




To my parents.





Abstract

Online decision-making problems, in which an agent must select the optimal action from

multiple alternatives at each step, are frequently encountered in various real-world sce-

narios. Some of the main applications of online decision making frameworks are in

healthcare, finance, dynamic pricing, recommender systems, anomaly detection, and

telecommunication [27]. Multi-armed bandits (MAB) [126] provides rich mathemati-

cal formulations for modelling online decision making problems. In MAB settings, the

only feedback provided to the learning algorithm (agent) is a possibly noisy reward sig-

nal of the chosen decision. This property of MAB severely restricts the agent and slows

down the learning process as the size of the action space becomes (exponentially) large.

However, in reality, data is generally naturally structured (interconnected). Hence, it is

critical to be able to learn such structures on the fly, and also to learn from the properties

these structures create in the data with the goal to accelerate the learning and improve

the performance of online decision making algorithms. This is the key idea that forms

the foundation of the research in this thesis.

In order to model structures and interrelations of the data, graphs have been used ex-

tensively within MAB problems. Consequently, researchers have managed to introduce

effective frameworks for exploiting the structures to accelerate the learning of MAB

agents and cope with the dimensions of MAB problems in big environments. However,

first of all, there are still some real-world problems that require novel structured MAB

frameworks to be solved. Second, state-of-the-art structured MAB frameworks mostly

ignore the underlying structure in choosing their strategies in piecewise-stationary en-

vironments. Moreover, the current literature of structured MAB frameworks ignore the

natural behaviour of structured environments in spreading the negative effects of adver-

sarial corruptions within social networks and consequently fail to perform in a robust

manner. In this regard, with the ultimate goal of addressing these issues, we engage in

the study of structured MAB settings.

In the first project, we develop a novel combinatorial semi-bandit framework with

causally related rewards, where we model the causal relations by a directed graph in a

Structural Equation Model (SEM). We deploy our framework to demonstrate a novel

application of the MAB framework: analyzing the spread of Covid-19 within a country

and identifying the optimal regions for intervention to stop the epidemic. In the second

project, we study a novel structured MAB in a piecewise-stationary environment such
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that the distribution of arms’ instantaneous rewards as well as the relationships between

the arms’ rewards are subject to changes across time. Within the same project, we study

the benefits of adapting the piecewise-stationary MAB strategies according to the un-

derlying structure of the data. For the third project, along the direction of multi-task

bandit settings where there is a graph structure linking the bandit tasks, we introduce

a novel framework that is more data efficient, in some large-scale real-world scenarios,

in comparison to the state-of-the-art. In the final project, we study the online influence

maximization problem in social networks in the presence of some corrupted nodes whose

damaging effects diffuse throughout the network structure and we introduce an algorithm

that is robust against the diffusion of malicious effects of corruptions within the network.

In this document, we substantiate the research with in-depth literature reviews and analy-

ses, the development of various novel algorithms, rigorous theoretical justifications, and

supporting experimental results.
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Kurzfassung

Online-Entscheidungsprobleme, bei denen ein Agent in jedem Schritt die optimale Ak-

tion aus mehreren Alternativen auswählen muss, sind in verschiedenen realen Szenari-

en häufig anzutreffen. Einige der wichtigsten Anwendungen von Online-Entscheidungs-

frameworks sind im Gesundheitswesen, im Finanzwesen, bei der dynamischen Preis-

gestaltung, bei Empfehlungssystemen, bei der Erkennung von Anomalien und in der

Telekommunikation zu finden. Mehrarmige Bandits (MABs) bieten umfangreiche ma-

thematische Formulierungen / Formeln für die Modellierung von Online-Entscheidungs-

problemen. In MAB-Settings ist die einzige Rückmeldung, die der Lernalgorithmus

(Agent) erhält, ein möglicherweise verrauschtes Belohnungssignal der gewählten Ent-

scheidung. Diese Eigenschaft von MABs schränkt den Agenten stark ein und verlang-

samt den Lernprozess, da der Aktionsraum (exponentiell) groß wird. In der Realität sind

die Daten jedoch im Allgemeinen natürlich strukturiert. Daher ist es von entscheidender

Bedeutung in der Lage zu sein, solche Strukturen spontan zu erlernen – und auch von

den Eigenschaften zu lernen, die diese Strukturen in den Daten erzeugen. Beides zielt

darauf ab, das Bedauern von Online-Entscheidungsalgorithmen zu verbessern. Dies ist

der Kerngedanke, der die Grundlage für die Forschung in dieser Doktorarbeit bildet.

Um Strukturen und Zusammenhänge der Daten zu modellieren, wurden bei MAB-

Problemen in großem Umfang Graphen verwendet. Folglich ist es Forschern gelun-

gen, wirksame Frameworks zur Nutzung der Strukturen einzuführen. Diese haben das

Ziel, das Lernen von MAB-Agenten zu beschleunigen und die Dimensionen von MAB-

Problemen in großen Umgebungen zu bewältigen. Allerdings gibt es erstens immer noch

einige reale Probleme, deren Lösung neuartige strukturierte MAB-Frameworks erfordert.

Zweitens ignorieren strukturierte MAB-Frameworks auf dem Stand der Technik meist

die zugrunde liegende Struktur bei der Wahl ihrer Strategien in stückweise-stationären

Umgebungen. Darüber hinaus ignoriert die derzeitige Literatur zu strukturierten MAB-

Frameworks das natürliche Verhalten strukturierter Umgebungen bei der Verbreitung ne-

gativer Auswirkungen gegnerischer Korruptionen / Beschädigungen innerhalb sozialer

Netzwerke und ist daher nicht robust genug. Mit dem ultimativen Ziel, diese Probleme

zu lösen, befassen wir uns mit der Untersuchung strukturierter MAB-Settings.
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Kurzfassung

Zunächst entwickeln wir ein neuartiges kombinatorisches Semi-Bandit-Framework

mit kausal verbundenen Belohnungen. Bei diesem modellieren wir die kausalen Bezie-

hungen durch einen gerichteten Graphen / Digraphen in einem Strukturgleichungsmo-

dell (SGM / Structural Equation Model, SEM). Wir setzen unser Framework ein, um

eine neuartige Anwendung des MAB-Frameworks zu demonstrieren: die Analyse der

Ausbreitung von Covid-19 innerhalb eines Landes und die Identifizierung der optimalen

Regionen für eine Intervention zur Eindämmung der Epidemie. Zweitens untersuchen

wir einen neuartig strukturierten MAB in einer stückweise-stationären Umgebung. In

dieser unterliegen die Verteilung der unmittelbaren Belohnungen der Arme sowie die Be-

ziehungen zwischen den Belohnungen der Arme zeitlichen Veränderungen. An gleicher

Stelle untersuchen wir die Vorteile einer Anpassung der stückweise-stationären MAB-

Strategien an die zugrunde liegende Struktur der Daten. Drittens stellen wir im Hin-

blick auf Multi-Task-Bandit-Settings, bei denen die Bandit-Aufgaben durch eine Gra-

phenstruktur miteinander verbunden sind, ein neuartiges Framework vor. Dieses ist im

Vergleich zum Stand der Technik in einigen groß angelegten realen Szenarien datenef-

fizienter. Schließlich untersuchen wir das Problem der Online-Einflussmaximierung in

sozialen Netzwerken bei Vorhandensein einiger korrumpierter / beschädigter Knoten,

deren schädliche Auswirkungen sich in der gesamten Netzwerkstruktur verbreiten. Und

wir stellen einen Algorithmus vor, der gegen die Verbreitung bösartiger Auswirkungen

von Korruptionen innerhalb des Netzwerks robust ist. In diesem Dokument untermauern

wir die Forschung mit ausführlichem Literaturüberblick und eingehenden Literaturana-

lysen, der Entwicklung verschiedener neuartiger Algorithmen, gründlichen theoretischen

Begründungen und unterstützenden experimentellen Ergebnissen.
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Chapter 1

Introduction

This chapter serves as both an introduction and a summary outline of this disserta-

tion.The thesis aims to explore characteristics of sequential decision-making problems

in interconnected environments in order to develop innovative frameworks that address

real-world challenges. The research falls under the broader umbrella of online decision-

making and online learning. In the following, we briefly introduce online decision mak-

ing and elaborate more on the term “structured bandits” and review state-of-the-art re-

search in handling structural properties within online decision making settings. We high-

light some of the gaps and issues within the current state-of-the-art literature and discuss

our solutions in a brief and high level fashion as we leave the more detailed discussions

for the following chapters of the thesis.

1.1 Online decision making and multi-armed bandits

Online learning frameworks are a subset of machine learning (ML) techniques that are

aiming at learning from a data that arrives sequentially. These methods are capable of

updating the model incrementally upon the arrival of the new data. This makes them

powerful candidates for real-time learning and adaptations. Provided with the feedback

to the previous learning tasks, the online learning framework tries to minimize a loss

function. In the last couple of decades, online decision making has become one of the

most active research fields within online learning. Online decision-making concentrates

on applying a range of machine learning, optimization, and statistical methods to ensure

decisions are made both promptly and efficiently. The goal is to create systems that are

providing optimal outcomes in real-world, real-time scenarios. One could identify adap-

tive sampling and partial feedback as two of the main characteristics of most of online

decision making settings. Adaptive sampling implies that the learning algorithm is ac-

tively involved in the collection of data from the environment in an interactive manner.

Moreover, partial feedback indicates that the learning algorithm only receives feedback

related to the taken action. Receiving only the partial feedback, the learning agent re-
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Chapter 1 Introduction

quires to gather information about the environment (exploration) while minimizing its

loss based on the previously collected information (exploitation). Consequently, online

decision making with partial feedback naturally inherits the trade-off between explo-

ration and exploitation at any point in time.

Multi-armed bandits (MAB) [126] frameworks provide a rich mathematical formula-

tion for modelling this exploration-exploitation trade-off. Hence, MABs have been used

extensively in order to address this trade-off in a variety of applications of online decision

making. In the classical stochastic K-armed bandit problem, a decision maker chooses

one out of the K possible arms (actions) and experiences an instantaneous reward, which

is chosen from an unknown distribution associated with that arm. The goal is to learn

from the experience the arm with the best expected reward, i.e. the arm with the highest

reward on average. A variety of strategies exist as solutions to the MAB problem, such

as ε-greedy [140], UCB [8], and Thompson sampling [145]. The performance of these

learning strategies is measured in terms of regret, which is the difference between the

reward incurred by the algorithm and the optimal reward. The minimax regret scales as

O(
√

KT ) where T is the time horizon. Achieving strong performance requires balancing

the exploration of less understood actions with the exploitation of existing knowledge to

maximize rewards. MAB frameworks have found applications in many fields, includ-

ing finance [133, 72], dynamic pricing [111], recommender systems [174], and adaptive

routing [10].

1.2 Structured bandits

Why are structures important in MAB? In many MAB problems, a common as-

sumption is that the collected data are realizations of independent and identically dis-

tributed (i.i.d.) random variables, and the reward obtained from selecting an action does

not provide any information about the other available actions. However, this assumption

is often violated in numerous realistic scenarios. When this assumption does not hold,

it becomes theoretically and practically challenging for a learning agent to effectively

solve the bandit problem, especially in large-scale, interconnected environments. This

challenge is particularly evident in settings with a vast number of potential actions, such

as movie recommendation systems, where the set of all possible movies forms the ac-

tion space. Another challenging setting is when a decision maker must select a subset of

items in each round of decision-making, while adhering to combinatorial constraints, a

scenario known as combinatorial bandits [86].

Aside from the above-mentioned challenges that are posed by the mathematical for-

mulation of these types of bandit settings, from an application perspective, in some real-

world applications, particularly in areas like healthcare, finance, and robotics, obtaining

interaction data can be both expensive and sometimes unattainable. The objective, there-

fore, is to leverage any available knowledge about the relationships of data entities to

mitigate the impact of the large number of actions on the regret of the decision mak-
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ing algorithm. Mathematically speaking, we aim to replace the dependence on the total

number of actions, K, in the minimax regret of the MAB problem with a smaller quan-

tity that reflects the structure of the data. This would not only improve the algorithm’s

performance but also provide more clear intuition and interpretation regarding how the

information structure of the data influences the bandit problem.

Graphs as mathematical objects to model structures in machine learning. Graphs

have been widely used in various applications to model and analyze interconnected data

entities in real-world scenarios. Examples include drug discovery [165], gene regulatory

network analysis [130], social network analysis [13], fraud detection [5], traffic predic-

tion [99], and computer vision [112]. In these domains, large-scale, complex graphs or

networks are common, and learning algorithms are often designed to exploit any knowl-

edge of these structures.

Structured bandits. As the result of the aforementioned, there has been significant

interest in addressing bandit problems where complex information structures exist, al-

lowing the learning agent to utilize this knowledge to become more sample-efficient.

Hence, one can roughly define structured bandits as the following; Structured bandits is

the problem of online decision-making under uncertainty, where the presence of struc-

tural information plays a crucial role in guiding and optimizing the decision-making

process [155].

Despite notable successes in this area, challenges remain that hinder the widespread

adoption of MAB algorithms in real-life applications. This thesis aims to develop frame-

works that leverage the understanding of the underlying structure of the data to inspire

the creation of novel algorithms. These algorithms are intended to enhance the perfor-

mance of Multi-Armed Bandit (MAB) algorithms beyond the current state-of-the-art.

The following sub-sections will introduce key work in bandit problems that involve in-

formation structures closely related to our studies in this dissertation. For more detailed

discussions on other types of structured bandits, readers may refer to [152].

1.3 Thesis contribution to structured bandits literature

In the following, we briefly review some of the main research directions and the related

references within the more general setting of structured bandits and highlight the funda-

mental missing points within the state-of-the-art that we want to address in this thesis.

Consequently, we mention our contributions in addressing the issues in structured bandits

literature.
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1. Causally structured bandits. Motivated by applications in epidemiology, mar-

keting strategies, computational biology, and analysis of gene regulatory networks, re-

searchers have tried to marry multi-armed bandits settings and causality [122]. The goal

would be to identify the best intervention on a causal system in order to optimize the

expected value of a certain signal (reward signal in this setting) in the causal system

[17, 90, 131]. Causal graphs are used for representing causal relationships among inter-

acting variables in the bandit setting. They explicitly account for the causal relationships

between actions and outcomes, which makes the decision-making more informative in

comparison with traditional bandits. In these papers, directed graphs that encode the pat-

tern of interaction among components in the causal system are considered in the problem

modelling. However, these works rely on the prior knowledge of the directed graphs be-

tween the actions. This property makes their algorithms impractical in realistic scenarios

where the underlying graph structure is not available a priori.

Lack of knowledge w.r.t. the underlying graph structure can be managed by employing

online learning strategies that both infer system dynamics and guide decision-making in

real-time. The central concept is to discern the underlying graph processes and leverage

this understanding to enhance action optimization. To achieve this objective, we propose

an algorithm that determines the causal relations by learning the network’s topology and

simultaneously exploits this knowledge to optimize the decision-making process. Com-

pared to previous works, our proposed framework does not require any prior knowledge

of the structural dependencies. In addition, the framework presents a completely novel

form of combinatorial semi-bandit setting. We establish a sublinear regret bound for the

proposed algorithm. We present a novel application of MAB algorithms by applying

our framework to analyze the development of Covid-19 in a country. We show that our

proposed policy is able to detect the regions that contribute the most to the spread of

Covid-19 in the country. We elaborate more on this project and present it in complete

details in Chapter 3.

2. Piecewise-stationary structured bandits. Unlike stationary stochastic settings,

real-world scenarios often feature evolving reward distributions. For example, in recom-

mender systems, user feedback changes over time. In some cases the changes are such

that the environment can be modelled as piecewise stationary [23]. Generally speak-

ing, there are two main approaches in modeling this type of nonstationarity in bandit

problems; the switching case (abruptly changing) [173] and the dynamic case (smoothly

changing) [44] [150]. In the switching case, reward distributions of arms stay constant

for certain intervals but change instantly for a subset of arms when the environment

varies. The point where distributions change is a change-point (or breakpoint) and an

interval between any two consecutive change-point is a stationary segment [173]. Con-

versely, in the dynamic case, base arms’ mean rewards evolve gradually, constrained by a

variation budget, rather than changing abruptly [22]. Let us focus on the switching case,

also referred to as piecewise stationary bandit model [23].
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1.3 Thesis contribution to structured bandits literature

In structured bandit problems within piecewise stationary settings, reward generation

process can change due to changes in reward distributions of arms or the structural rela-

tionships between variables. Although not addressed in the MAB literature, this model

applies to real-world scenarios like financial markets, where both investors’ stock pur-

chasing behavior and causal effects among stock prices change over time. Optimal in-

vestors monitor and adapt to both types of variations.

Generally, there are two primary approaches to tracking the piecewise stationary be-

havior of arm distributions; passively adaptive approach [58] and actively adaptive ap-

proach [23]. Methods in the first category do not recognize change-points and base their

decisions on the most recent observations. Conversely, methods in the second category

employ a change detection algorithm to track distribution changes and decide accord-

ingly. Clearly, the effectiveness of actively adaptive approaches significantly depends

on the agent’s ability to handle breakpoints efficiently. Actively adaptive algorithms use

either global or local restart to relearn the expected reward of arms. Global restart resets

learnings for all arms when any change is detected, while local restart only resets learning

of the detected. The choice of the restarting strategy introduces a trade-off on the control

of the false alarm and the delay of the change point detectors and the overall influence

of these two parameters on the regret of piecewise stationary bandit algorithms. While

global restart is vulnerable to the negative effects of false alarms, local restart suffers

from a bigger effects of delayed detections. Basically, the above restarting approaches

have a major drawback: they overlook potential relationships among arms’ distributions

when deciding on restarting them, i.e. the relationships between the arms are ignored in

the design of the algorithms that rely on change point detectors.

Therefore, introducing a new restarting strategy for bandit algorithms in structured

piecewise stationary environments is essential for two motivational reasons. First, so-

cial networks, a famous application area of bandit algorithms, show high modularity

[114] [26] in their network structures. Second, changes within networks are often inter-

connected, spreading locally through contagion [53], social influence [53], or diffusion

[144], as seen in marketing campaigns and rumor propagation [132]. In this regard, we

theoretically study the advantages of having restarting strategies that consider the under-

lying structure of the data. Hence, we introduce the notion of group restart as a new

alternative restarting strategy in the decision making process in structured environments

and we theoretically prove its advantage over other restarting strategies in controlling the

delay and the false alarm of change point detectors. Furthermore, we study the piecewise

stationary combinatorial semi-bandit problem with causally related rewards. In our non-

stationary environment, variations in the base arms’ distributions, causal relationships

between rewards, or both, change the reward generation process. Our UCB-based algo-

rithm integrates a mechanism to trace the variations of the underlying graph structure,

which captures the causal relationships between the rewards in the bandit setting. The-

oretically, we establish a regret upper bound that reflects the effects of the number of

structural- and distribution changes on the performance. We will expand on this project

and provide a comprehensive explanation and presentation of results in Chapter 4.
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3. Multi-task contextual bandits [38, 169]. In this setting, the learner is given a graph

encoding relations between the bandit tasks. Each bandit task represents a user who

needs to be provided with services by the online recommender system. Depending on

the problem setup, sampling one action can, explicitly or implicitly, provide information

to the decision-maker about other actions.

One solution to this problem relies on the notion of homophily in social networks

[109, 53]. Accordingly, given the large number of users in social networks, user pref-

erences can potentially be identified more rapidly by utilizing the similarities between

them, as indicated by the social network’s structure. In the context of modeling social

networks, users’ preference relationships are depicted using an undirected graph, where

neighboring nodes correspond to users with similar preferences. Utilizing this informa-

tion and integrating it into bandit algorithms can greatly enhance performance [169].

For instance, the paper of [169] achieves a single-user cumulative regret of O(ψd
√

T )
in stochastic linear bandit problem [94], where T is the time horizon, d is the dimen-

sionality of the feature vectors and ψ ∈ (0,1) is a scalar parameter that depends on the

graph structure between users in the social network. This is a clear improvement over

the famous LinUCB algorithm [95] that considers the users independent of one another

and achieves the cumulative regret of O(d
√

T ). Indeed, the knowledge of user relations

allows the algorithm to tackle the data sparsity issue that is inherent to bandit settings.

Both papers of Cesa-Bianchi et al. [38] and Yang et al. [169] propose UCB-style algo-

rithms and exhibit the importance of using the social network graph to achieve lower

regrets using Laplacian regularization. Consequently, both methods promote smooth-

ness among the preference vectors of users in order to transfer the collected information

between them.

A second solution to the multi-task problem is to consider the high modularity mea-

sures exhibited by social networks [114, 26]. Accordingly, users can be grouped based on

the graph topology, allowing for a preference vector to be learned for each cluster. This

approach significantly reduces the dimensionality of the problem. Sequentially cluster-

ing bandit tasks was first introduced in [59] and later improved in [97]. In other papers,

the algorithm presented in [115] utilizes K-means clustering to group users, whereas the

algorithm in [46] relies on hedonic games for the online clustering of bandits, and [168]

make use of community detection techniques on graphs to find user clusters.

For the first solution, the Laplacian regularization in [38, 169] does not account for

the smoothness heterogeneity introduced by a piecewise constant behavior over the so-

cial network graph [162]. For the second approach, the frameworks in [59, 97] aim at

gradually forming clusters as connected components. However, their approach can cause

overconfidence in the constructed clusters, potentially leading to error accumulation.

In our attempt to address these issues, we assume access to a graph that encodes the

relationships between bandit tasks, where the task parameter vectors are piecewise con-

stant across the graph, indicating that tasks naturally form clusters. We propose an al-

gorithm that utilizes this prior knowledge of the piecewise constant structure to update

tasks without the need to explicitly identify the clusters. This approach effectively ad-
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dresses the limitations discussed earlier: it integrates the piecewise constant smoothness

directly into our regularizer, and by avoiding explicit cluster estimation, our algorithm

sidesteps the risk of overconfidence. We provide a regret upper bound for our setting.

Our bound highlights the advantage of our algorithm in high dimensional settings, and

for large graphs. In Chapter 5, we will delve into this project in greater details, offering

a thorough and complete presentation of results involved.

4. Online influence maximization and diffusion of corruption in social network.

Online social networks facilitate the frequent collection and updating of information re-

garding users’ connections and communications, making Influence Maximization (IM)

[79] easier to implement. Typically, in an IM setting, a social network is represented

as a graph, with users depicted as nodes. The edges symbolize relationships between

users, while the edge weights indicate the influence probabilities between them. Influ-

ence then spreads through the network according to a chosen diffusion model [79]. In

practical scenarios, even when the network’s topology is known, the influence probabili-

ties remain unknown in advance. This challenge emphasizes the importance of the online

influence maximization (OIM) problem [157, 164, 166, 92]. In OIM, the task of estimat-

ing activation probabilities falls to the learner, who must determine these probabilities

through direct interactions with the network (exploration) while trying to maximize in-

fluence based on the gained knowledge (exploitation), hence the application of MAB

mathematical frameworks in solving OIM problems.

Researchers have explored the OIM problem from various perspectives [164, 157,

166, 98, 176]; however, most approaches assume that all users in the social network

are fully cooperative, influencing others willingly and automatically. This assumption

overlooks the critical issue of potentially having corrupted users or nodes. In real-world

applications, malicious users can deceive the system with disruptive behaviors, spreading

corruption by disrupting the information flow within the network even if they are not

selected as seeds. Therefore, it is crucial to develop an algorithm that is robust against

corruption in online influence maximization settings.

We introduce a novel algorithm for corruption-robust OIM, which is based on an OIM

algorithm combined with a corruption-robust linear bandit approach [67]. By incorpo-

rating weighted regression into the OIM algorithm, our method effectively mitigates the

issues caused by inaccurate estimations due to corrupted users. We provide a theoretical

analysis showing that the proposed algorithm not only achieves sublinear regret but also

maintains robustness against malicious behaviors. In Chapter 6, we will thoroughly elab-

orate on this project, presenting it in full detail and covering the results comprehensively.

1.4 List of publications

This thesis is based on the following papers. The detailed contributions of the author of

the thesis to each paper are provided in the next subsection.
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I Behzad Nourani-Koliji, Saeed Ghoorchian, and Setareh Maghsudi, “Linear Com-

binatorial Semi-Bandit with Causally Related Rewards”, published in proceedings

of the Thirty-First International Joint Conference on Artificial Intelligence (2022),

(IJCAI-22).

II Behzad Nourani-Koliji, Steven Bilaj, Amir Rezaei Balef, and Setareh Magh-

sudi. “Piecewise-Stationary Combinatorial Semi-Bandit with Causally Related

Rewards”, published in proceedings of the Twenty-Sixth European Conference

on Artificial Intelligence, ECAI 2023, pages 1787–1794. IOS Press, 2023.407

III Sofien Dhouib, Steven Bilaj, Behzad Nourani-Koliji, and Setareh Maghsudi. “Clus-

ters Agnostic Network Lasso Bandits”. in [Openreview.net/submitted to ICML2025]

IV Xiaotong Cheng, Behzad Nourani-Koliji, Setareh Maghsudi, “Online Influence

Maximization with Semi-Bandit Feedback under Corruptions”, published in IEEE

Transactions on Network Science and Engineering.

1.5 Author’s contributions

In this section, I clarify my contributions to each paper in this dissertation.

Paper I:

Linear Combinatorial Semi-Bandit with Causally Related Rewards

I proposed and developed the entire mathematical problem formulation and algo-

rithm. I also designed and performed all the synthetic data and the real-data experiments.

The theoretical analysis was done by me and Saeed Ghoorchian. I wrote the article en-

tirely and Saeed Ghoorchian helped with rephrasing and editing some parts.

Paper II:

Piecewise-Stationary Combinatorial Semi-Bandit with Causally

Related Rewards

The idea of extending the framework in Paper I to the nonstationary environment

was introduced by me. I noticed the scientific contributions of this idea after my litera-

ture reviews. I proposed the problem formulation and the algorithm entirely. I designed

and performed all the synthetic and real-data experiments. Based on my studies, I high-

lighted the place where the theoretical contribution should take place. The method for

performing the theoretical analysis was proposed by Amir Rezaei Balef and discussed

with me and Steven Bilaj. The theoretical analysis was finalized and written by Steven

Bilaj and Amir Rezaei Balef. I wrote the entire paper and edited the theoretical analysis.
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1.5 Author’s contributions

Paper III:

Clusters Agnostic Network Lasso Bandits

After discussions between me and Sofien Dhouib, Sofien Dhouib proposed the ini-

tial idea. Sofien Dhouib proposed the problem formulation and the algorithm entirely.

I solved the optimization part of the proposed algorithm and implemented the solution.

I performed some literature review and helped Sofien Dhouib with the design, imple-

mentation, and execution of the experiments. Sofien Dhouib and Steven Bilaj did the

theoretical analysis. The paper is mostly written by Sofien Dhouib. Steven Bilaj helped

with writing the theoretical part and I helped with writing the introduction and related

works.

Paper IV:

Online Influence Maximization with Semi-Bandit Feedback under

Corruptions

Xiaotong Cheng proposed an initial idea. The final idea is the result of our dis-

cussions with Xiaotong Cheng. Xiaotong Cheng proposed the problem formulation and

the algorithm entirely. I performed the real-data experiment and some of the synthetic

data experiments. I also wrote the introduction and the related work after my literature

review. Xiaotong Cheng performed the analysis and wrote the rest of the paper and I

helped with editing the text and proof-readings.
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Chapter 2

Technical Background

In this chapter, we brielfy explain the fundamental mathematical background of methods

and models in this thesis. For more detailed explanations on variations of MAB, we refer

the reader to [91]. The references for other topics are mentioned in the related sections.

2.1 Multi-armed bandits (MAB)

2.1.1 Stochastic MAB

In the general form of multi-armed bandit problem, the MAB framework [88, 126] con-

sists of a set of arms resembling different decisions and actions in an environment. An

action’s reward is the utility collected by the learning algorithm (also named player or

agent) upon taking an action. The agent only gets to observe the feedback related to the

taken action. This partial feedback is also referred to as bandit feedback. The interaction

between the agent and the environment happens over T ∈ N rounds of decision making.

Depending on the assumptions about the reward generating process, the MAB frame-

work can be classified into the stochastic [8] or adversarial setting [9]. In this thesis, we

exclusively focus on stochastic multi-armed bandits. In the stochastic setting, each arm

is linked to a specific reward distribution, and every time an arm is pulled, a sample is

drawn from its corresponding distribution. The mean of this distribution corresponds to

the expected reward of the arm, but it is not known to the agent.

To assess the effectiveness of the MAB learning algorithm, we measure its perfor-

mance against the optimal strategy, which selects the best possible action at every time

step. This optimal approach reflects the decisions of an Oracle, who has full knowledge

of the reward distributions for all available actions. This performance metric is typically

referred to as cumulative (pseudo) regret. We use RT to represent this measure and it is

defined as

RT = T max
i∈[K]

µi−E

[
T

∑
t=1

µat

]

,

11



Chapter 2 Technical Background

where at is the action taken by the agent at round t and µi is the mean of the reward

distribution for arm i. The expectation is calculated based on the randomness in the

actions chosen by the learning algorithm. Our primary focus is on how the regret scales

with the time horizon T . The agent’s objective is to minimize the gap between its own

performance and that of the optimal strategy, as measured by cumulative regret.

From an algorithmic perspective, to solve the stochastic bandit problems, different

strategies such as those based on Upper Confidence Bounds (UCBs) [91, 8] and Thomp-

son Sampling [146, 3, 127] as well as greedy approaches [89] are proposed in the litera-

ture.

2.1.2 Stochastic linear bandits

In this section, we introduce a specific class of bandit problems within the stochastic

framework, where the rewards are assumed to follow a linear structure. This assumption

allows the learning process to benefit from insights gained from one action to be used

for learning about other actions, enhancing overall learning efficiency. This modeling

approach provides a rich and powerful framework, which will serve as a key focus for

some of the research projects throughout this thesis.

In linear bandits [7, 94, 4, 158], every arm is associated with a d-dimensional vector

x (a point in R
d) and the reward function is an unknown linear function as xT θθθ such

that the aim is to learn the unknown d-dimensional vector θθθ . Two of the most influential

algorithms in this setting are LINUCB and OFUL that were introduced in [94] and [1]

respectively. Both algorithms achieve O(d
√

T ) regret.

2.1.3 Multi-task contextual linear bandits

In this section, we present the basic setting of Multi-task Contextual Linear Bandit

(MLB) problem. One of our contributions is dedicated to solve this problem. In MLB

[38, 169], the agent is required to solve multiple contextual linear bandit tasks. In prac-

tical applications, this setting mimics the task faced by a recommender system, which

recommends items to multiple users. Each user represents a bandit instance and all users

share the same set of candidate items (arm set). The bandit parameter vectors repre-

sent users’ preference and items are arms characterised by arm features (contexts). The

reward corresponds to user’s preference to the recommended item.

The environment consists of a set of bandit problems V . Over a time horizon T ,

the agent is required to solve bandit problems sequentially. At a round t ∈ N, a user

m(t)∈V is selected uniformly at random and served an arm with context vector x(t) from

a finite action setA(t)⊂R
d with size K, depending on their estimated preference vector

θ̂θθ m(t)(t) ∈ R
d . We assume the expected reward to be linear, with an additive, σ -sub-

Gaussian noise. Formally, the received reward y(t) is given by y(t) = ⟨θθθ m(t),x(t)⟩+η(t)
where η(t) is the noise. The performance of our policy is assessed by the expected regret
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over the T interaction rounds for all tasks:

R(T ) = E

[
T

∑
t=1

⟨θθθ m(t),x
⋆(t)−x(t)⟩

]

,

where x⋆(t) is the optimal arm with respect to the bandit instance m(t) ∈ V .

Consider a scenario where there are N contextual linear bandit instances to solve. As a

result, each bandit is encountered approximately T ′= T/N times. If the agent treats each

bandit separately, the cumulative regret for each instance can be bounded by R(T ′) =
O(d
√

T ′). Consequently, the total regret across all bandits would be R(T ) =O(Nd
√

T ′),
which grows undesirably linearly with the number of bandit instances N. One of our key

contributions, presented in Chapter 5, is the development of the algorithm Network Lasso

Policy, which leverages prior knowledge of task similarities to reduce cumulative regret

in multi-task contextual linear bandits.

2.1.4 Combinatorial semi-bandits

A constraint on the number of arms played by the learner in each round in the multi-

armed bandit problem can present an issue in some real-world scenarios. Combinatorial

multi-armed bandits [85, 37] is the framework that is designed to address this type of

problems. Unlike the basic multi-armed bandit problem, in combinatorial multi-armed

bandit, the actions can consist of a subset of the set of all available base arms. This sub-

set is referred to as super arm. At the end of each round, the agent receives the reward

corresponding to the selected subset of base arms. The primary challenge in combi-

natorial bandits lies in managing the exponentially large action space. To address this

issue, current methods assume that the reward function has a structure over the set of

arms and utilize an efficient oracle to solve an optimization problem over the combi-

natorial set of feasible actions. In this thesis, we consider semi-bandit feedback where

the agent observes a reward for each selected arm. The combinatorial bandit problem is

well-investigated in the literature by considering various settings [42, 43, 44]. We elab-

orate more on the mathematical formulation of combinatorial semi-bandit problems on

Chapters 3, and 4.

2.1.5 Piecewise-stationary bandits

In many real-world applications, the environment is dynamic, with key statistical fea-

tures of the random variables evolving as time goes on. This contrasts with stationary

environments, where a single arm remains optimal for the duration of the process. In non-

stationary settings, however, the optimal action can change as the environment changes.

It is possible to address the nonstationary behaviors of rapidly-varying environments

using the adversarial bandit framework [9]. However, in some cases, the environment

changes slowly and less frequently. One of the main approaches in modeling this type
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of nonstationarity in bandit problems is referred to as piecewise-stationary bandit model

[23].

A piece-wise stationary bandit model is characterized by a set of K arms. We denote

by µi(t) the mean reward of arm i at round t. At each round t, a decision maker has to

select an arm It ∈ {1, . . . ,K}. At time t, we denote by i∗t an arm with maximal expected

reward, i.e., µi∗t (t) = maxi µi(t), called an optimal arm. We measure the performance of

policy π using the notion of piecewise stationary regret, i.e., the regret w.r.t. an oracle

that knows the best action in each stationary segment:

Rπ
T = E

[
T

∑
t=1

(

µi∗t (t)−µIt (t)
)
]

.

We refer to the specific time instance where a change occurs in the environment as a

change point or a break point.

A common approach to solve the problem is to use a sliding window or a discount

factor to estimate the expected value of rewards with piecewise stationary generating

processes [44]. Other approaches, such as those based on change-point detection [173],

have also been proposed to solve the problem. In Chapter 5, we consider piecewise-

stationary structured bandits and propose adaptive decision-making strategies to solve

the formulated problem.

2.1.6 Online influence maximization

In social networks, influence propagates through the network structure under a specific

diffusion model [79]. As a result, companies aim to select a fixed number of customers,

called seeds or source nodes, that greatly influence others to receive reimbursement in

return for advertising their products. That is referred to as Influence Maximization (IM)

[79]. In influence maximization frameworks, companies aim at maximizing the influence

spread given a limited budget. Even if the network topology is accessible, the influence

probabilities are unknown a priori. That highlights the importance of online influence

maximization (OIM) problem [156, 157]. Multi-armed bandit framework, especially

the linear bandit model [95], is widely used to solve the online influence maximization

problem [156, 164, 166].

In the influence maximization problem, a directed graph G = (V,E) is utilized to

model the social network. V = {1,2, . . . ,n} is the set of users (nodes) and E is the set of

edges with cardinality m = |E|. Each edge e ∈ E is associated with an activation proba-

bility p(e) ∈ [0,1]. For example, an edge e = (u,v) could represent user v follows user u

on some social media and p(u,v) represents the probability that user v (receiving node)

will be activated/influenced by user u (giving node). Denote P = (p(e1), . . . , p(em)) to be

the activation probability vector. For a given seed set S ⊆ V with activation probability

P, the expected number of influenced users under the diffusion model D is fD,P(S). By

definition, the users/nodes in S are always influenced. Given G and a budget K on the
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number of seeds to be selected, IM aims to find the seed set which will maximize the

influence spread

Sopt = arg max
|S|≤K

fD,P(S).

Relying on the mathematical modelling in linear bandits, we assume each edge e ∈ E
is associated with a known feature vector xe ∈ R

d and an unknown coefficient vector

θθθ ∈ R
d , where d is the dimension of the feature vector. It is assumed that for all e ∈

E , p(e) is “well-approximated” by xT
e θθθ . The goal of the bandit agent is to estimate

these activation probabilities in the social network as it tries to maximize the spread of

influence in the network. We develop more on the mathematical formulation of online

influence maximization in Chapter 6 as we present our project in this field.

2.2 Generalized likelihood ratio (GLR) change point

detectors

In this section, we want to provide a quick overview and the basic formulations of the

generalized likelihood ratio (GLR) change point detectors. Sequential change-point de-

tection is a classical problem in statistical sequential analysis [106]. In our algorithm

design in Chapter 4, we will use the GLR change-point detector presented in [23], which

works for any sub-Bernoulli distribution.

In a piecewise stationary bandit game, let us assume that we have stored for an arm a

time sequence {Xt}n
t=1. Hypothesis H0 indicates that the entire sequence is drawn from

a sub-Bernoulli distribution for any t ≤ n, while HypothesisH1 says that the sequence is

generated from two different sub-Bernoulli distributions with an unknown change-point

s ∈ [1,n−1]. Mathematically, we can formulate this as the following:

H0 : ∃ f0 : X1, . . . ,Xn
i.i.d.∼ f0,

H1 : ∃ f0 ̸= f1,s ∈ [1,n−1] : X1, . . . ,Xs
i.i.d.∼ f0 and Xs+1, . . . ,Xn

i.i.d.∼ f1.

The GLR statistic for sub-Bernoulli distributions is:

GLR(n) = sup
s∈[1,n−1]

[
s×kl(µ̂1:s, µ̂1:n)+(n− s)×kl(µ̂s+1:n, µ̂1:n)

]
,

where µ̂s:s′ is the mean of the observations collected between s and s′, and kl(x,y) is the

binary relative entropy between Bernoulli distributions defined as the following,

kl(x,y) = x log

(
x

y

)

+(1− x) log

(
1− x

1− y

)

.

If the GLR statistic GLR(n) is large, it indicates that hypothesisH1 is more likely. Hence,
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the sub-Bernoulli GLR change-point detector with threshold function β (n,δ ), and con-

fidence level δ ∈ (0,1) is

τ := inf

{

n ∈ N : sup
s∈[1,n−1]

[
s×kl(µ̂1:s, µ̂1:n)+(n− s)×kl(µ̂s+1:n, µ̂1:n)

]
≥ β (n,δ )

}

,

where β (n,δ ) can theoretically be chosen according to the lemma 2 in [23]. We can

implement the GLR change point detector using the following function,

GLR(X1, . . . ,Xn;δ ) = 1{sups∈[1,n−1][s×kl(µ̂1:s, µ̂1:n)+

+(n− s)×kl(µ̂s+1:n, µ̂1:n)]≥ β (n,δ )}.

Thus, if GLR(X1, . . . ,Xn;δ ) = 1, the GLR change point detector sends a signal that

indicates that a change in the statistics of the given sequence of numbers is detected.

In comparison to other change-point detection methods commonly used in piecewise-

stationary MAB settings, the GLR change-point detector offers a significant advantage

by requiring fewer parameters to be tuned and less prior information about the bandit

instance. Specifically, the GLR detector only requires adjustment of the threshold pa-

rameter. In contrast, cumulative sum (CUSUM) change point detector [101] involves

more parameter tuning and rely on prior knowledge of the smallest magnitude of all

change-points. In Chapter 4 we delve deeper into the mathematical formulations of the

GLR change point detector and discuss the effects of its parameters in details within the

context of our project in piecewise stationary structured bandits.

2.3 Graph theory

In this section, we recall some definitions and basics of graph theory. These notions are

used throughout the thesis.

Let us denote a graph as G = (V,E) where V = {1, . . . ,K} is the set of all nodes, and

E ⊆ V ×V is the edge set. For the graph G, if (u,v) ∈ E implies (v,u) ∈ E for all u,v ∈ V
then the graph is undirected. The graph is directed, if each edge has a direction, pointing

from one vertex to another. One way of representing the graph is by using the adjacency

matrix of the graph denoted as A ∈ R
K×K , such that the (i, j)-th element is

[A]i j =

{

ai j if there is an edge from j to i

0 otherwise
(2.1)

where ai j is the weight of the edge that connects the node i and j. The degree matrix

of the graph is defined as a K×K diagonal matrix D = diag(d1, . . . ,dk, . . . ,dK) where dk

represents the number of times an edge terminates at vertex k. For an undirected graph,

the matrix A is symmetric, i.e., ai j = a ji. This is not necessarily true for directed graphs.
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Consider the case where we have a graph G with E edges, i.e. |E| = E. Hence, an

alternative representation of the graph is given by its incidence matrix B ∈ R
K×E such

that,

[B]i j =







−1 if the edge j leaves node i;

1 if the edge j enters node i;

0 otherwise.

(2.2)

Most importantly, we define the Laplacian matrix as L = D−A. Laplacian matrix is the

most commonly used representation of the graph due to its interesting properties [136].

2.4 Graph signal processing

Graph signal processing is a multidisciplinary research area that is focused on the devel-

opment of tools for analyzing data on irregular graph domains [120]. Roughly speaking,

a graph signal can be defined as the set of values residing on the set of nodes of a graph

[120]. Considering that the nodes in the graph are connected via the edges, the graph can

help to extract lots of information from the data. As in classical signal processing, we

can define the notion of smoothness for graph signals [49]. We can also define the no-

tions of spectral representation of graph signals and graph Fourier transform [143]. As

a result, it allows for the definitions of frequency, bandlimitedness, filtering, and sam-

pling and reconstruction of graph signals [135, 103, 48, 151]. In some scenarios, if the

underlying graph cannot be directly observed, we can also learn the structure from the

observed graph signals [50, 129].

We consider a weighted and undirected graph G = (V,E ,A) where V is the vertex set

and E is the edge set, and A is the adjacency matrix. The graph Laplacian operator can be

defined as L = D−A, where D is the diagonal degree matrix. By construction, the graph

Laplacian operator is a real symmetric and positive semi-definite matrix that admits a

complete set of real orthonormal eigenvectors with corresponding non-negative eigen-

values. We denote the eigenvectors of the graph Laplacian by U = [u0,u1, . . . ,uK−1],
where K is the number of vertices, and the spectrum of the graph by

Λ(L) = {0 = λ0 ≤ λ1 ≤ λ2 ≤ ·· · ≤ λK−1}.

A graph signal y in the vertex domain is defined as a real-valued function on the vertices

of the graph G. This implies that y(v) is in fact the value of the function at vertex v ∈ V .

We define the spectral domain representation of the graph signal to extract the critical

information about the characteristics of graph signals. In this regard, the eigenvectors of

the Laplacian operator can be used to perform harmonic analysis of the graph signal, and

the corresponding eigenvalues carry a notion of frequency [135, 151]. The Laplacian

eigenvectors form a Fourier basis, so that for any function y defined on the vertices of
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the graph, the graph Fourier transform s is defined as

s = U⊤y,

while the inverse graph Fourier transform is

y = Us.

A graph signal is smooth if signal samples at neighbouring nodes are similar [77,

49]. There are multiple methods in modelling smooth graph signals depending on the

application [49, 77, 108, 144]. One of the most widely adopted modelling formulations

is to use the Laplacian quadratic form [77] ∑i, j Ai j∥yi− y j∥2 = tr
(

Y⊤LY
)

, where y j

is the nodal measurements at node j. This is to quantify the smoothness of all graph

signals yt across time that are stored on the columns of Y. Smaller values of tr
(

Y⊤LY
)

are indications of smoother graph signals. The above-mentioned techniques and notions

and the corresponding references from graph signal processing have been used in the

Chapters 3, 4, and 5 in this thesis.

2.5 Structural equation modelling

Structural equation models (SEMs) have been used popularly across various fields. Ex-

amples include sociology, psychometrics, and genetics [78, 62, 113, 32]. In particular,

linear SEMs have proven effective for modeling causal relationships between variables

in network structures [32]. In this thesis, we utilize SEM to model the causal interactions

between reward outcomes of arms in multi-armed bandit (MAB) scenarios.

Let us assume to have a directed graph that shows the causal interactions between some

variables. We use G(V,E) to represent the graph where V is the set of vertices/nodes,

with cardinality |V|= K, and E is the set of edges. We denote the adjacency matrix of the

graph with A∈RK×K . Let yit be the t-th measurement at node i. Assume to have a graph

process over the network such that yit depends on its one-hop neighbors in addition to an

exogenous input xit . Therefore, we can write the following,

yit = ∑
j ̸=i

ai jy jt +biixit , t = 1, . . . ,T

where ai j := [A]i j, as a non-zero element of the adjacency matrix ai j ̸= 0 shows that

a directed edge from j to i is present. After concatenating nodal measurements into

yt := [y1t , . . . ,yKt ]
⊤, and xt := [x1t , . . . ,xKt ]

⊤ per slot t, the matrix-vector version of the

above equation can be written in a compact form as yt = Ayt +Bxt , t = 1, . . . ,T , where

[A]ii = 0 and B := diag(b11, . . . ,bKK). Consequently, if we collect the observations over

T rounds in a matrix Y := [y1, . . . ,yT ], we arrive at the noise-free matrix formulation of
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2.5 Structural equation modelling

SEM

Y = AY+BX.

The above model indicates the causes-effect relationships in the system. It implies that

the causes-effect do not necessarily happen instantaneously as causes
{

y jt ,xit

}
can hap-

pen at the beginning of the round and the effect yit can be observed at the end of the

round t (after the entire system is stabilized).

Graph Learning in SEMs. Structural equation models (SEMs) are highly regarded

for their ability to infer network topology, offering a straightforward approach while

effectively capturing the directed dependencies among variables in a system. Assuming

to have the nodal measurements Y across the network as well as the exogenous inputs X,

the task of topology inference is to find the unknown adjacency matrix A. Availability

of the exogenous variables in linear SEMs plays a significant role in identifiability of the

estimated adjacency matrix [20].

Depending on the application scenarios and the prior information w.r.t. the structure of

the network in SEMs, we need to have different connectivity structures for the estimated

networks, e.g. sparse, dense, clustered, static, dynamic, etc. Hence, a variety of differ-

ent structure learning frameworks were introduced depending on the prior information

regarding the behaviours of the system [14, 15, 20, 61].

The following figure provides an example for a linear SEM.

y1t y2t y3t yKt

a21

a23

a31

a3K

...

x1t

y1t

b11

x2t

y2t

b22

x3t

y3t

b33

xKt

yKt

bKK

Figure 2.1: An illustration of a typical SEM network consisting of K vertices and their

causal relations. The black directed edges represent the causal relationships amongst the

vertices.

We are going to use our knowledge of linear SEM in Chapters 3, and 4.
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Chapter 3

Linear Combinatorial Semi-Bandit

with Causally Related Rewards

In a sequential decision-making problem, having a structural dependency amongst the

reward distributions associated with the arms makes it challenging to identify a subset

of alternatives that guarantees the optimal collective outcome. Thus, besides individual

actions’ reward, learning the causal relations is essential to improve the decision-making

strategy. To solve the two-fold learning problem described above, we develop the ‘com-

binatorial semi-bandit framework with causally related rewards’, where we model the

causal relations by a directed graph in a stationary structural equation model. The nodal

observation in the graph signal comprises the corresponding base arm’s instantaneous

reward and an additional term resulting from the causal influences of other base arms’

rewards. The objective is to maximize the long-term average payoff, which is a linear

function of the base arms’ rewards and depends strongly on the network topology. To

achieve this objective, we propose a policy that determines the causal relations by learn-

ing the network’s topology and simultaneously exploits this knowledge to optimize the

decision-making process. We establish a sublinear regret bound for the proposed algo-

rithm. Numerical experiments using synthetic and real-world datasets demonstrate the

superior performance of our proposed method compared to several benchmarks.

3.1 Introduction

In the seminal form of the Multi-Armed Bandit (MAB) problem, an agent selects an arm

from a given set of arms at sequential rounds of decision-making. Upon selecting an

arm, the agent receives a reward, which is drawn from the unknown reward distribution

of that arm. The agent aims at maximizing the average reward over the gambling hori-

zon [126]. The MAB problem portrays the exploration-exploitation dilemma, where the

agent decides between accumulating immediate reward and obtaining information that

might result in larger reward only in the future [105]. To measure the performance of
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Chapter 3 Linear Combinatorial Semi-Bandit with Causally Related Rewards

a strategy, one uses the notion of regret. It is the difference between the accumulated

reward of the applied decision-making policy and that of the optimal policy in hindsight.

In a combinatorial semi-bandit setting [42], at each round, the agent selects a subset

of base arms. This subset is referred to as a super arm. She then observes the indi-

vidual reward of each base arm that belongs to the selected super arm. Consequently,

she accumulates the collective reward associated with the chosen super arm. The com-

binatorial MAB problem is challenging since the number of super arms is combinatorial

in the number of base arms. Thus, conventional MAB algorithms such as [8] are not

appropriate for combinatorial problems as they result in suboptimal regret bounds. The

aforementioned problem becomes significantly more difficult when there are causal de-

pendencies amongst the reward distributions.

In some cases, it is possible to model the causal structure that affects the rewards

[90]. Therefore, exploiting the knowledge of this structure helps to deal with the afore-

mentioned challenges. In our paper, we develop a novel combinatorial semi-bandit

framework with causally related rewards, where we rely on Structural Equation Mod-

els (SEMs) [78] to model the causal relations. At each time of play, we see the instan-

taneous rewards of the chosen base arms as controlled stimulus to the causal system.

Consequently, in our causal system, the solution to the decision-making problem is the

choice over the exogenous input that maximizes the collected reward. We propose a

decision-making policy to solve the aforementioned problem and prove that it achieves a

sublinear regret bound in time. Our developed framework can be used to model various

real-world problems, such as network data analysis of biological networks or financial

markets. We apply our framework to analyze the development of Covid-19 in Italy. We

show that our proposed policy is able to detect the regions that contribute the most to the

spread of Covid-19 in the country.

Compared to previous works, our proposed framework does not require any prior

knowledge of the structural dependencies. For example, in [141], the authors exploit

the prior knowledge of statistical structures to learn the best combinatorial strategy. At

each decision-making round, the agent receives the reward of the selected super arm

and some side rewards from the selected base arms’ neighbors. In [73] a Combinato-

rial Thompson Sampling (CTS) algorithm to solve a combinatorial semi-bandit problem

with probabilistically triggered arms is proposed. The proposed algorithm has access to

an oracle that determines the best decision at each round of play based on the already

collected data. Similarly, the authors in [43] study a setting where triggering super arms

can probabilistically trigger other unchosen arms. They propose an Upper Confidence

Bound (UCB)-based algorithm that uses an oracle to improve the decision-making pro-

cess. In [170], the authors formulate a combinatorial bandit problem where the agent

has access to an influence diagram that represents the probabilistic dependencies in the

system. The authors propose a Thompson sampling algorithm and its approximations to

solve the formulated problem. Further, there are some works that study the underlying

structure of the problem. For example, in [148], the authors attempt to learn the structure

of a combinatorial bandit problem. However, they do not assume any causal relations
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between rewards. Moreover, in [131], the MAB framework is employed to identify the

best soft intervention on a causal system while it is assumed that the causal graph is only

partially unknown.

The rest of the paper is organized as follows. In Section 3.2, we formulate the struc-

tured combinatorial semi-bandit problem with causally related rewards. In Section 3.3,

we introduce our proposed algorithm, namely SEM-UCB. Section 3.4 includes the the-

oretical analysis of the regret performance of SEM-UCB. Section 3.5 is dedicated to

numerical evaluation. Section 3.6 concludes the paper.

3.2 Problem setup

Let [N] = {1,2, . . . ,N} denote the set of base arms. bt = [bt [1],bt [2], . . . ,bt [N]] ∈ [0,1]N

represents the vector of instantaneous rewards of the base arms at time t. The instan-

taneous rewards of each base arm i ∈ [N] are independent and identically distributed

(i.i.d.) random variables drawn from an unknown probability distribution with mean

βββ [i]. We collect the mean rewards of all the base arms in the mean reward vector of

βββ = [βββ [1],βββ [2], . . . ,βββ [N]].
We consider a causally structured combinatorial semi-bandit problem where an agent

sequentially selects a subset of base arms over time. We refer to this subset as the

super arm. More precisely, at each time t, the agent selects a decision vector xt =
[xt [1],xt [2], . . . ,xt [N]] ∈ {0,1}N

. If the agent selects the base arm i at time t, we have

xt [i] = 1, otherwise xt [i] = 0. The agent observes the value of bt [i] at time t only if

xt [i] = 1. The agent is allowed to select at most s base arms at each time of play. Hence,

we define the set of all feasible super arms as

X =
{

x | x ∈ {0,1}N ∧∥x∥0 ≤ s
}

, (3.1)

where ∥·∥0 determines the number of non-zero elements in a vector. In our problem, the

parameter s is pre-determined and is given to the agent.

We take advantage of a directed graph structure to model the causal relationships in

the system. We consider an unknown stationary sparse Directed Acyclic Graph (DAG)

G = (V,E ,A), where V denotes the set of N vertices, i.e., |V|= N, E is the edge set, and

A denotes the weighted adjacency matrix. By p ≤ N− 1, we denote the length of the

largest path in the graph G. We assume that the reward generating processes in the bandit

setting follow an error-free Structural Equation Model (SEM) [61, 20]. The exogenous

input vector and the endogenous output vector of the SEM at each time t are denoted

by zt = [zt [1],zt [2], . . . ,zt [N]] and yt = [yt [1],yt [2], . . . ,yt [N]], respectively. At each time

t, the exogenous input zt represents the semi-bandit feedback in the decision-making

problem. Formally,

zt = diag(bt)xt , (3.2)
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yt [1] yt [2] yt [3] yt [N]

A[2,1]

A[2,3]

A[3,1]

A[3,N]
...

zt [1]

yt [1]

F[1,1]

zt [2]

yt [2]

F[2,2]

zt [3]

yt [3]

F[3,3]

zt [N]

yt [N]

F[N,N]

Figure 3.1: An exemplary illustration of a graph consisting of N vertices and their causal

relations. The black directed edges represent the causal relationships amongst the ver-

tices.

where diag(·) represents the diagonalization of its given input vector. Consequently, we

define the elements of the endogenous output vector yt as

yt [i] = ∑
i̸= j

A[i, j]yt [ j]+F[i, i]zt [i], ∀i = 1, . . . ,N, (3.3)

where F is a diagonal matrix that captures the effects of the exogenous input vector zt .

The SEM in Equation (3.3) implies that the output measurement yt [i] depends on the

single-hop neighbor measurements in addition to the exogenous input signal zt [i]. In our

formulation, at each time t, the endogenous output yt [i] represents the overall reward of

the corresponding base arm i ∈ [N]. Therefore, at each time t, the overall reward of each

base arm comprises two parts; one part directly results from its instantaneous reward,

while the other part reflects the effect of causal influences of other base arms’ overall

rewards.

In Equation (3.3), the overall rewards are causally related. Thus, the adjacency matrix

A represents the causal relationships between the overall rewards; accordingly, the ele-

ment A[i, j] of the adjacency matrix A denotes the causal impact of the overall reward of

base arm j on the overall reward of base arm i, and we have A[i, i] = 0, ∀i = 1,2, . . . ,N.

We assume that the agent is not aware of the causal relationships between the overall

rewards. Hence, the adjacency matrix A is unknown a priori. In the following, we work

with the matrix form of Equation (3.3), defined at time t as

yt = Ayt +Fzt . (3.4)

In Figure 3.1, we illustrate an exemplary network consisting of N vertices and the under-

lying causal relations. Based on our problem formulation, the agent is able to observe

both the exogenous input signal vector zt and the endogenous output signal vector yt . As

we see, there does not exist necessarily a causal relation between every pair of nodes.

By inserting Equation (3.2) in Equation (3.4) and solving for yt we obtain

yt = (I−A)−1Fdiag(bt)xt . (3.5)
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Finally, we define the payoff received by the agent upon choosing the decision vector xt

as

r(xt) = 1⊤yt = 1⊤(I−A)−1Fdiag(bt)xt , (3.6)

where 1 is the N-dimensional vector of ones. Since the graph G is a DAG, it implies

that with a proper indexing of the vertices, the adjacency matrix A is a strictly upper

triangular matrix. This guarantees that the matrix (I−A) is invertible. In our problem,

since the agent directly observes the exogenous input, we assume that the effects of F

on the exogenous inputs are already integrated in the instantaneous rewards. Therefore,

to simplify the notation and without loss of generality, we assume that F = I in the

following.

Given a decision vector xt ∈ X , the expected payoff at time t is calculated as

µ(xt) = E
[
r(X)|X = xt

]
, (3.7)

where the expectation is taken with respect to the randomness in the reward generating

processes.

Ideally, the agent’s goal is to maximize her total mean payoff over a time horizon T .

Alternatively, the agent aims at minimizing the expected regret, defined as the difference

between the expected accumulated payoff of an oracle that follows the optimal policy

and that of the agent that follows the applied policy. Formally, the expected regret is

defined as

RT (X ) = T µ(x∗)−
T

∑
t=1

µ(xt), (3.8)

where x∗ = argmax
x∈X

µ(x) is the optimal decision vector, and xt denotes the selected

decision vector at time t under the applied policy.

Remark 1. The definition of payoff in Equation (3.6) implies that we are dealing with a

linear combinatorial semi-bandit problem with causally related rewards. In general, due

to the randomness in selection of the decision vector xt , the consecutive overall reward

vectors yt become non-identically distributed. In the following section, we propose our

algorithm that is able to deal with such variables. This is an improvement over the

previous methods, such as [43] and [73], that are not able to cope with our problem

formulation, as they are specially designed to work with i.i.d. random variables.

3.3 Decision-making strategy

In this section, we present our decision-making strategy to solve the problem described

in Section 3.2. Our proposed policy consists of two learning components: (i) an online

graph learning and (ii) an Upper Confidence Bound (UCB)-based reward learning. In the

following, we describe each component separately and propose our algorithm, namely

SEM-UCB.
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3.3.1 Online graph learning

The payoff defined in Equation (3.6) implies that the knowledge of A is necessary to

select decision vectors that result in higher accumulated payoffs. Therefore, the agent

aims at learning the matrix A to improve her decision-making process. To this end, we

propose an online graph learning framework that uses the collected feedback, i.e., the

collected exogenous input and endogenous output vectors, to estimate the ground truth

matrix A. In the following, we formalize the online graph learning framework.

At each time t, we collect the feedback up to the current time in Zt = [z1 . . .zt ] and

Yt = [y1 . . .yt ]. Therefore,

Yt = AYt +Zt . (3.9)

We assume that the right indexing of the vertices is known prior to estimating the ground

truth adjacency matrix. We use the collected feedback Yt and Zt as the input to a para-

metric graph learning algorithm [61, 50]. More precisely, we use the following optimiza-

tion problem to estimate the adjacency matrix at time t.

Ât = argmin
A

∥Yt−AYt−Zt∥2
2 +g(A)

s.t. A[i, j]≥ 0, ∀i, j ∈ [N],

A[i, j] = 0, ∀i≥ j,

(3.10)

where ∥·∥2 represents the L2-norm of matrices and g(A) is a regularization function

that imposes sparsity over A. In our numerical experiments, we work with different

regularization functions to demonstrate the effectiveness of our proposed algorithm in

different scenarios. As an example, we impose the sparsity property on the estimated

matrix Ât in Equation (3.10) by defining g(A) = λ ∥A∥1, where ∥·∥1 is the L1-norm of

the matrices and λ is the regularization parameter. Our choices of regularization function

guarantee that the optimization problem in Equation (3.10) is convex.

3.3.2 SEM-UCB algorithm

We propose our decision-making policy in Algorithm 1. The key idea behind our al-

gorithm is that it works with observations for each base arm, rather than the payoff ob-

servations for each super arm. As the same base arm can be observed while selecting

different super arms, we can use the obtained information from selection of a super arm

to improve our payoff estimation of other relevant super arms. This, combined with the

fact that our algorithm simultaneously learns the causal relations, significantly improves

the performance of our proposed algorithm and speed up the learning process.

For each base arm i, we define the empirical average of instantaneous rewards at time

t as

β̂ββ t [i] =
∑

t
τ=1 bτ [i]1

{
xτ [i] = 1

}

mt [i]
, (3.11)
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where mt [i] denotes the number of times that the base arm i is observed up to time t.

Formally,

mt [i] =
t

∑
τ=1

1
{

xτ [i] = 1
}
. (3.12)

The initialization phase of SEM-UCB algorithm follows a specific strategy to create a

rich data that helps to learn the ground truth adjacency matrix. At each time t during the

first N times of play, SEM-UCB picks the column t of an upper-triangular initialization

matrix M ∈ {0,1}N×N , where M is created as follows. All diagonal elements of M are

equal to 1. As for the column i, if i ≤ s, we set all elements above diagonal to 1. If

s+1≤ i≤N, we select s−1 elements above diagonal uniformly at random and set them

to 1. The remaining elements are set to 0.

After the initialization period, our proposed algorithm takes two steps at each time

t to learn the causal relationships and the expected instantaneous rewards of the base

arms. First, it uses the collected feedback Yt and Zt and solves the optimization problem

in Equation (3.10) to obtain the estimated adjacency matrix. It then uses the reward

observations to calculate the UCB index Et [i] for each base arm i, defined as

Et [i] = β̂ββ t [i]+

√

(s+1)lnt

mt [i]
. (3.13)

Afterward, the algorithm selects a decision vector xt using the current estimate of the

adjacency matrix and the developed UCB indices of the base arms. Let Et be the vector

for all UCB indices at time t as Et = [Et [1], . . . ,Et [N]]. At time t, SEM-UCB selects xt

as
xt = argmax

x∈X
1⊤(I− Ât−1)

−1 diag(Et−1)x

s.t. ∥x∥0 ≤ s.
(3.14)

Remark 2. The initialization phase of our algorithm guarantees that all the base arms

are pulled at least once and the matrix M is full rank. Consequently, the adjacency

matrix A is uniquely identifiable from the collected feedback [20].

Remark 3. Let c⊤ = 1⊤(I− Ât−1)
−1 diag(Et−1). Since all the elements of both matri-

ces Et−1 and Ât−1 are non-negative, we have c[i] > 0, ∀i ∈ [N]. Thus, the optimization

problem Equation (3.14) reduces to finding the s-biggest elements of c. Therefore, Equa-

tion (3.14) can be solved efficiently based on the choice of sorting algorithm used to

order the elements of c.

The computational complexity of the SEM-UCB algorithm varies depending on the

solver that is used to learn the graph. For example, if we use OSQP solver [138], we

achieve a computational complexity of order O(N4).
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Input: Parameter s, initialization matrix M.

1: for t = 1, . . . ,N do

2: Select column t of the initialization matrix M as the decision vector xt .

3: Observe zt and yt .

4: end for

5: for t = N +1, . . . ,T do

6: Solve Equation (3.10) to obtain Ât−1.

7: Calculate Et−1[i] using Equation (3.13), ∀i ∈ [N].
8: Select decision vector xt that solves Equation (3.14).

9: Observe zt and yt .

10: end for

1: SEM-UCB: Structural Equation Model-Upper Confidence Bound

3.4 Theoretical analysis

In this section, we prove an upper bound on the expected regret of SEM-UCB algorithm.

We use the following definitions in our regret analysis. For any decision vector x∈X , let

∆(x) = µ(x∗)− µ(x). We define ∆max = max
x:µ(x)<µ(x∗)

∆(x) and ∆min = min
x:µ(x)<µ(x∗)

∆(x).

Moreover, let w⊤t = 1⊤(I− Ât)
−1diag(xt+1). We define wmax = max

t
max

i
wt [i].

The following theorem states an upper bound on the expected regret of SEM-UCB.

Theorem 1. The expected regret of SEM-UCB algorithm is upper bounded as

RT (X )≤
[

4w2
maxs2(s+1)N lnT

∆2
min

+N +
π2

3
spN

]

∆max. (3.15)

Proof. See Section A of supplementary material.

3.5 Experimental analysis

In this section, we present experimental results to provide more insight on the usefulness

of learning the causal relations for improving the decision-making process. We evaluate

the performance of our algorithm on synthetic and real-world datasets by comparing it

to standard benchmark algorithms.

Benchmarks. We compare SEM-UCB with state-of-the-art combinatorial semi-bandit

algorithms that do not learn the causal structure of the problem. Specifically, we compare

our algorithm with the following policies: (i) CUCB [43] calculates a UCB index for

each base arm at each time t and feeds them to an approximation oracle that outputs a
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super arm. (ii) DFL-CSR [141] develops a UCB index for each base arm and selects a

super arm at each time t based on a prior knowledge of a graph structure that shows the

correlations among base arms. (iii) CTS [73] employs Thompson sampling and uses an

oracle to select a super arm at each time t. (iv) FTRL [175] selects a super arm at each

time t based on the method of Follow-the-Regularized-Leader. To be comparable, we

apply these benchmarks on the vector of overall reward yt at each time t. If a benchmark

requires yt to be in [0,1], we feed the normalized version of yt to the corresponding

algorithm. Finally, in our experiments, we choose s = 6, meaning that the algorithms can

choose 6 base arms at each time of play.

3.5.1 Synthetic dataset

Our simulation setting is as follows. We first create a graph consisting of N = 20 nodes.

The elements of the adjacency matrix A are drawn from a uniform distribution over

[0.4,0.7]. The edge density of the ground truth adjacency matrix is 0.15. At each time

t, the vector of instantaneous rewards bt is drawn from a multivariate normal distribu-

tion with the support in [0,1]20 and a spherical covariance matrix. As demonstrated in

Section 3.2, we generate the vector of overall rewards according to the SEM in Equa-

tion (3.3). We use g(A) = λ ∥A∥1 as the regularization function in Equation (3.10) when

estimating the adjacency matrix A. The regularization parameter λ is tuned by grid

search over [0.0001,1000]. We evaluate the estimated adjacency matrix at each time t by

using the mean squared error defined as MSE = 1
N2

∥
∥
∥A− Â

∥
∥
∥

2

F
, where ∥·∥F denotes the

Frobenius norm.

Comparison with the benchmarks. We run the algorithms using the aforementioned

synthetic data with T = 4000. In Figure 3.2, we depict the trend of time-averaged ex-

pected regret for each policy. As we see, SEM-UCB surpasses all other policies. This is

due to the fact that SEM-UCB learns the network’s topology and hence, it has a better

knowledge of the causal relationships in the graph structure, unlike other policies that

do not estimate the graph structure. As we see, the time-averaged expected regret of

SEM-UCB tends to zero. This matches with our theoretical results in Section 3.4. Note

that, the benchmark policies exhibit a suboptimal regret performance as they have to deal

with non-identically distributed random variables yt
1.

3.5.2 Real-world application

We evaluate our proposed algorithm on the Covid-19 outbreak dataset of daily new in-

fected cases during the pandemic in different regions within Italy.2 The dataset fits in

1More experiments are presented in Section A.2 of the appendix
2https://github.com/pcm-dpc/COVID-19
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Figure 3.2: Time-averaged expected regret of different policies.

our framework as the daily new cases in each region results from the causal spread of

Covid-19 among the regions in a country [107] and the region-specific characteristics

[63]. As the regions differ in their regional characteristics, such as socio-economic and

geographical characteristics, each region has a specific exposure risk of Covid-19 in-

fection. To be consistent with our terminology in Section 3.2, at each time (day) t, we

use the overall reward yt [i] to refer to the overall daily new cases in region i and use

the instantaneous reward bt [i] to refer to the region-specific daily new cases in region

i. Naturally, the overall daily new cases includes the region-specific daily new cases of

Covid-19 infection.

Governments around the world strive to track the spread of Covid-19 and find the re-

gions that are contributing the most to the total number of daily new cases in the country

[28]. By the end of this experiment, we address this critical problem and highlight that

our algorithm is capable of finding the optimal candidate regions for political interven-

tions in order to contain the spread of a contagious disease such as Covid-19.

Data preparation. We focus on the recorded daily new cases from 10 August to 15

October, 2020, for N = 21 regions within Italy. The Covid-19 dataset only provides us

with the overall daily new cases of each region. Hence, in order to apply our algorithm,

we need to infer the distribution of region-specific daily new cases for each region. In the

following, we describe this process and further pre-processing of the Covid-19 dataset.

According to [30], for the time period from 18 May to 3 June, 2020, all places for work

and leisure activities were opened and travelling within regions was permitted while

travelling between regions was forbidden. Consequently, during this period, there are

no causal effects on the overall daily new cases of each region from other regions. In

addition, according to google mobility data [118], during 4 weeks prior to 18 May the

mobility was increasing within the regions while travel ban between the regions was still
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imposed. Hence, we use this expanded period to estimate the underlying distributions of

the region-specific daily new cases using a kernel density estimation. Finally, considering

that the daily recorded data noticeably fluctuates, a 7-day moving average was applied to

the signals.

We create the region-specific daily new cases for each region by sampling from the

estimated distributions. Below, we present the results of applying our algorithm on the

pre-processed Covid-19 dataset. Since the data only contains the reported overall daily

new cases for a limited time period, care should be exercised in interpreting the results.

However, by providing more relevant data, our proposed framework helps towards more

accurate detection of the regions that contribute the most to the development of Covid-19.

Learning the structural dependencies. Our algorithm learns the ground truth adja-

cency matrix A using Equation (3.10). As for the choice of regularization function in

Equation (3.10), we employ Directed Total Variation (DTV) which is a novel application

of the Graph Directed Variation (GDV) function [128]. DTV regularization function is

defined as

g(A) = λ ∑
i, j=1,...,N

A[i, j] ∑
k=1,...,t

[
Y[i,k]−Y[ j,k]

]+
, (3.16)

[y]+ = max{y,0} . (3.17)

The regularization function addresses the smoothness of the entire observations Y over

the underlying directed graph. To be more realistic, since the causal spread of the disease

might create cycles, we additionally include cyclic graphs in the search space of the

optimization problem in Equation (3.10).

We perform cross-validation technique to tune the regularization parameter λ . As

mentioned before, we work on a limited time period with T = 66 days. Thus, we split

the data into train and validation sets in 10:1 ratio. More specifically, we split the data

into 6 subsets of 11 consecutive days. In each subset, one day is chosen uniformly at

random to be included in the validation set while the remaining 10 days are added to the

train set. We calculate the prediction error at each time t by

Error(t) =
1

NK(t) ∑
i∈K(t)

∥yi− ŷi∥1 , (3.18)

where K(t) is the validation set at time t with cardinality K(t) = |K(t)| and yi and ŷi are

the validation data and the corresponding predicted value using the estimated graph for

day i, respectively. Figure 3.3 compares the ground truth overall daily new cases and the

predicted overall daily new cases using the estimated graph on 4 different days of the

Covid-19 outbreak in our validation data. Due to space limitation, we use abbreviations

for region names. Table A.1 of the appendix lists the abbreviations together with the

original names of the regions. We observe that our proposed framework is capable to

estimate the data for each region efficiently, that helps the agent to improve its decision-
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Figure 3.3: Original overall daily new cases and the corresponding predicted values for

different days in the validation set.

making process in a real-world scenario.

Learning regions with the highest contribution. In Figure 3.4, we show the decision-

making process of the agent over time by following the SEM-UCB policy. Dark rect-

angles represent the 6 selected regions at each day (time). Based on our framework,

we represent the selected regions by our algorithm as those with biggest contributions

to the development of Covid-19 during the time interval considered in our experiment.

More specifically, we find the regions of Lombardia, Emilia-Romagna, Lazio, Veneto,

Piemonte, and Liguria as the ones that contribute the most to the spread of Covid-19

during that period in Italy.

We emphasize that, due to the causal effects among the regions, contribution of each

region to the spread of Covid-19 differs from its overall daily cases of infection. Thus,

the set of regions with the highest contribution does not necessarily equal to the set of

regions with the highest total number of daily cases. This is a key aspect of our problem

formulation that is addressed by SEM-UCB in Figure 3.4. We elaborate more on this
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Figure 3.4: Selected regions on each day.

fact in Section A.2 of the appendix.

3.6 Conclusion

In this paper, we developed a combinatorial semi-bandit framework with causally re-

lated rewards, where we modelled the causal relations by a directed graph in a structural

equation model. We developed a decision-making policy, namely SEM-UCB, that learns

the structural dependencies to improve the decision-making process. We proved that

SEM-UCB achieves a sublinear regret bound in time. Our framework is applicable in a

number of contexts such as network data analysis of biological networks or financial mar-

kets. We applied our method to analyze the development of Covid-19. The experiments

showed that SEM-UCB outperforms several state-of-the-art combinatorial semi-bandit

algorithms. Future research directions would be to extend the current framework to deal

with piece-wise stationary environments where the causal graph and/or the expected in-

stantaneous rewards of the base arms undergo abrupt changes over time.
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Chapter 4

Piecewise-Stationary Combinatorial

Semi-Bandit with Causally Related

Rewards

We study the piecewise stationary combinatorial semi-bandit problem with causally re-

lated rewards. In our nonstationary environment, variations in the base arms’ distri-

butions, causal relationships between rewards, or both, change the reward generation

process. In such an environment, an optimal decision-maker must follow both sources

of change and adapt accordingly. The problem becomes aggravated in the combinatorial

semi-bandit setting, where the decision-maker only observes the outcome of the selected

bundle of arms. The core of our proposed policy is the Upper Confidence Bound (UCB)

algorithm. We assume the agent relies on an adaptive approach to overcome the chal-

lenge. More specifically, it employs a change-point detector based on the Generalized

Likelihood Ratio (GLR) test. Besides, we introduce the notion of group restart as a new

alternative restarting strategy in the decision making process in structured environments.

Finally, our algorithm integrates a mechanism to trace the variations of the underlying

graph structure, which captures the causal relationships between the rewards in the ban-

dit setting. Theoretically, we establish a regret upper bound that reflects the effects of

the number of structural- and distribution changes on the performance. The outcome

of our numerical experiments in real-world scenarios exhibits applicability and superior

performance of our proposal compared to the state-of-the-art benchmarks.

4.1 Introduction

Multi-armed bandit (MAB) [126] is a class of sequential learning- and optimization prob-

lems. In the seminal MAB problem, the decision-maker (agent) selects one of the K

available arms, where each arm returns a reward drawn from a time-invariant, unknown

distribution. The agent maximizes the total expected reward over the gambling horizon
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by using an effective decision-making strategy that maps the historical actions and out-

comes to future actions. That is equivalent to minimizing the total expected regret, which

is the difference between the reward of the applied policy and that of the optimal pol-

icy in hindsight. Indeed, the MAB challenge boils down to the exploration-exploitation

dilemma, where the agent decides between accumulating immediate rewards on the one

side and obtaining information that might result in a larger reward only in the future

on the other side. Due to its wide variety, the MAB framework is a potential candidate

as a mathematical tool for tackling many real-world problems, for example, resource

allocation in networks [105], recommender systems [95], and clinical trials [11].

The combinatorial multi-armed bandit (CMAB) problem is an extension of the semi-

nal MAB. Instead of only one arm in each round, the agent chooses a number of them,

i.e., it takes a combinatorial action. That results in exponential growth of the decision

set by increasing the number of arms. Consequently, the conventional MAB methods

such as UCB1 [8] become inefficient or inapplicable. In CMAB, we refer to each origi-

nal arm as a base arm, and any subset of the base arms is a super arm. Sometimes, the

agent observes the reward of all base arms inside the super arm; In some other cases,

the agent observes only one reward. The former type of feedback is a semi-bandit feed-

back, whereas the latter is a bandit feedback. The bandit problem becomes aggravated

when a statistical structure influences the reward generation processes so that besides the

excessively-large action set, the player deals with the structural relationships to decide

optimally. We focus on combinatorial semi-bandit (CSB) problem with causally related

rewards.

The seminal settings of CMAB- or CSB problems do not assume any statistical or

probabilistic relationship between the base arms; Nevertheless, in several application

domains, the potential dependency between the random variables can be abstracted by a

structure. Despite being neglected for a long time, different types of the MAB problem

with probabilistic or statistical relationships between the base arms, referred to as struc-

tured bandits receive increasing attention from the research community in the past few

years. For example, the papers [43, 161, 84] assume that some arms may probabilisti-

cally be triggered based on the outcome of other arms. In [90], prior knowledge about

the causal structure that affects the rewards is available. The authors in [116] introduce

a causally structured CSB problem and use a directed acyclic graph to model the causal

structure that influences the reward generation process. Their algorithm does not need a

prior knowledge concerning the structural relationships as it can learn the structure from

the collected data. All of the works mentioned above study a stationary setting.

Unlike the stationary stochastic setting, in many real-world scenarios, the reward dis-

tributions of base arms change over time in an evolving environment. For example, in

recommender systems, the behavioral feedback of users is time-variant. It is possible to

address the nonstationary behaviors of rapidly-varying environments using the adversar-

ial bandit framework [9]. However, in some cases, the environment changes slowly and

less frequently. In such scenarios, policies designed for stationary or adversarial bandits

are sub-optimal. Generally speaking, there are two main approaches in modeling this
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type of nonstationarity in bandit problems; the switching case (abruptly changing) [173]

and the dynamic case (smoothly changing) [44, 150]. For the switching case, the reward

distributions of base arms remain unchanged for certain intervals. The environment then

varies if the distributions of a subset of base arms change instantly. The point where

distributions change is a change-point (or breakpoint) and an interval between any two

consecutive change-point is a stationary segment [173]. In contrast, in the dynamic case,

the base arms’ mean rewards evolve slowly instead of abruptly changing at one point,

and the variation is bounded by a variation budget [22]. In this paper, we focus on the

switching case, also referred to as piecewise stationary bandit model [23]. We measure

the decision-making performance using the notion of piecewise stationary regret, i.e.,

the regret w.r.t. an oracle that knows the best action in each stationary segment.

In a piecewise stationary structured bandit problem, the reward generation processes

might vary by changing the base arms’ reward distributions and the structural relation-

ships between the variables. Although such a model has remained unaddressed in the

MAB literature, it accommodates several real-world applications. Those include finan-

cial markets, where not only the investors’ stock purchasing behavior but also the causal

effects amongst the stock prices can be time-varying [134]. In such scenarios, an opti-

mal investor follows both sources of change and adapts accordingly. While the avail-

ability of prior knowledge about the structural relationships is a strong and unrealistic

assumption, inferring such structural relationships from the collected partial feedback in

the bandit setting is also challenging. We study a piecewise stationary structured CSB

problem, where the causal relationships between the rewards and the distributions of the

base arms evolve. In order to model the structural relationships, we rely on Structural

Equation Models [61].

In general, there are two main approaches to follow the piecewise stationary behaviour

of base arms distributions; passively adaptive approach [58, 159] and actively adaptive

approach [23, 33, 66, 101, 173, 45]. Methods of the former category are unaware of the

change-points and rely on their understanding of the optimal action based on the most re-

cent observations. On the contrary, methods of the latter category use a change detection

algorithm to follow the distributions’ changes and decide accordingly [23]. Some studies

show the superior performance of actively adaptive approaches [110]. Clearly, the per-

formance of actively adaptive approaches rely significantly on the ability of the agent in

handling the breakpoints. Current actively adaptive algorithms incorporate either global

restart or local restart to restart learning the expected value of the instantaneous rewards

of the base arms. The former method resets learning the expected values of all arms

after detecting a change in one of them. The latter restarts learning only for those arms

undergoing a change. These approaches suffer from a drawback as they ignore possible

relationships amongst arms’ distributions in making a decision upon restarting process.

There are main reasons for introducing a new restarting strategy for bandit algorithms in

structured piecewise stationary environments. Firstly, social networks, as one of the main

target applications for bandit algorithms, exhibit large modularity measures [114, 26].

Secondly, in some real-world scenarios changes within a network are not completely in-
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dependent, but they are rather the result of the local spread of a change-seed within the

network structure through mechanisms such as contagion [53], social influence [53], or

diffusion [144], e.g. media-based marketing campaigns, or rumor diffusion over social

networks [132]. In this regard, we introduce the notion of group restart where we restart

the set of arms that are in the same group, upon detecting a change in any of them. We

elaborate more on this in the following sections. We show the superior adaptation capa-

bilities of this approach over local and global restarts in our experiments and discuss the

effects of this approach over the upper bound of regret in theory.

In this work, we introduce a piecewise stationary CSB problem with causally related

rewards. Our framework accommodates the changes in the base arms’ reward distribu-

tions and also in the causal relationships between the rewards. We provide an actively

adaptive approach to tackle the problem. We introduce a novel alternative restarting

strategy, namely group restart, that can be used in the adaptation of stationary bandit

algorithms to the piecewise stationary environments. We highlight the importance of

using the knowledge of relationships amongst arms’ distributions in our group restart

strategy. We achieve this by showing its effects on the regret of the algorithm in dealing

with the costly effects of both restarts and delays of change point detectors. Our algo-

rithm uses a UCB-based policy for learning the expected rewards of the base arms and

a GLR change-point detector. Furthermore, we integrate a mechanism in our algorithm

to follow the changes of the causal graph structure that models the causal relationships

between the rewards in the bandit setting. We provide the theoretical analysis of the

regret upper bound for our algorithm. Our regret bound reflects the effects of both the

number of causal graph changes and the number of distribution changes. Our numerical

experiments using synthetic- and real-world data establish the advantage of our algorithm

compared to the benchmarks.

In Section 4.2, we introduce the piecewise stationary combinatorial semi-bandit prob-

lem with causally related rewards. In Section 4.3, we develop our decision-making pol-

icy, namely, PS-SEM-UCB-Gr. Section 4.4 presents the theoretical analysis of the regret

performance of PS-SEM-UCB-Gr. Section 4.5 includes the numerical experiments. Sec-

tion 4.6 concludes the paper with some suggestions for future works.

4.2 Problem setup

In a piece-wise stationary combinatorial semi-bandit (PSCSB) problem with causally

related rewards, a change from one stationary segment to the other results from vary-

ing (i) base arms’ reward distributions or (ii) the causal relationships between rewards.

The intervals with fixed reward distributions and static causal graph are distribution- and

graph stationary segments, respectively. The change-points of both segment types appear

randomly. We use K = {1, . . . ,K} to represent the set of K base arms, D ⊆ 2K the set

of all super arms, and T = {1, . . . ,T} a sequence of T time-steps. Besides, θk,t is the

distribution of the instantaneous reward of arm k at time t with mean µk,t and bounded
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support within [0,1]. The vector µµµ t = [µ1,t , . . . ,µK,t ] is the expected values of the instan-

taneous rewards of all base arms at time t. Additionally, At is the underlying graph that

shows the causal relations between the base arms’ rewards. We use ψµµµt ,At
(xt) to denote

the agent’s expected reward from the decision vector xt given µµµ t and At . Consequently,

we characterize a PSCSB with the tuple (K,D,T ,
{

θk,t

}

k∈K,t∈T ,ψµµµt ,At
(xt)). Vector of

base arms’ instantaneous rewards at time t is represented by bt = [b1,t , . . . ,bK,t ] ∈ [0,1]K

and it follows a piece-wise independent and identically distributed (i.i.d.) model in each

distribution stationary segment. A change to the distribution stationary segment of the

environment corresponds to a change in at least one arm’s reward distribution. Our set-

ting assumes that the agent is given the meta information regarding the grouping (clus-

tering) of arms such that arms within the same group tend to have their instantaneous

rewards’ distributions changed together. We use g to denote a group of arms. Kg = |g|
is used to show the cardinality of the group g. gk represents the group to which arm k

belongs. We use G to denote the set of all groups, G =
{

g(1), . . . ,g(ζ )
}

, with |G|= ζ and
⋃

i∈[ζ ] g
(i) = K,∀i, j ∈ [ζ ],g(i)∩ g( j) = ∅ where [ζ ] =

{
1, . . . ,ζ

}
. NΘ is used to denote

the number of distribution stationary segments of the environment. We define the total

number of distribution stationary segments for group g as

Ng = 1+
T−1

∑
t=1

1
{
∃k ∈ g s.t. θk,t ̸= θk,t+1

}
. (4.1)

Hence, the total number of stationary segments for all groups is NG = ∑g∈G Ng. This

clarifies that NG can change depending on the way the grouping is performed. At each

time t, the agent selects a decision vector xt = [x1,t , . . . ,xK,t ] ∈ {0,1}K
. We use It ⊂ K

to denote the set of chosen base arms It ∈ K at round t. We have xk,t = 1 if the base

arm k is in the super arm It at time t, otherwise xk,t = 0. The agent selects at most m

base arms at each time step. Hence, we define the set of all feasible decision vectors

as X =
{

x | x ∈ {0,1}K ∧∥x∥0 ≤ m
}

where ∥·∥0 determines the number of non-zero

elements in a vector and the parameter m is pre-determined. The causal relationships

in the environment are modelled using a directed graph. More precisely, we consider

an unknown piecewise static sparse Directed Acyclic Graph (DAG), At = (V,Et ,Wt).
V represents the set of K vertices, i.e., |V| = K, Et and Wt denote the edge set and the

weighted adjacency matrix at time t, respectively. We allow the edge set Et to change

arbitrarily every time the causal graph structure changes. However, the set of vertices

V stays unchanged across time. This implies that the adjacency matrix Wt changes

only in the elements Wt [i, j],∀i, j ∈ K,∀t ∈ T , as far as the underlying graph structure

remains a DAG without self-loop, i.e., Wt [i, i] = 0,∀i ∈ K,∀t ∈ T . NW represents the

number of graph stationary segments. An error-free piecewise static Structural Equation

Model (SEM) [61] is used to model the generation of reward in the environment. At

each time t, zt = [z1,t , . . . ,zK,t ] is used to represent the exogenous input vector while
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yt = [y1,t , . . . ,yK,t ] denotes the endogenous output vector of the SEM. We write,

zt = diag(bt)xt , (4.2)

where diag(·) represents a diagonal matrix. This implies that the exogenous input zt

contains the semi-bandit feedback in the decision-making problem. We define the kth

element of the endogenous output vector yt at any time t as

yk,t =
K

∑
j=1

Wt [k, j]y j,t + zk,t , ∀k ∈ K, (4.3)

At each time t, the endogenous output yk,t represents the overall reward of base arm

k ∈ K. The element W[k, j] represents the causal effect of the overall reward of base

arm j on the overall reward of base arm k. Therefore, the overall rewards of base arms

are causally related while the instantaneous reward of arm k only directly contributes

to the overall reward of arm k. It is important to distinguish between the relationships

amongst arms’ distributions and the causal relationships amongst the overall rewards.

The first one only explains the prior information regarding the groupings of arms, while

the second one is used in the mathematical formulation of the problem.

The adjacency matrices Wt ,∀t ∈ T are unknown a priori and Wt [i, j] ≥ 0,∀i, j ∈
K,∀t ∈ T . The matrix form of Equation (4.3) at time t is given as

yt = Wtyt + zt . (4.4)

As a result, we write yt = (I−Wt)
−1 diag(bt)xt by solving Equation (4.4) for yt , where I

is the identity matrix. We assume that the agent is able to observe both the instantaneous

semi-bandit feedback vector zt and the overall reward feedback vector yt . The payoff

received by the agent upon choosing the decision vector xt is defined as

rt(xt) = c⊤yt = c⊤(I−Wt)
−1 diag(bt)xt , (4.5)

where c = [c1, . . . ,cK] ∈ {0,1}K
is pre-determined. The agent is interested in the output

yk in the causal network if ck = 1, and ck = 0 otherwise. Since the graph At is a DAG,

the adjacency matrix Wt is nilpotent. This property guarantees that the matrix (I−Wt)
is invertible. Given a decision vector xt ∈ X , the expected payoff at time t is calculated

as

ψµµµt ,At
(xt) = E

[
rt(X)|X = xt

]
, (4.6)

where the expectation concerns the randomness in the reward generating process. We

denote by x∗t = argmax
x∈X

ψµµµt ,At
(x) the decision vector with maximum expected reward at
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time t. The agent minimizes the cumulative piecewise stationary regret defined as

R(T ) = E

[
T

∑
t=1

(ψµµµt ,At
(x∗t )−ψµµµt ,At

(xt))

]

. (4.7)

4.3 Decision-making strategy

In this section, we develop a solution to the formulated problem. We first introduce the

group restart strategy, and the online graph learning. Afterward, we present our decision-

making policy, namely, PS-SEM-UCB-Gr.

4.3.1 Group restart strategy.

Restarting process plays a key role in the decision making strategy in piecewise station-

ary bandit algorithms. Upon taking the global restart strategy, the agent’s regret increases

due to the costly effects of restarting of all arms. Moreover, by taking local restart strat-

egy, delays of change point detectors for different arms can make the algorithm to incur

linear regret in some intervals. One way to address these issues is in the structured

environments where changes are not always completely independent and having side

information w.r.t. relationships between arms’ distributions can be helpful in making

decisions upon restarts. There are certain research directions in MAB literature where

relationships amongst the arms are considered. For instance, in [153], it is assumed that

each item that the algorithm recommends is a node of a known graph and the expected

rating of the neighboring nodes are similar. Furthermore, in [59], it is suggested that

the nodes of the graph can be clustered according to some a priori unknown clustering

and the arms within the same cluster exhibit similar behaviours. Also, in [169], the rela-

tionship between the users is captured by an underlying graph and user preferences are

assumed to have smooth signals on the graph. In such settings, it is natural to anticipate

that if an arm’s expected reward is changed, then due to the relationships of the arms, the

set of arms that are closely connected to it go through changes as well. Consequently,

we propose group restart strategy as an efficient alternative in structured environments

where grouping information might be either available in advance or learned from the

data [59, 96]. As the result of our theoretical analysis, we show that a structure-based

grouping in group restart strategy can help to reduce the regret upper bound compared to

local and global restarts.

4.3.2 Piece-wise static graph learning.

Considering the required knowledge of Wt in finding the optimal decision vector, we

propose an online graph learning framework that uses the collected feedback yt and zt

and allows for modelling both the random and the smooth transitions of the causal graph.
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At each time t, we stack the feedback, from the last graph-change-point up to the current

time, as consecutive columns in Zt and Yt , hence, Yt = WtYt +Zt . We use the collected

feedback history, Yt and Zt , as the input to a parametric graph learning algorithm for a

static SEM [61]. Formally, the adjacency matrix at time t is the solution to the following

optimization problem:

Ŵt = argmin
W∈RK×K

∥Yt−WYt−Zt∥2
F +λ1 ∥W∥1

s.t. W[k,k] = 0,∀k ∈ K
(4.8)

where ∥·∥F represents the Frobenius norm of matrices. The symbol ∥·∥1 denotes the

L1-norm of the matrices and it is used to impose sparsity over the estimated adjacency

matrix Ŵt . We use the notation Ŵ(i) to represent the estimated adjacency matrix for

the ith static graph. In order to impose slow topological variations across time, from one

static graph to the next, one may add a second regularization term λ2

∥
∥
∥Ŵ(i+1)−Ŵ(i)

∥
∥
∥

1
in

Equation (4.8) and have a form of the optimization problem in Equation (4.8) that stays

convex. This second regularization allows the algorithm to penalize deviation of the cur-

rent graph estimate from the predecessor, hence implementing a transfer of knowledge

that is gained from the previous segment.

4.3.3 PS-SEM-UCB-Gr algorithm

In this section, we describe our decision-making policy. Its core is the Upper Confi-

dence Bound policy. Besides, we use two previously-proposed methods, namely group

restart, and piece-wise static graph learning. Finally, we integrate a mechanism for de-

tecting the changes to the adjacency matrix of the causal graph. Each time the algorithm

decides to infer the new adjacency matrix, it starts a subroutine inside the main algorithm

to obtain K data samples by interacting with the new environment. It is crucial that the

new dataset satisfies the conditions for the precise inference and unique identification of

the new graph adjacency matrix [20, 116]. We refer to this subroutine as Graph Learn-

ing Data Generation (GLDG). For these K rounds, PS-SEM-UCB-Gr picks K columns

of an initialization matrix, namely, Init ∈ {0,1}K×K in a sequential way where Init is

created as described in Section 3.3.2. Based on the discussion above, we assume that

there are at least K +1 rounds between any two consecutive changes in the graph. That

guarantees sufficient time to infer the new ground truth graph after every change. We

refer to the rounds inside a GLDG phase as graph initialization rounds and the rest as

normal rounds. In every round, the GLR change-point detectors and the UCB index de-

velopments are working. The input parameters of PS-SEM-UCB-Gr include the number

of steps (T ), number of arms (K), uniform exploration probability p ∈ (0,1), and δ as

the confidence level of the GLR change-point detector. The policy uses the parameter

τ ′ to perform the uniform forced exploration over all base arms in Algorithm 3. The

forced uniform exploration guarantees that the GLR change-point detectors receive suf-
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4.3 Decision-making strategy

1: Initialization: ∀k ∈ K, nk,0← 0, µ̂k,0← 0, τk = 0, t = 1, τ ′ = 0, flag = 1.

2: Get G =
{

g(1), . . . ,g(ζ )
}

3: while t ≤ T do

4: if flag = 1 then

5: Run GLDG.

6: end if

7: if Ω ̸=∅ then

8: Pick a ∈Ω, Randomly choose It with a ∈ It .

9: Remove a from Ω.

10: else

11: Solve Eq. (4.11) for xt .

12: end if

13: Play It , receive reward r(xt), sIt ,nIt ,t
← zIt ,t ,∀It ∈ It .

14: for all It ∈ It do

15: update: µ̂It ,t using Eq. (4.9), nIt ,t using Eq. (4.10).

16: if GLR(sIt ,1, . . . ,sIt ,nIt ,t
;δ ) = 1 then

17: ∀k ∈ gIt : nk,t ← 0, µ̂k,t ← 0, τk← t.

18: τ ′← t, Ω←Ω∪gIt .

19: end if

20: end for

21: if ∃ c ∈ N : t− τ ′ = c
⌊

K
p

⌋

then

22: Ω =
⋃

i∈[ζ ] g
(i)

23: end if

24: for all k ∈ K do

25: if nk,t ̸= 0 then

26: Uk,t ← µ̂k,t +
√

(m+1) log(t−τk)
nk,t

27: end if

28: end for

29: [Yt ]← [Yt−1,yt ], [Zt ]← [Zt−1,zt ]

30: if

∥
∥
∥yt−Ŵt−1yt− zt

∥
∥
∥

2

2
> ε then

31: flag = 1, Yt = [], Zt = []
32: else

33: Solve Eq. (4.8) to get Ŵt .

34: end if

35: t← t +1

36: end while

3: PS-SEM-UCB-Gr: Piecewise Stationary - Structural Equation Model - Upper Confi-

dence Bound - Group Restart
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Chapter 4 Piecewise-Stationary Combinatorial Semi-Bandit with Causally Related Rewards

1: Create an initialization matrix init, Y0 = [], Z0 = [].
2: for t ′ = 1,2, . . . ,K do

3: xt := init[:, t ′]
4: Play It , receive reward r(xt), sIt ,nIt ,t

← zIt ,t ,∀It ∈ It .

5: for all It ∈ It do

6: update: µ̂It ,t using Eq. (4.9), nIt ,t using Eq. (4.10).

7: if GLR(sIt ,1, . . . ,sIt ,nIt ,t
;δ ) = 1 then

8: ∀k ∈ gIt : nk,t ← 0, µ̂k,t ← 0, τk← t.

9: τ ′← t, Ω←Ω∪gIt .

10: end if

11: end for

12: for all k ∈ K do

13: if nk,t ̸= 0 then

14: Uk,t ← µ̂k,t +
√

(m+1) log(t−τk)
nk,t

15: end if

16: end for

17: [Yt ]← [Yt−1,yt ], [Zt ]← [Zt−1,zt ], t← t +1

18: end for

19: Solve Eq. (4.8) to get Ŵt−1.

20: flag = 0

2: Graph Learning Data Generation (GLDG)

ficient samples. Considering that we are using group restart, UCB developments of arms

from different groups might have different resetting times. Therefore, the policy uses

τττ = [τ1, . . . ,τK] to manage the restarting times of UCB indices. The variable flag is used

to call the GLDG subroutine. For any arm k, the empirical average of the instantaneous

rewards at any time t = t1 w.r.t. its last restarting time at t = τk yields

µ̂k,t1 =
∑

t1
t=τk+1 zk,t

nk,t1

, (4.9)

where nk,t1 is the number of times that the base arm k is observed up to time t = t1 since

its last restart at t = τk. Formally,

nk,t1 =
t1

∑
t=τk+1

xk,t . (4.10)

The set Ω holds the index of those arms whose UCB developments are being restarted

or that are candidates for forced exploration. After the graph initialization period, in

each round, PS-SEM-UCB-Gr first checks the set Ω, in Line 7, otherwise the agent plays
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4.3 Decision-making strategy

the next super arm according to the result of the combinatorial optimization in Line 11.

The combinatorial optimization uses the current UCB indices and the last estimate of

the causal graph. We denote the UCB index of base arm k at time t as Uk,t such that we

have the UCB indices of all base arms in the vector Ut = [U1,t , . . . ,UK,t ]. Therefore, the

combinatorial optimization for finding the best decision vector yields

xt = argmax
x∈X

c⊤(I−Ŵt−1)
−1 diag(Ut−1)x. (4.11)

Let M⊤ = c⊤(I− Ŵt−1)
−1 diag(Ut−1). The elements of Ŵt−1, c, and Ut−1 are non-

negative, then the optimization problem Equation (4.11) can be solved by finding a subset

of elements in M such that x ∈ X . Therefore, it is solvable by using an efficient sorting

algorithm that ranks the elements of M. Consequently, the agent plays xt , collects the

reward in Line 13 according to Equation (4.5), and updates the vectors µ̂µµ t and nt in Line

15. The notation sIt ,nIt ,t
← zIt ,t in Line 13 implies that the collected feedback zIt ,t ,∀It ∈ It

is the sample number nIt ,t in the sequence of samples for arm It since its last restart at

t = τIt . We use the GLR change-point detector [23] defined as

GLR(s1, . . . ,sn;δ ) = 1{supα∈[1,n−1][α×kl(β̂1:α , β̂1:n)+

+(n−α)×kl(β̂α+1:n, β̂1:n)]≥ γ(n,δ )}, (4.12)

where β̂α:α
′ is the mean of the observations between α and α

′
, kl(x,y) = x log

(
x
y

)

+

(1− x) log
(

1−x
1−y

)

is the binary relative entropy between any two Bernoulli distributions

with means x and y. The function γ(n,δ ) is the threshold function for the GLR test.

Theoretically, we choose this threshold function following Lemma 2 in [23]. However,

in all our numerical experiments, we follow “Practical considerations” in [23], and select

γ(n,δ ) = ln(3n
√

n

δ ). If GLR(s1, . . . ,sn;δ ) = 1, the algorithm applies group restarts in

Line 17. The algorithm updates the UCB indices in Line 26. In Line 30, the graph-

change detection mechanism uses two vectors of zt and yt to test the validity of the last

estimate of the graph adjacency matrix, Ŵt−1. If the error value for the graph-change

detection formulation exceeds ε , then the algorithm notifies that the previous estimate

of the graph structure is no longer valid. Consequently, in Line 31, we have flag = 1,

and the previously collected sets of feedback in Zt and Yt are dropped. Parameter ε
represents the error we accept in the graph estimation process. In this paper, we take

ε = 0. However, assuming ε ̸= 0, the effects of ε should be considered in the regret

analysis. In case the collected feedback vectors yt and zt satisfy the SEM formulation

for Ŵt−1, in Line 29, PS-SEM-UCB-Gr uses the newly updated matrices Yt and Zt , to

improve the adjacency matrix estimation. It is important to notice that the algorithm does

not restart the UCB development upon detecting a graph-change. It also does not restart

the graph learning following any distribution-change detection.
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4.4 Theoretical analysis

In this section, we deliver the analysis for the expected regret of PS-SEM-UCB-Gr al-

gorithm. We perform the regret analysis according to any grouping of arms, with local

and global restarts as special cases. We denote the maximum delay across all detected

changes as d. We divide the time line into stationary segments of base arm distributions.

The graph changes will be treated separately as they do not affect the UCB developments

and only contribute to the regret in terms of a constant, based on the graph-learning phase.

We also define the suboptimality gaps in our setting as the reward difference between the

optimal decision vector x∗ and an arbitrary decision vector x: ∆t(x) = ψt(x
∗
t )−ψt(x),

where ψt(x) is the mean reward of x, with only subscript t used to parameterize it for

better readability. The largest gap is denoted as ∆max = maxt maxx:ψt(x)<ψt(x∗t )∆t(x), and

the smallest ∆min = mint minx:ψt(x)<ψt(x∗t )∆t(x). As it is essential for estimating the total

regret bound, we deliver the regret for the stationary case, with an improvement over the

work of [116], as our result does not scale with the number of layers in the causal graph

but only with the total number of arms;

Lemma 1. Let ωT
t = c⊤(I−Ŵt−1)

−1 diag(xt+1) and ωmax = maxt maxk ωk,t ,k ∈ K. In

the stationary case (NΘ = 1∧NW = 1) of the PS-SEM-UCB-Gr algorithm, the upper

regret bound is given as:

R(T )≤
[

4ω2
maxm2(m+1)K log(T )

∆2
min

+
π2

3
mK +K

]

∆max,

with ∆max as the largest suboptimality gap and ∆min smallest suboptimality gap.

The adapted proof is given in the supplementary materials. The following Theorem 2

states a bound on the regret in the non-stationary case of our proposed decision-making

policy for any grouping of arms.

Theorem 2. Let ωT
t = c⊤(I− Ŵt−1)

−1 diag(xt+1) and ωmax = maxt maxk ωk,t ,k ∈ K.

The expected regret of the PS-SEM-UCB-Gr policy is upper bounded as:

R(T )≤ ∑
g∈G

[

NgKgR0(T )+(δT +1+
π2m

3
)NgKg∆max

]

+

+
(
T p+dNG +δT (K +NG)+NWK

)
∆max,

with R0(T ) =
4ω2

maxm2(m+1) log(T )

∆2
min

∆max.

proof. See Section B of the appendix.

This is the general regret upper bound that reflects the importance of grouping of arms.

We are able to retrieve the bounds according to the given grouping of arms. We assumed
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4.4 Theoretical analysis

the knowledge of groupings of base arms based on structural relationships between arms’

distributions.

Following local restart strategy, G = Glocal, we have Kg = 1, ∀g ∈Glocal and |Glocal|=
K, thus ∑g NgKg = NGlocal

. If we follow global restart strategy, G = Gglobal, we have Kg =
K, ∀g∈Gglobal and |Gglobal|= 1, thus ∑g NgKg = KNGglobal

. It is important to note that the

number of restarts differs for local and global restart strategies, since NGglobal
≤ NGlocal

.

In the following, we compare the performance of our approach with local restarts and

global restarts on the amount of regret increase in the distribution stationary segment

after a breakpoint.

Remark 4. We rewrite the regret upper bound in Theorem 2 as R(T )≤ Σg∈G[C1NgKg +
C2Ng]+C3 where C1,C2,C3 are independent of the grouping of arms. Let us assume that

the breakpoint ν happens from t to t +1 with change to Kν arm distributions that belong

to ην groups (clusters). The increase of the regret value within the stationary segment

after breakpoint ν can be written as ∆R(ν) ≤ C1Σg∈GKg1
{
∃k ∈ g s.t. θk,t ̸= θk,t+1

}
+

C2Σg∈G1
{
∃k ∈ g s.t. θk,t ̸= θk,t+1

}
. Consequently, we have the followings;

• In the case of Local restart, we have ∆R(ν)≤C1Kν +C2Kν .

• In the case of Global restart, we have ∆R(ν)≤C1K +C2.

• If the total number of arms inside the ην groups is Kν , for Group restart, we have

∆R(ν)≤C1Kν +C2ην .

• If in the ην groups, there are collectively s arms whose distributions did not change

at ν , in this case, for Group restart we have ∆R(ν)≤C1(Kν + s)+C2ην .

In the above, the first term, scaling with C1, is the regret due to number of restarted

arms, while the second term, scaling with C2, is affected by the delays. These results

clarify the idea behind using a group restart strategy, especially in cases where the Kν

changed arms are from a small number of ην clusters. Intuitively, in networks with

high modularity measures, we can expect to have smaller number for s and a better

performance for the group restart strategy.

By the following corollary, through fine-tuning the hyper-parameters δ and p and with

the assumption of the prior knowledge of NG, we can achieve a sub-linear regret bound;

Corollary 1. Let ∆
change
min = mini maxk∈K |µk,i− µk,i−1|. By choosing δ = 1

T
and p =

√
NGK logT

T
, the regret is upper-bounded by the following,

O














∑g∈G NgKg logT

∆min

+

√
NGKT logT
(

∆
change
min

)2
+NWK







∆max







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Chapter 4 Piecewise-Stationary Combinatorial Semi-Bandit with Causally Related Rewards

Our regret bound shows an improvement in comparison to the result of [173] in terms

of the dependency of total restarts NG, even though our algorithm does not require the

prior knowledge of the causal graphs. In the absence of graph-changes, the respective

contribution to the regret stems solely from the very first initialization, i.e., NW = 1.

4.5 Experimental analysis

In this section, we evaluate the performance of our proposed decision-making policy

using synthetic- and real-world datasets by comparing it with the following state-of-

the-art combinatorial semi-bandit algorithms as benchmarks; CTS [73] is a Thompson

sampling-based algorithm for stationary environments; GLR-CUCB [173] is a UCB-

based algorithm for piecewise stationary environments. It employs a GLR change-point

detector and uses a global restart strategy. We implemented the same algorithm with local

restarts and group restarts, GLR-CUCB-Lo and GLR-CUCB-Gr, respectively; CUCB-

SW [44] is an algorithm that uses a sliding window to follow the base arms’ distribution

changes while developing the corresponding UCB indices; Orc-R is PS-SEM-UCB-Gr

with the Oracle-Restart. This algorithm is given the prior information w.r.t. all distribu-

tion change-points and it only restarts the groups where a change is detected. In addition,

we implement the PS-SEM-UCB-Gl and PS-SEM-UCB-Lo that are working based on

global restart and local restart strategy, respectively.

All three algorithms CTS, GLR-CUCB, and CUCB-SW require access to the exact- or

to an approximation oracle that solves the combinatorial optimization in Equation (4.11);

that is, they need prior knowledge of the ground truth causal graph at any time. Such a

strong assumption renders them inapplicable in the absence of such prior knowledge. For

a fair comparison, we apply all benchmarks to the instantaneous rewards feedback vector

zt at each time t. We implemented the exact optimization oracles for CTS, GLR-CUCB,

GLR-CUCB-Gr, GLR-CUCB-Lo, and CUCB-SW.

4.5.1 Synthetic dataset

In the following, we describe the synthetic dataset used in the experiments. It has 4

graph-change-points and 4 distribution-change-points. For all different graph structures,

we have K = 18 nodes. We draw the elements of the adjacency matrices Wt from a

uniform distribution over [0.1,0.9]. The edge density of the ground truth adjacency ma-

trices is 0.15. The K = 18 arms are divided into 3 groups of 6 arms. We select m = 4

in this experiment and T = 25000. At each time t, the vector of instantaneous rewards

bt follows a multivariate normal distribution with the support in [0,1]18 and a spherical

covariance matrix. In appendices section of the thesis, Figure B.1 visualizes the expected

values of base arms’ rewards across time, and Figure B.2 presents the visualization of

optimal super arm across time. As shown in Section 4.2, the reward generation process

follows the SEM in Equation (4.3). All distribution-stationary-segments of the environ-
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Figure 4.1: Cumulative Expected Regret.

ment have the same lengths. The regularization parameter λ1 is tuned by grid search

over [0.0001,10000]. We evaluate the estimated adjacency matrix at each time t by us-

ing the mean squared error defined as MSE = 1
K2

∥
∥
∥Wt−Ŵt

∥
∥
∥

2

F
. Figure 4.1-a shows the

poor performance of CUCB-SW, and CTS, compared to other algorithms. In Figure 4.1-

b, we highlight the differences in the performance of Orc-R, PS-SEM-UCB, GLR-CUCB

under various restarting strategies. One can observe the better performance of PS-SEM-

UCB-Gr compared to GLR-CUCB. That happens although PS-SEM-UCB-Gr does not

require prior knowledge of the distribution-change-points and the causal graphs. The

effects of different restarting strategies can be observed as well. Global restarts adds to

the regret significantly by restarting the entire set of base arms. On the opposite, local

restart suffers from the delay on those breakpoints where the number of changed distri-

butions is large. In Figure 4.1-b, each vertical green solid line represents the time of a

distribution-change, and each vertical red dashed line represents a graph-change.
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4.5.2 Real-world application

In this section, we provide the results of applying our algorithm, to the Covid-19 out-

break dataset of daily new infected cases during the pandemic in different regions within

Italy.1 The goal is to find a subset of regions with the highest contribution to the spread

of the virus in the country in a non-stationary period. We use the overall reward yi

for the overall daily new cases in region i. Besides, we use the instantaneous reward

bi for the region-specific daily new cases in region i. The data of the period from

3rd July 2020, to 10th October 2020 was used. We pre-process the dataset follow-

ing [116]; nevertheless, we use a 14-day moving average instead of a 7-day moving

average. Instead of the L1-norm in Equation (4.8), we use the Directed Total Vari-

ation (DTV) ∑i, j∈K W[i, j]∑h=1,...,t

[
Y[i,h]−Y[ j,h]

]+
regularizer [128], where [y]+ =

max{y,0}. Since the causal spread of the disease might create cycles, we allow cyclic

graphs as the result of the optimization problem in Equation (4.8). Considering that the

ground truth graphs are not available, we use a cross-validation technique to tune the

regularization parameter λ1. We split the data into 10 subsets of 10 consecutive days.

In each subset, one day is chosen uniformly at random to be included in the validation

set, while the remaining 9 days are added to the train set. We calculate the prediction

error at each time t by Error(t) = 1
K|v(t)|∑i∈v(t) ∥yi− ŷi∥1 where v(t) is the validation

set at time t with cardinality |v(t)|. Besides, yi and ŷi are respectively the validation

data, and the corresponding predicted value using the estimated graph for day i. Fig-

ure 4.2 compares the ground truth overall daily new cases and the predicted total daily

new cases using the estimated graph in 3 days of the Covid-19 outbreak in our valida-

tion data.2 According to Figure 4.2, our algorithm estimates the data for each region

efficiently. This helps the agent to find the optimal decision vector. Regarding that the

benchmarks need the prior knowledge of the causal graph, this real-world application

highlights the drawbacks of the benchmarks. Considering the impacts of geographical

factors on Covid-19 cases [160], we divide the country into 4 clusters, using graph-based

clustering library of Python, based on Euclidean distances between regional capitals. In

Figure 4.3, we show the regions that PS-SEM-UCB-Gr selects over time. On each day,

the selected regions are highlighted by dark rectangles. PS-SEM-UCB-Gr finds changes

in the distribution of the region-specific daily new cases of different regions belonging

to each group. Consequently, it restarts the UCB procedure for all the groups within the

period t = 58 and t = 79. Due to space limitations, the details about the groupings and

their change-detection times are mentioned in the supplementary. We see that selected

subsets of regions before and after the restart of the algorithm are different due to newly

calculated UCB indices after the restarts. This shows how the main contributors to the

spread of the virus changed from one stationary segment to the next.

1https://github.com/pcm-dpc/COVID-19
2Due to space limitations, we use abbreviations for region names. Table A.1 in the appendix lists the

abbreviations together with the original names of the regions.
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Figure 4.2: Original and reconstructed daily new cases.

4.6 Conclusion

In this paper, we developed a piecewise stationary combinatorial semi-bandit frame-

work with causally related rewards. We developed a decision-making policy that follows

distribution- and causal graph changes to adapt the decisions. We introduced a new al-

ternative for the restarting process of bandit algorithms in structured environments under

piecewise stationary settings. We proved that PS-SEM-UCB-Gr achieves a sublinear

regret bound. The experiments showed the superior performance of PS-SEM-UCB-Gr

compared to several state-of-the-art combinatorial algorithms. Our regret analysis clari-

fies the effects of global and local restarts as special cases of group restarts. It clarifies

the importance of using relationships amongst base arms’ distributions for the purpose

of grouping of arms to minimize the regret incurred by the restarting process in group

restarts. As for future research direction, we aim at studying our problem under the

presence of noise in the SEM.
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Figure 4.3: Selected regions on each day of the experiment.
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Chapter 5

Clusters Agnostic Network Lasso

Bandits

We consider a multi-task contextual bandit setting, where the learner is given a graph

encoding relations between the bandit tasks. The tasks’ preference vectors are assumed

to be piecewise constant over the graph, forming clusters. At every round, we estimate

the preference vectors by solving an online network lasso problem with a suitably chosen,

time-dependent regularization parameter. We establish a novel oracle inequality relying

on a convenient restricted eigenvalue assumption. Our theoretical findings highlight the

importance of dense intra-cluster connections and sparse inter-cluster ones. That results

in a sublinear regret bound significantly lower than its counterpart in the independent task

learning setting. Finally, we support our theoretical findings by experimental evaluation

against graph bandit multi-task learning and online clustering of bandits algorithms.

5.1 Introduction

Online commercial websites aim to recommend their products to their customers prop-

erly, and the performance of these recommendations depends on the knowledge of users’

preferences. Unlike traditional collaborative-filtering-based methods [139], such knowl-

edge is initially unavailable. Therefore, the online recommender systems need to recom-

mend various items to the users and observe their ratings to explore their preferences. At

the same time, the recommender system should be able to recommend items that attract

users’ attention and receive high ratings by exploiting the learned knowledge. The con-

textual bandit frameworks [95] have been popularly used to formalize and address this

exploration-exploitation trade-off.

However, the classical form of contextual bandits [95, 47, 2] ignores the availability

of social networks amongst users and solves the problem for each user separately. Con-

sequently, such algorithms have some drawbacks when applied to problems with a large

number of users. First, such a large number hinders their computational efficiency. Sec-
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ond, the partial feedback of the bandit settings exposes the algorithms to having weak

estimations and impairing their decision-making ability [169]. Consequently, to improve

bandit algorithms’ performance for large-scale applications, structural assumptions that

link the different users are usually integrated within bandit algorithms [38, 59, 97, 68].

Cesa-Bianchi et al. [38] and Yang et al. [169] integrate the prior knowledge of social

networks into their contextual bandit algorithms. Both papers propose UCB-style algo-

rithms and exhibit the importance of using the social network graph to achieve lower

regrets using Laplacian regularization. The latter regularization promotes smoothness

among the preference vectors of users, allowing the transfer of the collected information

between them. However, the Laplacian regularization does not account for the smooth-

ness heterogeneity introduced by a piecewise constant behavior over the graph [162]. On

the other hand, algorithms of online clustering of bandits [59, 97] tackle such a piece-

wise constant behavior by explicitly estimating user clusters. However, their clustering

can cause overconfidence in the constructed clusters, potentially leading to error accu-

mulation.

In this paper, we assume access to a graph encoding relations between bandit tasks,

and that the task parameter vectors are piecewise constant over the graph. We propose

an algorithm that integrates the prior knowledge of the piecewise constant structure to

update tasks rather than finding the clusters explicitly. That way, we mitigate the limi-

tations mentioned above: the piecewise constant smoothness is naturally integrated into

our regularizer, and we do not estimate the clusters so our algorithm does not suffer from

overconfidence drawbacks.

More precisely, we provide the following contributions

• We analyze an instance of the Network Lasso problem [65], estimating every ver-

tex’s preference vector using data generated during the interaction between users

and the bandit. We provide the first oracle inequality in this setting and link it to

fundamental quantities characterizing the relation between the graph and the true

preference vectors of the users. Our result relies on our novel restricted eigenvalue

(RE) condition, which we assume for our setting. This result is of independent

interest and can be applied to i.i.d. data as a special case.

• We prove that the empirical multi-task Gram matrix of the data inherits the RE

condition from its true counterpart. Both this result and the previous one depend

on the sparsity of inter-cluster connections and the density of intra-cluster ones.

• We provide a regret upper bound for our setting. Our bound highlights the advan-

tage of our algorithm in high dimensional settings, and for large graphs.

• We support our theoretical findings by extensive numerical experiments on simu-

lated data that prove the advantage of our algorithm over other related approaches.

The rest of the chapter is organized as follows. Section 5.2 discusses the relation of

our work to the literature. We formulate our problem and state some of our assumptions
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in Section 5.3, then present our bandit algorithm in Section 5.4. We analyze the prob-

lem theoretically in Section 5.5 and demonstrate its practical interest experimentally in

Section 5.6.

5.2 Related work

Lasso contextual bandits. To address the high dimensional setting for linear bandits,

several multi-armed bandit papers solve a LASSO [147] problem under different as-

sumptions [18, 81, 119, 6]. They all rely on a previously established compatibility or RE

condition [29], that they adapt to the non-i.i.d case resulting from the context selection

procedure across rounds. Such assumptions were also used in the multi-task setting by

Cella and Pontil [34] with a Group Lasso regularization [171], and to impose a low-rank

structure on the task preference vectors in [36]. In our case, we establish a novel ora-

cle inequality, rather than only generalize an existing one to the non-i.i.d setting, with a

newly introduced RE assumption, which can be of independent interest.

Clustering of bandits. Gentile et al. [59] introduced sequential clustering of bandits

with the CLUB algorithm. The latter starts with a fully connected graph, and then an

iterative graph learning process is performed, where edges between users are deleted if

their preference vectors are significantly different. As a result, any connected component

is seen as a cluster and only one recommendation per cluster is developed. The SCLUB

algorithm of Li et al. [97] generalizes CLUB via including merging operations in addition

to splitting. In contrast to these approaches, Nguyen and Lauw [115] groups users via

K-means clustering, and Cheng et al. [46] rely on hedonic games for online clustering of

bandits. Furthermore, Yang and Toni [168] make use of community detection techniques

on graphs to find user clusters. Gentile et al. [60] study the clustering of the contextual

bandit problem where their proposed algorithm, named CAB, adaptively matches user

preferences in the face of constantly evolving items. Our work fundamentally differs

from the previous ones on two aspects. First, we assume access to a graph encoding

relations between users, which is more informative than a complete graph. Second, we

do not keep track of a model for each cluster, but rather we integrate a prior over the

graph via a graph total variation regularizer that enforces a piecewise constant behavior

for the estimated preference vectors.

Multi-task learning. Several contributions assume that the bandit tasks share some un-

derlying structure. In [34], task preference vectors are assumed to be sparse and to share

their sparsity support, implying that they lie in a low-dimensional subspace with dimen-

sions aligning with the canonical basis vectors. This idea is further generalized in [36],

where the tasks are assumed to be confined to an arbitrary unknown low-dimensional

subspace. That work improves upon [71] by not requiring the knowledge of the small

dimension of the task space. It can be considered to solve our problem if the number of
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clusters is smaller than the dimension, resulting in a low-rank structure. However, our

work does not rely on any assumption between the number of clusters and the dimension.

The underlying structure linking tasks can also be a graph encoding relations between

them [38, 168], which is our case. However, while they assume smoothness as a prior,

we assume piecewise constant behavior.

5.3 Problem setup

We consider a linear bandit setting, with a finite number of tasks representing users in

a recommendation system for example. For each task the agent has to choose among K

arms, each associated to a d-dimensional context vector. All interactions over a horizon

of T time steps. We further assume that we have access to an undirected graph G =
(V,E), with vertex set V representing the tasks and edge set E encoding the relationships

between them. We identify the vertex set V with the set of vertex indices [|V|]. Thus,

we consider E to be a subset of V2, where every edge (m,n) ∈ E has weight wmn > 0,

with m < n. The tasks’ preference vectors are denoted by {θθθ m}m∈V ⊂ R
d verifying

∥θθθ m∥ ≤ 1 ∀m ∈ V , which we concatenate as row vectors into matrix ΘΘΘ ∈ R
|V|×d . The

latter represents a graph vector signal, assumed to be piecewise constant over G.

At a round t ∈ N
⋆, a user m(t) ∈ V is selected uniformly at random and served an arm

with context vector x(t) from a finite action setA(t)⊂R
d with size K, depending on their

estimated preference vector θ̂θθ m(t)(t) ∈ R
d . We assume the expected reward to be linear,

with an additive, σ -sub-Gaussian noise conditionally on the past. Formally, denoting

by F0 the trivial sigma-algebra, and for all t ≥ 1, by Ft the sigma-algebra generated

by history set {m(1),x(1),y(1), · · · ,m(t),x(t),y(t),m(t+1)}, the received reward y(t) is

given by y(t) =
〈

θθθ m(t),x(t)
〉

+η(t), where η(t) is Ft−measurable and

E
[
η(t)|Ft−1

]
= 0, E

[
exp(sη(t))|Ft−1

]
≤ exp(

1

2
σ2s2) ∀t ≥ 1,∀s ∈ R. (5.1)

At the end of a round t, all preference vectors are updated into a new estimation Θ̂ΘΘ(t)
while leveraging the structure of graph G, formally by solving the following optimization

problem:

Θ̂ΘΘ(t) = argmin
Θ̃ΘΘ∈R|V |×d

1

2t

t

∑
τ=1

(〈

θ̃θθ m(τ),x(τ)
〉

− y(τ)

)2

+α(t) ∑
(m,n)∈E

wmn

∥
∥
∥θ̃θθ m− θ̃θθ n

∥
∥
∥ , (5.2)

where ∥·∥ denotes the Euclidean norm for vectors. The performance of our policy is

assessed by the expected regret over the T interaction rounds for all tasks:

R(T ) = E

[
T

∑
t=1

max
x̃∈A(t)

〈

θθθ m(t), x̃
〉

−
〈

θθθ m(t),x(t)
〉
]

. (5.3)
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The Optimization problem in Equation (5.2) is an instance of the Network Lasso [65].

Several instances of the same type were studied by Jung et al. [76], Jung and Vesselinova

[75], Jung [74]. The objective is characterized by its second term which, while being just

the Laplacian regularization without squaring the norms, promotes a piecewise constant

behavior rather than smoothness. For real-valued signals (d = 1), this regularization has

been extensively studied for image and graph signal denoising, for the problem of trend

filtering on graphs [162]. According to [162], that regularization better adapts to the het-

erogeneity of smoothness of the signal and induces a cluster structure in the data: similar

users will not only have similar models but the same model, which offers a compres-

sion of the overall model over the graph. Note that our setting is cluster agnostic; our

algorithm does not aim to learn the cluster structure explicitly but to exploit it implicitly

using the total variation semi-norm as regularization. The latter’s strength is controlled

via a time-dependent regularization coefficient α(t), which we will express later in the

analysis.

We formalize our assumption on the context generation as follows.

Assumption 1 (i.i.d action sets). Context sets {A(t)}T
t=1 are generated i.i.d. from a

distribution p over RK×d , such that∥x∥ ≤ 1∀ x ∈ A(t) ∀t ≥ 1.

In addition to the i.i.d assumption, we assume more regularity.

Assumption 2 (Relaxed symmetry and balanced covariance). There exists a constant

ν ≥ 1 such that for all X ∈ R
K×d , p(−X) ≤ ν p(X). Furthermore, there exists ω > 0,

such that for any permutation (a1, · · · ,aK) of [K], for any i ∈ {2, · · · ,K−1}, w ∈Rd , we

have

E

[

xai
x⊤ai

[w⊤xa1
< · · ·< w⊤xaK

]
]

≼ ωE

[

(xa1
x⊤a1

+xaK
x⊤aK

)[w⊤xa1
< · · ·< w⊤xaK

]
]

,

where M ≼ N means that N−M is a PSD matrix.

This assumption was introduced in [119], and has already been used in a multi-task

setting by Cella et al. [36]. Parameter ν controls the skewness, as ν = 1 corresponds to a

symmetric distribution. ω decreases with increasing positive correlation between arms.

It verifies ω = O(1) for multi-variate Gaussians and uniform distributions over the unit

sphere [119]. The piecewise constant behavior of the graph signal ΘΘΘ is formalized in the

next assumption.

Assumption 3 (Piecewise constant signal). There exists a partition P of V , such that

for any cluster C ∈ P , signal ΘΘΘ is constant on C, and the graph obtained by taking the

vertices in C and the edges linking them is connected.

Assumption 3 basically states that the true preference vectors are clustered and that the

given graph induces the cluster structure. It is required for our approach to be beneficial,

as we will detail in the analysis section. For the sake of clarity, we defer the statement of

other technical assumptions to Section 5.5.
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5.4 Decision-making strategy

Our policy in Algorithm 4 follows a greedy arm selection rule in a multi-task setting, in

the same vein as those presented in [119, 36]. Indeed, as pointed out in [119], exploration

is implicitly incorporated into regularization parameter α(t)’s time dependence. It has

the following expression

α(t) :=
α0σ

t

√
√
√
√t +

√

2 ∑
m∈V

∣
∣Tm(t)

∣
∣2 log

1

δ (t)
+2max

m∈V

∣
∣Tm(t)

∣
∣ log

1

δ (t)
, (5.4)

where the set of time steps a task m has been selected up to time t is denoted by Tm(t). At

each time step the network Lasso problem is solved via the primal-dual algorithm [74].

1: Input T,α0 > 0,G, function δ
2: Initialization : Θ̂ΘΘ(0) = 0 ∈ R

|V|×d

3: for t ∈ [1,T ] do

4: Draw a user m(t) ∈ V uniformly at random.

5: Observe context set A(t).
6: Select x(t) ∈ argmaxx̃∈A(t)

〈

θ̂θθ m(t−1), x̃
〉

, breaking ties arbitrarily.

7: Receive payoff y(t)
8: Update α(t) via Equation (5.4)

9: Update Θ̂ΘΘ(t) via solving the network Lasso problem Equation (5.2)

10: end for

4: Network Lasso Policy

5.5 Theoretical analysis

This section provides the main steps of the analysis. One of the paper’s contribution lies

in finding an oracle inequality of the network lasso problem given a restricted eigenvalue

condition holding for the true multi-task Gram matrix. In this regard, the next major chal-

lenge and contribution is to show that the empirical multi-task Gram matrix, estimated in

the algorithm, satisfies the restricted eigenvalue condition. We start by proving an oracle

inequality for the estimation error of ΘΘΘ. Then, we prove that the latter assumption holds

with high probability given that the true multi-task Gram matrix satisfies it. We end this

section by establishing a regret bound for our algorithm.
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5.5.1 Notations and technical assumptions

We provide additional notations required for the analysis. We denote by ∂P the set of all

edges in E connecting vertices from different clusters from partition P (Assumption 3),

and we call it the boundary of P . Thus, ∂Pc
, the complementary set of ∂P , is formed

by edges connecting vertices of the same cluster. The total weight of the boundary,

i.e. the sum of its edges’ weights, is referred to as w(∂P). Given a signal Z ∈ R
|V|×d ,

we denote by ZP the signal obtained by setting row vectors of Z to their mean-per-

cluster value w.r.t. P . For any edge subset I ⊆ E , we denote the following norms:

∥·∥F as the Frobenius norm and ∥ΘΘΘ∥I := ∑(m,n)∈I wmn∥θθθ m−θθθ n∥ as the total variation

semi-norm of ΘΘΘ ∈ R
|V|×d over I. Thus, the regularization term of the problem in Equa-

tion (5.2) is equal to ∥ΘΘΘ∥E . Also, we define the incidence matrix BI ⊂ R
|E |×|V|restricted

to I ⊆ E to be null except at rows with index i ∈ I corresponding to edge (m,n), where

it equals wmn(em − en), where em is the mth canonical basis vector of R
|V|. We de-

fine AV(t) := diag
(

X1(t)
⊤X1(t), . . . ,X|V|(t)

⊤X|V|(t)
)

∈Rd|V|×d|V|, and subsequently the

empirical multi-task Gram matrix up to time step t is given by 1
t
AV(t). The following

definition introduces quantities related to the clusters defined by partition P , with crucial

roles that we will elucidate throughout the analysis.

Definition 1 (Cluster content constants). Let C ∈ P be a cluster.

• We denote by ∂vC the inner boundary of C, i.e. the vertices of C that are connected

to its complementary. We define the inner isoperimetric ratio of C as ιG(C) := |∂vC|
|C| .

• By abuse of notation, we denote as BC the incidence matrix restricted to edges

linking vertices of C, its associated Laplacian matrix by LC := B⊤C BC , and its

pseudo-inverse by L
†
C
. The topological centrality index of node m ∈ C w.r.t C

is equal to (L†
C
)−1

mm. We define the topological centrality index of C by cG(C) :=

minm∈C(L
†
C
)−1

mm.

The inner isoperimetric ratio of a cluster measures how many “interior” nodes a cluster

contains, in the sense that they are not connected to its complementary. It is at most

equal to the isoperimetric ratio for weightless graphs as the size of the inner boundary

is at most equal to that of the edge boundary, the latter being connected to the algebraic

connectivity via the Cheeger inequality [39].

The topological centrality index measures the overall connectedness of a vertex in a

network and indicates how robust a node is to edge failures [124]. Also, it can be tied

to electricity spreading in a network according to [154]. We refer the interested reader

to the two previously mentioned works for a detailed account of the properties of the

topological centrality index. In the appendix, we show that for binary weights graphs

the minimum topological centrality index is at least equal to the algebraic connectivity

theoretically and experimentally, where we showcase that the difference between the two

can be significant.
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To proceed, we will need the following definition that introduces several notations to

reduce the clutter.

Definition 2 (Restricted Eigenvalue (RE) condition and norm). A PSD matrix M ∈
R

d|V|×d|V| verifies the RE condition with constants κ ≥ 1 and φ > 0 if

φ 2∥Z∥RE ≤ vec(Z⊤)⊤Mvec(Z⊤) ∀Z ∈ S, (5.5)

where S is the cone defined by:

S := {Z ∈ R
|V|×d;a1(G,ΘΘΘ)∥Z∥∂Pc ≤ a2(G,ΘΘΘ)

∥
∥
∥ZP

∥
∥
∥

F
},

a1(G,ΘΘΘ) := 1−
1

α0
+2κw(∂P)

min
C∈P

√

cG(C)
, a2(G,ΘΘΘ) :=

1

α0
+
√

2κw(∂P)max
C∈P

√

ιG(C),

and the RE semi-norm is defined by∥Z∥RE :=
∥
∥
∥ZP

∥
∥
∥

F
.

For our main results, we cover the case of κ ≥ 1 but treat the more general case κ > 0

in the proofs in the supplementary material. For such a simplification to be valid, we

assume that min
C∈P

√

cG(C)> 2w(∂P).

To explain the RE condition, if we had S = R
|V|×d and ∥·∥RE =∥·∥F , then M would

be invertible with minimum eigenvalue at least φ 2. In comparison, our requirement is

weaker since it holds only for signals Z∈ S and for the∥·∥RE semi-norm. It has the same

form as the compatibility assumption for the Lasso problem in [29, 119] or the restricted

strong convexity assumption [36].

We further make the following assumption on the true multi-task Gram matrix:

Assumption 4 (RE condition for the true multi-task Gram matrix). For k ∈ [K], let ΣΣΣk :=

E

[

xkx⊤k

]

be the Gram matrix of the kth context vector’s marginal distribution, let ΣΣΣV be

the true multi-task Gram matrix of the context vector generating distribution, given by

ΣΣΣV := I|V|⊗ΣΣΣ, where ΣΣΣ =
1

K

K

∑
k=1

ΣΣΣk. (5.6)

We assume that ΣΣΣV verifies RE condition (Definition 2) with some problem dependent

constants κ ∈
[

1, 1
2w(∂P) min

C∈P

√

cG(C)
)

and φ > 0.

This assumption is common to several Lasso-like bandit problems [119, 6, 36]. We

will later show that it can be transferred to the empirical multi-task Gram matrix.
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5.5.2 Oracle inequality

This section is dedicated to provide a bound on the estimation error of the Network Lasso

problem given in Equation (5.2) at a particular step t of Algorithm 4. We assume fixed

design, meaning that the context vectors are given and fixed, and we are not concerned

by their randomness (due to the context generating distribution), nor by the randomness

of their number for each user (due to random selection at each time step).

For a time step t, we deliver the oracle inequality controlling the deviation between

the estimated preference vectors Θ̂ΘΘ(t) and the true ones ΘΘΘ.

Theorem 3 (Oracle inequality). Assume that the RE assumption holds for the empirical

multi-task Gram matrix
1

t
AV(t) with constants κ ∈

[

1, 1
2w(∂P) min

C∈P

√

cG(C)
)

and φ > 0.

Suppose that maxm∈V
∣
∣Tm(t)

∣
∣ ≤ bt for some b > 0. Then, with a probability at least

1−δ (t), we have

∥
∥
∥ΘΘΘ− Θ̂ΘΘ(t)

∥
∥
∥

F
≤ 2

σ

φ 2
√

t
f (G,ΘΘΘ)

√
√
√
√1+2b

√

|V| log
1

δ (t)
+2b log

1

δ (t)
,

where

f (G,ΘΘΘ) := α0a2(G,ΘΘΘ)






a2(G,ΘΘΘ)

a1(G,ΘΘΘ)min
C∈P

√

cG(C)
+1




 .

The proof relies on decomposing the estimation error signal into a sum of two terms.

The first term amounts to taking its mean per cluster, that is, every node within the same

cluster is mapped to the mean estimation error of its cluster. The second term is proven

to be related to the incidence matrices of each cluster. The probabilistic statement comes

from a high probability bound on the Euclidean norm of an empirical vector process

associated with our problem, using a generalization of the Hanson-Wright inequality to

the subgaussian case [70, Theorem 2.1]. Compared to the bound of Jung [74, Theorem

1], we bound a norm of the estimation error rather than just the total variation semi-

norm. Besides, due to the expressions of a1(ΘΘΘ,G) and a2(ΘΘΘ,G), the bound significantly

decreases with the products w(∂P)minC∈P
√

ι(C) and w(∂P)maxC∈P cG(C)−
1
2 , which

are small enough for dense intra-cluster edge links and sparse inter-cluster ones. The

bound on the oracle inequality clearly grows with κ , thus it is most beneficial if κ is

close to 1.

5.5.3 RE condition for the empirical multi-task Gram matrix

To establish the oracle inequality, we assumed that the RE condition holds for the empiri-

cal multi-task Gram matrix. In this section, we prove that this holds with high probability.
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To this end, we use the same strategy as in [119, 36]. We prove that on the one hand, the

empirical multi-task Gram matrix inherits the RE condition from its adapted counterpart

since it concentrates around it. On the other hand, we show that the adapted Gram matrix

verifies the RE condition due to Assumptions 1, 2 and 4.

Theorem 4 (RE condition holding for the empirical multi-task Gram matrix). Under

Assumptions 2 and 4, let t ≥ 1, and let κ,φ be the constants from Assumption 4. Assume

that maxm∈V
∣
∣Tm(t)

∣
∣≤ bt. Then, for any γ ∈

(

0,
(

1+ a2(G,ΘΘΘ)
a1(G,ΘΘΘ)

)−2
)

, the empirical multi-

task Gram matrix
1

t
AV(t) verifies the RE condition with constants κ and φ̂ , where

φ̂ = φ̃

√

1− γ

(

1+
a2(G,ΘΘΘ)

a1(G,ΘΘΘ)

)2

, (5.7)

with a probability at least equal to 1− 6d|V|exp(
−3γ2φ̃ 4(minC∈P(c̃G(C)∧ c̃G(C)2)t

6b+2
√

2γφ̃ 2
),

where φ̃ :=
φ√
2νω

and c̃G(C) := cG(C)∧|C| ∀C ∈ P .

The proof follows the same approach as in [119, 36]; we prove that the RE condition

transfers from the true multi-task Gram matrix to its adapted counterpart VV(t), defined

as follows:

VV(t) = diag
(

V1(t), · · · ,V|V|(t)
)

, (5.8)

where

Vm(t) =
1

t
∑

τ∈Tm(t)

E

[

x(τ)x(τ)⊤|Fτ−1

]

. (5.9)

This transfer relies on the work of Oh et al. [119, lemma 10]. The other step of the

proof is showing that the empirical multi-task Gram matrix and VV(t) become close

to each other with high probability after sufficiently many time steps, in the sense of a

matrix norm induced by the RE semi-norm and the restriction to set S (Definition 2).

The bound showcases a dependence on minC∈P cG(C)∧|C|, which is of the same order

as |C| for a fully connected cluster with vertices C. It is also clear that the probability of

satisfying the RE condition increases with a higher minimum centrality of a cluster.

5.5.4 Regret bound

To bound the regret, we bound the expected instantaneous regret for each round t ≥ 1.

This bound relies on the oracle inequality holding and the RE condition being satisfied

for the empirical Gram matrix, both with high probability. Thanks to Theorem 3 and

Theorem 4, these two conditions are ensured.
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Theorem 5. Let the mean horizon per node be T = T
|V| . Under Assumptions 1 to 4, the

expected regret of the Network Lasso Bandit algorithm is upper bounded as follows:

R(T )≤O
(

νω f (G,ΘΘΘ)
√

T

φ 2

(
√

|V|+
√

log(T |V|)+ 4

√

|V| log(T |V|)
)

+
1

A
log(d|V|)+

√

|V|
)

.

with A =
3γ2 minC∈P(c̃G(C)∧ c̃2

G(C))
6

log(|V|)√
|V|

+
√

2γ
and γ = 1

2

(

1+
a2(G,ΘΘΘ)

a1(G,ΘΘΘ)

)−2

.

Our regret is mainly formed of two parts. The first one is the sublinear time-dependent

term and represents the bulk of horizon dependence. Interestingly, it decreases as the

topological centrality index grows with the graph size, which proves the importance of

intra-cluster high connectivity.

The second significant term comes from ensuring the RE condition for the empirical

multi-task Gram matrix, and can be interpreted as the number of time steps necessary for

it to hold, as pointed out by Oh et al. [119]. It has a logarithmic dependence in the graph

size and in the dimension, which is a characteristic of regret bound of the “lasso typ”.

Also noteworthy is that the regret grows with log(d) only in the time-independent term,

making our policy useful in high-dimensional settings.

Corollary 2. Let h1 :=
√

2κw(∂P)maxC∈P
√

ιG(C), h2 :=minC∈P
√

cG(C)−2κw(∂P).
If we set α0 =

1
h2

(

1+
√

1+ h2
h1

)

then f (ΘΘΘ,G) is minimized. Assume further that

min
C∈P

√

cG(C)≫ κw(∂P)

and that max
C∈P

√

ιG(C) ≤ 1. If |V| ≫ logT and |V| = O(T ), the expected regret can be

simplified as follows:

R(T ) =O
























νω



1+

√

κw(∂P)maxC∈P
√

ιG(C)
minC∈P

√

cG(C)





φ 2
+1












√

T |V|+ 1

A
log(d|V|)












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The simplified bound in Corollary 2 exhibits the typical multi-task learning depen-

dency
√

T |V| rather than the independent task learning case |V|
√

T .

5.6 Experimental analysis

We compare our algorithm with α0 = 1 to several baselines of the literature. On the

one hand, we consider baselines relying on a given graph, GOBLin [38] and GraphUCB

[169] that use the Laplacian to smooth the preference vectors. On the other hand, we

compare to clustering of bandits baselines, namely CLUB [59], SCLUB [97] and LOCB

[16]. We provided CLUB with graph G rather than a fully connected graph for a fair

comparison. We also include the trace norm bandit algorithm ([36]), which is relevant

when the number of clusters is smaller than d (we explain this point in the appendix).

As a sanity check, we compare to the independent task learning case with LinUCB (Lin-

UcbITL) where each task is solved independently. The graph used is weightless and

generated using a stochastic block model to ensure a cluster structure, where an edge is

constructed with probability p within clusters and q between clusters.

Experimentally, we found that normalizing the weights as wmn = (deg(m)deg(n))−
1
2 ,

where deg(m) denotes the degree of node m, yields significantly better results. Indeed,

such a normalization makes the algorithm focus more on edges between low-degree

nodes, which improves the propagation of the collected information within the graph.

Our results clearly showcase an improvement compared to the other baselines. Apart

from the oracle that has complete knowledge of all clusters from the beginning, our pol-

icy performs significantly better than the rest beyond the error margins, covering one

standard deviation at ten repetitions. We provide results for up to |V|= 200 nodes show-

ing the effective transfer of knowledge within the graph.

5.7 Conclusion

In this work, we proposed a multi-task bandit framework that solves the case where

the task preference vectors are piecewise constant over a graph. To this end, we used the

Network Lasso policy to estimate the task parameters, which bypasses explicit clustering

procedures. We established a sublinear regret bound and proved a novel oracle inequal-

ity that relies on the small size of the boundary and the high value of the topological

centrality index of each node within its cluster. Our experimental evaluations highlight

the advantage of our method, especially when either the number of dimensions or nodes

increases.

Due to the technical similarity of our problem with the Lasso, a natural extension

would be to extend it to a thresholded approach, in the same vein as [6]. Another possi-

ble extension would be to use regularization with higher order total variation terms that
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Figure 5.1: Synthetic data experiments showing the cumulative regret of Network Lasso

Policy as a function of time-steps compared to other baselines, for different choices of

|V| ,|P| ,d, p and q.

impose a piecewise polynomial signal on a graph, as explained for scalar signals in Wang

et al. [162], Ortelli and van de Geer [121].

65





Chapter 6

Online Influence Maximization with

Semi-Bandit Feedback under

Corruptions

In this work, we investigate the online influence maximization in social networks. Most

prior research studies on online influence maximization assume that the nodes are fully

cooperative and act according to their stochastically generated influence probabilities on

others. In contrast, we study the online influence maximization problem in the presence

of some corrupted nodes whose damaging effects diffuse throughout the network. We

propose a novel bandit algorithm, CW-IMLinUCB, which robustly learns and finds the

optimal seed set in the presence of corrupted users. Theoretical analyses establish that

the regret performance of our proposed algorithm is better than the state-of-the-art online

influence maximization algorithms. Extensive empirical evaluations on synthetic and

real-world datasets also show the superior performance of our proposed algorithm.

6.1 Introduction

In the last decade, social networks have played critical roles in the analysis and opti-

mization of data in epidemiology, marketing, and economics [53, 38, 152], as a result of

information propagation or diffusion that is inherent in such networks. That has led to

developing frameworks such as Influence Maximization (IM), where companies aim to

select a fixed number of customers that greatly influence others, called seeds or source

nodes, to receive reimbursement in return for advertising their products [164, 157, 137].

The companies aim at maximizing the influence spread given a limited budget.

Online social networks enable frequent information collection and updating of infor-

mation regarding users’ connections and interactions, which simplifies IM. In most so-

lutions, a social network is modeled as a graph, and users as nodes. The edges represent

the users’ relations and the edge weights represent influence probabilities between users.
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Influence propagates through the network under a specific diffusion model. The indepen-

dent cascade (IC) model and linear threshold (LT) model are the two most widely used

models [166, 98]. In the IC model, an adopter user has an activation probability, i.e.,

to convince each neighbor to adopt the product. The activation probabilities between

pairs of users are independent. In the LT model, a user adopts the product only if the

aggregated influence from its neighbors reaches a threshold [79]. The IC model is par-

ticularly well-known and frequently studied, especially in the context of online influence

maximization [164, 166]. Therefore, in this paper, we focus on the IM problem within

the framework of the IC model.

In the offline IM problem, the network structure and edge weights are known in ad-

vance [79]. However, in real applications, even if the network topology is accessible,

the influence probabilities are unknown a priori. That highlights the importance of on-

line influence maximization (OIM) problem [157, 164, 166, 92]. In OIM, the activation

probability is unknown and needs to be estimated by a learner through directly interact-

ing with the network.

The researchers have studied the OIM problem from many perspectives [164, 157,

166, 98, 176]; Nevertheless, they mostly assume that all users in the social networks are

fully cooperative and influence others voluntarily and automatically, which ignores the

adverse effects of potentially corrupted users/nodes as a critical factor. However, in real-

world applications, malicious users trick the system with disputed behaviors. Even if not

selected as seeds, they can spread corruption effects throughout the system by disrupting

the information flow. Hence, it is imperative to develop an algorithm to address this

challenge in influence maximization.

Before describing our contributions, we motivate our settings with several examples.

Nowadays, customers heavily lean on online reviews to guide their purchasing deci-

sions. These reviews extend beyond traditional online shopping platforms like Amazon.

They also play a significant role in invisible marketing, where brands collaborate with

influencers to integrate the products into their content. However, not all reviews are per-

suasive; sometimes, they can have a subtle counterproductive effect [102, 54, 51], e.g.,

when one uses humor or puns to subtly highlight a product’s potential weaknesses, thus

reducing the followers’ enthusiasm to purchase that product. Another example is when

the influencers adopt the comparative method for recommendation, which draws the cus-

tomers’ attention to similar products. Overemphasis of the products is another instance

[31]. Such behaviors, malicious or not, impact the activation probabilities. In all these

cases, most activation probabilities still follow a predictable pattern, whereas a fraction

of them are corrupted under arbitrary patterns and are not identically distributed over

time.

The proposed corruption-robust IM is not a straightforward extension of the previous

work on corruption-robust bandit algorithms. While the concept of corruption-robust

bandit algorithms is not new in the research of linear bandits, its application within the

online influence maximization remains unexplored. Although each user in OIM can

represent an arm in the bandit setting, it cannot be directly generalized to combinatorial
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setting since the seeds are not selected in isolation as the users mutually affect each

other according to the social network model. Besides, in OIM, the reward is not a linear

function of the outcomes obtained from each selected seed and has a more complicated

structure. It involves the cascading feedback model and limited feedback information

(binary feedback). Furthermore, IM introduces a unique aspect where the impact of

corruption can also propagate throughout the entire network, which makes the problem

even more challenging. Additionally, the offline IM with given graph and activation

probability information is an NP-hard problem.

In this work, we develop a novel OIM framework within a social network with several

corrupted users to fill the gap of OIM problem under corruption. We summarize our

main contributions as follows.

• We propose a novel algorithm for corruption-robust OIM, titled CW-IMLinUCB,

which builds on an OIM algorithm with a corruption-robust linear bandit algorithm

[67]. By integrating the weighted regression into an OIM algorithm, our proposal

alleviates the problems arising from inaccurate estimations caused by corrupted

users.

• We theoretically demonstrate that our proposed CW-IMLinUCB algorithm achieves

the regret guarantee O(dBE∗
√

T log(nT )+BE∗EcCd log(nT )) while being robust

to malicious behaviors.

• Extensive experiments on synthetic and real-world datasets show the superior per-

formance of our algorithm compared with the existing methods.

The rest of this paper is organized as follows: Section 6.2 summarizes the related work.

In Section 6.3, we formulate the online influence maximization problem under cor-

ruption. Section 6.4 introduces our proposed algorithm CW-IMLinUCB. Section 6.5

presents the theoretical analysis of CW-IMLinUCB and Section 6.6 demonstrates the

experimental results. Finally, Section 6.7 concludes this work.

6.2 Related work

Our work is related to IM and bandits with adversarial corruptions.

6.2.1 IM related work

Influence maximization is first investigated as an algorithmic problem in [125]. Ref-

erence [79] formulates the influence maximization problem as a discrete optimization

problem and proves the problem to be NP-hard. A greedy approximation algorithm is

proposed and shown to be effective for both IC and LT models. The efficiency of this

greedy algorithm is further improved in [40]. Besides, reference [57] extends the IM
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problem to competitive influence maximization across multiple social events. In [80], the

proposed approach solves the IM problem by identifying community bridge nodes and

select them as seed set. Aforementioned work considers the offline IM problem setting,

where the network structure and edge weights are known in advance [79]. However, in

realistic scenarios, even if the topology of the social network might be known, via Face-

book, or Twitter, etc, the influence probabilities are unknown apriori. This highlights the

importance of online influence maximization (OIM) problem [156, 157, 164, 166, 92].

The framework of OIM problem can be formulated as a variation of combinatorial

multi-armed bandit (CMAB) problem, where the learning agent selects several base

arms, defined as super arm at each round and tries to maximize its cumulative reward

[42, 43]. References [42, 43] first use the CMAB framework to solve the OIM problem

and develop an ‘Upper Confidence Bound (UCB)’-like algorithm based on the IC model

and analyze the regret bound. In [164], the authors consider the OIM problem with an

independent cascade semi-bandit (ICSB) model. They propose the linear generaliza-

tion model of the activation probability and prove regret bounds assuming edge-semi

bandit feedback. Reference [157] suggests a different parameterization for the IM prob-

lem concerning pairwise reachability probabilities regardless of the underlying diffusion

models. In [166], the authors factorize the activation probability on the edges into two

latent factors. They use an IC model to estimate the influence parameters at the node

level. There are a few works investigating OIM under different diffusion models. Ref-

erence [98] presents the OIM problem under the LT model. Wu et al. [167] address the

non-stationarity in an evolving underlying social network whose nodes and edges change

over time. Reference [176] introduce competitive concept into OIM problem and extend

the classical IC model to multi-item diffusion model. Authors in [82] study the OIM

problem under a decreasing cascade model, which is also a variation of IC model with

consideration of market saturation. Similar to [164, 166, 176, 82], we use an IC model

for influence propagation under edge-level feedback, while the corruption in diffusion is

also considered.

6.2.2 Bandits with corruption related work

Reference [104] extends the classic stochastic multi-armed bandit problem by allow-

ing for corrupted feedback and developing a decision-making strategy whose regret is

proportional to the total corruption at each round. In [64], the authors propose an algo-

rithm for a similar setting, whose regret is the summation of two terms: a corruption-

independent term that matches the regret of the seminal multi-armed bandit algorithm

and a time-independent term that is linear in the total corruption. For the corrupted

stochastic linear bandit setting, Li et al. [100] present an algorithm with an instance-

dependent regret bound. For the same problem, the algorithm in [25] achieves a regret

with a corruption term that is linear in the total corruption. Zhao et al. [172] develop

a variance-aware algorithm based on the ‘Optimism in the Face of Uncertainty Linear

bandit (OFUL)’ algorithm [2]. Reference [67] also proposes a computationally efficient
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algorithm based on OFUL, by incorporating a weighted ridge regression that prevents us-

ing the contexts whose rewards might be corrupted. Wang et al. [163] extend the work of

[67] by considering the online clustering bandits problem with corrupted users. Besides,

an algorithm is proposed to identify such users. In our work, we focus on the weighted

ridge regression approach utilized in [67, 163].

6.3 Problem setup

In this section, we formulate an OIM problem under corruption with bandit feedback,

illustrated in Figure 6.1. In such a problem, the final corruption effect depends on the

position of the corrupted users. Indeed, a higher probability of activating corrupted users

increases the corruption level in the system. Sometimes, even a tiny perturbation by

a corrupted node in some time intervals changes the seed set entirely, thereby failing

a corruption-agnostic agent. That aspect differs fundamentally from previous work on

corruption [67, 163].

Figure 6.1: Online influence maximization under corruption.

Edges between users represent potential pathways for influence propagation. At t, when

User 1 is activated, all of its out-edges trigger the activation of connected users. However,

if User 5 is a corrupted user with unpredictable behavior, the outcomes at t + 1 can be

different. With some unknown probability, User 5 may behave normally (depicted in

blue) or act adversarially (depicted in orange). User 5’s corrupted behavior does not

only perturb the influence diffusion when one selects it as a seed but also interferes with

the influence diffusion when Users 1 or 2 are seeds, as user 5 lies within their diffusion

pathways.
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6.3.1 Notations

We use boldface lowercase letters and boldface uppercase letters to represent vectors

and matrices respectively. For example, ∥xxx∥p denotes the p−norm of a vector xxx. For a

symmetric positive semi-definite matrix AAA ∈ R
d×d , the weighted 2−norm of vector xxx ∈

R
d is defined by∥xxx∥AAA =

√
xxxT AAAxxx. The inner product is denoted by ⟨·, ·⟩ and the weighted

inner-product ⟨xxx,yyy⟩AAA = xxxT AAAyyy. Table 6.1 summarizes the definitions and notations.

Table 6.1: Notation

Problem-specific notations

n Number of users

m Number of edges

G Graph that models the social network

V User set

E Edge set

St Seed set selected at t

K Budget of seed set

p(e) Activation probability of edge e

d Dimension of feature vectors

T Total number of rounds

xxxe Feature vector of edge e

θθθ Unknown feature vector

cu,t corruption level of node u at t

Cu Total corruption budget of node u

C The maximum corruption budget

ωe,t Weight coefficient of edge e

MMMt Gram matrix

bbbt Vector that summarizes the past propaga-

tions

θ̂θθ Estimation of unknown feature vector θθθ

6.3.2 Influence maximization

In the influence maximization (IM) problem, a directed graph G = (V,E) is utilized to

model the social network. V = {1,2, . . . ,n} is the set of users (nodes) and E is the set of

edges with cardinality m = |E|. Each edge e ∈ E is associated with an activation proba-

bility p(e) ∈ [0,1]. For example, an edge e = (u,v) represents that user v follows user u

on some social media and p(u,v) represents the probability that user v (receiving node)

will be activated/influenced by user u (giving node). Denote PPP = (p(e1), . . . , p(em)) to be
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the activation probability vector. For a given seed set S ⊆ V with activation probability

PPP, the expected number of influenced users under the diffusion model D is fD,PPP(S). By

definition, the users/nodes in S are always influenced.

Given G and a budget K on the number of seeds to be selected, IM aims to find a seed

set that maximizes the influence spread. Formally,

Sopt = arg max
|S|≤K

fD,PPP(S). (6.1)

The IM problem is NP-hard [164, 157, 166], but approximation algorithms exist [41,

142]. In this paper, we refer to such algorithms as oracles, which take a graph, size

of the seed set, and activation probabilities of all edges as inputs and output an ap-

propriate set of seeds. Define Sopt as the optimal solution of the problem and S∗ =
ORACLE(G,K,PPP) as the (possibly random) solution of an oracle ORACLE. It serves

as an (α,γ)-approximation of Sopt, α,γ ∈ [0,1], where fD,PPP(S∗) ≥ γ fD,PPP(Sopt) with

probability at least α [43]. This further implies that E[ fD,PPP(S∗)] ≥ αγ fD,PPP(Sopt). Be-

sides, if α = γ = 1, the oracle is exact.

The OIM problem is approachable within CMAB framework. In such a model, the

users and any seed set represent the arms and a super arm, respectively. We assume

that the expected influence spread (expected reward) satisfies the following assumptions,

which are standard assumptions also in combinatorial bandit problems [161, 166].

Assumption 5 (Monotonicity). The expected reward of playing any super arm S ∈ S̄
is monotonically non-decreasing with respect to the expectation vector, i.e., if for all

i ∈ [m], p(ei)≤ p′(ei), we have fD,PPP(S)≤ fD,PPP′(S), for all S ∈ S̄ with S̄ being the set of

all candidate super arms.

Assumption 6 (1-Norm Bounded Smoothness). A combinatorial multi-armed bandit

with probabilisitically triggered arms (CMAB-T) satisfy 1-norm bounded smoothness,

if there exists a bounded smoothness constant B ∈ R
+ such that for any two distribu-

tions with expectation vectors PPP and PPP′ and any action S , we have | fD,PPP − fD,PPP′ | ≤
B∑i∈S̃ |p(ei)− p′(ei)|, where S̃ is the set of edges (arms) that are triggered by S .

Remark 5. For the OIM problems, the 1-Norm Bounded Smoothness (Assumption 6)

holds with smoothness constant B = ñ, where ñ is the largest number of nodes any node

can reach in the directed graph G = (V,E) [161].

6.3.3 Online influence maximization under corruption

In real-world applications, the activation probability vector PPP is unknown and shall

be learned via interaction with the network: At each round t, the learner/agent firstly

chooses a seed set S ⊆ V with cardinality K based on its prior information and past ob-

servations. It then uses the feedback from the observed influence spread to refine the
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estimation of PPP. The learner aims to maximize the influence spread through this re-

peated process. Multi-armed bandit framework, especially the linear bandit model, is

widely used to solve the OIM problem [164, 157, 166].

Similar to [164], we assume each edge e∈ E is associated with a known feature vector

xxxe ∈ R
d and an unknown coefficient vector θθθ ∈ R

d , where d is the dimension of the

feature vector. Previous works assume that for all e ∈ E , p(e) is well-approximated

by xxxT
e θθθ . We assume malicious users can occasionally corrupt the diffusion process to

mislead the agent into selecting sub-optimal seed sets. At each round t, if user u is

malicious, it can corrupt all the connected out edges with activation probabilities to its

neighbors by cu,t . Formally, the behavior of a corrupted user satisfies the following

assumption.

Assumption 7. For all u,v ∈ V with e = (u,v) ∈ E , let p(e) be the probability that user

v can be activated by u at round t. For a normal user, the activation probability p(e) of

any out-edge e can always be well-approximated as

p(e) = xxxT
e θθθ , (6.2)

whereas for any corrupted user u ∈ V , the activation probability of its out-edge e at t is

given by

pt(e) = xxxT
e θθθ + cu,t . (6.3)

In real-world applications, the activation probabilities of corrupted users’ out-edges

are often well-approximated by xxxT
e θθθ , similar to normal users; Nevertheless, a small frac-

tion of them can be adversarially corrupted at time step t with level cu,t . Therefore, since

cu,t can become zero at some time intervals, learning the ground truth p(e) is challenging.

Similar to [164, 166], we assume an independent cascade diffusion model. In addition,

below, we define the edge semi-bandit feedback.

Definition 3 (Edge semi-bandit feedback). In edge semi-bandit feedback, or edge level

bandit feedback, the agent observes the influenced edge; That is, at any round t, the agent

observes an edge e = (u,v) if and only if its starting node u is activated.

The performance measure for the learning algorithm is the expected regret, which is

the difference between the optimal influence under perfect knowledge and the realized

influence spread by the algorithm. Since computing the optimal seed set is NP-hard

even under the perfect knowledge, similar to [43, 164, 157, 166, 176], we measure the

performance of the algorithm by scaled cumulative regret defined as follows.

Rαγ(T ) = T · fD,PPP(Sopt)− 1

αγ
E[

T

∑
t=1

fD,PPP(St)], (6.4)

where αγ ∈ (0,1).
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We assume that the feature vector xxx and θθθ satisfy the following assumption on the

bandit model.

Assumption 8. For any edge e∈ E , the feature vector xxxe satisfies∥xxxe∥≤ 1. The unknown

coefficient feature vector θθθ satisfies∥θθθ∥ ≤ Θ where Θ is a constant. For the normalized

feature vector, Θ = 1.

To measure the level of adversarial corruptions, we define the corruption level (total

corruption budget) as Cu = ∑
T
t=1 |cu,t | and C = maxu∈V Cu is the maximum corruption

level.

Remark 6. The presence of corruption in activation probabilities does not affect the ful-

fillment of Assumptions 5 and 6. Assumptions 5 and 6 are originally proposed in [161]

with a multi-armed bandit framework, where each edge is linked to an activation prob-

ability, without making any assumptions on how this probability is approximated using

edge features. Consequently, they remain valid irrespective of the activation probability

approximation model.

Remark 7. Our definition of corruption level is an extension of the definition in [25, 67].

We extend the original definition from one corrupted user setting to multiple corrupted

users by considering the worst-case with the maximum corruption level.

6.4 Decision-making strategy

In this section, we propose Confidence Weighted Influence Maximization Linear UCB

(CW-IMLinUCB) algorithm, which robustly learns the activation probability over the

directed graph from corrupted feedback. Algorithm 5 presents the pseudocode.

The inputs of CW-IMLinUCB are the network topology G, the seed set cardinality

K, the optimization algorithm ORACLE, the feature vectors xxxe ∈ R
d , ∀e ∈ E and three

algorithm hyper-parameters λ ,σ ,β > 0. The value of σ is proportional to the noise

in the observations and hence controls the learning rate [157]. For each time step t,

we define the Gram matrix MMMt ∈ R
d×d and bbbt ∈ R

d as the vector summarizing the past

propagations. Besides, θ̂θθ t refers to the estimation of the unknown coefficient vector at

time step t. MMMt and bbbt are sufficient statistics to compute θ̂θθ t and estimate the activation

probability p(e). The parameter β is utilized in forming the upper confidence bound

(UCB) to consider the tradeoff between mean and variance, thus controls the degree of

optimism of the algorithm [157].

At each time step t, CW-IMLinUCB firstly uses the estimated UCB of the activation

probability from last time step to compute the seed set St based on the given optimization

algorithm ORACLE (Line 4). Then the algorithm receives the edge semi-bandit feed-

back. Ẽt refers to the set including all the observed edges at time step t and yyyt is an m-

dimensional vector with yt(ei) = yt((u,v)) = 1{v is activated via edge ei at time step t},
∀i ∈ {1,2, . . . ,m}, which records the activation result. Afterwards, it updates MMM, bbb and
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1: Input: Graph G = {V,E}, seed set cardinality K, oracle ORACLE, edge feature

vector xxxe, ∀e ∈ E , algorithm parameters λ ,σ ,β > 0.

2: Initialization

• bbb0 = 000 ∈ R
d and MMM0 = I ∈ R

d×d;

• θ̂θθ = 000 ∈ R
d and p̂0(e) = 1, for all e ∈ E ;

3: for t = 1,2, · · · ,T do

4: Choose St ← ORACLE(G,K, P̂PPt−1) where P̂PPt−1 = {p̂t−1(e)}e∈E
5: Observe the edge level semi-bandit feedback yyyt ∈ R

m

6: for e ∈ E do

7: if e ∈ Ẽt then

8: {weighted regression}
ωe,t = min{1,λ/∥xxxe∥MMM−1

t−1
}

9: bbbt ← bbbt−1 +ωe,txxxeyt(e)
10: MMMt ←MMMt−1 +σ−2ωe,txxxexxxT

e

11: else

12: bbbt ← bbbt−1

13: MMMt ←MMMt−1

14: end if

15: end for

16: θ̂θθ t ← σ−2MMM−1
t bbbt

17: p̂t(e) = P[0,1](θ̂θθ
T

t xxxe +β∥xxxe∥MMM−1
t
), for all e ∈ E

18: end for

5: CW-IMLinUCB

the UCB of the activation probability for each edge, where P[0,1](·) denotes the Euclidean

projection onto the nearest point in the interval [0,1]. The algorithm utilizes the updated

activation probability estimation in the seed set selection of the next round.

Specially, different from previous works [156, 157, 166], which directly apply the

classical OFUL algorithm with ridge regression [2] to estimate the unknown feature vec-

tor, our algorithm assigns each edge e a weight factor ωe,t . More precisely, the previous

works estimate θθθ by online ridge regression over all past observations, i.e.,

θθθ t ← arg min
θθθ∈Rd
∥θθθ∥2

2 +
t

∑
τ=1

∑
e∈Ẽτ

σ−2(θθθ T xxxe− yτ(e))
2.

However, in the presence of corruption, the previous algorithms that rely on the upper

confidence bound parameter β without accounting for corruption [2, 164] will experience
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a deterioration in regret performance, which will lead to a term O(C
√

T ) in the regret,

i.e., the regret bound is C times worse than the regret without corruption [67].

To overcome this difficulty, inspired by [67], we use the weighted ridge regression to

estimate θθθ as

θ̂θθ t ← arg min
θθθ∈Rd
∥θθθ∥2

2 +
t

∑
τ=1

∑
e∈Ẽτ

ωe,τσ−2(θθθ T xxxe− yτ(e))
2,

where its closed-form solution is θ̂θθ t = σ−2MMM−1
t bbbt , where

MMMt = I +σ−2
t

∑
τ=1

∑
e∈Ẽτ

ωe,τxxxexxxT
e ,

and bbbt = ∑
t
τ=1 ∑e∈Ẽτ

ωe,τxxxeyτ(e) (line 6 to line 16). We set the weight of sample at round

t as ωe,t = min{1, λ
∥xxxe∥

MMM−1
t−1

}, where λ > 0 is a threshold coefficient to be determined later.

Remark 8. The term ∥xxxe∥MMM−1
t−1

in line 8 of Algorithm 5 refers to the confidence radius.

If ∥xxxe∥MMM−1
t−1

is large, CW-IMLinUCB assigns a small weight ωe,t to avoid the potentially

large regret caused by noise and adversarial corruption, while when ∥xxxe∥MMM−1
t−1

is small,

it assigns a large weight ωe,t (no more than 1) [67, 163]. Therefore, with carefully

selected λ , our CW-IMLinUCB algorithm can get rid of the O(C
√

T ) term caused by

the corruption in the final regret compared to the OIM algorithm with original ridge

regression [156].

Remark 9. CW-IMLinUCB has a storage complexity independent of t since only MMMt

and bbbt need to be stored and updated. We need to emphasise that CW-IMLinUCB’s

computational efficiency relies heavily on the computational efficiency of ORACLE.

Specifically, at each time step t, the computational complexity of CW-IMLinUCB from

line 5 to line 17 is O(md2). Although updates of CW-IMLinUCB in line 8 and 16 involve

matrix inversions, the operations do not incur high computational complexity since MMMt

only have sizes d×d.

6.5 Theoretical analysis

In this section, we derive a regret bound of CW-IMLinUCB under Assumptions 5-8.

Notice that Assumptions 5-7 are standard for bandit analysis, and Assumption 8 can be

satisfied by rescaling the feature vectors.

First we introduce the following definition.

Definition 4. Assume that the graph G = (V,E) includes l disconnected subgraphs G1 =
(V1,E1), . . ., Gl = (Vl,El), which are in a descending order according to the number of
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nodes of each graph. E∗ is defined as the number of the edges containing in the first

min{l,K} subgraphs [164],

E∗ =
min{l,K}

∑
i=1

|Ei|, (6.5)

and it is easy to obtain E∗ ≤ |E|= m.

Furthermore, we introduce Du(Gi) as the set containing all descendants of node u

within graph Gi. Let Pu,v∈Du(Gi) denote the set containing all paths from node u to

its descendant v ∈ Du(Gi), and Eu,d∈Du(Gi) denote as the set collecting all edges within

Pu,v∈Du(Gi). In other words, Eu,d∈Du(Gi) captures the edges forming paths to all descen-

dants of node u within Gi. For simplification, we call these edges as descendant edges.

Ec is defined as

Ec =
min{l,K}

∑
i=1

max
u
|Eu,v∈Du(Gi)|. (6.6)

In words, Ec is the summation of maximum count of descendant edges within the first

min{l,K} subgraphs, with Ec ≤ E∗ ≤ m.

The following lemma defines the upper confidence bound parameter β .

Lemma 2. For any 0< δ < 1 and corruption budget C≥ 0, set the confidence radius β =

σ−2
√

d log(1+ E∗T
d
)+2log( 1

δ )+σ−2λEcC+Θ then with probability at least 1−δ , for

every round t, the good event ξt−1 =

{

|xxxT
e (θ̂θθ τ−1−θθθ)| ≤ β

√

xxxT
e MMM−1

τ−1xxxe,∀e∈ E ,∀τ ≤ t

}

happens ∀t ∈ {1,2, . . . ,T}. Ec ≤ E∗ ≤ |E| and the corresponding definitions are stated

in Definition 4.

Proof. See Appendix D.1.

The following theorem states the regret bound of CW-IMLinUCB.

Theorem 6. Assume that the activation probability of users satisfy Assumption 7. Be-

sides, ORACLE is an (α,γ)-approximation algorithm. Let Θ be the known upper bound

on∥θθθ∥, C≥ 0 is the corruption budget, λ =
√

d
CEc . For any σ > 0 and any xe ∈Rd , ∀e∈ E ,

if β satisfies

β ≥ σ−2

√

d log(1+
E∗T

d
)+2log(nT )+σ−2λEcC+Θ, (6.7)

the αγ-scaled regret is upper bounded as

Rαγ(T )≤ O(dBE∗
√

T log(nT )+BE∗EcCd log(nT )). (6.8)
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Proof. See Appendix D.2.

Remark 10. If we consider the individual corruption budget Cu, by selecting

λ =

√
d

∑
min{l,K}
i=1 maxu |Eu,v∈Du(Gi)|Cu

,

we can derive the tighter regret bound

O(dE∗
√

T log(nT )+(
min{l.K}

∑
i=1

max
u
|Eu,v∈Du(Gi)|)CuE∗d log(nT )).

Definition 4 defines Eu,v∈Du(Gi) and Du(Gi).

Remark 11. The regret bound in Equation (6.8) is a topology-dependent bound. By

Definition 4, Ec and E∗ are less than m. Thus, the worst-case upper bound of the scaled

regret yields O(dmB
√

T log(nT )+Bm2Cd log(nT )).

Remark 12. When C = 0, i.e., no user is malicious, our setting reduces to the classic

OIM problem. For unknown C, if a (potentially imprecise) estimation of it, namely,

C̄, is available, by selecting λ =
√

d/(C̄Ec), β ≥ σ−2
√

d log(1+ E∗T
d
)+2log(nT ) +

σ−2λEcC̄+Θ, we can distinguish the following cases:

• If C ≤ C̄, the scaled regret is bounded by

O(dBE∗
√

T log(nT )+BE∗EcC̄d log(nT )).

• If C ≥ C̄, the algorithm has a linear regret bound with respect to the time horizon,

i.e., O(T ).

In addition, if we set C =
√

T , then when 0 < C ≤
√

T , the regret is upper bounded by

O(dBE∗Ec log(nT )).

6.6 Experimental analysis

Unlike the previous work dealing with corruption concerning a single agent, our work

delves into a unique aspect where the impact of corruption can propagate throughout

the entire network in influence maximization. In this case, the number of corrupted

users is not the sole determinant of the regret bound. Indeed, the placement of corrupted

nodes within the network significantly influences the extent of regret. When a corrupted

node occupies a pivotal position within the network, the resulting corruption effect can

surpass that caused by numerous randomly selected nodes. In other words, even a few
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number of corrupted users have the potential to disseminate the corruption effects across

the entire network. In this section, we first highlight the importance of the position

of the corrupted nodes in the network and compare the performance of our algorithm

against benchmarks with a toy example. We evaluate CW-IMLinUCB on a carefully

selected network topology (Figure 6.2) and validate our algorithm’s performance under

the dissemination of the corruption effects. Similar to previous work [156, 157, 83], we

evaluate the performance of our algorithm using a randomly-generated synthetic- and

real-world datasets. Besides, we compare the results to the following state-of-the-art

bandit algorithms:

• ε-greedy: This algorithm learns the activation probability of each edge indepen-

dently and uses ε-greedy [8] to balance exploitation and exploration.

• CUCB [161]: This algorithm learns the activation probability of each edge inde-

pendently via a multi-armed bandit framework.

• IMLinUCB [164]: This algorithm learns under an edge-level bandit feedback and

approximates the activation probability as the inner product of known edge features

and one shared unknown feature among all the edges.

• DILinUCB [157]: This algorithm is model-dependent and approximates the ac-

tivation probability as the inner product of the known target feature vector of the

edge’s ending node and weight vector of the edge’s source node.

• OIMLinUCB: This algorithm is the variation of IMFB [166] and we assume the

susceptibility vector xxx is known in advance, which is similar to DILinUCB and

IMLinUCB.

Specially, for DILinUCB and OIMLinUCB, we also implement their variants with con-

fidence weighted regression (CW-DILinUCB and CW-OIMLinUCB) to compare. Ad-

ditionally, for all implemented algorithms, the DegreeDiscount algorithm [40] is used as

the ORACLE. ALL the experimental results are the average of ten independent runs. In

all plots, error bars indicate the standard deviations divided by
√

10.

6.6.1 Toy example

In the toy example experiment, we implement our algorithm in a ten-node network with

a single corrupted user and select one seed. The network is an Erdős-Rényi graph and

creates possible edges with probability 0.3. Figure 6.2 shows the network structure.

We consider a variation of flip-θθθ attack as the corrupted behavior of the corrupted users.

Flip-θ attack simply flips the reward from θθθ T xxx to−θθθ T xxx [25, 67]. Considering activation

probability acts as reward in online influence maximization, we add one constant to the

reward and then make a flip-θ attack in our experimental setting. Thus, corrupted users

trick the learning algorithm by changing the activation probability to become p(e) =

80



6.6 Experimental analysis

Figure 6.2: Network structure of Experiment I.

max(0,0.05−xxxT
e θθθ) for the first CT = 100 rounds. In the remaining rounds, the corrupted

user acts normally. The activation probabilities in normal manner follow Equation (6.2)

in Assumption 7. Each dimension of feature vectors xxxe ∈ R
25, ∀e ∈ E and θθθ ∈ R

25

is generated randomly from uniform distribution U(0,0.1) and then feature vectors are

normalized. The average activation probability over edges is 0.175.

In Figure 6.2, Node 3 has no out-edges, whereas Node 1 has three in-edges and two

out-edges. Therefore, the latter, if corrupted, can disseminate the corruption effect. Fig-

ure 6.3 shows the cumulative regret, where U = {3} and U = {1} in the legend indicate

the corruption of Node 3 and Node 1, respectively.
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Figure 6.3: Effects of various corrupted user positions (n = 10).
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According to Figure 6.3, when Node 3 is malicious, IMLinUCB performs better than

CW-IMLinUCB. This is based on the fact that Node 3 cannot disseminate the corruption

effect due to the network structure. Indeed, in this case, the extra term in the UCB of our

corruption-robust algorithm adds an unnecessary exploration that degrades the perfor-

mance w.r.t. the corruption-agnostic algorithm. In contrast, if Node 1 is corrupted, that

term is vital, and our algorithm has a superior performance. More precisely, if Node 3 is

malicious, the additional regret of our algorithm stems from the overestimation of cor-

ruption within the upper confidence bound. In β , the second term σ−2λEcC denotes the

potential spread of corruption throughout the whole network with maximal corruption

budget to account for the uncertainty. However, such a scenario occurs only when the

crucial nodes in the most vital positions act in a corrupted manner permanently. Thus,

the over-estimated corruption in β will increase exploration in the learning process. We

emphasize that the selection of β rests on the assumption that the positions of corrupted

users remain unknown. This assumption aligns with real-world scenarios with hidden

corrupted users whose exact positions cannot be identified. By assuming unknown posi-

tions, the term σ−2λEcC in β remains indispensable.

6.6.2 Synthetic dataset

As described in Section 6.3, the positions of the corrupted users play a crucial role. To

demonstrate this, we first implement our synthetic dataset on the network with n = 50

and K = 2.

The network is an Erdős-Rényi graph and creates possible edges with probability 0.3.

It has in total m = 687 edges. The corrupted users trick the learning algorithm by chang-

ing the activation probability to become p(e) =max(0,0.05−xxxT
e θθθ) for the first CT = 200

rounds similar to the toy example. In the remaining rounds, the corrupted user acts nor-

mally. The activation probabilities in normal manner follow Equation (6.2) in Assump-

tion 7. The generation of feature vectors xxxe ∈ R
25, ∀e ∈ E and θθθ ∈ R

25 follow the same

setting as toy example. The average activation probability over edges is 0.0295.

We first apply IMLinUCB and CW-IMLinUCB algorithms to two different corrupted

user sets, namely, U = {0,37}, selected at random, and U = {34,36}, both of which are

directly connected to the optimal seed set {7,43} according to ORACLE.

Figure 6.4 shows the cumulative regret with different corrupted users. Intuitively, the

positions of Nodes 34 and 36 are more crucial than Nodes 0 and 37, so the corruption

in those positions would cause more adverse effects. In Figure 6.4, the performance of

IMLinUCB verifies this point. When Nodes 34 and 36 are malicious, the regret of IMLin-

UCB is higher, and the selected seed set activates fewer nodes in the network compared

to the situation when Nodes 34 and 36 are malicious. CW-IMLinUCB algorithm can

overcome this difficulty. Thus, it outperforms IMLinUCB in both cases. In addition, in

some rounds, the cumulative regret is below zero. That is because the algorithm calcu-

lates regret by performing the independent cascading process for both the optimal seed

set and the seed set selected by our algorithm, then comparing the number of activated
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Figure 6.4: Effects of various corrupted user positions (n = 50).

nodes at each time step. Due to the properties of independent cascading, the number of

activated nodes can vary from round to round. Consequently, there is a possibility that

the seed set selected by our algorithm might activate more nodes than the optimal seed

set.

We also evaluate the performance of our proposed algorithm compared to the state-

of-the-art algorithms under the same setting in previous experiment (K = 2, Nodes 0

and 37 are corrupted users). To guarantee that the activation probability is exactly

p(e = (u,v)) = xxxT
e θθθ = xxxT

v θθθ u for all the implemented algorithms, we follow the setting

in [166]: We first randomly sample xxxv ∈ R
d1 and θθθ u ∈ R

d1 for DILinUCB and OIMLin-

UCB algorithms. Then, for each edge e = (u,v) ∈ E , we take the outer product on xxxv

and θθθ u and reshape it into a d = d1× d1-dimensional vector, which is the edge feature

vector xxxe in the IMLinUCB algorithm with d1 = d2 = 5. Therefore, the IMLinUCB only

needs to recognize the diagonal terms in the outer product. Figure 6.5a and 6.5b show

the cumulative regret and the average reward, respectively.

Figure 6.5 shows that our proposed algorithm has the lowest regret and the high-

est reward compared to all other methods. The algorithms CW-DILinUCB and CW-

OIMLinUCB have higher regret compared to DILinUCB and OIMLinUCB. Although

CW-DILinUCB and CW-OIMLinUCB integrate the weighted regression into the algo-

rithm, their performance is not as good as expected.

6.6.3 Real-world application

We implement our algorithm in a subgraph of the Facebook network data [93]. The

dataset has 4039 nodes and 88234 edges, and the subgraph includes the first n = 300
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Figure 6.5: Result of Experiment I.

nodes and |E| = 2046 edges. The average edge activation probability on this subgraph

is 0.0497. Several authors use the Facebook dataset to evaluate the effectiveness of OIM

algorithms [156, 157]. A challenge is the absence of information about edge activation

probabilities, seed set sizes, and other parameters. To address that, we use the same

approach in previous work [156], treating the sampled values as the ground truth. The

data sampling process is as follows.

We first choose K = 20 for the seed set. There are nc = 20 randomly-selected corrupted

users in the network. The generation of feature vectors is the same as Experiment I in

Section 6.6.2. The corrupted users also follow the previous setting with CT = 1000.

Figure 6.6a and 6.6b respectively show the cumulative regret and average reward, i.e.,
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the number of per-step activated users.
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Figure 6.6: Result of Experiment II.

Moreover, we evaluate the performance of our proposed algorithm under different

corruption levels. Similar to previous numerical simulations, the confidence weighted

regression is not compatible to DILinUCB and OIMLinUCB algorithms, hence we omit

the plot of CW-DILinUCB and CW-OIMLinUCB in the following experiments. Fig-

ure 6.7a shows the regret of all algorithms under different time horizons of the corruption

CT with a fixed set of nc = 20 corrupted users. Figure 6.7b shows the performance of

our algorithm when the number of corrupted users nc changes while CT = 1000 remains

fixed. Particularly, when nc ≥ 10, the experiments share the same ten corrupted users.

For each experiment, we add the randomly selected users to the previous corrupted set
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of users. Both experiments have K = 20.
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Figure 6.7: Result of different corruption levels.

In addition, we evaluate the time complexity and memory requirements of our pro-

posed algorithm. In all experiments across various networks, we generated the network

using the same process as in the experiments on the synthetic dataset. We conducted all

the experiments with a horizon of T = 5000 and the corruption time CT = 200. Figure 6.8

shows the results.
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Figure 6.8: Complexity analysis under different networks.

From the experimental results, we conclude the followings:

• In all experiments, our proposed algorithm, CW-IMLinUCB, outperforms other

methods.

• As Figure 6.6 shows, CW-IMLinUCB has several inflection points in the regret

plot. That is because the algorithm uses the weighted regression, i.e., a small
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weight for a large confidence radius, and vice versa. That prevents a potentially

large regret caused by the corruption and consequently guarantees the superior

performance of CW-IMLinUCB. Therefore, the abrupt change of the upper confi-

dence bound caused by the weight change influences the seed set and reflects the

inflection points in the plot.

• Compared to DILinUCB and OIMLinUCB, enhancing CW-DILinUCB and CW-

OIMLinUCB with weighted ridge regression does not improve their performance

compared to the vanilla version. The reason is that the weighted ridge regression

framework is effective in dealing with the corruption effect under our proposed

framework whereas its applicability to other frameworks in online influence max-

imization remains limited. Thus, our proposed structure is more compatible with

IMLinUCB framework and exploits the weighted regression’s strengths.

• According to Figure 6.7, when there is no corruption (CT = 0 or nc = 0), the per-

formance of IMLinUCB is better than CW-IMLinUCB. The higher regret of CW-

IMLinUCB here comes from the second σ−2λEcC of β . This term estimates the

corruption effect within the upper confidence bound, however, in scenarios with-

out corruption, it adds unnecessary exploration and degrades the performance of

CW-IMLinUCB.

• According to Figure 6.7a, the benefits of CW-IMLinUCB become increasingly

pronounced with longer corruption intervals when compared to state-of-the-art al-

gorithms. The small fluctuation of the plot reflects the uncertainties in the diffusion

process. This shows the robustness of CW-IMLinUCB algorithm in dealing with

different corruption levels and its superiority compared to state-of-the-art algo-

rithms.

• In Figure 6.7b, unlike Figure 6.7a, although CW-IMLinUCB has the lowest regret

with different nc, its regret does not significantly change among different experi-

ments and just increased small amount with increased number of corrupted users.

That is because the number of corrupted users is not the sole- or main determinant

of the regret. Rather, it is the placement of corrupted nodes within the network that

significantly influences the extent of regret. Merely increasing the number of cor-

rupted nodes, without putting the corrupted node in influential positions, does not

necessarily yield more corruption effect, thus the regret performance might remain

steady.

• Compared with CW-IMLinUCB, there is no obvious trend in the regret plots of

other algorithms in Figure 6.7. The reason is that other algorithms do not take

corruption into account, which also increases uncertainty in the behavior of their

learning processes in facing corruptions.
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• As shown in Figure 6.8, the computation time and memory cost of CW-IMLinUCB

increase with the network size, a trend observed across all state-of-the-art algo-

rithms. The time cost of our proposed CW-IMLinUCB algorithm is slightly higher

than that of other state-of-the-art algorithms. However, its memory cost is compa-

rable to other algorithms with linear bandit structures, such as IMLinUCB, DILin-

UCB, and OIMLinUCB.

6.7 Conclusion

In this work, we study the OIM problem in presence of corrupted users. We propose

an algorithm CW-IMLinUCB that integrates the weighted ridge regression into an OIM

algorithm with bandit feedback. We present a theoretical guarantee for our proposed

algorithm. Experiments on synthetic- and real-world datasets confirm the effectiveness

and robustness of our proposed algorithm. According to our analysis, the position of the

corrupted users can influence the regret bound. Currently, our regret bound only consid-

ers the worst-case that the corrupted users can easily disseminate the corruption effect

across the network. In future work, one can consider to integrate corrupted user detec-

tion mechanisms into our framework and consider the corrupted user location dependent

algorithm. Thus, the regret bound could be further tighter. Furthermore, developing an

algorithm that competes with a dynamically corrupting algorithm is another interesting

research direction.
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Chapter 7

Thesis Conclusion

In this thesis, we made multiple efforts towards introducing novel frameworks and re-

sults in sequential decision making based on interconnected data. Our proposed frame-

works are in the direction of stochastic stationary and nonstationary multi-armed bandit

problems. In all these settings, we try to motivate the mathematical problem within the

context of real-world applications. In addition, we present rigorous theoretical analysis

of the provided solutions. In the following, we bring a brief recap of the contributions

in each one of the Chapters 3, 4, 5, and 6. In addition, we also elaborate on the possible

future works for the research that is described in each of these chapters.

7.1 Summary of contributions

In Chapter 3, we presented a completely novel combinatorial bandit setting with causally

related rewards. The study incorporates the causal structure through a directed graph

representation within a structural equation model (SEM). The proposed SEM-UCB al-

gorithm effectively addresses the challenges posed by the causal dependencies among re-

wards by simultaneously learning the underlying graph structure and optimizing decision-

making. Theoretical analysis confirmed a sublinear regret bound for SEM-UCB, en-

suring its robustness in sequential decision-making problems. Empirical evaluations

on both synthetic and real-world datasets, including the analysis of Covid-19 spread

in Italy, demonstrated the superior performance of SEM-UCB compared to established

benchmarks. The results highlight the framework’s potential applications across diverse

domains such as network data analysis in biology, financial markets, and epidemiology.

Chapter 4 presents a novel bandit framework in which the underlying structure of the

data as well as the distributions of the base arms within a combinatorial bandit frame-

work are subject to change. This allows for a more realistic modeling of the real-world

problems and better applicability of bandit algorithms. The study presented a piece-

wise stationary combinatorial semi-bandit framework. The proposed PS-SEM-UCB-Gr
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algorithm effectively adapts to changes in both the reward distributions and the underly-

ing causal structures by employing a group restart strategy, change-point detection, and a

piecewise static graph learning mechanism. The proposed group restart strategy balances

the trade-off between minimizing unnecessary restarts and responding swiftly to detected

changes, leveraging the relationships among base arms to improve decision-making effi-

ciency. Theoretical analysis demonstrated a sublinear regret bound, reflecting the bene-

fits of grouping strategies in structured environments. Also, we improved the theoretical

analysis for the stationary setting that was studied in Chapter 3. Consequently, we found

out that the asymptotic regret of the stationary setting does not depend on the size of

the causal system. This is due to the fact that the agent is able to estimate the ground

truth causal system structure from the initial exploration phase. Experimental results

on synthetic and real-world datasets, showcased the algorithm’s superior performance

compared to existing benchmarks. The findings emphasize the importance of integrating

structural relationships in bandit algorithms, particularly in dynamic environments.

The research in Chapter 5 introduces the Network Lasso Bandit framework, a sig-

nificant advancement in multi-task contextual bandit problems where task preferences

are represented as piecewise constant clusters on a graph. By leveraging the properties

of the graph’s structure and introducing the Network Lasso optimization, the proposed

approach eliminates the need for explicit clustering. Instead, it directly incorporates a

regularization term that enforces piecewise constant smoothness. Theoretical results,

including novel oracle inequalities and sublinear regret bounds, demonstrate the frame-

work’s robustness and efficacy, especially in high-dimensional settings or when graph

sizes are large. Empirical evaluations further validate the method’s superiority over ex-

isting baselines.

The study in Chapter 6 addressed the challenging problem of Online Influence Max-

imization (OIM) in social networks, specifically under the presence of corrupted nodes

that distort influence probabilities and disrupt information propagation. To tackle this,

the CW-IMLinUCB algorithm was developed, which integrates weighted ridge regres-

sion into a contextual bandit framework, enhancing robustness against adversarial cor-

ruptions. Theoretical analysis demonstrated that the algorithm achieves a bounded re-

gret under realistic assumptions, outperforming existing methods. Empirical evaluations

on synthetic and real-world datasets validated the effectiveness and scalability of CW-

IMLinUCB, showcasing its superior performance in diverse network configurations and

corruption scenarios. The experiments emphasized the critical role of corrupted nodes’

positions in determining their impact on network influence, underlining the algorithm’s

ability to adapt to varying corruption levels.
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7.2 Future works

The performance of the algorithm in Chapter 3 relies on the initial exploration phase

that serves to create proper data that allows for estimation and identifiability of the causal

graph. Since the number of initial exploration rounds is equal to the number of base arms,

if the number of base arms N grows such that it becomes comparable to the horizon T ,

then the regret of the agent will become closer to a linear regret. Hence, one possible fu-

ture improvement for the setting in Chapter 3 is to improve the initial exploration phase.

This indicates that one should study the possibility of establishing theoretical guarantees

that allow for the identifiability of the adjacency matrix from a smaller number of rounds

of initial exploration.

Another possible research focus can be to design another novel application for the pro-

vided framework of Chapter 3. Even though we believe that the Covid-19 data analysis

is extremely interesting and inspiring, one could try to apply the provided framework in

other realistic scenarios to show the applicability of the novel bandit setting. Further-

more, we designed both frameworks of Chapters 3 and 4 under the assumption of having

a noise-free SEM. However, that is in reality just an approximation and one should study

the same setting under the presence of noise. This makes the study more challenging

since the theoretical guarantees for the identifiability of the causal system as well as

for the upper bound of regret should be reconsidered. Moreover, another possibility for

future research focus related to Chapter 3 is to assume to have non-linearities in the en-

vironment among the endogenous variables. In this case, the estimation process of the

causal structure and its identifiability guarantees will be subject to change.

Regarding the possible future research directions for Chapter 5, considering the tech-

nical similarities between our problem setting and the Lasso framework, a logical di-

rection for further exploration would be to adopt a thresholded methodology, similar to

the approach presented by Ariu et al. [6]. Additionally, another promising avenue for

extension involves integrating regularization with higher-order total variation terms. The

goal would be to impose a piecewise polynomial structure on signals over a graph, as

elaborated in the context of scalar signals by Wang et al. [162] and Ortelli and van de

Geer [121].

As future works for the research in Chapter 6, one can consider to integrate mecha-

nisms into our framework that try to detect the corrupted users and consequently design

an algorithm that considers the detected corrupted-user’s location in the decision making.

Thus, the regret bound could be further tighter. Furthermore, developing an algorithm

that competes with a dynamically corrupting algorithm is another interesting research

direction. In this last case, the assumption is that the adversary is constantly changing

the position of the corrupted nodes in the network.
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Additional Material for Chapter 3

A.1 Proof of theorem 1

A.1.1 Notations

Before proceeding to the proof, in the following we introduce some important notations

together with their definitions.

We define the index set of a decision vector x ∈ X by I(x) =
{

i | x[i] ̸= 0,∀i ∈ [N]
}

.

The confidence bound of base arm i at time t is defined as Ct [i] =
√

(s+1) ln t

mt [i]
. At each time

t, we collect the empirical average of instantaneous rewards β̂ββ t [i] and the calculated con-

fidence bounds Ct [i] of all base arms i ∈ [N] in vectors β̂ββ t and Ct , respectively. We have

Et = β̂ββ t +Ct . For ease of presentation, in the sequel, we use the following equivalence

1⊤(I− Ât−1)
−1diag(Et−1)xt = 1⊤(I− Ât−1)

−1diag(xt)Et−1. At each time t, we define

the selection index for a decision vector x ∈ X as It(x) = 1⊤(I− Ât−1)
−1diag(x)Et−1.

To simplify the notation, sometimes we drop the time index t in mt [i] and use m[i] to

denote the number of times that the base arm i has been observed up to the current time

instance.

For any x ∈ X , we use the counter Tx(t) to represent the total number of times the

decision vector x is selected up to time t. Finally, for each base arm i ∈ [N], we define

a counter Ti(t) which is updated as follows. At each time t after the initialization phase

that a suboptimal decision vector xt is selected, we have at least one base arm i ∈ [N]
such that i = argmin

i∈I(xt)

mt [i]. In this case, if the base arm i is unique, we increment Ti(t)

by 1. If there are more than one such base arm, we break the tie and select one of them

arbitrarily to increment its corresponding counter.

A.1.2 Auxiliary results

We use the following lemma in the proof of Theorem 1.
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Lemma 1. [12] Let z1,z2, . . . ,zm be random variables and zi ∈ [0,1], ∀i. Moreover,

E[zt |z1, . . . ,zt−1] = α , for all t = 1, . . . ,m. Then, for all D≥ 0,

P





∣
∣
∣

m

∑
i=1

zi−mα
∣
∣
∣≥ D



≤ e−
2D2

m . (A.1)

A.1.3 Proof

We start by rewriting the expected regret as

RT (X ) = T µ(x∗)−
T

∑
t=1

µ(xt) = ∑
x:µ(x)<µ(x∗)

∆(x)E[Tx(T )].

Based on the definition of the counters Ti(t) for the base arms i ∈ [N], at each time t that

a suboptimal decision vector is selected, only one of such counters is incremented by 1.

Thus, we have [56]

E



 ∑
x:µ(x)<µ(x∗)

Tx(t)



= E

[
N

∑
i=1

Ti(t)

]

, (A.2)

which implies that

∑
x:µ(x)<µ(x∗)

E
[
Tx(t)

]
=

N

∑
i=1

E
[
Ti(t)

]
. (A.3)

Therefore, we observe that

RT (X ) = ∑
x:µ(x)<µ(x∗)

∆(x)E[Tx(T )]
(∗)
≤ ∆max

N

∑
i=1

E[Ti(T )],

where (∗) follows from the definition of ∆max.

Let Ii(t) denote the indicator function which is equal to 1 if Ti(t) is increased by 1 at

time t, and is 0 otherwise. Therefore,

Ti(T ) =
T

∑
t=N+1

1
{
Ii(t) = 1

}
. (A.4)

If Ii(t) = 1, it means that a suboptimal decision vector xt is selected at time t. In this
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case, mt [i] = min
{

mt [ j]| j ∈ I(xt)
}

. Let l =

⌈

4(s+1) lnT

(
∆min

swmax
)2

⌉

. Then,

Ti(T ) =
T

∑
t=N+1

1
{
Ii(t) = 1

}

≤ l +
T

∑
t=N+1

1
{
Ii(t) = 1 & Ti(t−1)≥ l

}

≤ l +
T

∑
t=N+1

1
{

It(x
∗)≤ It(xt) & Ti(t−1)≥ l

}

= l +
T

∑
t=N+1

1{1⊤(I− Ât−1)
−1diag(x∗)Et−1

≤ 1⊤(I− Ât−1)
−1diag(xt)Et−1 & Ti(t−1)≥ l}

= l +
T

∑
t=N

1{1⊤(I− Ât)
−1diag(x∗)Et

≤ 1⊤(I− Ât)
−1diag(xt+1)Et & Ti(t)≥ l}. (A.5)

Based on the definition of Ti(t), we have Ti(t) ≤ mt [i], ∀i ∈ [N]. Therefore, when

Ti(t)≥ l, the following holds [56].

l ≤Ti(t)≤mt [ j], ∀ j ∈ I(xt+1). (A.6)

Let v⊤t+1 = 1⊤(I− Ât)
−1diag(x∗) and u⊤t+1 = 1⊤(I− Ât)

−1diag(xt+1). We order the ele-

ments in sets I(x∗) and I(xt+1) arbitrarily. In the following, our results are independent

of the way we order these sets. Let vk, k = 1, . . . , |I(x∗)| ≤ s, represent the kth element

in I(x∗) and uk, k = 1, . . . , |I(xt+1)| ≤ s, represent the kth element in I(xt+1).

Accordingly, we have

Ti(T )≤ l +
T

∑
t=N

1






min

0<m[v1],...,m[v|I(x∗)|]≤t

|I(x∗)|
∑
j=1

v⊤t+1[v j](β̂ββ t [v j]+Ct [v j])≤

max
l≤m[u1],...,m[u|I(xt+1)|]≤t

|I(xt+1)|
∑
j=1

u⊤t+1[u j](β̂ββ t [u j]+Ct [u j])







≤ l +
∞

∑
t=1

t

∑
mv1

=1

. . .
t

∑
mv|I(x∗)|=1

t

∑
mu1

=l

. . .
t

∑
mu|I(xt+1)|

=l
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1







|I(x∗)|
∑
j=1

v⊤t+1[v j](β̂ββ t [v j]+Ct [v j])≤
|I(xt+1)|

∑
j=1

u⊤t+1[u j](β̂ββ t [u j]+Ct [u j])






.

We define the Event P as

|I(x∗)|
∑
j=1

v⊤t+1[v j](β̂ββ t [v j]+Ct [v j])≤
|I(xt+1)|

∑
j=1

u⊤t+1[u j](β̂ββ t [u j]+Ct [u j]). (A.7)

If the Event P in Equation (A.7) is true, it implies that at least one of the following events

must be true.

1⊤(I− Ât)
−1diag(x∗)(β̂ββ t +Ct)≤ 1⊤(I−A)−1diag(x∗)βββ , (A.8)

1⊤(I− Ât)
−1diag(xt+1)(β̂ββ t−Ct)≥ 1⊤(I−A)−1diag(xt+1)βββ , (A.9)

1⊤(I−A)−1diag(x∗)βββ < 1⊤(I−A)−1diag(xt+1)βββ +21⊤(I− Ât)
−1diag(xt+1)Ct .

(A.10)

First, we consider Equation (A.8). Based on our problem formulation and proposed

solution, we know that matrices A and Ât are nilpotent with index N. Thus, AN = 0N×N

and ÂN
t = 0N×N . Hence, we can write the Taylor’s series of (I−A)−1 and (I− Ât)

−1 as

(I−A)−1 = I+A+A2 + · · ·+AN−1, (A.11)

and

(I− Ât)
−1 = I+ Ât + Â2

t + · · ·+ ÂN−1
t , (A.12)

respectively. Substituting Equations (A.11) and (A.12) in (A.8) results in

1⊤(I+ Ât + Â2
t + · · ·+ ÂN−1

t )diag(x∗)(β̂ββ t +Ct)

≤ 1⊤(I+A+A2 + · · ·+AN−1)diag(x∗)βββ . (A.13)

For j = 1, . . .N, we find the upper bound for

P

[

1⊤Â
j−1
t diag(x∗)(β̂ββ t +Ct)≤ 1⊤A j−1diag(x∗)βββ

]

. (A.14)

We consider the following Event E .

1⊤Â
j−1
t diag(x∗)(β̂ββ t +Ct)+1⊤Â

j−1
t diag(x∗)βββ

≤ 1⊤Â
j−1
t diag(x∗)βββ +1⊤A j−1diag(x∗)βββ . (A.15)
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If E is true, then at least one of the following must hold.

1⊤Â
j−1
t diag(x∗)(β̂ββ t +Ct)≤ 1⊤Â

j−1
t diag(x∗)βββ

︸ ︷︷ ︸

I

, (A.16)

1⊤Â
j−1
t diag(x∗)βββ ≤ 1⊤A j−1diag(x∗)βββ

︸ ︷︷ ︸

II

. (A.17)

Therefore, we have

P [E ]≤ P [I]+P [II] . (A.18)

Let y⊤t = 1⊤Â
j−1
t diag(x∗). If Event I is true, then at least one of the following must

hold.

y⊤t [v1](β̂ββ t [v1]+Ct [v1])≤ y⊤t [v1]βββ [v1], (A.19)

y⊤t [v2](β̂ββ t [v2]+Ct [v2])≤ y⊤t [v2]βββ [v2], (A.20)

...

y⊤t [v|I(x∗)|](β̂ββ t [v|I(x∗)|]+Ct [v|I(x∗)|])≤ y⊤t [v|I(x∗)|]βββ [v|I(x∗)|]. (A.21)

For k = 1, . . . , |I(x∗)|, we have

P

[

y⊤t [vk](β̂ββ t [vk]+Ct [vk])≤ y⊤t [vk]βββ [vk]

]

(a)
= P

[

mt [vk](β̂ββ t [vk]+Ct [vk])≤mt [vk]βββ [vk]

]

(b)
≤ e−(2/mt [vk])mt [vk]

2Ct [vk]
2

(c)
= e−2(s+1) ln t

= t−2(s+1), (A.22)

where (a) holds since y⊤t [vk] ≥ 0, ∀k, (b) follows from Lemma 1, and (c) results from

the definition of Ct . Hence, for Event I, we conclude that

P [I]≤ |I(x∗)|t−2(s+1) ≤ st−2(s+1). (A.23)

Now, we consider Event II. Based on Theorem 1 in [21], we know that we can identify

the adjacency matrix A uniquely by N samples gathered during the initialization period

of our proposed algorithm. This means that with probability 1, after the time point

θ = N < ∞, Ât = A holds for all t > θ . Therefore, for t > N, Event II holds with

probability 1.
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Combining the aforementioned results with Equation (A.18), we find the upper bound

for Equation (A.14) as

P

[

1⊤Â
j−1
t diag(x∗)(β̂ββ t +Ct)≤ 1⊤A j−1diag(x∗)βββ

]

≤ st−2(s+1), (A.24)

for each j = 1, . . . ,N. Since Ât = A, ∀t > N and the length of the largest path in the

graph is p, we can rewrite Equations (A.11) and (A.12) as [52]

(I−A)−1 = I+A+A2 + · · ·+Ap, (A.25)

and

(I− Ât)
−1 = I+ Ât + Â2

t + · · ·+ Â
p
t , (A.26)

respectively. Therefore, by using Equations (A.25) and (A.26) in place of Equations (A.11)

and (A.12), and based on Equation (A.24), the following holds for Equation (A.8).

P

[

1⊤(I−Ât)
−1diag(x∗)(β̂ββ t +Ct)≤ 1⊤(I−A)−1diag(x∗)βββ

]

≤ spt−2p(s+1). (A.27)

For Equation (A.9), we have similar results as follows.

P

[

1⊤(I− Ât)
−1diag(xt+1)(β̂ββ t−Ct)≥ 1⊤(I−A)−1diag(xt+1)βββ

]

≤ spt−2p(s+1).

(A.28)

Finally, we consider Equation (A.10). We have

1⊤(I−A)−1diag(x∗)βββ −1⊤(I−A)−1diag(xt+1)βββ −21⊤(I− Ât)
−1diag(xt+1)Ct

(a)
= 1⊤(I−A)−1diag(x∗)βββ −1⊤(I−A)−1diag(xt+1)βββ −2 ∑

j: j∈I(xt+1)

w⊤t [ j]Ct [ j]

(b)
= 1⊤(I−A)−1diag(x∗)βββ −1⊤(I−A)−1diag(xt+1)βββ −2 ∑

j: j∈I(xt+1)

w⊤t [ j]

√

(s+1) ln t

mt [ j]

(c)
≥ 1⊤(I−A)−1diag(x∗)βββ −1⊤(I−A)−1diag(xt+1)βββ −2swmax

√

(s+1) lnT

l
(d)
≥ 1⊤(I−A)−1diag(x∗)βββ −1⊤(I−A)−1diag(xt+1)βββ −∆min

(e)
≥ 1⊤(I−A)−1diag(x∗)βββ −1⊤(I−A)−1diag(xt+1)βββ −∆(xt+1) = 0, (A.29)

where in (a) and (c) we used the definition of w⊤t and wmax, respectively. Moreover, in

(b) and (d), we substituted the value for Ct [ j] and l, respectively. (e) follows from the
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definition of ∆min. Hence, we conclude that Equation (A.10) never happens. By using

Equations (A.27), (A.28), and (A.29), we achieve the following.

E[Ti(T )]≤







4(s+1) lnT

( ∆min
swmax

)2







+
∞

∑
t=1





t

∑
mv1

=1

. . .
t

∑
mvs=1

t

∑
mu1

=l

. . .
t

∑
mus=l

2spt−2p(s+1)





≤ 4w2
maxs2(s+1) lnT

∆2
min

+1+ sp
∞

∑
t=1

2t−2

≤ 4w2
maxs2(s+1) lnT

∆2
min

+1+
π2

3
sp. (A.30)

Therefore, the expected regret is upper bounded as

RT (X )≤ ∆max

N

∑
i=1

E[Ti(T )]

≤
N

∑
i=1

[
4w2

maxs2(s+1) lnT

∆2
min

+1+
π2

3
sp

]

∆max

≤
[

4w2
maxs2(s+1)N lnT

∆2
min

+N +
π2

3
spN

]

∆max. (A.31)

■

A.2 More on the experiments

A.2.1 Additional synthetic and real-data experiments

Synthetic data. Figure A.1 shows the cumulative expected regret for the experiment

presented in Chapter 3 in Figure 3.2. Figure A.2 shows the performance of SEM-UCB

against the benchmarks. SEM-UCB requires to spend the first N rounds in order to cre-

ate the necessary data for learning the underlying causal graph. However, the ground

truth causal graph is a priori given to the other algorithms except for the FTRL-Hybrid

algorithm that does not consider the combinatorial optimization and directly uses the

vectors of the overall rewards after each round. Figure A.2 shows that SEM-UCB can be

categorized with DFL-CSR, CUCB, and CTS in terms of its performance even though it

does not have the prior knowledge of the directed graph. The differences in the perfor-

mance of the UCB-based algorithms of CUCB, DFL-CSR, and SEM-UCB come from

the formation of the exploration terms of their corresponding UCB indices that are us-

ing different scales. DFL-CSR is apparently more aggressive since the exploration term

is smaller, while the exploration term in the UCB indices of SEM-UCB is the biggest

among these three algorithms.
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Real data. As the governments try to contain the spread of Covid-19, they usually

adopt restrictive measures such as quarantine over the regions that are showing the most

number of overall daily new infections. As a result, they destructively ignore the ef-

fects of causal spread of the virus, meaning that they only focus on the overall daily new

cases of regions without their causal effects on other regions. Therefore, we refer to

this method of finding the best political interventions as the naive approach. Our goal

is to show the superiority of our proposed algorithm over this naive approach. Similar

to the experiments in our paper, we run SEM-UCB to find the 6 regions that are con-

tributing the most to the total number of daily new cases in Italy. Figure A.4 compares

the performance of our algorithm with that of the naive approach. The diagram shows

Figure A.1: Cumulative expected regret for the experiment in Figure 3.2.

Figure A.2: Synthetic data experiment with the prior knowledge of the ground truth graph

provided to CUCB, DFL-CSR, and CTS.
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the ratio of the amount of contributions of the selected regions by the algorithms over

the total number of daily new infections in the country for each day. As expected, after

the initialization phase, SEM-UCB learns the underlying graph that influences the data.

Consequently, it performs better with respect to the naive approach due to the fact that

it takes the effects of causalities into account. We note that, due to such causal effects,

it might be the case that a region with a lower number of overall daily cases contributes

more than other regions with higher number of overall daily cases. This diagram pro-

vides the evidence that our framework can be highly effective in real-world applications

such as analysis of the spread of Covid-19.

Figure A.3: Overall daily new cases of Covid-19 for different regions in Italy during the

study period.

A.2.2 Abbreviations of regions in Italy

Table A.1 lists the abbreviations together with the original names of the 21 regions in

Italy that we study in our numerical experiments.
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Table A.1: List of regions in Italy and the corresponding abbreviations.

Abbreviation Region Name

ABR Abruzzo

BAS Basilicata

CAL Calabria

CAM Campania

EMR Emilia-Romagna

FVG Friuli Venezia Giulia

LAZ Lazio

LIG Liguria

LOM Lombardia

MAR Marche

MOL Molise

PAB Provincia Autonoma di Bolzano

PAT Provincia Autonoma di Trento

PIE Piemonte

PUG Puglia

SAR Sardegna / Sardigna

SIC Siciliana

TOS Toscana

UMB Umbria

VDA Valle d’Aosta / Vallée d’Aoste

VEN Veneto

Figure A.4: The ratio of the amount of contributions of the selected regions by SEM-

UCB and the naive approach over the total number of daily new infections in the country

for each day.
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A.2.3 Signals of overall daily new cases of Covid-19 infection

Italy has been severely affected by the Covid-19 pandemic. In April 2020, the country

had the highest death toll in Europe. From the beginning of the pandemic, with the

goal of containing the outbreak, the Italian government has put in place an increasing

number of restrictions. Figure A.3 depicts the overall daily new cases of covid-19 of the

21 regions in Italy for the considered time interval in our numerical experiments. Due to

space limitation, we use abbreviations for region names. Table A.1 lists the abbreviations

together with the original names of the regions.
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B.1 Theoretical proofs

B.1.1 Proof of theorem 2

The theoretical analysis relies on the provided regret upper bound for the CSB problem

with causally related rewards in the stationary environment [116]. In addition, we used

theoretical analysis of regret [173] which yields the results of the combinatorial semi-

bandit without a graph structure for the rewards. For the non-stationary setting we require

the following assumption on the delay di of the change point indexed by i and maximum

delay d of the GLR change-point detection:

Assumption 9. Let ∆
change
min = mini maxk∈K |µk,i−µk,i−1|.

νi−νi−1 ≥ 2di ∀i ∈ {1, ...,N},

where d ≤
K logT

p
(

∆
change
min

)2

We explicitly assume, that the maximum delay is bounded and that the delayed detec-

tion will always occur in the respective consecutive stationary segment. The upper bound

on the maximum delay is taken from the proof of Corollary 4.3. in [173]. For the proof

of Theorem 1 we explicitly need the false alarm probability in the stationary scenario;

Lemma 3 (Lemma 4.5 in [173]). Under the stationary scenario, with confidence level

δ > 0 we have that.

P(τ1 ≤ T )≤ Kδ

We also need the probability that the GLR detects change reasonably well within a

delay d.
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Lemma 4 (Lemma 12 in [23]). Define the event Ci that up to change-point i all changes

have been detected successfully within a small delay d:

Ci = {∀ j ≤ i,τ j ∈ {ν j +1, ...,ν j +d}}
then: P(τi ≤ νi|Ci−1)≤Kδ and P(τi ≥ νi+d)≤ δ , with τi as the detection time of the

ith change-point.

Lemma 5. ([12]) Let z1,z2, . . . ,zm be random variables and zi ∈ [0,1], ∀i. Moreover,

E[zt |z1, . . . ,zt−1] = α , for all t = 1, . . . ,m. Then, for all D≥ 0,

P





∣
∣
∣

m

∑
i=1

zi−mα
∣
∣
∣≥ D



≤ e−
2D2

m . (B.1)

And finally we require the upper regret bound of the stationary case in [116]:

Lemma 6 (Improved version of theorem 1). Let ωT
t = 1⊤(I− Ŵt−1)

−1 diag(xt+1) and

ωmax = maxt maxk ωt [k], k ∈ K. In the stationary case of the PS-SEM-UCB algorithm,

the upper regret bound is given as:

R(T )≤
[

4ω2
maxm2(m+1)K log(T )

∆2
min

+
π2

3
mK +K

]

∆max,

with ∆max as the largest suboptimality gap and ∆min smallest suboptimality gap.

Proof. The proof follows mostly the work of [116] and also uses mostly the same nota-

tion.

The index set of a decision vector is defined as x∈X by I(x)=
{

k | x[k] ̸= 0,∀k ∈ [K]
}

and the confidence bound of base arm k at time t is defined as Ct [k] =
√

(m+1) ln t

nk,t
. At each

time t, we store the empirical average of instantaneous rewards µ̂k,t and the calculated

confidence bounds Ct [k] of all base arms k ∈ {1, ...,K} in vectors µ̂µµ t and Ct , respec-

tively. We have Ut = µ̂µµ t +Ct . In order to make the proof more readable, we use the

equivalent formulation: 1⊤(I− Ŵt−1)
−1diag(Ut−1)xt = 1⊤(I− Ŵt−1)

−1diag(xt)Ut−1.

At each time t, we define the selection index for a decision vector x ∈ X as It(x) =
1⊤(I− Ŵt−1)

−1diag(x)Ut−1. We further simplify the notation, by excluding the time

index t in nk,t and use nk to denote the number of times that the base arm k has been

observed up to the current time instance.

For any x ∈ X , the counter Tx(t) is used to represent the total number of times the

decision vector x is selected up to time t. Finally, for each base arm k ∈ [K], we define

a counter Tk(t) which is updated as follows. At each time t after the initialization phase

that a suboptimal decision vector xt is selected, there is at least one base arm k ∈ [K]
such that k = argmin

k∈I(xt)

nk,t . In this case, if the base arm k is unique, we increment Tk(t)
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by 1. If there are more than one such base arm, we break the tie and select one of them

arbitrarily to increment its corresponding counter.

We start by rewriting the expected regret as

R(T ) = T ψ(x∗)−
T

∑
t=1

ψ(xt) = ∑
x:ψ(x)<ψ(x∗)

∆(x)E[Tx(T )], (B.2)

with ψ(x) as reward for superarm x. Since we are in a stationary environment with

constant base arm distributions and no graph change, we can leave out the subscriptsAt ,

µµµ t . Based on the definition of the counters Tk(t) for the base arms k ∈ [K], at each time

t that a suboptimal decision vector is selected, only one of such counters is incremented

by 1. Thus, we have [56]

E



 ∑
x:ψ(x)<ψ(x∗)

Tx(t)



= E

[
K

∑
k=1

Tk(t)

]

, (B.3)

which implies that

∑
x:ψ(x)<ψ(x∗)

E
[
Tx(t)

]
=

K

∑
k=1

E
[
Tk(t)

]
. (B.4)

Therefore, we observe that

R(T ) = ∑
x:ψ(x)<ψ(x∗)

∆(x)E[Tx(T )]

(∗)
≤ ∆max

K

∑
k=1

E[Tk(T )], (B.5)

where (∗) follows from the definition of ∆max.

Let Ik(t) denote the indicator function which is equal to 1 if Tk(t) is increased by 1 at

time t, and is 0 otherwise. Therefore,

Tk(T ) =
T

∑
t=K+1

1
{
Ik(t) = 1

}
. (B.6)

If Ii(t) = 1, it means that a suboptimal decision vector xt is selected at time t. In this
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case, nk,t = min
{

n j,t | j ∈ I(xt)
}

. Let l =

⌈

4(m+1) lnT

(
∆min

mwmax
)2

⌉

. Then,

Tk(T ) =
T

∑
t=K+1

1
{
Ik(t) = 1

}

≤ l +
T

∑
t=K+1

1
{
Ik(t) = 1 & Tk(t−1)≥ l

}

≤ l +
T

∑
t=K+1

1
{

It(x
∗)≤ It(xt) & Tk(t−1)≥ l

}

= l +
T

∑
t=K+1

1{1⊤(I−Ŵt−1)
−1diag(x∗)Ut−1

≤ 1⊤(I−Ŵt−1)
−1diag(xt)Ut−1 & Tk(t−1)≥ l}

= l +
T

∑
t=K

1{1⊤(I−Ŵt)
−1diag(x∗)Ut

≤ 1⊤(I−Ŵt)
−1diag(xt+1)Ut & Tk(t)≥ l}. (B.7)

Based on the definition of Tk(t), we have Tk(t) ≤ nk,t , ∀k ∈ [K]. Therefore, when

Tk(t)≥ l, the following holds [56].

l ≤Tk(t)≤ n j,t , ∀ j ∈ I(xt+1). (B.8)

Let v⊤t+1 = 1⊤(I−Ŵt)
−1diag(x∗) and u⊤t+1 = 1⊤(I−Ŵt)

−1diag(xt+1). We order the el-

ements in sets I(x∗) and I(xt+1) arbitrarily. In the following, our results are independent

of the way we order these sets. Let vk, k = 1, . . . , |I(x∗)| ≤ m, represent the kth element

in I(x∗) and uk, k = 1, . . . , |I(xt+1)| ≤ m, represent the kth element in I(xt+1).

According to the aforementioned, we have

Tk(T )≤ l +
T

∑
t=K

1






min

0<nv1
,...,nv|I(x∗)|≤t

|I(x∗)|
∑
j=1

v⊤t+1[v j](µ̂v j,t +Ct [v j])≤

max
l≤nu1

,...,nu|I(xt+1)|
≤t

|I(xt+1)|
∑
j=1

u⊤t+1[u j](µ̂u j,t +Ct [u j])







≤ l +
∞

∑
t=1

t

∑
nv1

=1

. . .
t

∑
nv|I(x∗)|=1

t

∑
nu1

=l

. . .
t

∑
nu|I(xt+1)|

=l
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1







|I(x∗)|
∑
j=1

v⊤t+1[v j](µ̂v j,t +Ct [v j])≤
|I(xt+1)|

∑
j=1

u⊤t+1[u j](µ̂u j,t +Ct [u j])






. (B.9)

We define the Event P as

|I(x∗)|
∑
j=1

v⊤t+1[v j](µ̂v j,t +Ct [v j])≤
|I(xt+1)|

∑
j=1

u⊤t+1[u j](µ̂u j,t +Ct [u j]). (B.10)

If the Event P in Equation (B.10) is true, it implies that at least one of the following

events must be true.

1⊤(I−Ŵt)
−1diag(x∗)(µ̂µµ t +Ct)≤ 1⊤(I−W)−1diag(x∗)µµµ t , (B.11)

1⊤(I−Ŵt)
−1diag(xt+1)(µ̂µµ t−Ct)≥ 1⊤(I−W)−1diag(xt+1)µµµ t , (B.12)

1⊤(I−W)−1diag(x∗)µµµ t < 1⊤(I−W)−1diag(xt+1)µµµ t +21⊤(I−Ŵt)
−1diag(xt+1)Ct .

(B.13)

First, we consider Equation (B.11) by finding the upper bound for

P

[

1⊤(I−Ŵt)
−1diag(x∗)(µ̂µµ t +Ct)≤ 1⊤(I−W)−1diag(x∗)µµµ t

]

(B.14)

We consider the following Event E .

1⊤(I−Ŵt)
−1diag(x∗)(µ̂µµ t +Ct)+1⊤(I−Ŵt)

−1diag(x∗)µµµ t

≤ 1⊤(I−Ŵt)
−1diag(x∗)µµµ t +1⊤(I−W)−1diag(x∗)µµµ t . (B.15)

If E is true, then at least one of the following must hold.

1⊤(I−Ŵt)
−1diag(x∗)(µ̂µµ t +Ct)≤ 1⊤(I−Ŵt)

−1diag(x∗)µµµ t
︸ ︷︷ ︸

I

, (B.16)

1⊤(I−Ŵt)
−1diag(x∗)µµµ t ≤ 1⊤(I−W)−1diag(x∗)µµµ t

︸ ︷︷ ︸

II

. (B.17)

Therefore, we have

P [E ]≤ P [I]+P [II] . (B.18)

Let y⊤t = 1⊤(I− Ŵt)
−1diag(x∗). If Event I is true, then at least one of the following

must hold.

y⊤t [v1](µ̂v1,t +Ct [v1])≤ y⊤t [v1]µv1,t , (B.19)

y⊤t [v2](µ̂v2,t +Ct [v2])≤ y⊤t [v2]µv2,t , (B.20)
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...

y⊤t [v|I(x∗)|](µ̂v|I(x∗)|,t +Ct [v|I(x∗)|])≤ y⊤t [v|I(x∗)|]µv|I(x∗)|,t . (B.21)

we conclude for any arm that:

P

[

y⊤t [vk](µ̂vk,t +Ct [vk])≤ y⊤t [vk]µvk,t

]

(a)
= P

[

nvk,t(µ̂vk,t +Ct [vk])≤ nvk,t µvk,t

]

(b)
≤ e

−(2/nvk ,t
)n2

vk ,t
Ct [vk]

2

(c)
= e−2(m+1) ln t

= t−2(m+1), (B.22)

where (a) holds since y⊤t [vk] ≥ 0, ∀k, (b) follows from Lemma 5, and (c) results from

the definition of Ct . Hence, for Event I, we conclude that

P [I]≤ |I(x∗)|t−2(m+1) ≤ mt−2(m+1). (B.23)

Now, we consider Event II. Based on Theorem 1 in [21], we know that we can identify

the adjacency matrix W uniquely by K samples gathered during the initialization period

of our proposed algorithm. This means that with probability 1, after the time point

tinit = K < ∞, Ŵt = W holds for all t > tinit. Therefore, for t > K, Event II holds

with probability 1.

Combining the aforementioned results with Equation (B.18), we find the upper bound

for Equation (B.14) as

P

[

1⊤(I−Ŵt)
−1diag(x∗)(µ̂µµ t +Ct)≤ 1⊤(I−W)−1diag(x∗)µµµ t

]

≤ mt−2(m+1) (B.24)

For Equation (B.12), we have similar results as follows.

P

[

1⊤(I−Ŵt)
−1diag(xt+1)(µ̂µµ t−Ct)≥ 1⊤(I−W)−1diag(xt+1)µµµ t

]

≤ mt−2(m+1).

(B.25)

Finally, for Equation (B.13) we have

1⊤(I−W)−1diag(x∗)µµµ t−1⊤(I−W)−1diag(xt+1)µµµ t−21⊤(I−Ŵt)
−1diag(xt+1)Ct

(a)
= 1⊤(I−W)−1diag(x∗)µµµ t−1⊤(I−W)−1diag(xt+1)µµµ t−2 ∑

j∈I(xt+1)

ω⊤t [ j]Ct [ j]
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(b)
= 1⊤(I−W)−1diag(x∗)µµµ t−1⊤(I−W)−1diag(xt+1)µµµ t−2 ∑

j∈I(xt+1)

ω⊤t [ j]

√

(m+1) ln t

n j,t

(c)
≥ 1⊤(I−W)−1diag(x∗)µµµ t−1⊤(I−W)−1diag(xt+1)µµµ t−2mwmax

√

(m+1) lnT

l
(d)
≥ 1⊤(I−W)−1diag(x∗)µµµ t−1⊤(I−W)−1diag(xt+1)µµµ t−∆min

(e)
≥ 1⊤(I−W)−1diag(x∗)µµµ t−1⊤(I−W)−1diag(xt+1)µµµ t−∆(xt+1) = 0, (B.26)

where in (a) and (c) we used the definition of ω⊤t and wmax, respectively. Moreover, in

(b) and (d), we substituted the value for Ct [ j] and l, respectively. (e) follows from the

definition of ∆min. Hence, we conclude that Equation (B.13) never happens.

By using Equations (B.24), (B.25), and (B.26), we achieve the following.

E[Tk(T )]≤







4(m+1) lnT

( ∆min
mwmax

)2







+
∞

∑
t=1





t

∑
nv1

=1

. . .
t

∑
nvm=1

t

∑
nu1

=l

. . .
t

∑
num=l

2mt−2(m+1)





≤ 4w2
maxm2(m+1) lnT

∆2
min

+1+m
∞

∑
t=1

2t−2

≤ 4w2
maxm2(m+1) lnT

∆2
min

+1+
π2

3
m. (B.27)

Therefore, the expected regret is upper bounded as

R(T )≤ ∆max

K

∑
k=1

E[Tk(T )]

≤
K

∑
k=1

[
4w2

maxm2(m+1) lnT

∆2
min

+1+
π2

3
m

]

∆max

≤
[

4w2
maxm2(m+1)K lnT

∆2
min

+K +
π2

3
mK

]

∆max. (B.28)

Proof of theorem 2. We assume there are N−1 points in time {ν1, ...,νN−1} which mark

the changes of base arm distributions inside any group and σ(i) as the segment between

νi and νi−1. We assume that multiple arm changes within a group occur at the same

time, they are counted as one change in total. We define the events Fi = {τi > νi}
and Di = {τi ≤ νi + d} with d as expected delay of the GLR change-point detector and

τi as time step in which the GLR is triggered. Additionally, we define the event Ci =
F1∩D1∩ ...∩Fi∩Di that all change-points up to time i have been detected successfully.

We also define ν0 = 0, νN = T and C0 = {} as empty placeholder.
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For the regret we have:

R(T )≤ ∑
g∈G

E
[
Rg(T −ν

g
1 )
]
+E

[
Rg(ν

g
1 )
]

= ∑
g∈G

E
[
Rg(T −ν

g
1 )
]
+E

[
Rg(ν

g
1 )1(F1)

]
+E

[
Rg(ν

g
1 )1(F̄1)

]

where Rg denotes the regret per group g which comes down to a different number of

arms assigned to group g. Next we have to determine E
[
Rg(T −ν

g
1 )
]
, for the case of

readability we will estimate the regret terms per arm while leaving out the subscript g as

the estimation holds for all groups:

E
[
R(T −ν1)

]
≤ E

[
R(T −ν1)|C1

]
+∆maxT (1−P(C1)) (B.29)

We can further decompose E
[
R(T −ν1)|C1

]
:

E
[
R(T −ν1)|C1

]
≤ E

[
R(T −ν2)|C1

]
+E

[
R(ν2−ν1)|C1

]

≤ E
[
R(T −ν2)|C1

]
+E

[
R(ν2−ν1)1(F2)|C1

]
+E

[
R(ν2−ν1)1(F̄2)|C1

]

inserting the result into Equation (B.29) we receive:

E
[
R(T −ν1)

]
≤ E

[
R(T −ν2)|C1

]

+E
[
R(ν2−ν1)1(F2)|C1

]

+E
[
R(ν2−ν1)1(F̄2)|C1

]

+∆maxT (1−P(C1))

as for the estimation of E
[
R(T −ν2)|C1

]
we essentially repeat the previous two steps:

E
[
R(T −ν2|C1)

]
≤ E

[
R(T −ν2)|C2

]
+∆maxT (1−P(F2∩D2|C1)) (B.30)

E
[
R(T −ν2)|C2

]
≤ E

[
R(T −ν3)|C2

]
+E

[
R(ν3−ν2)|C2

]

= E
[
R(T −ν3)|C2

]
+E

[
R(ν3−ν2)1(F3)|C2

]

+E
[
R(ν3−ν2)1(F̄3)|C2

]

By recursively repeating the steps we can finally estimate the upper bound on the regret

as:

R(T )≤ ∑
g∈G

Ng

∑
i=1

E

[

Rg(ν
g
i −ν

g
i−1)1(F

g
i )|C

g
i−1

]

(B.31)

112



B.1 Theoretical proofs

+E

[

Rg(ν
g
i −ν

g
i−1)1(F̄

g
i )|C

g
i−1

]

(B.32)

+∆maxT (1−P(Fg
i ∩D

g
i |C

g
i−1)). (B.33)

This is the upper regret bound rewritten to showcase the regret contribution per stationary

segment. Regarding the graph changes in our setting, the upper bound for a general

asynchronous case where distribution and graph changes occur independently from each

other can simply be constructed by including the the effect of each individual graph

change separately. Since the UCB algorithm is independent from the state of the graph,

each graph change would simply contribute a constant term K∆max, stemming from the

graph learning phase, to the upper regret bound. As for the regret we evaluate each terms

in Equations (B.31), (B.32) and (B.33) separately. We start with the last term inside the

sum ∆maxT (1−P(Fg
i ∩D

g
i |C

g
i−1)):

∆maxT (1−P(Fg
i ∩D

g
i |C

g
i−1)) = ∆maxTP(F̄g

i ∪ D̄
g
i |C

g
i−1)

= T ∆maxδ (Kg +1),

for which results we used Lemma 4. For the second term we have due to Lemma 3:

E

[

R(νg
i −ν

g
i−1)1(F̄

g
i )|C

g
i−1

]

= (νg
i −ν

g
i−1)∆maxKgδ .

For the first term the results of the stationary case are used, while the delay in the

detection and the graph changes are considered as well:

E

[

R(νg
i −ν

g
i−1)1(F

g
i )|C

g
i−1

]

≤ KgR0(ν
g
i −ν

g
i−1)+

[

(νg
i −ν

g
i−1)

p+NWK/T

ζ
+d +Kg +

π2

3
mKg

]

∆max,

where we have the result from Lemma 6

R0(T ) =
4ω2

maxm2(m+1) log(T )

∆2
min

∆max as the base regret per arm of the non-stationary case,

excluding the additional terms coming from the base-arm exploration phase and the base

arm initialization. In this step, the effect of the delay is included, due to the last segment

being a good event and τi−1 > νi−1 as indicated by the conditional expectation. Finally

we combine the previously estimated expressions summarize the final regret expression

as:

R(T )≤
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∑
g∈G





Ng

∑
i=1

KgR0(ν
g
i −ν

g
i−1)+

[

(νg
i −ν

g
i−1)p/ζ +d

]

∆max

+[(νg
i −ν

g
i−1)Kgδ +(Kg +1)T δ +Kg +

π2mKg

3
]∆max

]

+NWK∆max

≤ ∑
g∈G

[

NgKgR0(T )+∆maxδT (Kg +Ng +NgKg)

+

(

T p/ζ +dNg +KgNg +
π2mKgNg

3

)

∆max

]

+NWK∆max

= ∑
g∈G

[

NgKgR0(T )+(δT +1+
π2m

3
)NgKg∆max

]

+
(
T p+dNG +δT (K +NG)+NWK

)
∆max.

B.1.2 Proof of corollary 1

For the proof of the corollary we make use of Assumption 9.

Proof of corollary 1. We insert d ≤ K logT

p
(

∆
change
min

)2 into our expression of theorem 2:

R(T )≤ ∑
g∈G

[

Ng

4ω2
maxm2(m+1)Kg log(T )

∆2
min

+(δT +1+
π2

3
m)NgKg

]

∆max

+∆maxδT (K +NG)

+







T p+
K logT

p
(

∆
change
min

)2
NG







∆max +KNW∆max

By choosing δ = 1
T

and p =
√

NGK logT
T

we finally get:
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R(T )≤

∑
g∈G

NgKg

[

4ω2
maxm2(m+1) log(T )

∆2
min

+1+
π2

3
m

]

∆max

+







K +NG +
√

NGKT logT +
NG

√
KT logT

√
NG

(

∆
change
min

)2







∆max +KNW∆max

=O







∑g∈G NgKg logT

∆min

+

√
NGKT logT
(

∆
change
min

)2







∆max +KNW∆max

(B.34)

B.2 More on the experiments

B.2.1 Synthetic datast

Figure B.1 provides the expected values of the base arms’ instantaneous reward distribu-

tions for each distribution stationary segment in our synthetic data experiment. Fig-

ure B.2 is the visualization of the base arms inside optimal super arms across time.

Dark rectangles represent the four selected arms in each round. Graph changes hap-

pen at times t = 4000,8000,12000,16000 and distribution changes happen at times

t = 5000,10000,15000,20000.

B.2.2 Real-world application

For the real data experiment, we grouped the provinces as the following; Group 1 in-

cludes Abruzzo, Basilicata, Campania, Lazio, Molise, Puglia, and Calabria. Group 2 in-

cludes Emilia-Romagna, Marche, Bolzano, Trento, Toscana, Umbria, Veneto, and Friuli

Venezia Giulia. Group 3 has Liguria, Lombardia, Piemonte, and Valle d’Aosta. Group

4 includes Sardegna, and Sicilia. Region of Lazio is detected at t = 57 to have its distri-

bution changed. Region of Emilia-Romagna is detected at t = 63 to have its distribution

changed. The change point detector of the region of Liguria sends its signal at t = 70,

and the region of Sardegna is detected at t = 75 to have its distribution changed. Con-

sequently, all the 4 groups restart their UCB developments. Table A.1 lists the abbre-

viations together with the original names of the 21 regions in Italy that we study in our

numerical experiments.
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Figure B.1: Expected values of base arm’s instantaneous rewards

Figure B.2: Optimal super arms in synthetic dataset
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Additional Material for Chapter 5

C.1 Some helper results

Proposition 1 (Bounds on norms of matrix products). Let M ∈ R
m×n and N ∈ R

n×p.

Then

∥MN∥q,1 ≤∥M∥∞,1∥N∥q,1 ∀q ∈ [1,∞]

∥MN∥F ≤∥M∥∥N∥F

∥MN∥F ≤
√∥
∥M⊤M

∥
∥

∞,∞
∥N∥2,1

∥MN∥2,1 ≤∥M∥2,1∥N∥

Proof.

First inequality For any q ∈ [1,∞], we have:

∥
∥
∥e⊤i MN

∥
∥
∥

q
=

∥
∥
∥
∥
∥
∥

e⊤i M
n

∑
j=1

e je
⊤
j N

∥
∥
∥
∥
∥
∥

q

≤ max
1≤ j≤n

∣
∣
∣e
⊤
i Me j

∣
∣
∣

n

∑
j=1

∥
∥
∥e⊤j N

∥
∥
∥

q
= max

1≤ j≤n

∣
∣(M)i j

∣
∣∥N∥q,1

Second inequality We have

∥MN∥2
F =

p

∑
j=1

∥
∥MNe j

∥
∥2 ≤

p

∑
j=1

∥M∥
∥
∥Ne j

∥
∥2

=∥M∥∥N∥2
F
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Third inequality We have

∥MN∥2
F = Tr(MNN⊤M⊤)≤

∥
∥
∥M⊤M

∥
∥
∥

∞,∞

∥
∥
∥NN⊤

∥
∥
∥

1,1

Elements of (i, j) entry of matrix NN⊤ is the inner product
〈

e⊤i N,e⊤j N
〉

. Hence, we

have ∥
∥
∥NN⊤

∥
∥
∥

1,1
= ∑

i, j

∣
∣
∣

〈

e⊤i N,e⊤j N
〉∣
∣
∣≤∑

i, j

∥
∥
∥e⊤i N

∥
∥
∥

∥
∥
∥e⊤j N

∥
∥
∥=∥N∥2

2,1 .

Fourth inequality We have

∥MN∥2,1 =
m

∑
i=1

∥eiMN∥ ≤
m

∑
i=1

∥eiM∥∥N∥=∥M∥2,1∥N∥

Proposition 2 (Decomposition of a signal over a graph). For any C ∈ P

• Let Z ∈ R
|V|×d be a graph signal. Let us denote by ZC the signal obtained from

Z by setting rows of vertices outside of C to zeros, and let Z|C ∈ R
|C|×d be the

signal obtained from ZC by removing the rows of vertices outside of C. Also, let

B|C ∈ R
|EC |×|C| be the matrix obtained by taking BC , and removing rows of edges

that link C to its outside, and the resulting null columns. It is clear that

BCZ = BCZC = B|CZ|C (C.1)

• Let QC := B
†
C
BC . Then

I|V| = ∑
C∈P

JC +QC (C.2)

Q∂Pc :== B
†

∂PcB∂Pc = ∑
C∈P

QC (C.3)

where JC =
1C1⊤

C

|C| , QC = B
†
C
BC ∀C ∈ P and Q∂Pc := B

†

∂PcB∂Pc .

While ∑C∈P JC projects each entry of a graph signal onto the mean vector value

of its respective cluster, its residual Q∂Pc can be interpreted as the projection onto

the respective entries deviation from its cluster mean value.

Proof. Since the proof of the first point is trivial, we directly treat the second point.

Denoting B
†
|C the pseudo-inverse of B|C it is a well-known linear algebra result that the

matrix Q|C := B
†
|CB|C is the projector onto the null space of B|C . Since C is connected,
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the null space of B|C is unidimensional, and is generated by vector 1|C| ∈R|C| having only

ones as coordinates. Since the projector into that nullspace is J|C| :=
1|C|1|C|
|C| , we deduce

that

Z|C = J|C|Z|C +Q|CZ|C
=⇒ ZC = JCZC +QCZC

= JCZ+QCZ

where in the last line, QC := B
†
C
BC . Consequently, we have

Z = ∑
C∈P

ZC

= ∑
C∈P

JCZ+QCZ

To prove the second point, we recall that B∂Pc is the incidence matrix obtained by setting

rows corresponding to edges in ∂P to zero. In other words, B∂Pc is the incidence matrix

of the graph after removing the boundary edges, and having exactly |P| connected com-

ponents. Hence, B∂Pc has a null space spanned by the set {1C}C∈P , and the orthogonal

projector onto this null space is ∑C∈P JC . Combining this fact with the fact that Q∂Pc

is the projector onto the orthogonal of the null space of B∂Pc , we arrive at the second

point.

Proposition 3 (On the minimum topological centrality index of a graph vertex). Let G be

a connected graph with incidence matrix B and vertex set size N, and let L := B⊤B. Let

c(G) denote the minimum value of inverses of diagonal element of L†, called its minimum

topological centrality index. Also let a(G) be its algebraic connectivity, defined as the

minimum non null eigenvalue of L. Then

• c(G) =∥L∥−1
∞,∞.

• c(G)≥ a(G).

• If G is weightless, then c(G)≤ N2

N−1
.

Proof. Since L is PSD, L† is PSD and hence

∥
∥
∥L†

∥
∥
∥

∞,∞
is equal to the maximum diagonal

entry of L†. Taking the inverse proves the first point. Also, this implies that

c(G) =
∥
∥
∥L†

∥
∥
∥

−1

∞,∞
≥
∥
∥
∥L†

∥
∥
∥

−1

= a(G), (C.4)
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where we used the fact that ∥·∥∞,∞ ≤∥·∥ for matrices. This proves the second point of

the proposition.

For the last point, assume G is weightless, let Lcomp be the Laplacian of complete

graph built on the vertices of G. Then we have Lcomp = N(IN − JN), where J is the

square matrix of dimension N having 1/N as entries. From Fontan and Altafini [55,

Lemma 4], we have

L†
comp = (Lcomp +NJN)

−1− 1

N
JN =

IN

N
− 1

N
JN (C.5)

which has diagonal elements 1
N
− 1

N2 .

On the other hand, L ≼ Lcomp Hence, by Fontan and Altafini [55, lemma 4] we have

for any u ̸= 0

L† = (L+aJN)
−1−JN/a ≽ (Lcomp +aJN)

−1−JN/a = L†
comp

This implies that the maximum diagonal entry of L† is at least equal to that of L
†
comp,

i.e.to 1
N
− 1

N2 . Taking the inverse of that entry finishes the proof.

C.2 Proofs of the different claims

C.2.1 Additional notation

The regularization term can be written more compactly using the incidence matrix of the

graph B ∈ R
|E |×|V| corresponding to an arbitrary orientation under the following form

∑
1≤m<n≤|V|

wmn∥θθθ m−θθθ n∥=∥BΘΘΘ∥2,1 =∥ΘΘΘ∥E (C.6)

where the ∥·∥2,1 norm denotes the sum of the L2 norms o the rows of a matrix.1 We

provide notations that we use in the proofs of the different statements, in order to reduce

the clutter. We define E := Θ̂ΘΘ−ΘΘΘ as the error signal, and its rows by {εεεm}|V|m=1.

While ∑
C
k=1 JC projects each entry of a graph signal onto the mean vector value of its

respective cluster, its residual Q∂Pc can be interpreted as the projection onto the respec-

tive entries deviation from its cluster mean value.

Let ηηηm be a vector, vertically concatenated by noise terms of rewards received by

node m, then we define K ∈ R
|V|×d as the matrix of vertically concatenated row vectors

ηηη⊤mXm.

1It is possible that the notation∥·∥2,1 denotes the sum of 2−norms of columns in the literature.
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C.2.2 Oracle inequality

In this section, we present all intermediary theoretical results leading to Theorem 3 stat-

ing the oracle inequality. To reduce the clutter, we omit the dependence on t of several

quantities. For instance, we write α and Θ̂ΘΘ instead of α(t) and Θ̂ΘΘ(t).

Lemma 7 (A first deterministic inequality). Let t be a time step. We have

1

2tα ∑
m∈V
∥Xmεεεm∥2 +∥E∥∂Pc ≤ 1

tα
⟨K,E⟩+∥E∥∂P (C.7)

Proof. By optimality of Θ̂ΘΘ, we have

1

2t
∑

m∈V

∥
∥
∥Xmθ̂θθ m−ym

∥
∥
∥

2

+α
∥
∥
∥Θ̂ΘΘ

∥
∥
∥
E
≤ 1

2t
∑

m∈V
∥Xmθθθ m−ym∥2 +α∥ΘΘΘ∥E (C.8)

where the second line holds by definition of the observed rewards.

On the one hand, given a user index m ∈ V , and since by definition of the observed

rewards we have we have for the least squared terms

∥
∥
∥Xmθ̂θθ m−ym

∥
∥
∥

2

=
∥
∥
∥Xmθ̂θθ m−Xmθθθ m−ηηηm

∥
∥
∥

2

=
∥
∥Xmεεεm−ηηηm

∥
∥2

=∥Xmεεεm∥2 +∥Xmθθθ m−ym∥2−ηηη⊤mXmεεεm

where we used the fact that ym = Xmθθθ m+ηηηm, which holds by definition of the observed

rewards. Summing over the users, and using the definition of K, we have

1

2t
∑

m∈V

∥
∥
∥Xmθ̂θθ m−ym

∥
∥
∥

2

− 1

2t
∑

m∈V
∥Xmθθθ m−ym∥2 =

1

2t
∑

m∈V
∥Xmεεεm∥2− 1

t
⟨K,E⟩ (C.9)

On the other hand, we have for the estimated preference vectors

∥
∥
∥Θ̂ΘΘ

∥
∥
∥
E
= ∑

(m,n)∈E
wmn

∥
∥
∥θ̂θθ m− θ̂θθ n

∥
∥
∥

= ∑
(m,n)∈∂P

wmn

∥
∥
∥θ̂θθ m− θ̂θθ n

∥
∥
∥+ ∑

(m,n)∈∂Pc

wmn

∥
∥
∥θ̂θθ m− θ̂θθ n

∥
∥
∥

=
∥
∥
∥Θ̂ΘΘ

∥
∥
∥

∂P
+
∥
∥
∥Θ̂ΘΘ

∥
∥
∥

∂Pc
,

For the true ones, and for any C ∈ P , let EC denote the edges linking the nodes of set of
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nodes C. It is clear that ∂Pc =
⋃

C∈P EC as a disjoint union, hence

∥ΘΘΘ∥E = ∑
(m,n)∈E

wmn∥θθθ m−θθθ n∥

= ∑
(m,n)∈∂P

wmn∥θθθ m−θθθ n∥+ ∑
(m,n)∈∂Pc

wmn∥θθθ m−θθθ n∥

=∥ΘΘΘ∥∂P + ∑
C∈P

∑
(m,n)∈EC

wmn∥θθθ m−θθθ n∥

=∥ΘΘΘ∥∂P

where the last equality holds due to the cluster assumption.

Hence, we have

∥ΘΘΘ∥E −
∥
∥
∥Θ̂ΘΘ

∥
∥
∥
E
=∥ΘΘΘ∥∂P −

∥
∥
∥Θ̂ΘΘ

∥
∥
∥

∂P
−
∥
∥
∥Θ̂ΘΘ

∥
∥
∥

∂Pc

≤∥E∥∂P −
∥
∥
∥Θ̂ΘΘ

∥
∥
∥

∂Pc
, (C.10)

where the first inequality holds due to the triangle inequality, and the last one since

∥ΘΘΘ∥∂Pc = 0. Combining Equations (C.8), (C.9), and (C.10), we obtain the result of the

statement.

In the proof for the oracle inequality, we utilize projection operators on the graph

signal, that we define as followed:

While ∑
C
k=1 JC projects each entry of a graph signal onto the mean vector value of its

respective cluster, its residual Q∂Pc can be interpreted as the projection onto the respec-

tive entries deviation from its cluster mean value.

Lemma 8 (Bounding the error restricted to the boundary). The total variation of E re-

stricted to the boundary verifies

∥E∥∂P ≤ w(∂P)






√
2max
C∈P

√

ιG(C)
∥
∥
∥EP

∥
∥
∥

F
+2

∥E∥∂Pc

min
C∈P

√

cG(C)




 (C.11)

Proof. The proof relies on a decomposition of the ∥E∥∂P term from Proposition 2. We

have

∥E∥∂P =

∥
∥
∥
∥
∥

∑
C∈P

JCE+QCE

∥
∥
∥
∥
∥

∂P

=
∥
∥
∥EP +B

†

∂PcB∂PcE

∥
∥
∥

∂P

≤
∥
∥
∥EP

∥
∥
∥

∂P
+
∥
∥
∥B

†

∂PcB∂PcE

∥
∥
∥

∂P
(C.12)
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where EP is obtained by setting the error signal on every cluster to its mean. For the first

term on the right-hand side, let us denote by εεεC the value of any row of EP belonging

to cluster C, which is equal to the mean of errors E over that cluster. Also, we denote

by (EP)∂P the signal obtained from EP by setting its rows corresponding to nodes that

are not adjacent to any edge in the boundary ∂P to zeros. Also, let ∂vC denote the inner

boundary of set of nodes C,i.e. nodes of C that connect it to its complementary. Then it

holds that:
∥
∥
∥EP

∥
∥
∥

∂P
=
∥
∥
∥B∂PEP

∥
∥
∥

2,1

=
∥
∥
∥B∂P(EP)∂P

∥
∥
∥

2,1

≤∥B∂P∥2,1

∥
∥
∥(EP)∂P

∥
∥
∥ (by Proposition 1)

≤∥B∂P∥2,1

∥
∥
∥(EP)∂P

∥
∥
∥

F

=∥B∂P∥2,1

√

∑
C∈P
|∂vC|∥εεεC∥2

=∥B∂P∥2,1

√

∑
C∈P

|∂vC|
|C| |C|∥εεεC∥

2

≤∥B∂P∥2,1 max
C∈P

√

ιG(C)
√

∑
C∈P
|C|∥εεεC∥2

=
√

2w(∂P)max
C∈P

√

ιGC
∥
∥
∥EP

∥
∥
∥

F
(C.13)

For the second term, we have

∥
∥
∥B

†

∂PcB∂PcE

∥
∥
∥

∂P
=
∥
∥
∥B∂PB

†

∂PcB∂PcE

∥
∥
∥

2,1

≤
∥
∥
∥B∂PB

†

∂Pc

∥
∥
∥

∞,1
∥E∥∂Pc

≤
∥
∥
∥B∂PB

†

∂Pc

∥
∥
∥

F
∥E∥∂Pc

≤
∥
∥
∥(B

†

∂Pc)⊤B⊤∂P

∥
∥
∥

F
∥E∥∂Pc

≤
∥
∥
∥B⊤∂P

∥
∥
∥

2,1

√∥
∥
∥B

†

∂Pc(B
†

∂Pc)⊤
∥
∥
∥

∞,∞
∥E∥∂Pc (by Proposition 1)

=

∥
∥
∥B⊤∂P

∥
∥
∥

1,1

min
C∈P

√

cG(C)
∥E∥∂Pc .
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= 2
w(∂P)

min
C∈P

√

cG(C)
∥E∥∂Pc . (C.14)

The result is obtained by combining Equations (C.12), (C.13), and (C.14).

Theorem 7 (Theorem 2.1 of Hsu et al. [70]). At time step t, let A ∈ R
b×t where b ∈ N

∗,
and let v ∈ R

t be a random vector such that for some σ ≥ 0, we have

E
[
exp(⟨u,v⟩)

]
≤ exp(∥u∥2 σ2

2
) ∀u ∈ R

t .

Then for any δ ∈ (0,1), we have with a probability at least 1−δ :

∥Av∥2 ≤ σ2

(

∥A∥2
F +2

∥
∥
∥A⊤A

∥
∥
∥

F

√

log
1

δ
+2∥A∥2

log
1

δ

)

.

Lemma 9 (Empirical process bound). Let Xm ∈ R
|Tm|×d denotes the matrix of collected

context vectors for task m ∈ V , then, given collected context matrices {Xm}m∈V , for any

δ ∈ (0,1) we have with probability of at least 1−δ :

∥K∥F ≤
αδ (t)

α0
t,

where

αδ (t) :=
α0σ

t

√
√
√
√t +2

√

∑
m∈V

∣
∣Tm(t)

∣
∣2 log

1

δ
+2max

m∈V

∣
∣Tm(t)

∣
∣ log

1

δ
, (C.15)

Proof. We recall that K∈Rt×d is the matrix obtained by stacking the row vectors ηηη⊤mXm

vertically. On the one hand, we have

∥K∥2
F = ∑

m∈V

∥
∥
∥X⊤mηηηm

∥
∥
∥

2

=
∥
∥
∥X⊤Vηηη

∥
∥
∥

2

, (C.16)

where XV := diag(X1, · · · ,X|V|) ∈ R
t×d|V| .

On the other one, for any u = (u1, · · · ,ut) ∈ R
t , denoting P(t) := exp(∑t

τ=1 uτητ), we

have

E
[
P(t)

]
= E

[

E
[
exp{utηt}P(t−1)|Ft−1

]]

(by the law of total expectation)

= E

[

P(t−1)E
[
exp(utηt)|Ft−1

]]

(because {ηs}t−1
s=1 are Ft−1 measurable.)

≤ exp(
1

2
σ2u2

t )E
[
P(t−1)

]
(by the conditional subgaussianity assumption)
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≤
t

∏
s=1

exp(
1

2
σ2u2

s ) (by induction)

= exp(
1

2
σ2∥u∥2). (C.17)

From Equations (C.16) and (C.17), we can apply Theorem 7 to matrix XV and random

vector ηηη , which implies that with a probability at least 1−δ , we have

∥XVηηη∥ ≤ σ

√
√
√
√Tr( ∑

m∈V
Am)+2

√

∑
m∈V
∥Am∥2

F log
1

δ
+2max

m∈V
∥Am∥ log

1

δ
,

where we used the following equalities

∥XV∥F = ∑
m∈V

Tr(Am),

∥XV∥2 = max
m∈V
∥Am∥ ,

∥
∥
∥XVX⊤V

∥
∥
∥

2

F
=
∥
∥
∥X⊤VXV

∥
∥
∥

2

F
= ∑

m∈V
∥Am∥2

F .

To arrive to the the statement of the theorem, we use the fact that the context vectors

have Euclidean norms of at most 1.

Proposition 4 (Probabilistic inequality). With a probability at least 1−δ , we have

1

2tα ∑
m∈V
∥Xmεεεm∥2 +a1(G,ΘΘΘ)∥E∥∂Pc ≤ a2(G,ΘΘΘ)

∥
∥
∥EP

∥
∥
∥

F
+(1−κ)∥E∥∂P , (C.18)

where 0≤ κ <
min
C∈P

√

cG(C)
2w(∂P) , 1

α0
< min

C∈P

√

cG(C)−2κw(∂P) and

a1(G,ΘΘΘ) = 1−
1

α0
+2κw(∂P)

min
C∈P

√

cG(C)
(C.19)

a2(G,ΘΘΘ) =
1

α0
+
√

2κw(∂P)max
C∈P

√

ιG(C). (C.20)

Proof. The proof is a combination of the results of Lemmas 7 to 9. We have

1

2tαδ
∑

m∈V
∥Xmεεεm∥2 +∥E∥∂Pc ≤ 1

tαδ
⟨K,E⟩+∥E∥∂P (by Lemma 7)
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≤ 1

α0
∥E∥F +κ∥E∥∂P +(1−κ)∥E∥∂P (by Lemma 9)

≤

∥
∥
∥EP

∥
∥
∥

F

α0
+

∥E∥∂Pc

α0 min
C∈P

√

cG(C)
+κw(∂P)






√
2max
C∈P

√

ιG(C)
∥
∥
∥EP

∥
∥
∥

F
+2

∥E∥∂Pc

min
C∈P

√

cG(C)




+

+(1−κ)∥E∥∂P ,

where the last line is an application of Lemma 8. Grouping the terms by the type of norm

applied to E finishes the proof.

Theorem 8 (Oracle inequality, generalization of Theorem 5). Assume that the RE as-

sumption holds for the empirical multi-task Gram matrix with constants φ > 0 and

κ ∈
[

0,
1

2w(∂P) min
C∈P

√

cG(C)
)

.

Suppose that maxm∈V
∣
∣Tm(t)

∣
∣ ≤ bt for some b > 0. Then, with a probability at least

1−δ (t), we have

∥
∥
∥ΘΘΘ− Θ̂ΘΘ(t)

∥
∥
∥

F
≤ 2

σ

φ 2
√

t
f (G,ΘΘΘ)

√
√
√
√1+2b

√

|V| log
1

δ (t)
+2b log

1

δ (t)
,

where

f (G,ΘΘΘ) := α0

(

a2(G,ΘΘΘ)+
√

21≤1(κ)w(∂P)
)






a2(G,ΘΘΘ)+
√

21≤1(κ)w(∂P)
a1(G,ΘΘΘ)min

C∈P

√

cG(C)
+1




 .

Proof. Using the previously established results, we obtain

1

2t
∑

m∈V
∥Xmεεεm∥2 +α∥E∥∂Pc

≤αδ a2(ΘΘΘ,G)∥EP∥F +αδ (1−κ)+∥E∥∂P (by Proposition 4)

=αδ a2(ΘΘΘ,G)∥EP∥F +αδ (1−κ)+
∥
∥
∥B∂PB

†
∂P

B∂PE

∥
∥
∥

2,1
(properties of pseudo-inverse)

≤αδ a2(ΘΘΘ,G)∥EP∥F +αδ∥B∂P∥2,11≤1(κ)(1−κ)+
∥
∥
∥B

†
∂P

B∂PE

∥
∥
∥ (by Proposition 1)

≤αδ (a2(ΘΘΘ,G)+1≤1(κ)
√

2w(∂P))∥E∥RE (by definition of the∥∥RE norm)

≤α
a2(ΘΘΘ,G)+1≤1(κ)

√
2w(∂P)

φ
√

t

√

∑
m∈V
∥εεεm∥2

Am
(using the RE assumption)
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≤
βα2

δ (a2(ΘΘΘ,G)+1≤1(κ)∥B∂P∥2,1)
2

2φ 2
+

1

2β t
∑

m∈V
∥Xmεεεm∥2 , (C.21)

where the last inequality holds for any β > 0, and is a consequence of the property that

uv≤
u2 + v2

2
for any u,v ∈ R.

As a result, we can bound the norm of Q∂PcE as follows:

∥
∥Q∂PcE

∥
∥

F
=
∥
∥
∥B

†

∂PcB∂PcE

∥
∥
∥

F

≤
√∥
∥
∥L

†

∂Pc

∥
∥
∥

∞,∞
∥E∥∂Pc

≤
2αδ (a2(ΘΘΘ,G)+1≤1(κ)∥B∂P∥2,1)

2

φ 2a1(ΘΘΘ,G)min
C∈P

√

cG(C)
(Equation (C.21) with β = 1).

(C.22)

We can also bound the norm of EP as follows:

∥
∥
∥EP

∥
∥
∥

2

F
≤ 1

tφ 2 ∑
m∈V
∥Xmεεεm∥2

(by RE assumption on empirical multi-task Gram matrix)

≤
4α2

δ (a2(ΘΘΘ,G)+1≤1(κ)∥B∂P∥2,1)
2

φ 4
(by Equation (C.21) with β = 2).

(C.23)

The result is then obtained by combining Equations (C.22) and (C.23) along with

using the fact that E = EP +Q∂PcE and the expressions of a1(ΘΘΘ,G) and a2(ΘΘΘ,G), and

bounding αδ (t) as follows:

αδ (t)
2

α2
0

=
σ2

t2



∑
m∈V
∥Xm∥2

F +2

√

∑
m∈V

∥
∥XmX⊤m

∥
∥2

F
log

1

δ
+2max

m∈V
∥Xm∥2

log
1

δ





≤ σ2

t2



t +2

√

∑
m∈V

∣
∣Tm(t)

∣
∣2 log

1

δ
+2max

m∈V

∣
∣Tm(t)

∣
∣ log

1

δ





≤ σ2

t2

(

t +2t

√

log
1

δ
+2t log

1

δ

)

≤ 2
σ2

t

(

1+

√

log
1

δ

)2
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Proposition 5 (Optimal value of α0). Assume κ ≥ 1. Let

h1 :=
√

2κw(∂P)max
C∈P

√

ιG(C),

h2 := min
C∈P

√

cG(C)−2κw(∂P),

and r := h1
h2

. Choosing

α0 :=
1

h2

(

1+

√

1+
h2

h1

)

(C.24)

minimizes f (ΘΘΘ,G). In this case, we have f (ΘΘΘ,G) =O(1+2
√

r) as r vanishes.

Proof. Using the definition of f (ΘΘΘ,G) from Definition 2, it is easy to see that f (ΘΘΘ,G) =

α0(h1 + h2)
α0h1 +1

α0h2−1
. Deriving with respect to α0 and solving yields the stated optimal

value. Injecting this value into f (ΘΘΘ,G), we get

min
α0>0

f (ΘΘΘ,G) = h1 +h2

h2

(

1+

√

1+
h2

h1

) 1+ h1
h2

(

1+
√

1+ h2
h1

)

√

1+ h2
h1

(C.25)

= (1+ r)

(

1+

√

1+
1

r

) 1+ r

(

1+
√

1+ 1
r

)

√

1+ 1
r

(C.26)

≤ 1+ r√
r
(
√

r+1+
r

2
)
√

r(1+
√

r(
√

r+
r

2
+1)) (C.27)

= (1+ r)(1+
√

r+
r

2
)(1+

√
r+ r+

r
√

r

2
) (C.28)

C.2.3 Inheriting the RE condition from the true to the empirical

data Gram matrix

C.2.3.1 From the adapted to the empirical multi-task Gram matrix

Lemma 10 (Bounding a quadratic form using projections). Let M1, · · · ,Mp ∈ R
d×d be

symmetric matrices, and let J := 1
p
11⊤, and Q = I− J. Then, for any Z ∈ R

p×d with
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rows {zi}p
i=1, we have:

∣
∣
∣
∣
∣

p

∑
i=1

z⊤i Mizi

∣
∣
∣
∣
∣
≤ 1

p

∥
∥
∥
∥
∥

p

∑
i=1

Mi

∥
∥
∥
∥
∥
∥Z∥2

J +2

√
√
√
√

∥
∥
∥
∥
∥

1

p

p

∑
i=1

M2
i

∥
∥
∥
∥
∥
∥Z∥Q∥Z∥J + max

1≤i≤p
∥Mi∥∥Z∥2

Q

Proof. We have

∣
∣
∣
∣
∣

p

∑
i=1

z⊤i Mizi

∣
∣
∣
∣
∣
=

∣
∣
∣
∣
∣

p

∑
i=1

z̄⊤Miz̄+2

p

∑
i=1

(zi− z̄)⊤Miz̄+
p

∑
i=1

(zi− z̄)⊤Mi(zi− z̄)

∣
∣
∣
∣
∣

≤
∣
∣
∣
∣
∣
z̄⊤

p

∑
i=1

Miz̄

∣
∣
∣
∣
∣
+2

∣
∣
∣
∣
∣

p

∑
i=1

e⊤i QZMiz̄

∣
∣
∣
∣
∣
+

∣
∣
∣
∣
∣

p

∑
i=1

e⊤i QZMiZ
⊤Qei

∣
∣
∣
∣
∣

(C.29)

where we used the fact that zi− z̄ = Z⊤ei−Z⊤Jei = Z⊤Qei.

Let us now examine every term on the right-hand side of Equation (C.29). For the first

term, we have ∣
∣
∣
∣
∣
z̄⊤

p

∑
i=1

Miz̄

∣
∣
∣
∣
∣
≤
∥
∥
∥
∥
∥

p

∑
i=1

Mi

∥
∥
∥
∥
∥
∥z̄∥2 =

∥
∥
∥
∥
∥

1

p

p

∑
i=1

Mi

∥
∥
∥
∥
∥
∥Z∥2

J . (C.30)

For the second term, we have

∣
∣
∣
∣
∣

p

∑
i=1

e⊤i QZMiz̄

∣
∣
∣
∣
∣
≤
∥
∥
∥
∥
∥

p

∑
i=1

MiZ
⊤Qei

∥
∥
∥
∥
∥
∥z̄∥

=

∥
∥
∥
∥
∥

p

∑
i=1

(e⊤i ⊗Mi)vec(Z⊤Q)

∥
∥
∥
∥
∥
∥z̄∥

≤
∥
∥
∥
∥
∥

p

∑
i=1

(e⊤i ⊗Mi)

∥
∥
∥
∥
∥

∥
∥
∥vec(Z⊤Q)

∥
∥
∥∥z̄∥

=

∥
∥
∥
∥
∥

p

∑
i=1

(e⊤i ⊗Mi)

∥
∥
∥
∥
∥
∥QZ∥F∥z̄∥

=

√
√
√
√

∥
∥
∥
∥
∥
(

p

∑
i=1

(e⊤i ⊗Mi))⊤
p

∑
i=1

(e⊤i ⊗Mi)

∥
∥
∥
∥
∥
∥QZ∥F∥z̄∥

=

√
√
√
√
√

∥
∥
∥
∥
∥
∥

p

∑
i=1

p

∑
j=1

(e⊤i ⊗Mi))(e j⊗M j)

∥
∥
∥
∥
∥
∥

∥QZ∥F∥z̄∥
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=

√
√
√
√
√

∥
∥
∥
∥
∥
∥

p

∑
i=1

p

∑
j=1

(e⊤i e j⊗MiM j)

∥
∥
∥
∥
∥
∥

∥QZ∥F∥z̄∥

=

√
√
√
√

∥
∥
∥
∥
∥

p

∑
i=1

M2
i

∥
∥
∥
∥
∥
∥QZ∥F∥z̄∥ . (C.31)

Finally, for the last term, we have

∣
∣
∣
∣
∣

p

∑
i=1

e⊤i QZMiZ
⊤Qei

∣
∣
∣
∣
∣
≤

p

∑
i=1

∥Mi∥
∥
∥
∥Z⊤Qei

∥
∥
∥

2

≤ max
1≤i≤p

∥Mi∥
p

∑
i=1

∥
∥
∥Z⊤Qei

∥
∥
∥

2

= max
1≤i≤p

∥Mi∥∥QZ∥2
F . (C.32)

Combining Equations (C.30), (C.31), and (C.32) yields the result.

We also define an operator norm that is induced by the∥∥RE .

Definition 5 ((RE,S)-induced operator norm). Let {Mm}m∈V ⊆R
d×d be symmetric ma-

trices associated to the graph nodes V , and let MV := diag
(

M1, · · · ,M|V|
)

∈R
d|V|×d|V|.

For any cluster C ∈ P , let the cluster mean and mean of squares associated to those

matrices be given by

MC :=
1

|C| ∑
m∈C

Mm, M2
C :=

1

|C| ∑
m∈C

M2
m.

The RE-induced operator norm of MV is defined as

∥M∥RE,S := max
C∈P

∥
∥
∥MC

∥
∥
∥∨
√

min
C∈P

cG(C)−1 max
C∈P

∥
∥
∥M2

C

∥
∥
∥∨min

C∈P
cG(C)−1 max

m∈V
∥Mm∥ . (C.33)

C.2.3.2 Linking the adapted to the empirical Gram

We first start by establishing that given the closeness of two PSD matrices in a certain

sense, the RE condition can be transferred between them.

Proposition 6 (Restricted spectral norm). Let Z ∈ R
|V|×d verifying

a1(G,ΘΘΘ)∥Z∥∂Pc ≤ a2(G,ΘΘΘ)
∥
∥
∥ZP

∥
∥
∥

F
+(1−κ)+∥Z∥∂P
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Let {Mm}m∈V ⊆ R
d×d be symmetric matrices associated to the graph nodes V , and let

MV := diag(M1, · · · ,M|V|) ∈ R
d|V|×d|V|. Then we have:

∣
∣
∣
∣
∣
∑

m∈V
z⊤mMmzm

∣
∣
∣
∣
∣
≤∥M∥2

RE,S

(

1+
a2(G,ΘΘΘ)+(1−κ)+∥B∂P∥2,1

a1(G,ΘΘΘ)

)2

∥Z∥2
RE . (C.34)

Proof. For any cluster C, we denote by BC the incidence matrix obtained by setting the

rows of B outside the edges linking nodes in C to null vectors. The latter’s nullspace is

the span of the vector 1C having coordinates 1 at nodes in C and zeros elsewhere. Hence,

the projector onto the orthogonal of 1C is QC := B
†
C
BC .

On the one hand, for any signal Z ∈ R
|V|×d we have

∥Z∥∂Pc = ∑
C∈P
∥BCZ∥2,1 ≥ ∑

C∈P

∥
∥
∥B

†
C
BCZ

∥
∥
∥

F
√∥
∥
∥L

†
C

∥
∥
∥

∞,∞

≥min
C∈P

√

cG(C) ∑
C∈P
∥Z∥QC

Hence, by the proposition’s assumptions, Z verifies

min
C∈P

√

cG(C)a1(G,ΘΘΘ) ∑
C∈P
∥Z∥QC

≤ (a2(G,ΘΘΘ)
∥
∥
∥ZP

∥
∥
∥

F
+(1−κ)∥Z∥∂P)

≤ a2(G,ΘΘΘ)
∥
∥
∥ZP

∥
∥
∥

F
+(1−κ)+∥B∂P∥2,1

∥
∥
∥B

†
∂P

B∂PZ

∥
∥
∥

≤ (a2(G,ΘΘΘ)+(1−κ)+∥B∥2,1)∥Z∥RE

From Lemma 10, we have

∣
∣
∣
∣
∣
∑

m∈V
z⊤mMmzm

∣
∣
∣
∣
∣
≤ ∑

C∈P

∣
∣
∣
∣
∣
∑

m∈C
z⊤mMmzm

∣
∣
∣
∣
∣

≤ ∑
C∈P

∥
∥
∥MC

∥
∥
∥∥Z∥2

JC
+2 ∑

C∈P

√
∥
∥
∥M2

C

∥
∥
∥∥Z∥QC

∥Z∥JC
+ ∑

C∈P
max
m∈C
∥Mm∥∥Z∥2

QC
, (C.35)

where we used Equation (C.1).

This allows us to bound every term in Equation (C.35). For the second term on the

right-hand side, we have

∑
C∈P

√
∥
∥
∥M2

C

∥
∥
∥∥Z∥QC

∥Z∥JC

≤max
C∈P

√
∥
∥
∥M2

C

∥
∥
∥

∥
∥
∥ZP

∥
∥
∥

F

√

∑
C∈P
∥Z∥2

QC
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≤
min
C∈P

cG(C)−
1
2

a1(G,ΘΘΘ)
max
C∈P

√
∥
∥
∥M2

C

∥
∥
∥(a2(G,ΘΘΘ)+(1−κ)+∥B∥2,1)∥Z∥2

RE (C.36)

As for the third term, we have

∑
C∈P

max
m∈C
∥Mm∥∥Z∥2

QC
≤max

m∈V
∥Mm∥

(

∑
C∈P
∥Z∥QC

)2

≤max
m∈V
∥Mm∥

min
C∈P

cG(C)−1

a1(G,ΘΘΘ)2
(a2(G,ΘΘΘ)+(1−κ)+∥B∥2,1)

2∥Z∥2
RE

(C.37)

Consequently, denoting

v =
a2(G,ΘΘΘ)+(1−κ)+∥B∥2,1

a1(G,ΘΘΘ)
,

and combining Equations (C.35), (C.36), and (C.37), we obtain

∣
∣
∣
∣
∣
∑

m∈V
z⊤mMmzm

∣
∣
∣
∣
∣

(

max
C∈P

∥
∥
∥MC

∥
∥
∥+2vmax

C∈P

√
∥
∥
∥M2

C

∥
∥
∥+ v2 max

i∈V
∥Mi∥

)

∥Z∥2
RE

≤
(

max
C∈P

∥
∥
∥MC

∥
∥
∥)∨

√

min
C∈P

cG(C)−1 max
C∈P

∥
∥
∥M2

C

∥
∥
∥∨min

C∈P
cG(C)−1 max

i∈V
∥Mi∥

)

(1+ v)2∥Z∥2
RE ,

which finishes the proof.

Proposition 7 (Inheritance of a RE condition from a close matrix). Assume that the

matrix VV verifies the RE condition with constant φ > 0, and that

∥
∥
∥
∥
∥

AV

t
−VV

∥
∥
∥
∥
∥

op,RE

≤ γφ 2

for some γ ∈
(

0,

(

1+ a2(G,ΘΘΘ)+(1−κ)+
√

2w(∂P)
a1(G,ΘΘΘ)

)−2
)

. Then
AV

t
verifies the RE condition

with constant

φ̂ = φ

√
√
√
√1− γ

(

1+
a2(G,ΘΘΘ)+(1−κ)+

√
2w(∂P)

a1(G,ΘΘΘ)

)2

(C.38)

Proof. From Proposition 4, we know that
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1

t
ε⊤V AVεV =

1

|V|ε
⊤
V VVεV + ε⊤V ∆∆∆VεV

≥ 1

|V|ε
⊤
V VVεV −

∣
∣
∣ε⊤V ∆∆∆VεV

∣
∣
∣

≥



φ 2−max
m∈V
∥∆∆∆V∥op,RE

(

1+
a2(G,ΘΘΘ)+(1−κ)+∥B∂P∥2,1

a1(G,ΘΘΘ)

)2


∥E∥2
RE

≥



φ 2− γφ 2

(

1+
a2(G,ΘΘΘ)+(1−κ)+∥B∂P∥2,1

a1(G,ΘΘΘ)

)2


∥E∥2
RE

where the third inequality is an applicaiton of Proposition 6.

Theorem 9 (Matrix Freedman Inequality, Tropp [149]). Consider a matrix martingale

{M(t)}t≥1 with dimension d1×d2. Let {N(t)}t≥1 be the associated difference sequence.

Assume that for some A > 0, we have
∥
∥N(t)

∥
∥≤ A ∀t ≥ 1 almost surely. Define for any

t ≥ 1:

Wcol(t) :=
t

∑
τ=1

E

[

N(τ)N(τ)⊤|Fτ−1

]

Wrow(t) :=
t

∑
τ=1

E

[

N(τ)⊤N(τ)|Fτ−1

]

.

Then, for any u,v > 0,

P

[

∃t ≥ 1;
∥
∥M(t)

∥
∥≥ u and ∥Wcol∥(t)∨

∥
∥Wrow(t)

∥
∥≤ v

]

≤ (d1 +d2)exp

(

− 3u2

6v+2Au

)

Corollary 3. Let {N(τ)}tτ=1 by a sequence of matrices of dimension d1× d2, adapted

to filtration {Fτ}tτ=1. Let {ti}N
i=1 an increasing sequence with elements in [t] for some

N ≤ t. Consider the sequence {M(n)}N
τ=1 of random matrices defined by

M(n) =
n

∑
i=1

N(ti)−E
[
N(ti)|Fti−1

]
(C.39)

Then {M(n)}N
n=1 is a martingale adapted to the filtration {Ftn}N

n=1.

Moreover, if
∥
∥N(τ)

∥
∥≤ b ∀τ ∈ [t] for some b > 0, then we have

P

[∥
∥M(N)

∥
∥≥ u

]

≤ (d1 +d2)exp

(

− 3u2

6Nb2 +2
√

2bu

)

. (C.40)
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Proof. We denote E
[
·|Fs

]
as Es [·] for any s ∈ N. Also, let C(s) := Es−1

[
N(s)

]
, which

is Fs−1-measurable by construction. We have for any n ∈ [N],

Etn−1

[
C(tn)

]
= Etn−1

[

Etn−1

[
N(tn)

]]

= Etn−1

[
N(tn)

]
(C.41)

=⇒ Etn−1

[
N(tn)−C(tn)

]
= 0 (C.42)

where the first equality is due to the tower rule since Ftn−1
⊂ Ftn−1. Also, we have for

any τ ≥ 1

∥
∥N(τ)−C(τ)

∥
∥2

=
∥
∥
∥(N(τ)−C(τ))2

∥
∥
∥ (C.43)

≤ Tr((N(τ)−C(τ))2) (C.44)

= Tr((N(τ)−C(τ))2) (C.45)

=
∥
∥N(τ)

∥
∥2

F
−2Tr(C(τ)N(τ))+Tr(C(τ)2) (C.46)

≤
∥
∥N(τ)

∥
∥2

F
+Tr(C(τ)2)≤ 2b2 (C.47)

Hence N(τ)−C(τ) is integrable for any τ ≥ 1. This shows that M(n) is a sequence of

partial sums of matrix martingale differences, hence it is a matrix martingale.

The second part of the corollary statement is a consequence of Theorem 9. The bound-

edness of the sequence of martingale differences has already been established above. To

verify the second requirement of the theorem, let us compute bounds on the norms of

Wcol and Wrow from Theorem 9. Notice that the two matrices are equal since the differ-

ence sequence matrices N(ts) are symmetric. Hence, for any n ∈ [N], we have

∥
∥Wcol(N)

∥
∥∨
∥
∥Wrow(N)

∥
∥≤ Tr(Wcol(N))∨Tr(Wrow(N)) (C.48)

= Tr

(
N

∑
n=1

Etn−1

[

(N(tn)−C(tn))
2
]
)

(C.49)

=
N

∑
n=1

Etn−1

[∥
∥N(tn)

∥
∥2

F

]

−Etn−1

[
2Tr(C(tn)N(tn))

]
+Tr(C(tn)

2)

(C.50)

=
N

∑
n=1

Etn−1

[∥
∥N(tn)

∥
∥2

F

]

−Tr(C(tn)
2) (C.51)

≤
N

∑
n=1

Etn−1

[∥
∥N(tn)

∥
∥2

F

]

≤ Nb2. (C.52)

By Theorem 9, we have for any u > 0
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2d exp

(

− 3u2

6Nb2 +2
√

2bu

)

≥ P

[

∃n≥ 1;
∥
∥M(n)

∥
∥≥ u and

∥
∥Wcol(n)

∥
∥≤ Nb2

]

(C.53)

≥ P

[∥
∥M(N)

∥
∥≥ u and

∥
∥Wcol(N)

∥
∥≤ Nb2

]

(C.54)

= P

[∥
∥M(N)

∥
∥≥ u

]

(C.55)

where the last line holds because we showed that the inequality
∥
∥Wcol(N)

∥
∥≤ Nb2 holds

almost surely.

Proposition 8 (Concentration of the empirical multi-task Gram matrix around the adapted

one). Let t ≥ 1, b > 0. Then we have:

P





∥
∥
∥
∥
∥

AV(t)

t
−VV

∥
∥
∥
∥
∥

op,RE

> γ
∣
∣max

m∈V

∣
∣Tm(t)

∣
∣≤ bt



≤

d(2|P|e−A1t +(|V|+|P|)e−A2t +2|V|e−A3t),

where

A1 :=
3γ2 min

C∈P
|C| t

6b+2
√

2γ

A2 :=
3γ2 min

C∈P
cG(C)t

6b+2
√

2γ

√
√
√
√

min
C∈P

cG(C)
min
C∈P
|C|

A3 :=
3γ2 min

C∈P
cG(C)2t

6b+2
√

2γ min
C∈P

cG(C)

Proof. For γ > 0, let us define

∆∆∆m :=
AV

t
−VV and GGram,γ :=

{
1

t
∥∆∆∆V∥RE,S ≤ γ

}

,

where ∆∆∆V is block diagonal matrix formed by {∆∆∆m}m∈V . We also define ∆∆∆C and ∆∆∆2
C in

the same pattern of Definition 5. We can express the complementary of this event as the

disjunction of a finite number of events as follows:

Gc
Gram,γ (C.56)

135



Appendix C Additional Material for Chapter 5

=

{

max
C∈P

∥
∥
∥∆∆∆C

∥
∥
∥∨
√

min
C∈P

cG(C)−1 max
C∈P

∥
∥
∥∆∆∆2

C

∥
∥
∥∨min

C∈P
cG(C)−1 max

m∈V
∥∆∆∆m∥> tγ

}

(C.57)

=
⋃

C∈P

{∥
∥
∥∆∆∆C

∥
∥
∥> tγ

}

∪
⋃

C∈P

{∥
∥
∥∆∆∆2

C

∥
∥
∥> t2γ2 min

C∈P
cG(C)

}

∪
⋃

m∈V

{

∥∆∆∆m∥> tγ min
C∈P

cG(C)
}

(C.58)

The first and third event can be bounded by considering the sequence xx⊤(τ) adapted

to the filtration {Fτ}, verifying

∥
∥
∥xx⊤(τ)

∥
∥
∥≤ 1.

Bounding the probability of the first event Let C ∈ P be a cluster. By definition, we

have

|C|∆∆∆C(t) = ∑
m∈C

∑
τ∈Tm(t)

xx(τ)−E
[
xx(τ)|Fτ−1

]

= ∑
τ∈⋃m∈C Tm(t)

xx(τ)−E
[
xx(τ)|Fτ−1

]

We will apply Corollary 3 for the sequence of time indices in C, i.e.
⋃

m∈V Tm(t). Hence

|C|∆∆∆C is a martingale sequence, and we have

P

[∥
∥
∥∆∆∆C(t)

∥
∥
∥> γt

∣
∣max

m∈V

∣
∣Tm(t)

∣
∣≤ bt

]

≤ 2d exp

(

−3γ2|C|2 t2

6∑m∈C
∣
∣Tm(t)

∣
∣+2
√

2γ|C| t

)

≤ 2d exp

(

−3γ2|C|2 t2

6|C|bt +2
√

2γ|C| t

)

= 2d exp

(

−3γ2|C| t
6b+2

√
2γ

)

≤ 2d exp






−3γ2 min
C∈P
|C| t

6b+2
√

2γ




 (C.59)

Bounding the probability of the third event Let m ∈ V be a task index. We apply

Corollary 3 for the sequence of time steps in Tm(t). We have

∆∆∆m(t) = ∑
τ∈Tm(t)

xx(τ)−E
[
xx(τ)|Fτ−1

]
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is a martingale sequence, hence

P

[
∥
∥∆∆∆m(t)

∥
∥> γ min

C∈P
cG(C)t

∣
∣max

m∈V

∣
∣Tm(t)

∣
∣≤ bt

]

≤ 2d exp






−3γ2 min
C∈P

cG(C)2t2

6
∣
∣Tm(t)

∣
∣+2
√

2γ min
C∈P

cG(C)t






≤ 2d exp






−3γ2 min
C∈P

cG(C)2t2

6bt +2
√

2γ min
C∈P

cG(C)t






= 2d exp






−3γ2 min
C∈P

cG(C)2t

6b+2
√

2γ min
C∈P

cG(C)




 .

(C.60)

Bounding the probability of the second event Let C ∈ P be a cluster, and let us

denote em the mth canonical vector of R|C|. We have

∥
∥
∥∆∆∆2

C(t)
∥
∥
∥=

1

|C|

∥
∥
∥
∥
∥
∥
∥

∑
m∈C



 ∑
τ∈Tm(t)

xx(τ)−E
[
xx(τ)|Fτ−1

]





2
∥
∥
∥
∥
∥
∥
∥

=
1

|C|

∥
∥
∥
∥
∥
∥

∑
m∈C

e⊤m⊗



 ∑
τ∈Tm(t)

xx(τ)−E
[
xx(τ)|Fτ−1

]





∥
∥
∥
∥
∥
∥

2

=
1

|C|

∥
∥
∥
∥
∥
∥

∑
τ∈⋃m∈C Tm(t)

e⊤m(τ)⊗
(

xx(τ)−E
[
xx(τ)|Fτ−1

])

∥
∥
∥
∥
∥
∥

2

=
1

|C|

∥
∥
∥
∥
∥
∥

∑
τ∈⋃m∈C Tm(t)

e⊤m(τ)⊗xx(τ)−E

[

em(τ)⊗xx(τ)|Fτ−1

]

∥
∥
∥
∥
∥
∥

2

,

where the last equality holds since m(τ) is measurable w.r.t. Fτ−1. We will apply the

Corollary 3 to the set of time steps
⋃

m∈C Tm(t) and the adapted sequence e⊤
m(τ)⊗ xx(τ)

of matrices in R
d×d|C|. Hence we have

P

[√
∥
∥
∥∆∆∆2

C(t)
∥
∥
∥> γt min

C∈P

√

cG(C)
∣
∣max

m∈V

∣
∣Tm(t)

∣
∣≤ bt

]

≤ d(1+|C|)exp






−3γ2|C|min
C∈P

cG(C)t2

6∑m∈C
∣
∣Tm(t)

∣
∣+2
√

2γ
√

|C|min
C∈P

cG(C)t





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≤ d(1+|C|)exp






−3γ2|C|min
C∈P

cG(C)t

6|C|b+2
√

2γ
√

|C|min
C∈P

cG(C)






= d(1+|C|)exp










−3γ2 min
C∈P

cG(C)t

6b+2
√

2γ

√

min
C∈P

cG(C)
|C|










≤ d(1+|C|)exp












−3γ2 min
C∈P

cG(C)t

6b+2
√

2γ

√
√
√
√

min
C∈P

cG(C)
min
C∈P
|C|












(C.61)

Union bound We conclude the result of the statement via a union bound using Equa-

tion (C.58).

Proposition 9 (Concentration of the empirical multi-task Gram matrix around the adapted

one, simplified). Let t ≥ 1, b > 0. Assume that maxm∈V
∣
∣Tm(t)

∣
∣≤ bt. Then we have:

P





∥
∥
∥
∥
∥

AV

t
−VV

∥
∥
∥
∥
∥

op,RE

> γ



≤ 6d|V|exp(
−3γ2(minC∈P(c̃G(C)∧ c̃G(C)2)t

6b+2
√

2γ
),

where c̃G(C) := cG(C)∧|C| ∀C ∈ P .

Proof. The proof will rely on simple calculus inequalities. Hence, let u = minC∈P cG(C),
v = minC∈P |C|, f = 3γ2, g = 6b, h = 2

√
2γ , which are all positive. Then, we have

A1 =
f u

f +g
≥ (u∧ v) f

f +g
≥ (u∧ v)

(1∧u∧ v) f

f +g(1∧u∧ v)

A2 =
f v

f +g v
u

≥ (v∧u) f

f +g v∧u
u

≥ (v∧u) f

f +g
≥ (u∧ v)

(1∧u∧ v) f

f +(1∧u∧ v)g

A3 =
f v2

f +gv
≥ (v∧u)2

f +(v∧u)g
≥ (u∧ v)

(1∧u∧ v) f

f +(1∧u∧ v)g

where we used the fact that functions of the form x 7→ x
β1x+β2

for positive β1,β2 are

increasing on R+.

As a final step, we use the inequality
(1∧ x) f

f +(1∧ x)g
≥

x∧1

f +g
taken for x= u∧v, we apply
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the exp(−· t) function and we use the result of Proposition 8, we deduce the result.

C.2.3.3 From the true to the adapted Gram matrix

For all of the proofs in this subsection, we follow an approach similar to that of Oh et al.

[119]. In particular, we use their Lemma 10.

Theorem 10 (Lemma 10 of Oh et al. [119]). Under Assumption 2 on the context gener-

ating distribution, let t ≥ 1. We have for any θθθ ∈ R
d:

∑
x∈A(t)

E



xx⊤1

{

x ∈ argmax
x̃∈A(t)

⟨θθθ , x̃⟩
}

≽
1

2νω
ΣΣΣ (C.62)

Proposition 10 (RE condition from the true to the adapted Gram matrix). Under As-

sumption 2, for any t ≥ 1, the adapted Gram matrix VV(t) verifies the compatibility

condition with constants κ and
φ√
2νω

.

Proof. For t ≥ 1, we have

E

[

x(t)x(t)⊤|Ft−1

]

= E



 ∑
x∈A(t)

x(t)x(t)⊤|Ft−1



 (C.63)

Let m ∈ V . We have

Vm(t) =
1

t
∑

τ∈Tm(t)

E

[

x(τ)x(τ)⊤|Fτ−1

]

=
1

t
∑

τ∈Tm(t)

E

[

E

[

x(τ)x(τ)⊤|θθθ m(τ−1),Fτ−1

]

|Fτ−1

]

(total expectation law)

=
1

t
∑

τ∈Tm(t)

E

[

x(τ)x(τ)⊤|θθθ m(τ−1)
]

(x(τ) is fully determined by θθθ m(τ−1))

=
1

t
∑

τ∈Tm(t)

E



 ∑
x∈A(τ)

xx⊤1

{

x ∈ argmax
x̃∈A(t)

⟨θθθ , x̃⟩
}

|θθθ m(τ−1)





≽
1

2νω
ΣΣΣ (by Theorem 10). (C.64)

Now, let Z ∈ S , where S is defined with constant κ of Assumption 4. Then

∑
m∈V
∥z∥Vm(t)

≥ 1

2νω ∑
m∈V
∥zm∥ΣΣΣ

by Equation (C.64)
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≥ φ 2

2νω
∥Z∥2

RE (by Assumption 4),

which finishes the proof.

Theorem 11 (RE condition holding for the empirical multi-task Gram matrix, general-

ization of Theorem 4). Under Assumptions 2 and 4, let t ≥ 1, and let κ,φ be the constants

from Assumption 4. Assume that maxm∈V
∣
∣Tm(t)

∣
∣≤ bt. Then, for any

γ ∈



0,

(

1+
a2(G,ΘΘΘ)+(1−κ)+

√
2w(∂P)

a1(G,ΘΘΘ)

)−2


 ,

the empirical multi-task Gram matrix verifies the RE condition with constants κ and φ̂ ,

with

φ̂ = φ̃

√
√
√
√1− γ

(

1+
a2(G,ΘΘΘ)+(1−κ)+

√
2w(∂P)

a1(G,ΘΘΘ)

)2

, (C.65)

with a probability at least equal to 1− 6d|V|exp(
−3γ2φ̃ 4(minC∈P(c̃G(C)∧ c̃G(C)2)t

6b+2
√

2γφ̃ 2
),

where φ̃ :=
φ√
2νω

and c̃G(C) := cG(C)∧|C| ∀C ∈ P .

Proof. For the sake of readability, let φ̃ = φ√
2νω

the compatibility constant of the adapted

Gram matrix, according to Proposition 10. Then:

1−6d|V|exp(
−3γ2φ̃ 4(minC∈P(c̃G(C)∧ c̃G(C)2)t

6b+2
√

2γφ̃ 2
) (C.66)

≤P





∥
∥
∥
∥
∥

AV

t
−VV

∥
∥
∥
∥
∥

op,RE

≤ γφ̃ 2



 (by Proposition 9) (C.67)

≤P
[

AV

t
satisfies the RE condition with constant κ and φ̂

]

(by Proposition 7),

(C.68)

where φ̂ = φ̃

√

1− γ

(

1+ a2(G,ΘΘΘ)+(1−κ)+
√

2w(∂P)
a1(G,ΘΘΘ)

)2

.
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C.2.4 Regret bound

Lemma 11 (Concentration of the fraction of observations per task). Assume that |V| ≥ 2.

Then for δ ∈ (0,1), we have with a probability at least 1−δ :

max
m∈V

∣
∣Tm(t)

∣
∣

t
≤ 1

|V| +2

√

1

t|V| log
|V|
δ

+
4

3t
log
|V|
δ
. (C.69)

Proof. We have
∣
∣Tm(t)

∣
∣ :=∑

t
τ=1[m(τ)=m], where ∀t,∀m∈V,P

[
m(t) = m

]
= 1
|V| , mean-

ing that the binary variable [m(t) = m] follows a Bernoulli distribution B( 1
V
). Then, the

random variable Xt := [m(t) = m]− 1
|V| has mean 0, variance 1

|V|(1−
1
|V|), and verifies

|Xt | ≤ 1− 1
|V| since |V| ≥ 2. As a result, via the Bernstein inequality, we have for any

m ∈ V , and for any w≥ 0,

P

[∣
∣Tm(t)

∣
∣

t
≥ 1

|V| +w

]

≤ exp



− tw2

2(1− 1
|V|)(

1
|V| +

w
3
)



≤ exp



− tw2

2( 1
|V| +

w
3
)





For the right-hand side to hold with a probability at most δ ∈ (0,1), it is sufficient to

have

t
w2

2( 1
|V| +

w
3
)
≥ log

1

δ

⇐= w2

2
≥

2 1
|V| log 1

δ

t
and

w2

2
≥

2w log 1
δ

3t

⇐= w = 2

√
1
|V| log 1

δ

t
+

4log 1
δ

3t

Hence, and via a union bound, we get

P





∣
∣Tm(t)

∣
∣

t
≥ 1

|V| +2

√

1

|V| log
1

δ
+

4

3t
log

1

δ



≤ δ

=⇒ P




max

m∈V

∣
∣Tm(t)

∣
∣

t
≥ 1

|V| +2

√
1
|V| log 1

δ

t
+

4log 1
δ

3t




≤|V|δ

The result is obtained by adjusting the value of δ .

Theorem 12 (Regret bound, generalization of Theorem 5). Let the mean horizon per

node be T = T
|V| . Under Assumptions 1, 2 and 4 and κ > 0, the expected regret of the
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Network Lasso Bandit algorithm is upper bounded as follows:

R(T )≤O
(

f (G,ΘΘΘ)
√

T

φ 2

(
√

|V|+
√

log(T |V|)+ 4

√

|V| log(T |V|)
)

+

+
1

A
log(d|V|)+

√

|V|
)

.

with A =
3γ2 minC∈P(c̃G(C)∧ c̃2

G(C))
6

log(|V|)√
|V|

+2
√

2γ
.

Proof. For any time step t, we will define a list of good events under which the Oracle

inequality and the RE condition for the empirical multi-task Gram matrix both hold with

high probability. Then, we will use those bounds to sum up over time steps until horizon

T .

Good events We formalize these requirements as three families of time-depending

”good” events.

• Gpro(t) is the event that the mean of the empirical process bounded by α(t) up to

a constant c, which is equivalent to saying that it converges:

Gpro(t) :=

{
1

t
∥K∥F ≤

α(t)

α0

}

(C.70)

• Gsel(t) is the event that the number of selections of all tasks is bounded by its

expected value up to a small constant ρ(t)

Gsel(t) :=

{

max
m∈V

∣
∣Tm(t)

∣
∣

t
≤ 1

|V| +
ρ(t)

t

}

(C.71)

• GRE(t) is the event that the empirical multi-task Gram matrix 1
t
AV(t) satisfies the

RE condition.

GRE(t) :=

{
1

t
AV(t) verifies the RE condition with constants κ, φ̂

}

(C.72)

Event Gpro(t) is the most straightforward to cover since our bound on the empirical

process given in Lemma 9 holds with a probability of at least 1−δ (t), thus:

P
[
Gpro(t)

c|Gsel(t)
]
≤ δ (t), (C.73)

where we included the time dependency on δ (t) in contrast to the previous section.
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This way we emphasize to adjust δ (t) after each round, to guarantee a sub linear regret

bound. The probability of event Gsel(t) can be determined using Bernstein’s inequality:

From Lemma 11 we can select ρ(t) = 2

√
t
|V| log

|V|
δsel(t)

+ 4
3

log
|V|

δsel(t)
as well as

P
[
Gsel(t)

c
]
≤ δsel(t).

C.2.4.1 Instantaneous regret decomposition

Now, given the event probabilities, we condition the instantaneous regret r(t) on the good

events at a time t > t0. We have for its expectation:

E
[
r(t)
]
≤ E

[
r(t)|Gsel(t)

]
+2P

[
Gsel(t)

c
]

≤ E
[
r(t)|Gpro(t)∩GRE(t)∩Gsel(t)

]

+2
(

P
[
Gpro(t)

c|Gsel(t)
]
+P

[
GRE(t)

c|Gsel(t)
]
+P

[
Gsel(t)

c
])

, (C.74)

where we used the worst case bound r(t) ≤ 2 if any one of the good events does not

hold.

Bounding the regret Inserting our results of the event probabilities, the oracle inequal-

ity and the decomposition of the expected instantaneous regret in Equation (C.74) and

bounding the sum over rounds, yields the final result. Thus, we start by bounding the

sum over the first term i.e. the expected regret in case all good events hold:

T

∑
t=1

E
[
r(t)|Gpro(t)∩GRE(t)∩Gsel(t)

]
≤

T

∑
t=1

∥
∥
∥ΘΘΘ− Θ̂ΘΘ(t)

∥
∥
∥

F

Taking the result of our oracle inequality in Theorem 3, we point out that only α(t) is

time dependent such that the rest of the terms can be pulled outside the sum:

T

∑
t=1

∥
∥
∥ΘΘΘ− Θ̂ΘΘ(t)

∥
∥
∥

F
≤

T

∑
t=1

2
σ

φ̂ 2
√

t
f (G,ΘΘΘ)

√
√
√
√1+2b

√

|V| log
1

δ (t)
+2b log

1

δ (t)

=
2σ

φ̂ 2
f (G,ΘΘΘ)

T

∑
t=1

√

1

t
+

2b

t

√

2|V| log(t)+
4b

t
log(t)

≤ 2σ

φ̂ 2
f (G,ΘΘΘ)

∫ T

0

1√
t
+

√

2b

t

(√

2|V| log(T )+2log(T )
)

dt
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≤ 2σ

φ̂ 2
f (G,ΘΘΘ)

(

2
√

T +





√
8T

|V| +4 4

√

32log(|V|T )T
|V| +

√

16

3
log(|V|T ) log(T )





(
4
√

2|V| log(T )+
√

2log(T )
)
)

=O
(

f (G,ΘΘΘ)
√

T

φ̂ 2

(
√

|V|+
√

log(T |V|)+ 4

√
∣
∣V log(T |V|)

∣
∣

))

,

where

f (G,ΘΘΘ) :=
(

a2(G,ΘΘΘ)+
√

21≤1(κ)w(∂P)
)






a2(G,ΘΘΘ)+
√

21≤1(κ)w(∂P)
a1(G,ΘΘΘ)min

C∈P

√

cG(C)
+1




 .

We upper bounded the sum with an integral i.e. ∑
T
t=1 f (t) ≤ ∫ T

0 f (t)dt for monotoni-

cally decreasing functions f (t) in the last inequality. Also b is the bound on the concen-

tration of the fraction of observation per task provided by Lemma 11. For t0 =
√

|V| we

find by inserting the result to Lemma 11 for all t > t0:

1

|V| +2

√

1

t|V| log
|V|
δ

+
4

3t
log
|V|
δ
≤ 1

|V| +2

√

2log(|V|
√

|V|)
√

|V||V|
+

8log(|V|
√

|V|)
3
√

|V|

=
1

|V| +
2

√

|V|





√

3
√

|V|
log(|V|)+2log(|V|)





=O
(

log(|V|)
√

|V|

)

= b.

Finally we bound the sum over the instantaneous regret term for the bad events:

T

∑
t=1

2
(

P
[
Gpro(t)

c|Gsel(t)
]
+P

[
GRE(t)

c|Gsel(t)
]
+P

[
Gsel(t)

c
])

By construction, we have max(P
[
Gpro(t)

c|Gsel(t)
]
,P
[
Gsel(t)

c
]
)≤ δ (t) = 1

t2 . Hence,

T

∑
t=1

P
[
Gpro(t)

c|Gsel(t)
]
+P

[
Gsel(t)

c
]
≤ 2

T

∑
t=1

1

t2
≤ 2

(

1+
∫ T

1

dt

t2

)

≤ 4 (C.75)
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C.2 Proofs of the different claims

As for the RE condition event, letting A :=
3γ2 minC∈P(c̃G(C)∧ c̃2

G(C))
6b+2

√
2γ

, we have for any

t0 ≥ 1

T

∑
t=t0

P
[
GRE(t)

c|Gsel(t)
]
≤ 6d|V|

T

∑
t=t0

exp(−At) (by Theorem 4)

≤ 6d|V| e−At0

1− e−A
≤ 6d|V|e−At0

(

1+
1

A

)

≤ 6d|V|e−At0

(

1+
1

A

)

where in the last line, we used the inequality exp(A) ≥ A+ 1. Hence, for any u > 0,

choosing

t0 =
⌈√

|V|
⌉

∨
⌈

1

A
log(

6d|V|(1+ 1
A
)

u
)

⌉

implies that ∑
T
t=t0

P
[
GRE(t)

c|Gsel(t)
]
≤ u. Before we continue with the regret bound, we

need to find an appropriate bound on
f (G,ΘΘΘ)

φ̂ 2 . Given our result in Theorem 3 and assuming

that κ > 1, we get:

f (G,ΘΘΘ)

φ̂ 2
=

α0a2(G,ΘΘΘ)

φ̂ 2






a2(G,ΘΘΘ)

a1(G,ΘΘΘ)min
C∈P

√

cG(C)
+1






=

(√
2κw(∂P)maxC∈P

√

ιG(C)α0 +1
)






√
2κw(∂P)maxC∈P

√
ιG(C)α0+1

α0(min
C∈P

√

cG(C)−2κw(∂P))−1
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




1− γ













1+
√

2κw(∂P)maxC∈P
√

ιG(C)α0+1

α








1− 2κw(∂P)

min
C∈P

√

cG(C)







− 1

min
C∈P

√

cG(C)













2

=O






maxC∈P ιG(C)+maxC∈P
√

ιG(C)+1

min
C∈P

√

cG(C)
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C∈P
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



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=O






1

min
C∈P

√

cG(C)




 .

The first big O notation is obtained due to the fact that for for large min
C∈P

√

cG(C) and

small maxC∈P
√

ιG(C) the denominator term i.e. φ̂ 2 behaves like 1− γ , which leaves the

numerator dominating the rest of the term. Now, we simply have to insert all our results

into the sum of instantaneous regrets:

R(T )≤ t0 +2u+8+O
(

f (G,ΘΘΘ)
√

T

φ̂ 2

(
√

|V|+
√
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√
∣
∣V log(T |V|)

∣
∣
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≤
⌈√

|V|
⌉

+

⌈

1

A
log(

6d|V|(1+ 1
A
)

u
)

⌉

+2u+8

+O
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√

T

φ̂ 2

(
√

|V|+
√

log(T |V|)+ 4

√
∣
∣V log(T |V|)

∣
∣
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≤
⌈√

|V|
⌉

+

⌈
1

A
log(12d|V|(1+A))

⌉

+
1

A
+8

+O
(

f (G,ΘΘΘ)
√

T

φ̂ 2

(
√

|V|+
√

log(T |V|)+ 4

√
∣
∣V log(T |V|)

∣
∣
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≤
⌈√

|V|
⌉

+

⌈
1

A
log(12d|V|(1+A))

⌉

+
1

A
+8

+O
(

f (G,ΘΘΘ)
√

T

φ̂ 2

(
√

|V|+
√

log(T |V|)+ 4

√
∣
∣V log(T |V|)

∣
∣
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=O






1

A
log(d|V|)+

√
√
√
√

T

min
C∈P

cG(C)

(
√

|V|+
√

log(T |V|)+ 4

√
∣
∣V log(T |V|)

∣
∣

)




 ,

where we set u = 1
2A

in the third inequality.

Proof of Corollary 2. For κ > 1 and γ = 1
2

(

1+ a2(G,ΘΘΘ)
a1(G,ΘΘΘ)

)−2

we have φ̂ = φ
2
√

νω
. We find

an appropriate bound on f (G,ΘΘΘ) by minimizing the expression w.r.t. α0 as done in

Proposition 5 such that:
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min
α0>0

f (ΘΘΘ,G) =O



1+

√

κw(∂P)maxC∈P
√

ιG(C)
minC∈P

√

cG(C)−2κw(∂P)



 ,

which holds if the expression

√

κw(∂P)maxC∈P
√

ιG(C)

minC∈P
√

cG(C)
is negligible compared to 1,

which is guaranteed given the assumptions min
C∈P

√

cG(C)≫ κw(∂P) and that

max
C∈P

√

ιG(C)≤ 1

for which the expression simplifies to:

min
α0>0

f (ΘΘΘ,G) =O



1+

√

κw(∂P)maxC∈P
√

ιG(C)
minC∈P

√

cG(C)



 .

Inserting everything into our regret bound from Theorem 12 we get:

R(T ) =O
(νω

(

1+

√

κw(∂P)maxC∈P
√

ιG(C)

minC∈P
√

cG(C)

)

φ 2

√

T

(
√

|V|+
√

log(T |V|)+ 4

√

|V| log(T |V|)
)

+
1

A
log(d|V|)+

√

|V|
)

If we assume that |V| ≫ logT and |V|=O(T ), then then we have further

√

|V|+
√

log(T |V|)+ 4

√

|V| log(T |V|) =O(
√

T )

which yields the result.

C.3 Additional related work

Homophily and modularity in social networks Given the large number of users on

social networks, one may be able to learn their preferences more quickly by leveraging

the similarities between them. This idea relies on the notion of homophily in social

networks [109, 53]. In modelling social networks, users’ preferences relationships are

encoded in a graph, where neighboring nodes are users with similar preferences. This

graph can be known a priori or it can be inferred from previously collected feedback

[50]. Exploiting this information and integrating them into bandit algorithms can lead to
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a significant increase in performance Yang et al. [169]. Indeed, the knowledge of user

relations allows the algorithm to tackle the data sparsity issue that is inherent to bandit

settings.

Another fundamental point that can be used for integration of information from social

networks is that, social networks show large modularity measures [114] [26]. This im-

plies that we have high density of edges within clusters and low density of edges between

clusters. As a result, users can be clustered based on the graph topology and a prefer-

ence vector can be learned for each cluster, substantially reducing the dimensionality

of the problem. In other words, discovering the clustering structure of users can re-

duce the computational burden of large social networks. Consequently, there have been

attempts in exploiting the clustered structures of social networks in bandit algorithms

[59, 115, 168, 97, 117, 46].

Bandit meta-learning In contrast to the multi-task setting, meta learning deals with

sequentially arriving tasks that have to be learnt and generalizing the gained information

to improve performance for future tasks. Here, as in the multi-task setting, it is assumed

that the tasks share some common structure that is ought to be learnt and exploited. In

the work of [24] it is assumed that the tasks were sampled from a common distribution

such that they are concentrated around an affine subspace, which is learnt through PCA

algorithm. The resulting projection matrices could then be exploited to improve learning

for new tasks in an adapted UCB and Thompson sampling approach.

Other lines of work are [35, 87, 19], which learns the mean of the distribution under

the assumption that the covariance of the prior is known or [123] which generalizes this

assumption and attempts to learn the covariance as well.

C.4 More on the experiments

C.4.1 About experiments of the main paper

The experiments have been conducted with an intel i7 CPU with 12 2.6 GHz cores and 32

GB of RAM. The two experiments with the highest number of tasks (200) and dimension

(80) take about 8 hours, parallelized over the 12 cores.

To generate clusters, we generate |P| variables vii∈P from the uniform distribution,

then we use them to construct a categorical distribution with probabilities proportional

to evi . These probabilities defines the cluster proportions.

C.4.2 Solving the Network Lasso problem

We implement the Primal-Dual algorithm proposed in Jung [74] to solve the Network

Lasso problem but we do not vectorize the matrices (in the sense of stacking their

columns into a vector), which speeds up computation.
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C.4.3 Algebraic connectivity vs topological centrality index

Given two fully connected graphs weightless G1 and G2 with size 100 each, we progres-

sively link them by edges, we construct the Laplacian L of the resulting graph G. We

measure the minimum topological centrality index min1≤i∈200(L
†
C
)−1

ii , and the algebraic

connectivity, i.e. the minimum non-null eigenvalue of L.
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fraction of all edges linking the two complete graphs
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Figure C.1: Minimum Topological centrality index vs Algebraic Connectivity, for a graph

formed by connecting two fully connected initial graphs G1,G2 with size 100 each.

Clearly, the minimum topological centrality index grows faster than the algebraic con-

nectivity in this case, and seems to saturate at some level that is reached in a linear

progress by the algebraic connectivity.

C.4.4 Limitations

The first limitation of the paper is the restriction to the setting of i.i.d generated action

sets. This restriction is common to all papers relying on Lasso-type optimization ob-

jectives [18, 119, 34, 6, 36]. Also, we do not provide a lower bound for the regret, a

challenge that we let for future work. Besides, our optimization problem is not strongly

convex, which can be mitigated by adding a squared L2 norm regularization. However,

such an addition would probably drastically change the theoretical analysis.

C.4.5 Broader impacts

As our method can be applied to transfer knowledge between users of a recommender

system, it has the potential to improve their overall experience by learning their prefer-

ences quickly. However, one must be careful with the strength of the integrated prior

knowledge as it can lead to an adverse effect of slowing down the learning process.
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C.4.6 Experiments where the number of clusters is higher than the

dimension
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(a) |V|= 200,|P|= 25,d = 10, p = 0.5,q = 0.05
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(b) |V|= 200,|P|= 20,d = 2, p = 0.5,q = 0.1

Figure C.2: Synthetic data experiments showing the cumulative regret of Network Lasso

Policy as a function of time-steps compared to other baselines, for the case where the

number of clusters exceeds the dimension
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Notation Meaning

V Set of graph vertices

E Set of graph edges

BI ∈ R
|E |×|V|, I ⊆ E Graph incidence matrix obtained by setting rows of edges

outside I to zeros

BC ∈ R
|E |×|V| cf. Definition 1

L ∈ R
|V|×|V| B⊤B

θθθ m ∈ R
d True preference vector of user/bandit m

ΘΘΘ ∈ R
|V|×d Matrix of true vertically concatenated row preference vectors

∂P ⊆ E Boundary of P: set of edges connecting nodes from different clusters

cG(C) Minimum topological centrality index of a node of C,

restricted to the graph having nodes C
w(∂P) Total weight of ∂P , i.e., sum of weights of edges in P
∥·∥ Euclidean norm for vectors, largest singular value for matrices

∥·∥A Semi-norm defined by PSD matrix A: ∥x∥2
A := x⊤Ax

∥·∥F Matrix Frobenius norm

∥·∥p,q q-norm of the vector with coordinates equal to the p-norm of rows

∥·∥I , I ⊆ E Total variation norm of a signal over edges of I

A† Moore-Penrose pseudo-inverse of matrix A

vec Vectorization operator, concatenating columns vertically

⊗ Kronecker product

1C ∈ R
|V| Vector with elements equal to 1 at coordinates corresponding to

vertices in C, and 0 elsewhere

JC ∈ R
|V|×|V| Equal to

1C1⊤
C

|C|
QC ∈ R

|V|×|V| Equal to B
†
C
BC

QI ∈ R
|V|×|V|, I ⊆ E Equal to B

†
I BI

ek Elementary vector of dimension depending on the context

σ Subgaussianity constant/variance proxy

Table C.1: Notation table (parameters independent of time t).
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Notation Meaning

Tm(t) Set of time steps user m has been encountered before time t

θ̂θθ m ∈ R
d Estimated preference vector of user/bandit m

εεεm ∈ R
d Estimation error for user/bandit m: θ̂θθ m−θθθ m

E ∈ R
|V|×d Vertical concatenation of row vectors εεεm

ηηηm ∈ R
|Tm(t)| Vector of subgaussian noise for user m

x(t) ∈ R
d Context vector received at time t

m(t) ∈ N User at time t

Xm ∈ R
|Tm(t)|×d Data matrix of user m

X ∈ R
t×d Data matrix of context vectors of all users

Am ∈ R
d×d X⊤mXm (potentially associated to time t)

AV ∈ R
d|V|×d|V| diag(A1, · · · ,Am)

K ∈ R
|V|×d Matrix of vertically concatenated row vectors ηηη⊤mXm

Table C.2: Notation table (parameters dependent on time t).

152



Appendix D

Additional Material for Chapter 6

D.1 Proof of Lemma 2

Here we first present an auxiliary lemma in the following.

Lemma 12. Let A,B be a Hermitian matrix in R
d×d and suppose A,B≻ 0, then A⪰ B if

and only if B−1 ⪰ A−1 [69].

The proof of Lemma 2 is as follows.

Proof. Let Ht denote the history by the end of time step t hence {Ht}∞
t=0 is a filtration.

Note that p̂t is Ht−1-adaptive and St is also Ht−1-adaptive[157]. For t ∈ {1,2, . . . ,T}
and e = (u,v) ∈ Ēt , define

ηt(e) = yt(e)−θθθ T xxxe− cu,t .

Note that ηt(e) isHt−1-adaptive. Besides, it satisfies
∥
∥ηt(e)

∥
∥≤ 1 and E[ηt(e)|Ht−1] = 0

[157], hence they are conditionally sub-Gaussian with constant R = 1 [164]. We further

define

VVV t = σ2MMMt = σ2III +
t

∑
τ=1

∑
e∈Ẽτ

ωe,τxxxexxxT
e

SSSt =
t

∑
τ=1

∑
e∈Ẽτ

ωe,τxxxeητ(e)

= bbbt−σ2(MMMt− I)θθθ −
t

∑
τ=1

∑
e∈Ẽτ

ωe,txxxecu,t .
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Thus we have

θ̂θθ t−θθθ = MMM−1
t (σ−2SSSt +σ−2

t

∑
τ=1

∑
e∈Ẽτ

ωe,τxxxecu,τ −θθθ).

It implies

|xxxT
e (θ̂θθ t−1−θθθ)| ≤ |xxxeMMM−1

t−1θθθ |+σ−2|xxxeMMM−1
t−1SSSt−1|+σ−2|xxxeMMM−1

t−1

t

∑
τ=1

∑
e∈Ẽτ

ωe,τxxxecu,τ |

≤∥xxxe∥MMM−1
t−1

(∥θθθ∥2 +σ−2∥SSSt−1∥MMM−1
t−1

︸ ︷︷ ︸

stochastic error

+σ−2

∥
∥
∥
∥
∥
∥

t−1

∑
τ=1

∑
e∈Ẽτ

ωe,τxxxecu,τ

∥
∥
∥
∥
∥
∥

MMM−1
t−1

︸ ︷︷ ︸

corruption error

),

(D.1)

where Equation (D.1) is based on Cauchy-Schwarz inequality and matrix operator in-

equality.

The stochastic error can be bounded by the concentration Lemma J.2 in [2]: According

to the Appendix I.1 in [67], we introduce the auxiliary vectors x̃xxe,t =
√

ωe,txxxe and η̃t(e) =√
ωe,tηt(e). Then, it holds

∥
∥x̃xxe,t

∥
∥

2
≤ 1, η̃t(e) is R-sub Gaussian,R≤ 1. (D.2)

With this notation, with probability at least 1−δ , it holds

σ−2∥SSSt−1∥MMM−1
t−1

= σ−2

∥
∥
∥
∥
∥
∥

t

∑
τ=1

∑
e∈Ẽτ

ωe,τxxxeητ(e)

∥
∥
∥
∥
∥
∥

MMM−1
t−1

= σ−2

∥
∥
∥
∥
∥
∥

t−1

∑
τ=1

∑
e∈Ẽτ

x̃xxe,τ η̃τ(e)

∥
∥
∥
∥
∥
∥

MMM−1
t−1

≤ σ−2

√

2log(
det(MMMt−1)1/2 det(MMM0)−1/2

δ
),

where the last inequality is based on the Lemma J.2 and Theorem 1 in [2]. It is satis-

fied with probability at least 1− δ with δ ∈ (0,1). Notice that det(MMM0) = det(I) = 1.

Moreover, from the trace-determinant inequality, we have

det(MMMt−1)
1/d ≤ Tr(MMMt−1)

d
= 1+

1

d

t−1

∑
τ=1

∑
e∈Ẽτ

x̃xxe,τ x̃xxT
e,τ ≤ 1+

(t−1)E∗

d
,
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where the last inequality follows from the assumption that
∥
∥x̃xxe,t

∥
∥

2
≤ 1 and |Ẽt | ≤ E∗.

Thus, with probability at least 1−δ , the stochastic error can be bounded by

σ−2∥SSSt−1∥MMM−1
t−1
≤ σ−2

√

d log(1+
tE∗

d
)+2log(

1

δ
).

The corruption error can be bounded by

σ−2

∥
∥
∥
∥
∥
∥

t−1

∑
τ=1

∑
e∈Ẽτ

ωe,τxxxecu,τ

∥
∥
∥
∥
∥
∥

MMMt−1

≤ σ−2
t−1

∑
τ=1

∑
e∈Ẽτ

∥
∥
∥MMM
−1/2
t−1 ωe,τxxxecu,τ

∥
∥
∥

2

= σ−2
t−1

∑
τ=1

∑
e∈Ẽτ

|cu,τ |×ωe,τ

∥
∥
∥MMM
−1/2
t−1 xxxe

∥
∥
∥

2

≤ σ−2
t−1

∑
τ=1

∑
e∈Ẽτ

|cu,τ |λ ≤ σ−2λEcC,

where the first inequality holds due to the inequality that ∥a+b∥2 ≤∥a∥+∥b∥. The

second one holds due to the definition of ωe,t . By the assumption ∥θθθ∥ ≤ Θ, and after

substituting the results, we arrive at

|xxxT
e (θ̂θθ t−1−θθθ)|

≤∥xxxe∥MMM−1
t−1

(σ−2

√

d log(1+
E∗T

d
)+2log(

1

δ
)+σ−2λEcC+Θ) (D.3)

D.2 Proof of Theorem 6

Proof. The scaled regret at time t is R
αγ
t = fD,PPP(Sopt)− 1

αγ fD,PPP(St). Using the naive

bound R
αγ
t ≤ n−K, the scaled cumulative regret can be decomposed into

Rαγ(T ) =
T

∑
t=1

P(ξt−1)E

{

[ fD,PPP(Sopt)− 1

αγ
fD,PPP(St)]

∣
∣
∣ξt−1

}

+
T

∑
t=1

P(ξ̄t−1)E

{

[ fD,PPP(Sopt)− 1

αγ
fD,PPP(St)]

∣
∣
∣ξ̄t−1

}
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≤
T

∑
t=1

E

{

[ fD,PPP(Sopt)− 1

αγ
fD,PPP(St)]

∣
∣
∣ξt−1

}

+
T

∑
t=1

P(ξ̄t−1)(n−K).

Select δ = 1
nT

, then with probability at least 1− 1
nT

, the good event

ξt−1 =

{

|xxxT
e (θ̂θθ τ−1−θθθ)| ≤ β

√

xxxT
e MMM−1

τ−1xxxe,∀e ∈ E ,∀τ ≤ t

}

happens ∀t ∈ {1,2, . . . ,T} with

β = σ−2

√

d log(1+
E∗T

d
)+2log(nT )+σ−2λEcC+Θ

with ∀t ∈ [T ].

Besides, the ORACLE indicates that fD,P̂PPt
(St)≥ γ maxS∈V fD,P̂PPt

(S) with probability

at least α . Thus, E[ fD,P̂PPt
(St)] ≥ αγE[maxS∈V fD,P̂PPt

(S)]. Under the good event ξt−1,

we have p(e) ≤ p̂τ−1(e), ∀e ∈ E , ∀τ ≤ t. Thus, based on the monotonicity of f in

the probability weight, we have E[ fD,PPP(Sopt)] ≤ E[ fD,P̂PPt−1
(Sopt)]. Combining all the

previous inequalities, we can obtain [164, 157]

E[ fD,PPP(Sopt)]≤ E[ fD,P̂PPt−1
(Sopt)]≤ E[ max

S:|S|=K
fD,P̂PPt−1

(S)]≤ 1

αγ
E[ fD,P̂PPt−1

(St)]. (D.4)

Therefore, under the good event ξt−1, ∀t ∈ {1, . . . ,T} and according to the 1-Norm

bounded smoothness condition, we have

T

∑
t=1

[

fD,PPP(Sopt)− 1

αγ
fD,PPP(St)

]

≤
T

∑
t=1

[
1

αγ
fD,P̂PPt−1

(St)−
1

αγ
fD,PPP(St)

]

≤ B

αγ

T

∑
t=1

∑
e∈Ẽt

|p̂e,t−1− pe|

=
B

αγ

T

∑
t=1

∑
e∈Ẽt

|xxxT
e (θ̂θθ t−1−θθθ)+β∥xxxe∥MMM−1

t−1
|

≤ 2Bβ

αγ

T

∑
t=1

∑
e∈Ẽt

√

xxxT
e MMM−1

t−1xxxe,

=
2Bβ

αγ

[

∑
t:ωe,t=1

∑
e∈Ẽt

√

xxxT
e MMM−1

t−1xxxe

︸ ︷︷ ︸

I1

+ ∑
t:ωe,t<1

∑
e∈Ẽt

√

xxxT
e MMM−1

t−1xxxe

︸ ︷︷ ︸

I2

]

(D.5)
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where Ẽt refers to the set of observed edges at time step t.

Definition 6. For any time step t and any directed edge e ∈ E , we define the event

Ot(e) = {edge e is observed at round t}. (D.6)

Based on the Definition 6, we have

∑
e∈Ẽt

√

xxxT
e MMM−1

t−1xxxe = ∑
e∈E

1(Ot(e))
√

xxxT
e MMM−1

t−1xxxe. (D.7)

For the term I1 defined in Equation (D.5), we consider for all rounds t ∈ [T ], there ex-

ists e ∈ Ẽt with ωe,t = 1 and we assume these rounds can be listed as {t1, t2, . . . , tq} for

simplicity. With this notation, for each i ≤ q, we can construct the auxiliary covariance

matrix AAAi = III + 1
σ2 ∑

i
j=1 ∑e∈E 1(Ot j

(e))ωe,t j
xxxexxxT

e [164]. According to the definition of

matrix MMMt , we have

MMMti ⪰ III +
1

σ2

i

∑
j=1

∑
e∈E

1(Ot j
(e))ωe,t j

xxxexxxT
e = AAAu,i. (D.8)

According to Lemma 12, we have

xxxT
e MMM−1

ti
xxxe ≤ xxxT

e AAA−1
i xe (D.9)

Therefore, the term I1 defined in Equation (D.5) is bounded as shown in the following

lemma.

Lemma 13. For time step t = 1, . . . ,T , and I1 as defined in Equation (D.5), we have

I1 ≤

√
√
√
√

T dE∗ log(1+ T E∗
dσ2 )

log(1+ 12

σ2 )
(D.10)

Proof. Define ze,i =
√

xxxT
e AAA−1

i−1xxxe, and we have

AAAi = AAAi−1 +
1

σ2 ∑
e∈E

1(Oti(e))xxxexxxT
e . (D.11)

For all i ∈ {1,2, . . . ,q}, e ∈ Ẽti (e is observed at time step ti), we have that

det(AAAi)≥ det(AAAi−1 +
1

σ2
xxxexxxT

e )
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= det

[

AAA
1
2

i−1

(

III +
1

σ
AAA
− 1

2

i−1xxxexxxT
e

1

σ
AAA
− 1

2

i−1

)

AAA
1
2

i−1

]

= det(AAAi−1)

(

1+
1

σ2
xxxeAAA−1

i−1xxxT
e

)

= det(AAAu,i−1)

(

1+
z2

e,i

σ2

)

. (D.12)

Hence, we have

det(AAAi)
|Ẽti
| ≥ det(AAAi−1)

|Ẽti
|
∏

e∈Ẽti

(

1+
z2

e,i

σ2

)

.

Denote E∗ as defined in Definition 4, it is easy to obtain |Ẽti | ≤ E∗, ∀i ∈ {1,2, . . . ,q}
and we have

det(AAAtq)
E∗ ≥ det(AAA0)

E∗
q

∏
i=1

∏
e∈Ẽti

(

1+
z2

e,i

σ2

)

.

AAAu,0 = III, ∀u ∈ V . Besides, based on the algorithm, we have

Tr(AAAtq) = Tr(III +
1

σ2

q

∑
i=1

∑
e∈Ẽti

xxxexxxT
e ) = d +

1

σ2

q

∑
i=1

∑
e∈Ẽti

∥xxxe∥2 ≤ d +
T E∗

σ2
, (D.13)

the last inequality is based on the bound of ∥xe∥ ≤ 1, ∀e ∈ E and tq ≤ T . According to

the trace-determinant inequality, we have 1
d

Tr(Atq)≥ [det(Atq)]
1
d , thus we have [164]

(

1+
T E∗L2

dσ2

)dE∗

≥
[

1

d
Tr(AAAtq)

]dE∗

≥ [det(AAAtq)]
E∗ ≥

q

∏
i=1

∏
e∈Ẽti−1

(

1+
z2

e,i

σ2

)

. (D.14)

Take the logarithm on the both sides, we have

dE∗ log(1+
T E∗L2

dσ2
)≥

q

∑
i=1

∑
e∈Ẽti

log

(

1+
z2

e,i

σ2

)

, (D.15)

where z2
e,i = xxxT

e AAA−1
i−1xxxe ≤ xxxT

e AAA−1
u,0xxxe = ∥xe∥2 ≤ 1. And it is easy to prove that for any

y ∈ [0,1], we have y≤ log(1+ y

σ2 )

log(1+ 1

σ2 )
. Thus, we have z2

e,i ≤
log(1+

z2
e,i

σ2 )

log(1+ 1

σ2 )
.
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And then, it is satisfied that

q

∑
i=1

∑
e∈Ẽti

z2
e,i ≤

1

log(1+ 1
σ2 )

q

∑
i=1

∑
e∈Ẽti

log(1+
z2

e,i

σ2
)≤

dE∗ log(1+ T E∗L2

dσ2 )

log(1+ 1
σ2 )

. (D.16)

Finally, with Cauchy-Schwarz inequality, we can obtain

I1 = ∑
t:ωe,t=1

∑
e∈E

1(Ot(e))
√

xxxT
e MMM−1

t−1xxxe

≤
q

∑
i=1

∑
e∈E

1(Oti(e))
√

xxxT
e MMM−1

ti−1
xxxe

≤
q

∑
i=1

∑
e∈E

1(Oti(e))
√

xxxT
e AAA−1

i−1xxxe

=
q

∑
i=1

∑
e∈Ẽti−1

ze,i ≤
√
√
√
√qE∗

[ q

∑
i=1

∑
e∈Ẽti

z2
e,i

]

≤ E∗

√
√
√
√

T d log(1+ T E∗L2

dσ2 )

log(1+ 12

σ2 )
. (D.17)

That completes the proof of Lemma 13.

For the second term I2 defined in Equation (D.5), according to the definition for weight

ωe,t < 1, we have ωe,t =
λ

√

xxxT
e MMM−1

t−1xxxe

, which implies that

I2 = ∑
t:ωe,t<1

∑
e∈Ẽt

√

xxxT
e MMM−1

t−1xxxe = ∑
t:ωe,t<1

∑
e∈Ẽt

ωe,txxx
T
e MMM−1

t−1xxxe/λ ,

where the second equation holds due to the definition of ωe,t . Now, we assume the

rounds with weight ωe,t < 1 can be listed as {τ1, . . . ,τk}. And we introduce the vector

x̃xxe,i =
√

ωe,τi
xxxe if at time step τi, edge e is observable and matrix M̃MMi as

M̃MMi = III +
1

σ2

i

∑
j=1

ωe,τ j
xxxexxxT

e = I +
i

∑
j=1

x̃xxe,ix̃xx
T
e,i. (D.18)

According to Lemma 12, we also have (M̃MMi)
−1⪰MMM−1

τi
. Therefore, for each i∈ {1, . . . ,k},

we have

xxxT
e (M̃MMi)

−1xxxT
e ≥ xxxT

e MMM−1
τi

xxxT
e . (D.19)
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Follow the same process in the proof of Lemma 13, define z̃e,i =
√

x̃xxT
e,i(M̃MMi−1)−1x̃xxe,i and

we have

M̃MMi = M̃MMi−1 +
1

σ2 ∑
e∈E

1(Oτi
(e))x̃xxe,ix̃xx

T
e,i (D.20)

Similarly, for all e ∈ Ẽτi
and i ∈ {1,2, . . . ,k}, we can easily obtain

det(M̃MMi)≥ det(M̃MMi−1)(1+
(z̃e,i)

2

σ2
), (D.21)

and

det(M̃MMi)
|Ẽτi
| ≥ det(M̃MMi−1)

|Ẽτi
|

∏
e∈Ẽτi−1

(

1+
(z̃e,i−1)

2

σ2

)

.

Follow the same process in Lemma 13, it is satisfied that

k

∑
i=1

∑
e∈Ẽτi

(z̃e,i)
2 ≤ 1

log(1+ 1
σ2 )

k

∑
i=1

∑
e∈Ẽτi

log(1+
(z̃e,i)

2

σ2
)≤

dE∗ log(1+ T E∗
dσ2 )

log(1+ 1
σ2 )

. (D.22)

And then

I2 = ∑
t:ωe,t<1

∑
e∈E

1(Ot(e))
√

xxxT
e MMM−1

t−1xxxe

= ∑
t:ωe,t<1

∑
e∈E

1(Ot(e))ωe,txxx
T
e MMM−1

t−1xxxe/λ

≤
k

∑
i=1

∑
e∈E

1(Oτi
(e))ωe,τi

xxxT
e M−1

τi−1
xxxe/λ

≤
k

∑
i=1

∑
e∈E

1(Oτi
(e))ωe,τi

xxxT
e (M̃MMi−1)

−1xxxe/λ

=
k

∑
i=1

∑
e∈E

1(Oτi
(e))x̃xxT

e,iM̃MM
−1
i−1x̃xxe,i/λ

=
k

∑
i=1

∑
e∈Ẽτi

z̃2
e,i

λ
≤

dE∗ log(1+ T E∗
dσ2 )

λ log(1+ 1
σ2 )

(D.23)
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Therefore, combine with the bound of I1 in Lemma 13, we can obtain

T

∑
t=1

E

{

[ fD,PPP(Sopt)− 1

αγ
fD,PPP(St)]

∣
∣
∣ξt−1

}

≤ 2Bβ

αγ

(

E∗

√
√
√
√

T d log(1+ T E∗
dσ2 )

log(1+ 12

σ2 )
+

dE∗ log(1+ T E∗
dσ2 )

λ log(1+ 1
σ2 )

)

.

Select λ =
√

d
EcC

, the αγ-scaled regret is upper bounded

Rαγ(T )≤
T

∑
t=1

E

{

[ fD,PPP(Sopt)− 1

αγ
fD,PPP(St)]

∣
∣
∣ξt−1

}

+
T

∑
t=1

P(ξ̄t−1)(n−K)

≤ O(dBE∗
√

T log(nT )+BE∗EcCd log(nT )) (D.24)
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Abbreviations

Symbol Description

MAB Multi-Armed Bandit

CSB Combinatorial Semi-Bandit

UCB Upper Confidence Bound

ML Machine Learning

IM Influence Maximization

OIM Online Influence Maximization

MLB Multi-task contextual Linear Bandit

GLR Generalized Likelihood Ratio

CUSUM Cumulative Sum

SEM Structural Equation Models

CT S Combinatorial Thompson Sampling

DAG Directed Acyclic Graph

MSE Mean Squared Error

RE Restricted Eigenvalue

OSQP Operator Splitting Quadratic Program

DTV Directed Total Variation

CMAB Combinatorial Multi-Armed Bandit

PSD Positive Semi-Definite

LT Linear Threshold

IC Independent Cascade

ICSB Independent Cascade Semi-Bandit
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