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Abstract

Hybrid quantum systems play an essential role in efforts towards the advancements
of quantum information technology and quantum sensing by bridging distinct
technological platforms. In particular, hybrid systems comprising superconducting
microwave circuits are being pursued intensely in light of existing achievements in
superconducting qubits and precise quantum control in microwave circuits. Their
realization relies on the design of superconducting resonators capable of coupling
to an oscillatory mode of a second quantum system, facilitating the probing and
manipulation of one via the other. In order to accommodate the coupled system,
its particular constraints and requirements must be respected, which may be quite
extreme from the perspective of established superconducting circuit design and
operation. Overcoming this challenge has proved to be a substantial obstacle for
the attainment of strongly coupled hybrid systems, despite spectacular advances
in superconducting microwave circuits individually. In this work, we examine
two approaches tackling this issue for different hybrid quantum systems, focusing
on the optimization and characterization of the superconducting circuits. The
first device aims at a superconductor-atom hybrid system through the coupling
to Rydberg-Rydberg transitions in ultra-cold 8’Rb atoms trapped near the super-
conducting chip. Using simulations in conjunction with theoretical considerations,
we demonstrate a comprehensive geometry parameter optimization procedure
for maximum coupling rate. Presenting an experimental implementation of the
resulting circuit, we validate its suitability for use under the intended operation
conditions, including the option of tuning the electronic transition frequencies
using a dc voltage. Secondly, we investigate a device designed for applications in
large magnetic in-plane fields used to mediate coupling to integrated micromechan-
ical oscillators; more specifically it is a flux-tunable SQUID resonator comprising
Josephson nano-constrictions as nonlinear inductive components. Performing
a thorough characterization of its frequency and Kerr anharmonicity tuning be-
havior at fields up to several hundred mT, we discover a pronounced asymmetry
in its flux response at large fields. We show this asymmetry to be caused by the
nano-constrictions turning into Josephson diodes, develop an intuitive macroscopic
model for its field-induced emergence and reconstruct the diode current-phase
relation from the flux tuning data. Several figures of merit informing the suitability
of the SQUID resonators for optomechanical systems as well as other applications
are improved by the diode effect, highlighting the potential of Josephson diodes
in superconducting microwave circuits. Our results provide a promising stepping
stone for the advancement of hybrid systems involving superconducting microwave
circuits, putting new and exciting operation and coupling regimes within reach.



Abriss

Hybride Quantensysteme spielen als Bindeglied zwischen verschiedenen Techno-
logien eine zentrale Rolle in Quanteninformatik und -sensorik. Besonders Varianten
mit supraleitenden Mikrowellenschaltungen werden angesichts bestehender Er-
folge mit supraleitenden Qubits sowie praziser Manipulierbarkeit intensiv verfolgt.
Thre Umsetzung beruht auf der Entwicklung eines supraleitenden Resonators, der
an eine Schwingungsmode eines zweiten Quantensystems koppeln kann und so
die Untersuchung und Steuerung eines Systems durch das andere erméglicht. Hier-
fur miissen die speziellen Anforderungen und Einschrdnkungen des jeweiligen
gekoppelten Systems beriicksichtigt werden, die aus Sicht der etablierten Praxis fiir
Konzeption und Betrieb supraleitender Schaltungen durchaus extrem sein kénnen.
Dieser Umstand hat sich als beachtliches Hindernis fiir die Verwirklichung stark
gekoppelter hybrider Systeme erwiesen, obgleich mit supraleitenden Mikrowellen-
schaltungen allein spektakulédre Fortschritte erzielt wurden. In dieser Arbeit be-
trachten wir zwei Ansétze fiir verschiedene hybride Quantensysteme, diese Hiirde
zu iberwinden, wobei wir uns auf die Optimierung und Charakterisierung der su-
praleitenden Schaltungen konzentrieren. Der erste Resonator zielt auf die Kopplung
an Rydberg-Rydberg-Ubergiinge von nahe des Chips gefangenen kalten 8’Rb-Ato-
men. Mithilfe von Simulationen sowie theoretischen Erwdgungen optimieren wir
die Resonator-Abmessungen fiir moglichst hohe Kopplung, prisentieren eine expe-
rimentelle Umsetzung der resultierenden Struktur und bestétigen ihre Eignung fiir
die vorgesehenen Betriebsbedingungen, die eine Verstimmung der elektronischen
Uberginge durch das Anlegen von Gleichspannung einschliefen. Als Zweites unter-
suchen wir einen Chip fiir Anwendungen mit groen Magnetfeldern in der Leiter-
ebene, die eine Kopplung mit in die Schaltung integrierten mikromechanischen
Resonatoren erméglichen; genauer geht es um einen Fluss-verstimmbaren SQUID-
Resonator mit Josephson-Einschniirungskontakten als nichtlineare Induktivititen.
Indem wir die Frequenz- und Kerr-Nichtlinearitdts-Verstimmung in Feldern von bis
zu mehreren hundert mT charakterisieren, stellen wir eine deutliche Asymmetrie
im Fluss-Verhalten bei hohen Feldern fest. Als Ursache eruieren wir einen Joseph-
son-Dioden-Effekt in den Einschniirungs-Kontakten, entwickeln ein intuitives
makroskopisches Modell fiir sein feldabhéngiges Auftreten und ermitteln mit-
hilfe des Verstimmungsverhaltens der Dioden ihre Strom-Phasen-Beziehung. Der
Effekt verbessert mehrere Kenngroflen von SQUID-Resonatoren fiir Anwendungen
wie optomechanische Systeme, was das Potential von Dioden fiir supraleitende
Mikrowellenschaltungen unterstreicht. Unsere Ergebnisse stellen einen vielver-
sprechenden Ausgangspunkt fir die Weiterentwicklung hybrider Systeme dar und
riicken neue, aussichtsreiche Betriebs- und Kopplungsbereiche in greifbare Nahe.
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Introduction

Resonance is one of the most pervasive fundamental concepts in physics today. In
particular, the harmonically driven, linearly damped harmonic oscillator is a model
which is discussed in any introductory physics lecture and that finds application
in fields ranging from mechanical engineering to particle physics. The equation of
motion of the basic one-dimensional case can be written as

¥ + KX + wix = Agel@d, (1.1)

where x(t) is the oscillating quantity, k quantifies the damping, w, is the (angular)
resonance frequency, which is also its oscillation frequency in the absence of
damping and driving, and the right-hand side of the equation is some harmonic
driving excitation with amplitude A4 and frequency wy. (For real-valued quantities
we follow the established convention of interpreting only the real part of x as
physically relevant.) The well-known solution to this equation of motion takes the
form (except for the special case of the un-damped oscillator driven at resonance)

x(t) = X,el@dt + Xpelionr/2)t (1.2)

with the (complex) amplitudes X, of the stationary, forced oscillation and X; of a
freely decaying oscillation, whose frequency is given by w? = wZ — k?/4 and which
may or may not be present depending on the initial conditions. The stationary
amplitude is given by

Ag4
Xy(wq) = P

f, (1.3)
Wy — wg + iKag
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Figure 1.1: Stationary amplitude of the driven harmonic oscillator. We show both
a the magnitude of the stationary oscillation amplitude and b its phase relative to the
driving force as given by (1.3) for different quality factors Q = w,/x € {1,2,3,4,5,6,7, 8}
(light to dark). The driving frequency wy is normalized to the resonance frequency w, and
the stationary amplitude X; is normalized to the static displacement Ay/«g.

revealing the essence of resonant behavior: If the oscillator is only slightly damped
K < wy and is excited at frequencies close to wy, the resulting amplitude can grow
very large, much larger than the excitation amplitude might otherwise suggest.
At wg = wy, it is larger than the corresponding static displacement (wg = 0) by
the quality factor Q = wy/x. Somewhat surprisingly, the maximum amplitude
is reached not when driving at wy or w, but when a)ﬁ = wg — k%/2, though the
oscillator contains maximum energy at wq = @. For high-quality resonators Q > 1,
however, this is an insignificant distinction and thus it is usually neglected. Some
examples of the distinctive resonance curves representing the magnitude as well
as the phase of X;(wq) are shown in Figure 1.1.

While the ubiquitous applicability of this concept in the physical sciences may
surprise anyone not familiar with the subject matter, its significance for mechanical
systems seems obvious. Even in prehistoric times, it must have been known that,
for example, sitting on a branch, using small but well-timed movements, one may
induce great oscillations in the branch, possibly to the point where one can no
longer hold on to it or where the branch breaks from its tree. Given such an overt
presence in our natural environment as well as the apparent simplicity of the
equation of motion (1.1), one might expect resonance phenomena to belong to
the earliest ones explored in modern science and their theoretical description to
have been among the first ones tackled by the pioneers of calculus and by students
of physics ever since. However, the true history of the subject is much messier
and far more interesting [1]. Let us indulge ourselves by tracing this history and
appreciating our own place in it.

Though not the first [2], an influential early description of resonance was given
by Galilei in 1638 [3]. While the word resonance was born from acoustics — in the
sense that a musical instrument can be made to sound by playing a tone of matching
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pitch nearby —, and it should remain exclusive to this domain for another two and a
half centuries, Galilei recognized that the ringing of a heavy bell by a rope followed
the same principles. On the other hand, he asserted that a resonator would only
ever oscillate at its natural frequency no matter the driving force, an error that may
have contributed to the correct behavior being overlooked or forgotten for many
generations to come. One might expect Newton to have been the first one to write
down and solve the equation of motion (1.1), but he did not; instead, it was Euler
who undertook this a century after Galilei, albeit without the damping term [4].
He obtained the correct solutions, remarking on the two resulting oscillation
frequencies and discussing the special case of resonant driving, where, in the
absence of damping, the amplitude grows without limits. While Euler certainly
appreciated the mathematical advances made in the process, he completely failed
to recognize the physical significance of his result, deeming it a mere curiosity,
and no one else took notice of it either. Thus, the dynamics of forced oscillations
were completely forgotten, only to be independently re-discovered and overlooked
multiple times throughout the nineteenth century: By Young studying tides [5, 6],
by Seebeck studying acoustics [7] and again by Redtenbacher studying engines [8].
This last case is particularly peculiar, as Redtenbacher was not merely ignored but
actively refuted by his colleagues, who were arguing that the dangerous regime of
resonant engine speeds he predicted could not possibly exist [9], a confusion that
was partly born from the absence of damping in Redtenbacher’s treatment of the
matter, though both Young and Seebeck had included it.

Only during the second half of the century did the phenomenon of forced me-
chanical oscillations begin to find notable appreciation among physicists. In 1863
Helmholtz included the relevant theory in a textbook on acoustics [10] — without
citing any previous authors — and this, at last, was not completely disregarded.
Rayleigh notes Helmholtz’ results in his own 1877 acoustics textbook [11] and
remarks on their relevance for applications outside of acoustics. While the slow
recognition of the significance of mechanical resonance in physics was thus finally
underway, the disciplines that could have most obviously benefited from the asso-
ciated insights, namely structural and mechanical engineering, remained reluctant
to adopt them; despite various disasters like bridges collapsing under the stress of
resonant excitation all throughout the nineteenth century. Even after the turn of
the century, multiple authors were lamenting the lack of consideration of resonance
in technical applications and working on remedying this state [12, 13], and it should
take the better part of the new century until this task was completed [1].

A notable contrast to this slow recognition of the significance of mechanical
resonance — and possibly an important factor in resolving that deficit — is the
much shorter history of electromagnetic resonance. It was first observed in 1853 by
Thomson (the later Lord Kelvin) in the discharge of a capacitor through an inductive
wire [14]; what we would now call an LC resonator. Shortly after Oberbeck pointed
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out the parallel to mechanical resonance in 1885 [15], Hertz was able to use the
phenomenon to create and detect electromagnetic waves [16], an accomplishment
that should quickly facilitate a revolution in communications technology.

Given this historical backdrop, it was maybe in the spirit of the times that,
when Planck attempted to develop a model explaining the spectrum of black body
radiation at the end of the nineteenth century, he employed a collection of harmonic
oscillators to do so, prompting him to introduce his famous constant and to thus
usher in the era of quantum physics [17, 18]. In subsequent years, this approach was
successfully applied to multiple other problems, e.g. in explaining the photoelectric
effect [19] and the temperature-dependence of specific heat in a solid [20], and
when the first theory of quantum mechanics emerged in 1925, it too did so in the
form of an infinite series of harmonic oscillators [21, 22]. By now, the harmonic
oscillator was firmly established as a model system for quantum mechanical energy
transfer and thus it was not long before it was applied to radiation in the so-called
second quantization [23, 24], a development that also gave us the creation and
annihilation operator formalism that is most conveniently used to describe the
quantum harmonic oscillator to this day.

Charmingly, the substantial role oscillations in electrical circuits and their techni-
cal applicability had played in the development of the subject of classical resonance
should be echoed by their significance for the field of quantum oscillations a cen-
tury later; as attested by the most recent Nobel Prize in Physics [25]. The key to
this potential for the field is the fact that, despite its macroscopic dimensions, a
superconducting LC circuit behaves like a quantum harmonic oscillator, i.e. like a
quantum mechanical single particle system. Unlike the microscopic world of atoms
and elementary particles this description is normally applied to, the properties of
circuits and the interactions between them can be specially designed and controlled
for the intended application. For example, including nonlinear elements into an
LC circuit can modify its eigenenergy structure from the equidistant states charac-
terizing the harmonic oscillator to one with varying transition energies, resembling
the energy spectrum of electronic orbitals in atoms, which is why those circuits are
sometimes called artificial atoms. Furthermore, when the lower-most transition is
sufficiently detuned from higher ones, the corresponding states can be operated
as an effective two-level system, implementing a superconducting qubit. As these
simple examples illustrate, superconducting resonant circuits offer a plethora of
possibilities to investigate and exploit quantum effects like light-matter interaction
or quantum information processing, and the associated field of circuit quantum
electrodynamics (QED) is presently a rich and active area of research [26].

Of particular interest within this maturing field are so-called hybrid quantum
systems, where two or more different kinds of quantum oscillators are coupled to
each other [27-29]. The superconducting circuits may be made to interact with
quantum systems such as trapped atoms, electronic and nuclear spins, optical cavi-
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ties and mechanical resonators. Besides a fundamental desire to investigate and
advance our understanding of quantum mechanical coupling, a core motivation
for tackling the challenging task of combining such distinct physical systems is
the desire to evade the disadvantages of one system by combining it with another
that exhibits complementary strengths; this is especially intriguing for quantum
computing applications, where large coherence times, fast and controllable interac-
tions as well as scalability are all desired features of a qubit but can usually not be
simultaneously realized within a single physical implementation. Another promi-
nent goal is to experimentally access and control a system which cannot easily be
manipulated directly via a coupled oscillator for which a mature, comprehensive
interface is available; as is the case for superconducting microwave resonators.

In addition to direct, coherent energy transfer between the resonators, where
one oscillator drives the other analogously to (1.1), the coupling can be specially
engineered in order to achieve a number of distinct behaviors, e.g. by introducing
nonlinear elements. One important variation is the so-called parametric coupling,
where one oscillator modifies some parameter characterizing the other, rather than
directly driving its excitation amplitude. This approach facilitates the coupling of
resonators with vastly different resonance frequencies by inputting an additional
strong pump tone at a frequency matching the difference (or sum) between them,
enabling the transduction of a quantum state from a low-frequency to a high-
frequency system and vice versa. Most commonly, this is realized using so-called
dispersive coupling, where the displacement of the low-frequency resonator from its
equilibrium state changes the resonance frequency of the high-frequency resonator.
More recently, though, so-called dissipative coupling, where the low-frequency
displacement instead changes the decay rate of the high-frequency resonator,
has begun to be experimentally investigated in circuit QED, too [30]. As with
many other experiments, these effects were first realized in the related field of
cavity QED [31, 32], working with atoms and lasers rather than superconducting
circuits and microwave signals, before being pursued anew in circuit QED, taking
advantage of its greater flexibility and control regarding system parameters. It
was within this pioneering field of cavity QED that detection and manipulation of
single quanta was first achieved, an accomplishment that earned the Nobel Prize
in Physics 2012 [33, 34], and that optomechanical coupling was first investigated,
typically working with a Fabry-Perot-type optical cavity consisting of two mirrors
that couples to the movement of one of the mirrors.

Besides the implementation of a suitable coupling interface between the distinct
quantum systems, a particular challenge with regard to their realization comes
from the boundary conditions associated with their fabrication and experimental
operation. Often, these individual demands cannot be simultaneously satisfied
without compromise and finding an appropriate solution requires exploring novel
and unusual approaches and designs. In this work, we shall examine two instances
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of such exploration, in each case describing a superconducting microwave resonator
that was designed with the extreme conditions associated with a particular hybrid
system in mind, and testing and characterizing it in those conditions; the coupling
itself is left to future investigations. By extreme conditions here we are referring
to environments that are onerous and demanding from the perspective of the
resonator design. To illustrate this perspective, let us recapitulate the principles and
conventions usually followed in order to achieve a high-quality superconducting
microwave resonator.

Most obviously, low temperatures are required for the superconducting state to
form, necessitating more or less sophisticated cooling technology depending on
the materials used; the critical temperatures T, for Al and Nb, two superconductors
typically employed in circuit QED devices, are 1.18 K and 9.25 K, respectively [35].
However, whenever ground state operation of a resonator is desired - as is always
the case for qubit operation —, the temperature has to be lowered sufficiently to
suppress thermal excitation of the resonator. In order to reach the mK temperatures
necessary for ground-state operation of a microwave resonator (for reference,
h-10 GHz = kg - 480 mK with Planck’s constant & and Boltzmann’s constant kg), a
dilution refrigerator is needed. In this case, the critical temperature of the chosen
material is not as relevant, though a device that is also operational in a simpler
setup at higher temperatures might still be advantageous for testing during the
development phase.

Another factor that may disrupt the superconducting state is the magnetic field
the sample is exposed to, which will decrease the Cooper pair density, increase
quasiparticle losses (as well as kinetic inductance) and induce Shubnikov vortices
detrimental to microwave measurements even at field values well below the critical
field* B.. General, concrete values for B, as a hard limit are difficult to give for
thin films, as the critical field is dependent on the field direction as well as on the
film thickness. For a typical Al film of ~100 nm thickness the in-plane critical field
is larger than the bulk value by a factor ~10 [36, 37], but with a zero-temperature
bulk value of ~10 mT [35] this still only results in values of around (10 - 100) mT
at measurement conditions. When magnetic fields are not required for operation,
this restriction can be addressed relatively easily by shielding the sample from
external magnetic fields. On the other hand, when large fields are needed in the
targeted hybrid system, one can alleviate its impact by choosing a more tolerant
material; Nb has a critical field exceeding that of Al by a factor of 20 [35].

*As attested by the presence of vortices, these thin films are normally Type II superconductors (even
if the bulk material is Type I), so two critical fields B.; and B, exist, with superconductivity ceasing
only at the larger value B.,. Further complicating matters, field-focusing effects can cause vortices to
enter the film at applied (average) fields far below even B, depending on the device geometry. For the
present, cursory discussion, however, we allow ourselves to glance past these complications.



1 Introduction 7

One more aspect to consider in the pursuit of high-quality superconducting
microwave circuits regards the coupling of a resonator to its environment, or
rather the prevention of this interaction. Apart from a well-defined coupling to
the input-output lines, any transfer of energy between the sample circuits and the
environment is usually undesired and appears as a loss and noise channel in the
experiment, with losses being the dominant consideration in the already necessary
cryogenic environment. Some loss channels, like dielectric losses in the substrate,
cannot be completely eliminated, though the choice of appropriate materials can
greatly reduce them. The possibility of electromagnetic radiation into free space,
however, is suppressed in an effective manner by enclosing the circuit in a small
conductive box. The key is to choose the dimensions of the box sufficiently small
for all its electromagnetic oscillation modes to be at frequencies far from the circuit
resonance frequency, making radiation into the box cavity impossible.

Besides these points there exist a multitude of considerations regarding design
and fabrication that apply to simple circuit-QED devices as well as to complex
ones, where some trade-off between simplicity and enhanced functionality has to
be contemplated. While the available options may be restricted by the intended
use in a hybrid system, these aspects will greatly depend on the particulars of the
specific circuit, so they need to be discussed on an individual basis. As the targeted
hybrid systems of the resonators treated in this work are quite distinct, we shall
postpone a detailed description of their design and fabrication as well as a more
complete introduction to the corresponding chapters, only providing a concise
overview here.

In Chapter 3 we examine a resonator intended for hybrid systems with optically
trapped Rydberg atoms. Electronic states in cold atoms can be used as qubits with
coherence times several orders of magnitudes larger than those of superconduct-
ing qubits, while the latter are superior in speed and scalability [27]. A natural
combination of the two technologies is thus to use superconducting qubits for
processing and trapped atoms as quantum memory; Rydberg atoms with their
large electric transition dipole moments are ideal for the necessary coupling to a
microwave resonator” Besides the storage of quantum information, its transmission
to a remote location is an additional challenge associated with superconducting
qubits, as the microwave frequencies they operate at are not suitable for communi-
cation over long distances. Signals at the aptly named telecom wavelengths in the
optical regime are much better suited for this task and so transduction of quantum
information between the two regimes is being actively researched, with several
approaches involving Rydberg atoms having been demonstrated [38-40].

*The long-lived electronic states desirable as quantum memory reside in the hyperfine ground state
manifold, not in the Rydberg manifold. Luckily, transferring states between the two manifolds is less
challenging than the resonator coupling, for which Rydberg states are a major asset [38].
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For either application, cold atoms need to be trapped in close vicinity to a
superconducting resonator in order to facilitate coupling between the two systems.
Besides requiring an ultra-high vacuum environment with means to prepare and
cool a suitable cloud of atoms, the resonator itself needs to expose an interaction
region where the coupling can take place. In particular, this means that it cannot
be housed in a tight metal housing as usual, but needs to provide access both for
the atoms to approach and for laser beams used to manipulate and probe those
atoms. The coupling scheme chosen for our experiment relies on optically trapped
Rydberg atoms, taking advantage of their extremely large electric transition dipole
moments to facilitate large coupling rates. Thus, the interaction region must be one
where oscillations in the resonator create large electric field strengths that should
at the same time be as homogeneous as possible so that all atoms in the cloud
experience the same field and thus the same coupling. Naturally, for a thin-film
resonator, the fields are strongest close to the chip surface, but the atoms cannot be
moved arbitrarily close to it, as the focused laser beam trapping them would then
strike substrate and film, with detrimental consequences for the superconducting
state. A final challenge is to match the resonator frequency to a suitable Rydberg
transition such that the two systems become resonant and can exchange energy, a
point that is conveniently addressed by designing the resonator with the option of
applying an electric dc field to the interaction region that can be used to tune the
Rydberg transitions into resonance exploiting their Stark shift.

Using numerical simulations both for the Rydberg transitions and for the field
distribution in the vicinity of a resonator geometry designed to provide the nec-
essary access as well as the possibility of applying a dc voltage to its capacitance,
we develop a device capable of realizing coupling rates approaching the strong
coupling regime. We characterize its microwave properties in a setup suited for
the envisioned hybrid experiment and discuss limitations as well as possible im-
provements of the design, paving the way for the achievement of strong coupling
in superconductor-atom hybrid systems.

Following this, in Chapter 4, we discuss a different resonator design, one com-
prising magnetically induced Josephson nano-diodes, that is intended for use in
large magnetic in-plane fields. The Josephson junctions form a superconducting
quantum interference device (SQUID) that acts as a flux-tunable inductance form-
ing part of the LC resonator, thus allowing its resonance frequency to be tuned.
Both the SQUID and the large magnetic fields are required for an envisioned hybrid
system where a micromechanical oscillator is coupled to the microwave resonator
via its displacement modulating the flux coupled into the SQUID, known as an op-
tomechanical interaction. Similar systems have been realized before [41], but have
thus far been limited by their use of Al as superconductor, prohibiting the applica-
tion of strong magnetic fields. In an effort to push this boundary, we investigate
the use of Nb as resonator material, with a particular focus on the field-response
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of nano-constriction Josephson junctions milled into the superconducting film
using a focused neon-ion-beam (Ne-FIB). As before, we leave the implementation
of the full hybrid system to future efforts, focusing only on the performance of the
microwave resonator.

Surprisingly, we find that the magnetic field induces an asymmetry in the flux
tuning behavior of the resonator, that is, the field turns the nano-constrictions into
Josephson diodes. Superconducting diodes have recently generated wide-spread in-
terest, as they promise exciting possibilities in several fields not necessarily related
to hybrid systems [42]. The prospect of compact Josephson-diodes for operation
in large magnetic fields is thus an exciting development in and of itself. Here,
their presence in a SQUID resonator provides us with the capability to probe their
current-phase relation (CPR) [43], rather than just measuring their critical current
as is common in dc experiments. Given this possibility, we are able to develop a
macroscopic Josephson diode model explaining the field-induced emergence of the
observed asymmetry, reconstructing the field-dependent diode CPR.

We characterize several such SQIUD resonators in magnetic in-plane fields of
up to 300 mT, analyzing their flux-tuning behavior and extracting their CPRs.
To additionally verify the intrinsicality of the induced asymmetry to the nano-
constrictions, we demonstrate that not only the resonance frequency but also the
resonator Kerr anharmonicity shows a bimodal response at large fields. The chapter
also includes detailed descriptions of all relevant experimental and analytical
elements, including the procedure of aligning the applied field with the chip surface
and a comprehensive discussion of the new Josephson diode model.

Finally, in Chapter 5 we summarize the results from the preceding chapters,
briefly reflecting on potential next steps and perspectives for future research.

Before turning to these concrete circuits, however, Chapter 2 provides a short
overview of the theory describing the coupling those circuit designs are destined
for. The goal of this chapter is not to cover all the details involved in the specific
instances discussed in the later chapters; the relevant theory for each particular
case will be treated in the corresponding chapter as necessary. Rather, the intent
is to remind the reader of the basics of describing coupled quantum mechanical
oscillators and to point out some important concepts emerging from it.
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Fundamentals of
coupled fesonators

Before delving into the details of concrete circuits for hybrid quantum systems, let
us recapitulate the basics of how such systems are described theoretically. We will
not go into an exhaustive description of everything one might want to consider, but
rather give a concise overview of relevant concepts and approaches related to the
systems discussed in the following chapters. While the basic theory treated in the
initial sections can be found in any textbook on quantum mechanics, no standard
reference covering all of the formalism and couplings discussed toward the end of
the chapter exists. The interested reader may turn to a number of excellent recent
review articles covering the subject matter for further details [1-6].

2.1 The harmonic oscillator

The quantum mechanical harmonic oscillator is most conveniently described using
ladder operators, i.e. using a Hamiltonian of the form

H = ho, (a#a + %) (2.1)

with the resonance frequency w,, the creation operator a' and the annihilation
operator a, which obey the commutation relation

[a,a] = 1. (2.2)
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The energy eigenstates |n) of the Hamiltonian with n € N, when operated on by
the ladder operators, obey

aln) = Jnln—1) (2.3)
allny=vn+1jn+1) (2.4)
ataln) = nin). (2.5)

We call |0) the ground state, or vacuum state, of the resonator and can obtain all
other eigenstates by repeated application of the ladder operators, saying that al
adds one excitation to the resonator and a removes one. The eigenstates are thus
characterized only by the number of excitations in the resonator, which is why
they are also called number states and a'a is called the number operator. From the
equations above we easily obtain the commutation relations

alaa=a@a-1) [afa,a] = —a (2.6)
ataat = a'(@a+1) [afa,a"] = a. 2.7)

The ground state energy hw,/2 does not contribute to the dynamics of the
system, which is why the corresponding term in the Hamiltonian is often omitted,
a practice that we shall also employ from here on.

2.2 Two-level systems

The simplest non-trivial quantum system is one having only two energy eigenstates,
a ground state |0) and an excited state |1). Such systems are of particular interest
as atoms of quantum information, analogously to the bit in classical information
technology, and are called qubits in this context. We can describe the two involved
states like the first two number states of a harmonic oscillator, i.e. using the same
formalism as before but truncating the Fock space, removing states with more than
one excitation. To that end, we replace a' with the raising operator ot = |1)(0|
and a with the lowering operator ¢~ = |0)(1| that obey

atlo) = |1) otli)=0 (2.8)
a7]0y=0 o |1) = 10). (2.9)

Any result obtained for harmonic oscillators can easily be applied to two-level
systems by performing this substitution, keeping the truncated state space in
mind. Thus, we will constrain our description in the following sections to coupled
harmonic oscillators and refrain from repeatedly noting the parallel results for
two-level systems explicitly.
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In practice, a true two-level system is often not necessary, as any two states from
a more complex quantum system can act as an approximate two-level system as
long as interaction with other states is sufficiently suppressed — though realistically
corrections for the impact of those states are often necessary. On one hand, this
requires decays to potentially present lower-energy states to be weak enough that
they occur much slower than the total duration of the target experiment. On the
other hand, transitions to all other states must be detuned from the target transition;
unlike in the harmonic oscillator, where all states are equidistant in energy. In fact,
one way to realize a qubit is to explicitly implement this condition by modifying
a superconducting LC circuit (i.e. a harmonic oscillator) via the introduction of
a nonlinear inductance — thus making it anharmonic and detuning its energy
transitions — and to then use the lowest two resulting states as qubit-states.

2.3 A note on conventions and notation

Calculating the Heisenberg equation of motion for the harmonic oscillator from its
Hamiltonian (2.1) we find

a=1i[H/h,a] = —iw,a, (2.10)
which, given some initial value gy, is easily solved by
a=e g (2.11)

While perfectly reasonable in principle, the sign in the exponent (and thus in the
derivative) is at odds with conventions from classical theory, making an identifi-
cation of the operator a with classical quantities less convenient. One option for
restoring the correspondence would be to instead consider the equation of motion
for aT, which does have the desired sign. However, this is not a common approach
in the literature and what is instead done sometimes is that the sign is simply
dropped. While this breaks the correspondence of the equation of motion with
the Hamiltonian, it does not change the predicted system dynamics at all, yielding
identical results except for the rotation orientation of all solutions. In this chapter,
we will consistently follow the usual definition of the Heisenberg picture, keeping
the sign in the equations above. We mention the fact as an aid for reconciling
differing signs when comparing the expressions with equivalent ones elsewhere,
e.g. in later chapters, most notably in Section 4.15 where we use classical fields
rather than quantum mechanical operators.

A related convention regards the sign of the exponential in the Fourier transform,
which is usually negative when transforming from time to frequency domain and
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positive when transforming back. In order not to have to refer to a in (2.11) as
having negative frequency, we invert that convention for this chapter, writing

~ _ L it
a(w) = T JRe a(t)dt (2.12)

for the Fourier transform a of a. Note that this implies that the Fourier transform
of a(t) is —iwa(w), with an additional sign compared to the usual convention, which
is precisely what we want here.

We emphasize that the accent on a denotes that the object was Fourier trans-
formed to frequency space, not that it is an operator, as is often done in the context
of quantum mechanics.

2.4 Resonators in direct contact
In general, the Hamiltonian describing two coupled resonators takes the form
H=H)+ Hy, (2.13)
where H, describes the two independent harmonic oscillators
Hy/h = waa'a + awpb’h (2.19)

and Hj,; describes their interaction. The simplest form this interaction can take is
that of coherent transfer of excitations between the two resonators

Hip/h = g(ab™ +a'b), (2.15)

where g is a frequency quantifying the coupling strength. This is known as a
beam-splitter interaction in the quantum optical domain.

At resonance w, = wp = wy, we can diagonalize this Hamiltonian by introducing
the normal mode operators c, = (a + b)/v/2 and c_ = (a — b)/+/2, resulting in

H=(wy+g) CIC++ (wo— &) e (2.16)

It is easily verified that ¢, and ci fulfill the commutation relations of two indepen-
dent harmonic oscillators, i.e. the modes hybridize and behave like two un-coupled
resonators with frequencies wy = g. Using the hybridized modes, we obtain the
Heisenberg time evolution

i (t) = e @t ¢ (0) c_(t) = e @8 ¢ _(0) (2.17)
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and from this the solutions for the original operators
at) = % (c+(t) +o (D)= e_ia’ot(cos(gt) a(0) — isin(gt) b(0)) (2.18)
b(t) = % (c+(t) —c(t) = e_ia’ot(cos(gt) b(0) — isin(gt) a(O)) (2.19)

revealing the well-known Rabi oscillations of excitation amplitude between the
two resonators, moving from one to the other and back again at the frequency 2g.

2.5 Coupling to the environment

Up to now, we have not considered any loss mechanisms or input channels adding
excitations to the resonators, finding that any energy in the system stays there
indefinitely. In reality, any resonator experiences some losses and we require
input and output channels to access the resonator experimentally. Both of these
mechanisms can be summarized as interaction with the environment and are
modeled as a bath of harmonic oscillators coupled to the system as described in the
previous section. Let us consider the simple case of a single harmonic oscillator
coupled to the environment

H/h = wua'a + Hyyp /b (2.20)

The bath Hamiltonian Hy,,yy, takes the shape of an infinite collection of harmonic
oscillators, either as a discrete sum or, as we do here, as an integral

Hhan/h = [ 0q' @)+ i/2n (o' @) - da@) do 221

where « is the coupling strength and g(w) and ¢’ () follow the continuous version
of the usual commutation relation

[9(0). q"()] = o — o). (2.22)

Note that we assume k to be constant over the relevant frequency range here, which
is usually a good approximation.

In order to better understand the effect of this coupling, let us calculate the
Heisenberg equations of motion and follow the calculations from [7]

a=—iwya — EJRq(w) dow (2.23)

§(w) = —iwg(w) + \[% a. (2.24)
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The second equation is solved by

t
q(w) = e 900 g () + /%J e =) g1y dt’ (2.25)
t

where qo(w) is the value of g(w) at t = . Plugging this into (2.23) we obtain

t
N — i _ X —iw(t—ty) K —iw(t—t") (41 A4
a iwga /Zn IR (e o) go(w) + ,Zn L e a(t’) dt >da). (2.26)

0

Next, we note

J e 01 4y = 2 8(t — ') (2.27)
R

t
J a(t’)o(t —t')dt’ = aTt) (2.28)
1

0

and we define the input field operator gy, as the (inverse) Fourier transform of gy(w)

: _ 1 —iw(t—t;) ( )
igy,=—1 e ) dw, 2.29
N J' 90 (2:29)

27

which follows the usual commutation relation [a;,, a;rn] = 1. For the motivation
behind the i on the left-hand side, see the end of this section. With all this, we
finally find the so-called quantum Langevin equation

a = —iwa — Wkay, — ga. (2.30)

This form is the common starting point for analysis using the input-output formal-
ism described in the next section.

As we already alluded to above, we can separate the resonator losses into pur-
posefully designed interactions with some input-output channel, termed external
losses, and the remaining, often undesirable interactions, termed internal losses.
Formally, we model this using two separate bath Hamiltonians with separate loss
rates Keyt and kit

a= _(if‘)a + K/Z) a — i\/Kint Aint,in — iKext dext,in> (2.31)

where « is now the total loss rate k = kit + Kext-

In the presence of a strong input tone, the noise input terms do not contribute
relevantly to the dynamics and can be dropped, i.e. we can use aj,; i, = 0 and have
Gextin = @in Tepresent just the coherent input drive

a=—(lw; +Kk/2)a — iJKext Gin- (2.32)
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Note that introducing the i in the definition of g, (2.29) is somewhat arbitrary
and not at all universal in the literature. Arguably, it is rather unnecessary, but
it makes (2.32) and similar equations of motion somewhat more intuitive, as all
driving components feature a —i while the damping rate x/2 does not. We will
see in Section 2.8 that a coupled resonator results in a similar driving term with
an imaginary coefficient. We follow this convention mostly for consistency with
other publications from our group (cf. theory sections in the following chapters).

2.6 Input-output theory

The so-called input-output theory is a formalism useful for analyzing the frequency
response predicted by a quantum system Hamiltonian, as it relates the expected
output field to the input field and the solution of the Langevin equation™

Gout = Gin — 1y/Kext @ (2.33)

Experimentally, microwave circuits are commonly characterized using a vector
network analyzer (VNA) that scans the frequency response by inputting a probe
tone g, = o exp(—iwgt) with some frequency ws and amplitude g into the input
line, detecting the output signal returned from the device at the same frequency wj
and outputting the complex ratio S;; of the two. According to (2.33), the result is

<&0ut(ws)> —1—ifx <&(ws)>
(o) - Wret

Sy1(ws) = X )y

(2.34)

Let us examine this using the example of a simple harmonic oscillator as described
by (2.32). After a Fourier transform we find

ifKext

a= i(w—w,)—x/2

Gin = iKext Xs Gin (2.35)

where we introduced the susceptibility

1

= 2.36
X i(w—w,) —x/2 (2:36)

The reflection coefficient is now given by
S11(@5) = 1+ Kext s (@), (2:37)

*Note that the —i here is a consequence of introducing the i in the definition of a;, (2.29).
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Figure 2.1: Reflection response of a simple harmonic oscillator. We show both a the
magnitude and b the phase of the reflection coefficient S;; given by (2.37) with respect
to the probe detuning w, — w, normalized to the linewidth . Colors indicate different
external linewidths k., /x € {0.08,0.18, 0.28,0.38, 0.48, 0.58, 0.68, 0.78, 0.88, 0.98} (light green
to light blue) with green lines corresponding to an undercoupled (k,; < k/2) and blue lines
corresponding to an overcoupled resonator (k. > x/2); labels in the phase plot denote the
Koyt /K values for some lines.

showing the familiar Lorentzian profile, which is depicted in Figure 2.1 for a selec-
tion of external linewidths. We also obtain the explicit solution for the stationary
resonator field in the presence of the scanning tone

a(t) = iykext Xs(ws)ase_iwst, (2.38)

though that is of less interest in the context of microwave measurements.

2.7 Single-port vs two-port coupling

It is important to note that some details of the expressions (2.32) and (2.33) forming
the starting point of the input-output formalism depend on how exactly the coupling
to the input-output signal lines is implemented. In the previous sections we
implicitly assumed a reflection-type measurement of a resonator coupled to the
end of a single input-output transmission line, where all of the energy leaving
the resonator via the kqy-coupling goes towards the VNA. A second common
configuration is that of a circuit side-coupled to a transmission line, for which the
transmission spectrum S,; is measured. In this case the resonator couples equally
to either propagation direction of the adjacent transmission line, both of which act
as a loss channel while only one of them acts as an input port and the other as an
output port; thus the only necessary modification to the Langevin equation (2.32)
and the input-output relation (2.33) is to replace key; With keyi/2. Note that the
term with x = K, + Kext Characterizing the total losses remains unchanged.

We will see this difference in the following chapters: In Chapter 3 we have
an end-coupled resonator, and accordingly (3.32) on page 68 gives an expression
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for Sy; that is equivalent™ to (2.37). By contrast, Chapter 4 explores a side-coupled
resonator design, and thus (4.15) on page 105 gives an Sy;-expression which differs
from the former by the k.-contribution being only half as large.

2.8 Probe response of resonators in direct contact

Let us consider the case of two harmonic oscillators in direct contact introduced
in Section 2.4 once more, this time including the environment and analyzing the
system using input-output theory. The full Hamiltonian is

H/h = wgata+ wpb'b + g(ab™ + a'b) + Hypn /5, (2.39)

where Hj 1, contains terms modeling the coupling of both resonators to the envi-
ronment as outlined in Section 2.5. We imagine a system where only resonator a
has an input-output line and is probed using a VNA, i.e. kp exy = 0. For brevity, we
WIite Keyt *= K, ext- This results in the coupled equations of motion

a=—(iwg + k,/2) a — igh — i\[Kext Gin (2.40)
b = —(iwp, + Kkp/2) b — iga. (2.41)
The second equation can easily be solved by Fourier transform, yielding
ig

b=—°
i(w—awp) —Kp/2

a=1igya, (2.42)

where we introduced 1

= —i(w S — . (2.43)
Plugging this result into the Fourier transform of (2.40) we find
a= wa;i?;‘t/z i = e 2 (2.44)
with the probe susceptibility
Xs ! (2.45)

Ci(w—w) — K 2+ g%

Thus, the probe response S;; = 1+ Keyt x5 takes the usual Lorentzian shape (2.37) of
a single harmonic resonator when the coupling g is small, but is modified near «wy,
when the coupling is not negligible.

*As noted in Section 2.3, the frequencies in the equations of motion carry opposite signs in later
chapters, which is also reflected in these expressions.
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2.9 The cooperativity of coupled resonators

We can interpret the effective susceptibility (2.45) of the coupled resonators as
resonator b shifting the resonance frequency and the linewidth of resonator a by
comparing it with the expression (2.36) for an individual resonator. That is, the
coupled system reacts to the probe tone just like a simple resonator with resonance
frequency w, + Aw, and linewidth x, + Ax,, where the frequency dependent shifts
are given by

g4(w — wp)
Awg(w) = —Im(g? ) = m (2.46)
2
(@) = ~2Re(g? ) = ——=2 (2.47)

(0 — wp)? + K2 /4

This perspective is particularly useful when the coupled resonator has a much
larger linewidth than the probed one K, > k,, since the impact g2y, of the coupled
resonator on the probe response will then vary very little over the range of the
probed resonance. Thus, the apparent shifts of resonance frequency and linewidth
can be well approximated by their values at w,, i.e. we can use the probe-frequency-
independent values Aw, = Awy(w,) and Ak, = Ak,(w,). Some exemplary resonance
spectra illustrating these points are presented in Figure 2.2.

In order to quantify the strength of the interaction, the maxima of these shifts
relative to the un-shifted linewidth are useful quantities. For Ak, this maximum is
reached when the two oscillators are resonant w, = wy, whereas Aw, is largest when
they are detuned by half the linewidth of the coupled resonator w, = @y, * kp/2.
The corresponding maximum shifts are

4 2
A = % Cx, (2.48)
Kp
g
Ao = +2— = +Ck, /4 (2.49)
Kp
where we introduced the cooperativity
4 2
c=25 (2.50)
KaKp

as a measure for the coupling. A large cooperativity C > 1 indicates that excitations
in resonator a decay primarily into resonator b, rather than through channels
intrinsic to resonator a.
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Figure 2.2: A coupled resonator shifts and broadens the resonance response. We
show exemplary |S;|-spectra for a resonator a coupled to a second resonator b with a much
larger linewidth x,/x, = 100 for different a coupling rates g (with (w, — w,)/x, = —100) and
b resonance frequency detunings w,— w, (with g/x, = 5, corresponding to unit cooperativity
€ = 1). The lines in the bottom plots correspond to horizontal cuts through the top plots at
the tick positions; for reference some lines are labeled with the appropriate value. Dashed
gray lines in the top plots mark the apparent resonance frequency shift Aw,(w,)/x, as given
by (2.46). All plots are for an undercoupled input-output line k. /k, = 0.2. Note that
frequency splitting would require a considerably larger g/k, > 25 than shown here, and
strong coupling a still larger g/x, > 50, cf. Section 2.10.

2.10 The strong coupling regime

The case where the two coupled oscillators are resonant w, = wy, is of particular
relevance. In this scenario, we can write A := v — w; = @ — wy, for the probe tone
detuning from the common resonance frequency and find the resonance condition
for the coupled system by setting the denominator in (2.45) equal to 0, obtaining

+_ . KgtKp 2 (Ka—Kp 2
A =i + g ( 7 ) (2.51)

In analogy with the simple harmonic oscillator (2.36), the real part of each com-
plex solution A* represents its resonance frequency while the imaginary part
represents half its negative decay rate. Thus, (2.51) reveals that the coupled res-
onators hybridize, forming two normal modes. For weak coupling, they differ in
linewidth while showing the same resonance frequency A = 0 as the individual
resonators, whereas for sufficiently large coupling rates |g| > |k, — kp|/4, they are
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Figure 2.3: Two resonantly coupled resonators form hybridized modes. We show
exemplary |S;;|-spectra for a an undercoupled (k. /K, = 0.2) as well as b an overcoupled
(Kext/X, = 0.9) resonator a that is resonantly coupled to a second resonator b (w, = w,) for
different coupling strengths g. The lines in the bottom plots correspond to horizontal cuts
through the top plots at the tick positions; from g/, = 0 for the darkest to g/x, = 0.6 for
the lightest line. Dashed gray lines in the top plots mark the normal mode frequencies as
given by (2.51). We use k,/x, = 0.1 for all plots, so a g/k, value of 0.16 is needed for unit
cooperativity, at least 0.23 for normal mode frequency splitting, 0.36 for its resolvability
and 0.55 for strong coupling.

located on either side of the individual resonance frequency, each with an identical
linewidth (x, +k3,)/2. Deep in the split-frequency regime |g| > |k, —xp|/4, the two
normal mode resonance frequencies are separated by the Rabi frequency 2g, but
for weaker coupling rates |g| = |k, — kp|/4, they may not be resolvable in the S;;
spectrum. As a rule of thumb, two modes are considered to be resolvable when
their separation is larger than their linewidths, and demanding this for the normal
modes [Re(A*)| > [Im(A*)) yields

K2 + K}
2

|2g] > (2.52)
as a condition for normal mode resolvability. Some exemplary resonance spectra
illustrating the normal mode splitting are presented in Figure 2.3.

Now, the strong coupling regime refers to coupling rates that are large enough to
overwhelm dissipative effects, meaning that the Rabi frequency is larger than the
total decay rate

[2g] > K, + Kp. (2.53)
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Naturally, this threshold is not a sharp one and often the somewhat simpler con-
dition |2g| > kg, K, or the stricter |g| > kg, K, are stated. The importance of the
strong coupling regime derives from the fact that only here coherent state transfer
between two resonators is possible, as this requires the transfer of states to be
performed more quickly than their decay. This is an essential prerequisite for ap-
plications relying on the control of individual quanta, such as quantum computing
and quantum sensing. Accordingly, much of the work in the development of hybrid
systems, including this one, is focused on reaching the strong coupling regime.

Note that p + ¢ > max(p,q) = J(p? + ¢*)/2 > /pq for any two positive real
numbers p, q (with the equalities holding for p = ). Thus, strong coupling al-
ways implies resolvable normal mode splitting on resonance, which in turn is a
stricter condition than a large cooperativity € > 1, especially so when the coupled
resonators differ greatly in linewidth.

2.11 The rotating frame approximation

One common type of coupling is one that is proportional to the displacement
operators x, = a + a' and x, = b+ b' of the coupled resonators

Hint/h = gxg, = gla+ah)(b +b), (2.54)

sometimes called dipole coupling. To better understand which of the four coupling
terms dominate the system dynamics, it is useful to perform a transformation into
the interaction picture

I:Iint/h = eiHOt/h ' I—Iint/h : e_iHOt/h
=g (e_i(wa+wb)t ab + ei(wb_wa)t abT + e_i(wb_wa)t a-;_b + ei(wa+wb)t aTbT) (255)

In the usual case of the two resonance frequencies being close |w, — w,| K W, + wp,
we may neglect the quickly rotating first and last terms, as their contribution will
average out over any relevant time, and keep only the mixed terms*

Hip/h = g (@0l gbT 4 e7H@s—all gTp), (2.56)

which is known as the rotating frame approximation. Transformed back from the
interaction picture, we have

Hip/h = g(ab™ + a'b), (2.57)

*This approximation also requires g < w,, wp; the converse case is known as the ultra-strong coupling
regime. However, as this work focuses on efforts aimed at reaching the much weaker strong coupling
regime, we can safely ignore this extreme case and assume the rotating wave approximation to hold.
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obtaining the familiar expression (2.15) of the interaction Hamiltonian for directly
coupled resonators. When one of the resonators is replaced by a two-level system,
this corresponds to the interaction of an atom (or a qubit) with an optical cavity,
leading to the Jaynes—Cummings model.

2.12 The optomechanical coupling

In an optomechanical system, the resonators are typically coupled in such a way
that the resonance frequency w, of the optical cavity depends on the position x;, of
the mechanical cavity, which is oscillating at a much slower rate wy, < «w,,

0w,

2
. 2.
™ xp + O(x;) (2.58)

0a(Xp) = g(0) +
Usually, considering this first order dependence is sufficient. The displacement of
the mechanical resonator can be written as

xp = xPL (b +bT) (2.59)

with the zero-point fluctuation xgpf of the resonator position. Introducing the
singe-photon coupling strength
0w,

8o = —a—xb xlfpf (260)

and writing w, = w,(0) for brevity, we obtain the optomechanical Hamiltonian
H/h = w(xp)a’a+ wpb'b = wea'a + wpb’b — gyala (b +b"). (2.61)

The negative sign of the coupling term is chosen because in the canonical case
of a Fabry—-Perot optical cavity with one of its mirrors acting as the mechanical
resonator, a positive displacement of the mirror (i.e. an increase of the cavity length)
leads to a decreased resonance frequency, i.e. dw,/9x, < 0 and thus g, > 0 with
this definition.

We note that this interaction is not exclusive to optomechanical systems; for
example it may also be realized using two microwave cavities, in which case it is
referred to as a photon pressure interaction. Nonetheless, we shall continue to
call it an optomechanical interaction here, allowing us to conveniently refer to the
high-frequency resonator a as its optical and the low-frequency resonator b as its
mechanical component.

Unlike the Hamiltonians we considered above, (2.61) is nonlinear, in the sense
that the resulting equations of motion are nonlinear, due to the interaction term
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containing a product of more than two ladder operators. While linear coupling
allows for the transfer of states between two oscillators, many other applications
such as frequency transduction, amplification or quantum state preparation require
nonlinear dynamics. Unfortunately, g, is typically very small, making the single-
photon strong coupling regime and thus the exploitation of this nonlinear coupling
for single-quantum manipulation unattainable in practice up to now. Rather,
optomechanical systems are operated in a linearized regime, enabled by a strong
pump tone driving the optical cavity which, as we will see in the next section,
boosts the effective coupling rate at the expense of losing the nonlinearity in the
effective Hamiltonian.

The work presented in Chapter 4 is part of the effort to alleviate this situation
by increasing gy. Specifically, the approach is based on a SQUID resonator whose
resonance frequency can be tuned via the application of a magnetic flux &y ; concepts
that are explained in detail there and that we shall not further concern ourselves
with at this point. What is essential here is that a mechanical resonator can be
integrated into the SQUID loop such that (Dﬁpf o B||xlfpf with a magnetic in-plane
field By. Together with the flux responsivity F = 9w,/3®},, a design parameter
of the SQUID resonator, the single-photon coupling rate is thus gy o ffB“xlfpf.
Given this hybrid platform, we may thus advance towards the single-photon strong
coupling regime by designing resonators with large F that can be operated in
strong magnetic in-plane fields By.

2.13 Linearization of the
optomechanical coupling

Let us conclude this theoretical prelude by tracing the linearization of the optome-
chanical Hamiltonian that we alluded to above, though we will not use it in the
following chapters. It relies on the introduction of a strong pump tone driving the
optical cavity a, = o, exp(—iwpt), which we can model by adding the term”

Hy/h = Kext (aa}; + aTap) (2.62)

to the Hamiltonian, where we write Koy = K, ext as before. We can now transform
the Hamiltonian into a rotating frame H’ = UH Ut — ihUaU /ot using the transfor-
mation U = exp(iwptafa). Noting that the pump terms are time-independent in
that frame

U-Hy/h-UT = JKext (52 + aya"), (2.63)

“Note that a, is not a ladder operator here, it is just the multiplication with a complex number, so in
particular a; = ap. The new term Hj, is constructed in such a way that the equation of motion for a has
the form given by (2.32), it does not describe the quantum mechanical dynamics of the pump field.
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and that UBUT/ ot = —iw, aTa, we obtain
H'/h=—Ad'a+ wpb’b— gyata(b+b") + JKext (apa + apaT) (2.64)

with A = @, — @, the pump detuning from the optical resonance frequency.

For the linearization, we make the ansatz that the optical cavity state differs only
slightly from a coherent state induced by the strong pump tone, i.e.a = ¢ + cin
the rotating frame, with some large amplitude o, that we choose to be real without
loss of generality, and a small fluctuating term c. The Hamiltonian becomes, after
some rearrangements,

H'/h = —Acte + wbbfb —agy(c+ N + 5% - gocTc(b +bh)
—aA(c+c") + Kext (ape + ach") — g (b+bh)
— PA + (Kegt (ap +ap). (2.65)

We can now perform the linearization by dropping the last term in the first line,
which is much smaller than the preceding term due to not containing the large
factor a. The terms in the second line correspond to average radiation pressure
forces on the resonators and may be omitted after shifting the displacement co-
ordinate system appropriately. Finally, the terms in the last line are numerical
constants with no effect on system dynamics and can be dropped, leaving us with
the approximated Hamiltonian

H'/h = —Acte + wpb’h — agy(c+ @b +bh. (2.66)

It is identical to (2.54) with an effective coupling constant g = —a gy, where the
fluctuation oscillations c act as an oscillator with the, possibly negative, effective
resonance frequency —A.

Going to the interaction picture, analogously to (2.55), we find

lzll’nt/h = —ago (ei(A_wb)t Cb + ei(A+wb)t Cb-;. + e_i(A+a)b)t ch + e—i(A—wb)t CTbT) (267)

and can again perform the rotating wave approximation, depending on the value
of A. If the pump is near the red sideband of the optical cavity A = —wj, we obtain
the beam-splitter interaction of two coupled harmonic oscillators of nearly identical
frequency, as before

Hl, /7 = —agy (cb' + c'b). (2.68)

Using this mode, the mechanical resonator can be cooled by scattering phonons
into the optical cavity, mediated by the red-detuned driving tone. If we instead
pump on the blue sideband A = wj, we must keep the other two terms in the
rotating wave approximation

H}, b /T = —ago (cb + ¢'b1), (2.69)
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obtaining a so-called two-mode squeezing interaction where one pump photon
excites both the optical and the mechanical resonators, useful for applications in
entanglement of the two modes or amplification of mechanical excitations.

A third notable regime is that of pumping directly on resonance A = 0. In this
case, no rotating wave approximation is possible, but instead the cfe term drops
out of the Hamiltonian

H./h = apbb — agy (c+ (b + D). (2.70)

Here, the mechanical displacement b + b' results in a phase shift of the optical
mode, which in turn can be used for displacement detection.
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Hybrid quantum systems are highly promising platforms for addressing important chal-
lenges of quantum information science and quantum sensing. Their implementation,
however, is technologically non-trivial, since each component typically has unique ex-
perimental requirements. Here, we work towards a hybrid system consisting of a su-
perconducting on-chip microwave circuit in a dilution refrigerator and optically trapped
ultra-cold atoms. Specifically, we focus on the design optimization of a suitable supercon-
ducting chip and on the corresponding challenges and limitations. We unfold detailed
microwave-cavity engineering strategies for maximized and tunable coupling rates to
atomic Rydberg-Rydberg transitions in *’Rb atoms while respecting the boundary con-
ditions due to the presence of a laser beam near the surface of the chip. Finally, we
present an experimental implementation of the superconducting microwave chip and dis-
cuss the cavity characteristics as a function of temperature and applied dc voltage. Our
results illuminate the required consideration aspects for a flexible, tunable superconductor-
atom hybrid system, and lay the groundwork for realizing this exciting platform in a
dilution refrigerator with vacuum Rabi frequencies approaching the strong-coupling regime.
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3.1 Introduction

Coupling superconducting microwave circuits to other physical platforms such as
spins, phonons, quantum dots or atoms has the potential to enable a large variety
of groundbreaking hybrid quantum technologies [1-3]. Hybrid architectures are
particularly promising for compensating intrinsic weaknesses of specific quantum
systems by the strengths of the other components. A prominent example are
hybrid systems with superconducting qubits [3-5] - the circuits provide fast and
reliable quantum processors, but suffer from short coherence times and from a
lack of technologies to reliably transmit microwave-photonic quantum states over
long distances. Both challenges could be solved by coupling the superconducting
circuits to e.g. mechanical oscillators or to atoms, which in principle can both
serve as quantum memories [6—11] and microwave-to-optical transducers [12-15].
However, combining different platforms in a single device and with sufficiently
large coupling rates to facilitate coherent state transfer between them is typically
a highly non-trivial experimental task. In this chapter, we focus on the specific
aspect of interfacing neutral atoms with a superconducting on-chip microwave
resonator; in particular on the design of a suitable and optimized superconducting
chip for the coupling to ultracold Rydberg atoms.

Different possibilities to couple superconducting cavities to atoms have been ex-
plored in the past. The most famous is probably the method of coupling individual
flying Rydberg atoms to a three-dimensional superconducting microwave cavity, an
ultra-low-loss photon-box, which allowed for groundbreaking and unprecedented
control over photonic quantum states [16]. Rydberg atoms are ideal for achieving
large coupling rates to microwave photons since they possess large electric transi-
tion dipole moments [17-20]. Similar experimental settings with propagating atom
beams are lately being investigated using on-chip microwave cavities, although
with much higher cavity losses and lower coupling rates [21-24]. A second ap-
proach is interfacing on-chip microwave circuits with atomic ensembles trapped
nearby [25-28], which has the advantage of atomic (quasi-)stationarity and a po-
tentially large collective enhancement of otherwise small interaction rates [6, 7, 29].
The atom-trapping can be achieved either magnetically on (microwave) atom-
chips [25, 30] or with optical tweezers [31-33], i.e. a strongly focused laser beam
which is red-detuned from a suitable atomic resonance. Magnetic trapping with su-
perconductors is accompanied by complications in microwave-chip design [26, 34]
due to the necessity for on-chip trap-current leads and Meissner distortion of
external magnetic fields [35]. Optical trapping close to the chip surface does not
come with these constraints and has been discussed in various proposals [32, 36],
but has yet to be demonstrated. It does, however, imply various technological
challenges related to combining lasers with a mK system and superconductors,
that need to be considered with care. Independent of the trapping method, one
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of the most critical aspects of a potentially useful superconductor-atom hybrid
system is the single-photon coupling rate — the vacuum Rabi frequency — which
in all existing on-chip implementations has been orders of magnitude below the
strong-coupling regime [22, 27, 28].

Here, we report the development of an on-chip superconducting microwave
cavity which has been optimized for the electric dipole-coupling to Rydberg tran-
sitions in optically trapped ultra-cold atomic ensembles. The chosen resonance
frequency is around 11 GHz, which is directly compatible with state-of-the art
superconducting qubits. In addition to the microwave field, our resonator design
enables the application of a dc electric field for tuning the Rydberg transitions
into and out of resonance as well as compensating stray electric fields from the
chip surface, e.g. due to adsorbates [28, 37-39]. We discuss the geometric bound-
ary conditions that allow the chips to be approached by a high-intensity focused
laser beam and devise the layout of the circuit based on the expected profile of
the resulting atom-trap. As a next step, we demonstrate how to optimize the
geometric details of the superconducting resonator for achieving large vacuum
Rabi frequencies and reveal that even with conservative parameter estimates the
strong-coupling regime is within reach. Finally, we present an implementation of
the optimized microwave chip and show experimental results of its characterization
in a cold-atom dilution refrigerator. We discuss in particular the dependence of
cavity properties on temperature and applied dc voltage. Our device and results
pave the way for a new generation of tunable superconductor-atom hybrid systems
in a mK environment and in the strong-coupling regime.

3.2 Preliminary considerations

We begin by visualizing our experimental concepts and by defining the boundary
conditions as well as the chosen parameter space for the envisioned superconductor-
atom hybrid system, cf. Figure 3.1. Our final objective is to implement the system in
a dilution refrigerator, since only then the microwave circuits will be in their quan-
tum ground state. The specific cold-atom dilution refrigerator under consideration
has been presented in [40], and throughout the present chapter we will respect the
restrictions given by this cryogenic system. These include the size of the windows
for optical access to the mK plate and the presence of a magnetic conveyor belt to
transfer the atoms from the position of the magneto-optical trap (MOT) at 6K to
the mixing chamber plate, where the superconducting chip is mounted.

The target hybrid system provides a variety of exciting perspectives, such as en-
abling novel on-chip quantum experiments with Rydberg atoms [41-44], advances
in quantum frequency-conversion [13-15, 33, 45, 46], hybrid quantum gates and the
realization of atomic quantum memories [19, 42], atom number counting [47, 48],



3 Tunable hybrid systems with optically trapped Rydberg atoms

b rfyv, L

niobium

sapphire

Edc/Vdc incm™!

0
Cplate “~—7 ground
L dc
~100 0 100 0
xin pm
g 20 L 2000
1500
E 15+ 11 GHz
(©] d, = 1898 ea, \ <$
= l \ 1000 S
< A <
F10 |
10.78 GHz 11.88 GHz 500
"d, = 1744 ea, dy = 1631 e,
% 0.5 1 15 2 250

; -1
E4. inVem



3 Tunable hybrid systems with optically trapped Rydberg atoms 35

cavity cooling [44], and electric field sensing [21, 24, 49]. Since essentially all of
these will considerably benefit from a high microwave-cavity-Rydberg interaction
strength, high gate speed and gate fidelity as well as from protocol simplicity, we
focus on a system with a 2D microwave circuit coupled to a pair of Rydberg states
with an easily preparable ground state and large transition dipole moment. Partic-
ularly interesting would be the single-atom-single-photon strong coupling regime,
which enables e.g. quantum-coherent single-excitation state transfer between the
microwave cavity and a single Rydberg atom, and could enable the hybridization
of superconducting qubits and Rydberg atoms using the cavity as a quantum bus in
the next step [19, 50, 51]. Compared to their 3D counterparts, 2D microwave circuits
can provide orders of magnitude larger zero-point microwave fields due to their
compact mode volume, but at the expense of a much lower quality factor (assuming

Figure 3.1: A superconducting on-chip microwave cavity with dc voltage access
for coupling to optically trapped Rydberg atoms. a Schematic of the envisioned
hybrid system. On top of a sapphire substrate (light gray), a superconducting microwave
resonator is patterned from a thin layer of niobium (Nb, blue). The resonant LC circuit
comprises an inductance L and a capacitance C. At one of its ends, the circuit is coupled to a
coplanar waveguide (CPW) feedline by a trilayer shunt capacitor C,, and at its other end to
an ensemble of ultra-cold rubidium ¥Rb atoms. The atoms (red cigar) are levitating ~80 um
above the capacitor gap of the circuit, confined in an optical dipole trap. The center of the
capacitor gap at the substrate surface is at r = (x,y,z) = (0,0,0). b Equivalent circuit of
the microwave resonator with a resonance frequency w, = 1/,/LC,;, where Ciot = C1 +C; .
The CPW feedline has a characteristic impedance Z; = 50 Q. Due to the shunt-coupling
to the feedline, it is possible to apply a dc bias voltage V. to the circuit capacitance Cin
which the atomic ensemble is placed. Using a laser (not shown), the atoms can be excited
from their electronic ground-state |0) to the Rydberg manifold |r;), where Rydberg-Rydberg
transitions with large electric dipole moments and frequencies in the GHz regime can
couple to the superconducting resonator. Here, we focus on a transition with a transition
frequency (&, — &;)/h = 11 GHz, where h is Planck’s constant and &; = &(Jr;)). ¢ Cross-
sectional schematic in the vicinity of the position of the atomic ensemble with y = 0 and
the numerically simulated ratio of dc electric field strength E,. to applied voltage V. versus
x-z-position; electric field lines are indicated. Values close to the gap edges that exceed
the scale of the colorbar are drawn in the orange of the maximum. The resulting field
at the location of the atomic ensemble (marked x) is E;. = V. - 37cm™". d Differential
Stark map showing transition frequencies &, /h = (€ — &;)/h within the rubidium Rydberg
manifold in the vicinity of the zero-field transition [59P, ,,m; = 3) — [58D5 5, m; = 2). The
corresponding transition dipole moments d, in units of eq, (e is the elementary charge, q, is
the Bohr radius) are indicated by color. The red line marks the high-d, target transition |r;) —
[r,). At E4. = 0.68V cm™, which corresponds to V. = 18.7 mV, it has a transition frequency
of 11 GHz and d, = 1898 eq.
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the same material), which explains the necessity for the use of a superconductor.
Speed and simplicity are furthermore important since the system already has a
high experimental complexity by default and it contains various low-frequency
noise and decoherence sources such as atom motion, atom losses, voltage noise,
laser phase noise and position vibrations of the chip / the laser beam, induced
e.g. by the dilution refrigerator pulse tube. Further advantages of a chip-based
implementation are easy access to the microwave cavity for the dipole trap, low
photon absorption probability on the mK components, small Meissner-distortion
of the magnetic trapping fields during atom preparation, and compactness of the
complete microwave-part, which (at least in our system) has to fit into the center of
a split-coil at the end of a magnetic conveyor belt (cf. Section 3.16 as well as [40]).
Finally, our chosen approach will leave sufficient space and access to potentially
add components for a single-atom detector [28] in a later experimental stage.

We start by considering the most important requirements of our envisioned
hybrid system. First and foremost, the superconducting chip and in particular its
packaging need to allow optical access at the location of the atoms. Secondly, the
atoms should be trapped as close to the chip surface as possible to maximize the
interaction with the superconducting cavity. The atoms should also be confined to a
small region to minimize interaction inhomogeneities across the ensemble [27, 28].
Direct interaction of trapping-laser photons with the superconducting chip, how-
ever, should be avoided, since this would lead to Cooper pair breaking or even
to heating of the entire mixing chamber to which the chip is anchored. We con-
clude that a system like the one shown in Figure 3.1a provides the best balance in
addressing these initial requirements: An optical dipole trap (laser not shown) is
used to levitate an atomic cloud ~80 pm above the chip surface™ and close to the
edge of a tip-tapered superconducting chip. The result is similar to the approach
in [36], albeit completely planar and devoid of normal metal elements. Our design
also takes the elongated ensemble distribution in a fridge-compatible dipole trap
into account. The details of the exact shape and size of the chip, the shape of the
atomic cloud and the chip-atom distance are discussed in Sections 3.3 and 3.4.

The ellipsoidal shape of the atomic ensemble in combination with the objective
of maximized vacuum Rabi frequencies dictate some of the requirements for the
layout details of the superconducting resonator. Firstly, all the ensemble atoms
should be able to participate in the interaction with equal coupling strength; this
reduces inhomogeneous broadening and increases the collective coupling [52, 53].

*The distance of 80 pm seems to come out of nowhere here, but it follows from the (setup-restrained)
laser focus width, the length of the atomic cloud (defined by the dipole trap profile and the cloud
temperature) and the optimal width of the superconducting chip in combination with a maximum value
for how many laser photons we allow to shine on the chip. Additionally, we take a small safety margin
of ~20 um into account. The details of each of these aspects (except for the margin) are discussed in
Section 3.3 (dipole trap and cloud temperature), in Section 3.4 (capacitor and chip layout/size), as well
as in Section 3.12 (calculation of laser light hitting the chip).
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It is therefore essential that the resonator and microwave fields are translation-
ally invariant along the longitudinal axis of the ensemble. Secondly, since we
target an electric dipole interaction, all the electric microwave fields should ide-
ally be concentrated in the region of the atoms. Hence, the optimal layout is a
lumped-element LC circuit with the capacitance C directly below the position of
the atoms and a minimal amount of stray capacitances. Based on these factors, we
devised the T-shaped microwave cavity shown in Figure 3.1a: A single straight
inductance L is connected to a coplanar capacitance C to ground; to minimize the
stray capacitance, the ground plane has a large distance to the circuit elements
except in the interaction region with the atoms. At this point it also becomes clear
why coplanar waveguide cavities — as often used in theoretical proposals and in
other experimental approaches [7, 18, 22-24, 2628, 34, 36, 42, 46] — are not ideal
for maximized coupling and field homogeneity. By their very nature as distributed
element circuits, they come with significantly distributed (i.e. stray) capacitances
and spatially varying microwave electric fields along the transmission line.

As a third design aspect, it would be highly beneficial to be able to apply a dc
electric field E4. to the atomic ensemble. This can not only be used to tune the
Rydberg transition into and out of resonance with the cavity, but also to (partially)
compensate for static parasitic adsorbate fields. To allow for this option, we couple
the microwave cavity to its coplanar waveguide (CPW) feedline by means of a
parallel-plate shunt capacitor C; to ground [54]. In this coupling scheme the CPW
center conductor remains uninterrupted and galvanically connected to L and C, so
a dc electric field above the chip can be realized simply by applying a dc voltage V.
to the feedline center conductor, cf. Figure 3.1c. If necessary, the direction of the
dc field can be adjusted from x- to z-direction by moving the dipole trap with the
atoms along x. Generating the dc electric field via the cavity itself has the elegant
side-effect of obtaining (nearly) identical dc and microwave field configurations,
which could be used to pre-select a slice of resonant atoms in the cloud which then
all couple with identical Rabi frequency to the cavity photons [28].

Finally, we need to design the cavity for a specific resonance frequency matching
a chosen Rydberg-Rydberg transition in 8’Rb atoms. For frequency-compatibility
with the most common superconducting quantum circuits and common microwave
equipment we decided to operate in the frequency range ~10 GHz - 12 GHz. In
addition to a matching transition frequency, a suitable Rydberg-Rydberg transition
needs to have a large electric dipole transition matrix element and be sufficiently
distant from other such transitions. We choose the transition [59Ps /5, m; = %) -
|58D5 /5, m; = %) with a transition frequency &;,/h = 11GHz and a transition
dipole moment of dy = 1800 eqy, the exact values being dependent on the dc electric
field. A differential Stark map around the corresponding transition is shown
in Figure 3.1d, illustrating that it possesses the required properties. It has been
numerically calculated using the methods described in [28, 55], cf. Section 3.10.
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3.3 Of lasers and atoms

Since it defines the further layout of the chip and the resonator, we calculate the
shapes of the focused laser beam and of the atomic ensemble trapped by it before
considering aspects of the chip design on a more quantitative level. Several critical
length scales are competing with each other here and a satisfying compromise
between the beam waist at the focus, the angle of divergence and the distance
from the chip surface has to be found, cf. Figure 3.2a. As laser wavelength for
the dipole trap we choose Ay, = 800 nm, which is red-detuned from the rubidium
Dy (|581/2) = |5P1/2)) and Dy (1551 /5) — [5P3/2)) transitions at 795 nm and 780 nm,
respectively. For a given laser intensity Igp(r), which is a function of position r,
the trapping potential can be calculated by [31]

2
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with the vacuum speed of light ¢, the laser frequency wg, and the frequencies

w1 = 21-377 THz and w, = 27t-384 THz as well as the linewidths I'] = 27-5.75 MHz

and Iy = 21 - 6.07 MHz of the atomic transitions Dy and D, respectively [56].
The intensity distribution of a focused Gaussian laser beam propagating in

y-direction and focused in the y = 0 plane is given by
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Figure 3.2: Position and trapping characteristics of the atoms near the superconduct-
ing microwave chip. a Schematic of the chip tip in front view, viewing direction is —x with
a small elevation angle, cf. Figure 3.1. Above the chip surface, at a distance z,, the ensemble
of atoms is trapped by a focused laser beam (dipole trap). The beam waist (1/€* radius) in
the focus plane is denoted as wy, and the Rayleigh length of the beam focus as . For a
chip width underneath the laser axis [, = 1.6 mm we choose z, = 80 pm and wy, = 15 pm,
which corresponds to [ = 0.88 mm. In b and ¢ we show the resulting trapping potential
Uyp/ ks for ground-state rubidium atoms in z- and y~direction, respectively, using a laser
with wavelength A4, = 800 nm and power Py, = 50 mW. More details on the calculation and
the parameters used can be found in the main text. For a realistic assumption of an atomic
ensemble temperature Ty, ~ 1pK, we get the Gaussian single-atom density profiles pg,
(red lines and shaded areas) overlaid to the potentials in panels b and c. The width of the
atomic cloud is dy, = 2.3 pm in z-direction (as well as in x-direction) and Iy, = 0.19 mm in
y-direction (we define the size of the distribution as six standard deviations).
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with r = \/x2 + 22 the radial distance from the focus center in the x-z-plane. Here
Z = z — zy is the z-distance from that focus center, which is positioned at a
distance zy from the chip surface. Thus, the overall shape of the trapping potential
is that of a Gaussian in x- and z-direction and that of a Lorentzian in y-direction:
The 1/e? radius of the beam w(y) is given by

_ y?
w(y) = wap, |1+ z (3.3)
R

with the beam waist in the focus plane wyp,. The Rayleigh length Iy appearing here
is not independent of the beam waist, but given by

2
= — (3.4)

It defines the length in propagation direction on which the beam radius increases
by a factor of V2 from wgp at y = 0. Considering the dimensions of the cryo-
genic setup and the windows for optical access, we can comfortably work with
Wgp = 15 um, which corresponds to [y = 0.88 mm. Together with the width of the
superconducting chip underneath the laser beam axis, these values provide a limit
for how close to the surface the atoms can be trapped while ensuring that only
minor amounts of laser radiation reach the chip.

The next question for designing cavity and chip is how large the atom cloud
in that trap will be. The two main parameters defining the size are the ensemble
temperature Tgp, which we expect to be on the order of ~1pK, and the laser
power Pgy. With Pgp = 50 mW we find a maximum trap depth of Ty, = |Ugp|/kp =
400 pK, cf. Figure 3.2, and for the much colder atoms the trap shape constitutes
in good approximation a harmonic oscillator potential in all three dimensions.
The atomic distribution in a 3p harmonic potential is a 3D Gaussian [57], and the
single-particle density profile is described by

1 r? y2
pSp(r, y) = 3— CXP(—Z—Z — F) (35)
21 O'rZO'y Or Oy

The radial and longitudinal variances ¢ and cr}% are

2 kBTRb
g = 2

27 q € {r’ y} (36)
mRba)q

with mgy, the mass of a rubidium atom, kg Boltzmann’s constant, and , (w)) the
radial (longitudinal) harmonic oscillation frequency, cf. Section 3.11. From the
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shape of our beam we finally obtain a cloud extension of dg}, == 60, = 2.3 pm
in radial direction and kg, = 60y, = 0.19mm in longitudinal direction, cf. also
Figure 3.2. To be on the safe side and have sufficient margin even for elevated
cloud temperatures of up to Tgp, ~ 5pK we set the length of the capacitor plate
along the laser axis to be fixed at / = 1 mm.

Two remaining, mutually dependent values that we need to determine are the
width [, of the chip underneath the laser axis and the distance z, of the atoms from
the chip surface. It is intuitively clear from Figure 3.2 that a wider chip requires a
larger atom-chip distance, at least if we want to avoid the tail of the Gaussian laser
beam to shine on the superconductor. As a satisfying compromise including some
margin for error we find a chip width of [, = 1.6 mm and a chip-atom distance
of zy = 80 um. These values guarantee completely negligible direct interaction
between the laser photons and the superconductor, cf. Section 3.12, while still
providing enough space for capacitor, gap and ground plane as discussed above.
Since on the other hand a chip with a constant width of 1.6 mm is not convenient for
mounting and wire bonding, and does not provide much space for minimizing stray
capacitances, we have opted as an ideal solution for a tapered-tip design. Regarding
the atom-chip distance, we will experimentally explore the possibility to reduce it
further in the future, although there might be additional aspects to consider, such
as parasitic stray fields that can get very strong close to the surface [28, 37-39].

We note at this point that due to the large parameter space to consider and various
experimental options (laser wavelength, laser intensity, beam profile, ensemble
temperature) there might exist even more ideal configurations to be discovered.
Our considerations, however, describe an instructive way for how to engineer a
satisfying compromise based on specific boundary conditions and experimental
and technological choices. That being said and the atom position being fixed, we
are ready to optimize the details of the superconducting microwave resonator for
maximized interaction rates in the next section.

3.4 Maximizing the coupling rate

The optimization of the resonator layout for large interaction rates can be con-
densed into the maximization of the electric microwave field per photon at the
atom position z; = 80 um above the capacitor gap. The strength of the interaction
on the single-quantum level is encoded in the single-photon coupling rate g, which
enters the interaction Hamiltonian of the Rabi model as

Hint/h = g(a+a")(6, +6.). (3.7)

Here, a and aT are the annihilation and creation operators of the microwave field
mode, respectively, and 6 = |ry)(r{| and 6_ = |r;){ry| are the raising and lowering
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Figure 3.3: Optimizing the geometry parameters of the superconducting cavity for
maximized coupling strength. a Schematic of the chip in top view with definition of all
relevant resonator parameters used in the optimization. The length of the inductance wire
is s, the width of the capacitor plate is a, and the gap width between plate and ground-plane
at the far end is b. The length of the capacitor plate I = 1 mm is a fixed parameter chosen
to accommodate atomic cloud lengths of up to ~0.8 mm (cf. Figure 3.2). Also, the general
shape of the ground plane cutout including the parameter ¢ = 400 um is kept unchanged
during the optimization process. If we change either a or b to optimize the coupling rate
to the atoms, the capacitance C changes accordingly and we need to adjust s to keep
@, = 21+ 11 GHz. In b we present the resulting s for a € {¢ 50 pm, © 200 pm, ©500 pm} and
various b. The value of b is additionally indicated by a color intensity gradient, which is
also applied to the corresponding data in panels c and d. The values for s are obtained by
an iterative simulation procedure using Sonnet for the circled values and by interpolation
for the other values (see main text). c¢ shows the corresponding C and L = 1/wiC (the
inductance values having smaller marks for better differentiation) for each parameter set
(a,b,s) from panel b. The values for C are obtained from Comsol Multiphysics simulations
which simultaneously provide the electric field strength at the position of the atomic
ensemble center (x, y,z) = (0,0, 80) um for a given voltage across the capacitor. This field
strength in turn can be used to calculate the coupling rate g = E,¢d,/h, where d, is the
transition dipole matrix element and E,; = |E, | is the root-mean-square field amplitude of
the resonator quantum ground state. d, e Coupling rate g at the center of the atom cloud
for various a and b (with d, = 1898ea,). In d we use the same values for a as before, in e we
focus on b € {4-40 um, 50 pm, 60 um}, since that is the region of strongest coupling as
indicated by the orange interval in d. The maximum value g, = 27 - 433 kHz is obtained
fora = 60 um and b = 50 um (orange highlighted data point). The device presented in
this chapter was fabricated with a = 120 pm and b = 40 pm (violet highlighted data point),
corresponding to g = 2m - 425 kHz = 0.98g,,..... f g as a function of position (x,y = 0, z) near
the capacitor gap at the end of a resonator with a = 120 pm, b = 40pm and s = 1.1 mm.
Contour lines mark curves of equal coupling strength at the values indicated by ticks in the
colorbar. Values close to the gap edges that exceed the scale of the colorbar are drawn in
the orange of the maximum. The position of the atomic ensemble is marked by a red circle
with to-scale diameter dy, (cf. Figure 3.2).
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operators of the Rydberg state pair. The coupling rate g is closely related to the
vacuum Rabi frequency Q) = 2g (for zero detuning between atom and photon)
and describes the rate of energy exchange between the two systems. In terms of
practical variables, g can be expressed as
Ezpf dy

§=—4 (3.8)
with the zero-point fluctuation amplitude of the electric microwave field at the
position of the atom E,, and the transition dipole moment of the Rydberg state
pair dy, cf. again Figure 3.1d.

Since the atoms are located considerably above the chip surface, it is not sufficient
to maximize the zero-point voltage V,p¢ = \/hiwy/2C of the microwave circuit as it is
often the case in planar circuit QED [58, 59]. If that were the case we would just have
to minimize the capacitance C while keeping the resonance frequency at 11 GHz.
Instead, we need to numerically scan a large parameter space of circuit parameters
in order to find the optimum regime. An overview of the relevant variables and
an illustration of the optimization procedure are presented in Figure 3.3. Since we
have fixed the length of the capacitor plate to [ = 1 mm, the remaining parameters
are the width of the plate a, the size of the capacitor gap to ground b and the
length of the inductance s. This last parameter is mainly a control knob to keep
the resonance frequency at wy = 27 - 11 GHz for all combinations of a and b, but it
also contributes to unwanted stray capacitances.

The procedure to determine E, for each set of parameters (a,b) is as follows:
First, we need to determine the value s that results in the desired resonance fre-
quency. Initially, we use an iterative procedure of simulating the circuit with the
software package Sonnet for different values of s until the resulting resonance fre-
quency is 11 GHz. Once the function (a, b) — s is known for a few parameter sets,
we can estimate its value at further points by interpolation and in this way quickly
scan a large parameter space. Results of this process can be seen in Figure 3.3b.
Next, we determine the capacitance C for each parameter set (a, b, s) by numerical
simulation with the software package Comsol Multiphysics in combination with
an analytical correction which takes the mode shape of the microwave fields into
account. For completeness, we calculate the corresponding inductance L = 1/ wgC,
cf. Figure 3.3c. Details regarding the simulations and the capacitance correction
can be found in Sections 3.13 and 3.14.

From the capacitance simulations with Comsol Multiphysics, we furthermore
extract the spatial field distribution E4.(r) for Vg, = 1V, cf. Figure 3.1c, which we
translate into the microwave zero-point field amplitude by

R |Ege(r)

3.9
2C Vi (3:9)

Ezpf(r ) =
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We now need to find the optimal range for a and b which maximizes g o E, at
r = (0,0, z5). Luckily, we find in these simulations that the optimum range of b is
only slightly dependent on a and vice versa, and that a in general has not a very
strong impact on g in a broad interval of reasonable widths, since the electric field
will be concentrated near the gap to ground anyways. The optimum ranges for
both variables are comfortably large, with deviations in either of them as large
as 50 % reducing the coupling rate only slightly, cf. Figures 3.3d and e. This relaxes
the requirements for the exact design values and the fabrication precision. We find
(a,b,s) = (60,50, 1390) um to be the optimal parameters, resulting in C = 136 {F,
L = 1.53nH and a coupling strength g,,.x = 27 - 433 kHz, cf. Figure 3.3¢, orders of
magnitude larger than in any previous chip-based implementation [27, 28].

Such a large value of g is highly promising for achieving the strong-coupling
regime, which is defined by 2g > k,ygy, where « is the total linewidth of the
superconducting circuit and yry /27 ~ (1-10)kHz is the atom decay rate of the
Rydberg state pair under consideration here. Optimized superconducting coplanar
waveguide cavities have been demonstrated to allow for single-photon quality
factors Q¢ > 10° [60], which translates to ki, < 27t-11kHz and hence to 2g/k ~ 80
for our wy. In our setting, however, the cavity layout is highly specialized and not
an ideal coplanar waveguide, the chip is not packaged compactly in a radiation-
tight housing and there will always be some infrared or optical stray light hitting
the superconducting film. It is therefore important to characterize as a next step a
physical implementation of a typical device.

3.5 Experimental device and setup

We have fabricated and characterized a superconducting cavity chip with pa-
rameters very close to the optimal ones determined in the previous section. As
geometrical parameters we chose an inductance wire length s = 1000 um, capac-
itor dimensions a = 120 um and b = 40 um, and as plate length we stick to the
fixed value I = 1000 pm. This results in a design frequency wy = 27 - 11.6 GHz
(C = 160fF, L = 1.18nH), i.e. a slightly higher resonance frequency than the
previously discussed 11 GHz which is a precaution for the case that we cannot
compensate for all parasitic dc fields with V. and are therefore restricted to the
upper range of possible electric fields Eq. = 1V em™!, cf. Figure 3.1d and [28]. The
higher resonance frequency results in an expected coupling rate g = 27 - 438 kHz,
slightly larger than the value in Figure 3.3.

The circuit consists of three micro-patterned thin-film layers on top of a tip-
tapered sapphire substrate. The first layer is superconducting niobium with a
thickness of 80 nm and defines all superconducting structures except for the top-
plate of the shunt capacitor. The second layer is 70 nm thick Si3Ny as dielectric for
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the shunt capacitor and the third layer is again superconducting niobium of 120 nm
thickness to finish the parallel-plate capacitor C;. The shunt capacitance Cg = 20 pF
is designed for a high external quality factor Qe = wyZyCs(C +Cy)/C ~ 10° and in
contrast to similar earlier implementations [54, 61, 62] the top plate of the capacitor
is galvanically connected to the ground planes in order to minimize the impact of
a potential shunt inductance. More details regarding chip fabrication can be found
in Section 3.15.

For its characterization, the 10 mm x 3.5mm large superconducting chip is
mounted in a cold-atom-compatible manner into a suitable dilution refrigerator,
cf. Figure 3.4. The tapered tip of the chip including the complete cavity protrudes
over the edge of its microwave housing by 2 mm. Inside the gold-plated copper
housing, the chip is wire-bonded directly to the housing along the two long chip
edges for grounding and to a Rogers microwave printed circuit board (PCB) at the
remaining short edge with the CPW feedline launcher, cf. Section 3.15. The PCB
connects the chip to a surface-mounted SMP connector by means of another CPW
transmission line. Then, the complete package is inserted through the circular bore
of a small superconducting magnet coil which is part of a magnetic quadrupole
trap for cold atoms. By design and careful mounting, everything is aligned in
a way that the microwave capacitor C on the chip is located close to the center
of the quadrupole coils, where the atoms arrive from their 6 K preparation stage
and where they are transferred from the magnetic into the optical dipole trap.
Simultaneously, the magnet-center is positioned directly on the axis of optical
access and the chip surface is oriented parallel to that axis.

The microwave input and output lines in the fridge are equipped with multiple
high-frequency components which are typical for the characterization of super-
conducting quantum circuits at mK temperatures, cf. Figure 3.4 and Section 3.16.
A minor difference to common mK setups is that all the temperature stages in
our cold-atom fridge have somewhat elevated temperatures compared to stan-
dard systems [40], and so the lowest temperature we can (currently) achieve is
Tiin = 200 mK. On the input line, we have mounted several discrete attenuators
and highly attenuating stainless steel coaxial cables (total input attenuation ~70 dB
at 11 GHz) to suppress the noise level of the incoming signals to an equivalent
temperature close to Tjp;,. On the mixing chamber and just before the signals reach
the superconducting chip, we have installed a cryogenic circulator and a bias-tee to
enable a reflection measurement in combination with the application of a dc voltage.
The reflected microwave signal is routed with partially superconducting coaxial
cables (up to the T = 0.5K plate) through the circulator towards a cryogenic high-
electron-mobility-transistor (HEMT) amplifier in the output line. To additionally
shield the device from thermal noise emitted by the HEMT, a cryogenic isolator is
inserted at T = 1.5K in between the circulator and the amplifier.
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3.6 Measured cavity parameters vs T

The spectroscopic cavity characterization is performed by means of a vector net-
work analyzer (VNA), and we track the reflection response S;; around the circuit
resonance frequency during the device cooldown to mK. This way we are able to
cover a large temperature span up to T > 4K, which could not be achieved as easily
by the heater on the mK plate alone. A separate temperature sensor is attached di-
rectly to the chip mounting-bracket to guarantee a minimal temperature-difference
between sensor and sample. The measured absorption resonances, cf. Figure 3.4c
for a small selection of temperatures, are analyzed by a data fitting procedure
from which we obtain the resonance frequency w, and the internal and external
quality factors Qj,¢ and Qeyy, cf. Section 3.17. At the lowest available temperature
Toin = 224 mK, we find wy = 27 - 11.708 GHz, Qj = 5.2 - 103 and Qg = 18.3 - 103,
indicating that the resonator is in the undercoupled regime. Up to ~2.5K the
cavity properties remain nearly constant, and start to decrease for further increas-
ing temperatures. A decrease of wy and Q;,; with increasing temperature can be
attributed to thermal quasiparticles in the superconductor and a corresponding
increase of kinetic inductance. The slight decrease of Q.y; With increasing T on
the other hand could either be related to a frequency-dependent impedance of
the microwave circuitry connected to the chip (cable resonances) or to a non-
negligible contribution of Q;;;; to Qe based on interferences (e.g. in the circulator)
and incorrectly attributed losses during the fitting procedure [63]. These factors
might also be responsible for the discontinuity of Q. at T ~ 1.7 K which occurs
approximately when the aluminum coaxial cables and wire bonds in the setup
become superconducting.

Overall, the cavity shows very promising characteristics for the envisioned
hybrid system. The resonance frequency is close to its design value and in an ideal
range for the targeted Rydberg transition. The external quality factor is smaller than
expected, but in principle allows k = wy/Q ~ 27 - 600 kHz and can be adjusted in
future implementations, e.g. by an increased plate area of Cy, a thinner layer of SizNy
or a material with a higher €. such as amorphous silicon. For the present device and
first hybrid experiments, however, Quy; is well-suited, since it does not dominate the
total linewidth while still allowing for a comfortable cavity characterization by a
considerable resonance-dip depth of 5 dB. The internal quality factor Qy; = 5.2-10°
finally is lower than in many other implementations of superconducting circuits,
and currently we are not certain why. Possible reasons include stray (infrared) light
reaching the superconductor through the cryostat windows, dipole-radiation losses
due to a lack of metal housing, as well as surface, interface and dielectric losses
on the chip itself. The latter seems improbable because we can achieve Q;; > 10°
at mK temperatures with our fabrication recipe using different cavity layouts and
proper microwave-packaging. From our estimates of the radiation losses, we would



3 Tunable hybrid systems with optically trapped Rydberg atoms 48

also expect an at least tenfold higher Q;,,;. However, if radiation turns out to be
the culprit, a careful design of the free-space density of states around the chip tip,
e.g. by metal plates that do not impede the optical path, is likely to suppress it to
a satisfactorily low level. Optical and infrared stray light could be minimized by
suitable filter-shielding of the windows for optical access.

We plan to investigate the exact nature of the loss mechanisms of our cavity in
dedicated experiments in the future and we are optimistic that we will be able to
improve the quality factor by at least one order of magnitude doing so. Nevertheless,
the cavity does already now facilitate getting close to the strong-coupling regime
with Q) = k/3 which would exceed all previous on-chip realizations by orders of
magnitude [27, 28]. Since our setup does not only involve a single Rydberg atom
but potentially many of them simultaneously (in an ensemble of 10* - 10° atoms),
we also expect to observe a transition from the weak-coupling regime to the strong-
coupling regime with increasing number of Rydberg atoms. The Dicke model
predicts a scaling of the collectively enhanced vacuum Rabi frequency with the root
of the number of Rydberg atoms M [29], which can in turn be chosen through

Figure 3.4: Cavity characterization in a cold-atom dilution refrigerator. a Schematic
of the microwave-part of the dilution fridge setup. A cascade of attenuators (boxes) is
mounted to the input line (little arrows at the top indicate the microwave signal direction)
to reduce the thermal-noise level of the incoming microwave signal to sub-kelvin levels. The
signal is then routed to the device under test (DUT, cf. Figure 3.1) via a cryogenic circulator
and through a bias-tee. The bias-tee combines the microwave signal with an applied
dc voltage directly in front of the cavity, but none is applied during the measurements
presented in this figure. The reflected signal is amplified by ~40dB using a cryogenic
HEMT amplifier on the 6 K stage. A cryogenic isolator on the 1.5K plate is used to shield
the superconducting resonator from thermal noise emitted by the amplifier. b Photograph
of the mounted resonator. The chip-tip is uncovered in order to allow access for lasers
and atoms. Above and below the resonator two superconducting coils can be seen that
make up the magnetic quadrupole trap used to load the atoms into the optical tweezers
(coils not used here). ¢ Reflection |S;;| of the microwave resonator at different temperatures
between 224 mK and 5K. Colored dots are experimental data, gray lines are corresponding
fit curves, cf. Section 3.17. The curves for T < 2K lie on top of each other. From the fit lines,
we extract the cavity resonance frequency w, as well as the internal and external quality
factors Quy = @p/Kine and Quyy = @y/Keyr- d, €, T Key fit parameters versus temperature T. We
show the resonance frequency shift Awy, = wy(T) — wy(Tpin = 0.2K) as well as the internal
and external quality factors Q,,, and Q.. All parameters show a nearly constant value for
T < 2.5K, and a considerable decrease with increasing temperature for larger T. We attribute
the discontinuity in Q. at around 1.7 K to aluminum coaxial cables and/or aluminum wire-
bonds becoming superconducting. The decrease of w, and Q;,, with increasing T can be
explained by thermal quasiparticles.
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the intensity of the laser pulses exciting the atoms to the Rydberg manifold from
the electronic ground state, cf. Figure 3.1. In order to achieve Qy = m Qy >k,
we need Nry 2 10, which is a feasible value for us considering a realistic Rydberg
blockade radius on the order of 10 pm [64, 65]. Further optimization strategies for
considerably enhanced vacuum Rabi frequencies of coupling to a single atom are
discussed in Section 3.9.

3.7 Measured cavity parameters vs Vg,

As a second important device characterization we apply a dc voltage V. to the su-
perconducting resonator, which will later be important to compensate for parasitic
dc electric fields from e.g. surface adsorbates and to tune the Rydberg transition fre-
quency into (and out of) resonance with the cavity. Hence, we apply a variable Vy,
to the dc line of the bias-tee, monitor a possible leakage current ;. and measure
the cavity reflection S;; for each static value of V.. The corresponding results
are summarized in Figure 3.5. For voltages up to Vy. = 10V, the cavity lineshape
and resonance frequency remain unmodified to the naked eye. We observe, how-
ever, a small leakage current of up to ~500 pA which corresponds to a resistance
of 20 GQ. This value is consistent with earlier observations in analogous systems
with trilayer parallel-plate capacitors made with Si3Ny [54], but we also cannot
exclude a contribution from leakage currents through the bias-tee or the dc wires
and connectors.

From fits to the cavity resonance, we find a small shift of the resonance frequency
with increasing voltage, cf. Figure 3.5¢, and constant values of Q;,; and Qey; (not
shown). However, due to the smallness of the frequency shift, which is comparable
to the uncertainty of its absolute value, it is not completely clear whether it is
an actual change of the resonance frequency or an artifact e.g. due to changed
properties of the bias-tee. On one hand, a red-shift would for instance be compatible
with an electrostatic compression of the dielectric in the shunt capacitor; on the
other hand, this should also lead to a change of Q.. A future cavity with a much
higher Q could provide more insight into this effect. In essence though, the cavity
is very robust with respect to an applied dc voltage up to at least 10 V, which we
expect to be more than sufficient considering that this corresponds to an dc electric
field of Eg4. = 370 Vem™! at the position of the atoms. Typical adsorbate fields are
on the order of 10 Vem™! [28, 37, 39] and the Rydberg transition is optimally tuned
into resonance at <2V cm™!, cf. Figure 3.1. We finally note that we have applied
even higher voltages to other chips at 4.2K which revealed that the breakdown
voltage of the shunt capacitor seems to be around V. = 40 V.
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Figure 3.5: Cavity characterization with applied bias-voltage V.. a Reflection |S,,| of
the microwave resonator at T = 0.2K with V. =0V and V. = 10V in direct comparison.
Dots are experimental data and gray lines are overlayed fit curves. No significant shift
or widening of the resonance dip is discernible, indicating the robustness of the cavity
against dc voltages up to at least 10 V. b Leakage current I, recorded during measurements
with different V.. The observed resistance of ~20 GQ is in the range expected for leakage
through the Si;N, shunt capacitor [54]. ¢ Resonance frequency shift Aw, versus applied
dc voltage. Error bars indicate the estimated standard errors as given by the fit routine.
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3.8 A concept for maximal field homogeneity

Before we conclude our report, we will present a modified concept for the su-
perconducting cavity as a perspective possibility which comes with considerable
advantages, but at the expense of a higher complexity. The basic idea is presented
in Figure 3.6a and is not based on a single superconducting chip but on two nearly
identical chips facing each other with a distance d in a flip-chip assembly. Each of
the two chips contains an inductive wire and one half of a (vacuum) parallel plate
capacitor, inside of which the dipole trap with the cold atoms will be located. As
a spacer between the chips, a superconducting foil, low-loss dielectric patches or
indium bump bonds might be suitable choices. The bottom chip furthermore con-
tains the microwave feedline and the shunt capacitor as did the 2p implementation
discussed above. The major advantages of this approach lie in the symmetry and
in the spatial homogeneity of the electric dc and microwave fields.

For a completely symmetric set of chips, the adsorbate fields from the two chips
might either cancel in the center of the capacitor or combine to a homogeneous
field as well, which can then easily be compensated by an applied field E4.. Even if
the parasitic fields remain inhomogeneous or are accompanied by a considerable
gradient, it will be possible to relocate the atoms in the capacitor volume to a more
favorable position by shifting the laser axis, affecting only the adsorbate fields with
the shift. The property of position-invariance is also very advantageous in case
there are any vibrations of the superconducting chips with respect to the dipole
trap, e.g. induced by the refrigerator pulse-tube. In principle, vibrations could

Figure 3.6: Modified cavity layout for improved field homogeneity and coupling
strength. a Schematic of an alternative design consisting of two chips flipped on top of each
other. The bottom chip is similar to the design presented in Figure 3.1, except that there
is no ground plane close to the capacitance plate. The top chip (substrate not shown for
clarity) features an identical capacitance plate which is connected by a mirror-inductance to
a large ground plane. Two cuboid pieces of niobium control the distance d between the two
chips while simultaneously acting as superconducting vias connecting the ground planes
(other materials are also under consideration). b Cross-sectional schematic at the position
of the atomic ensemble and the numerically simulated ratio of dc electric field strength E4,
over applied voltage V. versus position for d = 200 um, a = 200 pm and [ = 400 pm; electric
field lines are indicated. Values close to the plate edges that exceed the scale of the colorbar
are drawn in the orange of the maximum. Thanks to the parallel plate capacitor geometry,
the field around the atomic ensemble position (marked x) is very homogeneous. ¢ Expected
coupling strength g for different chip distances d (other parameters are scaled with d, see
main text) and a resonance frequency of w, = 21t - 11 GHz. Assuming a resonator quality
factor around 10 000, we reach the strong coupling regime for plate distances below 350 pm,
and for the smallest investigated distance d,;, = 100 um we get 2g;... = 27 - 6.6 MHz = 6x.
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be compensated by a real-time feedback to the dipole-trap position, however the
experiment would be much simpler, and most likely more stable, if vibrations did
not matter at all, just as it is the case for homogeneous capacitor fields. Finally, ho-
mogeneous fields will minimize any inhomogeneous broadening, making coherent
state transfer between the superconducting circuit and the atoms much easier.

Beyond the aspect of increased homogeneity, the 3p approach may also lead
to higher vacuum Rabi frequencies than the planar version. To demonstrate the
possibility to reach the strong-coupling regime without a strict parameter opti-
mization, we assume that the total circuit capacitance is defined by the two parallel
plates and calculate the corresponding dc capacitance Csp including the two sub-
strates by means of Comsol Multiphysics. Just as in the 2D case, we also extract
the field E4.(r) for an applied voltage V3. = 1V and calculate g for a resonance
frequency wy = 27 - 11 GHz as before.

In order to achieve maximum coupling strength, the capacitor dimensions should
be chosen just large enough to ensure field homogeneity in the region of the atom
cloud. To that end, we choose a = d and | = min(2d, 250 um) for a given chip
distance d. The smallest chip distance ensuring only a negligible amount of laser
power directly reaching the two chips is ~100 pm. Since such a small laser-chip
distance might not be practically feasible, we also consider chip distances up
to 600 pm in our simulations. See Section 3.18 for a more detailed discussion of
these parameter considerations.

The resulting simulated coupling rates are plotted in Figure 3.6¢c. Notably, the
transition to the strong coupling regime 2g > x is observed for distances d < 350 pm
if we assume a realistic cavity quality factor Q ~ 10 000. For the smallest possible
distance dyj, = 100 pm we even get g = 27 - 3.3 MHz, which corresponds to
2g = 6k in the case of Q = 10000 or 2g = k in the case Q = 1656.

An intuitive measure for the field homogeneity, taking the atom distribution
into account, is the weighted standard deviation of the relative difference from the
field strength E; in the center of the cloud

n= \/JRS Ppsp(r) (% - 1)2 dr. (3.10)

Since contributions outside the cloud region defined by dgy, and I}, are suppressed
by pgp, it is sufficient to consider the integral in that region. Evaluating the expres-
sion numerically using the field strength E = |Ey4.| from the Comsol Multiphysics
simulations, we obtain 15, = 0.5 % for the 2D implementation discussed above. The
3D layout with d = 450 um has a comparable coupling strength and for this we find
N3p.450 = 0.02 %, an improvement by a factor of 25. While it increases the coupling
strength, scaling the layout to smaller values of d also causes the homogeneous
region to shrink and thus increases the inhomogeneity across the atom cloud. For
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d = 200 um we find #3999 = 0.2%, a somewhat less impressive improvement
over the 2D implementation, but with a threefold higher coupling rate. This value
can be further improved by optimizing the capacitor shape, but this may not be
necessary in the end, as inhomogeneities become less relevant further into the
strong coupling regime [66].

We note that both chips in the flip-chip assembly could be supplemented with a
ground plane surrounding the capacitor plates in a sufficiently large distance such
that the dc and microwave electric fields are still concentrated in the space between
the two rectangular plates on the two chips. We omitted this potential ground plane
here for the sake of simplicity. If included, we expect it to somewhat reduce the
field homogeneity and the vacuum Rabi frequency, but at the same time lead to a
suppression of potential dipole-radiation losses into free space by counter-charges.
The optimal configuration remains to be investigated in the future.

3.9 Discussion

In this chapter we have presented the engineering and optimization of a supercon-
ducting microwave chip for the tunable coupling to optically trapped ultra-cold
Rydberg atoms in a dilution refrigerator. We focused on a suitable chip outline,
an optimized laser-chip distance and on the ideal circuit parameter-set for max-
imized interaction rates. Despite conservative estimates of various parameters
such as the atomic ensemble temperature and a moderate cavity quality factor in
the experimental implementation of the superconducting resonator of Q;,; ~ 5200,
our device allows for a single-atom vacuum Rabi frequency in proximity to the
strong-coupling regime with Q; ~ x/3. Since we intend to couple to an atomic
ensemble, however, we expect a single-photon coupling-enhancement by the root
of the number of atoms the laser excited to the Rydberg manifold \WR},. Thus, we
reach the strong coupling region for Ny > 10. For future devices we furthermore
believe to be able to increase Q;,; by at least one order of magnitude. Finally, we
have presented a perspective flip-chip cavity layout which could lead to enhanced
field homogeneity and potentially larger coupling rates.

Even the planar implementation could be re-designed in the future to allow for
further increased vacuum Rabi frequencies if it turns out that the atom character-
istics permit it. If the atomic ensemble in the dipole trap really can be cooled to
T < 1pK and if the surface adsorbate fields can be compensated sufficiently well
with the applied dc voltage, the entire circuit and chip could be implemented in a
much smaller version. The capacitance length could be reduced by a factor of five,
and so could the chip width by a corresponding amount. As a consequence, the
laser could be focused to wg, = 10 pm and the trap-center could approach the chip
to ~40 um, which in turn allows for a smaller capacitor plate width and a smaller
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gap to ground. Overall, these reductions alone would lead to an increase in E,¢ by
a factor of ~5. More sophisticated possibilities would include deep etching of the
substrate to minimize the stray capacitance through the substrate or the use of a
substrate material with much smaller €. To compensate for the strongly reduced C
by all these techniques, we could increase the inductance by using a spiral inductor
or a very thin film with high kinetic inductance.

Our work uncovered an extensive overview over most of the critical aspects
when interfacing superconducting microwave chips with optically trapped atoms
and demonstrates a way to deal with the corresponding challenges in order to find
a satisfying best-balance compromise. The laid out strategies have the potential to
bring dc-tunable and realistic superconductor-atom hybrid systems in the strong-
coupling regime into experimental reality. Once implemented, those systems can
serve as foundations for novel quantum gates on superconducting microwave chips
and towards unexplored regimes of light-matter interaction. On the technological
side it is promising for advances in quantum frequency conversion and for the
implementation of atomic quantum memories on superconducting chips.

To complete our deliberations, the remaining sections of this chapter contain
additional details on some of the points discussed above, including comprehensive
descriptions of relevant calculations and simulations as well as information on
device fabrication and mounting.

3.10 Stark map of the relevant Rydberg states

The (non-differential) Stark map of Rydberg state energies (calculated as described
in [28, 55]) in the vicinity of the states |r;) and |r;) making up the target transition
is shown in Figure 3.7. The differential Stark map in Figure 3.1d results from this
after subtracting £; from all lines.

We note that we omit all the possible transitions to negative relative frequencies
in Figure 3.1, although they will also couple to the microwave cavity once they
are resonant with it. Their dipole transition matrix elements and corresponding
coupling rates are several orders of magnitude smaller than that of the target
transition, so they are negligible to first order, and their inclusion in Figure 3.1d
would lead to an overcrowded image with considerably reduced clarity.
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Figure 3.7: Simulated Rydberg state energies in the vicinity of the target transition.
The black line marks the initial state of the targeted high-d, transition |r;) — |r,), which
at zero field corresponds to [59P;,,m; = 2) — |58D5,,,m; = 2). The energy zero point is
chosen to be & at Ey4. = 0. For all states besides |r;), the color indicates the transition dipole
moment d, of the transition from |r;) to that state, cf. Figure 3.1d, with |r,) appearing red
due to the high associated transition dipole moment. At E;. = 2V cm™, the energy of |r;)
bends upwards due to an avoided crossing with a lower energy state, shown magnified in
the inset. This results in all transition frequencies £,, = £ — &, shown in Figure 3.1d bending
down at that field strength.
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3.11 Atom oscillation frequencies in a dipole trap

The radial and longitudinal (axial) oscillation frequencies in the dipole trap w,

and wy, respectively, determine the extension of the atomic cloud as described

by (3.5). We find the oscillation frequencies by revisiting the second-order Taylor
expansion of a symmetric potential U(x) = U(—x) around its minimum

U(x) = U(0) + %a,%U(O) %+ O (3.11)

and the differential equation of a particle with mass m in this potential (we neglect
damping and external forces for the sake of simplicity)

mi + 92U(0) - x = 0. (3.12)

The solution of (3.12) is a harmonic oscillation with (angular) frequency

/azU 0
Wy = 1| = ( ). (3.13)
m
To find the frequencies for rubidium atoms in the dipole trap, we therefore need to
calculate
¥ Ugp(0)
@ = | f—P (3.14)
MRb
32Uy,(0)
Wy =\ |2 (3.15)
MRb

The second partial derivatives of the Gaussian (radial) and the Lorentzian (axial)
profile of the trap potential around their corresponding extrema are

2r 4
92 exp(——Z) =-— (3.16)
de r=0 de
2
Y\ 2
2(1+ =% ==, (3.17)
y( iR ) =0 R
Combining everything and plugging in all relevant numbers, we find
w, =271 -4.1kHz (3.18)
wy = 2m-50Hz (3.19)

and with mg, = 86.9Da we arrive at the values for o, and oy, discussed in the
context of Figure 3.2.
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3.12 Estimating the laser power reaching the chip

Since optical photons can break Cooper pairs, destroy superconductivity and heat
the mixing chamber of a dilution refrigerator, we estimate an upper threshold for
the total optical power reaching the superconducting structures in our setup and
adjust the laser-chip distance and the laser profile accordingly. We consider two
contributions and find that both are sufficiently small to be neglected when the
parameters are chosen as discussed in the context of Figure 3.2.

The first way a photon from the dipole-trap laser can reach the chip is by directly
hitting the superconductor in the Gaussian tail of the beam profile. At the chip
edge, i.e. y = I, /2 = 0.8 mm, the beam radius is w, = 20 um, meaning that the
center of the beam is located at zy = 80 um = 4w, above the chip surface. We
therefore calculate the total power reaching the chip on or below its surface line

and find
P [ ~2
’2 dp 2Z .
dir T We LO exp< we ) g

= @<1 - erf(JEZ—°)> = 66aW (3.20)
2 We
for Py, = 50 mW, which is clearly negligible [67, 68]. Note that if the chip were
not tapered but kept its full 3.5 mm width at the position of the laser beam, while
also maintaining zy = 80 um and wgp, = 15 um, the power incident on the super-
conductor would increase to ~38 nW.

The second path a photon from the dipole laser can take is being off-resonantly
scattered by the atoms in the trap. The scattering rate of an atom at position r in
units of scattered photons per atom per second is given by [31]

n = (3 (o )

2hwy N W1/ N0p 0y @1 F Odp
2
TCH ¢ Wdp \3 I I 2
+ _‘;(_P) ( 2 42 ) )Idp(r). (3.21)
howy N W2 7 Nwp —@gp Wy + Wp

For a nearly constant intensity at the center of the trap Iy, = 2Pg,/ nwgp we find

I;. = 2+ 1551, Assuming a total atom number of N; = 10° in the trap (though
10* is more realistic), we obtain as total scattered power

Pye = hagplscNyy = 23 pW. (3.22)

This is again negligibly small — even if we assume that all of it is absorbed by the
superconductor.
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Figure 3.8: Layouts used for rf and dc simulations. Layout for a microwave simulation
using Sonnet and b for dc simulations using Comsol Multiphysics. ¢ Analogous layout for
the perspective 3p design. The colors indicate the material, as in previous figures: Gray for
sapphire, blue for niobium and green for silicon nitride. In addition, the vias allowing current
flow between the bottom and the top layer of the shunt capacitor in Sonnet simulations
are indicated by a darker blue. The simulation boxes are indicated as thick dashed lines
and their dimensions are noted in the drawings. Insets show enlarged regions with small
structures. The dimensions of the 2b resonator shown in b correspond to the fields shown
in Figures 3.1¢ and 3.3f, the ones of the 3D resonator in ¢ to those shown in Figure 3.6b.
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3.13 Details of simulations with
Sonnet and Comsol Multiphysics

Sonnet simulations were performed using a 6 mm x 3 mm x 2 mm simulation box
with the niobium film placed in its center, atop a 330 um thick sapphire substrate
(¢, = 10). We choose the box somewhat smaller than the real device in order
to keep simulation time manageable. Due to a software limitation, the substrate
fills the entire profile of the simulation box, i.e. it does not follow the taper of
the niobium layer. The two niobium layers are modeled with a typical surface
inductance value of L, = 0.13 pH/o? They are separated by a 100 nm thick silicon
nitride brick (¢, = 7.5) in the center and connected by lossles vias on either side. A
schematic of such a layout is shown in Figure 3.8a. Since the smallest structure
(the inductive wire) has a width of 20 pm, a grid size of 5 pm x 5 ym is sufficient.

For the dc field simulations using Comsol Multiphysics we only consider the
components that determine the resonator capacitance. That is, we omit the shunt
capacitor, which affects the effective capacitance in principle but only with a
small contribution, as well as the feedline. We include the inductive wire and add
additional spacing to ground around its back end, as shown in Figure 3.8b. In order
to minimize distortions of the field in the region of interest (boundary condition: no
charges on the simulation box), we choose a large box of 10 mm x 10 mm x 10 mm,
with the niobium film placed in its center on top of a sapphire substrate, like in the
Sonnet layout. The chip is positioned in such a way that the capacitor gap, above
which the atom cloud will be positioned, is located in the exact center of the box.
Since the total width of the chip was not determined yet and should not affect the
relevant fields much, the chip taper is extended all the way to the box edges. We
triangulate the simulation mesh very finely (down to 1 pm) in the region of the
capacitor and the atom cloud, and more loosely (up to 500 um) far away from the
capacitor, where field gradients are low.

The layout for the dc simulations for the perspective 3D design is essentially the
same, except that the ground plane and the inductive wire are omitted, leaving
only the capacitor plate, and a second, identical chip is placed above, facing the
first. One such chip layout can be seen in Figure 3.8c. The center between the
two plates, where the atom cloud will be positioned, is located in the center of the
simulation box, with the two chips symmetrically below and above it.

*This value for the surface impedance is obtained by L, = oAy with a typical value for sputtered
niobium films A; = 100nm. Since our actual 4;, is usually closer to A{ = 130 nm and our bottom-
layer (top-layer) film thickness ty, is 80 nm (120 nm), a more accurate value would be L} = pigAyy =
HoAf coth(hy,/Af) = 0.30 pH/o for the bottom layer and LY = 0.22pH/o for the top layer [69, 70].
However, this adjustment would only change the resonance frequencies by ~0.1 %, which is below
the accuracy of the simulation and the chip fabrication; therefore it has no significant impact on the
current analysis. It should however be kept in mind for e.g. devices fabricated from even thinner or
more disordered films.
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3.14 Standing-wave correction
of the circuit capacitance

The dimensions of the circuit, in particular the inductive wire length s of the
resonator, are not sufficiently small to neglect the finite microwave wavelength
at 11 GHz when analyzing its resonance properties. In other words, the wire cannot
be treated as a simple lumped element inductance, but - in combination with the
ground planes — shall be modeled as a distributed element coplanar waveguide of
length § = s—gqin series with a short, purely inductive wire of length g, cf. Figure 3.9.
We neglect any capacitance contribution from the wire part with length g, since it
is the farthest from the ground planes.

Given the CPW and substrate dimensions (inductive wire width 20 pm, distance
to ground plane 390 um, substrate thickness 330 um, average dielectric constant
of sapphire €, = 10), we find the CPW capacitance per unit length C’ = 56 pFm™!
with an effective permittivity of €. = 5.06 [71]. This yields the phase velocity
Vp = co/ et = 1.33 - 108 ms™!, corresponding to a resonance wavelength 1, =
2mvp/wy = 12.1mm for wy = 27 - 11 GHz. Thus, a corresponding quarter-wave
standing-wave cavity would have a length of A;/4 = 3.0 mm, only about 2.2 - §,«
with §,x = 1.4 mm being the largest considered length, confirming that modeling
it as a lumped element inductance is not appropriate.

For the characteristic impedance of the CPW segment with length §, we find
Zy = 1/vyC’ = 135Q (the kinetic inductance contribution can be neglected for
our film thickness [72]; it would only change Z; by <1 %, impacting the coupling
strength g by <0.2 %). Seen from the side of the remaining cavity, the short-ended
CPW has the input impedance

Zin =2, tan(ZTC%) (3.23)

with A = 2mv/. We omit the effect of the shunt capacitance C; on the boundary
condition or the effective total capacitance as well as any dissipative contributions,
since they are small. The resonance condition can be written as

iz tan(ZnA—i) = (i Lo + iw; Co) (3.24)

where C, is the capacitance of the plate only and L is the inductance of the circuit
without the CPW part (cf. Figure 3.9).
Now assume that at some moment we have the microwave voltage V,, at the

plate capacitance Cy. The voltage V; at the input of the transmission line at that
moment can be obtained from considering everything connected to the capacitance
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Figure 3.9: Model for the standing-wave correction of the circuit capacitance. We
model the leftmost inductive wire section with length § = s—g as a CPW with characteristic
impedance Z; and the remaining part of length g as a lumped-element inductor L,. With
the capacitance contribution C, of the gap between the capacitor plate and ground as well
as the voltage V; across that gap we can then calculate the voltage V; across the CPW.
This allows us to determine the energy Ecpy stored in the CPW fields and finally the
contribution Cepw/(8) of the CPW to the effective resonator capacitance C. See main text
for the detailed calculation.

to be a voltage divider with

Z; tan(2715/ Ag)

Vi =V 3.25
! OwOLO + Z; tan(2mn8/ Ag) (3.25)
5
= Voa)OCOZl tan(Zn%) (326)

where in the last step we used (3.24).
A final ingredient is the capacitive energy on the CPW, which is given by

_ 1 7772 $ .2 X
ECPW = EC V/l J;) sin (27[/1—0) dx (327)
with V), the hypothetical maximum voltage at x = Ay/4 and the boundary condition

V=V, sin(Zn%). (3.28)
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After integration and some algebra we get
§— Ao/4m - sin(47§/Ay)
Ecpw = VE(wyCZy)?C" ——
cpw = Vo (@0CoZy) 4 cosi(2ns )/ 2g)
from which we conclude the effective capacitance contribution of the CPW to be
. s— Ao/4ﬂ . Sil’l(4ﬂ:§//10)
Copw(3) = (0CoZy)*C’
cpw () = (w0CoZy) 2 cosZ (2 2g)

With Comsol Multiphysics, we simulated the dc capacitance Cy. including the
inductive wire, for the effective total capacitance C of our cavity we thus calculate

C = Cy + Copw(®) = Cyc — C'5 + Copw (9), (3.31)

(3.29)

(3.30)

the result of which is plotted in Figure 3.3c. Note that from our data there we
can also extrapolate the inductance L as the value of the nearly linear L(s) for
s = g = 400 um, which we find to be Ly = 0.7 nH.

3.15 Device fabrication

The device fabrication of the trilayer chip is executed in four steps. These steps
are individually described below. Optical microscopy images of a typical device
are shown in Figure 3.10.

Step 1: Microwave cavity patterning. The fabrication starts with dc-magnetron
sputtering of 80 nm thick niobium on top of a two-inch r-cut and single-side-
polished sapphire wafer. The nominal thickness of the wafer is 330 um. For optical
lithography, the entire wafer is covered with ma-P 1215 photoresist by spin-coating
(resist thickness ~ 1.5 pm) and loaded into a system for maskless optical lithography
(Alitho = 365nm). After exposure, the resist is developed in ma-D 331/S for 355,
followed by dry-etching of the pattern into the Nb film using reactive ion etching
with SFg. For cleaning and removal of the remaining resist, the wafer gets rinsed
in multiple subsequent baths of acetone, isopropanol and ultra-pure water.

Figure 3.10: Optical microscopy images of a typical device. a A fully fabricated chip
mounted in a sample holder. Wire bonds to the PCB at the top as well as to the sample
holder body on the sides serve both as electric contacts and as mechanical fasteners holding
the chip. The niobium appears black due to the lighting conditions, the transparent sapphire
shows the color of the sample holder gold plating at the top and that of the microscope table
at the bottom. Red rectangles mark the position of the shunt and the resonator capacitor
shown in b and c, respectively, rotated by 90°. The structures have been colored according
to their material: Blue for niobium, green for silicon nitride and gray for sapphire. Chipping
caused by the dicing step at the end of fabrication can be seen at the right edge of c.
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Step 2: Dielectric patch for the shunt capacitor. As a second step, we again
perform maskless photo-lithography to define the areas on the wafer which will be
covered with SizNy for the parallel-plate shunt capacitor. After resist development
identical to step 1, the wafer with the patterned resist structures is placed inside
the vacuum chamber of a plasma-enhanced chemical vapor deposition (PECVD)
system and is covered with 100 nm of Si3Ny. Afterwards, an ultrasound-assisted
lift-off procedure is performed in acetone which removes the resist and all the
SizNy except at the locations of the later shunt capacitors. Finally, the wafer is
rinsed in multiple baths of acetone, isopropanol and ultra-pure water again.

Step 3: Top plate for the shunt capacitor. The third step is almost identical to
step 2, but instead of PECVD-grown SizNy, a 120 nm thick layer of niobium is
deposited by magnetron sputtering. To guarantee good galvanic contact between
the top and bottom Nb layers on the ground planes, a short dry-etching step
with SF¢ is performed in-situ before the sputtering process. From our etch rates,
we expect a Nb etch depth of 10 nm and a Si3N, etch depth of 30 nm, which reduces
the final thickness of the dielectric in the shunt capacitor to ~70 nm. After liftoff in
acetone, the wafer is once more cleaned in multiple baths of acetone, isopropanol
and ultra-pure water.

Step 4: Dicing and mounting. At the end of the trilayer cavity fabrication, the
wafer gets diced into individual, rectangular 10 mm x 3.5 mm chips. In a second
dicing step, the corners on the atom-side of each chip are removed, forming the
tapered tip. Then, one chip at a time is mounted adjacent to a Rogers printed
circuit board (PCB) into a gold-plated copper housing, where it is wire-bonded to
microwave feedlines and to ground, cf. Figure 3.10a. The PCB contains a coplanar
waveguide feedline leading to an SMP connector, where a microwave cable is
attached during measurement. After mounting into the measurement setup, the
device characterization is performed.

Figure 3.11: Mounting the device in the dilution refrigerator. The axis of optical access
passes through the center of the quadrupole coils at the top of the conveyor transporting
the atoms up from their preparation stage. Thus, the resonator must be placed close to that
center, such that the atoms can be loaded into the dipole trap and placed in its interaction
region. We attach the sample holder to the mK plate using a cascade of mounting brackets
allowing three-axis movement for precise alignment of the device position. The conveyor
coils as well as the inner-most heat shield are at 1.5K and depicted in grayscale, all colored
parts are at mK. A Tsensor is placed directly on the copper housing of the device for precise
readout of its temperature. On the left, the bias tee can be seen as well as the aluminum
rf cable connecting it to the device (cf. Figure 3.4a).
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3.16 Experimental setup

The experimental setup in which we have characterized the superconducting
cavity and in which we envision to implement the discussed hybrid system is an
Oxford Triton dilution refrigerator with optical access and a second 6 K plate at the
bottom for the preparation of ultra-cold atomic ensembles within a magneto-optical
trap [40]. Due to the additional cold-atom-specific components in this cryogenic
prototype system and the currently large thermal load, the temperature of the plates
is somewhat higher than in standard dilution refrigerators. One consequence is that
in our current experiment the lowest mixing chamber temperature is T;y;, = 0.2K,
and the usual 3K plate has a temperature of 6 K. In previous cooldowns with much
less thermal load, the mK plate in the system reached down to T,,; < 50 mK and
in the future we will try to reach those temperatures again by optimized thermal
engineering and radiation isolation measures.

From the top down to the mK plate, however, the fridge looks nearly identical
to standard dilution refrigerators and we have equipped the various temperature
stages with the usual microwave components for quantum circuits, cf. Figure 3.4a.
The (20, 20, 10) dB attenuator cascade on the input line, the stainless-steel coaxial
cables, the circulator and the bias-tee together provide a total input attenuation of
roughly —70 dB and equilibrate the incoming noise to nearly the base temperature of
the system. Hence, the microwave cavity at 11.7 GHz is close to its quantum ground
state with ny, ~ 0.2. For the rf connections between the different components on
the mK stage we use coaxial cables made of superconducting aluminum.

To mount the chip into the center of the magnetic coils, as shown in Figure 3.4b,
a mounting-bracket cascade of gold-plated copper allowing three-axis movement is
attached to the mK plate, with the microwave box mounted at its end, cf. Figure 3.11.
This way, the chip position can be adjusted for optimal height and alignment with
the optical axis while avoiding mechanical contact between the device housing
at mK and the coils at 1.5 K. Note that, in addition to the thermal load mentioned
above, thermal radiation emitted by the coils may contribute to the chip not
reaching the lowest possible temperature. To track the chip temperature as precisely
as possible, a temperature sensor is mounted directly on the copper housing.

3.17 Fitting and background-correction
of resonance data

The ideal reflection-response function of a high-Q series RLC circuit coupled to a
feedline with characteristic impedance Z; by a shunt capacitor C; is given by

2Kext

Sideal =1+
1 K + 2i(w — wp)

(3.32)
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with the angular excitation frequency w and the resonance frequency wy = 1//LCio.
The total capacitance is given by Ciof = C™! + C;'1, L and C are the inductance and
capacitance of the uncoupled circuit, respectively. The internal and external decay
rates (linewidths) ki and key, are given by

Kint = ngCtOt (333)
Ctot

Kext = 3.34

ext ZoCsz ( )

and the total decay rate by x = ki, + Kext- The effective resistance R accounts for
all internal losses of the circuit, such as resistive, dielectric or radiative losses.

Due to the cabling and all the microwave components in between the vector
network analyzer and the circuit, the ideal reflection is not what we measure,
though. To take frequency-dependent attenuation, the electrical cable length
and possible interferences (e.g. parasitic reflections or imperfect isolation in the
circulator) into account, we model the actual measurement signal as

2Kextei9 >

Sﬁal = (a9 + a0 + azwz)ei(¢o+¢lw)<l K+ 2i(w — wy)
(]

(3.35)
Here, we absorbed the minus sign of the ideal response (3.32) into the prefactors,
and ay, ay, as, ¢y, ¢; and 0 are real-valued fit parameters. During our automated
data fitting routine we first remove the absorption resonance from the dataset
(leaving a gap in the S;;-dataset) and fit the remaining S;;-response in a narrow
frequency window (typically five to ten times x) with the background function

Si’lg — (a() + alf/) + azwz)ei(¢0+¢lw)_ (336)

As aresult, we obtain preliminary values for ay, ay, a,, ¢y and ¢;. Then, we calculate
sréaly S}fig for the complete dataset and fit the resulting data with

2Kextele

T ——— -
1 K + 2i(w — wy)

(3.37)
from which we obtain a preliminary set of values for wy, k, Koyt and 6. Finally,
we use all the preliminary values for ay, a;, ay, ¢1, o, Wy, K, Kexr and 6 as starting
parameters to re-fit the original dataset using (3.35). The values thus obtained
for wy, Kint and Key; or correspondingly for the quality factors Qyy; = wy/Kint and
Qext = Wy /Kext are the ones presented throughout this chapter, more specifically
the ones in Figures 3.4 and 3.5. All the S;;-datasets shown in these figures and the
corresponding fit curves have been completely background-corrected by dividing

the original dataset by S?lg with the background parameters obtained from the final
fit. Additionally, we have removed the interference angle 6.
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3.18 Plate and distance parameters
for the 3p flip-chip architecture

To obtain a series of reasonable capacitor plate geometries for the numerical
simulation of the perspective 3D architecture discussed in Figure 3.6, let us start
with what we are keeping constant and fixed. Firstly, we keep the beam waist
in the focus plane at wg, = 15pum as well as the laser parameters A, = 800 nm
and Pgp = 50mW. As a consequence, the Rayleigh length remains g = 0.88 mm.
Secondly, in order to keep the advantage of high field homogeneity in the center
of the capacitor plates, we choose the width of the plates to always be equal to
their mutual distance a = d. Furthermore, we want the plate length to always be
I > Lyin = 250 pm, such that a cloud with Ty}, ~ 1 pK is comfortably accommodated
in a nearly homogeneous field over the complete cloud length. In order to maintain
this field homogeneity also for large a, d we choose I = 2a, given that this is larger
than [,;,. Finally, we want to keep the laser power reaching the two chips directly
in the Gaussian beam tails small. While giving a precise limit is impossible without
careful study of the actual device, we can assume Py;, < 0.1 nW to be a reasonable
limit [67, 68]. By inverting (3.20) numerically, we find the ratio r, = zy/w, = d /2w,
that results in Pgj; = 0.1nW to be r, = 3.0, which limits us to d = 2rewgp = 90 pm
even with vanishing chip width. In our simulations, we thus use d > 100 pm as a
practical limit.

Table 3.1: Capacitor and chip parameters for the eleven simulation points discussed
in Figure 3.6. The laser parameters, including the beam waist wy, = 15 pum, the wavelength
Agp = 800 nm, the resulting Rayleigh length [ = 0.88 mm and the power Py, = 50mW, are
kept constant for all parameter sets.

dinpm ainpm linpm [y in mm lg}rlit in mm

100 100 250 0.60 0.86
150 150 300 0.70 2.36
200 200 400 0.85 3.51
250 250 500 1.00 4.58
300 300 600 1.15 5.62
350 350 700 1.30 6.64
400 400 800 1.45 7.66
450 450 900 1.60 8.66
500 500 1000 1.75 9.66
550 550 1100 1.90 10.66

600 600 1200 2.05 11.65
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Given these preliminary considerations, we simulate the perspective geometry
for plate distances d ranging from 100 pm to 600 pm in steps of 50 um and calculate
all other lengths from this. For the chip width [, at the position where the laser
crosses it, we assume a 45° tapered chip profile with 100 um of padding between the
capacitor plate and the chip edge, effectively giving I, = [+ a + 250 um. Table 3.1
summarizes the resulting eleven parameter sets used to obtain the coupling rates
shown in Figure 3.6c as well as the maximum possible chip width below the laser
axis lg}rlit =IpJ(d/ 2rewdp)2 — 1 that would lead to Pg;; = 0.1 nW according to (3.20)
in each case. These maximum values turn out to be comfortably large for all but the
smallest value of d, revealing that further modifications to the design, e.g. additional
grounding structures around the capacitor plates, are possible without significant
spacial restrictions.
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The development of nonlinear and frequency-tunable superconducting microwave circuits
for operation in large magnetic fields is of high relevance for hybrid quantum systems
such as spin resonance spectrometers, microwave quantum magnonics, dark matter axion
detectors or flux-mediated optomechanics. With these exciting perspectives in mind, we
investigate niobium-based circuits with integrated nano-constriction quantum interfer-
ometers in magnetic in-plane fields up to several hundred mT. Our experiments reveal
an unexpected and pronounced field-induced asymmetry in the bias-flux response of the
circuits, which is demonstrated to originate from a field-induced Josephson-diode effect
within the nano-constrictions and which considerably enhances the circuit figures of merit
in a magnetic field. An intuitive macroscopic Josephson-diode model attributes the effect
to inhomogeneous constriction properties and provides us with the diode current-phase
relation as a function of the in-plane field. Finally, we demonstrate that in the diode-state
the circuit Kerr nonlinearity is bimodal in frequency, not only eliminating alternative expla-
nations for the bias-flux-asymmetries but also being potentially useful for quantum circuit
applications. Overall, our report underlines that niobium nano-constriction circuits belong
to the most promising candidates for high-field hybrid quantum systems and reveals the
untapped potential of combining Josephson nano-diodes with microwave quantum circuits.
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4.1 Introduction

Superconducting microwave circuits with integrated nonlinear elements such as
Josephson junctions or high-kinetic-inductance nanowires are the workhorse of
superconducting and hybrid quantum technologies [1-3]. Lately, there has been
growing demand for such circuits being compatible with large magnetic fields
for use in field-resilient circuit quantum electrodynamics [4-7], field-compatible
parametric amplifiers [8-10], dispersive magnetometry [11], and hybrid systems
with e.g. micromechanical oscillators [12-14], spin ensembles [15-17], magnonic
oscillators [18-20] or topological quantum bits [21, 22]. Some of the envisioned
high-field experiments might reveal groundbreaking new insights and technologies
regarding quantum gravity, axion dark matter, quantum sensing or topologically
protected qubits. Since the standard material aluminum and the commonly used
trilayer superconducting tunnel junctions cannot easily be combined with high
magnetic fields [7, 23], other circuit materials and junction technologies are cur-
rently under intense investigation [4-6, 17, 24-27], however, with no technology
proven to be superior or dominant yet.

A promising platform towards high-field Josephson microwave devices are nio-
bium (alloy) circuits, which have been demonstrated to possess high coherence
in fields up to the tesla regime [8, 28-30], integrated with nano-constrictions as
nonlinear elements, either as single nanowires [8, 31-33] or as superconducting
quantum interference devices (SQUIDs) [25, 34]. Various implementations of nio-
bium nano-constrictions have been realized in the past [25, 33-39], both in direct-
current (dc) and in microwave platforms, and using both two-dimensional (2D)
and three-dimensional (3D) constriction types. Surprisingly, only few experiments,
and all in dc, focused on their high-field characteristics [40-42], and hence lit-
tle is known about their high-field microwave properties. Recently, it has been
observed that niobium nano-constrictions can develop a considerable dc super-
conducting diode (SD) effect in an external field [43], a nonreciprocal regime with
an asymmetry between forward and reverse critical currents that originates from
a simultaneous breaking of space-inversion and time-reversal symmetries. After
the early realizations of SDs several decades ago [44-49], they have experienced
an impressive renaissance during the past few years [50-53], since they promise
fascinating possibilities for superconducting electronics, spintronics and quantum
technologies [53, 54]. However, reports of integrating intrinsic SDs into microwave
circuits, and thus combining two potentially groundbreaking technologies, are
scarce to date [55], and many aspects of their sub-critical, inductive properties,
their current-phase relations as well as their potential for application in quantum
circuits beyond three-wave-mixing [56, 57] remain elusive.

Here, we present the magnetic-field operation of superconducting niobium mi-
crowave circuits with integrated nano-constriction quantum interferometers. To
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guarantee minimized coupling of current-source noise into the SQUIDs, we im-
plement a setup combining a single-current-source 2D-vector-magnet with in-situ
sample rotation, and characterize the microwave circuits in magnetic in-plane
fields up to ~300 mT. The properties of the circuits turn out to be very promising
for applications in large magnetic fields and we observe that the circuit flux re-
sponsivity — one of the most important figures of merit for many applications - is
even enhanced by the external field. At the same time, we find that with increasing
in-plane field the characteristic flux-tuning arcs of usual microwave SQUID devices
become considerably asymmetric, an intriguing effect which we explain with the
constrictions gradually turning into field-induced Josephson diodes (JDs). From
our data and a macroscopic theoretical JD model, we finally reconstruct the current-
phase-relations (CPRs) of the JD-constrictions and identify spatial inhomogeneities
as the origin of the diode effect. Our results shine light on the magnetic-field com-
patibility of niobium nano-constriction SQUID circuits, and reveal insights into the
sub-critical characteristics of field-induced constriction-diodes, detected through
their microwave inductance. The observations presented in this chapter are of
high relevance for high-field hybrid quantum systems involving superconducting
microwave electronics, for focused-ion-beam-patterned nano-devices, for the de-
sign and understanding of Josephson diodes, and for diode-enhanced quantum
interference circuits.

4.2 Devices and setup

The base layout of our circuits is a superconducting lumped element LC circuit,
which comprises two interdigital capacitors Ci4. with multiple linear inductances
that can formally be combined into a single inductor L, (without constriction
contributions), cf. Figure 4.1. The superconducting lines have a width of 2 pm and
the gaps between two capacitor fingers are 4 um wide. At the heart of the circuit
is a rectangular loop with inner loop dimensions 19 um x 8 ym and a loop self-
inductance Ljo0p = 44 pH including kinetic inductance, cf. Section 4.19. By means
of a capacitor C., the circuits are side-coupled to a coplanar waveguide (CPW)
feedline with characteristic impedance Z; = 50 Q for driving and readout. Without
constrictions, the resonance frequency of the circuits is given by wg, = 1/ Lp,Ciots
where Cio; = 2Cjgc + Ce.

We combine six such circuits along a single microwave CPW feedline on a
10 mm x 10 mm microchip for simultaneous characterization and readout. For a
picture of the complete layout and details regarding the individual circuit com-
ponents and their values, cf. Section 4.18. The individual circuit layouts differ
solely by their number Ny, of capacitor fingers, which primarily leads to distinct
capacitances, but also to slightly different Ly, since the capacitor fingers contribute
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to the total inductance. The spacing of two neighboring resonance frequencies
is roughly 700 MHz, and the six devices in total cover the frequency range from
8.9 GHz to 12.5 GHz. The superconducting structures on the chip are patterned
from a ~ 100 nm thick niobium film, deposited on an intrinsic high-resistivity sili-
con wafer by dc-magnetron sputtering. All niobium patterning of the main circuits
is performed using maskless optical lithography and SF¢ reactive ion etching. A
detailed description of the complete fabrication recipe can be found in Section 4.8.

After a spectroscopic pre-characterization in liquid helium, three of the six
circuits are patterned with a pair of monolithic nano-constrictions, which are
placed symmetrically into their SQUID loops (cf. Figure 4.1); the other three circuits
are operated as reference devices. Patterning of the constrictions is done via local

Figure 4.1: Niobium nano-constriction SQUID circuits for microwave hybrid sys-
tems in large magnetic fields. a Rendered schematic of a typical microwave SQUID
circuit as discussed in this chapter. The circuit comprises interdigital capacitors (IDCs)
connected with linear inductors and is patterned from a 100 nm thick layer of niobium (blue)
on top of an intrinsic silicon substrate (gray). A rectangular-loop SQUID based on ion-beam
patterned nano-constrictions is integrated at the bottom of the circuit. The circuit is capac-
itively side-coupled to a coplanar waveguide (CPW) feedline for driving and readout by
means of the scattering matrix element S,; = S_.;/Si,. The SQUID can be flux-biased with a
perpendicular flux @, and, independently, a large magnetic in-plane field B can be applied.
b False-color scanning electron microscopy (SEM) image of a typical SQUID. The position of
one of the two symmetrically placed nano-constrictions is indicated by a red rectangle. ¢ En-
larged false-color SEM image of the indicated junction, rotated by 90°. d Equivalent circuit
of the device, featuring the coupling capacitance C, to the CPW feedline with characteristic
impedance Z,, the IDC capacitances Gy, and the constriction inductances L, (symbolized
by crosses). The individual linear inductances are not labeled in this diagram for the sake of
simplicity and since we will mainly use the effective composite inductance Ly, (total circuit
inductance for L, = 0). For the contributions to the total SQUID loop inductance L,
cf. Figure 4.2. e CPW transmission S,, vs probe frequency w for By = 0, &, = 0. Dots are
data, the line is a fit. From the fit, we obtain the resonance frequency w, = 27 - 10.233 GHz
and the linewidth k = 25t - 22 MHz. f Simplified schematic of the experimental setup. The
superconducting chip is enclosed in the vacuum compartment of a liquid helium (LHE)
cryostat. The microwave input lines are attenuated by 30 dB each to equilibrate the noise
of the vector network analyzer (VNA) and the signal generator (SG) as close as possible
to the measurement temperature T, = 2.8 K (achieved by pumping on the helium gas) and
the output line is equipped with two high-electron-mobility-transistor (HEMT) amplifiers
for maximized signal-to-noise ratio. A cylindrical superconducting coil is wrapped directly
around the cup of the vacuum compartment for the application of magnetic in-plane
fields B), and an additional split-coil magnet for compensating out-of-plane components
is rigidly attached to the cryostat. A small magnetic sample coil (not shown) is directly
attached to the chip housing for the application of &,.
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high-precision milling using a focused neon-ion-beam (Ne-FIB), analogous to what
is described in [34]. Two of the three SQUIDs have 3D constrictions (where the
constrictions were milled down from the top) and one of them has 2p variants
(where the constrictions have the full film height). From here on, we will focus on
the 2D device, but we do provide analogous results for one of the 3p constriction
circuits as well as a comparative discussion in Section 4.23. The constrictions have
a length and width of I = w = 40 nm. After Ne-FIB patterning, the chip is mounted
and wirebonded to a microwave printed circuit board (PCB) and enclosed in a
radiation-tight copper housing, before it is placed in the vacuum compartment of a
liquid helium cryostat.

The experimental setup combines multiple coaxial microwave input/output lines,
various dc twisted-pair copper wires as well as a temperature-control unit consisting
of a temperature-diode and a resistive heater for feedback-controlled temperature
stability better than 1 mK, cf. Figure 4.1f for a simplified schematic and Section 4.17
for the complete one. For magnetic shielding, the entire cryostat is surrounded by a
double-layer mu-metal shield at room-temperature. Two equally attenuated coaxial
input lines are used to send a vector network analyzer (VNA) probe tone and an
additional high-power microwave pump tone to the device, respectively, and the
output line is equipped with a cryogenic high-electron-mobility-transistor (HEMT)
amplifier as well as a room-temperature HEMT amplifier. We insert the pump tone
into the device at the probe signal output in order to protect the amplifiers from
being saturated by the pump signal. The chip with a small sample-coil attached to
the copper housing for applying SQUID-bias flux @, and the temperature-control
components are located in an evacuated cylindrical cup, around which a high-
inductance superconducting coil is wrapped for the application of an in-plane
magnetic field with B/l = 250 mT A™!, with the coil current Io;. Thus, the
superconducting coil can be immersed directly in liquid helium, while the sample is
located in vacuum with variable temperature, maintaining a rigid relative position
and orientation between the two. At the bottom of the cryostat, around the position
of the cylindrical sample cup, a second superconducting electromagnet, a split-coil,
is installed for the application of an out-of-plane magnetic compensation field
B, /Ioi1 = 2mT A~ Finally, it is possible to pump on the helium compartment of
the cryostat to reach sample temperatures T, down to T™" ~ 2 K. Throughout this
chapter, we operate at a temperature Ty = 2.8 K.

4.3 Circuit characteristics without in-plane field
The first experiment we perform is the microwave characterization of the SQUID

circuit as a function of bias-flux ¢, through the SQUID, with the large magnetic
coils switched off By = B, = 0. This will allow us to quantitatively model the
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constriction-type Josephson junctions (cJJs) and to extract their characteristic pa-
rameters as a basis for the later experiments and analyses. To this end, we trace
the complex frequency response of the circuit around its resonance frequency by
means of the transmission S-parameter Sy; = Syu:/Sin using a VNA. We operate in
the linear response regime of the circuit, which we ensure by measuring its mi-
crowave input-power dependence and then staying around one order of magnitude
below the probe powers required for the onset of nonlinearity. At the sweetspot
&y, = 0, the circuit has a resonance frequency wy = 27-10.233 GHz, a total linewidth
K = 21 - 22 MHz and an external linewidth ke = 27 - 4.7 MHz, cf. Figure 4.1e.

Once &y, # 0, we observe a shift of the resonance frequency to lower values and
an increase of the internal decay rate, cf. Figure 4.2. On a wider flux scale, the
resonance frequency modulates periodically with @y, and the period is given by the
magnetic flux quantum @, = 2.068 - 10~ Tm?. The origin of the frequency-shift
with bias flux is an increase of the nonlinear constriction inductance L. due to the
flux in the SQUID and the resulting dc current through the cJJs. We find not only an
arc-shaped periodic modulation but also observe a hysteretic flux response of w;
the frequencies obtained during the flux up-sweep partly differ from the ones in
the down-sweep and the resonance frequency does not transition smoothly from
arc to arc, but rather in discontinuous jumps, as indicated by the vertical arrows in
Figure 4.2¢. Adjacent arcs overlap considerably and cross at ¢, = (n+1/2) &, with
n € Z. Such flux hysteresis originates from metastable SQUID states that occur
when the effective loop inductance is not negligible [34, 58]. The jumps between
the arcs occur when the screening current in the SQUID reaches a switching
current +I, and as a consequence the fluxoid number changes by +1. Note that
L 1is often considerably smaller than the junction critical current I, since the
switching can be triggered prematurely by thermal noise, flux instabilities, phase
slips or the microwave signals used to probe the resonator.

A practical way to quantitatively model the inductance of each constriction as a
function of @, is to separate L. into a linear inductance Lj;; and a flux-dependent
Josephson inductance Ly = Ljy/cos dj [33, 59]. Here, Lyy = ®y/2n is the sweetspot
Josephson inductance, I is the critical constriction current and Jj is the Josephson
phase. Splitting the total cJJ inductance into a linear and a Josephson contribution
is equivalent to splitting the total constriction phase drop &, as

50 = 5] + 8lin (4-1)

where 8, = 21l I/, is the phase drop across the linear inductance. Using
this total phase and the first Josephson relation I = I, sin §j, with the constriction
current I, the cJJ current-phase relation can be expressed as the implicit function

LyinI(0c) )

5 (4.2)

I(6.) =1 sin(c‘5C - 21
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The total flux @ in the SQUID (without constriction contributions) on the other
hand is related to §, via ®/®, = §./m and to the bias flux via

Q= — Lloopl(n(p/(pol (4.3)

Here, we chose the signs such that a small positive bias flux &, leads to a positive
ring current I through the junctions, and assumed the two constrictions in the
SQUID to be identical.

The numerical solution of (4.2) and (4.3) provides us with &, as a function of &y,
which in turn allows us to calculate the constriction inductance for a given &,
according to

Do ¢ dI !
L = —\| = 4.4
09 =5(35) (49
and to finally fit the flux-tuning of the resonance frequency using
o
(@) = ———2 (4.5)

JT+ L(@p)/2L,

Here, wg, = 27t - 10.380 GHz is the fixed circuit resonance frequency before the cJJ
patterning and we use the sweetspot resonance frequency wgy = wy(0) to fix the

Figure 4.2: Hysteretic flux response and constriction current-phase relation without
magnetic in-plane field. a Circuit schematic of the SQUID. The total loop inductance
is split into three equal contributions, each carrying Ly,,,/3. The total constriction in-
ductance L, is described by a series combination of a linear inductance Ly, and an ideal
Josephson inductance L;. The Josephson part L; can be tuned by applying a bias flux @,
through the SQUID. b Transmission S,, through the circuit for three different bias fluxes
@, /P, €10,0.71,0.88}. With increasing @, (arrow), the resonance shifts to lower frequencies.
From fits (lines) to the data (dots), we obtain w, as a function of the bias flux. The shift
of w, is due to an increase of L; with &,. ¢ Resonance frequency w, vs ®,/®, as obtained
from the S,; fit curves for a larger range of flux values; the presented dataset combines a
flux up-sweep (dark kites pointing right) and a flux down-sweep (light kites pointing left),
arrows indicate the sweep direction. The three encircled data points on the central arc
correspond to the resonances shown in panel b. The resonance frequency modulates with a
period of @), and the modulation is hysteretic with discontinuous jumps from one flux arc
to the neighboring ones at &, /®, ~ (n = 0.9) &, where n € Z. Jumps are always upwards in
frequency and indicated by long vertical arrows. Lines are fit curves, from which we obtain
the linear inductance L;;, = 12 pH and the sweetspot Josephson inductance Ly, = 11 pH.
d Inferred current-phase relation of the constriction. The total phase &, is the sum of a
linear phase &, and a Josephson phase §;. The critical currents are identical in both current
directions and given by I = £30 uA. The thick line segment for |§.| < 1.45 shows the part
of the CPR that corresponds to the experimentally accessible flux arc range between the
jumps; the switching currents are I, = £20 pA.
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sweetspot constriction inductance L.y, while I, is a free fit parameter. For the flux
response tuning curves shown in Figure 4.2¢ we obtain L.q = 23 pH and I, = 30 pA,
which corresponds to Ljj, = Lo — Ljp = 12 pH.

The corresponding constriction CPR is shown in Figure 4.2d and is typical for
niobium constrictions. Instead of a sinusoidal shape, as expected for an ideal
Josephson junction, the CPR is considerably forward-skewed which reflects the
presence of Lj;,. In a small interval around §. = 7 it even becomes multi-valued,
which indicates that Lj;, /Leg > 1/2. From the CPR segment that is experimentally
accessible before the jump to the next arc occurs (indicated by a thick line in
Figure 4.2d) we conclude that the switching indeed occurs prematurely at §. ~ 7t/2
and I, = 20 pA. This is not unusual for the type of constriction we use here [33, 34],
although the exact mechanism behind this discrepancy is not yet fully understood.

In summary, both the microwave circuit and the constrictions are well-behaved
and quantitatively modeled at this point and the time is ripe for switching on By.

4.4 Impact of the magnetic in-plane field

When investigating in-plane-field operation of superconducting circuits, it is always
a challenge to align the magnetic field as parallel as possible to the circuit plane,
particularly when large SQUIDs are involved. In practice, there is always a finite
mounting misalignment between field and chip, e.g. due to machining inaccuracies.
One way to achieve parallel alignment would be to operate the vector magnet
with two independent current sources and to adjust the split-coil current such
that B, exactly cancels the out-of-plane component of the main-coil field B|. The
out-of-plane component and the necessary compensation factor can be determined
using the SQUID itself. This standard method, however, leads to the two current
sources coupling uncorrelated noise into the SQUID, which is very sensitive to this
due to its large area. Additionally, independent drifts of the two current sources
would pose a severe challenge for effective field alignment. In order to cancel out
the source-related field-noise and avoid compensation drifts, we decided to instead
operate the two magnets in series, driven by a single current source. Naturally, the
out-of-plane components of the two fields do not coincidentally cancel then, and an
additional measure has to be taken: We rotate the sample assembly, including the in-
plane magnet, in the field of the fixed split-coil until an optimal compensation-angle
is reached. This leads to a small additional misalignment between the symmetry
axis of the circuits and the in-plane field (here ~0.4°), but this is on the order of
the original misalignment and has negligible consequences for our experiment. A
detailed description of this alignment procedure is given in Section 4.11.

Once field and sample are aligned, we apply increasing coil currents in steps
of Al,; = 100mA, which corresponds to field steps AB| = 25mT, and for each
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in-plane field we characterize the circuit. We implement a field-cooling procedure
to minimize potential noise factors and flux instabilities that can occur with critical
states in zero-field-cooling situations, in particular when the alignment is not
completely perfect [60-62]. To this end, we set I.y; to its desired value, then heat
the sample in the vacuum compartment to T ~ 12K for a few seconds, and finally
let it thermalize to Ty = 2.8 K again. We begin the characterization by sweeping &,
using the sample coil and measure S,; traces with the VNA for each SQUID flux as
described above. The results are summarized in Figure 4.3.

First, we find that the sweetspot resonance frequency wyq (that is, wy at the flux
arc maximum) decreases with Bj. Partly, this effect is caused by the in-plane field
increasing the penetration depth A; and correspondingly the kinetic inductance
of the superconducting film, i.e. by an increase of L}, with Bj. From simultaneous
reference measurements of the cJJ-less circuits on the same chip, however, we find
that this effect is not sufficient to explain the magnitude of the shift, cf. Section 4.19.
Hence, the cJJs themselves are impacted considerably and their inductance increases
even stronger than that of the remaining circuit; roughly two thirds of the total
sweetspot frequency shift can be attributed to the constrictions and only one third
to the remaining film. Similarly, the sweetspot linewidth kj increases with Bj,
indicating increased thermal quasiparticles due to a field-induced suppression of
the superconducting energy gap. Again, the increase of k; is stronger in the circuits
with cJJs than in those without cJJs; almost the complete additional loss can be
attributed to the constrictions.

A second and quite surprising effect of B is that the shape of the flux arcs is
strongly modified. Most strikingly, they become narrower and more and more
skewed with increasing B|, i.e. asymmetric with respect to their sweetspots. For
the highest fields, neighboring arcs do not even cross anymore. In conjunction
with the skewing, one of the arc branches (the right one for each arc in Figure 4.3a)
gets extended while the opposite branch (the left ones in Figure 4.3a) becomes
shorter. For B = 200 mT this lengthening/shortening has reached a level where
one of the discontinuous transitions between arcs more than doubled in frequency
range while the other nearly vanished. For still larger By, the shortening of the left
branch is so strong that the corresponding frequency jump is downwards, meaning
that the metastable branch has a higher resonance frequency than the stable one.
Before we explain and model this unusual shape of the flux response, we discuss
how the characteristics of the circuit are impacted by B and the arc skewing with
respect to possible applications.

Regarding the circuit figures of merit, we find that B enhances - especially on
the right, longer arc branch - both the total frequency tuning range wp max — ©o.min
and the tuning range between sweetspot and transition to the metastable part
of each arc. These enhancements are potentially very useful for sensing and
hybrid systems, where tuning range and the flux responsivity F = 9w, /0Py, are
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Figure 4.3: Skewed flux-response and enhanced flux-responsivity in large magnetic
in-plane fields. a Bias flux response w,(®y,) of the circuit for five different magnetic in-plane
fields between 0 mT and 300 mT; labels next to the datasets denote B. Data combine flux
up-sweep (dark kites pointing right) and flux down-sweep (light kites pointing left); lines are
fits, cf. main text. With increasing By, sweetspot resonance frequency and flux hysteresis
decrease and a tilt of the arcs emerges, an asymmetry with respect to the field-shifting
sweetspot flux. The arc skewing also impacts the discontinuous transitions from one arc to
the next, indicated by vertical arrows for B € {0, 200,300} mT. For By =0, these jumps from
the metastable to the stable branch always occur upwards in frequency and are symmetric
around the arc crossing points (ACPs). At 200 mT, the jumps occurring in the up-sweep are
larger compared to the B = 0 case, which correlates with an increase of the total tuning
range @ max — Womin- 1he jumps in the down-sweep, on the other hand, are significantly
diminished in size. Still, both jumps are upwards in frequency. For the two largest fields, the
ACPs disappear and the jumps in the down-sweep are downwards in frequency, meaning
that the metastable branch has a higher frequency than the stable one. b, ¢ Sweetspot
resonance frequency @, and linewidth «, as a function of By. The in-plane field reduces the
energy gap in the Nb film and the cJJs, increasing the kinetic inductance and the number of
thermal quasiparticles, resulting in w,, decreasing and x; increasing, respectively. Symbols
are data extracted from the flux arcs, colors denote the value of By, as in all panels. The
dashed lines show the expected behavior in the absence of the constrictions as inferred
from reference circuits. Hence, about two thirds of the w,, decrease and almost all of
the K, increase can be attributed to the constrictions. d Flux responsivity F = 9w, /3®,
for various B and plotted vs w, as a figure of merit for sensing and parametric coupling
applications. Large symbols correspond to values on stable branches, small symbols to
those on metastable branches; lines are derivatives of the arc fits. The stable operation
regime is considerably and asymmetrically magnified by B;.

*We assume the transition to the metastable state on a flux arc branch to be located in the center
between the two jumps (arrows in panel a) to and from that branch, which at B = 0 corresponds to
the arc crossing point but shifts right of it for larger fields. While we believe that this is the most
reasonable value to use, our conclusions would not be changed much if the transition were in fact
located somewhere else between the jumps.
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critical parameters that need to be maximized [12, 63], particularly in the stable
operation regime. As can be seen in Figure 4.3d, the in-plane field increases the
highest stable |#]/2n by a factor of more than 5 from ~25MHz/®, at By = 0
to ~130 MHz/®, at high fields. Due to the asymmetry, the maximized |#| can even
be reached at different in-plane fields, depending on which side of the skewed arc
is chosen for operation. This provides another degree of freedom to pick the most
desired By without sacrificing a large flux responsivity. In several of the potential
target systems, such as SQUID optomechanics [12-14], the most crucial figure
of merit is the cooperativity € o« #2 /k, which might suffer from an increased .
However, the enhancement of F is sufficiently large here to more than compensate
for the increase of k due to Bj in this ratio (cf. also Section 4.20), and thus Bj
is actually able to boost C. When operating the device in the mK temperature
regime, we expect the impact on k to be much smaller, since even the field-reduced
superconducting energy gap in the cJJs will not lead to a substantial thermal
quasiparticle population, while the enhancement of ¥ likely persists.

Now we finally address the most pressing question: What is the cause of this
unexpected arc skewing? Various candidates may initially spring to mind, such
as SQUID asymmetries or slight flux-dependent sample tilts/rotations in the large
in-plane fields. These first explanations, however, can be ruled out upon further
reflection. Differences in junction properties and SQUID loop asymmetries do not
lead to asymmetric arcs, but to symmetric arc modifications and to odd circuit
nonlinearities [56, 57]. Furthermore, we find that the tilt direction of the arcs
does not depend on the direction of ¢, in the experiment; it does, however, invert
when BH is reversed, cf. Section 4.24. Lastly, the arcs of one of the three SQUID
circuits we characterized always tilt opposite to the arcs of the other two. This
third circuit is rotated by 180° on the chip (cf. Section 4.18), which in principle
is equivalent to reversing the direction of By but in combination with the other
circuits demonstrates that the effect is intrinsic to the devices and not related to
the chip alignment. A presentation of the corresponding experimental data can be
found in Section 4.23. Overall, the observations indicate a simultaneous symmetry
breaking in both cJJs of the SQUID, induced by By, that causes a dependence of
the cJJ inductances (shape of the arc) and the switching currents (jumps between
arcs) on the direction of the screening current in the SQUID loop. In other words,
the results suggest that the constrictions are turned into intrinsic superconducting
nano-diodes by Bj, with asymmetric CPRs and asymmetric critical currents.

We emphasize that this is not the same as the SQUID as a whole turning into
a diode with respect to a transport current flowing across it, which can indeed
be caused by SQUID or cJJ asymmetries [44, 46, 47, 49, 56, 57]. The individual-
constriction diode-model discussed in the next section will further clarify this
important aspect.
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4.5 Field-induced Josephson-diode effect

To quantitatively demonstrate that such a superconducting diode effect causes the
flux response to tilt, the corresponding CPRs are of central relevance. Once the
CPRs are known, the constriction inductance and the circuit resonance frequency
as a function of @, can be calculated using (4.2) to (4.5). More precisely, once a
model for the CPRs is available, the model parameters can be adjusted to resemble
the experimental flux arcs using a fitting routine. In contrast to earlier reports
of diodes in constrictions [43, 64], we formulate a simple macroscopic model in
terms of only phase, flux and inductances, which does not require sophisticated
microscopic details and can be applied to other types of Josephson diodes as well.

In the presence of a magnetic in-plane field, the whole nano-constriction will
be penetrated by the field due to the cJJ dimensions all being smaller than the
penetration depth of the Nb film A; ~ 130 nm. Most likely, the constriction itself
has an even larger penetration depth due to its significantly reduced transition
temperature and electron mean free path as compared to the un-milled film [33].
Now, the penetrating field B determines the phase gradient across the constriction
in z-direction, cf. Figure 4.4, and the total phase drop is

8(z) =6y + n B”leffz (4.6)
Do

with §; the phase drop at z = 0 and l.g = [ the effective length of the cJJ in current
direction. The current density is then described by the local first Josephson relation

. .. 2 2 .
J(z,8) = Jo sm(50 + ETOE Byletz — 535 Uini(z, 50)) (4.7)

with the critical current density j, and the specific linear inductance contribu-
tion #};,. The total current-phase relation can be obtained from j(z, §,) by integra-
tion over the cJJ cross-section as

a/2

I(&) = WJ P j(z,6) dz (4.8)

—a

where wis the width of the cJJ. However, this is not sufficient to generate a diode
CPR, since the spatial symmetry remains unbroken.

To get the constrictions to turn into nano-diodes, we need their intrinsic proper-
ties to be a function of z, i.e. we need an inhomogeneous constriction. Conveniently,
this is very likely the experimental situation due to the fabrication using Ne-FIB
milling, a process that is known to damage the material in close proximity to the
milled parts. Partly, this is due to the Gaussian profile of the ion beam, leading to
slight milling and/or ion implantation also next to the main cuts [37, 65], and partly



4 Integrated magnetically induced Josephson nano-diodes

94

a

arbitrary units &

Tin pA

-10

| (=]
=4
o

0.5

0
z/a

Tin pA

C

20

]O,min

SW




4 Integrated magnetically induced Josephson nano-diodes 95

due to re-deposition of the milled material onto the adjacent structures, e.g. the
constriction. It is plausible to assume that the surface of the constriction receives
more damage from this process than the lower parts, which are somewhat shielded
by the surface layer, and that a damage-gradient is formed.

We do not know the exact details of the constriction inhomogeneity; in principle
all of the quantities jy, By, L and #};, could be a complicated function of z (and
even y). For simplicity, we take into account only a linear decrease of the critical
current density and a linear increase of the flux per length

@ = (1= 22)jo(© (49)

B”leff(z) = (l + S z) B||leg(0) (4.10)

Figure 4.4: Inhomogeneous nano-constrictions are Josephson-diodes in large mag-
netic fields. a Schematic of a 2D nano-constriction defining its width w, length [ and
height a as well as the direction of B|. For our device a = 100nm and [ = w = 40nm. b To
model the skewed flux response, we assume the critical current density j, to linearly decrease
from the bottom of the constriction at z = —a/2 to the top at z = +a/2. This is consistent
with e.g. surface damage by the Ne-FIB process. Such a quality gradient is also associated
with more magnetic flux per height & = B|[4 entering the junction at the top than at the
bottom, and we model it as increasing linearly in z-direction. c Circuit equivalent of the
Josephson-diode model consisting of a multi-loop parallel arrangement of infinitesimal con-
strictions whose inductive Josephson contribution grows with z due to a decreasing critical
current density. At the same time, the flux per height 6@ between the paths increases with z,
here illustrated by an increasing loop length [4(z). d Constriction CPR I(é,) as a function
of B obtained from fits to the flux arc data (lines in Figure 4.3a). Thin lines show the full
range for which our numerical algorithm yields a result, thick line segments show the parts
that correspond to the experimental flux arcs in between the discontinuous jumps, symbols
mark the corresponding switching currents/phases (i.e. the ends of the thick line segments).
With increasing By, the CPRs become increasingly asymmetric, both in slope and in critical
current (points of vanishing slope). Negative critical currents initially increase in magnitude
with By and then slightly decrease for the higher fields, positive critical currents decrease
quickly and monotonically. Switching currents are ~10 pA lower than critical currents. As
before as well as in the next panel, colors encode By. e Switching currents I, and —I,
as derived from the flux arc discontinuities and the CPR model. For B, = 0, positive and
negative switching currents are equal in magnitude, but with increasing Bj the difference
between the two values grows, indicating an increasing diode effect. Negative switching
currents stay larger in magnitude than the initial value for all B; > 0, positive switching
currents decrease nearly linearly. For the largest fields Bj > 250 mT both switches happen
at the same current polarity (I}, < 0), confirming that the switching current does not match
the theoretical critical current I.
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with €,b € [0, 1] and no gradient in y-direction. Note that either one of them alone
would be sufficient to obtain a diode, but the effect is stronger and resembles our
experiment much more closely if both are included. For consistency, also the linear
contribution #};; could be considered a function of z, which would most likely
enhance the diode effect even further; however, we have not implemented it here
for the sake of simplicity, since it is not required to reproduce the experimental
data. Due to the z-inhomogeneity of the junction, the phase §, in the center of the
junction is not necessarily zero when I = 0 in the presence of an in-plane field.
Since we are in principle free to choose any &, := 8(z) to describe the CPR (rather
than 6, i.e. zy = 0) and the SQUID loop current should be zero when no external
flux is applied, we choose z; to be the position where the phase vanishes when no
net current flows through the junction, such that for §. = 0 we have I = 0 as well
as @ = @y, = 0, cf. (4.3) as well as Section 4.12.

The numerical solution of this model, fitting the model parameters to all experi-
mental flux arcs simultaneously, reveals compelling agreement between theory and
measurement, both qualitatively and quantitatively, cf. the lines in Figure 4.3a. In
the fit we vary the model parameters j)(0), €, l.g(0), b as well as, separately for each
in-plane field, £;,(B)); cf. Section 4.13 for a detailed description of the fit routine
and Section 4.25 for the resulting fit parameters. The circuit characteristics wop(B)),
Ly(B)) and Lyoop(B)) are inferred from their By = 0 values and the correspond-
ing field-dependence of the reference circuits, cf. Section 4.19. Figure 4.4d finally
shows the numerically determined current-phase relations belonging to the flux-arc
fits, which clearly reveal the field-induced diode effect, both in the corresponding
Josephson inductance (inverse CPR slope) and in the critical currents.

The slope of the straight part of the CPRs decreases with Bj, reflecting the
increased sweetspot inductance (the flux sweetspot corresponds to the point of
maximum slope on the CPR). Notably, the point of maximum slope is not at §. = 0
anymore for B # 0, but shifts to negative phases and currents, which is also
visible in the sweetspot not being located at ¢, = n®, for B > 0 in Figure 4.3a.
Furthermore, a clear asymmetry between the critical currents in positive and
negative direction develops with increasing Bj. The magnitude of the negative
critical current I; increases at first, before it starts to gently decline again to a
value slightly smaller than the one at B = 0. The positive critical current Iy onthe
other hand immediately and monotonically decreases with the application of B,
and so does the critical phase. At the highest fields, we get |I; /I ~ 3; the exact
values are hard to determine, since our numerical algorithm is not able to provide
the CPR for all phases, cf. Sections 4.12 and 4.21.

The experimental switching currents are consistently smaller than I, as has
been observed in Nb constrictions before [33], which — as mentioned above — could
have multiple reasons including phase slips, phase diffusion, flux noise or thermal
noise. Nevertheless, IE, has the same trend as Ioi, just with a nearly constant
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current offset, which leads to the interesting situation that for the highest B
both switching currents have the same polarity; the circulating screening current
in the SQUID never changes direction, only magnitude. Still, the ensemble of
positive and negative switching currents resembles the shape of the main bulge of
a skewed Fraunhofer interference pattern, which is typical for superconducting
Josephson diodes, cf. e.g. [66]. This also allows us to perform a sanity check on the
behavior. Typically, in Josephson junctions, the critical current in a magnetic field
reaches zero at the field By at which one flux quantum is coupled into the junction.
From the data in Figure 4.4e this seems to happen roughly at around 350 mT
to 400 mT considering the trend of I, and a 10 pA to 15 pA offset to I, . However,
due to the presence of the jj-gradient, a complete disappearance of the critical
current is no longer expected (cf. Section 4.21) and the value By = &y/l.4(0)a
we find from the fits is only 305mT. The effective area A.g of the cJJ should
then correspond to A.g = Py/By = 6.8 - 107> m?, a reasonable value that for
homogeneous field penetration and a = 100 nm corresponds to an effective length
L(0) = 68 nm. For the smaller 3D constriction of a second device with a = 75 nm,
cf. Section 4.23, analogous considerations yield a slightly larger By = 361 mT, which
is consistent with our interpretation and estimate. See Section 4.25 for a more
complete discussion of all parameters resulting from the fits.

The presented diode CPR model also has an intuitive and useful circuit represen-
tation, cf. Figure 4.4c, which can be interpreted as a continuous generalization of
the diode SQUID-models discussed in [67-69]. It is equivalent to a parallel multi-
loop combination of (infinitesimal) constrictions, each being a series arrangement
of an ideal Josephson junction and a linear inductance. With increasing z, the
critical currents of the Josephson elements decrease, while the loops between two
neighboring constrictions gradually increase in size. One can imagine to design
constriction arrays patterned into a single wire following this circuit arrangement
that show a tailored diode effect at much lower magnetic fields, requiring neither
fabrication-based, uncontrolled material inhomogeneities nor more space than a
single constriction. In fact, this approach would not be limited to constrictions,
but (with larger footprints) could also be implemented with more standard tunnel
junctions, and the necessary linear inductance contribution could be added e.g. by
high kinetic-inductance wiring.

Finally, these considerations provide us with a strategy to evade the diode effect
and the arc skewing when operating inhomogeneous-constriction circuits in large
magnetic fields, if this is desired. All one needs to do is to align the junctions in a
way that the constriction current direction and the in-plane field are parallel to each
other, here e.g. by placing the constrictions in the short SQUID loop sides, which are
parallel to both the circuit symmetry axis and Bj (cf. Figure 4.1). On the other hand,
it is possible to utilize the diode effect in the constrictions for three-wave mixing
circuits while avoiding the arc skewing by either using a single constriction or by



4 Integrated magnetically induced Josephson nano-diodes 98

orienting them perpendicular to the external field but with opposite dc current
flow, e.g. by again placing them in the short SQUID arms but applying the in-plane
field in y-direction instead of in z-direction.

4.6 Analyzing the CPR derivatives
using the Kerr anharmonicity

The next part of this chapter is dedicated to discussing the Kerr anharmonicity X
of the circuit, which is both an extremely important design parameter for different
applications [70-73] and a sensitive probe for the device nonlinearity. Its origin
are third and fourth order corrections to the total circuit potential energy [33, 70],
which can originate from a nonlinear kinetic inductance of the superconducting film
or from the nonlinear inductance of integrated Josephson elements. Here, it stems
from the nonlinearity of the constrictions. Large Kerr anharmonicities (hundreds
of MHz) are useful for realizing superconducting qubits, while medium to small
anharmonicities (kHz to MHz) are desired for high-dynamic-range applications
like parametric amplifiers, radiation-pressure systems or magnetometry.

For the current experiment, the main relevance of X arises from it being a sensi-
tive probe for the circuit nonlinearities. In fact, it is a function of the first three CPR
derivatives; for the device considered here it can be calculated as (cf. Section 4.14)

XK =

¢ (Larm + L )3 38% B g3(1 + gl)

- (4.11)
2hCioy 2L a1+ g)!

with the elementary charge e, the reduced Planck constant f, Ly = Ligop/3,
L = Ly, + L./2 and the dimensionless CPR derivatives

2n
8= G Larm K1),  ke{L2,3} (4.12)

Thus, the Kerr anharmonicity is able to provide an independent probe of the sub-
critical superconducting diode effect. While the resonance frequency and the flux
arc both probe only the constriction inductance, i.e. the first derivative of the CPR,
as well as the switching current, K depends on L. together with the second and
third CPR derivatives in a nontrivial way. For two points on a point-symmetric
(i.e. non-diode) CPR, one will find all derivatives to agree if the first one does (except
for a sign reversal in the even derivatives); not so on a diode CPR, where even for
identical slopes the magnitudes of curvature and higher order derivatives can differ
by a large amount, cf. as an intuitive example the positive and negative points of
dI/dd. = 0 in Figure 4.4d for non-zero Bj. Hence, if the Kerr anharmonicities differ
at identical resonance frequencies on the two sides of a skewed flux arc, it eliminates
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alternative interpretations of the arc skewing, like chip rotation in the magnetic
field or bias-flux lag due to screening currents, and confirms an intrinsic origin.
Such an effect could also be of practical interest, since it would allow one to choose
between one of two anharmonicities for one and the same resonance frequency
and vice versa, depending on the needs of a specific experimental configuration.
Experimentally, it is straightforward to determine the Kerr anharmonicity, and
we apply a well-established two-tone pump-and-probe scheme for it. The pump is
a strong microwave tone from a signal generator with frequency @, and on-chip
power P,,. For each in-plane field we pick multiple values on each flux arc, spaced to
cover the complete arc range, and then send in the pump tone slightly blue-detuned
from the circuit resonance at w, = @y +«. Again using a weak VNA probe tone, we
scan the pumped cavity resonance at various pump powers F, and subsequently
determine the pump-induced resonance frequency shift (ac Stark shift)

&00 = (A)Op — @y (4.13)

as a function of F,, where wy, is the resonance frequency at pump power P,.
Combined with the intracircuit pump photon number n., which we obtain by ana-
lytical calculation in combination with a fit estimate for the pump line attenuation,
cf. Sections 4.15 and 4.16, the pump-induced frequency shift can be modeled by

&g = Ap = \/(Ap — Kn)(A, — 3Kn.) — (k, — K)?/16 (4.14)

with A, = wp, — @y and the pump-broadened linewidth xy,, cf. Figure 4.5a and c. The
result of determining X via this procedure is shown and discussed in Figure 4.5d,
additional fit parameters are given in Section 4.25.

The Kerr anharmonicity is clearly bimodal. For large B| - the regime of the
strongest diode effect in the CPR and the strongest flux response skewing — the
experimental values for X at a single resonance frequency (i.e. identical L) differ
by a factor up to =4, depending on the side of the arc or correspondingly of the CPR.
For lower fields the difference is smaller but still significant with a factor ~1.5. Only
for B| = 0 the bimodality disappears completely, which is also very much expected.
In absolute terms, we find K -values between ~70 Hz and ~4 kHz, i.e. we are deep
in the low-anharmonicity regime %/x ~ (10~ - 1077), which is ideal for most of
our envisioned target devices like SQUID optomechanics and magnetometry, even
if at lower temperatures x will decrease by one to two orders of magnitude.

Finally, we can also confirm that the experimental values for X are not just
revealing a diode effect, but are also qualitatively and quantitatively consistent
with the independently obtained current-phase relations in Figure 4.4. Since tiny
changes of the CPR in the experimentally accessible regime can have a strong impact
on X through the second and third derivatives, we allow small changes AI(J,) to
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the CPRs in this step to better match the experimental Kerr constants. These micro-
adjustments are implemented as a high-order polynomial added to the existing
CPR. To guarantee a minimal deviation from the established CPR, we fit both Kerr
and flux arcs simultaneously in this procedure. The resulting CPRs deviate by less
than 50 nA from the original ones; a detailed discussion of the modified CPR fits
can be found in Sections 4.16 and 4.22. The lines shown in Figure 4.5d are derived
from these micro-modified CPRs and the agreement to the experimental values is
very good, considering the amount of uncertainties such as frequency-dependent
values for the pump attenuation, the external decay rate of the circuit in direction
of the pump input, the gradient functions for j, and By, gradients in £};, and w
or SQUID asymmetries due to the two constrictions not being exactly identical.

4.7 Discussion

In this chapter, we investigated niobium quantum interference microwave circuits
in magnetic in-plane fields up to 300 mT, and observed a field-induced supercon-
ducting diode effect in the monolithic interferometer nano-constrictions. The diode
effect leads to a strong skewing of the circuit flux response, which we were able
to fully reproduce based on a simple macroscopic constriction model. The model
revealed that inhomogeneities in the constriction itself are likely the origin of
the diode effect. In combination with inductive sensing of the CPR-derivative,
it furthermore enabled us to reveal the asymmetric constriction current-phase
relation as a function of magnetic in-plane field. Finally, we were able to eliminate
other possible mechanisms behind the experimental findings by measuring the
Kerr anharmonicity of the circuit which showed a strong bimodal distribution as
a function of circuit resonance frequency and is completely compatible with the
presented diode model.

From an application-oriented perspective, the circuits show promising charac-
teristics for hybrid quantum systems, sensing and metrology in magnetic in-plane
fields up to 300 mT and possibly beyond; frequency tuning range and flux respon-
sivity are both enhanced by the in-plane field and the resulting diode effect, making
Nb constriction devices a highly competitive technology for magnetic field appli-
cations. Furthermore, the simple circuit model we developed for the constriction
diodes is easily applicable for future designs of yet unexplored constriction- or
barrier-junction-array diodes with small footprints but large CPR asymmetries,
which could be used to study and exploit diode-based enhancements of microwave
circuits even at low magnetic fields. Finally, we expect the bimodal distribution of
the Kerr anharmonicity and the flux responsivity, i.e. a certain decoupling of these
two quantities from the circuit resonance frequency, to have useful implications
for SQUID-based radiation-pressure systems and magnetometry.
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In summary, our results constitute a promising starting point for the experimental
combination of superconducting microwave circuits and superconducting diodes, in
particular towards enhanced quantum circuits with yet unavailable functionalities,
and towards a deeper understanding of the SD effect thanks to the possibility
to inductively characterize the diode CPR and its derivatives using microwave
measurements. We are convinced that a wide range of research fields may benefit
from the findings presented here, including SQUID optomechanics for investigating
the interplay between quantum physics and gravity, photon-pressure circuits
(radio-frequency up-converters) for superconducting axion dark-matter detectors,
quantum-limited parametric amplifiers with tunable nonlinearities, or dispersive
magnetometry for high-bandwidth SQUID microscopy.

To complete our deliberations, the remaining sections of this chapter contain more
details on some of the points discussed above, including comprehensive descriptions
of the device fabrication, measurement theory, the employed numerical algorithms
and the field alignment procedure. Additional information on the setup and the
device under testing is presented, covering the resonator linewidth, an analysis
of a second resonator as well as the effect of an inverted in-plane field, and we
provide a thorough analysis of the effects of the different CPR model parameters
on the resulting current density and CPR.

4.8 Device fabrication and preparation

The fabrication and preparation of the superconducting chip is executed in six steps,
five of which regard the actual fabrication. The steps are individually described
below. Note that the fabrication is much more sophisticated than necessary for
SQUID circuits, since the chip also contains micromechanical elements in some
resonators, though not in the one presented above. Despite the mechanical elements
thus being completely irrelevant for the experiments and results presented here,
we describe the entire chip fabrication for completeness and reproducibility.

Step 1: Sacrificial layer patterning. The fabrication starts with the pattern-
ing of the sacrificial layer for mechanical beams on the chip. To this end, a
26 mm x 26 mm chip of high-resistivity (p > 10kQ cm at room temperature) in-
trinsic silicon with a nominal thickness of 525 pm is covered with the adhesion
promoter AR 300-80 as well as the photo-resist ma-N 1405 by spin-coating (resist
thickness ~0.5 um). The resist is then patterned by means of maskless photolithog-
raphy (Ajjih = 365 nm) and developed using the developer ma-D 533/S. Since the
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resist making up the sacrificial layer is sensitive to the solvents usually used to
clean samples between fabrication steps (acetone, isopropanol), no such cleaning
can be performed from here on out.

Step 2: Niobium deposition and patterning. Before depositing the conductive
niobium layer, the sample is subjected to plasma ashing in an oxygen plasma to
remove possible resist and adhesion-promoter residues on the silicon surface. Next,
300 nm of niobium are deposited by dc-magnetron sputtering. Optical lithography
follows as before, but with the thicker positive resist ma-P 1215 (thickness ~ 1.5 pm)
and the developer ma-D 331/S. The pattern is etched into the Nb film using reactive
ion etching with SF¢ at an angle of 40° to the chip surface in order to ensure
consistent etching around the mechanical beams, in particular on the sidewalls
of the sacrifical-layer patches. During etching, the chip is constantly rotated to
ensure homogeneous exposure.

Step 3: Dicing and release. Before removing all resist on the chip and thus
releasing the sensitive mechanical beams, the sample is diced into the final pieces
of 10 mm x 10 mm. The resist is then removed using oxygen plasma etching.

Step 4: Global etching for niobium thinning. The rather thick 300 nm niobium
layer helped ensure mechanical stability as well as electrical contact at the edges
of the mechanical beams but for the final device we target a film thickness of
only 100 nm. In this step, the film thickness is reduced to the final value, again
using SFg reactive ion etching, this time perpendicular to the chip surface for
directed etching from the top. At this point, the chip is mounted as described in
Step 6 and pre-characterized before the constriction-type Josephson junctions are
added in the next step.

Step 5: Constriction cutting. Each resonator contains a loop in the inductive part
of the circuit where the constriction junctions are placed after pre-characterization,
converting it into a SQUID (cf. Figure 4.1). This is achieved using a neon ion
microscope (NIM) which is capable of high-precision milling with a focused ion
beam (FIB) of nano-scale spot size. For 2D junctions, two ~40 nm wide rectangles
are cut into the wire from both sides, leaving a remaining constriction of around
the same width between them. For 3D junctions, the constriction is additionally
milled from the top with a lower dose, leading to reduced conductor thickness. Ion
acceleration voltages and ion doses can be found in Table 4.1 on page 123.

Step 6: Final mounting. — After fabrication is complete, the chip is mounted into a
radiation tight copper housing with a printed circuit board (PCB) surrounding the
chip, where it is wire-bonded to microwave feedlines and ground. The PCB contains
coplanar waveguide feedlines leading to SMP connectors, where microwave cables
are attached during measurement. After mounting into the measurement setup,
the characterization of the device is performed.



4 Integrated magnetically induced Josephson nano-diodes 105

4.9 Single-tone circuit response

The ideal transmission-response function of a high-Q parallel RLC circuit side-
coupled to a feedline with characteristic impedance Z, by a coupling capacitance C,
is given by

Sldeal o Kext (4.15)

K + 2i(w — wp)

with the angular excitation frequency w and the resonance frequency wy = 1//LCio.
The total capacitance is given by Cio; = C +C, L and C = 2Cq are inductance and
capacitance of the uncoupled circuit, respectively. The internal and external decay
rates (linewidths) k;; and ke, are given by

1
fint = RC+C)
- whCEZy
LT o(Cc+C)

(4.16)

(4.17)

and the total decay rate by x = ki, + Kext- The effective resistance R accounts for
all internal losses of the circuit, such as resistive, dielectric or radiative losses.

Due to the cabling and all the microwave components in between the vector
network analyzer and the circuit, the ideal reflection is not what we measure,
though. To take frequency-dependent attenuation, the electrical cable length and
possible interferences (e.g. parasitic transmission around the chip) into account,
we model the actual measurement signal as

i0
skl = (ag + ag0 + azwz)ei(¢0+¢1w)<1 - L). (4.18)
K + 2i(w — wp)
The factors ay, a1, ay, ¢y, $; and 0 are real-valued fit parameters. During our
automated data fitting routine we first remove the absorption resonance from the
dataset (leaving a gap in the S,;-dataset) and fit the remaining S,;-response with
the background function

Sglg =(ag +ajw + azwz)ei(¢0+¢1“’). (4.19)

As aresult, we obtain preliminary values for ay, ay, a,, ¢y and ¢;. Then, we calculate

b . .
skeal /678 for the complete dataset and fit the resulting data with
Kexteie

Sh=1-—324
2 K + 2i(w — wp)

(4.20)

from which we obtain a preliminary set of values for wy, k, keyt and 6. Finally,
we use all the preliminary values for ay, a;, ay, ¢1, o, Wy, K, Keyr and 6 as starting
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parameters to re-fit the original dataset using (4.18). All the S,;-datasets in the
figures of this chapter as well as the corresponding fit curves have been completely
background-corrected (cf. next section) and we have additionally removed the
interference angle 6.

4.10 Two-step background-correction

In order to achieve good results with the fitting procedure described in the pre-
vious section, the background of the data must already be quite uniform, as as-
sumed in (4.19), which is not usually the case in the experiment due to interfering
resonances in the measurement setup in combination with our large resonance
linewidths. Measuring the (approximate) background directly allows us to first
divide each S,; measurement by this measured background before in a second step
fitting the resulting signal as described above.

We remove the resonance signal from the measurement by heating the sample
to 5K, which leaves the measurement background largely unaffected. At this
temperature, the circuit resonances are completely absent due to the reduced
transition-temperature of the nano-constrictions [34], while the on-chip coplanar
waveguide feedline (T, = 9K) remains superconducting with nearly unchanged
characteristics. Then, we record S, traces for each resonator frequency window
with identical settings to those we use for the measurements at 2.8 K. To reduce
noise in the background signal, we take 20 traces and average them point-wise.
This procedure was repeated each day of the measurement series (four in total)
with very consistent results, validating the stability of the measurement setup.
To even further reduce noise, we use the mean of these four sets of measured
backgrounds for the final evaluation.

4.11 Field alignment by rotation

In order to align the applied field with the sample plane, we employ an arrangement
as shown in Figure 4.6a. The large main coil is designed to apply a strong field B
parallel to the chip surface, however, due to unavoidable assembly inaccuracies, it
contains a small out-of-plane component Bf. For compensating this out-of-plane
component, a split-coil is mounted in the cryostat in such a way that it creates a
field B, orthogonal to B. At the same current, the compensation coils generate a
much smaller field at the sample location than the main coil B, /B = 0.8 %, as it
only needs to account for the small out-of-plane component of B|. However, the
actual magnitude of Bﬁ depends on the exact alignment between the main coil and
the sample and cannot be precisely controlled, so the fields of the two coils need to
be coordinated such that their out-of-plane components cancel out Bﬁ + B =0.
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Figure 4.6: Alignment of the in-plane field by rotation. a Magnet arrangement in the
cryostat. Directly attached to the chip housing is a small sample coil for applying &, which
is not involved in the application of the in-plane field. A large coil generating By is wrapped
on the outside of the vacuum compartment that chip and sample coil reside in. A weaker
split-coil magnet applying B, is rigidly attached to the the cryostat, that is operated in series
with the large main coil and used to compensate out-of-plane components of B. To balance
the compensation of the out-of-plane components of B and B,, the vacuum compartment
together with the chip assembly can be rotated inside the cryostat, adjusting their angle ¢
with respect to the symmetry axis of the split coil. b Sweetspot resonance frequencies wy,
vs rotation angle ¢ at an applied field of B = 250 mT. The orange highlighted maximum at
¢ = 60° marks the ideal field alignment ¢; all experiments were performed at that angle.
¢ Sweetspot linewidth k, vs rotation angle ¢ extracted from the same resonance traces as
the frequencies shown in b, again with the ideal angle ¢, highlighted orange. Note that the
sweetspot linewidth remains constant for ¢ € [40°,80°], only increasing outside that range.
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Rather than using two separate current sources for the two coils, which would
entail uncorrelated current drifts as well as noise, and pose a severe challenge
for effective field compensation, we operate the two coils in series, using a single
in-house-built, low-noise, battery-powered current source. While this fixes the
ratio B, /B between the fields generated by the coils, we can control the ratio of
their out-of-plane components B3 / Bﬁ by rotating the vacuum cup with the attached
sample assembly inside the cryostat and thus adjusting the angle ¢ between that
assembly and the compensation coils. Quantitatively, Bﬁ is constant with respect
to ¢ while B, rotates around the y-axis, i.e. B = B, cos ¢. Here, we neglect small
misalignments between chip, rotational axis and split-coil, but while including
inaccuracies would complicate the previous expression (and thus subsequent ones),
perfect Bﬁ compensation remains possible. We want to operate the setup with the
optimal compensation angle ¢, at which the out-of-plane components of the two
fields cancel exactly Bf + Bﬁ = (cos @ — cos@y)B, = 0.

In order to find ¢y, we apply a constant coil current I = 1A (i.e. By = 250 mT
and B, = 2mT) and, for different ¢, sweep the flux &, through the SQUID loop
using the sample coil attached directly to the sample housing, recording the flux
response. The sweetspot frequencies of the resulting flux arcs are presented in
Figure 4.6b. Similarly to the in-plane field, a magnetic out-of-plane field suppresses
the resonance frequency wj and increases the linewidth k of the resonator, cf. Fig-
ure 4.3. Unlike the vortex-free Meissner response induced by a magnetic in-plane
field, however, an out-of-plane field introduces vortices into the superconducting
film as well as much larger screening currents, causing extra losses and frequency
shifts at much smaller field values [74, 75], which in turn provide a sensitive probe
for the magnitude of the out-of-plane field component. Comparing the sweetspot
resonance frequencies wyo(¢), we expect to find a minimum at ¢ = 0 (where

i Bﬁ < —1 is minimal), maxima at ¢ = ¢, (where B} / Bﬁ = —1) and the global
minimum at ¢ = 7 (where B} / Bﬁ > 0 is maximal). The sweetspot linewidths x,(¢)
correspondingly show opposite extrema at the same angles, but here the minimum
at the optimum angle forms a plateau, with the linewidth only increasing outside
some interval surrounding ¢y. This is in line with all flux being expelled from the
superconducting film of the resonator below some critical field B, with magnetic
vortices appearing and increasing the linewidth only for larger fields [76, 77]. To
avoid hysteresis in the magnetic response due to Bean-like flux gradients / critical
states [60, 78] and to minimize the risk of flux avalanches and flux jumps [61, 62]
when microwave signals are applied, we perform field-cooling before each flux
sweep and in particular for each new angle ¢, heating the sample to ~12K and
then cooling back down to 2.8 K, as described in Section 4.4.

Using this procedure, we find ¢y = 60°, implying |Bﬁ| /B = 0.4% and that the
misalignment between the main coil field and the sample surface is ~0.2°. The
additional orthogonal in-plane component BY introduced by the compensation coils
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at that angle is 0.7 % of By, corresponding to a rotation of ~0.4°, i.e. it is small, on
the order of the assembly inaccuracies that are present in any case. The sweetspot
linewidth remains constant at its minimum value in the interval from 40° to 80°,
i.e. gy = 20°), once more confirming the choice of compensation angle. Calculating
the total out-of-plane field at these angles we estimate the threshold field for vortex
penetration to be B, = 0.7mT. This value is in line with the threshold fields
reported in [76] for our strip width of ~2 pm and serves to emphasize the quality
of our field alignment.

4.12 Numerical algorithm to calculate the CPR

So as to avoid constant factors of no consequence to the numerical solution
of the CPR, we introduce the normalized variables Z = z/a, j = j/j,(0), 6 =
2nByle(0)a/ @y, 8p = 27jo(0)£1in/ Do, Iy = wajo(0) and I = 1/Iy, and rewrite (4.7)
to (4.10) more concisely as

J(Z,8) = (1 — 2€2) sin(8y + Sp(1 + b2)z — 54j(%, &) (4.21)
N vz
— /2

In order to find solutions to the implicit (normalized) current density equation, we
treat j as an independent variable, define

J = (1 —2¢2)sin(8 + p(1 + b2)z — 8pj) — j (4.23)

and solve H(f) = 0 for a given set of model parameters (e, b, dg, dp) and coordi-
nates (%, §) using standard root-finding algorithms. The matter is complicated by
the fact that H(f) may have multiple roots, and we need to find the correct one; that
is, we need to find consistent roots for different (2, §,). Luckily, for (%, ;) = (0, 0)
the problem is trivially solved by j = 0 and we can trace the continuously changing
root from this starting value to any desired coordinates.

Naturally, doing this from scratch every time a current density needs to be
computed would be very computationally expensive and inefficient, since it would
trace the same values over and over again, in particular as we need to integrate
over Z to obtain a CPR value, i.e. we always need the current density on the entire
interval Z € [—1/2,1/2]. Hence, instead of re-doing the calculation for each set of
coordinates, we scan the relevant coordinate space (Z,8,) € [-1/2,1/2] x [-m, 7]
the first time a set of model parameters is used, overscanning it slightly to avoid
edge effects, thus obtaining the complete j(Z, &), compute the integral I(§,) and
cache the result. We then use fifth-degree splines in order to extract values of Jand
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its derivatives for arbitrary &, from the cached sampling of I(&), not needing to
solve J = 0 more than once for each set of model parameters. In detail, starting
from (%, ;) = (0, 0), we scan Z in both directions in steps of 0.01 and then, for all of
these solutions together, scan §, in both directions in steps of 0.05. The step sizes
were determined by manual experimentation and allow for decent computation
time without a significant reduction in accuracy.

A final wrinkle of our constriction model is that, for a given set of model pa-
rameters, the current density may not be well-defined for all sets of coordinates,
particularly for large € and &, which result in regions of multiple J(j) roots, similar
to the multi-valued CPR of a homogeneous constriction resulting from Ly, > Lyo.
In these cases, the tracked root of J(j) may disappear at some (Z, §,) when leaving
a region of multiple roots, leaving only roots that cannot be reached from (0, 0)
in a continuous manner as outlined above. Our algorithm tries to detect these
points by comparing the found root j to the expected value, estimated using the
gradient of j(Z,8,), and discarding it if the discrepancy is larger than 0.01, which is
why not all of the CPRs shown in Figure 4.4d fill the entire interval §, € [-x, ].
This detection is not perfect, though, — especially in areas where the gradient
grows very large — and, together with the unavoidable imprecision associated with
numerical computations, can lead to noticeable inaccuracies at the edge of the CPR.
These inaccuracies can often be alleviated by choosing different step sizes for the
scanning of the coordinate space (which we do e.g. for the CPR curves presented in
Figure 4.4d), but for our data evaluation they are conveniently inconsequential, as
the experimentally accessible part of the CPR lies in its center, comfortably far from
the numerical edge. Section 4.21 provides a detailed discussion of the effect each
of the model parameters has on the current density distribution and the resulting
CPR, also illustrating the appearance of the numerical edge of the solution.

As alast step in the algorithm, we numerically determine the phase 50 at which
1(8y = 8y) = 0 and obtain the shifted function I(8,) with the nominal constriction
phase 8. = &) — 30. This corresponds to the choice of z for which §, = 5(z;) as
discussed in Section 4.5.

4.13 Numerical algorithm to fit the flux arcs

We need to implement the function wy(®},) using the CPR I(5,) = Iy I(5.) de-
scribed in the previous section and fit it to the experimental data, varying the
model parameters. To this end, we numerically invert (4.3) to get §.(®y), thus
obtaining L.(®},) and finally wy(®y,) directly from (4.4) and (4.5). However, this
function only describes a single flux arc as a function of ¢y, while the experimental
data consist of multiple flux arcs as a function of the bias coil current f,. Hence,
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we first need to convert this current into the bias flux

b A% (424)
P ko Do
with the current I,y coupling one flux quantum into the SQUID and a flux offset Ady,,
both a priori unknown. We also need to shift all flux arcs on top of each other to
be able to fit them using our wy(Py).

To this end, we determine the flux arc each data point belongs to, using the
discontinuous jumps to detect where the circuit jumps from one arc to the next/pre-
vious one. Due to the strong distortion of the arcs and the jumps between them
at high in-plane fields, including the inversion of the jump direction, detection is
more challenging there and some manual intervention is necessary to ensure a
flawless separation of the data into individual flux arcs. Next, we determine the
sweetspot I, of each arc by calculating the derivative dwy /91, in the vicinity of the
arc maximum, fitting a linear function to it and extracting its zero. This allows us
to extract L, from the spacing of the sweetspot currents, and to define the shifted
flux @ = &y, — n®, with the flux arc number n, effectively shifting all arcs on top
of the first one. Finally, we are able to fit wy(®), varying Ady, as well as the model
parameters Iy, €, b, 5g and ;.

However, doing this for each in-plane field separately would not lead to consistent
model parameters, most of which should not depend on B or, in the case of g o By,
do so in a known manner. To account for this, we concatenate the flux arc data for
all in-plane fields and fit them simultaneously, using a single set of the parameters
Iyo, € b and /By, allowing only Ad}, and &y to vary independently for each Bj.
Allowing the latter two quantities to vary with in-plane field is also physically
reasonable, since the flux offset A®y, will depend on e.g. the exact alignment details
between chip surface and in-plane field or single trapped flux quanta in the vicinity
of the SQUID, and the specific inductance #};, is a kinetic inductance, which by
nature is sensitive to magnetic fields.

In the simpler case of the CPR given by (4.2) and discussed in the context
of Figure 4.2, no such concatenation is necessary, as we consider only a single
field B = 0. Additionally, we know the sweetspots position &; = 0, so we can
extract AQy, directly from the sweetspot currents and need only vary I, in the fit.

4.14 Theory of the Kerr anharmonicity

In order to derive the Kerr anharmonicity of the system, we write its total energy
as a fourth order Taylor approximation

4
Cj
Urot(Buc) = Y, 738k + O(8%) (4.25)
k=0 """
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in terms of some ac phase difference J,. from the equilibrium state, with the coeffi-
cients ¢ = aficUtot | 5u=0" We are interested in the dynamics around an equilibrium
state at J,. = 0, so we have ¢; = 0. Furthermore, we choose ¢, = 0 without loss of
generality. The Kerr anharmonicity is then given by [70]

e Cy

" 2Cor e

(4.26)

Thus, we need to determine the SQUID resonator potential as a function of the
total resonator phase 8y, find the equilibrium phase and calculate the relevant
derivatives.

We consider a simplified circuit model as shown in Figure 4.7, where all relevant
quantities for the calculation are defined. Compared with the circuit shown in
Figure 4.1d, we use a more basic representation of the LC-resonator, and we neglect
the inductive effect of the bottom arm in Figure 4.2a, using Layy = Ligop/3 and
L, = Ly — Lyrm /2. We assume the junctions to behave identically with respect to
current flowing along the SQUID ring, i.e. I} = I(6.1) and I, = I(J.,) with the same
CPR I(6). The total circuit energy is

E E
Uot = Ec(6c1) + Ec(6c2) + azrm (551 + 5%2) + ?r(srz (4.27)
with the constriction energy
@, [°
E.(6) = — J I(67)do’ (4.28)
27 0
and the inductive energies
P0\2 1 Po\2 1
E =(— E=(—) —. 4.29
arm (2n> Lim ’ <27[) L, (4.29)
Current conservation dictates (cf. Figure 4.7)
@y I(6, Dy I(6,
6“ _ 2_0 ( cl) 5L2 — =0 ( 02) (4.30)
T Eyrm 21 Eqpm
L
& = —— (01— 012) (4.31)

Larm

and additionally the total SQUID flux, comprising the contributions §; and §, of
the two SQUID arms, must compensate the externally applied flux dey;

51 + 52 + 5ext =0. (432)
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Figure 4.7: Parameters of a SQUID resonator circuit. Quantities characterizing the
components, including the phase differences across them, are indicated in the diagram.
Note that the orientation of the currents and phase differences in the SQUID arms is chosen
such that a ring current in the SQUID contributes equally to both arms while a bias current
through it contributes with opposite signs.

This means that of the five phases in (4.27) only one is actually free, or in other
words, we can write all of them as a function of the free total phase d;;, and the
energy as Uyoy(Sion)-

Now what remains to be done is to calculate the first four derivatives agmUtot
and evaluate them in the equilibrium state, where no current flows through the
resonator inductance, i.e. only a ring current in the SQUID is present. This implies
& =0, I; = I, and thus §.; = d.3 =: §.. Using the dimensionless CPR derivatives

Dy 1 di

by B
5,=0, 2T Earm dok

_ dbyy
sk,

Sa=s.  dok,

8k (8) (4.33)

(also given in (4.12) in an alternative form) and the inductance participation ratio

p= (1 4 2Earrn 81 >_1 _ (Larm + Lc)/z (4 34)
Er 1+ 81 Lr + (Larm + Lc)/2
we find, after some algebra,
81 Dy \2 1
=92pE.. 2 (= 4.35
=P amy e (2n> Ly + (Lyy + Lo)/2 (4:35)
3g5 — g3(1 + g1)
Cy=—2 4 arm——————————— (4.36)

1+g)°

as well as c; = 0 due to symmetry. Finally, plugging these results into (4.26), we
obtain X as given in (4.11).
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4.15 Two-tone circuit response

General considerations. 'We model the classical intracavity field a(t) of the
SQUID circuits with Kerr nonlinearity and nonlinear damping using the equation
of motion [27, 34]

2
K+ Kn1|OX K,
a= (i(wo + Klal?) - %) a+i /eTXtSirr (4.37)

Here, wy is the cavity resonance frequency, XX is the Kerr nonlinearity (frequency
shift per photon), k is the bare total linewidth, , is the nonlinear damping constant,
Kext 1S the external linewidth and S, is the input field. The intracavity field is
normalized such that ||? corresponds to the intra-cavity photon number and |S;,|?
to the input photon flux on the coplanar waveguide feedline.

The solution of this equation of motion significantly depends on the pump power
and on the number of tones sent to the cavity. However, given this solution ¢, the
circuit output field will always be given by [79, 80]

Kext

Sout = Sin +1i T o (438)

and the ideal transmission response function thus by

: K,
Sideal — 4 4§ /%“Si (4.39)
1

The nonlinear single-tone regime. We start by setting the input field to a single
pump-tone Sj, ¢ = Spei“Pt with the frequency «, and a complex-valued ampli-
tude Sp. For the intracavity field, we make the ansatz @ = apelwpt with real-valued s
the phase delay between input and response is encoded in arg(S;,). The equation
of motion now reads

2
. . K+ Knl®p - [Kext
iwpoy, = (1(600 + 5(0(5) - T) ap + 1, /%Sp. (4.40)

Introducing the intracircuit pump photon number n. = ag the pump photon
flux n, = |Sp.|2 = B,/hwy, and the d.etuning Ap = wp — wy between the pump and
the bare cavity resonance, we obtain

K + Kqh, K
( i) g, = [~ (4.41)

Ay —Kne —1i
p ¢ 2 2 P
or, taking the absolute square on both sides,

((Ap — Kn.)? + (%)3 ne = %np. (4.42)
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Finding the real-valued roots of this characteristic third-degree polynomial yields
the physical solutions for the amplitude a;; in the case of three real-valued roots
the highest and lowest amplitudes are the stable states, though there is only one
such root for our X < 0 and Ay, > 0. The phase delay between input and response
can be read from (4.41) and is

K + Kplhe

arg(Sp) = atanz(— Ap = ﬂCnC). (4.43)

Having determined the complete complex field solution, we can calculate the
transmission

K,
sideal =1+ ez"t Zp (4.44)
p

which for low pump powers (using X = Kk, = 0) corresponds to (4.15). Note that
we do not use these equations for any data analysis in this chapter, but we include
them as a prerequisite for the calculation concerning the two-tone regime.

The linearized two-tone regime. In addition to the strong pump-tone at fre-
quency wp with fixed power P, = n,fiwp, we now insert a weak probe signal at
the scanning frequency w. We write the total input as Sy, = S, el@pf 4 S el
with another complex field amplitude S;. For the intracavity ﬁeld we use the
ansatz a = (ap + a(t))e»" with a complex and time-dependent a(t) and obtain
the equation of motion

i, (o + atg) + dg

= i(a)o + K(ag + oo + o) + |as|2)>(ap + ag)
K, Knl
- (5 + 7”(0{5 +ap(ag + ag) + |as|z)>(ap + ag)

Kext :
%(SP + Selh) (4.45)

where we introduced the probe frequency with respect to the pump Qs = wg — w,,.
We now perform the linearization by dropping all terms not linear or constant

in the small quantity «, and get
iwp (o + atg) + dg
10(
= (i + Xe) - #)(ap +a)

+<if7C— %)(as +as)a

K, .
+i /%’“(Sp + S,elh). (4.46)
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The time-independent terms are identical to (4.40) of the single-tone case and allow
us to determine &, and n, as before. Fourier transforming the remaining terms
with the transform variable Q (frequency relative to the pump frequency) yields

&, . Knl ax . [Kext a
X_S = <1?C— %)ncas + 1, /%SS (4.47)

a

where () is the Fourier transform of (%), .§S(Q) is a Dirac peak at Q = Q and
we introduced the counter-rotating complex conjugate &g (2) = &3 (—€), such that
&g (Q) is the Fourier transform of & (¢). Furthermore, we defined

K + 2Kn)N, )—1

Xl @) = (i) = 2Kne + Q) + —

(4.48)
Substituting the equivalent relation for &g, we find

N Kext [ & . Knl x4x

ag =iy ’%(SS - (1!7( - %)nc)(ass) (4.49)

_ Xe
1— (K% + k2 /D2 xaxa

with

Xs (4.50)

The VNA measures only the circuit response at Q = (), so we need not consider the
second, counter-rotating term in (4.49) and finally find the transmission response
at the probe frequency

SR =1- 1 (451)

The pumped Kerr modes.  To find the resonance frequencies of the susceptibil-
ity xs, we determine the complex frequencies (, for which 1/y, = 0. The real

part of such a solution is the resonance frequency Qy, = Re(Qyp,) = wop — w, while

the imaginary part corresponds to half the mode linewidth x, = 2 Im(f)op). Setting
the denominator from (4.50) to zero leads to

2
~, K+ 2Kyhe B

Krzlln
Qop=i———— *[(4p = Kne)(4) — 3Kne) — = —. (4.52)

The radicand is always positive for our experimental parameters, so the system
has two resonances

2
c

2
. Ko
Wop = Wp E \/(Ap = Kn)(A, —3Kne) — . (4.53)
split symmetrically around the pump frequency, though we observe only wy, = @y,

due to our experimental parameters.
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In the experiment, we measure the shift of this mode with respect to the un-
pumped resonance frequency &y = @wpp — wo which is given by

K2 n2
&g = Ap =\ [(Ap — Kn)(A, —3Kn,) — T (4.54)

Besides the shifted resonance frequency, we also extract the pumped linewidth
from the transmission data

Kp = K + 2Kky)Ne (4.55)
and so the only unknown value remaining in (4.54) is the product Kn.. Given n,
we can thus determine X by fitting that relation to the experimental data.

Calculating the photon number.  We now solve (4.54) for A, — Kn,, recalling
that Oy, = wop — @p = &wy — 4, and get

2 2
1 Kni'tc
Ap —Kn, = §<Ap + \/AI% + 3(“T + Qgp) ) (4.56)

Note that only the positive solution is relevant for our purposes. In the experi-
ment, we measure or set all of the values on the right-hand side of this equation,
ie. we have direct experimental access to A := A, — Kn.. The characteristic
polynomial (4.42) contains the same quantity and so we can extract n, from it using

2P,

K,
ne=—b— "t (4.57)

hayp (k + Kyne)? + A2

Again, all values on the right-hand side are directly accessible in the experiment,
except that the pump power Psg is set at the signal generator and reaches the chip
attenuated by some unknown factor P, = {Psg. We can, however, determine the
ratio n./{ from the experimental data and, since only the product Kn, appears
in (4.54), use that value to find {X from a fit to the experimental &, data. By
comparing the result with the K-values predicted by the CPR model we can later
extract a value for .

4.16 Numerical algorithm to
fit X with modified CPRs

In afirst step, we determine {K for each two-tone measurement as outlined above by
extracting &wy and n./{ from the measurement data for each power and then fitting
the function &wy(n./{) given by (4.54) to those data under variation of {X. From
the CPRs resulting from the flux arc fits, we calculate the theoretically predicted
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Kiheo and by dividing the two values obtain { ~ 4-107>, corresponding to 44 dB of
attenuation, consistent with the expected attenuation in our setup (30 dB of explicit
attenuation, cf. Figure 4.1f or 4.8, and ~ 14 dB from cables and connectors).

Since the Kerr anharmonicity depends on the second- and third-order derivatives
of the CPR, it is extremely sensitive to small errors in the theoretical CPR and indeed
the experimental data match the model prediction only roughly, cf. Section 4.22.
As a consequence, we do not get a constant ¢ for all flux bias points and magnetic
in-plane fields, though the qualitative features of the Kerr response to bias flux re-
sponse are reproduced nicely by the model. Possible reasons include imperfections
in the model (e.g. due to the assumed linear gradients of j and Byl in the junction)
as well as as possible pump-frequency dependence of the attenuation {. To account
for these unknowns and demonstrate that a good match between theory and data
can be achieved using imperceptible changes to the CPR, we modify the CPR to
I(6,.) + AI(S.) using a small polynomial correction

AL = J(q10c + q302 + ggb8 + qod?) (4.58)

where the factor | = max(3s,I) = 95, 1(S) is the maximum slope of the original CPR
(corresponding to the flux arc sweetspot) and SC = . — o 1s the constriction phase
relative to that point. The inclusion of ] serves to keep the free parameters in an
intermediate value range and to thus avoid possible numerical problems when
varying them in a fitting routine, and it also eases interpretation of the g; by making
them encode the relative change to the junction inductance, rather than an absolute
CPR offset. Additionally, we consider a { that is linear in pump frequency

{wp) = H(1+ & (wp — o)) (4.59)
with a constant a)f,ef = 27 - 10.25 GHz which is chosen near the pump frequency
used at the zero-field arc sweetspot, such that ¢, is approximately the attenuation
at that point. This is useful both for an intuitive interpretation of the fit parameters
and for the fit routine itself, as changes in {; do not cause large changes in the
absolute value of {'in the relevant w, region, only changing its slope.

Now, we fit the theoretical values to the measured Kerr anharmonicity and to
the flux arcs simultaneously, varying {; and {; (affecting the experimental K(&y,))
as well as, individually for each field, ¢, g3, g3 and qq (affecting Kipeo(Pp) and,
to a lesser extent, the flux-arc fits wy(P},)). Since there are many more flux-arc
points than two-tone measurements, and their numerical value is several orders
of magnitude larger, we need to weight the flux arc residuals in the fit such that
they do not overwhelm the Kerr data (or vice versa). We find that a relative weight
of 107 strikes a nice balance between the two datasets, except for the highest fields,
where we use slightly larger weights (2.5 - 107 at 275mT and 5 - 107 at 300 mT).
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The discrepancy between the measured and the predicted Kerr response is largest
near the edge of the flux arc, where the uncertainty of the experimental values is
also greatest, cf. the error bars in Figure 4.5d or 4.14c. We take this fact into account
by weighting the Kerr residuals in the fit with the factor (q;cmn Jo3)/3, where oy
is the fit uncertainty reported by the X fit used to determine the value in question
and a%in is its minimum value at the same in-plane field. The exponent 1/3 was
again determined by experimentation and found to strike a good balance, reducing
the impact of the uncertain points without neglecting them completely.

Varying all of the fit parameters at the same time does not result in good fit
convergence, so we employ a multi-step process. In a first step, we set {; = 0 and
vary the other parameters (including ¢;) individually for each B|. Using starting
values for {; and {; that result in {(wp) on the order of those just found, we vary
only those two parameters in a second fit for all fields simultaneously, keeping the
polynomial coefficients g constant at the values from the first fit. Finally, in the
third step, we vary the coefficients g, once more, at each field individually, keeping
{o and {7 constant at the values from the previous fit.

4.17 Complete experimental setup

A schematic of the complete experimental setup is shown in Figure 4.8 and described
there. We use in-house-built, low-noise, battery-powered dc current sources to
drive the different magnetic coils in the setup. Driving the compensation coils in
series with the main coil ensures that any current drifts or noise contributions
from the current source are present equally in all of them, thus not affecting the
compensation, i.e. the orientation of the total field. To minimize the coupling of
external fields as well as wire cross-talk, all dc wires inside the vacuum compartment
are installed as twisted pairs and those outside the cryostat are shielded.

The microwave cables in the cryostat dipstick are coaxial stainless steel cables
for low thermal conductivity. At our measurement frequencies of ~10 GHz we
expect ~8 dB of attenuation from the ~ 1.5 m stainless-steel cable and ~3 dB from
the 2 m room-temperature cable in each input/output line. Additionally attenuating
the input signals by 30 dB at cryogenic temperatures ensures that room-temperature
noise from the vector network analyzer (VNA) and the signal generator (SG) is
reduced to a level close to that of the sample temperature Ty = 2.8 K.

Since the temperature-sensing diode used to control T; is placed directly on the
copper sample box for optimal thermal contact, it is also exposed to the strong
magnetic field B applied to the sample, affecting its temperature response and thus
the temperature measured by the T controller. Even though the orientation of the
diode in the field is chosen to minimize this effect, it is still considerable, reducing
the temperature reading at the measurement temperature by more than 0.5K at



4 Integrated magnetically induced Josephson nano-diodes 120

B = 300 mT compared to the zero-field value. In order to keep the temperature
constant despite this shift, we set the temperature to 2.8 K at zero field and interrupt
the PID feedback temperature control while ramping the coil current I.;, instead
keeping the power supplied to the heating resistor constant. After the target current
has been reached, we use the shifted temperature reading as the new temperature
set-point and resume the PID control. We verify the integrity of this process using
a second temperature diode placed outside the large B) coil in the sample assembly,
which does not experience as high fields and is thus less affected, as well as by
checking the set-point that results from it after ramping the field back to zero.
Typically, the discrepancy from the original set-point after a full measurement day
comprising several field-ramps is only a few mK, mostly driven by the fact that
the heating power of the T controller cannot be set with the same precision as that
used by the device during PID control.

Figure 4.8: Schematic of the experimental setup. The superconducting chip is mounted
inside a radiation-tight copper sample holder, which in turn is placed inside the vacuum
compartment of a liquid helium (LHE) cryostat. A temperature-sensing diode mounted
directly on the copper sample box, in combination with a resistive heater placed close by
in the dipstick assembly, allows temperature control with a stability AT, < 1mK using
PID feedback control provided by a temperature controller. Pumping on the helium gas
allows setting the measurement temperature to T, = 2.8 K. Coaxial microwave cables
connect the vector network analyzer (VNA) as well as, via a directional coupler, a signal
generator (SG) to the sample, with both devices sharing the 10 MHz reference-clock signal
provided by the SG. The input lines both of VNA and of SG are attenuated by 30dB
at cryogenic temperatures to reduce the input noise to approximately the noise level
at the measurement temperature. The output line is equipped with two high-electron-
mobility-transistor (HEMT) amplifiers for maximized signal-to-noise ratio, one at cryogenic
temperatures and one at room temperature. To prevent the amplifiers from saturating,
the pump signal is inserted into the device at the probe signal output and an attenuator
is placed at the input of the room-temperature amplifier. Another attenuator is placed at
the SG output to shift its power output range, with the power Py of the pump signal with
frequency w, defined as the shifted power. Numbers near the attenuators, the directional
coupler and the amplifiers are given in units of dB. For the application of the magnetic
in-plane field, a large cylindrical superconducting coil is wrapped directly around the cup
of the vacuum compartment, connected in series with a split-coil magnet that is rigidly
attached to the cryostat and used to compensate out-of-plane components of the main
coil field B|. Part of the sample assembly is clipped away in the diagram to reveal the
small magnetic sample coil mounted behind it. Two low-noise dc current sources provide
the driving currents I for the sample coil and I; for the in-plane field coils, and I, is
additionally low-pass filtered at cryogenic temperatures with a cutoff frequency of ~3kHz.
The entire cryostat is surrounded by a double-layer mu-metal shield for magnetic screening.
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Nide mech. Vi Dy D,

L inkV in ions nm™2
Table 4.1: Fabrication parameters
of the resonators. We show the num- Ra 94 no - - -
ber Ny, of capacitor fingers, whether S3D4 87 yes 25 18000 1000
the resonator SQUID loop contains a s2D 81 no 25 18000 0
mechanical beam, as well as the neon- $3Dg 75 yes 25 18000 2000
ion acceleration voltage V,.. and beam Ry 70 no _ _ _

doses D for cutting the constrictions

65 - - -
and D, for thinning them down. Re yes

4.18 Full chip layout

The full chip layout is depicted in Figure 4.9. The six resonator designs differ solely
in the number Ny of capacitor fingers in each IDC. Additional differences are
introduced during fabrication, namely through cutting constriction-type Josephson
junctions into the loop at the center of some resonators, turning them into SQUID
resonators, as well as by integrating a mechanical beam into the long side of the
loop for some resonators. The parameters used for each resonator are summarized
in Table 4.1. Note that all Nb structures on the chip are ~1pm smaller than in
the layout depicted in Figure 4.9 due to over-exposure of the photo-resist during
fabrication, e.g. the interdigital capacitor (IDC) lines are 2 pm wide with gaps
of 4 um between them. The true, fabricated device dimensions were extracted
from scanning electron microscope (SEM) images and used in all simulations for
determining device parameters.

Next, we will use the reference resonators to infer certain parameters of the
SQUID resonators that we cannot access directly. Since the reference resonators R
and Ry are closest to the SQUID resonators in resonance frequency (cf. Table 4.2),
we only use those two for that purpose, not employing Rc as a reference.

Figure 4.9: Full chip layout. The microwave is guided through a meandering coplanar
waveguide (CPW) alongside which six side-coupled LC-resonators are placed. Each res-
onator consists of a capacitive plate for coupling to the CPW, interdigital capacitors (IDCs)
and inductive wires, all arranged symmetrically around the central axis. At the core of each
resonator is a loop that can be turned into a SQUID acting as a flux-tunable inductance by
cutting constrictions into its two arms using a neon ion microscope (NIM), cf. Figure 4.1.
This is done for the resonators s3b,, s2D and s3b,, while Rr,, R; and R. remain un-altered
and serve as reference resonators. s2p is the resonator discussed up to now, data for s3p,
are shown in Section 4.23. The dashed lines leading to the resonators from the chip edges
are markers used for focusing, orientation and accurate movement in the NIM, such that
unnecessary irradiation of circuit structures can be avoided.
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4.19 Determination of the resonator parameters

The resonance frequency of our resonators is given by

1
\CrotL

with the total capacitance C;,; and inductance L of the resonator. For the SQUID
resonators, L = Ly, before cutting the constrictions and L = Ly, + L./2 after. For
the reference resonators there are no constrictions, so L = L}, always.

Applying an in-plane magnetic field B partly suppresses the superconducting
state of the resonator material, increasing its penetration depth A; and thus its
kinetic inductance, causing a downwards shift in resonance frequency, as shown
in Figure 4.10a for the reference resonators and in Figure 4.11a for the SQUID
resonators. Assuming the resonator capacitance to remain unaffected by the
applied field, we obtain the in-plane-field dependence of the resonator inductance

o(0)
wo(Byp)

In order to obtain the field-dependent penetration depth Ay (B)), we simulate the
inductance Ly, of each circuit geometry using the software 3D-MLSI [81], varying
the penetration depth, and, in order to remove simulation output resolution artifacts
as well as for convenient interpolation, fit the results using [82]

wp = (4.60)

L(B) = ( )2 L(0). (4.61)

Ly(Ap) = LE° + ALL; coth(d/Ar) (4.62)

with the film thickness d = 100 nm and fit parameters LEeO and L’g, as shown in
Figure 4.10b. Assuming a zero-field value Ay (0) = 130 nm typical for our films at
low temperatures T < 4K, we find L;,(0) for all circuits from these simulations.
For the reference circuits, we thus obtain L,,(B)) using (4.61) and, again from the
simulation data, A1 (B). The result of this calculation is shown in Figure 4.10c. Due
to the inaccuracies involved, the resulting values are not exactly identical for both
resonators. We fit the expected behavior A (B) = (1+ (BH/B*)Z)AL(O) [83] to these
data for r, and Ry and use the resulting fit values for subsequent calculations. The
fit parameter B* introduced here can be interpreted as a characteristic magnetic
field, but has no deeper meaning for the further analysis.

Now that we have obtained AL(B”), we can calculate the field-dependent induc-
tance Ly(B)) of the SQUID resonators as well as their loop inductances Ljoqp(B))
from the simulated Ly(41) and Ljgop(AL). The resulting field-induced change of
both inductances is shown in Figure 4.11b.

For the SQUID resonators, we also need to consider the constriction inductance L,
that contributes to the total inductance. Indeed, comparing Figures 4.10a and 4.11a
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reveals that the sweetspot resonance frequency @y, of the SQUID resonators re-
acts considerably stronger to B than the reference resonator frequency wy, high-
lighting the additional effect of the sweetspot constriction inductance L. Using
the resonance frequency wqp, of the SQUID circuits before cutting the junctions
(i.e. without L), we find

1 Wob

Wop = = (463)
\/Ctot(Lb + LCO/Z) \/1 + LCO/ZLb
(Bj)\2
—  Leo(B)) = 2Ly(B)) (( Zzz (B::)) - 1). (4.64)

Before constriction cutting, the resonators were not characterized at the mea-
surement temperature 2.8 K of the main experiment. Hence, we must infer wgy, at
that temperature from other data. Assuming that the capacitance C,; remains un-
affected by temperature and that any resonance frequency shift is due to a change
in L caused by a changing A, (as for the field-induced shift discussed above), the
ratio wgp,/wj* must be constant with temperature for each SQUID resonator. Thus,
using the measured ratio at 4.2K as well as wi*(0) at 2.8 K, we can calculate wgp(0).
To improve accuracy, we do this both using R, and using Ry as a reference, obtaining
values differing by ~0.05 %, and use the average. Analogously to (4.61), we now

Table 4.2: Key resonator parameters. We show the resonance frequencies wy, and w,
before and after cutting the constrictions, respectively, the resonance linewidth «, the
inductances of the resonator before cutting the junctions Ly, of the constrictions L, and of
the SQUID loop L, as well as the total inductance L and capacitance G, of the resonator.
For the SQUID resonators, the bias-flux dependent values «;, ¥ and L, are given at the
sweetspot. The dimensions used for simulating the loop inductances Ly, (as well as L)
were extracted from SEM images of the fabricated circuits, which is why their values vary
slightly despite the SQUID ring layouts being identical.

wop/21  wo/2m  Kk/2m Ly Lo Liggp L Ciot
inGHz inGHz inMHz inpH inpH inpH inpH infF

Ra 8.937 8.937 8 441 - - 441 719
S3Da 9.654 9.475 28 418 32 45 433 651
S2D 10.380 10.233 22 397 23 44 409 592
S3Dg 10.983 10.774 44 377 29 45 392 557
Rg 11.641 11.641 11 360 - - 360 519
Rc 12.532 12532 10 343 - - 343 470
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Figure 4.10: Magnetic in-plane field
response of the superconductor pen-
etration depth. Symbols are data for
the two relevant reference resonators
O R, and O R;. a Relative change of the
resonance frequency @, with By. b Simu-
lated resonator inductance Ly(4;) with-
out constrictions, shown here for Rr,.
Symbols are simulated data points, the
gray line is a fit. ¢ A, (B)) inferred from
the simulation results together with the
resonance frequency shift. The gray line
is a fit to the data of both resonators.
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Figure 4.11: Magnetic in-plane field
response of the SQUID resonator in-
ductances. Symbols are data for the
resonators 2 s3p,, ¢ s2D and vV S3D,.
a Relative change of the sweetspot res-
onance frequency w,, with B. b Rela-
tive change of the inductance L, of the
SQUID resonators as well as of their
SQUID loop inductances Ly, as calcu-
lated from the simulated A, -dependence
together with Ay (B)) (cf. Figure 4.10c).
Since all values are calculated using
the same A; (B)), they are almost identi-
cal and the symbols mostly cover each
other. Small visible deviations in Ly,
are due to the simulated dimensions be-
ing extracted from SEM images of the
SQUID rings, thus carrying small differ-
ences between the circuits over to the
simulation. c Relative change of the con-
striction inductance L, at the flux arc
sweetspot for the SQUID resonators as
inferred from the resonance frequency
shifts in combination with L,(B)).
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obtain the field dependence of this frequency

Ly, (0)
Ly(By)’

wob(B)) = wop(0) (4.65)

finally allowing us to calculate L,y(Bj). The resulting field-induced change is
depicted in Figure 4.11c.

Having determined all resonator inductances, we can calculate the total capaci-
tance of each circuit from (4.60). All of the zero-field parameter values resulting
from this procedure are summarized in Table 4.2.

4.20 The resonator linewidth

For completeness, we present the linewidths of resonator s2p, which we did not
discuss in detail up to now. As already mentioned above, the resonator is in the
undercoupled regime, with an external linewidth xey; ~ 27 - 5 MHz and a total
linewidth k > 4k.,; dominated by the internal linewidth. Figure 4.12 summarizes
the linewidth flux-responses k(&) and ke (®},) for different B|. Each data point
was extracted from the same fit as the corresponding resonance frequency point in
Figure 4.3a. As expected, the linewidth x (panel a) reacts to both flux and field in
an inverse fashion compared to the resonance frequency, increasing where w; de-
creases, but with a similar shift and skewing present. The magnetic field suppresses
the superconducting energy gap, leading to an increased number of quasiparticles
and thus to higher losses, particularly in the constrictions (cf. Figure 4.3c). These
losses contribute to the internal linewidth while leaving the external linewidth
(panel b) largely unaffected, which only shows a small field-dependent bias-flux
response (most likely caused by a frequency-dependence of k., or a misattribution
of kjy-contributions to key; by the fit, not by an actual field-dependence). Bias-flux
induced losses (caused by the circulating current) are also present in the internal
linewidth, of course, and are enhanced by the applied By, with both the sweetspot
linewidth and the linewidth tuning increasing by a similar value; at B = 300 mT
by ~50 MHz. We note that in principle the apparent linewidth may also be broad-
ened by flux-noise effects when the circuit is biased away from the sweetspot, but
experience with similar devices leads us to expect that this is not the case here [84].

4.21 The effect of each CPR model parameter

To illustrate the effect of the different CPR model parameters on the current density
distribution inside the junction as well as the resulting CPR, we will now have a
look at the solution obtained using the CPR algorithm described in Section 4.12



4 Integrated magnetically induced Josephson nano-diodes 129

160} > 1

140 -

120+

—_

S

S
T

K /27 in MHz
0]
(=]

(=
(=]
T

40+

20

e
3
T

Ke/2m in MHz &
wu

B
o
T

Figure 4.12: Linewidth flux-response in large magnetic in-plane fields. a Total
linewidth x(®,) and b external linewidth x..(®,) corresponding to the frequency flux-
response data wy(®,) presented in Figure 4.3a. Again, the depicted in-plane field values
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symbols indicates the flux-sweep direction. We observe a linewidth behavior matching that
of the resonance frequencies, with x increasing when w, decreases and a corresponding
skewing of the flux arcs appearing. k., remains largely unaffected by the field, only showing
a small, field-dependent bias-flux response away from the sweetspot.
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for different sets of model parameters. Throughout, we will use the normalized
parameters (e, b, 5, 6p) and the corresponding normalized current density j(Z, &)
and normalized CPR I(8,). Note that we consider j and Ias functions of the phase &,
in the center of the junction, not of the shifted phase 6, = &) — 50 used elsewhere.
This simplifies the interpretation of the plots shown, as one fewer step is involved
in the calculation, as well as revealing the value of 5 as the zero of I(8,) near the
CPR plot origin. For reference, let us repeat (4.21) and (4.22) from Section 4.12 here

J(Z,80) = (1 — 2¢€2) sin(50 + 85(1 + b2)z — 8yj(Z, &) (4.21)
. /2
I(&) = J j(z)dz. (4.22)
~1/2

In Figure 4.13, both of these functions are plotted for various sets of model
parameter values, with each parameter being either zero or taking its designated
value € = 0.4, b = 0.6, 5g = 2.2 and &y = 0.9. Each panel of the figure comprises
two plots, a j(Z,d,) color plot at the top and an I(8,) plot at the bottom. They share
the same x-axis such that each CPR value in the bottom panel is the integral of
the current density values vertically above it. The color map used for the j plots
reaches its most orange/blue color for j = +1, changing towards red/violet only
for |j| > 1. The trivial solutions f(z’ ni — 8g(1 + bf)i) = 0 with n € Z are visible as
green stripes in the color plots (when not obscured by a non-trivial solution, e.g. at
low % in panel f), with the center of the plot marking the solution j(0,0) = 0 that is
used as starting point in the algorithm, cf. Section 4.12.

In the first three panels (first column) we explore the effect of just one of the
three model contributions; the magnetic field (§g, for now with b = 0), the linear
inductance (dp) and the critical current density gradient (¢). If all model parameters
were zero (not shown), the current density would be described by a simple sine
j = sin & independent of Z, i.e. the color plot would be vertically invariant and the
CPR thus identical I = j. The effect of 8 (panel a) is to tilt the Z-dependence of the
current density, with the slope of the tilt (green stripes in the plot) given by dg. In the
integral, this leads to a sine with a reduced amplitude sin(ég/2)/(85/2) giving rise
to the well-known Fraunhofer pattern of critical currents. The depicted dg-value
corresponds to a junction with B|/B, = dg/2m = 0.35 of a flux quantum coupled
into it by the in-plane field. We already discussed the effect of a linear inductance
contribution dp (panel b) in the context of Figure 4.2; it leads to a skewed sine
profile with unchanged critical currents, maintaining I = j. The depicted 8p-value
corresponds to a linear inductance contribution Ly, /Ly = &p = 0.9. Finally, the
effect of € (panel ¢) is a z-dependent scaling factor, with the amplitude of the sine
profile being larger than 1 for negative Z and smaller for positive 2. In the integral,
this linear gradient drops out and the CPR remains unaffected.
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The next three panels (second column) depict the consequence of using a combi-
nation of two of these three parameters. In the current density plots, the result is
simply a combination of the individual effects of the involved parameters; a Z tilt
for dp, skewed &y-dependence for dy and a z-dependence of the amplitude for e. In
the CPR, on the other hand, the result is less obvious.

Including e and g (panel d) yields a CPR that is still a sine with reduced amplitude,
but with its zero 50 shifted away from &y, = 0. This behavior applies more generally;
g together with a z-gradient leads to a horizontally shifted I(§,). We stress that
this CPR is still completely symmetrical around its zero, the shift only indicates that
& # 0 for I = 0. Looking at the current density plot, we can now understand why
the CPR does not vanish for g = 27 (i.e. B| = Bp); in this case, the z tilt reaches
exactly one period over the height of the junction, i.e. the sine j(Jy) is shifted half
a period to the left at Z = 1/2 and half a period to the right at Z = —1/2. Thus,
calculating I(§,) we integrate over all phases of the sine, but in the presence of a
non-zero € the amplitude is not constant for all Z and thus the integral is not zero.

In the CPR for & together with dp (panel e), we see a distorted version of the
reduced-amplitude CPR caused by g, but unlike before, due to the z tilt inf, the
skewing introduced by Jp affects each part of the CPR in a non-trivial way.

Finally, the combination of e and &y (panel f) produces a CPR similar to the skewed
sine created by just dp, but not quite identical. The gradient in critical current
density enters into the inductive term in (4.21) and thus changes the shape of the
8-dependence of jbesides just its amplitude. Particularly for negative z, where the
critical current density and thus the inductive contribution are amplified, j(§,) may
cease being single-valued, similar as for 8y > 1, cf. Figure 4.2d. In this case, the
root that is tracked by the CPR algorithm disappears upon exiting the region of
multiple solutions. Since this happens only locally, unlike in the case without e,
the dynamics in the junction are no longer obvious. As mentioned in Section 4.12,
the algorithm discards the j solution in this case, which first happens here at the
transition between a unique j(&) (large ) and a multi-valued relation (small 2),
marked by a missing pixel in the current density plot at (Z, §y) = (—0.16, £7). Due
to the way the algorithm is implemented, it may not find solutions for any Z (or large
parts of the scanning interval) once any part of the solution has been discarded,
which is why j(Z, &) is missing for all z after the missing pixel. As the CPR I(5,)
is undefined once the current density j(Z, &) is undefined for any z, this is of no
consequence to the final CPR solution, though, which is also illustrated by the CPR
plot stopping at the last value |§y| = 3.10 where the j solution exists for all Z.

Now, we combine all three parameters, obtaining a current density distribution
featuring z tilt, skewed dy-dependence as well as a z-dependent amplitude (panel g).
This finally leads to new behavior in the CPR, namely to an asymmetric profile
with different positive and negative critical currents Ij; a Josephson diode. A gray
dashed curve marks the CPR mirrored about its zero, making any asymmetries
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Figure 4.13: Effect of the CPR model param-
eters on the current density distribution
and the resulting CPR. Each panel comprises
a color plot of j(,8,) at the top and a plot of
the CPR I(§,) at the bottom, gray dashed curves
correspond to the CPR mirrored about its zero.
The parameters that are used (i.e. not set to
zero) for each panel are mentioned at the top.
When mentioned, the parameter values € = 0.4,
b =0.6,8; = 2.2 and &p = 0.9 are used. Each
plot has the same axis limits and color map as
other plots showing the same quantity, and both
the current density and the CPR plots share the
same x-axis such that each I-value corresponds
to the integral of the jvalues vertically above it.
For a detailed description of the effect of each
parameter, see Section 4.21.

a J

0.4
0.2

wy 0
—0.2




4 Integrated magnetically induced Josephson nano-diodes 133
g €050

d €0
0.4 1
0.2
0wy 0 0 T~
-0.2
-1
1
0~
-1
1
0~
-1
-1t = -1t ; =
-7 0 T

o



4 Integrated magnetically induced Josephson nano-diodes 134

apparent. The tilt introduced by € also tilts the locus of the disappearing tracked
root and thus the shape of the edge of the solution found by the algorithm, as can
be seen at the bottom left edge of the current density plot. For larger magnetic
fields (larger dp), the slope of the tilt will increase and the solution will disappear
closer to & = 0, different model parameters, namely large dp > 1, may also cause it
to disappear earlier for positive §,. We note that the algorithm does find solutions
for §, > 7 in this example that could in principle be used to calculate the CPR in a
small interval above & = (2n + 1)m. This is not implemented, though, as it is not
relevant for the evaluation at hand, and so the CPR stops at §, = m.

Using a gradient in the magnetic contribution given by b instead of the critical
current density gradient given by € (panel h) also leads to an asymmetric CPR,
albeit with a less pronounced asymmetry, particularly in the region of small §, most
relevant in the experiment. In the current density plot, b modifies the effect of dg
from a linear tilt of the Z-dependence to a parabolic one (cf. again green stripes in
the jplots). Combining both gradients, i.e. using all four model parameters (panel i),
leads to a combined diode effect featuring both asymmetry contributions. Note
that the shift §, of the CPR zero induced by b (in combination with 8g) opposes
that induced by ¢, so the total shift is rather small here. This is the form of the CPR
model that was used in evaluating the s2p data presented in the first sections of this
chapter, obtaining the CPRs shown in Figure 4.4d. Note that a large dp > 1 leads
to the solution disappearing earlier for positive values of §. and later for negative
values, which is the case for the CPRs at high fields shown there, cf. p-values in
Figure 4.19. For the s3pg data presented in Section 4.23, the magnetic contribution
gradient was not used, i.e. b = 0 (panel g).

We note for completeness that using both gradients without the linear inductance
contribution (i.e. using €, b and dg) does not lead to a diode CPR. The resulting
current density is similar to that shown in panel d but with a parabolic tilt rather
than a linear one, and the resulting CPR is also alike, with the only notable difference
being the additional shift to the left due to b.

4.22 Polynomial correction of the CPR

As described in Section 4.16, we modify the CPR using a small polynomial cor-
rection AI(8,) for the fit of the Kerr anharmonicity. In Figure 4.14 we detail the
magnitude of this correction and its effect on the CPR as well as the resonance
frequency and Kerr response predicted by it. While the correction is several orders
of magnitude smaller than the constriction critical current — and thus imperceptibly
small when considering the CPR directly —, the CPR derivative, and thus the result-
ing resonance-frequency flux-response, is visibly affected. The effect is still small,
though, and does not significantly impact the agreement with the measurement
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data. Higher CPR derivatives are affected even more strongly, and thus the effect of
the correction on the Kerr anharmonicity is considerable. We can greatly improve
the match between modeled and observed X response using the correction, demon-
strating that the present mismatch can be explained by minuscule CPR disparities.
Such discrepancies might have a multitude of causes, like the gradients described
by € and b having more complicated shapes than the simple linear dependence we
used in the CPR model (cf. (4.9) and (4.10)), additional gradients in other directions
or parameters, non-trivial frequency dependencies of the pump attenuation ¢(wp),
or SQUID asymmetries due to small differences between the two constrictions. Not
all of these can be addressed by the small correction AI(8,), so some discrepancy
remains, but overall agreement of the modified CPR with the experimental data is
very good. All qualitative features of the asymmetric Kerr response are already
present in the un-modified CPR, affirming the fundamental suitability of our model.

We note that some numerical inaccuracies are visible as wiggles at the edge of
the un-corrected K curves (dashed gray lines) in Figure 4.14d for the highest fields,
as discussed in Section 4.12. Naturally, these inaccuracies are still present with the
polynomial correction, but due to the logarithmic scale of the plot axis and the
much larger |X]| values they are not visible in the corresponding curve.

4.23 Flux-tuning, current-phase relation
and Kerr data of sample s3p,

Besides the resonator s2p discussed up to now, we also characterized the other two
SQUID resonators s3D, and s3Dg. Notably, the orientation of s3pg on the chip is
inverted with respect to that of s2p, cf. Figure 4.9, so any in-plane field couples flux
into the constrictions, relative to the SQUID loop, with opposite polarity. Figure 4.15
shows the field-dependent flux-response of s3pg and indeed the skewing occurs
in the opposite direction compared to to s2p, cf. Figure 4.3. Since the junctions
in s3pg are implemented as 3D constrictions, i.e. they have been thinned down
from the top to ~75nm (estimated from the NIM doses), a weaker response to Bj is
expected, and indeed this is what we find. All qualitative features discussed before
are still present, though, albeit with inverted flux orientation. We note that the
other 3D constriction resonator s3p, shows a similar diode effect but with the arcs
skewing in the same direction as those of s2p, confirming that the inverted skewing
is indeed due to the orientation of the resonator with respect to the field rather
than some effect related to the 3D constrictions. The field response of the sweetspot
resonance frequency and linewidth of s3pg, on the other hand, is very similar to
that of s2p, with the sweetspot resonance frequency being reduced by ~10 MHz
and the linewidth increasing by ~40 MHz, though its absolute value is ~20 MHz
larger, probably due to a lower constriction T, [34]. The flux responsivity, on
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the other hand, is considerably higher than for the 2D constriction resonator, a
typical result for 3D constrictions [34] due to their reduced critical current, making
them better suited for sensing and parametric coupling applications. Here, the
responsivity is larger by a factor of ~2 both with and without applied magnetic
field, i.e. the larger responsivity is maintained even at large fields.

For s2p, we used a z-gradient of both jy and Byl (i.e. the fit parameters € and b,
cf. (4.9) and (4.10)) to fit the flux arcs. Indeed, both of them were necessary to
achieve good agreement with the data, though the effect of b is much weaker than
that of ¢ for the parameters found. Here, we are able to fit the flux arcs without
the gradient in B”leff, i.e. we use b = 0. This matches the smaller constriction
height, as we can expect less non-trivial parameter variation to occur in the smaller
space. Figures 4.16a through c illustrate this slightly simplified model behavior
and Figures 4.16d and e show the CPRs and switching currents extracted from the
flux-arc fits. As expected, just like the flux arcs, the CPRs deform in the opposite
direction and the reactions of the switching currents I, to B are swapped with
respect to those of s2p presented in Figure 4.4. The fits yield a field By = 361 mT
for coupling one flux quantum into the junction, corresponding to an effective area
Aer = 5.7 - 107 m? and an effective constriction length l.4(0) = 76 nm, slightly
larger than that of the s2p constrictions, which is consistent with a suppressed T,

Figure 4.15: Skewed flux-response and enhanced flux-responsivity in large mag-
netic in-plane fields for resonator s3p,. All data correspond to those shown in Figure 4.3
for resonator s2p. a Bias flux response wy(®,) of the circuit for five different magnetic
in-plane fields between 0 mT and 300 mT; labels next to the datasets denote B;. Data com-
bine flux up-sweep (dark kites pointing right) and flux down-sweep (light kites pointing
left); lines are fits. Note that the flux arcs skew in the opposite direction compared to
those of resonator s2p presented in Figure 4.3a, with all other features of the field response
present here as well. b, c Sweetspot resonance frequency «wy, and linewidth x; as a function
of B). Symbols are data extracted from the flux arcs, colors denote the value of By, as in all
panels, and the dashed lines show the expected behavior in the absence of the constrictions
as inferred from reference circuits. Just like for resonator s2p, about two thirds of the
wy decrease and almost all of the k, increase can be attributed to the constrictions. d Flux
responsivity F = dcw,/3®, for various Bj and plotted vs w, as a figure of merit for sensing and
parametric coupling applications. Large symbols correspond to values on stable branches,
small symbols to those on metastable branches; lines are derivatives of the arc fits. Typical
for 3D constrictions, the responsivity here is larger than that of the 2p resonator s2p shown
in Figure 4.3d, with a factor of ~2 between them both with and without a magnetic field.

*As noted in the context of Figure 4.3, we assume the transition to the metastable state on a flux arc
branch to be located in the center between the two jumps (arrows in panel a) to and from that branch,
which at B = 0 corresponds to the arc crossing point but shifts left of it for larger fields.
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and a correspondingly increased A in the 3D constrictions. See Section 4.25 for a
discussion of all parameters resulting from the fits.

Moving on to the Kerr anharmonicity, we again find a bimodal distribution for
non-zero in-plane fields that is shown in Figure 4.17, though it is significantly
weaker than that of s2p presented in Figure 4.5d. For small fields, the short leg
of the fit curve is at a lower value of |X]| than the long leg, while this is inverted
at the highest field. The transition occurs at around 250 mT. In the two-tone
measurement data, inversion seems to be happening right at 300 mT, making the
bimodality disappear at that particular field. The same transition was also present
in Figure 4.5d, but at lower fields (~ 125 mT for the fit curves and ~250 mT for the
two-tone data), making its appearance less pronounced. Quantitatively, the Kerr
anharmonicity of the 3D constriction resonator is again larger than that of s2p
by a factor of ~2 due to the lower critical currents, similarly to the increased flux
responsivity discussed above.

Figure 4.16: Simplified Josephson-diode model for resonator s3p,. All data correspond
to those shown in Figure 4.4 for resonator s2p. a Schematic of a nano-constriction defining
its width w, length [ and height a as well as the direction of B;. Unlike with resonator s2p,
here we have a 3D constriction and the magnetic field enters the junction from the opposite
side (when viewed from the inside of the SQUID loop). b To model the skewed flux
response of this resonator in accordance with the measurement data, no gradient in flux
per height 6@ = B|lLq is necessary, so we only include the j,-gradient for the analysis here,
i.e. b = 0. c Circuit equivalent of the Josephson-diode model consisting of a multi-loop
parallel arrangement of infinitesimal constrictions whose inductive Josephson contribution
grows with z due to a decreasing critical current density. In accordance with the constant
dP-value used, in contrast to the z-gradient illustrated in Figure 4.4¢, here the loop length
is independent of z. d Constriction current-phase relation I(8,) as a function of the applied
field By obtained from fits to the flux arc data (lines in Figure 4.15a). Thin lines show the full
range for which our numerical algorithm yields a result, thick line segments show the parts
that correspond to the experimental flux arcs in between the discontinuous jumps, symbols
mark the corresponding switching currents/phases. The magnetic-field response is much
the same as that for resonator s2p presented in Figure 4.4d but with inverted polarity. Here,
the positive critical currents decrease quickly while the negative ones mostly retain their
magnitude. As before as well as in the next panel, colors encode B,. e Switching currents
I3, and I, as derived from the flux arc discontinuities and the CPR model. For B = 0,
positive and negative switching currents are equal in magnitude, but with increasing B; the
difference between the two values grows, indicating an increasing diode effect. Positive
switching currents stay larger than the initial value for all By > 0, negative switching
currents decrease in magnitude nearly linearly. For the largest field, the latter value reaches
zero, so just as for resonator s2p, the current flows in the same direction in the SQUID ring
for any applied bias flux &, though this point is reached at slightly higher fields here.
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4.24 Reversing the in-plane field

Let us compare this inversion of the circuit flux response for resonators with
opposite orientation on the chip to the change of flux response of a resonator upon
inverting the in-plane field. In Figure 4.18 we present resonance frequency flux
arcs for the same two circuits s2p and s3p; at |By| = 250 mT for both positive and
negative field orientation. Just like for the inverted resonator orientation and just
as predicted by our constriction model, reversing the field orientation flips the
skewing and shifting direction of the flux arcs; the arcs of s2p at positive B| skew
in the same way as the arcs of s3p; at negative B. This result re-affirms that the
diode-effect causing the distorted CPR (and thus the skewed bias-flux response) is
indeed induced by the magnetic field.

The discerning reader may notice that the sweetspot frequencies of the two
measurements for each resonator are not exactly identical, but differ by ~2 MHz.

1
®b / (I)O qu / (DO

Figure 4.18: Reversing the in-plane field reverses the flux arc skewing. Bias flux
response w,(®,) of resonators s2p and s3py at By = =250 mT. The resonator as well as the
B, values are indicated in the panels, a small sketch additionally illustrates the orientation
of resonator and field. Kite symbols are measurement data with the pointing direction
indicating the flux-sweep direction, lines are fits. For the fits, the model parameters j,(0), €,
1.#(0) and b are identical for both field orientations, only £, being allowed to differ. Both in
the data and in the fits, reversing the in-plane field also reverses the skewing of the flux
arcs as well as the sweetspot-shift from @, = 0.
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This is due to a small drift present in our setup, shifting all frequencies to slightly
lower values over the course of the measurements (ca. one week). We attribute
this to the pressure in the vacuum compartment slowly increasing, raising the
cooling power reaching the sample assembly, which in turn causes the temperature
controller to provide a higher heating power in order to keep the temperature
sensor at the temperature setpoint T, = 2.8 K (cf. Figure 4.8). Since the sample
diode, although directly attached to the copper housing surrounding the sample,
will never have exactly the same temperature as the resonator circuits, this can
cause an upwards creep of the circuit temperature, increasing its kinetic inductance
and thus lowering its resonance frequency. This effect can also be observed in
the sweetspot frequencies of the compensation angle measurements presented in
Figure 4.6b; those were taken at a much lower pressure (before settling on the final
measurement conditions) and accordingly show a noticeably higher resonance
frequency at the optimum compensation angle. Here, we account for this drift in
the fit curves by allowing f};, to vary between fits for positive and for negative
field values, with small shifts in that inductance (here <3 %) effectively shifting
the resulting flux arcs without changing their shape. All other model parameters
70(0), €, Lo£(0) and b are left unchanged for the negative-field fits, ensuring that the
observed reversal of the skewing direction can indeed be attributed to the field
reversal and not to changing parameter values.

4.25 Model parameters resulting from the fits

As described in Section 4.13, we obtain the model parameters Iy, €, b, 6g = 2nB /By
and 6p(Bj) from the flux arc fits. From this we can directly calculate the effective
junction area A = ®y/ By threaded by the magnetic in-plane field. While the in-
ductive phase d7(B))) is field dependent, at zero field we can calculate the equivalent
linear inductance Ly, = $y6p(0)/2mly of a simple constriction without gradients,

Table 4.3: Model parameters resulting from the fits and derived quantities. We
show the CPR model parameters Iy, €, b and B, = 27|B, /| extracted from the flux arc fits
as described in Section 4.13, as well as the effective constriction area A4 implied by these
results. The field dependent parameter &y is depicted in plot form in Figure 4.19, here we
only show the equivalent linear inductance at zero field Ly,,. Furthermore, we state the

Io € b B Aeff Liin
in pA inmT in m? in pH
s2D 35 078 1 305 6.8-1071 12

s3Dg 26 082 0 361 57-1071 15
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as discussed in the context of Figure 4.2. Given the constriction dimensions a and w,
we can furthermore calculate the effective junction length l.4(0) = A.g/a and the
critical current density in the center of the junction j,(0) = Iyy/wa. All of these
parameters are displayed in Table 4.3, except for the field-dependent 6, which is
shown in Figure 4.19. As discussed in Section 4.24, a resonator that is rotated on
the chip by 180° exhibits the same behavior when applying a positive field as one
that is not rotated when applying a negative field, i.e. the fit results in a negative dg
when not accounting for the rotation elsewhere in the formalism. We account for
the rotation after the fact by removing the sign when calculating By = 27|B)|/p|
for Table 4.3, leaving the fit scripts rotation-agnostic.

Overall, the values we find are quite sensible and match the typical parameter
range for similar devices. Note again that, unlike in a standard junction expe-
riencing a magnetic field, the presence of the jj-gradient represented by € has
the effect that the CPR no longer vanishes when B = By, cf. Section 4.21. Thus,
despite the value By = 305mT for s2p being barely above the highest measured
field of 300 mT, we do not expect the critical currents to nearly disappear, and
indeed our estimate of (350 — 400) mT derived from Figure 4.4e was considerably
larger. The value b = 1 characterizing the Bjl.g(z)-gradient, however, is at the very
edge of its permissible parameter range [0, 1]. While the resulting CPRs fit the
data quite well, this indicates that the model is reaching its limits here and more
sophisticated dependencies than those introduced in (4.9) and (4.10) are needed for
a more complete description of the circuit response, such as a nonlinear jj(z) or a
z-dependent #jj,.

The B|-dependence of &y also seems reasonable for the most part. We already
discussed the expected increase of kinetic inductance due to the magnetic field that
should thus lead to a higher dy-value at larger fields, which is indeed what we see.
The absolute values 8y > 1 indicate that the current density in the center of the
junction j(0, &) is not unique (cf. Section 4.21), similar to Ly, /Ljp > 1 resulting in
an over-hanging CPR for the simpler case discussed in the context of Figure 4.2.

constriction dimensions a (estimated from the NIM beam dose D,, cf. Table 4.2), wand [ as
well as the effective constriction length Iz and the critical current density in the center of
the junction j,(0) resulting from these dimensions together with the fit results. Finally, we
include the parameters w, ¢, and {; obtained from the Kerr fits as described in Section 4.16
that define the pump-line damping behavior {(w,).

a w l leff(o) jO(O) wref/zjt éVO 27‘[§1
innm innm innm innm in Am™2 in GHz in MHz !
100 40 40 68  8.7-10° 1025 3.9-107° —7.4-1073

75 40 40 76 8.8-10° 1080 7 -10° —1.9-1072
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b Figure 4.19: Field-dependent specific linear
& constriction inductance extracted from the
1.4} v flux-response fits. Symbols are the normalized
S | specific linear constriction inductance §y(B;) for
s2p, © @ © %o resonators s2p and s3p; resulting from the flux
137 o O cov T arc fits described in Section 4.13. The non-
o0’ - ' normalized value £;, can be obtained via multi-
Lol $3D, | plication with the specific Josephson inductance
’ A in the center of the constriction £}, = @,/2mj,(0),
0 100 200 300 which is approximately 3.8-10"* pH m? for both

By inmT resonators, cf. Table 4.3.

We can gain a more intuitive comparison with this field-free, gradient-free model
by considering the equivalent linear inductance Ly;,, finding a larger value for the
3D constrictions, which makes intuitive sense. Reassuringly, the value of 12 pH
we find for s2p matches the value we found using the simpler fit. Note that the
zero-field value of 8p o« Ly, I itself is smaller for the 3D constrictions than for the
2D variants, corresponding to a less skewed CPR. While some features of 5{(B||),
like the large jump at B| = 300 mT or the plateau in the s2p-values right before
it, offer no intuitive physical explanation and might simply be artifacts of model
insufficiencies, the larger value at B = 0 can be explained by the small value drift
discussed in Section 4.24: While the other measurements were taken in order -
larger fields were measured later during the measurement period — the zero-field
value was measured last, so the difference between it and the next data point
represents the accumulated value drift during the entire measurement process,
demonstrating its smallness.

For completeness, Table 4.3 also lists the parameters wyf, {; and {; resulting
from the Kerr anharmonicity fits described in Section 4.16.
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Concluding remarks

In the preceding chapters, we have explored two superconducting resonator de-
signs intended for use in hybrid quantum systems with a particular focus on the
requirements and constraints imposed on them by their intended use. We have
presented a thorough design and optimization procedure for a microwave chip
capable of tunable coupling to an ensemble of ultra-cold Rydberg atoms and we
have demonstrated the analysis and modeling of Josephson nano-diodes emerging
in large magnetic fields in resonators designed with optomechanical experiments
in mind. In both cases, we have performed a thorough characterization of the
microwave properties of the superconducting circuits, verifying their suitability
for use in the targeted hybrid systems and exploring their limitations, but leaving
the realization of the full hybrid system for future efforts. Besides this original
objective, which is now within reach, a number of interesting adjacent research
directions may be pursued given our results.

The chip for superconductor-atom coupling presented in Chapter 3 is currently
mounted in a dilution refrigerator set up for the preparation and manipulation of
ultra-cold Rydberg atoms. While the superconducting resonator side of the hybrid
system has been implemented with the efforts presented here, the quantum optical
aspects — including the preparation, transport and manipulation of atoms using
magnetic traps as well as lasers — are technically complex challenges that have yet
to be completed; work that is presently underway. Already during this process, the
mounted chip may be a useful resource for understanding and controlling particular
aspects of the unique, specialized setup. For example, characterizing the impact of
incident lasers on the resonator is of course useful for understanding the constraints
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within which the superconducting device remains functional, but once known, it
may also serve as a sensitive probe for laser alignment and possibly as a source of
feedback for monitoring or compensation of setup vibrations originating from the
pulse tube cooling the fridge. Similarly, once the transport of Rydberg atoms to a
dipole trap near the chip has been achieved and the two components can be made
to interact with each other, either of them may be used as a sensor for investigating
the other in novel ways. For instance, the dispersive shift caused by the interacting
Rydberg atoms in the superconducting resonator could be utilized to count the
number and lifetime of atoms in the Rydberg state. On the other hand, the atoms
may be used as a probe of local electric dc and microwave fields in the vicinity of
the resonator, enabling one to scan the three-dimensional structure of the fields
emitted by the circuit and to thus measure its radiative properties with microscopic
resolution. In addition to their intrinsic appeal, investigations such as these can
serve to verify the simulations and calculations performed during the resonator
design and inform adaptations for future iterations improving on its remaining
shortcomings. Together with the considerations presented here, including the
proposed flip chip design for optimized field homogeneity, explorations such as
these should be able to highlight a clear path to the eventual attainment of strong
coupling between ultra-cold Rydberg atoms and superconducting circuits.
Moving on, the Nb SQUID resonators discussed in Chapter 4 have been demon-
strated to perform nicely even at substantial magnetic in-plane fields — particularly
in conjunction with our effective and practical field alignment scheme - and to thus
be suitable for use in optomechanical devices. This should already help achieve
significant improvements over the state-of-the-art Al devices commonly used in
similar systems. However, the nano-diodes we were able to observe and charac-
terize as well as the CPR model developed for them may be of interest in much
broader contexts. For any application relying on frequency tuning of a SQUID res-
onator, the diodes offer the possibility to enhance both its flux responsivity and
the frequency tuning range, and to eliminate metastable states in the relevant
operation regimes. As these are important figures of merit for several applications
in hybrid systems as well as sensing devices, the employment of diodes may offer
possible advancements for several related fields; an insight that extends beyond
the NIM-constriction diodes discussed here to any other diode implementation.
However, the interest in superconducting diodes is not restricted to applications
relying on microwave measurements, and a compact, tunable Josephson diode like
the nano-constrictions discussed here might be an attractive alternative to existing
designs for any purpose. Particularly the possibility to tailor-make diodes that
behave as desired even at low fields by following the circuit structure outlined
through our diode model has the potential to prove useful for the exploitation of
diode-based improvements in any number of experimental settings. Finally, the
demonstrated method of investigating the sub-critical properties of a supercon-
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ducting diode by integrating it into a SQUID resonator and probing its inductive
properties in microwave measurements — that is, studying the diode CPR rather
than relying exclusively on its critical currents as is routinely done — may prove a
valuable technique in the research into superconducting diodes more generally.

Notwithstanding the merit of these proposed lines of inquiry, one lesson from
looking back at the history of scientific progress, as we did briefly at the start
of this thesis, is that things seldom proceed as one predicts. In retrospect, it is
tempting to imagine oneself at the end point of a seemingly clear, albeit long and
convoluted, path and to perceive the immediate future as the ostensibly logical
extension of that path, when in truth each of us invariably inhabits the perpetual
middle of history. In the spirit of that perspective, let us hope that some of the
work presented here may prove useful to others in ways outside those imagined
above; that it may become a node in the tangled web of roads that is history, rather
than one of its many dead ends.



Es war ein langer Weg zur Vollendung dieser Arbeit. Viele Menschen
haben mich darauf zumindest ein Stiick begleitet und sicherlich habe ich
nicht jedem Geféhrten die gebithrende Wertschétzung in Worten bezeugt.
Wenngleich ich das auch hier nicht in aller Ausfiihrlichkeit tun kann,
mochte ich die Gelegenheit nutzen um noch einmal ganz explizit Danke
zu sagen. Fiir kollegiales Zuarbeiten und gemeinsame Pausen, fiir gute
Diskussionen, wertvolle Riickmeldungen und immer wieder neue Im-
pulse, fiir Perspektive und fiir eine Marschrichtung, so sie mir abhanden
kamen, fir kompetentes Zur-Seite-Stehen, selbst wenn Freitagabend
unweigerlich etwas kaputt ging, fiir ziigige Verwaltungsprozesse und fiir
das Erfiillen auch vielleicht etwas zu ambitionierter Werkstattauftrage,
fir die Initiative, mal etwas ganz anderes zusammen zu machen, fiir
das gemeinsame Feierabend-Spaf3getrink, fiir ausgelassene Stunden und
gediegene Abende, fiir offenen Austausch und fiir gute Gespriche, die
langen wie die kurzen, fiir den gehaltenen Kontakt und den herzlichen
Besuch, fir das Bemiihen, fiir mich da zu sein, auch wenn das nicht
immer geht, fiir Zeit, die man sich ja bekanntlich nehmen muss, fiir
den sicheren Riickzugsort, fiir auch mal mahnende Worte und fiir das
Vertrauen, dass ich schon mein Ding machen werde. Danke.
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