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Abstract

This thesis analyses several locality properties of extended quantum lattice systems,
considering both spins and fermions. We begin by assuming locality of the Hamilto-
nian and then discuss how this translates into locality of the time evolution and the
thermal states.

Starting from a local Hamiltonian, it is well known that the Heisenberg time evolu-
tion satisfies Lieb-Robinson bounds, which quantify its locality. We strengthen these
bounds for long-range interacting fermions and for commuting interactions. Further-
more, we establish the first Lieb-Robinson bounds for Hamiltonians whose local terms
can grow linearly away from the origin. We also prove stability of Lieb-Robinson
bounds with respect to local perturbations in the Hamiltonian.

For the thermal states we focus on three types of locality known as decay of corre-
lations, the local perturbations perturb locally (LPPL) principle and local indistinguisha-
bility. As a key tool we use spectral filters, which were introduced by Hastings in
the 2000s for various applications. It enable us to use Lieb-Robinson bounds to ob-
tain information about locality properties of states. In particular, we use quantum
belief propagation to prove an equivalence of decay of correlations, LPPL and local
indistinguishability for Gibbs states at any positive temperature. Using the improved
Lieb-Robinson bounds mentioned before, we obtain improvements for decay of corre-
lations in the ground state, the locality of the spectral flow and LPPL for long-range
interacting systems and commuting Hamiltonians. Furthermore, we adjust the filter
functions to achieve exponential decay for certain applications that were previously
limited to stretched exponential decay.

Spectral filters are also used to rigorously justify response theory, which usually re-
quires a gapped system to begin with. To relax this assumption, we introduce various
notions of local gaps, discuss their relations and use one to justify response theory and
Kubo’s formula in the absence of a global gap.

In another result we use local indistinguishability as an input to prove bulk-edge
correspondence at finite temperature, in the sense that the bulk magnetisation is equal
to the edge current. This result has mostly been studied for non-interacting models or
at zero temperature before.

Finally, we present a class of weakly interacting spin systems with an on-site
gap and prove that the ground state satisfies a strong form of LPPL. Moreover, we
show that these systems satisfy decay of correlations and local indistinguishability
uniformly in temperature.






Zusammenfassung

Diese Arbeit analysiert mehrere Lokalititseigenschaften von ausgedehnten Quanten-
Gittersystemen, wobei wir Spin Systeme und Fermionen betrachten. Wir gehen zu-
néchst von der Lokalitat des Hamiltonian aus und analysieren dann, wie sich diese auf
die Lokalitat der Zeitentwicklung und der thermischen Zusténde auswirkt.

Fiir lokale Hamiltonians ist die Lokalitit der Heisenberg-Zeitentwicklung bekannt
und wird mittels Lieb-Robinson Schranken quantifiziert. Wir verbessern diese Schran-
ken fiir Fermionen mit langreichweitigen Wechselwirkungen und fiir Systeme mit
kommutierenden Wechselwirkungen. Dariiber hinaus zeigen wir die ersten Lieb-
Robinson Schranken fiir Hamiltonians, deren lokale Terme im Abstand zum Ursprung
linear anwachsen. Wir beweisen auch die Stabilitdt der Lieb-Robinson Schranken in
Bezug auf lokale Storungen im Hamiltonian.

Fiir die thermischen Zustiande konzentrieren wir uns auf drei Arten von Lokalitat,
die als Korrelationsabfall (decay of correlations), lokale Storungen storen lokal (local
perturbations perturb locally, LPPL) und lokale Ununterscheidbarkeit (local indistin-
guishability) bekannt sind. Als wichtigstes Werkzeug verwenden wir spektrale Filter,
die von Hastings in den 2000er Jahren fiir verschiedene Anwendungen eingefithrt wur-
den. Sie ermoglichen es, Lieb-Robinson Schranken zu verwenden, um Informationen
iiber die Lokalitdtseigenschaften von Zustinden zu erhalten. Insbesondere verwen-
den wir Quanten Glaubensausbreitung (quantum belief propagation), um eine Aqui-
valenz zwischen dem Korrelationsabfall, LPPL und lokaler Ununterscheidbarkeit fiir
Gibbs-Zustande bei jeder positiven Temperatur zu beweisen. Mit den zuvor erwahn-
ten verbesserten Lieb-Robinson Schranken erhalten wir auch Verbesserungen fiir den
Korrelationsabfall im Grundzustand, die Lokalitit des Spektralflusses und LPPL fiir
langreichweitige Wechselwirkungen und kommutierende Hamiltonians. Auflerdem
verdndern wir die Filterfunktionen, um einen exponentiellen Abfall fiir bestimmte
Anwendungen zu bekommen, die zuvor nur mit gestrecktem exponentiellen Abfall
bekannt waren.

Spektrale Filter werden auch verwendet, um die lineare Antworttheorie mathema-
tisch zu rechtfertigen, was meist ein System mit spektraler Liicke erfordert. Um diese
Annahme zu lockern, fithren wir verschiedene Begriffe der lokalen Liicke ein, disku-
tieren deren Relationen und nufien eine Variante, um die lineare Antworttheorie und
Kubos Formel in Abwesenheit einer globalen Liicke zu rechtfertigen.

In einem weiteren Ergebnis verwenden wir die lokale Ununterscheidbarkeit als An-
nahme, um Volumen-Rand-Korrespondenz bei positiver Temperatur zu zeigen. Ge-
nauer gesagt zeigen wir, dass die Volumen-Magnetisierung gleich dem Randstrom ist.



Zusammenfassung

Dieses Ergebnis wurde bisher hauptsachlich fiir nicht wechselwirkende Modelle oder
im Grundzustand untersucht.

Schlief3lich stellen wir eine Klasse von schwach wechselwirkenden Spin Systemen
vor, deren Einzelsysteme an jedem Gitterpunkt ohne die Wechselwirkung eine spek-
trale Liicke aufweisen, und beweisen, dass der Grundzustand eine starke Form von
LPPL erfillt. Dariiber hinaus zeigen wir, dass diese Systeme bei positiver Temperatur
Korrelationsabfall und lokale Ununterscheidbarkeit erfiillen, und zwar mit Konstanten
die unabhéngig von der Temperatur sind.
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1 Introduction

Locality is an important feature of quantum many-body systems. Both from a phys-
ical perspective and as a property which makes rigorous analysis possible. In this
thesis we study locality properties of quantum many-body systems on extended lat-
tices. These systems arise as simplifications of continuous theories for example by a
tight-binding approximation. More precisely, we consider the two classes of lattice
spin systems and fermionic lattice systems. The former are widely studied in quan-
tum information theory and mathematical physics. We understand them as a fixed
lattice of particles, where each particle has internal degrees of freedom, describing for
example the intrinsic spins of atoms at the lattice sites. The interaction of the system
is given by a coupling of these internal degrees of freedom. Such systems can arise in
condensed matter theory as crystalline systems, serve as toy models for magnetism
and quantum computers or quantum memory, and are experimentally implemented
using optical lattices. Lattice fermions, on the other hand, model interacting particles
that can jump between lattice sites, which might have some extra internal degrees
of freedom. Importantly, by the Pauli exclusion principle, every lattice site (or inter-
nal degree of freedom) can only be occupied by one particle. These systems serve as
models for electrons in a homogeneous structure like metals, semiconductors and in-
sulators. A similar physical interpretation as a lattice gas also exists for quantum spin
systems, where one interprets the internal degree of freedom as counting the number
of particles present at the site.

Quantum lattice systems are particularly important for the understanding of the
(fractional) quantum Hall effect, adiabatic and response theory for extended quantum
systems, (topological) phases of matter, quantum phase transitions, thermalization,
state preparation and quantum computers.

As we are interested in locality properties, we consider systems where the Hamil-
tonian is given by a sum of local terms (SLT) operator

Hy= ), (2),

ZCA

where each ®(Z) acts only on Z C A and A (for now) is a finite lattice. Moreover,
we require that |®(Z)| decays in the size of Z. The main objective of this thesis is to
understand how the locality of the Hamiltonian transfers to locality of the time evo-
lution and the thermal states, and which consequences this locality has for physically
relevant questions.

21



1 Introduction

Note that, while we mostly consider finite lattices, all definitions and statements
are to be understood to hold uniformly in the lattice size, for example for all finite
lattices A € ZP. In many cases it is then possible to take the thermodynamic limit.

Lieb-Robinson bounds

One important result concerning lattice systems is the locality of the Heisenberg time
evolution 7*(A) = elflat Ae Hat generated by Hy. Its locality is characterized in
terms of Lieb-Robinson bounds, which provide upper bounds on the commutator

Iz (A), B

that decay in the distance between the supports of the observables A and B. As a first
consequence, they allow to rigorously define the dynamics on infinite lattices I" as the
limit
I ; A
A) =1 A
o (4) = lim 7\(4)

of the dynamics on finite lattices A € I" [see e.g. 174], where the limit can be taken
along any increasing and exhausting sequence (A,) C I'.

Lieb-Robinson bounds were first proven by Lieb and Robinson [154] for translation
invariant finite-range interaction. Since then, there have been many results for spin
systems [118, 56, 174] and recently an interest in better bounds [89, 160, 61, 84, 149,
210] for long-range systems where |®(Z)| decays polynomially in diam(Z). Similar
results are known also for fermionic lattice systems [173, 56]. Unfortunately, some of
the results, in particular for long-range interactions, do not hold for fermions or have
other restrictions.

In publication P7 we prove better bounds for long-range fermionic systems (which
also hold for spin systems). Moreover, in publication P5 we prove enhanced bounds
for commuting interactions, focussing on long-range commuting interactions. In par-
ticular, we show that commuting interactions obey a linear light cone for a broader
range of parameters. In publication P10 we provide the first Lieb-Robinson bounds
for interactions whose local terms are allowed to grow linearly away from a fixed lat-
tice site, which in particular allows concluding global existence and uniqueness of the
infinite volume dynamics. As a technical requirement for some results, we also prove
stability of Lieb-Robinson bounds with respect to localized perturbations added to the
Hamiltonian.

While Lieb-Robinson bounds are interesting in its own because they bound infor-
mation and particle propagation, they are also one of the most important ingredients
in the further analysis of lattice systems in general and their locality in particular.

Locality measures for the states

Before we continue discussing the implications of Lieb-Robinson bounds, let us briefly
introduce the locality properties for thermal states that we are using within this thesis.
There are many ways to quantify locality of states or quantum systems more generally
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like decay of the covariance (also known as clustering), decay of conditional entropies
or (conditional) mutual information, local topological quantum order, and local indis-
tinguishability. We focus on properties of ground and Gibbs states and in particular
on decay of correlations, local indistinguishability and the local perturbations perturb
locally (LPPL) principle.

Decay of correlations, means that the truncated correlation function or covariance

Cov,(A,B) :=tr(p AB) — tr(p A) tr(p B)

decays in the distance between the supports of the observables A and B.

Local indistinguishability is the property that expectation values of local observ-
ables B in the ground or Gibbs state p, at inverse temperature § of the Hamiltonian
restricted to different lattices A” C A almost agree. More precisely,

tr(pa B) - (o B)

decays in the distance between the support of Band A\ A”.

LPPL quantifies how much expectation values of local observables B change, if the
Hamiltonian is perturbed by some V supported far away from B. More precisely, a
system satisfies LPPL if

|tr(p[HA] B) - tr(p[HA + V] B)|
decays in the distance between the supports of B and V.

Automorphic equivalence, response theory and LPPL

As one important application, Lieb-Robinson bounds allow quantifying locality of cer-
tain functions of the spectrum using so-called spectral filters. For gapped Hamiltonians,
these are used to prove locality of the spectral flow and automorphic equivalence [120,
23, 167, 31], which underlie the analysis and definition of gapped phases of matter,
symmetry protected phases of matter, the adiabatic theorem and the rigorous justifi-
cation of response theory [17, 165, 203, 32], the quantum Hall effect [13, 216, 204],
and the local perturbation perturb locally (LPPL) principle [23, 74].

In publication P7, we use the improved Lieb-Robinson bounds to proof locality of
the spectral flow and thus automorphic equivalence and LPPL for long-range inter-
actions. And with the enhanced Lieb-Robinson bounds for commuting Hamiltonians
we also obtain qualitatively better decay of LPPL for these systems in publication P5.!
Moreover, in publication P9 we consider a modified spectral filter to prove exponen-
tial decay of an almost spectral flow for exponentially decaying interactions, which
for example allows concluding LPPL with exponential decay.

Using the standard filter, we rigorously justify response theory in publication P6
under the assumption of a local gap in a certain sense that goes beyond the usual

1'We actually use the results from [214], which avoid the use of the spectral flow, to obtain the LPPL bound
in publication P5.
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1 Introduction

definition of a bulk gap and also works on finite systems. As the notion of a local gap
that we use is quite specific, we also discuss other possible definitions of local gaps
and their relations.

Decay of correlations for gapped ground states

Another spectral filter allows proving decay of correlations for gapped ground
states [113, 118, 171, 14]. Using the improved Lieb-Robinson bounds, we obtain
qualitatively better decay of correlations in publication P5 for gapped ground states
of commuting Hamiltonians, where the correlation length is independent of the gap.
Moreover, in publication P9 we use a modified spectral filter to obtain exponential
decay also for ground state sectors with a ground state energy splitting in finite
systems, while previously used spectral filters only provide superpolynomial decay
in finite volumes in this case. Using a complex analysis proof, [214] prove a similar
result.

Quantum belief propagation

Yet another concept based on spectral filters is the so-called quantum belief propa-
gation [115, 134, 80, 109]. It allows writing a differential equation for the Gibbs
states of a path of Hamiltonians s +— H(s) similarly to the spectral flow for gapped
ground states. In its original formulation by Hastings [115], it is actually a differen-
tial equation for the non-normalized exponential e PHG) 1t found several applications
mostly in the quantum information theory for finite-range interactions in various con-
texts [134, 135, 45, 131, 109, 8, 145, 194, 136, 62].

In publication P4, we give a rigorous proof of quantum belief propagation and write
down the differential equation for the Gibbs state. Moreover, we use it to prove an
equivalence between decay of correlations, LPPL and local indistinguishability for
Gibbs states at any positive temperature. All these results are formulated for inter-
actions with arbitrary decay, as long as they satisfy a Lieb-Robinson bound, which
includes exponentially and polynomially decaying interactions. Building on previous
results on decay of correlations for certain systems in one dimension or at high tem-
perature, we thus prove local indistinguishability and LPPL for these systems.

Bulk-edge correspondence

As mentioned above, an important problem in the analysis of quantum lattice systems
is the quantum Hall effect. One aspect of it is the bulk-edge correspondence, relat-
ing the bulk magnetization with edge currents. So far this is mostly studied for non-
interacting systems [7, 155, 143, 65]. Stronger results on bulk-edge correspondence
for the transport coefficients, i.e. relating the Hall conductivity and the edge conduc-
tance, exist for non-interacting gapped systems [197, 82, 65] and weakly interacting
systems [100, 159] at zero temperature. Moreover, for non-interacting fermions in
the continuum with a gapped ground state, [65] proves that the derivatives of the
bulk magnetization and edge current with respect to the chemical potential converge
to the Hall conductivity and the edge current, respectively, in the zero temperature
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limit.

In publication P3, we prove equality of the magnetization and the edge current
for interacting fermions on a square lattice, assuming that the system is homoge-
neous in the bulk and that the Gibbs state satisfies local indistinguishability. We also
prove differentiability of these quantities with respect to the chemical potential in
analogy to the above result. As an intermediate result, we obtain Bloch’s theorem for
two-dimensional square lattices, stating that persistent currents vanish in the bulk.
See [215, 21] for related results.

Locally weakly interacting quantum spin systems with an on-site gap

We also consider an exemplary class of spin system, for which we can prove very
strong locality properties. The Hamiltonian of these systems is given by a sum of
gapped on-site terms with a unique gapped ground state and a weak finite-range in-
teraction that in particular does not close the gap. For these systems, we reinterpret a
result by Yarotsky [219] in publication P1, to prove that the ground state satisfies local
indistinguishability and a very strong form of LPPL, with a bound that is independent
of the strength of the perturbation.

Moreover, assuming that the interaction is form-bounded with respect to the on-site
Hamiltonian in a strong sense (see (3.42)), we prove in publication P8 that the Gibbs
state also satisfies decay of correlations and local indistinguishability uniformly in
temperature. Decay of correlations uniformly at low temperature for special (classes
of) quantum spin systems [205, 161, 40, 66, 67, 94] and also fermions [112, 118, 73,
94, 102] has been studied before. However, to our knowledge, proving local indistin-
guishability uniformly in temperature has not been approached in the literature so far,
and we provide a robust proof for uniform-in-temperature decay of correlations and
local indistinguishability.

Structure of this thesis

After this general introduction, we introduce the mathematical objects used to describe
quantum lattice systems in chapter 2. In particular, we define the notions of decay of
correlations, LPPL and local indistinguishability in section 2.6. Afterwards, we sum-
marize the important results and give some ideas of the proofs that are obtained in
the included publications in chapter 3. There, we also provide more connections to
the literature. Reprints of the publications are included afterwards. When we refer-
ence statements from the included publications, their numbers are prefixed with the
number of the publication. For example, theorem 34 from publication P4 is referenced
as theorem P4-34 in the main text.
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2 Mathematical setup

This chapter introduces the mathematical concepts used to describe quantum lattice
systems and their properties. We point out the differences between the setup in the
publications and compare to related notions used in the literature. This lays the funda-
ment to the discussion of the results in chapter 3 and shall allow the reader to follow
the publications and their proofs.

2.1 Lattice geometry

We first introduce the lattices considered throughout this thesis. The prototypical
example we consider is the lattice I' = ZP with ¢!-distance or finite subsets thereof.

In principle, multiple generalizations are possible and give similar results, but need
to be treated slightly differently. For example, one could consider a set of points I" C
RP together with the induced metric [84], or any countable metric space (I, d) [174].
These generalizations have in common that one can straightforwardly define an in-
finite system and deduce properties by first considering finite subsets A € I'. The
dimension of A is then defined as the dimension of I".

On the other hand, we would like to include statements about torus and cylinder
geometries, where the finite systems cannot just be defined as restrictions of the infi-
nite lattices with the restricted metric. Instead, we mostly use surface-regular graphs
and prove statements, which are uniform in the graph after fixing the dimension and
growth rate. Throughout the thesis we use the terms lattice and graph interchange-
ably.

Definition 2.1 (Surface-regular graph). A graph (I, E) with graph distance d such
that there exist constants D € N and €, > 1 such that

|Sy(R)‘ 1= ]{x elrld(y,x) = R}’ < BARP! forallyelandR>1 (2.1)

is called (€4, D)-surface-regular. The set of all D-dimensional surface-regular graphs
with growth constant €, is denoted € (D, €,). <o

Noticeably, any subset I' ¢ ZP with ¢!-distance is a D-surface-regular graph and

so are the boxes A; = ZP n [~L, L] with periodic boundary condition in some (or all)
directions.
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2 Mathematical setup

A slightly more general notion is that of a D-regular graphs, which is similar but
just requires a bound on the balls

B,(R)| :=[{x €'|d(y.x) <R} <Gy 1+ R)P forallye FandR>0. (2.2)

Clearly, every D-surface-regular graph is also D-regular. However, especially for long-
range interactions, the bounds one can obtain are often better for surface-regular
graphs. Hence, for simplicity, we only consider D-surface-regular graphs from here
2
on.
For any graph I"and Z C I, we denote the cardinality |Z|. Finite subsets are denoted
with “€” and the set of finite subsets is denoted

HI)={Zerl}
Moreover, we denote the diameter

diam(Z) = sup d(x,y),
x,y€Z

and for the distance between a point and a set or between two sets, we also write d(-, -).
For a set X C A, we denote the fattening

X :={yeAldy,X)<r} (2.3)

and it will be clear from the context on which lattice the fattening is considered. Like-
wise, the context should determine, when we use the same notation to enumerate sets
Zl’ cees Zn Cc A

2.2 Operator algebra

To describe an interacting quantum system on a lattice, one usually uses the operator
algebraic description. We will consider spin systems and fermions, and it turns out
that their algebraic descriptions are quite similar. The basic idea is to consider the
bounded operators on the Hilbert space associated to the lattice A as an algebra o/,
and states as linear functionals on this algebra. These functionals can still be identified
with density matrices for finite lattices, see section 2.5. For subsets X C A one then
identifies &y C &/, as a subalgebra. More details on this identification and properties
thereof are discussed in the next sections, when we introduce the operator algebras for
spin systems and fermions separately. Importantly, many results for spins or fermions
can immediately be translated to the other. However, there are some points, where
one needs to be very careful. See section P7-6 for one example.

2In publications P6 and P9, we actually use regular graphs. And in publications P1 to P4 and P8 we restrict
to (subsets of) ZP. Also note, that the included publications might use d or v instead of D to denote the
dimension.
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2.2 Operator algebra

2.2.1 Operator algebra for lattice spin systems

Under a quantum spin lattice system, we understand a system where a g-level quantum
system sits at each lattice site. Physically, this can be implemented by an atom on
every site and modelling the internal spin degrees of these atoms. We consider spin
systems in publications P1, P4 to P6, P8 and P9, but only the methods and results in
publications P1 and P8 particularly rely on this.

Mathematically, we associate to each site x € I" a finite-dimensional Hilbert space
I = C7 and the corresponding space of linear operators &, = B(#). Then, for
each finite A C I', we define the joint Hilbert space #4 = @, #x and the operator
algebra &/, = PB(H ). Due to the product structure of %, also #4 = Q,cp Dy
Moreover, for any X C A, we can consider &y C &/, as a subalgebra by identifying
any A € dx with A®14. x € &4. From now on, this identification is always implicitly
understood, and we define the support supp A as the smallest set such that A € Hgypp A

This identification allows to define the algebra of local observables on I

‘d}oc = U ‘dA’
Ael’

which contains observables with finite but arbitrarily large support. Its completion
with respect to the operator norm is the C*-algebra of quasi-local observables

et
r=9r- .

The product structure of the operator algebra also implies that observables with
disjoint support commute. Given two disjoint sets X, Y C I" and operators A € oy
and B € ofy one has [A, B] = 0.

2.2.2 Operator algebra for fermions on a lattice

Another kind of system we are interested in are fermions on a lattice, which can be
described by an operator algebra with very similar properties. The physical interpre-
tation is clearly different and models fermionic particles that can move on the lattice.
These systems are explicitly considered in publications P2, P3, P7 and P10, but the
results from publications P4 to P6 and P9 mostly hold for fermionic lattice systems as
well.

Mathematically, a single particle on a lattice I" is described by a wave function in
" =4I, C9) = ¢2(I' x {1, ..., ¢}, C), where q € N is the number of internal degrees
of freedom. For fermions, the N-particle Hilbert spaces is given by the antisymmetric
tensor product i = /\,il #", and we define %] = C. Then, let ' = Qy_, x
be the Fock space. The many-body description of the system is given by the CAR
algebra o/ = CAR(Z') c B(FT), which is the C*-algebra with norm given by
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2 Mathematical setup

Il = Il (& ry generated by the identity 1 and the creation and annihilation operators
ay; and a,,; satisfying the canonical anti-commutation relations (CAR)

{agayt={ay; a5} =0  and  {a,;a);}=08,,8;1 (2.4)

forallx,y € I'andi, j € {1,...,q}, where {A, B} = AB+ BA denotes the anticommutator.
Moreover, for A C I', we define &, C I as the subalgebra generated by the creation
and annihilation operators localized in A.

Notably, one considers o/ instead of the bounded operators on Fock space (%),
because states, which we introduce in section 2.5, on &/ can describe systems with an
infinite number of particles, while states in the Fock space % have an arbitrary large
but finite number of particles.

In comparison to the setting for spin systems, we do not need to take a completion,
because o/ ¢ B(F") and the construction of a C*-algebra already includes taking

the closure. But analogously to the construction for spin systems, if the lattice A is

finite then &/, = B(F1) = 93(@5{]‘21) 1) by the Pauli exclusion principle. Via

the creation and annihilation operators we can abstractly identify &/, C &/, as a
subalgebra for any A’ ¢ A. Even without knowing o/ from above, one can then
define the local algebra

I
droc — U Ay,
A€l
for infinite lattices I'. Moreover,
loc ””
MF - r 5

where the right-hand side can either be understood as the completion - like for spin
systems — or the closure within the bounded operators on Fock space B(F ).

In comparison to the algebra for spin systems, two observables with disjoint support
need not commute. Indeed, for x # y the creation operators a, and a, anti-commute.
This motivates the definition of the even operator algebra &/}", which is the subalgebra
generated by identity and even monomials in the creation and annihilation operators,
and its subalgebras &/ = @/ n 9} for subsets A C I'. Then, two operators A € &/
and B € d;r with disjoint supports X, Y C I' indeed commute [A, B] = 0. Moreover,
the reverse is also true: if two operators with disjoint supports commute, at least one
must be even [173, Proposition 2.1].

For any finite Z C I' we define the number operator>

q
Nz =Y, > 0,

x€Z j=1

and the subalgebra Mé’f C 9} of operators commuting with /7.

3In publication P2 it is just denoted Ny.
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2.3 Interactions

2.3 Interactions

All extensive operators on the lattice, like the Hamiltonian, are give by so-called inter-
actions, which are maps

b {Zel}—- dr,
ZH(D(Z)E.WZ

With any interaction @, we associate a sum of local terms (SLT) operator foreach A € I"

Ap= ) O(2).

ZCA

The name interaction evolved historically and is a little misleading, as interactions not
only model the interaction between particles or lattice sites, but also external poten-
tials and the kinetic energy. More generally, interactions are used to define all SLT
operators and the Hamiltonian is only one example.

Whenever each term of an interaction is self-adjoint, even, or particle preserving,4
we give the interaction and the associated SLT operator the same name. Moreover, an
interaction is commuting, if all terms mutually commute, [®(Z;), $(Z,)] = 0 for all
Z,Z, eT.

The properties of the interaction can be utilised to quantify locality of the corre-
sponding SLT operator. The simplest situation is when @ is a finite-range interaction.
That is, there exists an R € N, such that #(Z) = 0 unless diam(Z) < R. The smallest
such R is the range of @ and in the special case of R = 0 we say that the interaction
is on-site, since it only acts on individual lattice sites. We say that an interaction is
k-body, if ®(Z) = 0 unless |Z| < k.

More generally, we want to quantify the decay of |®#(Z)| in the size of Z. A common
approach is to introduce so-called interaction norms, and there are many variants in the
literature. The most basic versions require decay in the cardinality |Z|. For example,

sup ), e @(2)] < oo (2.5)
2€l’ Zel:zeZ

is enough to define the thermodynamic limit of the Heisenberg evolution [195, theo-
rem 7.6.2]. We usually require better decay, which also takes into account the diameter
of Z. Therefore, consider a decaying function F: Ryy — Ry and let

|2(2)]
91 = sup 3, —— = (2.6)
xyel fet. F(d(x,y))
x,y€Z

4 'The notions of being even or particle preserving are clearly only relevant for fermions.
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This norm is a good choice when proving Lieb-Robinson bounds and a natural gener-
alization of two-body interactions, for which this norm exactly quantifies the decay
[e(fx, yDI < [P F(d(x, y))-

However, the above interaction norm makes it difficult to control terms involving
the cardinality |Z| and requires additional assumptions on F to make Y. ycr.,cr P(Z)
summable. It is often simpler to work with the slightly stronger interaction norm

d(Z
follp = sup 3 A2
zel’ fei F(diam(Z))
z€Z

2.7)

This version can also be generalized to quantify the localization of an SLT operator
around a set Q2 C I', for which one defines

. o)l
|®lF.0 = sup Z;: F(@m(2) Fe )’ (2.8)
z€Z

Such interactions are called Q-localized and this form of interaction norm ensures that
the commutator of an Q-localized SLT operator with another SLT operator is still Q-
localized, as one would expect. See lemmata P6-A.5 and P6-2.1 for details.

It is left, to quantify the decay function F, used in the various interaction norms.
We say that an interaction is exponentially decaying if F(r) < e for some b > 0
and stretched exponentially decaying if F(r) < yp,(r) = e’ for some b > 0 and
p € (0,1). In both cases, we call such interactions short-range. Moreover, we say that
an interaction is polynomially decaying or long-range, if F(r) < F,(r) = (1 + r)™ for
some a > 0.

In particular for long-range two-body interactions we want to point out the dif-
ference between the interaction norms (2.6) and (2.7) which is important to compare
different results obtained with either of those. Therefore, consider a two-body inter-
action @ with |[&({x, y})| < CF,, (d(x,y)) forall x, y € I" and some C > 0 and g, > D.

th
As explained above, it satisfies ||<I>||§,b < C. However, for the interaction norm (2.7)
%b

we only obtain

|Plp < su — " _Csu F, _,(d(x,y)) < o,
fa erR yel Fa(d(X, y)) xelg);* b a( y)

for all @ < 41, — D on D-surface-regular graphs.

As mentioned above, one often needs to bound sums over terms |Z| |[#(Z)|. Using
the interaction norm (2.7), this can be done by utilizing the decay in diam(Z). Alter-
natively, we can introduce another variant of the interaction norms (2.6) and (2.7)

ZI" [o(2)] ZI" [o(2)]
|#IP, = sup === and [Dlp,=sup I ————— (29
xyel' et F(d(x.y)) zel’ et F(diam(Z))
x,yeZ zeZ
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2.4 Dynamics

by adding a factor | Z|" for some n € INj, to the sum. This is particularly helpful for (2.6),
but also allows obtaining better results for long-range interactions with the norm (2.7)
as it only adds restrictions on the cardinality |Z| but not the decay in diam(Z). In par-
ticular, for k-body interactions, it merely changes the interaction norm by a factor k".

Whenever we consider time-dependent systems, we also need time-dependent in-
teractions on an interval I C R, which are functions &(-,-), where ®(-,t) is an inter-
action for each t € I and ®(Z,-): I — 9/ is norm continuous. We also abbreviate
@(t) = P(-,t), which allows specifying the interaction norm |®(t)|r = |@(,t)|p. We
simply write

|lF = sup [(2)]F
tel

for time-dependent interactions, as many bounds then hold for time-independent and
time-dependent interactions in the same way.

Note, that a condition asking for an interaction norm to be finite in only a good con-
dition if the underlying lattice is infinite. Instead, our results will often be formulated
on finite lattices, where we prove results which are uniform in the size of the lattice A
and all interactions @ on A that have the same interaction norm C = |®|.

We use the notation introduced here for the main part of this thesis. It also in-
troduces all interaction norms used in the included publications. However, as most
publications only use one of these norms, they often use an abbreviated form and one
has to check the exact definition in the respective mathematical setups.

2.4 Dynamics

Given a Hilbert space %, an interval I C R and a continuous Hamiltonian H: [ —
B(H), the time-evolution of a state ), €  is given as the unique solution of the
Schrédinger equation

iSO =HOYO  with Y =

Moreover, these solutions can be characterised by the propagator U(t, s), which is a
two-parameter family of unitaries satisfying ¢/(t) = U(t,s) ¢/(s) for s, ¢ € I. From the
Schrodinger equation, it turns out that the propagator satisfies

i%U(t, ) =H®OUEs) and Ulss)=1.

Instead of using the Schrédinger picture, quantum lattice systems are usually de-
scribed in the Heisenberg picture, where instead of evolving the state, one evolves the
observables. By the Schrodinger equation, for every observable A € % (%) it holds
that

WO, Ay®) = (Y(s). U, 8)" AU ) Y(s)),
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and we thus define the Heisenberg time evolution 7; (A) = U(t,s)" AU(t,s). It is
alternatively characterised as the unique solution of the Heisenberg equation

‘i%rt,s(A)=rt,s([H<t>,A]) with 1 (4) = 4, (2.10)

forall A € &4 and s, t € I. In this convention, the Heisenberg time evolution sat-
isfles 7,31, = 15 for all t, r, s € I. For finite systems, where states are given by
density matrices, see section 2.5, one can also define the evolution 7; ;, which solves
the von Neumann equation

.d . N . A .
i as(P) =1HO.75(p)]  with 7, =id

and satisfies 7;; = 7,;. In our convention, 7 satisfies the usual cocycle property
Ty Trs = Ty5. One can alternatively swap the indices in both evolutions so that 7
satisfies the usual cocycle property, which is the convention used in publication P10.

One advantage of the Heisenberg picture is that one can make sense of the dy-
namics on infinite volume systems. Therefore, consider an infinite lattice I" and a
(time-dependent) interaction @ on I'. By the above construction, for each A € I' the
Hamiltonian t — Hx(t) € 9/, gives rise to the Heisenberg time evolution Tt’As as the
unique solution of the Heisenberg equation (2.10) with Hamiltonian H,(¢). One can
then define the dynamics on &/ as the limit r{s(A) = limy ~p Tt’AS(A), given locality of
the Hamiltonian, for example as in (2.5) or in the sense of a Lieb-Robinson bound [154,

174].

2.5 Thermal states

Besides the evolution, the states of a quantum system play a key role. We are mostly
interested in the ground and Gibbs states of the system under consideration. For finite
lattices A, a general state is given by a density matrix, that is a positive operator p €
B(H) with tr(p) = 1.

In the algebraic description states are positive linear functionals w over &/, satisfy-
ing (1) = 1. Indeed, on finite lattices, there is a one-to-one correspondence between
these notions. Given a density matrix p, the functional w: A — tr(p A) is a state in
the algebraic sense and for every such functional there exists a density matrix. Within
this thesis, we mostly use density matrices or projections, as we mostly consider finite
systems. We only switch to functionals when infinite systems are considered, where
the notion of density matrices is not available.

2.5.1 Ground states

One state of particular interest is the ground state of a system, which describes the
system at zero-temperature T = 0 and minimizes the energy tr(p H) of the Hamilto-
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nian H € &/, of the system. We often denote the ground state projection P as the
spectral projection onto the ground state energy E, = min o(H), where o(H) denotes
the spectrum of H. Then, a ground state is a state satisfying p = P p P. Most of the
time, we are interested in gapped ground states (or more precisely ground states of
gapped Hamiltonians), for which o(H) \ {Ey} > E, + g for some gap g > 0. While all
finite systems are technically gapped (with the size of the gap vanishing with increas-
ing system size), we always mean a gap uniform in system size or explicitly specify
the size of the gap g.

Another common feature of finite systems is that the ground state energy splits up
into several eigenvalues and only in the thermodynamic limit converges to a degener-
ate ground state. For such cases, we also denote with P the projection onto the ground
state sector o, C o(H). This notion is made precise when we use it.

Whenever, we want to denote the ground state of a particular Hamiltonian H we
write p[H] and if the interaction is clear from the context, we write py := p[H,].

2.5.2 Gibbs states

The other type of state we are interested in are Gibbs states, which are thermal states at

positive temperature T > 0. They are usually labelled by the inverse temperature =
1/T and defined as

-BH
p(B) = ‘*Z(ﬁ) with  Z(B) = tr(e PH)

the partition function. As for ground states, we write p(f)[H] to specify the Hamil-

tonian and pﬁ = pa(p) if the interaction is clear from the context. The analogues
of Gibbs states in the algebraic setting on infinite volumes are KMS states [47, sec-
tion 5.3], which we briefly consider in theorem 3.17.

2.6 Locality measures

There are various levels on which a quantum system can exhibit locality, the simplest
of which is the locality of the Hamiltonian that we understand in terms of the interac-
tion norms introduced in section 2.3. The locality of the Hamiltonian directly implies
locality of the dynamics in the sense of Lieb-Robinson bounds, which we discuss in
detail in section 3.1.

More interesting is the locality of the (thermal) states, for which there are many
different measures available. In the following sections we describe the ones which are
used in this thesis.
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2.6.1 Decay of correlations

For any state p on &/, we define the covariance
Cov,(A,B) :=tr(p AB) — tr(p A) tr(p B)

forany A € gx, B € gy and X,Y C A. One way to quantify correlations in the state p,
is to understand how the covariance decays with d(X,Y).

Definition 2.2 (Decay of correlations). Let A be a finite graph and p a state on /4.
We say that p satisfies decay of correlations with respect to the positive functions {cy,
foov if and only if

ICov,(A, B)| < IA|B] feov(1X, Y1) foov (d(X, Y))
forall X,Y Cc Aand A € oy, B € dy. &

While decay of correlations is a property of a state, we can ask whether a ground or
Gibbs state satisfies decay of correlations, which translates decay of correlations to a
property of the Hamiltonian. Moreover, we say that an interaction ¢ satisfies uniform
decay of correlations (at inverse temperature® f) on A if and only if all ground or Gibbs
states p(B)[Hy] satisfy decay of correlations with respect to the same functions for
every A’ C A. This is also known as uniform clustering [45, 132].

2.6.2 Local perturbations perturb locally

The next concept not only quantifies locality, but also stability of a system. The ques-
tion is how much a local perturbation in the Hamiltonian changes expectation values
of the ground or Gibbs state far away from the perturbation. We refer to it as the
local perturbations perturb locally (LPPL) principle, a term used for ground states for
example in [23, 74] before.

Definition 2.3 (Local perturbations perturb locally (LPPL)). Let A be a finite graph
and H € 9/, be self-adjoint. We say that H satisfies LPPL (at inverse temperature /)
with respect to the positive functions fippr, grppr, (Lppr. and n € N, if and only if

[Tr(p(B)[Hal B) — Tr(p(B)Hp + V1 B)| < IBIXI" fippL(IY1) grepr(IV1) Gppr(d(X,Y))
forall X,Y C A,V € oy self-adjoint and B € ofy. &

In principle, we could allow other scalings in |X|, for example exponential. But as
this is not relevant in the following, we keep this simpler form.

We say that an interaction @ satisfies uniform LPPL (at inverse temperature f) on A
if and only if Hy. satisfies LPPL with respect to the same functions and n for ev-
ery A’ C A.

5 For the definitions of the locality properties, we identify the Gibbs state at inverse temperature f§ = +oo
with the ground state. And if it is clear from the context later on, we do not explicitly state, whether Hy
satisfies uniform decay of correlations for the ground or Gibbs state.
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2.6.3 Local indistinguishability

The final locality measure, which we consider, asks whether expectation values of local
operators in thermal state on A can be well approximated by expectation values in the
thermal state on A’ C A, as long as they are localized far away from A\ A’. We call
this property local indistinguishability, and this term is also used in [45, 36]. For Gibbs
states, it was also called locality of temperature in [139].

Definition 2.4 (Local indistinguishability). Let A be a finite graph and & be an in-
teraction. We say that & satisfies local indistinguishability (everywhere®) (at inverse
temperature ff) on A with respect to the positive functions fi and ¢ if and only if

[Tr(p(B)[Hal B) — Tr(p(B)[Ha 1 B)| < 1Bl fur(IY]) Gui(d(Y, AN A”))
forallY c A’ C Aand B € &. o

At the first glance, local indistinguishability looks similar to local topological quan-
tum order (LTQO), which is a widely used name various related properties of ground
states. The key difference is that LTQO is also a statement about different ground
states on the same volume (see e.g. [162, section 4.1, 175, section 2.2.2]) for Hamilto-
nians with a degenerate ground state space, while local indistinguishability compares
expectation values of the ground or Gibbs states on two different volumes. In the
case of degenerate ground states, we might think of the whole (possibly normalized)
ground state projection for local indistinguishability.

One simple consequence of local indistinguishability is that the ground or Gibbs
states (as functionals) have a thermodynamic limit. Moreover, at least for finite-range
interactions, local indistinguishability immediately implies decay of correlations as
we discuss at the end of section 3.6.

®In publication P3 we also use the notion of local indistinguishability in the bulk, which we explain in
section 3.7.
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3 Results

In this chapter we summarize the results obtained in the included publications. As
many results build on Lieb-Robinson bounds and we also provide multiple improve-
ments, we begin with discussing Lieb-Robinson bounds in section 3.1 and in particular
the ones obtained in publications P4, P5, P7 and P10. Afterwards, we briefly describe
what spectral filters are and how Lieb-Robinson bounds make them useful for the anal-
ysis of extended quantum lattice systems in section 3.2. Then we discuss the spectral
flow, which is one instance of a spectral filter, and LPPL in section 3.3 focusing on
the results obtained in publications P5, P7 and P9. Afterwards, we discuss decay of
correlations for gapped ground states in section 3.4 and in particular enhanced decay
for commuting Hamiltonians obtained in publication P5 and a modified filter func-
tion constructed in publication P9. In section 3.5 we come back to the spectral filter
used to construct the spectral flow and discuss response theory and adiabatic theory.
There, we also discuss several notions of local gaps and how one can use them to
prove response theory for locally gapped systems. In section 3.6 we discuss the main
result of publication P4, an equivalence of decay of correlations, LPPL and local in-
distinguishability, which is obtained via another spectral filter named quantum belief
propagation. Afterwards, in section 3.7 we discuss an instance of bulk-edge corre-
spondence for interacting fermions at positive temperature, which was obtained in
publication P3. Eventually, in section 3.8, we discuss the results of publications P1
and P8, which prove very strong locality in terms of decay of correlations, LPPL and
local indistinguishability for the ground and Gibbs state of a class of weakly interact-
ing spin systems with an on-site gap.

3.1 Lieb-Robinson bounds

One of the main tools to analyse locality in lattice systems are so called Lieb-Robinson
bounds, which were first proven for translation invariant systems by Lieb and Robin-
son [154]. They characterize the locality of the Heisenberg time evolution and are a
very important tool for the analysis of quantum lattice systems. One of the very gen-
eral forms of Lieb-Robinson bounds is given in [174], and variants for other flavours
of interaction norms also exist [118, 173]. In particular, for exponentially decaying
interactions @ in the sense that |[@[r < oo for F(r) = e %" (1 + r)~ P+ and some b > 0,
one has

|l (A4). Bl < C min{|X],[Y[} |A] |B] € *~4CD, (3.1)
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forall X,Y c I, A € oy and B € &y, where v ~ |®|g/b. One crucial observation is
that this commutator is small, whenever r = d(X,Y) > vt, and decays exponentially
outside the cone r = v. In this sense, information propagation is ballistic up to expo-
nential errors. One also says, that the Lieb-Robinson bounds has a linear light cone’
in analogy to the light cone in special relativity, although there are small tails leaking
outside the cone.

In comparison, following the same proofs for long-range interactions, one obtains
bounds scaling like e“** F,_p(r), see e.g. [118], which gives an exponential light cone.
Recall that F,(r) = (1 + r)*.

Only recently, Kuwahara and Saito [149] proved Lieb-Robinson bounds obeying a
linear light cone for spin systems with long-range interactions &, if ||CP||}2 < oo for

some oy, > 2D + 1. More precisely, these interactions satisfy a Lieb-Robinson bound
with polynomial decay in d(X,Y) — vt. Afterwards, Tran et al. [210] extended this to
an algebraic light cone in the range 2D < oy, < 2D+ 1. For more details on light cones,
we refer to publications P5 and P7.

While the first bounds by Lieb and Robinson appeared already in 1972, they re-
gained attention after Hastings [113] realized in 2004 that they can also be used to
infer static properties about the systems, like decay of correlations for gapped ground
states. Therefore, one uses spectral filters, which we explain in section 3.2 and then
use in sections 3.3, 3.5 and 3.6.

We now summarize the results on Lieb-Robinson bounds for certain classes of sys-
tems, which we obtained in the publications.

3.1.1 Publication P5: Enhanced Lieb-Robinson bounds for
commuting interactions

In publication P5 we prove improved Lieb-Robinson bounds for commuting, time-
independent interactions. Commuting interactions have been studied from the quan-
tum information theory perspective extensively. All stabilizer Hamiltonians, which
are used as quantum error correcting codes, are commuting, examples are the toric
code [138] and the CSS codes [57, 200]. Moreover, they are often used to study open
quantum systems, because their Davies generator is local and hence accessible to rig-
orous analysis. Examples of long-range commuting interactions are Euclidean imple-
mentations of low-density parity check (LDPC) codes on expander graphs, which are
good quantum codes. See section P5-1.3 for more details on these codes and exam-
ple P5-1 for an explicit long-range toric-code.

For commuting, finite-range interactions, it is known [186] that the time evolution

"In contrast to relativity, the Lieb-Robinson velocity depends on the interaction and is not universal, which
lead some people refer to the cones as sound cones [139, 78]. But light cone seems to be the more common
and widely accepted term in the field.
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has a fixed light cone. More precisely, assume that @ is of range R > 0. Then
TtH A(A) = eltHr g emitHn = eitHpnx A e~itHanx ¢ A, (3.2)

where Xj is the fattening from (2.3) and Hy o x := Y, 7c p.z0x20 P(Z) includes all terms
that intersect X such that Hy = Hj\x + Hp nx. The equalities hold by commutativity
and are explained below. For more general interactions, we obtain the following result.

Theorem 3.1 (Lieb-Robinson bound for commuting interactions (summary)). Let ® be
a time-independent interaction on a finite graph A and F: Ry — Ry a decaying func-
tion. Then, the Heisenberg dynamics associated to @ satisfies the Lieb-Robinson bound

I (A). Bll < a[@lP LALBIA Y, Y. F(d(x.y)) (3:3)

x€X yeY

forall X,Y C A and operators A € oy, B € gfy. Moreover, this bound is sharp.
The remaining sums in (3.3) can always be bounded by |X||Y| F(d(X,Y)). If Ais a
D-surface-regular lattice, one also has the bounds

C min{|X|,|Y[} F,_p(d(X.Y)) if F)=F,@0):=Q+r)“ (3.4)
and

Cop mind| XY} xpr p(d(X,Y))  if  F(r) = ppp(r) =™ (35)
foro<b <band0< p<1.

The general result (3.3) is obtained in corollary P5-10 based on the approximation of
the Heisenberg dynamics, theorem P5-9. The sharpness is discussed in section P5-3.5.1
and the individual statements for finite-range, short-range and long-range interactions
are given in theorems P5-3 to P5-6.

The proof is significantly simpler than the proof of Lieb-Robinson bounds for gen-
eral (non-commuting) interactions. Since all interaction terms commute, we can factor
eltfr = eltHax eltHrnx where Hy o x = Y704 Pox(Z2) = Xzca Lxnzzo P(Z) contains
all the terms of &(Z) where Z intersects the support of X. Then rtHA(A) = Tgf}((A)
for all A € oy, where the latter evolution is generated by @,x. This already proves
the finite-range Lieb-Robinson bound (3.2). Within the commutator, only the terms
&, x(Z) with ZnY # @ contribute, so that only terms directly connecting X and Y are
relevant. Summing these up, one obtains (3.3).

This proof also explains why the Lieb-Robinson bounds for commuting interactions
are so much stronger than their counterparts for general interactions. Compared to the
general bound from (3.1), theorem 3.8 gives linear instead of exponential dependence
on time. And also the bound for long-range interactions is a qualitative improvement:
For commuting long-range interactions (3.3) together with the trivial bound for the
sums gives a linear light cone for ¢ > 1 in any dimension, compared to the thresh-
old @ > 2D + 1 for general interactions [149]; see also figure P5-1.

Some exemplary applications of these LRBs are given in sections 3.3.2 and 3.4.1.
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3.1.2 Publication P7: Lieb-Robinson bounds for long-range
interactions

In publication P7, we improve the Lieb-Robinson bounds from Matsuta et al. [160] and
Else et al. [84] for long-range interactions. Our main motivation is to prove locality of
the quasi-local inverse of the Liouvillian and automorphic equivalence for long-range
interacting fermions, see section 3.3.1. Therefore, we want Lieb-Robinson bounds that
hold for very general, time-dependent interactions, that appear as the time evolution
of another interaction.

Note that the long-range Lieb-Robinson bounds [149, 210] with linear light cones,
which we mentioned before, do not hold for fermions, as we comment at the end of
this section. Moreover, their proofs are very long and technical. Instead, we prove
the following Lieb-Robinson bound with algebraic light cones for fermionic systems,
based on the simpler proofs from [160, 84].

Theorem 3.2. Let D € N, €5 > 0 and « > D. Then there exists a constant C > 0
such that for all lattices A € (D, 6,), all o € (D +1)/(a + 1), 1), all intervals I C R,
time-dependent interactions ® on I, X,Y C A, A € dx, B € gy with A or B even, and
s,t € I the following holds

|[7:,5CA), B]| < 2| Al 1B] min{X], [Y1}

x (V1 4 G 1w = 5] (14 (Ve - sHP/A)).

D+1\—2 D
Here v = max {2e [F,| |01, . |9lF, 1}, 7 = d(X,Y) and C, = C (o - 2H) " L1(£)
with T’ the gamma function.

In comparison to the previous result [84], we obtain the factor min {|X|,|Y|} instead
of a factor | X|"* with n = [0D/(ca — D)] + 2 and explicitly write down the constants v
and C,.

The idea of the proof is to iteratively use the interaction picture to split the interac-
tion into different length scales. More precisely, one uses (see lemma P7-2)

max{s,t}

[[7:5.<r(A), BI[ < [[75.<r (A), BI|+2 181 ).  liocr (). 2Z.0)]| 0, (3.6)

ZCA. Jmin{s,
R’<diam(Z)<R

where 7, | p(A) is the Heisenberg dynamic generated by all interaction terms ®(Z)
with diam(Z) < R. Since the bound does not depend on R, one can take R large
enough so that 7,  _p(A) is the dynamics on the whole finite A. One then uses a Lieb-
Robinson bound with exponential decay e'~sI""/R" for interactions of range R’ to
bound the two commutators in (3.6) and chooses R” ~ r® = d(X,Y)°. Importantly,

the main improvement is to use the finite-range Lieb-Robinson bound with |X| for
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3.1 Lieb-Robinson bounds

the first term and with |Z| for the second term. The |Z| later gets absorbed by the
interaction norm and the bound of the sum includes a factor |X|. In this way, we
obtain a bound that scales with | X| instead of |X|? as in [160] after applying (3.6) once.
The final statement of theorem 3.2 is obtained after applying (3.6) repetitively to the
integrand of the bound (3.6) and gives the improvement over [84] as explained below
the statement. See section P7-3 for more details.

Unfortunately, this procedure does not provide Lieb-Robinson bounds with linear
light cones for two reasons: To obtain the second term on the right-hand side of (3.6)
in the proof of lemma P7-2, we use the trivial estimate for the outer commutator in

[T9,3><R’ 7,0(B). [116.<r (A). Ty < (Hor 0))] ] -

This then requires us to choose R’ ~ r? to obtain some decay in r. And choosing
R’ ~ 19, the bound for the first term in (3.6) does not have a linear light cone. To ob-
tain linear light cones, the works [149, 210] instead prove bounds for the interaction
picture dynamic 7y _p 7, and then provide stronger bounds for the nested commu-
tator, to obtain better light cones. However, their proofs only work for spin systems,
since they use the conditional expectation trick, which allows them to first prove Lieb-
Robinson bounds for observables A and B supported on single sites and then extend
them to observables with arbitrary support. The details and problems for fermions are
explained in section P7-6. Lieb-Robinson bounds with linear light cones are interest-
ing from both a physical perspective, as ballistic transport of information is believed
even for long-range interactions, and a technical perspective, as Lieb-Robinson bounds
underlie many results.

Lieb-Robinson bounds with linear light cones for polynomially decaying inter-
actions would for example enhance the results obtained in [32] and enable us to
prove automorphic equivalence for Hamiltonians with varying magnetic fields, see
section 3.1.4.

Moreover, [149, 210] also rely on a quite involved iteration. Hence, the concise
proof in publication P7, which is more transparent, has value in its own. And it allows
proving automorphic equivalence (see section 3.3.1 and [31]) and generalized super-
adiabatic theorems [32] for polynomially decaying interactions.

3.1.3 Publication P4: Lieb-Robinson bounds for perturbed
dynamics

In publication P4 we prove a stability result for Lieb-Robinson bounds. The motivation
for this type of stability mostly lies in a clean LPPL result, where one prefers to impose
conditions only on the unperturbed Hamiltonian H. One is then left to prove that the
perturbed Hamiltonian H +V also satisfies a Lieb-Robinson bound. The original proof
in publication P4 is written for time-independent Hamiltonians, but since the proof is
exactly the same, we give the statement for time-dependent Hamiltonians here.
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Proposition 3.3 (Stability of Lieb-Robinson bounds, see lemma P4-42). Let A be a
finite lattice, I C R an interval and t — H(t) € &, be a continuous and point-wise
self-adjoint Hamiltonian, and assume that H satisfies a Lieb-Robinson bound such that
for some {1 {X C A} x{Y C A} x [0, 0) — [0, ) it holds that

|[=5CA), BI| < IALIBI R (X Y It — )

forall X,Y C A, Ae dx, Be oy and s,t € I.

Moreover, let Z C A, t — V(t) € 97 be continuous and point-wise self-adjoint and

denote with T£+V the dynamics associated to H+ V. It satisfies the Lieb-Robinson bound

)

t
=57 (A), Bl < |Al B (éVLR(Xs Y, t—s])+2 sup vl in J ar(ZW,lr—sl) dr
re N

ef{X,Y}

forall X,Y C A, A€ dx,Be dy and s,t € I.

The statement immediately generalizes to infinite lattices, and can be generalized
to SLT perturbations V = )./, V» with a bound in interaction norm.

We use this result in publication P4, so that we only need to assume decay of corre-
lations and a Lieb-Robinson bound for the Hamiltonian H, to conclude LPPL for the
Gibbs state, see theorem 3.13. Moreover, we use it in publication P5, to obtain better
Lieb-Robinson bounds for the perturbed Hamiltonian H + AV, where H is given by a
commuting interaction but V is not necessarily commuting with H, see theorem 3.7.

For the proof, one just compares the two evolutions in the standard way using the
fundamental theorem of calculus and then applies Lieb-Robinson bounds. A detailed
proof for time-independent interactions is given in section P4-10.2.1 and the same
arguments also hold for time-dependent Hamiltonians.

This is one of the simplest ways to obtain stability of Lieb-Robinson bounds. As
noted above, one can generalize this to SLT perturbations, basically using a statement
like [174, Theorem 3.4]. In theorem P5-15, we show that one can prove Lieb-Robinson
bounds for dynamics generated by A H* + H! with a velocity independent of A, if H°
is given by a commuting and finite-range SLT operator and H! is sufficiently local to
satisfy Lieb-Robinson bounds, which is another kind of stability. With similar ideas,
Toniolo and Bose [208] discuss stability in the following sense: Assuming there exists
a region in space where the Lieb-Robinson bound shows very slow transport (usually
subballistic, as for commuting interactions) and the observables are located on differ-
ent sides of this region, then the slow-down of propagation in the region in-between
is enough to obtain improved Lieb-Robinson bounds. The same authors also recover
a similar result to ours in [207].
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3.1 Lieb-Robinson bounds

3.1.4 Publication P10: Lieb-Robinson bounds and existence for
dynamics with spatially growing generators

In contrast to all Lieb-Robinson bounds we have discussed so far, we consider dynam-
ics with unbounded generators in publication P10. More precisely, we allow the local
terms to grow linearly in space. To formulate this assumption properly, we consider so
called zero-chains instead of interactions. A time-dependent zero-chain on the interval
I C R and (possibly infinite) D-regular lattice I'" is a map

&: IxT — df, (t,x) > Du(2),
such that each term ®,(t) is self-adjoint, ¢t — ®,(¢) is norm-continuous and

Lo A=Y, [0:(). Al

xel’

converges unconditionally for all A € Qf}oc. As we consider possibly infinite lattices

here, the Hamiltonian is not a well-defined object, but the Liouvillian 2@0) is. Ad-
ditionally, we require that each term &, (¢) is localized around x. To quantify this
localization, we introduce the norms

I(1 = Ep Al
F(r)

5

| Al x = |Al + sup
r=>0

for x € I' and bounded functions F. Then, we assume that there is xy € I" and Cp > 0
such that @ satisfies

sup [&,(O].» < Cp (1 +d(x,x))) forall xel.
tel ’

The precise results in publication P10, only require decay with any function G in-
stead of e and additionally assume Lieb-Robinson bounds with linear light cones
for zero-chains ¥ that satisfy a uniform bound sup,¢; sup,cr [P (Dlgx < Cy, see as-
sumption P10-2. For fermions, such Lieb-Robinson bounds are currently only known
for exponentially decaying interactions. We also expect them to hold for polynomi-
ally decaying interactions, similarly to the result for spin systems [149], but their
proof does not immediately work for fermions as explained in section 3.1.2. Hence,
we restrict to the results for short-range interactions here.

Under these assumptions we prove existence of the dynamics generated by ¢ and a
Lieb-Robinson bound with exponential light cones. This notably enlarges the class of
systems, known to have well-defined dynamics on infinite lattices.

Theorem 3.4 (Simplified version of theorem P10-8). The time-dependent zero-chain &
generates a unique cocycle of automorphisms (¢t )s ey on . Moreover, for eachv > 0,
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there are C,, y,, > 0 that do not depend on @, such that for all s,t € I and A € I
satisfying |AlF, x, < o we have the bound

los; Al x, < Gy e Co =Sl AR (3.7)

where F,(r) = (1+r)".

Note, that [A]f, » < oo for some x € I', implies |A|f,,, < oo forall Y € I'. Hence,
we prove that polynomially decaying quasi-local observables A are mapped to quasi-
local observables a;(A) with the same decay. Moreover, we can phrase (3.7) in terms
of usual commutator Lieb-Robinson bounds. Therefore, let A € &/ (,,) and B € oy

forany Y ¢ I with r : = d(By(x),Y) > 0. Then,
Iles A, BII < 2| AJ|BI G, el Co i =slmvin(ir /()
which is an exponential light cone, since the bound is small whenever
r> (1+k)eCor v I,

As mentioned above, theorem 3.4 enlarges the class of interactions known to have
a well-defined infinite volume dynamics. Our motivation mostly comes from auto-
morphic equivalence and the definition of gapped phases. In particular, once Lieb-
Robinson bounds with linear light cones for polynomially decaying interactions for
fermions are known, our result proves automorphic equivalence for gapped phases of
matter with varying homogeneous magnetic fields. While the Hamiltonians of these
systems are usually given by a bounded interactions @, the derivative ), ®% with re-
spect to the magnetic field b grows linearly in x. Previously available results about
the spectral flow® generated by I (@p H b) hence cannot be applied, while our condi-
tional result gives a simple and physically motivated proof of existence and locality of
the spectral flow once Lieb-Robinson bounds with linear light cones for polynomially
decaying interactions are known.’

Our result has some analogy with solutions to first order ODEs on RP, which exist
as long as the velocity field is locally Lipschits continuous and has a linear upper bound.
Then, integral curves do not reach infinity in finite time and the distance to the starting
point grows at most exponentially.

The proof, however, is not related to this analogy. Instead, we construct a sequence

of cocycles as(,]f) by restricting @ to act non-trivially only on balls B, (k). These re-

stricted zero-chains ®®) are bounded in space

sup sup H(DJ(C")(t)HefbA’x <Cep(1+k/2)

tel xel’

8 The spectral flow is used to connect ground states along paths of gapped Hamiltonians by local dressings.
It is discussed in detail in section 3.3.
® For exponentially localized Hamiltonians, the quasi-local inverse Liouvillian decays [174, Corollary 6.6]

like e/ &) 50 Lieb-Robinson bounds with linear light cones for stretched exponential decay are enough.
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3.2 Spectral filter functions

and hence satisfy a Lieb-Robinson bound with a linear light cone and velocity vfk)

Then, we consider A € o/p_ J(k/8): The evolution a§’;) spreads the support of A, but for
a short time [t — s| < 7, we can well approximate a§’§> (A) within an enlarged ball of
radius k/8 + v’ (k) 7 < k/4, after choosing 7 small enough such that vfk) T < k/8. Note,
that this ch01ce of 7 only depends on the constants and is uniform in k. As as(f) and o
have almost the same generator within B, (k/4), we understand that as(k)(A) isagood

approximation of a;(A) for small times. Indeed, o ;(A) = limy_,o as’t)(A) for small
times and we also prove the bound |as; Alr, x, < 1 [Alf,x, for [t —s| < 7 by this
argument. We then basically iterate this bound to obtain the statement in theorem 3.4
for all times.

3.2 Spectral filter functions

In this section, we explain the general idea behind spectral filters. They can be used
to prove decay of correlations of gapped ground states, see section 3.4 and [118, 171].
Moreover, they are used to construct the spectral flow, which underlies automorphic
equivalence of gapped ground states, see section 3.3 and [120, 23], some LPPL results
for gapped ground states, see the same section and [23], and adiabatic theorems and
response theory, see section 3.5 and [17, 203]. Another filter is used in quantum belief
propagation to write a differential equation for Gibbs states, see section 3.6 and [115].

Let @ be a self-adjoint interaction and H the corresponding SLT operator and as-
sume that 71 = 'f* v e71H! gatisfies a Lieb-Robinson bound. Furthermore, let V € oy
be self-adjoint. We decompose H in its spectral decomposition H = ), j Ej Pj and use

the Fourier transform!? to write

QW) := J}R f@ et ve Ht dt = Vo Y f(E - E)) P,V P (3.8)
ik

The filter function f: R — R usually has good decay, so that one can infer locality
of (3.8) as we explain next. Its Fourier transform f on the other hand allows us to
write certain function of the spectrum.

To use localization, one approximates 7/?(V) with an operator in dx,, where X,
is the fattening defined in (2.3). For this approximation one often uses a conditional
expectation Ey : &/, — &/x , which for spin systems is just the partial trace. From an
explicit construction of the conditional expectation, one then obtains a bound

[(id-Ex) &) < sup Il(V), BIl. (3.9
€y x,
IBl=1
19 Here and in most publications we use the convention that f(w) 1= \/%T[ I]R f(t) e dt for the Fourier

transform. Only in publication P4, we omit the prefactor 1/v2mn in the Fourier transform.
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Hence, Ex. (zf/(V)) is a good approximation as long as ¢ is small compared to r, given

Lieb-Robinson bounds for 7/7. And, if |f(t)| decays in |t|, one can split the integral
at T > 0, which will eventually depend on r, to bound

la—Ex) @) =

(id—Ex) J}R fO V) dt“

< J sup [z (V). B]| dt +2|V| J |f@)I dt.
[tI<T Bedl s x, [t|>T
IBl=1

Hence, also @(V') can be approximated within X.

The conditional expectation can be explicitly constructed for spin systems and
fermions and some properties are given in lemmata P7-11 and P7-19, based on [174]
and [173], respectively. For fermions, the bound (3.9) only holds for V € /¥,
which poses some problems, as explained in section P7-6. Alternatively to the direct
bound (3.9), we can also approximate 7 (V) with TtH * (V). Here, since we restrict

the evolution to the terms supported in X, also TtH (V) e o, . Comparing the two
evolutions using the fundamental theorem of calculus, decay of the interaction ¢ and
Lieb-Robinson bounds for Tter’ we again see that this approximation is good as long
as t is small compared to r. See [174, Theorem 3.4 (ii)] or the proof of theorem P5-9
for details. This approximation also works for non-even V in fermionic systems. It is
advantageous to compute the approximation numerically, as one only to do compu-
tations on the smaller algebra of/x . However, it is a less good approximation, since it
does not include effects from interactions with o/ x .
In the next sections, we discuss some particular applications of spectral filters.

3.3 Spectral flow and automorphic equivalence

We now explain the spectral flow, which was developed in [120, 23, 173] to connect
the ground state sectors along a differentiable path of Hamiltonians. It serves as a
characterisation for gapped phases of matter [23], including topological phases char-
acterized by various indices [179, 178, 12, 14, 15]. The underlying spectral filter is
also important for rigorous justification of response theory and the adiabatic theorem
for many-body lattice systems [17, 165, 203, 124, 32], which we discuss in section 3.5.

In the following, we consider Hamiltonians H(s) with a uniformly gapped part of
the spectrum, the locality of H(s) and H(s) will be specified later. More precisely, we
assume the following.

Assumption 3.5. For a differentiable family of Hamiltonians s — H(s) with s € I and
I a closed interval, we assume that for all s € I the spectrum o(H(s)) has a gapped part
0.(s) C o(H(s)) satisfying the following: There exist g > 0 and continuous functions
fi: I — Rsuch that

48



3.3 Spectral flow and automorphic equivalence

(@) fi(s) € R\ a(H(s)),
(ii) [£-(), £+ ()] n o (H(s)) = 0,(s) and
(iii) dist(o.(s), c(H(s)) \ 0x(s)) > g
forall s € I &

The prime example is the case where 0,(s) is the ground state sector with possible
eigenvalue splitting and where each H(s) has a uniform gap above the ground state.
Note that assumption 3.5 implies differentiability of s — P(s), using standard ar-

guments involving the Cauchy formula for the resolvent. And taking a derivative of
P(s)? = P(s) one finds

1 P(s) = [i[P(s), P(5)], P(5)] = [GCkato(s), P(s)], (3.10)

with the self-adjoint Kato-generator Ggao(s) : = i[P(s), P(s)]. Hence, the solution of

. d .
1 a Ukato(s) = Gkato(8) Ukato(s)  With  Ukato(0) = 1

is unitary and satisfies
P(s) = Ugato(s) P(0) Ugato(s)™- (3.11)

However, the Kato-generator Gg,;,(s) does not come from a local interaction in gen-
eral and thus cannot be used to infer locality results.

To circumvent this, we notice that (3.11) only fixes, how the unitary acts on P(0),
and can be satisfied by many other unitaries as well. But fixing the generator Gyato
also fixes how Uy, acts on all other states. Indeed, looking back at (3.10), we can add
anything to the generator that commutes with P(s), and still satisfy (3.11). The alterna-
tive we use is commonly referred to as the Hastings generator G(s) = —JH(S)’g(H (),
where S , is the quasi-local inverse of the Liouvillian, which is the spectral filter

Trg: Ay~ dp, Iy g(A) = J}R Wy(t) et Ae7 1l dt, (3.12)

with some filter function 7, € L'(R) with decay such that

sup [t[* |Wy(t)] < oo foralln e N
[t>1

and with Fourier transform Wg € C*(R) satisfying

Wg(w) = forall |w| > g and ‘7ig(0) =0.

2nw

The quasi-local inverse of the Liouvillian %y , is quasi-local since the decay of 7,
allows good locality estimates as outlined in section 3.2, and it inverts the Liouvillian
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on off-diagonal (w.r.t. to the projection P onto the gapped sector o) operators. More
precisely, for any A € o/4 suchthat A=PA Pt + PL AP, where PL =1 — P, it holds
that

—i[H, Jg 4(A)] = A. (3.13)

One can also rewrite (3.12) as
t . .
Ing(A) = J dt wwg(t) J ds etfs A e71Hs (3.14)
R 0

where w, € L'(R) has similar decay, satisfies f]R wg = 1, and its Fourier transform
¢ is continuously differentiable, symmetric, and compactly supported in supp «g C

[—&. gl- The functions %} and w, are related by W,(t) = — fim ds wg(s) + Ljg,c0) (1),
and we use both variants (3.12) and (3.14) in the following.

The existence of the functions ‘W/g and w g is a problem in itself, and was solved
in [23, 175].11 Moreover, one cannot achieve the same with a function Wg that decays
exponentially [114, 126, section V] but almost exponential decay (up to logarithmic
corrections) is possible [23, 174, section VLE]. In section 3.3.3 we discuss how one
can construct an almost inverse Liouvillian with better decay, which is beneficial for
some applications.

Let us now come back to the spectral flow connecting the gapped projections P(s).
Since P is off-diagonal, one concludes on finite lattices that

1P = [H, Ty ()] = Fiag ([H. P]) = ~Tia o (. P]) = [ Tia g (). ],

where we use (3.13) in the first step and the explicit integral form of . ; and [H, P] =
0 in the others. Hence, G(s) = —JH(S),g(H (s)), which we call the Hastings generator
because Hastings pioneered the use of filter functions in this context [110, 120, 114,
169], generates a unitary U(s) which also satisfies (3.11). In this sense, the projec-
tions P(s) are obtained from P(0) by local dressings. In the case that P(s) are the
ground state projections, this property is usually referred to as automorphic equiva-
lence and serves many purposes as mentioned before.

One interesting application of automorphic equivalence, is the LPPL principle for
perturbations which do not close the gap. They were first observed by Bachmann
et al. [23] in the context of short-range Hamiltonians. There, the authors consider
Hamiltonians H(s) = H + s W, were H is given by a short-range interaction and W €
. Then, one assumes that s — H(s) satisfies assumption 3.5. By the outlined locality

1A function Wy with the mentioned properties was constructed in [23]. [174] provides an extensive

overview on the topic and in particular discusses how to obtain the better decay e/ )’ Monaco and
Teufel [165] modified the function to additionally satisfy %(w) = 0 for |w| < &, which is beneficial for
the analysis of the transport within the gapped sector as long as diam(c,(s)) < 6 < y since it implies
P Fy(A)P=0forall A€ dy.
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of the quasi-local inverse Liouvillian, the generator of the spectral flow — 5 (W) is
localized around X, and the intertwining unitaries U(s) can be approximated by strictly
local unitaries Ur(s) € o/x,. A simple argument then gives

|tr(P(s) B) - tr(P(O) B)| = ]tr(P(O) U(s)* [B,U(s) — UR(s)])|

< 2 rank P(0) |B| [U(s) ~ Ur(s)l, (3.15)

for all B € @y and R < d(X,Y), which ensures that B and Ur(s) commute. For short-
range interactions, one then obtains stretched exponential decay in R by the locality
of the spectral flow [174, section VLE].

In the following sections, we describe the extensions and improvements we con-
tribute in publications P5, P7 and P9.

3.3.1 Publication P7: Spectral flow and automorphic
equivalence for long-range interactions

In publication P7, we prove that the inverse Liouvillian for long-range interactions
maps long-range interactions to long-range interactions, see proposition P7-8. This in
particular allows to prove automorphic equivalence for long-range interactions.

Theorem 3.6 (Automorphic equivalence for long-range interactions, see theo-
rem P7-9). Let D € N, Gy > 0,1 =[0,1],n e N, >0, a > (n+1)D+ 1+,
g >0 >0, and v, > 1. Then there exists a constant C > 0 such that for all finite lattices
A € (D, Gy) the following holds:

Let @ be a time-dependent interaction on I such that v = max {2e |Fy[ 5 |@]F,, |®|F, 1} <
v, and let Hy be a time-independent on-site Hamiltonian. Furthermore, assume that
the corresponding operator family H satisfies assumption 3.5. Then the projections P(s)

associated to 0,(s) (see assumption 3.5) are unitarily equivalent
P(s) = U(s) P(O)U(s)", (3.16)

where the unitaries have a local generator G = —JH,g(H), which is given by an interac-
tion ¥, satisfying [¥ ()|, < C OBl gns1-

For the proof we follow the usual strategy, which is outlined in section 3.3, combined
with the improved Lieb-Robinson bounds from theorem 3.2. The full proof is given in
appendix P7-D. A similar result, but for larger a or with [¥(¢)|s, < C 26! pn+m for
potentially large m, can also be obtained using the earlier Lieb-Robinson bounds by
Matsuta et al. [160] and Else et al. [84], a detailed analysis and comparison is given
after theorem P7-9.

A direct consequence of theorem 3.6 is automorphic equivalence for interactions
that decay faster than any polynomial. This was believed to hold true before, but not
actually proven to our knowledge. An analogous statement in the thermodynamic
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limit, i.e. for infinite graphs, was recently obtained in [31], by using our Lieb-Robinson
bounds from theorem 3.2. Moreover, the same authors also used this Lieb-Robinson
bound to prove response theory directly in the thermodynamic limit [32].

As discussed above, one important application of automorphic equivalence is the
LPPL principle. For long-range interactions, we obtain the following statement.

Theorem 3.7 (LPPL for long-range interactions, see theorem P7-10). Let D € NN,
Gpr>0,ne N a>D,g>820,v, >1ande € (0, — D). Then there exists a
constant C > 0 such that for all lattices A € & (D, €) the following holds:

Let @ be a time-dependent interaction on I such that v = max {2e |F,[ 5 ||, |®|F, 1} <
v, d(s) € 527;5 forsome X C A and, and let Hy be a time-independent on-site Hamiltonian.
Furthermore, assume that the corresponding operator family H satisfies assumption P7-7.
Then, for all A € oy withY C AandY n X = @ it holds that

ltr(P(s) A) — tr(P(0) A)| < Cs rank(P(0)) Y] |A] sup |EH(®)] (d(X,Y)+1) " (3.17)
tel

and

ltr(P(s) A) — tr(P(0) A)| < C rank(P(0)) [Y]|A] [é]o. (d(X.Y) + 1) “"P*. (3.18)

In the long-range setting, we do not follow the proof outlined in (3.15), which uses
automorphic equivalence. Instead, we adjust the proof of theorem 3.6 and obtain a
statement with loosened assumptions, compared to a result which could be obtained
from theorem 3.6 together with (3.15). The full proof is given in appendix P7-D.

A similar statement on LPPL was recently obtained by Wang and Hazzard [214]
using a complex analysis method, which avoids the use of the spectral flow. In this
way, they obtain a result like (3.17), with better decay but only for two-body interac-
tions. More precisely, they use a Lieb-Robinson bound [89] for two-body interactions
satisfying ||d5||§,;ztb < C with ay, > 2D as input, to obtain (3.17) but with a replaced by

ap,- As explained in section 2.3, these interactions are included in the assumptions of
theorem 3.7 as |®|p < ||<Jl>||fpt;t with @ = oy, — D, but their result keeps the better decay
« b

with ay,.

3.3.2 Publication P5: LPPL for commuting interactions

In publication P5, we use the enhanced Lieb-Robinson bounds for commuting inter-
actions, see (3.3), to obtain LPPL for systems where the unperturbed Hamiltonian is
commuting. More precisely, we consider H(s) = H + s W and assume that H is given
by a commuting interaction. As we do not want to require that W commutes with H,
we use the stability of the Lieb-Robinson bounds from section 3.1.3 to obtain a good
Lieb-Robinson bound also for H + s W. While one can use the spectral flow to prove
LPPL also for commuting interactions, in publication P5, we instead use the complex
analysis method from [214], which we already mentioned above.
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Theorem 3.8 (LPPL for gapped ground states of commuting Hamiltonians). Let ¢
be a commuting interaction on a finite lattice A and let V € ofx with X € A be some
perturbation. Moreover, assume that H + sV has a unique ground state P(s) and a gap
of size at least g > 0 above the ground state for all s € [0, 1].

For polynomial decay F,(r) := (1+r)™* witha > 0 and forallY C A and B € dy, it
holds that

‘Tr(P(O) B) — Tr(P(1) B)‘

g+2 (Y|F,(r) foralla >0 and (3.19)
<32 H‘P"%}; 1Bl (IVI + IVI?) 1X] { “

g3 (CF,_p(r) foralla> D,

wherer = d(X,Y) and C is the constant from the long-range commuting Lieb-Robinson
bound (3.4).

For stretched-exponential decay xp ,(r) := e withb > b > 0 and p € (0,1] and
forallY Cc A and B € gy, it holds that

+ 2
[Tx(P(0) B) = Tx(P(1) B)| < 8y 191 18I (V1 + IVI?) min{|X], Y]} () g?

where r = d(X,Y), and Cyy is the constant from the short-range commuting Lieb-
Robinson bound (3.5).

Interestingly, for exponentially decaying interactions, we obtain exponential decay
in the distance and the exponent does not depend on the gap. In comparison, the
original result using the spectral flow [23] and the complex analysis technique [214]
can only obtain stretched exponential scaling for non-commuting Hamiltonians and
the exponent scales linearly in the gap g. Using a different filter-function, we can
also obtain exponential scaling for non-commuting interactions, see section 3.3.3, but
without explicitly knowing the scaling with the gap g.

3.3.3 Publication P9: Gaussian filters for better spatial decay

In publication P9 we use Gaussian filter functions to improve the decay in certain
applications. We recall that the exact quasi-local inverse Liouvillian defined in (3.12)
uses a filter function that cannot have exponential decay. However, we can define
an almost inverse Liouvillian, which uses a Gaussian filter function and hence decays
faster than exponential Clearly, the Fourier transformation is also Gaussian and hence
not compactly supported. This compact support of w+, was the reason why the in-
verse Liouvillian (3.14) is exact. Notably, Hastings and Wen [120] used a similar filter
function for the original “quasi-adiabatic continuation” due to the lack of a compactly
supported «+, with the properties described in section 3.3.
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More precisely, for any'? > 0 we let

Pp(t) := % e P

T

It is such that [ ¢4 = 1 and the Fourier transform is

2
(

—itw _ L 7:_2
J dt gp(t) e = o e ¥ (3.20)

R ~—L
Byl = —

for which [ gzgﬂ = ﬁ\/g . Then, for any Hamiltonian H and observable A we define the

almost inverse Liouvillian'3

t

T p(A) i= J_ dt gp(t) L dself's A e iHs, (3.21)

Following the argument in section 3.2, one can see from the decay of ¢5 and the Lieb-
Robinson bounds that .7 5(A) is exponentially localized for exponentially localized H.
The exact rate of localization depends on f and the decay of H.

We then prove, that Jy ) g (H (s)) generates an almost spectral flow under suitable
assumptions on the Hamiltonian. The missing minus sign compared to the previous
sections comes from the fact that we use the notation from publication P9, where the
state ws is a functional on the algebra and the spectral flow «;( acts on observables.
This allows to compare the almost spectral flow to the exact spectral flow on local
observables more naturally.

Theorem 3.9 (Almost spectral flow, theorem P9-12). Let D € N, €5 > 0,0" > b > 0,
Cint > 0, g > 0. Then there exist constants C and ¢ > 0 such that the following holds. For
all finite A € E(D,6x) and smooth Hamiltonians H that satisfy assumption 3.5 with
gap g and are given by interactions & such that ||<1§||)(b,’1 < Ciyt and ||(15||Xb,)1 < Cipt, the

flow ags generated by JH(S)”@(H(S)) is an almost spectral flow in the sense that
A) — g o (A)] < CIX[2 |A] e=F* 22
0,(A) — wp » (A < CIXP Al e P, (3.22)

forall X ¢ Aand A € 9y and j € (0, min{l,@v}), where v ~ ||<1§\|)(by1 is the Lieb-
Robinson velocity from lemma P9-2.

12 For consistency with the publication P9, we use f§ as a parameter in the filter function. We emphasize
that this is not an inverse temperature.

13 In accordance to the notation in publication P9, we use Jupto denote the almost inverse Liouvillian in
this section. It is not to be confused with the exact inverse Liouvillian as introduced in (3.12). The exact
inverse Liouvillian is denoted .7 in publication P8, without the extra index to specify the gap.
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We refer to publication P9 for the exact statement of the Lieb-Robinson bound for ex-
ponentially decaying interactions which we use. It was proven in [156, theorem 7.3.3]
based on a previous result for time-independent Hamiltonians in [22, theorem A.1].

Since the almost spectral flow does not have the nice spectral properties from the
exact spectral flow, we do not have a differential equation for the state as in (3.10).
Instead, for the proof we use the fact that w(A) = wy ° a5 ((A) is given by the exact

spectral flow and then compare a5 ((A) with (xf o(A). In this comparison, however, we
cannot utilize locality of the exact spectral flow, as it is not exponential. Instead, we use
triangle inequality to compare both automorphisms with the modified automorphism

af (’)X(A), which is generated by
. TH (9. ). (3.23)
ZCA

where By 7 is chosen such that fx » = f for Z in a surrounding of X and fix ; — 0
as d(X,Z) — oo. In this way, we can control the spectral properties well enough to

B.X B

. X . .
estimate |wy ° (50 — af 0 J(A)|, while g~ and a; agree around X and are localized
. X
enough to estimate ||(afo - sﬁo)(A)”

Theorem 3.10 (LPPL with Gaussian filter function, theorem P9-13). Let D € N, €5 >
0,0 > 0,Cyy > 0, g > 0. Then there exist constants C and ¢ > 0 such that the
following holds. For all AP*™ C A € ©(D,8,) finite, smooth Hamiltonians H that
satisfy assumption 3.5 with gap g and are given by interactions  such that |, < Gt

|y, , < Cint> and &(Z) = 0 unless Z C AP,

| (A) — wg(A)| < C|X[2 A e=cdXAY)] (3.24)
foralls€[0,1], X C Aand A € dx.

As for the long-range result, we do not obtain the LPPL statement from theorem 3.9.
Instead, we follow large parts of the proof. In particular, we do not need to consider
the modified automorphism a?X, as the restriction that é vanishes around X provides
enough locality.

Note that the gap assumption is crucial and means that one can only consider Hamil-
tonians H(s) = H + sV, when V does not close the gap. Theorem 3.10 improves the
statement from (3.15), which was originally obtained in [23], to exponential decay.
A similar statement was obtained in [214] using an approach that circumvents the
inverse Liouvillian.

3.4 Decay of correlations for gapped ground states

Another well known application of spectral filter functions in quantum lattice sys-
tems is the proof of rapid decay of correlations for gapped ground states [113, 118,
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171]. These results prove exponential decay of correlations for exponentially decay-
ing Hamiltonians without ground state energy splitting. They have been extended for
ground state sectors with energy splitting by [14].

Let us sketch the proof used in [14] before we discuss our contributions. Therefore,
consider a Hamiltonian H with a ground state sector o, C o0(H), i.e. 0, < o(H) \ 0y,
such that dist(o,,o(H) \ 0,) > g and diam(o,) < & for some 0 < § < g. Then, we
consider a spectral filter . as defined in (3.8) where f is a smeared out step function
such that f(a)) =0forw < dand f(a)) = 1for w > g. Denoting the spectral projection
onto o, as P and using (3.8) one finds

F(AP=0 and PF(A)=PF(A)P-=PAPL (3.25)

This immediately implies for any ground state p, i.e. p = PpP, A € o/x and B € oy
that

tr(p [Z(A), B]) = tr(ij(A) B) - tr(p B #(A) P)
=tr(p P AP' B)
=tr(p AB) — tr(p AP B)

and the left-hand side decays in d(X,Y) by Lieb-Robinson bounds for H and decay
of f. For non-degenerate ground states p = [Q)(Q| = P, the right-hand side equals the
usual covariance Covp(A, B).

Similarly to the situation with the spectral flow, the inverse Fourier transform can
not decay exponentially and [14] only obtains superpolynomial decay in d(X,Y) for
exponentially localized Hamiltonians. The proof from [118, 171] is slightly different
and provides exponential decay of correlations for ground state sectors without energy
splitting.

3.4.1 Publication P5: Enhanced decay of correlations for
commuting interactions

As for LPPL, the enhanced Lieb-Robinson bounds for commuting interactions lead to
an improved decay of correlations for gapped ground states of commuting Hamilto-
nians. The original results from [118] already prove decay of correlations for general
long-range interactions. Therefore, they use the Lieb-Robinson bounds with expo-
nential light-cones that we mentioned in section 3.1. Recent improvements use newer
Lieb-Robinson bounds and an alternative proof via complex analytic arguments [214].

Following the original proof, we obtain the following decay for commuting interac-
tions, where we also restrict to systems without energy splitting of the ground state
sector.

Theorem 3.11 (Decay of correlations for gapped ground states of commuting Hamil-
tonians, theorem P5-11). Let & be a commuting interaction on a finite graph A and
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3.4 Decay of correlations for gapped ground states

assume that the spectrum of the associated Hamiltonian H has a gap g > 0 above the
ground state sector o, = {Ey} as above. Let P be the projection onto the ground state
sector and py be any ground state, i.e. py = P py P.

For polynomial decay F,(r) := (1+r)"* witha > 0 and for all disjoint X andY C A
and A € Ay and B € dy, it holds that

[Tx(po AB) — 3(Tr(po AP B) + Tr(py BP A))|
(3.26)

7 loff
< s 1Al 1B XY ol ([ £ = + 1) 1nC1+ ) 2,00,

wherer = d(X,Y). .
For stretched-exponential decay yp ,(r) := e withb > b > 0 and p € (0,1] and
for all disjoint X andY C A and A € oy and B € gy, it holds that

[Tr(py AB) = 1(Tr(py AP B) + Tr(py BP A) |

tb (3.27)
| Xb,p
+1) x5,

C
< |A| 1B min{[X], [Y[}pols (

wherer = d(X,Y) and C is an explicit constant given in (P5-29) that only depends on b
and b.

Compared to the results for general (non-commuting) interactions [118, 214], the
decay exponent in (3.26) does not depend on the gap. Moreover, the correlation length
does not scale with the gap either. This is best understood for short-range interactions,
for which the previous results [118, 171, 214] prove bounds with decay e 4(XY)/€ and
a correlation length & ~ 1/g that decays for small gaps g. For commuting interactions
we find that the correlation length ¢ ~ 1 is independent of the gap, see (3.27).

3.4.2 Publication P9: Exponential clustering with Gaussian
filter functions

Similarly to how we used a Gaussian filter to obtain better locality properties for the
spectral flow, one can also improve the filter used to prove decay of correlations for
gapped ground states. Therefore, instead of f discussed above (3.25), we consider the
convolution of a step function with discontinuity at g/2 and a Gaussian. This function
only approximately vanishes for @ < § and only approximately equals 1 for v > g.
Hence, the equalities in (3.25) also hold only up to small errors. However, the relevant
part of the inverse Fourier transform decays like a Gaussian as well and a careful
analysis shows that one obtains exponential decay of correlations for exponentially
decaying Hamiltonians, even with splitting of the ground state energy. This proof is
closer to the original results [118, 171]. For simplicity, we restrict to the situation,
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where § < y/4 and then obtain the following statement. A similar result was also
obtained in [214] using a completely different proof.

Theorem 3.12 (Exponential decay of correlations, theorem P9-17). Let D € N, € > 0,
b" >0,Ciyt >0,y > 0and 0 < § < y/4. Then there exist constants C, ¢ > 0, such that
the following holds:

For all A € (D, 6,) finite and Hamiltonians H that have a gapped ground state
sector o, C o(H) such that dist(c,,0(H) \ 0,) < g and diam(c,.) < § and are given by
interactions ® such that |P| xr1 < Cint the following holds:

For any normalized state Q2 € Ran(P), where P is the spectral projection onto o,

KQ, ABQ)—(Q, APBQ)| < C|P|,|A]|B] =XV
for all disjoint X,Y C A and A € oy, B € dy.

Using the almost spectral flow and this clustering result, we also improve the con-
vergence of the charge transport to quantized values in the results about the Hall effect
from [14]. Details are given in section P9-6.

3.5 Response and adiabatic theory

One application of the quasi-local inverse Liouvillian is to rigorously justify adiabatic
and response theory in extended lattice systems [17, 165, 203]. Unlike most other
results discussed in this thesis, we here analyse a dynamical question. More precisely,
we consider Hamiltonians

HE(t) = Hy(t) + e V(2), (3.28)

and are interested in the adiabatic time evolution of ground states!* under this Hamil-
tonian. As before Hy and V are SLT operators. One main motivation is a rigorous
justification of Kubo’s formula and linear response theory [142], which was formu-
lated as one of the “Fifteen Problems in Mathematical Physics” by Simon [198]. Let
us explain the latter, before we discuss the more general results. Therefore, assume
that Hy(t) = H, is time-independent and has a gapped ground state p,. We are then
interested in the change

tr(pe A) — tr(py A) = £ 04 + 0(e),

where p, is the state one obtains after adiabatically, i.e. slowly, switching on the per-
turbation ¢ V. While the above difference looks similar to what we compared for LPPL
or local indistinguishability, the major difference is that p, is the result of a time evolu-
tion with a Hamiltonian Hy+¢ f(nt) V, where f(t) is a switching function and r a small

4 While the results [17, 165, 203] also hold for other spectral projections of gapped sectors, we restrict to
ground states here.
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parameter quantifying the duration of the switching process. The resulting state p, is
usually not an equilibrium state of H?, but almost invariant under its time evolution.

As the perturbation is turned on over a long time 77!, the question goes beyond
standard perturbation theory and requires an adiabatic type theorem. However, the
standard adiabatic theorem is also not enough for two main reasons: First, an adiabatic
theorem requires H® to be gapped and then asserts that the ground state of H is close
to p,. However, we only want to require Hy(t) to be gapped and allow ¢ V(¢) to close
the gap. Second, results from standard adiabatic theorems are formulated as norm
bounds, which do not hold for extended systems due to the orthogonality catastrophe.

Let us now give a more formal statement of the generalized super-adiabatic theo-
rems one aims to obtain. Therefore, consider H*(¢) as in (3.28). We assume that H(t)
is given by a short-range interaction and uniformly gapped, i.e. it satisfies assump-
tion 3.5. The perturbation V(¢) can be a sum of two terms, one is another short-range
interaction, and the other is a Lipschif potential. A Lipschits potentials is an external
potential

V= Z v(z) Mz
zeA

where v: A — R has a bounded Lipschits constant. Lipschits potentials can for exam-
ple be used to describe an electric field across the lattice, where one would choose
v(z) = z; for an electric field in 1-direction. And although these are sums of on-site
terms, they do not necessarily have a bounded interaction norm, as v(z) can grow to
infinity in the thermodynamic limit. Crucially, we do not assume that H*(t) is gapped,
and in the example of a constant electric field the gap eventually closes for large A,
see figure P2-1.

Then there exists operators S©(t), such that IT57(t) = ) po(®) e 157 is almost
invariant under the adiabatic time evolution generated by iH £(t) in the following

sense:!> Let p®h(t) be the solution of the von Neumann equation

in S ) = [H @, p @] with  p ) = T9G),

then

€n+1 + ’7”+1
‘tr(pf’”’to (t) A) - tr(Hf’”(t) A)’ < Cn T
n

(1+1t =) JANIXI2. (3.29)
The generator of the dressing S®"(¢) is a polynomial in ¢ and 5 with smallest degree 1
and thus

[tr(po(t) A) — tr(IT*1(1) A)| < C (e + ) | A X%

15 For better readability, we chose to write the evolution on the state here. This is similar to the notation
we use in publication P6. In publication P2 and parts of the thesis, we instead apply the Heisenberg time
evolutions to the operators. In the trace, this has the same effect, but the latter has an analogue in the
thermodynamic limit, where states are only given as functionals. See also section 2.5.
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Moreover, the coefficients and thus IT*(¢) only depend on Hy and V and their deriva-
tives at time ¢t. And if all these derivatives vanish at some time t;, then IT*(t,) =
118%(ty) and I15°(%,) is almost stationary under the time evolution generated by the
time-independent Hamiltonian H,(ty) in the sense that

‘tr(e—itHg(to) (1) it He(to) A) _ tr( %0(ty) A)‘

(3.30)
<G e (14 17Y) Al X2

with a bound as in (3.29) without any 5. Therefore, IT°(t,) is called non-equilibrium

almost stationary state (NEASS). In similar results, they are also called resonances

or metastable states [220, 221]. If, additionally, the perturbation V() vanishes at

this t,, which means ¢ = 0, then I1"(t;) = I1%%(ty) = I1°%(ty) = py(t,) equals the

instantaneous ground state py(ty) of Hy(%).

These properties together let us immediately conclude the above statement on re-
sponse theory. Therefore, suppose that f is smooth and f(t) = 0 for t < —1 and
f(t) = 1fort > 0 and consider the switching Hamiltonian H*(¢) = Hy+¢ f() V. Then,
IT5(t) = py equals the ground state of Hy for t < —1 and IT7(t) = IT¢(t) is a NEASS
for Hy + ¢V for t > 0. Moreover, the time evolution generated by ¢ — H?(t) drives p,
into a state close to IT%°(t) in the sense of the quantitative bound (3.29).

The super-adiabatic theorem in this language, is the statement for gapped Hamilto-
nians Hy(t), i.e. for ¢ = 0. It says that the instantaneous ground state py(f) stays close
to the instantaneous ground state at later times when evolved with the time evolution
generated by t — % Hy(#). It was proven for extended (but finite) lattice spin systems

by Bachmann et al. [17], based on the quasi-local inverse of the Liouvillian, which
we discussed in section 3.3, and extended to lattice fermions by Monaco and Teufel
[165]. Based on these results, Teufel [203] proved the generalized super-adiabatic the-
orem, which extends the previous results to ¢ > 0. This in particular includes the case
where the perturbation ¢ V(t) closes the spectral gap. These results have then been
generalized to the infinite volume in various ways [123, 122, 32].

3.5.1 Publication P2: Review of generalized super-adiabatic
theorems for extended fermionic systems

In publication P2, we give an introduction into generalized super-adiabatic theorems
and review four recent results and their proofs. The review discusses the result for
extended finite systems from Teufel [203] and its thermodynamic limit from Henheik
and Teufel [123]. These results assume that the Hamiltonians Hj is uniformly gapped
for all A c ZP. Afterwards, we discuss the results from Henheik and Teufel [122],
which only assumes a gap in the thermodynamic limit. It first proves a generalized
super-adiabatic theorem in the thermodynamic limit and then uses an assumption on
the convergence of the ground states to relate it back to finite volumes. The more
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recent result by Becker et al. [32], which is not discussed in publication P2, removes
any assumption on convergence of the ground states and directly proves the result in
the thermodynamic limit without boundary.

Assuming only a gap in the thermodynamic limit leaves the possibility for gap clos-
ing edge states in the finite volumes. In this sense, [122] is assuming a gap only in
the bulk of the system. This motivated us to investigate response theory under the
assumption of a local gap, which we discuss in the next section.

3.5.2 Publication P6: Response theory with local gaps

We have seen already that the perturbed Hamiltonian H*(¢) does not need to be gapped
and that response theory also works under the possible presence of gap closing edge
states [122]. In publication P6, we relate various notions of local gaps and use them
to justify response theory on systems where Hy only has a local gap.

The results discussed so far relied on the exact inverse Liouvillian, which we
discussed in section 3.3. Its defining property that it inverts the Liouvillian on
off-diagonal operators, (3.13), can be rephrased as the condition that

[gHO‘]HO,gA_AHDO]:O for all AE.%A,

where p, is the ground state of Hy. Using the trace norm and its dual with respect to
the Hilbert Schmidt inner product, this is equivalent to asking

tr(po [ZH, TH,g A~ A Bl)=0 for all A, Be d,. (3.31)

Remember at this point that .y , was defined using the gap g of the Hamiltonian.
And it indeed turns out, that (3.31) is equivalent to Hy being gapped in the usual sense,
see proposition P6-3.1. In analogy to this, we say that H is locally dynamically gapped
of size g in aregion A8 C A if (3.31) is small for X and Y well inside the gapped region
A in the sense that

: . 4
tr(0 [, 7, 5 A= A BI)| < CLAIIBI (diam(X) + diam(Y))
X 5, p (ACX, AN ABP) + d(Y, AN AEP)).

Under this assumption, we can still follow the construction of the NEASS IT4(¢). How-
ever, as we do not assume a global spectral gap, we cannot use the spectral flow for
the parallel transport of the instantaneous ground states, and hence need to restrict to
time-independent unperturbed Hamiltonians Hy. We still obtain response theory for
the switching Hamiltonian Hé(t) = Hy+¢ f(t) V with V € AP, Starting in the ground
state, the system evolves into a state close to the NEASS IT g’o(t), which is almost sta-
tionary, similarly to (3.29) and (3.30). In both statements the bounds are modified such
that they only provide good estimates as long as d(AP™, A \ ABP) > [log(e)|, i.e. if
the perturbation V is far away from the non-gapped region.
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As one can imagine, the local dynamical gap assumption we use to justify response
theory, is very much designed for this proof. Hence, we also discuss a variety of other
local gap conditions and the relations between them, see section P6-3. We find two
classes of local gap conditions, which we call extrinsic and intrinsic.

For extrinsic local gap conditions, we assume that the Hamiltonian of interest can
be written as H = H, + J, where H, is globally gapped and J is localized in A\ AP,
It is then left to quantify in which sense the ground states p and p, of H and H,, re-
spectively, are related. For example, one can assume that they have similar expectation
values within A8?P, similarly to a strong LPPL principle, which we prove for weakly in-
teracting spin systems in section 3.8.1. Unfortunately, this notion is not strong enough
to conclude a local dynamical gap of p. Instead, one needs to assume that p, and p
are close to each other within A®% in a stronger topology, and we discuss multiple
possibilities in section P6-3.2.

Intrinsic local gap conditions are conditions that do not need a reference to a glob-
ally gapped Hamiltonian H,. As such, the local dynamical gap assumption is an in-
trinsic condition. The other intrinsic gap conditions we discuss are generalizations
of the algebraic condition for a global gap. Indeed, a unique ground state p of the
Hamiltonian H on a finite lattice A is gapped with gap g > 0, if

(A" Zy[AD), 2 g ((4"4), - [a),[), (3:32)

for all observables A € of, where Zy[] := —i[H,] denotes the Liouvillian. We then
define two intrinsic local gap conditions by requiring (3.32) to hold up to a multiplica-
tive or additive errors on the right-hand side that vanishes in d(X, A \ A8?P). For the
version with the multiplicative error, we basically replace g with

g (1 - C diam(X) yp,,(d(X, AN\ Agap)))

which has the interpretation that the gap vanishes once X is near the boundary but
approaches g in the bulk. We then prove that this form of gap decay implies the local
dynamical gap for pure product states.

3.6 Publication P4: Quantum belief propagation

In publication P4, we provide a rigorous analysis of quantum belief propagation, an idea
originally introduced by Hastings [115] that provides an analogue of the spectral flow
for Gibbs states. With it, we prove the equivalence of uniform decay of correlations,
LPPL and local indistinguishability, see figure 3.1. This result holds in any dimen-
sion and only requires locality of the Hamiltonian in terms of Lieb-Robinson bounds.
Quantum belief propagation was investigated and used before, see e.g. [134, 135, 80,
45, 131, 109, 8, 145, 194, 137], with applications often restricted to finite-range in-
teractions. Our contribution is a rigorous analysis of quantum belief propagation and
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uniform (for A’ C A)
decay of correlations

(Covyyam < Clalialixie =)
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A A
[Tx(pf B) - Tr(pp é)\ (Tx(pg) [H] B) - Tr(pf [H + V] B)|
< C|BJe~ed®-A) < C|B| ehIV] ¢-ad0X))

Figure 3.1. The diagram shows the main implications from publication P4. In particu-
lar, we show an equivalence of the three concepts decay of correlations, LPPL and local
indistinguishability. Note, that the formulas are mainly illustrative for the concepts
and in particular the constants change, see remark P4-33. A crucial ingredient in all
the implications is quantum belief propagation coupled with Lieb-Robinson bounds.
The main entry point into this circle is decay of correlations, which is known to hold
for various one-dimensional systems [9, 36, 185, 136] (see also theorem P4-6) and
above a threshold temperature [139].

the circle of equivalences for general interactions satisfying a Lieb-Robinson bound.
Indeed, for non-finite-range interactions, we need to use quantum belief propagation
for each of the implications shown in figure 3.1.

While we think that the equivalence is interesting in its own, the main entry point
into this circle for applications is decay of correlations. It is known to hold for various
one-dimensional systems [9, 36, 185, 136] (see also theorem P4-6) and in higher di-
mensions above a threshold temperature [139, 98]. Specific bounds on LPPL and local
indistinguishability under these assumptions are discussed in section P4-3.

Next, we discuss the differential equation and spectral filter behind quantum be-
lief propagation. Afterwards, we briefly explain each of the three implications from
figure 3.1.

Quantum belief propagation

To derive the differential equation for the Gibbs state, consider a time-dependent
Hamiltonian H(s) and use Duhamel’s formula to write

1
die—ﬁH@ —_p I eFTHG) fi(5) e PA-DHE) 47
S 0

_ _g {e—ﬁH(S), Z fﬁ(Ek — E;) P; H(s) Pk}»
jk

63



3 Results

after inserting the spectral decomposition H(s) = }; E; P; and some algebra, see sec-
tion P4-4 for more details. The function fﬁ is given as fﬁ(a)) = tanh(Bw/2)/(fw/2)

and its inverse Fourier transform fg € LY(R) is positive, satisfies Ir fp = 1 and decays
exponentially for large |¢|. Hence, writing the spectral filter

a0 = | HOTOw

we obtain

d gy _ _P(—pa) $HO)p
TS LR A C IO

and together with the chain rule also a differential equation for the Gibbs state
L 0s6) = -2 {04060, OO () ~ (H O )] (333
qs PR = T 1P T pp(s)/ > :

where <V>pﬁ(s) = Tr(pﬁ(s) V).
From these equations, we obtain operators 1(s) and 7j(s), such that

e PHO) = () e PHO p(s)* and  py(s) = 7i(s) pp(0) i(s)™.

Compared to the spectral flow (3.11), these operators cannot be unitary in general, but
we can still use locality of the spectral filter to approximate them locally, if H(s) and
H(s) are local.

From now on, we only consider H(s) = H + sV with H(s) = V, as we can connect
any two Hamiltonians along a linear path.!® If V € oy, then fj(s) can be approximated
by some 7j,(s) € &x , and

I7i(s) = 7, < BsIVIePIVl Zopp(X,7)

decays in r. Here, {opp is an explicitly given decay function that depends on the

inverse temperature f and the Lieb-Robinson bound of 7. Its precise definition is
given in (P4-11) and bounds for short- and long-range interactions can be found in
lemmata P4-20 and P4-46.

LPPL from decay of correlations

Our first result is that decay of correlations implies LPPL.

161f one wants to connect the ground states of two Hamiltonians H; and H, with the spectral flow as
described in section 3.3, one needs to find a uniformly gapped path of Hamiltonians. Such a path might not
be the direct connection H(s) = (1 — s) H; + s H,. Here, there is no such assumption and it is enough to
analyse this direct connection, where V = H, — H;.
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3.6 Publication P4: Quantum belief propagation

Theorem 3.13 (LPPL from decay of correlations, see theorem P4-22). Let A € Z',
H € 9, be a local self-adjoint Hamiltonian, X C A, and V € dx self-adjoint. For
s € [0,1], consider the path of Hamiltonians H(s) := H + sV with Gibbs states pg(s).
Then, forallY C A, B € oy andr > 0, we have

[Tr(pp(0) B) = Tr(pg(1) B)| < 171 B (Cov,p,(0) (X3 Y) + 4 B VI dgpp(X.1)). (3.34)

To prove LPPL, we would like to follow the argument in (3.15) for the ground state.
However, as 7j(s) is not unitary, we cannot just insert 1 = U(s)" U(s) as we did there.
Instead, to prove theorem 3.13, we abbreviate p = p3(0), 77 = 7)(1) and 7, = 7,(1) and
obtain

[Tr(pp(1) B) = Tr(pp(0) B)|
= [Te(GG - i) pii* B) + Te(f p (i = i) B) + Te(p i i, B) — Tr(p B)|
< 253 = il (1l + 1) [1BI + |Cov i 7, B).

And so, besides the decay of |7 — 7|, we also need decay of the covariance to prove
LPPL for the Gibbs state with quantum belief propagation.

Theorem 3.13 only requires the Gibbs state pg(0) to satisfy decay of correlations,
but it scales exponentially in § |V|. One can alternatively first use the fundamental
theorem of calculus and then integrate (3.33), to obtain a similar result which scales
linearly in f3 V] assuming that all pg(s) satisfy decay of correlations. The precise state-
ment can be found in theorem P4-25.

Local indistinguishability from LPPL
For the next implication in the circle, we prove local indistinguishability from LPPL.

Theorem 3.14 (Local indistinguishability from uniform LPPL, see theorem P4-29). Let
A € ZV, F a decay function, and ¥ be an interaction such that |P|p < co. Assume that
all Gibbs states pg/ with A" C A satisfy LPPL with at most polynomial growth in the
size of the support of the perturbation and fast enough decay. Then, there exist C(-,-) and
¢, explicitly given in theorem P4-29, which depend on the specific LPPL statement and
decay of the interaction, such that

[Tx(pj B) - Tr(p" B)| < C(VL,171F) £ (d(Y, AN A7)
forallY C A’ and B € dfy.

The result is similar to the result of Branddo and Kastoryano [45], but improves it in
three aspects: Their result only holds for finite-range interactions and scales with 9A’,
which ours does not. As a more subtle difference, our result also holds under the
assumption that only Gibbs states on contractible sets A’ C A satisfy decay of correla-
tions and thus LPPL. This might be relevant for topological insulators.
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For the proof, we enumerate A\ A" = {x;} and then remove one lattice site after
another. If the interaction V¥ is finite range with range R, we can just apply LPPL with
V=Y, AxeZ Y(Z)e MBXJ_ (r) to remove the site x;. By the lattice geometry, there can
be at most [Y| € rP~! points xj with d(Y, x;) = r and if the decay from LPPL is good
enough, we are able to bound this sum uniformly in A. The more interesting case is,
when ¥ is not finite range. Then we cannot remove all interactions with x; at once,
because their support can overlap with Y, in which case we do not obtain decay from
LPPL. Instead, we consider two contributions

Vi=>%(Z) and V=) ¥(2)
ZCA

CA: ZCA:
x;€Z,diam(Z)<R x;€Z,diam(Z)>R

Then, we first remove V; using LPPL as before. For V,, we observe that |V, | < |¥|r F(R)
and remove this small term using quantum belief propagation directly by (P4-9).

Decay of correlations from local indistinguishability

To conclude the circle and thus the equivalence of the three locality measures, we also
prove decay of correlations from local indistinguishability.

Theorem 3.15. Let A € Z", F be a decay function, and ¥ be an interaction such that
|¥|F < oo and assume that ¥ satisfies local indistinguishability at inverse temperature f3
with respect to fiy and {11 in the sense of Definition 2.4. Then, for all disjoint X,Y C A,
and A € Iy and B € ofy

Cov,a(4,B) < |A] 5] max{|X|, fur(1X] + [Y)}{(d(X. 1)),

where
0y =3 inf (Ga0) + (A7l — 1) 20+ 1) FGr - 20)).
0<t<r/2

Again, the idea of the proof is straightforward for finite-range interactions. Assume
that pl/} satisfies local indistinguishability and let X, Y C A. Then, let £ = [(d(X,Y) —
R)/2] so that d(X,, Yy) > R. We now apply local indistinguishability for A’ = X, uY; C
A to obtain

tr(pg AB) = tr(pﬁl AB) = tr(pg('Z A) tr(p}?Z B) = tr(péX A) tr(pﬁl B),

for all A € o/x and B € fy. For the central equality we use that p[?/ factors for finite-
range interactions with range R, as then Hy = Hx, + Hy, and these two Hamiltonians
commute. If the interaction is not finite-range, we instead need to use quantum belief
propagation, to remove the additional interactions between X; and Y; first, before we
can factorize the trace.
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3.7 Publication P3: Bulk-edge correspondence

Figure 3.2. Pictorial representation of the main results from publication P3: For
locally interacting fermions on a two-dimensional lattice with perpendicular mag-
netic field b, satisfying local indistinguishability at positive temperature, the edge cur-
rent Ifdge, which is the bond current through the vertical line, is localized near the
boundary and approximately equals the magnetization m; (theorem P3-I). The latter
is a bulk quantity, i.e. it converges in the thermodynamic limit L — oo, does not de-
pend on the details near the boundary (theorem P3-II), and can be computed directly
from a system without boundary (theorem P3-IV). The independence from the bound-
ary terms allows for the rough edges in the picture.

3.7 Publication P3: Bulk-edge correspondence

In publication P3, we consider interacting fermions on finite square lattices A; :=
([-L,L] x [o, 2L]) n Z? subject to an external magnetic field. Under certain assump-
tions, we then prove a bulk-edge correspondence in the sense that the edge current is
determined by the bulk magnetization. The main idea is depicted in figure 3.2, and we
discuss the precise assumptions and results in the following.

More precisely, we consider Hamiltonians

H®= ), @™ xya+ ), 00
X, yEAL XCAp

+ Z a Tbedge(x, y)ay, + Z 0] (3.35)
x,yEAL XCAL ’

=: Z ay Ty(x,y) ay + Z d(X),

X, yEAL XCAp
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which are explicitly split in the kinetic part, which includes the external magnetic field,
and an interaction. We eventually take a thermodynamic limit L — oo, and hence split
each term in a bulk part, which is defined on 72 and assumed to be invariant under
magnetic translations, and an edge part, which is localized in a strip of fixed width at
the lower edge17 7.x{0,1,..., E—1}. All terms are assumed to be finite range. Moreover,
the kinetic terms

x2+

T}})ulk/edgE(X, y) — ei 2)’2 b —y1) Tbulk/edge(x’ y) (3.36)

are given by a Peierls phase, which models a constant magnetic field perpendicular
to the lattice, and a hopping amplitude T°*/¢dg¢  The bulk hopping amplitudes are
invariant under translation, Tbulk(x —z,y—2) = Tbulk(x, y) so that the full kinetic
term Tg’ulk(x, y) is invariant under magnetic translations. The additional interactions
@bulk/edge ,ye uniformly bounded and termwise self-adjoint. Moreover, we assume
that the operators } x4, gbulk/edge( x) commute with all local number operators Nz,
which is in particular satisfied for density-density interactions. Like the kinetic term,
the bulk interaction #*"¥ is assumed to be invariant under magnetic translations, see
section P3-3.1.1 for details.

A class of examples is given by the discrete magnetic Laplacian for the kinetic
term and an additional density-density interaction. More specifically, the Hofstadter-
Hubbard model

X2ty
HH _ i===b(x;—y;) % % *
HL (b) = Z e 2 Z ax’j ay’j + Z ax’l ax,l ax’2 axyz
)‘(,yE/‘XL : je{1,2} x€A;
x—y|=1

for spin 1/2, i.e. ¢ = 2, is one example. Near the edge, one could for example add an
additional external field or remove some sites by subtracting all hoppings that connect
them.

For these systems, we consider the Gibbs state at inverse temperature f > 0, chem-
ical potential p € R and magnetic field b € R, defined as

e PHL(B)—p M)
Z(Bopb)
where Z;(f,p,b) := tr(e_ﬁ(HL(b)_”/VL)) is the partition function. The magneti-

zation is defined as the derivative of the grand canonical pressure p;r(f, u,b) :=
—|AL|™! B In(Z; (B, 1, b)) with respect to the magnetic field b, namely

pr(B, . b) :=

mi(B.b) = = pr(Bub) (3:37)

71n the included reprint of publication P3, the width of this strip at the lower edge is denoted D instead
of E. We change this here, to avoid confusion with the dimension D = 2 of the lattice.
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3.7 Publication P3: Bulk-edge correspondence

The bond current on Ay through the dual edge e; , perpendicular to the edge between
sites z = (m,n) and (m + 1,n) is defined as basically'®

J®) =1 Y sgnle — )i Ty(x ) ay,
x,yEA:
Xy intersects e; ,

The index “1” refers to direction 1, and an analogous definition also holds in direction 2.
These bond currents are chosen such that the sum over all dual edges gives the full
current defined as the commutator with the position operator X; 1 =3’ A, 21Ny

L-1 2L

Ju® =[x HG] = Y Y ), (3.38)

m=—Ln=0

which vanishes due to current conservation. This is explained in section P3-3.1.2 in
more detail. Note that only the kinetic terms contribute to the commutator and the
local current operators, since we assume that the interaction ¢ commutes with all
local number operators. For d € {1,..., L}, we define the edge current

d—1
) = 3 we(pu(B ) 11 ®)) (339)

n=0

as the bond current over a fiducial line perpendicular to the boundary.

Besides the structure of the Hamiltonian, our main assumption is that p; (S, p, b) is
homogeneous in the bulk. More precisely, we assume that p;(f, p, b) satisfies local
indistinguishability everywhere as introduced in definition 2.4 with {-decay, which
scaleslike {(r) < C (r+1) " withn > 3. In definition P3-1, we also introduce the notion
of local indistinguishability in the bulk, for which we replace the distance d(Y, Ap \ A”)
in definition 2.4 by d(Y, Z?\ A”). The precise statements in publication P3 distinguish
between local indistinguishability everywhere and in the bulk, since we usually expect
better decay in the bulk than close to the lower edge due to possible edge states. Local
indistinguishability everywhere is mostly needed for technical reasons and to take the
thermodynamic limit, for which it is important to know that tr(pr (B, 1, b) ]fo’n)(b))
converges as L — oo,

Under this assumption, we can prove a relation between magnetization and edge
current in the finite volumes Aj.

18 For simplicity of the presentation we ignore the following two issues in this summary: First, if a bond
intersects two neighbouring dual edges, it needs to be counted with a factor 1/2 to each of the dual edges,
see (P3-8). Only then, equality (3.38) holds. Secondly, as the sum is only over x, y € A;, the definition
depends on L, but is constant for L large enough, i.e. whenever L > |[m|+ R and 2L > n + R.
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Theorem 3.16 (Simplified version of theorem P3-I). Under the above assumptions, the
edge current is given by the magnetization in the sense that

mp(B, 1w, b) — I£98¢(B, p,b)| < CL~"D/D - forall L > E+R,
and it is indeed localized near the edge
|1dedee (B, u,b) — I£98°(B, 1, b)| < C(d —R—EY"™'  foralld € [R+E,L]. (3.40)

Under the mentioned assumptions, the thermodynamic limits exist and this prop-
erty also carries over to the infinite volume lim;_,., A; = Z2. More precisely, by
local indistinguishability we can define the infinite volume state on the local algebra
by peo(f, 1, b)(A) = limp_,, tr(pL(ﬁ, 1, b) A) for all A € dlz"zc, and the bond current
through the fiducial line as

d
Idedge(ﬂ, n b) := poo(ﬁ, 1, b)(Z ]l(O,n)(b)).
n=0

Then, see theorem P3-II, the thermodynamic limit of the magnetization m(f, u,b) :=
lim; o, my(f, 11, b) and the total edge current I°9€¢(f, 1, b) := limy_ o, 19°8(, 11, b)
both exist and are equal. Moreover, also the total edge current is localized in the sense
of (3.40).

While this establishes an equality between the magnetization and edge current, we
so far only considered the system with a boundary. Instead, we would like to see an
equality between an edge quantity in the system with an edge and a bulk quantity in
the system on Z2. To this end, let H{’ulk(b) be the bulk Hamiltonian given by the bulk
contributions on boxes By := [~L, L]? n Z2, see (P3-17) for an explicit definition, and

let
Ttbulk( A) = Lhm eit(Hf“‘k(b)—p/VBL) Ae—it(Hf“'k(b)—y/VBL)

be the corresponding infinite volume dynamics, which exist due to Lieb-Robinson
bounds. Then, we prove that the magnetization of any KMS state of the system on Z?
equals the magnetization m(p, p, b) of the edge system.

Theorem 3.17 (Simplified statement of theorem P3-IV). Let w be any (r”UIK, §)-
KMS state. Under the above assumptions, the per volume pressure of «w equals the
limit lim;_, e pr(B, u,b). Moreover, b — p(p, 11, b) is differentiable and the derivative
agrees with the magnetization m(p, u1,b) obtained from the edge system.

In the non-interacting setting [65], one can also show the better known bulk-edge
correspondence for the transport coefficients in the zero temperature limit when as-
suming a gapped ground state. In this setting, the derivative of the magnetization and
edge current with respect to the chemical potential converge to the Hall conductivity
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3.8 Stability of locally gapped and weakly interacting spin systems

and edge conductance, respectively. As a first step in this direction, we establish the
differentiability of the magnetization and edge current also for interacting systems in
theorem P3-III.

The proofs mostly rely on local indistinguishability and current conservation. As
the Gibbs state is stationary, the total number of particles in any box Z C Aj is not
changed by the time evolution, and so the in- and out-going currents through the
boundary of Z exactly cancel. See section P3-3.1.2 for a formal proof. We can now
use this insight for the left half of A; to conclude that the total current across any
vertical line through the whole A; vanishes. And by local indistinguishability, the
local currents in the bulk are almost the same and hence almost vanish. This decay
of the currents through dual edges in the bulk is known as Bloch’s theorem in the
literature [39, 215, 12, 21] and plays an important role in the further analysis. The
formal statement in our setting is given in proposition P3-5.

Since the local currents vanish in the bulk, there can only be a non-vanishing cur-
rent in 1-direction at the lower and upper edge of A;, and the localization of the edge
current near the boundary follows. One is then left to explicitly calculate the mag-
netization, see (P3-25), and use current conservation together with Bloch’s theorem
cleverly to obtain theorem 3.16.

To obtain theorem 3.17, we adjust the arguments for translation invariant systems
from [11] to our setting where the bulk interaction is invariant under magnetic trans-
lations. We first show that the per volume pressures of H; (b) and H}fuu((b) agree up to
terms vanishing as L — co. Asin [11], we then observe that the per volume pressure of
any KMS state agrees with this limit. The differentiability then follows by the earlier
statements on differentiability of the quantities on A; and uniform convergence.

3.8 Stability of locally gapped and weakly
interacting spin systems

We now introduce a class of spin systems, for which decay of correlations, local indis-
tinguishability and LPPL can be proven at any temperature. These systems are called
weakly interacting spin systems and their Hamiltonian is of the form Hy = Hg + H/i‘“t.
The first part Hy = Y, ¢4 by is a sum of on-site terms h, € &, that have a non-
degenerate ground state with ground state energy 0 and a uniformly lower-bounded
spectral gap. More precisely, there exists g > 0 such that for each x, there exists ¢/, such
that h, ¢y = 0 and hy|g, oy, > g The additional interaction HIBt = ¥ 4 vy is a sum of
finite-range terms v, € B,(R) with small uniformly bounded norm [|v|| := sup,.c4 [vil-

For small enough H int these systems are gapped [218]. But the structure described
above is much richer. In particular, note that the ground state of Hg is a product state
and that the ground state of H, is a local dressing of the ground state of H/({, which
can be seen by the spectral flow we discussed in section 3.3. Moreover, as H is non-
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interacting, the system can be viewed as a weak quantum perturbation of a classical
system.

The main example we have in mind is a lattice with a two-level system at each site,
where HX is an external magnetic field in z-direction, e.g. hy, = of, where o is the

#-Pauli matrix at site x, and H/ixnt is an arbitrary, small, nearest-neighbour coupling.

3.8.1 Publication P1: Stability of the ground state

As mentioned above, Hamiltonian is gapped [218], and hence, the ground state satis-
fies decay of correlations by the results discussed in section 3.4. Moreover, Yarotsky
[219] proves uniqueness of the infinite-volume ground state, based on a result sim-
ilar to local indistinguishability or LTQO for these systems. The latter is stated in
theorem P1-7.

In publication P1 we use this result to prove a very strong form of LPPL.

Theorem 3.18 (Strong LPPL, see theorem P1-3). Let R € IN and g > 0. There exist
constantsc, ¢y, ¢y > 0, such that for any A € (Z") and any weakly interacting spin system
H = H°® + H™™ on A with on-site gap at least g, interaction range R, and interaction
strength ||v|| < ¢ the following holds:

Let X C A be non-empty and W € oy be self-adjoint. Set HY = H + W. Then for
any ground state p of H, any ground state py, of H", and all A € ofy withY C A it
holds that

ltr(Cow — p) A)| < el ] A] e=edX), (3.41)

We call this a strong LPPL because the bound does not depend on |[W|. The heuristic
explanation for this is that a perturbation can at most fix the ground state in X and
selects a boundary condition in this way. Due to the small interaction, the perturbation
might influence the state in the surrounding of X, but the very strong on-site gap
quickly has a stronger effect and the bulk of the system does not see this boundary
condition.

The full statement in publication P1 also allows for unbounded operators H® and
perturbations W which are relatively bounded with respect to H. We restrict to the
simpler case here for a cleaner presentation. Moreover, publication P1 we also lift this
result, to systems, which only have the structure of a weakly interacting spin system
locally within a region that contains Y, see corollary P1-5.

3.8.2 Publication P8: Stability of the Gibbs state at any
temperature

In publication P8 we analyse the Gibbs states of weakly interacting spin systems and
prove decay of correlations and local indistinguishability uniformly in temperature.
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For high enough temperature, decay of correlations and local indistinguishability
for weakly interacting spin systems follow from previous results [139, 98]. More-
over, one-dimensional short-range translation invariant systems are known to satisfy
decay of correlations [9, 36, 185] and the restriction to translation invariant and short-
range interactions has recently been overcome [136]. However, all these results obtain
bounds that diverge as f — oo and hence do not give uniform decay of correlations at
low temperatures. As such, they do not exclude phase transitions as f — oo.

One way to exclude phase transitions as § — oo is to consider quantum pertur-
bations of stable classical phases, as we do here. This approach was used to obtain
decay of correlations as f — oo for special models [205, 161] and certain translation-
invariant Hamiltonians [205, 40, 66, 67, 94] before. While these results can handle
non-degenerate ground states, the proofs are quite involved. Our approach instead
leads to rather simple self-contained proofs and not only allows to prove decay of cor-
relations and local indistinguishability uniformly in temperature, which has not been
considered in the literature before.

In contrast to the result for the ground state described in section 3.8.1, we need
stronger assumptions on'’ H/i‘nt. More precisely, we assume that the local terms v,
are relatively form bounded with respect to the non-interacting Hamiltonian in the
following strong form: There exists an a € (0, 1) such that

v )l < m . HY (y¥)l  forally € Zp (p), (3.42)

which in particular implies that

Ky, HM ) < aly, HYy)  forally € 9.

Heuristically, this assumption can be understood as follows. While the ground
state properties are mostly determined by the interaction range and the gap above
the ground state, the Gibbs state depends on the whole spectrum of H. And the
bound (3.42) ensures that the many-body density of states of the perturbed Hamilto-
nian H behaves similarly to the many-body density of states of the non-interacting H.
In particular, it ensures that the part of the spectrum above the ground state cannot
collapse into a single energy by addition of H™, something that is not prevented by
known results for bounded interactions [52].

To state the results, we need to introduce the notion of R-connected sets X C A,
which are such that for every two points x, y € X there exists a sequence of points
21 =X, 295, Zm € X, Zyy1 = y such that d(z, z;,1) < 2R for alli € {1,...,m}. See also
definitions P8-2.1 and P8-3.6.

Theorem 3.19 (Decay of correlations, see theorem P8-2.2). Let D, ¢, R € N and Cy,; >
0. Then there exist a € (0,1) and Cy, C5, C3 > 0 such that the following holds. Consider

1 In publication P8, we denote the interaction with V,, = Hit,
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the lattice A € ZP and a Hamiltonian Hg + H/i‘nt as defined above with ||h|), V]l < Cints
vy of range R € N, and v, relatively a-bounded w.r.t. Hﬁ in the sense (3.42). Then the

Gibbs state pﬁ at any inverse temperature 5 € (0, o) satisfies

|tr(A B pﬁ) —tr(A pﬁ) tr(B pﬁ)l (3.43)
< Gy 1A B £ OXHD g-Cok) |

for all R-connected sets X, Y C A and observables A € of/x and B € dy.

On a very high level, our proof is based on an inclusion-exclusion principle
from [217], which allows expanding the exponential e PHA. We then use a cluster
expansion and the swapping trick from [3], to cancel many terms in the covariance.
The remaining terms involve clusters that connect the supports X and Y and hence
decay by estimates from [217].

While the results are only formulated for R-connected sets in publication P8, the
proofs can be extended to sets with finite R-connected components. In this case, we ex-
pect the constant C; to increase faster than exponential in the number of R-connected
components. This still allows concluding local indistinguishability and LPPL using
quantum belief propagation, which we discussed in section 3.6.2 However, the result-
ing bounds naturally have a prefactor that diverges as f — oo.

Instead, our proof strategy from publication P8 can be adjusted to directly prove
local indistinguishability uniformly in temperature.

Theorem 3.20 (Local indistinguishability, see theorem P8-2.3). Let D, g, R € N and
Cint > 0. Then there exist a € (0,1) and Cy, Cy, &1 > 0 such that the following holds.
Consider the lattice A € ZP and a Hamiltonian HX + H/ilnt as defined above with ||k,
VIl € Cints v of range R € IN, and v, relatively a-bounded w.r.t. H/(‘) in the sense (3.42).
Moreover, let A’ C A and denote with H,, the Hamiltonian restricted to A’. Then the

Gibbs states pﬁ and pﬁ, at any inverse temperature 5 € (0, %) satisfy
tr(B p)) — 12(B po)| < Cy |B] &2 M e=CdVana) (3.44)

for all R-connected sets Y C A and observables B € fy.

In a similar way, the proof can also be adjusted to obtain LPPL. However, without
further assumptions, we obtain a prefactor which diverges exponentially as f — oo
as we have too little knowledge about the perturbed system. A precise statement is
given in theorem P8-4.1.

20 The results from publication P4, which are discussed in section 3.6, do not apply directly if one only
knows decay of correlations with exponential scaling in the supports of the observables. This restriction
is necessary to handle short-range or long-rang interactions, and to preserve the exponential decay in the
implications. Here, we only consider finite-range interactions and quantum belief propagation can be used
to conclude local indistinguishability and LPPL at the cost of loosing exponential decay.
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Abstract

Based on a result by Yarotsky (J. Stat. Phys. 118, 2005), we prove that localized
but otherwise arbitrary perturbations of weakly interacting quantum spin systems
with uniformly gapped on-site terms change the ground state of such a system
only locally, even if they close the spectral gap. We call this a strong version of
the local perturbations perturb locally (LPPL) principle which is known to hold for
much more general gapped systems, but only for perturbations that do not close
the spectral gap of the Hamiltonian. We also extend this strong LPPL-principle
to Hamiltonians that have the appropriate structure of gapped on-site terms and
weak interactions only locally in some region of space.

While our results are technically corollaries to a theorem of Yarotsky, we expect
that the paradigm of systems with a locally gapped ground state that is completely
insensitive to the form of the Hamiltonian elsewhere extends to other situations
and has important physical consequences.
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1 Introduction

We consider weakly interacting quantum spin systems on finite subsets A of the lat-
tice ZV, v € N, described by a self-adjoint Hamiltonian

H = Hy + Hin (1)

which is composed of a non-interacting part H, and an interacting part Hj,;. The non-
interacting Hamiltonian Hj is a sum of non-negative on-site Hamiltonians h,, x € A.
Each h, is assumed to have a non-degenerate ground state with ground state energy 0
and spectral gap of size at least g above the ground state. The interaction Hamilto-
nian Hjy; is a sum of interaction terms @, of finite range R and of small uniformly
bounded norm |®,|. We show that for such Hamiltonians a strong version of the lo-
cal perturbations perturb locally (LPPL) principle holds: For any self-adjoint perturba-
tion P, supported in a region X C A, any ground state pp of the perturbed Hamiltonian
H + P agrees with the ground state p of the unperturbed Hamiltonian H when tested
against observables A supported in a region Y C A up to an error that is exponentially
small in the distance dist(Y, X). More precisely, theorem 3 states that there are posi-
tive constants c, ¢;, ¢, > 0 depending only on R and g, but not on A, A, H or P, such
that whenever |®,| < ¢ for all x € A, it holds that

tr((pp — p) A)| < el 4] e HistX), 2

Note that the uniformity of the error estimate with respect to the system size |A| is one
key aspect which makes this estimate non-trivial. Note also, that the bound on |®, |
implies that H has a gap above its unique ground state p as we discuss below. However,
for our result we neither require nor actually have any uniform lower bound on the gap
above the possibly non-unique ground state pp of the perturbed Hamiltonian H + P.

As a corollary of our main theorem, we show that a bound of the form (2) also
holds for systems that have the appropriate structure of gapped on-site terms and
weak interactions only locally in some region of space. In particular, this shows that
the notion of a locally gapped ground state, which is completely insensitive to the form
of the Hamiltonian elsewhere, is perfectly valid in this setup.
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1 Introduction

The LPPL-principle was coined by Bachmann, Michalakis, Nachtergaele, and Sims
in [23], where a similar estimate with subexponential decay was proven. While their
result covers much more general interacting quantum spin systems, it requires the gap
above the ground state to remain open also for the perturbed Hamiltonian H + P. More
precisely, it relies on connecting H(0) := H with H(1) := H + P by a continuous path
[0,1] 5> ¢t — H(¢) in the space of Hamiltonians, such that the gap above the ground
state of H(#) remains open uniformly along the whole path. Then the locality of the
quasi-adiabatic evolution introduced by Hastings and Wen in [120] can be used to
prove the result. Their subexponential bound was improved to exponential precision
for finite-range interactions by De Roeck and Schiif in [74]. See also [174, 175] for
recent developments.

While we prove the strong version of the LPPL-principle only for weakly interacting
spin systems, we expect it to hold somewhat more generally. For example, we expect
it to hold for fermions on the lattice with weak finite range interactions, a physical
setup where the strong LPPL-principle would have important consequences. It would
imply that a gapped ground state for such a system with periodic boundary conditions
remains unchanged in the bulk when introducing open boundary conditions that may
close the global gap due to the emergence of edge states. And as a consequence, it
would also explain why the adiabatic response to external fields in the bulk of such
systems is not affected by edge states that close the gap, see [17, 165, 203, 123, 122]
for related results. However, it is known that the strong LPPL-principle cannot hold in
general, but requires further conditions on the unperturbed ground state sector such
as local topological quantum order (LTQO) [162, 176].

Shortly before resubmitting the final version of this article, Bachmann et al. pub-
lished a preprint containing a closely related result. In [16] they prove an LPPL-bound
as in (2), but with subexponential decay, assuming LTQO for a unique frustration-free
gapped ground state of the unperturbed Hamiltonian which has no long-range entan-
glement.

Our result is a corollary of a result by Yarotsky [219] (see theorem 7 below), which
provides a bound on the difference of so-called finite volume ground states in quantum
spin systems described by Hamiltonians of the form (1). His aim and main result in
that work was to show the uniqueness of the ground state of such systems in the
thermodynamic limit. In a different work Yarotsky [218] has shown that Hamiltonians
of the form (1) with || < ¢ indeed have a unique ground state separated by agap § > 0
from the rest of the spectrum, with g independent of A (see [73, 93, 116] for similar
results). Closely related to the stability of the gap is the stability of phase diagrams at
low temperatures, see [40, 66, 67].
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2 Main results

Consider the lattice Z" for fixed v € N equipped with the ¢!-metric d: Z" x Z" — N,
and define %(Z") = { A ¢ ZV||A| < oo}, where |A| denotes the cardinality of A. With
each site x € Z" one associates a (possibly infinite dimensional) Hilbert space #.
For A € R(Z") set ') = Q,cp Hy and denote the algebra of bounded linear op-
erators on #4 by oy = B(¥s). Due to the tensor product structure, we have
A = Quep B(Hy). Hence, for A’ ¢ A € R(Z"), any A € I, can be viewed
as an element of &/, by identifying A with A ® 14\ 4- € &4, where 14\ o denotes the
identity in &4\ 4. Note that

[A,B]=0 forall A€y, Bedy with AnA =0.

Similarly, we will also denote by K the closure of 1 g\ o ® K on # 4\ o ® D(K) for any
self-adjoint operator K on # 4. Here and in the following, D(K) denotes the domain
of the operator K.

Our main result will be formulated for a Hamiltonian

H = Hy+ Hypt € 9,

that is composed of a non-interacting part H, and an interacting part H,;. The non-
interacting part Hy is assumed to be of the form

Hy= ) hy,

x€eA

where each h, is a non-negative self-adjoint (possibly unbounded) operator on 7,
with a unique gapped ground state ¢, € D(h,) satisfying

hx lﬁx =0 and hx|D(hx)el//x > 8 (3)

for some fixed g > 0. The latter means that (¢, (hy — gl,) ¢x) = 0 for all ¢, € D(hy)
with ({y, ¢,) = 0. In other words, all Hamiltonians h, have a spectral gap of size at
least g above the bottom of their spectrum. The interacting part is of the form

Hin = Z Dy,

x€A
with @, € ), (g) self-adjoint for each x € A and some fixed R € IN. Here b,(R) :=
{y € A|d(x,y) < R} denotes the ¢!-ball with radius R centered at x € A. We set
Il : = sup [@x].
A

X€E

Definition 1(Weakly interacting spin system). For any A € 9 (Z") we call a Hamilto-
nian H = Hy + Hj,; on &4 with Hy and H;,; satisfying the above conditions a weakly
interacting spin system on A with on-site gap g, interaction range R and interaction
strength ||| O
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2 Main results

We use the following definition for ground states and briefly explain how it is con-
nected to the standard definition in appendix A.

Definition 2. Let A € )(Z") and K be a self-adjoint and bounded below operator
on % 5. We say that [K, A] is a bounded operator B € o/,, whenever A leaves D(K)
invariant and [K, A] = B on D(K).

A state p € 9/,, i.e. a positive semi-definite bounded operator with trace equal to
one, is called a ground state of K, if

tr(A* [K, Al p) >0 forall A € &/, such that [K, A] is bounded. o

Our first main result is the following.

Theorem 3 (The strong LPPL-principle). Let R € IN and g > 0. There exist constants
c, ¢, ¢ > 0, such that for any A € R(Z") and any weakly interacting spin system
H = Hy + Hj,; on A with on-site gap at least g, interaction range R, and interaction
strength ||®|| < ¢ the following holds:

Let X C A benon-empty and P be a symmetric operator on Z’x such that P is relatively
bounded with respect to H with H-bound less than one. Set Hp = H + P. Then for any
ground state p of H, any ground state pp of Hp, and all A € gy withY C A it holds
that

r((pp — p) A)] < eV 4] e 1V, @)

Under the assumptions of the theorem, Yarotsky has proven in [218] that H has a
unique ground state p, whenever ¢ > 0 is small enough.! In the following we will
assume that this is the case.

For X at the edge of A, the perturbation P can be employed to realize all kinds of
boundary conditions, e.g. if A = {—M, ..., M}" is a box, periodic boundary conditions
can be modeled by some P connecting opposite sites in A. Therefore, if X is at the edge,
one can take the thermodynamic limit A ~ ZV in (4) and conclude that there exists
a unique ground state p, i.e. a normalized positive functional, on the C*-algebra of
quasi-local observables &/ = K”'”, independent of the imposed boundary conditions
for the finite systems. This uniqueness of ground states for the infinite system was the
main result of [219] and has been shown by Yarotsky based on theorem 7, which we
quote below.

As mentioned in the introduction, we expect a similar strong LPPL-principle to
hold also for fermionic lattice systems with weak finite range interactions. As dis-
cussed in [123, 122], this would have important consequences for linear response and
adiabatic theorems for systems with a gap only in the bulk.

I Note that the systems for which Yarotsky proves existence and uniqueness of the ground state in [218]
differ slightly from our definition of weakly interacting spin systems in the treatment of interaction terms
near the boundary of the domain. To obtain the same result with our definition, one extends the Hamiltonian
H to Q D A as in the proof of theorem 3, applies the result from [218] and restricts the resulting ground
state to A by taking the partial trace.
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AI

X Figure 1. Depicted is the setting from

dist(Y,X) corollary 5. The system H defined on A

/ is assumed to be weakly interacting and

to have an on-site gap in A’ C A. For any

perturbation P acting on X C A, ground

states of H and H + P agree in regions Y
dist(Y,A\A')N away from X and A\ A’.

Our second main result is a local version of theorem 3, where we assume the on-site
gap and the weak interaction only locally.

Definition 4 (Locally weakly interacting spin system). For any A € Z(Z") and
A’ C A we say that a self-adjoint operator H on %, is weakly interacting in the
region A’ with on-site gap g, range R and strength s, if and only if there exists a
weakly interacting spin system H = H, + Hiy on A with on-site gap g, range R and
strength ||®|| = s such that H—H = 14 -» ® Q with Q a possibly unbounded symmetric
operator on %4« 4+ such that Q is infinitesimally H-bounded. o

Corollary 5 (The strong LPPL-principle for local gaps). LetR € N, g > 0, and ¢, ¢q, ¢y >
0 be the constants from theorem 3. Then forany A € R(2"), A’ C A, and any self-adjoint
operator H on %y which is weakly interacting in the region A’ with on-site gap at least g,
range R and strength s < c the following holds:

Let X C A be non-empty and P be a symmetric operator on I’ such that P is relatively
bounded with respect to H with H-bound less than one. Set Hp = H + P (see figure 1).
Then for any ground state p of H, any ground state pp of Hp, and all A € ofy with
Y c A’ it holds that

|tr((pp _ p) A)| <2 ecl\Y\ ||A|| e 02 min{dist(Y,X),dist(Y,A\A’)}.

Proof. Let H and Q be as in definition 4. Then H, H +Q and H + Q + P are self-adjoint.
For the latter this follows, because also Q + P is relatively bounded with respect to H
with H-bound less than one. This is not obvious, but the proof is a straightforward
calculation that we skip.

Let j be a ground state of H, see the comment after theorem 3 for existence. Then
the triangle inequality and two applications of theorem 3 yield

r((pp — ) 4)| < [i((op — 5) A)] + [x((o - 7) A)
< e01|Y| IA| (e—cz dist(Y,Xu(A\A")) +eC dist(Y,A\A’)).
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3 Proof

3 Proof

The proof of theorem 3 is essentially a reinterpretation of a result by Yarotsky [219].
Since we only deal with finite volumes, we modify Yarotsky’s notion of finite volume
ground states to ground states in the bulk. To make the arguments as transparent as
possible, we will add superscripts to Hamiltonians and states indicating on which sub-
set of Z" they are defined. These superscripts are also used to distinguish different
operators and states. From now on let

Dy ={Aed,| [HOA,A] is bounded }

and note, that also { A € o/, | [H({‘ + K, A] is bounded } = 2, for all bounded opera-
tors K € &/y.

Definition 6 (Ground states in the bulk). Let R € N, A, C A € H(Z") and HA =

HOA * 4+ Hlﬁt € 4, be a weakly interacting spin system on A, with range R. Then we
call
A i={x € A, |dist(x,Z" \ A,) > 2R}

the bulk of the Hamiltonian H”+ and any state p”* € o/, satisfying
tr(pA A* [HA*,A]) >0 forall A€,

a ground state in the bulk of H. &
Our proof is based on the following theorem due to Yarotsky [219].

Theorem 7 ([219, Theorem 2]). Let R € IN and g > 0. There exist constants c, ¢, ¢3 > 0
such that for any A, € R(Z"), and any weakly interacting spin system H\x = HOA* +
Hiﬁ;‘ on A, with on-site gap at least g, range R and interaction strength ||®| < c the
following holds:

Let A € Py(ZV) be such that A, C A. Then for any two ground states p{‘ and pél €y

in the bulk of H in the sense of definition 6,Y C A,, and A € oy it holds that
|tr((p{1 - pél) A)’ < el A e ¢ dist(Y,Z"\A3).

Note that the set denoted by A in [219, Theorem 2] corresponds to our set A,.. Note,
moreover, that any ground state p” in the bulk of H/* trivially defines a finite-volume
ground state A > tr(p? (A® 14 A))of H A in the sense of [219, Definition 2]. Allow-
ing an arbitrary on-site gap g > 0 instead of g = 1, as in [219], is achieved by simple
scaling.

Lemma 8. Let R € N, A, C A € R(Z) and HA = HOA + HAt € 9, be a weakly

m
interacting spin system. Then the canonical restriction of H” to A, defined by

A A A -
H |A* = HO |A* +I_Iint|A* - Z hx + Z(Dx
X€EA, X€EA,:
dist(x,ANA,)>R
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Figure 2. Depicted is the setting from
the proof of proposition 9. The sub-
set X C A is the region where the pertur-
bation P acts, and we choose A, = A\ X.
The shaded region Aj is the bulk of HA
Y C A is the support of the observable A.
This indicates why (5) holds.

is a weakly interacting spin system on A, with the same on-site gap, range and strength
and has the following property: For any symmetric operator Q on F s\ z. such that Q is
relatively bounded with respect to H* with H-bound less than one, any ground state of
H? + Q is also a ground state in the bulk of HA|A*,

Proof. It is clear that H*\| A, is a weakly interacting spin system on A,. A simple cal-

culation shows, that Q is also relatively bounded with respect to HOA M

! = erA\A; hx
with H(;‘\A*—bound less than one. Hence, K := (HA — HA|, + Q) is a self-adjoint
operator on # 4\ x:. Moreover, any A € &/,: leaves invariant the domain of 14, ® K
and satisfies

(1, ® K, A® 14 4:| =0.
Similarly, for all A € 4., [HA + Q, A] is bounded and satisfies
[H" + 0, A] = [H,,, A]
Therefore, any ground state of H* + Q is also a ground state in the bulk of H%| A, D

Before we prove theorem 3, let us give an intermediate result, which follows rather
directly from theorem 7 and lemma 8.

Proposition 9. Let R € IN and g > 0. There exist constants c, ¢y, ¢; > 0 such that for
any A € R(Z") and any weakly interacting spin system HA = HOA + Hlﬁt on A with
on-site gap at least g, interaction range R, and interaction strength ||®|| < c the following
holds:

Let X C A be non-empty and P be a symmetric operator on I’ such that P is relatively
bounded with respect to H* with H-bound less than one. Set Hﬁ‘ = H" + P. Then for
any ground state p”* of H”, any ground state p}/;1 of Hﬁ‘, and all A € oy withY C A it
holds that

|tr((p1/§ _ PA) A)| < ecllYl JA] e min{dist(Y,Z"\A"), dist(Y,X)—ZR}.
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3 Proof

Proof. Assume w.lo.g. that Y C A°. Otherwise, the statement in proposition 9 is triv-
ially satisfied after a possible adjustment of ¢;.

Let A, = ANX, and let H A| A, be the canonical restriction of H Ato A, as defined in
lemma 8. Then A;nX = @. We can assume w.l.o.g. that dist(X, Y) > 2R since otherwise
the statement in proposition 9 is trivially satisfied after a possible adjustment of c;.
Then also Y C A; (compare figure 2). By application of lemma 8 withQ = Pand Q = 0
we find that both, p}/} and pA, are ground states in the bulk of H A| A,- Hence, theorem 7
implies that

|tr((pf} _ pA) A)‘ < ec1|Y| ||A|| e dist(Y,Z"\A;).

From
7'\ A = (ZV\NA)u{x e Z|dist(x, X) < 2R}

we immediately conclude that
dist(Y, Z" \ A%) = min{dist(Y, Z" \ A°), dist(Y, X) — 2R}, (5)
which yields the claim. o
We now extend this result to obtain theorem 3.

Proof of theorem 3. In the following, we add superscripts A to the Hamiltonians and
states from the statement of theorem 3.

Let Q € H#(Z") be such that A C Q. For each x € Q\ Alet h, € 9y, be a self-adjoint
operator with gap at least g and non-degenerate ground state i, satisfying (3). Then

P = @ el Xy is the ground state of

ONA - _
HPM o= by
x€ENA

Moreover, p := pA® p? is a ground state of H? := HA + HOQ\A which is a weakly

interacting spin system on  with on-site gap at least g, range R, and interaction

strength ||@||. And also pg 1= pﬁ ® p?™ is a ground state of H}? 1= Hlé‘ + HOQ\A =

H? +P.
According to proposition 9 we have

|tr((p19 _ ,OQ) A)| < ecl\Y\ |A] e e min{dist(Y,Z"\Q°), dist(Y,X)—2R}

for all A € ofy and Y C Q. By requiring Y C A we obtain
|tr(( pf} _ pA) A)| — |tr(( plgz _ pQ) A)| < ecl|Y| " A|| e 2 min{dist(A,Z"\Q°), dist(Y,X)—zR}.

Since this bound is independent of 2, we can choose Q sufficiently large such that
dist(A, Z¥ \ °) > dist(Y, X) — 2R. Absorbing e?2R in ¢, yields the claim. o
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A Characterization of ground states

In the following lemma we show that every ground state in the usual sense, i.e. every
minimizer of the energy functional, is also a ground state according to definition 2.
While definition 2 is often used as a characterization of ground states in the context
of extended quantum lattice systems, we could not find any reference in the literature,
which covers the statement of the following lemma also for unbounded operators.

Lemma 10. Let A € FY(Z") and K be a self-adjoint and bounded below operator on I .
A state p € 9 is a ground state in the usual sense, i.e.

tr(K p) < tr(K p) for all states p € 9y, (6)
if and only if ran(p) ¢ D(K) and
tr(A* [K, Al p) >0 forall A € o, such that [K, A] is bounded. (7)

Here we adopt the convention that the trace of an operator that is not trace class is +oo.

For bounded K this implies that for any state p € &/, the conditions (6) and (7) are
equivalent. And for unbounded K, any ground state in the usual sense is a ground
state according to our definition 2. It could be that equivalence extends to unbounded
operators, i.e. that (7) implies ran(p) ¢ D(K). However, we could not find a proof for
this.

Proof of lemma 10. Let E, := info(K) and let (¢,) be a Weyl sequence for Ey, i.e.
¢ € D(K), |¢,] = 1 and |(K — Ep) ¢,| < 1/nfor alln € N.

Assume that p satisfies (6). Since tr(K |¢,){¢p]) < Eg + 1/n, it follows that tr(Kp) =
Ey. Hence, Ej is an eigenvalue of K and the range of p is contained in the ground state
eigenspace. Let A € &/, such that [K, A] is bounded. Then the operator A* (K — E;) A
is non-negative and

tr(A* [K, A] p) = tr(p%A* (K, A] p%) = tr(piA* (K — Ey) Ap%) >0

follows.
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Now assume that p is a ground state in the sense of definition 2, denote by p =
> A [¥i){¥;| a spectral decomposition of p with ¢; normalized. Since ran(p) ¢ D(K),
also y; € D(K). The operator A, := |¢,)(¥;| then has a bounded commutator with K
and inequality (7) yields

0 < tr( Ay [K, Anjl p) = A ($n [K, Anj ) < 4 (Bo + 1 — (U5 KY5)).

Thus, (¢, K ;) < E, for all j. Hence, tr(K p) = Ej and p is indeed a ground state
of K. o

87






Publication P2

On adiabatic theory for extended fermionic lattice
systems

Joscha Henheik ® Tom Wessel ®F

2022

Abstract

We review recent results on adiabatic theory for ground states of extended
gapped fermionic lattice systems under several different assumptions. More pre-
cisely, we present generalized super-adiabatic theorems for extended but finite
and infinite systems, assuming either a uniform gap or a gap in the bulk above the
unperturbed ground state. The goal of this note is to provide an overview of these
adiabatic theorems and briefly outline the main ideas and techniques required in

their proofs.
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1 Introduction

In this article, we review four recent results on adiabatic theory for ground states of
extended finite and infinite fermionic lattice systems at zero temperature [203, 123,
122]. These results are generalized super-adiabatic theorems (see Section 1.2) and con-
cern Hamiltonians of the form

HE = Hy +¢V,

where the unperturbed Hamiltonian Hy is a sum-of-local-terms (SLT) operator describ-
ing short-range interacting fermions and is assumed to have a spectral gap above its
ground state. This gap might be closed by the (small) perturbation eV, which is given
by a short-range Hamiltonian, a Lipschit; potential, or a sum of both. Consequently,
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the results presented in this article are adiabatic theorems for resonances of H? (cf. [2,
83)).

The most important corollary and main motivation for proving such theorems in the
context of extended fermionic lattice systems is the rigorous justification of linear re-
sponse theory [203, 124] and the Kubo formula [142] for (topological) insulators [157],
such as quantum Hall systems [206], where the prototypical relevant perturbation is
a linear external potential modeling a constant electric field closing the gap of H, for
every ¢ # 0 (see Figure 1 on page 95).

In the remainder of this introduction, we first briefly discuss the connection be-
tween linear response and adiabatic theory in Section 1.1 (see also [203, 124]). Fur-
thermore, we point out the key ingredients and developments, which allowed to prove
the four adiabatic theorems reviewed in this paper. Afterwards, in Section 1.2, we ex-
plain the notion of generalized super-adiabatic theorems and thereby introduce (super-
adiabatic) non-equilibrium almost-stationary states (NEASSs) [203] as the above men-
tioned resonances of H®. A first brief but somewhat precise statement and overview
of the results is given in Section 1.3.

1.1 Linear response and adiabatic theory

The formalism of linear response theory [142] has been widely used in physics to cal-
culate the response of a system in thermal equilibrium to external perturbations. Put
briefly, linear response theory provides an answer to the following question: What is
the response of a system described by a Hamiltonian Hj, that is initially in an equilib-
rium state py, to a small static perturbation ¢V? Or, in somewhat more mathematical
terms: What is the change!

Pe(A) = po(A) = e 0y + o(e)

of the expectation value of an observable A induced by the perturbation ¢V to leading
order in its strength 0 < ¢ « 1? Here, p, denotes the state of the system after the
perturbation has been (adiabatically) turned on and g4 denotes the linear response
coefficient.

The answer to this fundamental question of linear response clearly hinges on the
problem of determining p,. Although in few particular situations one expects p, to
remain an equilibrium state for the perturbed Hamiltonian H* = H, + ¢V, the orig-
inal linear response theory [142] was developed for situations where the system is
driven out of equilibrium, i.e. p, being a resonance state. As prominently formulated
by Simon [198] in his “Fifteen problems in mathematical physics” from 1984, the lat-
ter non-equilibrium situation causes the main challenges in a rigorous mathematical
treatment. However, in either case, the linear response coefficient gy is customarily

1To be consistent with the rest of the paper, we view states as linear functionals on the algebra of observ-
ables (see Section 2).
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expected to be given by the celebrated Kubo formula [142], and rigorously justifying
it was formulated as one of the problems by Simon [198]. For a more detailed recent
review on the (mathematical) problem of proving Kubo’s formula and its relevance in
the context of quantum Hall systems, we refer to [124].

In a nutshell, the problem of justifying linear response theory and proving Kubo’s
formula is thus to verify that a system, initially in an equilibrium state py, is adiabat-
ically driven by a small perturbation ¢V into a non-equilibrium state p, = py. Since
the perturbation acts over a very long (macroscopic) time, this problem clearly super-
sedes standard perturbation theory: The change of the state being small is not a trivial
consequence of the smallness of the perturbation ¢V. Instead, verifying that the two
states, p. and p,, are close to each other requires an adiabatic type theorem.

However, even in our rather simple setting (zero temperature, assuming that pj is
the gapped ground state of Hy describing an extended fermionic lattice system, the
perturbation ¢V might close the gap), the problem of justifying the linear response
formalism also goes beyond standard adiabatic theory. In fact, the applicability of the
standard adiabatic theorem of quantum mechanics is rather restrictive for the follow-
ing three reasons:

(i) The standard adiabatic theorem requires the perturbation €V to not close the
spectral gap. In that scenario, it asserts that p, is (close to) the gapped ground
state of H® = Hy + ¢V and as such a (nearly) equilibrium state.

(ii) Even if we neglect the first issue, the usual adiabatic theorem estimates the dif-
ference between p, and the ground state of the perturbed Hamiltonian H? in
operator norm, leaving the translation to local differences in expectation values
as an additional and potentially non-trivial step.

(iii) In general, extended systems are plagued by the orthogonality catastrophe:
Whenever for single-particle states /, we have [y — J| ~ ¢, the non-interacting
many-particle states ® e iy and ey satisty @y ea¥x — Oxea¥nl ~ €lAl
i.e. the norm-estimate deteriorates when |A| — co. This means that the approx-
imation error in the standard adiabatic theorem grows with the systems size,
and it is thus not applicable for macroscopic systems.

A major breakthrough in overcoming these obstacles has recently been achieved by
Bachmann, De Roeck and Fraas [17] (see also their introductory lecture notes [18]).
They proved the first adiabatic theorem for extended (but finite) lattice systems with
short-range interactions, thereby solving the second and third problem in the list
above. More precisely, their result concerns differences in expectation values and
provides error estimates, which are uniform in the system size.

For these lattice systems with short-range interactions, well known Lieb-Robinson
bounds [154, 173, 174] ensure a finite speed of correlation and prevent build-up
of long-range entanglement. Having Lieb-Robinson bounds at hand allowed Bach-
mann et al. [23] to prove that the generator of the spectral flow, introduced by Hastings
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and Wen [120], is an SLT operator and thus preserves good locality properties. The
general spectral flow technique can then be used to prove automorphic equivalence
of two gapped ground states p, and p; of Hamiltonians H(0) and H(1), respectively:
Given a smooth path s — H(s) of (uniformly) gapped SLT Hamiltonians, their ground
states are automorphically equivalent (equal up to a conjugation by unitaries) with
the generator of the automorphism being an SLT operator [23]. This automorphic
equivalence allowed Bachmann et al. [17] to prove a super-adiabatic theorem (see Sec-
tion 1.2 for an explanation of this notion) for such systems, however, still requiring
the spectral gap not only for Hy but also for H?, i.e. the gap must remain open.?

The four theorems presented in this article also solved the last remaining problem
given under item (i) in the above list, i.e. they allow the perturbation €V to close the
spectral gap of Hy. The main idea for establishing this generalization is that a spatially
local gap should suffice for an adiabatic theorem to hold. This underlies the space-
time adiabatic perturbation theory originally developed for non-interacting fermions
by Panati, Spohn and Teufel [182, 180], where one utilizes a gap that exists locally
in space (and time) but does not exist globally. It also underlies the recent results by
De Roeck, Elgart and Fraas [70], where an adiabatic theorem holds even if the “spectral
gap” is filled with eigenvalues, whose corresponding eigenvectors are spatially local-
ized, leaving a gap (with smaller size) locally open. Finally, this is also the idea behind
the Theorems III and especially IV presented below, where one still has an adiabatic
type theorem although the gap closes at the boundary of the lattices.

Combining the ideas from the space-time adiabatic perturbation theory with the
methods invented in [17], the first of the four theorems presented in this article was
proven by Teufel [203]. It concerns extended but finite systems and requires a spectral
gap for Hy, uniformly in the system size (see Assumption (GAP ,ir)). The precise state-
ment is formulated in Theorem I below. In order to extend this result from finite lat-
tices to an infinite system, Henheik and Teufel [123] adapted ideas from Nachtergaele,
Sims and Young [174] on controlling the thermodynamic limit of automorphisms with
SLT generators. This result is formulated in Theorem II below.

So far, all mentioned results were obtained under the assumption of a (uniform)
spectral gap for the finite systems (which also implies a gap for the infinite system).
However, the recent result on automorphic equivalence with a gap only in the bulk
(via the GNS construction) by Moon and Ogata [167], opened the door for a new class
of adiabatic theorems, where the unperturbed Hamiltonian Hy is no longer required
to have a uniform spectral gap. Instead, Theorem III, originally proven by Henheik
and Teufel [122], is a result for the infinite volume states and requires a gap in the
bulk. This technically means a gap for the infinite system (cf. Assumption (GAPyi))
but can be understood as requiring a local gap in the interior of the finite lattices
(cf. Remark 4).

2 A slight generalization of their result can be found in [165], where the authors used an alternative gauge
with a time-dependent vector potential for a quantum Hall model.
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Moreover, by employing strong locality estimates from [174, 167] and assuming
fast convergence of ground states, Theorem III can be traced back to extended but
finite systems which only have a gap in the bulk. This was also proven in [122] and is
formulated in Theorem IV below.

1.2 Non-equilibrium almost-stationary states

For the results presented in this paper, we consider time-dependent families
HE(t) = Hy(t) + eV(t), telCR, (1)

of many-body Hamiltonians for lattice fermions in I" C Z? with short-range interac-
tions. Here, I" will either be a finite box A or the whole of 7% Foreacht €I , we denote
by po(t) the instantaneous ground state of Hy(¢) on the (quasi-local) algebra of observ-
ables /1. For simplicity of the presentation, we shall assume that the ground state is
unique.> Moreover, we assume that the ground state is separated by a gap from the
rest of the spectrum (see Assumptions (GAP,,;r) and (GAPyi) in Section 3 for the
precise formulation). The perturbation V(¢) can be a Hamiltonian with short-range
interactions or a possibly unbounded external Lipschits potential or a sum of both (see
Section 2 and the Assumptions (INT;)-(INT,) in Section 3).

As mentioned above, the main results presented in this article are so-called general-
ized super-adiabatic theorems for py(t), which we briefly explain in the following. For
€ = 0, the results are ‘standard’ super-adiabatic theorems and establish the existence of
super-adiabatic states p((t) on 2/ close to py(t), i.e.

l0()(A) = pot)(A)| = O,

such that the adiabatic time-evolution uZto on - generated by %HO(') intertwines the

super-adiabatic states to all orders in the adiabatic parameter n > 0, i.e.

|90 (1)UL, [AD) — po()(A)| = 6(1) (2)

for all A in a dense subspace & C /. Throughout the entire paper, we shall study
our system in the Heisenberg picture, meaning that the observable A evolves in time,
not the state pg(to) (see also Proposition 3). Note that the comparison state pg(t) does
not involve any time evolution but simply depends on the Hamiltonian at time ¢ (see
Definition 1 for details). Here and in the following, we write the arguments of (densely
defined) linear operators on &/ inside the brackets [-] for better readability.

3We refer to the original papers [203, 123, 122] for the most general assumptions. However, note that
the results from [122], corresponding to our Theorems III and IV, are only formulated for a unique ground
state, although the underlying result on automorphic equivalence of gapped phases [167] can easily be
generalized to any gapped pure state (see [167, Remark 1.4]). In general, allowing for a degenerate ground
state (or even a gapped spectral patch) requires understanding an enhanced modification of the spectral
flow.
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Figure 1. Let Hy be a Hamiltonian with
a gapped sector and a gap g. Perturb-
ing with a Lipschity potential v(x) = ex,
the gap gets closed (for large enough lat-
tices). But, as indicated in the figure, a
local gap persists and an electron at loca-

20(Hy) +ex

rest of the spectrum

tion xy would either need to overcome the 8/¢ 3 5eC©

gap (vertical arrow) or tunnel along the g&?e

distance g/¢ (horizontal arrow) in order

to make a transition from the gapped sec- } >
tor. [203, 124] X

For ¢ > 0, the scope of the adiabatic theorem (2) extends considerably since the
perturbation £V (¢) might close the spectral gap and turn the ground state py(¢) of Hy(t)
into an instantaneous resonance state IT°(¢) for H°(t). These states have a life-time of
order O(¢~*) for the dynamics s — eSZLH 0 with Zrel] = [H@), ] (formally)
denoting the derivation associated to H*(¢). That is, for all n € N and fixed ¢, it holds
that

I ()7 O [A]) — TTE()(A)| = 0" (1 +15191)),

which is why they were called non-equilibrium almost-stationary states (NEASSs) in
this context by Teufel [203]. The generalized super-adiabatic theorems then estab-
lish the existence of a super-adiabatic NEASS I1¢"(t) on &/ close to IT*(t) such that

the adiabatic time-evolution l[fg) generated by %H ¢(-) approximately intertwines the

super-adiabatic NEASSs in the following sense: for any n > d and forall A € & C o,
we have

n+1
M)A AD) - 17(0)(A)] = o4 + U_) ‘)

uniformly for ¢ in compact sets, which we call a generalized super-adiabatic theorem.
In our setting of gapped Hamiltonians H,, describing insulating materials, there is
indeed a clear and simple physical picture suggesting the existence of NEASSs for H*
as observed in [203, 124] (see Figure 1). For simplicity, assume that Hj is a periodic
one-body operator in one spatial dimension and that the Fermi energy p (chemical
potential) lies in a gap of size g. For the perturbation, we consider the potential of a
small constant electric field ¢. In the initial state py, before the perturbation is turned
on, all one-body states with energy smaller than y are occupied. After the voltage has
been applied, the energy of an electron located at position x, gets substantially shifted
by ¢ xp, but is only subject to small force of order ¢. As indicated in Figure 1, in order
to make a transition, such an electron must either overcome the gap of size g or tunnel
a macroscopic distance of order g/e. Thus, although p; is neither close to the ground
state nor any other equilibrium state of the perturbed Hamiltonian H® = Hy + €V, it
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is still almost stationary for H®. This heuristic picture remains valid if short-range
interactions between the electrons are taken into account.

While for ¢ = 0 the generalized super-adiabatic theorem (3) reduces to the standard
one (2), for 0 < ¢ « 1 the right-hand side of (3) is small if and only if also # is small,

n+1
but not too small compared to ¢, i.e. €d+1 K n <« 1 for some n € IN. Physically,

this simply means that the adiabatic approximation breaks down when the adiabatic
switching occurs at times that exceed the lifetime of the NEASS, an effect that has
been observed in adiabatic theory for resonances before, see, e.g., [2, 83]. It can also
be heuristically understood from the tunneling picture given in Figure 1.

Moreover, in view of the linear response problem discussed in Section 1.1, let us only
mention here that a statement like (3), in fact, yields a solution to this problem after
expanding the state IT57(¢) in powers of ¢, where the linear term (eventually stemming
from the first order operator A; given in (18)) does, in fact, constitute Kubo’s formula.
See [203, 124, 123] for details.

1.3 Brief statement of the results

We shall establish the existence of super-adiabatic NEASSs in four generally quite
different situations, the main differences are also summarized in Table 1:

(I) On finite systems Ay € Z% with suitable boundary conditions, assuming that

the unperturbed Hamiltonians H(;‘ *(¢) have a gapped ground state uniformly in
Ay, there exists NEASSs on &/, such that the constants in (3) are independent
of Ag. See Theorem I and [203].

(I) Additionally assuming convergence of the Hamiltonians (they have a thermo-
dynamic limit, cf. Definition 2) and ground states, there also exists a super-
adiabatic NEASS on &/, after taking the thermodynamic limit A, 7% See
Theorem II and [123].

(I) For the infinite system Z¢, assuming that the unperturbed Hamiltonian H, has
a unique gapped ground state (via the GNS construction), there exists a NEASS
on &4, while a (uniform) spectral gap for finite sub-systems is not required.
See Theorem III and [122].

(IV) Additionally assuming a quantitative control on the convergence of the finite
volume Hamiltonians H%%(t) (they have a rapid thermodynamic limit, cf. Defi-
nition 5) and the unperturbed ground states in the thermodynamic limit, there
also exist NEASSs on o/, (again with a uniform constant) up to an error van-
ishing faster than any inverse polynomial in the distance to the boundary. See
Theorem IV and [122].
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Finite volume Infinite volume

Uniform gap Theorem [; see [203]  Theorem II; see [123]
Gap in the bulk  Theorem IV; see [122] Theorem III; see [122]

Table 1. Overview of the adiabatic theorems and the original papers.

A typical example of a physically relevant class of Hamiltonians [165, 203, 124], to
which the above generalized super-adiabatic theorems apply, is given by

Ht = Y aTc—ya, + Y aid(x)ay

X, Y€ X€EAL (4)
+ Z aza, W(d%(x,y)) aya, — PNy,
X, YEAL

modeling Chern or topological insulators. In agreement with the precise locality as-
sumptions (INT;)-(INT,) in Section 3, we suppose that the kinetic term T: z? >
Z(C") is an exponentially decaying function with T(—x) = T(x)", the potential term
¢: 7% - £(C") is a bounded function taking values in the self-adjoint matrices, and
the two-body interaction W': [0, 00) — Z(C") is exponentially decaying and also takes
values in the self-adjoint matrices. Note, that x — y in the kinetic term refers to the
difference modulo the imposed boundary condition on Ag. In the first line of (4), ay is
the column vector of the annihilation operators a, ; (i labels internal degrees of free-
dom such as spin) and ay the row vector of the creation operators a;; (see Section 2).
And with a slight abuse of notation in the second line of (4), we wrote aya, for the
row vector with entries ay ;a, ; and aya,, for the column vector with entries aj;a, ;.

It is well known that non-interacting Hamiltonians Hy, i.e. with W = 0, of the
type (4) on a torus (periodic boundary condition) have a uniform spectral gap (see
Assumption (GAP,;,;r)) whenever the chemical potential p multiplying the number
operator lies in a gap of the spectrum of the corresponding one-body operator on the
infinite domain. It was recently shown [116, 73], that the spectral gap remains open
when perturbing by sufficiently small short-range interactions W # 0. On the other
hand, the Hamiltonian H, on a cube with open boundary condition has, in general, no
longer a spectral gap because of the appearance of edge states. However, away from
the boundary, a gap in the bulk (see Assumption (GAPyi)) is still present. While also
uniqueness of the ground state is expected to hold for such models, to our knowledge
it has been shown only for certain types of quantum spin systems, cf. [219, 93, 175,
176, P1]. For further details, we refer to the original papers [203, 123, 122]. Finally,
it is an interesting program to extend Table 1 by further rows representing different
notions of a spectral gap for Hy, e.g. a local gap as in [P1] or even only a mobility gap
(see [70] for a first result in this direction).

97



P2 On adiabatic theory for extended fermionic lattice systems

After a brief introduction to the relevant mathematical framework in Section 2, we
formulate the four main theorems in Section 3. Ideas of their proofs are provided in
Section 4.

2 Mathematical Framework

In this section, we briefly introduce the (standard) mathematical framework used in
the formulation of the adiabatic theorems. More explanations and details are provided
in [203, 123, 122].

2.1 Algebra of observables

We consider fermions with r spin or other internal degrees of freedom on the lattice Vi
Let{X € 79} := {X c Z?||X| < o} denote the set of finite subsets of Z%, where
|X| is the number of elements in X. For each X € Z? let &y be the fermionic Fock
space built up from the one-body space ¢2(X,C"). The C*-algebra of bounded oper-
ators &y := Z(Fx) is generated by the identity element 1./, and the creation and
annihilation operators a;’i, ay; for x € X and 1 < i < r, which satisfy the canonical
anti-commutation relations (CAR). Whenever X C X’, then &/x is naturally embedded
as a subalgebra of &/x-. For infinite systems, the algebra of local observables is defined
as the inductive limit

Hoe i = U Ay, and its completion Hga 1= Hoc
Xezd

with respect to the operator norm |-| is a C*-algebra, called the quasi-local algebra.
The even elements .Qf%d C 4 form a C*-subalgebra. Also, note that for any X € z°¢

the set of elements &f )]}] commuting with the number operator Ny := Y, cx ay dy :=
Yrex Do ay;a,; forms a subalgebra of the even subalgebra, i.e. & N ocody c dy.
As only even observables will be relevant to our considerations, we will drop the su-
perscript * from now on and redefine o/,q := &fzd.

Since a very similar construction is common for quantum spin systems (see,

e.g., [174]), all the results immediately translate to this setting.

2.2 Interactions and operator families

We shall consider sequences of Hamiltonians defined on centered boxes Ay :=
{—k,...,+k} of size 2k with metric d(-,-). This metric may differ from the stan-
dard €'-distance d(-,-) on 7Y restricted to Ay if one considers discrete tube or torus
geometries, but satisfies the bulk-compatibility condition

vk € NVx,y € A : d*(x,y) <d(x,y) and d**(x,y) = d(x, y) whenever d(x, y) < k.

98



2 Mathematical Framework

An interaction on a domain A is a map
M {X Cc A} — d}i, X > oM(X) e AN

with values in the self-adjoint operators. Note that the maps & can be extended
to maps on the whole {X € Z% or restricted to a smaller A;, trivially. In order to
describe fermionic systems on the lattice 7% in the thermodynamic limit, one considers
sequences ¢ = (@Ak) ren Of interactions on domains A and calls the whole sequence
an interaction.

An infinite volume interaction is a map

V:{X ez - o, X v(X) ey,

again with values in the self-adjoint operators. Such an infinite volume interaction
defines a general interaction ¥ = (WAk)de by restriction, i.e. by setting ¥% :=
Plixe Ak}'4 With any interaction @, one associates an operator family, which is a se-
quence A = (A% ) of self-adjoint operators

AN = AM(D) 1= ) M (X) € Ay
XCAk

For any a > 0 and n € INj,, we define the norm

[Pl s=sup sup Y dM%-diam(X)" @@ D) [@A(x)| (5)
keN x,yeZd XCA:
x,y€X

on the space of interactions.” Note that these norms depend on the sequence of metrics
d? on the cubes Ak, i.e. on the boundary conditions.

Similar constructions for interactions and interaction norms are long known. More
commonly, the norms are independent of the particular lattice A and the interaction
(@ )reny is given by restrictions of a single infinite volume interaction. Moreover,
in earlier works [191, 195] the authors did not require additional decay properties,
which were only added later (see, e.g., [199, 118, 174]). The use of interactions and
corresponding norms, which are not simply restrictions of an infinite volume inter-
action, originates in [165] to incorporate non-trivial boundary conditions. In order
to control commutators with Lipschit; potentials (see Section 2.3), the dependence on
the diameter d*-diam(X) was added in [203]. Finally, to ensure the existence of the
thermodynamic limit, it is necessary to require the bulk-compatibility condition [123,

4We will use the convention that & denotes general interactions and ¥ infinite volume interactions.

5 One should be aware that the norm definition (5) is slightly modified compared to the original works [203,
123, 122] for the sake of simplicity in presentation. For more general and precise statements of the theorems
we refer the reader to the original works.
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122]. Yet another variant of defining interaction norms is to replace dist(x, y) with
diam(X) in (5) (see, e.g., [118, 16]).

In order to quantify the difference of interactions in the bulk (see Section 3.2), we
also introduce for any interaction & on the domain A; and any Ay, C A; the quantity

[0 g, = sup Y. diam(X)" e* V) |pM(X)],
XY€AM XCAy
x,y€X

where d and diam now refer to the ¢!-distance on Z<.

Let B, , be the Banach space of interactions with finite [-|,,-norm and define the
space of exponentially localized interactions as the intersection B, o, := mn(—Z]NO Ban-
In the literature, the vector spaces of operator families, which can be written in terms
of such interactions, are denoted by £, ,, and £, .. Moreover, we will be a bit sloppy in
the following terminology and call the elements A% of an operator sequence A sum-of-
local-terms (SLT) operators, whenever its interaction @4 has a finite interaction norm
similar to (5), but with the exponential replaced by a function growing faster than any
polynomial. This will allow us to formulate the results and the ideas of the proofs
without too many details. For the precise conditions see, e.g., [123, Section 2.2].

Now, let I C R be an open interval. We say that a map @: I — %, is smooth and
bounded whenever it is (i) term- and point-wise smooth int € I, i.e. t (DAk(t, X)

are C™-functions for all k € IN and X C A, and (ii) suptel||% P(B)yn < oo for all
i € Ny. The corresponding spaces of smooth and bounded time-dependent interac-
tions and operator families are denoted by %B;,, and #;,, and are equipped with
the norm |®[; ,,, := sup;e;[@)]y,. We say that @: I — B, o, is smooth and bounded,
ifd: I - RB,, is smooth and bounded for all n € Ny, and we write %] ;4 o and £y 4 o
for the corresponding spaces of time-dependent exponentially localized interactions and
operator families respectively.

For (time-dependent) infinite volume interactions ¥, we add a superscript ° to the
norms and to the normed spaces defined above, emphasizing in particular the use of
open boundary conditions, i.e. d* = d. Note that the compatibility condition for the
metrics d’% implies that W]gn < ¥

o
an-

2.3 Lipschitz potentials

For the perturbation we will allow external potentials v = (v: Ay — R)en that
satisfy the Lipschits condition

v (x) — v (y)]
- <™

@, :=sup sup , (6)
Y keEN x,yeA: dA (x, )/)
X*y
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and call them for short Lipschif potentials.® With a Lipschits potential v we associate
the corresponding operator-sequence V,, = (VVA ")ken defined by

VVA" 1= Z v%(x) at ay
XGAk

and denote the space of Lipschits potentials by 7°. We emphasize that, since
SUPkeN SUPxen, [v(x)| might be infinite, V, is in general no SLT operator. How-
ever, this is still more restrictive than general onsite potentials, because it only varies
slowly in space. Moreover, we say that the map v: I — 7 is smooth and bounded
whenever (i) v (x,-) are C®-functions for all k € N and x € Ay, and (ii) satisfies

SUp;e; Civ(t) < oo for all i € INy. The space of smooth and bounded time-dependent
dr

Lipschit potentials is denoted by 77.

As above, we also introduce infinite volume Lipschif potentials vy, : 7% - R, which,
again by restriction and invoking the compatibility condition for the metrics d”, can
be viewed as a Lipschits potential with d’ = d in (6). And analogously to Section 2.2,
for (time-dependent) infinite volume Lipschiy potentials, we add a superscript ° to the
constant from (6) and to the spaces, emphasizing the use of open boundary conditions.
Note that the compatibility condition for the metrics d’ implies that €, > %;.

3 Adiabatic theorems for gapped quantum systems

As mentioned in the introduction, we shall distinguish two generally quite different
settings regarding the presence of a spectral gap of the unperturbed Hamiltonian H
grouped as Theorem I and Theorem II in Section 3.1 as well as Theorem III and The-
orem IV in Section 3.2. First, in Section 3.1, we will work under the assumption that
there exists a sequence of subsystems (A )ren equipped with an appropriate metric
(reflecting, e.g., periodic boundary conditions), ensuring that H(;‘ * have a uniform gap
above their ground state, which is made precise in Assumption (GAP,;r) below. Then,
in Section 3.2, however, we drop this assumption and solely assume that Hy has a gap
in the bulk, meaning that the GNS Hamiltonian, describing the system in the ther-
modynamic limit, has a spectral gap above its ground state eigenvalue zero (see As-
sumption (GAPy,i)). Note that the second group of results is more general than the
first group with regard to the gap condition, since a uniform gap for finite systems
guarantees a spectral gap for the GNS Hamiltonian describing the infinite system (see
Proposition 5.4 in [20]). Therefore, the second row in Table 1 somewhat improves the
results in the first row since finding a suitable geometry for which one already has a
spectral gap for finite systems is no longer necessary.

6 Teufel [203] instead allowed slightly more general slowly-varying potentials. And while the phrase cap-
tures the idea very well, the technical definition is less transparent and slightly complicates the presentation
of the proofs. Hence, we here, as in [123, 122], restrict to the subclass of Lipschits potentials.

101



P2 On adiabatic theory for extended fermionic lattice systems

In the precise formulation of the adiabatic theorems, we shall frequently use the
abbreviating phrase that a state IT°7(t) is a super-adiabatic NEASS (see Section 1.2),
which we generally define as follows, reminiscent of [203, 123, 122].

Definition 1. (Super-adiabatic non-equilibrium almost-stationary states)
We assume to be in the following general setting, which is made precise in concrete
situations: For (small) ¢ > 0, define the time-dependent Hamiltonian

HE(t) = Hy(t) + eV(t), tel, on I'cZ?

and let py(t) be (close to)’ the ground state of Hy(t). Moreover, denote the Heisenberg
time-evolution on the algebra of (quasi-local) observables &/ generated by %H () as

l[fg) , where t,ty € I for some open interval I C R and 5 > 0 is a (small) adiabatic
parameter.

Then, we say that a state IT*(¢) on o/t is a super-adiabatic non-equilibrium almost-
stationary state for the state p,(¢) and the time-evolution ufg on o if it satisfies the
following properties:

1. II°7 almost intertwines the time evolution: For any n € N, there exists a
constant C, such that for any ¢,#, € I and for all X € I"and A € oy C o we
have

n+1 n+1

+7

——— (L + I =) 1Al IXP. (7)
n

(1) QT AT — TTEN()(A)| < G, =

2. IT%" is local in time: IT*"(¢) only depends on Hy and V and their time deriva-
tives at time f.

3. IT%" is stationary whenever the Hamiltonian is stationary: If for some fixed
t € I all time-derivatives of Hy and V vanish at time ¢, then IT®"(¢) equals the
NEASS? IT¢(¢) for the instantaneous ground state py(t) and the time-evolution
s > 710 generated by the time-independent Hamiltonian H?(¢).

4. IT%7 equals the (approximate) ground state p, of Hy whenever the perturbation
vanishes and the Hamiltonian is stationary: If for some ¢ € I all time-derivatives
of Hy and V vanish at time ¢ and V(t) = 0, then IT5(t) = IT5°(t) = po(2). o

We could have written bound (7) in a more general form as indicated by (3). For
example, we could allow (1+]t—t,|*™1) to be replaced by a constant Cx < oo, depending
only on a compact subset K C I of times, or, similarly, | X |2 to be replaced by a constant

7 See the comment below Assumption (Sy;) on page 110 for a precise definition.
81t follows from the construction sketched in Section 4.1.1 that IT(¢) = IT5°(t). Moreover, IT¢(t) is almost
stationary with a bound as in (7) where the fraction is replaced by £"*!.
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3 Adiabatic theorems for gapped quantum systems

Cx < oo, depending only on the support X € Z? of the observable A. Also, the power
of nin the denominator could be allowed to be more general, e.g. some constant Cy < oo
instead of d + 1. However, the concrete form of (7) indeed matches the precise bounds
of the results in Section 3.

3.1 Systems with a uniform gap

Throughout this section, we assume that H, has a uniformly gapped unique ground
state in the following sense.

(GAPy,if) Assumptions on the ground state of Hy. Let &g = (@Il_}g )ke]N be an
interaction. There exists L € IN such that for all t € I, k > L and corresponding A the

operator Hé‘ k(t) has a simple gapped ground state eigenvalue Eél k() = inf cr(H(fl k1)),
i.e. there exists g > 0 such that dist(E(? k@), O'(HOA KB\ {E(? “@)}) > g forallt € I,
k > L. We denote the spectral projection of HOA k() corresponding to Eél k@) by Pé‘ k()
and write p(? HOIORE tr(PéX *(t)-) for the canonically associated state on & Ay &

A physically relevant class of Hamiltonians satisfying this assumption (possibly up
to the uniqueness, which we require for simplicity of the presentation) was given in (4)
in Section 1.3. In the following, we shall present adiabatic theorems for extended but
finite systems (Theorem I) as well as for infinite systems (Theorem II) under Assump-
tion (GAP ).

3.1.1 Extended but finite systems

The basic assumption on the Hamiltonian says that it is composed of exponentially
localized interactions and/or a Lipschits potential.

(INT;) Assumptions on the interactions. Let Hy, H; be the Hamiltonians of two
time-dependent exponentially localized interactions, i.e. @y, Py, € B e0 for some
a >0, and v € 77 be a time-dependent Lipschits potential. o

The following results due to Teufel [203] marks the starting point for generalized
super-adiabatic theorems for extended fermionic lattice systems.

Theorem 1. (Adiabatic theorem for finite systems with a uniform gap [203, Theo-
rem 5.1])

Under Assumptions (GAP ;) and (INT;), there exists a sequence of near-identity’ auto-
. Ak

morphisms LEA(t) = 750 with SLT generators S for any e,n € (0,1] and t € I
such that the states

T (f) = pé‘k @) - ,BE’U’A" ®) ®)

% Indeed, sup;n|A — B (D[A] | < (e +n)CIA|IX]|t| for A € oy and t in a bounded interval by [174,
Theorem 3.4(i)].
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are super-adiabatic NEASSs for the Heisenberg time-evolution l[f,’g)’A" on d, generated
by %HE’A"(-) with

LHOM (D) o= 1 (H @ +e (W) + H* ®)))

uniformly ink > L. That is, for every n € IN, there exists a constant C,, such that for any
A€ oy, e,n€(0,1] and all t,ty € I it holds that
n+1 n+1

£ +
sup| 1 (1) U5 * [AT) — T (0)(A) < G ———
n

s = (Ll —nl™) Al IXP.
>L

The proof of this result fundamentally builds on space-time adiabatic perturbation
theory [182, 180] and technical estimates originally derived in [17]. The latter show
that the operations necessary for the construction of the generator of the near-identity
automorphism in the definition of the NEASS in (8) (almost) preserve exponential
localization required for the Hamiltonian (see Section 4). As already mentioned in the
introduction, although the adiabatic theorem in [17] is at first sight quite similar to the
one above, it requires the perturbation to not close the spectral gap of the Hamiltonian
Hyj and is thus not generalized in the sense explained in Section 1.2.

3.1.2 Infinite systems

The next result is obtained from Theorem I by taking A; 7%, This requires the
interactions and the Lipschifs potential composing the Hamiltonian (1) to have a ther-
modynamic limit [123] in the following sense.

Definition 2. (Thermodynamic limit of interactions and potentials)

(@) Anexponentially localized time-dependent interaction @ € %Bj , o is said to have
a thermodynamic limit (have a TDL) if there exists an infinite volume interaction
¥ € B ;. such that

vneN,ie Ny, Me N : lim sup
k—oo tel

:O’

a,n, Ay

ii %
" (¥ — @™)(1)

. td . .
and we write ® — ¥ in this case.

An operator family is said to have a TDL if and only if the corresponding inter-
action does.

For more general (non-exponentially localized) SLT operators, the definition is
completely analogous.
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3 Adiabatic theorems for gapped quantum systems

(b) A Lipschitz potential v € 77 is said to have a TDL if there exists an infinite volume
Lipschity potential v,, € 77 such that

VMEN 3K>M Vk>K, tel: vy, = vt s,

. . td . .
Again, we write v — v, in this case. &

Note that, whenever & = ¥ for some infinite-volume interaction ¥, or v = v, for
some infinite volume Lipschit; potential vy, both & and v trivially have a TDL.

The following proposition is a standard consequence of Lieb-Robinson bounds and
shows that the property of having a TDL for interactions and Lipschit; potentials guar-
antees the existence of the thermodynamic limit for the corresponding evolution op-
erators [174, 56]. We remark that it remains true under less restrictive assumptions
on the localization quality of the interaction (see, e.g., Proposition 2.2 in [123]).

Proposition 3. (Thermodynamic limit of evolution operators)
Let Ky € L1400 and w € 77 both have a thermodynamic limit, i.e. O, u, Yk, and
w4, Weo for some ¥y, € B, and we € 77 . Set K = Ky +V,, and let Uk (t, )

denote the evolution family generated by K”(t) in scaled time withn > 0, i.e. the solution
to the Schrodinger equation

i S UM 1,10) = KO UM 1)

withUM%(ty, t,) = id. Then, there exists a co-cycle of automorphisms l[ZtO ¢ Aga = Aga
such that for all A € .,

Ul [A] = lim UENLA] = lim UPAC(L 1) AU ).

The co-cycle uZto only depends on ¥k, and wy, and is generated by the time-dependent
(closed) derivation (L (), D(Lk(p))) associated with K(t).

As mentioned above, since the following Theorem II is deduced from Theorem I by
taking Ay / Zd, we will need to assume the existence of a thermodynamic limit for
the building blocks of the Hamiltonian (1).

(INT;) Assumptions on the interactions. For ¥, ¥y, € %], for some a > 0
and vo, € 77 there exist Oy, Py € By and v € 77 with appropriate boundary
conditions (encoded in the definition of the norms defining the spaces & and the

Lipschifg condition) all having a TDL with the respective object as the limit, i.e. P, u,
lI/HO, @Hl i) lIlHl and v i Voo &
We also assume the convergence of ground states, by means of the Banach-Alaoglu

Theorem (the unit sphere in ﬂ%d is weak*-compact), essentially only in order to avoid
the extraction of a subsequence.
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(Sunif) Assumptions on the convergence of states. Assume that for every t €

the sequence (pé‘ “()) e Of ground states (naturally extended to the whole of #/4)
converges in the weak”-topology to a state py(t) on &/,4, which we call the gapped
limit ground state at t € I. o

We can now formulate the second generalized super-adiabatic theorem concerning
infinite systems with a uniform gap [123].

Theorem II. (Adiabatic theorem for infinite systems with a uniform gap [123, Theo-
rems 3.2 and 3.5])
Under the Assumptions (GAP i), INTy) and (Synif), there exists a near-identity auto-
morphism (1) = €Zs*'® with SLT generators S for any e,n € (0,1] and t € I, such
that the state

1990) = pof®) » 1)

is a super-adiabatic NEASS for the Heisenberg time-evolution on <f,q generated by
1 ;
=Wy with
g V() Wi
Yye := lI/HO + ¢ (va + q/Hl )

The crucial point in the proof of Theorem II in [123] is to show that the property
of having a TDL is designed in such a way that it is preserved under all necessary
operations for the construction of the NEASS (see Section 4). Therefore, also the near-
identity automorphism from (8) converges as Ay z? by means of Proposition 3.

3.2 Systems with a gap in the bulk

In this section, we drop Assumption (GAP,,;f) of a uniform gap for finite systems,
but merely work under the condition of a gap in the bulk, which is formulated via
the Gelfand-Naimark-Segal (GNS) construction in Assumption (GAPy,) below: Let
Y, € B, be an infinite volume interaction and &y, denote the induced derivation
on (a dense subset of) o/,a. A state w on &4 is called an Ly -ground state, if and
only if w(A*Zy (A)) > 0 for all A € D(Zy,). Let w be an Ly -ground state and
(&, 7, £2,,) be the corresponding GNS triple (%, a Hilbert space, n,,: o — L(#,,)
a representation and Q, € %, a cyclic vector). Then, there exists a unique densely
defined, self-adjoint positive operator H ,, > 0 on #,, satisfying

ﬂw(eitgHo [A]) = eltfho 7 (A) e oo and e Mo =Q, 9)

forall A € o andt € R. We call this H , the bulk Hamiltonian (or GNS Hamiltonian)
associated with ¥y and w. See [47] for the general theory.

We assume that ¥ has a unique gapped ground state in the following sense
(cf. [167, 122]):

(GAPpy k) Assumptions on the ground state of ¥y, .

(i) Uniqueness. For each t € I, there exists a unique Zp (;)-ground state py(t).
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3 Adiabatic theorems for gapped quantum systems

(ii) Gap. There exists g > 0 such that G(HO’ po(t)(t)) \{0} C [g,00) forallt €I

(iii) Regularity. For any strictly positive f € §'(R) (Schwarz functions), define P
as the set of observables A € o4 for which |A]; := [A] + supke]N(H(l -
Ea [AIl/ f(k)) < oo, where Ep, [[] denotes the conditional expectation
(see [123, Appendix C]). Then, for any A € Dy, t — py(t)(A) is differen-
tiable and there exists a constant Cy such that

suplfn()(4)] < Cr 4l o
te

The smoothness of expectation values of (almost) exponentially localized observ-
ables as under item (iii) is a rather technical condition and a consequence of a uniform
gap as in Assumption (GAP ) (see Remark 4.15 in [167] and Lemma 6.0.1 in [166]).
Although uniqueness of the ground state in item (i), which we required throughout the
paper, is expected to hold for the physically relevant type of Hamiltonian (4), it has
been shown, to our present knowledge, only in very specific quantum spin systems.
These include (a) weak perturbations of non-interacting gapped frustration-free sys-
tems [219, P1], and (b) short-range interacting frustration-free models fulfilling local
topological quantum order (LTQO) [176, 16].

Remark 4. As mentioned in the beginning of Section 3, item (ii) holds, in particular, if
one has a uniform gap for finite systems as spelled out in Assumption (GAP,,,¢), since
it cannot close abruptly in the thermodynamic limit for the GNS Hamiltonian (see
Proposition 5.4 in [20]). However, we observe that a considerably weaker sufficient
condition for having a gap for the GNS Hamiltonian as in Assumption (GAPyi) (ii) is
to have a gap in the bulk for the finite systems A in the following sense: There exists
& > 0 such that for all k € N there exists some [ = I(k) € N with (k) — o0 as k — oo,
and we have

PO O(A* 2k o TAT) 2 g (A" A) = g O ) (10)

forall A € o/, and allt € I, where p(;X *(t) denotes a suitable ground state of HOA k(t).

Indeed, assuming that pé‘ k() — po(t) for every t € 1,10 this simply follows after taking
the limit k — oo on both sides of (10) and realizing that, as k — oo, the set of admissible
observables A € o o exhausts &, which is dense in &/,4 by definition. The result-
ing inequality immediately yields the desired spectral gap for the GNS Hamiltonian
(cf. [47, Proposition 5.3.19] and [175, Section 7]). O

In the following, we shall present adiabatic theorems for infinite systems (The-

orem III) as well as for extended but finite systems (Theorem IV) under Assump-
tion (GAPpyk)-

10 Note that the sequence (p(;\ k¥ ())ken is compact for every fixed t € I (Banach-Alaoglu Theorem). Moreover,
it is shown in Proposition 5.3.25 in [47] that every limit point of a sequence of ground states associated to

a converging sequence of derivations Z, 13;‘(0 — &y, s a ground state of the limiting derivation.
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3.2.1 Infinite systems

Analogously to Section 3.1, the basic assumptions on the Hamiltonian say that it is
composed of exponentially localized interactions and/or a Lipschit potential. In addi-
tion, the Hamiltonian Hj satisfies a technical regularity assumption in ¢, for which we
recall that I C R denotes an open time interval.

(INT3) Assumptions on the interactions.

(i) Let ¥y,, Yy, € B] 400 be time-dependent infinite volume interactions and v, €
77 atime-dependent infinite volume Lipschify potential.

(ii) Assume that the map I — % o, t — Yp (1) is continuously differentiable.!! ¢

We can now formulate the third generalized super-adiabatic theorem concerning
infinite systems with a gap in the bulk [122].

Theorem III. (Adiabatic theorem for infinite systems with a gap in the bulk [122,
Theorem 3.4])
Under Assumptions (GAPpy) and (INTs), there exists a near-identity automorphism
BEN(E) = €750 on d.ya with SLT generators S®'1 for any e,n € (0,1] and t € I such
that the state
() == po(t) o f10)

is a super-adiabatic NEASS for py(t) and the Heisenberg time-evolution on 9., generated
by 1wy with

Y S EYH() W

Yye := lPHO +¢ (va + 'I/Hl)

The key role of the spectral gap condition is that it allows to construct an inverse of
the Liouvillian Z; (), appearing in the construction of the NEASS, which maps SLT
operators to SLT operators with slightly deteriorated locality properties. Hence, the
inverse of &y ;) is called the quasi-local inverse of the Liouvillian.'? Assuming a gap
only in the bulk, as done in (GAPy,j;), means that the action of the Liouvillian can
only be inverted in the bulk (see Section 4).

3.2.2 Extended but finite systems

Contrary to the results in Section 3.1, the adiabatic theorem describing an infinite
system with a gap in the bulk did not require any notion of having a TDL in its for-
mulation. Instead, in order to derive a finite-volume analogue from Theorem III (with

' Note that this technical assumption does not follow from ¥y € 9; ., as the spaces of smooth and
bounded interactions are defined via term-wise and point-wise time derivatives (cf. Section 2.2).

12 This particular phrase was used in [203]. Others call it local inverse [17, 165] or just inverse [124, 123,
174]. In [122], it was called SLT inverse. To avoid confusion, we want to reserve the SLT prefix for operators,
i.e. SLT operator or SLT generator, but not for maps between SLT operators.
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3 Adiabatic theorems for gapped quantum systems

qualitative additional error terms, see Theorem IV below), we need to introduce the
stronger notion of having a rapid thermodynamic limit for the exponentially localized
interactions and the Lipschits potential. We refer to [122] for a detailed discussion of
this property.

Definition 5. (Rapid thermodynamic limit of interactions and potentials)

(@) An exponentially localized time-dependent interaction ¢ € 9Bp, o, is said to
have a rapid thermodynamic limit with exponent y € (0,1) (have a RTDL,) if
there exists an infinite volume interaction ¥ € 9] , ., such that

vneN, ie NygILC>0VYM e Nvk> M+ AMY :
<Ce M (11)
a,n,Ay a '

ii — M
" (¥ — o)1)

sup
I

. td . .
and we write ® —— V¥ in this case.

A family of operators is said to have a RTDL if and only if the corresponding
interaction does.

For more general (non-exponentially localized) SLT operators, the definition is
completely analogous.

(b) A Lipschifs potential v € 77 is said to have a RTDL, if it is eventually independent
of k, i.e. if there exists an infinite volume Lipschits potential v, € 77 such that

MSOVYMENVE>M+AMY, t €]+ volt, g, = vt s,

. . rtd . .
Agam, we write v — v, in this case. O

In a nutshell, having a RTDL, means that the interaction (or the Lipschifs potential)
essentially agrees with a corresponding infinite volume object, up to terms located on
a thin shell with relative size of order k¥ ~! right at the boundary of A. Note that,
whenever @ = ¥ for some infinite-volume interaction ¥, or v = v,, for some infinite
volume Lipschifs potential v, both @ and v trivially have a RTDL, (with any exponent
y € (0, 1)).

The following Theorem IV is deduced from Theorem Il by comparing the time evo-
lution l[ig) and the near identity automorphism %7 in the definition of the NEASS on

the infinite system Z¢ with the same objects for large (but finite) systems Ay. There-
fore, we will need to assume the existence of a rapid thermodynamic limit for the
building blocks of the Hamiltonian (1).

(INT,) Assumptions on the interactions. The interactions @, Py, € By 400 and

the Lipschifg potential v € 77 all have a RTDL, ie. g, d, Y, Ph, rd, ¥y, and

v M, Voo The limiting objects ¥y, ¥y, and v, satisfy Assumption (INT3). o
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In Theorem IV we shall consider finite volume states p(;1 k(t), which are close to the
infinite volume ground state py(¢) away from the boundary in following sense.

(Spulk) Assumption on the convergence of states. The sequence (p(/)‘ k(t))ke]N of
states on &/, converges rapidly to py(t) in the bulk: there exist C € R, m € IN and

h € & such that for any finite X C 7% Ae Ay and A D X

suplpo(£)(A) — pg‘k(t)(A)‘ < C[lA] diam(X)™ h(dist(X, Z9 \ Ap). o
tel

While the sequence pé‘ K@) = py@)] dy, of simple restrictions satisfies Assump-

tion (Spyk) trivially, the adiabatic theorem ensures the existence of a super-adiabatic
NEASS constructed for any such sequence.!®> Most interesting for physical application

would be a sequence of ground states pé‘ k(t) of the finite volume Hamiltonians HOA k(@®).
While the above assumption is expected to hold for any sequence of finite volume
ground states for Hamiltonians modeling Chern or topological insulators like in (4),
the only result we are aware of indeed proving such a statement is again (see the
discussion below Assumption (GAPy,)) for weakly interacting spin systems [219].
In spirit, assuming (Spy) is very similar to supposing that the system satisfies local
topological quantum order (LTQO) [162, 176] or a strong local perturbations perturb
locally (LPPL) principle for perturbations acting at the boundary of the system [P1,
16].

We can now formulate the fourth and last generalized super-adiabatic theorem con-
cerning finite systems with a gap in the bulk [122].

Theorem IV. (Adiabatic theorem for finite systems with gap in the bulk [122, Theo-
rem 4.1])
Under the Assumptions (GAPpy), (INTy) and (Spuk), there exists a sequence of near-

sk

identity automorphisms % (t) = 750 with SLT generators S for anye,n € (0,1]

and t € I, such that the states
ITEA(E) = () » B (E)

are super-adiabatic NEASSs for the Heisenberg time-evolution l[fg M on o A, generated
by ’1—7 HEM% () with

LHOM) = L (Hp (1) + e (WE@) + H*(0)),

up to an error vanishing faster than any inverse polynomial in the distance to the bound-
ary. That is, for any n € N there exists a constant C,, and for any compact K C I and

3 This is why we wrote ‘(close to) a ground state’ in Definition 1.
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m € N there exists a constant (N?n’m’K such that forallk € N, all X C Ay, all A € dx and
all t, to eK

N,
I (1)U [AD — A (0)(A)|

€n+1 +,Un+1

<G
Ud+1

(1 +1t — o4+ AL | X[ (12)
+ Cumx (1+7 di d " 1A] di 2d
nm.K n dist(X, Z \Ak)) | A diam(X)=4.

The above theorem asserts that by assuming (GAP}k), one obtains similar adiabatic
bounds also for states of finite systems (without a spectral gap!) which are close to the
infinite volume ground state in the bulk as formulated in Assumption (Spyk). Since
adiabaticity potentially breaks at the boundaries of the finite systems, non-adiabatic
effects arising close to the boundary may propagate into the bulk. Therefore, an ad-
ditional error term appears, but it decays faster than any polynomial in the size of
the finite system for any fixed 5. The actual form of the additional error term in the
last line of (12) coming out of the proof in [122, Section 5] is slightly better but more
complicated, which is why we refrain from stating it here.

The main points in the proof of Theorem IV, which we discuss in Section 4, are to
show that (i) the property of having a RTDL, is preserved under all necessary opera-
tions for the construction of the NEASS (similarly as for Theorem II) and (ii) having a
RTDL, for an interaction provides an explicit rate of convergence for the associated
evolution family as in Proposition 3.

4 ldea of the proofs

The goal of the present section is to convey the main ideas relevant for proving the in-
dividual theorems from Section 3, where we already glimpsed the key steps required in
their proofs. For many technical details we refer the reader to the original works [203,
123, 122].

4.1 Systems with a uniform gap

The fundamental conceptual idea behind the proof for all four variants of the gener-
alized super-adiabatic theorems is a perturbative scheme, which was called space-time
adiabatic perturbation theory in [182, 180]. The basic structure of this computation is
most easily presented for finite systems, where no further technical difficulties arise
since all appearing operators are in fact matrices and thus bounded. However, it is
still necessary to show that all estimates are uniform in the size of the system Ayg.
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4.1.1 Extended but finite systems: Proof of Theorem |

The form in which we presented Theorem I differs slightly from the original result [203,
Theorem 5.1]. The original statement concerns a sequence ") = p(;\ (@) o
ﬂ;’”’Ak (t) of states on Ay (indexed by n € IN), where

ﬂE’U’Ak(t)[A]] - e_igys?f"(t) [A] and 63 z" Zf 3 &
n SHON A7

From this, Theorem I (and similarly all other three theorems) follows by a simple re-
summation of the ¢ & A;ff,, oy which will be discussed in Section 4.3 below.

.. . A . .
The main idea of the i)roof is to choose each operator Aj- G k@#),j=1,...,n,insucha

way that the j'"-order term in the perturbative scheme vanishes. For the n-dependent
result (i.e. prior to resummation), we apply the fundamental theorem of calculus to
get

t
1 ) (Ui LA -1 (1)(A) = - L a5 p MO (B U AT) (13)

and then aim to bound the integrand. Calculating the derivative by using the chain
rule and Duhamel’s formula leaves us with

A A i A A A,
O (A ORT A1) = =t @[ 0 AT @A) a9
where Qﬁ’"’Ak (s) is a shorthand notation for
n I (H () +1 f dp eSO gt 5 eitess™ )

+ eﬂfSﬁ'mAk (s) (HOAk (S) + SVAk (S)) eifSﬁ'”’Ak (s)

n
H () + Y IR (s) + e IRT s), (15)
j=1

and VA = VVA k +H1A k Here, JsAk (HOA k (s)) is the SLT generator of the parallel transport

within the vector-bundle E(f T over I defined by t — p(? *(t).* This parallel transport
is also known as the spectral flow, which plays a fundamental role in proving auto-
morphic equivalence of gapped ground state phases (see e.g. [23, 17]). Moreover, the

1 Since we assumed uniqueness of the ground state pé‘ k(t), the vector-bundle E(f % is one- dimensional If

this were not the case, one had to include further terms generating the internal dynamic in & I % (see [203,
123]).
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operator JSA" Ay, — 9y, is called the quasi-local inverse of the Liouvillian!? gﬁ:(s),
since it satisfies [17, 203]

pg‘k(s)([zﬁ(f(s) o 7B, - iBl,Bz]) =0 forall B.Byedy, sel, (16)

and also preserves good localization of its argument (in particular, it maps SLT oper-
ators to SLT operators). This combined property of JsAk heavily relies on the ground
state p(;‘ k(s) being gapped [17, 203, 174] and will be of fundamental importance in the
following.

In the last line of (15), we expanded in powers of ¢ and 7 in the sense that Rj’U’Ak (s),
for j < n, are polynomials in /¢ of order (at most) j with e- and n-independent SLT
operators as coefficients. A more detailed step-by-step calculation can be found in the
proof of Proposition 5.1 in [203]. Let us here only report the general structure

A R\ A SEMLA
R(5) = A1 2k (457 9) + B, (a7

where the first remainder term is given by
senA Ag (5
RyM(s) = 177 (Hy () = V(s)

~en A . A
and all other Rj-’n’ *(s) are composed of iterated commutators of the operators A;"""*(s)

and Aig”]’Ak (s), for i < j < n, with HOA *(s) and V(s). In contrast to general onsite
potentials, the commutator of a Lipschity potential with an SLT operator is an SLT
operator itself [203, Lemma 2.1]. For the commutator of SLT operators, this is easy to
see.

We now consider individual terms from (15) when plugged into (14). The zero-order
term vanishes, because p(/)‘ k(s) is the ground state of H(;‘ k(s). By application of (16) we
can iteratively choose

AT (s) = — (RN (s)) 1

such that (14) vanishes up to
ey A A A
i A O([RE 6 AT 6 0 T ]) (19)

Moreover, all the operations involved in calculating the A;’”’Ak (s), i.e. taking com-
mutators and applying the quasi-local inverse of the Liouvillian preserve the locality
properties of the operators as shown in the appendices of [203, 165], which are heavily

based on [17]. Hence, also all A;’”’A" are SLT operators.

A . .1 .
It turns out that also Rf{i’l * is a polynomial in n/e of order at most n + 1 and its

coefficients, as we just explained, are SLT operators [203, Proof of Proposition 6.1].
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Thus, the absolute value of (13) is bounded by

En+1

t
A A A A
|| ds (R0, 4 - w0 a )
0

sup [[(557) R o). 12 41|

s€lty t]

-l (37 (1 (S5 ranxe (20

é‘n+1 +’7n+1
<G d+1
n

n+1
<& -t
n

n+1

<Gt
It —tol (1 + It — to%) | Al X2,

where we essentially used a generalized Lieb-Robinson bound [203, Lemma B.5] to
estimate the commutator. Note that the (1 + (|t — |/ q)d)-factor comes from the Lieb-
Robinson bound and the adiabatic 1/5-scaling of the time evolution ;5. The (1 +

(n/€)"™1)-factor comes from bounding the interaction norm of RZLA *(s) by separating
the polynomial dependence on #5/¢ such that G, is independent of Ay, ¢ and . We
have thus shown that the NEASS almost intertwines the time evolution, i.e. item 1 of
Definition 1.

We are left with discussing the remaining three characterizing properties of the
NEASS given in Definition 1: By construction, all A;’”’Ak (t) depend only on HOA k@®)
and VA (t) and their jth derivatives at time ¢. This shows that the NEASS is local in
time, i.e. item 2. Moreover, if all time derivatives of Hy and V vanish for some ¢ € I,

then all non-constant (i.e. in front of some positive power of n/¢) coefficients in Rjg- -

vanish and Hrf’”’Ak ) = Hrf’O’Ak (t). This shows that the NEASS is stationary whenever
the Hamiltonian is stationary, i.e. item 3. If, for some t € I, HOA *(t) and V% (¢) vanish,
then ﬁi’”’Ak and thus Ai’U’Ak vanish. If additionally all derivatives of HOA *and VA at ¢t
vanish, also R]Ak (t) and thus A;’"’Ak (t) vanish. Hence, ﬂ;’”’Ak (t) = 14, and the NEASS
equals the ground state, i.e. item 4 holds.

The above listed general arguments immediately translate to the other three theo-
rems.

4.1.2 Infinite systems: Proof of Theorem Il

Without any further assumptions, the sequence Hamiltonian H*"* and its constituents
HOA * and V* could have nothing in common for different lattice sizes k (they might
even describe different physical systems), so taking the limit A, ,” Z¢ might not
be well-defined. In order to avoid this somewhat meaningless situation, we assumed

that the building blocks of the Hamiltonian have a TDL (see Definition 2 and Assump-
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tion (INT,)) and also the sequence of ground states (p(/)‘ k (t)) keN converges (Assump-
tion (Supif)). Since the property of having a TDL guarantees the existence of the
thermodynamic limit for the corresponding evolution operators (see Proposition 3
and [174]), it remains to show that the operator sequences (A;’”’Ak ) keNed = Loy
constructed in Section 4.1.1 have a TDL. More precisely, one needs to show that tak-
ing time-derivatives, sums of commutators with the building blocks of H* (and HO),
and the inverse of the Liouvillian (see (17)) leaves the property of having a TDL for
SLT operators invariant, which is in fact the main point of the proof in [123]. It is
then straightforward to show that compositions of states and automorphisms, all hav-
ing a thermodynamic limit, converge as A Z¢. Since the constant C, from (20) is
uniformly bounded in k, the (sketch of a) proof of Theorem II is complete.

4.2 Systems with a gap in the bulk

For systems having a spectral gap only in the bulk (i.e. for the GNS Hamiltonian), the
characteristic (16) of JsAk, that it essentially inverts the Liouvillian 313:(5) (and still
maps SLT operators to SLT operators), is now only fulfilled for certain B; and B, in
a dense domain & C o4 after taking the limit A, 7 72 (see [122, Proposition 3.3]).
Presuming that the limit actually exists, this point is the main challenge in proving an
adiabatic theorem under the less restrictive gap Assumption (GAPy ).

4.2.1 Infinite systems: Proof of Theorem Il

As just explained, the main difficulty in proving Theorem III is that (16) only holds
if Hé‘ * is gapped. On top of that, we cannot handle the limit Ay / Z¢ of the f?j’n’Ak
directly nor could they be used in the infinite volume version of (16) because it only
holds for By, By € & C &f,4. However, the rest of the construction from Section 4.1.1is
still valid, but the lower order terms in (13) have a non-vanishing contribution in finite

. . . . M AkA .
domains. We thus repeat this construction but take coefficients A; T2621(1), which are

built up from HOA *(t) but restricting the perturbations Hy(t) and V(t) to A; with [ < k.
In this way, one can take the limit A; ~ Z¢ in (16) with B; = limj_,e, ﬁ;’”’Ak’Al € Ay
(see (22) and (23) and the comment thereafter for technical obstructions in taking the

limit). Using this notational convention, we introduce the states

A A
1) = poe) « o o),
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where py(t) is the infinite volume ground state, and compare them to the actual objects
in infinite volume while estimating

1" (1) (U5 [AT) — T (£)(A)
2l 2 _ o AeA &A1
< | (t) (U, [AD) — T (to) Uz, [AD)

AR 1,0k, A AR, A
+ ™ ) (g M AT) - N A

+ | M @(A) - 6|

by means of the triangle inequality. Since all the interactions (and the Lipschits poten-
tial) have a TDL, one can prove [122, Section 5.1(b)] that the first and last summand
in (21) can be made arbitrarily small for k,! € IN large enough, and we can thus focus
on the second summand. However, since (16) only holds in the limit Ay 7% and

also po(t) is not necessarily a ground state of HOA k(t), the lower order terms in the
analogues of (14) and (15) do not vanish for finite k and I. Instead, only

. A AN A A
lim po()([Hy “(5). B () o 1T 4T ) = 0 (22)
and
. Ak A A A AR A
Jim po()([R7" 0 ™ (5) - w0 AT] ) = 0 (23)

for all I € IN and uniformly for s and ¢ in compacts. These statements require a careful
analysis of deteriorating localization properties along the expansion as well as con-
vergence estimates in norms measuring the quality of localization (cf. the norm [
introduced in Assumption (GAP}) (iii)), such that the limits really converge to the
infinite volume version of (16) with B; and B, in a dense domain & C &/4. For further
details, we refer to Proposition 3.2 and the statements in Appendix B of [122], which
are adaptions of technical estimates that were originally established for the proof of
automorphic equivalence with a gap only in the bulk [167]. Now, combining (22)
and (23) with the estimates on the first and third summand in (21), we conclude that
all the lower order terms vanish in the limit k — oo followed by [ — oo, which finishes
our sketch of the proof of Theorem III.
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4.2.2 Extended but finite systems: Proof of Theorem IV

Let us briefly explain the strategy to prove Theorem IV. In order to show (12), we first
estimate A A B
[T ) (e 4T AD) — 1 () A))

< [m M @) (UE AT - 1" () (U5 [AD)|
10" (@) Uz [AD) — 1" (6)(A)
+ I - )

(24)
+

and treat the three summands separately. The second summand corresponds to the
infinite system and can be estimated by means of Theorem III, such that it accounts
for the first contribution on the RHS of (12). We are left with bounding the remaining
two summands in (24). These contribute the additional error term on the RHS of (12).
To estimate them, we need explicit control on the speed of convergence (it must be
faster than any inverse polynomial) for the states (see Assumption (Spyji)) and auto-
morphisms ﬁ,‘i’r”Ak and uf;{f;Ak. For the time evolution ufjg)’Ak, the rapid convergence
to l[ﬁg) is ensured by supposing that the building blocks of H? have a RTDL (see Defi-
nition 5 and Assumption (INTy)). This was carried out in [122, Appendix B], building
on estimates from [174, Section 3]. We remark that the adiabatic 1/5-scaling of the
time evolution is responsible for the factor n appearing in the additional error term
in (12). In order to show that also ﬁ;’”’Ak — B sufficiently fast, we need to show that
all A;’U have a RTDL, i.e. the operations involved in constructing the generator of f,"
leave the property of having a RTDL (essentially) invariant (see [122, Appendix C]).
This finishes the sketch of the proof of Theorem IV and we refer to [122, Section 5.2]
for further details.

4.3 Resummation of the NEASS

As mentioned in the beginning of Section 4.1.1, the statements formulated in Section 3
require a resummation, which we explain in the following. First, note that the gener-
ator 65;’” of ﬁf," constructed above can be rewritten as 552"7 = Z;-l:l Z{:o sini_lAj,i,
where the coefficients A;; are time-dependent SLT operators and independent of ¢
and n. Now, it is easy to show (see [123, Lemma E.1]) that there exists a sequence
8; — 0 and constants G, such that the resummed generator

00 Jj
S = Z X0.11(€/6}) X101/ 7) Z enTA;; (25)
j=1 i=0

satisfies
||£SE"7 - eSﬁ’UHSLT <G, (" + 1),
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where |-|s T denotes an interaction norm similar to (5). Resummations of this type are
standard, e.g., in microlocal analysis [158] and the above estimate immediately leads
to the bounds (cf. [123, Lemmata E.3, E.4])

A ’
sup|[ [T A ()(A) — T4 (1)(A)] < G (" + ) A X[ (26)
tel

and
1128 (1) (g4 [AD) — 1 (1) (U [AD)|

, &+t (27)
<G (D AL

uniformly in the size of the system Ag. In the context of Theorem II and Theorem III,
corresponding estimates hold in infinite volume, i.e. without the subscript Ag.

Next, since the sum in (25) is finite for every fixed ¢ > 0, also the resummed gen-
erator S*7% has a TDL as soon as Sf{”’Ak has a TDL. Therefore, the states IT5""%
constructed using the S* instead of the e have a well-defined thermodynamic
limit IT7 (see [123, Lemma E.2]) and since the bounds (26) and (27) are independent
of Ay, they also hold for the respective objects in the thermodynamic limit. Hence, the
results formulated in Section 3 can be concluded by combining the n-dependent state-
ments discussed earlier in this section with the bounds (26) and (27) (or their infinite
volume correspondents).
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1 Introduction

We show that extended fermion systems subject to homogeneous magnetic fields ex-
hibit a form of bulk-edge correspondence in the thermodynamic limit, namely exact
equality of magnetization and edge current, at positive temperatures. Roughly speak-
ing, our assumptions are finite-range interactions, homogeneity in the bulk of the
Hamiltonian, and local indistinguishability of the Gibbs state. The first two are ex-
plicit assumptions on the Hamiltonian, the last is known to hold for sufficiently high
temperatures [139] and expected to hold much more generally.

In [65] a similar result was established for non-interacting fermion systems. There
it is also shown, how this result relates to the better known bulk-edge correspondence
of the transport coefficients: Under the assumption of a gapped ground state and in
the zero temperature limit, the derivative of the magnetization with respect to the
chemical potential converges to the Hall conductivity and the derivative of the edge
current with respect to the chemical potential converges to the edge conductance. In
this paper we establish the differentiability of the magnetization with respect to the
chemical potential also for interacting systems and thus also the equality of the corre-
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sponding derivatives.

Let us now be more specific. We consider a system of interacting fermions mod-
elled by a sequence of finite-range Hamiltonians (Hy(b)); defined on boxes A; =
{—L,...,L}x{0,..., 2L} and dependent on a homogeneous magnetic field b perpendicular
to the plane. We think of A; as a subset of the upper half plane of Z? and consider a
strip {—L, ..., L} x{0, ..., D — 1} of fixed width D as the edge region and its complement
as the bulk. In the bulk we assume translation invariance of the Hamiltonian with
respect to magnetic translations.

For inverse temperature f§ > 0, chemical potential y € R, and magnetic field b € R
the Gibbs, or thermal, state is defined as

I GACRT
Z1(B, . b)

where /] is the number operator and Z;(f, u,b) := tr(efﬁ(HL(b)fﬂ/VL)) is the par-
tition function. In the absence of interactions, py(f, u, b) is naturally a local object,
namely it has an integral kernel in which it is possible to identify a bulk and an edge
region, see e.g. [65]. However, in the interacting setting, the locality of pr (S, y, b) is
a delicate issue, which has been investigated e.g. in [67, 66, 219, 139, 98], see also
the more recent [P4]. In the present work locality of the Gibbs state in the form of
local indistinguishability is one of the crucial assumptions: Let X ¢ A’ C Ay, then we
assume that the expectation value of an observable A € o/x can be approximated by
the Gibbs state of the Hamiltonian restricted to A’,

tr(pL (B, 1, b) A) = tr(par (B, 1, b) A),

up to terms that vanish in the distance of X to the boundary dA” of A’. A subtle point
here is that the definition of 9A” depends on whether we consider A’ as a subset of
Z? or as a subset A;. In the first case dA’ could include parts of the physical edge
{—L, ..., L} x{0} and local indistinguishability is only demanded for X in the bulk of the
system. In the second case local indistinguishability is also required for X located at
the edge of the system. For this reason we speak of local indistinguishability in the bulk
for the former case and local indistinguishability everywhere for the latter. Note that
in our setting a sufficient condition implying local indistinguishability everywhere is
a sufficiently high temperature [139]. However, for systems with short-range interac-
tions, one may generally expect local indistinguishability to hold away from critical
points, i.e. whenever the system has a unique thermal state in the thermodynamic
limit. Such a state has decaying correlations [199, chapter 4], which implies local in-
distinguishability, at least if the decay is sufficiently fast [P4].

The magnetization is defined as the derivative of the grand canonical pressure

pr(B k) = —|AL["! B In(Z (B, . b)) with respect to the magnetic field b, namely

pL(B, p,b) = (1)

mi(B.pb) 1= = pu(B. b @
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P3 Equality of magnetization and edge current at positive temperature

Our main result states that whenever the family of finite volume Gibbs states satis-
fies local indistinguishability in the bulk then the magnetization approximately equals
the bond current Ifdge(ﬁ, i, b) through an orthogonal line of length L at the lower edge
of the sample, see Figure 1 and equation (9),

Ime(B, pb) = IF%(B, p,b)] = O(L™). (3)

Moreover, this current is very well localized near the edge and thus called edge cur-
rent. Both statements are contained in Theorem I and depicted in Figure 1. Further-
more, if the finite volume Gibbs state satisfies local indistinguishability everywhere,
then we show that the thermodynamic limit m(f, u,b) := limj_,., my (B, u, b) exists
and obtain an equality between the edge current I°%¢(f, 11, b) and the magnetization
m(p, y, b) in the infinite volume system, see Theorem II. And while the orbital magne-
tization my (f, p, b) and the edge current Ifdge(ﬂ, u, b) of the finite systems in principle
depend on the bulk and edge part of the system, we show that the limits m(f, y, b) and
1°98¢(B, 1, b) are independent of the specific shape of the interactions at the edge of
the system.

However, since we obtain the infinite volume magnetization m(f, y, b) from a limit
of finite systems with edges converging to a system on the upper half plane with an
infinite edge, one might ask whether m(f, y,b) can be considered a pure bulk quan-
tity. To answer this question in the affirmative, we show in Theorem IV that the
magnetization obtained from any KMS state at (f, p1) for the translation invariant bulk
Hamiltonian defined on the entire plane coincides with m(f, p, b).

Finally, in Theorem Il we establish the differentiability of m(f, p, b) with respect to .
By comparison to the non-interacting setting, one would expect that, in the presence
of a spectral gap and with weak interactions, the zero temperature limit of 3,m(f, y1,b)
converges to the quantized Hall conductivity. While this result is not present in the
literature and out of the scope of the paper, we show here a preliminary regularity
result of m(p, p, b) with respect to p.

A crucial ingredient to our proofs is a new version of Bloch’s Theorem for two-
dimensional systems. We show that local indistinguishability together with current
conservation implies that currents decay quickly with the distance to the edge, or,
put differently, that in equilibrium currents can only flow near the edge of a sample.
See [215, 21] for recent related results and the discussion below.

Let us end the introduction with a few more comments on the literature. As already
mentioned, analogous mathematical results relating magnetization in the bulk with
edge currents for non-interacting systems were obtained in [65], with predecessors
e.g. in [7, 155, 143]. Notice that the equality between edge current and magnetiza-
tion in two-dimensional systems can be also interpreted as a quantum mechanical,
microscopic version of Ampére’s law, as it is sometimes addressed in the physics liter-
ature, see for instance [177], where the effect of a time-dependent magnetic field on
the magnetization of localized states is analyzed in a discrete, non-interacting setting.
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>

Figure 1. Pictorial representation of our main results: For locally interacting fermions
on a two-dimensional lattice with perpendicular magnetic field b, satisfying local in-
distinguishability (see details in section 2.1) at positive temperature, the edge cur-
rent Ifdge, which is the bond current through the vertical line, is localized near the
boundary and approximately equals the magnetization m (Theorem I). The latter is
a bulk quantity, i.e. it converges in the thermodynamic limit L — oo and does not
depend on the details near the boundary (Theorem II). This independence allows for
the rough edges in the picture.
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The existence and properties of edge states of magnetic Schrodinger operators were
studied e.g. in [91, 68]. The mathematical literature on bulk-edge correspondence
for transport coefficients is vast but concerns almost exclusively non-interacting sys-
tems at zero temperature and with a gap in the bulk, e.g. [197, 82]. In [95, 92, 96]
the authors derive, starting from the assumption of an incompressible bulk, effective
actions for the bulk and the edge system. While they do not start from a many-body
fermion model as we do, they are able to derive much more far-reaching consequences
for quantum Hall systems from a seemingly innocuous assumption about the bulk. In
microscopic models of interacting fermions the bulk-edge correspondence of trans-
port coefficients was established at zero-temperature for weakly interacting gapped
systems in [100, 159].

2 Mathematical framework and main results

2.1 The Hamiltonian

Let Z, = Z n [0,0) and Z2 = Z x Z.., both equipped with the 1-metric dist(x, y) :=
Ix; — y1| + |y — y»|. For any finite subset X € Z? let hy := €2(X,C*) be the one-
body space and Fx := F (hx) the corresponding fermionic Fock space. By o/x we
denote the algebra of all bounded operators in & (& x) that commute with the number
operator Ny = Yex @y x 1= Dyex D1 Gy j and by o 1= Uxezz Ix the
algebra of all local observables that preserve particle number. Its closure

A = o

is a C*-algebra and called the quasi-local algebra.
We consider sequences (Hp(b))ren of Hamiltonians defined on boxes A; :=
([-L,L] x[0,2L]) n Z? that are of the form

H®= ), a™xya+ ), ™0
x,yEAL XCAp

+ Z a;dege(x,y)ay+ Z oedse(X) )
X, YEAL XCAp

=: Z ay Ty(x,y) ay + Z d(X).

x,yEAL XCAp

We sometimes need to restrict this Hamiltonian to other finite sets A” C A;. In this
case we write Hy(b)|,, which means that the sums in (4) only run over x,y € A” and
X C A, respectively.

The Hamiltonian is split into a “bulk” part, which is invariant under magnetic trans-
lations and an “edge” part, which lives on the lower edge. Each consists of two contri-
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butions: The kinetic terms
Tbbulk/edge (x,y) := ei#b(h =) Thulk/edge (x,9) (5)

are a Peierls phase times a hopping amplitude TPulK/edge. 72 « 72 _, (C%), which
is uniformly bounded sup, ¢z ||Tbulk/ edge(x, y)| < C and satisfies hulk/edge(y 1) =

*
Thulk/ edge(y, x) . The interactions
@bulk/edge . X e ZZ} - Hoey X > @bulk/edge(x) €y

are self-adjoint, the terms are uniformly bounded, sup y 2 |@bulk/edge(x)| < C, and
the corresponding operators } x4, gbulk/edge( Xy are assumed to commute with all
local number operators /4, for z € Ar. The last condition is satisfied, e.g., for density-
density interactions or external potentials.

Furthermore, all terms are assumed to be of finite range R € IN, i.e. bulk/edge (x,y) =
0 if dist(x, y) > Rand gbulk/edge(x) = 0 if diam(X) > R. As mentioned above, the bulk
contributions are assumed to be invariant under magnetic translations, i.e. Tbulk(x —
z,y — z) = T""%(x, y) only depends on the difference x — y and ®*"I¥ satisfies (20).
And the edge contributions are supported on a strip of fixed width D along the lower
edge, i.e. Tedge(y, y) = O unless x,y € Z x{0,1,...,D — 1} and @°d8e(X) = 0 unless
X c 7Zx{0,1,..., D—1}. Without loss of generality we choose D > R, since the presence
of the boundary already modifies the Hamiltonian in Z x {0, 1,..., R — 1}.

A canonical example of a magnetic Hamiltonian with interactions is the Hofstadter-
Hubbard model, i.e. the second quantization of the discrete magnetic Laplacian to-
gether with an on-site density-density interaction. More precisely, for the Hofstadter-
Hubbard model we have f,; = c?,

T (x,y) = idee “Ox—yj=1» and oPulk(x) = 181 Ox2 Gy g " OxX={x}s

which leads to

X2+y2

HH _ i b(x;=y1) * * *
Hp(b) = Z e 2 Z Ay j ayj+ Z Ax,1 Gx,1 Gx,2 Ox,2-
x,yEAL : je{1,2} x€AL
lx—yl=1

Near the edge, one could, for example, add an external potential fDedge(X)
P(x) Njxy Sx=xy or effectively remove individual sites by subtracting all hoppings
connected to them.

For a finite subset A € Zi, a Hamiltonian H € ¢/,, inverse temperature f > 0,
chemical potential ¢ € R, and magnetic field b € R we denote the grand canonical
partition function by

FAHI(B,p) := tr(ePH#AW),

125



P3 Equality of magnetization and edge current at positive temperature

and the Gibbs state by
e~ PH=pNy)

ZalHI(B. 1)

When we consider truncated Hamiltonians in the proofs, we drop the index and infor-
mally write p[HL(b) A'] B, 1) = par [HL(b) A,] (B, ). On the boxes A} we abbreviate

'/VL = '/VAL’
Z1(B, p.b) = Za, [HL(B)] (B, 1)

pAlH)(B. ) =

and
pL(B. 1.b) = pa, [HL(B)] (. ).

The key hypothesis for our results is that the Gibbs state is locally determined by the
local terms in the Hamiltonian. This property is often called local indistinguishability
and made precise in the following definition.

Definition 1 (Local indistinguishability of the Gibbs state). Let {: Ny — R, be non-
increasing with lim, ., {(n) = 0 and g: R, — R, non-decreasing with g((2R + 1)* +
1) = 1. The family of Hamiltonians (Hy (b)) is said to satisfy local indistinguisha-
bility of the Gibbs state at (B, j, b) with {-decay,

(a) in the bulk ifand only if forall Le N, X C A’ C Ay and A € L (Fx) Cc A

ltr(pL(B, 1, b) A) — tr(pp [HL(B)| 4 ] (B, 1) A))|

6
< JAl g(1X1) ¢ (dist(X, Z* \ A")), ©)
(b) everywhereifand only ifforall Le N, X Cc A’ C Ay and Ae L(Fx)Cc A
ltr(pp (B, . b) A) — tr(pa [HL(B)] 5, ] (B, 1) A)| o
< |A] g(1X1) £(dist(X, Ap \ A)). o

Note the difference between Z \ A’ and A; \ A’ in the distance in (6) and (7), if
A’ includes parts at the boundary of A;, see Figure 2. In particular dist(X, Z2 \ A”) =
min{dist(X, Ay \ A”), dist(X, Z% \ Ap)}, so indistinguishability everywhere implies the
property in the bulk. This distinction is useful, because we expect a better decay in the
bulk and a worse decay at the boundary due to the presence of edge states. For some of
the statements we however need local indistinguishability also near the boundary and
might accept a slower decay. In particular, local indistinguishability directly implies
decay of correlations, see Lemma 13, and we do not expect that to hold with good
decay near the boundary due to edge states, see e.g. [159].

For most of our results, we will require local indistinguishability with decay at least
{ € ¢!, but any better decay will yield better results, in particular concerning local-
ization near the boundary. For example, local indistinguishability everywhere with
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2 Mathematical framework and main results

* A

Figure 2. Sketch of the two dis- L
tances used in Definition 1. If
the Hamiltonian satisfies local in- - |. - - e e e e e
distinguishability in the bulk, the S | oo o o o oo
bound (6) decays in the distance to P e,

the boundary of A’ (in Z?). While lo- s HOL, Ay N AL
cal indistinguishability everywhere
also gives a good estimate if X is
close to the boundary of A” as long
as the boundaries of A” and A; coin-
cide in that region.

A

disx, 225 A0,

exponential decay function ¢ is known to hold for sufficiently high temperature in
systems with finite-range interactions [139, Corollary 2 and 5]. The decay rate and
constants depend on f, but can be chosen uniformly for small . As is shown in [P4],
decay of correlations at some positive temperature implies local indistinguishability
at the same temperature, and the converse also holds, see Lemma 13.

The normalization in Definition 1 is chosen such that all later bounds, where we
always restrict to sets |X| < (2R + 1)? + 1 so that g(IX]) < 1, do not depend on g. We
need to allow for larger X only to define the thermodynamic limit p(f, i, b).

2.2 The edge current and the magnetization

Denote by Bf(£) :={y € A |dist(x, y) < £} the ball around x in A} with radius ¢. The
set B (R) contains all points which have non-vanishing interaction with x. Then the
current operator Ji(b) has components (k = 1,2)

Jor®) =X HH®)| =i| Y zaia, Y. aiTy(x.y)ay,

ZEA] X, yEAL

=iy >, (x-warTy(xy)ay,.

x€A; yeBi(R)

We now rewrite this sum as a sum of currents through edges of the dual lattice. For
that, denote by e, , C R? the dual edge which intersects the edge between lattice points
z and z+&;, and by e, the edge together with the attached vertices (see Figure 3). Here,
& denotes the unit vector in k direction, e.g. & = (1,0). Moreover, denote by Xy C R?
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P3 Equality of magnetization and edge current at positive temperature

e Figure 3. The figure shows a small sec-
® e ° ® ® ® tion of Ay and two points z and z’ € Ap
z with their dual edges e; , and e, ./, respec-
z tively. For z, also all lines Xy which con-
[ ] [ = = 4 ® [ ] ([ ]

tribute to Ji;(b) for R = 2 are drawn.
The light blue lines only intersect the end-
o b ® b ° ° points of & , and thus come with a prefac-
tor 1/2 in (8)

the line connecting x and y. We define the current through the dual edge ¢ , as

i * *
Fu® =3 ¥ sgnCu-war i ay+ Y sty a i ay ). ©)
X,yeAL: x,yEAL:
Xy ey, #D Xy ne,#P

Thus, each hopping tern:z,’? Ty(x,y) ay is included once m_],f 1 (b) if Xy intersects the
dual edge e ,, or half if xy intersects only the endpoints e , \ e , of the dual edge. In
the latter case it appears for twice as many different z. Since Xy intersects |x — y|
vertical lines we can rewrite

L-1 2L 2L—1
hi® =Y Ym0 and k) = Z Z 0!
m=—Ln=0 m=—L n=

by summing over all edges. Note, that the L-dependence of J; (b) only stems from
missing hopping terms near the boundary, and we define

JE®) = J7, ()

for all L > |z;| + Rand 2L > z, + R consistently.
Moreover, for d € {1, ..., L}, we define the edge current as

d—1

Iiiedge(ﬂ’ b)) = Z tr(pL(ﬂ= u,b) ](0 n)(b)) ©)

n=0

and introduce the shorthand I£%¢ = [}¢d2¢ for the current along the lower half of
the system A;. By current conservation it equals the currents through lines connect-
ing the center of A; with the midpoints of the other boundaries of Ay, see proof of
Proposition 9, we only choose this edge because it persists in the thermodynamic limit
L — oo in our geometry.
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2 Mathematical framework and main results

It remains to recall the definition of (orbital) magnetization. For inverse temperature
B > 0, chemical potential € R, and magnetic field b € R, the grand canonical pressure
is given by

pu(Bob) := (2L + 1) 2~ n(Z1(B. . ), (10)

and the magnetization by

mi(B.pb) = = pr(Bub)

2.3 Main results

Our first main result deals with the magnetization and the edge current at finite vol-
ume. For this type of result only local indistinguishability of the Gibbs state in the
bulk is needed.

Theorem L. Let {P"% € ¢! and (H,(b))1ew be a family of Hamiltonians of the form (4).
Then, there exists a null sequence 6 and a constant C > 0 such that the following holds:
If (H (b)) 1en satisfies local indistinguishability of the Gibbs state in the bulk at (f, p1, b)
with ("X _decay in the sense of Definition 1, then

my (B, 1, b) — I£9€°(B, 1, b)| < O(L)  forallL>D+R. (11)
Moreover, the edge current is localized near the edge in the sense that forall L > d > R+D
|1 ed8e(B, 1, b) — I§%€S(B, . b)| < € ) Pk (n). (12)

n=d—R-D

Remark 2. The sequence 6 is given as a function of " by (30). If Pk () < €’ (r +
1)_(”+1) withn > 1, then 0(L) < C” L~/(+2) and (12) is bounded by C”” (d —R—D)™.
While (12) scales basically like g"b“lk, the best possible decay in (11) is 6(L) ~ 1/L,
which results from the fact that the fraction of the total area occupied by the boundary
scales like 1/L in two dimensions. However, unless both the magnetization and the
edge current vanish, no better decay can be expected even in the non-interacting case,
cf. [65]. o

Then, if we further assume local indistinguishability of the Gibbs state everywhere
we can also analyze the thermodynamic limit of (12). First, notice that if the family
of Hamiltonians (Hy (b)) satisfies local indistinguishability with { edge_decay every-
where, then for all finite X € Z2 and all observables A € o/ the expectation values
tr(pr(B, 1, b) A), which are defined if A} D X, form a Cauchy sequence in L, and we
define peo(f, 1, b)(A) to be its limit. Thus, there exists a unique thermodynamic limit
state poo(f, p1, b) on 9., and we can define the edge current in this state by

d
4 edge(lg’ 1,b) 1= po(B, 1, b)<z Jl(O’")(b)). "
n=0

129



P3 Equality of magnetization and edge current at positive temperature

Theorem IL. Let {P% € ¢! and 98¢ tend to zero. Let (Hy(b))1en be a family of Hamil-
tonians of the form (4) satisfying local indistinguishability of the Gibbs state at (f, j1,b)
with (P"%_decay in the bulk and (°%8¢-decay everywhere, in the sense of Definition 1.
Then the thermodynamic limit

m(p, p,b) := Lim mr (B, p,b) (14)
exists, and the total edge current

148¢(B, 1, b) 5= lim 19¢98¢(B, . b), (15)

satisfies

m(p, i, b) = I°%€(B, . b).
The edge current is localized near the edge in the sense that there is C > 0 so that for all
d>D+R

|Id edge( B 11 b) — Iedge(ﬂ’ wh)<C Z §b1ﬂk(n).
n=d—R—D

Moreover, m(f, j1,b) and I1°9€°(, 11, b) are independent of the specific edge contribu-
tions dege and d°dge.

The precise statement on the independence from the edge Hamiltonian is given in
Proposition 12, where we also derive an explicit bound on the difference of the finite-
volume edge currents, see (33).

Note, that local indistinguishability everywhere with {¢48¢-decay implies local indis-
tinguishability in the bulk with decay at most {P"K < 748 But we assume the decay
in the bulk separately in order to take into account the possibility that the localization
properties of the edge current might be better than its speed of convergence in the
thermodynamic limit, cf. Proposition 10, which is the situation in the non-interacting
setting [65, 168].

Remark 3. We present Theorems I and II with an edge interaction only at the lower
boundary for simplicity. The proofs allow for a more general setting where an inter-
action can be added on all four sides. Moreover, then the magnetization m(f, y, b) and
the edge current I edge(B 11, b) are independent of these boundary perturbations. More
precisely, we have the following: For each L € IN let ®2°undary be a finite-range inter-
action supported on Q; := A;\[-L+ D, L—D]x[0,2L— D], a strip of width D around
the remaining boundaries of A7, commuting with all local number operators .4{,; and
with interaction terms bounded uniformly in L, and let Tg’oundary be a hopping as in (5)

with TPoundary cuphorted on Q;. Let (Hp(h))1en be a family of Hamiltonians of the
form (4) and let

H(b) :=Hy(b)+ Y, as TP day(x,y)a, + Y apounday(x),
X, YEAL XCAp
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2 Mathematical framework and main results

Then the respective statements of Theorem I and II also hold for the family of Hamilto-
nians (H; (b))en- Moreover, if both H; (b) and H; (b) satisfy local indistinguishability,
then m(B, 1, b) = m(B, y,b) and I¢98¢(B, 1, b) = 1°98¢(B, 1, b) are independent of the
boundary terms. o

Supposing that the assumptions of Theorem IT hold uniformly in some open interval
of chemical potentials around p, we obtain differentiability of m(f, u, b) with respect
to u and thus, as explained in the introduction, a further step in the direction of proving
the equality of transport coefficients.

Theorem IIl. Let n +— n? gedge(n) € t!. Let (Hi(b))ren be a family of Hamiltonians
of the form (4) satisfying local indistinguishability of the Gibbs state everywhere with
798 _decay at (B, i, b), for p in some open interval. Then m(p, 1, b) and I°98(p, i, b)
defined in Theorem II are differentiable, and thus

3, m(B, j,b) = 3, I°%€<(B, 1, b).

Remark 4. As we already know from Theorem II that m(f, y,b) = T edge(/)’, 1, b), Theo-
rem III will follow from differentiability of I edge( B, i, b), see Proposition 17. Addition-
ally, we prove a quantitative bound for the difference of the two quantities in finite
volume in Propositions 18, and localization near the boundary in Proposition 17. ¢

An important ingredient in the proof of Theorem I is the vanishing of the equilib-
rium current in the bulk. This result is known in the literature as Bloch’s theorem (see
e.g. [215, 21] and references therein) and has an importance on its own. In our setting
with open boundary conditions, it is just a consequence of current conservation cou-
pled with the local indistinguishability of the Gibbs state. This allows for better decay
rates than in the setting with periodic boundary conditions.

Proposition 5 (Bloch’s Theorem). Let (P be a null sequence and (Hy(b))en be a
family of Hamiltonian of the form (4). There exists Cg > 0 such that the following holds:
If (Hp(b))1en satisfies local indistinguishability of the Gibbs state in the bulk at (f, p1, b)
with (K _decay in the sense of Definition 1, then

|tr(pL(ﬁ, 1, b) ],f’L(b))| <Cy {b‘ﬂk([dist(z, 7>\ A;))-D- R] +). (16)

We have established the equality of the edge current and the magnetization and
proven that the edge current is an edge quantity in the sense, that it is localized near
the edge. Finally, we argue that the magnetization is a bulk quantity by showing
that it can be obtained directly in the infinite volume without any edge. Denote by
By :=[~L,L]? n Z? the boxes centered on the origin and let

HPUMN ) = Y @ T (x, y)ay, + ) @PUIK(X) (17)
x,y€BL, XCB;
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P3 Equality of magnetization and edge current at positive temperature

be the bulk Hamiltonian and
7"(4) = lim RGN ORI LG ORI (18)

be the infinite-volume dynamics generated by the bulk Hamiltonian (adjusted by the
chemical potential). Following the arguments from [11] we will first show that the
pressure of the infinite volume limits of the edge and bulk system agree. Under a
somewhat stronger hypothesis and using ideas similar to Theorem III, the magnetiza-
tion m(f, u, b) can then also be obtained directly in the infinite-volume system.

To this end, note that the pressure for general states p on o/p, is defined as

P(p) i=tr(p (HPUN(b) = p¥p,)) = BV S(p) with  S(p) := —tr(pInp),  (19)

which agrees with —~! In Zs, [Hfulk(b)] (B, 1) for the Gibbs state of Hfulk(b),
compare (10). The following theorem states that the pressure per unit volume,
limy e P(w|p,)/(2L + 1)%, where w|p, is the restriction of a bulk equilibrium state w
to o/, , equals the thermodynamic limit of the pressure in the system with an edge.

Theorem IV. Let (H;(b))rew be a family of Hamiltonians of the form (4). For any
B >0, u, b €R the thermodynamic limit

p(B, . b) := ngr;o (B, 1, b)

of the pressure exists and is independent of the boundary terms. Moreover, for any
(P, B)-KMS state w the pressure per volume of w equals p(f, 1, b),

_ P(ols,)
p(B. p.b) = ngrolo m

Additionally, given {P"¥ € ¢! and °98¢ tending to zero, assume that (HL(B)); o sat-

isfies local indistinguishability in the bulk with {*"-decay and everywhere with {°98¢-

decay at (f, p,b), for b in some open interval. Then b — p(p, p,b) is differentiable and
its derivative agrees with the magnetization m(p, y,b) defined in (14),

dp p(B, p, b) = m(B, u,b).

3 Proofs

3.1 Bloch’s theorem

This section is devoted to the proof of Bloch’s theorem, namely Proposition 5. The
proof is based on the bulk homogeneity of the system and on the continuity equation
for the current provided by Lemma 6, together with the local indistinguishability as-
sumption for the Gibbs state. The homogeneity in the bulk of the system is encoded in
the invariance under magnetic translation, which we briefly recall in the next section.
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3 Proofs

3.1.1 Magnetic translations
On the one-particle Hilbert space §j = £2(Z?) of the full lattice Z?, for y € Z? and b > 0
the magnetic translation U, (b) is defined by its action on ¢ € h as

(Uy(b) P)(x) = elby2x Y(x —y) with adjoint (U;(b) P)(x) = e iby(xi+y1) U(x + ).
Then, in second quantization, for which we use the same symbol, we obtain
Uy (b) az Uy (b) = e ¥:b% g
With this definition, the kinetic part of the bulk Hamiltonian (4) is invariant under
magnetic translations since

. X2ty
Ur() as Uy(b) ™2 7 1hulk( ) UF(b) a, U, ()
. X2+)2
a;_z elb 22

Uy (b) a; T (x, y) a, U (b)

2z9x1 | . 22y
= +ib— Tbulk(x -z,y-2) ay_,

(e —y1)—-ib

=a;_, Tg’“lk(x —z,y—-2)a, .

Moreover, we assume that the bulk interaction @bulk

lations, namely

is invariant under magnetic trans-

U () PR (X) U, (b) = dPuIk(X — 2). (20)

Hence, the complete bulk part of the Hamiltonian (4) is invariant under magnetic
translations, and

U; (0) H (D) Uy (6) = HL ()|,

for X ¢ Ay and z € Z? such that dist(X, Z? \ A;) and dist(X — z, Z? \ A;) > D. This
property carries over to the local Gibbs state in the sense, that

U; (b) p[HL )| | (B. ) U (0) = p[HL(B)| | (B. 1)-

Moreover, the above calculation also shows that U} (b) ],3/ B)U,b) = ],3/ “(b) for all
V2,29 = R+ D, due to the simple structure of ],i/ (b). Then, it follows that

tr(p[Hy (0| | (B. 1) i B)) = tr(p[ HL(B)|y,_, | (B. 1) JT 7 (B)) (21)
if X, y and z fulfill all mentioned conditions.

3.1.2 The continuity equation

We prove the continuity equation for the local currents defined in (8) and the resulting
current conservation for stationary states. These two facts play a key role in the proof
of Bloch’s theorem.
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P3 Equality of magnetization and edge current at positive temperature

For this purpose, let us define the dual edge boundary of a set Z C Ay as

{-L,...,L— 1}>

z€Zandz+e e Ap\Z or}
x{0,...,2L — 1}

0rZ :=3(k,z) €{1,2}x .
A {( )eiL ( z€A\Zandz+ ¢, €Z

This is exactly the set of labels (k, z), such that the union of the dual edges ¢, is the
boundary of the set | J,c,, z + [-1/2,1/2] in Uzea, 2 +[-1/2, 1/2]%.

Lemma 6 (Continuity equation). For any z € Ay, the currents defined in (8) satisfy the
continuity equation

% IO e—iHL(b)t‘ = div, J{,0)

t= A ) (22)
= JEL(0) = T 0) + T5(b) = Ty (D).

Proof. Calculating the derivative, we find

4 o) Ny e O

= o = 1 LHL(). )]

=iy [a T(xy) ay, M)
x,yEAL
=i Z a; Ty(x,z)a, —i Z a; Ty(z,y) ay
xeAN\{z} yeA Nz}
=i) @ Ty(x.2)a; — a} Ty(z,x) ay,
xeAN\{z}

where we used that [ZZCAL obulk(z), Mg = [ZZCAL @edee(2), N3] = 0 by assump-
tion.

It is left to rewrite the sum in terms of J{;(b). Each xz in the sum will cross the
rectangle around z formed by the four dual edges e; ;, ;¢ , €;, and e, ,_¢, of the
dual lattice at one point. If this point lies within a dual edge e 4, the term in the sum

will contribute to ]IZ 1 (b) with weight 1. Otherwise, Xz crosses the rectangle at a corner
and the contribution is attributed evenly to the two adjacent dual edges with weight
1/2. The sum on the right-hand side of (22) still contains some more terms coming
from elements x, y € A \{q} such that the line xy intersects two of the four dual edges.
As can be easily checked, the corresponding contributions come with different signs
and cancel each other. For example, the term a Ty(x, y) a, for x = z+&; and y = z+¢;
appears with negative sign in Ji; (b), because x; — y; < 0, and with positive sign in
J5 1 (b), because x; — y; > 0. O

As a simple consequence, in a stationary state it follows that the net current into
any set Z C Ay is zero. This is an important ingredient for the following proof.
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Corollary 7 (Current conservation). For any Z C A; and stationary state! p, current
conservation holds

> (=% tr(p JE (b)) = o. (23)
(k,z)eaALZ
Here 6,c; = 1 if z € Z and 0 otherwise, takes the role of the normal vector in the
continuous analogue.

Proof. Taking the expectation value of (22) and summing over z € Z yields

d iy . _
0= m tr(e lHL(b)tPeIHL(b)t‘/VZ)L:O — Z tr(p ]]fL(b)) _ tr(P]]iLEk(b))’
ke{1,2}
z€Z
due to stationarity of p and cyclicity of the trace. In the sum, the positive term for
z € Z is cancelled by the negative one for z + & € Z and only (23) remains. O

3.1.3 Proof of Proposition 5

Proposition 5 (Bloch’s Theorem). Let (P be a null sequence and (Hy(b))en be a
family of Hamiltonian of the form (4). There exists Cg > 0 such that the following holds:
If (Hy(b))1en satisfies local indistinguishability of the Gibbs state in the bulk at (f, p1, b)
with §bulk-decay in the sense of Definition 1, then

lte(pr(B. 1. b) JE L (B)| < Ga gbulk([dist(z, 72\ A)-D—R] +). (16)

Proof. We do the proof for k = 1, i.e. currents in x;-direction, since the case k = 2 is
analogous. Let d > D + R. By current conservation for the rectangle A; n {x; > 0},
whose boundary in A; is simply the vertical line at x; = 0 (see edge set (a) in Figure 5
for m = 0), we find

2L

0= tr(pu(B. b)Y ®)

n=0

d—1
= 3 w(pe(B 1 b) 1 ®)) + tr(p (B ) IO ®))
n=0
2L—d

+ 3 tr(pr(B 1. b) ™)) — tr(p[HL (0] o)) . 1) T (0))
n=d

2L—d

+ Z tr(p[HL(b)’B(o,n)(g)](ﬁ’ 1) ]1(0”)(17))

n=d

! The statement actually holds for all bounded operators p € oy, but is naturally interesting for states or
similar objects (see section 3.4).
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P3 Equality of magnetization and edge current at positive temperature

=: A1+A2+A3,

where B*(f) := {y € Z?|dist(x,y) < ¢} is the ball in Z?, R < £ < d — D and we
replaced Ji';(b) = Ji' in the last two sums in view of the previous remark that the L-
dependence of J¢ L(b) only stems from missing hopping terms near the boundary. Due

to their structure, ]1 I )(b) are bounded operators with norm bound | ](m n)(b)|| <Cy
uniform for all m and n. Hence, also |tr(pL(ﬁ i, b) ]1(m ")(b))‘ < Cyand |A4] is bounded

by 2d C;. For the second sum A, notice that ]1(m n)(b) € dgmm(g)- Thus, by using the
local indistinguishability of the Gibbs state, see Definition 1, we have

2L—d
Al < Y ke —R) = (2L - d) + 1) C; PR - R).
n=d
And by the translation invariance of the Gibbs state, namely (21), we get
@ =)+ 1) tr(p[H B gony | 8.1 J"D®) = A5 = (4, + 4y),

which together with the previous bound on A; and A,, implies

Cyd
‘tr( [HL(b)|B(OL)(e)](ﬁ 1) ]1(0 L)(b)>‘ T +C; gbulk({, R).

As the left-hand side is actually independent of L, it is bounded by the infimum
Cr¢ bulk(p _ R) of the right-hand side.

We can now prove the same for every J, n)(b) with z = (m,n) in a finite box by
using (21) together with

PLHL®) o )] . 1) ™™ (8) = pHp (8)] o] (B 1) K™ )

if dist((m, n), 72\ Ar) > R+ D. Indeed, we have

(o1 (B. 1) ST ®))
B) 1™ ®)) = tr(p[ )| )] (B 10 1" 0))

+ ([ HL )] o | 8. 19 SV ®))
< ZCJ gbulk(g _ R)

by using local indistinguishability and the bound for ]l(,OL’L)(b). We can now choose £ =

dist((m, n), Z? \AL) — D, which proves the statements for dist((m, n), Z* \AL) > R+D.
And since we argued above that the LHS of (16) is in any case bounded for all z € Ay,
the full statement follows with Cg = C; max{¢ bulk(0)_1, 2}. o
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3.2 Proof of Theorem |

We split the proof of Theorem I in two parts: we briefly discuss the localization of the
edge current first and then the equality between the magnetization and the current.

3.2.1 Localization of the current

The localization of the edge current near the edge is a straightforward consequence of
Bloch’s Theorem.

Proposition 8. Let (P € ¢!, (H; (b)) en be a family of Hamiltonians of the form (4)
and Cg be the constant from Bloch’s Theorem. If (Hy (b)) en satisfies local indistinguisha-
bility of the Gibbs state in the bulk at (B, 1, b) with {*"X-decay in the sense of Definition 1,
then forall L>d > D+ R,

(o]

1 <422 (B, 1, b) — IE%<(B, . b)| < G ), {PWK(m).
n=d—D-R

Proof. For the proof we just apply Bloch’s Theorem to obtain

I-1 o
|IZi edge _ ILedge| < Z ‘tr(PL(ﬁ, u,b) ]fon)(b))‘ <GCp Z gbulk(n —D—R). o
n=d n=d

3.2.2 Magnetization in finite systems

Let us compute the magnetic derivative of the Hamiltonian. Notice that for every
fixed L the Hamiltonian Hj (b) is a smooth function of b in the operator norm topology.
Taking into account (5), we find that

, d i *
Hi®) := - HiB) = 3, > 50+ y) (0 - maTix e
x€AL yeBF(R)

L-1 2L

= Y Y ajnre). (24)
m=—L n=0

Where ]l(’rZ’n)(b) has been defined in (8). To see the last equality, we compare the
coefficients in front of ax Ty(x, y) a,. Without loss of generality we only consider x; <
vy and x, < y,. By (8), the coefficient on the right-hand side is

y—1
-1 IZ: %( Z n + Z n>.
m=x nelN: nelN:

E n el,(m,n);t@ x_y n ely(m)n):t@
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P3 Equality of magnetization and edge current at positive temperature

By point symmetry around the center (x + y)/2 of Xy, whenever Xy n € () #* @
form = x; + kand n € NN, then also xy n e ) # @ form” = y; —k — 1 and
n’ = y, — (n — x3). The same holds for the edges without the endpoints. Thus, the
coefficient equals

n—x-1
.1 1 -
-il Z ! ( Zn+ (yo—(n—x)) + Zn+(y2 —(n—xz))> = %(x1 =) (2 +x2).
k=0 __ neN: _ neN:

XY N e (xy +kn) FD XY Ney (x; +kn) TP

This is exactly the coefficient on the left-hand side of (24).
By using Duhamel’s formula and (24), we can explicitly compute the magnetization
as follows

mp(B, 1, b) = —(2L+1)"2 1 % ln(tr(e_ﬂ(HL(b)_” /VL)))

=" : tr(i e PHLB)—p /VL))
QL+ 1)2 B Z (B, p.b) \ob
1
= L+ 1)2 ; (ﬁ b) tr(J ds e_sﬂ(HL(b)_,U ) HL,(b) e_(l_s)ﬂ(HL(b)—,u /VL))
L s ﬂ, 0
1 7’
= m tr(p(B. j.b) H{ (b))
L-1 2L )
(2L (2L +1)? 2. 2 ntr(pu(Bopb) HE"0) (25)
m=—Ln=0

Proposition 9. Let (P"% ¢ ¢' and (H (b))1ew be a family of Hamiltonians of the
form (4) satisfying local indistinguishability of the Gibbs state in the bulk at (B, p,b)
with §bUIk-decay in the sense of Definition 1. Then

2 (o)
my (B, . b) — If (B, p.b)| < Ci (% +y gbulk(n)>

n=d—R-D
for alld > D + R with Cg from Bloch’s Theorem.
Proof. We decompose the sum from (25) into five regions (see Figure 4)

L-1 2L

(m.n)
a7 2 LBt 170) o

— Abulk + Aleft + Aright + Abottom + Atop

We will show that APUlk Aleft and ATight are small and that AP and APOHOM resem-
ble the edge current. Abbreviating j,(cf'z’n) := tr(pr(B. p,b) ],Em n)(b)), the individual
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and the corresponding dual edges e ()
(lines) as defined above (8). They were

used to define the current ]1(,’2’”)(17) in (8).
Since there are less vertical dual edges
than vertices in Ay, the right most ver-
tices have no corresponding dual edge. |
The coloured boxes group the dual edges o -
|
|

|
Figure 4. Depicted are A for L = 4 (dots) o

|

|

into the five groups of the decomposi-
tion (26) for d = 2.

=
oQ

. . B B > . B . .
=

contributions are

L-d-1 2L—d

Abulk . (ZL " 1)2 Z Z m n),

m=—L+d n=d
—L+d—-1 2L

Aleft = (2L - 1)2 Z Z (m Vl),

L-1 2L

ight . _ (m,n)
Arignt . (2L+1)2 Z Zn] s

m=L—d n=0
L-d-1 d-1

1 (m,n)
Abottom . © Z Z njir", and
@L+1)?, S =

L—d-1

top . (m,n)
Atop . — (2L+1)2 Z Z njr

m=—L+d n=2L—d+1

where APUK js the bulk part, Al*ft and A"&ht are the sum over the left and right edge
regions, AP°t°™ and A™P are the sum over the upper and lower edge regions. Note
thatd > R+ D.

By Bloch’s Theorem, |jf ;| < {(dist(z, Z2 N\ Ap)) with {(r) := Gy gb““‘(r —D-R).
Thus, we can bound the inner part AP"K by summing over shells {z € Aj|
dist(z, Z2\ A;) =r}

L—d—1 2L—d ( ) L L
jAbulk] < " < =—— > ). @7)
2L+1mZL+d,§ TP
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P3 Equality of magnetization and edge current at positive temperature

(©) Figure 5. The picture shows Aj for L = 6

and all dual edges. A few connected sets
|~ of dual edges are highlighted. Together
— with the boundary all these sets are rect-
—  angles, and we use current conservation

% Y T e i (m, ,:)._ " through the edges in the proofs. More pre-
SN N 12120 1 cisely,

. | . | ol o
_____ (O,L)———————
I R . I
N R K K R N N R R R ’
S T T I I I
T I T ® X At - Y b =0,
T =0 =l
ST

(b) Z}(mn)+ Z (m n— 1)

m’=m+1

Then, let us consider the right and left edge regions, Aleft and ATight We write only
the case of A“ght, since the other one is analogous. First, using a discrete version of
partial integration, we find

L-1 2L L-1 2L 2L
Z Zn](mn) Z Z (mn)
m=L—d n=0 m=L—d n= ln—n

and by current conservation (see edge set (c) in Figure 5) and | ]gm n)| < G,

L
(m’ .n—1

Zj(mn) >, Jéf’i” <@ -m)Ge.

n’=n m’=m+1

Hence,
L-1 2L 2

| Aright| _ Z Z (mn) G
(2L+1)2den 2L+1

Let us now consider the contributions coming from the lower and upper edge re-

gions. The contribution AP™™ js small due to the prefactor n = 0:
L-d—1 d-1 2
1 (m,n) 1 d G
—_— n < 2(L-d)ddCg < .
(2L + 1) m:;mn; IS oy A DG <
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3 Proofs

We have now proven that all contributions up to AP are small. In A*™P we replace n
with 2L making again an error of

L—-d-1

(m n) d CB
Z Z (n—2L)j
(2L + 1)2 m=—L+d n=2L—d+1 2L +1

It now seems, that the magnetization only stems from the top part. That, however, is
only due to our choice of the gauge. Indeed, the top and bottom contributions would

. Xo+yp—2L
equal in a gauge with Peierls phase '~ 2 ba=n) i (5) — which corresponds to

exactly our Hamiltonian but on boxes [~L, L]? centered around the origin.

However, also with our natural choice of gauge, we can rewrite the magnetization
in terms of the currents near the bottom edge using current conservation (see edge
set (a) in Figure 5) and vanishing of the currents in the bulk:

1 L—d-1 ( ) L—d—1 d-1 ( )
2 mn 2L _ mn
a2, ZLZM e, &, 5O
L—d—1 2L—d (m)
< mn
e 3 Sl

The last step here follows exactly from the calculation (27) for the inner part.

So far, we have proven that

Ldldl(mn) 4d2CB )
mL(ﬁ’ H ) (2L+ 1)2 m_ZL+an: 2L+1 ng;ig(n) (28)

It remains to show that all contributions equal the one at m = 0. Using current con-
servation once more (now for edge set (b) in Figure 5), for any m > 0

d—1

Z (]57]1:") gOLn)>

n=0

; (29)

< Z<‘J(mn)| n | (On)) Z ’ (m',L)

n=d

and similarly for m < 0. Thus, by using (29) and the analogue estimate for m > 0, we

can estimate the error that we make by replacing jg 7 ") with ]i in (28). The error

has three terms coming from the estimate (29) and each of them can be bounded using
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P3 Equality of magnetization and edge current at positive temperature

again the strategy from (27):

L-d-1 L )
|J<'" <Y ),
L-d-1 L o)
R EIN(O]
G, 2 ZZ z
L-d-1 m L-d-1

(2L+1)2 2, Z'JY“)I<Z§<L m’)<Z§(n)

m=—L+d m’=1

As a final step, we bound

(R - S

4d°Gy
2L+1

Hence, altogether we have proven that

g (B.1) T35 ) < G (25 4 Y i)

n=d—R-D
We conclude this section with the proof of Theorem I.
Proof of Theorem I. Combining Propositions 8 and 9, gives
41d ¢
(B b) ~ 159556 )] < G (15 4+ 2 3, k)
n=d—R-D
for all d > R + D. Taking the minimum over d gives (11) with

6(L) =2C min (iz + i gbulk(n)>,

R+D<d<L\ L _ /=",

(30)

which tends to zero for L — oo (choose, e.g., d = L1/4). The bound (12) follows directly

from Proposition 8.

3.3 Proof of Theorem Il

]

Theorem II is basically the thermodynamic limit version of Theorem I plus some ad-
ditional remarks. We split the proof into three parts: in the first part we show the
localization of the edge current in the thermodynamic limit, namely Proposition 10,
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3 Proofs

in the second part we prove the equality with the thermodynamic limit of the magne-
tization, that is Proposition 11, and in the last part we show the independence of the
edge interaction, see Proposition 12.

Let us start with an important remark. In section 2.3 we already discussed that
local indistinguishability everywhere with {¢48¢-decay implies existence of a unique
thermodynamic limit state pe,(f3, 1, b). More precisely, for finite X C Z2 and A € oy
the convergence is given by

|peo (B 1,6)(A) = tr(pL(B, 1. b) A)| < 1Al g(1X1) {8 (dist(X, ZE \ Ap))  (31)

due to local indistinguishability.

3.3.1 Localization of the current in the thermodynamic limit

We first note that Bloch’s Theorem and the localization of the edge current carry over
to the thermodynamic limit.

Proposition 10. Let (P ¢ ¢! redge ¢ nyll sequence and (H(b))rew be a family
of Hamiltonians of the form (4) satisfying local indistinguishability of the Gibbs state
at (B, 1, b) with (™ _decay in the bulk and {8 -decay everywhere, in the sense of
Definition 1. Then the unique thermodynamic limit state pe,(f, pt,b) on o satisfies
Bloch’s theorem, that is, for all z € Zi

[pea(B i BYUF®))| < 2 G P ([dist(z, 27\ 23) - D~ R] )

with Cg from Bloch’s Theorem. Hence, also the infinite edge current, defined in (15), is
localized near the boundary in the sense that

|14 edee(B, 1, b) — 1°9€°(B, p,b)| < 2Gg ), P (n)
n=d—D—-R
foralld > D+ R. Moreover, forallL> Randd <L
I 98B, p, b) — I €(, 1, b)| < d {*%8°(L — R).

Proof. Combining (31) with Bloch’s Theorem we find for all z € Z2Z and L such that
z € Ap_g (remember that then J7(b) = Ji (b)) that

IRCAMIOHO)]
< lpoo B 1 5L ®)) = tr(pr (B 1, 0) T, B) + [ex(or (B, . 0) I, )

< r°dee(dist(z, Z4 \ A) - R) + Cp §bUlk([diSt(z’ Z*\ A =D - R]+)’
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P3 Equality of magnetization and edge current at positive temperature

where the first quantity converges to zero, and dist(z, Z2\ A;) = dist(z, Z2\Z2%) for L
large enough. The localization of the current now follows exactly as in Proposition 8.
For the convergence in L, we estimate

d-1
£ <8, p,b) = 1998, 1 )] < Y, [ex(pr (B, 1 ) I ®)) = oo, DI ®))
n=0

<d7e%e(L - R).

3.3.2 Magpnetization in the thermodynamic limit

Proposition 11. Let Jhulk e ol gng red8e tend to zero. If (HL(b))1ew is a family
of Hamiltonians of the form (4) satisfying local indistinguishability of the Gibbs state
at (B, i, b) with {*"K_decay in the bulk and {°38¢-decay everywhere, in the sense of
Definition 1, then

Jim my (B, p.b) = I°%8¢(B, . b).

Proof. We combine Propositions 9 and 10 to obtain

2 oo
B b) ~ 1B b) < Gy (25 + 3 60G) ) + ageee - R (32)
n=d—R—D

which will tend to zero as L — oo for an appropriate choice of d, dependingon L. o

3.3.3 Independence of the specific edge Hamiltonian Tlfdge and oedge

In order to complete the proof of Theorem II it remains to show that the thermody-
namic limit of the magnetization and the current does not depend on the specific edge
contributions T,fdge and 98¢, We prove this by showing that the edge currents of
two finite systems with different edge Hamiltonians are asymptotically equivalent
and then taking the thermodynamic limit.

Taking into account the differentiability result with respect to y of Theorem III, this
also implies the insensitivity to boundary perturbations of the p-derivatives in the
thermodynamic limit.

Proposition 12. Let {bulk € t1, 7% tend to zero, and let (HL (b)) ey and (Hy(b))ren
be two families of Hamiltonians of the form (4) that only differ in the definition of the
edge contributions Tbedge, gedee gnd fbedge, dedge . Assume that both satisfy local indistin-
guishability of the Gibbs state at (f, p1,b) with PR _decay in the bulk and (°98¢-decay
everywhere in the sense of Definition 1. Then, denoting the quantities of Hy(b) with an
additional tilde,

98¢ (B, i, b) = 192, p, b).
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3 Proofs

This result shows, that a local perturbation near the edge might change, where ex-
actly the edge current flows, but it does not change the total net current near the
boundary. In this sense, the edge current 1°%¢(, 1, b) is dictated by the bulk.

Proof. The idea of the proof is to use current conservation and Bloch’s Theorem to
show that the current along the lower and upper edge are the same up to a sign (for
both interactions). Using local indistinguishability we can then prove that the currents
along the upper edge are almost the same for both edge interactions. Thus, also the
currents along the lower edge almost agree.

As in section 3.2.2, we abbreviate j,(ﬁ’") := tr(pr (B, 1 b) ]km ")(b)). And for better
readability, we drop the arguments (f, p, b) in the following. The current flowing in
the upper edge of the box can be written as

d—1
dup.edge (0,2L—n)
L =)
n=0

By current conservation (see edge set (a) in Figure 5) and Bloch’s Theorem we find

Ifl edge | Izl up. edge

2L— )
<y |J(0 Dl<2c Y {uk(n)
n=d

n=d—R-D

forall L > d > D + R. Then, using local indistinguishability for A’ = BEO’ZL_")(ZL -
n—D), with 0 < n < d — 1, which is chosen such that Tbedge and 98¢ vanish on A’, we

find
i (ol

Wl )| < ¢edeeL —n — R - D).

And the same also holds for the corresponding properties of H; denoted by an addi-

W= HL > and we also have ](O 2Ln)

](0 2Ln) for 2L — n > D + R. Hence,

dedge _ 7dedge dup.edge  7dup.edge d edge dup edge ~dup edge | 3dedge
|If ecee — Ifecee| < |1y -1 |+ |17 °°® |+ + 11

d—1
.(0,2L— ~0,2L—
< ZM,L 1) J( -n) +4Cy Z évbulk(n)
n=0

n=d—R-D
<2d{*%Q2L+1-d-D-R) +4Cs ». ™). (33)
n=d—R-D
The statement now follows from Proposition 10. o
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P3 Equality of magnetization and edge current at positive temperature

3.4 Proof of Theorem Ill

In this section, we discuss the p-derivative of the edge current. Defining

FL(B, p1.b) := 3y, prL(B . 0) = B (N~ (M), (B b)) PL(B 1. D), (34)

we find
3, tr(p (B, 1, b) JT 1 () = tr(FL(B, . b) JF 1 (b)) (35)

because J{ | (b) does not depend on p.

To prove Theorem III we use the same strategy of the proofs of Theorems I and II,
whose main ingredient is Bloch’s Theorem. Therefore, we start by proving a similar
statement to Bloch’s Theorem for the “state” F1(f, i,b). A key point in the proof of
Bloch’s Theorem is the use of local indistinguishability for the Gibbs state. However,
since it is not clear whether (B, y, b) satisfies local indistinguishability, we need to
adapt the strategy a bit.

Let us start by showing that F7(f, u, b) has a thermodynamic limit. As a starting
point, note that local indistinguishability everywhere implies decay of correlations, a
property needed in the following.

Lemma 13. Let (H;(b))1en be a family of Hamiltonians of the form (4) satisfying local
indistinguishability of the Gibbs state everywhere at (B, i, b) with (I8¢ -decay in the
sense of Definition 1.

Then the Gibbs state satisfies decay of correlations, that is for all X,Y C Aj, with
dist(X,Y) > R, A € ox and B € gy the covariance

Cov,, () (A B) = tr(pr(B, p,b) A B) — tr(p(B, 1, b) A) tr(pr (B, p1,b) B)
is bounded by

dist(X,Y)—R—-1
Cov (A B < 35(1x1 + V) L e | SXEDIZRZL ),

2

Proof. Lett = l(dist(X, Y)-R- 1)/2J and A’ = X; vY,, with the £-neighbourhoods
X, :={z € Ap|dist(z,X) < ¢} and ;. For better readability we again drop the
arguments (S, p1, b). Then, for all Q € /xy

tr(p Q) — tr(p[Hila] Q)| < g(IXI +I¥1) QI £ (o).

Moreover, p[Hp|p] = P[HL|)Q] ® p[HL|Y€], since dist(X,,Y;) > R, and thus
tr(p[HLla-| AB) = tr(p[HLla ] A) tr(p[HL|a ] B). The statement then follows from
the triangle inequality. O

This allows us to prove convergence in the thermodynamic limit of the expectation
value in the state F1(f, p1, b) of observables that may be supported near the boundary.
We denote by

Bi(0) :={y e Z%| dist(x,y) < ¢}
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3 Proofs

the ball in Z?2, similar to how we denoted with B (t) and B*(¢) the balls in A} and i
respectively.

Lemma 14. Let n — n? g”edge(n) € ' and (Hy(b))1en be a family of Hamiltonians
of the form (4). There exists a non-increasing & € ¢, explicitly given in (38), such that
the following holds: If (Hy(b))rew satisfies local indistinguishability of the Gibbs state
everywhere at (f, j1,b) with §edge—decay in the sense of Definition 1, then, for all x € 72,
A € dpx(r) and L” < L such that BY(R) C Ay, it holds that

‘tr(?L(ﬁ, 1,b) A) — tr(F1 (B, 1, b) A)\ < BIAI&(dist(x, AL\ A) = R).  (36)

Proof. For the prooflet X = B¥(R), £ = |dist(X, A;\A/)/3] and Z = BY(R+2¢) C Ap.
The main idea of the proof is to write the number operators as sums of single-site
operators. Then we can use local indistinguishability (for the single-site operators
supported in Z) and decay of correlations (for the single-site operators supported out-
side Z) of the Gibbs state to conclude the result. For better readability we drop the
arguments (f, p, b). Then

(e(72 4) - (57 4)) /B
= Z tr(pp AAN,) —tr(pp AN;)

zeZ
- Z tr(pL A) tr(pL ./VZ) - tr(pL A) tr(pL, ./VZ)
zeZ
+ Z tr(pp/ A) tr(pL/ /!/Z) - tr(pL A) tr(pL/ A/Z) (37)
zeZ
+ Z tr(py AN,) —tr(pp A) tr(pp A7)
ZEAL\Z
- Z tr(pL/ A'/VZ) —tr(pL/ A) tr(pL/ '/V:Z)
ZEAN\Z

Since A has bounded support, the first three sums can now be bounded using local
indistinguishability of the Gibbs state because p;, = p[HL| Ay ] , while the last two can
be bounded using decay of correlations in the form of Lemma 13. Using |./,| = 1 and
g(X]+ 1) £ 1, we find

tr(7.4) ~ (7 A)| (Bl
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P3 Equality of magnetization and edge current at positive temperature

<3 ) ¢edee(dist(X ufz}, AL\ Ap))

z€Z
dist(X,z) —R—-1
- T ae(|SE—=)
zE%\Z 2
dist(X,z) —R—1
()
ze/%\Z 2

Summing over shells as in (27), the sum over z € Z is bounded by

2¢
> cedee(dist(X ufz}h AL\ Ap)) < 4(R+20) Y 1%989(n) + (2R + 1)? {*%8<(20),

zeZ n={

and each of the other sums can be bounded by

12 i(n + R (|(n-R-1)/2]) <12 i(Zm +2+R) %% (m - |(R-1)/2]).
m=¢

n=2{+1

Defining

£r) =3 (12 3 (2m+2+R) {*%¢(m~|(R—1)/2]) + (2R +1)? gedge(zz)ﬂf:lrm, (38)
m={

which is in €' since n > n? edge(p) ¢ g1, yields the claim. o

We will use this Lemma later to prove differentiability of I edge But first, we adjust
the proof to show that also the p-derivative of the local bond currents decay in the
bulk, i.e. a Bloch’s Theorem for F(p, u, b). However, the two simplest approaches to
adjust the proof of Bloch’s Theorem do not work. At first, one might want to use local
indistinguishability of the Gibbs state and view .47 — (7 ) as part of the operator in (7).
This fails, since 4] — (/) is supported over all A; and not bounded uniformly in L.
Alternatively, one could try to use local indistinguishability of the “state” F; (8, p, b)
and follow the proof of the Bloch’s Theorem afterwards. And while Lemma 14 already
looks similar to local indistinguishability, it can only be used to compare 9, pr(f, j1, b)
with F[Hy ()|, | (B, ) := 9, p[HL(®)|1, ] (B, p) for A’ = Ap,. But within the proof of
Bloch’s Theorem we also need to compare to more general sets A’ C Ay, in particular
to sets that include an edge of A; (not only the lower one).

One might hope to adapt the proof of Lemma 14 to prove local indistinguishability.
However, that needs decay of correlations in F [HL(b) A,](ﬁ, 1) which we could not
prove. It would follow from local indistinguishability everywhere of p[HL(b) A,] (B, 1),
which might be a viable assumption since the Hamiltonian is translation invariant. To
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avoid these more general assumptions, we take a different approach for which we
introduce

FZ[Hy(b)

wlBow) := BNz =2 p1r, )0 18.0) PLHL D[4 1 (B ) (39)

for Z ¢ A’ C Ar. These “states” can be handled easily since the problematic sum is not
present. We prove the following statement which is similar to local indistinguishability
in the state F1(f, 1, b).

Lemma 15. Let n — n? {edge(n) € !, (H.(b))ren be a family of Hamiltonians of the
form (4) and & € ¢! as in Lemma 14. If (H; (b)) satisfies local indistinguishability of
the Gibbs state everywhere at (B, 1, b) with {48¢-decay in the sense of Definition 1, then,
forallx e A, t € Ny, Z = Bf(R+2¢), A’ = Bf(R+3¢) and A € Apx(R)

tr(F1(B, 1. b) A) — te(FZ[Hy ()

w181 A)| < BlAIEGO.

Proof. The proof is exactly the same as the proof of Lemma 14 but with p;. replaced by
p[HL A,] and without the last sum in (37). Hence, we only need decay of correlations
in pr, which is provided by Lemma 13. O

Lemma 15 allows us to prove an analogous statement to Bloch’s Theorem for the

“state” F1(p, 1, b), namely that ‘tr(S‘TL(ﬂ, 1, b) ],gg’n)(b))| decays rapidly inside the bulk.
In particular, we also prove boundedness of the p-derivative of local bond currents,
which is not clear a priori because /47 — (/7 ) is not uniformly bounded in L.

Proposition 16. Let n — n? {°%¢(n) € ¢!, (H.(b)) ey be a family of Hamiltonians of
the form (4) and & € ¢! as in Lemma 14. There exists C > 0 such that the following
holds: If (Hy(b))rew satisfies local indistinguishability of the Gibbs state everywhere at
(B, 11, b) with {¢98¢_decay in the sense of Definition 1, then

te(F1(, 1.b) JE L (D))| < C ﬂg([dist(z, Z2\ A;)-D - R]+).

Proof. For better readability, we drop the arguments (f, g, b) in the proof. And as in the
proof of Bloch’s Theorem in section 3.1.3 we only do the proof for k = 1, i.e. currents
in x;-direction.

We first prove uniform boundedness of the left-hand side. Recall that ],f’ 1 € 9B (R)
and ”]If,L | < Cj. For £ = 0, Lemma 15 with Bf(R) = Z = A’ yields

(1 I )| < (1 I y) - te(F 2] )|
+[er(F2[Hy ] JE L))
< BCrE0) + B(2R+1)*Cy
= IB C().
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P3 Equality of magnetization and edge current at positive temperature

To prove decay in the bulk, note that & is stationary due to stationarity of the Gibbs
state and since H; commutes with the full number operator //; appearing in the defi-
nition of ;. Hence, we have current conservation in the “state” %, see Corollary 7,
which we apply for the rectangle A; n{x; > 0}. Then we choose d > D + R and
0 << (d—D-R)/3 to obtain

2L

0= Z tr(JL ]1(0 "))

n=0

d—1
3 (7 IG) + (G

n=0
= . 7(0.n) BOM(R+2¢) (0,n)
+ Z te(FL ) —tu(F [Hilpon(resnl 1)

2L—d

+ 3, te(F T EOH o | K,
n=d

which is the same decomposition as in the proof of Bloch’s Theorem. The first sum is
bounded by 2d f Cy. With Lemma 15, the second sum is bounded by

(2L —d)+ 1) BCFE(30).

All terms in the third sum equal the one at (0, L) due to translation invariance of the
Hamiltonian. Thus,

(T EO ] JO)| € L+ By £ - By E6D

for L — oo.
We can now relate this result back to any point x € A;. Choosing d = dist(x, Z2 \
Ap),t=|(d— D - R)/3]| we find

‘tr(gL Ji)| < ‘tr(«ch J5) = tr(F B R0 [Hel (30 flx)‘

+ ’tr(&«“ B Re20) [H,| B(O’L)(R+3L’)] JI(O’L))‘
<2BCrEBY,

which proves the claim with Cg = maX{CO £0)712 CJ}, using &(k) = £(3|k/3]) due
to the explicit form (38). o

We can now prove differentiability of I edge,
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3 Proofs

Proposition 17. Let n > n? redese(n) e o1, (Hy (b)) e be a family of Hamiltonians of
the form (4). If (Hi(b))LeN satisfies local indistinguishability of the Gibbs state every-
where with {¢48¢-decay at (B, 1, b) for all yi in an open interval M, then I°%8¢(B, i, b),
19¢98¢(B 11 b) are differentiable functions of y € M. Moreover, the derivative of
1°98¢(B, 11, b) is localized near the boundary, with the decay estimate

[0,, T°8°(B. 1.b) = 8, 1 *%€(B, p.b)| < fCx ) (), (40)
n=d—R-D
where Cg, & are as in Proposition 16.
Proof. In finite volume, it is clear that If edge js differentiable in . We will thus use
local indistinguishability, respectively Proposition 16, to take the limit L — oo and
thend — o uniformly in 1.

We abbrev1ate] )(/1) = tr(pL(,B wb) ] On)(b)) and j; On)(/l) Poo( B, 1, b)(] 0n)(b))

as before (the first will only be used for n < L so that J\y”(b) = J""(b)). First, by
Lemma 14,

0, 157G = tr(FL(B, 1.0) I )

is a Cauchy sequence in L. Denoting its limit by cgo’n)(y), we have
0, 0,
1)~ 2, 157 0] < Oy €L~ R.

By local indistinguishability we know that ji?i")(/l) converges to its limit jgo’n)(y), and
this convergence is uniform since 3¢ is independent of y1. Hence, by completeness

of CY(M), jio’")(p) is differentiable in y and 9, ]10 n)(p) = clo ")(p) Thus, I¢ edge(ﬁ ub)
is differentiable and satisfies

o, 1948, 1 b) — 3, If “E(f, 1 b)| < pd Cy ECL - R).
To take d — oo, observe that by Proposition 16
Bl < [0, ) = 3,11 G| + [0, L1 ()
< BCjé(L—R)+Cq fé(n—D—R),

which converges to fCgx é(n — D — R) as L — co. Summation over n shows that
I edge(ﬂ, i, b) is differentiable and satisfies (40). O

Note that Proposition 17 together with the equality m(f, u,b) = I edge(B, 11, b) from
Theorem II proves Theorem III. Additionally, we provide a bound on the difference
of d u my (B, p, b) and 3 u Ifdge(ﬁ, i, b) in finite volume, which is analogous to the bound
from Theorem L
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P3 Equality of magnetization and edge current at positive temperature

Proposition 18. Let n > n? redese(n) e o1, (Hy (b)) e be a family of Hamiltonians of
the form (4). There exists a null sequence n so that the following holds: If (H.(b))1eN sat-
isfies local indistinguishability of the Gibbs state everywhere with (3¢ -decay at (B, 1, b)
for p1 in some open interval, then

8, mL(B. i b) = 3, IE8°(B, 1 b)] < B(L).
Proof. Differentiating (25) by using (35), we obtain

L-1 2L
3, my (B b) = m _ZL > ntr(F1(p. p.b) 7 b).

n=0

Following the proof of Proposition 9, where we only used Bloch’s Theorem and cur-
rent conservation in py (f, p, b), whose analogues here are Proposition 16 and current
conservation in F(f, y1, b) (the latter holds, because F; (S, y, b) is stationary), we ob-
tain

2 (o)
(B ) =0, e (p. )| < pC (1 + 3 ew).
n=d—R-D

Combining this with Proposition 16 to compare 9, edee(p, 1, b) and u 1£98¢(B, 1, b),
proves the claim with

2d2 <

L)=2C% mi — 4 E .

7L 7 D+RgdlgL( L ﬁn)) -
n=d—R-D

3.5 Proof of Theorem IV

We first prove that the limit of the finite volume pressures p; (p, B, b) defined in (10)
exists and is independent of the edge Hamiltonian. Therefore, let

pr(B, k) = pp, [HPM(®)] (B, ). and  ZPU = Zp [HPRB)](B. 1) (41)

be the Gibbs state and partition function of the bulk Hamiltonian on the centered
boxes By. For the statement we introduce

C]l}ulk/edge ‘= sup <2 Z ”a; T}})ulk/edge(x, y) ay” + Z H(pblﬂk/edge(x)”) o (42)
x€Z? yez? Xcz?:
x€X

which bounds the norm of all hoppings and interactions which include a particular
site.
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3 Proofs

Proposition 19. Let (HL (b)), be a family of Hamiltonians of the form (4) and let
H{’ulk(b) be the corresponding bulk Hamiltonian defined in (17). Then

pL(ﬁ’ Hs b) -

bulk b edge
P(pp (/3 n ))‘ 3)

(2L + 2L+1

forall p > 0, u, b € R. Moreover, the thermodynamic limit p(f, j1,b) : = limy_,o, pr(B, i, b)
of the pressure exists and

P bulk b 4Rcbulk
_ (P (B, ))‘< H (a4)

‘p(ﬂ’y’b) (2L +1)2 2L+1

The proof is based on [11, section 9.2], where the convergence for translation in-
variant interactions is discussed. Instead, here we have a bulk part which is invariant
under magnetic translations and an additional edge contribution.

Proof. Within the proof we fix B,  and denote P(H) = ! In tr(efﬁH) for self-adjoint
operators H such that (2L + 1)? py(B, p, b) = P(pL(ﬂ, 1, b)) = P(HL(b) — ,u/VL), ie. we
write the pressure of the Gibbs state by just specifying the exponent.

We begin with the important observation, that the pressure is continuous and
bounded in the Hamiltonian, ie. |P(H;) — P(Hy)| < |H, — Hy| and |P(H))| < |Hil,
for all self-adjoint H; and H,. To see this, consider self-adjoint A; and A, and
A(A) :=1A;+(1 - 1) A,. Then

1
- [ e
0

Lir((A; — A,)) e A
L ((4; — Az)e )dA]suAl—Azu,

tr(e*A(A) )

where we used that e =41 / tr(e_A(A)) is a normalized state in the last step. The result
for P follows immediately because the factors of § cancel.

We first show that the pressure in finite volume is almost independent of the edge
terms. Therefore, let W := ), ¢y ax Tbedge(x, yay + Yxca, @°d8¢(X) be the edge
contribution to the Hamiltonian Hj (b) such that Hy (b)—W is the Hamiltonian from (4)
without any additional edge terms. Then,

edge

\P(H — pA) — P(HL (b)) =W — p#)| < W[ < Cp ° D(2L + 1).

Thus, the per volume pressure p;(f, i1, b) is independent of the edge terms up to an

error C;_}dge D / (2L +1) — 0 as L — o and we only consider the Hamiltonian without
edge terms in the following.
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P3 Equality of magnetization and edge current at positive temperature

To shorten notation in the following we denote HR“H‘ 1= Hf“lk| 2 for A C Bp. As

discussed in section 3.1.1, H}{il}: =U_,(b)Hy bulk 1 (b) and thus the partition function

and the pressure of the respective states agree, P(H Rf}c‘) = P(nglk). This in particular
proves that P(H.(b) — /VAL) = P(HLulk(b) - ,u./VBL), i.e. the pressure of the system
on A; without edge contribution exactly agrees with that on B;. Together with the
above estimate, (43) follows.

We now prove convergence of pb“1k 1= P(pEulk(/)’, 1, b))/(ZL +1)? as L — oo. For

2L+1
2L +1

L’ < Lonecanfitn = [
pressure, we find

J disjoint boxes By, + x; in By. By the estimate on the

P(HR™ — p ) = PO | — BN, Bye)| < CH™ (1BLI = |BL])

U, Bir+x;

<2cPk 2L +1) (2L +1).

In the second step we used |LqJ2 - qz‘ < 2¢q for g > 0. In the next step we remove the
hoppings and interactions between the individual boxes

P( GU%L, +X; —H ‘/VU} By +xj) - P(Z Hgﬁl-ll(—x H '/VBL/+xj)
j_

<4CPRR@L + 1)n
<acPRR@L+ 12 (2L +1)7L

Then, we observe that the trace of the non-interacting parts factors

blk _ p-1 blk
( HRK  — W is,) = B In]_[tr(ﬁ HEK — B, )

n

gbulk
Z ( B +x; _”/VBL'”/')
J=1

n P(HR"™ — p M,,),

where we used that the pressures of the individual boxes all agree. As a last step we

bound B,
L
(= ) PR = 1, )

<20k (2L +1) (2L +1).
|Br/|

Using triangle inequality and dividing everything by |B;|, we obtain an estimate for
the per volume pressures

bulk _ ,bulk
‘PLu - ppt

<4Cb“1k<2L—+1+ R ) (45)
2L+1 2L’ +1
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3 Proofs

Equation (45) shows that {plL’ulk}LeN is a Cauchy sequence and thus it is convergent.
Together with (43) also py (S, u, b) converges to the same limit p(f, u, b). The conver-
gence in (44) follows from (45) after taking the limit L — oo. O

Next we show that the limit of the pressures of the finite volume boxes agrees with
the pressure of any infinite volume KMS state of the system without an edge.
Proposition 20. Let (H}E’“Ik(b))Le]N be a family of Hamiltonians of the form (17) satisfy-

ing the assumptions from section 2.1, and let UK pe the corresponding dynamics defined
in (18). For every (t”"X, B)-KMS state w the pressure per volume of the restriction of w
to By, defined by (19), satisfies

PP b)) Plols) | SCHR

(2L +1)2 (L+1)?1~ 2L+1
Proof. We follow the ideas of [11, Proposition 12.1]. Let w be a KMS state, denote its
restriction wy := w|p, and abbreviate plL"ﬂk = pEulk(,B, 1, b). The difference

BP(wr)—p P(pEulk) = tr(wyp Inwy) — tr(ewy, In p]Lmlk)

equals the relative entropy S(wy| plelk) > 0. Since the relative entropy is monotone
under restrictions (see [47, Theorem 6.2.33]), we have

S(wrlpp™™) < S(wlp)

for any extension p of p?ulk from o/p to &. By [11, Theorem 7.5], w satisfies the Gibbs
condition and a natural choice for this extension is given by the perturbation of w
where all interactions between By and the rest of the system are deleted (compare [11,
Corollary 7.8]). To be precise, let

W = Z a: TP (x, ) a, + Z pbulk(x)

x,yEZZ : XcZ?:
{x,y}nB 20, XnZB]_:t@,
{x,y}nZ*\B =0 XnZ*\B; #®

be the surface interaction, which is an element of & with norm bounded by
4C}}ulk R(2L + 1) since all interactions are of finite range R. The state corresponding
to subtraction of W}, from the Hamiltonian can be expressed in the GNS representation
(Hps 7149, ) for w by

p(A) = <e_ﬁ(Hw_ﬂw(WL))/2 eﬂHw/z Q, ”w(A) e_ﬁ(l—ltu_ﬁw(WL))/z eﬂHw/z Q>/2’WL’
where H,, is the generator of the dynamics induced by Pk i b, and Z"! the nor-

malizing factor (see [47, Theorem 5.4.4] and note that ePHo/2 acts trivially on the cyclic
vector Q2 since w is invariant). With this, we have (cf. [47, below Definition 6.2.29])

S(wlp) < —w(BWL) + p(BWL) < 2 W],
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P3 Equality of magnetization and edge current at positive temperature

and thus
P(p2"*) + P(wp) 8 chrlk R

(2L +1)? - 2L+1

Now we are able to prove Theorem IV.

Proof of Theorem IV. The convergence of pr(f, p,b) and independence of boundary
terms follows from Proposition 19. Equality of the pressure with the per volume pres-
sure of any (z?"X, £)-KMS state follows from Propositions 19 and 20.

Now assume that (Hy (b)) 1en Satisfies local indistinguishability uniformly in b. By
Theorem IT, my (B, j1, b) = 9, pr.(B, i1, b) converges to m(f, p1, b) as L — oo, and in view of
the estimate (32) this convergence is uniform in b. Then, the convergence of the prim-
itives py (B, p, b), which converge pointwise by Proposition 19, must also be uniform
and p(p, p, b) is differentiable with derivative m(f, y, b). ]

Acknowledgments We thank Sven Bachmann for valuable comments on the first
version of the manuscript. This work was funded by the Deutsche Forschungsgemein-
schaft (DFG, German Research Foundation) — 470903074; 465199066. The work of M. M.
has been supported by a fellowship of the Alexander von Humboldt Foundation dur-
ing his stay at the University of Tiibingen, where this work initiated. M. M. gratefully
acknowledges the support of PNRR Italia Domani and Next Generation EU through
the ICSC National Research Centre for High Performance Computing, Big Data and
Quantum Computing and the support of the MUR grant Dipartimento di Eccellen-
za 2023-2027. ]. L. acknowledges additional support through the EUR-EIPHI Graduate
School (ANR-17-EURE-0002).

Competing interests The authors have no relevant financial or non-financial in-
terests to disclose.

Data availability No datasets were generated or analyzed during the current study.

156



Publication P4

From decay of correlations to locality and stability of
the Gibbs state

*

Angela Capel @7 Massimo Moscolari ®*  Stefan Teufel
Tom Wessel @

2025

Abstract

We show that whenever the Gibbs state of a quantum spin system satisfies de-
cay of correlations, then it is stable, in the sense that local perturbations affect the
Gibbs state only locally, and it satisfies local indistinguishability, i.e. it exhibits lo-
cal insensitivity to system size. These implications hold in any dimension, require
only locality of the Hamiltonian, and are based on Lieb-Robinson bounds and on
a detailed analysis of the locality properties of the quantum belief propagation for
Gibbs states.

To demonstrate the versatility of our approach, we explicitly apply our results
to several physically relevant models in which the decay of correlations is either
known to hold or is proved by us. These include Gibbs states of one-dimensional
spin chains with polynomially decaying interactions at any temperature, and
high-temperature Gibbs states of quantum spin systems with finite-range interac-
tions in any dimension. We also prove exponential decay of correlations above a
threshold temperature for Gibbs states of one-dimensional finite spin chains with
translation-invariant and exponentially decaying interactions, and then apply
our general results.

Reprint of the article [P4] as published in Communications in Mathematical Physics 406, 43 (2025).

* Fachbereich Mathematik, Universitit Tibingen,
Auf der Morgenstelle 10, 72076 Tiibingen, Germany

T Department of Applied Mathematics and Theoretical Physics, University of Cambridge
Wilberforce Road, Cambridge CB3 0WA, United Kingdom

% Dipartimento di Matematica, Politecnico di Milano,
Piazza Leonardo da Vinci 32, 20133 Milano, Italy

157


https://orcid.org/0000-0001-6713-6760
https://orcid.org/0000-0001-7574-1055
https://orcid.org/0000-0003-3296-4261
https://orcid.org/0000-0001-7593-0913
https://doi.org/10.1007/s00220-024-05198-x

P4 From decay of correlations to locality and stability of the Gibbs state

Contents
1 Introduction 159
1.1 Organization of the paper . . . . .. ... ... ... ... ...... 162
2 Mathematical setup and important concepts 162
2.1 Decayof correlations . . . ... ... .. ... ... ... ... 165
2.2 Local perturbations perturblocally . .. ... ... ... ... .... 165
2.3 Local indistinguishability . . . ... ... ... ... ... .. ... 166
3 Applications of the general results 167
3.1 One-dimensional translation-invariant short-range systems . . . .. 168
3.2 One-dimensional short-range systems . . . ... ........... 169
3.3 One-dimensional long-range systems . . . .. ... .......... 170
3.4 v-dimensional short-range systems at high temperature . . . . . . . . 170
4 Quantum belief propagation 172
5 LPPL from decay of correlations 176
6 Local indistinguishability from uniform LPPL 179
7 Uniform decay of correlations from local indistinguishability 182
8 Stability against small SLT perturbations from decay of
correlations 184
9 Results for one-dimensional short-range systems 186
9.1 Exponential decay of correlations for short-range interactions . . . . 193
10 Properties of quantum belief propagation 197
10.1 Differential equations . . . . . . . ... ... .. L L 198
10.1.1 Differential equation for the exponential e PHS) 198
10.1.2 Differential equation for the Gibbs state pg(s) . .. ... ... 200
10.2 Locality properties . . . . . . .. ... . ..o 201
10.2.1 Lieb-Robinson bound for the perturbed Hamiltonian H4 + sV 201
10.2.2 Locality of the “generator” @g(s)(V) ............... 203
10.2.3 Locality of the exponentialn(s) . . . .. .. ... ... ... .. 204
10.3 Specific decay {opp for short- and long-range interactions . . .. .. 204
10.3.1 Short-range interactions . . . . . . .. ... ... ... 204
10.3.2 Long-range interactions . . . . . . . ... ... ... ...... 206

158



1 Introduction

A Details on Section 3 209
A.1 One-dimensional short-range systems . . ... ... ... ...... 209
A.2 One-dimensional long-range systems . . . ... ... ... ...... 210
A.3 v-dimensional short-range systems at high temperature . . . . . . . . 211

1 Introduction

One of the characteristic features of quantum many-body systems is the locality of
their interactions. In the last decades, this property has been largely exploited in the
characterization of their thermal (Gibbs) states and their ground states. In this work
we are interested in Gibbs states and, in particular, in their locality and in their stability
against local perturbations. Understanding how the locality of Hamiltonians of many-
body systems translates to the locality of the Gibbs states is of crucial importance for
the preparation and simulation of quantum states [201, 46, 60].

There are several ways to describe how local a quantum state is. Here we focus on
three main concepts: local indistinguishability, the principle that local perturbations
perturb locally (LPPL) and the well-known decay of correlations. The main purpose
of this work is to show how these three locality properties are related to each other
and to show that they are all equivalent under certain conditions. Let us first describe
these concepts informally.

Consider an interacting quantum spin system defined on A € Z", v € N, with a
Hamiltonian H, that is a sum of local terms. Let p//} denote the Gibbs state of H, at
inverse temperature ,B >0,

p[? 1= e_ﬁHA/TrA(e_ﬁH/\).

For every A’ C A, we define the local Gibbs state pg/ to be the Gibbs state of the
Hamiltonian consisting only of terms supported on A’. Then, let A be an observable
supported in an inner region X C A’ C A: local indistinguishability of the Gibbs state
(see Definition 3) is a quantitative version of the statement that

Tra(pf A) = Tra (pf A).

The concept of local indistinguishability [45, 36] goes also under the name of locality
of temperature [139]. Roughly speaking, local indistinguishability says that local ob-
servables cannot distinguish between the Gibbs state of the full Hamiltonian and the
Gibbs state of its truncated version. On the other hand, the concept of LPPL, origi-
nally introduced in the context of gapped ground states [23, 16, 74, P1], is concerned
with localized perturbations of a quantum system. Let V be a generic perturbation
supported on a region Y C A and let H, := Hy + V. We denote by /32 the Gibbs state
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associated to Hy. Let A be an observable supported on a set X far from Y, then LPPL
(see Definition 2) is a quantitative version of the statement that

e (o 4) = Tea(74 4),

which means that the expectation values of local observables supported far from the
perturbation are not influenced by the presence of the perturbation. The notion of
LPPL thus concerns the Gibbs states of two different Hamiltonians, the perturbed and
unperturbed one.

A condition similar to local indistinguishability named Local Topological Quantum
Order (LTQO) has been previously considered in the literature [52, 51, 162] in the
context of ground states of topologically ordered Hamiltonians. For frustration-free
Hamiltonians, LTQO implies stability of the spectral gap. In a sense, it states that
the effect of boundary conditions is exponentially suppressed in the bulk. And while
generally difficult to prove, LTQO is known to hold for one-dimensional matrix prod-
uct states with normal tensors [63] and for some projected entangled pair states with
commuting parent Hamiltonians [196] in two dimensions.

Another standard way to measure the locality of a quantum state p is in terms of
the decay of correlations in such a state. This amounts to study the behaviour of the
covariance [139, 45, 9, 98, 185, 36]

Cov,(X;Y) := sup ‘TrA(pAB) —Tra(pA) Tra(p B)|
Aedy: |Al=1,
Bedty : |Bl=1

with respect to the distance d(X,Y) between the support of the observables.

Our main result shows that decay of correlations of the Gibbs state (see Definition 1)
implies the stability of the Gibbs state against local perturbation, namely LPPL. The
main ingredient in our proof is the so-called quantum belief propagation (QBP) intro-
duced by Hastings [115], and with a recent increase of attention due to its various
applications, see e.g. [134, 135, 80, 45, 131, 109, 8, 145, 194]. We show that quantum
belief propagation, together with the well-known Lieb-Robinson bounds [154, 173,
174], allows exploiting the local structure of the Hamiltonian in order to prove LPPL.

Then, by using QBP again, we show that uniform decay of correlations implies uni-
form stability to local perturbations (uniform LPPL), which in turn implies local indis-
tinguishability of the Gibbs state. Uniformity here means that a property does not
only hold for a given Gibbs state or Hamiltonian, but also for the Gibbs states of the
restrictions of the Hamiltonian to smaller domains.

Finally, to close the circle, we also show that local indistinguishability implies uni-
form decay of correlations. This is well-known in the case of finite-range Hamilto-
nians, but the proof for arbitrary local Hamiltonians requires more care and is again
based on QBP.
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Combining these three implications, our main result is that local indistinguishability,
uniform LPPL and uniform decay of correlations are actually three equivalent ways to
describe the locality properties of Gibbs states. See also Figure 1.

Main Result (informal). Let H be the Hamiltonian of a finite interacting quantum
spin system and > 0. Then the following three properties are equivalent:

(a) The Gibbs state at inverse temperature f3 satisfies uniform decay of correlations
(Definition 1).

(b) The Gibbs state at inverse temperature 5 satisfies uniform LPPL, i.e. the expecta-
tion values of observables are stable against local perturbations of the Hamiltonian
(Definition 2).

(c) The Gibbs state at inverse temperature f satisfies local indistinguishability (Defi-
nition 3).

In the main text, the three implications (a) = (b), (b) = (c) and (c) = (a) are
split into the three Theorems 22, 29 and 31, respectively, and refined results for one-
dimensional spin chains can be found in Theorems 36, 37 and 38.

We emphasize that we present a rigorous framework that allows relating LPPL and
local indistinguishability to decay of correlations for very general interactions that
have a finite interaction norm of the form (1). In this way, we are able to treat finite-
range, short-range, and long-range interactions in a unified way. To guide the reader
through our results, we always show, along with the general statements, the implica-
tions for short-range interactions as an immediate and demonstrative example. The
core message of our work is that, whenever there are results on the decay of corre-
lations for the Gibbs state, one can immediately obtain quantitative versions of LPPL
and local indistinguishability by applying our theorems.

To illustrate this idea, in Section 3 we collect some physically relevant applica-
tions of our general results and prove LPPL and local indistinguishability for sys-
tems for which these properties have not been known before. First, we focus on
one-dimensional quantum spin chains: assuming translation invariance, (uniform) ex-
ponential decay of correlations is known to hold at every temperature if the interac-
tions are also finite-range [9, 36], and above a critical temperature in the short-range
case [185] for the infinite-chain. We first extend the latter result to finite chains, and
then, by applying our framework, we show LPPL and local indistinguishability. Quite
recently it has been shown [136] that decay of correlations for short-range interac-
tions holds at any positive temperature if one relaxes the decay to stretched exponen-
tial. With that input, we directly obtain LPPL and local indistinguishability with a
stretched exponential decay rate for such systems. Furthermore, we also apply our
results to spin chains with long-range interactions, where polynomial decay of cor-
relations has recently been shown [136] at any positive temperature. Finally, in any
dimension, for quantum spin systems with finite-range interactions at high enough
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temperature, it is known that Gibbs states satisfy (uniform) exponential decay of cor-
relation, as proven in [139]. Thus, as a byproduct of our results, we also recover the
known results [139] of uniform LPPL and local indistinguishability, both with expo-
nential decay. Compared to the proof in [139] our methods have the advantage of
relying only on decay of the covariance of the unperturbed Gibbs state, rather than
on decay of the generalized covariance of the perturbed Gibbs states, an object about
which much less is known.

On the side, we use QBP to recover a known result saying that the Gibbs state
is stable (in trace norm) against small (in norm) perturbations. Moreover, we show
that local expectation values are stable against perturbations by sums of small local
terms in the underlying Hamiltonian, assuming some algebraic decay of correlations.
A similar result was recently indicated in [187]. Furthermore, we note that in the
recent work [212], the stability against sum of local terms perturbations has been
analysed in connection to quantum simulations and quantum advantage. Related and
in some respects stronger results for small perturbations of classical systems at low
temperature were obtained in [66, 67].

1.1 Organization of the paper

In Section 2 we introduce the mathematical framework and provide a precise definition
of decay of correlations, LPPL and local indistinguishability. After that, in Section 3
we conclude the introductory sections by showing several applications of our main re-
sults to Gibbs states of one-dimensional quantum spin chains and to high-temperature
Gibbs states in any dimensions. Section 4 is devoted to the analysis of quantum belief
propagation, which is the tool at the core of our proofs. The proofs of the results of
Section 4 are given in Section 10. Section 5 contains the theorems, which allow con-
cluding (uniform) LPPL from (uniform) decay of correlations. Then, in Section 6 and
Section 7, we provide the equivalence shown in Figure 1. In Section 8 we show sta-
bility of local expectation values against perturbations in the underlying Hamiltonian.
Finally, Section 9 is dedicated to the analysis of one-dimensional spin chains.

2 Mathematical setup and important concepts

Consider the regular lattice Z”, for fixed v € N, equipped with the ¢!-metric d: Z" x
7" — IN. We denote arbitrary subsets as A C Z" (including equality) and finite subsets
by A’ € A (again including equality if A is finite). The cardinality of a set A € Z" is
denoted by |A|. Given any two subsets X, Y C Z" we denote by d(X,Y) their distance
with respect to the metric d. Likewise, we denote by diam(X) := SUP, e x d(x,y) the
diameter of X. For a set X C A and r > 0, we denote the r-neighbourhood

X, :={xeA|dxX)<r},
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uniform (for A” C A)

Theorem 31 [decay of Correlatlons] Theorem 22
[Cov A+ (X:Y) <CIX| e_“d(X’Y)J QBP and LR-bounds
Pp T

| l indisti ishabilit uniform (for A’ C A)
ocalindistinguishability :Theorem 2 | local perturbations perturb locally
A A’
[Tr(pp B) — Tr(pp B,)| (Tr(pf [H] B) - Tx(p} [H + V] B)|
< C|B| e < C B eVl -ad(X))

Figure 1. The diagram shows the main implications discussed in this work for short-
range interactions. In particular, we show “equivalence” of the three concepts in the
picture. Note, that the formulas are mainly illustrative for the concepts and in partic-
ular the constants change, see Remark 33. A crucial ingredient in all the implications
is quantum belief propagation (QBP) coupled with Lieb-Robinson bounds. For precise
statements we refer to the Theorems. In certain physical dimensions and tempera-
ture regimes, exponential decay of correlations is known to hold by earlier results, for
which all three properties are thus satisfied.

where the base set A will be clear from the context.

With every site x € ZV we associate a finite-dimensional local Hilbert space %, =
CP with the corresponding space of linear operators denoted by o/, := %’(CD ). For
each A € Z' we define the Hilbert space #4 := @,cs #x, and denote the algebra
of bounded linear operators on %4 by o/, := %B(¥4). Due to the tensor product
structure, we have oy = Q) cp B(¥y). Hence, for X ¢ A € Z', any A € 9y can
be viewed as an element of &/, by identifying A with A ® 15\ x € 95, where 1\ x
denotes the identity in &\ x. This identification is always understood implicitly and
for B € 9/, we denote by supp(B) the smallest Y C A such that B € ofy. For every
AcCZ, let

'Q{A = U 'Q{A’

NEA

be the algebra of quasi-local observables, where completion is with respect to the
operator norm and is only relevant if A is not finite.
An interaction on A C Z" is a function

VX e A} > dp, X W(X)edy with ¥(X)=¥(X)"
For each A’ € A, the corresponding local Hamiltonian is then defined as

Hy := ) ¥(X).

XcA
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P4 From decay of correlations to locality and stability of the Gibbs state

There are several types of interactions we will consider in the following. The first
are finite-range interactions, for which there exists R > 0 and J > 0 such that 7(X) = 0
whenever diam(X) > R and |[#(X)| < J forall X C A.

The other are general decaying interactions, for which we define the interaction
norm

5 L
¥lF := i‘;ﬁzé F(diam(2))’ !
z€Z

for some decaying F: [0,00) — (0,00) with F(0) < 1 and require |¥|r < co. The ex-
tra |Z| is included in the norm to obtain simpler explicit bounds. Along all the general
statements, we will provide exemplary results for so-called short-range or exponen-
tially decaying interactions with F(r) = exp(—=br), for some b > 0. Other regularly
used classes are stretched exponentially decaying interactions with F(r) = exp(—brP)
for some p € (0, 1) and so-called long-range or polynomially decaying interactions with
F(r) = (r+1)"* for some a > 0. Relevant applications to all those types of interactions
can be found in Section 3.

Note that on finite A, every interaction can be seen as a finite-range interaction with
range R < diam(A). However, the range R will enter our bounds explicitly. Hence,
even on finite lattices, it makes sense to consider general decaying interactions, for
which only the interaction norm (1) enters the bounds.

We also emphasize that the various constants, which appear in all definitions and
results below, do not depend on A. Thus, all results are uniform in |A|, and one can
take the thermodynamic limit.

For any Hilbert space # and self-adjoint operator H € 9%(% ) we denote the Gibbs
state at inverse temperature f§ € (0, %) by
P [H] =
p Tr(e—FH)’

where Tr denotes the (unnormalized) trace over #. For a lattice system on A C Z¥
and A" € A we abbreviate

4 H pr ’ ’
pl/} [K] := Pp M[K] for Kedy and p[? 1= pl/} [Hp .
Additionally, whenever we consider a path Hy.(s) = Hy + sV € 9/4., we denote

pi () == pf [Ha ()]

Let us now introduce the three concepts for which we want to prove equivalence as
described in the introduction and depicted in Figure 1.
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2 Mathematical setup and important concepts

2.1 Decay of correlations

Let A € ZV and p be a state on 9/,. Then the covariance of two operators A € &/x and
B € 9y, localized in X, Y C A is defined as

Cov,(A, B) :=Tr(p AB) — Tr(p A) Tr(p B). (2)

To remove the explicit dependence on the operators, we define

Cov,(X;Y) := sup |C0vp(A,B)|.
Aedy: |Al=1,
Bedgly : |B|=1

One of the main concepts, we will use later is decay of correlations, sometimes also
called clustering (of correlations).

Definition 1 ((Uniform) decay of correlations). Let A € Z" and p be a state on &/,. We
say that p satisfies decay of correlations with respect to the continuous functions {¢y,
fcov: [0,00) = [0,00) and n > 0 if and only if

Cov,y(X;Y) < IXI" foov (Y1) deov(d(X.Y))

forall X,Y C A.

With a little abuse of notation, we say that an interaction ¥ satisfies uniform decay
of correlations (at inverse temperature f) on A if and only if the Gibbs states pg’ [Hy ]
satisfy decay of correlations with respect to the same functions and n for every A’ C A.

<

One could equivalently take the minimum with the same bound where X and Y
are exchanged. But for simplicity in the presentation, we will always write the bound
in this way without writing the minimum explicitly. We choose this rather general
definition with arbitrary functions as a compromise between understandable proofs
and validity for different results on decay of correlations coming from previous liter-
ature [9, 139, 136]. A possible extension is to consider a bound where the growth is
only in the size of the boundaries 09X and 9Y of the sets. This setting will be discussed
in detail for one-dimensional spin chains, where [0X]| = 2 for all intervals X.

We say that p satisfies exponential decay of correlations, if (¢, (r) < Ccoy €™ Cov"
for some Ceqy, ccoy > 0.

2.2 Local perturbations perturb locally

The second concept measures stability of a system against local perturbations, in the
sense that expectation values of local observables supported far away from the pertur-
bation change only very little. We refer to this stability as local perturbations perturb
locally (LPPL), a term used for the local stability of ground states in previous works [23,
74, P1, 16].
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P4 From decay of correlations to locality and stability of the Gibbs state

Definition 2 ((Uniform) local perturbations perturb locally (LPPL)). Let A € Z" and
H € 9/, be self-adjoint. We say that H satisfies LPPL (at inverse temperature ) with
respect to the continuous functions fippr, gLppL, {ppL: [0,00) = [0,00) and n > 0, if
and only if

[Tr(pg [H1B) — Tr(pg[H + V1B)| < IBIIXI" fippr(1Y1) greer (V1) &ppr(d(X, V)

for all X,Y C A,V € oy self-adjoint and B € ofy.
We say that an interaction ¥ satisfies uniform LPPL (at inverse temperature ) on A if
and only if H,, satisfies LPPL with respect to the same functions and n for every A’ C A.
&

2.3 Local indistinguishability

The final property we are interested in is locality of the Gibbs state, in the sense that
expectation values of local operators can be well approximated by the expectation
values in the Gibbs state on a smaller set A’ C A as long as they are localized far apart
from A\ A’. This property goes under the name local indistinguishability [45, 36]. We
note that it was also called locality of temperature in [139].

Definition 3 (Local indistinguishability). Let A € Z" and ¥ be an interaction. We say
that ¥ satisfies local indistinguishability (at inverse temperature 5) on A with respect
to the continuous functions fij and {: [0, 00) — [0, o) if and only if

[Te(pg[Hal B) = Tr(pg [Hp1 B)| < 1Bl fur(1Y]) Gui(d(Y, AN A7)
forallY c A” C Aand B € &fy. O

A similar property for ground states is also of great interest and often called local
topological quantum order (LTQO) for historical reasons. See [175, section 2.2.2] for a
discussion of LTQO. To emphasize the above flavour, it sometimes gets more descrip-
tive names like “indistinguishability radius” [175]. In most works, LTQO is taken as an
assumption, see e.g. [162, 16]. It is only known to be satisfied in very simple systems,
see [175] for an overview and [63, 196, P1, 16].

Remark 4. Note that decay of correlations is a property of a state, LPPL is a property of
a Hamiltonian, and local indistinguishability is a property of an interaction. Clearly in
all three concepts the most relevant information is the decay function: (¢, encodes
the rate of decay of correlations in a state between different regions in space, {1 ppr,
controls the rate at which the influence of a perturbation decays in the distance to the
region where it is supported, and ;1 encodes the rate at which the influence of the
boundary on a Gibbs state decays into the bulk of a system. o

Remark 5. Let us briefly comment on how our results extend to infinite volume sys-
tems and how they are related and might be useful for related questions in infinite
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3 Applications of the general results

volume. Since all our estimates are uniform in the system size |A|, they extend to
the KMS state for the infinite volume system that is obtained as the weak™-limit of
the finite volume Gibbs states pﬁ for A ~ Z". The existence of this limit is guaran-
teed, for example, by the local indistinguishability property. In particular, our circle
of equivalences implies that uniform decay of correlations or uniform LPPL at a cer-
tain inverse temperature f are also sufficient conditions for the existence of this limit.
Note, however, that even if one had a property like local indistinguishability uniformly
for different boundary conditions, uniqueness of the KMS state is not expected to our
knowledge [49, chapter 6].

Related questions concerning the stability of KMS states in infinite volume that have
been discussed intensively in the literature are return and approach to equilibrium (see
e.g. [190, 128] and references therein). Roughly speaking, return to equilibrium is the
property that a KMS state of a locally perturbed system returns under the unperturbed
dynamics to the associated KMS state of the unperturbed system in the limit t — oo
and in the weak*-topology [190]. The idea is that local changes in the KMS state
disperse or propagate to spatial infinity under the unperturbed evolution, which is
usually assumed to be asymptotically abelian. Note that this problem is somewhat
independent of LPPL, which claims that a local perturbation leads to a local change in
the Gibbs or KMS state. It is conceivable that a local perturbation changes the KMS
state only locally, but that this change then persists under the unperturbed dynamics.
On the other hand, it is also possible that a system does not satisfy LPPL, but still
exhibits return to equilibrium. This is because LPPL implies that the perturbed KMS
state is normal with respect to the unperturbed one, while this is not a necessary
condition for return to equilibrium [190].

The problem of approach to equilibrium in its general formulation proposed in [128]
is completely open. The question is whether general initial states approach in the long
time average and in the weak™ sense a superposition of KMS states. In [128] this
problem was studied for initial states that are themselves KMS states for a different
system. While to our understanding this problem is also independent of the LPPL
property, our Theorem 34 establishes a form of Lipschity continuity of the Gibbs state
as a function of the defining interaction, which might be a useful ingredient when
studying approach to equilibrium. O

3 Applications of the general results

Before formally stating and proving our main results, in this section we first present,
also as a motivation, a collection of applications to various classes of spin systems. In
all cases, we start from quantitative bounds on the decay of correlations, which have
either been shown before or will be shown later.

We focus first on one-dimensional quantum spin systems, for which we consider
the following cases separately: translation-invariant short-range interactions at high
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P4 From decay of correlations to locality and stability of the Gibbs state

enough temperature, short-range interactions at any positive temperature, and long-
range interactions at any positive temperature.

For all of them, decay of correlations (with different decay rates) is known to hold [9,
36, 185, 136] or is proved in this paper (see Theorem 6). We then turn our attention
to finite-range quantum spin systems of arbitrary dimension, for which (uniform) ex-
ponential decay of correlations above a threshold temperature is known to be satis-

fied [139].

3.1 One-dimensional translation-invariant short-range systems

In this section, we restrict our attention to translation-invariant short-range spin sys-
tems. For one-dimensional translation-invariant systems, Araki [9] proved that the
infinite chain satisfies exponential decay of correlations at every positive tempera-
ture, and this was subsequently extended to short-range interactions in [185] above a
threshold temperature. As a consequence of this, the analogous result for finite-range
finite chains was recently shown in [36]. In the current manuscript, we extend this
to short-range interactions above a threshold temperature. A precise definition of
translation-invariant interactions is given in Section 9, basically it means that ¥(X)
and ¥(X + n) are the same operator on different parts oy = 9/x, of the lattice.

Theorem 6. Letb > 0 and ¥ be a translation-invariant interaction with ||1I/||exp(_b ) <o
and denote * :=b/(2|¥|,). Then, for all B € (0, f*), the Gibbs state satisfies decay of
correlations in the sense that there exist Ccoy, Ccov > 0 such that for every finite interval
I C Z and subintervals X,Y C I, it holds that

COV,D;; (X, Y) < CCOV efCCovd(XaY).

From Theorems 36 and 37, we conclude the following statement.

Corollary 7. Let b and Cyy; > 0, and ¥ be a translation-invariant interaction with
¥ lexp(—-) < ©0. Denote B* :=b/(2|¥]y). Then, forall § € (0, B*), there exist constants
Crppr, cppLs Cup crp > O such that the following statements hold for all intervals I € Z.

(a) The Gibbs state satisfies LPPL in the sense that
[Te(p}(Hy] B) = Tr(ph[H; + V1 B)| < Cuppp ¥V (1 + [V]) | Bl e 4XT)

for all subintervals X,Y1,Ys C I, such thatY; < X < Y,,Y =Y, uY,, all self-
adjoint perturbations V. € dx and all observables B = B; ® B, with B, € dy,
and B, € dy,.

(b) The interaction satisfies local indistinguishability in the sense that
[Tr(p} B) ~ Tr(pf ¥ B)| < Cyr [ Bl ")

for all subintervals X,Y1,Y, C I, suchthatY; < X < Y,,Y = Y uY,, and all
observables B = By ® B, with B, € dfy and B, € dy,.
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3 Applications of the general results

The proof of this result is a straightforward application of Theorems 36 and 37 under
the conditions of Theorem 6. We refer to Section 9 for a detailed exposition of all these
results.

3.2 One-dimensional short-range systems

In this and the next section we restrict to so called k-local interactions, which sat-
isfy ¥(Z) = 0 if |Z] > k. Additionally we will — as before — require a decay of the
terms ¥(Z) in diam(Z) by specifying an interaction norm. And again, we only con-
sider one-dimensional systems A € Z. For such systems, Kimura and Kuwahara [136]
recently proved decay of correlations for short-range interactions.

Theorem 8 ([136, Theorem 1]). Let b, G,y and k > 0. Then, for any > 0 there exist
constants Ccoy, Ccoy > 0 such that all k-local interactions ¥ with |¥|exp(—p) < Cint
satisfy decay of correlations such that

Covpl/i\ (X, Y) S CCOV e_CCOV \fd(X,Y)

forall A € Z, and intervals X, Y C A.

From Theorems 22 and 29 we obtain the following statement. A short proofis given
in Appendix A.1.

Corollary 9. Let b, Gy and k > 0. Then, for any B > 0 there exist constants Cy ppy,
cLppL, Cui > 0 such that the following statements hold for all k-local interactions ¥ with
”lP"exp(—bJ < Cint-

(a) The Gibbs state satisfies LPPL in the sense that
[Tr(pf [Hal B)=Tr(pf [Ha+V] B)| < Crppr /1"l (14]V]) | B] e eurr NAXY) (3)

forall A € Z, intervals X,Y C A,V € oy self-adjoint and B € dly.

(b) The interaction satisfies local indistinguishability in the sense that
ITr(of B) = Tx(pf’ B)| < Cp Bl (1 + Jd(Y, A\ A7) eman/dVAN)

forall A’ C A€ Z, intervalsY C A’ and B € aly, with c;1 = beppr./+[b? + CEPPL-

Kimura and Kuwahara [136] prove a more general statement, which includes
stretched exponentially decaying interactions. For such interactions, one obtains a
similar result by using different Lieb-Robinson bounds to calculate {ogp. Moreover,
they prove decay of correlations for long-range interactions, which we discuss in the
next section.
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P4 From decay of correlations to locality and stability of the Gibbs state

3.3 One-dimensional long-range systems

Let us consider k-local interactions (see Section 3.2) with polynomial decay in the

sense that
¥ (2)I
Illg, = sup } ——" <o, @
X,YEA ZeA :Fa(d(x’ y))
x,y€Z
with F,(r) := (r + 1)7%. For such interactions, Kimura and Kuwahara [136] recently

obtained a bound on decay of correlations in one-dimensional systems.

Theorem 10 ([136, Theorem 1]). Let a > 2, acyy < @ — 2, Gyt and k > 0. Then, for
any B > 0 there exist constants Ccqy, CCoy > 0 such that all k-local interactions ¥ with
I¥llr, < Cint satisfy decay of correlations such that

Covr(X;Y) < CFy, (d(X,Y))

forall A € Z and intervals X, Y C A.

From Theorems 22 and 29 we obtain the following statement. A short proofis given
in Appendix A.2.

Corollary 11. Let Gy > 0, k, > 0. The following statements hold.

(a) Forevery a > 2, apppr, < a — 2 there exist a constant Cppy, > 0 such that for all
k-local interactions ¥ on Z with [|[V||r, < Gyt

[Tx(p [H] B) = Tr(pj [Hy + V1 B)| < Cuppr eVl (14 V1) |BI E,

LPPL

(d(x,Y))

5)
forall A € Z, intervals X,Y C A,V € oy self-adjoint and B € dly.

(b) Forevery a > 3, a1 < a — 3 there exist a constant Cyy > 0 such that for all k-local
interactions ¥ on Z with ||¥||g, < Cint

[Tr(p B) - Tr(pﬁ' B)| < Gy IBI Fypy, (d(Y, AN A"))
forall A’ C A€ Z, intervalsY C A and B € ofy.

3.4 v-dimensional short-range systems at high temperature

At high enough temperature, Gibbs states of finite-range Hamiltonians in any dimen-
sion satisfy uniform exponential decay of correlations [139] (see Remark 14). This
behaviour is expected also for systems that have short-range interactions.
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Conjecture 12. Let Cyyi, b > 0 andv € N, then there exists f*, Ccoy, Ccoy > 0 andn € N
such that the following holds: Let ¥ be an interaction on Z such that |¥]exp(—p-) < Cint-
Then, for every § < f* and A € Z", the Gibbs state p[/} satisfies decay of correlations in
the sense of Definition 1 with constants such that

Cov 1 (X: ) < Cogy X" Y1 e~ cordXT)

forall X,Y C A.

If the Conjecture 12 is satisfied, then our general Theorems 22 and 29 imply that
the Gibbs states of such systems are also stable against local perturbations and satisfy
local indistinguishability. A short proof of how the claimed exponential decay rates
are obtained from the general formulas is given in Appendix A.3.

Corollary 13. Assume that Conjecture 12 holds true. Let Gy, b > 0 and v € N, and let
B* and n as in Conjecture 12. Then there exist constants C, ¢ > 0 such that the following
holds for all interactions ¥ on Z" satisfying |¥lexp(—p-) < Cint

(a) Forall A€ Z",X,Y C A,V € dx self-adjoint, B € oy and < p*

[Tr(pf [Hal B) — Tr(pg [Ha + V] B)| < C AV (14 V1) |B] X" [y ] e7ed(XY),

(b) ForallY c A’ CA€Z',Be oy and f < f*

[Tr(pf B) ~ Tr(pj B)| < C BIB Iy emed A,

Remark 14. A few remarks are in order:

+ Conjecture 12 is known to be true for finite-range interactions, as it has been
shown in [139], which is also one of the very few previous results on LPPL and
local indistinguishability for finite-range interactions. Indeed, by using the ex-
plicit decay of correlations obtained in [139] together with our Theorem 22 and
Theorem 29 we recover the result of [139], namely estimates analogous to those
in 13 (a) and 13 (b) but with scaling [3Y|? instead of the |X|* [Y|* and |Y|**!, re-
spectively.! However, we emphasize that the proof in [139] requires not only
the control on the decay of correlations but also on the decay of the general-
ized covariance for all the Gibbs states of the perturbed Hamiltonian H(s). In
this respect, our result makes the locality and stability results in principle more
accessible.

L First, note that 3Y in [139] is the boundary in the interaction graph, i.e. it scales with the range R.
To obtain the claimed scaling, we slightly modify their proof: After [139, eq. (47)], we apply the
same bound, but with x, = 1, to upper bound [139, eq. (47)] by 2[aY|e X/&P /(1 — e V/EP) for all
L > L, := &p) ln(\aYl/(l - e’l/f(ﬂ))), where £(f) as in [139, eq. (10)]. Multiplying this bound by
[oY|/(1 — e VEB)y = lo/8F) > 1 makes it valid for all L > 0 due to the trivial bound [Cov,(X;Y)| < 2.
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« In dimension v = 1, Conjecture 12 is true for translation-invariant interactions.
Moreover, the critical temperature * vanishes when reducing to translation-
invariant finite-range interactions in one dimension due to [185]. This setting
is addressed in detail in Section 9.

o Theorem 3.2 in [98] implies Conjecture 12. However, after finishing this
manuscript, it was pointed out to us [35] that the proof presented in [98] only
proves a scaling exp(|X|+|Y]) [97] instead of the claimed | X]||Y|. The exponential
prefactor, which is not considered to be optimal, is insufficient to apply our
results. o

4 Quantum belief propagation

This section is devoted to the introduction of the quantum belief propagation (QBP),
the main tool for our analysis. The concept was originally introduced by Hastings
[115]. More recently, the concept of QBP attracted more attention and has been used
for different applications, see for example the works [134, 135, 80, 45, 131, 109, 8, 145,
187, 194]. See also the review [5] and Remark 21 for a more detailed discussion on
the literature.

Here, we offer a rigorous exploration of quantum belief propagation, expanding
upon earlier findings. In particular, we show how to extend the technique from the
exponential of a Hamiltonian to its Gibbs state. A step which was used in some of the
mentioned works without justification. Moreover, we also include short- and long-
range interactions instead of finite-range interactions only. To enhance the text’s
clarity, we have chosen to postpone the proofs to Section 10.

The first theorem does not need any locality properties of the Hamiltonians. There-
fore, we state the theorem for general self-adjoint operators on a finite-dimensional
Hilbert space. Notice that in [80] the authors extend the QBP equation for the per-
turbed exponential, namely equation (6), to KMS states of general W*-dynamical sys-
tems.

Proposition 15 (Quantum belief propagation, general statement). Let # be a finite-
dimensional Hilbert space and H and V self-adjoint operators on 7. We consider the
path of Hamiltonians H(s) := H + sV. Then, the following holds true.

(a) The exponentials e PHE) satisfy the differential equation

d _ -
a e ﬁH(S) = —g {e ﬁH(S)’ (I)g(S)(V)}; (6)
where @g(s)(v) is defined by

(DEI(S)(W) - J dr fﬁ(t) e—itH(s) WeitH(s)’ (7)
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4 Quantum belief propagation

or all self-adjoint operators W on # with an exponentially decaying L'-
P B P g
function, which is explicitly given in (26). Clearly H(Dﬂ (s)(W)" < [w].

Moreover, there exists a path of operators s — 1(s), given in (28), such that

B
e PHE = 5(s) e PHO) p(5)* and [n(s)] < eIV,

(b) Equation (6) implies that the path of perturbed Gibbs state s — pg(s) := [H(s)]
satisfies the differential equation

< pp(s) = —g (). 2OV = (V) 9)} (®)

Moreover, there exists a path of operators s v ii(s) such that p(s) = i(s) pp(0) i(s)".
7l < P and
lpp(0) = pg(s)ly < eIVl — 1. o)

Proposition 15 not only gives two useful differential equations, but also proves con-
tinuity of the Gibbs state in the Hamiltonian and stability of the Gibbs state against
small perturbations, see equation (9). To make the result more explicit, we often use
the bound

eV —1<x(e¥-1) forall x € [0,1], y >0, (10)

which for example allows to bound 2PVl 1 <5 (ezﬁ”V" - 1).

Note that the existence of an operator x(s) such that e PHE) = k(s) e PHO) k(s)*
is not surprising, and the same holds for the normalized state. Indeed, many choices
are possible since we only require one state to be mapped to another. One can also
choose k(s) = e PH()/2 eﬂH(O(} see [49, Corollary 5.4.2] together with the discussion
following it and [5, section III.B]. This is enough to obtain continuity of the Gibbs
state, i.e. [pg(0) — pg(s)| — 0 for s —> 0 but without the explicit bound in (9), see [49,
Theorem 5.4.4(3)].

The main advantage of the specific operators 5(s) and 7(s) provided by quantum be-
lief propagation is their bounded norm and the locality, which will be stated in Propo-
sition 18. For the x(s) given above, boundedness and locality can be proven above
a threshold temperature for finite-range Hamiltonian, see [5, eq. (36), (37)]. But for
smaller temperatures, there are nearest neighbour Hamiltonians [41, Main Theorem],
where these proofs fail and where we expect that the norm of k(s) diverges in the
thermodynamic limit.

Remark 16. A very similar concept appears in the context of Hamiltonians with
gapped ground states [23]. There

-2 ) = [P0 Y],
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where P(s) is the projection onto the ground state of H(s) and @,{{ (s)(V) is defined as
in (7) but with a different function f,. One then solves the Schrodinger equation and
obtains the unitary propagator U(s) such that

P(s) =U(s) P(O)U(s)",

which one can also approximate. It satisfies |[U(s)| = |[U(s)*| = 1 and U(s)* = U(s) "},
which we do not have for the 7(s). For the ground state projection, the uniform (in s)
gap above the ground state is crucial, which is not the case for the Gibbs state. How-
ever, the estimates we obtain for the Gibbs state are not useful to analyse the f — o
regime. &

Proposition 15 becomes even more interesting when we apply it to the lattice setting
described in Section 2, because locality of the Hamiltonian H, and localization of V

will result in quasi-locality of (Pg/‘ © The locality of the Hamiltonian is often measured
in terms of Lieb-Robinson bounds [154, 173, 174]. These bounds measure how fast
(the support of) an operator spreads under the Heisenberg time evolution.

Definition 17 (Lieb-Robinson bound). Let A € Z'. We say that a Hamiltonian H €
o satisfies a Lieb-Robinson bound with decay (g : {X C A}x{Y C A}x[0,00) — [0, >0)
if

[[e* A€, B]| < |Al Bl &r (X, Y, Ii])

forall X, Y C A, Ae dx,Be gy andt € R. <&
For short-range interactions, the Lieb-Robinson bound decay can be proven to be
Gr(X.Y, i) = 2 min{|X], [y} (=X

with the Lieb-Robinson velocity v = 2 |¥|cyp(—p.)/b, see Proposition 44 for a precise
statement. Such Lieb-Robinson bounds are known for spin systems [174, Theorem 3.1]
and lattice fermions [173, Theorem 3.1(i)]. Similarly, for long-range interactions, Lieb-
Robinson bounds with polynomial decay in the distance d(X,Y) are known [84], see
Proposition 45. We keep this very general assumption on the Lieb-Robinson bounds
to render our results applicable for a large class of interactions. Moreover, it allows us
to obtain improved results for one-dimensional systems when we restrict X to be an
interval.

Proposition 18 (Quantum belief propagation on a lattice). Let A € ZV, H € 9/, self-
adjoint, X C A, andV € 9l self-adjoint. Fors € [0, 1], consider the path of Hamiltonians
H(s) := H + sV. Moreover, assume that all Hamiltonians H(s) satisfy a Lieb-Robinson
bound with {1 g decay uniformly ins. Let {opp: { X € A} x [0, 00) — [0, c0) with

. . _IT
{opp(X, 1) = mln{Z, %1;£||§LR(X: ANX -t +4e 7 } (11)

which only depends on {1 g and the inverse temperature . Then the following holds:
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4 Quantum belief propagation

(a) For any W € dx, the operators @g(s)(W) defined in (7) can be approximated by
local operators @P{ES)(W) € dx, supported on the r-neighbourhood X,, such that
oy O Wl < 195 W)l and

12O W) - oW < Wl e (X. 1.

(b) The operators n(s) defined in Proposition 15 (a) can be approximated by local oper-
ators 1.(s) € A, supported on X,, such that |n,(s)| < |n(s)| and

Byw

[n(s) = n ()] < Esviez™ fopp(X.1).

(c) The operators fi(s) defined in Proposition 15 (b) can be approximated by operators
iir(s) € dx. supported on X., such that [7,(s)| < [7(s)| and

li(s) = i,(s)] < BsIVIePIVT Lopp(X. ). (12)

When using the approximations given by Proposition 18, it is important to note that
both maps o ~ #j(s) o 7°(s) and o — #,(s) o 7 (s) are completely positive, but in gen-
eral not trace preserving. Only for the Gibbs state pg(s), clearly, Tr(7(s) pp(0) ii* (s)) =
Tr(pﬂ(s)) = 1, and by (12) one can conclude Tr(7,(s) pp(0) ﬁf(s)) = 1.

For the applications discussed in this work, it is enough to have some local approxi-
mation of dﬁg(s)(W), which we construct in Section 10.2.2 using a conditional expecta-
tion, which is basically a partial trace for spin systems. For numerical implementations,
o . Hy, . . e
it might be useful to instead use (Dﬁ "(W), i.e. (7) with the Hamiltonian truncated to X,
as an approximation. Qualitatively, the result would be as in Proposition 18 by using
a bound like [174, Theorem 3.4 (ii)] instead of (32) in the proof.

Remark 19. In Proposition 18 we assume a uniform Lieb-Robinson bound for all Hamil-
tonians H(s) = H + sV. This simplifies the statement and allows for better bounds
when we later prove local indistinguishability. The assumption can be dropped by the
stability result for the Lieb-Robinson bound we provide in Lemma 42 at the price of
an extra factor [V in {ypp, see Lemma 20 (b). &

Lemma 20 ({opp for short-range interactions). Let b > 0 and ¥ be an interaction
on A € Z" satisfying |¥lexp(—p) < 0, X C Aand V € dx self-adjoint. Then for all
Hamiltonians H(s) = H + sV the following holds:

(@) Ifalso |¥ + Vlexp(—p) < oo, then

__b
Lop(X,r) < 6]X|e T,

2
wherea = = max{||¥l/||exp(_b 3 17+ Vliexp(-b N3
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P4 From decay of correlations to locality and stability of the Gibbs state

(b) In general, it holds that

b
Lorp(X.r) < Copp (1 + V) IX|e =o', (13)
where Copp = 6 max{1,2/(bv,)} and a = % ¥ lexp(-b)-

Moreover, if X = B,(R) :={x € Ald(x,z) < R} is a ball (for somez € Aand R > 1)

we can replace |X| in both bounds with %b |0X|, where 9X = B,(R)\ B,(R—1). In

particular, for intervals X C Z in dimension v = 1, we can replace |X| by 2 %b
We also provide similar estimates for long-range interactions in Lemma 46, the

proofs are given in Section 10.3.

Remark 21. The original proof of the quantum belief propagation is due to Hast-
ings [115] and was only concerned with a differential equation for the perturbed ex-
ponential e PHE), namely the first part of Proposition 15 (a) and Proposition 18 (a)
and 18 (b). However, note that the equation obtained in [115] was different than the
one we show here, which is instead the one that is commonly used nowadays and, as
far as we know, appeared first in [134, 135]. The other works that used QBP [134,
135, 80, 45, 131, 109, 8, 145] were mainly focused on a differential equation for the
perturbed exponential, while our main focus is the use of QBP directly on the Gibbs
state, namely the differential equation (8) and its locality properties, for which we pro-
vide a thorough discussion in Section 10. A similar approach was used for a slightly
different application and finite-range interactions in [194]. o

5 LPPL from decay of correlations

Using quantum belief propagation, we now show that Gibbs states are stable against
local perturbations in the Hamiltonian whenever they satisfy decay of correlations.

Theorem 22 (LPPL from correlations in the unperturbed state). Let A € Z', H €
A, self-adjoint, X C A, and V € 9x self-adjoint. For s € [0,1], consider the path
of Hamiltonians H(s) := H + sV with Gibbs states pg(s). Moreover, assume that all
Hamiltonians H(s) satisfy a Lieb-Robinson bound with {{g-decay uniformly in s, and
let {opp be the function from Proposition 18. Then, for allY C A, B € gy andr > 0, we
have

[Tr(pp(0) B) — Tr(pp(1) B)| < €81 B (Cov (X, Y) + 4 B IVI dgmp(X,7)). (14)
Remark 23 (Simplified short-range version). Let ¥ be a short-range interaction and

assume that the Gibbs state pg(0) satisfies exponential decay of correlations with re-
spect to {cov(r) = Cooy €7, feov([Y]) = |Y]™ and n > 0 in the sense of Definition 1.
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5 LPPL from decay of correlations

Then Theorem 22 implies that for every ¢ < ¢y := ccoy cgpp/(Ccov +coBp), Where copp
is the decay exponent in (13), there exists a constant C > 0 such that for all X, Y C A,
V € oy self-adjoint and B € oy

ITr(pg(0) B) — Tr(pp(1) B)| < C VI (1 + [v]) |B] [x|maxtind |ym e—edXV) o

Notice that we only need to know decay of correlations in the unperturbed
state pg(0) in order to control the bound (14). This allows to use it in conjunc-
tion with decay of correlations in translation-invariant systems in one dimension [9,
185]. Although the bound (14) holds for all temperatures, it still diverges for § — o
and is thus not useful in the zero temperature limit.

Proof. For the proof, we drop the subscript 4. Under the assumptions of the proposi-
tion, let 7(s) be the operators from Proposition 15 (b) such that p(s) = 7i(s) p(0) 7(s)*,
and 7j,(s) be their local approximations from Proposition 18 (¢) with r < d(X,Y) such
that [B, 7j,] = 0. We abbreviate p := p(0), 7 :=7j(s), and 7}, : = 7,(s). Then,

Tr(p(s) B) — Tr(p B)
— Te(ipi B) - Te(p B)
~ e (i~ ) T B) + Te(i p (G — ) B) + Te(p1it iy B) — Te(p B)

The first two terms are bounded by | — 7| (||ﬁ|| + ||ﬁr||) |B|. Thus, for B = 1, we
obtain [Tr(p7; ;) — 1| < |7 — | (I3l + |7-]). Hence, we can replace Tr(pB) by
Tr(p iy i) Tr(p B) to recover the covariance and obtain

[Tr(p(s) B) — Tr(p B)|
< 217 = i, (Il + 17,1 Bl + |Cov @ 7, B)|
< 4|B| Bs VI eIVl {opp(X, r) + Bl e2PIVT Cov (X, Y). o

Remark 24. The same calculations can also be done in the ground state setting (see
Remark 16). There one does not need to define a U(s) because U(s) is already the
mapping of the ground state projection. Moreover, one does not need to assume decay
of correlations because Covp(U* U, B) = 0 anyway since U"U = 1. And the scaling
in |V] is also better. However, as pointed out above, the gap is necessary and thus
LPPL of this form only holds if V does not close the spectral gap, which is in general
only true for small |V]. O

Furthermore, if we know how to control the correlations for all Gibbs states along
the path, we obtain a better scaling in the norm of the perturbation, as is shown in the
next proposition.

Theorem 25 (LPPL from correlations along the path). Let A € ZV, H € &/, self-adjoint,
X C A, and V € 9y self-adjoint. For s € [0,1], consider the path of Hamiltonians

177



P4 From decay of correlations to locality and stability of the Gibbs state

H(s) := H + sV with Gibbs states pg(s). Moreover, assume that all Hamiltonians H(s)
satisfy a Lieb-Robinson bound with {1 -decay uniformly in s and let {opp be the function
from Proposition 18. Then, for allY C A, B € gy and all r > 0, we have

[Tx(pp(0) B) — Tr(pp(1) B)| < BIVI B ( sup Covy,y (X3 1) + 2 Lgue(X. r)).
s€]0,1

Remark 26 (Simplified short-range version). Let ¥ and ¥ + V be short-range interac-
tions and assume that all Gibbs states pg(s) satisfy exponential decay of correlations
with respect to {cov(r) = Ceov €, feou(IY]) = [Y|™ and n > 0 in the sense of Defi-
nition 1. Then Theorem 25 implies that for every ¢ < ¢, with ¢y as in Remark 23, there
exist a constant C > 0 such that forall Y € A and B € oy

[Tr(pp(0) B) — Tr(pp(1) B)| < C BV |B] [ x[maxiin} |yjm e=ed(X.Y), o

Proof. We again drop the subscript g. Integrating (8), we obtain
Tr(p(1) B) — Tr(p(0) B)

1
_ _/g L Te({p(s), 25 V) = Tr(p(s) 25 ©(V))} B) ds
1
= —g J;) COVP(S)((PEI(S)(V), B) + COVp(S) (B, (p‘?(S)(V)) dS.

Approximating dﬁg(s)(V) in X, using Proposition 18 (a) and ||CI>H£S)(V)|| < |V, gives

1
ITx(p(1) B) — Tr(p(0) B)| < B V] ] (L Cov )X, V) ds + 2 pp(X, r)).
Bounding the integral with the supremum concludes the proof. O

A result similar to Theorem 25 was obtained by Kliesch et al. [139]. They also start
with a differential equation for pg. But later they need to use not only decay of corre-
lations for all s, but decay of the generalized covariance for all s, which, they can only
prove in finite-range systems at high temperature. Instead, Theorem 25 can also be
applied if one only has information about decay of correlations. And in Theorem 22 it
is enough to know decay of correlations in the unperturbed state p(0). See in partic-
ular the applications we give in Section 3. In Section 9, we will discuss consequences
of the results for translation-invariant one-dimensional spin chains, where decay of
correlations is known for finite-range interactions at any temperature [9, 36].

Remark 27. Since the proofs of Theorems 22 and 25 are mainly based on quantum belief
propagation and Lieb-Robinson bounds, which hold true also for fermionic systems,
analogous propositions can be stated and proved in a fermionic setting with minor
modifications. Similarly, the following Theorems 29 and 31 hold for fermionic systems
as well. In this paper we focus on quantum spin systems for simplicity. o
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6 Local indistinguishability from uniform LPPL

6 Local indistinguishability from uniform LPPL

In this section we prove that uniform LPPL implies local indistinguishability if also
the interaction decays fast enough. The main idea is to remove A \ A’ from A point
by point, for which we have to assume LPPL at all intermediate steps. The idea is
inspired by Brandao and Kastoryano [45], who removed point by point a boundary
region dA” C A to decouple the system in A’ from the rest. With our improved method
we can improve the scaling with A’ and extend the result from finite- to short- and
long-range interactions. The first result will later be used to remove single vertices.

Lemma 28. Let A € Z", F be a decay function, and ¥ be an interaction such that |¥|r <
co. Moreover, assume that pg satisfies LPPL with respect to fippL, gLppL, {LpPL, and n > 0
as in Definition 2. Then, for any X C A it holds that

[Te(pf B) — Tr(pf B)| < IBIIXP" fuere (Y1) g(IXI1¥15) ¢ (d(Y. X))
forallY c A\ X and B € gy, where

gv) := max{ngpL(v), (eZﬁ" - 1)} and {(r) := Orélérér(ZR + 1" & ppr(r— R) + F(R).

Proof. In the proof we will compare p, := pg[HA] and pp x = Pﬁ[HA\X] such that

we can always use the same trace. By the different normalizations in the Gibbs state,
it holds that

Trp(pax B) = Tra(pf [Hax] B) = Teax (o [Hanx] B) = Trax (o5 X B)

for all B € /4« x and the result follows.
We split the difference Hy — Hy\x = V; + V5 into a finite-range part and the rest,

Vii=YWZ) and V=) ¥(2)

ZCA: ZCA:
XnZ+Q, XnZ+Q,
diam(Z)<R diam(Z)>R

for some R > 0,and use p := pﬁ[H 1 —V1] as an intermediate step. The perturbation V;
is supported in Xy and bounded |V;| < | X]||¥| . Hence, by LPPL we find

[Tr(pa B) — Tr(p B)| < |BI1X&I" fippr(1Y1) gLppr (IXI1%1F) &ppr (d(Y, X) — R)

for all B € @fy. The remaining perturbation V, is small,

IVal < D 1P < IX| 9] FR),

ZCA:
XnZ=Q,

diam(Z)>R
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P4 From decay of correlations to locality and stability of the Gibbs state

and with the bound (9) from Proposition 15 (b) and (10) it holds that
[Tx(p B) — Tr(ppnx B)| < IB (221" — 1) < |B| F(R) (e2/XI¥lr — 1),
The result follows by triangle inequality. O

The bound provided in Lemma 28 on its own is not very good because it scales at
least exponentially in |X|. This might be enough in one-dimensional systems where
one needs to remove only a constant number of sites to decouple two halves of a
system. But in general it is more advantageous to remove X site by site. Therefore,
we assume that there exists a sequence (A,»)fio such that Ay = Aand Ay = A’ along

which each pgi satisfies LPPL.

Theorem 29. Let A € ZV, F a decay function, and ¥ be an interaction such that |¥|r <
co. Let A’ C A and assume that there exists a sequence ()X, C A\ A’ defining A; :=
AN{xj|j = 1,...,i} such that Ay = A’ and pgi satisfies LPPL with respect to fippr,

&1ppL, (LpPL, and n > 0 as in Definition 2 for everyi =0,...,N — 1.
Then,

N
[Tx(pg B) = Tr(pg B)| <IBI fippL(IY1) 8(1¥1F) ) {(d(Y, %)) (15)
i=1
forallY C A’ and B € gy, where g and { as in Lemma 28.

Moreover, if { decays fast enough, i.e. such that 2(0) defined below converges, one can
bound

N 0o
2, 4@, %)) <YLY, ANA))  where {(r) :=2" ) ¢ {(@.  (16)
i=1 q=r

Remark 30 (Simplified short-range version). Let ¥ be a short-range interaction on A €
ZY such that [¥]exp(—p.) < o0 and assume that all Gibbs states p;} with A” C A satisfy

LPPL with respect to {ppr.(r) = Crppr, e ", fippr(IY]) = [Y|™, grppr(v) = €*/” and
n > 0 in the sense of Definition 2. Then, for every ¢ < beyppr, /(b + crppr) there exists
C > O such thatforallY c A’ C Aand B € oy

[Tr(p} B) = Tr(pj” B)| < CBI[Y[™+! e/ lewi) gmed@ AN, o

Proof. Equation (15) follows from Lemma 28 and triangle inequality. To prove (16) we
split A\ A’ into shells

S

g ={ze ANA|d(Y,2) =q}

which clearly satisfy ‘Sq| < |2V ¢l Then, {x]i = 1,..,N} = U;o:d(y,A\A/)Sq
and (16) follows. o
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6 Local indistinguishability from uniform LPPL

4

d(Y,A\A’)I ’/d(Y,S)—q v

Nd(Xg, Y) = d(x,Y) - R

A

E f XR 3 BX(R)

Figure 2. Depicted is the main idea for the proof of local indistinguishability from
uniform LPPL. The idea is to remove all points x € A\ A’ one by one. There-
fore, we first apply LPPL to the sum of all interaction terms connecting x with its R-
neighbourhood B,(R). For short-range interactions, the remaining interaction terms
including x are exponentially small in R and can be removed using QBP. Furthermore,
the points x are grouped into shells S; 3 x according to their distance g := d(x,Y)
to Y. We then choose the parameter R depending on g, so that the error for operators
B € dly introduced by removing all points in S, decays exponentially in g. This allows
to sum the error terms introduced by removing all shells with g and still obtain expo-
nential decay in the distance d(Y, A\ A”).
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P4 From decay of correlations to locality and stability of the Gibbs state

To recover the result from Brandio and Kastoryano [45], note that they restrict to
finite-range interactions and therefore only need to remove enough points along the
boundary of A’ to decouple the system in A’ from the rest. Then they use the trivial
bound |[ANA’|{(d(Y, ANA”)) for the sum in (15) and thus obtain a linear scaling in [0A”].
Our improvement is to observe (16) such that the statement is independent of [A\ A’|
and applicable to short-range interactions.

More specific results can be found in Section 9 for one-dimensional spin chains.

7 Uniform decay of correlations from local
indistinguishability

In this section we briefly discuss how to close the circle of implications in Figure 1,

i.e. how to conclude decay of correlations from local indistinguishability. This is a

simple and well known consequence for finite-range Hamiltonians. We present the

statement here for short- and long-range Hamiltonians. We will also discuss in detail
the dependence on the support of the observables.

Theorem 31. Let A € ZV, F a decay function, and ¥ be an interaction such that |¥|r <
oo and assume that ¥ satisfies local indistinguishability at inverse temperature f with
respect to fi1 and {11 in the sense of Definition 3. Then, for all disjoint X,Y C A,

Cov py (X;Y) < max{|X|, fir(IX] + [Y)} {(d(X,Y)),

where
() =3 inf (Ga®)+ (@ —1) @20+ 1) FG - 20)).
0<e<r/2

Remark 32 (Simplified short-range version). Let A € Z" and ¥ be a short-range inter-
action such that [¥]exp(—p.) < © and assume that it satisfies local indistinguishability

at inverse temperature f§ with respect to fi;([Y]) = Y™ and {;(r) = Ciye ", Then,
for every ¢ < bey/(2b + 1), there exists C > 0 such that for all X, Y C A,
1, _
Cov, s (X:¥) < C(|X] + jy)) P gmedey), o

Proof. Let A € ox and B € ofy with unit norm. Then choose 0 < £ < d(X,Y)/2 and
A = X; uY,. We first use local indistinguishability to approximate

|Cov p/?(A, B)— Covpéy (A,B)| <3 fu(IX] + 1Y) &x(2). (17)

In the case of finite-range interactions with range R, one could choose ¢ so that
d(X;,Yy) > R for which pﬁl = pg’ ® p;f and Cova/ (A,B) = 0. For short-range
B
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7 Uniform decay of correlations from local indistinguishability

A

N =X uY,

/

d(X, Yyp)

Figure 3. Depicted is the situation from the proof of Theorem 31. By local indistin-
guishability, the covariance of the Gibbs state on A and A’ = X; u Y; are similar. The
remaining distance d(Xj, Yy) must be chosen so large that the remaining interactions
coupling both regions are small. In the case of finite-range interactions, the distance
must be chosen larger than the interaction range, so that the regions completely de-
couple.

interactions, however, we have to remove the interactions coupling regions X; and ¥;
first. Therefore, enumerate X; = {x1, x5, ..., x5} and let

Vi := Y. W(Z), whichsatisfies [|Vi| < Y. [¥(2)] < [¥lr F(d(X;. Yy).

ZCA: zZcZY:
X€Z, X1, X182, x€Z,
ZnY, #D diam(Z)>d(X,,Y;)

Moreover, Hy» — Zgl V; = Hy, + Hy, and by Proposition 15 (b) and (10)
14
|COVpéy [H](A’ B) — Covpl,jy [H—Vi](A’ B)‘ <3 F(d(Xl,,Yf)) (eZﬂ” lr _ 1),

for all Hamiltonians H € 9/, and alli = 1,..., N as long as d(X,,Y;) > 0. Choosing

i—1 . . . c 1 .
H = Hp — }j—1V}, by triangle inequality and vanishing of Cov P} lHy, +Hy€](A’ B) it
follows that

\Covpg' (A, B)| < 31X](2¢ + 1) F(d(X,, Yp)) (e2P17lF — 1), (18)
Combining (17) and (18) concludes the proof. O

This statement closes the circle depicted in Figure 1.
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P4 From decay of correlations to locality and stability of the Gibbs state

Remark 33. Notice that the constants get worse in each step, when going around
the circle shown in Figure 1. Indeed, let b > 0 and ¥ be an interaction such that
¥ lexp(—b-) < 0. Moreover, let A € Z” and assume that pf; satisfies uniform exponen-
tial decay of correlations in the sense that there are constants C, ¢ and n such that

Cov v (X;Y) < C (IX] + Y] e forall X,Y C A’ C A.
s

Then there exist constants C > C and ¢ < ¢, which in particular depend on C, ¢,
and |¥|exp(-p.), such that after going once through the statements about LPPL and
local indistinguishability as indicated in Figure 1 one obtains

Covpﬁm X;Y) <C(X1+ IYI)”+1 e @XY)  forall X,Y c A’ C A. o

8 Stability against small SLT perturbations from
decay of correlations

This section is devoted to a result which is not part of the implications depicted in
Figure 1. In Proposition 15 we already observed stability of the Gibbs state against
small (in norm) perturbations. Using the idea from Theorem 25, we can extend this to
stability against perturbations which are small in an interaction norm. We call these
sum-of-local-terms (SLT) perturbations. Their norm grows like |A|. Hence, if we aim
to find a bound uniform in the system size, they are not small in norm. In contrast to
the bound in (9), which is in trace norm, we compare local expectation values of the
Gibbs states, which is the natural topology for extended systems.
The idea to this observation comes from [187] and we give a rigorous proof here.

Theorem 34 (Stability against small SLT perturbations). Let G,y > 0, n € Ny, Sy > 0
and

(@) acoy >V, b>0and F(r) := et or
(b) @, acey > (n+1)vand F(r) = F,(r) := (1 +r)™%.

Then there exists a constant C > 0 such that the following holds: Let A € Z¥, f§ €
(0, By), Py and Wy be interactions such that |Py|f, |¥yv|r < Cint and denote the Gibbs
state of Yy + s¥y by p[/}(s). Assume that all Gibbs states satisfy decay of correlations

with respect to {coy < (14 )%, foo, and n as in Definition 1, then for allY C A and
B € gy we have

ITx(pp(0) B) = Tr(pp(1) B)| < C B9l Y1 (1 + feou (V1)) 1B
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8 Stability against small SLT perturbations from decay of correlations

Remark 35. Concerning temperature dependence, we observe that p;}Jr Aﬁ[H] =

pg[H + ATfH |- Hence, Theorem 34 implies that, assuming all Gibbs states for inverse

temperatures in [, § + Af] satisfy decay of correlations (w.r.t. the functions above),
local expectation values change slowly in f, namely

[Tx(pf B) = Tr(pf pp B) < € AB bl Y1 (1 + foo (V1)) 1B,
uniformly in A with the constant from above. For only this statement, the proof could

be simplified since CDEKS)(H) = H in (6) and (8). O

Proof. As in the proof of Theorem 25, we drop the subscript 4 and have

|Tr(p(1) B) — Tr(p(0) B)’

< g SE.lp]<|COVp(s)(<Pg(S)(V), B)| + [Cov,o (B @ V(7))
s€[0,1

)

where V.= Y ,.4, %y(Z). We now bound the first term, as the second is bounded
analogously,

[Covy (@ V). B)

si Y ‘Covp(s)(tpg(s)(IPV(Z)),B)‘

k=0 ZcA:
d(Z,Y)=k
<218l Y, >, 1% (2)
Y€EY ZCA:

yeZ

HIBLY, Y W Imin(121" feo (V) Gorld(Z 1)) + 208p(Z.0)),

k=1 ZcCA: =

1(JI(Z?Y):k

where we used the approximation @Zr(s)(WV(Z )) from Proposition 18 (a), Covp(s)(A, B) <
2|A||B|, and the assumption on decay of correlations. The first summand is
bounded by 2[Y||Py|r|B|. For the second summand, we first replace d(Z,,Y) =
max{d(Z, Y) —r, O}. Then notice that for every Z C A with d(Z,Y) = k, there ex-
isty € Y and z € Z with d(z,y) = k. Moreover, under the assumptions (a) and (b),
{oBp(Z,r) = |Z|{gpp(r) scales linearly in |Z| for some decaying {opp(r), by Lem-
mata 20 and 46, respectively. Hence, by overcounting each of the terms with k > 1,
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P4 From decay of correlations to locality and stability of the Gibbs state

the second summand is bounded by

> Y > (@)l min (121 (120" foou (Y1) feov(k = r) + 2121 Lpe(r)

yeY zeA: ZcA:
d(zy)=k zeZ

< 12"k ¢y min (1 +20)"™ foou (Y1) Zeov(k =) + 2121 pe(7)).

where
Cyi=sup Y. |Z[mm |y (2)] < O [y [
z€Z ZCA:
z€Z

and we used |{ zeA|ld(z,y) =k }| <2'k"!and|Z| <|Z|(1 + 2r)". Defining

A ’ —1 : _
C:=2+2"Cf kz:; K’ Olgrlgk( (1 +z2r)™ QVCov(k r) +2 gQBP(r)),

the bound given in the statement follows when C < oco.

For the case of short-range interactions with assumption (a), {opp(r) < 6 e " for
some copp > 0, which can be chosen uniformly in g € (0, 4) and [y + sPy|p <
2Ciyt by Lemma 20 (a). To bound Cj, we use |Z| < (diam(Z) + 1)" to find C] <
max,en(r + 1) e < oo, which only depends on b and n. Finally, C is bounded if
{cov(k) < (1 + k)~ with g > v, by choosing r = K@=/ /3,

For long-range interactions, C{ < 1 and for every agpp < a and f, there exist Copp
such that {opp(r) < Copp Fao (r) by Lemma 46 (a). Thus, C can be bounded after

choosing r = k/2 under the assumptions specified in (b). o

9 Results for one-dimensional short-range systems

We now restrict our attention to translation-invariant one-dimensional spin chains.

For every x € Z, n € IN consider Y = [x,x + n] C Z and for every A € o,y de-
fine £,(A) € Hyxiny by t,(A) = A ® ly\(xtn}, Where we made use of the canonical
identification of @y\(y4n) as a subalgebra of ofy. Then, let I € Z and consider the
setI+n={x € Z|x—ne€l} LetY C Z suchthat I,I +n C Y. Define the
algebra *-isomorphism tL: of; — o, by th(®ic1A) = ®icrty(4;) ® Iy\(1+n). The
*-isomorphisms ! induce a %-algebra automorphism 7, of the algebra of quasi-local
observables &fz. Analogously, one can define 7, for —n € IN. The family {zr,},c7 is
called the family of lattice translations. Translation-invariant interactions are interac-
tions that satisfy the additional constraint that forall X € Z andn € Z

7, (X)) = ¥(X +n).
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9 Results for one-dimensional short-range systems

In this section we assume v = 1 and consider only local translation-invariant in-
teractions on Z. For every finite interval I = [x,y] € Z and every inverse tempera-

ture > 0, we additionally denote the Gibbs state as a functional qo};x’y | t Ay > C
on the operator algebra, defined by

U@ = Te(pfVQ) forall Qe )

and extended to a state on &/, e.g. by using the Hahn-Banach Theorem as in [48,
Proposition 2.3.24]. We denote by ¢z the unique KMS state over the infinite chain
at inverse temperature f§ > 0 [10]. Following the discussion in e.g. [49, Proposition

6.2.15], for every increasing and absorbing sequence I, ./ Z, the sequence of states (pg'
is weak™-convergent to ¢p, in particular

05(Q) = lim ¢3(Q) forall Qe sz,

In the infinite-chain regime, we define the covariance to measure correlations as an
extension of equation (2) by

Cov, (A, B) := ¢p(AB) — pp(A) pp(B),

forall A, Be oy.

Araki [9] proved that a translation-invariant, finite-range interaction satisfies expo-
nential decay of correlations, and this was recently extended to short-range interactions
in [185]. That is, there exist constants #, & > 0 such that for every x € Z, k € N,
A € A(_oox] and B € [y sk c0)s

lpp(A B) — pp(A) pp(B)| < H e *K | A |B],

whenever f < *, where the precise form of f* is given in Theorem 6. For finite-range
interactions, the result was extended to the finite-chain regime in [36], where it was
proven that any condition of uniform decay of correlations in the infinite-chain can be
transferred to the finite-chain, and vice versa. It is natural to ask whether this is also
correct in the presence of exponentially decaying interactions. And one of the main
results of this section is a positive answer to this question. The precise formulation of
this theorem has already appeared in Section 3.1, but we restate it here for convenience
with a new notation. To simplify notation, we will drop the union sign XY := X uY
from unions of finite intervals X, Y C Z, and we will write hereafter XY whenever
X <Y and YX for Y < X. And since we only deal with short-range interactions, we
abbreviate
191y = Wleps b0

We restate Theorem 6 with this notation. Its proof is deferred to Section 9.1.
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P4 From decay of correlations to locality and stability of the Gibbs state

Theorem 6. Let b > 0 and ¥ be a translation-invariant interaction such that |, < co
and denote f* :=b/(2|¥|). Then, for all p € (0, f*), the Gibbs state satisfies decay of
correlations in the sense that there exist Ccoy, Coov > 0 such that for every finite interval
I C Z and subintervals X,Y C I, it holds that

COV,D;; (X, Y) < CCOV efCCovd(XaY).

Note that, for finite-range interactions, we have f* = oo, recovering the results
of [9, 36]. Additionally, in [36], it was shown that having exponential decay of corre-
lations for finite-range interactions is equivalent to local indistinguishability. This is
extended below to exponentially decaying interactions as well. Following the lines of
the equivalence of notions of locality and decay of correlations presented in Figure 1,
we first show that exponential decay of correlations implies LPPL, and subsequently
prove that the latter implies local indistinguishability. This is reflected in Figure 4.
The use of quantum belief propagation and Lieb-Robinson bounds is again pivotal to
derive these results.

In contrast to the results at high temperature, Theorem 6 only provides decay of
correlations between two operators each supported on an interval. As a consequence,
we will only prove LPPL for perturbations V supported in an interval X C I and
observables B = B; ® B, with B; and B, supported on intervals Y; and Y5, respectively,
where Y; < X <Y, as in Figure 5. Thus, we use slightly different definition for the
three concepts decay of correlations, LPPL, and local indistinguishability and adjust
some of the arguments. One could extend all to arbitrary operators in 9y, ;y, by using
the Schmidt decomposition and allowing for an exponential growth in [Y; u Y5|.

Theorem 36. For every b, Ciyt, B, Ccov and ccoy > 0, there exist constants Cpppy,
and ¢ ppy, > 0 such that the following holds: Let ¥ be an interaction on Z. satisfying
[¥]p < Cints I € Z be a finite interval, and assume that the corresponding Gibbs state
pf; satisfies decay of correlations in the sense given in Theorem 6 with constants Ccoy
and ccoy. Then the Gibbs state satisfies LPPL in the sense that for all subintervals
X,Y1,Yy C I, such that Y| < X <Y,,Y =Y, uY,, all self-adjoint perturbations V € oy
and all observables B = B; ® B, with By € dy, and B, € dy,, it holds true that

[Tx(pHy] B) — Tr(pjlH; + V1 B)| < Crppr, |B] V1 (1 4+ [V]) e eurmdXD),

Ifalso |¥ + V|, < Cint, one can drop the factor (1 + ||V||)

The geometry described in the statement is depicted in Figure 5. In Theorem 36
included is the case where Y; is empty and B; = 1 which corresponds to Y being a
single interval. Together with Theorem 6, Theorem 36 shows that LPPL holds for
local, translation-invariant interactions ¥ satisfying [|¥|, < oo at inverse temperatures

B< B :=b/C2I¥]o).

188



9 Results for one-dimensional short-range systems

v=1,p<p%,
translation-invariant Hamiltonian

Araki [9]
Pérez-Garcia and Pérez-Hernandez [185]

infinite chain
decay of correlations

[cOvpﬁ x;y)<c e*“d(X’”]
Theorem 6]1 H

finite chain
Theorem 38 decay of correlations Theorem 36
[COV 61 < Ce-ad<X>Y>]

[Iocal indistinguishability] S [Iocal perturbations perturb Iocally]

Theorem 37
Tr(pj B) — Tr(pj B)| [Tr(p5[H] B) — Tr(pg[H + V] B)|
<C ||B|| e—ad(X,Y) <C ||B” eCﬂHVH e—ad(X,Y)

Figure 4. The diagram shows the main implications for one-dimensional (translation-
invariant) spin chains, which are discussed in this section. Here, I C Z is a finite
interval, X C I a subinterval and Y C I a union of two intervals. In particular, we
show “equivalence” of the four concepts in the picture. Note that the constants are not
the same, and we refer to the Theorems for precise statements. A crucial ingredient in
all the implications is quantum belief propagation (QBP) coupled with Lieb-Robinson
bounds. For finite-range or exponentially decaying interactions, exponential decay of
correlations is known to hold by earlier results for the infinite-chain regime at every
positive or high enough temperature, respectively, for which all four properties are
thus satisfied.

V

0000000000000000000000000
X

Figure 5. Representation of an interval I with subintervals X, Y;,Y, C I. An example
of a perturbation V € &fy such that the distance between X, andY = Y; uY, is atleastr.
Here,r = |d(X,Y)/2] = 2.
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P4 From decay of correlations to locality and stability of the Gibbs state

Proof. Letusdenoter :=|d(X,Y)/2] and abbreviate p := pé[HI] and p := pé[HI+V].
From the last line in the proof of Theorem 22 we obtain
[Tr(p B) — Tr( B)| < 1V (WS‘;}’ [Cov, (W, B) + 4 BIVI 1Bl {pp(X.7)),  (19)
€dy, :

wl=1

in this setting, where we write the covariance with a supremum only in the first argu-
ment, to use the product structure of B = B; ® B, = B; B to obtain

Cov,(W, By By) = Cov,(W By, By) + Tr(p By) Cov,(W, By) — Tr(p W) Cov,(By, By).

By Theorem 6, there exist constants Cc,y, and cc,y only depending on |¥|, and § such
that
(Cov, (W, By By)| < 3 Coo IWI 1By Byl e-ccond X1,

And since B = B; ® B, is a tensor product, |B;| |By| = |B|, such that

sup ‘Covp(W, B)’ < 3Ccov IBI e~ad(X.Y)/2, (20)
wedy, : [W]=1

For the decay function {opp we use Lemma 20 for intervals X. Thus, for every b, Ciy,
B, Ccov and ccqy, there exists Copp and copp such that

opp(X.r) < Copp (1 + ||V||)Y e cQBeT, (21)
withy = 0if [P +V], < Gt and y = 1 otherwise. Replacing now (20) and (21) into (19),
we obtain
[Tr(p B) — Tr(/ B)|
< 2PVl (3 Cooy € covdX1)/2 Ly gy Conp e_CQBP(d(X>Y)/2_1))
< G ppr, €AV | B e e d(X.Y),

where cyppy, := min{ccqy, copp}/2 and Crppr, 1= 3 Ceoy + 4 Copp €9, and we have
used that x < e*. O

Next, we show that this slightly restricted version of LPPL also implies local indistin-
guishability in one-dimensional spin chains. Together with Theorems 6 and 36, Theo-
rem 37 indeed gives that local indistinguishability holds for local, translation-invariant
interactions ¥ satisfying |¥|, < oo at inverse temperatures < * :=b/(2|¥|o).

Theorem 37. For every b, B, Cippy, and cyppy, > 0, there exist constants Cy1 and cpy > 0
such that the following holds: Let ¥ be an interaction on Z satisfying |¥], < o, I € Z
be a finite interval, and assume that the corresponding Gibbs state pé satisfies LPPL in
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9 Results for one-dimensional short-range systems

the sense given in Theorem 36 with constants Cyppy, and cyppy. Then the Gibbs state
satisfies local indistinguishability in the sense that for all subintervals X,Y{,Y, C I, so
that Yy < X < Y5, Y =Y; uY,, and all observables B = By ® B, with B, € gy, and
B, € dly,, it holds true that

ITe(p} B) — Te(pp X B)| < Cuy B e~

Proof. Let us first explain the conceptual difference to the proof of local indistinguisha-
bility in Section 6: Since we do not have uniform decay of correlations, we cannot
remove X site by site. And looking back at Lemma 28 we should not remove X in
one step, because that leads to an exponential scaling in |X|. Instead, here we only
remove the interactions between X and I \ X, which leads to an exponential scaling
in [0X] = 2.

If X nY = @ the statement is trivial, otherwise we have

Tr(pp*B) = Tr(pp* ® py B) = Tr(ps[Hp x + Hx] B)

for all B € gfy. Thus, we can apply Theorem 36 with the perturbation given by
V := H; — Hrx — Hy, i.e. all interaction terms whose support intersects X and I \ X.
Following the idea of Lemma 28, we split V into

Vo := ZII/(Z) and Vo= ZlF(Z),

zZcl: ZcClI:
(INX)nZ+Q (INX)nZ=Q
XnZ+Q XnZ+®
diam(Z)<R diam(Z)>R

for some R € N to be chosen later. Since each Z in the sum of V{) needs to contain a
site in {x € X|d(x,I\ X) < R} we have [Vy| < [0X|R[?]y and V;; € &x,. Thus, by
Theorem 36 we find

|Tr(Pf5 B) - Tr(P/@[HI ~ Vo] B)| < Crppe | B e6B1Plo R o—cLppL(d(X.Y)-R)

< Grppy [B| e~arndX1)/2,

by choosing & := crppr, (681%]o + cippr.) 1/2 and R := |ad(X,Y)]. Then, denoting
g :={x€eX|d(x,INX)=n}andQ, := U?:_ll g we split V/ = 3> V, with

Vy = ) W(2),
ZCINQ,:
Zng,#@
Z0(INX)%0
diam(Z)>R

where the sum is actually finite. Then, |V,| < 2|¥], e bmax{R+1n} Using Proposi-
tion 15 (b) and equation (10), we thus find

‘Tr(Pfg[H] _ Z?;Ol Vil B) _ Tr(p;;[HI _ 2?20 Vil B)‘ <|B| e—bmax{R+1,n} (e4ﬁ‘|‘1’”b — 1).
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P4 From decay of correlations to locality and stability of the Gibbs state

Hence, by triangle inequality, Y. p,q e " < e PR /b, supp R e PR/2 < 2/(be) and
2/e + 1 < 2 we obtain

[Tx(pplHr — Vo] B) = Tr(pg[Hpx + Hx]1B)| < 267" |B| e VR/2 (411 _ 1),
Again by triangle inequality,
|Tr(p‘é B) - Tr(Pé\X B)| < GppL IBI e—aprLd(X.Y)/2 4 o p—1 |B| e bR/2 (e4ﬁ|\‘ll|\b _ 1)

< G |B e d¥:X),

with CLI L= CLPPL +2 b71 (e4ﬁ”q/”b - 1) eib/z and ar = min{chpL/Z, O[b/Z} ]

To conclude the circle in Figure 4, we would need to show that local indistinguisha-
bility implies decay of correlations. This is completely analogous to Theorem 31 for
any dimension at high enough temperature.

Theorem 38. For every b, , Ci1 and ci1 > 0, there exist constants Cooy and ccoy > 0
such that the following holds: Let ¥ be an interaction on Z. satisfying |¥], < oo, I €
Z be a finite interval, and assume that the corresponding Gibbs state pé satisfies local
indistinguishability in the sense given in Theorem 37 with constants Ciy and cy. Then,
the Gibbs state satisfies decay of correlations in the sense that for all disjoint intervals
X,Y C1,andall A € oy and B € Yy, it holds true that

COV‘D})’ (X, Y) < CCOV e_CCOVd(X’Y)- (22)

Proof. Without loss of generality we assume X < Y and extend them to the boundary
of I such that I = X yY where also y C I is an interval and X, Y and y are pairwise
disjoint. This puts us in a situation, where we can proceed almost as in Theorem 31,
but with the restricted version of local indistinguishability where we can only remove
one interval.

Take A € oy and B € oy, letr < d(X,Y)/2 to be chosen later and consider I’ :=
X, uY,. We first use local indistinguishability to cut out a part between X and Y

|Cov p;?(A, B)— chpg (A,B)| <3G |Al|Ble .

Then we remove the remaining interactions coupling the regions X, and Y, as in the
proof of Theorem 31 with a slight modification: We choose the enumeration X, =
{x1, %y, ..., x5} decreasing such that |V} < |®|, e_b(d(Xf’Yr)+(i_1)), then we can resum as

in the proof of Theorem 37 to obtain a result independent of | X|:

|C0Vp1’ (A, B)| <3 el p1 IA||B] e~ bd(X.Y,) (eZﬁ”‘I/”b - 1).
B

Choosing @ := b (ciy+2b) L andr := |ad(X,Y)] gives the bound in (22) with ccoy :
by (e + 2b) ! and Cogy 1= 3Cp et +3eb b1 (ezﬁuq/”b -1). o
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9 Results for one-dimensional short-range systems

There are various reasons for studying the case of one-dimensional spin chains sep-
arately. On one hand, all results from this section present the obvious advantage with
respect to those from Section 3.4 in the range of f for which they hold, since the f*
in this case reduces to oo for super-exponentially decaying interactions, as opposed
to the case of high dimensions. However, they have the drawback that one needs
to assume translation invariance for this to be true. This is a direct consequence of
the regimes where correlations are known to decay exponentially fast in one- and
higher-dimensions, respectively. Other cases in which correlations are known to de-
cay with slower rates for one-dimensional systems, such as those of short-range and
long-range interactions at every positive temperature, are discussed in Sections 3.2
and 3.3, respectively.

On the other hand, the study of decay of correlations, with different measures
than that given by the covariance, in one-dimensional spin chains with translation-
invariant, finite-range interactions, has been incredibly fruitful in the past few years.
Given a finite interval I C Z, with X,Y C I, X nY # @, a state p on I, and denoting
pz = trpz(p) for Z C I, some other quantities of relevance in this context are for
example the mutual information, given by I,(X,Y) := Tr(pxy (log pxy —log px ®py)),
and the mixing condition, given by [pyy px ® pyl — 1yy]. It is not difficult to show,
see [36, Section 3.1], that, for any state p on I such that pyy is full-rank, the following
holds:

3 CovpG )P < L(XY) < oy o' ® pi " = Lxy-

Thus, a {-decay with d(X,Y) for the mixing condition implies the same for the mutual
information and a \/f -decay for the covariance. Interestingly, in one-dimensional
spin chains with translation-invariant, finite-range interactions, a converse is proven
for the Gibbs state p = pf;, and all the latter conditions are shown to have equiva-
lent decays. We expect that a similar result can be derived in the short-range regime.
See [37] for an analogous result in high dimensions, at high-enough temperature.

9.1 Exponential decay of correlations for short-range
interactions

This subsection is devoted to the proof of Theorem 6. The procedure we will follow
is very similar to that of [36, Theorem 6.2]. First, note that I can be written as I =
Z1XZ,Y Z5 for certain intervals Z;, Z,, Z3 C I. Without loss of generality, let us assume
for this proof that both Z; and Z; are empty so that we only have to prove the result
for the case in which I = XZY. If not, we enlarge X and Y, which will only allow for
more observables A and B and yield the same bound.

For the rest of the section, we fix b > 0, a translation-invariant interaction ¥ satis-
fying |¥], < oo and f* :=b/(2|¥]o).

We need to rephrase some results from [185], where the authors use a different
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P4 From decay of correlations to locality and stability of the Gibbs state

interaction norm?

121y == ) ' sup Y I¥(2)].
n=0 2€27e7:
z€Z,
diam(Z)>n

It can be upper bounded with our norm for every A < b, i.e.

[s]

_ 1

17l < ) ety et < o 1%,
n=0 -

such that ||, < oo implies [|?[|; < oo for all A < b. The statements we use from [185]
all hold for < By := 4/(2|¥]y) if [[¥[|) < co. With the above observation, they thus
also hold for all § < *.

Next, for f > 0,a € Z, and p, q € Ny, we define the expansional

Eaﬁ)p’q — e_ﬂH[a—p,a+l+q] eﬁH[a—p,a] eﬁH[u+l,a+1+q]_

Then we extract the following Lemma from [185, Corollary 3.3 and section 4.1].

Lemma 39. Let § < f*. Then there exist constants € > 1 and § > 0 such that for all
a€Z, and p,q >0,

|Ebpal ICEp ) < @,
and forall ¢’ > q,
[ERpq — Ef gl < G,
For V,W € Z, we introduce the slightly more general expansionals
E\[;,W .= e PHyw ofHy ofHw

As a consequence of the previous lemma, we can provide the following bounds for
these expansionals.

Lemma 40. Let § < f*. Then there exist constants € > 1 and & > 0 such that for all
disjoint intervals V,W € Z,

E <,

|G v

and if we append intervals V and W € Z to V and W, respectively, it holds that

5

||E€W £

e B

as long as |V|], [W| > gq.

2While the symbol is the same, this is obviously a different norm than the one used for long-range inter-
actions in Section 3.3.
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9 Results for one-dimensional short-range systems

Xi Y
%/—/

X

Figure 6. Splitting of an enlarged interval I of an original interval I with X,Y C I and
d(X,Y) > 0, to which we have appended regions X and Y on the left and the right side,
respectively, which are subsequently divided in two subregions each.

Now, let us enlarge the finite interval I = XZY C Z to I = XXZYY as in Figure 6.
The appended systems X and Y are split into two subsystems each, denoted X = X, X;
and Y = Y;Y,. Let us further assume, without loss of generality, that |X], [Y| > |Z,
otherwise we can again redefine X, Y and Z by moving the left third of Z into X and
the right third of Z into Y, reducing |Z| to 1/3 of its original value. Finally, we also
choose |X;, [ Xal, Y], [Y2| > |Z].

This brings us in position of proving exponential decay of correlations in this setting
for which we now also fix f < f* and the constants € and 6 from Lemma 40. We define

Ejﬁ/Z L= eng(xzy? e_'/}}Hf(_gHXZY_lEij’
X.XZY,Y ’

which can be easily shown to coincide with

—B/2  —=B/2
Egxzvy Exxzr

Then, by Lemma 40

-B/2 —B/2 =P/
”Ex xXzyy EX1 X vy, ”

p/2 —p/2 /2 p=p/2

”EXXZY Ve Ex XzZY EX X Y N ”

<|E; Blz pB/2 —E ﬁ/z -p/2 ||+||E /7’/2E prz - _ gh/2 ﬁ/2||

XXZYY "X.XZY Ex xzy xxzr ~ Exox Bry,
-p/2 -p/2 2 -p/2
4 "Exi/zyy —E ﬁ/ |+% "Exﬁ)ézy —Ex ﬁ/ "

<28 e X)),

Next, following the calculations of [36, Section 6], and recalling that A € &/x and
B € gy, it is not difficult to realize that

B/2 B2 \*
‘Pﬁ((EXXZYY)AB(EXXZYY) )

B/2 B2 \*
‘pﬁ((EX XZY, Y) (EX XZY, Y) )

op(AB) =
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P4 From decay of correlations to locality and stability of the Gibbs state

In a slight abuse of notation, let us consider the map

.Q{I - ﬂ]
Q  Tr(psQ)

for the unnormalized partial trace in I

TI‘I: .Q(] - .Q{]
R®S — Tr(R)(1;®S5)

forany I C J,andany R € &/}, S € NS Then, it is contractive as a consequence of
the Russo-Dye theorem, and using this as well as Lemma 40, we see that

i B/2 B2 \*
ﬂ<(EXXZYY) (EXXZYY) )

BB (ELRY (B (B ) < 9

and

This is fundamental for proving that (pé(A B) can be approximated by

(B A (B B(ER))
() (B (B4 (B 4))

up to an error that decays exponentially with the distance between X and Y. Indeed,
using the following standard inequality for scalars a, a; b, b" € C

1—a| la’|

< a'l+
[b| |b] ||

- — — b 2
2-% b—bl, (23)

we can pI'OVC
2 2 2 2
(B AELD) () BEY))

2 2 2 2
(P (B (D A
2 —06/2 2 —B/2 2 —B/2\*

<ot |1 ) AB(ES L, ) - (B AEL) (B 5 B (54

%mm—

XXZYY XXZYY
/2 —B/2 —B/2\ (=B/2 —p/2 /2y*
+ ?12 ”A” "B” H(EXﬁXZY Y) (EXﬂXZY y) - ( XlﬂX ) (EXfX) (EY,% ) (EYﬁ
< C |A][B]e~04X)), (24)

for € > 1 a constant. Since we have approximated <pfg(A B) by an expression that is

independent of X, and Y, we can take a limit with |X;], |Y5| = oo. Thus, qoé(A B) can
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10 Properties of quantum belief propagation

be also approximated by
/24 * /2 —BJ2\*%
op((E) A B (B4 BEAY)

2 —B/2 2 2
op((B) (B (575 (54)7)

keeping the same error as in the finite chain case. Now we can apply decay of correla-
tions for the infinite chain as proven in [185].

Theorem 41 ([185, Theorem 4.4]). Let f < f[*. Then there exist constants & > 1
and & > 0 such that for all a,b € Z witha < b, A € A(_w 4] and B € 9}, ) it holds that

lop(AB) — 9p(A) pp(B)| < |A[B] & e~2P4.

Thus, together with (23) and similar inequalities to the ones above for the infinite
chain, we can find % > 1 and y > 0 such that

<Pﬁ((Exﬁ/2)A(Ex1ﬁ§<2 (Eyﬁ/z)B(EYﬁ/z) )
op((BLR) (B (B4 (BA))
os((E) AELD)) s (B BESS))

<Pﬁ((Exlﬁ§<2 (Ex%2 ) (Pﬂ((EY'f’I/Z)(EYﬂ/Z))

so that together with (24) the second summand in the norm is an approximation
of (pé(A B). By choosing A = 1 we also obtain

op((BLR) A(BR))
op((Ex) (BXX))
from (24) and (25), and an analogous statement also for the expectation value of B with

sets Y,Y;. Combining these three approximations, we conclude that there exist Ccoy >
1 and ¢coy > 0 such that

< K |A|Bl e, (25)

< A |Al|Bl e 7]

¢p(A) —

[05(AB) = 9(A) @5(B)| < Ceoy |AI[B] e~ cordXD),

thus concluding the result.

10 Properties of quantum belief propagation
In this section we review the proof of the quantum belief propagation for the Gibbs

state. The central point is to analyse how the Gibbs state of a certain Hamiltonian is
modified when the system is perturbed.
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P4 From decay of correlations to locality and stability of the Gibbs state

10.1 Differential equations

We begin with the discussion of Proposition 15 where no underlying lattice structure
is necessary. Therefore, let # be a finite-dimensional Hilbert space and H and V be
two self-adjoint operators on # . Furthermore, let H(s) := H +sV.

10.1.1 Differential equation for the exponential e PHG)

The basic idea is to write a differential equation for e PHG), Hastings [115] proves a
version where

di e PHE) — p ¢—PH(S) 4 o—PH() g
S

for some quasi-local (in the case of an underlying lattice structure) A, while later works
use an anti-commutator form

d pre) _ Py pHs) HHE
ds < - 2{6 ~ P (V)}

which we prove in the following.

We mostly follow the proof from Hastings [115] but more explicitly work in the
energy eigenbasis of H(s). Let {lﬁa(s)} , be the eigenbasis of H(s) such that H(s) =
Y0 Ea() [Wa()){¢a(s)|. Then we can also write V in this basis as

V=3 Vap(S) W) (s)l
ab
Using Duhamel’s formula we find

1
di ePHG) — _g J e~ BTHE) 7 o~ FA-DHG) 47
S 0

1
=By L e PHOV, 1(5) ()XY (s)| P HE) dr e PHE)
ab

1
==f D Vas(s) J ePTAEw(S) dr [y (5))((s)] e PHE)
ab 0

1
= =B Y Vap(s) (1 + PAE9) ! j P () dr e PHO), [y ()M ()]}
ab 0
= —g {e_ﬁH(s)’ (1)2—1(5) (V)},

with AE, ;(s) = Ep(s) — E,(s) and

OV 1= 3 FoAEO) Vas O WO = | fore OV ar
ab -
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10 Properties of quantum belief propagation

where
2 efo 1 po
R _ +0 tanh =
fplw) :=2 (1+ eﬂ“) ! J- efrodr = ﬁw efo 41 © = " 2
0 1 w=0 3

and fﬁ(t) is its inverse Fourier transform given by, see [8, SM Sec. 5.1] and [80, ap-
pendix CJ,

RN Y YRVRE S LR
fp®) = o Lw e fpw)do = B 10g< 1) (26)

The inverse Fourier transform satisfies | fg,1(g) = 1 and, since In(x) < x — 1,
4 1

H — ——, 27

fﬁ()_ﬁn 1 (27)

which decays exponentially in |¢].
We can now give the general solution of this equation. Therefore, let

with I being the time-ordering operator. Then its adjoint is

ns) =T ex ( J H(")(V)d)

Z(_g) I dO—IJ’ dUZ"'Jn dUn‘Pﬂ(Un)(V)@H(Un 1)(V) @H(Ul)(v)
n=0 0 0

with T being the reverse-time-ordering operator. By definition, these satisfy

d d . .
=) = -2 O)ns)  and s = =50 o ).
Hence,

e PHE) = p(s) e PHO p(s)*.
Moreover, we have

ol Lsivi

-1

In(s)l < e and  [n(s) -1 <ez

Later, in Section 10.2, we discuss how to approximate (Pg(s)(V) and 5(s) by strictly
local operators if one has an underlying lattice structure.
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P4 From decay of correlations to locality and stability of the Gibbs state

10.1.2 Differential equation for the Gibbs state ps(s)

In the previous section, we discussed an evolution for the exponential e PHG) Dye to
the missing normalization, this cannot be directly applied to the Gibbs state ps(s) =

e PHE) / Tr(e PH®), which was overlooked by some previous works, e.g. [45]. In-
stead, we will discuss how to deal with the full Gibbs state pﬁ(s) in the following.

By Leibniz rule, equation (6) allows writing the differential equation for the normal-
ized Gibbs state pg(s) as

< pp(s) = —g{pﬁ@), oW+ o) Tr(pp(s) 2 V). (29)

It appears, with one missing pg(s), already in [134, equation (32)] (see also [135,
Lemma 17)]) and, tested against local observables, in [194, appendix C]. Note that

we have Tr(pg(s) @g(s)(V)) = Tr(pp(s) V) =: (V) ps(s) due to cyclicity of the trace.
Hence, we can further simplify (29) to obtain

% pp(s) = ‘[Eg{f’ﬂ(s)’ OV = (Vg 0))

This equation is not linear in pg(s) anymore, but presuming we know pg(s), it still
gives a nice evolution

pp(s) = 7i(s) pg(0) 7i(s)”,
with s
i(s) :=T exp(—g L CPEI(U)(V - (V)pﬂ(o)) dO').

This 7j(s) is very similar to 5(s) from (28) and thus has similar properties. In particular,

I -
il < e Pl el < BV and i) - a1 < PV -1,

As a simple consequence,

pp(0) = pp(s)], = lliTgl\Tr((pﬁ<o> — pp(s)) A)

= sup [pp(0)]; [A = 77(5) Aii(s)]
Jal=1

< sup (1A (=0 + (159 4305

< 2PVl _4

<2p V]IV,

200



10 Properties of quantum belief propagation

The formula for 7(s) given above is particularly useful to obtain the same locality
results as for 7(s), see the next section. However, since (V') ps(c) 18 just a number (with

an implicit unit 1 in the definition of 7(s)), we can also factor

ii(s) = eXp(—g L V(o) do ) n(s).

Observing
—BH(0)
e

1 OIS = 2p5) = i)

n(s) pp(0) ™" (s),

we can thus conclude
Tr(e_ﬁH (O)) s
—Tr(e_ﬂH(s)) = exp(—/?7 L <V>pﬁ(o‘) dcr).

This might help to understand the difference between the two differential equations (6)
and (8) for e PH®) and pp(s), respectively. In particular, 7(s) ps(0) " (s) differs from
pp(s) by exactly this factor. However, for explicit computations of ps(s) the original
approach of [115] to compute (s) e H © 1*(s) and normalize might be more practical.

10.2 Locality properties

In this section we discuss, how to obtain Proposition 18 from Proposition 15, which we
discussed in the previous section. Therefore, we now restrict to the Hilbert spaces 74
with underlying lattice structure as discussed in Section 2.

We now fix the interaction ¥ of the Hamiltonian H, and the perturbation V € &/
with X € A. We will only write the proof of Proposition 18 (b). Part 18 (c) then follows
by choosing V : = V—(V>pﬂ(s) and noting that we can write (V)pﬂ(s) = <V>pﬁ(s) 1x € dx

such that also V € ofy.

10.2.1 Lieb-Robinson bound for the perturbed Hamiltonian Hy +sV

To prove locality of the generator @DEI(S)(V) and the exponential 7(s) in the next sec-
tions, we need Lieb-Robinson bounds for the Hamiltonian H(s) = H + V. Hence, we
need to extend the Lieb-Robinson bounds for H(0) to s > 0.

Lemma 42 (Lieb-Robinson bound for perturbed Hamiltonians). Let A C Z¥ and H €
oA 4 self-adjoint, and assume that H satisfies a Lieb-Robinson bound with decay ngII{ asin
Definition 17. Moreover, let V € 9fx self-adjoint, then H + V satisfies the Lieb-Robinson

bound
” [e—it(H+V) A eit(H+V)’ B] ”

It (30)
< |A|BI (Y, Z,It) + 2|V i J Hox w, d)
< |A]|B] ((LR( It + 2|V W), iR s)ds
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P4 From decay of correlations to locality and stability of the Gibbs state

forall Ae oy, Be oy andt € R.

We will apply the above result in the cases A = V or A = V for which X = Y and the
minimum is attained at W = Z. Moreover, since Lieb-Robinson bounds are increasing
in s, the integral in (30) can be bounded by || g&(x, W, |t]) so that (30) is bounded by

LANBI (1 + 2V 1t) ZR (X, Y. |t])
in this case.

Proof. We abbreviate ;(A) := e tH At and ,(A) := e V) 4 t(HHV) We will

later prove
It

17:(A) — m(Al < IVIIA] L HRX,Y,9)ds, (31)

which allows to bound

[7(A), B]| < |[=(A). B| +

[7(4) — (). B]|
t
< 141 18] (4. 2. + 21V1 | glhoe v, shas).
0

The minimum can be concluded using || [%t(A), B] H = ||[A %_t(B)] || and the above argu-
ment with the roles of A and B exchanged.

To prove (31) we follow very closely the proof of [174, Theorem 3.4 (i)]. By funda-
mental theorem of calculus,

@M%mm=ﬂ%@wﬁm»wﬂﬂémw4mnm

which gives (31) by using the Lieb-Robinson bound for |[V, z,(4)]|. o

In the special case of a short-range Hamiltonian H satisfying the Lieb-Robinson
bound given in Proposition 44, we can actually carry out the integration in (30) and
obtain the following result.

Corollary 43. Let ¥ be a short-range interaction with |¥]eyp—p.) < o for some b > 0.
Then, forall X,Y Cc A€ Z",V € 9 self-adjoint, A € 9/x, B € gy andt € R

[ HH+V) 4 () B[ < 21A] |B] < L2 HV||> bul Z e—bdCeY).
B be x€X
with v, as in Proposition 44.

Lemma 42 justifies to assume that H(s) satisfies a Lieb-Robinson bound with de-
cay (1r uniformly in s. In particular, the perturbation V only changes the constant
in the Lieb-Robinson bound, but not the Lieb-Robinson velocity. This Lieb-Robinson
bound allows to approximate the Heisenberg time evolution e~ )y eitH ) of any
W € dx with a local operator in ofx .
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10 Properties of quantum belief propagation

10.2.2 Locality of the “generator” @g(s)(V)

Given the Lieb-Robinson bound, there exists a conditional expectation [174, Lemma 4.1]
Ex : 95 — dx, , which for us is just the normalized partial trace since we are in finite
dimensions, such that

|1 - Ex (e HO W tHO)| < W[ Gr(X, AN X, 1) forall W € oy. (32)

It allows decomposing @g(s)(V) = A.(s) + A,(s) into two parts

(o8]

A(s) = J dt f5() EX,(e_itH(s) VeitH(s)) and

(o8]

A(s) = J dt f5(t) (1 — Ex )(e HHO) v etHO),
By definition A,(s) € &/ is strictly local and bounded by |A,(s)] < [V]. Using the
Lieb-Robinson bound and the conditional expectation we can bound the remainder by

M&MKWH%HWMMxmeMHMWLﬁm@m

32 -IT
< W (Ufplurcio WirGX AN X isqoray + S5 ¢ 7).

Here, we bounded the second integral assuming T > f—i In 2, by using (27) and substi-

tutingu =Tt —1In2

B

(o8]

1 =t
J du< —e # .

3
2

Jt>T fﬁ(t) dt <

Additionally, we have the trivial bound [A,(s)| < 2[V] | fplriwy = 21V, such that one
can now optimize the bound for a given {{g. More precisely, we obtain

1Al < IV Zorp(X, )

with

. . _IT
{opp(X, 1) := mln{Z, inf GROGAN X p=(-1,1)) +4€ # }
T>L In2

It
where we bounded 32/7[2 < 4. Then, 4e £ >2forT < B In 2, which together with

T
the trivial bound allows us to take the infimum over all T > 0 instead of T > é In2.
We bound {pp explicitly for short- and long-range interactions in Section 10.3.
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P4 From decay of correlations to locality and stability of the Gibbs state

10.2.3 Locality of the exponential 5(s)

The local approximation of (PH(S)(V) from the previous section also allows us to ap-

proximate 5(s) by a local version

n(s) := Pfexp(—g J's A(0) da). (33)

0

It is easy to show by induction that for all operators Ay, ..., A, and By, ..., B, it holds
that

n
Ay Ay Ay =B By B+ Y Ay A (Aj— Bj)Bjyy B,
j=1

Hence,

n—1
|A1 Ay Ay — By By By| < n( sup max{|A], IIB,-||}> sup [|A; = Bjl.  (34)
je{t.n} je{t,n}

Using (34) for A; := @ZI(%)(V) and B; := A,(0;) together with (28) we find

(o]

o)~ 101 < 32 () S n IV IV gue(X.1)

n=0

By

< Esviez"" gopp(X,r).

B
And by the definition (33) we have the same bound |5,(s)| < e’V as for n(s).

10.3 Specific decay (pp for short- and long-range interactions

We now obtain the specific {opp stated in Section 4 for short- and long-range interac-
tions. Moreover, we will explain how to optimize the bound on {opp(X,r) for balls X,
which we use for intervals in the one-dimensional setting. In all cases, we start with
a discussion of available Lieb-Robinson bounds.

10.3.1 Short-range interactions

For short-range interactions, Lieb-Robinson bounds have been proven in several dif-
ferent forms, for example in [154, 118, 174, 156]. A more complete discussion about
the history is given in [174]. For our specific interaction norm, we adopt the proof
of [156, Theorem 7.3.1] which is based on the proof of [174, Theorem 3.1].
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10 Properties of quantum belief propagation

Proposition 44 (Lieb-Robinson bound). Let A € Z" and ¥ be a short-range interaction
on A with |¥|exp—p.) < oo for some b > 0. Then, for all X, Y C A, operators A € dx,
Be oy, andt €R

”[e—itHA AeitH/\, B] ” < 2|A||B| ebeM Z e—bd(x,Y)’
x€X

where v, := 2 |¥|exp(—p.)/b is the Lieb-Robinson velocity.

Proof. The interaction norm used in [156] does not have the extra factor |Z|. In the
proof of the Lieb-Robinson bound, they need to bound a factor |Z|, for which they use
a fraction of the decay in diam(Z) and sup,.4|Z]|e™¢ diam(Z) < oo, instead, we use the
extra |Z| in the interaction norm.

More specifically, instead of [156, eq. (7.3.5)], we start with the induction hypothesis

G(X,Y) SISy @(X.Y),  where  gy(X,Y) := )] e P,
xeX

where g (X,Y) is defined in [156, p. 313]. The proof for a;(X,Y) is the same, while for

the induction step, we find

v(z . -
a1(X,Y) < ||lI/||eXp( b Z Z —"bdfan?(”Z) e—bdiam(2) o~bd(zY)

bd(eY) |¥(2)]
<l p ;{ € zg: o—bdiam(2) 2]

x€Z
< ||lp||]§:;(_b ) &(X.Y).
With this small modification, the proof in [156] yields the claim. ]

We are now ready to obtain {opp for short-range interactions.

Proof of Lemma 20. Note that |¥ + s V]eyxp(—p) < max{HlI’Hexp(_b ¥ + Viexp(-p .)} by
convexity. Hence, to prove Lemma 20 (a) we can choose the Lieb-Robinson velocity
v, = 2 max{||‘I/||eXp(_b 3 ¥+ Viexp(-b 3}/b. We begin with the proof for general sets

and bound
Z e bdxY) < | x| e~bdXY), (35)
xeX

which yields Gr(X, A\ X,,t) < Gr|X] bWl with Cir = 2. This {{R attains its
supremum for t € [-T,T] at t = T. Hence, the infimum in (11) is attained at

T:f"c with c::ln(CLRIXIbv;,ﬂ/(4n)>.
E'f'b\/b
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P4 From decay of correlations to locality and stability of the Gibbs state

To obtain a simpler result, we just choose T := br/(% + bv,) to get

__ b
Lopp(X.r) < (G + 9)|X|e "o’ (36)

where Cig +4 = 6.

To obtain (13), we start with the Lieb-Robinson bound for the perturbed Hamilto-
nian from Corollary 43, which means to replace Cig by 2 (1 +2/(bw,) [V]). In (36) we
then bound 2 (1 +2/(bw) HV||) +4 < 6 max{1,2/(bw)} (1 + ||V||).

If X = B,(R) is a ball, we can improve the bound in (35) by summing over shells
Sk ={x € X|d(z,x) = k} which all satisfy |S;| < [0X]| such that

(o]

R
T e AKX < P s e MR < g X|<e—br N J oba dq) < B2 axetr,
xeX k=0 r

Hence, we just replace | X| with 1%;1: |aX|in {opp to obtain the improved result for balls.
With the same proof it is also clear that this replacement works for every interval
X C Z, while strictly speaking, only intervals with an odd number of sites are balls. o

10.3.2 Long-range interactions

Also for long-range interactions various Lieb-Robinson bounds are available. Some
of them only apply for a restricted set of times ¢ or only for two-body interactions.
In particular, there was a focus on proving so-called linear light cones in the last
years. The bounds have the property that for each ¢ > 0 there exists v > 0 such
that Gr(X,Y,d(X,Y)/v) < ¢ in the limit d(X,Y) — o, see e.g. [149, 210] and the dis-
cussion of light-cones in [84]. For our applications, it turns out that we need a good
decay in d(X,Y) and a bound which holds for all ¢, while the growth in ¢ is not too
important. This is due to the fact, that we only need to use the Lieb-Robinson bound
until T in (11) and can then use the exponential decay in T in the second term to our
advantage.

One bound, which provides a good decay and allows for general interaction, is
proven in [84], which is based on [160]. We give a slightly improved version here.
From now on, we will fix F,(r) := (1 +r)*.

Proposition 45. Let a > v and o € ((v+1)/(a + 1),1). Then there exist constants C
and ¢ > 0 such that for all A € ZV and interactions ¥ on A with [¥[f, < o the following
Lieb-Robinson bound hold: Forall X,Y C A, A€ dx, B € gy

" [e—itHA AeitHA, B] ” < C|A||B| Z (evltl_rl—a
xeX

vl (14 @D ) Fpg(r)) - (37)

wherer = d(x,Y) and v :=c|¥|f,.
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10 Properties of quantum belief propagation

Proof. First note, that the assumptions in [84, eq. (3), (5)] are satisfied if ¢ > v and
I¥]r, < co. Then [84, Theorem 1] proves the statement for a single point X = {x}.
From [209, Lemma 4] one obtains the statement for |X| > 1 with the sum over x € X.

Strictly speaking, the bound in [84] is only provided for ¢2-distance on Z", which
agrees with our setting only for v = 1. However, the proof can be modified to obtain
the same result also with ¢!-distance and directly with a linear scaling in |X|. De-
tails will be given in a future work, where we also consider fermions, for which [209,
Lemma 4] is not applicable. O

Before we estimate {opp, let us further upper bound (37) to obtain the simpler

Gr(X,Y, ) <C Z (evt—d(x,Y)l—a e t)1+v/(1—o)) Foo(d(x, y))) (38)
xeX

after including a factor 2 in C. Then, for the dynamics of Hy + V with V € of/x we
obtain

GrOGY,D < C(1+ VD) Y (D™ 4 (14 (e /A=D) F oo (d(x, ) (39)
x€X

using Lemma 42, again after adjusting C.

Lemma 46 ({opp for long-range interactions). Let a > v, aggp < a, fy > 0 and Ciy; >
0. Then there exists a constant Copp > 0 such that the following holds:

Let ¥ be an interactionon A € Z', X C A,V € dx self-adjoint and f € (0, fy). Then
for all Hamiltonians H(s) = H + sV the following holds:

@ If I¥lg,. I¥ + Vg, < Cint, then
ZaBp(X, 1) < CopplX| Fyy, (1)
(b) Ifonly [V, < Cint, then
SoBp(X. 1) < Capp (1 + V1) [X] Fyy, (1)

Moreover, if X = {x € Ald(x,z) < R} is a ball (for some z € A and R > 0) and
agpp < @ — 1 we can replace | X| in both bounds with [0X|. This replacement in particular
also works for all intervals X C Z., where |0X| = 2.

Proof. For the proof, we will assume the { r(X, Y, t) from (39) but without the (1+[V]).
It clearly upper bounds (38) and we can later add the factor (1 + [V]) as in the proof
of Lemma 20. This way, we only need to bound (11) once.
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P4 From decay of correlations to locality and stability of the Gibbs state

As in the proof of Lemma 20, we start with the result for general |X|, where we
replace the sum with |X| and r with d(X,Y). Then,

IR, AN X, (=177
< ClX]| (CVTirl_L7 + (1 + (v T)2+V/(170)) Faa(r))

p(1-0)_1-0
< CIXI(™ 77 4 Frap1-0)-rp(®))

after choosing p € (0,1), T = r?(1=9) /3 and adjusting the constant by a factor 2 after
using 1+r* < 2(1+r)*. We now choose o and p such that aggp = ca —2p(1—0) —vp,
which is possible, because we assumed agpp < a and can choose o arbitrarily close
to 1 and p arbitrarily close to 0, which will only change the constant C according to
Proposition 45. For every choice of o and p, we can also upper bound eI <
C FaQBP(r) for some C > 0. Thus, we obtain

IR AN X, 11 £ C |X|Fagsp(r)’

where T is chosen as above and the constant C only depends on a, agpp and v as

It
in the Lieb-Robinson bound. For the second summand in (11) we bound 4e # =
— I pp(1-0)
ge B < CFaQBP(r) for some C > 0, where this C additionally depends on f,
and Gyy;. Combining the two, proves Lemma 46 (a). And as said above, adding the
additional factor (1 + |V]) also proves Lemma 46 (b).
For balls X = B,(R) we use the same strategy as in the proof of Lemma 20. Here,

we bound

R 0
Y. Falde, AN X)) < YISkl Falr + R= k) < PX] Y Flk) < =% 10X By (1),
x€X k=0 k=r

using

> F(k) < Fu(r) + r Fy(x)dx < = F 4(r) for a>1 (40)
k=r r

for the second summand in (38) and (39). For the first summand one obtains a polyno-
mial correction in r, see e.g. [84, Lemma 3] which will be absorbed by the exponential
decay in the end. Hence, after adjusting the constants, the result also holds with [9X]
instead of |X| for agpgp < @ — 1. As in Lemma 20, the replacement also works for all
intervals X C Z. o
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A Details on Section 3

In this section we collect short proofs for the statements in Section 3.

A.1 One-dimensional short-range systems

We begin with the proof for short-range interactions.

Proof of Corollary 9. LPPL follows from Theorem 22 by choosing r = d(X,Y)/2, us-
ing Theorem 8 to bound the covariance and using the specific form of {opp from
Lemma 20 (b) for intervals. For more details, one can follow the proof of Theorem 36.

For local indistinguishability we first observe, that (3) also holds without the factor
(T + VD), if ¥ + Vexp(~b) < Cint> see Lemma 20 (a). This is the form of LPPL that
we need in the proof of Lemma 28. Notice moreover, that we indeed provide uniform
LPPLforall A € Z, with respect to fLPPL = CLPPL: gLPPL(V) = 63'Bv, gLPPL(r) = eiCLPPL\ﬁ
and n = 0 (in a restricted sense, where X and Y are intervals). Hence, we can apply
Theorem 29 by removing the sites from A\ A’. Therefore, we calculate, see Lemma 28,
gv) = ¢’/ and bound

gv(r) < (e_CLPPL\/(l_a')r + e—bm) < 2eCU \/7,

where we bounded e < ¢ for x > 1 and chose R = ar, a = c?ppy /(b* + cPppr)
and c;1 = b+/a. It remains to bound the sum in (15), which in this case is

DA, m) <2 Y (k) <denT 4 4J e"a@dg < % (cLiVr+ 1+ e,
xeANA k=r r I

where we abbreviated r = d(Y, A\ A”). Absorbing all the constants in (] proves the
statement. o

Remark 47. With a refined proof as in Section 9, one could also obtain LPPL for ob-
servables B = By B, with By € oy, B, € &y, and Yy, Y, C A intervals such that
Y, < X <Y, o
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P4 From decay of correlations to locality and stability of the Gibbs state

A.2 One-dimensional long-range systems

We proceed with the proof for long-range interactions.

Proof of Corollary 11. The interaction norm used in [136], which we give in (4) and
which is used in the formulation of Theorem 10 does not agree with the interaction
norm |-|g , which we use in the rest of the paper. Clearly

%)l %)l

Ilg, = sup 3 —= =5 <sup 3 e s = IV,
x,y€A ZgA: Fo(d(x, ) ~ xea Zé .Fy(diam(Z2))
X, y€Z x€Z

so their result also applies for our norm. But it will be advantageous in terms of
possible a to bound the [¥[f, norm with the [|¥||f, for some &’ and & and formulate
the assumptions using [|¥[|z,. Therefore, observe the following: For each Z € Z one
can find x, y € Z such that diam(Z) = d(x,y) < d(x,z) + d(y,z) for every z € Z
by triangle inequality. Thus, for every z € Z one can find w € Z (which is x or y)
such that diam(Z) < 2d(z,w). This allows to obtain the following bound for k-body
interactions

1Z||¥(2)]
I1g, =sup ), ————
2€Z 77 . Fa,(dlam(Z))
zeZ
, 1w (2)|
< 2% k sup Fy—o (d(z, w)) —
zezwg‘z o Z@EZ:: Fy(d(z,w))
zZ,WeZ
< Cow 1P,

with
Coqr = 2% k sup Z Fy w(dz,w)) <eo  ifa>a’ +1.
z€Z. wEeZ,

With the estimates on the interaction norms, for every & > 2 and aggp < &’ —1 <
a — 2 we have

Jopp(X. ) < Copp (1 + V) IX] Fapp (1)

from Lemma 46 (b) for intervals X C A. We now choose agpp = acoy = arppr and
apply Theorem 22 with r = d(X,Y)/2. Using x < e* to absorb the f|V| in the expo-
nential, we obtain the statement on LPPL.

For local indistinguishability we again observe, that (5) also holds without the factor
(1 + VD), if v + V|, < Gt see Lemma 46 (a). As in the proof of Corollary 9, we
can apply Theorem 29, since we provide uniform LPPL for all A € Z, with respect to

firrL = CrppL, gppL(V) = e3P, {ppL(r) = Fy,, (r) and n = 0 (in a restricted sense,
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where X and Y are intervals). After choosing R = d(X,Y)/2, we obtain, see Lemma 28,
gv) = e#V and bound {(r) < 2%peL F o (r). For Theorem 29 it is left to bound

PPL

> g (A0 00) 2 Y By (0) < S B (d(Y, AN ),
x€ANA! k=d(Y,A\A")

where we used (40). Putting everything together and absorbing the constants in Ciy
proves the claim. o

A.3 v-dimensional short-range systems at high temperature

Proof of Corollary 13. LPPL follows from Theorem 22 by choosing r = d(X,Y), using
Conjecture 12 to bound the covariance and using {opp from Lemma 20 (b). See also
Remark 23.

To obtain local indistinguishability, we first use Theorem 25 together with {opp
from Lemma 20 (a), to obtain a better LPPL for the perturbations considered in the
proof of Lemma 28, similar to what is given in Remark 26. This way, we obtain
a linear scaling f|V]| in the LPPL bound with a constant that can be chosen uni-
formly for f < f*. To keep this scaling also for local indistinguishability, we bound
eV _1<p ﬁi (e’ — 1) to obtain g(|¥lexp(-p)) < C BI¥lexp(—p.) for some C, which

only depends on " and Gy, in Theorem 29. Since {ipp;. and F decay exponentially,
{(r) in Theorem 29 converges and decays exponentially. Thus, the result follows. ©
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1 Introduction

The Lieb-Robinson bound (LRB) is a central theorem in quantum many-body physics.
It underpins the proofs of fundamental structural properties such as the decay of corre-
lations of ground states of Hamiltonians with a spectral gap [118, 171], the existence
of the thermodynamic limit as a strongly continuous automorphism on the quasi-local
operator algebra [49, 170], and the mathematical definition of a topological quantum
phase [120, 23]. At the same time, the LRB is a cornerstone of the growing area of
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quantum information theory: on the one hand, it was a decisive tool for landmark
results such as the area law for the entanglement entropy [111] and on the other hand
it provides bounds on dynamical entanglement generation [53], quantum messaging
and quantum state transfer [85], and efficient quantum simulability of many-body
dynamics [106].

The LRB is concerned with quantum lattice Hamiltonians. These are defined by
fixing a finite graph A and defining the Hilbert space

%A L= ®Cq

xX€EA

with the standard inner product. On this Hilbert space, one considers a distinguished
self-adjoint linear operator, the Hamiltonian H, which is taken as a sum of terms that
act “locally”, i.e.

Hy := Y ¥(2), (1)

ZCA

where each summand is a bounded, linear, self-adjoint operator of the form ¥(Z) =
Y(Z) ® 1 pnz. The precise mathematical setup in terms of quasi-local algebras is given
in section 2.

Instead of studying solutions to the Schrédinger equation directly, it is advantageous
to study its dual, the quantum dynamics on operators, known as Heisenberg dynamics,
that is defined by unitary conjugation with the solution operator of the Schrédinger
equation, i.e.

A(A) = elttr AeitHn, (2)

For a set X C A and ¢ > 0, we denote its £-neighbourhood by
Xp :={xeAld(x,X) < t}. 3)

To put our results in context, we first review the two kinds of LRBs that are well-
established for the case where the interaction ¥ is of finite-range, i.e. there exists a
range R > 0 such that ¥(Z) = 0 if diam(Z) > R, or exponentially decaying, i.e. |[¥(Z2)]
decays exponentially in diam(Z). For such rapidly decaying interactions, one has the
following two types of LRBs [154, 118, 171, 174].

(a) Commutator version of the LRB. There exist constants C, b, v > 0 such that
for all finite X, Y C A and bounded operators Ay = Ay ® 14, x and By =
By ® 1.y, it holds that

|7 (Ax), By]| < C min{|X],[Y[} | Ax]|By[ e? =41, @

(b) Operator localization version of the LRB. There exist constants C, b, v > 0
such that for all finite X C A and bounded operators Ax = Ax ® 15\ x, it holds
that

7 (Ax) - Ex, ((Ax))| < CIX] |Ax] "0, (5)
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Here, ]EXV is the conditional expectation on X,, i.e. the partial trace over the
Hilbert space associated to A\ X; see (12).

The LRBs are a mathematically precise way to capture that quantum information
propagates at most with a speed v in these systems. The speed v and the constants
C and b might depend on the details of the interaction but are uniformly bounded in
the system size |A|. Indeed, since the right-hand sides are small for vt < d(X,Y) and
vt < r, respectively, the LRBs establish the existence of an effective finite propagation
speed for many-body Hamiltonians of the form (1). The fact that the bound is effective
until v¢ ~ r is also called a “linear light cone” (with slope v) or a “ballistic bound” and
we use both of these phrases interchangeably.

1.1 Enhanced Lieb-Robinson bounds

Given the important role played by LRBs, it is unsurprising that significant effort has
been invested to extend its validity to other classes of many-body systems. Of particu-
lar interest in the past ten years has been the extension of LRBs to so-called long-range
interactions, whose operator norm decays as a power law. In this introduction, we fo-
cus for simplicity on two-body interactions, i.e. ¥(Z) = 0 for |Z| > 2, and we refer
to theorems 5 and 6 for the more general statements. For two-body interactions, the
power-law decay assumption can be simply phrased as the operator norm bound

[9({x, yHI < Cd(x, )™ (6)

and |[¥({x})] < C.

After intensive research efforts and the introduction of a variety of new techniques,
the sharp form of the LRBs for long-range interactions (6) were nailed down [79, 188,
81, 84, 149, 209, 211, 210, 192]. Also, propagation bounds for Bose-Hubbard type
Hamiltonians with unbounded long-range hopping terms have recently been stud-
ied [87, 86, 150, 151, 213, 152].

Our goal is to study the effect of the additional assumption that the interactions
mutually commute, i.e.

[PCO,P(Y)] =0  forallX,Y C A. (7)

The commutativity (7) is a significant restriction, but it is physically very relevant
in the context of quantum error correcting codes as we explain in section 1.3. Com-
mutativity (7) allows us to prove significantly enhanced LRBs compared to general
long-range interactions, which satisfy only (6) but not necessarily (7). We now sum-
marize the differences between previous bounds; see also figure 1. Detailed statements
are given in theorems 5 and 6. The parameter D captures the dimension of the graph;
think of ZP and see definition 2.
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(a) Bound on commutator |[z/*(A), B]| for ...
... general Hamiltonians:

evt
rll

... commuting Hamiltonians:

I T T
D 2D 2D+1

(b) Bound on approximation ||rtA(AX) -Ex (TtA(Ax))" for ...

... general Hamiltonians:
evt
ra-D

... commuting Hamiltonians:

: ' ' : : >
0 D D+1 2D 2D +1

[24

Figure 1. Comparison of the previously shown (sharp) Lieb-Robinson bounds for gen-
eral long-range interactions and the enhanced Lieb-Robinson bounds proven here for
long-range commuting interactions. The general bounds mentioned above are proven
in [210] for @ € (2D, 2D + 1) and [149] for ¢ > 2D + 1. The bounds displayed for
a € (D,2D) hold for all @ > D, the commutator version was proven in [118] and the
operator localization version in [147, section S.IILA]. The enhanced bounds for com-

muting Hamiltonians are stated in theorems 5 and 6.
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In figure 1, we compare the results for general long-range interactions [118, 171,
79, 188, 81, 84, 149, 209, 211, 210, 192] to the ones we prove here for mutually com-
muting long-range interactions. The LRBs for commuting long-range interactions are
enhanced compared to the LRB for general long-range interactions in two ways.

(i) The range of a where an LRB exists at all is increased. For general interactions,
there are no LRBs known at all for « < D. By contrast, for commuting long-
range interactions, the commutator version of the LRB holds for any « > 0 and
the localization version holds for any a > D.

(ii) The LRBs are stronger, meaning they are effective in larger spacetime regions. The
central first question is whether the light cone is indeed linear, i.e. of the form
vt ~ r. A LRB corresponding to a linear light cone says that information trans-
port is at most ballistic, i.e. it can spread at most a distance proportional to ¢ in
time t. We use the term linear light cone and ballistic LRB interchangeably, as
both are common in the literature. In the finite-range case, both LRBs (4) and (5)
are ballistic because they become effective at distance v, which is linear in t. For
general long-range interactions, both versions of the LRB become ballistic for
a > 2D + 1. For commuting interactions, the commutator version of the LRB is
ballistic already at @« = 1 and the localization version is ballistic at @ = D + 1.
Moreover, the LRBs for commuting interactions even become subballistic, i.e.
the critical distance scales sublinearly in time, above these thresholds.

The LRBs stated for general (non-commuting) long-range interactions in figure 1(a)
are proven to be sharp in the following sense: bounds which assume better scaling
of t versus r can be violated by explicit choices of time-dependent Hamiltonians; see
for example [84, 209, 211]. Similarly, the bounds for commuting interactions are also
sharp, as we discuss in section 3.5.

The proofs we give are quite short and more direct than the usual proofs of LRBs,
thanks to the commutativity. We first prove a bound similar to the operator local-
ization version of the LRB, theorem 9, which bounds HTtA(AX) - TtA, (AX)” where the
second evolution is with the Hamiltonian restricted to A” = A\Y or A’ = X, to obtain
the commutator or operator localization version, respectively. This is different to the
usual approach for non-commuting interactions, where one commonly first proves
the commutator version and then derives the operator localization version. In both
approaches, one usually looses a power D in the decay for the operator localization
compared to the commutator version. Only for a € (2D, 2D + 1), the proof of the gen-
eral Lieb-Robinson bound, see figure 1, directly works with the operator localization,
which always implies the commutator version with the same decay. Thus, the spatial
decay in this regime is **~ for both LRBs and might be improved for the commutator
version.

We remark in passing that a different direction in which the general bounds on long-
range interactions can be improved is for non-interacting particles, which display a
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linear light cone at « > D + 1 [209].

1.2 Further results

As mentioned in the introduction, LRBs and operator localization bounds have a
plethora of applications — both structural ones in mathematical physics and practical
ones in quantum information theory, e.g. on the speed of entanglement genera-
tion [53], quantum messaging and quantum state transfer [85]. Here, we focus on
two applications which use LRBs to constrain the structure of ground states of Hamil-
tonians with a uniform spectral gap, namely decay of correlations and the principle
that “local perturbations perturb locally” (LPPL).

1.2.1 Enhanced correlation bounds for gapped ground states

Modifying the proof of Hastings and Koma [118], we show that a ground state py,
which is gapped from the rest of the spectrum by a gap g, satisfies decay of correlations
in the sense that

[Tr(po Ax By) = Tr(pg Ax) Tr(py By)| < |Ax| IByl1X] Y] g™ d(X, V)™

for small g and any « > 0. The precise statement is given in theorem 11. In this bound,
the inverse spectral gap g~ ! plays a similar role as time in figure 1. In particular, the
analogue of a ballistic bound is that the relevant localization length scales like g1,
which is the case for & > 1. This is to be compared with the best known bound rag/v
for general long-range interactions with & € (D, 2D] [214]. First, no bound for @ < D
is known in the general case. And second, writing r~*& /v = e~(@g/V)Inr ohe sees that
the localization length is exponentially large in g~!. Again, we see a fundamental,
qualitative improvement under the additional assumption of commuting interactions.

1.2.2 Enhanced LPPL for gapped ground states

We also obtain a similar improvement for the local perturbations perturb locally (LPPL)
principle by adapting the complex-analytic subharmonicity argument from Wang and
Hazzard [214]: Let H be a long-range Hamiltonian with decay « as before and Vy a
perturbation localized in X C A. Moreover, assume that for all A € [0, 1], the ground
state p) of H + AV is gapped with gap at least g. Then,

[T (oo By) = Tr(py By)| < 1Byl (V) + IVxl?) 1X1 Y] g™ dCX, Y) <.

The precise statement is given in theorem 13. This bound becomes ballistic for a = 3
in the same sense as before. However, the best known bound for general interactions
scales exactly the same as the bound for decay of correlations [214] and thus the
localization length is again exponentially large in g~!. A comparison of the different
regimes and scalings is provided in table 1.
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type interaction decay commutator LRB decay of correlations
LPPL

long-range r%a>D eVt = [11g) ro8/V [214]
% a>2D 2D+ (p — 1) (1492 =% [209, 214]

commuting r*a>0 t|r= r ¢

long-range

short-range e tr e’ (itl=r) [118] e~8&/vr [118, 214]

commuting e br’ |t] e o’ e r’

short-range

a-D
This bound is valid only for @ > 2D + 1. For a € (2D,2D + 1) one has t =20 r® from [210], see
figure 1(a). Both focus on the shape of the light cone, while the proof of decay of correlations
in [214] relies on a bound with better decay in r proven in [89].

Table 1. Comparisons between previous results and our improvements for commut-
ing interactions. These are rough summaries, and we refer to the theorems for the
precise statements. In particular, we drop logarithmic corrections in r and, for decay
of correlations and LPPL, we focus on the scaling as g — 0, and we drop polynomial
prefactors depending on the gap g.
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1.2.3 A stability result

Additionally, in section 4.3, we prove a result on stability of LRBs for more general
Hamiltonians which are only assumed to have a commuting part, and we prove a LRB
that is independent of the strength of the commuting part. Stability-type results for
LRBs have been proved in other settings before, e.g. in [174, 211, 149, 208].

This finishes our presentation of the main results. We discuss future directions in
section 6.

1.3 Motivation from quantum error-correcting codes

The results described above show that there is a fundamental, qualitative difference
between the quantum many-body dynamics produced by general long-range interac-
tions and commuting long-range interactions.

In this paragraph, we briefly review why Hamiltonians with commuting non-local
interactions have recently received a lot of interest in the quantum information and
quantum computing communities in the context of quantum error-correcting codes.
The goal of a quantum error-correcting code is typically to robustly store quantum
information, often by harnessing topological order; early examples are the toric
code [138] and CSS stabilizer codes [57, 200]. Most quantum error-correcting codes
are based on commuting interactions. Non-local and commuting interactions are of
particular interest lately because they arise in Euclidean constructions of efficient
quantum codes. The reason is as follows: Recall that a [[n, k,d]] quantum code is a
quantum code on system size n that can store k logical qubits with code distance d. The
goal is to have k and d as large as possible, so that the code is both efficient and robust.
Then, the Bravyi-Poulin-Terhal (BPT) theorem [54] says that any [[n, k, d]] quantum
code with short-range interactions in D Euclidean dimensions must satisfy the bound
kd?/(P=1) < . An extension to general graphs was given in [29]. A quantum code
is called good if it satisfies k, d ~ n (which is optimal) and the BPT theorem says
that local commuting interactions in D Euclidean dimensions cannot produce good
quantum codes. Then, in 2021, the 30-year-old open problem of constructing good
quantum codes was resolved by quantum low-density parity check (QLDPC) codes
on expander graphs and related constructions [181, 55, 153]. Implementing these
codes as Hamiltonians in the Euclidean setting, naturally produces Hamiltonians
with non-local, commuting interactions [75, 30, 125, 184, 28] (as expected in view of
the BPT theorem [54]). Beside their potential for near-term fault-tolerant quantum
computation, quantum codes are also emerging as a rich source of new models for
condensed-matter physics, e.g., they lead to a proof of the no low-energy trivial state
(NLTS) conjecture of Freedman and Hastings [90, 117] and provide a rich class of
gapped topological quantum phases [72].

For illustration purposes of the kind of quantum code that is within our scope, we
discuss a simple example of a long-range toric code below. Of course, Euclidean im-
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plementations of good qLDPC codes coming from expander graphs would look more
complicated. Indeed, the pioneering investigations for Euclidean implementations of
efficient qLDPC codes and related error-correcting codes [75, 30, 125, 184, 28] have
not fully settled on a specific Hamiltonian and non-locality in these works is not nec-
essarily the same as power-law decay. In some cases it should rather be understood
as few-body and not necessarily decaying in distance. Nonetheless, these proposals
provide strong motivation for us to study quantum dynamics of Hamiltonians with
commuting long-range interactions like the following one.

Example 1 (Long-range toric code). A non-trivial example of a Hamiltonian satisfying
our assumptions for any a > 0 is given by a long-range version of Kitaev’s famous
toric code model [138]. The basic model consists of spins sitting at the edges of the
lattice (Z/LZ)?. We denote the set of vertices V, edges E and faces F of (Z/LZ)>.
Then the Hilbert space is given by # := ®pcp Z, := Q,cp C*. To each vertex s € V
one associates a star operator Ag 1= —1 + [ [,eg: vee 96\, and to each face p € F one
associates a plaquette operator B, := —1+ [ J,ep( ) oZ, where o is the Pauli # matrix
acting on %, and 9(p) denotes the four edges touching p. The Hamiltonian is then

given as a sum
H:=-) A=) B,
seV peF

which turns out to be commuting and gapped [138] and has ground state energy 0.
Moreover, it is frustration free, i.e. its ground state projection P also minimizes all
individual terms Ag P = 0 and B, P = 0. Adding a term of the form

Hiong-range = Z f(51,32)A31 As, + Z g(p1, p2) By, By,
51,5 €V p1.p2€F

with 0 < f(s1,89) < Cd(sq,8) % and 0 < g(py, p2) < Cd(py, py)~* which is positive
and satisfies Hiong range P = 0 can only increase the gap. The perturbed Hamiltonian
H + Hiong-range is still mutually commuting, gapped, has ground state P and is long-
range. This example can be generalized in various ways, e.g. to higher dimensions.
One can also add higher order products (=1 A Ay and (1) By, -+ By, or allow
for small negative f and g and still obtain a spectral gap by adopting the BHM strat-
egy [52, 175]. Having a spectral gap is not needed for the Lieb-Robinson bounds.
It is only relevant for the applications to gapped ground states that we discussed in
section 1.2. &

2 Mathematical setup
In this work we want to consider spin systems on D-regular graphs. The graph is seen

as a metric space (I',d), where d is the graph distance. For any Z C I' we denote
its cardinality by |Z| and its diameter by diam(Z) := SUPy yez d(x,y). Given two
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sets X, Y C I" we denote by d(X,Y) their distance with respect to the metric d. We use
A € T to denote that A is a finite subset of I". The ball with radius r around x € I is
denoted BL(r) :={zeI'|d(x,z) <r}

Definition 2 (Surface-regular graph [192]). We call the graph (x, D)-surface-regular,
if
|B§(r)\B£(r—l)| < krP1 for all x€l' and relN. O

The prototypical example of a (i, D)-surface-regular lattice is I' = ZP. Any D-
surface-regular graph is also D-regular [192], in the sense that

|B,1:(r)| <(1+x)rP for all x€l and reN,,.

This notion of D-regular graphs is more common in the literature. However, all lattices
we are interested in are D-surface-regular, and we can prove better bounds with this
stronger assumption. An explicit construction of a counter example can be found
in [202].

Often however, we restrict to finite (x, D)-surface-regular lattices A. This might
seem trivial, but it is important to note that all our results and constants will be inde-
pendent of the specific graph A and only depend on k and D. In certain cases, this will
allow us to take the limit A, — I' where all A, are finite (x, D)-regular lattices and I
is an infinite one.

With every site x € I" one associates a finite-dimensional local Hilbert space #, :=
C9 with the corresponding space of linear operators denoted by &/, := Z(C?). And
for every finite A € I" we define the Hilbert space % := @), #x, and denote the
algebra of bounded linear operators on #4 by o/, := %B(¥,). Due to the tensor
product structure, we have o4 = @, . Hence, for X C A€ I', any A € ofx can
be viewed as an element of &/, by identifying A with A ® 14\ x € 94, where 1\ x
denotes the identity in &\ x. This identification is always understood implicitly and
for B € &/, we denote by supp(B) the smallest Y C A such that B € ofy. Moreover, the
algebra of local observables on I" is given by

J7 SRS U Ay, and its completion o = e
Aer

with respect to the operator norm is the algebra of quasi-local observables, which is
only relevant if I is infinite.
An interaction on I' is a function

V. {Zelt > dyr, ZoW¥Z)ed, with ¥(Z)=¥(2)". (8)
For each A € I', the corresponding local Hamiltonian is then defined as

Hy = Y ¥(2).

ZCA
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And the Heisenberg time-evolution of an operator A € &/, is denoted by
i '(A) = eltfh A et )

For infinite I', the Hamiltonian is not an object of the algebra &/ and the dynam-
ics cannot be defined as in (9). Instead, one can define the time evolution on finite
subgraphs A € I as above. The dynamics on I" can then be defined as the limit

o (A) := lim o'(4) (10)

if it exists for all A € o/[°°. It might then be extended to a cycle of automorphism
on /. This limit is understood in the following way: Let {A,},eny C {A € '} be an
increasing and exhaustive sequences, i.e. A, C A, for all n and for each Z € I" there

isn € N such that Z c A,. If the limit lim,_,, TtA "(A) exists and is independent of
the chosen sequence, it equals the above limit. We comment on the existence after
introducing interaction norms.

To measure locality of an interaction so-called interaction norms are widely used
in the literature. Therefore, let F: R5o — Ry be a decaying function. We define (for
interactions on I')

Wiy = sup > -

xyel' fet. F(d(x,y))’
x,y€Z

(11)

and say that ¥ is F-local if |¥|r < co. We choose to use this norm, because it allows
for very general interactions. For two-body interactions with decay |¥({x,y})| <
CF(d(x, y)), one directly computes |¥|f < C.

Our bounds will depend on a suitable interaction norm |¥|r. Beyond this, however,
the constants in all our results will be independent of the particular lattice I'. In this

way, if one defines an interaction on an infinite graph I" such that ||1I/||%F) < o0, one

obtains bounds that are uniform in A € I', by using IIII/II%A) < ||‘I/||§;F). Here, we add an
extra index to highlight on which graph (11) is used. This in particular holds for the
prototypical example I' = ZP, where one requires

zP ¥ (2)]
WD = sup Y A
xyez? zez0, F(d(x. 7))

x,y€Z

and uniform obtains bounds on arbitrary subsets A € ZP. But with the more general
framework, one can for example also consider rectangles with torus geometry, or more
general graphs like the honeycomb lattice.

With the notion of interaction norms at hand, we can come back to the thermo-
dynamic limit. For interactions with decay F(r) < (1 +r)™* with @ > D on a D-
surface-regular graph, existence of the thermodynamic limit is known, see e.g. [174,
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Theorem 3.5].1 For slower decaying interactions, one does not expect a thermody-
namic limit to exist in general. In fact, one can expect that the interaction at least
need to be summable in the sense

sup Y. |¥(Z)] < o,
z€l’ zer
z€Z

to take a thermodynamic limit. See for example [195, Theorem 7.6.2] for the existence
of the thermodynamic limit without explicitly requiring decay in the diameter diam(Z2)
of the supports.

To discuss the operator localization version of the LRB, we introduce the conditional
expectation Ey: &/4 — 4y, which has many crucial properties, which are for example
discussed in [174, Lemma 4.1]. For us, it is only important to know that |Ey| < 1 and
that its restriction to &y is the identity. For finite A it is just given by the partial trace
on the complement [53]

1

Ey(A) = ————
r(A) Tr sy (Tavy)

Travy (A), (12)
and a generalization to infinite volume systems, which we will use in some of the

statements, are defined in [174, Lemma 4.2]. Extensions to fermionic systems [173]
also exist, and the LRBs we discuss here similarly apply for fermions.

3 Lieb-Robinson bounds for commuting interactions

We now restrict to mutually commuting interactions satisfying [¥(X), ¥(Y)| = 0 for
all X and Y. We split the discussion according to the decay of the interactions.

3.1 Finite-range interactions

The simplest type of interactions are finite-range interactions, i.e. interactions for
which there exists R such that ¥(Z) = 0 if diam(Z) > R. For commuting, finite-
range interactions, the Heisenberg time evolution remains localized for all times in
the following sense.

Theorem 3 (Lieb-Robinson bound for commuting, finite range Hamiltonians). Let ¥
be a commuting interaction on a graph I'. Assume that ¥ is of range R, i.e. W¥(Z) = 0 if
diam(Z) > R, and uniformly bounded, i.e. there exists a constant Cy such that |¥(Z)| <
Cy forall Z €T.

To apply their results, one needs to realize that F, satisfies the convolution condition [174, equation 3.9]
on a D-surface-regular graph I if « > D, by the same arguments as given in [174, section 8.1.1] for I' = ZP.
Alternatively, one can just use (18) as outlined in the main text.
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Then the corresponding Heisenberg time-evolution satisfies
f'(A) = TtXR(A) € dx, forall XeT and Aedy,

where Xg :={z € I'|d(z, X) < R} is the R neighbourhood of X. Thus, it also satisfies
the following Lieb-Robinson bound: For all X,Y € I" and operators A € ofx, B € oy,

(A Bl|=0 if d(X,Y)>R

This behaviour of commuting finite-range interactions was observed before, for ex-
ample in [186]. We note that this behaviour dramatically differs from the general LRB
for non-commuting, finite-range Hamiltonians. Our goal will be to show that this
extreme locality persists to some degree for long-range commuting interactions.

3.2 Short-range interactions

Another class of widely used interactions are so-called short-range or (stretched)
exponentially-decaying interactions, which have a bounded interaction norm with

decay function

Fb,p(r) - efb rP

for some b > 0 and p € (0,1].

Theorem 4. Let 0 < b” < b, p € (0,1], k > 0 and D € N, then there exists a con-
stant Cppy > 0 such that the following holds: Let ¥ be a commuting interaction on a
(x, D)-regular graph I satisfying ||‘I/|\Fb’p < oo. Then the corresponding Heisenberg time-
evolution satisfies the following Lieb-Robinson bounds:

(i) For all disjoint X,Y € I' and operators A € dx, B € oy,

|(z"(A), BI| < Copr 1¥15,, IAIIBI min{|X|, [Y[} ] By p(d(X, V). (13)

(if) Forall X € T', operators A € 9, andr > 0,

e (A) — Ex (& (D)] < Copr 1915, 1AIIX] Il By ().

A more general result for short-range interactions, assuming only that the commu-
tator of interaction terms is small (but not necessarily zero), was proven by Haah et al.
[106]. In the limit of vanishing commutators, their bound gives the same LRB. The
result stated here, gives a logarithmic light cone, which Toniolo and Bose [208] call

“slow dynamics”. They then prove stability of the LRBs to local perturbations similar
to (30) but for extended perturbations given by an interaction.
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3.3 Long-range interactions

Recently, many efforts were made to prove LRBs for long-range interactions, which
are described by the decay function

F,() :=(1+r)=

While this is quite involved for general (non-commuting) Hamiltonians, one can very
easily obtain LRBs for commuting Hamiltonians. Moreover, it is often necessary to
distinguish different regimes in . In particular, on a D-surface-regular graph, one
cannot expect a thermodynamic limit of the dynamics for 0 < a < D, which is the rea-
son for us to provide two distinct statements. The first works also for infinite graphs
and allows for two different bounds, one scales better in the support of the two ob-
servables, the other scales better in the distance between them.

Theorem 5. Letk > 0, D € N and o > D, then there exists a constant C > 0 such that
the following holds: Let ¥ be a commuting interaction on a (k, D)-surface-regular graph
I satisfying V|, < oo. Then the corresponding Heisenberg time-evolution satisfies the
following Lieb-Robinson bounds:

(i) For all disjoint X,Y € I" and operators A € 9y, B € oy,

I (A). Bl| < C %[, |AIIBI min{|X], Y[} || F—p(d(X.Y)), (14)
and
Il (A). BI| < 4 1%, LAIIBIIXI[Y| || F, (d(X,Y)). (15)

(if) Forall X € T, operators A € 9fx, andr > 0,
le (A) - Ex (¢ (W)] < CI¥l, |AIIX] |t Fy-p(r). (16)

This gives a linear light cone (a ballistic LRB) in the sense of local approximations for
a > D+1 which is an improvement over the tight « > 2D+1 found for non-commuting
two-body interactions [210].

But even for @ > 0, we can obtain a bound as in (15) on arbitrarily large, but finite
graphs.

Theorem 6. Let @ > 0 and A be a finite graph. Let ¥ be a commuting interaction on
A satisfying |V|p, < oo. Then the corresponding Heisenberg time-evolution satisfies the
Lieb-Robinson bound given in (15).

This gives some kind of linear light cone for commuting long-range interactions
with @ > 1, which are not even summable in dimensions D > 1. In this parameter
range, the Heisenberg dynamics do not converge to a thermodynamic limit in general.
Hence, a bound like (14) cannot hold, as it implies convergence of the Heisenberg
dynamics in the thermodynamic limit. Thus, we cannot discuss LRBs for the limiting
dynamics on infinite graphs.
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Remark 7. The Lieb-Robinson bounds in theorem 5 are sharp. For example, to see
that (14) is sharp, let X = {x}, Y = {y} and choose the interaction with only non-

LT VA X
vanishing term ¥({x, y}) = Fa(d(x, y)) U, where U = s eto)1y=93) 4o o standard
CNOT gate between sites x and y. The CNOT gate U satisfies eV = cos(t) 1+isin(t) U

and U] = 1. Moreover, let A = o;X be a spin flip and B = 0'yZ measure the Z-component

of the qubit at site y. Now, let i/ be any pure state on A\ {x, y}. Then

[TtA(A), B] Hi)xy Y= _ZiSin(t Fa(d(x’ Y))) |TT>xy Y,

and thus
||[rtA(A), B]| > 2|sin(t F,(d(x, y)))

which for small ¢ F,(d(x, y)) has the same scaling as (15). In section 3.5, we present
a generalization of this example that extends sharpness of (15) to the case of general
supports X, Y and we also show sharpness of the other bounds from theorem 5. ¢

>

3.4 Proof of the Lieb-Robinson bound for commuting
Hamiltonians

The proof of all the stated LRBs boils down to a very simple observation, which was
already made before, e.g. in [186]. It drastically simplifies the Heisenberg evolution
of local operators by only considering the interaction terms, which overlap with the
support of the operator.

Lemma 8. Let ¥ be a commuting interaction on a finite graph A. For all X C A and
operators A € dx, the corresponding Heisenberg time-evolution satisfies

A _ A
Tt (A) - Tt’nX(A)’
where T{;X is generated by the interaction

V(Z) if XnZ+@and
Yox(2) := 0 else (17)

Proof. Due to commutativity of the interaction, the exponential satisfies

eitHr — oitHax oit(Ha—Hpx) .

Using this for both exponentials in (9) and realizing that [Hy\ x, A| = 0 due to their
disjoint support, one has

TtA(A) — e—it(H/\—HA\X) Aeit(H/\—HA\X) = Tt,AnX(A)' O
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From here, the statement about finite-range Hamiltonians on finite graphs in the-
orem 3 is immediately clear. The extension to infinite graphs follows from the next
theorem, and we comment on the details at the end of this section.

Lemma 8 also allows to approximate the time-evolution locally.

Theorem 9 (Local approximation of Heisenberg evolution). Let ¥ be a commuting
interaction on a finite graph A. Forall X ¢ A’ C A and A € dx it holds that

[ (A) - V' ()] < 21Al1H Y. [2(2)].
ZCA:
ZnX+Q,
Zn/AN\A" 0

Moreover, if |¥|r < oo for some decaying function F: Rsg — Rs, then

[ = o (] < 21AHIE 1 Y, Y, Fd(x, ). (18)

x€X yeANA’

Proof. By lemma 8 we have
A) - Y (A) = i} x(A) — i x (A)

t
d a A
= L E TsnX ° Tt—s,mX(A) ds

t
:Z;X; L Ts/,‘nX ([lan(Z)» TA/S,QX(A)D ds
ZnANA'£Q

and thus the statement after bounding

Hﬂ o ([Fox (@, ()] ) ds] < 21 (DN 1AL

For the second statement, we additionally bound

vl

SIE@Dl< Y, Y Fdxy) Y o<W Y. Y Fdx.y)
ZCA: XEX yeANA ZaaF(d(x, ) XEX yeANA
ZnX=#Q, x,y€Z
ZoANA 20
by overcounting. o

As a direct consequence, we also obtain the two versions of the LRB.

Corollary 10 (Lieb-Robinson bound for commuting Hamiltonians). Let ¥ be a com-
muting interaction on a finite graph A. Let F: Ryy — Ry be a decaying function and
assume that ¥ is F local in the sense that |¥|p < oo. Then the corresponding Heisenberg
time-evolution satisfies the following Lieb-Robinson bounds:
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(i) For all disjoint X,Y C A and operators A € 9fx, B € gy,

|[=(A), BI| < 411 ALIBI I D, Y F(d(x, ).

x€X yeY

(if) Forall X C A, operators A € x, andr > 0,

[ (A) - Ex ()| < 41¥IF AL Y, Y, Fd(x, ).

x€X yeA\X,

Proof. Both statements directly follow from theorem 9. For (i) choose A’ = A\Y. Then
™™ (A) € o,y and B € oy have disjoint support and thus commute. Hence,

[z (A, BI| < [ (A) = Y (A), Bl| < 2[5 (A) — 5" (W) IBI.

For (ii) choose A’ = X,. Then using ]EXV(TtX’(A)) = TtX’(A) and [Ex | = 1 we obtain

[7(A) - Ex (A ()] < |44 - 77 ()] + [Ex (57 (4)) - Ex (7))
<2|AA) -7 ’(A)H. o

Note, that the local approximation is different between theorem 9 for A’ = X, and
corollary 10(ii). The first compares the evolution of A to the time evolution generated
by the local Hamiltonian on X,, while the latter gives an approximation of 7' (A) in X,
by the conditional expectation. The former implies the latter.

We can now prove theorems 4 to 6 on finite graphs. The extension to infinite graphs
will be discussed afterwards. Notice that

> Y F(d(x.y)) < [X| Y| F(d(X.Y)) (19)

x€X yeY

for any F. Together with corollary 10, this proves theorem 6 and (15) from theorem 5(i).
Alternatively, one can bound

Z Z F(d(x y)) < m1n{|X| \Y| sup Z F(d(x y))
xeX yeY x€A yeA:
d(x,y)=>d(X.)Y)

if the right-hand side is bounded. Indeed, for the decay function F,(r) := (1 +r)™%,
a simple integration shows that for all k > 0, D € N, « > D, there exists a constant
C/4 > 0 such that

sup Z F, (d(x y)) <= Fa p(R) (20)

XEA yGA
d(x,y)>R
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for all (x, D)-surface-regular graphs A. This proves the remaining bounds from theo-
rem 5.

Similarly, for theorem 4, we observe that for all 0 < b’ < b, p € (0,1], x > 0 and
D € NN, there exists a constant C > 0 such that

sup Y F(d(x,y)) <Ce¥® (21)
X€A yeA:
d(x,y)>R

for all (k, D)-regular graphs.

It is left to obtain the results also on infinite graphs I". As discussed in section 2, we

first define the Heisenberg dynamics on d}oc as the limit

7 (4) := lim 7'(4)

which is well-defined if [¥|, < co for some & > D. To obtain the LRBs on I" one uses
triangle inequality in theorem 9 to bound

[ (A) = 5 (A)] < [ (A) — A + [52(A) — 5 (A)

5

where the first term vanishes in the limit A ~ I" and the second gives the previously
proven LRBs which did not depend on A.

3.5 Sharpness of the Lieb-Robinson bound

The bounds in corollary 10 are sharp and we now construct an example ‘protocol’
which attains the bound. This easily implies sharpness of theorem 5 as well, as we
explain afterwards. The main difference to protocols for non-commuting interactions
as in [149, 209] is that due to commutativity only terms in the Hamiltonian directly
connecting the supports X and Y have an influence.

3.5.1 Sharpness of Corollary 10

Let A be any finite graph and consider two-dimensional on-site Hilbert spaces #, =
€2, and denote with aﬁ the Pauli # matrix on #,. We fix X, Y C A. Then, for some
C>0let

Fy(d(x,y)) CUyy ifZ={x,y}forsomex € XandyeY
Y(Z)= 0 ’

else,

where

Uy = 0205 = MMy = NPy = DUy + B Ly
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has norm U , | = 1, such that [?|r_= C. Clearly,

eVrr = e PPy + €7 PPy + €7 U Uy + €T LUy

so that the dynamics generated by U, ,, add a phase e*! in the computational basis.
In the following, we abbreviate |a)[b)|c) = [a)x ® [b)y ® |c) s (xuy) [} = |1 - 1) and
[1) = [} - |). Let ¢ be any state on A\ (X uY). Since Uy,y mutually commute, we

have
et iy = T TT e iy

xeX xeX

= 0 Tnex Toer FldCe) [y oy
=: &N

and similarly

UMY = e MIIY),
HADIMY) = e [DIMlY)  and
DI = e DI,

wherec =CY ., cx Zer F,(d(x,y)). Similarly to the protocol in remark 7, we choose

A = [Tiex 0 such that A[L)|@)) = [1)|p)|y) for all states ¢ on Y. Moreover, we
choose B = [M){lly + [){flly, which acts as identity on |f) + |I). Hence,

[(A), BIL(11) + IM)ly) = (1= B) e Ae™™ [1)(JU) + 1)l
= (1= B)IM(e " |4) + 2 [M))ly)
— |ﬂ>((e—21tc _ eZitc) |U> + (ezitc _ e—2itc) |ﬂ>>|lﬁ>,

and thus

|[z(A), B]| > ‘ezjtc - e_zm‘ =2 sin<2t||q/||pa Z Z Fy(d(x, Y))>

x€X yeY

Using that sin(x) = x for small x, we see that the LRB obtained in corollary 10(i) is
sharp whenever its right-hand side is indeed small.

As discussed before, the operator localization version of the LRB implies the com-
mutator version of the LRB. More precisely, corollary 10(ii) implies

[(z(A), B < 8 1%lF lAIIBI I D, ), F(d(x,y)

x€X yeANX,

forall A € o/x and B € 9\ x . Hence, the above argument implies that corollary 10(ii)
is also optimal up to a factor 2.
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3.5.2 Sharpness of Theorem 5

To understand that the scaling in the long-range LRBs given in (14) and (16) is optimal,
it is enough to understand that the bound

Z Z F, (d(x y)) < |X| E,_ D(d(X Y)) for all disjoint X,Y C T,
x€X yeY

which was used to obtain the results from corollary 10, is also optimal. And indeed,
for X ={0}and Y = {y € I'|d(x,y) > R}on I" = ZP, it is straightforward to check
that

> E(d(0,y) = Z D, En) > Z 0nl E(m) = 575 Z Fa(p-1)(n),

yey n=R ye€I:
d(0,y)=n

where Q, = {z € RP-1 |sz:_11 zx <n+1,Yk : z > 0}. Moreover, this sequence only
converges for @ > D and then can be lower bounded by

1 1
Z oo [ o= A ho)

Hence, the obtained decay in theorem 5 is optimal.

4 Exemplary applications

In recent years, LRBs have been used for a vast range of applications. Here, we im-
prove some of the results from the literature for commuting interactions. In particular,
we discuss decay of correlations and the ‘local perturbations perturb locally’ principle
in gapped ground states of long-range Hamiltonians in sections 4.1 and 4.2, respec-
tively. In section 4.3, we show that the LRB for a Hamiltonian, which is a sum of a
finite-range, commuting Hamiltonian and a general Hamiltonian, does not depend on
the strength of the commuting part.

4.1 Decay of correlations

Hastings and Koma [118] proved that local interactions and a uniform spectral gap
imply decay of correlations in the ground state in the thermodynamic limit. Their
argument includes long-range interactions with & > D. However, they use a LRB that
follows from the usual proof and is outperformed by more recent approaches, e.g. [160,
210], even for non-commuting Hamiltonians.

For commuting Hamiltonians, the improved LRBs also result in improved decay
of correlations as the following theorem shows. The necessary adjustments to the
original proof are discussed in section 5.1.
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Theorem 11 (Spectral gap implies decay of correlations). Let ¥ be a commuting inter-
action on a finite graph A and assume that the spectrum of H has a gap g > 0 above the
ground state energy E, in the sense that

Ey€o(H), Ey<o(H)\{E} and d({Es},o(H)\{E})> g
Let Py be the projection onto the ground state sector and p, be any ground state, i.e. py =
Py po Po-

If ¥ is polynomially decaying with |¥|f, < oo for some a > 0 where F,(r) := (1+r)"%,
then, for all disjoint X andY C A and A € fx and B € gy, it holds that

‘Tr(po AB) - %(Tr(po APy B) +Tr(py BP, A))‘

z IY15,
<S1ANBXI W ([ =% +1) InC1+ D o),

wherer = d(X,Y). }
If ¥ is a short-range interaction satisfying ||1I/||Fbp < oo for someb > b > 0 and

p € (0,1] where Fb’p(r) 1= efbrp, then, for all disjoint X andY C A and A € 9fx and
B € gy, it holds that

[Tx(po AB) = (Tr(po A Py B) + Tr(po By A))

C¥l,p (23)

< 1A B minflx. ¥ ol +1)5,,0)

wherer = d(X,Y) and C is an explicit constant given in (29) and only depends on b and
b.

The results concerning decay of correlations from [118] have been improved for
general (non-commuting) interactions in [214] using analogous methods to those used
in [214] to prove LPPL, which we will discuss in the next section. In the case of com-
muting interactions, the improved method qualitatively yields the same results, and
we decided to use the previous method by [118] to emphasize the broad applicability
of improved LRBs for commuting Hamiltonians.

Not that the first lines in (22) and (23) simplify to the more common

[Tr(py A B) — Tr(py A) Tr(py B)|

in the case p) = P,.

We only give a finite volume version of the statement in [118] here. For &« > D (or
short-range interactions) there exists a thermodynamic, see (10). Then, a statement
similar to theorem 11 also holds in the thermodynamic limit, where it is enough that
a gapped spectral patch converges to a unique ground state energy as in [118, (2.12)].
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Note, that the decay exponent in (22) does not depend on the gap and equals the
decay of the interaction. Thus, it is better than the trivial bound 2 | A| |B| | pol; for r =
g_l/ %, Hence, this result is a qualitative improvement over the original one in [118]
and also the more recent [214]. In both references, the decay exponent in the bound
scales like o g for small g, meaning that the bound becomes non-trivial only for Inr >
g

Moreover, this qualitative improvement is also apparent in the result for short-range
interactions: The previous results in [118, 214] both have a correlation length ¢ ~ 1/g
for small g, i.e. the bounds they obtain scale with e~ @XN/E 15 [101] an improved
scaling £ ~ 1/./g was obtained for frustration-free Hamiltonians. In contrast, here we
prove that the correlation length is independent of the gap, £ ~ 1 if the underlying
interaction is commuting.

Remark 12. For a > D, one can also use (14) and obtain the same statement with the
bound from (22) replaced by

171,

sC1AL 18] min{ XL I} ool 191, (|2 = +1) 1nCt 4 ) Py )

where C is the constant from (14). o

4.2 Local perturbations perturb locally principle

Wang and Hazzard [214] recently proved a version of the local perturbations perturb
locally (LPPL) principle for long-range systems with a new technique. They avoid the
spectral flow [120], which was used by previous results for short-range Hamiltoni-
ans [23]. The general idea is that the ground state of a gapped system only changes
locally around a small perturbation, in the sense that expectations values of local ob-
servables away from the perturbation do not change.

With the improved LRBs we can also improve these results for gapped commuting
Hamiltonians.

Theorem 13 (LPPL for gapped ground states). Let ¥ be a commuting interaction on a
finite graph A and let V € ofx with X € A be some perturbation. Moreover, assume that
H + AV has a unique ground state p, and a gap of size at least g > 0 above the ground
state for all A € [0,1].

If ¥ is polynomially decaying with |¥|p, < oo forsomea > 0 where Fy(r) := (147)77,
then, for allY C A and B € dy, it holds that

+2
\n%@—ﬂmmkmwmMMWHMWMMQ@%T, (24)

wherer = d(X,Y).
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If ¥ is a short-range interaction satisfying ||1P||Fbp < oo for someb > b" > 0 and
p €(0,1] where Fb’p(r) 1= efbrp, then, for allY C A and B € 9y, it holds that

g+2
3

[Tx(po B) — Te(py B)| < 8oy ¥l 1BI (IV1] + IVIZ) min{| X, [Y[} Fy () p

wherer = d(X,Y), and Gy} is the constant from (13).

As in the result on decay of correlations, the decay exponent in (24) does not de-
pend on the gap and equals the decay of the interaction. It is better than the trivial
bound 2 |B| forr = g*3/ ® Thus, it is a qualitative improvement compared to the bound
in [214] for general interactions, where the exponent scales like a g for small g, which
make the bound better than the trivial one for Inr > g~!. The same is also apparent in
the short-range setting, where we obtain a decay eV AXDP for any b’ < b uniformly
in g > 0 for commuting interactions, while [214] only proves a stretched-exponential
decay with b’ ~ b g for small g for general interactions.

To obtain the statement, we need improved LRBs also for the perturbed Hamiltonian
H + V. And since the statement is trivial, if also the perturbation V commutes with
all Hamiltonian terms, we cannot just rely on the results from section 3.3. Instead, we
use a previous result on LRBs for perturbed Hamiltonians [P4, Lemma 33], details are
discussed in section 5.2.

Remark 14. For a > D, one can also use (14) and obtain the same statement with the
bound from (24) replaced by

g+2
g’

32C %I, 1Bl (V] + IVI?) min{|X], Y]} F—p(r)
where C is the constant from (14). O

4.3 General Hamiltonians with a commuting part

In contrast to the rest of the paper, we want to investigate non-commuting Hamiltoni-
ans which only have a commuting part in this section. More specifically, we assume
to be given two interactions ¢ and ¥, where ¥ is commuting as before, ¢ might not
be commuting and in particular ¥ and & are not required to commute. For simplicity,
we assume that the commuting interaction ¥ is of finite range R > 0, meaning that
Y(Z) = 0 unless diam(Z) > R. The arguments work similarly for short- or long-range
interactions, as long as the decay of the commuting part ¥ is better than the one of
the non-commuting part ¢. Moreover, we allow @ to be time-dependent. We write
&(t) for the interaction at time ¢, &(Z,t) := &(t)(Z) the interaction term at Z C A at
time t, and
|PlF := sup ()]
tel
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for the norm of a time-dependent interaction @. The time interval I C R of interest
will be clear from the context.
In this setting we obtain the following LRB for the evolution of the full system.

Theorem 15. Let A be a finite graph and F: Ry — Ry a decaying function. Assume
that we have a general Lieb-Robinson bound given in terms of a function {, such that for
any interaction ® with |®|p < oo, it holds that for all X,Y C A, A € ofx and B € oy

I[z:5(4), BI| < (Il 1AL IBL. 1], V], d(A, B) |t = s]).

Furthermore, let ¥ be a commuting interaction of range R > 0 and let ¢ be a general,
time-dependent interaction on A satisfying |®@|p(. 4or) < 0. Then the dynamics 1, ; for
the sum @ + ¥ satisfy the following modified Lieb-Robinson bound: For all X, Y C A,
A € gy and B € gy it holds that

l[75CA), Bl < ¢(¢? 1915¢.209, 1AL IBL ¢ X, Y] d(A, B) - 2R, |t = ).

withc = (1 +x) RP.

In particular, the Lieb-Robinson velocity and the bound do not depend on the norm
of the commuting part ¥. As long as the evolution exists it could even be unbounded
if one works in a setting with infinite dimensional local Hilbert spaces.

As an example we provide the following result for exponentially decaying interac-
tions, where we use the LRB from [174].

Corollary 16. Let A be a finite graph, ¥ a commuting interaction of range R > 0 and
@ an exponentially decaying interaction with |®|p(.or) < oo where F(r) := et/
r)PTL. Then the full dynamics 1,  generated by the interaction ¥+ satisfies the following
Lieb-Robinson bound: Forall X,Y C A, A € /x and B € &y, it holds that

[[75(A), B]| < CIA] IB] min{|X], [Y[} eb (hli=sl=d(XYD),

where C = 2|F| Cgl ek and v, = 2Cp (1 + k)? R?P |@lF(. +2r)/b, and |F| and Cg are
constants depending on F that are defined in [174, equations (3.8) and (3.9)].

Again, we highlight that the velocity does not depend on the strength of ¥, but only
on its range.

As an easy example, consider the XXZ spin chain on the Hilbert space ®i:1 C25+1
L-1
Hxxz :=— Z(S}CS}C“ + 8285 + ASISY
x=1

with anisotropy parameter A > 1 and each §x an irreducible spin-S representation
of 3u(2). Applying the above result to the commuting interactions ¥({x,x + 1}) :=
AS3 S, |, we obtain a LRB that is independent of A.
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5 Proofs of applications

5.1 Proof of Theorem 11

Since we only consider finite volumes with a single ground state energy, the proof
simplifies slightly compared to [118]. To get the constants right, we repeat large parts
of the proof but leave out some of the details and the proof of [118, Lemma 3.1]. We
first give the proof for (22) and then comment about the small modifications necessary
for (23).

First, we observe

Tr(po [7(A), B])
= Tr(po 7 (A) (1 — Py) B) — Tr(py B(1 — Py) 7 (A))

+ Tr(py 7*(A) Py B) — Tr(py B Py 7(A)) 25)
= Y Tr(py AP, B) e {EEod — %" Tr(py AP, B) ellEnFo)t
n>0 n>0

+ Tr(py APy B) — Tr(py BPy A),
where P, are the spectral projections for eigenvalues E,, and we used

elft py = elbot py and elftp =elful p forall n.

As in [118] we now apply
T oy B
F() := lim lim — J L dr
T—oo e=0 21 J_T t+1€

on both sides of (25). Instead of [118, (3.24)] we use the LRB from (15). Thus, for the
left-hand side we bound

i J'T Tr(po [TtA(A), B])

21 )1 t+ie

C ® C
e P dt‘ <L E,(r) J e P dr < !
21 —c0 24

Fo(r),  (26)

with C; = 4P|, [A||B[ |X|[Y]lpol:, which also persists the two limits. For the two
time-independent terms on the right-hand side, we calculate

. T —p?
. . 1
lim lim — J ¢ —dt = -.
T—ooo e-0 21 J_T t+ 1€ 2

And by [118, Lemma 3.1], which — after inspection of the constants — states

‘Fi(e_iﬂ) - 1‘ < %e‘Ez/ A for E>0 (27)
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and
’PF(e_iEt)’ < %e‘Ez/G[D for E<O, (28)

for all § > 0, the remaining two terms on the right-hand side satisfy

‘9 (Z Tr(py AP, B) e*“En*Eo)t) ~Tr(po A (L~ Py) B)‘ < Cye8'/Uh)
n>0

and
‘97(2 Tr(py AP, B) ei(En—Eo>f) < Cye 8 /Ep),
n>0

with C; = 1/2|A||B|lpoli- To prove these bounds, we first use triangle inequality
and then apply (27) and (28), respectively, together with the upper bound E, — E, > g.
Then it is left to bound

> [Tr(po APy B)| < D (s B po Add| < 1B po Aly < |AIBI ol
n>0 m

where {¢,,} is any orthonormal energy eigenbasis, i.e. for every n there exists an index
set My, such that P, = 3,cp [9m)(fml- In the second step we used that for every
operator T and every ONB ¢, it holds that

> K T )| = D (. T D) = Te(T D) < [T} | D,

where we choose 6,, € C with |6, = 1 such that |<¢m,T¢m)‘ = 0 (s T $) and
D =3, 0 |¢m){¢m|, which satisfies |D] = 1.
In total, we obtain

[Te(po A B) — 3(Tr(py A Py B) + Tr(pg By A) )|

C1 )
< Fy(r) +2C,e 8 /4P
2\/7[7,5 a 2

4|¥|g, Ja
g

a ¥lE,
S8||A||||B|\|X||Y|||po||1( e +1) In(1+7r) Fy(r),

< LAIIBI Ipols ( IX11Y] In(1 +7) + 1) Fo(r)

where we chose
gz

b= 4o In(1+7r)

in the second step. For the last step we use In(1 +r)/In2 > 1 to move the logarithm
out of the parenthesis, followed by bounding In2 < 1and 1/1n2 < 2.
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P5 Enhanced Lieb-Robinson bounds for commuting long-range interactions

To obtain the result for short-range interactions, we only have to modify (26) and
the final bound. We choose b” = (b + b)/2 € (b,b) and use the LRB from theorem 4 for
0 < b’ < b. Due to the similar structure of the LRBs, we obtain

|7 (T(po [ (4), B]))| <

¢
Fy
2\/;/3 b,p(r)

with C; = Gypy ||lFHFbp |A]|B| min{|X|, |Y|} lpol; and Cppr the constant from theorem 4.
In total, we then obtain

‘Tr(po AB) - %(Tr(po APy B) +Tr(py BPy A))‘

C o
< Fb/ (r) +2C,e & /(4p)
2np ’ 2

b Cow 1715, o2
g

< 1AV B minflx. ¥} ol Fir 1)+ 1))

TT
2

after choosing f = i o With [156, Lemma 7.2.3(b)] we can bound
4br

rP/2 By o(r) < (2€ (0" — b))

-1/2 1/2

N =(e®-b) ""F ),

which leads us to the final bound with

1/2

bC, .
C= <M) with Cb,(b 5)/2 the constant from theorem 4.  (29)

ne(b—0b)

5.2 Proof of Theorem 13

As remarked in the main text, we need a LRB for all Hamiltonians H + AV to apply
the results from [214]. But we only need to estimate commutators, where one of
the observables is the perturbation itself. We begin with the proof of (24). Without
requiring that V and H commute, combining [P4, Lemma 33] and (15), we obtain the
bound

|[e7H+AY) Bl HA) 1| < 4w, |B] [VIIX] YTl (1 + IV]e]) Fa(d(X,Y)).  (30)
In the language of [214] we have
C(r,t) = CF,(r) (t +1%), (31)

where C = 4[¥[g_[B| [V]IX][Y] (||VH + HV||2) As in [214], we omit the labels A, since
all bounds are uniform in those. Then we calculate, see [214, eq. (11)],

y+2
v

Qlr,y) 1= L“’ C(r,t)e ™ dt = CE,(r)
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5 Proofs of applications

With [214, eq. (13)], we bound
1 21
In|Qyy(0)| < — J InQ(r,|psinb|) d6
27 0

27
<In(CF,(r) +1In(p+2) —Inp® - 21 J In|sin 6] d@
n Jo

+ 2
< ln<8 CE,(r) p_g)
p

for any p € (0,g). In the last step, we used fozn In|sinf|d0 = —n In4. Now, the
remaining arguments from [214] and the limit p — g yield the statement.

Since the explicit form of the decay was not used, the proof of (13) is exactly the
same, but with

C = Gy 1¥l5,,, 1AIIBI min|X Y[} (VI + [VI?)

and C(r,t) = C Fy ,(r) (t+ t2) coming from the LRB given in theorem 4.

5.3 Lieb-Robinson bounds for Hamiltonians with a commuting
part

The idea of the proof is to go to the interaction picture where ¥ is the unperturbed
part and @ is the perturbation. The range of the interaction picture interaction @1t
will only be slightly enlarged by the commuting, finite-range interaction ¥, while the
norm of the individual terms are not changed at all by the unitary transformation. This
allows to apply known LRBs for non-commuting interactions.

The dynamics for the full Hamiltonian H(t) := H”? + H®(t) := Yzca¥(2) +
Y.z D(t, Z) is given by the unique solution of

—i%rt,s(A):rt,s([H(t),A]) and  7,=id forall stel (32

For the interaction picture, we define

oMt Z) = Y (0t X)),  suchthat  HM() =" (HP(D), (33)
XCA:
XR:Z

where H™(¢) := Y7cA ot(t, 7), HO(s) = >7ca P, Z), and ¥ is the dynamics on
A generated by ¥ as given in (9). From section 3.1 we know that 7;* (D(s, X)) e o X
We recall that the dynamics Ttifslt generated by &t is the solution of the analogue

equation to (32) with generator H"'(t). We conclude that Ts = ) Ttifslt o7 by

241



P5 Enhanced Lieb-Robinson bounds for commuting long-range interactions

observing that the right-hand side solves (32) since

. d ~ (1 i ~
—ig oo (A) = ¥ o T}Et([Hmt(t), T;P(A)]> + ¥ ot Y ([HY, A])

=1%o Tti’rs‘t ° th/([HlI/ + H®®), Al).

To obtain a LRB for the full evolution 7 ¢ we now look at this decomposition. First,
by (33), for x,y € A, we have

Yol < ¥ Y la (@ X))

ZCA: ZCA: XCA:
x,y€Z x,y€Z Xp=Z
< Y Y el

x"€B,(R) 2( C/A:
y'€B,(R) ¥V'€Z

> 1®lpc +2r) F(d(x".y") + 2R).
x"€B(R)
y'€B,(R)

IN

Hence, |[@™r < (1 + x)% R?P |Plp(. +2r), since d(x”,y") > d(x,y) — 2R. Then, we
rewrite '
[[72,5CA), BI| = |[7%" » 27 (A), = (B)]| (34)

and recall that 7y’ does not change the norm, |5 (4)| = |A| but increases the support,
if A € oy, thenz’(A) e o .- Hence, after applying a LRB for 72" we need to subtract
2R from the distance.

6 Conclusions

We proved that the quantum many-body dynamics produced by mutually commut-
ing long-range interactions is much more strongly constrained than for general long-
range interactions. The difference is fundamental at a physical level, as commutativity
directly affects the speed of information propagation and the shape of the light cone.
This finding opens up a new structural divide between general long-range interactions
and long-range commuting ones.

While commuting interactions are very special, they are of great current interest in
physics in the context of quantum error correction [75, 30, 125, 184, 28]. An illustra-
tive example of a long-range toric stabilizer code is given in example 1. The enhanced
LRBs place severe limits on the rate of entanglement generation [53] and quantum
messaging [85] for these quantum codes.

The results also imply that commuting long-range Hamiltonians with ¢ > 1 have
anomalously slow dynamics and could therefore provide simple test beds for math-
ematical physics conjectures surrounding many-body localization [1]. For example,
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6 Conclusions

they satisfy the main assumption in [208] without disorder-averaging. Finally, it
would be interesting to probe the robustness of the methods by assuming only power-
law decay of the commutators, in the spirit of [186] and [106], which treated such a
question for finite-range and short-range interactions, respectively.
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1 Introduction

Spectral gaps lie at the heart of many areas of physics and mathematics [59, 163, 105,
104, 25]. In particular, questions concerning the spectral gap lie at the center of several
of the most challenging problems in physics, e.g. the Berry-Tabor [33] and Bohigas-
Giannoni-Schmit [38] conjectures in quantum chaos, the Yang-Mills mass gap problem,
or Haldane’s conjecture on integer valued antiferromagnetic Heisenberg chains [107,
108].

The great interest in spectral gaps, far beyond these famous conjectures, is rooted in
the fact that their existence has tremendous effects on fundamental properties of the
system. For example, in quantum many-body physics, the existence of a spectral gap
above the ground state eigenvalue has far-reaching consequences for entanglement
properties [171, 115] and ground state correlations [118]. On the other hand, the
closing of a spectral gap is related to the occurrence of a (topological) quantum phase
transition [23, 174]. Finally, the assumption of a spectral gap played a crucial role
in recent proofs of adiabatic theory and linear response for many-body systems; see
Section 1.1 for a detailed discussion.

However, an overall drawback in all of the above examples is that the desired spec-
tral property is of global nature, i.e. involving the studied system as a whole, and thus
seldomly compatible with a notion of locality in an underlying physical space. There-
fore, a natural question to ask is:

How can one express that a system is locally gapped, and which conse-
quences that one has for globally gapped systems persist?

In this paper, we study this question in the setting of locally interacting many-body
quantum spin lattice systems; see Section 2 for precise definitions. More precisely, in
the above spirit of our guiding question, this paper has two main goals:

1. We propose a notion of a local gap via a dynamical characterization and ex-
emplarily prove that local perturbations of Hamiltonians with a frustration free
product ground state satisfy this condition. Moreover, we study possible alterna-
tive notions of local gaps and their relations among each other; see Sections 1.2
and 3.
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2. As an application to a physically relevant problem, we show that for Hamilto-
nians with a local gap, response theory approximately holds to any order and
thus justify Kubo’s formula; see Sections 1.3 and 4.1.

There are only few works in the literature studying many-body quantum systems
under a non-standard gap condition, i.e. one differing from the clean separation of
eigenvalues: In [69], the authors derive Kubo’s formula for two-dimensional disor-
dered systems having only a mobility gap. Another recent paper dealing with spectral
gaps in presence of disorder is [71]. Together with Teufel, one of us proved [122, The-
orem 4.1] that finite systems, whose thermodynamic limit has a usual spectral gap,
approximately obey an adiabatic theorem. In another recent work [221], the authors
developed a theory of metastable states, characterized by the requirement that local
operators raise the energy of such a state by a certain minimal amount. Their condition
is similar to an alternative notion of a local gap given in (35) below. Moreover, sev-
eral months after the first posting of this article the authors of [58] proposed a notion
of a local spectral gap in the context of topological materials, modeled by one-body
Hamiltonians. Finally, we remark that, in the context of Lie group theory, the notion
of a “local gap” has recently been introduced [43] and proved itself to have profound
consequences [43, 42].

Next, in Section 1.1, we discuss the problem of justifying linear (and higher or-
der) response theory and Kubo’s formula based on adiabatic theory. Afterwards, in
Section 1.2, we introduce our local dynamical gap condition (LDGjpformal)- Finally, in
Section 1.3, we discuss our main result on response theory.

1.1 Response theory in many-body quantum systems

The purpose of response theory is to express how quantum expectation values change,
after a small perturbation is slowly turned on. More precisely, one considers an unper-
turbed Hamiltonian Hy with equilibrium state (usually a ground state) p, and slowly
turns on a small additive perturbation €V. Denoting by p, the state of the system af-
ter €V has been turned on, one aims to understand, how the expectation value of an
observable B changes, i.e. determine

(B)p, = (B)p, = £+ 0e) (1)

at least to leading order in the strength «.

A central piece of response theory is Kubo’s formula [142], which provides a simple
expression for the so-called linear response coefficient o in (1). Despite the simplicity
and empirical success of Kubo’s formula, the problem of justifying it in a very general
framework has so far escaped rigorous treatment. The fundamental difficulty lies in
the fact that the state p, is no longer an equilibrium state in general, and therefore
determining it is outside the powerful realm of equilibrium statistical mechanics. This
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problem has prominently been pointed out by Simon [198] in 1984 in his “Fifteen prob-
lems in mathematical physics”, containing a rigorous justification of Kubo’s formula
from first principles as problem (4B).

However, in the particular setting of many-body lattice systems with a spectral gap
at zero temperature, it has recently been possible [17, 165, 203, 124] to actually prove
Kubo’s formula and justify the applicability of linear response theory to compute the
change in expectation values (1). The more general underlying results establish gener-
alized super-adiabatic theorems® for short-range interacting Hamiltonians, which can
be written as a sum of local terms, and are hence called SLT operators [123, 122, P2].

The recent breakthrough, which paved the way for these results, was achieved by
Bachmann, De Roeck, and Fraas [17], who proved the first adiabatic theorem for ex-
tended (but finite) quantum lattice systems; see [165] for an adaptation to fermionic
systems. One key difficulty is that, for macroscopic systems, typical operator norm
bounds in adiabatic theory deteriorate due to the orthogonality catastrophe and one
instead has to formulate the result in a weaker topology by testing against local ob-
servables. On a high level, the main ingredient for their proof are the well-known
Lieb-Robinson bounds (LRBs) [154], which ensure a finite speed of propagation and
prevent build-up of long-range entanglement. These LRBs, enabled to prove that the
generator of the spectral flow, introduced by Hastings and Wen [120], is in fact an SLT
operator and hence maintains good locality properties [120, 23] (showing so-called
automorphic equivalence of ground states).

However, the work [17] had the limitation that the spectral gap of H, is assumed
to remain open after adding the perturbation eV. To allow &V to close the gap, Teufel
[203] combined ideas from space-time adiabatic perturbation theory [182, 180] with
locality estimates from [17]. The underlying perturbative scheme is an iterative ap-
plication of locality preserving Schrieffer-Wolff transformations (a.k.a. Lie-Schwinger
block diagonalization [93]), which proved to be a powerful approach in several rather
recent works in that direction [17, 203, 123, 122, 220, 71, 221]. In this paper, we care-
fully exploit locality properties of the operations involved in the perturbative scheme,
which allows dealing with locally gapped systems; see Section 1.2 below.

The rough physical picture underlying the works [203, 182, 180] is that a gap that is
locally intact after adding perturbation should be sufficient for adiabatic theory to be
valid (cf. [203, Figure 1]). The results from [17, 165, 203] for large but finite systems
were subsequently extended to the thermodynamic limit [123, 122], building on an ex-
tension of the spectral flow techniques to infinite systems by Moon and Ogata [167].

! This term describes adiabatic theorems for time-dependent Hamiltonians of the form H,(t) = H,(t)+eV (t),
where Hy(t) is assumed to have a spectral gap. Now “super-adiabatic” means that for ¢ = 0, there exists
a state pg(t) close to the instantaneous ground state py(t) of Hy(t), such that the time-evolution generated
by 7' H,(-) intertwines pq(t,) and p{(t) to any order in 5. The term “generalized” means that, even for a
gap-closing perturbation V, there exist super-adiabatic non-equilibrium almost-stationary states (NEASSs)
IT7(t), which are intertwined by the time evolution generated by 7! H,(-) to any order in £ and 5. We refer
to [165, 203, 123, 122, P2] for details; see also Sections 4.2 and 6.2.
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We point out that, contrary to [123], the papers [167, 122] assumed a spectral gap
only for the GNS Hamiltonian of the infinite system (a gap in the bulk). More com-
prehensive reviews of the developments discussed in this section are given in [124,
P2].

In view of the linear response problem and the second of our principal goals, the con-
tribution of this paper is to extend the previous results for uniformly or bulk gapped
systems to systems where Hj is locally gapped. This important extension allows to rig-
orously treat systems with impurities of gap-closing edge modes; see the discussions
in Sections 1.2-1.3 below. Technically, our contribution is to control operations on
SLT operators, which are localized on a subregion of the whole lattice; see Section 2.2
and Appendix A.

Lastly, we remark that we only consider finite-dimensional spaces and bounded
operators for simplicity of the presentation.

1.2 A local dynamical gap condition

All the previous results on linear response and adiabatic theory mentioned in Sec-
tion 1.1 above, heavily rely on the range of the initial state p = p, being contained
in a gapped part of the spectrum of the unperturbed Hamiltonian H = H,.2 More
precisely, these results assume that the spectrum of H can be decomposed as

spec(H) = o1 u oy with dloy,00) 2 g (2)

for some gap size g > 0 such that o; € I C R\ o, for some compact interval I. Then,
they require P p P = p, where P denotes the spectral projection® associated to H onto
oy.

On a technical level, in all of the works [17, 165, 203, 123, 122], the crucial impor-
tance of the gap of H lies in the local invertibility of the Liouvillian. That is, there exists
an explicit, locality preserving map Sy ¢ = S [ - ], which is often called quasi-local
inverse of the Liouvillian on the observable algebra, depending on the SLT Hamilto-
nian H and the gap size g, which inverts the Liouvillian Zg[-] := —i[H, -] in the
projection (- )p = tr(P . ) onto o7. More precisely, for all local observables A, B it holds
that

<[=(ZH°]H,gI]:A:” _A’B]>p =0. ®3)

Surprisingly, the Hamiltonian H having a spectral gap is actually equivalent to the
invertibility of the Liouvillian in the above sense, see Proposition 3.1.

The goal of this article is to relax the requirement of a globally spectrally gapped
Hamiltonian H and instead work with a so-called local dynamical gap condition. This

2For ease of notation and since there will be no perturbation ¢V in the current Section 1.2, we will drop
the subscript 0 here.

3We will follow the convention that (orthogonal) projections will be denoted by P (i.e. satisfying P* = P
and P* = P), while states are denoted by p (i.e. satisfying p = p* and 0 < p < 1 with tr p = 1). Clearly, if P
is an orthogonal projection, then p := P/ dimrank P is a state.
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Figure 1. Illustrated is the local dynami-
cal gap condition (LDGjpformal) in the case
where the system is gapped in the bulk of
A, e.g. due to gap closing edge modes. If
the observables A € &y and B € oy are
supported well inside A \ A8, the RHS

of (4) is small, i.e. the Liouvillian is locally @

almost invertible.

A83P

condition roughly asserts that, the Hamiltonian H behaves as if it had a gap in a spa-
tially localized region, i.e. that the Liouvillian can (almost) be locally inverted in that
region. A more formal version of (LDGj,formal) is formulated in Assumption (LDGp4i5)
in Section 3.1.

(LDGjnformal) Local dynamical gap condition (informal version). Let H be an SLT
Hamiltonian and p an equilibrium state of H, i.e. [H, p] = 0. We say that p is locally
dynamically gapped of size at least g > 0 in a region A8%P C A if and only if for all
observables* A € ofy and B € @y localized in X C Aand Y C A, it holds that

([Z11  T1,4[A1 - A,B]) | < ClLAIIBI (diam(X) + diam(Y))’ (4)
x exp(—(d(X, AN AE®) +d(Y, AN A8))7)

for some fixed ¢ € IN; and constants C, g > 0, independent of the sizes |A| and |A8?P|.
&

In a nutshell, this means that, within A8?P, the Hamiltonian H approximately be-
haves as if it were spectrally gapped — up to an error vanishing (stretched) exponen-
tially fast in the distance to A\ A8?P. On the physical level, one might think of A\ A8?P
as some impurity region causing the global spectral gap to close, or the boundary of A
and hence allowing for gap-closing edge modes; see Figure 1. Indeed, as we will show
in Section 3.5, the local gap condition (LDGjpformal) 1S satisfied for ground states of lo-
cally in A\ A8?P (but arbitrarily strongly) perturbed Hamiltonians of certain quantum
spin systems, which have a globally gapped ground state.

1.2.1 Verifying the local dynamical gap condition

Despite the supportive examples above, our concrete formulation of a local gap con-
dition (LDGjpformal) might still seem a bit ad hoc at the moment. Therefore, we will

4 Throughout this paper, &/x denotes the algebra of observables with support in X.
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outline several alternative ways to formulate such a condition and discuss their re-
spective features and relations in Section 3. In particular, in Proposition 3.2 we show
the following (the constants g, C, ¢ have the same meaning as in (4) but might take
different values):

1. Let the SLT Hamiltonian H with ground state p be obtained from a globally
gapped SLT Hamiltonian H, with ground state p, by an SLT perturbation J
localized in A\ A8, ie. H = H, + J. If the difference p — p, is locally small in
the sense that

IGp = p) Al + 1A (p = pllr < CIA] diam(X)* exp(—d(X, A\ AB®P)T)
for all X € A and A € I, then p is locally dynamically gapped.

2. In the same setting as in 1 the following holds: If there exists a norm-preserving
automorphism 7 on the observable algebra such that (-), = (z[-]),, and

|z = DLA]| < CJA] diam(X)* exp(—d(X, A\ A8P)7)
for all X C A and A € I, then p is locally dynamically gapped.

3. Let H be an SLT Hamiltonian and p = [/){(¢/| its pure product ground state. Then,
if p is effectively gapped well inside A8?P in the sense that®

i(A*2[A]), > g (1-C diam(X)! exp(—d(X, A\ AZP))) ((A4"A), — (A) p|2)

for all X ¢ A and A € Iy, then p is locally dynamically gapped.

Items 1 and 2 will be used in Section 3.5.2, to show that ground states of perturbations
of gapped frustration free Hamiltonians have a local dynamical gap.

1.3 Discussion of our main result

We can now formulate an informal version of our main result as a showcase applica-
tion of our local gap condition (LDGjpformal) to @ physically relevant problem — the
validity of response theory. In a nutshell, it says that, even after relaxing the usual
condition of a global gap to (LDGj,formal), We have response theory to all orders for a
perturbation localized in AP* - provided that d(APt, A \ A8%) is sufficiently large
compared to |log(£)\1/ 9, where ¢ > 0 is the strength of the perturbation and g € (0, 1)
is some small constant; see (10) and Figure 2.

More precisely, let Hy be an SLT Hamiltonian and p, an equilibrium state of H, that
is locally dynamically gapped in A8?P according to Assumption (LDGj,formal)- Let V be

5For A8% = A, this condition for all observables, is actually equivalent to the usual spectral gap condition.
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A83P

Figure 2. Let Hy be locally dynamically
gapped in A \ A8 and consider a small
AP o calized perturbation ¢V, which is
adiabatically turned on. Then, if the dis-
tance between AP and A \ A8 s large
compared to |log £/, response theory (8)
holds to any order. :>> llog e['/4

a AP Jocalized perturbation by an SLT Hamiltonian as defined in (18), f: R — [0,1]
a smooth switching function with f(¢) = 0 for¢ < —1 and f(¢t) = 1 fort > 0, and define

H.(t) := Hy +ef(t)V. (5)

Moreover, let p®f(t) be the solution of the time-dependent adiabatic Schrédinger
equation

in % P (1) = [H(@), poF (1)] ©

with adiabatic parameter € (0,1] and initial datum p®"/(t) = p, for all t < —1.
Finally, for an observable B € oy define the response to the perturbation as

S50 = (B) ynsey — (Blpy- 7)

Main Result (see Theorem 4.1). For every j € IN there exists a response coefficient op j,
independent of ¢,n and f, such that the following holds: There exists a constant q € (0, 1)
and for every n,m € N and T > 0, there exists a constant C > 0, independent of ¢, such
that for every t € [0, T] we have that

n
sup ‘Z;’U’f(t) — Z ij'B,j

< C||BJle™*? (1 4 e d(APT ANABRYC log(f)),

1 ®)
nelemem | =
where ||B|| measures the norm of B and its support Y.
The first order coefficient is given by Kubo’s formula
op,1 = —i{[ I, V1. B]),, )

When A8 = A, the equilibrium state p, of Hy is globally dynamically gapped
and the exponential in (8) is absent since d(AP®™, @) := co. This special case of our
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result (when py = Py/ dimrank Py and P, projects onto a gapped spectral patch) has
already been proven in [203] with extensions to infinite systems in [123, 122]; see
also Remark 4.2 below. Moreover, observe that, whenever

d(APEt AN ABP) > [log(e)[1/4, (10)

with g from our main result, the exponential in (8) is small compared to 1. In particular,
this is the case, if d(APCTt, ANASP) > £ 9 for some (arbitrarily small) & > 0. Hence, our
main result gives an effective condition on the distance from the perturbation region,
APt to the non-gapped region, A\ A8, in comparison to the perturbation strength
&, which ensures that response theory to all orders is valid; see Figure 2.

It is interesting to compare our main result to the adiabatic theorem [122, Theorem
4.1] for finite systems with a gap in the bulk, which are locally gapped in some sense.
By an argument as in [203, Proof of Theorem 4.1], [122, Theorem 4.1] yields the analog
of (8) again with an additional error term: Instead of the exponential in (8), one obtains®
O((¢Cd(Y, A\ A8 ))700). Therefore, in order to have response theory to all orders in
this setting, one needs that

d(Y, AN\ ABP) > €, (11)

We point out the following two differences between the conditions in (10) and (11):
First, in (10), the relevant distance is between ‘where the perturbation V acts’, i.e. AP,
and ‘where we do not have a gap’, i.e. ANA8?P. In contrast to that, the relevant distance
in (11) is between ‘where the observable B tests’, i.e. Y, and ‘where we do not have a
gap’, i.e. A\ A8%P. Second, while in (10) the distance must be much bigger than a
power of the logarithm of the perturbation strength ¢, in (11), the distance must be
much bigger than a large inverse power of e.

1.4 Structure of the paper

The rest of this paper is structured as follows. We begin by introducing the mathemat-
ical framework, in particular the underlying space and the concept of locality of SLT
operators, in Section 2. Afterwards, in Section 3 we discuss the problem of formulat-
ing a local gap condition, formulate different variants and explain their connections,
and, moreover, show certain exemplary systems to have a local dynamical gap. In Sec-
tion 4.1, we precisely formulate our main result, Theorem 4.1, and also give its proof
based on the NEASS construction. Proofs concerning the formulation of the local gap
condition are given in Section 5. Afterwards, in Section 6, we perform the NEASS con-
struction and prove the necessary inputs for Theorem 4.1; several technical lemmata
and auxiliary results are deferred to Appendix A.

% The bound in [122, eq. (4.1)] essentially means that the unperturbed system on A = Ay, is gapped within
AB®P = Ax(1-0(1)))» Where A; denotes the box of side length 2/ + 1 in Z? centered at zero.
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2 Mathematical framework

In this section, we briefly introduce the (standard) mathematical framework used in
the formulation of the adiabatic theorems. For similar setups see [203, 123, 122, 17].

2.1 Spatial structure and algebra of observables

We consider a quantum spin system on a finite graph A equipped with the graph
distance d(-, -). Let B.(x) := {y € A|d(x,y) < r} be the ball of radius r centered
at x € A. The graph is assumed have dimension (at most) d > 0, i.e. there exists a
constant C, > 0 such that

sup|B,(x)| < 1+ Cyo1 rd> (12)
x€A
where | X| denotes the number of sites in X C A. The set of all such graphs A is denoted
by
Z(d,Cyp) = {A finite graph | sup |B.(x)| < 1+ Cyq1 rd forallr >0 } (13)
x€A

To each vertex x € A, we associate a single-particle Hilbert space %, which we
assume to be of finite dimension, sup,.c, dim #, < co. Moreover, for each X C A let
Hx = ®yex 7y be the many-particle Hilbert space on X and denote the associated
C*-algebra of observables by oy := Z(H'x). Whenever X C X’, then &x is naturally
embedded as a subalgebra of &/x, and we set &f := ;.

Since a very similar construction is common for fermionic lattice systems (see
e.g. [173, P2]), all the results almost immediately translate to this setting.

2.2 Interactions and SLT operators
An interaction is a map

P {XCA}> o, X &X)=dX)" € dy. (14)
With any interaction, one associates a sum of local terms (SLT) operator A via

A= Y o(X)ed. (15)
XCA

Note that, while every interaction defines a unique operator, there are multiple inter-
actions realizing the same operator, i.e. the assignment & — A(®) is not invertible.
Note that all interactions and SLT operators are by definition always self-adjoint.

For any b > 0 and p € (0, 1], we consider the stretched exponential function

Xop: [0,00) = (0,1], x > et (16)
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as localization functions and define the associated SLT interaction norm

|22

[0l i=sup > — (7)
S PV )
zeZ

on interactions. The quality of the localization for an interaction will be expressed
by the finiteness of a norm |®|y, ,, independent of the (size of the) graph A. Operators
with this property will often be referred to as (b, p)-localized SLT operators.

Moreover, in order to further quantify, how well an interaction is localized in a
region  C A, we introduce the localized SLT interaction norm

|(2)|
[®lyps0 1= sup )

18
zZEA ZC/%: Xb)p(dlam(Z)) Xb,p(d(za _Q)) ( )
zZE

and refer to operators with the property that [®, .o < C as (b, p, 2)-localized SLT
operators. Whenever it is clear from the context, or irrelevant for the discussion, we
will often also omit the arguments (b, p), and simply refer to Q-localized SLT operators.
Finally, observe that [®]p .4 = [®]p, p-

The following simple lemma, whose proof is given in Appendix A.4, relates concep-
tually easier notions of locality of SLT operators to boundedness of the norm (18).

Lemma 2.1. Let A be an SLT operator stemming from an interaction @, for which we
assume that ||y, , < C for some constant C > 0, and let Q C A.
(i) Let A be strictly Q-localized, which means &(Z) = 0 whenever Z ¢ Q. Then it
holds that |®|p, p.0 < C
(ii) Let A be strongly Q-localized, which means ®(Z) = 0 whenever Z n Q = @. Then
it holds that |®[p/5 .0 < C.

3 How to formulate a local gap condition?

Formulating a (i) physically and mathematically transparent, (ii) practically applicable,
and (iii) reasonably restrictive condition of a local gap for a Hamiltonian H is a non-
trivial task. In this section, we discuss several different possible approaches to do so.
In principle, there are two main ways: In the extrinsic formulations we compare H
to a globally gapped reference Hamiltonian H,, while the intrinsic formulations only
involve the original Hamiltonian H alone.

In Section 3.1 we introduce the local dynamical gap condition (LDGy,i,), that we
use for the response theory. It is an intrinsic formulation and allows inverting the
Liouvillian in a suitable sense. Afterwards, we list different variants of extrinsic for-
mulations in Section 3.2 and other intrinsic formulations in Section 3.3 in view of the
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above listed three requirements. In Section 3.4 we explain the relations among the for-
mulations. Finally, in Section 3.5 we discuss two exemplary systems, which we prove
to have a local dynamical gap in the sense of Assumption (LDGy4in)-

Throughout the entire section (unless stated differently), we will use C, &b, p as
generic constants satisfying C > 0, £ > 0, b > 0, and p € (0, 1]. Their precise values
might change from line to line and only depend on the model parameters, i.e. the
interaction norms (17)—(18) of the involved SLT Hamiltonians, the lattice parameters
in (13), or the gap size g > 0 of a reference Hamiltonian.

3.1 Local dynamical gap

The - at least in view of our application — most important property of an SLT Hamil-
tonian with a gapped part of its spectrum is that its Liouvillian can be locally inverted
on the off-diagonal part with respect to its gapped part. To explain this in detail, let
us first assume that H is globally spectrally gapped, i.e.

spec(H) = o1 u oy with d(oy,00) > g (19)

for some gap size g > 0 such that oy C I C R\ o0, for some compact interval I.
We denote with P the spectral projection associated to H onto o7. Then, there exists
an explicit, locality preserving map Iy, = Jy,[-]: & — &, which inverts the
Liouvillian #y[-] := —i[H, -] in the projection (-)p = tr(P-) onto oy. It is often
called quasi-local inverse of the Liouvillian and depends on the SLT Hamiltonian H and
the gap size g. More precisely, for all A, B € &/, it holds that

([ZLH ° Iug[Al - A Bl), = 0. (20)

Note that such a map cannot be uniquely characterized as a “weak” inverse of £y,
and is thus clearly not unique. However, mostly for concreteness, we will always
work with an explicitly constructed [120, 23] variant

t
T glA] = J}R dt wy (1) L ds etfs A e7iHs, (21)

and henceforth called the quasi-local inverse of the Liouvillian. See Remarks A.10
and A.12 for relaxed, rather abstract conditions on 7. The filter function wy € LY(R)
is positive, normalized to ng = 1, and required to have Fourier transform’ fvg with
support

supp(wy) C [~g, gl (22)

Moreover, for the explicitly constructed wy, we additionally have the bound

lwg ()] < Ce " forall g<1; (23)

7We use the convention that f( p) = (272 [ dx e f(x) for the Fourier transform.
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see Lemma A.9 in Appendix A.3. This estimate (23) together with classical Lieb-
Robinson bounds [154] for the dynamics generated by H ensure that 3 , acts as a
quasi-local operator. In Appendix A.3 we will briefly recall the construction of 7 ¢
and report on its properties in more detail.

Interestingly, the spectral gap can be characterized dynamically via the quasi-local
inverse of the Liouvillian as shown in the next proposition. The proof is given in
Section 5.1.

Proposition 3.1 (Dynamical characterization of a spectral gap). Let H be a self-adjoint
operator on a finite-dimensional Hilbert space . Let g > 0, w, € LY(R) be positive,
normalized to | wy = 1 and satisfy (22) with v/v;|(_g,g) > 0. Decompose the spectrum of
H as spec(H) = 0y v 0y and let P be the spectral projection onto o;. Then, we have that

([ZH e IuglAl - ABl)p =0 VABeB() <« dlo,0)>g  (24)

In many applications the local invertibility of the Liouvillian guarantees that the
effect of perturbations remains local. More precisely, it allowed to prove automorphic
equivalence of gapped ground states [23, 167] and adiabatic theorems in cases where
the perturbation is not allowed to close the gap [17, 165] and later also for gap closing
perturbations [203, 124, 123, 122].

This motivates the definition of a local gap by weakening (20).

(LDGpain) Local dynamical gap condition. We say that an equilibrium state p of
the SLT-operator H, i.e. [H, p] = 0, is locally dynamically gapped of size at least g > 0
in a region A8% C A with respect to Cgap, b, p > 0 and € € Ny, if and only if for all
X,Y C Aand A € o/ and B € oy, it holds that

: . e
gap |AI1BI [ diam(X) + diam(Y))] (25)
X Xb,p(d(X, AN Agap) +d(Y, AN Agap))' &>

([Ls » T[T - A.B]) | < G

In the special case of £ = 0, by taking a supremum over all observables Bwith |B| < 1
in (25), we find that our local dynamical gap condition (25) is actually equivalent to

I[Zn ° Tug[A] - A, p] |, < CIAI 5,5 (d(X, AN AEP)).

Here, we additionally used cyclicity of the trace together with sup)pj<[tr(CD)| = |Cl.
Moreover, we point out that, while the RHS of (25) is obviously symmetric in A and
B, the LHS is as well. This follows by rewriting

Lo IuglAl-A=- J dt we(t) et Ae™Ht = gy [A] (26)
R
and using [H, p] = 0 together with the symmetry wy(t) = wy(~t).
For the proofs we will use the following slightly weakened, asymmetric version

of (25). It can be obtained from (LDGjyforma1) by absorbing diam(X) with the decay in
d(X, A\ ABP),
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(LDGyeak) Local dynamical gap condition — weakened version. We say that an
equilibrium state p of an SLT operator H, i.e. with [H, p] = 0, is weakly locally dy-
namically gapped of size at least g > 0 in a region AB® C A with respect to Cgqp,
b, p, p > 0 and ¢ € Ny, if and only if the following holds: For all X C A satisfying
diam(X) < d(X, A\ A8%P)F and observables A € Ay, and Y C A and observables
B € gy, it holds that

\<[EZH o I1,g[A] — A, B] >p] < Caap IA1B] diam(Y)" x, , (d(X, AN ABP)).  (27)

<&

Finally, we remark that another symmetric (in A and B) bound of the LHS of (25)

would be to replace the sum of the distances in the exponent in (25) by d(X vY, A\

AB?P) (i.e. take the minimum of the distances to A \ A8 instead of their maximum).

Using quasi-locality estimates for 7y [ -] defined in (26) (see e.g. [174, Lemma 5.1]),

this bound can be proven as a consequence of the trace LPPL stated in Section 3.2.1,

provided that there is a globally spectrally gapped parent Hamiltonian (cf. Section 3.2)

H, for H. However, as explained there, this is not enough to prove our result with the
decay in d(AP™, A \ ABP),

3.2 Extrinsic local gap conditions

In this section, we describe several ways of extrinsically expressing that an equilibrium
state p (e.g. the ground state) of a Hamiltonian H is locally gapped. We call these for-
mulations of a local gap condition extrinsic, since the Hamiltonian H and equilibrium
state p of interest are compared to another reference Hamiltonian H,, called the par-
ent Hamiltonian, with equilibrium state p,, which is globally gapped. Throughout this
section, for simplicity of the presentation, we will assume that both p and p,. are non-
degenerate ground states.

The common core of all the different ways to extrinsically formulate a local gap
condition, is to assume that H and H, differ only locally: That is, H, and H are related
as

H=H,+ ], (28)
where J is some SLT operator, which is localized in A \ A8% (in one of the senses
mentioned in Lemma 2.1). One then assumes that also the equilibrium states p and
p. only differ locally in a suitable sense. Whenever this is the case, we say that p
and p, satisfy LPPL. This is a slight abuse of nomenclature, as it is usually a property
of the Hamiltonian H,, which satisfies the local perturbations perturb locally (LPPL)
principle if the above holds for a broad class of local perturbations J, which has been
shown to be the case for ground states in several contexts [74, P1, 16]. In Section 3.5
we will also encounter the usual definition, since there we consider H, and allow the
addition of any suitable perturbation J to obtain H = H, + J. But since we only
need the relation between two states p and p, with Hamiltonians H and H, for all the
following implications, we do not require H, to satisfy the more general usual LPPL.
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3.2.1 Trace LPPL

The simplest way to formulate an extrinsic local gap condition for H given by (28) with
ground state p, is to assume that the parent Hamiltonian H, is globally gapped and
that local expectation values in the ground states p and p,. are almost the same within
the gapped region. More precisely, this means that for all X ¢ A and A € oy

|<A>p - <A>p*

Because [(A), — (A),,| = [tr((p — p.) A)|, we call this trace LPPL. An estimate of this
form has been shown to hold for weakly interacting spin systems in [P1] (based on
ideas of [219]) and in [16]. Moreover, in [122, Theorem 4.1], such type of assump-
tion was used to formulate an adiabatic theorem for large but finite systems with
a gap in the bulk. In this case (cf. [122, eq. (4.1)]), the additional error term (com-
pared to the case of having a global gap) in the response theory expansion (8) becomes
) ((EC d(X, AN\ Agap))_m). Moreover, using that H, and J are SLT operators, (29) im-
plies that a condition similar to (LDGy,iy) holds but with the argument of y;, ,, in (25)
being the minimum of the distances (or the distance of the union X uY to A\ A8P)
instead of their sum (i.e. their maximum). Hence, the decay in d(APSt AN AB%P) from
our main result, emerging in the course of proving Proposition 4.4, will eventually be
lost.

In conclusion, although this way of saying that H has a local gap is quite simple,
the resulting error terms are considerably bad and, moreover, it does not quite allow
for tracking d(AP°™, A \ A8%P)-decays.

< C|A] diam(X)" x; ,(d(X, A\ ABP)). (29)

3.2.2 Trace norm LPPL and commutator trace norm LPPL

One can strengthen the trace LPPL assumption (29) to a trace norm LPPL. This means
that p and p, are not only close in the weak™ sense (29), but instead

IGp = p.) Allr + 1A (p = plir < CIAI diam(X)" yp, p(d(X, AN AEP))  (30)

for all X C A and A € x, where | |y := tr(|-]) denotes the trace norm. We remark,
that surely (30) implies (29). A somewhat weakened version of (30) is to ask that only
the trace norm of the commutator [p — p,., A] is small

Ilp = ps Allee < CIA] diam(X)" x, ,(d(X, A\ AEP)), (31)

As we show in Proposition 3.2 (see also Figure 3), both these ways, (30) and (31), of
saying that H has a local gap are sufficient to prove that H has a local gap in the sense
of Assumption (LDGyyain).¥ However, it is a quite restrictive condition that p and p,
are close in such strong topology as (30) or (31).

8 This fact is used for proving (LDGyy,in) (Which is done in Section 5) for one of the examples discussed in
Section 3.5 below.
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3.2.3 Intertwining automorphism

Another, way of saying that p and p, are close to each other, is to assume that there
exists an intertwining norm-preserving *-automorphism r on &, i.e. (), = (z[-]),.,
which satisfies

|(z — id)[A]] < CJA| diam(X)" yp, ,(d(X, A\ ABP)), (32)

where id is the identity map. Similarly to (30), (32) implies (29). Moreover, (32) is a
sufficient condition for having (LDG,in); see Proposition 3.2. This fact will be used
for proving that the examples studied in Section 3.5 satisfy (LDGyain)-

3.3 Intrinsic local gap conditions for ground states

In this section, we discuss other ways of intrinsically expressing that a ground state p
of a Hamiltonian H is locally gapped, in contrast to the local dynamical gap conditions,
introduced in Section 3.1, they only work for ground states.

In case of p being the (unique) ground state, a very natural way to connect the notion
of locality with spectral analysis is to require that a variational condition characteriz-
ing the spectral gap is tested only locally. Generally speaking, assume that ¢, is the
unique ground state with eigenvalue E; of a local Hamiltonian H in some underlying
physical space A. Then, a spectral gap above E of size (at least) g > 0 is characterized
by

Y. (H=-E)y)
inf ———>¢g
Vi (YY)
If the minimization in (33) is restricted a smaller set of /s, i.e. those which are localized
to a region, say, A8?%P C A in some appropriate sense, one could say that H is locally
gapped in A8?P. Alternatively, for every fixed ¢, the gap size g could be assumed to
be non-constant but dependent on the distance of the support of ¢ to the region A8?P.

For quantum spin systems on the graph A, it can easily be checked that the analog

of (33) for an SLT Hamiltonian H with unique ground state p is

(33)

(A" ZyAD), 2 g ((A%A), = [(A),["), (34)

for all observables A € o/, where Zy[[-] := —i[H, -] denotes the Liouvillian. We
now give two options to turn (34) into a local gap condition.

3.3.1 Gap Decay

As a first option, one could require that the gap size g decays as the support X of the
observable A € &/ approaches the complement of A8?P, e.g. as

i(A* Ly [AD), > g (1 C diam(X)" x5 (d(X, AN AEP))) ((4"A), —|(A),[ ). (35)
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In case that p = [¢)(/| with  being a product state, variants of Proposition 14 and
Lemma 15 in [221] can be used to show the following: The gap decay condition (35)
implies the local dynamical gap condition (LDGye,k); see Proposition 3.2(viii).

We further remark that, if one is interested in taking the thermodynamic limit, A /'
I for some infinite graph I', and A8%P I in this limit, e.g. in the scenario of gap-
closing edge modes, then (35) yields a gap in the bulk of the naturally associated infinite
system [P2, Remark 4].°

3.3.2 Defective coercivity

Another option is to include a separate additive error term on the RHS of (34), e.g. as
LAk * 2 .
(A" Zy[AD, > g(<A A, —[A),| ) — CIAI? diam(X)! 5, (d(X, A\ AZD)), (36)

which we call defective coercivity for the following reason.
The global gap characterization can equivalently be rewritten as

i(A*Zy[A]), > g(A*A), with A :=A—(A),

which means that on /+ :={p} = {A—(A),| A € &} C o the bounded sesquilinear
form
B: A+ xd+ - C, (A B)~ i(A*ZLy[B]),

is coercive with respect to the semi-norm ||A]| := /(A*A>p on &*. Hence, (36) ex-

presses some defect in the original coercivity of (34). We remark that, at least morally,
one could use the Lax-Milgram theorem to deduce existence of an inverse of the Liou-
villian &y given such a coercivity estimate. However, the problem is that the inverse
obtained in this way does not necessarily have any nice locality properties, which are
crucially used for practical purposes.

Finally, we point out that the defective coercivity (36) for p is implied, if there exists
a globally gapped parent Hamiltonian H, with ground state p, that satisfies trace
LPPL (29).

3.4 Summary and comparison

In the previous three sections we described several different ways of expressing that
a Hamiltonian is locally gapped, distinguishing between extrinsic and intrinsic formu-
lations.

¥ More precisely, this also requires that an interaction ® = &, associated to the SLT Hamiltonian H,
has a thermodynamic limit in a suitable sense (see [123, Definition 2.1], [122, Definition 3.1], and [P2,
Definitions 2 and 5]). In this case, the linear functional A - tr(PA) converges in weak” sense to a state on
the C*-algebra of quasi-local observables on I'. A gap in the bulk then means, that the naturally associated
GNS Hamiltonian of the infinite system has a spectral gap above zero.
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LPPL conditions intrinsic gap conditions

(29) (iv) (36)
defective coercivity

[tr(+)|-LPPL [——=
i gapped GS
® (m)” . (vii)”
(30) (32)

+ p, is unique
(35 )viii) &
[I-lu-LPPL T | (r—id) gap decay [F==>{ (LDGyeat)
or pure

product states

+ p, satisfies

(LDGmain)

(vi)

(ix)

Figure 3. Implications among the various local gap conditions from Sections 3.1-3.3.
The numbering refers to the precise statements in Proposition 3.2.

While the extrinsic conditions are easy to formulate, they rely on a reference (par-
ent) Hamiltonian with a global gap satisfying some form of the LPPL principle. Since
for a system of interest, it is not guaranteed to have such a well-understood parent
Hamiltonian available, it is conceptually more desirable to formulate a local gap con-
dition in an intrinsic way. Or, in other words, saying that a system is (or behaves as if
it were) locally gapped should not only make sense relative to another globally gapped
system.

In the intrinsic category, we formulated two local spectral gap conditions (35)
and (36), which are (i) only meaningful for (non-degenerate) ground states and (ii) al-
though mathematically clean, hardly applicable in physical problems in a direct
way (apart from the connection in Proposition 3.2(viii)). These two issues are then re-
solved by our (intrinsic) local dynamical gap condition (LDG) in (25) and its weakened
version in (27).

The following proposition formulates implications between the local gap conditions
introduced in the previous sections. The implications are also depicted in Figure 3. The
proof is given in Section 5.2.

Proposition 3.2 (Relations among the local gap conditions). Fix g > 0,d € N, Gy >
0,b >0, p €(0,1], Gyt > 0. Let A € E(d,Cyq1), AP C A and let H, and ] be SLT-
operators with corresponding interactions satisfying |Pp ”B, 5 < Cipt and |@ J”B, sz <
Cint- Let p, be an equilibrium state of H, and p and equilibrium state of H := H, + J.
Then the following statements hold modulo adjusting the constants C,8,b, and p in a
way which only depends on g,d, Cy), b, P, and Cip;.
Among the LPPL relations, the following implications hold:
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(i) Trace norm LPPL in the sense of (30) implies trace LPPL in the sense of (29).

(if) Trace norm LPPL in the sense of (30) implies commutator trace norm LPPL in the
sense of (31).

(iii) Ifthere exists an intertwining automorphism between p and p,. such that (32) holds,
then p and p,. satisfy trace LPPL in the sense of (29).

If p and p,. are non-degenerate ground states and p,. satisfies an additional gap condition,
then the LPPL conditions imply intrinsic gap conditions:

(iv) If ps is the unique ground states of H, with a spectral gap of size at least g > 0
above its ground state (see (34)) and if H, satisfies the usual LPPL in the sense
of (29), then p satisfies defective coercivity (36).

(v) If p. satisfies (LDGpain) and if H, satisfies commutator trace norm LPPL in the
sense of (31), then p also satisfies (LDGy,in). The first assumption is satisfied, for
example, if p, is a normalized projection onto a gapped spectral patch of H,; see
Proposition 3.1.

(vi) If ps has a dynamical gap in the sense that ([Ly,  Jy, 4[A] — A,B]), =0
for all A,B € of and if there exists an intertwining automorphism for p, and p
which satisfies (32), then p satisfies (LDGpain). The first assumption is satisfied,
for example, if p, is a normalized projection onto a gapped spectral patch of H,;
see Proposition 3.1.

Moreover, the following relations hold among the intrinsic gap conditions:

(vii) A decaying gap size in the sense of (35) implies defective coercivity in the sense
of (36).

(viii) If p = [ )| with ¢ a product state and p has a decaying gap size in the sense
of (35), then p satisfies Assumption (LDGyeak)-

(ix) If p satisfies Assumption (LDGy,in), then it also satisfies Assumption (LDGyyeak)-

3.5 Two exemplary systems with a local dynamical gap

In this section, we discuss two exemplary systems, which we show to satisfy the local
dynamical gap (LDGy,jn) by means of Proposition 3.2 (v) and (vi). The first example
in Section 3.5.1 is concerned with a local perturbation of a classical Ising model. It is
contained in a whole class of examples considered in Section 3.5.2, which are studied
based on [16]. We nevertheless discuss it separately, as proving it to satisfy the local
dynamical gap condition (LDGy,i,) is elementary, in particular not relying on [16].
The actual proofs for the two examples are given in Section 5.3.

3.5.1 Perturbations of the classical Ising model with weak interaction

As the first example we consider the classical Ising model on A C z?

1
H, = Z o3 + 3 Z A(x—y)cr,%a;, (37)
X€EA x,yEA
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where oL, is the i" Pauli matrix o’ acting only on the spin on site x € A. More precisely,

0l=19®1® ¢ ®1®®1€cRB(,1%>,), (38a)

site x

where, as usual,

0—1::<(1) (1)), o'Z::<i)i (1)), 0'3::<é _01> (38b)

We assume that the coupling function A: Z? - Ris symmetric, of finite range, i.e.
there exists some R > 0 such that A(x) = 0 for |x| > R, and satisfies |A]; := )., [A(x)| <
2. Clearly, for any p € (0,1] and b > 0, the canonical interaction &y has bounded
interaction norm [@g |5, , < C; uniformly in A.

For these systems we prove the following in Section 5.3.1: Let J be a strictly A\ A8?P-
localized SLT perturbation, i.e. J is given by some interaction @; satisfying |/, <
Cj forsome p € (0,1],b,C; > 0 and @;(Z) = 0 unless Z C ANAB?P. Then every ground
state p of H = H, + ] has a local dynamical gap in the sense of Assumption (LDGy4in)-

The example (37) can be generalized to an arbitrary graph A € €(d, C,]). Moreover,
our above assertions remain valid for any Hamiltonian with gapped on-site terms and
sufficiently weak mutually commuting finite range interactions that can be simulta-
neously diagonalized with the on-site terms (i.e. for classical system).

3.5.2 Perturbations of frustration free product states

As the second basic example, we consider an SLT Hamiltonian H, of the form

H, = ), ®(2). (39)
ZCA

for which there exist p € (0,1] and b > 0 and a constant C, > 0 such that [®], , < C..
Moreover, A € Z(d,Cyq) in (39) is a finite graph as described in Section 2. Apart
from the locality of the interaction @, we will impose the following further conditions
(cf. [16]).
(A1) Frustration-free ground state. All terms in the SLT Hamiltonian (39) are non-
negative, i.e. ®(Z) > 0 for all Z C A. There exists a unique (up to a phase) normalized
vector i, €  such that ¢, € ker §(Z) for all Z C A. The corresponding ground state
(projection) is denoted by p,. = |t ){(Ve . <o

We note that the frustration free assumption depends on the explicit way (39) the
Hamiltonian is written, i.e. on the interaction .
(A2) Product property and regularity. The vector |f,) € F factorizes as [f,) =
®eAlYi 2) and for every Q C A, the unique ground state vector of

Hlp= ) ®2) (40)

zcQ
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is given by V.lo) = ®z€Q|¢*,z>- <

The latter condition can be thought of as a strong variant of the common local
topological quantum order (LTQO). Moreover, it is possible to relax both, the prod-
uct property of [i/,) and the strong LTQO condition, in the following way: Instead
of the product property, we could only assume that |¢/,) (possibly upon adjoining an
auxiliary state after doubling the Hilbert space, see Assumption 4 in [16]) is unitarily
conjugate with SLT-generator to a product state. Instead of the strong LTQO prop-
erty, we could only assume that, upon adjoining a suitable state || 1) € ®zea 0 Z x>
the unique ground state [/, |o) of (40) is unitarily conjugate to [i/,) in the sense that
[Vr]0) ® Uil ano) = e [¢.), where F is an SLT operator localized at the boundary of Q.
However, we refrain from going into this further generalization of our exemplary sys-
tem (39) for simplicity.

The final assumption on (39) concerns the spectral gaps
= inf(spec(H,) \ {0}) and y(Q) := inf(spec(H*|Q) \{0})

of H, and its restrictions H*‘ o to some Q C A, respectively.

(A3) Gap condition. The SLT Hamiltonian H, from (39) has a spectral gap, i.e.y > 0.
Moreover, the gap of restrictions (40) of H, to balls Q2 = B.(x) ={y € Ald(x,y) <r}
in A shrink at most polynomially with the radius, i.e. there exist C;,d, > 0 such that
for every x € A it holds that

4
B <O “

For these systems we prove the following in Section 5.3.2 building on [16]: Let J
be a strongly A\ A8%-localized SLT perturbation, i.e. J is given by some interaction
@; satistying |®;[, < Cj for some p € (0, 1], b, C; > 0 and @;(Z) = 0 whenever
Z n A8 = @. Then every ground state p of H = H, + J has a local dynamical gap in
the sense of Assumption (LDGyeak)-

An exemplary system satisfying all of the above assumptions (up to a constant en-
ergy shift) is given by the Heisenberg XXZ model for small enough nearest neighbor
interactions |14, |13] (depending on the dimension d and the constant C,)). The cor-
responding Hamiltonian is given by

H, = ZG;Z’-%—Z/MG +/11c7x0y+A30x0y,
x€A  (x,y)eE(A)

where E(A) denote the edges of A and we recall the notations (38).
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4 Main result: Response theory for locally gapped
systems

In this section, we formulate our main result, the validity of response theory to any
order, Theorem 4.1. Its proof, based on the NEASS construction, is given in Section 4.2.

4.1 Response theory

We recall the assumption (LDGy,i,) from Section 3.3, which we use to formulate our
main result. In a nutshell, it says the following: We have validity of response theory
to all orders under the assumption of (LDGyy,j,) for a perturbation localized in APt
- provided that the distance to A \ A8 is sufficiently large compared to |log(e)|!/4,
where ¢ > 0 is the strength of the perturbation and g > 0 is some small constant.

The proof of Theorem 4.1 is given at the end of Section 4.2.

Theorem 4.1 (Response theory to all orders). Fix n,m € N and let d € N, Cy,] > 0,
b>0pe (0,1, Cy >0and g >0, Cyp > 0, & € Ny, and Cyyiten, > 0. Take
any q € (0, p). Then there exist a constant C, ,, > 0 (in particular depending on n and
m) such that for all lattices A € €(d,Cy) (recall (13)), subsets AP C A and SLT-
operators Hy and V, with corresponding interactions that satisfy |®g,lp,, < Cint and
1Dyl ps ppert < Cint, respectively, the following holds:

Assume that the equilibrium state p, of H, is locally dynamically gapped in A8?P of
size at least g and with respect to Cyap,, b, p and £ according to Assumption (LDGyain)-
LetY C A and B € dly. Then there exist response coefficients og ; in the following sense:
For ¢ > 0 and smooth switching function f: R — [0, 1] satisfying f(t) = 0 fort < —1,
f@) =1fort >0, and ”f"c@n,m(]R) < Cswitch With €, = [m(n + 1+ (2d + )/ p)],
consider the time-dependent Hamiltonian

H.() :=Hy+ef@)V. (42)

Let pf (t) be the solution of the time-dependent adiabatic Schrodinger equation
. d
in apg’”’f (t) = [He@), o> ()] (43)

with adiabatic parameter n € (0,1] and initial datum p®"7 (t) = p, for all t < —1.
Then, the response to the perturbation, Zg,n,f @) :=(B) ol ()~ (B), satisfies

d
sup t)(z +0)/p+1 o+l

n
(1) = Y elog;| < Gy 1B diam(¥)G4H (1 4
qe[g’”,gl/’"] i=

J=1 y (1 + e—d(APe“,A\AgaP)q—((sm+1)1og(g))’

(44)

forallt > 0. The first order coefficient is given by Kubo’s formula (9).
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Our result can also be extended to infinite systems.

Remark 4.2 (Extension to infinite systems). Following the arguments from [123], it is
reasonably straightforward to extend our result to the case of infinite systems. More
precisely, in order to do so, we need to

« consider A to be part of a sequence of graphs exhausting an infinite graph I,
eg. A=Ay := {—k,...,k}d cZ%andT :=79;

« assume that the interactions associated to Hy and V have a thermodynamic limit
(see [123, Definition 2.1]);

« require that the sequence of equilibrium states p, = p§ satisfies the local dynam-
ical gap condition (LDGy,;,) with constants independent of A and converges (in
the weak™ sense in the dual to the algebra of quasi-local observables, see [123,
Section 2.5])as A 7 T

. and suppose that also the perturbation region AP as well as the gapped region
A8 converge (in a suitable sense) to some I'Pt, '8P C T, respectively, at least
ensuring that d(AP™, A\ A8%P) — (TP '\ T8%P)as A /' T.

Then, (44) also holds for the infinite system but with d(I'P®'t, '\ I'#%P) in the exponen-
tial.

In the special case, where the gapped region exhausts the entire graph, i.e. A% 7 T,
we find (44) without the additional exponential error term. This corresponds to H
having a gap in the bulk (see [122, P2] and also the discussion around (35) in Section 3),
where in the finite systems H, could have gap closing edge modes (see Figure 1). <

4.2 Non-equilibrium almost stationary states and proof of
Theorem 4.1

The main underlying idea of our justification of linear response theory is the construc-
tion of so-called non-equilibrium almost-stationary states (NEASS) [165, 203, 124, 123,
122] for the dynamics of the perturbed Hamiltonian

H, := Hy +£V. (45)

The proof of Theorem 4.1 is based on three propositions: Proposition 4.3 provides exis-
tence of the NEASS, which is a local dressing of the equilibrium state p, of Hy, and its
almost stationarity under the dynamics generated by (45). Proposition 4.4 shows that
adiabatically switching on the Perturbation as in (42) drives the equilibrium state p, to
a state very close to the NEASS. Finally, Proposition 4.5 provides an explicit formula to
approximate expectation values of local operators in the NEASS by expectation values
of modified operators in the equilibrium state py.
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More precisely, for every n € IN Proposition 4.3 provides existence a state IT;, which
is obtained from the equilibrium state p, of Hy by a unitary transformation with a small
SLT generator, in such a way, that it is almost stationary under the dynamics generated
by (45) up to order!® ¢"*1. This result is the local gap version of [203, Theorem 3.1]
and the proof is given in Section 6.2.

Proposition 4.3 (Non-equilibrium almost-stationary states). Fix n € IN and let d €
N, Gyl > 0,6 >0, p € (0,1], Gyt > 0 and g > 0, Cgap > 0, £ € Ny. Take any
q € (0, p). Then there exist a constant C, > 0 (in particular depending on n) such that
for all lattices A € €(d, Cyq)) (recall (13)), subsets AP C A and SLT-operators Hy and
V, with corresponding interactions that satisfy |®g lpp < Cint and [Py [ p; et < Cing,
respectively, the following holds:

Assume that the equilibrium state p, of Hj is locally dynamically gapped in A%?P of
size at least g > 0 and with respect to Cyap,, b, p and ¢ according to Assumption (LDGyain)-
Then, there exists a sequence (A#) peN of SLT operators, which are (1, p’, AP*™")-localized
forany p” < p, such that the state

n
I = elSh Po e % with SE = Z é“uAﬂ (46)
p=1

is almost-stationary for the dynamics generated by H, = Hy + €V in the following sense:
Let p(t) be the solution to the Schrodinger equation

S0 = [He p ] with (O = T, (7)

Under these conditions, for all B € ofy withY C A andt > 0, it holds that

< Gy |1B diam(Y )3+ [t](1 + |¢|(24+0/P) gn+1 (48)
y (1 " e—d(Ap“’t,A\Ag"P)q—(n+1)log(s)).

KB) ety = (B g

We point out that, similarly to [203, Theorem 3.1], one can improve the bound in (48)
by rescaling every t by ™ for some m € N, at the cost of increasing the constant in
front of log(e).

Next, Proposition 4.4 states that the NEASS constructed in Proposition 4.3 is ap-
proached under the dynamics generated by the time-dependent Hamiltonian (42)
whose perturbation V is turned on by the switching function f on the adiabatic
timescale 1/ as in (43). It is the local gap version of [203, Proposition 3.2] and the
proof is given in Section 6.2.

10 Following the resummation procedure in [123, Appendix E], one could even construct a single (i.e. n
independent) state I1°, which, for every fixed n, has the same properties as II5. We will, however, refrain
from doing so for brevity of the presentation.
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Proposition 4.4 (Adiabatic switching and the NEASS). Under the assumptions of The-
orem 4.1 (in particular recalling (43)) it holds that

d+0)/p+1 € +1"

; 3d+t
< C|B| diam(Y)****(1 +¢) @0/

(B) pend (e — (B (49)

N (1 + e—d(AP”t,A\Ag"P)q—(n+l)log(s))’

fort >0, where IT is the NEASS (46) constructed in Proposition 4.3.

For our application to response theory, it is important to have an explicit expansion
of expectation values in the NEASS in powers of ¢ with coefficients given by expecta-
tions in the unperturbed equilibrium state, the linear term constituting the celebrated
Kubo formula. This is the content of the following proposition, which is the local gap
version of [203, Proposition 3.2], and whose proof is given in Section 6.2.

Proposition 4.5 (Asymptotic expansion of the NEASS). Under the assumptions of
Proposition 4.3, there exist linear maps Z;: 9 — d, j € N, given by nested commu-
tators with the A, ’s in (46), such that for n > m it holds that

m

‘<B>Hg =S S BI),,

j=1

< Cum €™V IBIYT™ i p(d(APS,Y)), (50)

with b’, p the parameters of the localization of the A, given in Proposition 4.3. The first
two orders of the expansion (50) are explicitly given by

(Zo[BD)y, = By, and (Hi[Bly, = ~i([ T, ¢[V1. B]) . (51)

where Sy, o[ -] is the inverse Liouvillian from (21).

We can finally give the proof of Theorem 4.1.

Proof of Theorem 4.1. Armed with Propositions 4.4-4.5, the proof of Theorem 4.1 fol-
lows by a simple application of the triangle inequality when applying Proposition 4.4
withn — A := [m(n+(2d+£)/p)] and Proposition 4.5 for n — fiand m — nas in [203,
Theorem 4.1]. O

5 Local gap conditions: Proofs for Section 3

This section collects several proofs concerning the local dynamical gap condition
(LDGpain) from Section 3.1, which were skipped in earlier sections. More precisely,
we will prove the dynamical characterization of a spectral gap in Proposition 3.1 and
the relations among the various local gap conditions formulated in Proposition 3.2.
Finally, we show that the examples from Section 3.5 satisfy (LDGy,i,) by means of
Proposition 3.2.
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5.1 Dynamical characterization of a spectral gap: Proof of
Proposition 3.1

Deriving the LHS from the RHS is standard material, see e.g. [174, Lemma 6.8 and
Proposition 6.9]. For the other direction, recall (26) and suppose that for all A,B €
RB(H)

0=({[Zu * ThglA] = A B])p = ([ Fir g [AL. B])p = — tr([Fi g [A] P] B).

Since B is arbitrary, this means [jH,g[[A]],P] = 0. Moreover, inserting the spectral
decomposition H = Y, E, P,, this can be written as

0= [Fug[ALP| =Var( ) W(E, — E) P, APy — Y, W(E, — E,) P, APm). (52)

En €0y En €0y
E, €0, E, €0,

For contradiction, we now assume that d(oq,05) < g. Then, since @|(,g’g) > 0, one

can easily construct an observable A, which violates (52), e.g. A= P, P,, withE, €o,
E,,, € o, satisfying [E, — E,, | = d(0y,0,) < g.

5.2 Relations among local gap conditions: Proof of
Proposition 3.2

We prove the seven implications gathered in Proposition 3.2 one by one. Unless dif-
ferently stated, we will use the constants C, £, b and p from the formulation of Propo-
sition 3.2 generically, i.e. their precise value might change from line to line. Some
technical details are kept brief in this section, more detailed proofs using similar argu-
ments are given in Appendix A.

Proofs of (ii), (i), (iii): All of these are obvious, by application of the estimates

||[,0 = P A]"tr < ||(P - p*)A"tr + "A (P - p*)"tr,
|tr((p - P*)A)| <o = p) Al »
and

|tr(ps(r —id)[A])] < |(r — id)[A]

for (ii), (i) and (iii), respectively.

s

Proof of (iv): By assumption, it holds that

(A" [AD),, 2 g [(4"4), — [(4),,[] (53)

for all observables A € o/, where £ [-] := —i[H,, -] denotes the Liouvillian of H,.
The idea is now to replace H, — H and p,, — p in (53) and estimate the resulting error
in such a way that we arrive at (36).
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First, by application of (29), we replace [(A*A), —KA),, ] by [(A"A),— |<A>p|2] on
the RHS of (53) at the cost of an error bounded by C | AJ? diam(X)" y, » (d(X, A\A8P)),
For the LHS of (53), we estimate

(A", [AT), —(A*ZylAl,|
< (4" (141 - Z5lAD), | + (. — P)A* L l[AD))

by means of the triangle inequality. The first term on the RHS of (54) can now be
bounded as (recall that H = H, + J, J is A\ A8¥P-localized, and A € o)

(54)

(A" (L. 141~ ZulAD), | < 210l piasnsen |AI diam(X)* g p(d(X, AN 2E))
(55)
by application of (91) in Lemma A.4.

For the second term on the RHS of (54), we write Zy[A] = Ex Zy[A] +
(id —Ex )Zy[A] for some n to be chosen below, where X, := {x € A|d(x,X) < n}
denotes the n-fattening of the set X C A. We now estimate the two terms separately.
For the first term, we employ (29) to bound

tr((p. — p) A* Ex Zy[[AD)| < CIA(diam(X) + 1) x5 p(d(X, A\ ABP))  (56)

where we used that Ex Zy[A] € ox (by definition) and [Ex Zy[A]| < C|[X][A]
(by (91) from Lemma A.4 and Lemma A.6 (c)). For the second term, we use (92) from
Lemma A.4 and Lemma A.6 (e) for estimating the difference |(id —Ex )£y [A]] to get

ltr((px — p) A* (id —Ex ) Zy[A])| < CAJ* diam(X)" y, ,(n) (57)

Using d(X,;, A\ A8%P) > d(X, A\ AB*P) — n for (56), we can pick n = d(X, A\ A8P)/2,
say, to estimate

(56) + (57) < CAJ? diam(X)" yp2,p(d(X, A\ ABP)).

Combining this with (55), we estimate (54) by C |A]? diam(X)" Xo.p (d(X , AN A8P))
and we thus arrive at (36).

Proof of (vii): This is obvious, because ](A*A>p - |<A>p|2| < 2|A)%.

Proof of (v): By assumption (25), it holds that, for all observables A € &/x and B € oy
localized in X C Aand Y C A, it holds that (recall (26) for the definition of 7y )

([71. £[AL. B]), | < C1AI1BI [ diam(X) + diam(Y)] (58)
x b p(d(X, AN AEP)) +d(Y, A\ AEP),

Similarly to the proof of (iv), the idea is now to replace H, — H and p, — p on the
LHS of (58) at the price of an error that is bounded in terms of the RHS of (58). In order
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to do so, we will heavily exploit the symmetry of (58) in A and B (recall the discussion
around (26)). That is, we will prove the bound first only with d(X, A \ A&P) in the
argument of y, , and later obtain their sum (like on the RHS of (58)) by symmetry
(modulo changing b — b/2).

To begin with, by the triangle inequality, we have

(72,5141 B]),, — (71 ,6[AD. B),|

(59
< ‘<[(jH*,g - jH,g)I[A]]’ B] >p’ + ’tr((/) - /)*)[B’ jH*,gl[A]]] )’
For the first term on the RHS of (59), we estimate
[(Fh,.q = P AT < [R drwy () [T Ae 7 — et A7, (60)

Recalling H = H, + J, the difference between the two time evolutions can be written

as
t

QitH, A o—itH, _ GitH g o—itH — _; J ds eitH [, oisH. 4 efisH*] oitH
0
We thus find that

[], eiSH* A e_iSH*]

(60) < I dt wg(t) |t| sup ||
R s€[0,¢]

< C|A]| diam(X)2d<)(b’p(d(X, AN ABP)) L dt wy () |t (1 + |t|)d/p

d/p
+ J-]R\I dt wg(8) [¢] (1 + [¢]) )

< C[A] diam(X)* y, ,(d(X, A\ AE®)),

(61)

where we denoted I := {t € ]R| It < (d(X, AN Agap)/(2v))p/2 } Here, v is the Lieb-
Robinson velocity from Lemma A.7, which we employed in the second step. In the final
step, we used the stretched exponential decay of w, from (23) and possibly adjusted
the constants C, b, and p.

The second term on the RHS of (59) can be estimated by means of (31), since

ltr((p — i) [B, Fu, g [AD])| < 1Bl [ = ps> F1, g [AD] |-

For 7y _¢[A] we now apply the local decomposition technique, analogously to the ar-
guments around (56)—(57). More precisely, taking A € oy, we now write fp_,[A] =
Ex 7h,¢[Al+(d —Ex ).fg, ¢ [A] for some n to be chosen below, where X, :={x € A|
d(x, X) < n} denotes the n-fattening of the set X C A. We now estimate the two terms
separately. For the first term, we employ (31) to bound

[0 = posEx, F11. g [AT] |, < CIAI (diam(X) + 1)’y p(d(Xs AN AEP))  (62)
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where we used that Ex 7y_,[A] € &x_(by definition) and |[Ex £, ¢[All < [A]. For
the second term, we simply use Lemma A.6 together with (100) applied with .¥ — #
for estimating the difference [(id —Ex ).7x, [ A]l to get

Ilp = ps. (4 —Ex)Fh, o [AT] ],
< 2lp = pulle 1Gid ~Ex ) P11, g [ATl < CA] diam(X)* x5, 5(n) -

Using d(X,, A\ A8%P) > d(X, A\ A8?P) — n for (62), we can pick n = d(X, A\ A8?P) /2,
say, to estimate

(63)

(62) + (63) < C|A| diam(X)" /2 ,(d(X, A\ AEP)),

Finally, as mentioned above, interchanging the roles of A and B (by symmetry of the
original expression; recall the discussion around (26)), we thus arrive at a bound on
K[fH,g [A], B] >p‘ of the form given by the RHS of (58) (modulo changing b — b/2).
Therefore, combining (58) with (59), and (60)-(61) as well as (62)-(63), we conclude
the desired.

Proof of (vi): Instead of (58), we start with (by assumption)
(7. ¢[ALB]), =0  forall ~ABed. (64)

Apart from this, the idea is identical to (iv) and (v). Hence, by means of the triangle
inequality, we obtain the same two terms from (59). The first term can be estimated
in exactly the same way as in (60)—(61). The second term in (59) has to be treated a bit
differently as in (62)-(63), since we now assumed (32) instead of (31).

In fact, for this term, using (), = (z[-]),,, that 7 is a x-automorphism, and (64),
we get

tr((p— p)[B. T, £[A1])] = tr(p. [ [BL (r — id) o Ty ([AT])] < 7 — id) o Ty ([ATl

This can now be treated exactly as done in the argument around (62)-(63) (i.e. taking
A € dx, writing fy_¢[A] = Ex Jn, 4[A] + (id —Ex ).f, ¢[Al, and estimating the
two terms separately while optimizing in n).

Proof of (viii): Without loss of generality, we may assume that X C A in (35) is such
that C diam(X)* Xb,p (d(X, A\ ABP)) < 1/2, say (otherwise there is nothing to prove),

and diam(X) < d(X, A\ Agap)ﬂ for some f < 1. By assumption, for such X C A and
A € oy, we have

: * g * 2 .
iy, ALy LAW) 2 (W A"A9) ~ [ AP)7) with 1) = @xealy). sl = 1.
(65)
Our claim will be a consequence of the following lemma.
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5 Local gap conditions: Proofs for Section 3

Lemma 5.1 (cf. Proposition 14 in [221]). Take a Hermitian A € ofx as above and
assume (65). Denote the n-fattening of X by X,, := {z € A|d(z,X) < n}. Then, there
exists a Hermitian operator A€ Ay, withn = |d(X, A\ A8%®) /2] such that { is an
eigenvector of A e Ay = EY for some E € R, and we have the bound

[Ex, F1,g[A] — A] < C ALy p(d(X, AN AEP)) (66)
with f ¢ being defined in (26).

Armed with Lemma 5.1, we now turn to estimating the LHS of (27), which is given
by <[]H,g|[A]]’ B])p =y, [fH,g [A], Bly). By the triangle inequality, we have

K. [Za g [ AL Bly)|

< |<¢: [(ld _EX")jH,gI]:A]]’ B]¢>‘ + K‘//’ [EanH,gl]:A]] - Z’ B]I//>| + |<¢’ [Z) B]l//>|
(67)

and estimate the three terms separately. The first term in (67) can be treated as in (63),
yielding the bound
CIANIB] xp,p(d(X, AN AEP)), (68)

where we additionally used that diam(X) < d(X, A\ A8P)P For the second term,
we employ (66), yielding the same bound as for the first term. The third term in (67)
vanishes since Elﬁ = Eg& Therefore, (67) is bounded by (68) and we have proven
Proposition 3.2(viii).

It thus remains to give the proof of Lemma 5.1.

Proof of Lemma 5.1. The principal idea is similar to [221, Proposition 14]. To start
with, we assume w.l.o.g. that Hfy = 0, i.e. ¥ is an eigenvector to the eigenvalue zero.
Then, we note that, since diam(X) < d(X, A\ A& )ﬁ , the bound in (63) implies that

|Gd —Ex) 71 g [AT] < CIA ), p(d(X, AN AEP)). (69)
We continue by decomposing

(Fr,g[A] =, T g [ATY)) = Ip<n) + ) (70)

where we defined
p<n) = o<ndx, ® W) xe == (Ex, Jr,g[A] = (. Ex Ju s [A1¥))lY)
and |¢-,,), which is defined such that (70) holds, satisfies the bound

llgsm)l < [(Gd —Ex )71 g [A] = (¥, (id —Ex ) .Fw g [A1 ) ¥)]
<|Gd—Ex )fu,g[Al] < CIAl xp,5(d(X, A\ AEF)),
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where in the last step we employed (69). Then, similarly to [221, Lemma 15, eq. (B49)],
one can compute {¢<,, H¢,) and use the Payley-Zygmund inequality to show that
the norm of |¢,) is essentially bounded by the norm of |¢,,). That is, in our case, we
find

llp<m)l < CIA] xp,p(d(X, AN AEPY), (71)

as always modulo adjusting the constants C,b and p. Hence, defining the Hermitian
operator

A :=Ey 71 ,[A] - (Ip<n)x, (V| + hoc.),
supported in X, we easily see that Aly)) = W.Ex fug[AlY)lY) =: Ely) and the
bound (66) follows from (71). o
Proof of (ix): This is obvious from the definitions (25) and (27).

This concludes the proof Proposition 3.2. O

5.3 Local dynamical gap for the examples in Section 3.5

In this section, we prove the systems considered in Section 3.5 to have a local dynam-
ical gap.

5.3.1 Perturbations of the classical Ising model with weak interactions

In this section, we prove the claim of a local dynamical gap from Section 3.5.1, where
we considered perturbations of the classical Ising model with weak interactions. First,
the (unique) ground state vector of (37) and the associated ground state energy is
easily found as

Y = @eall) satistying  Hoys = (Al + 1 3 A0 9) s,
xYy

and the associated spectral projection (ground state) is simply given by p, = P, =
[, )(V».|. We note that this is a globally gapped eigenstate of H,, since the ground state
energy corresponding to i, is separated by a spectral gap g > 2 — |A|; > 0 from the
first excited state.

For the following argument, it is important to observe that, for any given A8%P C A,
the ground state projection factorizes, i.e.

Px = ( ® |l><l«|) ®( ® |J,><H) =: p{}gap ® pf\AgaP. (72)
x€AN&P XEANABP

Indeed, since |A|; < 2, every ground state p of H = H, + J, where ] is a strictly
AN\ A8 ]ocalized SLT Hamiltonian, as described in Section 3.5.1, also factorizes as

p=pi @ pM AT, (73)
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5 Local gap conditions: Proofs for Section 3

In order to see this, first note that there exists an eigenbasis11 of H for which every
eigenvector i/ of H can be written as a linear combination ), j Cj €j®¢j, where ¢; € I peaw
are eigenvectors of

H| pgop :ZZ%% + %ZA(X—Y)U;C’;

xXENBP x,yeN8P

to a common eigenvalue and ¢; € # \ pewr. Then, to see (73), it suffices to realize that,
for every x € A8 starting from the unique ground state vector | s = Qyeperll)
of H| jgp. the energy cost for flipping the spin [}) to [1) in the first term of (37) is two,
whereas the potential gain stemming from the second summand in (37) is bounded
by |Al; < 2, yielding (73). In particular, any overall pure ground state of H can be
obtained by tensorizing the unique separate ground state vector of H|gw, i.€. /| pgap,
with an appropriate (not necessarily unique) minimizer (pA\Agap of

min <¢*|Agap ® ¢, (H — H| pgp) Vil pear ® €0>»

PET p\ Agap
lol=1

i.e. by conditioning on the first factor ¥, |seep. The pure ground state is then obtained
as Y| psso }(Yalaeonl ® [ (g

Therefore, combining (72) and (73), we have the following: For p being a pure state,
ie. p™** from (73) can be written as pMA*F = [PV (M| there exists a
unitary U = UM ¢ of | pesr such that |<0A\Agap> = U Queppeee ). In particular,
p = Up, U™ and hence we have a norm-preserving *-automorphism r[A] := U*AU
on A € o, which intertwines the ground states, i.e. (), = (r[-]),,, and satisfies (32).
By means of Proposition 3.2(vi) (note that, since p, is spectrally gapped, it fulfills the
additional assumption of Proposition 3.2(vi) by means of Proposition 3.1), we thus find
that p satisfies Assumption (LDG,;,). Finally, for a general (mixed) state p, we con-
clude the desired after noticing that Assumption (LDG,,j,) is invariant under taking
convex combinations.

5.3.2 Perturbations of gapped frustration free product states

In this section, we prove the claim of a local dynamical gap from Section 3.5.2, where
we considered perturbations of gapped frustration free Hamiltonians with a product
ground state.

Similarly to Section 5.3.1, one can easily verify that H, from (39) is globally gapped
with its ground state vector being given by ®eali/i ). The same is true for all restric-
tions H,|,-.

Moreover, for A8%P C A and a fixed exponent f > 0, consider X C A satisfying
diam(X) < d(X, A \ A8P)E Under Assumptions (A1), (A2), and (A3), the authors

" This is simply a common eigenbasis of H and H|ygap ® Ly, g, » which commute.
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P6 Response theory for locally gapped systems

of [16] have proven the following: Let [{) be a ground state vector of H = H, + ],
where J is a strongly A\ A8%P-localized SLT Hamiltonian, as described in Section 3.5.2,
and P, x denote the projection onto the ground state vector [i/,|x) of H|x. Then it
holds that

lp = Al < C exp(—(d(X, AN AEP))7) (74)

for some C,q > 0 and | -4, being the trace norm. Here, p = P and j = P denote the
orthogonal projections on [i/) and P, x[i/), respectively, i.e. they are pure states.

Due to the product structure of the ground state vector of H, and its restrictions,
we easily see that p can be written as

p = Wl x )l x| ® g%

for some state 51X on A\ X. This means that, analogously to Section 5.3.1, { - ) p, and

(+)j can be intertwined by a norm preserving *-automorphism  satistying (32). In
particular, by means of Proposition 3.2(vi) (note that, since p, is spectrally gapped, it
fulfills the additional assumption of Proposition 3.2(vi) by means of Proposition 3.1),
we thus find that p satisfies Assumption (LDGyai,) — but only for observables sup-
ported in X C A with diam(X) < d(X, A\ A8 and without d(Y, A \ A8P) in the
argument of y;, ,; that is, Assumption (LDGyeqal). This implies, by means of Propo-
sition 3.2 (i) and (v) (modified to the setting of (LDGyeqk)) and (74), that p satisfies
Assumption (LDGye,k)- Finally, for a general (mixed) state p, we conclude the desired
by taking convex combinations (as at the end of the argument in Section 5.3.1).

6 Construction of the NEASS: Proofs for Section 4

The fundamental conceptual idea behind the proof of Proposition 4.4 is a perturba-
tive scheme, which was called space-time adiabatic perturbation theory in [182, 180].
Before going into this expansion in Section 6.2, we show that the weakened local dy-
namical gap condition (LDGy,k) from Section 3.1 carries over to SLT operators. The
main technical input for carrying out the space-time adiabatic perturbation scheme, is
to show that all the operations involved in the expansion preserve localization of SLT
operators as required for Lemma 6.1 to apply. This is the content of several auxiliary
technical results in Appendix A.

6.1 Local dynamical gap condition for SLT operators

Throughout the proof, we will work with the weakened version of the local dynamical
gap condition (LDGye,i) from Section 3.1. As mentioned above, we start with the
following basic lemma which will heavily be used in our proof. It says that the local
dynamical gap condition naturally carries over to SLT operators.
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Lemma 6.1. Letb >0, p € (0,1) and Hy be a xp, ,-SLT operator. Assume that the equi-
librium state p, of H satisfies the weakened local gap condition, Assumption (LDGyeak)
above, with gap size at least g > 0 and with respect to Cgap, b, p, p and ¢.

Then, there exists a constant C, such that for any (b, p, Q2)-localized SLT operator A
and observable B € ofy, we have that

([ Lt g [AT-A, B]),, | < C diam(¥)" [Bl @Al 2 2b2,p minip.13(d(2, ANAED)).
(75)

The proof of Lemma 6.1 is presented in Appendix A.5. The principal idea is to write
A =Y 74 Pa(Z) and then estimate only the contribution of ‘small’ Z, i.e. those with
diam(Z) < d(Z, A\ ABP)P by (27). Large Z’s, i.e. those with diam(Z) > d(Z, A\
ABP)P are treated using Lieb-Robinson bounds and the smallness of |®4(Z)| (by def-
inition (18)).

6.2 The adiabatic perturbation scheme

For the proof of Proposition 4.4 we use the same strategy as in Teufel [203]. However,
since we only have a local gap, the lower order terms do not vanish exactly, but can
be bounded using Assumption (LDGyeak)-

The statements in Propositions 4.4, will be deduced from a time-dependent NEASS,
which is part of the next Theorem. In contrast to the previous works, it will not include
a time-dependent unperturbed Hamiltonian Hy(t), because there is no spectral flow
available. That means, we construct a time-dependent NEASS IT:(t) specifically for
the switching Hamiltonian given in (42). For times ¢ > 0 it will turn out to be time-
independent.

In order to formulate the result, we introduce time-dependent interactions

O: Ix{XCA-> o, (LX) EX)=D(X)" € dy

for I ¢ R. We will assume that t — &(t, X) is smooth for every X C A, and we denote
k

the term-wise time derivatives by oW je. ®(k)(t, X) = %@(t, X) for every X C A.

Moreover, we identify &(t, X) = (@(t))(X), such that for every fixed ¢t € I, &(¢) can

be viewed as a time-independent interaction. The notion of SLT operators naturally
translates to the time-dependent setting.

Theorem 6.2 (Time-dependent NEASS). Fixn € N andletd e N,Cyo1 > 0,0 >0, p €
(0,1], Cipt > 0 and g > 0, Cgap > 0, B >0,t €Ny Take any q € (0, pmin{1, f}). Then
there exist a constant C,, > 0 (in particular depending on n) such that for all lattices A €
©(d, Cyo) (recall (13)), subsets APt C A, intervals I C R and SLT-operators Hy and V (t),
with corresponding interactions that satisfy |@g, |y, , < Cint and supt€I||<D‘(/k ) (t)”b,p; pert <
Cint for all k < n, respectively, the following holds:
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P6 Response theory for locally gapped systems

Assume that the equilibrium state p, of Hj is locally dynamically gapped in A8?P of
size at least g > 0 and with respect to Cgqp, b, p and € according to Assumption (LDGyyeax)-
And let

H.(t) :=Hy+¢eV({) (76)
be the perturbed Hamiltonian.

Then, there exists a sequence (Ai)pelN of polynomials in 6 € R with maximal degree
it — 1 and time-dependent SLT operators as coefficients, which are (1, p’, AP*™")-localized
forany p” < p. The Ai are such that the state

n
H,f"’(t) iSO 2o iSO it SS’”(t) . Z eH AZ/E(t), (77)
p=1

is almost-stationary for the dynamics generated by H,(t) in the following sense: Let t; € R
and let p"f (t) be the solution of the time-dependent adiabatic Schridinger equation

. d . J
g O = [H0.p O] with o () = 1171 (78)

with adiabatic parameter n € (0, 1].
Under these conditions, for all B € ofy withY C A andt € R, it holds that

. "
|<B>pf(;"(t) - <B>H,f"7(t)| < G, |B| diam(Y)3¢+t <1 + )s"“ (79)

o

(t+2d)/p
t—t, t—t,
“ [t — to] (1 + v o|>
n n

% (1 I e—d(APert,A\AgaP)q—(nH)log(s))_

Moreover, the operators A,(t) at time t depend only on'V and its first u derivatives at
timet.

Before we prove Theorem 6.2, let us deduce the results from Section 4, which will
follow by taking f = 1 in Theorem 6.2.

Proof of Proposition 4.3. We choose V(¢) = V, which implies that also all AZ/ ‘o) =

AZ/€ are time-independent (i.e. the time-dependent interaction is constant). Moreover,
since there is no adiabatic timescale in (47), we choose = 1. To obtain the correct
scaling, we inspect the proof of Theorem 6.2: In equation (82), we expand in powers
of ¢ and R]g»"7 are polynomials in 7/¢. Here, since S;” = 0, these polynomials are just
constants, AZ/ £ = Ay and there is no 7 in (82) or any of the later expressions. Hence,
also the norm estimates [@zen(s)] < C(1 + 7#~1/e/71) used in the end of the proof
)
simplify to |®z| < C uniformly in e. Hence, (1 + 5" /") is replaced by 1 in (79). All
7

other 5 in (79) come from the adiabatic timescale and are thus replaced by 1. o
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Proof of Proposition 4.4. We choose V(t) = f(t) V and since V(¢) constant for t < 0, we
obtain H,f’n(t) = II¢ for all t > 0. To compare with the solution of (43), we choose
ty = —1 such that IT,"(ty) = py. Then |t — fy| = 1 + ¢ and (79) gives the statement. O

Proof of Proposition 4.5. To prove the asymptotic expansion, we first expand (46) and
obtain

te(py e » 2 [B])

€ Sh = N 1
(15 B) = tx(po ”S 1) = 3, 5 (LS8, + Gy

for some & € [0,¢]. Since the A, and thus also the S§ are AP®'*-localized, we use
Lemma A.4 to bound the remainder by

1
(m+1)!

|Z&* 1B < CIBIYI™ pir p(d(Y, AP ISEI) gt
where Syl p;qper < eC. It is clear from the proof of Theorem 6.2, that C depends
only on n,d, Cy, b, p,Cint, and g. We now expand Sj in the first term and group the
terms according to the powers in ¢. The zero order term clearly is (B) . In first order,
we obtain e(Zy ), = —£i<[fH0’g[[V]], B] >p0 as can be read of from (85). All %; for
j < m are constructed in this way. In the end, some higher order terms are left. They

all come with multi-commutators of AP®"t-localized A 4 with B and can be bounded as
the remainder above using Lemma A.4. O

We now prove the time-dependent NEASS from Theorem 6.2.

Proof of Theorem 6.2. For the proof we first assume the more general form S(t) =

ZZ:l e“Afj”(t) of (77) (it will become clear from the proof, that Afjn(t) is actually a

polynomial in 1/¢) and then iteratively choose Afj"(t) such that the statement holds.
Therefore, let U;}Z be the solution of

od gy : . :
ing Utgtg = H.(t) Uftg with Utz?o =1 forall tt€l, (80)
. . . &1 &1 €0 en . .
with H; given in (42). Then, p;'(t) := Uy Il (t) Uy ; is the solution of (78). To
obtain (79) we use the fundamental theorem of calculus, and get
t d ] U]
o o= a / —iS(s) 776N el 18y (s)
<B>,Dt(;v(t) <B>Hn1’7(t) J’to dS ds <e US,t BUt,s € >p0. (81)

By product rule and Duhamel’s formula, the derivative evaluates as

% e—iSﬁv”(s) U;}’? BUtf;’] eisﬁ”(s) _ _% [Qﬁ’n(s), e_isg’”(s) Usg,)tn BUE;U eisﬁ’”(s)]’
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where
1
Q;J?(S) =7 J di e—i/lS,f’n(s) 5’2’7(3) ei/le{”(s) + e—iSf,"’(s) (HO + EV(S)) eiSﬁ’”(s)

0
1

=y J eSO [()] + e 7O [Hy + e V(S)] (82)
0

n .
=Hy+ Z dR(s) + R (s).
j=1

In the last line we expanded in powers of ¢ and 1 such that R;’”(s) are polynomials in
n/¢ of degree j—1 with ¢- and n-independent SLT operators as coefficients. In this way,
the joint power of ¢ and 1y in front of the SLT operators collected in R;’" is j and there is
at least one ¢. By Taylor formula with mean-value form of the remainder, there exist
0 € [0, 1] such that

L) [Ho +eV(s)] = Z “7 1) [Hy +ev(9)] (83)

LIPSO "fnl
(n+1)! ©)

[[HO +e& V(s)]]

Similarly, for the first term in (82) we expand the integrand using the integral form of
the remainder and obtain

1
e

n—2 J'Ol dx /Ik

=1 )=

k=0

1 A _
(/1_”)” 3”/ &N
76 o
+”J @ Jo W O Ll O

g;%’l(s) ":SSJ](S)]]

- Z (k+ 1 ZsnlS O] (84)

(1- Il)n uff e i

J e e L [8OL
From this expansion and (77), we can read of

R"(s) = =2, [AT"(5)] + V(s), (85)

Ry(5) = =L, 145" ] + § L ) [Ho] + Zpon ) VST + 2ATG), (86)
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and more generally
R(s) = ~ Ly, [AT] + B
' (3) - Hol[ j (S)]] + ' (S), (87)

where the Rj”(s) are sums of iterated commutators of the operators Aig”](s) and Af’”(s)
fori < j < nand V(s). We can now iteratively choose

Ajr”(s) = TH,g [[Rj-’”(s)]].

Clearly, for all p” < p, it holds that Ri’"(s) = V(s) is a (b, p’, AP*™")-localized SLT
operator. Hence, by Lemma A.11, A7 (s) is (b, p’, AP™)-localized for any b’ < b. This
step only works for p’ < p, because Lemma A.11 requires a slightly better localization
of the Hamiltonian Hy compared to the argument of the inverse Liouvillian. Finally, by
Lemma A.5 also Zp, [[Ai’n(s)]] and thus Ri’”(s) are (b’, p’, AP*"")-localized SLT operator

for any slightly smaller »”. The same arguments hold for the higher orders Rj’”(s)
with j < n as well, at each step lowering b’. We point out that clearly the smallest b’
can be chosen independently of n by choosing all intermediate b’ in an n-dependent
equidistant way:.

With this expansion it is also immediate, that the Afjn(s) only depend on V and its
derivatives at time s. Moreover, they are polynomials in 5/¢ of degree j— 1 with ¢- and
n-independent, time-dependent (b’, p’, AP")-localized SLT operators as coefficients.

Thus, we denote them AZ/ “s) = Afj”(s) in the statement.
Putting everything back together and denoting 7; ([B] : = sg 7B U[f;”, we find

(B s = By (88)
n
[t — to] Z ¢ <[3H0 ° jHo,gl[R;’ﬂ(s)]] - R]E"”(S), 750 o Tps [[B]]]>
< % sup | /7! Po
= p
’7 : £.
Se[to t] 4 Eﬂ+1 <|:Rflszl (S), egsn”/(s) ° Tt,s |]:B:[|:| >p0 ‘

The remainder Ri’zl(s) collects all the remaining terms which are (a) the higher order
terms from the first lines and (b) the remainder terms from the second lines of (83)
and (84). The former are local by the previous arguments. The latter additionally
include an evolution by the local operator S,”(s) and are local by Lemma A.8.

To apply the local gap assumption in the form given in Lemma 6.1 to the lower order
terms, we need to decompose the second entry of the commutator into strictly local
operators. Therefore, we use the same decomposition as in the proof of Lemma A.7

7s[B] = ) A
k=0
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where

Age sty C sy, [Al < IBI

1/p’°

andfork €N A €y, Akl < Crr e|lBl Y| e bk,

s+l/P’
For better readability we abbreviate § = 1+ v |t —s|/n here. The extra 1/ is due to the
scaling in (80). For the outer automorphism, we can use the decomposition from the
proof of Lemma A.8, just replace O = Ay there, to obtain, for each k, the decomposition

o0

Ze

eTSO[A] = ) Ay
1=0

with
<
Moedty e ol <IAL and
clPslag )
Mredly e 1< CrIARTYs gynl (€759 = 1) xar 1)

for [ € N. Thus, in total we have

o0

P,

"0 o [Bl = Y A,
K1=0

where the sum is actually finite on finite lattices as discussed in Lemmata A.7 and A.8.
Then we use the triangle inequality and Lemma 6.1 to apply (75) and bound

([, = T2, [8 ] = B(5).e 50 o, B0 ) |

< Cldgen (Sl pr:aper > diam(Yy, (5, 000) 7 1Ak X 72, (ACAPT, AN AEP))
Ki=0

< Cllbgn Ol i Y. diam(¥s, )2 1]
k=0

% (1 + (ec 1@slaq _ 1) Z 1+ Xdﬁj(D) X J2.q (d(Apert’A N Agap))
I=1
< Cleger(ly o € 12slag diam(y)t+34 | B| 5+2)/p
« Z K(t+2d)/p o—bk X Jo.q (d(Apert’A N Agap))

k=0
< Cloga ()l pr:poen € #slaa diam(y)t+34 |B| SE2D/P y, 1y o (d(APE, AN AEP)),
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where we abbreviated ¢’ := p’ min{f, 1} (according to Lemma 6.1) and b’ is the small-
est of the b’ such that all @ (s) are (b, p’, AP")-localized. Finally, for any g < ¢’ we
J

bound
Xor f2,q (A(APST, AN ABP)) < C xq o(d(AP™, AN ABP)) (89)

for some constant C > 0 depending only on ¥’, ¢’, and q. Since p’ < p was arbitrary,
this g can be chosen arbitrarily in the interval (0, p min{f, 1}).

With the same local decomposition argument as above and using Lemma A.4 we
can also bound the remainder

(2,070 o 1)) |

< Cldgen (9 pripven 1slia diam(y)* |B| 524/,
n+ >

We recall, that like the R]Efn(s), also the ﬁj”(s) are polynomials of degree j — 1 in n/e
with APt ]ocalized SLT operators as coefficients. Hence, the interaction norms in the
above equations can be bounded by a constant depending on the interaction norms
of H and V(t) times 1 + (r/e)/~!. With this observation, we can insert these bounds
into (88) and conclude (79).

To reduce the number of constants in the formulation of the statement, we actually
do the proof for (p + p’)/2 instead of p’. In the end we then estimate )y (p4,)/2 <

C x1,p for the locality of the operators Afjr’(t), similarly to (89). o
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P6 Response theory for locally gapped systems

A Technical lemmata

In this section, we prove the technical lemmata required for the construction of the NE-
ASS. We begin with some general properties of the functions ) , and Lieb-Robinson
bounds for (b, p)-localized SLT-operators in Appendix A.1. In Appendix A.2, we prove
that the various operations used in the construction of the NEASS preserve locality.
In Appendix A.3 we recall the construction of the quasi-local inverse of the Liouvil-
lian and prove that it also preserves locality of SLT-operators. Finally, Appendices A.4
and A5 are concerned with the proofs of Lemmata 2.1 and 6.1, respectively.

In all proofs, C > 0 is a generic constant that might change within the computations.
It can in particular depend on all the parameters chosen in the statements, but it is
uniform in the chosen lattice and the operators appearing.

A.1 Properties of the decay function y, ,

Let us first collect some properties of the decay function y;, , we use in the definition of
the interaction norm. From [156, Lemma 7.2.3] we have the following Lemma, where
we simplified the statements.

Lemma A.1. Forany b > 0 and s € (0,1], the function yy ,, satisfies the following
properties:

@ xbp (;'s logarithmically superadditive, i.e. xp ,(x +y) > Xp,p(x) xp,p(¥) for all x,
y=0.

(b) Forevery b > 0 and k > 0 there exists a constant C > 0 such that

sup x¥ Xo,p(x) = C.
x>0

As a direct consequence of Lemma A.1 (b), we get the following Lemma, which we
write out to fix the constant and recall it in later proofs.

Lemma A.2. Letd € N, Cygy > 0,b > 0, p € (0,1] and k € IN. Then there exists a
constant Gyl p, pk > 0 such that for all lattices A € E(d, Cyo)) and sets Z C A

2% ), p (diam(2)) < Byorp pi-

Before we state the Lieb-Robinson bound, which is a crucial ingredient in the proof,
let us briefly recall the time-dependent Heisenberg evolution. For a time-dependent
interaction defined on an interval I C R with corresponding SLT operator H(t), let 7
be the unique solution of

—i % 75(A) = 55([H(®), A]) and T = 1d foralls,t el
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This was already used with a different time scaling for the Hamiltonian H,(¢) in the
proof of Theorem 6.2. Under locality assumptions on the Hamiltonian, one finds the
following Lieb-Robinson bound.

Lemma A.3 (Lieb-Robinson bound [156, Theorem 7.3.3]). Letd € N, Cy > 0, 0" >
b >0, p€(0,1] and k € N. There exists constants C and ¢ > 0 such that for all lattices
A€ €(d,Cyq), intervals I C R, time-dependent interactions ®, disjoint subsets X,Y C A,
observables A € ofx and B € gy, and s, t € I it holds that

[[75(A), B]| < CIALB ("= - 1) D(X, V), (90)

where v = c ||y ,/b is the Lieb-Robinson velocity and

DY) = minf 3 (1), Y (00 0)]

xeX yey
< min{|X|, |Y|} Xb,p(d(X, Y)).

The Lieb-Robinson velocity is defined including the 1/b because (90) can be bounded
by
ClAI|B] minfX], |y} eb (" 1-s=d000"),

A.2 Commutators and dynamics of localized SLT-operators

Lemma A.4 (Commutator with local observable). Letd € N, Cyo; > 0,0 > 0, p € (0,1]
and k € IN. There exists constants C and Cy > 0 such that for all lattices A € Z(d, Cyq)),
subsets Q, X C A, SLT operators A; and observables O € ofx it holds that

[[A1, O] < 2101 X1 o, p(d(X, ) [D4, Iy, prc2- (91)
For a second observable O € oy, it holds that
LA+, 01, 61| < 4101101 1X] 15,y (X, 1)) 15, (X, D) Ibos lp - (92)
Finally, if additionally also A,, ..., Ay are SLT operators, then

k
lada, - ada, O)] < G IOIIXI* i, p(d(X, D) @4, lpps2 [ [ 194,65 (93)
j=2

All three bounds, in particular, also hold for Q = A, where | |y .0 = |-l and
d(X,Q) = 0.
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Proof. We begin with the first statement and write A = A;. Since [®4(Z), O] vanishes
whenever Z n X = @, we find

Aol <Y 2lea@)lol
ZCA:
ZnX#Q

|24(2)
<2|0 (2.0
10l Zg‘( Zg; xo,p(diam(2)) p,,(d(z, 2)) Xo,p(d(z,2))

zeZ

<2101 Y. xp.p(d(z. D) [Paly 0
zeX

< 2100 1X1 xb,p(d(X. D)) 1D ally, pr0o-

where we just overcount in the second inequality. Clearly, the same statement also
holds with Q = A. The proof of (92) is analogous to the proof of (91) and so omitted.
We conclude by proving (93) using induction. Note that the outer operators are all
SLT-operators on A. The k = 1 case is given in (91). We now assume (93) for some
fixed k and with Q = A. Then, we add a further commutator with A to conclude

HadAk adAl adAO(O)"

< Y Jadg, - ady, [4,(2), 0]
ZCA:
ZInX#D

k
< 2, Gellea@.0llIXu ZF [T 104,

ZCA: j=1
ZnX#D
k
<G 28 [O1XIE Y xp (A2 D) [T 104l
zeX j=1
|24,2)]

x diamn(Z)) L2
ZC/%: Xb,p(diam(Z)) Xb,p(d(z, Q)) Xb,p( iam( )) |Z|
z€

k
< Buolb,pk Gk 25 011X g, 5 (A(X, ) 1D a o ps2 [ [ 104, 1
J=1

where we used Lemma A.2 in the last step. This finishes the induction. o

Lemma A.5 (Multi-commutators). Letd € N, Cyo1 > 0,0 > 0, p € (0,1], ¢ > 0 and
k € IN. There exists a constant C > 0 such that for all lattices A € E(d,Cy,)), subsets
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Q C A and SLT operators Ay, ..., Ay it holds that

k

”@adAku-adAI(AO)Hb,P;Q <Cl@albrepo [ | 1P a;l2b+e,p- (94)
j=1

Proof. For the proof we first need to construct an interaction for the commutator of
two SLT operators A and B. It turns out that it can be given as

Dap)(2) = Y. [@a(X), Pp(Y)].
X,YCA:
XuY=2
XnY+0

Then,

[214,5(2)]
ZC/%: Xb,p (diam(Z)) Xb,p (d(z, Q))
zZE

< 2[2AO] |25V

TR x5 v p(diam(X) xp p(diam(Y)) x,,(d(z. Q)
2eZ Xuoy=2
XnY=0

where we used diam(Z) < diam(X) + diam(Y) and the properties of y; ,. The above
sum can be bounded by the sum of the terms where z € X or z € Y. The latter can be
upper bounded by

|25V |40
YA, Xo,p(diam(Y)) x5 (d(z, Q) < Xch; Xb,p(diam(X))
z€E X€E

|25
<2 - Xe.p(diam(Y)) [Y]|®
Y% Xorep(diam(V)) ypic o (d(z, Q)) 2 JVTKAlL
yAS

250

< CColepi -
APl pve p(diam(V)) xpie 5 (d(z Q)
zeY

|[@al,.,

< ClPglp+e,pio 19 alp, ps

where we used Lemma A.2 in the third step.
Using y,,(d(2,Q)) > yp,p(diam(X)) x5, 5(d(x, 2)) for all z,x € X, the part of the
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sum where z € X can be bounded by

|24 1 |25(1)]

Xh: Xabp(diam(X)) y vER: xp,p (A, Q) i, p(diam(Y))
zeX yey

D |@4(X))|

s2 ——————— Xep(diam(X) |X] | _

Xc: Xob+e,p(diam(X)) e ) IX1] B”b,p,_Q
zE

< Cl@alypie p |5l o

Both bounds together prove the claim for k = 1. To proceed by induction we assume
that the statement holds for some fixed k. Then, applying first the statement for k = 1
and then k = k both with £/2 we obtain

”®adAk+1"'adAl (AO)”[])p;_Q <C "(DadAkmadAl(Ao)"b+£/2,p;_Q ”®Ak+1||2b+5/2,p

k+1

< Cloalpsepo [ 1194, l251e.p- :
j=1

For the following statements we need to approximate the time evolution of local
operators, which in principle live on the whole lattice. This can be done by a so-called
conditional expectation, which is just the partial trace in our case of finite spin systems.
We collect its properties in the following lemma.

Lemma A.6 ([174, Lemma 4.1]). Let A be a lattice and X C A. Then there exists a
unit-preserving, completely positive linear map Ex : oy — 9y satisfying

(@) Ex(op) C dx;

(b) Ex(ABC) = AEx(B)C forall Be 9, and A,C € ofx; This in particular implies
Ex(A) = AfOT all A € .Qfx;

© [Ex|=1;
(d) EX o ]EY = ]Eme,for X,Y C A;
(e) If A € g, satisfies
I[A,B]| <nlAlIB| forall Be dsx, (95)

for somen > 0, then
1A —Ex(A) < nlAl. (96)

Together with the Lieb-Robinson bound we can now obtain the following.

290



A Technical lemmata

Lemma A.7 (Dynamics). Let d € IN, Cyo1 > 0, b,b" > 0, and p, p’ € (0,1] satisfying
p’ < 1orb” < b. There exists constants C and ¢ > 0 such that for all lattices A €
&(d,Cye1), the following holds: Let I C R an interval, the interaction & generate the
dynamics 7 ; with Lieb-Robinson velocity v = ¢ |®|y, ,/b. For every yy ,»-SLT operator
A, subsets Q, X C A, observables O € fy, and t,s € I it holds that

(4,701 < CIONIXI Xy gyo 1@l 2 17 7 (4K 17> D)

Proof. We use the local decomposition technique similar to [174, Section 5]. Therefore,
let

Ay :=Ex,,_, (%50)

and

Ak = ]Ex(v\t—sHk)l/P (Tt)S(O)) -E

(Tt,s(o))s

X v l—sl+k-1)1/P

so that 7; (O) = 21;.0:0 Ay, where the sum is finite since eventually Xovlp—s+i/e = A
By the properties of the conditional expectation

140 < |z,s(O)] = O]
and for k > 1 it holds that
Me = EX(v lt—s|+Kk)1/ P <(l B EX(v\tszkfl)l/P) Tt’S(O))

and thus

Il < (1 - Ex

wlt-sl+k-1)1/P ) Tt,S(O)”~

Furthermore, for all B € o/5\ x

by the Lieb-Robinson bound (Lemma A.3)
(v li—sl+k—1)1/P

|[7:.4(0), BI| < Cig 0] 1B | X]| XV == t=skk=D) — ¢y ¢ e O] | B [X] b
because d(X, AN\ X, jy_g+k—1) = V|t — s| + k — 1, and thus by Lemma A.6

|kl < Cig e O] 1X] e 7%
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Now we can apply Lemma A.4 to each of the summands in the decomposition
l[4 711 < X 1[4 2]l
k=0

< Z 2] Akl ‘X(v |t—s|+k)1/1" X' p (d(x(v\t—s|+k)1/1” Q) [P ale prc
k=0

< ClIOVX @Al pric DXy psfiyro] Xorpr (A y g iyivo D) €7PF.
k=0
< é ||O|| |X| |X(2V |t_5|)1/p| ||‘pA||b’,p/;Q X' p (d(X(zv‘t_le/ﬁ’ Q))

x ];0(1 + Cyol (2YP) x5, (k) 7K,

where we abbreviated C = 2max{1, C g e} and used (v |t —s| + YP < (2|t —s)VP +
(Zk)l/ P To conclude the result, we observe, that the series is bounded for p’ < 1 or
b <bifp’ =1. o

Lemma A.8 (Conjugation with unitaries). Letd € N, Cyo) > 0, ¢ > 0,a,b > 0, and
p,q € (0,1] satisfying p < q or p = q and a > (2P + 1) b. There exists constants C and
¢ > 0 such that for all lattices A € £(d,Cyo1), the following holds: For SLT operators
D and S it holds that A := e'5 De 'S is an SLT operator as well. More precisely, there
exists an interaction @ such that

”@AHb’p;Q <Ce° 19slaq "(DD||b+E,p;Q

Proof. The proof uses the same technique as the proof of Lemma A.7.
First fix X € A and O € &x and denote 7(0) = €5 0e7 S, Then define

2(0) :=Ex(r(0))
and

A(0) := Ex, (1(0)) — Ex,_, (r(0)) = Ex((id—Ex,_,) 7(0)).

By properties of the conditional expectation, Lemma A.6, and the Lieb-Robinson
bound, Lemma A.3, one can bound

140(O)] <Ol

and
14O < Grr 01 1X] (e1¥5kea — 1) x4 (K) (97)

for k > 1 because d(X, A\ X;_1) = k in our geometry, where we chose a’ < a.
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We now construct an interaction for A. First note, that

A=r(A) =) 7(2p(2)) = ), i Me(Pp(2))

ZcA ZCcA k=0

where A (94(2)) € o7 and the sum is actually finite. For any function f: {Q C
A} — o, and k > 0 it holds that

PO =Y ( Yizey) =Y ¥ ).

YcA YCA ZcA ZCAYCA:
Yo=Z

Applying this with f: Z — Ap(®p(Z)) for each k we find

A=Y 3 Y A(@p() = Y. 9a(2) with Pu(2) := ) Y A(Pp(Y)).

k=0ZCAYCA: ZCA k=0YCA:
Yo=Z Y.=Z

With this interaction for A and any z € A we bound

[2A2)] < A (@p()]
Zh: Xo.p(diam(2)) x, ,(d(2. Q) ~ 724 (0 vER- b, p(diam(2)) y ,(d(z, Q)

zeZ Y =2

* A (Dp(Y)
C§ oy, o)

k=0YcA Xb,p(diam(yk)) Xb,p(d(z, Q))

The k = 0 term is bounded by |®p|p, p.- For k > 0 we use (97). Moreover, diam(Y;) <
diam(Y) + 2k and, since z € Yy, there exists y € B,(k)nY, such that d(z, Q) < k+d(y, Q).
Hence, the remaining sum is bounded by

Co (e1ks — 1) 3 Moo Xat gk)
k=1 yeB, () YA, Xo,p(diam(Y) x5 (d(, 2)) X,p(2K) xp,p(k)
ye

Xa’,q(k)

=G C”(psua,q_l Cld . 3 1+C kd —
1R (e )Cl D||b+e,p,{2 ];( vo k) Xr+1)p,p(K)

for some C > 0. The remaining sum is bounded if ¢ > p, or ¢ = pand a’ > (2 + 1) b.
The last condition is equivalent to a > (2P + 1) b, by our choice of a’. To conclude
the statement, we choose the total constant larger than 1 and add the k = 0 term

|20, p0 < 12Dl o .

293



P6 Response theory for locally gapped systems

A.3 Quasi-local inverse of the Liouvillian

In this section, we briefly recall the construction of the quasi-local inverse of the Li-
ouvillian .# and the related operator # introduced in (21) and (26). Both of them use
certain properties of a filter function w,, which one can construct explicitly.

Lemma A.9 (Explicit filter function, cf. Lemma 2.3 from [23]). Let g > 0 and consider
the sequence (a,)p>1 of positive numbers, defined as a, = a;(n(logn)*)~! forn > 2 and
ay chosen such that 3~ a, = y/2. Then, the positive function wy € LY(R) defined via

the infinite product
o . 2
sin(a,t)
we®) 1= g H( - ) (98)
n=1 n

and c; > 0 chosen such that | dt w,(t) = 1, has Fourier transform wy with compact

support supp(wg) C [~g, gl (cf. (22)) and satisfies the bound |wg(t)] < Ce M for every
q <1 (cf(23)).

Given the explicit filter function (98), the quasi-local inverse of the Liouvillian
JHgl-1 - 4 — o of the Hamiltonian H with gap parameter g > 0, acting on A € &,
is then defined as

t
InglAl := J]R dt wy () L ds elffs A e=1Hs, (99)

Remark A.10 (On the filter function). We point out, that, in principle and unless addi-
tional conditions are given, any map S, g with the properties (21)-(23) would work
for all of our proofs in this paper, in particular including the statements from Sec-
tion 3. O

Together with the map 7 ¢: &/ — o/, again depending on the Hamiltonian H and
gap parameter g > 0, with action on A € o/ defined as

T glA] := _J dt we(t) elft Ae L,
R

one then has (recalling the Liouvillian Zy[ -] = —i[H, -]) the identity Lo I ¢ [A] -
A = JhglA] forall A € o see (26).

The inverse Liouvillian JH’g is called quasi-local, since, if H satisfies the Lieb-
Robinson bound from Lemma A.3, then it holds that, for A € o/yx and B € ofy (see
e.g. [174, Example 5.7])

[ 75,6 [AL B]| < CIAIIB| min{X], Y[} 5(d(X, 1)) (100)
for some b > 0 (depending on the Lieb-Robinson velocity v from Lemma A.3) and

p € (0,1), which can be chosen as p from (90) if p < 1. The estimate (100) holds
verbatim with ¥ replaced by 7.
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Beside the classical quasi-locality estimate (100), the inverse Liouvillian even pre-
serves locality of SLT operators. This is the content of the following lemma, the special
case for p = 1 withoutlocalization (i.e. for A-localized SLT operators) already appeared
in [156, Theorem 7.5.6] and is based on [23, Theorem 4.8].

Lemma A.11 (Quasi-local inverse of the Liouvillian on SLT operators). Let d € N,
Cyol > 0,6 >0,a,b>0,p,q € (0,1] satisfying g < p, and Cyyy > 0. There exist a
constant C > 0 such that for all lattices A € €(d,Cy,)), the following holds: For SLT

operators H and D it holds that J,¢(D) is an SLT operator as well. More precisely if
|®1llp,p < Cint, then there exists an interaction Pz, (D) such that

"(PJH,g(D) "a,q;Q <C "(pD”aJrf,q;Q'
The statement holds verbatim when replacing % by ¥ from (26).

In the proof of the Lemma we use the equality
T glA] = J dt Wy(t) et A7,
R

where the function %/ is given by %, (t) = — fiw ds wy(s) + 1[0,00)(t) With 1 .0) being
the characteristic function of [0, 00). In many works, e.g. [23, 17, 165, 203, 174], this
is used as a definition for the inverse Liouvillian. It can easily be checked that, by
Lemma A.9, also % satisfies |/ ()| < Ce M,

Proof. The proof uses the same technique as the proofs of Lemma A.7 and A.8.
First fix X C A and O € oy and denote 7(0) = el O e7H. Then, define

Ay(0) =i J}R ds Wg(s) Ex(7,(0))
and

M (0) = iJ}R ds Wy (s) (Exk (7,(0)) - Ex,_, (Ts(O))>
- iJ]R dsy(5) Ex, ((id~Ex,_)(5,(0)))
for k > 1. Then J,4(0) = ¥ xew Ak(O) where the sum is eventually finite.

For k = 0 we have
10O < |Zg11 [O].

For b’ € (0,b), k > 1 and some T > 0 to be chosen, Lemma A.3 and the properties of
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the conditional expectation, yield

T
i J_T ds Wy(s) Ex, ((id —Ex, )(TS(O))) H

T
<l | dslid By )(mO)]

T
< G lONXI Wl | ds = 1))

b'vT ’
e bVl -1
= 2Gig |01 X[l 1=

S2GRIONXNZ Gl 1= X y2,p(K) /(" v)

Xb’,p(k)

where we chose T = k” /(2v) for the last step. Furthermore, by Lemma A.9 and after
integrating twice, for any 0 < p < 1 there exists C and b > 0 such that

: LZT as Wg(s) Ex, ((id —“Ex, ) (Ts(o)))H

<200 aslyo)
|s|>T

<C Xp, ﬁ(T)
<C )@',ﬁp(k)’
where b’ = (1/(2v))p b. Then, for all p’ € (0, p) we can choose p = p’/p < 1 and
combine the two bounds. Then, there exists C and > 0 such that
1AL O < CIXIIO] iy pr (k) forall Kk >0. (101)

An interaction for A := Jp 4(D) is given by

(o]

Du(2) =Y. > M(Dp(Y)).

k=0YCA:
Yk:Z
It follows that
[2a2)] c |4 (2pM))
ZCA: Xa,q(diam(z)) Xa,q(d(z’ Q) A iover: )(a)q(diam(Z)) Xa,q(d(Z, Q)
zeZ zeZ Y=2Z
Sy, I
= c ’ )
Ptz Xag(diam(Yy)) xaq(d(z, 2))
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The k = 0 term is bounded by |%[11[®plsg,0- For k > 1 and z € Yj there exists

yE€ BA(k) n'Y such that d(z, Q) < k + d(y, Q). Furthermore, diam(Y;) < 2k + diam(Y).
Hence, using (101) the rest of the sum is bounded by

= ap| 1Y
C Y mp® 2 %, o)
k=1

yeBI) YA Xagq(diam(¥p)) xaq(d(z, Q)

Xn.p’ (k) Z z Z ”@D(Y)”
Le,q, -
k=1 Xa,q(2k) Xa,q(k) yeBA(k) e YC/}\/: Xa+£,q(d1am(Y)) Xa,q(d(% Q))
ye

IN
O

(o]

Xn.p’ (k)

1+C lkd .
k=1 X(Zq+1)a,q(k) ( e )

< CByolegl |#p ”a+e,q;9

The remaining sum is bounded if p” > g, which we can ensure if p > q by choosing
p’ €(q, p). Thus, there exists C such that

a2 < ClPplasege
. = +egs
ZC/%: Xa,q(dlam(z)) Xa,q(d(z, Q)) red
z€

for some constant C depending on |Py]| pbs> Ps b, ¢, a, e and d which finishes the proof.
o

Remark A.12 (Abstract properties of .# needed in the proof of our main result). For the
purpose of proving our main result, Theorem 4.1, it is not necessary to work with the
explicit Sy ¢ from (99). In fact, by inspecting the proof of Proposition 4.4 in Section 6,
which is the key input for our main result, we realize the following: For Theorem 4.1
being valid (up to minor adjustments of constants), one only needs that there exists
some operator J : o — d for which Assumption (LDGjyformal) is satisfied and such
that

1. for A € 9/ and B € Yy it holds that (cf. (104))
([Z - F141 - A, B]), | < CIAIIB] diam(X)" exp(~d(X, Y)7)
for some positive constants C, g, £ > 0, i.e. the composition L ° 7 behaves as
a quasi-local operator if tested in the above way;

2. Lemma A.11 holds, i.e. .% maps localized SLT operators to localized SLT opera-
tors.

These relaxed abstract conditions are, however, not sufficient for showing the rela-
tions among the various gap conditions outlined in Section 3. o
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A.4 Localized SLT operators: Proof of Lemma 2.1

For (i), since @ is strictly Q-localized, &(Z) # O only if Z C Q and then Xb’p(d(z, _Q)) =1
for all z € Z. Hence,

|Pl, p;0 = sup Z : |o(2))
2€A 7cQ: Xb,p(dlam(Z)) Xb,p(d(z, _Q))

zeZ
3 )|
= sup RS
Z€A ZCA: Xb,p(dlam(z))
zeZ

=|@lpp <C.

Next, for (ii) and strongly Q-localized @, we have that

19152, p:0 = sup 1221
PR e xoap(diam(2)) x,p(d(z, Q)
ZnQ+Q, zeZ
lo2)
<sup = oy < C

zeh 7. 2.p(diam(2))
zeZ

since d(z, Q) < diam(Z) for z € Z and Zn Q # @, together with monotonicity of )3 ,
and using (Xb/z,p)2 = Xb,p- This concludes the proof of Lemma 2.1. O

A.5 Assumption (LDG,,.,,) for SLT operators: Proof of
Lemma 6.1

We write A =) 4 Pa(Z) (cf. (15)) and estimate

‘<[3H0 ° jHo,g[[A]] -4 B] >p0‘

102
< Y [([n, - T, L2401 - 24(2), B]) (10z)
ZCA Po
For the ‘small’ Z C A satisfying diam(Z) < d(Z, A\ Agap)ﬁ, we bound
ZH, ° IH,g[Pa(2)] — Pa(2), B
K[ 0 0.8 ]>p0‘ (103)

< Cyap [N |Bl diam(Y)* x5 (d(Z, A\ A5P))

by means of Assumption (LDGye,k). Additionally, we need the following alternative
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estimate on (103) (recall (26)):

([, » T, gE2020 - 042, B]) |

< JR dt wy(0) [ @A(2) P, B] |

< C|A2)]B] diam(2)* (;a,/z,p(d(z, ) L dt wyt) + LN at wga))

< CloA2)| B diam(Z)! x5 ,(d(Z.Y)) (104)

where we denoted I := {t € lR|v|t\ < d(Z,Y)?/3 } Here, v is the Lieb-Robinson
velocity from Lemma A.3, which we employed in the second step with b — 3b/4. In
the final step, we used the stretched exponential decay of w, from Lemma A.9. Note
that (103) and (104) track two different relevant distances, namely those of Z to A\NA8?P
and Y, respectively.

In fact, a weighted geometric mean of (103) and (104), that combines these two
effects, can now be summed up as (neglecting the factor C | B| diam(Y)!, which will be
put back in (106))

Y, diam(Z)? o p(A(Z, AN AEP)) ye 13 5 (d(Z. 7)) [DA(2))
ZCA:
diam(Z)<d(Z,A\NAEP)P

e, diam(Z) + d(z, Q) + d(Z, A\ A?P)
<Y Y a2 p(diam : )

2€AZCA: Xop(diam(2)) x5, p(d(z, Q)
zeZ

Xe/2,p (d(z> Y))

NPl ps0 Xoe, p (A2 AN AEP)) D" ¥ 15 5(d(2.Y))
zeA

< C diam(V)? [@allp pi2 xp—e.p(d(Q, A\ AEP)). (105)

For the first bound, we used logarithmic superadditivity of ), , together with ele-

mentary monotonicity properties from Lemma A.1(a) and estimated diam(Z)? by
1/)(5Jp(diam(Z)). For the second bound, we used the definition of [®4]p, .o from (18)
and the fact that, for z € Z, we have diam(2)+d(z, Q) +d(Z, ANABP) > d(Q, A\ AB?P),
In the final step, we employed summability of y, /Z,p(d(z, Y)).

Therefore, combining (102) with (105), the contribution of those Z C A, for which
diam(Z) < d(Z, A\ A8P)F | 10 (102) is bounded by

C diam(Y) B [@alp i Xpe,p (d(Q. AN AZP)). (106)

For the ‘large’ Z C A that satisfy diam(Z) > d(Z, A\ A8P)f we simply use the
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P6 Response theory for locally gapped systems

estimate from (104), which we can sum up as

Z diam(2)? )(b/z,p(d(Z, V) [@4(2)]

ZCA:
diam(Z)>d(Z,A\A8P)P
Xb)2, ﬁ(diam(Z) +d(z,Q)+d(Z,A\ Agap))
<3N a2 =L : Xoj2,p(d(z.Y))
z€A ZC/%: Xb,p(dlam(z)) Xb,p (d(z, —Q))
ZE
< C diam(V)? (@Al ps2 X 2,pp(A(Q, AN AEP)) (107)

analogously to (105). In the second step we used that diam(Z) > d(Z, A\ A8P)P and
elementary monotonicity properties of y; , in b, p.

Therefore, by means of (107), also the large Z’s contribute only in a way that is con-
trolled in terms of (106) (but with worse constants b/2 and p min{g, 1}). This concludes
the proof of Lemma 6.1. o
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1 Introduction

Locality is an important feature of many-body quantum systems. And a key tool
to characterize locality in quantum lattice systems are Lieb-Robinson bounds [154],
which underlie the existence of the thermodynamic limit of the Heisenberg dynam-
ics [154, 170], decay of correlations for gapped ground states [118, 171, 214], the
characterization of topological phases [120, 23], the adiabatic theorem [17, 165] and
generalized response theory [203, 122].

Lieb-Robinson bounds measure locality in lattice systems, where the Hamiltonian
is given as a sum of local terms

H= Y &Z)

ZCA
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1 Introduction

where each ¢(Z) is only acting on the sites in Z. Here, A is a finite lattice and the
Hilbert space could either describe a spin system, which means at each site there are
some spin degrees of freedom, or a fermionic lattice system, describing fermions mov-
ing on the lattice. Denoting with 7 the time evolution generated by H, a Lieb-Robinson
bound is an upper bound for

I[z(A). Bl

where the observables A and B are supported on disjoint sets X and Y C A, respectively,
and, for fermionic systems, at least one of them is even. As the commutator would
exactly vanish if 7;(A) was supported in A\Y, Lieb-Robinson bounds provide a measure
of locality of 7;(A).

For short-range interactions, i.e. if |$(Z)| decays exponentially in diam(Z), the Lieb-
Robinson bounds have the form [118, 171, 172, 174]

|[z(A), BII < C min{|x], [V} |A] |B] "', (1)

This implies, in particular, that the time-evolved operator is supported inside a ball of
radius r < vt, up to exponentially decaying terms outside. Accordingly, this region is
often called the light cone, and more specifically the Lieb-Robinson bound for short-
range interactions (1) exhibits a linear light cone, as the bound is small up to times
vt ~r.

The main purpose of this paper is to prove locality for the quasi-local inverse Li-
ouvillian and automorphic equivalence of gapped ground states in the same phase,
which we explain later, for long-range interactions, where |®(Z)| decays polynomi-
ally in diam(Z), in fermionic lattice systems. The standard proofs of Lieb-Robinson
bounds also give bounds for long-range interactions [118], but they only yield a loga-
rithmic light cone and are not strong enough to prove automorphic equivalence [174].
Recently, there was a focus on proving Lieb-Robinson bounds with linear light cones
for very slow polynomial decay [89, 149, 209, 210]. However, these works typically
focus on large times and two-body interactions, making them not suitable for our ap-
plication. We need to apply the Lieb-Robinson bound to the generator of the spectral
flow, which contains general many-body interactions, and we need the bounds also
for small times. Moreover, as we explain in section 6, some of the proofs [209, 210]
only work for spin systems but not for fermions.

Hence, we focus on two results [160, 84] for long-range interactions, with compara-
bly short proofs, which can easily be generalized to fermionic systems. These results
have a root-like light cone, but that is no problem for our application. For our long-
term goal of proving the adiabatic theorem and generalized response theory, these
bounds have a problematic scaling in the size of |X|, which unlike the other cases ap-
pears with a possibly high power. To mitigate this, we first improve these results to
the common linear prefactor | X|, see theorem 6.

Based on the improved Lieb-Robinson bounds, we prove locality of the quasi-local
inverse Liouvillian and automorphic equivalence in these systems, following the cor-

303



P7 Lieb-Robinson bounds for long-range interacting fermions

responding proof strategies for short-range interactions [120, 23, 173, 17]. For sim-
plicity, we restrict to two-body interactions on the square lattice to explain some of
these results here, while the main text covers arbitrary, finite, surface-regular graphs
and many-body interactions. For the moment, let A ¢ ZP be a finite lattice and

s = H(s) = Yyyea @({x, ¥} 5) be a smooth family of gapped Hamiltonians com-

prised of two-body interactions with decay |@({x, y},s)| < C (1 +d(x, y))* for some’

o, > 3D + 1, and similar decay for @. Then, an automorphism that connects the in-
stantaneous ground states exists. It is generated by an interaction with a sufficiently
high-power polynomial decay and still satisfies Lieb-Robinson bounds. Our result im-
mediately implies automorphic equivalence for gapped ground states of interactions
with super-polynomial decay, with the automorphisms being generated by interac-
tions with super-polynomial decay as well. These Lieb-Robinson bounds are also used
to prove automorphic equivalence in [31] and an adiabatic theorem in [32] for infinite
volume systems with super-polynomially decaying interactions and a gap in the bulk.
Moreover, they might be useful for proving stability of the gap for super-polynomially
decaying interactions, as implicitly suggested by the comments in [174, Appendix E].

Automorphic equivalence can also be shown using the known bounds from [84],
albeit with slightly different assumptions. But repeated applications of the inverse
Liouvillian, as needed in the proof of super-adiabatic theorems [17, 165, 203], yield a
much worse decay with the Lieb-Robinson bound of [84]. See the discussion after theo-
rem 9. Unfortunately, even with the current Lieb-Robinson bounds and their interplay
with various other steps in the proofs, one still requires very high power-law decay
to obtain super-adiabatic theorems. Hence, we leave this discussion until further im-
provements of the Lieb-Robinson bounds? and the involved steps are developed.

Using the same ideas underlying automorphic equivalence, we also prove the local
perturbations perturb locally principle for these systems, see theorem 10. Again as
a simplified special case, consider H(s) = Zx)ye A P{x,y}) + sW for some two-body
interaction @ with decay exponent o4y, > 2D and W supported on X C A. Moreover,
assume that the ground state of the Hamiltonian H(s) is gapped, with the gap bounded
below uniformly in s and denote with P(s) the ground state projection. Then, for every
B < ayp, — D and observable A supported onY C A,

[tr(P(s) A) ~ tr(P(0) A)| < Al ¥ O] (d(X. ¥) +1) .

While our result applies also to general many-body interactions, we note that a differ-
ent strategy was used in [214] to obtain a similar LPPL statement with better decay,
albeit only for two-body interactions. See the discussion after theorem 10 for details.

! As we restrict to two-body interactions here, we follow the convention that ¢, characterises the decay of
each two-body term. The power & used in the main text, which appears in the definition of the interaction
norm (5), has a different meaning. See the discussion after theorem 10.

2We later argue that an improved light cone with same spatial decay as achieved in [210] does not improve
the results on automorphic equivalence in theorem 9. However, it can still improve other necessary steps
in the proofs of generalized super-adiabatic theorems.
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2 Mathematical framework

The main text is organized as follows. In section 2 we discuss the lattices, opera-
tor algebras and interaction norms we use. Afterwards we state the Lieb-Robinson
bounds in section 3 including the proof of our main improvement. For completeness
and convenience of the reader, all intermediate steps which are similar to previous
results are proven in the appendix. Using the Lieb-Robinson bounds, we prove au-
tomorphic equivalence in section 4 and discuss LPPL in section 5. Eventually, we
discuss why a trick commonly used for spin systems, which would simplify our proof
and underlies the sharpest Lieb-Robinson bounds [209, 210], seems to not work for
fermionic systems.

2 Mathematical framework

This section introduces the mathematical framework that we use to describe long-
range interacting fermions on a lattice.

2.1 Lattice and operator algebras

As lattices, we consider finite graphs (A, E) with graph distance d(:, ) such that there
exist constants D € N, and €, > 1 such that

|Sy(R)| 1= |{x e Ald(y,x) = R}| < GARP! forallye AandR> 1. (2)

These graphs are called surface-regular, and the set of all D-dimensional surface-
regular graphs with growth constant €, is denoted £(D,%,). As the graphs are
assumed to be finite, the existence of these constants is trivial. The crucial point is
that all bounds we derive will be uniform for all graphs in the class €(D, €,), i.e. they
only depend on the dimension D and the growth constant €, but not the specific A.
In particular, they are independent of |A|. Hence, one can always take an increasing
sequence Ap C A,y and obtain bounds independent of k whenever €, and D are
uniformly bounded in k.

All the following definitions implicitly depend on the specific lattice A € (D, €a)
which will be clear from the context later on. If A is not explicitly specified, the state-
ments and definitions hold for all D € N, €5 > 0 and A € E(D, €,).

A simple integration shows that every surface-regular graph is also a regular graph
in the sense that

By(R)| :=[{x € Ald(y,x) <R} <By(R+1)P forallyeAandR>0, (3)
with Gy < max{1, €4 /D}. One could use the more general class of regular graphs, but

all the examples we have in mind are surface-regular and one obtains stronger results
under this restriction, compare [160].
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The above conditions in particular include the square lattices
Ac:i={k ...k}’ cZP forsomek e N

with ¢!-metric and additionally allow for torus or cylinder geometries. In these ge-
ometries, points on opposite ends of the lattice A, would have distance 1.

We use d(-,-) also to denote the distance d(x,Y) := inf)cy d(x,y) between a point
x € AandasetY C Aand d(X,Y) := infycy ey d(x,y) between two sets X, ¥ C A.
We denote with

diam(X) := sup { d(x,y)

the diameter and with |X| the cardinality of any set X C A. Furthermore, for X C A
and m > 0, denote by X,, the fattening

X, :={yeAld(y,X)<m}. (4)

x,yGX}

2.2 Operator Algebra for fermions

For a fermion with spin 5 € IN on the lattice A, the one particle Hilbert space is
H :=1%(A,C?%). For N € N,, the N-particle Hilbert space is the antisymmetric ten-

sor product Zy := /\kN:1 Z , and the fermionic Fock space is & := EB?Vlf(l) N, where
Z,y := C. These Hilbert spaces are all finite-dimensional and hence all linear opera-

tors on them are bounded. The C*-algebra o/4 = B(F) of bounded operators on F
is generated by the fermionic annihilation and creation operators a,; and a;;. They
satisfy the canonical anti-commutation relations (CAR)

*

{ax’l-, ay,j} =0= {ax’i, a;,j} and {ax,i,a;’j} =3;j 0,y 1
for all i,j € {1,...,s} and x,y € A, where {A,B} := AB + BA denotes the anti-
commutator. For each subset Z C A one defines the subalgebra </, as the one gen-
erated by annihilation and creation operators supported in Z. This yields a natural
inclusion &/, C 9 for Z' C Z C A.

By o/} C 97 we denote the subalgebra generated by products of an even number
of creation and annihilation operators located in Z. For disjoint subsets X,Y C A and
operators A € ,QQ, B € gy, it then holds that [A, B] = 0 by the CAR. Moreover, if
A € dx, B € oy and [A,B] = 0, then A € ﬂ;g or B € &i;” must hold true [173,
Proposition 2.1].

The restriction to even operators is natural for most applications, because in stan-
dard physical models no single fermionic particles are created or annihilated. For our
purpose, we are actually often interested in operators conserving the particle number.
And indeed, the subset dé’/ C o5 of elements commuting with the number operator

J
Nz = Z Z a;;a,;

zeZ i=1

is a subalgebra &YEV C o of the even algebra.
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2.3 Interactions and operator-families
An interaction is a function
O:{ZcAY>df, Z-d(Z)ed] where H(Z)=d(Z) forall Z C A.

We denote the space of interactions defined on A as §'4. Associated to each interaction
is a sum-of-local-terms (SLT) operator

S := Z D(2).

ZCA

Note that each interaction term is assumed to be even and self-adjoint. Hence, also
the corresponding SLT operator is even and self-adjoint.
To control the locality of an interaction, we use the interaction norm

(Z
Ol +=sup 3 127 2L
zeh /. Fy(diam(2))
z€Z

wheren € N, & > 0 and F(r) := (r + 1), and we write ||, := ||y, for short.

For an interval I C R, time-dependent interactions are functions &(-,-) where &(-,t)
is an interaction for each t € I and &(Z, -) is norm continuous for all Z C A. We denote
the space of time-dependent interactions defined on A for an interval I as $4(I). For
@ € Sp(I) we write |O(t)|yp = [P(, 1)y, and define

[Pl = sup [@(D)en- (6)
tel

Furthermore, for any function F: N — Ry, denote

IFlx :=sup Z F(d(x,2)). (7)
X€A zeA
Then, note that
[Fda =sup Y, Y Fu(d(x,2)) <G, Y0+ DO < oo ®)
X€A r=0 zeA: =0
r=d(x,z)

for all A € (D, 6x) and a > D uniformly in |A|.

It is important to note that all the constants will only depend on D and €, and
the interaction norm, even though our setting is only dealing with finite lattices A €
Z(D,€p). In particular, given an interaction ¢ on an infinite surface regular lattice I',
e.g. I = ZP, and defining an interaction norm on I as in (5) with the sum over finite
Z €I, the restrictions @|, onto finite subsets A C I' satisfy our statements uniformly
in A, because [@]4p < [l
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3 Improved Lieb-Robinson bounds for
time-dependent long-range interactions

In this section we prove Lieb-Robinson bounds for long-range interacting fermions,
improving and extending the previous results from [84, 160]. We begin by setting up
some more notation, which will be used throughout the rest of the paper.

We say that Hy: I — o/} is an on-site Hamiltonian if Hy(t) = Y ¢ h,(t) where
eachh,: I —» d{;} is norm continuous and pointwise self-adjoint and even.

In this section, whenever there is the time-dependent interaction ¢ € §4(I) and an
on-site Hamiltonian H,, we associate with them the operators

H(@t) =) &(Z,t) + Hyt) and Heg(t) = Y, &(Z,t) + Hy(t). (9)
dam(Z)<R

From continuity, it follows that there exists a unique solution U(t, s) of
i% U(t,s)= H®)U(t,s) with U(s,s)=1 forall t,sel,
which is a two-parameter evolution family of unitary operators, i.e.
U, )U(r,s) =U(t,s) and U(ts) L =U(t,s)* =U(s, 1)
forallt,r,s €I Wecall;;: /4 — o, defined by
75(A) =U(t,s)" AU(t,s) forall Ae ofy

the dynamics of H. Similarly, 7, ; _p denotes the dynamics of Hcp.

Extending the finite-range Lieb-Robinson bound from [160] to time-dependent
Hamiltonians, we obtain the following proposition. Within the statement, we make
explicit the trivial bound ||[z't’s) (A, B]” < 2| Al | B| which holds independently of the
supports of A and B. For the convenience of the reader, the proof, a slightly stronger
bound and some comments are given in appendix A.

Proposition 1. Let D € N, G4 > 0, > D and A € (D, €,). Moreover, let I C R be
an interval, @ € S,(I) be a time-dependent interaction and Hy be an on-site Hamiltonian.
Forall X,Y C A, A € dx, B € gy, with A or B even, and R > 1 it holds that

[[7:5.<&(A), B] | < 1AL 1Bl A(2 min{|x], Y[} e”=st=dX/R),

where
2 u>2

Alu) = {

u otherwise

and v = 2e |Fo| 2 |]e-
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It is important to note that proposition 1 is a statement about truncated long-range
interactions. This allows to have a Lieb-Robinson velocity # uniform in R. For finite
range interactions with uniformly bounded interaction terms, sup,-,[|®(Z)| < J, the
velocity would increase with R. And for exponentially decaying interactions, a similar
bound without dependence on R holds [174]. However, as can be seen by choosing
large R, the bound is not optimal, and we will prove better bounds for truncated long-
range interactions using lemma 3.

The key ingredient to obtain the long-range Lieb-Robinson bounds based on propo-
sition 1 is [160, Lemma 3.1], whose extension to time-dependent interactions reads as
follows. The extension to time-dependent interactions works as usual, and we only
give the proof in appendix B for the convenience of the reader and because it is very
short with the tools presented in appendix A.

Lemma 2. Let D € N, G5 > 0 and A € E(D,6,). Moreover, let I C R be an
interval, @ € S4(I) be a time-dependent interaction and Hy, be an on-site Hamiltonian.
Furthermore, let A, B€ o/, and 1 < R’ < R. Then,

max{s,t}
[[75.<r(A). B][ < [75.<r (A). B] | + 21B] ), J Mg er (A 2(2,0)]] d6. (10)
ZCA: Jmin{s;t}
R’<diam(Z)<R

To obtain the bound for the complete dynamics 7, ; one can take R large enough.

The rough idea is to use the interaction picture and consider the long-range part as
a perturbation of the short-range Hamiltonian. We obtain contributions of A evolved
by the short-range Hamiltonian and additional corrections due to the long-range part.
The same idea was used before in [89, 160, 84], it is depicted in figure 1.

Lemma 2 directly allows to prove along-range Lieb-Robinson bound as in theorem 4,
by choosing R large and bounding the individual summands using the finite range
bound from proposition 1. Instead, we first formulate the following lemma, which
allows to improve the finite-range bound and can thus be applied iteratively. After
the first application, one arrives at theorem 4, and the iterations lead to theorem 6.

Lemma 3. Let De N, 65 > 0,a > D and A € €(D,€,). Moreover, let I C R be an
interval, ® € S4(I) be a time-dependent interaction and H,, be an on-site Hamiltonian.
Fix s, t € I and assume that we have a Lieb-Robinson bound

I[7.6.<r(A), B]| < Ar(d(X,Y)) min{| X[, [Y[} |A] |B] (11)

forall XY C A, A € ofx, B € oy with A or B even, and 0 € [min{s, t}, max{s, t}]. Then,
for any R’ > 1, (11) also holds with Ag replaced by

Jr() = A2 TR 4 2 1t = sl 101 (R Pl ) (12)

where A is as in proposition 1 and ||, is defined in (7).
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A similar result was proven in [160, Theorem 2.1 and Lemma B.1] and [84, Lemma 1].
Our main improvement is to use the |-|, ;-norm instead of the || ,-norm. This requires
a slightly stronger assumption on @, but it allows getting rid of a factor |X]| in the sec-
ond summand, which was present in the previous works (where Ay also had to depend
on |X|). In the proof below, the difference is to use the Lieb-Robinson bound with |Z|
instead of |X| to arrive at (13). The improvement in particular gives a much better re-
sult in the iteratively improved Lieb-Robinson bound in theorem 6, where one applies
lemma 3 multiple times. Additionally, we allow for time-dependent interactions and
additional on-site Hamiltonians.

Proof of lemma 3. The surrounding A is obtained from the trivial estimate for the com-
mutator ||[TL0’<R(A), B]| < 2| A| |B] whenever it is better or XnY # @ and noticing that
the first term in the argument of A is larger than 2 for r = 0. It remains to concentrate
on the argument of A.

For R’ > R we simply apply the Lieb-Robinson bound from proposition 1. For
R’ < R we apply lemma 2 and then bound the individual summands from (10). The
first summand is bounded using proposition 1 by

[[7 5. < (A), B]| < 2 e I=sI=dXN/R x| A] | B].

The second summand is bounded using the Lieb-Robinson bound from (11) as follows.
Note that & is even, and we can thus apply the Lieb-Robinson bound (11) for any
A € dx. To simplify notation we assume s < ¢ and otherwise exchange their symbols.

t
2081 Y, [ g 020100
ZCA: S
R’ <diam(Z)<R

t
<2|B| Y Ax (d(X.2))|Z] ||A||J |o(Z,0)] do
ZCA: S
R’<diam(Z)<R

<2l = s/ AlIBl ) Ag (d(X,2)) sup Y |1Z]|®(Z,0)| (13)

zeA Oelst] zca:
zeZ
R’<diam(Z)<R
<20t —s|ANBl Y Ag (d(X, 2))[@lq,1 Fx(R')
zeA

<2t = sl |AL Bl 1®lo,1 F2(R) ), Y Age(d(x, 2))

x€X zeA
<2t = s|[XTIALIBI Pl Fo(R') [AR N -

This proves the claim with | X]| instead of the minimum in (11). Applying it to the RHS
of

” [Tt,s,<R(A)’ B] ” = ” [Ts,t,<R(B)’ A]

5

310



3 Improved Lieb-Robinson bounds for time-dependent long-range interactions

yields the same bound with [Y], which concludes the proof. o

Before discussing the iteration, let us derive the bound from [160] incorporating our
improvements. To do so, we need to bound |Ag-| 4 for the finite range Lieb-Robinson

bound Ag (r) = A(2 exp(¢t —s| — r/R’)) from proposition 1.
Following the strategy from [160], for any p > 1, we find

S hem) < Yo+, X gl

z€A Z€EA: k=1 zeA:
d(x,2)<p d(x,z)=p+k

<2y (p+ DP +2e”750 Y Ga(p + k)P le(PHR/R
k=1

<28y (p+ )P +2e”71 6, J (g + )P 1e™/F dq
P
<26y (p+ 1)D +Gr(p+ R')D_l R’ evlt=sl-p/R’"

Here 61y is a constant depending only on D and €. The bound of the integral is
elementary and alternatively one can use lemma 17. Now, if we choose R large enough
and set p = d(X,Y), we obtain the first long-range Lieb-Robinson bound.?

Theorem 4. Let D€ N, G5 >0, > D and A € $(D, €, ). Moreover, let I C R be an
interval, ® € S4(I) be a time-dependent interaction and H, be an on-site Hamiltonian.
Furthermore, let X,Y C A, A € 9y, B € 9y, with A or B even, and R" > 1. Then, for
any s,t € I it holds that

I[z5(A), B]| < 2]A]1B] min{|X], Y}
x (=SR2 Gy @l It — sl (R + 17 (r + )P

+ Gp [Pl |t = 5| (R + 17 (r + RHP R evlt=s=r/R),

wherer :=d(X,Y), v = 2e |Fy||z |®|, and iR is defined above.

Furthermore, choosing R” = r? with 0 < ¢ < 1 we obtain the following Lieb-
Robinson bound.

Corollary 5. Let D e N,, 65 > 0, > D and A € (D, 6p). Moreover, let I C R be
an interval, & € S4(I) be a time-dependent interaction, Hy be an on-site Hamiltonian,

3 Here, and in the following the results for X nY # @, i.e.r = 0, follow directly from the trivial bound. And
we have d(X,Y) > 1 otherwise, since we use a graph distance.
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P7 Lieb-Robinson bounds for long-range interacting fermions

Figure 1. Situation after applying lemma 2 once, as in corollary 5 or after applying
lemma 3 once. The Hamiltonian is split into a short- and long-range part. Terms are
considered short-range, if their diameter is smaller than R’ = r?, where r = d(A, B).
Depicted are some terms appearing in (10): 7; ; .- (A) is the Heisenberg time evolution
of A according to the Hamiltonian H.g. ®(Z;) and &#(Z,) are examples of different
long-range contributions, i.e. diam(Z;), diam(Z,) > R’ = r?, appearing in (10).

and o € (0,1). Furthermore, let X,Y C A, A € 9o/, B € 9fy with A or B even. Then, for
any s,t € I it holds that

I[7.6(A), B]| < 2 | Al 1B min{| X1, [Y[}

Y o (14)
x (e C @y It = |+ DP (14 e2H5Y),

where v and r are the same as in theorem 4 and C = max{2 Gy, 2D(-0) GLr}

The rough idea for the bound can be seen from figure 1. For the explanation it
is easier to use lemma 2 directly, instead of lemma 3. Hence, we apply lemma 2 to
bound the commutator |[7; ;(A), B]|. The first term in (14) stems from the commuta-
tor [, ; .p/(A), B] in (10) after setting R” = r°. The second term stemming from the
sum in (10) has two contributions: Those terms where Z intersects the light cone of
Ty s.<ro (A), see &(Z;) in figure 1, are bounded using the trivial estimate. The others,
see &(Z,) in figure 1, are bounded using the finite-range Lieb-Robinson bound again
and lead to the contribution containing the exponential.

To further improve the dependence on r, one can either apply lemma 2 multiple
times to the second term in (10), or apply lemma 3 iteratively. Both paths result in the
same bound. For the formal proof it is simpler to follow the iteration of lemma 3. But
here we explain the intuition using lemma 2 multiple times.

As before, we split the norm using lemma 2 and use the finite range Lieb-Robinson
bound for the first term in (10). The sum in the second term contains two types of
terms. The first type intersects the light cone of 7, ; .- (A) with d(X, Z;) < d(X,Y), the
others lie outside d(X, Z,) < d(X,Y), see figure 1. For the terms ¢(Z) very close to X
we use the trivial bound and the number of these terms can be bounded by C|X| (1 +
v |t — s/P/(1=9)) But there are more terms, where applying lemma 2 again with R’ =
d(X,Z)° could improve the bound, see &(Z;) in figure 2. Indeed, [84] proceed by

312



3 Improved Lieb-Robinson bounds for time-dependent long-range interactions

#or Sy
L QD @ QD T @)

(a) Second step in the iteration from [84]. (b) Second step in our iteration after applying
lemma 2 with a twist.

Figure 2. Depicted is the situation after the second iteration step in the proof of
theorem 6. The goal is to reduce contribution of the terms like #(Z;) in figure 1 which
intersect the light cone of 7, ; _,c(A), by applying (10) again. The situation Else et al.
[84] obtain is pictured in (a). By introducing a new sum, which scales like | X]|, in each
step, they have the bad decay in | X|. We apply (10) with a twist to obtain the situation
shown in (b). The additional sums then scale with |Z;| which can be absorbed in the
interaction norm. See the main text for more details.

directly applying lemma 2, the resulting contributions are depicted in figure 2(a). The
problem is that this introduces a double sum, each contributing a factor |X|. Hence,
our improvement is to apply lemma 2 with a twist, namely to

Il7s<r (22,00, A = [[75.<i (A), 2(Z, 0)]].

See the corresponding sets in figure 2(b). This sum introduces a factor |Z;| which can
be absorbed in the interaction norm. We can repeat this iteratively, e.g. to obtain better
bounds for the contribution stemming from ¢(Z;) in figure 2.

Theorem 6. Let D € IN,, €5 > 0 and a > D. Then there exists a constant C > 0
such that for all lattices A € (D, 6), all o € (D +1)/(a + 1),1), all intervals I C R,
interactions ® € S,(I), on-site Hamiltonians Hy, X,Y C A, A € dx, B € oy with A or
B even, and s,t € I the following holds

|[7.5(A), B]| < 2| A 1B min {|X], [Y[}
x (e 4 Gy (o 17O e — | (1 + (el = 5P/ O79) ),

D+1\"2 1 D
o) ()

Here v = max {2e |Fyla |®lg, |®lg 1} 7 = d(X,Y) and C, = C (0 -
with T the gamma function.

1-o

Our main improvement here compared to [84] is to obtain min {|X|, |Y|} instead of
a factor |X|* with n = [cD/(ca — D)] + 2 — oo for « — D in front of the second
summand. While this does not improve the light cone shape, it is advantageous for
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P7 Lieb-Robinson bounds for long-range interacting fermions

some applications using Lieb-Robinson bounds, e.g. for repetitive applications of the
quasi-local inverse of the Liouvillian as it is used in the generalized adiabatic theorem,
see section 4.

Some readers might wonder whether the same result could be concluded us-
ing [209, Lemma 4], which basically allows replacing |X|™ with |X|! in any existing
Lieb-Robinson bound. We explain their trick in our language using the conditional
expectation in section 6 and point out why it does not work for fermions.

4 Automorphic equivalence

In this section we use the Lieb-Robinson bound from theorem 6 to prove locality of the
quasi-local inverse Liouvillian and thus locality of the spectral flow [120, 23, 173]. To
do so, we consider a smooth family of polynomially localized Hamiltonians H(s) with
auniformly gapped part of the spectrum and show that the corresponding spectral pro-
jections P(s) are connected by a polynomially localized unitary P(s) = U(s) P(0) U(s)".

More precisely, we require the Hamiltonians to satisfy the following assumptions
additionally to certain decay properties which we impose later.

Assumption 7. For a differentiable family of Hamiltonians s — H(s) with s € T and I
a closed interval, we assume that for all s € I the spectrum o(H(s)) has a gapped part
0.(s) C o(H(s)) satisfying the following: There exist g > 0 and continuous functions
fi: I = Rsuch that
() fo(s) € RN o(H()),

(i) [£-(5). £19)] n o(H(s) = 0,(s) and

(iti) dist(o.(s), o(H(s) \ 0:(5)) > g
forallsel. )

Note that, using the standard argument involving the Cauchy formula for the resol-
vent, assumption 7 implies also differentiability of s — P(s). Taking a derivative of
P(s)? = P(s) one finds

1 P(s) = [i[P(s), P(5)], P(5)] = [Giato(s), P(s)],

with the self-adjoint Kato-generator Ggato(s) : = i[P(s), P(s)]. Hence, the solution of
. d .
1 a Ukato(8) = Gkato($) Ukato(s)  With  Ukato(0) = 1

is unitary and satisfies
P(s) = Ukato(s) P(0) Ukato(s)". (15)

However, in general the Kato-generator Gy, (s) does not come from a local interac-
tion. But G is not uniquely determined by the desired property (15) and one can use
the Hastings generator G(s) = _jH,g,O(H (s)) instead, where Jp 4 s is the quasi-local
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4 Automorphic equivalence

inverse of the Liouvillian which we discuss in appendix D. In contrast to the Kato-
generator, it can be given by an interaction with bounded interaction norm. For ex-
ponentially decaying interactions this was known before [17]. And the following
proposition, which we prove in appendix D, gives locality for polynomially decaying
interactions.

Proposition 8. Let D e N, G, >0,neN, >0, a>m+1)D+1+p,g>5 20,
and v, > 1. Then there exists a constant C > 0 such that for all lattices A € (D, E)
the following holds:

Let @ € 8y be an interaction such that v = max{2e |Fyl [Py, |Ply1} < v, and let
Hy be an on-site Hamiltonian. Then the quasi-local inverse of the Liouvillian preserves
locality in the following way: Let K be given by an interaction @ € §4. Then,

12, sl < C 1Pkl pns-

In contrast to the previous results, where all constants were independent of the
interactions, C includes a non-linear dependence on the norm of ¢ through v, and
also depends on the spectral properties of the Hamiltonian H through g and §. Only
the linear dependence in the SLT operator K is specified explicitly.

Note, moreover, that there is no time-dependence in the statement. For time-
dependent Hamiltonians H and operator families K, we can define a time-dependent
version

(PHgsE))W) 1= Fr() g5(KD),

which does not depend on H or K at other times.
Automorphic equivalence with an automorphism satisfying Lieb-Robinson bounds
then directly follows.

Theorem 9. Let D € N, 65 > 0,1 =[0,1,n e N, f >0, >(n+1)D+ 1+ f,
g > 06 >0, and v, > 1. Then there exists a constant C > 0 such that for all lattices
A € E(D,6y) the following holds:

Let @ € $(I) be an interaction such that v = max{2e |F,| 5 |®ly, [Ply1} < ¢4, and
let Hy be a time-independent on-site Hamiltonian. Furthermore, assume that the corre-
sponding operator family H satisfies assumption 7. Then the projections P(s) associated
to 0,.(s) (see assumption 7) are unitarily equivalent

P(s) =U(s) P(O)U(s)", (16)

where the unitaries have a local generator G = _jH,g,O(H): which is given by an inter-
action ¥, satisfying [¥(t)] g, < C |2l gps1-

As it was known before that the ground states could be connected by a unitary
evolution, the importance of this statement lies in the fact that the generator can be
given by a long-range interaction. As such, one has locality in terms of Lieb-Robinson
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P7 Lieb-Robinson bounds for long-range interacting fermions

bounds for the unitary mapping A — U(s)* AU(s). To use the Lieb-Robinson bounds
from section 3 for this purpose, one needs n = 1 and f > D. To obtain the smallest
a, for which one has locality of the unitary mapping, one can fall back to other Lieb-
Robinson. This is reasonable here, as we are only interested in “times” up to s = 1 and
hence do not need good light cones. One can use [118], which only requires [¥]4; <
oo for some f > 0 and then provides |[U(s)* AU(s), B]| < |A||B]IX|Y] Fﬁ(d(X, Y)).
Alternatively, one can use the bounds from [84, 160], which provide some slower
polynomial decay in d(X,Y) without the prefactor [Y| given |¥| s < co for some > D.

Similar results hold, if one starts with the previously known Lieb-Robinson bounds
from [160] or [84]. In both cases, the weaker assumption v = 2e |E, |4 [l < vs

is enough*. However, using the bound from [84] we would only obtain a bound
®lpn < C D@ pntm> Where m can be quite large depending on the parameters
a and f, see the discussion after theorem 6. And with the bound from [160], one
would only obtain [P(t)|s, < C 6] pn+2, but additionally need to assume that
a > (n+2)D+ 1+ f which in turn is a stronger assumption on .

The result obtained by using the Lieb-Robinson bound from [84] might not be
a problem when dealing with k-body interactions for finite k when considering
explicit Hamiltonians. However, we want to use the results to prove generalized
super-adiabatic theorems, where one iteratively applies proposition 8, i.e. we want
to apply proposition 8 to SLT operators K which by construction are given by many-
body interactions. There the following problem arises: For simplicity, let us consider
A=Thgs (Im, g5(K ), and try to bound || pn of the corresponding interaction 4.

With our bounds, we obtain

"(DA"ﬁ,n <C ”(pJHyg,(;(K)"ﬁ,n+1 <C H®K"ﬁ,n+2:

where, due to the second bound, C depends on [P, ; witha > (n+2)D+1+ . In
comparison, with the Lieb-Robinson bounds from [84], one would only obtain

"(DA"ﬁ,n <C ”(DJHyg,(;(K)"ﬁ,n+m <C ”®K"ﬁ,n+2m:

where C depends on |®|, o with @ > (n+m+1) D + 1+ , where m can be quite large.
Hence, iteratively applied, the new bound is also significantly better concerning the
scaling of the Hamiltonian.

5 Local perturbations perturb locally

With the results from the previous section we can also prove a local perturbation per-
turb locally (LPPL) principle as introduced by Bachmann et al. [23]. Given a time-
independent interaction @ € §4([0, 1]), an on-site Hamiltonian Hy and a perturbation

4While [160, 84] do not explicitly provide the Lieb-Robinson velocities, following the argument of lemma 2,
this is the Lieb-Robinson velocity and condition in our setting.
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5 Local perturbations perturb locally

W € of5; with X C A one considers the Hamiltonian

H(s)=Hy+ Y, ®(2) +sW. (17)
ZCA

Supposing that H satisfies the conditions from theorem 9, we know that the projec-
tions P(1) and P(0) are unitarily equivalent. Moreover, one can show that the gen-
erator of this unitary can be well approximated by a strictly local operator in ﬂ;R,
such that P(0) and P(1) (almost) agree far away from X. More precisely, we find the
following theorem where we allow more general perturbations by including them in
the interaction &.

Then there exists a constant C > 0 such that for all lattices A € (D, €,) the following
holds:

Let & € S(I) be an interaction such that v = max{2e [Fy|, [Ply, [Ply1} < 2,
&(s) € oy, for some X C A and, and let Hy be a time-independent on-site Hamiltonian.
Furthermore, assume that the corresponding operator family H satisfies assumption 7.
Then, for all A € oy withY C A andY n X = @ it holds that

Theorem 10. Let De N, G >0,neN,a > D, g >85>0, ¢, > 1 and e € (0,a — D).

ltr(P(s) A) — tr(P(0) A)| < C's rank(P(0)) [Y] |A] sup [EH(®)] (d(X,Y) + 1) (18)
tel
and
ltr(P(s) A) — tr(P(0) A)| < Cs rank(P(0)) [Y]|A] |blo, (dX.Y) + 1) “PF. (19)

We recall that with the prime example from (17), sup,¢; |[H(t)| = [W]| and, if W =
Y.7cx Pw(Z) is given by an interaction, ||<15||0’1 = |@ylo.;- While the underlying idea
is similar to theorem 9, the assumptions are relaxed, because we never need to bound
an interaction norm of the generator G of U. More precisely, for (18) we consider the
whole perturbation H(t) = Y.,y ®(t) at once. Hence, its operator norm is present
in the bound, which is fine, if X is a fixed region. For extensive perturbations, the
bound (19) is better, as it only includes an interaction norm of &, but with a slower
decay. The proof is given in appendix D.

The result is similar to the one recently obtained by Wang and Hazzard [214], who
prove an LPPL principle using complex analysis and avoiding the Hastings generator.
They deal with two-body interactions only, denote with oy, the power of the decay
of each individual term, and require oy, > 2D. Such interactions are included in our
results for o = gy, — D > D, which is exactly, what we require. However, they achieve a
scaling with exponent o}, (minus logarithmic corrections) in (18) instead of our ¢ —¢ =
o, — D — €. But due to the specific long-range Lieb-Robinson bound they use, they
limit themselves to two-body interactions.
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P7 Lieb-Robinson bounds for long-range interacting fermions

6 Comments on spin systems and the conditional
expectation

In this section, we want to briefly outline, how slightly better bounds can be obtained
directly from the previous bounds [160, 84] for spin systems. To do so, one uses a
simple trick, which is relatively common in the quantum information community. We
formulate it here using the conditional expectation and argue, why we believe that
the same argument does not work for lattice fermions. This also poses the question,
how linear light cones as in [209, 210] could be obtained for lattice fermions, as the
proofs rely on the same trick.

6.1 Mathematical framework

In this section we consider the same lattice geometries as in the rest of the work. But
instead of lattice fermions, we consider lattice spins, which requires us to change the
involved Hilbert spaces and operator algebras. On each lattice site z € A, we attach
4 € N spin degrees of freedom such that the local Hilbert space is ;"™ = C?. For
any Z C A we then define the Hilbert space and algebra of bounded linear operators

a" = QRaF"  and A" = BEF™).

x€Z
’ spin spin e 1 s .
For any Z’ ¢ Z C A, we have &/, C &,  due to the trivial identification of
Aecdl" with AQ 1,4 € ,Qi;pm. In comparison to the fermionic systems, for X,

spin

Y C Adisjoint, [A,B] = 0forall A € oy and B € d;pin. Hence, for spin systems
there is no need to define an algebra of even operators and all the statements of the
rest of the work hold after replacing & — /P and o/ T — &/SPI1,

6.2 Conditional expectation to improve Lieb-Robinson bounds
in spin systems

In most cases, there is no difference between the analysis of lattice spin systems or
fermions on a lattice, as long as one is concerned with even operators in the latter.
In our analysis of the lattice fermions, we do restrict to even interactions and even
observables to make the analysis possible and this is justified by physical reasons.

We now explain a useful trick using the conditional expectation to improve Lieb-
Robinson bounds for spin systems. In section 6.3 we then explain, why this does not
work well enough for fermions, due to the distinction between even and odd observ-
ables. For spin systems, the conditional expectation is given by the partial trace, and
can be generalized to infinite systems [174]. It satisfies the following lemma, which is
exactly what we also have for fermionic systems, but without the restriction to even
operators in some of the statements, see lemma 19.
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6 Comments on spin systems and the conditional expectation

Lemma 11 ([174, Lemma 4.1]). Let X C A. Then there exists a unit-preserving, com-
pletely positive linear map Ex : dj‘pm - szijpm satisfying

spin

(@) Ex(?™) c o™

(ii) Ex(ABC) = AEx(B)C forall B € .szfjpin and A,C € .szf)s(pin; This in particular
implies Ex(A) = A forall A € oy ;
(iii) |Ex|=1;
(IV) EX o ]EY = EXﬂy,fOF X, Y C A;
(v) If Ae Q{/S‘pm satisfies
ILA.BIl <nlAlIBl forall Bed%. (20)
for somen > 0, then
1A =Ex (Al < nlAl. (21)

The conditional expectation is especially useful to approximate the support of a
time evolved observable, therefore let A € d;pln. Then, it is standard to approxi-

mate 7; (A) with the strictly local Ex, (m5(A)) € 527;5 n using lemma 11(v) and Lieb-
Robinson bound to obtain

”TLS(A) - ]EXr (Tt,s(A))” S sup ”[Tt,s(A): B] ”

ed . x, 1 Bl=1

This indeed also works for lattice fermions and is used in the proofs.

Moreover, the conditional expectation allows for a trick which is often used for spin
systems [149, 209, 147, 210]. We present it here using the conditional expectation,
which we have not seen before. Usually, the calculation is performed in an explicit
realization of a partial trace, which obscures the key idea.

Let Y C A and choose an enumeration Y = {yy, ..., ¥,}. Then, by lemma 11(iv),

n n
-Fay = Z1 EA\{J’l,--‘»J’j—l} - ]EA\{M,MVJ‘} - Zl EA\{YPWJ’]'—I} > (id _EA\{J’J'})’
j= j=
where we understand {y, ..., J} = @. And hence,

|Gd —Eay)(A)] < Z |Gd —E g, )(A) (22)
yey

by lemma 11(iii). To bound the right-hand side, we can again use lemma 11(v), where
we only need to consider operators B € d{syp}m for each summand.

Therefore, let f be an arbitrary function and assume the following Lieb-Robinson
bound
I[7.5(A), B]| < IAIIBI £ (It = sl d(X,Y), min{| X], [Y]}) (23)
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spin spin spin spin

forall X, YCA, Aedy andBe gy .ForX,YCA Acgdy andBe gy one
can then bound

I[75CA), B]| < 21BIG{d —Epvy) (7 5(A))|

<218l ),  sup |[[as(A).0,]| (24)
yeY Oyelyy:[0yl=1

<2|AlIBI Y, f(It - sl.d(X,y).1)

yey
< 2[A[IBI Y] £(|t - sI.d(X.Y). 1),

where we used [E\y(7; ;(A)), B] = 0. Applying the same argument to [z ;(A), B]| =
I[A, 75;(B)]l, one obtains the same result with [Y| replaced by |X|. Hence, under as-
sumption (23), we are able to prove the Lieb-Robinson bound

[[75(A), B]| < 2| Al |BI min{|X], Y[} f(jt — sl d(X, Y), 1) (25)
forall X, Y c A, A € d;pm and B € M;pm. For spin systems, this exactly allows
changing the factor |X|" to 2|X]| in the Lieb-Robinson bounds from [84], i.e. for spin
systems one can obtain theorems 4 and 6 and corollary 5 with |®|, ; replaced by |®|,
in the assumptions, after multiplying the bound with 2.

One can even apply the same principle to (24) again. First, use |[7(A), O]l =
I[A, rs,t(O{y})]H there, and then apply the bound (24) to this commutator to obtain

|[75(A). B]| < 41Al1B] ) sup > sup  |[75(0x), Oy ]|
yeY O,€py:|0y1=1 xeX O €O, ]=1

<4JAlIBI Y, Y f(t—sldCxy)1). (26)

x€X yeY
This for example allows deducing a Lieb-Robinson bound

I[7.5(A), B]| < CIAIIBI|X]| e F,_p(d(X,Y))

forall X,YC A A€ M}S(p M nd B e d;pin from the Lieb-Robinson bound from [118],
which scales with | X||Y| and thus seems useless for bounding |(id _]EX,)(Tt,s(A))” using
the conditional expectation at first glance.

6.3 Difference in lattice fermions

We now explain, why the above argument does not apply to fermionic systems.
Closely comparing the statements of lemmata 11 and 19, the major complication for
fermions lies in the fact that the bound in lemma 19(v) only holds for even A but re-
quires a bound on [A, B] for all B € 9/, x. Moreover, the commutator Lieb-Robinson
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bounds can only give a bound if at least one of the observables is even, otherwise one
needs to consider anti-commutators, see [173]. Hence, following the steps described
in section 6.2, from a Lieb-Robinson bound as in (23) with the restriction that A or B
are even, one obtains the Lieb-Robinson bound (25) for A and B even. Due to the latter
constraint, such a bound is not enough to characterize the localization of 7 ((A) via
the conditional expectation. Moreover, we see no chance to prove a bound as in (26)
for fermions, because the argument requires a Lieb-Robinson bound for arbitrary Oy}
and O{y}, which does not hold for fermions.

If the goal is to obtain a good bound on the local approximation of 7; ((A), one might
try to use (22) directly and aim for a bound which scales with |X|. Therefore, let us
again assume a Lieb-Robinson bound as in (23) with the restriction that A or B must
be even. Then, one can bound

[(id —Ex, ) (7 s(D)] < Y [(1d ~Epgyp) (ms(A)] < TAL D f(I = sl d(X, ), 7).

YEANX, YEANX,

This is in contrast to the approach for spin systems, where one first improves the Lieb-
Robinson bound using the conditional expectation trick, and then directly bounds

|(id —Ex ) (7s(D)] < 2[A1IX] f(It = sl d(X, V), 1).

Remark 12. Instead of localizing 7; ((A) for A € @y with the conditional expectation,

X . .
one can also use the truncated evolution 7;{ (A) € &x , generated by the interaction

X (Z) = ®(Z) if Z € X, and &**(Z) = 0 otherwise. Similarly to the proof of lemma 2,
one is then left to bound

X max{s,t} X
s - @l X[ llez.ongi]| .
ZC A min{s;t}
Zn X, =D
ZaANX. £

Here, one can absorb the factor |Z|" (instead of |X|") into the interaction norm |®], ,,
similarly to the proof of lemma 3. However, while the Lieb-Robinson bound one ob-
tains this way only scales linearly in | X|, the assumptions on @ are much stronger than
the ones we obtain in section 3. O
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A Proof of the finite-range Lieb-Robinson bound

Instead of the statement given in the main text, we will prove the following slightly
stronger bound. It is stronger for small |t — s| < 1/¢ and varying |®|,(r), which we
cannot assume in the main text.

Proposition 13. Let D € N,, G4 > 0, @ > D and A € (D, 6p). Moreover, let
I C R be an interval, & € Sp(I) be a time-dependent interaction and Hy be an on-site
Hamiltonian. Furthermore, let X,Y C A be disjoint, A € x, B € gy, with A or B even,
and R > 1. Then, for any s,t € I

[ 5.<r(A). B]| < 2| Al 1Bl min{|X], [Y[} (e%(®) — 1) e dXT/R,

where
max{t,s}

L (D) = 2e |yl a J |1a(6) d6 < vt — s

min{t,s

and v = 2e |Fo| 2 |l

Combining this with the trivial bound [[z, ; (g(A), B]| < 2|A][B| yields proposi-
tion 1. In particular, for d(X,Y) = 0, the argument of A in proposition 1 is larger than
2 and we use the trivial bound.

The proof of the Lieb-Robinson bound in proposition 13 uses the same strategy
as the proof in [174] adjusted to our interaction norms. Additionally, we allow time-
dependent on-site contributions which do not influence the bound. In [174] only time-
independent but possibly unbounded on-site contributions were allowed by utilizing
the interaction picture. To incorporate the range R in the bound, we use the trick
from [160] to see that (28) vanishes for mR < d(X,Y).

One might wonder why the bound does not seem to improve for larger a. Indeed, it
is possible to obtain an extra factor F,_p(d(X,Y)) after changing the constants. There-
fore, one adjusts the bound in (31) and uses the convolution property of F,, see [174].
However, since this does not improve the iteration and complicates the constants, we
use the version given in proposition 13.

Before we prove proposition 13, let us give a lemma from [173]. It is proven using,
variation of parameters and the fact that the dynamics of a self-adjoint operator are
norm preserving.

Lemma 14 ([173, Lemma 3.2]). Let # be a complex Hilbert space, I C R an interval
and A, B: I — B(H') be norm-continuous with A pointwise self-adjoint. Then, for any
s € I, the solution of

%f O =i[A®, fO] +B®) with f(s) = fo € B(X)
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A Proof of the finite-range Lieb-Robinson bound

satisfies
max{s,t}

IOl < 1f©)] + J RO

min{s,t

Based on this, we find the following extension of [173, Lemma 3.3]. To state
the lemma we need two more definitions. For k € N and X C A let

SX):={ZcA|ZnX#@and Zn(A\X) = D} (27)

be the set of boundary sets of X. And for two sets X,Y C A,letoxy = 0if X nY = @,
and dxy = 1 otherwise.

Lemma 15 (extension of [173, Lemma 3.3]). Let D € N, €5 > 0 and A € E(D, 6,).
Moreover, let I C R be an interval, & € $4(I) be a time-dependent interaction and Hy be
an on-site Hamiltonian. Then, for all X,Y C A, A € dx and B € gy with A or B even,
it holds that

max{t,s}
i Bll < 21Oy 2140 5 [ i 02,00, 110
ZCS(X): k
diam(Z)<R

Proof. For better readability, we fix R € IN throughout the proof and drop the sub-
script ‘<g’.

As before, let H(t) = ¥ 7¢ 4 diam(z)<r P(Z, 1)+ Hy(t), U(,-) be the solution of the cor-
responding differential equation, and 7; ; be the dynamics. Furthermore, let Hy(t) =
Y zcX-diam(z)<k P(Z,t) + ¥ zex hz(t), Ux(-,-) be the solution of the corresponding dif-
ferential equation, and Ty sx its dynamics. Fix s,t € I and define

f(@) = [Te,s °T0x ° Tt,s,X(A)’ B]

such that f(t) = [ ;(A), B]. It follows that

die 5O = i[53, ([HO) ~ Hx 0.7, =7, x(A)] ). B]

=i} [[Te,s(q’(z’ 0)): 79 Tp.x ° Tt,s,X(A)]=B]
ZcS(X):
diam(Z)<R

=i ) ([Te,s(@(z, 00). FO)] + [0, > Ty * T x(A). [B.7y (2(Z.6)] ]).
ZS(X):
diam(Z)<R

For the second equality, we use that the commutator of all terms of H() — Hx(9)
supported in A \ X commute with 7,4y o 7, { v(A) C @x since they are even. This
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P7 Lieb-Robinson bounds for long-range interacting fermions

especially includes all remaining on-site terms h,(6). For the last equality we used
the Jacobi identity and the definition of f(6). Applying lemma 14 to this equation and
using the trivial bound for the outer commutator of the inhomogeneous term we find

max{s,t}
[FOI < [76x(A). B]| + 2141 ) J |[7y5(2(Z.0)), B | do.
ZcS(x): Jmintst}
diam(Z)<R

The lemma follows using the trivial bound for the first summand. o

We can now give the proof of the finite-range Lieb-Robinson bound.

Proof of proposition 13. For better readability, we fix R € IN throughout the proof and
drop the subscript “.g”. Additionally, assume that s < ¢ and otherwise flip the integra-
tion boundaries in the proof.

Applying lemma 15 iteratively N € IN times and using the trivial bound for the
integrand in the last step and dy y = 0, we find

N

I[7.5(A). B]| < 21Al|BI (Z am(®) + RN+1(t))

m=1

where

t 0, (0pq, m
am(t)zzmz Z ZaY,ZmJ JJ <H”®(Zj»9j)”)d6m"'d91
Z,CS(X): Z,cS(Z): Z,C8(Z,_y): S s Is =1
diam(Z;)<R diam(Z,)<R diam(Z,,)<R
(28)
and

Ry41(t) = 2N*1 Z

Z,0S(X):  Z,cS(Z):  ZneiCS(Zw):
diam(Z;)<R diam(Z,)<R diam(Zy,;)<R

N+1

x Ltfl LHN<j]‘j!||<1>(zj-,e)j-)|)deN+1 --dg;. (29)

N

We proceed with bounds for a,,(¢). In the same way, one shows that Ry, ((t) — 0 as
N — oco. Noting that the sets X, 71, ..., Z,,,Y form a chain of pairwise intersecting sets,
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B Proof of the range-splitting lemma

one can estimate

Z Z Z5Y,Zm*

Z,CS(X):  2,cS(Z): ZyCS(Zyy):
diam(Z,)<R diam(Z,)<R diam(Z,)<R

S XXX ) (0
Wi €EX Wy,.. W, EA Wy €Y  ZCA: ZyCA: ZnCA:
WLWo€ZY, Wy, W3€Zy, Wiy, Wiy 1€2,,

diam(Z;)<R diam(Z,)<R diam(Z,,)<R

where the * denotes arbitrary positive terms depending on all Z;. With that and bound-
ing sums of products with products of sums one arrives at terms

Z |2(Z;,6))| < 190 Fo(d(wj, wis1)).
Z}-CA:
W Wir1€Z),
diam(Z;)<R

Putting everything together, we obtain
em—l

ORI N £ () (CO R TR L

Wi EX Wy,..., Wy, €A Wy, 1 €Y

< min{X| I} L (2171, j lo(@)], do) - (31)

But from (28) it is also apparent that a,,(t) = 0 for mR < d(X,Y). Hence, taking the
limit N — oo we have

t m
. 1 _
I[7.5(A), B] | < 2| Al |Bl min{| X[, [Y[} Z — (2 1l A J |2@0)], d9> emdX/R
m>d(X.Y)/R ™ s

t m
< 2l |Blmin(xXL Y} Y (2 [Fly j [0(6)],,d0) e 4XN/E
S

m>1

m—d(X.,Y)/R

where e > 1 was added to each summand in the first step. o

B Proof of the range-splitting lemma

The proof of lemma 2 uses the techniques from appendix A.

Proof of lemma 2. We again fix R € IN throughout the proof and drop the subscript
“<R”. Let
Hep(®) =Y ®(Z,)+ Hy(t) and Hop() =Y. &(Z.1).
ZCA: ZCA:
diam(Z)<R’ R’<diam(Z)<R
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P7 Lieb-Robinson bounds for long-range interacting fermions

Furthermore, let U(:,-) and U.g (-, ) be the solution of the differential equations corre-
sponding to H(t) = Hep/(t) + H>p:(t) and Ho g/, respectively, and 7 and 7; ; . their
dynamics. Let % (t,s) = Ucg (¢, 5)* U(t, s). Fix s,t € I and define

FO) = [15.<p (A), %(0,5) BU®, 5)"].

Then | f(t)| = [[7 s(A), B]|. Furthermore, from

5 £0) = [=i%), (Hore (0)). FO)
+i{%(0,5) BUO, )", [1s < (A, 7y < (Hop (0))] ]

it follows with lemma 14 that

max{s,t}

[0 11 < e B+ 208 | e 0,5 B D)0
S,

min:

max{s,t}
<l @Bl 218 Y, [ g pnezo)les. o
ZCA: Jmin{s;t}
R’ <diam(Z)<R

C Proof of the iteratively improved Lieb-Robinson
bound

For the proof of theorem 6, we follow the strategy from [84] and iteratively apply
lemma 3 to obtain an improved Lieb-Robinson bound. We repeat the proof here to
achieve the better dependence on |X|, adjust the proof to our definition of the graphs
and metrics and find the correct scaling of the constant depending on o.

The lattice parameters € and D as well as the decay exponent « are fixed in the
beginning, and all the constants might depend on them. Importantly, the constants do
not depend on the specific lattice A € &(D, €,), the interaction or the parameter o.

Proof of theorem 6. First notice that the theorem is trivially satisfied for » = 0 by using
the trivial bound. Hence, we assume r > 1 in the following.

The following lemma is similar to [84, Lemma 2] adopted to our geometries. It
allows bounding |44 by an integral as

ALy < A(0) + Glem 16 L/Z 2(p) PP dp. (32)
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C Proof of the iteratively improved Lieb-Robinson bound

Lemma 16. Let f: R — R be a monotonically decreasing function, €5 > 0, D € N,
A€ E(D,By), x € A and R > 1. Then, it holds that

R
Z f(d(x z)) < glem 16[ f) rP=1dr,
ZEA: 1/2

1<d(x,z)<R
with glem 16 = 2D g, > 1.

Proof. Since d(-, -) is integer valued and f is monotonically decreasing we find

Zﬂwa)i}Zﬂmn)
1<dz(chz)<R = d(jcef)_ =j

R
<@x . P ()
j=1

R
<286, J;/Z fr) (r+1/2)P~1dr

R
<2b %AJ fryrP1dr. O
1/2

To bound the integral in (32), we also need the following lemma from [84]. Since
we want to provide explicit scaling, we state the result with an explicit constant that
can easily be deduced from the original proof in [84].

Lemma 17 ([84, Lemma 3]). For y € R andv > 0 and
Lem.17 _ 1 Bl
‘gﬂf,m =7 max{ 1,e F( ) },

where T is the gamma function, it holds that

[s]

J e xkdx < (gb\e,m e P (14 p**1)  forall p > o.
p

Now fix t and s, and write § = |t —s|. We begin with the finite range Lieb-Robinson

bound from proposition 1, Agg)(r) = A(2e*5"/R") The trivial bound is in particular
better for r < R’¢:d. Hence, for R’¢:§ > 1/2, we find

R'vS
1/2 R'vd
<2 %Lem. 16 (1 + (R"(/(S)D + %L(im. 17 ev(SR/D e—wS (1 + (1;5)D_1)>

<6 %Lem 16 %Lem 17 R/D (1 + (U5)D)

(o8]

evé—p/R’ pD—l dp)
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P7 Lieb-Robinson bounds for long-range interacting fermions

where we substituted p/R” — p and used lemma 17 in the second step. For the last
step, we restricted to R’ > 1. For R’#§ < 1/2, we do not split the integral and instead
obtain

[ee]

(0) Lem. 16 5—p/R’ D—
AR, < 2+28kem! L/ze” PIR pP=14,
1
- D-1
< 9 gLem. 16 (1 +%5(ir{1;117 e?RD T 2R (1 +(2;/) ))

<6 %Lem. 16 %55111‘1;117 R/D (1 + (05)D)

In the last step, we added the term (¢8)” to obtain the same bound as for R’ > 1/2.
Setting R’ = r?, lemma 3 yields the improved Lieb-Robinson bound

o

1) < A2 4201 1poye 810l ¢+ 1)77@D) (14 (26)P)),

with ¢ = 20(1-0)+1 3 gLem. 16 %Be_r?"l”. The additional prefactor comes from bound-
ing F,(r°) < 22079 (1 + r)o@.
We now proceed by induction. Assume that we have a Lieb-Robinson bound with

. o
AW < A(z T 1 21 Y f P8 (4 1) ) (33)
i=1,2

For n = 1 this is satisfied for

D) = ¢ (¢ + P+, 1Y = 5 (~a + D),
fO)=0 and PO R—

when we redefine © = max{2e |F,| |®ly, [®lq1} to keep the constant independent
of P.

We now calculate H/lgf)
that the trivial bound is better at least for r < (1}5)1/ (1-0) We first consider the case
©6 > 1. Additionally, we assume D + ,ul-(n)
iteration at the right step. Then

- Only looking at the exponential term in (33), we notice

# 0 which we ensure later by changing the

(w;)l/(lﬂr)

A <2+ zchem‘ 16 J pD—l dp + chem‘ 16 J pD—l A}(g)(p) dp
1/2 (e8)1/(-a)

(o]

o

(34)
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C Proof of the iteratively improved Lieb-Robinson bound

(o]

—D -0
<2@lem 161 4 (48)ir pP1e20=r"7 4, (35)
(va)l/(l—o)

R/l/cr

+2

| o 5P 0P ap
512 J(03) /0=

ﬂ
-

D
< 2¢@hem 16 (1 +(08) 17 + G5 (1 + (05)3’1)

11/
£ (et )
£12 D + y (w)!/01=)
<4glemisglenl? (14 (u5)§)

")
() i(R’l/” + )7 D™

+2 %Lem. 16
i=1.2 |D + pi(")| (1}5)(D+ui("))/(1—0) D+ ”i(n) <o.

In the last step, we bounded the last summand by the upper limit of the integration if
D+ y( " > 0 and by the lower if D + yi(n) < 0 because the other limit gives a negative
contribution in each case. In the latter case we moreover removed the “ + 1” in the

parenthesis.

Using lemma 3 and setting R’ = r%, we obtain /I%HH) as in (33) with
AV = e AP, W = —ca+ D+ D+ Y >0,
D)y = G 1+(D+p™)/(1-0) () (n+1) _ _ m
A= 7@, m oa if D+ gy
and

f2(n+1)( )=Cy (r+ L1+D/(1- 0)) + G 1+(D-ow)/(1-0) fz(")(r), ;é”“) _

—0X.
|D— aa\

The constants are given by C, = 2¢(1-0)+1 glem.16 o4 ¢, = pa(1-0)+2 gglem. 16 %BS’E‘lljg
and for fz we already used that ,u( ") — _ga is constant.

Let ¢ = o — D > 0, then the iteration directly yields

0(0{+1) (D+1)

n—2
() N _ 1+D/(1-0) S
£@) =G+ U)g(;) o
]:

so that we can expect a polynomial scaling in 7 with exponent at least 1 + D/(1 — o).

Now assume that D + ,ugl) > 0, then

yﬁ”) =-noa+{Mm—-1+0)D
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P7 Lieb-Robinson bounds for long-range interacting fermions

decreases by ¢ in each iteration step until ,u( " _ D < 0. To avoid small |D + p(")
which would give large multiplicative constants, we tweak the iteration as follows:
First choose n € (0,1/2) and

sl

so that the basic iteration from above gives D + ,u ) e ( ene(1— r])]

I D+ ™)
—en < 0and

>

oD 4

€ (en,e(1—n)], we just continue the iteration and obtain D + ,u<n D

n,+1
"D < (@) Lo (P ),

because

(n,+1)

D+ n,+1
1+H—+(n*+1)+D=1+L— -
1-0 1—-o0

D
( (0(+1) (D+1))<1+ﬁ

Thus, the scaling in 7 is already better than that of fz(n) and also the spatial decay does
not improve in further steps.

Otherwise, if the basic iteration yields D + ,u(n*) € (—en,en], we instead choose
,ugn') = —D + ¢ by bounding the term in (33). Then, D + ,u(n D Z (1-n7)<0. And
the iteration results in

,+2 (@ _
50w < (2) Di1).
After a further iteration step and choosing n = o — D—L, we obtain

42
AP < (@) %T”% ¢ (P +1),

which again has a better scaling in 7 than f(").

Since we can bound
a—D

£> o >0 and n, < — T

the only o-dependence of the constants left is in

Lem. 17 1 L) — 5s_ D1
6p 11U<1_GI“(1_U and n=0-_—5

and leads to divergences at the boundaries of the interval of allowed ¢. This completes
the first part of the proof.
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D The spectral flow and its decay properties

We are left with the case #6 < 1, where we do not split the integral in (34) and
instead obtain

(m)
J[A n ] <16 %Lem 16 %Linlllno

(n)
(n) 1/ D+y; (n)
s ogemts g S (0) (R GJ{}) D+
(n) D+ (n)
LU 6) D+ p;
This results in
+1
f(n+1)( ) — () fl(n)(T) llgn ) —ca+D+ /l( n) if D+ [J(n)
|D n | gn-#l) - ou $D 'u(”)
and

7@ = 4G+ g (00, Y = 0w

with the same adjustment of the n, step as before, and yields
P0=(2)" 2o+, 0 =ac "f(&)" o
1 “\e 7 1 ’ 2 - 2 s -
j:

and ,u(n) ( ) = —oa forn > n, + 2. We again stopatn =n, +2orn =n, + 3 and
the lowest power in 7 (recall that 7 < 1 here) is 1. Putting everything together proves
the theorem. O

D The spectral flow and its decay properties

In this section we define the spectral flow 7 ; s and prove its decay properties as
stated in proposition 8. Therefore, let ¢ > § > 0 and W5 € L'(R) be a function
satisfying

sup |s|" [#g s5(s)| < oo foralln € N

|s|>1

with Fourier transform Wg’g € C*(R) satisfying

Wg’g(w) = forall || > g and WAg’g(w) =0 forall|w| 6.

2nw
For 6 = 0 such a function was constructed in [23], it additionally satisfies |%y |11 = 1
and [#goleo = 1/2, and is enough to prove automorphic equivalence. This function
was then modified in [165, 203] for & > 0, because the spectral flow has additional
properties for larger 8, see proposition 18.
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P7 Lieb-Robinson bounds for long-range interacting fermions

On a general Hilbert space we now find the following proposition. The proof and
more details are given in [165, 203]. The general idea goes back to the construction of
the spectral flow in [113, 120], see also [23, 17].

For any self-adjoint Hamiltonian H € .Qi;{, we can define

Trgs: dn = dp, Iy gs(A) = J Wy 5(s) s Ae™H5 ds (36)
R

which by the properties of 7 satisfies the following.

Proposition 18. Let H € o/ be self-adjoint and assume that the spectrum c(H) has a
gapped part o, C o(H) such that o, C I, c(H)\ 0,, C R\ I and dist(o,.,0c(H)\0,) > g
for some interval I C R and g > 0. Let P be the spectral projection corresponding to o,.
Then

A=—i[H, Iy 45(A)]

forall A € o, satisfying A= PAP++PLAP, where P* = 1—P. ILe. JH,g.5 is the inverse
of the Liouvillian A — —i[H, A] for off-diagonal (w.r.t. P) A. Moreover, if diam(c,) < &
then

PIygs(A)P=0 forall A€ dy.

As a simple consequence (see [17, Corollary 4.2]) G(s) = jH(s),g,S(H(s)) indeed
generates the spectral flow as a simple calculation shows

~iP = ~[H, Iy g5(P)| = ~Tugs([H.P]) = T gs([H.P]) = [Tu46(H). P],

where we only used proposition 18 and off-diagonality of P in the first step and the
integral form of Jp ¢ 5 and [H, P] = 0 in all the other steps.

It is left to show that jH(t),g)g(H (t)) can be given by a polynomially decaying in-
teraction. Therefore, we approximate the individual terms using a conditional expec-
tation. For fermionic lattice systems, such a conditional expectation was constructed
in [173]. We collect its properties in the following lemma.

Lemma 19 ([173, Lemma 4.1, 4.2 and 4.3]). Let X C A. Then there exists a unit-
preserving, completely positive linear map Ex : oy — 5 satisfying
(i) Ex(oy) € dy;
(ii) Ex(ABC) = AEx(B)C forall B € o/ and A,C € oy;; This in particular implies
Ex(A) = A forall A € d5;

(iii) [Ex[ = 1;

(IV) EX o ]Ey = ]Eme,fOT X, Y CA;

(v) If A€ d} satisfies

[lA BI| < nlAlIBl forall Be dyx. (37)

for somen > 0, then
1A —Ex(A) < nlAl. (38)
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This allows to construct a decaying interaction representing 7p ¢ 5(K).

Proof of proposition 8. For the proof we first fix D, Ga, n, S, g, J, Vi, and choose «
large enough (the possible values will be clear later on). In the following we allow
the constant C to change in each step depending on all above-mentioned constants.
Importantly, they do not depend on A nor @ directly.

To prove the claim, we use the local decomposition technique: Each term 7,(Px (2))
is split into a sum of terms in /. g} with norm decreasing rapidly in j, where Z; denotes

the fattening defined in (4).
For any O € o, define

20(0) = i j}R W 5(5) Eq(2,(0)) ds
and, for j > 1

Aj(o) = i,[R Wg,ﬁ(s) ]E_Qj (TS(O)) — Eijl (TS(O)) ds
= i,[]R %,5(3) ]E-Qj o (Il — E-ijl)(fs(o)) ds.

Then I 45(0) = Z}Zo A;(O) where the sum is finite because A is finite.
For j = 0 we have the trivial bound

120 (Ol < O] |74 5.1

For j > 1 and some (D+1)/(a+1) < o < 1 to be chosen, theorem 6 and the properties
of the conditional expectation, yield

[Eq, » (1= Eo, )(5©O)] < (1~ Eq, ()
<zlolie (CUBHI_J +Co (i + D7 wls| (1 + (vISI)D/(l_G)»

because d(€2, A\ Q;_;) = j.
Thus, for T = jp(l_")/v* with p € (0, 1) we can bound

T
iJ_T g s(s)Eq, » (1-Eq_ )(z(0)) ds

T
< 4101191 1% 510 j €5 4 G (4 1) s (1 + (05)P/ 1)) d
0

ip(1-0) _il-o . —oa ; — .
< 41011211 leo (" + C G+ 170 2P0 (14 j#P) )

< 81011211 gl (ejp(l—w,jl—a GG+ 1)7aa+2p(170)+PD>'
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Furthermore, for any m > 0 there exists G, such that

iJ  5(5)Eq, - (1 - Eg,_,)(5(0)) ds
|s|>T

<20l s
[s>T
< 81y slea G 0] 27 91

by the properties of 7 s. Hence, altogether we find
1A,0)] < 817,510 10112 ( IO C, (j+1)"0@+2p(1-0)pD o ,m j—mp(l—a)>.

An interaction for A := Jp 4 5(K) is given by

DA(Z) =) ). Al Dg(V)).

=0 YCA:
=
It follows that
1Z|" |2 (2)] — 1ZI* |A( @ ()]
oA Sy L (39)
Zen: Fp(diam(2)) = /24, =0 yca.  Fp(diam(2))
zeZ zeZ Y/-:Z

< i T Y[ [A;(@x ()]
] Y. .—.
j=0YcA = J Fﬂ(dlam(Y]))
The j = 0 term is bounded by |#g sl [®klp,. For j > 1 and z € Y, there exists
y € B,(j)nY. Moreover, |Y;| < [Y| Gy (j + 1P and diam(Y;) < 2j + diam(Y). Hence, the
rest of the sum is bounded by

i Y" &G G+ D" o (V)] Y]

j=1 y€BZ(j) YCA: Fﬁ(dlam(Y)) Fﬁ(Z})

Y o) Ao
T 81Ul (7T 4 Cp (4 1) 2RI 0D

4Gy o2 j7m01-0))

<2 Wy 5o G 1Pk | p st
% Z Z G+ 1)ﬁ+nD (ej“’(l_")fjl_‘7 +C, (j+ 1)70a+2p(170)+pD

J=1yeB.(j)
4G o jP0-0)),
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The remaining sum over y can be bounded by [B,(j)| < @y (j + 1)P. The infinite
sum over the first term in the parenthesis, is then bounded for p,o € (0,1). The
same holds for the last term by choosing m appropriately. The sum over the second
term is bounded whenever ca > 1+ (n+ 1) D+ f+2p(1 —0) + pD, ie. as long as
a>(n+1)D+ 1+ f by choosing ¢ appropriately. The final constant thus depends
on D, a, f, n (after choosing ¢ and p optimally), but also on the , and g and § and
thus directly on the norm of the interaction ¢ and its spectral properties. o

Proving theorem 10 uses very similar ideas, but is simpler because we only consider
strictly localized H(s) € o/x and far apart observables.

Proof of theorem 10. Let W(s) = Y., x ®(Z, s), then the generator of U from theorem 9
is G = Jp,g5(W). For the proof, we approximate U(s) by a unitary Vy(s), which acts
like the identity on &y, where B is supported. Therefore, let Vy(s) be defined by its
generator

Gy() =i J}R Vs Enny (5(W()) ds. (40)
As in the proof of proposition 8, and abbreviating r = d(X,Y), we obtain

|Gy () - G|
<Cw®| Y| (e(r+1)1’(1_")7(r+1)1_" +(r+ 2)70a+2p(170)+pD +(r+ 1)7mp(170)),

using the Lieb-Robinson bound from theorem 6, which requires a uniform bound on
|®]g1 < oo for some a > D. We can further bound this by C W ()| [Y| F,_.(r) for all
€ > 0 by choosing p,o € (0,1) and m appropriately. By the fundamental theorem of
calculus,

U(s) — Vy(s) = =U(s) L % Ut)* Vy(t)dt =iU(s) L U@®)* (G(t) — Gy (1)) Vy (1) dt.

And hence “U(s) - Vy(s)H < s supyer ”G(t) - Gy(t)” for all s € I. Since Vy(s) € &5y, it
satisfies [Vy(s), A] = 0. Hence, after using cyclicity of the trace, we have

|tr(P(s) A) — tr(P(0) A)| = [tr(P0) U(s)* [A, U(s) — Vy ()]
<2 ur(P(0) [AlsC sup IWOIY| Fy—e(d(X. 1)),
€

and conclude (18).
To obtain (19), we split W(t) = Y.,y ®(Z,t) in (40) and apply the localization to
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each summand. Following the remaining arguments, we then obtain

|tr(P(s) A) — tr(P(0) A)|
<2 tr(P(0)) Al sC sup Y, 16z D112 Fpe(d(Z. 7))
el Zcx

<2 t(PO)AlsC Y, Y, sup Y |B(Z,0)]|Z| Fr(d(z, 1))
zeX yey tel Zc)Z(:
zZE

< 2 tr(P(0)) |Als C Bp =22 Y[ [lo 1 Fampe(d(X,Y)),

a—e=D
if @ — e > D, where similarly to (32) we used that for f > Dand R > 1

(o]

Z Fg(d(z,y)) < Ga (Fﬁ(R) + JR Fp_p1(r) dr) < B ﬂ;g?;l Fg_p(R).
dC5hor
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1 Introduction

A central problem in the study of equilibrium quantum many-body physics is to de-

termine the locality properties of thermal (Gibbs) states

g e
tr(e=PH)

where H is the Hamiltonian operator, assumed to be a sum of local interaction terms,
and f = 1/T denotes the inverse temperature. The traditional way to express locality
is through exponential decay of correlations (DoC), also known as “clustering” of cor-
relations. DoC is the statement that two bounded local observables A and B supported
on distinct spatial regions X and Y, respectively, satisfy

[tr(A B pP) — tr(A pP) t1(B pP)| < | Al |B] e @X/EP) (1)

for a suitable temperature-dependent decay rate £(f) > 0, whose sharp value is called
the inverse correlation length. As in classical statistical mechanics, clustering of cor-
relations is intimately connected to the absence of phase transitions, a longstanding
and notoriously difficult topic in mathematical physics (see e.g. [99, 189, 77]).
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1 Introduction

A new perspective has emerged in the past 15 years originating from quantum infor-
mation theory. From this new perspective, the locality of thermal states is essential to
break up a quantum many-body system into local pieces, which can be separately pre-
pared, simulated, manipulated, or measured — depending on the precise practical task
at hand. Thus, locality provides a powerful tool to address the fundamental curse of
dimensionality that arises in any quantum many-body problem. Celebrated examples
of such uses of locality include the efficient classical simulability of thermal states [164,
109, 6, 64, 50, 88], their efficient tomography [194] and sampling [201, 76], as well
as the rapid equilibration of open quantum systems [148, 27, 26, 141], which is rel-
evant for exploring possible quantum memories and for the efficient preparation of
thermal states on quantum devices [45, 131, 60, 193]. A strong form of clustering
was shown to imply the area law for the entanglement entropy [44]. Related locality
bounds have also been used in condensed matter physics to prove quantization of the
Hall conductance [119, 100, 12, 129, 216].

It turns out that for many of these applications one does not directly require decay
of correlations, but instead a different locality property of the thermal state which is
called local indistinguishability (LI) [139, 45, 50, 36, P4], which will play a prominent
role in this paper. LI says that when calculating the expectation value of a local observ-
able, one can replace the global thermal state by a local thermal state. More precisely,
given nested spatial regions Y ¢ A’ C A and a bounded local observable B supported
onregion Y, LI is a bound of the difference between expectation values in the thermal

states pﬁ and pﬁ, on the different regions, i.e.
tr(B o) — tr(B p)| < |B| e~V ND G, @

Here, & 1(f) is another suitable temperature-dependent decay rate, which may or may
not be the same as ¢(f) in (1). LI was originally introduced by Kliesch et al. as establish-
ing the locality of temperature [139], because it indeed allows measuring the system’s
global temperature based on local information only. LI also has many applications to
address the curse of dimensionality, especially for simulating thermal states, either on
a classical or on a quantum device [45] and for efficiently preparing thermal states [62,
Section III.B] as we discuss further in section 1.3. For further background on LI and
its uses, we refer to the reviews [140, 5].

Since the locality properties of thermal states are of such fundamental importance
for many applications, their mathematical derivation has developed into a large sub-
field in its own right. Since locality is intimately connected to the absence of phase
transitions, most existing results treat the case of zero temperature for gapped ground
states [118, 171,73, 214], 1D systems [9, 36, 185, 144], or the high temperature regime
by cluster expansions [183, 139, 98, 140, 146, 132].

The low-temperature regime is comparatively less studied, even though it is highly
relevant for condensed matter physics and modern quantum simulation platforms in
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P8 Uniform-in-temperature locality estimates for weakly interacting quantum systems

ultracold gases [34]. Of course, locality at low temperatures in dimension greater than
one is a more subtle topic because phase transitions can occur. Proving DoC at low
temperature for suitable systems is a longstanding topic in mathematical physics with
many significant contributions, both for quantum spin systems [205, 161, 40, 66, 67,
94] and fermions [112, 118, 73, 94, 102]. However, proving local indistinguishability
(LI) uniformly at low temperature does not seem to have been considered so far either
in the mathematical physics or quantum information theory literature.

This raises the following problem.

Problem. Identify conditions under which DoC and LI hold uniformly in temperature
for quantum systems in any spatial dimension.

In particular, the challenge is to obtain bounds on the correlation lengths & in (1)
and &1 in (2) that are uniform in f and thus bounded in the low-temperature f — oo
regime. By analogy with classical statistical mechanics, it is clear that the relevant
condition should exclude phase transitions at low temperature and we discuss this
point in detail in section 1.2.

Our goal in this paper is to tackle this problem head-on by presenting conceptually
simple and robust proofs of both DoC and LI with a decay rate that is independent of
and so, in particular, uniform as  — co. To achieve this, we develop a new analytical
argument that combines a low-temperature cluster expansion with a quantum version
of a swapping trick originating in probability theory [3]; see section 3.1 for a brief
sketch of the main idea.

Remark 1.1 (Relation between DoC and LI). Let us comment on the relation between
DoC and LI and why one may consider LI as the stronger property. First, a general
form of LI implies DoC with the same constants because the local truncation of the
thermal states decorrelates the observables; see remark 2.4 for more details. Con-
versely, it has been shown [45, P4] that at every fixed temperature T DoC uniformly?
in A’ implies LI. Unfortunately, by this route, the constants in the resulting LI state-
ment depend adversely on T. More precisely, uniform-in-temperature DoC implies
LI with a prefactor and correlation length that scale polynomially in f as f — oo,
which poses a problem for the applications we described before. The underlying rea-
son for this effect is that the main tool of [45, P4] is quantum belief propagation [115],
a differential equation to describe deformed Gibbs states, and this is well-known to
produce constants that diverge as T — 0. To summarize, uniform-in-temperature
LI implies uniform-in-temperature DoC, while, conversely, uniform-in-temperature
DoC implies LI with constants that diverge as T — 0. )

'This kind of “uniform” DoC is standard and sometimes referred to as “uniform clustering”, where uni-
formity refers to the choice of A’ C A. For the systems we consider, we indeed prove results uniform
in A.
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1.1 Summary of main results

In this paper, we prove exponential DoC and LI at all inverse temperatures § € [0, o)
for lattice systems on A € ZP with finite-dimensional on-site Hilbert spaces. The
considered Hamiltonians are of the form

H=H+V=> he+ ) v.

x€A X€EA:
Bg(x)cA
Here, every h, > 0 acts only on the site x € A and has a unique ground state separated
from the rest of the spectrum by a gap of size at least one, and every v, is a small finite-
range interaction supported on Bg(x), a ball of radius R around site x. In particular,
we do not assume any sort of periodicity or translation invariance.

Additionally, we assume that every v, is relatively form bounded with respect to
the sum of all A, in Bg(x) in the following sense: There exists a small a € (0, 1) such
that

K, v )| < a <¢, Y, ¢> for all states 1. 3)

z€BR(x)

We explain the motivation for studying these Hamiltonians in section 1.2.

Roughly speaking, the form bound (3) ensures that the spectrum of H is contained
in [0, %) (as is the case for H°), the ground state of H remains a gapped product state,
and all the (non-negative) eigenvalues {E](-)} of H remain “of the same order” when per-
turbed by V. In fact, a simple application of the min-max-principle (or alternatively
of [133, Theorem 3.6 in Chapter VII]) shows that the jth eigenvalue of H lies in the in-
terval [(1—a) E]Q, (1+a) E]O] This ensures, in particular, that the many-body density of
states (mbDoS) of H behaves similarly to the mbDoS of the non-interacting Hamilto-
nian H®: The low- and high-energy states have a small mbDoS, while for intermediate
energies the mbDoS is large.

As our main results, we obtain the following bounds (see theorems 2.2 and 2.3).

Main Result (informal). For small enough a > 0 as in (3), there exist constants
Cy, Gy &, &1 > 0, such that the system satisfies decay of correlations (DoC)

tr(A B phy) — tr(A pf) tr(B p})| < €y e XD o] B =X 1)/
and local indistinguishability (LI)
tr(B py) — tr(B py,)] < Cy €% M| B e~ AN/
forall A’ c Ae ZP, B > 0 and observables A and B supported on X and Y, respectively.

Notice that ¢ and & are independent of . We remark that there is a third notion
of locality of Gibbs states known as the local perturbations perturb locally (LPPL) prin-
ciple, which asserts that local perturbations of the Hamiltonian affect the associated
thermal state only locally [23, 74, P1, 16, P4]. Our method adapts to LPPL and we
discuss this further in section 4.

341



P8 Uniform-in-temperature locality estimates for weakly interacting quantum systems

1.2 Discussion

As in classical statistical mechanics, if exponential DoC for pﬂ breaks down at a certain
critical S, then this indicates a phase transition occurring at this inverse temperature.
This explains why proving DoC and LI for Gibbs states is necessarily a temperature-
dependent and thus somewhat delicate task — especially in higher dimensions. There-
fore, to prove DoC and LI, it is necessary to identify a condition which excludes a
phase transition in the temperature regime under consideration. There are different
approaches to excluding phase transitions.

« In arbitrary dimensions, results are usually about sufficiently high tempera-
ture, i.e. for § below a certain (universal) critical inverse temperature f,, no
phase transitions are possible and DoC can be derived by cluster expansion
techniques [183, 139, 98, 140].

« A special case arises in one spatial dimension, where it is folklore wisdom that
phase transitions can only occur at zero temperature. Indeed, Araki [9] showed
in pioneering work in 1969 that exponential DoC holds at any positive temper-
ature in one-dimensional, finite-range, translation-invariant systems; see [36,
185, 136] for recent extensions. While the one-dimensional case covers any
positive temperature, the possibility of a phase transitions at zero temperature
affects the T — 0 (or f — o) behaviour of the bound. This is expressed through
the correlation length £(5) which features as the inverse decay rate in (1). The
best known upper bound é(f) < exp(c f) was proved recently in [136] and
divergence as f — oo can indeed occur. For example, in the classical one-
dimensional Ising model with coupling strength J > 0, the correlation length
of the two-point spin-spin covariance can explicitly be computed to be given
by &(B) = —1/log(tanh(S))) ~ %ezjﬁ as i — oo. This shows that deriving a
uniform-in-temperature bound on the correlation length is subtle even in one
dimension.

We aim for a uniform bound on the correlation length in any dimension and so
these two standard approaches to exclude phase transitions are unavailable to us.

One thus needs a different idea to exclude phase transitions and this is to suitably
“perturb” a stable classical phase with a non-commuting perturbation. A stable clas-
sical phase can be implemented for example by breaking a symmetry. Indeed, taking
another hint from the classical one-dimensional Ising model, notice that its behaviour
drastically changes when breaking the symmetry through a constant external field of
strength h > 0. This breaks the two-fold ground state degeneracy present for h = 0 and
leads to a correlation length that is uniformly bounded in the low temperature regime.
The idea of adding quantum perturbations to classical systems and deriving DoC was
first implemented for special models [205, 161]. A general approach was then devel-
oped around the same time by Borgs, Kotecky and Ueltschi [40] and Datta, Frohlich
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and Fernandez [66, 67] for translation-invariant systems through quantum versions
of the machinery of Pirogov-Sinai theory. These works obtain DoC in dimension at
least two for translation-invariant quantum perturbations of classical Hamiltonians
with finitely many periodic gapped ground states. Intermediate temperature ranges
have been considered as well [94], also by a modified Pirogov-Sinai theory.

Our model is also a quantum perturbation of a classical Hamiltonian as in [40, 66,
67]. However, there are a few important differences: We consider the case that the
classical Hamiltonian has a unique ground state, while these works consider classical
Hamiltonian with multiple phases which are then distinguished by suitable boundary
conditions. Importantly, our method is completely different because it tackles DoC and
LI directly through a swapping trick (see section 3.1), while these works develop an
involved quantum version of Pirogov-Sinai theory, whose convergence then implies
DoC in their setting. Our new approach via the swapping trick leads to a fully self-
contained and, we believe, conceptually simple proof of DoC and the first proof of LI
uniformly in temperature.

Another advantage of the fact that our new method is very direct is that the proof
is robust in new ways. First, our proof also works in one spatial dimension. This
means our result also improves the correlation length in recent DoC results in the
low-temperature regime [36, 185, 144] for our class of weakly interacting quantum
Hamiltonians, and we obtain the first uniform bound on the correlation length £(f).
Second, we do not assume that the classical Hamiltonian and the quantum perturba-
tion are translation-invariant, which was needed for the Pirogov-Sinai theory [40, 66].
This robustness arises because the swapping trick exploits local cancellations that are
adapted to the local structure of the system. In particular, we can treat for the first
time disordered Hamiltonians, like the disordered XXZ chain that we describe now.

Example 1.2. A paradigmatic example Hamiltonian satisfying our conditions is the
XXZ model with (random) external field on some A € ZP. More precisely, let 0. be
the i-th Pauli matrix acting only on site x € A, and define the ladder operators and the
number operator acting on x € Aas o = l(UJ% +io?)and A, = l(]lx —07), respectively.
Then the XXZ Hamiltonian with (random) external field acting on the Hilbert space
&, C? is given by

HXXZ = HO +V
with
H':= Y (1+dw,) N,  and
xeA (4)
Vi= Y haxy)(ofoy voro)+ Y, Fxy) A,
x,yeA x,y€A

where {wy}ex is a collection of random variables supported on [0, 1] and the parame-
ter A > 0 modulates the strength of the randomness. The self-adjoint coupling matri-

ces Ji and Js, i.e. satisfying Ji2(y, x) = Jio(x,y) and J(y, x) = J3(x, y), are assumed
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to be of finite range. That is, there exists R > 0 such that Ji»(x,y) = J(x,y) = 0
whenever d(x,y) > R.

By construction, every summand of H? in (4) satisfies (1+ 1 w,.) #; > 0 with ground
state eigenvalue 0 and excited eigenvalue 1+ A @, > 1. Moreover, if sup, ¢ |J12(x, y)|
and SUP, e AlJ3(x, y)| are small enough, we find a relative form bound as in (3) for

the interaction V in (4) in terms of H®. Hence, the XXZ Hamiltonian Hyyz as in (4)
satisfies all the assumptions in our main result, and hence satisfies DoC and LL &

Remark 1.3. At zero temperature, the existence of a spectral gap above the ground
state implies DoC [118, 171, 73, 214]. Naively, one may therefore think that a suitable
condition to tackle the problem at low temperature is that there exists a unique gapped
ground state. However, there are classical examples (an Ising chain perturbed by a
single on-site field) which show that a spectral gap is insufficient to even tackle small
positive temperature. &

1.3 Applications and outlook

Our result on uniform LI, theorem 2.3, implies that the “locality of temperature” found
in [139] (i.e., the fact that the temperature of the global thermal state equals the temper-
ature of its local approximation) is in fact a uniform property that does not deteriorate
at small temperature. Second, our uniform LI impacts the efficient preparation of ther-
mal states, as can be seen by replacing the use of Theorem II.2 with our theorem 2.3
in the proof of Corollary III.3 of [62]. Third, LI also improves classical simulability
results for thermal states. More precisely, let us focus on the problem of efficiently
simulating local observables (e.g., Problem 3 in [50]), which also allows for efficient
simulation of free energies (see Problem 1 and Lemma 12 in [50]). Here, efficient
simulation refers to algorithms that produce errors that are polynomially small in the
number of sites |A| in runtimes that are also (only) polynomially small in |A|. One can
use LI to obtain such an efficient algorithm for expectation values of local observables
by proceeding as follows: One first applies LI with the distance parameter d(Y, A’ \ A)
logarithmic in the total system size |A|, which yields a polynomial error in |A|. This
step can now be performed uniformly in temperature for our system. Afterwards, one
runs a classical algorithm on the subsystem whose runtime versus error scales with
the subsystem dimension which (on account of the logarithm) will be polynomial in |A].
It is an interesting question in this context if the second, classical step can also be per-
formed uniformly in temperature by further exploiting the cluster expansion method
we devise here, but we leave its investigation to future work.

Apart from the various applications of LI to quantum information science partly dis-
cussed above, our original motivation to derive LI uniformly at low temperature was
that we have identified it as a key property for developing a robust response theory
for low-temperature interacting quantum systems, a topic whose mathematical inves-
tigation has only begun recently [102, 127]. To keep this paper focused on the general
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properties of DoC and LI, we will present these consequences of our theorem 2.3 for
response theory elsewhere [121].

2 Setup and main results

After introducing the necessary mathematical framework in section 2.1, we present
our main results on decay of correlations (theorem 2.2) and local indistinguishability
(theorem 2.3) in section 2.2.

2.1 Mathematical setup

Consider the regular lattice ZP, for fixed D € N, equipped with the ¢'-metric
d: ZP x ZP — N,. We denote arbitrary subsets as A ¢ ZP (including equality) and
finite subsets by A’ € A (again including equality if A is finite). The set of all finite
subsets is denoted Z(A). The cardinality of a set A € ZP is denoted by |A|. Given
any two subsets X, Y ¢ ZP we denote by d(X,Y) their distance with respect to the
metric d. Likewise, we denote by diam(X) := SUP,. yex d(x, y) the diameter of X.

With every site x € ZP we associate a finite-dimensional local Hilbert space %, :=
CY, with ¢ > 2, and the corresponding space of linear operators o/, := %B(¥). For
each A € ZP we define the Hilbert space #, := @, #x» and denote the algebra
of bounded linear operators on %4 by &, := PB( ). Due to the tensor product
structure, we have &, = @ e B(H#y). Hence, for X ¢ A € ZP, any A € oy can
be viewed as an element of &/, by identifying A with A ® 15\ x € 95, where 1\ x
denotes the identity in &\ x. Using this identification, we define the algebra of local
operators

I
gloc = U A4 and its completion oA =gl
AezP

We consider Hamiltonians composed of two parts Hy := Hg + V4. The first is a
sum of on-site terms h, € &/{,;, each with unique gapped ground state Q, € #, with
gap at least 1, i.e. we have

_ o Whed)
Q0 h Q) =0 and 1//161}% s > 1
(¥.02)=0

In particular,
HX 1= Z h,

xeA

has ground state Q4 = Q)4 2y with gap 1.
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For the second part of the Hamiltonian, let
B.(x) :={ye€ ZD|d(x,y) <r}

denote the ball in ZP. We also abbreviate B, = B,(0) which will mainly be used for
the size |B,| = |B.(x)| < (2r + 1)P. Then, fix a range R € N and define

Va :=va

X€EA:
BR(X)CA

as a sum of local terms v, € &g (y). We denote |v|e = sup,czp|v|. Moreover, we
assume that there exists a < 1 such that each v, is relatively form bounded w.r.t. H'SR( )
in the sense that

4

el <

W, HgR(x) Yy  forally € Zp,(y)- (5)

A class of examples of Hamiltonians satisfying our assumption are Heisenberg XXZ
Hamiltonians in a sufficiently strong external field in any dimension (see example 1.2
where the disordered case was presented). Then, it immediately follows that V, is
relatively form-bounded w.r.t. H}, namely

K. V)l < ﬁ YW HE (¥ Saly, HYY)  forally € 7.
X€EA:
Br(x)cA

We point out that, at the cost of adjusting the constant a in the form bound, we can
assume w.l.o.g. that v, < 0 for all x € A. In fact, denoting a := a/|Bg|, we can write

HgR(x) + Vy = (1 + &) H‘SR(.X‘) + (_& HBR(X) + Vx),

where now (—a HBSR( ot v,) < 0. Moreover, (1 + @) h, satisfies the same conditions
as hy, and (—a H, gR( ot v, ) satisfies the same conditions as vy, although the form bound

is now satisfied with 2a/(1 + a) instead of a. We will henceforth assume that v, < 0
without further mentioning this.
Finally, we denote the partition functions

zZ8 = tr(e_ﬂHX) and  Z = tr(e ) (6)
and the Gibbs states
e_ﬁHX e_ﬁHA

and A=
z3 P ZA

: (7)
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of the unperturbed and the full system, respectively. Here and in the following, unless
specified differently, every trace (e.g., the ones used in the definition of the partition
functions in (6)) is understood to be taken over o/,.

To state the results, we also need to introduce the notion of R-connected sets. They
naturally appear later as part of the cluster decomposition, see definitions 3.5 and 3.6.

Definition 2.1 (R-connected sets). A subset X C A is an R-connected set, if for every
two points x, y € X there exists a sequence of points z; = x, z3,..., 2, € X, Zp1 1 =
such that d(z;, z41) < 2Rforalli € {1,...,m}. o

2.2 Main results

We are now ready to formally state our main results, and begin with decay of correla-
tions (DoC) uniformly in the temperature. Recall that D denotes the spatial dimension
and g denotes the dimension of the local Hilbert space.

Theorem 2.2 (Decay of correlations). Let D, g, R € N and Cy,,; > 0. Then there exist
a € (0,1) and Cy, Cy, € > 0 such that the following holds. Consider the lattice A € zP
and a Hamiltonian HX + V4 as defined in section 2.1 with |h]e, [Vleo < Cint, vy of range
R € N, and v, relatively a-bounded w.r.t. HX in the sense (5). Then the Gibbs state p, at
any inverse temperature 5 € (0, %) satisfies

|tr(A B py) — tr(A py) tr(B pp)|

< C1 1AIIB] exp(Cy (X] + YD) exp(=d(X.Y)/€) )

for all R-connected sets X, Y C A and observables A € ofx and B € dy.

We stress that all the constants a, C;, C, and ¢ in the above theorem are indepen-
dent of the lattice A and in particular its size. Moreover, they are also independent
of the inverse temperature  and hence the correlation length & is uniformly bounded
away from zero and infinity, indicating the absence of any kind of phase transition. In
particular, we have decay of correlations, uniformly for all temperatures.

We now state our second main result, local indistinguishability (LI) uniformly in
temperature.

Theorem 2.3 (Local indistinguishability). Let D, ¢, R € IN and Cy, > 0. Then there
exist a € (0,1) and Cy, Cy, §1 > 0 such that the following holds. Consider the lattice
A € ZP and a Hamiltonian HX + V1 as defined in section 2.1 with |h|c, [Vleo < Cint> Vx
of range R € IN, and v, relatively a-bounded w.r.t. HR in the sense (5). Moreover, let
A’ C A and denote with Hy. the Hamiltonian restricted to A’. Then the Gibbs states p,
and pyr at any inverse temperature f € (0, o) satisfy

ltr(B pa) — tr(B pp )|l < Cy |Bl exp(Cy [Y]) exp(—d(Y, AN A”)/&;) 9)

for all R-connected sets Y C A and observables B € fy.
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As mentioned in the introduction, while one could obtain LI from DoC using quan-
tum belief propagation [P4], the resulting bound would scale exponentially in 5. Con-
versely, one can easily recover DoC from LI, i.e. LI is a stronger property than DoC.

Remark 2.4 (LI implies DoC). Theorem 2.3 also holds for unions Y = Y; uY,, where Y;
and Y, are R-connected sets but Y is not. In particular for the case that B = B; By
with B; € gy, is a product observable, the proof is straightforwardly adjusted?. Then,
one can easily recover DoC from LI as follows. Given R-connected sets X,Y C A and
observables A € o, B € oy, we let £ = |d(X,Y)/2] — 1 and define the t-fattening
X; = {z € Ald(z,X) < £} and analogously Y;.> Then we apply LI with A’ = X, u Y;
to all expectation values in (8). Notice that Hy, = Hy, + Hy, by the choice of ¢ and

hence the Gibbs state pﬁ, = p)ﬁ(l ® pge factors and the correlations COVpﬁ (A,B)=0

A
vanish. The error terms introduced by LI sum up to a bound as in (8) with different
constants. o

A consequence of LI is that the finite volume states converge in the thermodynamic
limit, and the resulting limit is a f-KMS state that satisfies DoC and LI

Corollary 2.5 (DoC and LI in the thermodynamic limit). Using the conditions and
notations from theorems 2.2 and 2.3, the following holds in the thermodynamic limit A /*
zP.

(i) Forall A € /'°° the limit thD (A) :=lim, »zp t\(A) exists and defines a strongly
continuous one-parameter family of automorphisms on o .
(ii) Forall A € /"¢ the limit wgD (A) :=lim, »zp tr(A p/"i) exists and defines a state,

that is a normalized positive linear functional, on /. Moreover, the state wZD
satisfies LI as in theorem 2.3 with A replaced by ZP and for all finite A’ € ZP.

(iii) The limit state a)gD satisfies DoC as in theorem 2.2 with the same constants.

(iv) The state wgD isa (TZD, B)-KMS state.
We conjecture that the state wéD obtained in this way is the only thermodynamic
limit B-KMS state.

Proof. First, note that all limits can be understood along any increasing exhausting
sequence (A,)p, i.e. A, C A,y and for every X C ZP there exist n € N such that
X C A, and the limits do not depend on the sequence.

2Theorems 2.2 and 2.3 can be generalized to X and Y having a finite number of connected components.
However, we expect the constant C; to grow faster than exponential in the number of connected components
of X and Y. We present the full proof only for connected observables, because that is the physically relevant
setting and it reduces the technicalities.

3 Note that here, Y, is the {-fattened version of the R-connected set Y, not Y; or Y, from before.
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The convergence statement (i) is a standard result from the literature involving Lieb-
Robinson bounds, see e.g. [174, Theorem 3.5].

For (ii), note that (tr(A pﬁn)) is a Cauchy sequence by theorem 2.3, which has a
unique limit. In this way, one obtains a state on &/ lo¢ that can uniquely be extended
to & by the Hahn-Banach theorem. To obtain LI for wgD, we choose a sequence A, /*
ZP with A’ c Ay. Then

)

[y (B) = tr(B ply )

< lim sup(’wéD(B) —tr(B pﬁn)’ + ’tr(B pgn) —tr(B pﬁ,)
n—oo
< Cy Bl exp(Cy [Y]) exp(=d(Y, ZP \ A") /&)

because the first term vanishes in the limit A, / Z" and the second is uniformly
bounded.

Since the constants in theorem 2.2 are independent of A, (iii) follows immediately
from the convergence of the states.

Finally, (iv) follows from the convergence of the dynamics and states by standard
results [49, Proposition 5.3.23]. o

3 Proofs

Both results, theorems 2.2 and 2.3, are proven using the same overall strategy. We first
prove theorem 2.2 in three main steps. First, in section 3.2, we rewrite the exponential
of the Hamiltonian via an inclusion-exclusion argument and estimate the terms in the
decomposition exploiting analyticity of C 3 z — z v, for every x € A, as done in [217].
Next, in section 3.3, we adapt the probabilistic cluster expansion technique from [3]
(see also [103, 4]) to the quantum setting in order to (algebraically) unravel cancella-
tions in the covariance. The idea behind the underlying swapping trick is explained
in section 3.1. The remaining terms then naturally carry ratios of partition functions
of Hg and Hé) for some S C A, which are then estimated in section 3.4. Finally, the argu-
ments provided in sections 3.2 to 3.4 are combined in section 3.5, where we complete
the proof of theorem 2.2, additionally using some combinatorial percolation estimate.
We then explain the necessary modifications to prove theorem 2.3 in section 3.6.

3.1 Proof strategy and the swapping trick

We briefly describe at a high level the idea of the crucial swapping trick in the case of
DoC. We start by rewriting the truncated correlation function as follows

tr(A Be PH) tr(e PH) — tr(A e PH) tr(BePH)
tr(e PH)2 .

tr(A B pP) — tr(A p#) tr(B pP) =
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We cluster expand each of the four terms in the numerator; call them (AB), (1), (A), (B),
respectively. The expansion expresses the term (AB) as a sum over connected clusters,
with those distinguished that intersect the support of A, the support of B, or both.
We similarly distinguish special clusters in the expansions of the terms (A) and (B).
Next, we write out the product (AB) x (1) as a sum over the connected components,
which we call superclusters. Superclusters are obtained by collating two overlapping
clusters in the two expansions that make up (AB) x (1); see definition 3.8 for their
formal definition. We then derive an analogous supercluster representation for the
product (A) x (B).

Now we can perform the swapping trick. Supercluster configurations contributing
to (AB) x (1) in which A and B lie in different superclusters can be relabelled to match
exactly all the terms in the supercluster expansion of (A)x(B). Therefore, the truncated
correlation function is exactly equal to the sum over supercluster configurations in
which A and B lie in the same supercluster. This is formalized in theorem 3.9. A
similar swapping trick can be performed in the LI case; see theorem 3.13.

We see that the swapping trick is an exact algebraic equality that takes care of the
truncation part of the truncated correlation function.

3.2 Analyticity bound

Throughout the proof, we consider both the inverse temperature  and the underlying
lattice A € ZP to be fixed. In particular, every trace is understood to be taken over /.
To start, we introduce the following notations: For any M C A we define their interior
and closure (relative to A) as

M°::{xeM\BR(x)CA} and M::AnUBR(x),
xXeEM

such that, in particular,

Vp = Z Vy and Z v € gy forall M C A°.
XEA° xX€M

We now follow the expansion from [217]. First, note that for any function f defined
on R (ZP) and every I' € ZP it holds that

fO) =33 (=M g,

Icrr McI

because on the right hand side all terms except f(I") cancel exactly. We now apply
this to

fmM) = exp(—ﬁ <HX + Z vx)>

xeEM
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to obtain

e PHr = F(A°) = Z T with  T; = Z(—l)”"‘M| fM).

IcA® McI

In T}, the second term in the exponential is supported on M C I and thus commutes
with Hg\j = Hg - HIQ , which can thus be factored out of the exponential. Hence,

_ BH ;T . I _ L1-IM] .~ B (HD+Y s v
Ty =e " T; with TII2 _MZI(_l)M M| o B (H)+ Y vem )G”Q{IZUE'
Ch

With this notation, T; = TIA.

Lemma 3.1. Using the above notations, it holds that
||TII” < (Za)m~

Proof. For M C I C A° consider the function

M s ety 2= (z)een = (D) = B + Y 2w,
XeEM

which agrees with HIQ + Y vem Yy for z = (1,..., 1) and is analytic. Moreover, by (5)

(v, DS y)| < 2, 1= T V0 V) < ma el 1Y )

for all € #7. Hence, for all z such that max, |z, < 1/a it holds that

Re (¥, gm(2)¥) > 0,
which by the Hille-Yosida theorem implies that
||e—/3gM(Z)|| <1.

Now, for I C A° consider the function

ol = o z=(2)xer & TIT(z) = Z (—)HI=MI e P an(z)ren)
McI

This function is also analytic, satisfies ||TII @I < 2lll if max,g |z¢| < 1/a by the above

bounds, and TIT((l)xd) = T}. Moreover, if z, = 0 for some y € I, then TH(z) = 0. To
understand this, note that for any M c I \ {y}

gMU{y}((zx)xEMu{y}) = gM((zx)xeM)

and due to the different signs in TIT (z) all terms cancel. The result follows by apply-
ing [217, Lemma 2]. o
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3.3 Cluster expansion

Using Yarotsky’s decomposition from last section, for any Q ¢ A and O € &/, we can
decompose

tr(O e b HA) 3 tr(O TI)
z & B
(O] e PHod e PHidun)
G tr(e M1 e PPt e P o)
(0 TI?)

) [§° ZTOUQ ,

where due to O, the trace only factorizes between ‘dfu Q and o For O = 1, one

ANTuQ)
can choose Q = @ and obtain

tr(e_ﬁ H/‘) . tr(TIT)
Zg IeN® Zfo .

At this point, we would like to interpret the subset I that is being summed over on
the right-hand side of the equations above as a “configuration” that is produced by the
partition function. This interpretation allows us to phrase the methods we will later
use in this paper in the language of statistical physics. Accordingly, we will also give
the following definition to link our quantities to concepts from statistical physics.

Definition 3.2 (Configuration, Support, and Weight). We defined a configuration I
to be any subset of A°. The support of the configuration is equivalent to the subset

itself. The weight of the configuration is tr(T})/ Zf0 . <o

Remark 3.3 (On the h,’s being on-site operators). In implementing the decomposition
above and using the concepts introduced in definition 3.2, we crucially used that the
operators h, act only on individual sites. This is necessary to introduce the notion of
“weights” and use that the weight of union I'u J factorizes, if I and J are not R-connected
to each other (see definition 3.5 later). o

Remark 3.4 (Comparison to the probabilistic setting). The only notion presented above
that would distinguish our present setup from standard statistical physics is the fact
that the weight associated to each configuration is not necessarily positive. Moreover,
we remark that the notion of “support” is only mentioned to complete the analogy, but
not used in the argument. O

A critical idea in the paper [217] and statistical physics in general is the idea of clus-
ter and the compatibility between clusters. Indeed, one can very strongly characterize

352



3 Proofs

properties of the Gibbs measures in statistical physics if one knows that configurations
can be broken apart into distinct clusters and the weight of a configuration is a simple
product of the weight of each individual cluster.

Definition 3.5 (R-connectedness). Let x and y be two points of A. We say that x and y
are R-connected if Br(x) n Br(y) # @. Similarly, we say that two sets Ij, I, C A are
R-connected to each other, if there exist R-connected points x; € I; and x; € I,. o

Given this R-connectedness, we define clusters as R-connected sets as in defini-
tion 2.1.

Definition 3.6 (Cluster). A subset I C A is a cluster or equivalently an R-connected
set, if for every two points x, y € I there exists a sequence of points z, ..., z,, € I such
that z; is R-connected to z;,; fori € {1,...,m — 1} and x is R-connected to z; and y is
R-connected to z,,. O

The following Lemma shows that our configurations and weights satisfy the funda-
mental properties of a cluster expansion.

Lemma 3.7. Let I;, I, C A° and Q;, Qy C A. Assume that I, u 1 and I, u 5 are not
R-connected to each other. Then, for every O; € g and O, € H, , we have that

L uL,uQus TLuQ LuQ.
tr(0; O, Tyu "M%y (0 ) (0, T™) )
70 - 0 0
LuLuQu, ZEUQl ZEUQZ

Proof. We first write

e T 0
LuLuuQ, Ll —ﬂHQ 0N
Trop, =Ty, € oo,

Since I; and I, are not R-connected to each other, we must have that I nI, = @. Thus,
L uL = I u L, is a disjoint union. Furthermore, I; and I, are disjoint and any subset
M c I, u I, can be uniquely decomposed as M = M; u My, where M; C I; and M, u L.
Asa consequence, we see that

Ll _
Ty =, (FDACEE eXP<_ﬁ (o + X Vx))

Mclul xeM
= Y (I gyl exp<_ﬂ(HIQ+ D vx)>
McLul, L xeM,
Xexp(—ﬂ (ng—i- Z vx)>
2 xeM,
I L
=T, Ty,
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In the second line, we first decomposed the subset M = M; u M, as above. The opera-
tors )., M, Vx and HIQ are in /- while > M, Vx and HIQ are in /7. Thus, the operators
1 1 2 2

H£+ 2xeM, Vx and H%"‘er M, Vx commute with each other. Since H % has only on-site

terms, we also have

_ 0 _ 0 _ 0
e H(Ql Nl = e ﬂHQl \II e ﬂHQz\E
and
_ 0 _ 0 _ 0
e ﬁH@UQw-Qz =e ﬁHHU!h e ﬁHEUQZ,
Using factorization of the trace between I; u Q; and I, u Q, gives (10). O

With these consequences in hand, we can now get to the crux of the matter.

Definition 3.8 (Supercluster). Let I and J be two configurations. A supercluster de-
composition of I u Ju X uY is a decomposition

TuJuXuY=5uSu-us,,

where the sets S; are all maximally R-connected subsets, i.e. the S; are R-connected sets
that are not R-connected to each other. &

We can provide configuration expansions for tr(e A Ha)/ Zg, tr(ABe A Hr)/ ZX as
well as tr(A e A Hn)/ Zg and tr(Be A Hr)/ ZX. The product of the configuration decom-
positions of tr(e A Hr) / ZX and tr(A Be PHa) / ZR will lead to a supercluster decom-
position which will, in some instances, cancel with appropriate terms that appear in
a supercluster decomposition involving tr(A e AHry/ Zg and tr(Be FH1)/ Zg. This is
the content of the following theorem.

Theorem 3.9. Let X and Y C A each be an R-connected set and A € 9/x and B €
y. Let I be a configuration produced in the decomposition of tr(e_ﬁHA)/Zg and J
be a configuration produced in the decomposition of tr(ABe P Hr)/Z8. We consider
the supercluster decomposition of Tuv Ju X uY and let E(X,Y) be the event that the
associated supercluster decomposition does not contain X andY in the same supercluster.
As a shorthand, we write such terms in the product as

tr(e PHr) tr(A Be PHa)
z3 z8 E(XY)

We consider a similar supercluster decomposition for

tr(Ae PHr) tr(Be PHn)
z8 z3 E(XY)

The two quantities above are equal.
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Proof. Consider a supercluster expansion for

tr(e A Hr) tr(A Be PHn)
z8 z8 E(XY)

This supercluster expansion can be written as S; u Sy u - U S, and without loss of
generality we can assume that X € S; and Y C S;. We now define

'=(JnS)u(In(SuS3u-uSy)
and

]’:(InSI)u(]n(SZUS3U-~-uSm)).

On an intuitive level, we switch the parts of the configurations I and J that are part of
the first supercluster S;, which contains X.

We remark that the supercluster decomposition of XuYulI’uJ’ is still S;uSyu---uS,,.
The union of I’ u J* must be the same as the union of I u J by our construction and,
thus, we could not have changed the maximally R-connected subsets that appear in
the decomposition. Furthermore, Y will still be contained in the supercluster S, and X
is contained in the supercluster S;. As a result, we see that this construction is an
involution. We only have to check that

tr(1]) te(ABT T/ ey e T/X) (B /™)

2 2 IR v
1 JuXuY r'vX JuY
Since the superclusters Sy, S, ..., S, are mutually not R-connected to each other and

X cS;andY C S,, we can apply lemma 3.7 to each of the fractions, yielding

7 InS,
w(T) o t(Teed)

H ZO_ >

0
4 k=1 “Tns,
tr(ABTJ]UXUY) tr(A an”sslux) tr(BTJ]r?gzuy) m t(T]:SS:)
ZQ ZO ZO H 0
TuXuY TnS;uX Jas,uy k=3 Tns,

for the left-hand-side and

(ATIVX) (AT %) (T ! ”52) m (TS

I _ 1 nSk
0 - 0 0 I I 0

Lo k=3
I'vX I'nS;uX I'nS, = I'nSy
]nS uX InS, InS;.
tr(A Tros' ) tt(Tas?) tr(TInS:)
> 2 11 TR
TnS;uX Ins, k=3 “Tns,

355



P8 Uniform-in-temperature locality estimates for weakly interacting quantum systems

tr(B T]f,'“Y) (T} n51) tr(B Tf,ﬂ”fjuy) m te(T ”Sk)
0 ZO ZO H ZO
Juy 770, Tos,uy k=3 s,

tr(TInsl) tr(B JJQSSZUY) m t(TJn”S?:)

e wa

TnS, TS,y k=3 Tas,

for the right-hand-side. Observing that these terms are the same proves (11) and shows
that we have equality of the supercluster expansions on the event E(X,Y). o

At this point, it remains to control the product of the cluster expansions when X
and Y are part of the same supercluster. Namely, what we will do is to first fix a given
supercluster S that connects X and Y and consider all pairs of configurations I and J
such that S is a supercluster of X uY uIu J. We will then sum over all of these pairs of
configurations such that I and J are superclusters of this configuration. More formally,
what we will actually do is fix the intersection I n S and J n S, and sum over all pairs
of clusters with such a fixed value of I n S and J n S. We have the following Lemma.

Lemma 3.10. Fix subsets Iy, Jy C A° suchthat Sy := Iyu JyuX uY is an R-connected set.
Denote with %Io,]o the set of pairs (I, J), with I, J C A°, whose supercluster decomposition
TuJuXuY =S8yuSu--uS, contains Sy and satisfiesInSy = Iy and JnSy = Jo. Then,
we have that

tr(1]) t(ABT J“X”Y) tr(TIO) tr(ABTJOUXUY) ( No) )
0 0 0 0 0
(LD)EBY, i ZquuY ZE ZJ_OUXUY ZA\SO

and

- Joy TouX Y
a(AT) uBT")  (AT"") u(BT] 10” ) 1 Zp,
) 7\

(13)
70 _
(LD, g, TuX Juy TuX TouY ANS,

Proof. First, note that S, and S;u---uS,, are not R-connected to each other,and X, Y C ;.
Hence, we can decompose %10’ J, as

Gty = {00 ', o v J")

={tur, o)

', JcnN suchthatI_’nS_(]:@and7nS_0=®}

I, ) CANS = (A\S_O)o}.
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Using this and lemma 3.7, we obtain

< JuXuY
(1)) tr(ABT]"*)
0 0
LGy, Zf ZquuY
I JouXuY = J
(1) te(ABTP ) (1)) (7))
=— 5 Z 8 20
A TouXuY I,J c(ANSy) r J

As in the decomposition of section 3.2, we have

a ANS, —BH, —_
(7)) _ ol ™) _ e S)  Zag,
Z_ . Zg - Z_ 3 ZO _ - ZO _ - ZO _
1'c(ANS,) T 1'c(ANS,) A\S, A\S, ANS,
and (12) follows. Equation (13) follows in exactly the same way. O

3.4 Ratios of partition functions

In the previous section, we extracted important cancellations between various
terms arising in the cluster expansion (see theorem 3.9). The remaining terms (see
lemma 3.10) involve ratios of partition functions associated to the Hamiltonians Hy
and Hg, which we control with the aid of the following lemma.

Lemma 3.11. Let D, g, R € N and a € (0,1). Then there exist C > 0 such that the
following holds. Consider the lattice A € ZP with local Hilbert space %, = C4, q > 2,
at each x € A, and a Hamiltonian HY + V,; as defined in section 2.1 with v, relatively a-
bounded w.r.t. Hg in the sense (5) and v, < 0. Then for all § € (0, 00) and all R-connected
setsSC A 0

Zg Zx3 _ ZA\§Z§

0

27 Z, < Zp
Proof. The proof relies on the following basic trace inequality. For any two n x n self-
adjoint matrices H and H’ satisfying the operator inequality H < H’, we have the
monotonicity

<1

tr(eH) < tr(eH,). (14)
To see that (14) holds, write A; < -+ < A, and A{ < -+ < A;, for the ordered eigenvalues
of H and H’, respectively. By the min-max principle and H < H’, we have 4; < A! for
all i and so the spectral theorem implies (14).
Note, that the equality in the statement just follows by the factorization of Zg
and Zg\g. And by monotonicity we find

Z

(72 w{ ) < ) = 7, 2
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since
0 0 —
HA+VA\§ZHA+VA = H,
as we add terms v, < 0. And the statement follows. o

3.5 Proof of Theorem 2.2

We can now put everything together and prove theorem 2.2. By the decomposition
introduced in section 3.2, we have

ltr(A B pp) — tr(A pp) tr(B py)l
B <Z_X>2 tr(e PHn) tr(A Be PHr) 3 tr(A e PHA) tr(BeFPHr)
=z

z9 75 Zy Z)
= JuXuY I JuY
< Zg>2 a(1]) w(ABT/™™)  w(a1]X) u(BTy*")
Zhe T T A !
A7 11 JcA Zf ZquuY ZTuX Zqu

And by theorem 3.9, the part of the sum where the supercluster decomposition of
IT'vJuXuY has X and Y in two disjoint clusters vanishes. What remains is a sum
over I, J C A® such that the supercluster decomposition [u JuXuY =SyuS;u--uS,
satisfies X, Y C Sy. In this cluster Sy, we still have the freedom to choose Iy = I n Sy
and Jy = JnSy. Then, using the notation from lemma 3.10, we obtain the upper bound

(Z) Y

SyCA: Iy, JoCA': ‘(I DEGy 10 T JuXuy Tux Foy

D (1)) t(ABT{X) (A TIX) u(BT])

z0 A z0 A
So R-connected Iju JuXuY=S,
X.Ycs,

2 I JouXuvY TouX JouY
< (22)2 Z (ZA\%> Z (1) (ABTL )| [(AT™) t(BTP™)
=\z, 0 _ 0 0 0 0 :

A SoCA: ZA\SU Iy, JoCA”: ZIZ ZEuXuy ZToux Zfouy
So R-connected Iju JyuXuY=S,
X,Ycs,

Foreach I, Q2 C Sy and O € &/, we now use lemma 3.1 to control the two summands
in the last line as

TuQ _ TuQ
O™ _ 7,001 <ol (Zaq(2R+1)D)IIl
0 - —BH? TN .
ZTUQ try(e b 1) tro (e ")

Here, we explicitly took the trace only over &; , and then estimated
uQ

< = _pp0 = _pp0
|trTUQ(O TIIUQ)| < "O” ”TI € ﬁHQ\I HTr7UQ < ”O” ”TIIHTr7 ”e ﬂHQ\[ “TIQ\I
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and

Ik, < 77| Wiz, < )1 < 20l g@RADM

by lemma 3.1. Putting everything together, we obtain the bound

tr(A B ps) — tr(A py) tr(B pp)l

28 Zns ) PNIATIA
£2||A||||B||Z(Z_A ZA_5> Y (2agCke) Al

SocA NS " I, JoCA":
So R-connected Tyu JouXuY=S,
X, ycs,

3 Proofs

The ratio of partition functions in the squared parenthesis is upper bounded by 1 due

to lemma 3.11, recalling that v, < 0 w.l.o.g., as explained in section 2.1

Next, to control the inner sum over I, and J,, we abbreviate p

= 2aq

(2R+1)P

and M := S\ (X vY). Then, after replacing X - X nA°andY — Y n A°, we

have

Z p|10\+|]o| - Z Z p|IMUIXUIY\+UMU]xU]Y\

I, JocA™: Iy, JuCM: Iy, JxCX
LufuXoY=S,  LyoJy=M L.JycY

= Z plIMH'UMl 1+ p)2|X\+2|Y|
IM,JMCMZ
IyuJu=M

=3y pHIHLTOMNI (1 4 py2XI+2Y]

<M jcr,,

MY S a4 pyixiea
Iy cM jCIM

= @2p)M (1 + p)MI (1 + p)AXI2l],

where we repeatedly used

Y, p= lelz <F|) pr 1 = (14 p)lFl,

ECF n=0 \ "
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In this way, we obtain

|tr(A B ps) — tr(A py) tr(B py)l

< 2|A||B| (1 + p)Z\XlJrZ\Y\ Z (zp (1+ p))\so\(XuYﬂ
SoCA:
So R-connected
X,YcS, (16)

1 1 [X|+Y] 5|
c2aie (L) Sear )t
SoCA:

2p
So R-connected
X,YcS,

Finally, since S; in (16) is an R-connected set and contains X and Y, it must have at
least k = d(X,Y)/(2R) sites, since there must be zj, z1, ...,z € Sy with zy € X,z € Y
and d(z;, zi;1) < 2R. Then, by the following lemma, whose proof is given at the end of
the section, there are at most C¥ such S, with |S,| = k.

Lemma 3.12. Let D € N and R € IN. Then there exists a constant C > 0 such that for
any v € ZP the number R-connected subsets S C ZP containing v, € S and satisfying
|S| = k € N is bounded by ck.

Therefore, we find that

|tr(A B py) — tr(A pp) tr(B pp)l

11 IX|+Y] B
<2laliel (34 L) Y (2p(+p)0)

2 2 k=d(X.Y)/(2R)
TR dXY)/@R)
< CJ|A]IB| ot TS (2p(1+p)C) :

Here, in the last step, we chose a such that 2p(1 + p)C < 1 (recall the shorthand

(2R+1)D)

notation p = 2agq . This completes the proof of theorem 2.2. O

It remains to give the proof of lemma 3.12.

Proof of lemma 3.12. We will use the following algorithm to count the number of R-
connected subsets of ZP that contain a specific point v;. Therefore, fix any well-
ordering v; < v, < v3 < - on ZP.

Given any R-connected set S C ZP of size k that contains v;, we construct an ordered
list Q = (q1,92; ---» qx) according to the following algorithm. We begin the algorithm
by setting n = 1,i = 1 and g; = v;. In each step of the algorithm we do the following:
If the set

M := S0 Br(g) \{q1; - Gn}
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3 Proofs

of vertices, which are in S and R-connected to g; but not yet in Q, is empty, we increase i
by one. Otherwise, we set the next element in Q to the lowest element of M according
to the chosen well-ordering g,,; = miny M and then increase n by one. We stop the
algorithm after 2k — 2 steps, whenn =i =k and S = {qy, ..., q¢}-

Conversely, we can now count the number of R-connected sets S ¢ ZP contain-
ing v; and having |S| = k sites by counting the number of ways this algorithm could
run. Therefore, we observe that there are less than (2(15(:11)) possible ways of splitting
between the two branches in the algorithm. Moreover, in the second branch, one has
less than |BR(ql-)| < (2R + 1)P possibilities of choosing g,.1. Hence, in total there can
be at most

(2 gck—_ll)) 2R+ DPED < (2e (2R + DD)H

R-connected sets of size k that contain v;. o

3.6 Proof of Theorem 2.3

We now adjust the proof for local indistinguishability. Therefore, fix A” C A. We use
the same notation as before for HX and H, and all derived quantities. Additionally,
we define an interaction with support in A’, by defining local terms

v, if Bg(x) c A’

Vy = .
0 otherwise.

All symbols derived with v, instead of v, are also denoted with a tilde. In this way,
Vy=Vyand Hy = Hg +V,. Since the Hamiltonian Hg only has on-site contributions,
the exponential e PHr = e=PHv ¢=PH)n factors, and tr(App) =tr(Apy) forall A €
o 4-. Hence, we only need to compare p4 and p, in the following.

Clearly, also the interaction v, satisfies the assumptions from section 2.1, and thus
the derived quantities Tlllz satisfy lemmata 3.1, 3.7 and 3.11. We are left to adjust the
cluster expansion. Therefore, we write

Itr(B ps) — tr(B pp)l

_(ZY)? | te(BePHr) tr(e PHa)  tr(BePHr) tr(ePHh)
Zp Zy z3 z8 z8 z8
(2 | « BT u(@)  w(BTY) (1] )‘

- 5 0 0 0 0
ZA ZA Ljex ZTUY Zj ZTUY Zj

for any B € o/y and then observe the equivalent statement to theorem 3.9.
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Theorem 3.13. Let Y C A’ be an R-connected set and B € &fy. Let I be a configuration
produced in the decomposition of tr(B e_ﬁHA)/Zg and ] be a configuration produced
in the decomposition of tr(e# HA)/ZX. We consider the supercluster decomposition of
TuJuY and let E(Y,A’") be the event that the associated supercluster decomposition
containsY in a cluster that itself is contained in A’°. As a shorthand, we write such terms
in the product as

tr(Be AHr) tr(e P H/‘)
Zj Zj

E(Y,A”)
We consider the same supercluster decomposition for

tr(Be P HA) tr(e P Hn)
Zj Zj

E(Y,A”")
The two quantities are equal.

Proof. We consider a supercluster expansion [ u JuY = S§; u - u S,. Without loss of

generality, we assume Y C S;. If S; C A”", then TInSlUY Il:gluY and T]mSl = T]]:gl

and there is another configuration

I'=(InS)u(Jn(SuSsu-uSy)),
J=UnSDu(In(SuSsu-uSy)

with the same supercluster decomposition, such that

tr(B TM) tr(Ty )

z0 29
Ty 7
I SpuY S InS;. JnS;
tr(B Ir?slu ) tr( ]Jnnsl) H tr(TInSk) tr( ]]r?Sk)
oz 2 s A 2
InS;uY JnS; InS, JnS
tr(BTI,:Ssluy) tr(T ”51) m tr(T],nnSSk) (T}, ”Sk)
g0 Z° g 70 70
I'nSuY J’'nS; J’'nS I'nSy
(BT t(T})
A AT
oy T
This concludes the proof. o
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4 Local perturbations perturb locally

Hence, as for DoC, what remains is a sum over I, J C A° such that the supercluster
decomposition Tu JuY = Sy u - u S,, satisfies Y € Sy and Sy n (AN A’") = @. We now
apply lemma 3.10 with X = @ and A = 1, to obtain the upper bound

> IpvY = Jo- JyuY Jo

(Z3)? 05 2ns Z tr(BTIOOU ) tr(T]{:)) tr(BTou ) tr(T]];))
2 0 0 0 0 :

Za Z/‘S CA: ( A\SO) Ip,JoCA: ZTouY ZE ZTouY ZJI

So R-connected Tyu JouY=S,
YcS,
Son(ANA")=D

Following the arguments in the proof of theorem 2.2, we obtain
|tr(B pa) — tr(B pp)l

(Z ) A\So A\Sl) Iy|+
< 2|B| Z ZAAZA % A = Z p|o\ Jol

SpCA: MNSy” I, JoCA™:
So R-connected Tyu JouY=S,
YcS,

Son(ANA" )20
Z; Zns ZZ Zas
A\ A
<2[BI(+ pyM Y S5 0 (2p(1+ )

SpCA: Zy A\So AL NS,

So R-connected

Ycs,
Son(ANA"" )2

Y] S0l
1 1 0
<28l + 5) X (pap)
h

So R-connected
YcsS,
Son(ANA")=D

[So\Y]

d(Y,ANA")/(2R)

Y]
<2IBI(3+5) (@pa+pO)™ :

(2R+1)P

with p = 2aq and 2p (1 + p) C < 1 for a small enough.

4 Local perturbations perturb locally

In this section, we provide a result on the local perturbations perturb locally (LPPL)
principle. Compared to our main results on the more important notions of DoC and
LI, the LPPL bound deteriorates exponentially as f§ — co. We conjecture that for the
systems we consider, the LPPL bound actually holds uniformly in temperature, but we
are unable to prove it with the new method in this paper.
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P8 Uniform-in-temperature locality estimates for weakly interacting quantum systems

Theorem 4.1 (Local perturbations perturb locally). Let D, g, R € N and Cyyy > 0.
Then there exist a € (0,1) and Cy, Cy, & ppr, > 0 such that the following holds. Consider
the lattice A € ZP and a Hamiltonian HX + V4 as defined in section 2.1 with |hc,
[Vleo € Cints V¢ of range R € N, and v, relatively a-bounded w.r.t. HX in the sense (5).
Moreover, let X C A be an R-connected set, W C dx self-adjoint and Hy = Hy + W.
Then the Gibbs states p, and p of Hy and Hy, respectively, at any inverse temperature

B € (0, 00) satisfy
[tr(B p) = (B )| < Cy [Bl 1™ exp(C, (1XI + YD) exp(-d(X,Y)/&pps)  (17)
for all R-connected sets Y C A and observables B € fy.

Notably, this statement also holds, if the perturbed Hamiltonian Hy + W does not
satisfy the conditions from section 2.1. If Hy + W was of the same type, applying the-
orem 2.3 for both Hamiltonians together with the triangle inequality gives a uniform-
in-temperature bound 2 C; |B| exp(C, [Y]) exp(—d(X,Y)/éppL)-

Remark 4.2. The f-dependence is still better than what one would obtain from our
theorem 2.2 on DoC with the circle of equivalences from [P4]. Similarly as in the case of
LI, the problem with the circle of equivalences arises from quantum belief propagation.
First, it produces constants that diverge as f — oo. Second, one can only obtain
stretched exponential decay because one needs to use DoC for the observable B and
an approximation of the quantum belief propagation operator that lives on a suitably
enlarged region X, with r a free parameter that can be optimized. As a consequence,
the form of LPPL that one obtains in this way from the good DoC bound theorem 2.2
through the circle of equivalences is suboptimal. Instead, using our cluster expansion
approach, we are able to obtain LPPL with exponential decay in theorem 4.1, but the
constants diverge as f — oo. o

4.1 Proof of Theorem 4.1

We focus on the modifications necessary to prove theorem 4.1. We begin by adjusting
the quantities from section 3.2 to the counterparts for Hy = Hy+W. Again, we denote
all modified symbols with an additional tilde. First, let

f(M) = exp(—ﬁ (Hg + W+ Z vx)>,

xXeEM

which clearly satisfies e PH = f (A°). Due to the inclusion-exclusion principle, we can
decompose it as f(A°) = Y.;c - Ty with

Ty = Y (-1 )

MclI
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4 Local perturbations perturb locally

and

—BH® _ ~7
Tr=e PH, Gux) THX, (18)

where : 50 5 )

T2 _ I |-|M| .—B(H +W+ v,

Tllz — Z (_1)| 1‘ | ‘e I xeM Vx/) ¢ dlzui'
Mc,

Similarly to lemma 3.1, we find

Lemma 4.3. Using the above notations, it holds that
IIfIT | < o)l PV,

Proof. The proof follows the one from lemma 3.1, but due to the additional W in g(2),
we only have

Re (4, gm(2)¥) 2 Re (Y, W) > igf@i W ).

Hence,
[ePEUE| < e BB ) < W

and the remaining arguments together with [217, Lemma 2] yield the statement. ©

When we split the exponential into products of clusters, we need to assign one clus-
ter to have the perturbation W. Hence, we need to modify lemma 3.7 for the perturbed
system. Notably, we choose H} = H} + W, so that Z3 includes the perturbation W.

Lemma 4.4. Let I;, I, C A®° and Qy, Q; C A. Assume that I; u Q; u X and I, u Q, are
not R-connected to each other. Then, for every O; € dq and O, € 9, , we have that

~T,UL U, u,uX ~TuQ,uX LuQ
tr(0; O, TI;U“,;“ 12Uy (0 TI;“ Y tr(0, TI;“ 2)
= =~ 70 ) (19)
LuLuQuuX LuQuX Luf,

Proof. The proof follows exactly the proof of lemma 3.7, only that W is attributed to
one term on each side, and the terms h, for x € X cannot be factored out. o

As in the proof of DoC and LI, we obtain the expansion

|tr(B pa) — tr(B pp)l

. - ~TuX 7 T
2 aBTY) 1 @) wBHY) u(T))
- 5 0 50 50 0 |

ZA ZA LjcAr ZTUY Zqu ZTUYUX Zj

Equivalently to theorem 3.9, we find that only superclusters that contain X and Y
in the same cluster contribute.
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P8 Uniform-in-temperature locality estimates for weakly interacting quantum systems

Theorem 4.5. Let X and Y C A each be an R-connected set and A € oy and B €
dy. Let I be a configuration produced in the decomposition of tr(B e_ﬁHA)/ZX and J

be a configuration produced in the decomposition of tr(e_ﬁHA)/Zg. We consider the
supercluster decomposition of ITu JuXuY and let E(X,Y) be the event that the associated
supercluster decomposition does not contain X and Y in the same supercluster. As a
shorthand, we write such terms in the product as

tr(BTIVY) (1)

0 Z0
ZTUY Zqu

E(XY)

We consider a similar supercluster decomposition for

tr(BTYoX) (1)

LI
ZTUYUX Zj BXY)

The two quantities above are equal.

Proof. We consider a supercluster expansion I u JuY uX = S; u Sy u - u Sy, for the
event E(X,Y), and without loss of generality, we can assume X C S; andY C S,. We
then split each cluster using lemmata 3.7 and 4.4. By denoting S, = S3 u - u S, we
obtain,

i ~JuX
(BT te(T{*%)

0 50
Iy JuX
InS,. InS,uY InS, ~TnS,uX TnSuX JnScuX
(T (BT (T (o™ te(Tye™) w(Tps™™)
oz 70 70 50 70 70
InS; InS,uY InS, JnSjuX JnSuX JnS.uX
(Trs)) w (BT ") (@) w(@ng ™) (] e ) w5
- 0 70 70 50 70 70
J’'nS; I'nS,uY I'nS, I'nS;uX J'nSuX J'nS.uX
tr(B T YY9X) (T,
Ry z0
I'vYuX J’
where
I'=JnS)u(In(SyuS3u-uSy),
J :(InSI)u(]n(SzuS3u-~-uSm))
is another supercluster in E(X,Y). The statement follows. o
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4 Local perturbations perturb locally

The remaining terms have X and Y in the same supercluster and as for DoC we
obtain the bound

|tr(B pp) — tr(B pp)l

) . oy X 1 Yux Jo-

. Az Zp5 Zns, D a BT @[ (BT wf)

= 050 0 ~° 70 o f
2028 5,CA A0 g Pns I, JoCA': Ty Zox ZTO“Y“X “n

So R-connected LuJouXuY=S,
X.YcS,

We continue the proof analogously to the proof of theorem 2.2, but adjust for the
perturbation W. As before, we write for each I, Q C Sy and O € o,

~7 FTuQuX
tr(O TF2X) ~ ‘ trg o, O T{2%)
=0 - B HP —ﬁHO - >
TuQuX trqu(e A 1X) trQ\(fUX)(e N@X)

by reducing to a trace over & ., .. The numerator is bounded by

[tr IuQuX(OT uQuX)| <|o] ||TIuX -pH? Q\([Ux)"

TTuux
~7 —,BHO B
S [ P T P
< |0] (2a)! PVl quux| tr,, X)(e Hg\@x))’

using lemma 4.3 in the last step. The second term in the denominator cancels with
the last term and for the first term we observe HTO « S HTO <t sup¢<¢, W /) and use
u U

monotonicity as in the proof of lemma 3.11 to bound
tr(e_ﬁﬁfoux) > tr(e_ﬁHfOuX) e_ﬁ Supl//<l//’W¢> > e—ﬁ\IWH

Moreover, we observe that lemma 3.11 also holds for the tilde variants as long as
X C Sy, as the proof only uses monotonicity to add terms v, > 0.
Putting everything together, we obtain the bound

|tr(B pp) — tr(B pp)l
<2|B|eWI Y Y (p) oAl gl

SoCA: Iy, JycA™:
So R-connected Iju JyuXuY=S,
X,Ycs,

wi xi (1 1 [X|+Y] 15|
<2iBleMgX (14 L) 3 (2p(1+ p)
P S,CA:
So R-connected
X.,Ycs,
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R d(XY)/(2R)
sz||B|e2ﬁ'W'qX'(5+5) (2p+p)C) T

(2R+1)P

where, as before, p = 2agq and 2p (1 + p)C < 1 for a small enough.
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1 Introduction

Physical time evolution flows t — 7,(A) = elflt A e7HH gre Jocal, where the precise
meaning of locality depends on the particular setup. Propagation is strictly within the
light cone when the underlying equation is the wave equation, it is diffusive for the
heat equation, and the Lieb-Robinson bound [154] provides an effective ballistic prop-
agation bound for the Schrédinger equation on sufficiently regular lattices. Among
others, these results are essential in proving well-posedness for these equations. The
locality that originates in the Lieb-Robinson bound has proved crucial to understand
both thermal phases and (topologically ordered) ground state phases, see [114] for
many examples. In this context, the smearing map

@)= [ dfOn) 1)

has proved particularly useful, since the decay of f controls the locality of A - 77(A)

while its Fourier transform fcontrols the spectral properties of the map. In fact, the
(Arveson) spectrum of 7 is defined as the smallest subset o C R such that 7y vanishes

for all f such that supp(f) no = @, see [20, Definition A.1].

Although it was not phrased exactly as such in its original formulation [110], smear-
ing of the type (1) is central to quasi-adiabatic continuation, also known as the spectral
flow [114, 23], a tool that has become one of the cornerstones of the analysis and clas-
sification of topological phases of matter, and of the related questions of adiabaticity
and linear response theory [17, 165, 203]. Understanding quasi-particle excitations
of topologically ordered states also relies on this technique [20, 12]. In another guise,

!When the subscript of 7 is a real number, it denotes the time evolution and when the subscript is a
function, it denotes this integral.
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2 Mathematical setup

such smearings are instrumental in proving rapid decay of correlations for gapped
quantum lattice systems [118, 171], and to relate this to stability of ground state [16].

In the example of the spectral flow, the Fourier transform j?is required to be discon-
tinuous, which implies that f cannot decay exponentially at infinity. While stretched-
exponential or even superpolynomial decay is often sufficient and convenient for local-
ity arguments [174], one may wish to use an exponentially decaying function. In fact,
the original formulation of quasi-adiabatic continuation used a Gaussian filter. The
price to pay is that the spectral properties are not exact anymore. Exponentially de-
caying filter functions have also proved useful in treating thermal states, see e.g. [115,
80, P4].

In this paper, we consider the use of Gaussian filter functions, providing exact
bounds both on the spatial locality and on the spectral errors. In particular, we define
a spectral flow which is exponentially local and almost exact. Our Ansats is similar to
the one used in [120]. Here, the smearing is applied term-by-term on an interaction
and the width of the Gaussian must be chosen in a spatially inhomogeneous way. As
expected, better locality yield worse spectral mapping properties. The same methods
allow us to provide an exponential version of the “local perturbations perturb locally”
property. What is more, a properly chosen Gaussian filter convolved with a step func-
tion yields exponential decay of correlations for gapped spectral patches whose width
does not need to vanish in the thermodynamic limit. These results are similar to the
those of [214], although the methods are completely different. As a corollary of all
the above, we conclude that the Hall conductance is quantized in finite systems up to
errors that are exponentially small in the system size.

This paper is organized as follows. After a brief review of the Lieb-Robinson bound,
we introduce in Section 3 the almost inverse Liouvillian built using a Gaussian fil-
ter. We prove bounds characterizing both its quasi-locality properties and its spectral
property. In Section 4, we use it to construct an exponentially local almost spectral
flow and show that local perturbations that do not close the gap have exponentially
small effect away from the perturbation. Parallel ideas are developed in Section 5 to
prove exponential clustering for finite volume spectral patches of finite width. Finally,
Section 6 discusses the application of these tools to the quantum Hall effect.

2 Mathematical setup

We consider spin systems on finite D-regular graphs. Therefore, let A be a finite set
and denote by d the graph distance. Clearly, there exist constants D € N, and @, > 0
such that the volume of all balls

B,(r) :={z€ Ald(z,x) <r}
scales such that
IB,(r)| < Byop (r + 1P forallx € Aandr > 0.
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The set of graphs with this scaling for fixed D and &, is denoted (D, Go1). With
this definition, all finite subsets A C 7P are in the same & (D, 6,01), and they can even
have periodic boundary conditions in one or more directions.
For later purposes, we note that there exists a constant €, p 4 > 1 such that for all
sets Z C A
|Z|k e—b diam(Z) < (gvol,b,k-
If b < D, then

kD\KkD , _
Guolbk < ooy () bFP P, )
Indeed, for any z € Z, we have

|Z|k e—b diam(Z) < |Bz(diam(Z))|k e—b diam(Z) < %Vol sup (n+ l)kD e—bn’
n>0

and the bound (2) follows since the supremum is attained at n = min{0,k D/b — 1}.

With every site x € A one associates a finite-dimensional local Hilbert space #, :=
C9 with the corresponding space of linear operators denoted by &/, := Z(C?). More-
over, we define the Hilbert space %, : = &),cx %, and denote the algebra of bounded
linear operators on #4 by o/, := JB(¥ ). Due to the tensor product structure, we
have &y = Qyep dy. Hence, for X C A, any A € ox can be viewed as an ele-
ment of &/, by identifying A with A ® 14\ x € 9/, where 1\ x denotes the identity
in &\ x- This identification is always understood implicitly and for B € /4 we denote
by supp(B) the smallest Y C A such that B € ofy.

Remark 1. While we formulate all our results for spin systems, one can use the same
approach for fermionic lattice systems provided the algebra is that of even elements
of the CAR, see for example [173]. In particular, theorems 12, 13 and 17 also hold for
fermionic lattice systems. o

Let I C R be a compact interval. A (time-dependent) interaction on A is a function
O Ix{ZCc AN >d,, GLZ)->dtZ)ed, with OFZ)=dt2)* . (3)
For b > 0, we define interaction norms

| @] :=supsup ' &, 2)| cbdiam(Z) @
tel zeA ZcA:
zeZ

An interaction @ gives rise to the corresponding operator

H@) := ), ot 2),

ZCA
which generates the Heisenberg time-evolution 7,; defined as the solution of

d

E Ts,t(A) = Ts,t(i [H(t)’ A])’ TS,S(A) = A’ (5)
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for any A € 9/,.

An important property of the time-evolution is its locality as captured by Lieb-
Robinson bounds, which originated in [154] and were generalized in [171] and many
other works. We here state a version for the norm (4), whose time-independent version
appeared in [22, Theorem A.1], and the time-dependent one is in [156, Theorem 7.3.3].

Lemma 2 (Lieb-Robinson bound). Let D € N, @,o > 0, A € (D, Gyo1) be finite,
and b” > b > 0. Then, for all intervals I C R, time-dependent interactions ¢ such that
[Pl < oo, disjoint subsets X, Y C A, observables A € o/x and B € oy, and s,t € I it
holds that

| < 2G4 IALIBI (VP = 1) D(X, V), (6)

(o)

I[z::(4). B]

where v = 2Byl 1.pr—p | Pl /b is the Lieb-Robinson velocity and

D(X,Y) i= min{ T ebdistxn) 3 b dist(y,X)}
x€X yey

< min{|X|, |Y|} e—b dist(X,Y)'

In this statement and the rest of the paper, the interaction norm and the evolution
implicitly depend on A and this dependence is understood from the context. Impor-
tantly, all the constants will be independent of the specific A € €(D, €,,1) and only
depend on the lattice through D and €. In fact, one can define an interaction ¢ and
the interaction norm |-, on an infinite lattice I' = ZP and the restrictions @, to finite
lattices A C T satisfy |®|7]p < |®@|p. Our results are then uniformin A C T

3 The almost inverse Liouvillian

For > 0 let
ﬁ _‘BZtZ
t) := — .
Pp(t) N
It is such that | $p = 1 and the Fourier transform is
1 1 -2
hp(w) 1= — | digp(t) e i@ = — & W 7
) = = [aegpl o = = o)

for which | qgﬁ = ﬂ\/g . Then, for any Hamiltonian H and observable A we define the
almost inverse Liouvillian

R ® ' H
Tt 5(A) .—J dt (1) L ds e (A), ®)
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where 7 (A) = €S Ae7HS, To make contact with the previous section, we imag-
ine here a time-dependent interaction and the corresponding Hamiltonian in a finite
volume A.

To quantify the properties of the almost inverse Liouvillian, it will be helpful to
define the exact inverse Liouvillian .7y along the same lines, see [23]. Instead of ¢,
the map 7y uses a non-negative function w with Fourier transform w € CL((—§,6))
and [ w = 1. Note that w can be chosen to decay faster than any inverse power but not
exponentially. Whenever .7 involves a gapped Hamiltonian with gap y, we implicitly
choose § < y.

Using standard techniques, we see that the almost inverse Liouvillian has good lo-
cality properties.

Lemma 3 (Locality of the almost inverse Liouvillian). Let D € N, %, > 0 and
A € (D, Byo)) be finite. Let b” > b > 0, ® be an interaction such that |P|y < o and H
the corresponding Hamiltonian. Then, for all disjoint X,Y C A, A € dx and B € oy,

2p i 1 _per2
S 5(A), Bl| < 2 min{|X|, [Y|}|A] | B mf(— bOT-dist(X.Y)) = o=f°T )
I[-72,5(A), B]| X1, Y LAV IBI nf ( —=5 T A
9
where v is the Lieb-Robinson velocity from lemma 2.
dXY)
2v

One may choose T = and then use dist(X,Y)? > dist(X,Y) to get

|[75,5(4). B]| < 2 min{|X], Y]} |A] ||B||( ﬁzbf by ﬁ) e PBIXD) (1)

where b(f) = mm{ > 4v2}

Remark 4. The last expression (10), in particular b(f3), emphasizes the double origin
of the quasi-locality of the map . g, namely the locality of the Hamiltonian through
the Lieb-Robinson bound yielding the dependence on b and the locality expressed by
the Gaussian filter yielding the dependence on f. In particular, the locality cannot be
improved further than f of the order of Vb, and we shall later restrict our attention to
this situation, see (16) below. o

Proof. We bound

t
50811 < | _argy® [ aslld Bl = posticr + L,

and split the integral into a part Iy where |t| < T and the rest L1 where |t| > T. For
the first part we use #(t) < B/y/n and the Lieb-Robinson bound for tH lemma 2,
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3 The almost inverse Liouvillian

1

where we bound € ; p_p < 1,10 obtain

Vo

T t
Lr <L 4 mingx1, v 1411] e-”disﬂx’”j dr j ds (2 — 1)
\/E 0 0

1
(bv)?

= % & mind| XL, VI AD Bl — (7T — 1 - buT — 1(bvT)2) e bastxn),

For the second term we use the decay of ¢4 and the trivial bound H [TSH (A), B] ” <
2| Al |B] to get

ﬁ oo _p242 1 szZ
I s4||Au||B||—jdteﬁftsznAnnBu—eﬁ ).
a2 [ LTy

Combining both bounds concludes the proof. o

Assumption 5 (Gap Assumption). Let A be finite. Let @ be an interaction satisfying
||y < oo for some b’ > 0, and let H be the corresponding Hamiltonian. We assume
that the spectrum of H is of the form

o(H) =o0guoy
with y = dist(oy, 09) > 0. o

From here onwards, we shall drop the subscript A for notational clarity. We denote
P = x,,(H) the spectral projection of H corresponding to the patch oj.

Proposition 6. Let H satisfy the Gap Assumption and assume that oy = {Ey} is a single
eigenvalue. Then
T g(PAP) =0,

forall A e dy.

Proof. One calculates

o0

I p(PAP) = Lo dt gp(t) Ltds H(PAP) = I

[s5]

dt gp(t)t PAP =0,

because the time-evolution is trivial and ¢y is an even function. o

Remark 7. The fact that . g vanishes exactly on the range of P depends on the as-
sumption oy = {Ey}. For spectral patches with § = diam(cy) > 0 sufficiently small

with respect to y, a similar result could be obtained, although with an error bound, by
S+y
<

replacing r/f;[; with two Gaussians centred at +—=.

375



P9 Gaussian filters in quantum lattice systems

Proposition 8. Let H satisfy the Gap Assumption. Then Jy g is an almost inverse of
the Liouvillian £y = —i[H, -] on off-diagonal operators. More precisely, for all A € o
such that A= P APt or A= P+ AP, and forall q € [1, 0],

2

_r
|5 > Zu(A) = Al <[P, 1Al e .

Moreover, for all A € o and q € [1, ], it holds that

2

_r
[[71,p = Zr(A) — A P]|, < 2[P,l1 |Ale "

Proof. For the first statement, since the calculation is exactly analogous, we only con-
sider the case A = P A P+, From the definition of the almost spectral flow, the fact

that TSH (Z(A) = —% tH(A) and the spectral theorem for H, we obtain

(Fup— In) » Lu(A) = J . dt (w(t) — gp(®)) (77 (A) - A)

=Yy Lo dt (w(t) — gp(1)) ") P, AP,

JETy VET,
=+2n Z P,A Zgbﬂ(v—,u)Pw
LETy vEo;

where we used [w = 1 = [¢g and W(v — ;1) = 0 because |v — u| > y by the Gap
Assumption. By the triangle and Holder inequalities, in particular using that [P, [, <
IP,l; for all g and p and Zue% IPul1 = [Pl we obtain,

|71, > Zu() - Al < Vo Y IBg 1AL Y, dpv = ) By
HEO, V€O

< ar |Ply |Al $p(y).

With (7), this yields the claim.
For the second statement, note that

[Trp o Lu(A) — AP = Ty 5o Zu([A, P]) - [A, P]

because H and P commute. The statement follows by applying the first part since
[A,P]=P-AP-PAP- o

Remark 9. Since we are dealing with a fixed finite volume here, the rank of P is finite.

For the applications we have in mind however, it is crucial to have that P, remains
uniformly bounded as A — I o
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4 The almost spectral flow and LPPL

It will later also be helpful to compare the almost inverse Liouvillian to the exact
inverse Liouvillian directly.

Lemma 10. Let A finite and H € 9/, satisfy the Gap Assumption. For all A € of such
that A=PAPLor A=PLAP, and for all q € [1, 0],

2

_r
[73,5(A) = T (A, < 1Pl 1ALy e 7.

Moreover, for all A € o and q € [1, ],

2

-
I[T51,64) — T(A), P, < 21Pl 1ALy~ e 7.

Proof. As in the proof of proposition 8, we obtain for A = P A P+

jH,ﬂ(A) - JH(A) = J dt (¢ﬁ(t) W(t)) J' ds el(/l V)s P AP,
,ueoo VEoy
- ¥ 54 Y s - nn,
HEO, VEO'l

by the Gap Assumption. It follows that

Q{;ﬁ ¢ﬁ(}/)
|-721.5(4) = Fu (W, < V2x Y [Pl 4l | Y, ———
LETy VEo;
The second statement follows as in proposition 8. o

4 The almost spectral flow and LPPL

Under the Uniform Gap assumption below, JH(t)(H (1)) generates an automorphism
@ s which provides a mapping between the instantaneous ground states of H(0) and
H(s), namely

ws(A) = wy ° a 5(A) (11)
for all A € o4, where w(A) = Tr(P,)~! Tr(P, A), see [23]. However, as explained in
the introduction, this automorphism « cannot be exponentially local. Instead, we shall
use the almost inverse Liouvillian through JH(t),ﬁ(H (1)) to obtain an exponentially

local almost spectral flow ab.
Similarly to the locality of Sy g(A) for strictly local operators A € &/ discussed

in lemma 3, standard arguments show that Fp(;) g (H (t)) is given by an exponentially
local interaction if H and H are, see lemma 15. We first concentrate to the spectral

mapping properties of ag o
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P9 Gaussian filters in quantum lattice systems

Assumption 11 (Uniform Gap assumption). Let H(s) with s € [0, 1] be a Hamiltonian
given by a smooth time-dependent interaction s — &(s) satisfying supse[o’l]H(D(s)Hb/ <
oo for some b’ > 0. We assume that H(s) satisfies the Gap Assumption. Moreover, we
assume that there exists compact intervals I(s) with endpoints depending smoothly
on s such that g;(s) € I(s) € R\ o7(s). &

To characterize the almost spectral flow af, we wish to compare it to the exact
spectral flow «, using the standard identity

al(A) — (A=Y J t el (|1, 2) - v, 2),02,()]), (12)
ZcA-S

for any two automorphisms generated by interactions ¥; and ¥,. One then uses the
Lieb-Robinson bound to obtain an estimate which grows in supp(A) but is not exten-
sive in A. As outlined above, the locality of the interaction fH(t)(H (1)) is insufficient
for our purpose as fp(;) is not exponentially local. An exponential bound can be
obtained directly using lemma 10 with A being replaced by the full H(t), but the re-
sulting bound on [ (A) —a(’f s(A)| is proportional to SUPge[0,1] |H(s)|, which in general
is extensive in A.

The solution we propose below is to construct another flow af S’X where X =
supp(A), which is adapted to the support of the observable, and use it as an intermedi-
ate to compare the exact spectral flow o with its exponentially local but approximate
cousin o . The generator of aPX s given by

Z jH(t)’ﬂx,z (d)(t’ Z))’ (13)
ZCA

where the width of the Gaussian is modulated as follows

1 1 .
—— = — + Lais(x. 2y dist(X, 2), (14)
Pxz P

and the parameter ¢ will be chosen appropriately later. We note that a very similar
choice was also proposed in the original [120]. With this, we shall prove the following.

Theorem 12. Let D € N, G, > 0, 0" > b > 0, cint > 0,y > 0. Then there exist
constants C and ¢ > 0 such that the following holds. For all A € &(D,%,o) finite,
smooth Hamiltonians H that satisfy the Uniform Gap assumption with gap y and are

given by interactions & such that ||, < C™ and |®], < C™, the flow a(’fs generated
by JH(S),ﬁ(H(s)) is an almost spectral flow in the sense that

l0y(A) — g = al ()] < CIX Al e~ (15)
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4 The almost spectral flow and LPPL

forall X ¢ Aand A € dx and
p € (0, min{1,2b+}), (16)

where v is the Lieb-Robinson velocity from lemma 2.

Besides proving automorphic equivalence (11) itself, the spectral flow can also be
used to prove the local perturbations perturb locally (LPPL) principle. In this case,
H(s) €  pent is strictly localized in a perturbation region AP C A. The strategy
sketched above will yield the following result.

Theorem 13. Let D € N, G, > 0, 4" > 0, cint > o, Y > 0. Then there exist constants
C and ¢ > 0 such that the following holds. For all AP*™ C A € ©(D, G,c) finite, smooth
Hamiltonians H that satisfy the Uniform Gap assumption with gap y and are given by
interactions & such that | @] < C™L |B]y < C™, and H(Z) = 0 unless Z C AP,

’a)s(A) _ wO(A)| <C |X|2 ”AH efcdist(X,APErt)’ (17)
foralls€[0,1], X C Aand A € dx.

Remark 14. A few remarks are in order.

(i) The uniform gap assumption is of course crucial for the result and in general
very difficult to verify, except for weak perturbations of frustration-free systems,
see [162, 175].

(if) An LPPL for ground states of gapped quantum spin systems was originally pro-
posed in [23], but the use of the exact spectral flow there meant that the error
in (17) could not be proved to be exponential. An exponential decay was ob-
tained in [74] for Hamiltonians that are perturbations of free spins but under
no additional gap assumption. We refer to the discussion in [74] for previous
perturbative results of similar nature. An LPPL result similar to ours was also
obtained in [214] using a completely different method.

(iii) The constants do not depend on AP, In particular, in the scenario of an in-
creasing sequence of volumes A — I, the perturbation may be extensive.

&

Proofs

Within the proofs, we use C > 0 and ¢ > 0 as generic constants that might change
from line to line. They can depend on the same parameters that determine C and c in
the statements. Typically, they depend on D, €], b and b’ but not on A.

As outlined before, one crucial ingredient to the construction of the almost spectral
flow is locality of the automorphism aP. For the Lieb-Robinson bound from lemma 2
to be sufficiently sharp, we first provide an exponentially local interaction for the
generator Jg ;) (H()). With the locality provided by Lemma 3, the proof is rather
standard.
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P9 Gaussian filters in quantum lattice systems

Lemma 15. Let D € N, G,,51 > 0, D > b’ > b > 0. Then there exists a constant C > 0
such that the following holds. For all finite A € (D, €,01), f > 0, smooth Hamiltonians
H given by interactions @ such that |®|;, < oo and |P| < oo, there exists an interaction
¥g such that

T p(H®) = > Pp(Z)  and  |¥glyp)3 < CB) D]y
ZCA

where

2
and v is the Lieb-Robinson velocity of @ as defined in lemma 2.

Proof. Fix t and let Q C A and O € &/g. Then, denote F4(0) := JH(t),ﬁ(O) and let

b(f) = min 39, ﬁ}, C(B) = 1+ Ch(B LB+ ),

20(0) :=Eq(I5(0)) € do
and

A(0) :=Eg, (F5(0)) —Eq,_,(I5(0)) € g, for k>1.
Here, E; denotes the conditional expectation as defined in [174], which is a stan-
dard tool to approximate almost local operators by strictly local ones. Then .75(0) =

Z;:;O Ar(O) and the sum is finite since eventually . = A. By the properties of the
conditional expectation

14,(O)l < |O]
and together with lemma 3 and (10)
[4:0)] < [(id ~Eq, ,) 75(0)] < C(B) |2l [0 e P,

&) = z(ﬁszvz + ﬁ)

where

Then, ¥4 can be chosen as

o0

(Z) =) Y, A(D(Y)).
k=0 %CC:AZ

To estimate the interaction norm [¥g|, for any z € A we bound

3 a2 ePdiam@ < NN N Ag(d(Y))| e diam(@)

ZCA: ZCA: k=0 YCA:
zeZ zeZ Y=2Z
o0
= 20 D ey, [A(€(1))] P HomCD).
k=0 YcA
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4 The almost spectral flow and LPPL

The k = 0 term is bounded by ||<:D||p < |®lp. For k > 1 and z € Yy, there exists
y € B,(k) nY such that

2 zey, [A((1))] eP el
YcA

<Y Y ()] ep dam) 2k

yeB, (k) YCA:
yey

< C(B @ UEY N |y [d(y)] e damh)
yeB, (k) YCA:
yey

< C(p) e@rt2eb kg | o Bootpr—p Dl

for any ¢ > 0 and p < b’. The sum over k is then finite for p < b(f)/2, and we choose
p=0b(p)/3 and ¢ = b(f)/12. Hence, the constant C(f) from the statement is

1+ Z C(B) et PKOG 1187121 Cuoly—b(B)/3.1-
k=1

By definition, b(f) € (0,b/2). Thus, (2) implies that € o1 _p(p)/3,1 is uniformly
bounded in B, while €yo1p(5)/121 < Cb(B)~P. Moreover, C(f) < C(B + p~1), and we

i © e~ b(Pk/6 o 6
conclude with Y;. , e PPK/6 < 55" o

We can now continue with the proof of the almost spectral flow. First of all, we note
the following simple bounds: For every p,c > 0

sup rPe™ < (E)p c P, (18)
r>0 ¢
and for every ¢ > 0 and L
C
e < S eeltl, (19)
n>L ¢

Proof of theorem 12. Let a be the exact spectral flow generated by gy (H(®)) such

that wg = wyeap s and P be the almost spectral flow. Moreover, fix X C A and let alX
be the automorphism generated by (13) where we choose fx 7 as in (14) with € to be
chosen later. We then use triangle inequality to bound

0(4) = w0 = ()| < fou = (0 = a3 (A + o = (s — a5 )(A  (20)
To bound the first term in (20), we use (12) to obtain
‘tr(P(O)(aO’s - ag;x)(A))‘

<s swp 3 (PO [ Ir10($(Z.0) = Trai py, (9(Z.0), oy ()]
€l0s] ZcA

(21)
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P9 Gaussian filters in quantum lattice systems

Now, for all projections P and operators V and W
(P V. WI)| = [tr([P.VIW)| < I[P, VII1 W],

by cyclicity of the trace and since the Hilbert space is finite-dimensional. Applying
this and lemma 10 to each summand in (21) gives

2
Y
X _ . T
tr(PO) (a0 — gy ()| < 251PI 1Ay sup Y I6(Z,0)]e Pz
tef0,s] Zzca
2
It remains to control the sum. With (14), we can factor oute 4 and organize the sum
as

: N - - . 2
Tz t)] e 7 e B 250 N (7, pyf e T e,

ZCA n=0 ZCA:
dist(Z,X)=n
Since
Yol Y Y 1ez,0l < [XI[B)] lblo,
ZCA: xeX  z€eA: ZCA:
dist(Z,X)=n dist(z,x)=n z€Z

we conclude that

2
Z 1&(Z, 1) e*yjﬂdist(xz)ze dist(X,Z)

ZCcA
. u = £
< XNl Guot (Y, (04 )P+ 3 )P 7).
n=0 n=[£]+1

The first sum is bounded by C¢P+1. For the second one, we use (18) and (19) to con-

clude that ,

Y
o 2 5o
Z (n+1Pe " <C Z?Dg+1) e isce (22)
n=[£]+1 Y
Altogether,
p.X 5 (pD+1 . —cl —y—zz
r(PC0) (a0 — s )())| < CIPL IATIX Il (22 + ) e o7 (23)

To bound the second term of (20), we use (12) again to obtain
X
tr(PO) (" — af ) )

<s sup " (PO [ Tay py, (¥(Z.D) = Trar p(8(Z.0), ()] )
te[0.s] ZcA;
dist(X,Z)>¢t

>
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4 The almost spectral flow and LPPL

where the restriction is due to the fact that otherwise fx = f and the terms can-
cel exactly. To obtain a bound for this term, we only use the locality of both flows.
Denoting r = dist(X, Z), we estimate the commutator as

([0, (2.0) = T p(@(Z.00). )|
< 4]6(Z.0]|(d-Ex,,) ()] (240)
+[[ I p(9(2.0).Ex, , (@A (24b)
[T, (9(Z.1). Ex;, (a5 ()]

, (24c)

where Ex is the conditional expectation as in the proof of lemma 15. We shall use
repeatedly below that in applications of lemmata 3 and 15

_F
bp) ="

and that b(f) and f are bounded because of (16).
The first term (24a) is bounded using locality of octﬁ s> lemma 15: The flow al is gen-

erated by an interaction ¥ such that [Pgly5)/3 < (1+ Ch(B)~ P+ (B + BH) Dl

b(p) 2b(B)

=5 and b — = to obtain for all [t —s| < 1

We then use lemma 2 with b’ —

b

——=r

alé(z.0]|(id-Ex,,) dy(A)] < (B IE(Z. DAl X ", (25)
with
Cy(B) < 8 2oy 1¥slpys < g BB PA+DBT PB4 < 0 ec U0

for some C > 0, where we used the bound €01 (g)/91 < C b(B)7P, see (2).
To bound the second term (24b) we use lemma 3. Specifically, (10) yields

I[510,(8(Z. ). Ex;, (e (AD] | < C 7 12, 1) 4] 1X] L o)

for some C > 0.
To control the last term (24c), we use the same lemma 3, this time in the form (9),
because f is replaced by fx 7. We shall choose again T = zr_v With Bx 7 < B, the first

b
term of (9) is bounded by fe” 2", up to the prefactors. For the second term, we use the
Gaussian decay. For r > £, we have that

_ 1 r? S ,52 r? > b(B)r
B ‘B*2+r(2v)2 T 1+r (21))2 2

Pz T
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P9 Gaussian filters in quantum lattice systems

and in turn
b(B)

Tire o,

L BT

1
Bx 7 B

where we used f§ < 1 and r > 1 repetitively. We then conclude that

[Tt gy, (HZ.D). Ex,(s()]| < CIXIIEZ. DN 1A] (75 + p1 e 2 7).

Combining the three terms and handling the sum Z C A with d(X, Z) > { as in the
bound for (21), we obtain

tr(PCO) (g — e )(A))

N .0 W, b
< CIPI; JAIIXE O S (P47 e 4l (14 Ym) e 2 " e i)
n=¢{

—(4D+3) _@g _ —@’E _2
< CIPI JAIXE (8 @ g2y prte a4 e,

by using (18), (19) and the properties of b(f) and . We now choose £ = %ﬁ) (B2 +

c [3_(4D *+3)) and absorb the polynomial dependence on 7! in the exponential to obtain
the upper bound
. p-2
CIPILIAlIXP e eF.

Plugging this choice of € into (23) and similarly absorbing the polynomial dependence,
we obtain the same upper bound. o

It remains to prove LPPL.

Proof of theorem 13. We first use triangle inequality
25 (A) — 00(A)] < 0g(A) — wq o ap (A)| + g = ath s(A) — w(A)).
To bound the first summand, we again write

‘tr(P(O) (5 — af,s)(A))’

<s sElp] ‘tr(P(t) [JH(t)(d)(Z 1) = Tue p(H(Z,1)), ats(A)])
te|0,
’ dist(X, Z)>d1st(X Aperty

since |®(Z,t)| = 0 if dist(X, Z) < dist(X, AP") by assumption. Following the proof
of theorem 12, we obtain

_ 3 ert
[05(A) — g © af (A)] < CIXJ2 |A] eedistXAP).
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5 Exponential clustering revisited

For the second part, we use that aP acts almost trivially away from APt Eor this, we
consider another automorphism af generated by
Wp(Z,t) fZnX=0,

s(Z,t) =
b 2. 0 otherwise,

which is such that &tﬁs(A) = A. Moreover, ¥4(Z, 1), 11713(2, t) = 0if Z n AP* = @ by
construction of ‘I/ﬁ in the proof of lemma 15 and the assumption that &(Z,t) = 0 unless,
7 C APt Then,

[ © s (A) — wp(A)] < [Py s (A) — &b ()]

<s[P); sup Y [[¥(Z,1) = ¥(Z,1), & 5(A)]|
ZCA

<2slPO) 1Al sup 3, 3 3 [z 0]

x€X z€APTY ZCA:
X,2€Z

< 25[POy [AIXI[Wlyp/3 sup Y, e PP distlxa)/3,
A

XEA ¢ Apert
Bounding this sum and combining both bounds gives the result. o

Note that the choice of Gaussian width § could be optimized to give the sharpest
1
decay rate (following the above, 8 should be of order d(X, AP™t)™2).

5 Exponential clustering revisited

Finally, Gaussian filters were already used in previous proofs of the exponential clus-
tering theorem: Ground state correlations decay in the presence of a spectral gap. In
the present context of quantum spin systems, exponential decay of correlations were
proved in [171] in the infinite-volume limit (the gap refers in this case to the gap of
the GNS Hamiltonian), in the limit of finite volumes in [118], where the splitting of
the ground state energies in finite volume is assumed to vanish in the limit, while
the latter assumption in removed in [14] but the decay is only superpolynomial. In
this section, we prove that correlations decay indeed exponentially under the sole as-
sumption of a spectral gap, even if there is eigenvalue splitting in the ground state. A
similar result was also obtained in [214] using a complex analysis proof.

Assumption 16. Let A be finite. Let @ be an interaction satisfying |®],, < oo for some
b’ > 0, and let H be the corresponding Hamiltonian. We assume that the spectrum of
H is of the form

o(H)=oguo

with inf(o7) — sup(oy) > y > 0 and diam(oy) < A < y/4. o
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P9 Gaussian filters in quantum lattice systems

As above, we denote by P the spectral projection associated with the spectral patch
0y Note that the condition A < y/4 is not tight but will simplify the estimates. What
is needed in the proofis that —A+y/2 > ¢ > 0.

Theorem 17. Let D € N, €, > 0, 5" > 0, cint > o, Yy > 0 and A > 0. Then there
exist constants C, ¢ > 0, such that the following holds. For all A € (D, 6y,1) finite and
Hamiltonians H that satisfy assumption 16 with gap y and width A and are given by
interactions ® such that ||, < C™ the following holds:

For any normalized state Q2 € Ran(P),

(2, ABQ) —(Q, AP BQ)| < C|P|;|A] |B] ec4XV)
for all disjoint X,Y C A and A € dx, B € dy.

Proof. For the proof, we define the filter function

gﬂ()—fi; (J5 a0+ = p.v(3) 450

where p. V(%) denotes the principal value distribution, and let

1 (7 H
T pA) = — J dt gp(t) 7" (A).
T LT
The Fourier transform of gz is given by

1 w-y/2 5_22 1 (2% )
GO == @prdp == | e =L [ 7 e,
RNCT Rl Zﬁf NS
where 6, is the Heaviside step function with discontinuity at a.
Before we continue the proof, we note some fact about the Gaussian error function.
We have

o0

1 (7 : 1 2 1 (7 : 1 eF
1—— dxe™ =—J dxe™ < J dx2xe™ = —
ﬁLo NP 2ynz J; 21z

whenever z > 0, and similarly

2

z _ 2
LJ dxe™ < — &
—00

Jr Z\T 2]

if z < 0. Hence, the Fourier transform of the filter function satisfies

A p e
gﬁ(w)Sme foro<y/2
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5 Exponential clustering revisited

and
B o2
—gplw) L ————e ¥ forw > y/2.
= o g
We now decompose the correlation into three terms

(Q,ABQ) —(Q,APBQ) = (Q, AP BQ)

=(Q,[7r,5(A), B Q) (272)
+(Q, B fp p(A) Q) (27D)
+(Q, (PAP—P 71 s(A)) BP Q). (27c)

In the followmg we will show that each term decays exponentially in d(X,Y) with the
choice f =
2 d(X Y)
We start by bounding (27b), for which we observe
Tup)P=3 > &p(v— P, AP,

pueo(H) veoy

Since v — p < A < y/4, we obtain the bound

Vg =141 3| ¥ gye-mnf <12 L ) e

veoy peo(H)

For (27¢) we bound

A 2log| p ~L(x
[PAPL =P Jyg(A)PH = | Y D (1= 85— W) B, AR < —= = ) 1y
UEDy VET, NE
because v — y > y. And together with (28), we obtain
6lool B ~2(1)
O —( L
|PAPL— P 7y p(A)] < — i) Al (29)
=y

Finally, the commutator [ 7 s(A), B] in (27a) is bounded using an argument similar
to that of Lemma 3. As we do there, we decompose the integral defining jH’ﬁ(A)
into |t| < T and [t| > T and use the Lieb-Robinson bound, Lemma 2, to estimate the
short time part while the long time contribution can be bounded by the Gaussian
decay. Since d(X,Y) > 0, we have that [A, B] = 0 and so the §-contribution vanishes.
Therefore,

L|<T gy [ (). B]

-1
%V()l,l,b/ -b

T
< — 5 LTI minflXL IV} suplgp(0l e 00 i [ -,

€
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The mean value theorem implies that ! (e?” — 1) < bv et and so

T
lim dt% (e —1) < (b —1).

€0 J¢
Since suplgp(t)| = -=, we conclude that

2Gol1r—p 1AIIBI

vol,1,

HJ dt gs(t) [F(A), B]H < min{|X], |Y|}efbdist(X,Y) (eva —1).
[t|<T

(30)
For |t| > T, we use the simple norm bound on the commutator and
¢ﬁ( ) 1 oo 1 272
dt—= < — | diggt) < —BT
L t TL WO e
to conclude that
2|ANBI g
dt gy(O (). Bl] < 272 e (31)
Jt|> £ ' T? n

d(X Y)

Together, (30), (31) and the choice T = yield the following bound on (27a):

ot 21 AIBI /miny| X, [Y|} _wdxy 442 _ pPAXY)?
[ spoticn, ] « 2B (melXL) i o2 oy
—o0 %Vol,l,b’—b d(X= Y)
(32)
Gathering (32), (28) and (29) to bound (27a), (27b) and(27c), the claim of the theorem
follows by bounding |op| < |P|; and setting

_r
2 Jd(X,Y)

which makes all exponents proportional to d(X,Y), and using that d(X,Y) > 1 in the
prefactors. o

6 Putting it all together: the quantum Hall effect

We briefly recall the setting of [14] applied to the quantum Hall effect. The lattice is
a sequence of discrete tori A; = (Z/LZ)?. The Hamiltonian is given by a finite range
interaction @ that is invariant under a strictly local U(1)-action. This means that there
is a family g, = gy € o, with integer spectrum and such that [Q,,, #(Z)] = 0 for
all Z c Ap. The g, are the local charges. The “ground state space” is the range of a
spectral projection Py, of Hy, whose dimension is constant and equal to p for all L
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6 Putting it all together: the quantum Hall effect

large enough. Moreover, Hy, is assumed to satisfy the Gap Assumption, uniformly in
L for L large enough.

The proof of quantization of the Hall conductance in [14] relies heavily on the in-
verse Liouvillian on the one hand, and on clustering on the other hand. The inverse
Liouvillian is used to construct a unitary U describing a magnetic flux threading and
its locality allows for the definition of a charge transport operator T; across a fidu-
cial line of the torus. Replacing the exact inverse Liouvillian by the almost inverse

Liouvillian introduced in Section 3 yields a unitary Uf and in turn an exponentially

localized charge transport operator Tf . This improved localization and the exponential
clustering of Section 5 yield the following.

Theorem 18. Let § = L™/2. There is an integer n, € Z and constants C, ¢ > 0 such
that
|nL — tr(PL Tf)| S C eiCL

for all L. If, moreover, the sequence of states p~! Tr(P;(-)) is convergent, then n; = n for
L large enough and 2tk = %, where K is the Hall conductance.

We now explain the arguments with a focus on the changes from using the almost
inverse Liouvillian, referring to [14, Section IV] for more details. The geometric setting
is described in [19, Section 2], see in particular Figure 1 therein, where n_ and v_
correspond to what we will call the lower boundary of the upper half and the left
boundary of the right half, respectively, of the torus. We again drop the L dependence
to simplify notations.

Similarly to [19, Section 2] we first construct a unitary UP that models the threading
of one unit of flux through the torus. In our case it is exponentially localized near a
line along the torus. Therefore, let Oy be the charge on the upper half of the torus and
let

@é =Qu — Iup° ZuQu).

By the U(1)-invariance and the finite range condition of the Hamiltonian, the operator
Z(Qu) is strictly localized in two strips of finite width around the boundary of the
half-torus, which we denote Z1(Qu)iower and ZH(Qu)upper- respectively. The locality
result, Lemma 3, implies that 5 s(ZH(Qu)lower) is exponentially localized around

the lower boundary. Specifically, the choice f = L™Y/2 in (10) yields a localization
estimate of the form C e L for dist(X,Y) of order L, namely

jH,ﬂ ° (SZH(QU)lower)

can be approximated by an operator that is strictly localized in a strip of width L atthe
lower boundary (or any other smaller fraction of L), up to errors that are exponentially

=b
small in L. This and the fact that Oy has integer spectrum imply that the unitary e*™Qu
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P9 Gaussian filters in quantum lattice systems

factorizes up to exponentially small errors into parts at the lower and upper boundary.
We let

=P
Uﬁ = (eZMQU)lower (33)

be the factor localized on the lower boundary of the half-torus.
We briefly pause the argument to compare explicitly with [14]. There, Qy; is defined
using the exact inverse Liouvillian S rather than S 5. As a result, [Qu,P] =0

—B -
while here |[Qy, P]| < CL? e’ = ¢ e L by Proposition 8. The same holds for the
exponentials, and by exponential clustering, Theorem 17, for their restrictions to the

lower boundary of the half-torus. What is more, Lemma 10 implies that @é and Qy
are exponentially close and therefore so are UP andU. Asa consequence, U” almost
preserves the ground state space and almost implements 27n-flux threading.

Next, we consider the charge transport along the torus. Therefore, let Qg be the
charge on the right half of the torus. By charge conservation and again the locality
lemma, the operator UPY QrUP -0y decomposes in two contributions at each bound-
ary of the right half-torus. We define the operator of charge transport as the left one

T/ = ((Uﬂ)* QU — QR)left' (39)

More precisely, tr(Py TLﬁ ) measures the amount of charge transported in the ground
state across one fiducial line across the torus after threading one unit of flux in the
torus — up to exponentially small errors in L, because the splittings we used are only
unique up to exponentially small terms.

With these definitions, the proof of quantization of this quantity follows exactly the
original argument of [14, Section IV.B]. We only recall the main steps and illustrate
where the results of the previous sections yield improved bounds. The unitary

Z8($) = (UP)* &40k 1B ¢~i90

factorizes as ZP (¢) = zP (Defr zP (#)right as in the discussion above. Note that the *—”
and “+” in [14] are the analogues of “left” and “right” here, respectively. Since 7 g
is an almost inverse Liouvillian, Proposition 8, Z#(¢) commutes with P (in operator
norm) up to exponentially small errors in 72 = L. By exponential clustering, Theo-

. expL . expL .
rem 17, it follows that [ Z# (Pefts P] = 0, where we use the notation = to indicate
equality up to exponentially small errors in L. From there on, the argument runs
without a change, but the errors are always exponential rather than superpolynomial,
yielding that

B =B
PZB(@)ep P T2 (PP ~(UF) KUKl ))P+Q) ¢i60x p, (35)
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6 Putting it all together: the quantum Hall effect

where Klgft =JHp° (ZH(OR)1eft)- At ¢ = 27, an independent argument yields that

X

L
detp ZP(2m)eqt 2 1, where the determinant is on the range of P. With this, the claim
that tr(P Th ) is exponentially close to an integer follows from (35) by computing the
trace of the exponent and using the unitary invariance of the trace.

Finally, if the sequence of states is convergent, then p~! tr(P; T;) is convergent
because T is a sufficiently local operator, see [12, Corollary 2.3]. Note that Ty is
obtained with the exact inverse Liouvillian here. The Laughlin argument then implies
that the limit of p™! tr(P; T;) is equal to 2 7t k where « is the Hall conductance, see [12,
Theorem 3.2]. By Lemma 10, we further have that ||TLﬁ —Ti]| - 0as L — oo, again
with 72 = L. We conclude that p~? tr(PL(TLﬁ — Tp)) converges to 0, and hence that
p 1 (P TLﬁ ) is convergent. In particular the sequence (%) 1, is eventually constant

and equal to 2mx.
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We prove global existence and uniqueness of dynamics on the quasi-local algebra
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1 Introduction

In this work we consider interactions )., @, defined on the CAR algebra &/ of lattice
fermions on some discrete metric space (I',d) with D-dimensional volume growth
(think of ZP as the standard example), or on the quasi-local algebra of a spin system
on I', for which the local terms @, € & are not bounded uniformly, but instead satisfy
a linear growth bound of the form

|PxlGx < Cop (1+d(x,x5)) forall xer. (1)

Here G is a fixed decay function, ||, a weighted norm centred at x that quantifies
the decay around x, and x; a fixed point in I". We prove that if G decays fast enough
such that interactions ) ¥, with uniformly bounded || ,-norms, i.e. with

I¥llG = sup [¥xlGx < ee,
X

satisfy a Lieb-Robinson bound with linear light cone and Lieb-Robinson velocity pro-
portional to |||, then @ generates a unique one-parameter group of automorphisms
of & with exponential light cones. Previous results in this direction are known to us
only for one-dimensional systems, where the existence of the dynamics for linearly
growing generators with exponentially decaying terms can also be concluded from [49,
Theorem 6.2.6] via bounds on the surface energy.

Before going into details, let us briefly sketch the underlying heuristic picture. For
uniformly bounded interactions with |||l < oo, Lieb-Robinson bounds control the
speed at which the Heisenberg dynamics generated by such an interaction effectively
spreads the support of observables uniformly in space. If, for example, the local terms
have uniform finite range or decay exponentially, then the support of any local ob-
servable can spread at most with speed g ~ cig [[¥]lg, the so called Lieb-Robinson
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2 Mathematical setup

velocity. Such Lieb-Robinson bounds first proved in finite volume can then be used to
prove existence of the dynamics in infinite volume, see for example [174] and refer-
ences therein. The situation is vaguely analogous to global existence of solutions to
first order ODEs on RP. If the velocity field v: R® — RP is locally Lipschit; continu-
ous and bounded, unique local solutions extend to unique global solutions, as integral
curves can only travel finite distances in finite time. However, for first order ODEs the
local Lipschits condition, together with a linear upper bound, is sufficient to guarantee
global existence, boundedness of the velocity field v is not needed. Even when the
velocity field grows linearly in space, integral curves can not reach infinity in finite
time, instead the distance to the starting point can grow at most exponentially in time.
Our results establish a similar behaviour for the dynamics generated by interactions
that satisfy (1) and may additionally be also time-dependent: We prove global exis-
tence and uniqueness of dynamics and exponential light cones for such interactions,
see theorem 8.

While we consider our results interesting in their own right because they consid-
erably extend the class of interactions known to generate global dynamics on &/, let
us briefly mention the application that motivated our study of this question: Consider
the Hamiltonian H® = ¥, ®8 of a fermion system subject to a constant magnetic
field B. While H? is typically a bounded interaction, the derivative dgH® of H? with
respect to B is an interaction with linearly growing local terms. And dagHP®, or more
precisely its image .7 (3gH®) under the quasi-local inverse .# of the Liouvillian & B>
is expected to generate the spectral flow for gapped ground states of H2. So our result
is the basis for showing that the spectral flow exists as a cocycle of locally generated
automorphisms of & for gapped phases of matter with varying magnetic fields. We
refer to [216] for a short discussion of this problem and to [167, 31] for the spectral
flow of gapped ground states in infinite volume.

Finally, our result provides a class of automorphisms that are Fréchet continuous
but not of Lieb-Robinson type in the sense of [24]. These automorphisms provide
interesting examples for the second part of their Theorem 1.1. However, we provide
bounds on the commutator in (5), suggesting that the notion of Lieb-Robinson type
in [24] might be too restrictive.

Our paper is organized as follows. Section 2 presents the general setup, and section 3
states the precise assumptions and results. The proofs are given in section 4.

2 Mathematical setup

In the following we will denote by (I, d) a countable metric space that is D-regular,
i.e. there is a constant C,, such that for all x € I" and r > 0 we have

[B.(x)| < Coot (1 +71)P,  where  B(x)={yeTl'ld(y,x)<r}
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P10 Dynamics generated by spatially growing derivations on quasi-local algebras

denotes the closed ball of radius r. Standard examples for I" are ZP or any other
Delone set in RP with the restriction of the Euclidean metric from RP.
The antisymmetric (or fermionic) Fock space over I' with local space C", n € N, is

F(I,C" = P T, W,
N=0

*
X0

annihilation operators associated to the standard basis of £2(I", C") and recall that they
satisfy the canonical anti-commutation relations (CAR). The number operator at site
x € I' is defined by

We use ay; and a,; for x € T', i € {1,...,n}, to denote the fermionic creation and

The algebra of all bounded operators on F(I', C") is denoted by B(F(I',C")). For
each M C I let &/) be the unital C*-subalgebra of B(% (I', C")) generated by

{a;’i]x EM,ic {1n}}

The C*-algebra & := o/ is the CAR-algebra, which we also call the quasi-local algebra.
We write Py(I") :={M C I' | [M| < o} and call

dhoe = | ) Amcd
MePy(T")

the local algebra, which is dense in &/. An operator is called quasi-local if it lies in &
and local if it lies in 9... There is a unique automorphism® © of </, such that

O(ay;) = —ay

X0

forall xeTI andi€{l,...,n}.
One defines the set of even quasi-local operators
At ={Aed|O0(A) = A}

It is equal to the norm closure of the set of all linear combinations of products of an
even number of annihilation or creation operators. We denote its part in M C I" by
dy; = d* ngdy. For disjoint regions M, M, C T, all operators A € 527;11 and B € 9y,
commute, [A, B] = 0.

Positive linear functionals of the quasi-local algebra w: &/ — C of norm 1 are called
states. In order to define quantitative notions of localization for quasi-local operators,
one makes use of the fact that one can localize operators to given regions by means of

!In the following the term automorphism is used in the sense of a *-automorphism as defined for example
in [48].
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the fermionic conditional expectation. To this end first note that &/ has a unique state
" that satisfies

®"(AB) = w(BA)
for all A, B € o, called the tracial state (e.g. [11, Definition 4.1, Remark 2]).

Proposition 1([11, Theorem 4.7], [216, Proposition 2.1]). Foreach M C I’ there exists
a unique linear map

EM: .Q{—>.Q7M,

called the conditional expectation with respect to ©", such that
VAe A VBedy : w(AB) = 0" (E(A)B). )
It is unital, positive and has the properties

VM CTIVACedyVBesd : Ey(ABC)=AEy(B)C
VM, My €T = By o Epg, = Epg o,
VMCT: EydtCcdt
VMCTVACY : [Ep(A) <Al

Remark 2. Note that [11, Theorem 4.7] discusses only the case of I' = ZP. The proof
however applies in the same way to our setting. O

Note that |(1 — Ep (x))A| > 0 asr — oo for all A € & by density of A in o .
We now introduce subspaces of & for which one can explicitly control the rate of
convergence in this limit in terms of decay functions.

Definition 3. We call a bounded function F: [0,00) — (0,0) a decay function and
define

Vp = sup{v >0 ‘ sup F(r)(1+r)' < 00} € [0, ) u {oo}.
r>0

<

Definition 4. Let F be a decay function. We say an observable A € & is F-localized
if for all x € I'" it holds that

I(1 = Eg (1)Al
[l x = |A] + sup ————2
Fx 0 F()

We denote the space of all F-localized observables with &/g. For v > 0 and F(r) :=
(1 + 7)™ we abbreviate ||, , == ||rx and &, = . o
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We included F = 1 in the class of decay functions, because then the quasi-local
algebra o/ itself appears in the scale of spaces &, at v = 0. More precisely, we have
gy = o and |Ay, < 3]A]. Also note that for decay functions F with exponential or
slower decay and all xq, x; € T, the norms ||, and [|F, are equivalent. Neverthe-
less, it is useful to define the family of norms with varying centre in order to express

localization of observables more quantitatively [204].

Definition 5. Let I C R be an interval. A time-dependent zero-chain on I is a map
O IxT > dt, (t,x) > D),

such that for all (¢, x) € I x I the operator @,.() is self-adjoint, for each x € I', the map
I - d*, t— &.(t) is norm-continuous and for each t € I and A € o, the sum

Lo A= Z [®4(1), Al

xel’

converges unconditionally.
Let F be a decay function. A time-dependent zero-chain @ on an interval I is uni-
formly F-local if
I@llF = sup sup [Px(®)]Fx < co.
tel xel’
We denote the space of all uniformly F-local time-dependent zero-chains on I
Wlth :ZQF’]. &

In the analysis of quantum lattice systems, it is more common to specify the gener-
ators by so-called interactions, which associate a strictly local operator to each finite
set M C I'. While there is no canonical identification of the set of interactions with the
set of zero-chains, there are several natural maps that preserve the associated deriva-
tion and decay-properties. For example for each x € I" one can sum all terms of an
interaction that are centred around x in a suitable sense to obtain a zero-chain and one
can cut each quasi-local term of a zero-chain in a telescopic fashion via the conditional
expectation to obtain an interaction. See, for example, [31] for more details on these
procedures and references [129, 130] for the motivation behind the term “zero-chains”.
Also note that the sets of derivations on &, obtained from interactions and from zero-
chains are exactly the same, namely the antisymmetric *-derivations from &, to &/
that commute with the parity automorphism g;;. This can be seen as follows: Each
such derivation is given by an interaction as is shown in [11]. Each interaction has
an associated zero-chain with the same derivation, e.g. [31]. And from the definition
above it is easy to see that every interaction coming from a zero-chain again satisfies
the properties mentioned above. In this work, we use zero-chains, because they allow
for a very clear characterization of linearly growing generators in assumption 1.

Finally, let us define what it means for a zero-chain to generate a cocycle of auto-
morphisms.
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Definition 6. Let I C R be an interval. A cocycle of automorphisms on I is a family
(@ )ster of automorphisms on &/, such that for all s, ¢, u € I

Qs Oy = Us y-

Let @ be a time-dependent zero-chain on I. We say the cocycle of automorphisms
(as)ser is generated by @ if for all s, t € I and A € o), it holds that

at O{S’t A = O(S’t lg@(t) A <&

3 Results

From now on we fix a time-dependent zero-chain ¢ on an interval I C R and decay
functions F, G with vg > 2D + 2 and v5 > D + 2 (cf. definition 3). We then assume that
the terms of ¢ grow at most linearly.

Assumption 1. There is an x, € I" and a constant Cg > 0, such that

sup [@,(Dlgx < Cp (1 +d(x,x)) forall xel. o
tel

Moreover, we assume a Lieb-Robinson bound with a linear light cone for all bounded
zero-chains that have the same decay as ®.

Assumption 2. There exist constants Cig, ;g > 0, such that for all time-dependent
zero-chains ¥ € Z; with associated cocycle of automorphisms (a;;)sser and all A €
Ay, Be€ d;, and s, t € I it holds that

l[ese A B]| < Cor IAIIBIIX] F([A(X.Y) = er 1%l It = sl] L),
where [x], =xif x >0and [x], =0if x < 0. o

This assumption is in particular satisfied for exponential localization, with the decay
functions G(r) = e ¥ and F(r) = e ?"" for some b > b’ > 0. To see this, one constructs
an associated interaction, which is exponentially decaying in the sense of [173] with
the function r + F(r) (1 + r)PT1*¢. The result then follows by [173, Theorem 3.1].
Moreover, we expect it to be satisfied for polynomial localization as well. Indeed, for
spin systems with time-independent interactions and polynomial decay, linear light
cones for large times have been shown in [149]. For Fermions, only Lieb-Robinson
bounds with algebraic light cones, i.e. where the above bound holds with d(X,Y) re-
placed by d(X,Y)° for some o € (0, 1), are known [P7]. In this case, our results hold

if one assumes sup;¢; [@ (1], < Cp (1 + d(x, xo))c instead of assumption 1.
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We will apply assumption 2 to approximations of ¢ on finite subsets of I". For this
purpose, for each k € [0, o) we define the time-dependent zero-chain ok by

Ep, ,(x) Px(®) for x € By /5(xp), and

DE(t) =
otherwise.

It is defined such that )., @k is strictly localized in By(xp) and &% € Zg with
llokll < Cp (1 + %) We denote the cocycle generated by oK as (ask,t)s,tel-

We then obtain existence and uniqueness of the infinite volume dynamics for short
times with an additional explicit Lieb-Robinson type estimate.

Theorem 7. Let 7:= 1/(4¢ g Cyp). Foralls,t € I with|t —s|<tand A€ A,

oy A= lim as]ftA
k—o0

exists in norm and the convergence is uniform in s and t. Moreover, for subintervals
I" C I with [I'| < 7, (a54)s ey is the unique cocycle of automorphisms generated by the
restriction ®|pip: I’ xI' > A, (t,x) > Py(t) of the time-dependent zero-chain ® to I’.
Setting p := min(vp — (2D + 2),vg — (D + 2)), it holds that for each v € (0, ), there
exists y, > 0, such that for all s, t € I with |t —s| <t and A € 9/, we have the bound

"as,t AHv,xo <Ww ”A”v,xo- (3)
In particular, it holds that ag; A € gf,,. The constant y, does not depend on &.

While we excluded v = 0 in the bound (3), from the convergence and properties of
the automorphisms ask,t, one immediately has [o; A < |A| forall A € & and s, t € T
with [t —s| < 7. Let us also stress that the bound (3) is influenced by Cy as it only holds
for [t —s| < 7 = 1/(4¢qg Cp), even though y, can be chosen uniformly for all & with
the specified decay functions.

The idea of the proof is the following. For the part of A that is localized in By /g(xp),

‘s+5¢ With Lieb-Robinson velocity vir = ¢ r Cp (1 + g) is a
good approximation of s, 5; for large k, as long as the enlarged support By g, , 5:(x0)

the restricted evolution ask

is far from the boundary of By /5(xp). And this is the case for ¢ Cp 5t < i. The actual
proof is technically more difficult, because the Lieb-Robinson velocity only captures
the growth of the support of most of the observable and one has to estimate the tails
carefully.

The short-time result can then be extended by concatenation to existence and
uniqueness for all times and a Lieb-Robinson type estimate with an exponential light
cone.

Theorem 8. The time-dependent zero-chain & generates a unique cocycle of automor-
phisms (asy)ser- The cocycle (azsk,t)s,te 1 converges strongly to this cocycle as k — oo, in
the sense that for all A € of and s, t € I one has aslft A—a;Aask — oo
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Setting pi = min(vF —(@2D+2),vg—(D+ 2)), it holds that for each v € (0, ), there
are C, > 0, y, > 0 that do not depend on &, such that for all s,t € I and A € &, we have
the bound

"as,t A"v,xo < Cv eYv Co It_sl ||A||v,x0~ (4)

In particular, it holds that ag; A € .

As for the short-time result, we immediately obtain |o;, A| < |A] for all A € &/ and
s, t€l.

Moreover, the bound (4) implies the usual commutator Lieb-Robinson bound with
an exponential light cone: For all k > 0 and Y C I' with Bi(xp)) nY = @ and all
A€ ‘Q{Bk(xo)’ Be d;, denoting r = d(Bk(xO), Y), onehasforall0<c<1

llase A, BIl < 2[(1 - Ep,,_ (x,)) @ AlIBI + I[E,_.,(x,) % A Bll
<2(1+k+er)™ as Al y, 1B

<2(1+k+er)(1+k)VC, e Colt=sla]|B|
< 2|A]|B|C, e Cg |t—s|—vIn(1+cr/(1+k))

and therefore
l[e A, Bl < 2[ A} |B] C, e Co lt=sl=vIn(i+r/Q+k), (5)

This bound is referred to as a Lieb-Robinson bound with exponential light cone, since
the right-hand side is small whenever

r> (1+k)eCor v l=sl

4 Proofs

We provide the proof of theorems 7 and 8 in the following sections. Some technical
lemmas, which are necessary for the proofs, are given in appendix A.

4.1 Existence and uniqueness for short times:
Proof of theorem 7

We first show that for every A € of = & and all s, t € I with |t — s| < 7 the sequence
(agft A)ken is a Cauchy sequence in & with respect to the operator norm. By com-
pleteness, it has a limit, which we denote a;; A. And since this convergence is actually
uniform in s and ¢, we can later conclude that o is the unique cocycle generated by ¢.
To prove the estimate (3) for v € (0, 1), we need a similar estimate for ||asl,t A— as]ft Al
with explicit decay of the form (1 + k)™ for all l > k and A € &,. To not do the same
calculation twice, we treat all v € [0, i) at once.
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Cauchy type estimate
Letv e [0,u), A € o, and s, t € I with |t — 5| < 7, where, without loss of generality, we
assume s < t. For any k, I € [0, c0), with k <[ we find

||05£,t A- as]ft Al

< e, — ) (1 = Ep, () Al + [(ds = af) Ep () Al

t
< 2)(1 — Ep(x,)) Al + j duld, aby ol Ep, (i) Al
N

t
<211~ gy )AL+ | du 3104 - 05wl By ) 41
5 xeByy(x)

<2|(1 - Ep, 4(x,) Al (62)
t
tla 3 M0 By ) B By Al (@)
$ x€By/5(%p)

t
+ J du Z ”[]EBI/Z(X) (1 - EBd(x,xo)/4(x)) (px(u)9 (xl]j,t ]EBk/s(xo) A]" (6C)
$ x€By5(%)\By2(xp)

t
+J du Z ”[EBz/z(X) E B/ () ¢x(u)’a’l::tEBk/8(x0) All. (6d)
S x€By/5(%)\By/2(%)

We bound each of the four terms separately. For v = 0, the term (6a) converges to 0
because A is quasi-local, as explained before definition 3. For v > 0, we have A € &,
and thus (6a) is bounded by

1 8"
6a) <2———|A <2———A .
(69 < 2 b, < 2 Wl
8

The remaining estimates all work for v > 0. The second and third terms are bounded
using only the decay of the quasi-local terms of @. In both cases we use the trivial
bound for the commutator. The term (6b) is bounded by

(6b)<2zsup > [Ep (0 (1-Ep ) Sx@) 4]
uel x€By/5(%p)

<2tsup Y |0 (Wlgx G(k/2) IA|

uel x€By/2(%p)
<27 Z Co (1 +d(x,x0)) G(k/2) | Al
xEBk/Z(XO)

(1 + k/z)D+1+v+e G(k/Z)
(1+k/2)+e

<27CGy0 Cp IA]
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< CVOI 2V+€C
T 2¢qpr (1+k)Vte

IAl

for some C > 0 and an ¢ > 0, such that D + 1 + v + ¢ < v5. Here we used that

D+ 1+v+e < vg and therefore k — (1 + g)DH“’“ G(g) is bounded. For (6c) we
apply the same bounds to the commutator and then use the decay of G together with
the volume-growth assumption to treat the infinite sum and obtain the upper bound

6)<zrsup Y I1-Eg ) E@IIAl
el xe\By)y(x)

<2t Y Cop(1+d(x, %)) G(d(x, x0)/4) |Al

x€M\By /5(xp)
<27Cp sup (1+m)P*2*G(m/4) 1 RIS IA]
m>k/2 xel (1+d(x, xp))

1 C

<— —— Al
< 7o g A

for some C > 0 and an ¢ > 0, such that D + 2 + v 4+ 2¢ < v5. The last sum converges
due to lemma 9, and we used that the map m — (1 + m)P+T2v+% G(%) is bounded. To
bound (6d) we apply the Lieb-Robinson bound from assumption 2 for the cocycle of
automorphisms o, which is generated by the uniformly G-localized time-dependent
zero-chain &*. For this, we first note that

d(By(,xy)/a(0): Biss(x0)) — cLr 1%l [t — s

> 3 d(x, x0) — k/8 — aur Cop (1 + k/2) T
2d(x, %) —k/8— (1+k/2)/4
2d(x, %) — (k+1)/4.

vV

[\

Then, (6d) is bounded by

GD<rCrlAl Y, sup bl BesCro)l F([2 dixv) — 2],
x€I\By/5(xp) uel

<tCrlAl Y Co(1+d(x %)) ot (1 +K/8) F([2dx,x0) - £2])

xEF\Bk/z(xo)
—(D+1+¢) k
< 1CGRr Cp Coor 1Al Z (1+d(x,x)) sup (1 + m)?Dr2+e F([% m— %1] +)
xel m>k/2

< Gr Gyol C

2 e
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for some C > 0 and an ¢ > 0, such that 2D + 2 + v + 2¢ < vp. This time we used that

)2D+2+v+2e F([Z m_ k1

1 ] +) is bounded, which we show

the map k — sup,,>1 /5 (1+m
in lemma 10.

Combining the four bounds for v = 0 we have shown that for all A € &/
Hait A-— aslft Al — 0 uniformly for all s, t € I with |t —s| < 7.

And for v € (0, u), we have shown that there is a constant j;,, > 0, that does not depend
on @, such that for all A € o/, and s, t € I satisfying [t —s| <7 = 1/(4¢ g Cp) and all
I > k € [0, 00) it holds that

¥
logs Aoy Al < s

1Al x,- (7)

Convergence
By the Cauchy estimate for v = 0, the sequence (ask’t Aken, converges for all A € o,
and we denote its limit by o;; A. Moreover, this convergence is uniform for all s, € I
with |t —s| < 7.

Cocycle and generator properties
Let I’ C I be a subinterval with [I’| < 7. It is easy to see that (a;;)ssep is a strongly
continuous cocycle of automorphisms on &, since it inherits all the relevant properties
from the approximations ((xs]ft)s’tep.

To show that this cocycle is generated by the time-dependent zero-chain |y, let
s, t € I’. Then, note that for all h € R such thatt + h € I’ and all A € &, due to the
strong continuity of (ask)t)s’te  and continuity of u = Zyk,) A, it holds that

t+h

ask,t+h A— ask,t A= J; du aéfu ig@k(u) A.

Together with the uniform convergence and lemma 11 this gives us in the limit k — oo

that
t+h

Apih A— gy A= J duag, i L) A
t

By the strong continuity of (¢;)se;- and lemma 12, it follows that
at (Xs,t A= as’t 13@([’) A.

Uniqueness
To show uniqueness, let (&;)stc;- be any cocycle of automorphisms, generated
by ®|p«. We can show that (aslft)s,,e - also converges strongly to it, thereby showing
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that it must be identical to (as;)ssep. For this, let k € [0,00), A € & and bound
o, A — as]ft A| exactly as we did to arrive at the terms (6a)—-(6d). This results in

léis; A — o, Al

< e = aby) (1= Ep, () Al + (s — o) Ep () Al
t

<2101 - Ep ) AL+ | dulo o afi Epy e 41
N

t
<210 - By, ) Al + [ du T 1100 - Db gy Al

S xel’
<211~ Egy ) Al

t
¥ 0 By ) 0o By Al
S

x€By/2(%)

t
Pla ¥ M-y P By Al
$ x€M\By5(xp)

t
P B0 00 By AlL
$ xEF\Bk/z(xO)

These four terms can be bounded by the exact same steps used to bound the previous
four terms, thus showing that |&; A — aslft Al = 0 as k — co. Hence, &; A = a5 A for
alls,terl’.

Growth estimate
Clearly for all A € o, and s, t € I with |t — s| < 7, it holds that |as; Al < [A]. And to
prove (3) it is left to estimate the locality of a; A. For this, we bound

(1 = Ep, (1) ot Al

= 1(1 = Ep,(xy)) (a5 — & B () Al

< (1 = Ep, () (asr — o) Al + 1(1 = Ep, () @k (1 = E (1)) Al
2|Al, ,
(1+k)y

<y W 1AL, N 2| Al x,
T a+kyr +k)”

< 2[(ag; — k) Al +

for all k € [0, o) using (7) and locality of A. This proves that a5, &, C o, and

"as,t A"v,xo <3 (}71/ +1) ||A||v,x0~
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4.2 Existence and uniqueness for all times:
Proof of theorem 8

Next, we prove theorem 8 by lifting the results from theorem 7 to all times.

Convergence and cocycle and generator properties

Lett =1/(4¢rCop), lets, t € [ and A € of. Without loss of generality we assume that
s <t. We choose an N € INj and an increasing tuple (4;)iefo,.. N} of elements of I, such
thatty = s, ty =t, and t;, 1 — t; < 7. We know by theorem 7 that for alli € {0, ..., N — 1}
the restriction @|[; ; 1.1 of @ to [4;,t1] generates a unique cocycle of automorphisms

(¢ )s sefs1.,,] that can be approximated in a strong sense by the cocycle (ask,t)s,te[ti,tiﬂ]'
It holds that

N-1
A= (T s ) 4
i=0
N-1
7 H
i=0
N-1 N-1
< Z (H *; tz+1> (O{t} tisr ~ Mty ) ( H ati’ti+l> AH
j=0 = i=j+1
N-1 N-1
< t]+1 atj’tjﬂ) ( H ativti+1> AH
=0 i=j+1

-0 as k — oo,

N-1 . k
because (Hi:j+1 atutm) A is a fixed element of &/ and g ™ g strongly on &,

by theorem 7. Therefore, aslft A converges to o,y A = (Hf\:] tﬂ) A. In particular,
a4 A is independent of the choice of intermediate times (ti)ie{(),..., N}- It is now easy to
see that (o) er defines a cocycle of automorphisms and is generated by @, since it
inherits all the relevant properties from the short time cocycles () se[r. s, ,]-

Uniqueness
For the uniqueness, let (d&;);e; be any cocycle generated by @. We can split it up in
the same way as above

N—-
i 2= (Tt ) 4
i=0

We observe that for each i € {0,..., N — 1} the cocycle (d;)se[rs,,] Is generated by
@|[t, 4,1 Together with the uniqueness statement of theorem 7, this lets us conclude
that (&s,t)s,tel = (as,t)s,tel-
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Growth estimate

To obtain the bound, let A € &/, for some v € (0, ) and choose the tuple from above as
t=s+irforie€{o,.., [FTSJ} and fis)yq =1 With the bound of theorem 7 we now

find

15]

H ati liv A

i=

=]
<w ’

v, X

+1 =
les Al x, = [l <voer "0 AL,

Replacing 1/7 = 4¢ g Cp and recalling that y, is independent of @, we obtain the
estimate (4).

A Technical lemmas

In this section we refer to the decay functions F and G and the time-dependent zero-
chains @ and @* as defined in section 3.

Lemma 9. Forall e > 0 the sum

1

xel (1+d(x, xo))D+1+g

converges absolutely.

Proof. For k € N we define S := Bi.(x)\ Br_1(xg) and Sy = By(xp). Due to the volume
growth property of (I', d) is holds that |S;| < Cyo; (1 + k). From this we conclude

- Cvol (1 + k)D

(o)
1 1
D+1+¢ = Z kD+1+e +5 < Z kD+1+e + Cyol
xel (l +d(x, X())) k=1 xeS; =1
- Cvol 2D
< kzzl W + Cyo1 < 00. o

Lemma 10. Let 0 < v < vg. It holds that

sup sup (1 +m)VF<[3—m - ]il] ) < oo,
k>0 m>k/2 4 +

Proof. Since the expression is bounded away from oo it is sufficient to consider the

407



P10 Dynamics generated by spatially growing derivations on quasi-local algebras

supremum for k > 2 and bound

sup sup (1+m)"F
k22 m>k/2

( k + 1)V <3m>
= sup sup 1+m+——| F|—
k>2 m>(k/6-1/3) 3 4

( k+3>” (3m)
=sup sup |1+m+——| F[—
k>0 m>k/6 3 4

(3_m_k+1
4 4

<sup sup (2+3m)VF<STm>

k>0 m>k/6
v
< 4" sup (1 + 3_m) F<3—m>
m>0 4 4
< 0o,

where we substituted m — m + (k + 1)/3 and k — k + 2 in the second and third step,
respectively. O

Lemma 11. For all A € o/, it holds that

Su? Loy A— Lk Al > 0 as k — oo,
te

Proof. Let A € o, and k € IN;. We have
su? "3@(0 A— $®k(t) A"
te

<sup VI -En e @Al +swp 3,0, ]|

tel xeBk/Z(xO) tel x€I\By /5(xp)

The first term is bounded by

D
T sup 210 Olx GRIAL € 2oy (1+5)7Co (1 + £) G 141,
X€By/5(%0) tel

and since D + 1 < g this bound vanishes as k — oo. For the second term we assume
that k is large enough so that A is supported in By /g(xp). This allows us to insert a
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conditional expectation and then bound the second term by

Sup Z ||[(1 - EBd(x,xo)/4(x)) (Dx(t)a A] ||
tel xEF\Bk/Z(xO)

< > sup 2[@, (g G(d(x. x)/4) |Al
x€\By/5(xp) tel

<2 Z Co (1 +d(x, x0)) G(d(x, x0)/4) |Al

XGF\Bk/z(xo)
2Cyp D+2+2 1
<——— sup (1+m) “G(m/4) Al
(A +k/2) k)2 ,; (1+d(x, xo))D+1+g

for an € > 0, such that D + 2 + 2¢ < v5. The final sum converges as shown in lemma 9,
the supremum is bounded and hence the expression converges to 0 as k — oo. o

Lemma 12. Forall A € 9\, the map 1 — o, t = ZLg(;) A is continuous.

Proof. For all k € Nq and all A € o, we know that the map I — o, t = Ly Als
continuous, since each of the finitely many quasi-local terms is continuous. Together
with the uniform convergence of lemma 11, this implies the claim. o
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