => [[-11,2, 0,2,0,0,0,0,0],
[-9,0, 2,0,2,0,0,0,0],[-2,1,0,0,0,-1,0,0,0],[-2,0,1,0,0,0,-1,0,0],
[-2,0,0,1,0,0,0,-1,0],[-2,0,0,0,1,0,0,0,-1]], INEQUALITIES =>
[[0, 1, 0,0,0,0,0,0,0],[0, 0, 1,0,0,0,0,0,0],[0, 0, 0, 1,0,0,0,0,0],
[0,0,0,0,1,0,0,0,0],[0,0,0,0,0,1,0,0,0],[0,0,0,0,0,0,1,0,0],
[0,0,0,0,0,0,0,1,0],[0,0,0,0,0,0,0,0,1]] );

polytope > print $P->VERTICES;
polymake: used package ppl
The Parma Polyhedra Library ([[wiki:external_software#PPL]]):
A C++ library for convex polyhedra
and other numerical abstractions.
http://www.cs.unipr.it/ppl/

1 7/2 2 2 5/2 3/2 0 0 1/2
1 7/2 5/2 2 2 3/2 1/2 0 0
1 2 5/2 7/2 2 0 1/2 3/2 0
1 2 2 7/2 5/2 0 0 3/2 1/2

Let P ˚ be the weight-lifting polytope for the weight function ωpxq :“ x11x
2
2 :

polytope > $P = new Polytope<Rational>( EQUATIONS =>
[[-11,2, 0,2,0,0,0,0,0,0,0,0,0,0,0],[-9,0, 2,0,2,0,0,0,0,0,0,0,0,0,0],
[-2,1,0,0,0,-1,0,0,0,0,0,0,0,0,0],[-2,0,1,0,0,0,-1,0,0,0,0,0,0,0,0],
[-2,0,0,1,0,0,0,-1,0,0,0,0,0,0,0],[-2,0,0,0,1,0,0,0,-1,0,0,0,0,0,0],
[-1,1,0,0,0,0,0,0,0,-1,-1,0,0,0,0],[-1,0,1,0,0,0,0,0,0,0,0,-1,0,-1,0],
[-1,0,1,0,0,0,0,0,0,0,0,0,-1,0,-1]],INEQUALITIES =>
[[0, 1, 0,0,0,0,0,0,0,0,0,0,0,0,0],[0,0, 1, 0,0,0,0,0,0,0,0,0,0,0,0],
[0,0,0,1,0,0,0,0,0,0,0,0,0,0,0],[0,0,0,0,1,0,0,0,0,0,0,0,0,0,0],
[0,0,0,0,0,1,0,0,0,0,0,0,0,0,0],[0,0,0,0,0,0,1,0,0,0,0,0,0,0,0],
[0,0,0,0,0,0,0,1,0,0,0,0,0,0,0],[0,0,0,0,0,0,0,0,1,0,0,0,0,0,0],
[0,0,0,0,0,0,0,0,0,1,0,0,0,0,0],[0,0,0,0,0,0,0,0,0,0,1,0,0,0,0],
[0,0,0,0,0,0,0,0,0,0,0,1,0,0,0],[0,0,0,0,0,0,0,0,0,0,0,0,1,0,0],
[0,0,0,0,0,0,0,0,0,0,0,0,0,1,0],[0,0,0,0,0,0,0,0,0,0,0,0,0,0,1]]);

Then, P ˚ has exactly |V pP q| ¨ 21 ¨ 22 “ 32 vertices:

polytope > print $P->VERTICES;
1 7/2 2 2 5/2 3/2 0 0 1/2 5/2 0 1 0 0 1
1 7/2 2 2 5/2 3/2 0 0 1/2 0 5/2 1 0 0 1
1 7/2 5/2 2 2 3/2 1/2 0 0 5/2 0 3/2 3/2 0 0
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1 7/2 2 2 5/2 3/2 0 0 1/2 0 5/2 0 1 1 0
1 7/2 2 2 5/2 3/2 0 0 1/2 5/2 0 0 1 1 0
1 7/2 5/2 2 2 3/2 1/2 0 0 5/2 0 0 3/2 3/2 0
1 7/2 5/2 2 2 3/2 1/2 0 0 0 5/2 0 3/2 3/2 0
1 7/2 5/2 2 2 3/2 1/2 0 0 0 5/2 3/2 0 0 3/2
1 7/2 5/2 2 2 3/2 1/2 0 0 5/2 0 3/2 0 0 3/2
1 7/2 5/2 2 2 3/2 1/2 0 0 0 5/2 0 0 3/2 3/2
1 7/2 5/2 2 2 3/2 1/2 0 0 5/2 0 0 0 3/2 3/2
1 7/2 5/2 2 2 3/2 1/2 0 0 0 5/2 3/2 3/2 0 0
1 7/2 2 2 5/2 3/2 0 0 1/2 0 5/2 1 1 0 0
1 7/2 2 2 5/2 3/2 0 0 1/2 5/2 0 0 0 1 1
1 7/2 2 2 5/2 3/2 0 0 1/2 0 5/2 0 0 1 1
1 7/2 2 2 5/2 3/2 0 0 1/2 5/2 0 1 1 0 0
1 2 2 7/2 5/2 0 0 3/2 1/2 1 0 1 1 0 0
1 2 2 7/2 5/2 0 0 3/2 1/2 0 1 0 0 1 1
1 2 2 7/2 5/2 0 0 3/2 1/2 1 0 0 0 1 1
1 2 2 7/2 5/2 0 0 3/2 1/2 0 1 1 1 0 0
1 2 5/2 7/2 2 0 1/2 3/2 0 0 1 3/2 3/2 0 0
1 2 5/2 7/2 2 0 1/2 3/2 0 1 0 0 0 3/2 3/2
1 2 5/2 7/2 2 0 1/2 3/2 0 0 1 0 0 3/2 3/2
1 2 5/2 7/2 2 0 1/2 3/2 0 1 0 3/2 0 0 3/2
1 2 2 7/2 5/2 0 0 3/2 1/2 1 0 1 0 0 1
1 2 2 7/2 5/2 0 0 3/2 1/2 0 1 1 0 0 1
1 2 5/2 7/2 2 0 1/2 3/2 0 1 0 3/2 3/2 0 0
1 2 2 7/2 5/2 0 0 3/2 1/2 0 1 0 1 1 0
1 2 2 7/2 5/2 0 0 3/2 1/2 1 0 0 1 1 0
1 2 5/2 7/2 2 0 1/2 3/2 0 1 0 0 3/2 3/2 0
1 2 5/2 7/2 2 0 1/2 3/2 0 0 1 0 3/2 3/2 0
1 2 5/2 7/2 2 0 1/2 3/2 0 0 1 3/2 0 0 3/2

polytope > print $P->N_VERTICES;
32

Wall crossing formulae. Let C1 and C2 be two chambers separated by a wall WI and
assume that

ř

iPI xi ă 0 holds in C1, but not in C2. Once again, we seek a more intrinsic
expression for

WCr
g,I : C2 Ñ Q, x ÞÑ Thspin,rg |C2

pxq ´ Thspin,rg |C1
pxq, (8.8)

in terms of Hurwitz numbers. Following the strategy described in [23], we proceed in two
steps.

Step 1: Explicit Wall-Crossing formula. As in the genus 0 case, the analysis of WCr
g,I

reduces to studying the wall-crossing behavior of individual x´graphs. By Remark 8.3.24 and
Proposition 8.3.29, it is enough to consider graphs Γ for which ϕΓ jumps when crossing WI ,
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otherwise the contribution to Thspin,rg |C2
pxq cancels with the one to Thspin,rg |C1

pxq. Doing
so we note: The condition "ϕΓ drops for x P WI" means thatAΓpx2q for x2 P C2 contains
bounded chambers that do not exist inAΓpx1q for x1 P C1 or, equivalently, the inequality
ř

iPI xi ă 0 (that holds in C1) excludes certain orientations adequate in C2 and vice versa.
We observed in genus 0 that we could relate these by cutting and reversing the orientation

of the unique edge of weight
ř

iPI xi. The situation is similar for higher genus, except that
we usually have to cut and reorient more than one edge to obtain a particular orientation in
AΓpx1q from one in AΓpx2q. The set of I´cuts comprises such cuts.

Definition 8.3.35 ([24], Definition 6.4). For a bounded chamber c inAΓ, we denote by Γc the
corresponding directed graph and associate to each subset of ends indexed by I Ă t1, ..., nu
a poset CutsΓcpIq Ă EpΓcq, where E P CutsΓcpIq holds, if E “ H or

1. Cutting Γc along E distributes the ends of Γ on precisely two connected components,
one containing all ends in I (the initial component), the other Ic (the final component).
In particular, ΓczE is disconnected.

2. The directed graph Γc{E
c is acyclic with initial vertex dual to the initial component

and final vertex dual to the final component.

Each E P CutsΓcpIq is ranked by rkpEq :“ νpΓczEq ´ 1, where νpΓczEq denotes the
number of components of ΓczE.

Despite the added combinatorial complexity, we encounter a familiar phenomenon: The
complements of I´cuts (i.e. the connected components of ΓczE for E P CutsΓcpIq) form
the common building blocks of directed graphs Γc that occur on both sides ofWI (compare
to Proposition 8.3.14). This allows us to expressWCr

g,Ipxq in terms of these building blocks:

Theorem 8.3.36. [Explicit Wall crossing formula] For the wallWI the wall crossing formula
is given by:

WCr
g,Ipx2q “

ÿ

Γ

ÿ

cPBCpAΓpx2qq

ˆ

ÿ

EPCutsΓc pIq

p´1qrkpEq´1

ˆ

a

a0, a1, ..., aN , aN`1

˙˙

ˆ

ÿ

jPcXp2Z`1qb1pΓq

PΓpx2, jq

˙

,

where

1. BCpAΓpx2qq is the set of bounded chambers of AΓpx2q.

2. N “ rkpEq ´ 1 is the number of inner connected components of ΓczE.

3. a0 and aN`1 (a1, ..., aN ) denote the number of vertices in the initial, respectively final,
(inner) commponent(s) of ΓczE.
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Theorem 8.3.36 is explicit. One can read off the wall crossing behavior of individual
x-graphs from it since:

•
`

a
a0,a1,...,aN ,aN`1

˘

is the number of orderings on a :“ |V pΓq| vertices that refinesN ` 2

given orderings on a0, a1, ..., aN and aN`1 vertices (see Proposition 8.3.14 in genus 0
for reference).

• p´1qrkpEq´1 plays a twofold role depending on whether cutting and regluing Γc along
reoriented edges of E yields an adequate orientation on Γ or not: If it does, then
p´1qrkpEq´1 provides the right prefactor, and ensures, if otherwise, that this orientation
does not contribute (see [24], Lemma 6.12, for a precise statement).

For the proof of Theorem 8.3.36, we essentially refer to [23]. However, our slightly differ-
ent setup requires us to extend relevant machinery from integral to rational hyperplane
arrangements (an arrangement is integral, if each hyperplane is defined by an equation with
integral coordinates and the vertices of the arrangement have integral coordinates as well).
Consequently, this proof is only a sketch. It is not self-contained, as it borrows notation
from the original paper.

Proof Sketch 8.3.37 (Theorem 8.3.36). Denote byWCrΓs the wall-crossing contribution
of an x-graphs Γ. The affine map

ϕ : Rb1pΓq Ñ Rb1pΓq, j ÞÑ
1

2
Idj ´ 1

2

ˆ

1
...
1

˙

transforms the family of integer hyperplane arrangements Zn Ñ Rb1pΓq, x ÞÑ AΓpxq into
a family Zn Ñ Rb1pΓq, x ÞÑ ÃΓpxq :“ ϕpAΓpxqq whose bounded chambers are polytopes
with vertex coordinates being affine linear functions in x with coefficients in 1

2
Z (see Proof

of Proposition 8.3.29). Just like in [23], consider the Gauss-Manin connection∇Γ,12 of the
vector bundle arising from x ÞÑ ÃΓpxq and its adjoint ∇˚

Γ,12 ([23], Definition 5.1.). By
Proposition 8.3.29 the contribution of a bounded chamber c̃ of ÃΓpx1q (where x1 P C1XH)
is a polynomial F on C1. The value F px2q at x2 P C2 can be obtained by summing P̃Γpx2, kq
over a signed sum of bounded chambers of ÃΓpx2q. This signed sum is encoded in the
Gauss-Manin connection (see [78]). Analogously to [23] (Equation (9)) we have:

WCrΓs “
ÿ

ĉPÃΓpx2qq

WCrΓ, ĉs p
ÿ

kPĉXZb1pΓq

P̃Γpx2, kqq

looooooooooomooooooooooon

“:P c
Γpx2qq,ϕpcq“ĉ

, where

WCrΓ, ĉs :“ sgnpĉqpmpĉq ´
ÿ

c̃PBCpÃΓpx1qq

mpc̃qxc̃,∇˚
Γ,12pĉqq,

sgnpĉq :“ sgnpP̃Γpx2, kqq, andmpc̃q :“ mpϕ´1
pc̃qq,
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and therefore:

WCrΓs “
ÿ

cPAΓpx2qq

WCrΓ, csP c
Γpx2qq, WCrΓ, cs :“ WCrΓ, ĉs

since ϕ defines a bijection between the set BCpAΓpxqq of bounded chambers inAΓpxqq and
the set BCpÃΓpxqq of bounded chambers in ÃΓpxqq.

With this setup Theorem 8.3.36 follows from the discussion in Section 6 and 7 of [23].

Step 2: Clean Wall-Crossing formula. Leveraging our combinatorial understanding of wall
crossing, we have decomposed the algebraic expression WCr

g,Ipxq according to building
blocks of individual x-graphs and arrived at an explicit combinatorial formula that directly
reflects their wall-crossing behavior (Step 1). To revert to an algebraic formulation, we
consider particularly nice cuts (Definition 8.3.38) that organize contributions from the inner
components of ΓczE.

Definition 8.3.38 ([24], Definition 8.1 ). A cut T P CutsΓcpIq Ă EpΓcq, where every edge
is adjacent to either the connected component with ends xI or the one with ends xIc , is
called a thin cut. We say T divides Γc into three parts, the initial and the final component,
and a (possibly disconnected) middle part.

Thin cuts induce a partition of the set of I´Cuts

CutsΓcpIq “
ď

T

P pT q, where P pT q :“ tE P CutsΓcpIq : T Ă Eu,

according to which we split the sum in Theorem 8.3.36 (see Lemma 8.2 [24] as written in
[46], Remark 4.14)

ÿ

EPCutsΓc pIq

p´1qrkpEq´1

ˆ

a

a0, a1, ..., aN , aN`1

˙

“
ÿ

T

p´1qt
ˆ

a

a0, t, aN`1

˙

,

where t :“ a1 ` ...` aN . Next, consider the three parts of ΓczT as x´graphs (for smaller
counting problems) with adequate orientation inherited from Γc. Denote their underlying
x-graphs by Γ1,Γ2,Γ3 and factor 1

|AutpΓq|PΓ accordingly:

1

|AutpΓq|PΓ “

ś

yi
ś

zi
y!z!

3
ź

i“1

1

|AutpΓiq|
PΓi

, where

• y and z are the partitions of edge weights connecting Γ1 to Γ2 and Γ2 to Γ3.

• 1
y!z!

comes from forgetting the labels on the edges corresponding to y´ and z´ends
after gluing.

Observing that Γ1,Γ2 and Γ3 contribute to Thspin,rgpΓ1q
pxI ,´yq,Thspin,r,‚gpΓ2q

py,´zq and
Thspin,rgpΓ3q

pz, xIcq, finally paves the way for Theorem 8.3.39.
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Theorem 8.3.39. [Clean Wall Crossing formula] For the wallWI the wall-crossing formula
is given by:

WCr
g,Ipxq “

ÿ

py,z,gi,aiq

ˆ

a

a1, a2, a3

˙ ś

yi
ś

zi
y!z!

Thspin,rg1
pxI ,´yqThspin,r,‚g2

py,´zqThspin,rg3
pz, xIcq,

where

• a is the number of ramification of pr ` 1q´completed cycle type of the original
counting problem Thspin,rg pxq.

• y, z are partitions such that
ř

yi “
ř

zi “
ř

iPI xi and define together with integers
gi, ai smaller counting problems.

Proof. See [24], Section 8.

Remark 8.3.40. Note that a summand for the discrete data py, z, g1, g2, g3, a1, a2, a3q con-
tributes toWCr

g,Ipxq if and only if the respective Riemann-Hurwitz conditions are satisfied.
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