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Abstract

The remarkable capacity of human brains to seamlessly adapt to new situations by us-
ing prior knowledge, and applying learned concepts across a diverse range of contexts
demonstrates its exceptional prowess in knowledge transfer capabilities. This hallmark
of human intelligence has inspired the development of artificial neural networks that
seek to emulate human-like learning and knowledge transfer capabilities. Although deep
neural networks (DNNs) have achieved remarkable performance across a wide range
of tasks, they often struggle to generalize and transfer knowledge across diverse data
distributions and tasks. Inductive biases, inspired by cognitive mechanisms and under-
lying structure within data are believed to be crucial for enhancing such generalization
capabilities. This dissertation investigates the role of three specific inductive biases - dis-
entanglement, modularity, and meta-learning in facilitating knowledge transfer in DNNs.

First, we examine disentanglement, exploring how learning structured representations
of data by isolating the underlying factors of variation enable improved generalization
and sample efficient transfer learning. We investigate disentangled representation learn-
ing for sequential data and images. For sequential data, we introduce a new type of
state space model, Disentangled State Space Models (DSSM), which explicitly separates
domain-invariant state dynamics from domain-specific information. Using simulated
data, we investigate how disentangled representations of sequences improve knowledge
transfer, sequence manipulation, and domain characterization. For image-based tasks,
we introduce the first real-world disentanglement dataset, MPI3D, captured in a con-
trolled setting with known ground-truth factors. We also provide two more datasets sim-
ulating the experimental setup. We subsequently, benchmark the performance of unsu-
pervised disentanglement algorithms on the new datasets and systematically investigate
how simulated datasets can be used to construct improved representations of real-world
data. Next, we delve into modularity, which entails developing reusable, independent
neural network components inspired by independent causal mechanisms. We introduce
Neural Interpreters (NI), a novel attention-based architecture designed for compositional
reasoning and knowledge reuse. We demonstrate its effectiveness in image classifica-
tion and abstract reasoning tasks, showcasing improved sample-efficient transfer learn-
ing and systematic generalization capabilities. Lastly, we explore the inductive bias of
meta-learning and contrastive learning, aiming to learn transferable meta-representations
of data-generating functions. We propose Function Contrastive Representation Learning
(FCRL), a method that leverages contrastive learning to meta-learn function representa-
tion independently from downstream prediction tasks. The learned representations are
then used to solve a range of downstream tasks defined for a given function.
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Abstract

Throughout the thesis, we conduct comprehensive experimental evaluations on simu-
lated and real-world datasets, demonstrating the effectiveness of the proposed inductive
biases in promoting knowledge transfer and generalization in DNNs. We also discuss
the challenges and limitations of incorporating inductive biases and suggest future re-
search directions to further advance the capabilities of deep learning models for better
knowledge transfer and out-of-distribution generalization.
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Kurzfassung

Die bemerkenswerte Fihigkeit des menschlichen Gehirns, sich nahtlos an neue Situatio-
nen anzupassen, indem es auf vorhandenes Wissen zuriickgreift und gelernte Konzepte
in einer Vielzahl von Kontexten anwendet, demonstriert seine auBBergewohnliche Stirke
in der Fihigkeit zum Wissenstransfer. Diese Eigenschaft der menschlichen Intelligenz
hat die Entwicklung kiinstlicher neuronaler Netzwerke inspiriert, die versuchen, men-
schenihnliche Lern- und Wissenstransferfahigkeiten zu emulieren. Obwohl tiefe neu-
ronale Netzwerke (DNNs) beeindruckende Leistungen bei verschiedenen Aufgaben ge-
zeigt haben, kidmpfen sie oft damit, Wissen iiber verschiedene Datendistributionen hin-
weg zu generalisieren und zu iibertragen. Induktive Verzerrungen, inspiriert von kogni-
tiven Mechanismen und der zugrundeliegenden Struktur innerhalb der Daten, gelten als
entscheidend fiir die Verbesserung solcher Generalisierungstiahigkeiten. Diese Disserta-
tion untersucht die Rolle von drei spezifischen induktiven Verzerrungen - Entflechtung,
Modularitit und Meta-Lernen - bei der Erleichterung von Wissenstransfer und Generali-
sierung in DNNSs.

Zuerst untersuchen wir die Entflechtung, indem wir erforschen, wie das Lernen struk-
turierter Datenreprédsentationen durch Isolierung der zugrundeliegenden Variationsfakto-
ren verbesserte Generalisierung und effizientes Transferlernen ermoglicht. Wir untersu-
chen das Lernen entflechteter Reprisentationen fiir sequenzielle Daten und Bilder. Fiir
sequenzielle Daten fiihren wir eine neue Klasse von Zustandsraummodellen ein, die Ent-
flechteten Zustandsraummodelle (DSSMs), die explizit domédnenunabhiingige Zustands-
dynamiken von doménenspezifischen Informationen trennen. Mit simulierten Daten un-
tersuchen wir, wie entflechtete Reprédsentationen von Sequenzen den Wissenstransfer,
die Sequenzmanipulation und die Doménencharakterisierung verbessern. Fiir bildbasier-
te Aufgaben fiihren wir den ersten realweltlichen Entflechtungsdatensatz, MPI3D, ein,
der in einer kontrollierten Umgebung mit bekannten Grundwahrheitsfaktoren aufgenom-
men wurde. Wir stellen aulerdem zwei weitere Datensitze vor, die das experimentel-
le Setup simulieren. Anschliefend bewerten wir die Leistung von Algorithmen zum
uniiberwachten Entflechten anhand der neuen Datensétze und untersuchen systematisch,
wie simulierte Datensitze genutzt werden konnen, um bessere Repriasentationen der rea-
len Welt zu erstellen.

Als Nichstes befassen wir uns mit der Modularitit, die die Entwicklung wiederver-
wendbarer, unabhingiger Komponenten neuronaler Netzwerke umfasst, inspiriert von
unabhingigen kausalen Mechanismen. Wir stellen Neural Interpreters (NI) vor, eine
neuartige aufmerksamkeitsbasierte Architektur, die fiir kompositionelles Denken und
Wiederverwendung von Wissen konzipiert ist. Wir demonstrieren ihre Wirksamkeit in
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Kurzfassung

Aufgaben der Bildklassifikation und abstrakten Denkaufgaben und zeigen verbessertes
transfer-effizientes Lernen und systematische Generalisierungsfihigkeiten. Zuletzt er-
kunden wir die induktive Verzerrung des Meta-Lernens und des kontrastiven Lernens
mit dem Ziel, iibertragbare Meta-Reprisentationen von datengenerierenden Funktionen
zu lernen. Wir schlagen das Function Contrastive Representation Learning (FCRL) vor,
eine Methode, die kontrastives Lernen nutzt, um unabhiingig von nachgelagerten Vorher-
sageaufgaben Funktionenreprisentationen durch Meta-Lernen zu erlernen. Die gelernten
Reprisentationen werden dann verwendet, um eine Vielzahl von nachgelagerten Aufga-
ben zu 16sen, die auf einer gegebenen Funktion basieren.

Im Verlauf der Arbeit fiithren wir umfassende experimentelle Bewertungen an simu-
lierten und realweltlichen Datensétzen durch, die die Wirksamkeit der vorgeschlagenen
induktiven Verzerrungen bei der Forderung des Wissenstransfers und der Generalisie-
rung in DNNs demonstrieren. Wir diskutieren auch die

Herausforderungen und Grenzen der Einbeziehung induktiver Verzerrungen und schla-
gen zukiinftige Forschungsrichtungen vor, um die Fihigkeiten von Deep-Learning-Modellen
fiir einen besseren Wissenstransfer und Generalisierung au3erhalb der Verteilung weiter-
zuentwickeln.
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Chapter 1

Introduction

We live in the world of perpetual novelty where we come across a variety of new ex-
periences on daily basis. Our brains excel at identifying familiar patterns hidden within
these variations, enabling us to rapidly adapt our prior knowledge and skills to tackle
new tasks. This knowledge and skill adaptation occurs at multiple levels of abstractions.
For instance, a person who is proficient in riding a bicycle on flat roads can quickly learn
to navigate rough terrains on a mountain bike. Likewise, this individual has an advantage
when learning to ride a motorcycle. The ability to construct knowledge from one task and
transfer it effectively to solve novel tasks in unseen domains is a hallmark of human in-
telligence. In cognitive science, this transfer is often attributed to cognitive mechanisms
such as knowledge compilation, error correction, and analogical transfer (Nokes, 2009;
Gick and Holyoak, 1987). Although a comprehensive theory of transfer is still elusive,
these mechanisms are believed to be intricately linked with human learning, memory,
categorization, reasoning, and problem-solving skills (Koedinger and Roll, 2012).

Inspired by the human ability to learn and transfer knowledge across experiences, re-
searchers have endeavored to create artificial agents that can replicate this ability. This
pursuit has led to the development of artificial neural networks (ANNs) (Rosenblatt,
1958), computational models inspired by the biological neural networks in the human
brain. These networks consist of interconnected artificial neurons that emulate the struc-
ture and function of biological neurons. Like in brain, activations across these neurons
determine how signals propagate and interact to process information and learn from data.
In more complex models, known as deep neural networks (DNNs) (LeCun et al., 2015;
Goodfellow et al., 2016), numerous layers of neurons are used to extract hierarchical
and abstract representations of the data. This enables DNNs to capture intricate patterns
and dependencies, distributing knowledge across multiple levels of abstraction. Con-
sequently, DNNs have demonstrated impressive results on a wide range of tasks that
includes computer vision (Krizhevsky et al., 2012; Radford et al., 2021), drug discovery
(Gawehn et al., 2016), protein unfolding (Jumper et al., 2021), natural language process-
ing (Young et al., 2018; Brown et al., 2020; Chowdhery et al., 2022), speech recognition
(Graves et al., 2013), robotics (Stinderhauf et al., 2018; Agarwal et al., 2023), and rein-
forcement learning (Mnih et al., 2015; Silver et al., 2016) among others.

While DNNs can achieve remarkable performance on complex tasks when trained



Chapter 1 Introduction

with copious amounts of data, their performance is fundamentally constrained by the
assumption that the evaluation samples come from the same distribution as the training
examples, a condition often referred to as i.i.d. generalization (Vapnik, 1999; Bishop
et al., 2001). In practice, this assumption is frequently violated when models are applied
to real-world tasks involving diverse data distributions. Consequently, models may lack
robustness to distribution shifts and struggle to generalize effectively when tackling tasks
involving previously unseen data distributions (Peters et al., 2017; Geirhos et al., 2020;
Hendrycks and Dietterich, 2019; Barbu et al., 2019). Recent advances in large-scale
pre-training have shown promise to mitigate this issue (Bommasani et al., 2021; Brown
et al., 2020), but there is a growing consensus that attaining human-like transfer learning
and generalization across distributions (out-of-distribution generalization) necessitates
the incorporation of inductive biases that are more closely aligned with our comprehen-
sion of the world and human cognition (Scholkopf ez al., 2021; Bengio et al., 2013; Goyal
and Bengio, 2022). These inductive biases, often inspired by cognitive mechanisms, en-
capsulate our priors or assumptions about tasks and guide the learning process. The
incorporation of these biases can potentially help deep models to better understand the
underlying data structures and adapt more effectively to new, unseen tasks. To develop
meaningful high-level inductive biases that enable knowledge transfer across tasks, we
must consider the assumptions regarding the types of data distributions a learning algo-
rithm will encounter in real-world situations. For instance, if a DNN is proficient in a set
of tasks (e.g., recognizing various animals), it should be able to generalize its knowledge
and perform well on a new, related task (e.g., identifying a specific breed of an animal).
This generalization is only possible if there is a shared structure between the training
tasks and the new task. Therefore, it is essential to ask:

* How do source and target distributions differ, and what kind of structure, if any, is
shared across tasks that can be leveraged for effective knowledge transfer?

* Can DNNs efficiently learn this structure through appropriate inductive biases?

» What are the limitations of current state-of-the-art models in terms of modularizing
knowledge for reuse, and meta-learning representations that are both transferable
and robust to noise?

Addressing these questions is critical because, without a mechanism to capture the la-
tent structure underlying diverse tasks, a model’s capacity to generalize is inherently lim-
ited. Causality (Peters et al., 2016) provides a framework with the necessary assumptions
for representing structural knowledge about the data-generating process, which aligns
closely with structural causal models (Pearl, 2009).

In this dissertation, we posit that a natural structure underlies some data distribution
and that by integrating this structure into DNNs through suitable inductive biases, we
can facilitate knowledge transfer across tasks. This knowledge transfer may range from
extreme zero-shot out-of-distribution generalization to sample-efficient transfer learning



1.1 Inductive Biases

with a few labeled examples. More specifically, we examine the role of three inductive
biases: disentanglement, modularity, and meta-learning. We not only introduce novel
methods for efficiently implementing these inductive biases in DNNs but also assess the
knowledge transfer capabilities they bestow in simulated and real-world scenarios. For
the above mentioned inductive biases, the knowledge of the natural structure within data
distributions comes either from prior beliefs and assumptions (in the case of modular-
ity and disentanglement, inspired by independent causal mechanisms (Scholkopf et al.,
2021)) or from the data itself (in the case of meta-learning).

1.1 Inductive Biases

Inductive biases refer to the set of assumptions or constraints embedded within a learn-
ing algorithm that guide it to prioritize certain hypotheses or solutions over others. These
biases are essential for enabling algorithms to generalize beyond the training distribution
(Wolpert and Macready, 1997). In deep learning, these biases are integrated in various
ways, such as through novel architectures (e.g., self-attention in transformers), special-
ized regularization methods, or carefully designed objective functions. Such approaches
have been critical in addressing challenges associated with both in-distribution and out-
of-distribution generalization (Goyal and Bengio, 2020; Scholkopf et al., 2021; Ben-
gio et al., 2013). In this dissertation, we primarily focus on three key inductive biases:
disentanglement, modularity, and meta-learning. Each of these biases offers a distinct
perspective on how knowledge can be factorized, organized, and efficiently transferred
across different tasks and domains.

Disentanglement. Disentangled representation learning aims to encode data into la-
tent variables that correspond to independent factors of variation (Bengio et al., 2013;
Kim and Mnih, 2018; Locatello et al., 2018). In theory, such factorized representations
should make it easier to generalize across tasks where a subset of these factors change
in an unseen manner e.g., novel environments or interventions. However, contemporary
disentanglement methods heavily rely on synthetic benchmarks (e.g., dSprites (Higgins
et al., 2017a), Shapes3D (Kim and Mnih, 2018)), where ground-truth factors are ex-
plicitly defined and controlled. Real-world data, by contrast, rarely permits such clean
separations 1i.e., factors are often confounded e.g., correlated lighting and object pose
in natural images, thus making evaluation and algorithm development challenging. To
bridge this gap, we introduce the first real-world disentanglement dataset that combines
the complexity of real-world data (e.g., noise, occlusions, and natural correlations) with
controlled, known factors of variation. The novel dataset facilitates rigorous evaluation
of disentanglement algorithms in near-real-world settings while preserving the ground-
truth annotations necessary for benchmarking.
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Modularity. Closely related to disentanglement, modularity is an inductive bias that
emphasizes compositional factorization of knowledge into reusable components or mod-
ules. Drawing from the insights of independent causal mechanisms (Parascandolo et al.,
2017; Peters et al., 2017; Besserve et al., 2020; Goyal et al., 2019), modularity posits that
complex tasks can be decomposed into smaller and reusable components or modules.
These modules enable systematic generalization by recombining learned components in
novel configurations i.e., models can adapt to unseen tasks without retraining (Lake and
Baroni, 2018; Keysers et al., 2019). However, traditional deep neural networks often
learn monolithic representations (Krizhevsky et al., 2012; Andreas et al., 2016), where
entangled parameters hinder flexible reuse of knowledge (e.g., transferring ~object de-
tection” skills to a new domain requires retraining the entire model). To address this, we
propose a modular self-attention architecture that instantiates explicit, hierarchical mod-
ules at multiple abstraction levels. Unlike prior work, the proposed architecture allows
dynamic, context-dependent recombination of modules, enabling efficient adaptation to
novel tasks while preserving task-specific expertise.

Meta-learning. While disentanglement and modularity focus on structural and compo-
sitional factorization of knowledge, meta-learning (also referred as learning to learn”™)
targets the fast adaptation of learned representations to new tasks (Sohn, 2016; Finn et al.,
2017; Vinyals et al., 2016; Ravi and Larochelle, 2016). These methods leverage task-
distribution priors (e.g., shared dynamics in robotics or common visual concepts in few-
shot image classification) to learn meta-representations that encode the shared structure.
Learning such representations facilitate sample-efficient adaptation i.e., solving novel
tasks with minimal data by reusing the shared representations (Garnelo et al., 2018a,b).
However, a key challenge arises from the joint optimization of meta-representations and
task-specific predictors which can lead to learning task-specific meta-representations,
limiting their transferability to out-of-distribution tasks. To address this, we propose
a decoupled training framework that separates meta-representation learning from task
adaptation. By leveraging contrastive learning, we enforce invariance to task-irrelevant
variations (e.g., domain shifts) within meta-representation, resulting in more robust and
generalizable meta-representations.

1.2 Outline and contributions

This dissertation is composed of four primary chapters, with each chapter examining the
role of a specific inductive bias in knowledge transfer across tasks or domains. The fi-
nal chapter provides conclusions and offers insights into potential directions for future
research. Each chapter includes the necessary technical background, related work, algo-
rithms, theory, and experiments for a comprehensive understanding. The dissertation is
organized as follows.



1.2 Outline and contributions

In Chapter 2, we assume that sequential data is generated from diverse and heteroge-
neous domains. We define a domain as an environment with invariant properties within a
sequence but changing across different sequences. To learn representations for sequences
across different domains, we propose Disentangled State Space Models (DSSM) - a new
class of state space models that explicitly separate domain-invariant state dynamics from
the domain-specific factors that influence them (Miladinovi¢€ et al., 2019b,a). The induc-
tive bias of disentanglement is enforced through a novel Variational Autoencoder (VAE)
based training procedure that leverages temporal coherence and domain stationarity to
regulate the learning process. We utilize simulated data to examine how these structured
sequence representations enhance knowledge transfer across domains, support robust
predictions, enable sequence manipulation, and facilitate domain characterization while
incorporating our assumptions about task structure.

In Chapter 3, we examine the transfer of disentangled representations in static images
from simulations to the real world, where domains represent different levels of realism
in the images (simulated toy, simulated realistic, and real-world images) (Gondal et al.,
2019a). Here, we make an assumption that the underlying independent factors of vari-
ation can be disentangled. The premise of this chapter is that studying disentanglement
in real-world images is challenging due to expensive data collection, imperfections, and
uncontrollable factors. Conversely, simulated datasets are inexpensive, straightforward
to produce, and provide precise control over independent generative factors. As a re-
sult, the development of disentanglement models have largely depended on simulated
toy datasets. To thoroughly evaluate these models’ performance on real-world data, we
introduce MPI3D, the first real-world disentanglement dataset captured in a controlled
setting with known independent ground-truth factors. We developed an experimental
platform using a robotic arm to manipulate objects and created two additional simu-
lation datasets. These datasets facilitate a systematic investigation of disentanglement
methods’ performance on real versus simulated data and generate insights on leveraging
simulated data for improved real-world representations. Our study indicates poor model
transfer, but effective model and hyperparameter selection for transferring information
to the real-world disentanglement.

In Chapter 4, we introduce Neural Interpreters (NIs) (Rahaman et al., 2021), a novel
attention-based architecture inspired by typed programming languages. Our proposed
architecture decomposes the inference process in a self-attention network into a col-
lection of modules, which we refer to as functions. By assuming a shared underlying
structure between tasks, NIs have been designed to enable compositional reasoning and
knowledge reuse, thus improving systematic generalization to unseen but related data
distributions. Additionally, the architecture’s modular inductive bias allows for non-
disruptive addition and fine-tuning of functions when faced with new tasks. We analyze
the performance of Neural Interpreters in three settings: multi-task image classifica-
tion, learning fuzzy boolean expressions and abstract reasoning. Our results demonstrate
sample-efficient adaptation to new tasks, systematic generalization, and a graceful trade-
off between performance and compute at inference time. Additionally, we provide ab-
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lation studies and qualitative visualizations, revealing patterns in input routing through
specialized (learned) modules.

In Chapter 5, we study the generalization of meta-representations of data-generating
functions concerning their transferability to downstream tasks (Gondal et al., 2021).
Meta-representations are fixed-dimensional embeddings of a function, derived from just
a few input-output examples. They enable shared learning between functions by assum-
ing a common underlying structure between them (the inductive bias of meta-learning).
However, ensuring these representations are both transferable to various downstream
tasks and robust against noise is challenging. Our findings indicate that jointly optimiz-
ing meta-representations alongside prediction tasks can undermine their transferability.
To tackle this problem, we propose a decoupled encoder-decoder training scheme with a
novel contrastive learning framework called Function Contrastive Representation Learn-
ing (FCRL). By leveraging the inductive bias of contrastive learning, FCRL improves
transferability of meta-representations to downstream tasks and their noise robustness
while retaining the benefits of shared learning and sample efficiency. We conduct ex-
tensive experiments on various downstream problems and datasets to assess the effec-
tiveness of our proposed method. Our results reveal that a downstream predictor trained
with our pre-trained encoder outperforms relevant methods, including instances where
the predictor is trained in conjunction with the encoder.

The thesis expects an understanding of Deep Learning basics, extensively introduced
in (Goodfellow et al., 2016). Furthermore, each chapter individually introduces the spe-
cific background needed to grasp the technical discussions.

1.3 Related publications

This dissertation is based upon the following publications Miladinovi¢ et al. (2019a);
Gondal er al. (2019a, 2021); Rahaman et al. (2021):

1. Dorde Miladinovi¢*, Muhammad Waleed Gondal*, Bernhard Scholkopf, Joachim
Buhmann, Stefan Bauer. “Disentangled State Space Models: Unsupervised Learn-
ing of Dynamics across Heterogeneous environment”. In: Workshop on Deep
Generative Models for Highly Structured Data at ICLR 2019.

2. Muhammad Waleed Gondal, Manuel Wiithrich, Porde Miladinovié, Francesco
Locatello, Martin Breidt, Valentin Volchkov, Joel Akpo, Olivier Bachem, Bern-
hard Scholkopf, Stefan Bauer. “On the Transfer of Inductive Bias from Simula-
tion to the Real World.” In: Advances in Neural Information Processing Systems
(NeurIPS), 2019.
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Wiithrich, Bernhard Scholkopf. “Function Contrastive Learning of Transferable

Meta-representations.” In: International Conference on Machine Learning (ICML),
2021.
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(2019); Gondal et al. (2019b) during my Ph.D, however, they are not covered in this
dissertation.

1. Muhammad Waleed Gondal, Bernhard Scholkopf, Michael Hirsch. “The Unrea-
sonable Effectiveness of Texture Transfer for Single Image Super Resolution.” In:
European Conference on Computer Vision (ECCV) 2018 Workshops.
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tured Recurrent Modules.” In: International Conference on Learning Representa-
tions (ICLR), 2021.

3. Wittawat Jitkrittum*, Patsorn Sangkloy*, Muhammad Waleed Gondal, Amit Raj,
James Hays, Berhard Scholkopf. “Kernel Mean Matching for Content Address-
ability of GANs.” In: International Conference on Machine Learning (ICML),
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Chapter 2
Disentangled State Space Models

“The diversity of the phenomena of nature is so great, and the treasures
hidden in the heavens so rich, precisely in order that the human mind shall

never be lacking in fresh nourishment.”
— Johannes Kepler

Sequential data often originates from diverse environments. Across them exist both
shared regularities and environment specifics. To learn robust cross-environment de-
scriptions of sequences, in this chapter, we introduce disentangled state space models
(DSSM). In the latent space of DSSM, environment-invariant state dynamics is explic-
itly disentangled from environment-specific information governing that dynamics. We
empirically show that such separation enables robust prediction, sequence manipulation
and environment characterization. We also propose an unsupervised VAE-based training
procedure to learn DSSM as Bayesian filters. In our experiments, we demonstrate that
DSSM is able to achieve controlled generation and prediction of synthetic bouncing balls
video sequences across varying gravitational influences.

2.1 Introduction

Learning dynamical models from sequential data is a central task in various domains of
science (Durbin and Koopman, 2012). This includes managing input of diverse com-
plexity e.g., natural language (Graves, 2013), videos (Srivastava et al., 2015) or financial
time-series (Pksendal, 2003). It is also crucial for building interactive agents which use
reinforcement and control algorithms on top (Finn and Levine, 2017). Traditional choice
in engineering are state space models (SSM) (Koller et al., 2009), typically found in form
of Kalman filters (Gelb, 1974) where well-crafted, relatively simple state representations

Based on (Miladinovi¢ et al., 2019a). Dorde Miladinovi¢*, Muhammad Waleed Gondal*, Bernhard
Scholkopf, Joachim Buhmann, Stefan Bauer. “Disentangled State Space Models: Unsupervised Learn-
ing of Dynamics across Heterogeneous environment”. In: Workshop on Deep Generative Models for
Highly Structured Data at ICLR 2019.
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Figure 2.1: Sequential systems across environments. Examples include, from left to
right: (left) Michaelis-Menten model for enzyme kinetics, governed by reaction rate
constants . (center) bouncing ball kinematics, determined by ball weight and play-
ground characteristics. (right) bat swinging motion, influenced by the person performing
it. In each example, environments are defined differently, depending on what governs
sequence dynamics.

and (normally linear) functional forms are used. To improve flexibility, new solutions
rather learn model-free SSM from scratch. Due to their non-autoregressive architecture
they make an attractive alternative to recurrent neural networks.

Several recent works have already recognized the benefits of introducing additional
structure into SSM: the requirement of separating confounders from actions, observa-
tions and rewards (Lu et al., 2018) or content from dynamics (Yingzhen and Mandt,
2018; Fraccaro et al., 2017), especially for transfer learning and extrapolation (Kansky
et al., 2017). Complementary to these approaches, we focus on learning structured SSM
to decouple system dynamics into its generic (environment-invariant) and environment-
specific components. Some examples of sequential data which naturally admit this struc-
ture are given in Figure 2.1. Dynamics of these are defined by some constant external
factors which we jointly refer to as environment. More concretely, we explore a panel
data setting in which we are given multiple sequences describing the same time-evolving
phenomena, one or more per environment £. We would like to learn a robust non-
parametric SSM to represent the dynamics of that phenomena across these environments,
and robustly extrapolate to the unseen ones. To do so, we explicitly model E as a learn-
able static element of the latent space. Our idea is based on the assumption that one
can decouple sequence dynamics to: (i) the generic part which is invariant across envi-
ronments; and (ii) the environment-specific part. In other words, true E integrates all
unobserved environment-specific influences which bias generic system dynamics. Our
hypothesis is that considering disentangled, implicitly causal structure of SSM enhances
predictive robustness, domain adaptation, and allows for environment characterization
and reasoning under interventions e.g., counterfactual inference. The main contributions
of this chapter are as follows.

* We introduce a class of non-parametric SSM tailored to exploit invariance from
sequential data originating from heterogeneous environments. Disentangled state
space models (DSSM) (see Figure 2.2d) form a joint environment model while ex-
plicitly decoupling what is generic in sequence dynamics from what is environment-
specific.
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* We extend on recent advances in amortized variational inference to design an un-
supervised training procedure and implement DSSM in form of Bayesian filters. In
the spirit of (Karl et al., 2016), well-established reparameterization trick is applied
such that the gradient propagates through time. While VAE heuristic provides no
convergence guarantees, it is fast, robust and allows end-to-end training.

* We analyze video sequences of a bouncing ball, influenced by varying gravity
(environment). We outperform state-of-the-art K-VAE (Fraccaro et al., 2017) in
predictions, and also do interventions by “swapping environments” i.e. we en-
force a specific dynamic behaviour by using an environment from another se-
quence which exhibits the desired behaviour. Example videos are available at:
https://sites.google.com/view/dssm.

2.2 Related work

Closely related to our proposal are approaches which consider structured and disentan-
gled representation of videos, separating the pose from the content (Denton et al., 2017;
Tulyakov et al., 2017; Villegas et al., 2017; Yingzhen and Mandt, 2018) or the object
appearance from its dynamics (Fraccaro et al., 2017). Proposed models were shown
to improve the prediction (Villegas et al., 2017; Denton et al., 2017) and enable con-
trolled generation with “feature swapping” (Tulyakov et al., 2017; Yingzhen and Mandt,
2018). This so called content-based disentanglement was also performed in speech anal-
ysis where the structure imposed the explicit separation of sequence- and segment-level
attributes (Hsu et al., 2017).

VAE frameworks have already been extended to sequence modeling (Marino et al.,
2018), and applied to speech (Bayer and Osendorfer, 2014; Chung et al., 2015; Fraccaro

(a) SSM (b) DSA (c) K-VAE (d) DSSM
X, X Xr % 76 S el % o

X X X ' ! ! 1 i i
1 2 T

s
Y S : %/

Z Zy Zy Sy — S —> Sy —>.e> Sp

+ * * MJ
S0 {5 )% - ~{5r 5o (s (s )+ ~{5p So {5 ) —(s3) -~z D

Figure 2.2: DSSM and related architectures. (a) Traditional SSM architecture was used
e.g., in (Karl et al., 2016). (b) Disentangled sequential autoencoder (DSA) (Yingzhen
and Mandt, 2018) decouples time-invariant content from the time-varying features. (c)
Kalman-VAE (Fraccaro et al., 2017) separates object (content) representation from its
dynamics (we did not depict control input here). (d) DSSM introduce environments E to
model environment-specific effects on sequence dynamics.
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et al., 2016; Goyal et al., 2017), videos (Yingzhen and Mandt, 2018) and text (Bowman
etal.,2015). However, these (mainly) recurrent neural network-based approaches are au-
toregressive and hence not always suitable e.g., for planning and control from raw pixel
space (Watter et al., 2015; Hafner et al., 2018). To ”image the world” (Ha and Schmid-
huber, 2018) from the latent space directly and circumvent the autoregressive feedback,
alternative methods learn SSM instead (Karl et al., 2016; Fraccaro et al., 2017; Krishnan
etal.,2017). In DVBF (Karl ez al., 2016) SSM is trained using VAE-based learning pro-
cedure which allows gradient to propagate through time during training. K-VAE by Frac-
caro et al. (2017) is a two-layered model which decomposes object’s representation from
its dynamics. DKF (Krishnan et al., 2015), and very closely related DMM (Krishnan
et al., 2017), admit SSM structure but the state inference is conditioned on both past and
future observations, so the structure of a filter is not preserved. This is problematic as
noted by Karl ez al. (2016). Similar issues can be found in (Yingzhen and Mandt, 2018).

As opposed to content-based methods which focus on the observation model, our work
is focused on dynamics-based disentanglement. This makes our approach complemen-
tary to existing strategies (see Figure 2.2). For example, while DSA can represent and
manipulate the shape or color of a bouncing ball, our method can manipulate its tra-
jectory. To implement our Bayesian filter, we blended some recent ideas in amortized
variational inference (Karl et al., 2016; Marino et al., 2018) and adapted them to fit our
novel DSSM architecture.

2.3 Problem setting

We consider a setting in which we are given N sequential observations X; ¥~V of a
dynamical system influenced by the underlying environmental factor £. We assume the
dynamical system of the following form:

X; :g(S,-)+a),~; CO,'NN(O,Z(D) (2.1)
Siv1=f(Si,E)+ B Bi~N(0,Zp) (2.2)

where f and g represent non-linear functions. X; € RP represents the observation in time
step i and S; € RY is the corresponding latent state. Xg and X are noise covariances
which we for simplicity assume are isotropic Gaussian. We further assume that the latent
process noise 3 and observation noise @ are both uncorrelated in time.

Our goal is to jointly learn the generative model which consists of the transition func-
tion f and observation function g, together with the corresponding networks ¢E"C, oFc
and ¢¢"¢ which infer the process noise residual Bi, the environment E, and the initial state
So respectively. The framework overview is given in Figure 2.3.
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(a) Bayesian filter P P ST . (b) Domain recognition
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Figure 2.3: Variational Bayesian filtering framework. (a) predict-update equations of
proposed Bayesian filer: Here, predict step generates the a priori state estimate S; . The
update step corrects the initial estimate (S; ) using observation X; through the residual
vector ;. (b) in environment recognition phase, the environment E and the initial state
So are inferred. (c) function g maps the states to observations.

2.4 Variational Bayesian filtering for DSSM

We now describe the full architecture of the DSSM, including the generation and infer-
ence models. We also give the training procedure and discuss the optimization challenge.

Generative model. Given an observed sequence X of length 7, the joint distribution
of DSSM factorizes as:

~

p(X,8,E,B) = po(So)po(E) [ ] p(Xi|S:) p(SilSi—1,E. Bi) po(B) (2.3)

i=1

This factorization follows the graphical model in Figure 2.2d and the assumption that the
process noise is serially uncorrelated. For our experiments, we set the prior probabilities
of the initial state po(Sp), environment po(E) and process noise po(fi) = po(B) to be
zero-mean unit-variance Gaussian. Conditioned on f§; and E, state transition is deter-
ministic and the probability p(S;|S;_1,E, B;) is a Dirac function with the peak defined by
Equation (2.2). The emission probability p(X;|S;) is defined by Equation (2.1).

Inference Joint variational distribution over the unobserved random variables E, S and
B for a sequence of observation X of length T factorizes as:

q(S,E.BIX) = g(E|X)q(So|X) HqSlﬁl, )a(BilS; . X:)q(S; |Si-1,E) (2.4)
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Here, the conditionals S; |S;—{,E and S;|B;,S; are deterministic and defined by Equa-
tion (2.2). The remaining factors are given as follows:

q(BilS; xi) = N (P 2P, [uP 2P] = g (s, x) (2.5)
q(SolX) = N (', 2°%), [u’,2%] = 95" (%) (2.6)
q(EIX) = N'(u®,2F),  [u®,2F] = o™ (%) (2.7)

Learning. The generative and inference schemes are fully defined by the functions [ f,
g 0", 05", E"C] which are learned simultaneously. In the experiments, each of these
functions is parameterized by a neural network, but in a more general scenario, they
may be any differentiable functions since we apply SGD-based training. To match the
posterior distributions of E, Sy and B to the assigned prior probabilities po(E), po(So)
and po(f), we utilize reparametrization trick (Kingma and Welling, 2013; Rezende et al.,
2014) which enables end-to-end training. In order to define the objective function for our
training, similar to (Kingma and Welling, 2013) we derive the variational lower bound
L which we consequently attempt to maximize during the training. We start from the
well-known equality (Kingma and Welling, 2013):

£ =E, 5 llog p(X15)] ~ KL(g(3IX)I|po(5)) 2.8)
Due to the conditional independence of the observations given the latent states, we can
decompose the first term as:

> T
E,@)llog p(X[S)] = Zi:1Eq(si|;?) [log p(XilS:)] (2.9)

The KL term can be shown to simplify into a sum of the following KL terms:

KL(¢(51X)I|po(S)) = KL(¢(E|X)||po(E))

+KL(g(s0[X)||po(So))
T

+Y E _KL(g(B)|lpo(B)) (2.10)
i=19(Bi,E,Si—11X)

where we dropped the conditional dependency f3;|S;_1,X;, E in q to ease the notation. The
exact steps of the £ derivation are given in the Appendix A.0.2. Algorithm 1 shows the
details of the training procedure for one iteration, for a batch of size one. The extension
to the full batch training is straight forward.

Implementation. All learnable functions of DSSM i.e., [f, g, ¢§", @7, ¢§”C] are
modelled as deep neural networks. In our experiments, g and ¢§”c are deconvolutional

14



2.4 Variational Bayesian filtering for DSSM

Algorithm 1 One iteration of DSSM training procedure

Input: sequence X of length T
[.LLE7ZE] = gnc()?)v E NN(“Esz)
[.LLSJZS] = ¢§nc(5(‘), S0 ~ N(NS7ZS)
fori=1toT do
Predict step: S;” = f(Si—1,E)
Estimate residual: [/,LP,Z?] = (;)E"C(S;,Xl-), Bi NN(uf,E?)
Update step: S; =S; +
Predict observation: X; = g(S;)
end for ~
1l_loss = LL(X, X) (see Eq (2.9))
. kl_loss = KL(E,SO,B); (see Eq (2.10))
. mm_loss = MM (g™ (X)); (see Eq (2.11))
: Backpropagate(ll_loss, kl_loss, mm_loss)

e A A A v

—_—
W N = O

and convolutional neural networks respectively. ¢¢" and ¢z are implemented as bi-
directional LSTM followed by a multilayer perceptron to convert LSTM-based sequence
embedding into Sp and E, and f as an LSTM cell. More information on the architecture
are included in Appendix A.0.3.

Optimization challenges. Some performance improvements were observed with an
additional heuristic regularization term, which ensures the consistency during the infer-
ence of environment £. The main idea is: since E is designed to capture time-invariant,
global information of the state dynamics which by design influences state transition in
each time step, we penalize the step-wise change in time embeddings produced by bi-
directional LSTM used to model ¢/, in order to enforce E to remain time-invariant.
To that end, we add an additional term to our objective function, the moment matching
regularization term defined as:

T
MM(¢g (X)) = Y I|hi — hi1|? 2.11)
i=2

where h; is the hidden state of the ¢£" LSTM cell in step i. This idea is related to the
approaches based on the maximum mean discrepancy (Gretton et al., 2012). Namely,
enforcing equality of consecutive cell states corresponds to matching of their first mo-
ments. Furthermore, similarly to (Bowman et al., 2015; Karl et al., 2016) we used a KL
annealing scheme. This was helpful for circumventing local minimum and preventing
the KL term to converge to zero too early during the training. The exact details are given
in our experiments below.
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2.5 Experiments

Dataset. We test our framework on a 2D bouncing ball problem where the ball kine-
matics is affected by a varying gravity vector (E). The idea is to evaluate model robust-
ness across environments. Here each environment is characterized by different gravita-
tional settings. See also visualizations at: https://sites.google.com/view/dssm.
Using the physics engine library pymunk !, we simulate video sequences of a bouncing
ball. During generation, we randomly change the gravity such that it remains constant
within a sequence, but may vary across sequences. The gravity vector takes 4 values,
depending on whether the gravity points up, down, left or right. Each video frame is a
32x32 binary image. We generate 16’000 trajectories across 40 time steps for training,
and another 2000 trajectories across 70 time steps for testing.

Network details. To get compressed representation of each frame, the images are first
passed through a shallow convolutional network. Kernel size was set to 3x3, while the
network depth was 64. The step size was 1 in both directions. We used ReLLU activation
units. For environment variable E, we took the last hidden representation of the network
as the output, whereas for so we took the first hidden representation as the output. All of
the hidden latent states were equal to 64. To parameterize g we used a deconvolutional
network with transposed convolutions. The kernel size was set to 5. See Appendix A.0.1
for further training details.

2.5.1 Prediction and controlled generation of video sequences

We first perform long-term forecasting analysis comparing our method against one of the
state-of-the-art approaches, the K-VAE from (Fraccaro et al., 2017). Next, we demon-
strate controlled generation, by manipulating video sequences. Effectively, we perform
interventions by “swapping environments” between video sequences, and similarly we
swap initial states. Furthermore, we show the ability to perform uncontrolled generation
where both initial state and gravity vector are sampled from a prior. Finally we visualize
the environment embeddings to provide further intuition.

Forecasting. We evaluate the forecasting performance by comparing our method against
K-VAE Fraccaro et al. (2017). We use OpenCV ? inbuilt functions to detect ground truth
ball position p; in each time frame. The exact algorithm for the position extraction is
provided in the Appendix A.0.4. Following (Hsieh et al., 2018; Chang et al., 2016) we
define the ball velocity as v; = p;11 — p; and compute the relative error in the predicted
velocities of the balls for forecasting. Evaluated models observe the first 25 frames of a
test sequence and then forecast the next 45. The results for relative error in magnitude

Uhttps://www.pymunk.org/en/latest/
Zhttps://opencv.org/
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Figure 2.4: Bouncing ball trajectory forecasting. DSSM-based Bayesian filter against
K-VAE on the task of long-term forecasting: Left: velocity magnitude; Right: cosine
similarity. Here, MM corresponds to moment-matching regularization. Shown error
curves are the test set averages.

and cosine similarity of the velocities are then averaged across all test sequences. This is
shown in Figure 2.4. We observe an increase in prediction quality with respect to both
metrics in comparison to the bench-marking model K-VAE.

Controlled generation. Next, we experiment by extracting embeddings of the gravity
context vector E and the initial state so from different test sequences in order to perform
feature swapping and controlled generation, similarly to (Yingzhen and Mandt, 2018).
Two scenarios are considered. First, the initial state which consists of the velocity vector
and the ball position, is extracted from the baseline video sequence and injected into
a series of other test sequences. Similarly, we performed the context replacement for
the gravity vector E. After feature swapping, we rolled-out the sequences effectively
performing controlled generation. Figure 2.5 shows qualitative results.

Environment identification. While the controlled generation in Figure 2.5 serves more
as a qualitative analysis of the disentanglement, we additionally evaluate the disentan-
glement through the quantitative analysis. More specifically, we trained an auxiliary
multi-layer perceptron classifier to map E to true gravity value. The cross-validation re-
sults performed on the training set rendered accuracy of 99.15%. In Figure 2.6 (left), we
can see that DSSM environment variable E € R? contains information of the underlying
gravity dynamics. Moreover, we provide 2D t-SNE visualizations of the embeddings (for
E € R?) in Figure 2.6 (right). Well-defined clusters can be observed, indicating that E
indeed represents the true gravity. It is interesting to visualize that the discovered envi-
ronment values follow the real-world geometric directional aspects i.e. the embeddings
of downwards directed gravity (negative y-axis) lies opposite to the upwards directed
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Figure 2.5: Environment swapping and controlled generation. (a) base sequence. (b)
test sequences in which we injected environment gravity value (bottom-row) and initial
state (top-row) of the base sequence inferred using networks @7 and ¢ respectively.
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Figure 2.6: Identifying the environment E. Left: Quantitative analysis of inferring the
correct gravitational direction from only a few observations. Right: Visualization of the
t-SNE embeddings of the learned environment E. It can be seen that the corresponding
environments cluster together which indicates that the model can correctly infer and map
the environments in the latent space.
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2.6 Conclusion

gravity (positive y-axis). The same is true for the horizontally directed gravities.

Uncontrolled generation. We further
demonstrate the uncontrolled generation
of the sequences where sg and E are sam-
pled from the priors po(E) and po(Sp) re-
spectively. In Figure 2.7 we show how
the generated sequences preserve natural
bouncing ball dynamics. We refer readers
to https://sites.google.com/view/
dssm for the actual visualizations of these
generated videos.

Figure 2.7: Uncontrolled video generation.
Here both the initial state of the ball and the
gravity are sampled from the prior

2.6 Conclusion

This chapter proposes a novel view on data-driven learning of dynamics from diverse
environments. We proposed a new class of state space models particularly crafted to
exploit this kind of a setting. In disentangled state space models one separates generic
system dynamics which is assumed to be invariant across environments and environment-
specific information which governs this dynamics. We showed that such separation is
beneficial and allows us to learn robust cross-environment models which hold promise
to generalize on unseen environments. Our particular application was learning of the toy
video dynamics of a bouncing ball affected by varying gravitational influences where we
achieved state-of-the-art results.
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Chapter 3

On the Transfer of Inductive Bias from
Simulation to the Real World

“What we observe as material bodies and forces are nothing but shapes
and variations in the structure of space. Particles are just schaumkommen
(appearances).”

— Erwin Schrodinger

Learning meaningful and compact representations of data with disentangled semantic
aspects are considered to be of key importance in representation learning Bengio et al.
(2013). Since real-world data is notoriously costly to collect, many recent state-of-the-
art disentanglement models have heavily relied on synthetic toy datasets. In this chapter,
we propose a novel dataset which consists of over one million images of physical 3D
objects with seven factors of variation, such as object color, shape, size and position. In
order to be able to control all the factors of variation precisely, we built an experimental
platform where the objects are being moved by a robotic arm. In addition, we provide
two more datasets which consist of simulations of the experimental setup. These datasets
provide for the first time the possibility to systematically investigate how well different
disentanglement methods perform on real data in comparison to simulation, and how
simulated data can be leveraged to build better representations of the real world. We
provide a first experimental study of these questions and our results indicate that learned
models transfer poorly, but that model and hyperparameter selection is an effective means
of transferring information to the real world.

Based on (Gondal et al., 2019a). Muhammad Waleed Gondal, Manuel Wiithrich, Dorde Miladi-
novi¢, Francesco Locatello, Martin Breidt, Valentin Volchkov, Joel Akpo, Olivier Bachem, Bernhard
Scholkopf, Stefan Bauer. “On the Transfer of Inductive Bias from Simulation to the Real World.” In:
Advances in Neural Information Processing Systems (NeurIPS), 2019.
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3.1 Introduction

In representation learning it is commonly assumed that a high-dimensional observation
X is generated from low-dimensional factors of variation G. The goal is usually to re-
vert this process by searching for a latent embedding Z which replicates the underlying
generative factors G, e.g. shape, size or color. Learning well-disentangled represen-
tations of complex sensory data has been identified as one of the key challenges in the
quest for artificial intelligence (Al) (Bengio et al., 2013; Peters et al., 2017; LeCun et al.,
2015; Bengio et al., 2007; Schmidhuber, 1992; Lake et al., 2017; van Steenkiste et al.,
2019), since they should contain all the information present in the observations in a com-
pact and interpretable structure (Bengio et al., 2013; Kulkarni et al., 2015; Chen et al.,
2016) while being independent from the task at hand (Goodfellow et al., 2009; Lenc and
Vedaldi, 2015).

Disentangled representations may be useful for (semi-)supervised learning of down-
stream tasks, transfer and few-shot learning (Bengio et al., 2013; Scholkopf et al., 2012;
Locatello et al., 2019a). Further, such representations allow to filter out nuisance fac-
tors (Kumar et al., 2017), to perform interventions and to answer counterfactual ques-
tions (Pearl, 2009; Spirtes et al., 1993; Peters et al., 2017). First applications of al-
gorithms for learning disentangled representations have been applied to visual concept
learning, sequence modeling, curiosity-based exploration or even domain adaptation in
reinforcement learning Steenbrugge et al. (2018); Laversanne-Finot et al. (2018); Nair
et al. (2018); Higgins et al. (2017b, 2018a); Lesort et al. (2018); van Steenkiste et al.
(2019). The research community is in general agreement on the importance of this
paradigm and much progress has been made in the past years, particularly on the algo-
rithmic level (e.g. Higgins et al., 2017a; Kim and Mnih, 2018), fundamental understand-
ing (e.g. Higgins et al., 2018b; Suter et al., 2019) and experimental evaluation Locatello
et al. (2018). However, research has thus far focused on synthetic toy datasets.

The main motivation for using synthetic datasets is that they are cheap, easy to gener-
ate and the independent generative factors can be easily controlled. However, real-world
recordings exhibit imperfections such as chromatic aberrations in cameras and complex
surface properties of objects (e.g., reflectance, radiance and irradiance), making transfer
learning from synthetic to real data a nontrivial task. Despite the growing importance of
the field and the potential societal impact in the medical domain or fair decision making
(e.g. Chartsias et al., 2018; Creager et al., 2019; Locatello et al., 2019b), the performance
of state-of-the-art disentanglement learning on real-world data is unknown.

To bridge the gap between simulation and the physical world, we built a recording
platform which allows to investigate the following research questions: (i) How well
do unsupervised state-of-the-art algorithms transfer from rendered images to physical
recordings? (i) How much does this transfer depend on the quality of the simulation?
(ii1) Can we learn representations on low dimensional recordings and transfer them from
the current state-of-the-art of 64 x 64 images to high quality images? (iv) How much su-
pervision is necessary to encode the necessary inductive biases? (v) Are the confounding
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3.1 Introduction

Figure 3.1: Datasets: In the top row samples from previously published datasets are
shown from left to right: dSprites, Noisy-dSprites, Scream-dSprites, 3dshapes, Cars3D
and SmalINORB. In the second row (again left to right) we provide simple simulated
data, highly realistically simulated data and real-world data examples of the newly col-
lected dataset.

and distortions of real-world recordings beneficial for learning disentangled representa-
tions? (vi) Can we disentangle causal mechanisms (Pearl, 2009; Lake et al., 2015, 2017;
Peters et al., 2017) in the data generating process? (vii) Are disentangled representations
useful for solving the real-world downstream tasks?

While answering all of the above questions is beyond the scope of this chapter, our
key contributions can be summarized as follows.

e We introduce the first real-world 3D dataset recorded in a controlled environment,
defined by 7 factors of variations: object color, object shape, object size, camera
height, background color and two degrees of freedom of motion of a robotic arm.
The dataset is made publicly available'.

* We provide synthetic images produced by computer graphics with two levels of
realism. The robot arm and the objects are printed from a 3D template, ensuring
close similarity between the realistic renderings and the real-world recordings.

* The collected datatset of 3D objects consists of over one million images, and each
of the two simulated datasets contains the same number of images as well.

* We investigate the role of inductive bias and the transfer of different hyper-parameter
settings between the different simulations and the real-world and the requirements
on the quality of the simulation for a succesful transfer.

'https://github.com/rr-learning/disentanglement_dataset
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3.2 Background and related work

We assume a set of observations of a (potentially high dimensional) random variable
X which is generated by K unobserved causes of variation (generative factors) G =
[Gy,...,Gk] (i.e., G — X) that do not cause each other. These latent factors repre-
sent elementary ingredients to the causal mechanism generating X Pearl (2009); Peters
et al. (2017). The elementary ingredients G;,i = 1,...,K of the causal process work
on their own and are changeable without affecting others, reflecting the independent
mechanisms assumption Scholkopf er al. (2012). However, for some of the factors a
hierarchical structure may exist for which this may only hold true when seeing the hi-
erachical structure as a whole as one component. The graphical model corresponding
to this framework and adapted from Suter et al. (2019)

is depicted in Figure 3.2. The hierarchical structure of

the factors G}<—1 and Gk _ might represent one compo-

sitional process e.g., connected joints of a robot arm. The

most commonly accepted understanding of disentangle- @QQ /G/)@

ment Bengio et al. (2013) is that each learned feature in

Z should capture one factor of variation in G. %
Current state-of-the-art disentanglement approaches @ @ @ @ @

use the framework of variational auto-encoders (VAEs)

Kingma and Welling (2013). The (high-dimensional) Figure 3.2: Graphical Model,
observations x are modelled as being generated from yhere G = (G1,Gs,...,Gk)
some latent features z with chosen prior p(z) according sre the generative factors
to the probabilistic model pg(x|z)p(z). The generative (color, shape, size, ...) and
model pg(x|z) as well as the proxy posterior g (z|x) can X the recorded images. The
be represented by neural networks, which are optimized ajm of disentangled repre-
by maximizing the variational lower bound (ELBO) of genptation learning is to learn

logp(xi,...,xn). variables Z; that capture the
independent mechanisms G;.

N
Lvar = Y By, o) log po(x”|2)] = Dxr (g0 (21x7)] p(2))
=

Since the above objective does not enforce any structure on the latent space, except for
some similarity to the typically chosen isotropic Gaussian prior p(z), various proposals
for more structure imposing regularization have been made. Using some sort of supervi-
sion (e.g. Narayanaswamy et al., 2017; Bouchacourt et al., 2018; Liu et al., 2017; Math-
ieu et al., 2016; Cheung et al., 2015) or proposing completely unsupervised (e.g. Hig-
gins et al., 2016; Kim and Mnih, 2018; Chen et al., 2018; Kumar et al., 2017; Esmaeili
et al., 2018) learning approaches. Higgins et al. (2016) proposed the B-VAE penalizing
the Kullback-Leibler divergence (KL) term in the VAE objective more strongly, which
encourages similarity to the factorized prior distribution. Others used techniques to en-
courage statistical independence between the different components in Z, e.g., FactorVAE
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3.2 Background and related work

Factors of

Dataset Variation Resolution # of Images 3D Real-World
dSprites 5 64 x 64 737,280 X X
Noisy dspirtes 5 64 x 64 737,280 X X
Scream dSprites 5 64 x 64 737,280 X X
SmalINORB 5 128 x 128 48,600 X
Cars3D 3 64 x 64 17,568 X
3dshapes 6 64 x 64 480,000 X
MPI3D-toy 7 64 x 64 1,036,800 X
MPI3D-realistic 7 256 x 256 1,036,800 X
MPI3D-real 7 512x 512 1,036,800

Table 3.1: Summary of the properties of different datasets. The newly contributed
datasets in this work are emphasized.

Kim and Mnih (2018) or B-TCVAE Chen e al. (2018), while DIP-VAE proposed to en-
courage factorization of the inferred prior g4 (z) = [ g4 (z|x)p(x)dx. For other related
work we refer to the detailed descriptions in the empirical study Locatello et al. (2018).

3.2.1 Established datasets for the unsupervised learning of
disentangled representations

Real-world data is costly to generate and groundtruth is often not available since sig-
nificant confounding may exist. To bypass this limitation, many recent state-of-the-art
disentanglement models Watters et al. (2019); Kim and Mnih (2018); Chen et al. (2018);
Higgins et al. (2017a); Chen et al. (2016) have heavily relied on synthetic toy datasets,
trying to solve a simplified version of the problem in the hope that the conclusions drawn
might likewise be valid for real-world settings. A quantitative summary of the most
widely used datasets for learning disentangled representations is provided in Table 3.1.

Datasets descriptions. For quantitative analysis, dSprites® is the most commonly used
dataset. This synthetic dataset Higgins et al. (2017a) contains binary 2D images of hearts,
ellipses and squares in low resolution. In Color-dSprites the shapes are colored with a
random color, Noisy-dSprites considers white-colored shapes on a noisy background and
in Scream-dSprites the background is replaced with a random patch in a random color
shade extracted from the famous The Scream painting Munch (1893). The dSprites shape
is embedded into the image by inverting the color of its pixel. The SmalINORB> dataset

’https://github.com/deepmind/dsprites-dataset
*https://cs.nyu.edu/~ylclab/data/norb-vi.0-small/
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Figure 3.3: Renderings of the developed robotic platform. (left) A view from a 30°
angle from the top (note that one panel in front and the top panels have been removed
such that the interior of the platform is visible. During recordings, the platform is entirely
closed. (Center) The robotic arm carrying a red cube (the entire cage is hidden). (Right)
Frontal view without the black shielding (note the three cameras at different heights).

contains images of 50 toys belonging to 5 generic categories: four-legged animals, hu-
man figures, airplanes, trucks, and cars. The objects were imaged by two cameras under
6 lighting conditions, 9 elevations (30 to 70 degrees every 5 degrees), and 18 azimuths
(0 to 340 every 20 degrees) LeCun et al. (2004). For Cars3D*,199 CAD models from
Fidler et al. (2012) were used to generate 64x64 color renderings from 24 rotation an-
gles each offset by 15 degrees Reed er al. (2015). Recently, 3dshapes was made publicly
available®, a dataset of 3D shapes procedurally generated from 6 ground truth indepen-
dent latent factors. These factors are floor color, wall color, object color, scale, shape and
orientation Kim and Mnih (2018).

3.3 Bridging the gap between simulation and the real
world: A novel dataset

While other real-world recordings, e.g., CelebA Liu et al. (2015), exist, they offer only
qualitative evaluations 1.e., detailed description for the underlying factors of variations
does not exist. However, a more controlled dataset is needed to quantitatively investigate
the effects of inductive biases, sample complexity and the interplay of simulations and
the real-world.

3.3.1 Controlled recording setup

In order to record a controlled dataset of physical 3D objects, we built the mechanical
platform illustrated in Figure 3.3. It consists of three cameras mounted at different
heights, a robotic manipulator carrying a 3D printed object (which can be swapped) in

“http://www.scottreed.info/files/nips2015-analogy-data.tar.gz
Shttps://github.com/deepmind/3dshapes-dataset/
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3.3 Bridging the gap between simulation and the real world: A novel dataset

Figure 3.4: We show all the object colors while maintaining the other factors constant.

Figure 3.5: We show all object shapes while maintaining all other factors constant.

the center of the platform and a rotating table at the bottom. The platform is shielded
with black sheets from all sides to avoid any intrusion of external factors (e.g., light) and
the whole environment is relatively uniformly illuminated by three light sources installed
within the platform.

3.3.2 Factors of variation

The generative factors of variation G mentioned in Section 3.2 are listed in the following
for our recording setup.

Object color. All objects have one of six different colors: red (255, 0, 0), green (0,
255, 0), blue (0, 0, 255), white (255, 255, 255), olive (210,210,80) and brown (153,76,0)
(see Figure 3.4).

Object shape. There are objects of four different
shapes in the dataset: a cylinder, a hexagonal prism, a
cube, a sphere, a pyramid with square base and a cone.
All objects exhibit rotational symmetries about some
axes, however the kinematics of the robot are such that
these axes never align with the degrees of freedom of the
robot. This is important because it ensures that the robot

Figure 3.6: We show the two  degrees of freedom are observable given the images.
object sizes while maintain-

ing all other factors constant.

Object size. There are objects of two different sizes in
the dataset, categorized as large (roughly 65mm in diameter) and small (roughly 45 mm
in diameter).
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Figure 3.7: Background Color. Three images on the left: we vary the backround color.
Camera Height. Three images on the right: we vary the camera height.

Figure 3.8: Motion along first DOF while maintaining the other factors constant. Note
that in total we record 40 steps, here we only show 6 due to space constraints.

Camera height. The dataset is recorded with three cameras mounted at three different
heights (see Figure 3.7 on the right), representing another factor of variation in images.

Background color. The rotation table (see Figure 3.7) allows us to change background
color. Note that for all images in the dataset we orient the table in such a way that only
one background color is visible at a time. The colors are sea green, salmon and purple.

Degrees of freedom of the robotic arm. Each object is mounted on the tip of the
manipulator shown in Figure 3.3. This manipulator has two degrees of freedom, a
rotation about a vertical axis at the base and a second rotation about a horizontal axis.
We move each joint in a range of 180° in 40 equal steps (see Figure 3.8 and Figure 3.9).
Note that these two factors of variation are independent, just like all other factors (i.e.,
we record all possible combinations between the two).

Figure 3.9: Motion along second DOF while maintaining the other factors constant. Note
that in total we record 40 steps, here we only show 6 due to space constraints.
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3.4 Experiments

3.3.3 Simulated data

In addition to the real-world dataset we recorded two simulated datasets of the same
setup, hence all factors of variation are identical across the three datasets. One of the
simulated datasets is designed to be as realistic as possible and the synthetic images are
visually practically indistinguishable from real images (see Figure 3.1 center). For the
second simulated dataset we used a deliberately simplified model (see figure Figure 3.1
left), which allows to investigate transfer from simplified models to the real data.

The synthetic data was generated using Autodesk 3ds Max(2018). Most parts of the
scene were imported from SolidWorks CAD files that were originally used to construct
the experimental stage including the manipulator and 3D printing of the test objects. The
surface shaders are based on Autodesk Physical material with hand-tuned shading pa-
rameters, based on full resolution reference images. The camera poses were initialized
from the CAD data and then manually fine-tuned using reference images. The realistic
synthetic images were obtained using the Autodesk Raytracer (ART) with three rectan-
gular light sources, mimicking the LED panels. The simplified images were rendered
with the Quicksilver hardware renderer.

3.4 Experiments

Some fields have been able to narrow the gap between simulation and reality Zhang
et al. (2019); Bousmalis et al. (2016); James et al. (2018), which has led to remarkable
achievements (e.g., for in-hand manipulation Andrychowicz et al. (2018)). In contrast,
for disentanglement methods this gap has not been bridged yet, state-of-the-art algo-
rithms seem to have difficulties to transfer learned representations even between toy
datasets Locatello et al. (2018). The proposed dataset will enable the community to
systematically investigate how such transfer of information between simulations with
different degrees of realism and real data can be achieved. In the following we present a
first experimental study in this directions.

3.4.1 Experimental protocol

Metrics. Various methods to validate a learned representation for disentanglement based
on known ground truth generative factors G have been proposed (e.g. Eastwood and
Williams, 2018; Ridgeway and Mozer, 2018; Chen et al., 2018; Kim and Mnih, 2018).
This has for example been expressed as the mutual information of a single latent dimen-
sion Z; with generative factors Gi,...,Gkx Ridgeway and Mozer (2018), where in the
ideal case each Z; has some mutual information with one generative factor G, but none
with all the others. Similarly, Eastwood and Williams (2018) trained predictors (e.g.,
Lasso or random forests) for a generative factor G, based on the representation Z. In a
disentangled model, each dimension Z; is only useful (i.e., has high feature importance)
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Figure 3.10: Reconstruction scores of different methods. Scores achieved by (0=8-
VAE, 1=FactorVAE, 2=-TCVAE, 3=DIP-VAE-I, 4=DIP-VAE-II, 5=AnnealedVAE) on
the realistic synthetic dataset, the toy synthetic dataset and the real dataset.

to predict one of those factors. Suter et al. (2019) proposed an interventional robustness
score. The graphical model of Suter ef al. (2019) adapted to our setup is illustrated in
Figure 3.2. Another form of validation, especially without known generative factors is
the visual inspection of latent traversals (see e.g., Chen et al., 2018).

We apply all the disentanglement methods (-VAE, FactorVAE, B-TCVAE, DIP-
VAE-1, DIP-VAE-II, AnnealedVAE) which were used in a recent large-scale study Lo-
catello et al. (2018) to our three datasets. Due to space constraints, the models are abbre-
viated with numbers one to five in the plots in the same order. We use disentanglement
library © and evaluate on the same scores as Locatello et al. (2018). In all the exper-
iments, we used images with resolution 64x64. This resolution is used in the recent
large-scale evaluations and by state-of-the-art disentanglement learning algorithms Lo-
catello et al. (2018). Each of the six methods is trained on each of the three datasets with
five different hyperparameter settings (see table B.1 in the appendix for details) and with
three different random seeds, leading to a total of 270 models. Each model is trained for
300,000 iterations on Tesla V100 gpus.

Architecture. All the models used the same convolutional encoder and decoder ar-
chitecture with the fixed latent size of 10. Further details on model and their training
hyperparameters are provided in Appendix B.2.

3.4.2 Results

Reconstruction across datasets. Figure 3.10 shows that there is a difference in re-
construction score across datasets: The score is the lowest on real data, followed by the
realistic simulated dataset (R) and the simple toy (T) images. This indicates that there is
a significant difference in the distribution of the real data compared to the simulated data,
and that it is harder to learn a representation of the real data than of the simulated data.
However, the relative behaviour of different methods seems to be similar across all three

®https://github.com/google-research/disentanglement_lib
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Figure 3.11: Mutual Information Gap (MIG) scores attained by different methods.
From left to right: (a) trained and evaluated on synthetic realistic, (b) trained and evalu-
ated on synthetic toy, (c) trained and evaluated on real, (d) trained on synthetic realistic
and evaluated on real, (e) trained on synthetic toy and evaluated on real. The variance is
due to different hyper-parameters and seeds.

datasets, which indicates that despite the differences, the simulated data may be useful
for model selection.

Direct transfer of representations. In Figure 3.11 we show the Mutual Information
Gap (MIG) scores attained by different methods for different evaluations. The same plots
for different metrics look qualitatively similar (see Figure B.5 in the appendix). Given
the high variance, it is difficult to make conclusive statements. However, it seems quite
clear that all methods perform significantly better when they are trained and evaluated on
the same dataset (three plots on the left). Direct transfer of learned representations from
simulated to real data (two plots on the right) seems to work rather poorly.

Transfer of hyperparameters. We have seen that trans-

ferring representations directly from simulated to real data

eRECTEE  Seems to work poorly. However, it may be possible to

M ‘% instead transfer information at a higher-level, such as the
e ﬂﬂ choice of the method and its hyperparameters as an induc-
I ::é :: tive bias. In order to quantitatively evaluate whether such a
transfer is possible, we pick the model (including hyperpa-

rameters) which performs best in simulation (according to
a metric chosen at random), and we compute the probabil-
ity of outperforming (according to a metric and seed cho-
sen randomly) a model which was chosen at random. If no
transfer is possible, we would expect this probability to be
50%. However, we find that model selection from realistic
simulated renderings (R) outperforms random model selec-
tion 72% of the time while transferring the model from the
simpler synthetic images (T) to real-world data even beats
random selection 78% of the time. This finding is confirmed
by Figure 3.12, where we show the rank-correlation of the
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Figure  3.12: Rank-
correlation of the DCI
disentanglement  scores
of different models (in-
cluding hyperparameters)
across different data sets.
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Figure 3.13: Reconstruction of different datasets samples by Factor VAE. (left)
reconstructed samples corresponding to simple toy dataset, (center) realistic dataset
(right) and real-world dataset. In each figure, left column corresponds to the groundtruth.

performance of models (including hyperparameters) trained on one dataset with the per-
formance of these models trained on another dataset. The performance of a model trained
on some dataset seems to be highly correlated with the performance of that model trained
on any other dataset. In Figure 3.12 we use the DCI disentanglement metric as a score,
however, qualitatively similar results can be observed using most of the disentanglement
metrics (see Figure B.8 in the appendix).

Summary. These results indicate that the simulated and the real data distribution have
some similarities, and that these similarities can be exploited through model and hyper-
parameter selection. Surprisingly, it seems that the transfer of models from the synthetic
toy dataset may work even better than the transfer from the realistic synthetic dataset.

3.5 Discussion on disentangled representations transfer

Empirically, we observed that some of the best trained models were able to disentangle,
though imperfectly, the factors of camera height, background colors, object sizes and
the motions along the first and second degrees of freedom. Whereas, they performed
poorly in disentangling the factors of some object shapes (e.g., pyramid and cone) and
some colors (e.g., olive and brown). This may well be because of less pixel variation
in the respective factors. The features of camera height and background color cause the
most difference (maximum L2 distance) in image space. Similarly the object positions
at different joint configurations (not the consecutive frames) also have big L2 distance
which may explain why the models focus more on learning these factors.
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3.6 Conclusion

Figure 3.14: Qualitative analysis of transferring representations for reconstructions.
(left) Image reconstructions corresponding to representations of the Factor VAE model
trained on toy dataset and tested on the real-world dataset. (right) trained on realistic
dataset and tested on real-world dataset.

The image reconstructions become more blurry as we move from the simple simulated
dataset to the more complex real-world dataset, which can be seen by the reconstruction
scores in Figure 3.10. It has been previously noted that the use of overly simplistic priors
like standard normal Gaussians in VAE models Kingma and Welling (2013) can lead to
over-regularization Tomczak and Welling (2017). To achieve disentanglement in VAE
models, Higgins et al. (2017a) put higher weights (i.e., B > 1) on the KL divergence
which decreases the reconstruction quality. With the increased complexity in the dataset,
the decrease in reconstruction quality becomes even more pronounced, as illustrated in
Figure 3.13, depicting reconstructed samples for all three datasets. See Appendix B.3
for further analysis of qualitative results. In Figure 3.14 we show cross-dataset recon-
structions i.e., transfer of representations from simple simulated and realistic simulated
datasets to the real-world dataset respectively. The models completely fail in transfer-
ring the representations from the simple toy simulated to the real-world data. On the
other hand, in the realistic simulated to real-world transfer (Figure 3.14(right)) the mod-
els sometimes reconstruct the correct background strip color, manipulator pose and the
camera height factor. However, the object properties seem to differ a lot. This shows
that in the case of complex environments, the models put more focus on learning the
environment to get the better reconstruction accuracy than to learn the important but rel-
atively small changing factors. See Appendix B.3 for more results. This behavior for
VAE models has also been confirmed by Ha and Schmidhuber (2018).

3.6 Conclusion

Despite the intended applications of disentangled representation learning algorithms to
real data in fields such as robotics, healthcare and fair decision making (e.g. Chartsias
etal.,2018; Creager et al., 2019; Higgins et al., 2017b), state-of-the-art approaches have
only been systematically evaluated on synthetic toy datasets. Our work effectively com-
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plements related efforts (e.g. Locatello et al., 2018) to address current challenges of rep-
resentation learning, offering the possibility of investigating the role of inductive biases,
sample complexity, transfer learning and the use of labels using real-world images.

A key aspect of our datasets is that we provide rendered images of increasing complex-
ity for the same setup used to capture the real-world recordings. The different recordings
offer the possibility of investigating the question if disentangled representations can be
transferred from simulation to the real world and how the transferability depends on the
degree of realism of the simulation. Beyond the evaluation of representation learning
algorithms, the proposed dataset can likewise be used for other tasks such as 3D re-
construction and scene rendering Eslami er al. (2018) or learning compositional visual
concepts Higgins et al. (2017c). Furthermore, we are planning to use the novel exper-
imental setup for recording objects with more complicated shapes and textures under
more difficult conditions, such as dependence among different factors.
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Chapter 4

Dynamic Inference with Neural
Interpreters

“The whole is greater than the sum of its parts.”

— Auristotle

Modern neural network architectures can leverage large amounts of data to generalize
well within the training distribution. However, they are less capable of systematic gener-
alization to data drawn from unseen but related distributions, a feat that is hypothesized
to require compositional reasoning and reuse of knowledge. In this work, we present
Neural Interpreters, an architecture that factorizes inference in a self-attention network
as a system of modules, which we call functions. Inputs to the model are routed through
a sequence of functions in a way that is end-to-end learned. The proposed architecture
can flexibly compose computation along width and depth, and lends itself well to ca-
pacity extension after training. To demonstrate the versatility of Neural Interpreters, we
evaluate it in two distinct settings: image classification and visual abstract reasoning on
Raven Progressive Matrices. In the former, we show that Neural Interpreters perform on
par with the vision transformer using fewer parameters, while being transferrable to a
new task in a sample efficient manner. In the latter, we find that Neural Interpreters are
competitive with respect to the state-of-the-art in terms of systematic generalization.

4.1 Introduction

Rule-based programming is the basis of computer science, and builds the foundation
of symbolic-Al based expert systems that attempt to emulate human decision-making

Based on (Rahaman et al., 2021). Nasim Rahaman*, Muhammad Waleed Gondal*, Shruti Joshi, Peter
Gebhler, Yoshua Bengio, Francesco Locatello, Bernhard Scholkopf. “Dynamic Inference with Neural
Interpreters.” In: Advances in Neural Information Processing Systems (NeurIPS), 2021.
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to solve real-world problems. The process of inference entails channeling information
through a chain of computational units (e.g., logical primitives) and culminates in a con-
clusion that answers a given query. Such systems have the advantage that they permit ef-
ficient reuse of computational units and enable iterative reasoning over multiple cycles of
computation. As a simple example, consider the relation parent_child(A, B), which
can be used to construct a new relation sibling (U, V) = parent_child(A, U) AND
parent_child(A, V), which in turn can be used to build another relation cousin (U,
V) = parent child(X, U) AND parent _child(Y, V) AND sibling(X, Y),andso
on. However, such systems are known to suffer from the knowledge acquisition problem,
which is the inability to leverage unstructured data to derive new computational units and
improve existing ones (Kendal and Creen, 2007).

In stark contrast to the symbolic paradigm, modern machine learning models excel at
absorbing large amounts of unstructured data and yield strong performance in many chal-
lenging domains, ranging from large-scale image classification to language modelling.
However, they are relatively rigid in how they share and reuse computation in order to
process information: convolutional neural networks, for instance, process the content of
an image at every location to arrive at the class label of a given image. In doing so,
they only reuse computational units (here, convolutional filters) laterally at a constant
depth i.e., amongst information being processed simultaneously. In the same spirit, re-
current neural networks only reuse computational units (here, RNN cells) vertically, i.e.,
in depth. Such rigidity in how computation is reused is believed to be one of the reasons
current deep neural networks are less capable of systematically generalizing to problems
not encountered during training (Bahdanau et al., 2019; Lake and Baroni, 2018; Loula
etal.,2018).

In the present work, we draw inspiration from typed programming languages to de-
velop a self-attention based neural architecture that relaxes this rigidity in computation
reuse. The resulting class of models, which we call Neural Interpreters, learns to flexibly
use and compose computational units directly from data without additional supervision.
Neural Interpreters factorize a self-attention network (Vaswani et al., 2017) as a system
of computational units that we call functions. The input to the network is set-valued and
processed in the network by a dynamically inferred sequence of functions — potentially
by the same function multiple times, enabling vertical sharing of computational units.
This aligns with earlier ideas on independent mechanisms (Peters et al., 2017; Parascan-
dolo et al., 2018; Goyal et al., 2019, 2020; Goyal and Bengio, 2020; Scholkopf et al.,
2021; Rahaman et al., 2020; Goyal et al., 2021): a set of mechanisms can be combined
and reused in many different ways depending on context (the current input or task), thus
factorizing knowledge in independent pieces which can lead to better systematic gener-
alization.

Neural Interpreters have two key benefits over vanilla self-attention networks.

* The modular inductive biases facilitate generalization beyond the training distri-
bution and adaptation to new tasks in a sample-efficient manner.
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* Second, but consistent with the notion of factorizing knowledge into approxi-
mately independent and composable pieces,

The proposed parameterization is (by construction) not only agnostic to the cardinality
of the input set, but also to the number of functions. The latter implies that given a new
task, additional functions can be non-disruptively added and fine-tuned. In other words,
knowledge acquired from the prior training tasks can be effectively repurposed for new
tasks. Our primary contributions are as follows.

* We introduce the Neural Interpreter, an attention-based architecture that can be
applied on arbitrary set-valued inputs or representations.

* We quantitatively evaluate the proposed architecture in two distinct problem set-
tings: multi-task image classification and abstract reasoning. In the former setting,
we show that Neural Interpreters are capable of sample-efficient adaptation to new
tasks and can exploit additional capacity added after pre-training. In the latter
setting, we demonstrate that Neural Interpreters are capable of out-of-distribution
generalization. In particular, we find that Neural Interpreters outperform the Vision
Transformer baseline (Cordonnier et al., 2019; Dosovitskiy et al., 2020), which in
turn is competitive in-distribution with the prior state-of-the-art. In both settings,
we find that Neural Interpreters develop the ability to gracefully trade-off perfor-
mance with compute at inference time (Zilberstein, 1996). In addition, we include
results on a toy problem, where we explicitly probe the ability of Neural Inter-
preters to learn recomposable computational primitives.

* We ablate over the architectural parameters of Neural Interpreters and qualitatively
visualize what the model learns. We find patterns in how the input is routed through
the network and that a wide range of hyperparameters yield promising results.

4.2 Related work

Modularity. Despite recent successes of deep neural networks, their ability to recom-
bine and reuse meaningful units for systematic compositional generalization is shown to
be limited (Lake and Baroni, 2018; Loula et al., 2018; Keysers et al., 2019). To miti-
gate this issue, work has been done to modularize deep architectures to enable the reuse
and recombination of learned modules (Andreas et al., 2016; Chang et al., 2018; Hud-
son and Manning, 2018; Rosenbaum et al., 2017; Shazeer et al., 2017; Fernando et al.,
2017; Kirsch et al., 2018), and connections have been drawn to the principle of Inde-
pendent Causal Mechanisms (Scholkopf et al., 2012; Peters et al., 2017; Parascandolo
etal.,2018; Goyal et al., 2019; Besserve et al., 2020; Rahaman et al., 2020; Goyal et al.,
2020; Lamb et al., 2021; Goyal et al., 2021). Modular architectures vary in how the mod-
ules are learned and laid out during inference. For instance, Neural Module Networks
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(Andreas et al., 2016) and Neural Event Semantics (Buch et al., 2021) dynamically com-
pose the modules using a natural language parser, whereas neuro-symbolic architectures
(Van Steenkiste et al., 2018; Goyal et al., 2019; Mao et al., 2019; Yi et al., 2019; Goyal
and Bengio, 2020; Locatello et al., 2020; Goyal et al., 2020; Wu et al., 2020; Goyal
et al., 2021) typically require entity-centric representations (Van Steenkiste et al., 2018;
Yi et al., 2019; Locatello et al., 2020) but use neural components like attention for com-
positional reasoning.

Unlike some of these methods, Neural Interpreters (NI) neither require domain knowl-
edge nor object-centric representations. To obtain a strong compositional inductive
bias, NIs aim at factorizing the computational graph in terms of functional units which
are dynamically recombined in order to solve a particular task. In comparison with
SCOFF (Goyal et al., 2020) and NPS (Goyal et al., 2021) which also separate functions,
arguments and values and enable a similar dynamic and composed application of func-
tions, NIs introduce the notion of interpreter (which enables parameter sharing between
functions and extending the set of functions easily) and sophisticated signature and typ-
ing mechanisms described in the previous section.

Another perspective on modularity comes from the notion of Independent Causal
Mechanisms (Scholkopft et al., 2012; Peters et al., 2017) in causality, which encourages
the modules to be independent (Besserve et al., 2020; Parascandolo et al., 2018; Goyal
et al., 2019; Rahaman et al., 2020; Lamb et al., 2021). More specifically, modules com-
pete against each other to process certain parts of the input, promoting specializations
across time (Goyal et al., 2019), space (Besserve et al., 2020), physical mechanisms
(Parascandolo et al., 2018), and time and space (Rahaman et al., 2020; Lamb et al.,
2021). Inspired from this idea, functions in NIs also compete against each other to pro-
cess the input tokens. However, this competition occurs for multiple computational steps
(function iterations), thus encouraging specializations across space and compute.

Dynamic routing of information. The systematic generalization of modular architec-
tures is shown to depend on the layout of modules and learning module parameters and
their composition in an end-to-end fashion can degrade its generalization performance
(Bahdanau et al., 2019; Rosenbaum et al., 2019). Despite these challenges, there ex-
ist different frameworks to facilitate the joint learning of module layout and parameters
(Sabour et al., 2017; Rosenbaum et al., 2017; Rahaman et al., 2020; Goyal et al., 2019;
Fernando et al., 2017; Shazeer et al., 2017; Buch et al., 2021). For example, (Rosenbaum
etal.,2017) uses collaborative multi-agent reinforcement learned routing, (Shazeer et al.,
2017) uses a trainable gating network. In this work, we use kernel modulated dot prod-
uct attention (Rahaman et al., 2020) between function signatures and the input types to
assign inputs to functions at each step.

Transformers. Modularity in Transformers (Vaswani et al., 2017) is relatively less
studied. Repulsive attention (An et al., 2020) is based on repelling transformer heads
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to encourage specialization, whereas TIM (Lamb et al., 2021) draws on the principle
of independent mechanisms by dividing computation over parallel transformers that in-
teract via competitive top-k attention (Goyal et al., 2019). In contrast, functions in NIs
iteratively acquire set elements with kernel dot-product attention, which, if need be, can
uniformly activate all the functions for a given token, encouraging efficient use of com-
putation. Closer to Neural Interpreters, Switch Transformers (STs) (Fedus et al., 2021)
employ a mixture of experts framework where experts specialize across tokens, guided
by a routing scheme which activates only one expert per token. However, STs focus
more on dynamically selecting experts, whereas Neural Interpreters focus on dynami-
cally composing available experts. In contrast, functions in NIs iteratively compete for
tokens across multiple computational steps. Moreover, the routing in NIs is not con-
trolled by top-k rule, but by kernel modulated dot product attention (Rahaman et al.,
2020) which, if need be, can uniformly activate all the experts for a give token, encour-
aging efficient reuse of the parameters.

The starting point of this work is the vision transformer (ViT) (Cordonnier et al.,
2019; Dosovitskiy et al., 2020), which applies a standard Transformer directly to image
patches. We use the same architectural scaffolding as ViTs, but implement additional
inductive biases that facilitate fast adaptation and systematic generalization. In fact,
NIs can be seen as a modular and parameter-efficient scaffolding of ViTs where ViTs
are a special case. Similar to ViTs, and unlike above mentioned works, we also use a
learnable [class] token whose output state serves as the image representation. In this
work, we analyze how modularity in ViTs facilitates sample-efficient transfer learning
and systematic generalization while maintaining high accuracy.

4.3 Neural Interpreters

In this section, we describe in detail the components of a Neural Interpreter; see Fig-
ure 4.1 for an overview. This architecture can be used as a drop-in replacement for a
self-attention network, e.g., Transformers (Vaswani et al., 2017). In line with prior work
(Cordonnier et al., 2019; Dosovitskiy et al., 2020; Touvron et al., 2021b), we focus on
applications to visual data.

Input and output. The input to the Neural Interpreter is any set with vector-valued
elements {x;};,x; € R% and the output is another set of vectors {y ity € Réout with
the same cardinality as the input set. We assume in this work that the input set contains
vector embeddings of image patches (Cordonnier et al., 2019) or of entire images (Barrett
et al.,2018). The input set additionally includes one or more learned vectors, called CLS
Tokens (Devlin et al., 2019), for which the corresponding outputs interface with their
respective classifiers (Logeswaran et al., 2020).
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Figure 4.1: Leftmost: Overview of the architecture, shown here with image patches as
inputs and two CLS tokens with corresponding classification heads. Center Left: The
Neural Interpreter, shown here as a stack of three scripts. Center Right: A script, shown
here as a collection of three functions applied over two function iterations. Rightmost:
A stack of two Lines of Code (LOCs), spread over three parallel computational streams
(one per function) and conditioned by the respective function codes (colored circles).
Residual connections are present but not shown in this figure.

Scripts. A Neural Interpreter can be expressed as a stack of ng scripts, where a script
maps one set of vectors to another with the same number of elements:

{y;}; = Neurallnterpreter({x;};) = [Script,_o...o (n, times)o...oScript; | ({x;}:)
4.1)

A script has four components: a type inference module, a type matching mechanism, a
set of functions and an interpreter, as explained below. The parameters of these compo-
nents are not shared between scripts.

Role: Scripts function as independent building blocks that can be dropped in any set-to-
set architecture, and Neural Interpreters with a single script can perform well in practice.

Functions. Functions make the computational units in Neural Interpreters; they can
be represented as a tuple of vector valued parameters, i.e., f;, = (s,,¢,) where u indexes
functions. Here, s, is referred to as the signature of the function f,, (with a meaning sim-
ilar to that in programming languages), and it is a normalized vector of diype dimensions.
The signature vector specifies to the type matching mechanism (see below) what inputs
are to be routed to f,,. We refer to ¢, as the code vector of f,, as it instructs an interpreter
module (shared between functions, see below) how to process the inputs to f;,.

Role: Functions are vector-valued instructions to other components in the script. They
implement the computational units that can be reused in the computational graph.

Type matching and inference. The type matching mechanism ( Figure 4.2) enables
the learned routing of set elements through functions, and it proceeds in three steps. First,
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Figure 4.2: Illustration of the type matching mechanism. Functions only access set ele-
ments whose types lie in the vicinity of their signatures.

given a set element x;, it is processed by an MLP module that outputs its type vector t,.
This module is called the type inference module, and the resulting type vector is an
element of the same topological space as function signatures, i.e., a diype-dimensional
hypersphere 7.

Next, given a function f;, and its signature vector s, € T, the compatibility C,; be-
tween the function f;, and a set element x; is determined by the cosine similarity between
sy and t; in 7 (larger = more compatible). Finally, if this compatibility is larger than a
threshold (7), f, is permitted access to x;. Formally, let {x;}; be a set of intermediate rep-
resentation vectors (indexed by 7). With a learnable parameter o and a hyper-parameter
T, we have:

t; = Typelnference(x;) € T dr(sy,ti) = (1—s,-t;) 4.2)

Cui ~ d t;
= —" _ where C, =exp [—M} if dr(sy,t) > 1, else 0. (4.3)
8+Zucui o

Cm'

7 is called the truncation parameter of the kernel and € is a small scalar for numerical
stability. The compatibility matrix C,; € [0, 1] will serve as a modulation mask (Rahaman
et al., 2020) for the self-attention mechanism in the interpreter (see below).

Role: The type matching mechanism is responsible for routing information through func-
tions. The truncation parameter controls the amount of sparsity in routing.
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ModLin layers and ModMLP. The components described below make use of linear
layers conditioned by some code ¢. Consider a linear layer with weight matrix W €
Réu % R%n and a bias vector b € R%u. Let x € R% denote the input vector to the layer,
and ¢ € R%ond 3 condition vector, and W, € R%n x Réond. 3 Jearnable matrix. The output
y € Réu s given as:

y = ModLin(x;¢) = W(x ® LayerNorm(W,c)) +b 4.4)

where ® denotes element-wise product and we call the resulting layer a modulated lin-
ear layer, or a ModLin layer (Anokhin ez al., 2020). Further, one may stack (say) L such
ModLin layers (sharing the same condition or code vector ¢) interspersed with an activa-
tion function (we use GELUs (Hendrycks and Gimpel, 2020)) to obtain a ModMLP:

y = ModMLP(x;¢) = (ModLin (- ;¢) o Activationo...oModLin; (-;¢))(x)  (4.5)

Role: ModLin layers and the ModMLP can be interpreted as programmable neural mod-
ules, where the program is specified by the condition or code vector c.

ModAttn. ModAttn is a conditional variant of the kernel modulated dot product at-
tention (KMDPA) (Rahaman et al., 2020), where the key, query and value vectors are
obtained from ModLin layers conditioned by a vector. In our case, this vector is the
code vector ¢, of function f,, and the corresponding key, query and value vectors are
computed as follows (with {x;}; as input and 4 indexing attention heads):

Kni = ModLinﬁey (xi,¢4) Quii = ModLinguery(xi, cy) Vuni = ModLin" | _(x;,¢,)
(4.6)

Note that further below (e.g., in Equation (4.10)), we will encounter x,,;, where the extra
u in the subscript denotes that the set element at index i is specific to the function u; in
this case, X; is substituted with x,,; in Equation (4.6).

Next, given the keys, queries and the function-variable compatibility matrix C,;, the

modulated self-attention weights W,;; are given by:
Ko
softmax <w)] 4.7

key

uhij T _

Wihij C

Wunij = ——=— where  W;; = CiCy
€+ Wonij

Here, the quantity W,;;; denotes the attention weights in function f, between elements x;
and x; at head & and the softmax operation normalizes along j; intuitively, information
about x; and x; is mixed by f, at head A only if W,;;; # 0. Now, on the one hand,
this can be the case only if both C,; and C,; are non-zero, i.e., f, is granted access to
both variables x; and x; by the typing mechanism. But on the other hand, f, does not
necessarily mix x; and x; even if both C,; and C,; are non-zero, for the self-attention
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weights (square brackets) may still be close to zero depending on the context (i.e., the
content of x; and x;). Next, the values are linearly mixed using the computed attention
weights, which is then processed by a final ModLin layer to yield the output y,;:

Yui = ModLin(§,i.n;¢0)  Where  §uni = X WonijVun; (4.8)

Here, ¥,;., means the head-axis is folded into channels.

Role: ModAttn enables interaction between the elements of its input set in multiple par-
allel streams, one for each function. The query, key, value, and output projectors of each
stream are conditioned on the corresponding code vectors, and the interaction between
elements in each stream is weighted by their compatibility with the said function.

Line of code (LOC). An LOC layer is a ModAttn layer followed by a ModMLP layer
( Figure 4.1, rightmost), where both layers share the same condition vector ¢,, and there
are weighted residual connections between the layers. Assuming inputs {X;},; to the
LOC, we have:

a,; = ModAttn({LayerNorm(x,;) } j;€x, {Cy;} ;) a,; = Xy +Cily 4.9)

b,; = ModMLP(LayerNorm(a,;);c,) Y,i = ayi + Cuibyi (4.10)

This parameterization ensures that y,; = x,; if C;; = 0. In words, if a function (f,)

is not granted access to a variable (x;) by the typing mechanism, it acts as an identity
function for this variable. Further, note that we allow the input set to be indexed only by
i; in this case, we assume X,,; — X; for all u.
Role: A LOC can be thought of as multiple instances of a layer in the original transformer
architecture (comprising a self-attention and a MLP module with residual connections),
applied in parallel streams, one per function. Computations therein are conditioned on
the respective code and signature vectors.

Interpreter. The interpreter layer is a stack of n; LOCs sharing the same function codes
¢, and function-variable compatibilities C,;. Assuming the input to the interpreter is a
set {x;};, we have:

Yi=Xi+Y,Cui (LOCn[ o (l’ll times)... OLOC1)({XJ'}J';CM, {Cuj}j) 4.11)

More specifically, the interpreter broadcasts a given set element to multiple parallel com-
putational streams, one for each function. After the streams have processed their copy of
the input element, the results are aggregated by a weighted sum over the streams, where
the weights correspond to the compatibility of the input element with the respective func-
tion. Equation (4.11) can be justified by making two observations. First, if a variable x;
is not matched with any function by the typing mechanism, it is left unmodified by the
interpreter; i.e., if C,; = 0 for all u, then y; = x;. This allows signals to be propagated
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through the interpreter without interference from existing functions, if so determined by
the type inference module. Second, the additive aggregation over the function index u
implies that the overall parameterization of Neural Interpreters does not depend on the
number of functions. This allows one to add a new function f, simply by including its
signature and code (s,,c,) as learnable parameters and finetuning these on (say) a new
problem.

Role: The interpreter serves as a general-purpose instruction executor (one that is shared
between functions). Given a set of inputs and an instruction (here, the function code), it
executes said instruction to compute the output.

Function iterations in script. Having expressed the overall model as a stack of multi-
ple scripts, we are now equipped to describe the computational graph of a single script.
A script can be expressed as a recurrent application of the type matching mechanism and
the interpreter, where we refer to the composition of the latter two as a Function Iteration
(Fnlter):

{yi}i = Fnlter({x;} ;) = Interpreter({x;}, {€u}u, {Cuj}u.;) (4.12)
where C,;; = TypeMatching(s,,X;) (4.13)

Here, the TypeMatching component encapsulates both type inference and kernel match-
ing, as detailed in Equation (4.3).
A script (cf. Equation (4.1)) can now be expressed as a recurrent application of Fnlter:

{y;j}; = (Fnltero... o (n; times) o ... o Fnlter) ({x;};) (4.14)

Role: Inside a script, function iterations enable sharing of computational units in depth.
Increasing the number of function iterations can increase depth without increasing the
number of parameters.

Preventing function signatures and variable types from collapsing on each other.
One might obtain a scenario where the signatures of all functions and the types of all
possible set elements collapse to a single point in type-space. This causes all set elements
to be routed to all functions, thereby undermining the inductive bias of modularity. One
effective way of preventing this degeneracy is to keep the function signatures fixed at ini-
tialization (i.e. a high-entropy distribution). This effectively encourages the (learnable)
type-inference module to produce diverse types, in order to use all available functions.
In summary, we observe that any input element x; may trace a large number of com-
putational paths as it progresses through the model, where a computational path is a
partially ordered set (poset) of functions (refer to Figure 4.6 for a visualization of such
computational paths). In particular, owing to the fact that we recurrently apply function
iterations in scripts, this poset may contain repeated functions, enabling weight sharing
in depth. Further, the use of an interpreter that is shared between functions but explicitly
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conditioned (or programmed) by their code vector allows us to remain independent of
the number of functions and retain the ability to add more functions after the model has
been trained. Future work may investigate manipulating the code vectors themselves,
thereby enabling higher-order functions (i.e., functions that manipulate other functions).

4.4 Experiments

In this section, we empirically evaluate Neural Interpreters in a variety of problem set-
tings. The questions we seek to answer are the following. (a) Can Neural Interpreters
learn reusable computational units, given a number of training tasks that can in princi-
ple be solved with a fixed set of primitives? (Section 4.4.1) (b) Do Neural Interpreters
modularize information in a way that helps fast adaptation (Bengio et al., 2019)? (Sec-
tion 4.4.2) (c) Can Neural Interpreters gracefully handle a larger number of functions
(computational units) than they were trained with? (Section 4.4.2) (d) Do the induc-
tive biases help with systematic generalization required in abstract reasoning problems?
(Section 4.4.3).

4.4.1 Learning fuzzy boolean expressions

In this section, we construct a toy problem to investigate whether neural interpreters can
learn reusable functions when trained on a large number of tasks that share the same
underlying building blocks.

Task definition. Consider a set of N scalars {xj,...,xy}, where x; € [0,1] is a real
number between 0 and 1 (inclusive). We now define the following operations on the
elements of this set:

and(x;,xj) = xx;; not(x) =% =1—x; or(x,x;) =x®x; =X%X; (4.15)

Note that the above operations map from [0, 1]? to [0, 1]; if x;,x; € {0, 1}, they reduce to
their Boolean namesakes. By combining these primitives, it is possible to construct and
sample from a family of 22V fuzzy Boolean functions mapping from [0, 1]V to [0, 1] as
shown in Figure 4.3. See more details on the dataset construction in Appendix C.1.

The problem is now set-up as follows. We sample 30 random fuzzy Boolean functions
of N =5 variables, {£;}3°, where f; : [0,1]° — [0, 1], of which we use 20 for the pre-
training phase and reserve 10 for the later adaptation phase. For each function, we sample
163840 points from a uniform distribution over [0, 1]°, of which we use 80% for training,
and the remaining for validation. This yields two multi-task regression datasets, one
for pre-training and the other for adaptation. A sample from the pre-training dataset
comprises a 5D input vector x € [0, 1]° and the scalar regression targets fi(X), ..., f20(X).
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Figure 4.3: Visualization of fuzzy relaxations of binary operations mapping a € [0, 1] and
b € ]0,1] to a value in [0, 1]. From left to right: and, or, xor and xnor.

Method. We pre-train a Neural Interpreter to regress all 20 functions simultaneously.
To do this, we feed it a set of 25 elements as input: the first 5 are the components of x
(with learnable positional embeddings (Radford et al., 2019) added in) and the remain-
ing 20 are learned CLS tokens (vectors), one for each function. We attach a (shared)
regression head to the output elements corresponding to the CLS tokens, and train their
outputs to regress the respective function. Having pre-trained the model for 20 epochs,
we finetune it for an additional 3 epochs on the 10 reserved functions { f21, ..., f30}. For
the latter, we always instantiate and train 10 new CLS tokens, corresponding to the new
functions; however, we investigate three settings in which three different sets of param-
eters remain frozen. In the first setting, all parameters remain frozen, implying that the
CLS tokens are the only trainable parameters. In the second setting, we unfreeze the
parameters of the type matching mechanism (function signatures and parameters of the
type inference MLP, in addition the CLS tokens). In the third setting, we unfreeze all
parameters and finetune the entire model. Additional details in Appendix C.1.

Hypothesis. By finetuning just the type-matching parameters, we only permit adapta-
tion in how information is routed through the network. In other words, we only allow
the computational units to rewire themselves in order to adapt to the new task at hand,
while preserving their functionality. Now if the computational primitives that are learned
during pre-training are recomposable, one would expect the performance of Neural In-
terpreters having finetuned just the type-matching parameters to approach that obtained
by finetuning all the parameters, the latter including ones that determine the functionality
of the computational primitives.

Results. Section 4.4.1 compares the coefficients of determination! (R?) obtained in
each of the investigated finetuning settings. We find that relative to finetuning just the
CLS tokens, the performance difference between finetuning all parameters and just the

R? = 1 implies perfect fit; a model that regresses to the mean has R*> = 0.
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Parameter Set R?
All Parameters (Pretraining) ‘ 0.9983 +0.0005
Finetuning CLS Tokens 0.9202£0.0198
+ Type Inference Parameters | 0.9857 +0.0034
+ Remaining Parameters 0.9953+£0.0013

Table 4.1: Mean Coefficient of Determination (R?) and StdDev over 10 tasks after train-
ing various sets of parameters. Gist: By just allowing the functions to rewire themselves
by training only the type-matching parameters, one approaches the performance of tun-
ing all remaining parameters, including those of the functions themselves. This suggests
that the functions have learned recomposable primitives.

type matching parameters is small. This is in line with expectation, suggesting that Neu-
ral Interpreters are indeed capable of learning recomposable computational primitives.

4.4.2 Multi-task image classification

In this section, we evaluate Neural Interpreters in a multi-task image classification set-
ting. Our goals are (a) to determine whether the inductive bias helps with fast adaptation,
(b) to investigate whether the interpreter can indeed function as a general instruction ex-
ecutor, as intuited in Section 4.3, and (c) to demonstrate that the proposed architecture
produces modules that can function autonomously (without additional training objectives
that encourage this behaviour). Additional results in Appendix C.2 analyze the effects of
varying hyper-parameters.

Task definition. We consider three related datasets sharing the same label semantics,
namely SVHN (Netzer et al., 2011), MNISTM (Ganin et al., 2016) and MNIST (LeCun
et al., 2010). The images therein are upsampled to shape 32 x 32 (if required), and the
resulting image is augmented with RandAugment (Cubuk ez al., 2019). Subsequently,
the augmented images are split (Cordonnier ef al., 2019) to 64 patches of shape 4 x 4.
The combined training set has 193257 samples, whereas the validation set has 46032
samples. In addition, we also use unaugmented samples from the K-MNIST dataset
(Clanuwat et al., 2018) of Hiragana characters to probe fast-adaptation to new data.

Method. We train Neural Interpreters for 100 epochs on the combined digits dataset
described above. The input set contains 67 vector valued elements — the first 64 corre-
sponding to linear embeddings of the 4 x 4 patches, and the remaining 3 to learnable CLS
tokens (vectors), one for each dataset. For each CLS token, a linear classification head
is attached to the corresponding output; given an input sample from a certain dataset, the
respective classification head is trained to predict the correct class.
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Figure 4.4: Figure 4.4a: Performance of Neural Interpreters (NI) compared to that of a
Vision Transformer (ViT) that performs equally well on the validation set (y-axis), plot-
ted against the number of training samples presented (x-axis). We see Neural Interpreters
can adapt faster in the low-data regime. Figure 4.4b: Validation performance (y-axis) of
a Neural Interpreter trained with 5 functions but finetuned with various number of func-
tions (x-axis). We see that performance increases with increasing functions, showing that
the model does not overfit to the number of functions it was trained with.

We chose to share the parameters in the classification heads and the CLS tokens, since
the alternative did not yield a significant difference in performance. To inject position
information into the model, we use a variant of the relative positional encoding scheme
described in (Cordonnier et al., 2019), but applied only to the first 64 input elements (cor-
responding to the image patches). Having pre-trained on the digits dataset, we finetune
the model on K-MNIST with varying numbers of samples for 10 epochs. For additional
details, please refer to Appendix C.2.

Baseline. Vision Transformers (ViT) (Cordonnier et al., 2019; Dosovitskiy et al., 2020)
make the natural baseline for Neural Interpreters, given the fact that the former is a spe-
cial case of the latter. The set-up with CLS tokens and classification heads is identical
to that of Neural Interpreters, as is the training protocol. We use a light-weight 8-layer
deep model with approximately 1.8M parameters, but ensure that the considered Neural
Interpreter model is even lighter, with roughly 0.6M parameters. We train it under iden-
tical conditions as Neural Interpreters, and use the hyper-parameter configuration of the
DeiT-Tiny model (Touvron et al., 2021b), and ensure that the Neural Interpreter models
we experiment with have yet fewer parameters.

Hypotheses. (1) It has been suggested that a model that appropriately modularizes the
learning problem should excel at fast-adaptation to a new but related data distribution
(Bengio et al., 2019). If Neural Interpreters obtain a useful modularization of the prob-
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Figure 4.5: Figure 4.5a: Accuracy on the digits dataset as a function of the number of
dropped functions. We find that the performance degrades gracefully as functions are
dropped, suggesting that learned functions are autonomous, i.e. they can operate in the
absence of other functions. Figure 4.5b Performance on K-MNIST after adaptation. In
one case (orange), functions pretrained from the digits dataset are kept intact. In another
case (blue), function codes and signatures are randomly sampled before adaptation. We
find that the former performs better. Gist: Knowledge acquired during pretraining is
indeed reused during adaptation. This is apparent when comparing with a baseline where
this knowledge is destroyed, leading to decreased performance after adaptation.

lem, we should expect it to be able to adapt faster to the K-MNIST dataset than a non-
modular baseline like the ViT. This is because some of the visual primitives present in
the digit datasets (e.g., motifs, strokes or shapes) might reoccur in the K-MNIST dataset,
which Neural Interpreters should be able to leverage. (2) Recall that in Section 4.3,
we positioned the interpreter as a general purpose instruction executor, capable of being
programmed by a code vector. If this is indeed the case, and if the interpreter does not
overfit to the functions it was trained with, we should expect the capacity (and there-
fore performance) to increase as we add and train new functions (i.e., tuples of code and
signatures), while keeping all other parameters fixed. (3) If functions (modules) are in-
deed autonomous, we should expect that as some of them are removed at test time, the
others are still able to maintain performance. Consequently, the accuracy of the Neural
Interpreter (trained with all functions) should only degrade gracefully as functions are
(randomly) removed at test time.

Results.  Figure 4.4a compares the fast-adaptation performance of a Vision Trans-
former to that of a Neural Interpreter. While both models achieve almost identical perfor-
mance on the validation set for all datasets (the difference being less than 0.2% in favor
of Vision Transformers), we find that Neural Interpreters significantly outperform Vision
Transformers at fast-adaptation in the low-data regime, and the performance gap is only
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Figure 4.6: Visualization of computational paths taken by input set elements correspond-
ing to three different samples as they progress through a Neural Interpreter. Colored dots
identify functions (same color implies shared parameters), and the weight of the lines
denote their compatibility with set elements. Gist: There are variations (but also sim-
ilarities) between samples in how their constituent set elements are routed through the
network.
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Figure 4.7: t-SNE embeddings of the inferred types of set elements as they progress
through a Neural Interpreter with two scripts with two function iterations each. The color
identifies the closest function in type space, and the progression from left to right is over
the function iterations. Gist: Types are more clustered in the later function iterations,
suggesting that the input set elements gradually develop a type as they progress through
the network.

gradually closed as more data becomes available. This observation supports hypothesis
(1). Further, in Figure 4.5b, we establish a baseline where the functions pretrained on
the digits dataset are destroyed prior to adaptation. We find that keeping the functions
acquired from pretraining intact leads to significantly improved adaptation performance,
suggesting that knowledge acquired during pretraining is indeed being reused during
adaptation. This lends further support to hypothesis (1).

Figure 4.4b shows the validation performance of a Neural Interpreter that was pre-
trained with 5 functions on the digits dataset, but tested on the K-MNIST dataset with
varying numbers of functions, having finetuned just the function signatures and codes.
We find that the performance improves as new functions are added at adaptation-time,
supporting hypothesis (2). Figure 4.5a shows the effect of randomly removing func-
tions on the model accuracy. We observe that the performance on all datasets degrades
gracefully as more functions are removed, thereby supporting hypothesis (3).
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In addition, Figure 4.6 visualizes the computational path taken by input set elements
as they progress through the network, verifying that there is diversity in how samples
are routed through the network, and shows that the routing mechanism discriminates be-
tween samples. Figure 4.7 shows that the input set elements gradually develop a type as
they progress through the model. Additional figures in Appendix C.2 analyze the effect
of varying the number of scripts, number of function iterations, number of functions,
kernel truncation parameter, dimension of type space 7 and freezing the function codes
/ signatures on the validation performance. The key finding is that, on the one hand, a
wide range of hyper-parameter settings leads to performant models; on the other hand,
there are patterns in what hyper-parameters perform consistently well.

Figure 4.8: Same plot as Figure 4.7, but with routing fixed at initialization. Gist: Inferred
types of set elements exhibit less structure and diversity at initialization, especially at
later function iterations. This suggests that the learning process indeed induces non-
trivial patterns in how information is routed through the network.

Diversity in routing mechanism We further investigate whether the learned routing
in neural interpreters is meaningfully diverse i.e. whether certain samples get routed
through certain functions? To answer it, we visualize the t-SNE embeddings of the vari-
able types in Figure 4.7. The color-codes represent the close affinities between variables
and certain functions in type space. We compare it against the case where the routing is
fixed at initialization Figure 4.8. It can be seen that in the randomly initialized routing the
type-function assignments (given by the colors assigned to a dot) exhibit less structure
and diversity, especially at the later function iterations. This suggests that the learning
process in neural interpreters indeed induces non-trivial patterns in how information is
routed between modules.

4.4.3 Abstract reasoning

In this section, our goal is to (a) use visual abstract reasoning tasks to evaluate whether
Neural Interpreters are capable of systematic (compositional) generalization, and (b)
characterize how Neural Interpreters maintain performance when the amount of com-
pute is reduced at test time.
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Task definition. Progressively Generated Matrices
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predict which of the candidate images is the most ap-
propriate choice to complete the matrix. The content
of the panels in a matrix are related by one or more
triples, where a triple comprises a logical rule (€ pro-
gression, XOR, OR, AND, consistent union) applied
to an attribute (€ size, type, color, position, number)
of an object of a type (€ shapes, lines). There are 8
datasets in the series, of which 7 measure systematic
generalization in different ways, i.e., the test datasets contain samples where the panels
are related in ways that are not encountered during training. In this work, we consider
6 datasets that probe the compositional reasoning ability of the model, namely: Interpo-
lation, Extrapolation, Held-out (H.O.) triples, H.O. pairs of triples, H.O. Attribute Pairs,
and Neutral. We omit H.O. line-type and H.O. shape-type datasets, since they stress the
convolutional feature extraction instead of compositional reasoning component of the
model. Please refer to Appendix C.3 and (Barrett et al., 2018) for additional details.

Figure 4.9: A PGM task. Top:
Context panels. Bottom: Can-
didate panels. WReN and ViT
predict the wrong answer (yel-
low), whereas NI predicts the
correct one (green).

Method. Each panel (context and choice) is embedded with a shallow convolutional
neural network to obtain an embedding vector. The input to the model is a set of 10 ele-
ments, comprising the embeddings of 8 context panels, that of a single candidate panel,
and a CLS token (learnable vector). The model output corresponding to the CLS token is
fed as input to the prediction head, which is trained to output a score measuring the com-
patibility of the candidate panel to the context panels. The final prediction is obtained
by applying a softmax over the scores of all candidate panels. We note that this set-up
resembles the one proposed in (Barrett ez al., 2018) and refer to Appendix C.3 for details.
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Hypothesis. Recall that the test sets of (all but one) PGM datasets contain samples
where the panels are not related in a way that is encountered during training. A model
that is able to infer and reason about the underlying compositional structures is therefore
more likely to be successful. If the inductive biases do indeed enable Neural Interpreters
to factorize knowledge in to recomposable primitives, we might expect them to be able
to dynamically recombine these primitives in order to generalize to problems it has not
encountered during training and thereby excel at this task.

Results. Table 4.2 tabulates the validation (in-distribution) and test (out-of-distribution)
accuracies obtained by all models for the various considered datasets. We make two ob-
servations: (1) Neural Interpreters are competitive in terms of test accuracy, outperform-
ing both Vision Transformers and the prior state-of-the art in 4 of 6 datasets. (2) Vision
Transformers are competitive in-distribution: they outperform the state of the art (exclud-
ing Neural Interpreters) in 5 of 6 datasets in terms of validation accuracy. However, they
are outperformed in terms of test accuracy by either Neural Interpreters or other baselines
in all datasets. In addition, Figure 4.10 shows how the test-set performance varies with
the number of function iterations, for a model that was trained with a fixed number of
function iterations (8). We note that the number of function iterations is proportional to
the amount of computation used by the model. In all cases, the model maintains at least
70% of its original performance while using only half the amount of compute; in most
cases, at least 80% of the original performance is maintained. This suggests that Neural
Interpreters can function as anytime predictors (Zilberstein, 1996), which are models that
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can trade-off performance with compute. This also suggests that the inductive bias of re-
current computation (as implemented in Equation (4.14)) indeed manifests as a useful
property of the model, as in NIs can function as an anytime predictor.

Regime Neutral Interp.  Attribute P.  Triple P. Triples Extra.
Model | Val. Test | Val. Test | Val. Test | Val. Test | Val. Test | Val. Test

WReN [63.0 62.679.0 64.4(46.7 27.2 |63.9 419|634 19.0/69.3 17.2
V-WReN | 64.8 642 | - - 1701 368 646 43.6/595 24.6| - -
MXGNet | 67.1 66.7 |74.2 65.4|68.3 33.6 [67.1 43.3|63.7 19.9|69.1 18.9

ViT 73.3 72.7189.9 67.769.4 34.1 |67.6 44.1|73.8 159/92.2 164

NI (ours) | 77.3 77.0 |87.9 70.5|69.5 36.6 | 68.6 45.2|79.9 20.0|91.8 19.4

Table 4.2: Performance (prediction accuracy) of all models on different generalization
regimes of PGM datasets. Note that the Val. performance measures in-distribution gen-
eralization, and the 7est performance measures out-of-distribution generalization on the
corresponding datasets (except for Neutral). Here, V-WReN refers to VAE-WReN, Extra.
refers to Extrapolation, Interp. to Interpolation, Attribute P. to Attribute Pairs and Triple
P. to Triple Pairs.

4.5 Configuring Neural Interpreters

Neural Interpeters introduce a number of components that are not present in Vision
Transformers, and accordingly, it introduces additional hyperparameters. While we
found a large range of hyperparameters can work well in practice, there are patterns
that warrant discussion. In this section, we provide a detailed discussion of these hy-
perparameters, and how these are set in this work. We also remark that there might be
other hyperparameter settings that work well for different settings, and the insights in
this section should merely function as a guide.

Partitioning depth between LOCs, Function iterations and Script
There are three distinct ways of increasing the depth of Neural Interpreters.

1. Increasing the number of Function iterations. Increasing n;, the number of
function iterations, is a natural way of increasing the depth of Neural Interpreters
without increasing the number of parameters. Large n; encourages the recursive
and iterative reuse of computation (Dehghani ez al., 2019), but might result in a
scarcity of parameters.

2. Increasing the number of Scripts. Increasing ng, the number of scripts, is a way
of increasing the depth of Neural Interpreters while increasing the number of pa-
rameters. Larger ng tends to result in models that are easier to train, potentially due
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to a larger number of good solutions in the parameter space (Choromanska et al.,
2015) (owing to the larger number of parameters). However, if n; is increased at
the price of decreasing n;, one might forego some inductive bias towards iterative
reuse of computation.

3. Increasing the number of LOCs. Increasing n;, the number of LOCs, also in-
creases the depth while increasing the number of parameters. However, unlike
increasing ng, increasing n; results in a deeper block of layers being recursively
applied. Increasing n; might come at the price of decreasing n;, in which case
some recursive inductive bias is foregone; or it might come at the price of decreas-
ing ng, which might result in models that are less consistent.

Recommendation. If training is less stable or in-distribution performance is impor-
tant, one should consider increasing the number of scripts ng. If the training is stable
but out-of-distribution generalization or fast-adaptation performance is important for the
application, one should consider increasing the number of function iterations n;. If there
is additional budget for hyper-parameter search, one could consider tuning the number
of LOCs (starting with n; € {1,2}).

Increasing the number of Functions

Increasing ny, the number of functions, is a parameter efficient way of increasing the
width of the network in a model-parallelizable way. This is especially apparent from Equa-
tion (4.10), where the index over functions (#) can be effectively folded in to the batch-
axis. Further, we found benefits in increasing the number of functions (also in terms
of in-distribution performance), suggesting that the distribution of parameters between
interpreter and the codes (as described in Equation (4.4)) is scalable.

Recommendation. The number of functions can be safely increased to match available
resource capacity.

Kernel truncation parameter and dimension of type space

These hyperparameters (inherited from (Rahaman et al., 2020)) have to do with routing
of information through the network. The truncation parameter T € [0,2) controls the
hardness of the routing — if 7 is small, functions are only granted access to set elements
whose types lie in the immediate vicinity of their signatures. For larger 7, functions
may be granted access to set elements whose types are less similar to their signatures in
type-space, albeit the said elements are down-weighted by the kernel. The type space
dimension diype controls the amount of flexibility afforded to the routing mechanism.
Intuitively, larger diype implies that there are more ways to how the signature and type
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vectors can be positioned in the type space T (a hypersphere of dimension dyyp.) relative
to each other.

Recommendation. These hyperparameters may vary with the problem at hand. If spar-
sity is desired, one should consider lower values for 7. If training is less stable, larger
values of 7 might mitigate the issue. We find 7 € [1.2,1.7] to be a reasonable range for
hyperparameter sweeps. As for diype, we find all values between 20 and 50 to work well
1n our experiments.

Learning Function signatures and code

When pre-training the model, one decision that must be made is whether or not the
function signatures and codes should be trained. Note that freezing these parameters at
the pre-training stage does not necessarily constrain the model in a significant way —
if the function signatures are fixed, the type-inference MLP can adapt (Equation (4.3));
likewise, if function codes are frozen, the weight matrices W, ( Equation (4.10)) can
adapt. Note that this applies in the pre-training phase, where the type inference MLP and
the interpreter parameters are allowed to adapt.

Recommendation. While we did not find a large difference, runs with frozen function
codes were slightly less consistent than the ones with learned function codes. At the
same time, runs with frozen function signatures tended to perform at least as well as the
ones that learned function signatures, if not slightly better.>

Choice of an optimizer and scheduler

Like for most self-attention based models (including the transformer (Vaswani et al.,
2017)), the choice of an optimizer and learning rate schedule plays an important role.
A common practice is to use Adam with a linear learning rate warm-up and cosine an-
nealing (once per optimization step). However, learning rate warm-up is known to be
a heuristic to control the variance of Adam learning rate in the early stages of training,
a problem that Rectified Adam (Liu et al., 2019) (RAdam) solves in a more principled
way while eliminating a sensitive hyperparameter (the number of warm-up steps). Fur-
ther, for certain adaptation tasks where the loss-landscape can potentially be challenging,
we found Shampoo (Gupta et al., 2018) to work particularly well.

Recommendation. For pre-training Neural Interpreters, we can recommend the RAdam
optimizer with a cosine annealing schedule (without warm-up). We anneal the learning
rate by roughly two orders of magnitude over 80-90% of the training steps, and keep the

2This is less surprising in light of the fact that the type-inference MLP has a larger number of parameters
that can be adapted during training.
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learning rate at the minimum for the remainder of the steps. While we found RAdam
to also work well for most finetuning experiments, Shampoo (Gupta et al., 2018) with
appropriately tuned learning rate can serve as a reasonable alternative in the event that
RAdam does not perform as expected.

4.6 Conclusion

We have presented Neural Interpreters, a self-attention based architecture capable of
learning a system of recomposable computational primitives. Neural Interpreters relax
the rigidity in how computation is reused in current neural architectures, and our ex-
periments show that the modular inductive biases it incorporates facilitate systematic
generalization and sample-efficient adaptation to new tasks.

There are multiple exciting avenues of future research. One line of work could lever-
age the capacity extension capability of Neural Interpreters in a continual learning set-
ting, thereby enabling continuous integration of knowledge in a neural model. An-
other promising direction entails using Neural Interpreters as a backbone for learning
world models, where systematic generalization and out-of-distribution robustness are of
paramount importance.
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Chapter 5

Learning Transferable
Meta-Representations of Functions

“Learning is a treasure that will follow its owner everywhere.”

— Chinese Proverb

Meta-learning algorithms adapt quickly to new tasks that are drawn from the same task
distribution as the training tasks. The mechanism leading to fast adaptation is the con-
ditioning of a downstream predictive model on the inferred representation of the task’s
underlying data generative process, or function. This meta-representation, which is com-
puted from a few observed examples of the underlying function, is learned jointly with
the predictive model. In this work, we study the implications of this joint training on the
transferability of the meta-representations. Our goal is to learn meta-representations that
are robust to noise in the data and facilitate solving a wide range of downstream tasks
that share the same underlying functions. To this end, we propose a decoupled encoder-
decoder approach to supervised meta-learning, where the encoder is trained with a con-
trastive objective to find a good representation of the underlying function. In particular,
our training scheme is driven by the self-supervision signal indicating whether two sets
of examples stem from the same function. Our experiments on a number of synthetic and
real-world datasets show that the representations we obtain outperform strong baselines
in terms of downstream performance and noise robustness, even when these baselines
are trained in an end-to-end manner.

Based on (Gondal et al., 2021). Muhammad Waleed Gondal, Shruti Joshi, Nasim Rahaman, Stefan
Bauer, Manuel Wiithrich, Bernhard Scholkopf. “Function Contrastive Learning of Transferable Meta-
representations.” In: International Conference on Machine Learning ICML), 2021.
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5.1 Introduction

Many supervised learning problems are concerned with approximating a data-generating
function f : X — ) given a finite set of N samples, {x;,y; = f (xl)}fvz |- Expressive mod-
els, such as deep neural networks, are known to excel at this function approximation
task, but they often heavily rely on the number of samples N being large. This poses
further challenges: in many domains of interest, sourcing enough data is a challeng-
ing endeavour; further, the process of training such models can be prohibitively slow
for many applications. This is exacerbated by the fact that in the typical setting, each
new data-generating function encountered requires that the model be retrained. In other
words, the model is not shared between data-generating functions, even when training
a model to approximate one function can potentially be beneficial for approximating
another function.

To overcome these challenges, a variety of meta-learning methods have been proposed
(Vinyals et al., 2016; Snell et al., 2017; Garnelo et al., 2018a; Ravi and Larochelle, 2016;
Finn et al., 2017). In the present work, we are interested in a class of models that use
encoder-decoder architectures such as Conditional Neural Processes (CNPs) (Garnelo
et al., 2018a) and Generative Query Networks (GQNSs) (Eslami et al., 2018). In the first
stage, an encoder is used to infer a fixed-dimensional representation of a given function
f from just a few input-output examples O/ = {(x;,y;)}:, the context dataset. We call
it the meta-representation of the function r = hy(O”), where h is an encoder parame-
terized by ¢. In the second stage, the meta-representation is then used to condition a
predictive model in order to solve a downstream prediction task related to that function.
For instance, the task may consist of predicting the function value y at unseen locations
x or classifying images after observing only a few pixels (in that case, x is the pixel
location and y is the pixel value). This two-stage process has multiple benefits. First,
the extraction of prior knowledge about f directly from the training data, in the form of
meta-representation, reduces the need for specifying inductive biases (model architec-
tures, training details, etc.) particular to f. Thus, it allows learning to be shared between
functions such that a single model can be trained on a distribution over functions. Sec-
ond, the computation of meta-representations is efficient and can be done online. Third,
the computation of meta-representations provides flexibility to solve a variety of down-
stream tasks concerning a specific function.

However, CNPs optimize encoder jointly with the decoder on the downstream pre-
diction task, i.e., prediction of function values y at unseen locations x, as illustrated in

Figure 5.1a. This ties the meta-representation’s quality to the combined encoder and
decoder performances on this particular task and thereby makes it susceptible to supervi-

sion collapse, i.e. the representations lose any information which is irrelevant for solving
the training task, but may be necessary for the transfer to new tasks (Doersch et al.,
2020). Moreover, many real-world tasks are noisy, and the prediction task might entail
reconstructing high dimensional data, such as images in GQNs (Eslami et al., 2018).
The corresponding objective function can cause the model to waste its capacity on re-
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Figure 5.1: Comparison of CNP and FCRL. The difference in the training of CNP
(Garnelo et al., 2018a) and FCRL for learning meta-representations r of functions. Fig-
ure 5.1a: CNP learns the aggregated representation r of the context set by maximizing
the conditional likelihood of the target data. Figure 5.1b: Training of FCRL encoder hy
by contrasting context sets of different functions. Note that the target inputs x4 etc.,
are not used at this stage. Figure 5.1c: Using the pretrained FCRL encoder hy, we train
separate decoders py, for each downstream task, shown in grey boxes. The dotted arrows
indicate the transfer of inferred meta-representations to the tasks.

constructing unimportant features such as static backgrounds and noise, while ignoring
visually small but important details in its learned representation (Anand ez al., 2019; Kipf
et al., 2019). This is crucial for many real-world applications; for instance, in order to
manipulate a small object in a complex scene, the model’s ability to infer the object’s
shape, form and size carries more importance than inferring its color, texture or recon-
structing the static background.

In this work, we study the generalization of a function’s meta-representations in terms
of their transferability to downstream tasks and their robustness to noise. We empiri-
cally show that the joint optimization of meta-representations and a prediction task is
detrimental to the transferability of meta-representations and makes them vulnerable to
noise. To address this issue, we propose a decoupled encoder-decoder training scheme,
wherein the encoder is exclusively trained by a novel contrastive learning framework
which we call FCRL (Function Contrastive Representation Learning). Instead of relying
on reconstructions, it learns by contrasting sets of input-output pairs sampled from dif-
ferent functions. The key idea is that two sets of samples from the same function should
have similar latent representations, while representations of sets of samples from differ-
ent functions should remain easily distinguishable. FCRL retains the useful properties
of meta-representations such as shared learning and sample efficiency while improving
its transferability to downstream tasks and robustness to noise. Unlike contemporary
meta-learning algorithms, meta-representations in FCRL are explicitly optimized over a
distribution of functions rather than tasks.

To evaluate the effectiveness of the proposed method, we conduct comprehensive ex-
periments on diverse downstream problems, including classification, regression, parame-
ter identification, scene understanding, scene reconstruction and reinforcement learning.
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We consider different datasets, ranging from simple 1D and 2D regression to challeng-
ing simulated and real-world scenes. In particular, we find that a downstream predictor
trained with our (pre-trained) encoder compares favorably to related methods on these
tasks, including ones where the predictor is trained jointly with the encoder.

5.2 Related work

Meta-Learning. Supervised meta-learning can be broadly classified into two main cat-
egories. The first category considers the learning algorithm to be an optimizer and meta-
learning is about optimizing that optimizer, for e.g., gradient-based methods (Ravi and
Larochelle, 2016; Finn et al., 2017; Li et al., 2017; Lee et al., 2019) and metric-learning
based methods (Vinyals et al., 2016; Snell et al., 2017; Sung et al., 2018; Allen et al.,
2019; Qiao et al., 2019). The second category is the family of Neural Processes (NP)
(Garnelo et al., 2018a,b; Kim et al., 2019; Eslami et al., 2018) which draw inspirations
from Gaussian Processes (GPs). These methods use data-specific priors in order to adapt
to a new task at test time while using only a simple encoder-decoder architecture. How-
ever, they approximate the distribution over tasks in terms of their predictive distributions
which does not incentivize NP to fully utilize the information in the data-specific priors.
Our method draws inspiration from this simple, yet elegant framework. However, our
proposed method extracts the maximum information from the context which is shown to
be useful for solving not just one task, but multiple downstream tasks.

Self-Supervised learning. Self-supervised learning methods aim to learn the meaning-
ful representations of the data by performing some pretext learning tasks (Zhang et al.,
2017; Doersch et al., 2015). These methods have recently received huge attention (Oord
et al., 2018; Tian et al., 2019; Hjelm et al., 2018; Bachman et al., 2019; Chen et al.,
2020; He et al., 2019) mainly owing their success to noise contrastive learning objec-
tives (Gutmann and Hyvérinen, 2010). At the same time, different explanations have
recently come out to explain the success of such methods for e.g., from both empirical
perspective (Tian et al., 2020; Tschannen et al., 2019) and theoretical perspective (Wang
and Isola, 2020; Arora et al., 2019). The goal of these methods has mostly been to extract
useful, low-dimensional representation of the data while using downstream performance
as a proxy to evaluate the quality of the representation. For example, CPC (Oord et al.,
2018) proposes an auto-regressive model to obtain a representation of a sample at time
t that is then matched with that at time ¢ 4 k, making it specialized for sequence-valued
inputs. On the other hand, (Tian et al., 2019; Chen et al., 2020; He et al., 2019) match the
representation of a sample with the representation of its randomly augmented view. In
this work, we take inspiration from these methods and propose a self-supervised learning
method which meta-learn the representation of the functions. However, instead of requir-
ing randomly augmented views or sequential ordered data points, our self-supervised loss
uses partially observed, unordered views, sampled from the underlying functions.
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In a similar spirit of enriching NPs (Garnelo et al., 2018b) with better approximation
capability, (Ton et al., 2019) proposed to replace the conditional expectations E(y|x) in
NPs with more expressive conditional densities p(y|x) estimated via NCE (Gutmann and
Hyvérinen, 2010). In contrast to FCRL, it directly estimates the conditional distribu-
tion p(y|x) and uses a binary classifier for NCE. However, this estimation is done in a
small data regime where the standard conditional density estimation does not work well.
Therefore, their method is practically limited to low dimensional problems. Recently,
(Zhang et al., 2020; Srinivas et al., 2020) has shown the benefits of using self-supervised
representations, learned without reconstruction, for reinforcement learning tasks. In this
work, we explore the utility of such representations for the reinforcement learning tasks
defined on scenes (functions).

5.3 Preliminaries

5.3.1 Problem setting

Consider a distribution over data-generating functions p(f). Let f be a sample from this
distribution f ~ p(f), where f : X — Y with X =R and ) C R?":

y=fx8); E~2 (5.1

where & is sampled from some noise distribution Z. Let O/ = {(x;,y;)}_, be a set of
few observed examples of a function f, referred to as the context set, and consider a set
of downstream tasks 7. Here, each task 7' € 7 can be defined as a mapping defined over
f. In the case of few shot regression (see Section 5.5.1), T maps from f to a predictive
model py (y|x). In the case of parameter identification, 7 maps from f to some scalar or
vector valued parameter of f.

Our goal is therefore to learn an encoder which maps a context set O/ to a represen-
tation of f that can interchangeably be used for multiple downstream tasks 7 defined on
the same function (without requiring retraining).

5.3.2 Background

In this section, we briefly discuss a class of meta-learning methods that are particularly
relevant to our encoder-decoder setting, namely conditional neural processes (CNPs) and
generative query networks (GQNs) (Garnelo et al., 2018a,b; Eslami et al., 2018).

Conditional Neural Processes (CNPs). The key proposal in CNPs (applied to few-
shot learning) is to express a distribution over predictor functions given a context set.
They learn the meta-representations r by jointly training the encoder and decoder, as
illustrated in Figure 5.1a. To this end, they first encode the context O/ into individual
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representations r; = ha(x;, y;) Vi € [N], where hg is a neural network. The representations
are then aggregated via a mean-pooling operation into a fixed size vector r = 1/N(r; +
rp+ ...+ ry). The idea is that r captures all the relevant information about f from the
context set O/; accordingly, the predictive distribution is approximated by maximizing
the conditional likelihood of the target distribution p(y|x, 0/), where y = f(x).

Generative Query Networks (GQN). GON (Eslami et al., 2018) can be seen as an
extension of NPs (Garnelo et al., 2018b) for learning 3D scenes representations. The
context dataset O/ in GQN consists of tuples of camera viewpoints in 3D space (X)
and the images taken from those viewpoints ()). Like NPs, GQNs learn to infer the
latent representation of the scene (regarded as a function here) by conditioning on the
aggregated context and maximizing the likelihood of generating the correct image corre-
sponding to a queried viewpoint.

5.4 Function-Contrastive Representation Learning
(FCRL)

We take the perspective here that the sets of context points O/ provide a partial obser-
vation of an underlying function f. Our goal is to find an encoder g4 o) Which maps
such partial observations to low-dimensional representations of the underlying function.
The key idea is that a good encoder gy ) should map different context sets (i.e. par-
tial observations) of the same function to be close in the latent space, such that they
can easily be identified among context sets of different functions. This motivates the
contrastive-learning objective which we will detail in the following.

Encoder structure. Since the inputs to the encoder g4 ¢) are sets, it needs to be per-
mutation invariant with respect to input order and able to process inputs of varying sizes.
We enforce this permutation invariance in g4 ) via sum-decomposition, proposed by
(Zaheer et al., 2017). We first average-pool the point-wise transformations of 0/ to get
the encoded representations

= ) he(xy) (5.2)

where hg(+) is the encoder network. We then obtain a nonlinear projection of this en-
coded representation gy o) (07) = py (r7). Note that the function p, can be any nonlin-
ear function. We use an MLP with one hidden layer which also acts as the projection
head for learning the representation. Similar to (Chen et al., 2020), we found that it is
beneficial to define the contrastive objective on these projected representations Py (rh),
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Figure 5.2: Inner-workings of the FCRL objective function. We split the context set
of each function into J disjoint views, and align the aggregated representations of those
views. Shown here is the example of two functions, with two views each i.e., J = 2.
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rather than directly on the encoded representations /. More details can be found in our
ablation study in Section 5.6.

Encoder training. At training time, we are provided with partial observations O'*K
from K functions. Each observation is a set of N i.i.d. (independent and identically dis-
tributed) samples OF = {(xi‘ ,yé‘) f\i - To encourage that different observations of the
same functions are mapped to similar representations, we will now formulate a con-
trastive learning objective, as illustrated in Figure 5.2. To apply contrastive learning, we
create different views of the same function k by splitting each sample set O* into J sub-
sets of size N/J. Defining ¢; := {(j — 1)N/J + 1,..., jN/J }, we obtain a split of O into
J disjoint subsets of equal size:

O =Uj_,0f with O NOf, =0 if i#j (5.3)

where each subset ij is a partial view of the underlying function k. Here, J is a hyper-
parameter and can vary in the range of [2, N] and must divide N, i.e. N mod J = 0.

Its value is empirically chosen based on the data domain: for 1D and 2D regression
problems (Section 5.5.1), the number of examples per view (N /J) is relatively large as
a single context point does not provide much information about the underlying func-
tion; whereas in scenes (Section 5.5.3), a few (or even one) images per view (partial
observation) may provide enough information. We expand on the appropriate choice of
J in our experiments and the respective ablations. For brevity of notation, we define
v’]‘. = 8(¢,0) (ij) We now formulate the contrastive learning objective as follows:

65



Chapter 5 Learning Transferable Meta-Representations of Functions

X exp (sim( Vi, l)/‘c)
5_1;11§i<j§1 e K exp (sim( Vi, l)/’c) oY

where sim(a,b) := m is the cosine similarity measure. Intuitively, the objective func-
tion in Equation ((5.4)) encourages that the similarity measure sim(v? ),v?_)) acts as a

discriminatory function, yielding a large value if vf ) and vt(l.) are representations of sets
of samples drawn from the same function, i.e. if p = g (positives), and a small value
otherwise, i.e. if p # g (negatives). The second summation in Equation ((5.4)) over
1 <i < j<Jisover available pairs of positives, and 7 is a temperature parameter which
scales the scores returned by the similarity measure. Similar to SImCLR (Chen et al.,
2020), we find that temperature adjustment is important for learning good representations
and treat it as a hyperparameter (ablation study in Section 5.6).

We note that the learning objective effectively balances two goals. The first is that of
avoiding overfitting (i.e., regularization). It encourages that any two independent sam-
ples from the same distribution get mapped to similar points. This is akin to the method
of “symmetrization by a ghost sample” which is a standard trick in proving learning the-
ory bounds (Vapnik, 1995). Essentially, if two means on different samples are close,
then they will also be close to their expectation, i.e., they will not overfit to the data. This
is an example of the more general phenomenon of concentration of measure, applicable
not just to means but also to other functions that aggregate samples. For a simple argu-
ment, let E,, denote the expectation w.r.t. drawing the sample O', and g be the mapping
function applied to two independent samples O', O? from the same distribution. Then
we have the following.

2(0") —Epi[g(0")]| = |g(0") —E2[g(0%)]] (5.5)
= |E2[g( ) 2(0%)]] (5.6)
<Eq [|g(0") —g(0%)]] (5.7)

The second equality uses independence of the samples O'! and O, and the last step
uses Jensen’s inequality. This shows that if in expectation the embeddings of two sam-
ples are close (r.h.s.), then each embedding is close to its expectation. In spirit, this is
close also to the idea of regularization by enforcing stability (i.e., weak dependence on
sampling points) (Bousquet and Elisseeff, 2002). The second goal is to preserve con-
trastive information, ensuring that samples from different distributions get mapped to
different points. Both goals are intricately linked in our setting, where the aggregation
function is being learnt, since the second component is necessary to prevent the system
from trivially meeting the first goal by, say, mapping everything to zero.
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Estimating density ratios. The contrastive objective in Equation ((5.4)), in essence,
tries to solve a classification problem i.e. to identify whether the given observation O’
comes from the function f? or not. The supervision signal is provided by taking another
observation O from the same function f! as an anchor (a target label), thus making it
a self-supervised method. This self-supervised, view-classification task, for a function
f%, leads to the estimation of density ratios between the joint distribution of observations

p(0',0?|i) and their product of marginals p(O'|i)p(O?|i). This joint distribution in turn
corresponds to the joint distribution of the input-output pairs of the function p(x,y|i).
This way of learning a function’s distribution is different from the typical regression
objectives, which learn about a given function f! by trying to approximate the predic-
tive distribution p(y|x). By assuming the universal function approximation capability of
8(¢,@)> and the availability of infinitely many functions X~ p(f) with fixed number of
context points N each, the model posterior learned by the optimal classifier correspond-
ing to Equation ((5.4)) would be equal to the true posterior given by Bayes rule.

ff~P(f) VYke{l, . K} (5.8)
OF~ P(O|fY Vke{l,.,K} (5.9)
i~UK) (5.10)
f=r (5.11)
O ~ P(0|f) (5.12)

11{ P(OI:KaoA‘i)p(i)
PUIO™.0) =5 Rk, Ol (s
_ p(0',01i)p(i) [Txzi p(OF|i) p(Oli)
Y, p(07,01/)p(j) Tk, P(O*j)p(0l))
p(0,0li) (i)
p(0:)p(0)

):, o 0(‘3)19(])

(5.13)

The posterior probability for a function £ is proportional to the class-conditional prob-
ability density function p(O',O|i), which shows the probability of observing the pair
(O, O) from function f’. The optimal classifier would then be proportional to the den-
sity ratio given below

p(0',0)
p(0:i)p(0)
Similar analysis has been shown by the (Oord et al., 2018) for showing the mutual in-

formation perspective associated with self-supervised contrastive objective (infoNCE).
The joint distribution over the pair of observations correspond to the distribution of the

exp(simy, o) (0,0Y) o< (5.14)
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underlying function f’. Thus, given some observation of a function, an optimal classifier
would attempt at estimating the true density of the underlying function.

Application to downstream tasks. Once representation learning using FCRL is con-
cluded, he is fixed and can now be used for few-shot downstream prediction tasks 7
defined on the underlying data-generating functions. To solve a particular downstream
task, one may optimize a parametric decoder py(-|r) conditioned on the learned repre-
sentation r. Specifically, the decoder maps the representations learned in the previous
step to the variable of interest in the given task. Depending on the nature of the down-
stream task, the conditional distributions and the associated objectives can be defined in
different ways.

5.5 Experiments

To illustrate the benefits of learning function representations without an explicit decoder,
we consider four different experimental settings. In all experiments that follow, we first
learn the encoder, and then keep it fixed. Subsequently, we optimize decoders for the
specific downstream problems at hand, while keeping the meta-representations from the
encoder detached from the computational graph.

Baselines. We compare the downstream predictive performance of FCRL based rep-
resentations with the representations learned by the closest task-oriented, meta-learning
baselines. For a fair comparison, all the baselines and FCRL have the same encoding
architecture. For instance, for 1D and 2D regression functions, we consider CNPs and
NPs as baselines. We share with these methods an identical way of mapping the context
set to its representation, but unlike us, they optimize directly for the performance of the
decoder p(y|x) jointly with the said representation. For scene datasets, we use GQN (a
variant of NPs) as the baseline, one that explicitly learns to reconstruct scenes using a
limited number of context samples, comprised of pairs of camera viewpoints and their
corresponding images.

5.5.1 1D functions

In the first set of experiments, we consider two different distributions of functions i.e., a
distribution over 1D sinusoidal waves, proposed by (Finn et al., 2017), and a relatively
harder distribution where images are modelled as 2D functions (Garnelo et al., 2018a,b;
Gordon et al., 2020; Kim et al., 2019). The representation learning stage for both datasets
is similar, however the downstream tasks differ.
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Figure 5.3: Results on 5-shot sinusoid regression. Each column corresponds to a dif-
ferent sinusoid function where only 5 context points are given. The predictions of the
decoder trained on FCRL based encoder are closer to the groundtruth.

1D sinusoidal functions. We consider a dataset of 20,000 training, 1000 validation
and 1000 test sinusoidal functions. The amplitude and the phase of the functions are
sampled uniformly from [0.1,0.5] and [0, 7] respectively. For each function f, the x-
coordinates are uniformly sampled from [—5.0,5.0] and then f is applied to obtain the
y-coordinates.

Modeling images as 2D functions. In this setting, each image is regarded as a function
mapping from 2D pixel coordinates (comprising function input x;) to the pixel intensi-
ties at the corresponding pixel coordinate (comprising function output y;). We consider
images of MNIST digits (LeCun et al., 1998), where x; € [0, 1)? are the normalized pixel
coordinates and y; € [0,1] is a grayscale pixel intensity. The training and validation
datasets consists of 60,000 MNIST training and 10,000 test samples, respectively.

Representation learning stage

We first describe the representation learning stage for both datasets, and then provide
results on their respective downstream tasks. For training the encoder g4 ¢), we have a

dataset O = {O* }szl at our disposition, where each k corresponds to a function f; which
has been sampled as described above. Each individual sample OF = {(x¥,y%)}¥ | from
the dataset is itself a set, comprising N input-output pairs from that particular function
fx» 1.€. yi-‘ = fk(xi.‘). For sinusoidal functions, we fix the maximum number of context
points to 20 and the number of examples N is chosen randomly in [2,20] for each k. For
MNIST digits as 2D functions, we allow a maximum of 200 samples per context set,

and N is sampled randomly from [2,200] for each k. The encoder 8(¢.®) s then trained
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| Few-shot Regression (FSR)
Models | 5-shot 20-shot

NP 0.310+£0.05 0.218£0.02
CNP 0.265+0.03  0.149+£0.02
FCRL |0.172+£0.04 0.100£0.02

Table 5.1: Mean squared error (MSE) for all the target points in 5 and 20 shot regression
on test sinusoid functions. The reported values are the mean and standard deviation of
three independent runs. FCRL performs slightly better than CNP and NP on both tasks.

by splitting each context set O into J disjoint views. We set J = 2 for the sinusoidal
functions and J = 10 for the 2D functions. An ablation study for the choice of J is
presented in Section 5.6.

Downstream tasks on 1D sinusoids

After training the encoder gy o), We discard the projection head py and use the trained
encoder A to extract the representations. For 1D sinusoids, we define two downstream
tasks on the learned representation: 7ip = {Tfsr, Tfsp,-}, where Ty, and Ty, are few-
shot regression and few-shot parameter identification tasks, respectively. The decoders
for the downstream tasks are trained as follows.

Few-shot regression (FSR). FSR for 1D functions is a well-studied problem in meta-
learning (Garnelo et al., 2018a; Finn et al., 2017; Kim et al., 2019; Xu et al., 2019).
For each sampled function f;, we are given a context set Of = {(xf?,yf? = fk(xf'( ) ﬁvzl of
size N, which can be utilized to infer the meta-representation 7% of f; via the pre-trained
encoder hgp. We are then provided with M additional samples from fj (not seen by the
encoder hg). The goal for a downstream decoder is to predict yﬁ.‘ , given xf.‘ and the meta-
representation . In other words, the downstream decoder with parameters y models the
distribution py (y¥|x, %). Where D* = {(x¥,%)}t ¥ the decoder is therefore trained to
solve the following objective.

maxEy E  [log py (¥, )] (5.15)
o fi~p(f) (ek yFy Dk v

Here, the value of M is sampled randomly from the interval [0,20 — N]. The decoder py,
is an MLP with two hidden layers and it is trained with the same training functions as the
encoder hg. In addition to the Gaussian mean of yf-‘, it also outputs the variance in order
to quantify the uncertainty in the point estimates. The qualitative results on test functions
for 5-shot regression are shown in Figure 5.3 while for 20-shot are shown in Figure 5.4.
Both figures demonstrate that our model is able to quickly adapt with as few as 5 context
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Figure 5.4: Results on 20-shot sinusoid regression. Each column corresponds to a
different sinusoid function where only 20 context points are given. The predictions of
the decoder trained on FCRL based encoder are comparable to CNP and better than NP.

points. The curves generated by the decoder using FCRL learned representations are
closer to the groundtruth. The difference is evident in 5-shot experiments which supports
the quantitative results in Table 5.1. In Table 5.1, we compare our method with CNP
and NP quantitatively and show that the predictions of our method are closer to the
groundtruth, even though the encoder and decoder in both CNP and NP are explicitly
trained to directly maximize the log likelihood to fit the sinusoid.

Few-shot parameter identification (FSPI). The goal here is to predict the amplitude

(y];mp) and phase (y’;h 4s0) Of the sampled sine wave fj, given a context set ok = {(xi.‘, yi.‘ =

fi(X)) Y| of N samples. Having encoded the context set OF to meta-representation %

via the pre-trained encoder hg (following Equation ((5.2))), we train a linear decoder py,
on top of the said representation by maximizing the likelihood of the sine wave parame-
ters. The predictive distribution is pl,,(y’a‘mp, y];)hase|rk) and the objective is as follow.

mlf}XEkap(f) [logplll(yla{mpvyl[{)hasehk)] (5.16)
Similar to FSR, we use the same training functions to train py as we did to train the
encoder hg. In Table 5.2, we report the mean squared error for three independent runs,
averaged across all the test tasks for 5-shots and 20-shots FSR and FSPI. In both predic-
tion tasks, the decoders trained on FCRL representations outperform CNP and NP. More
details on the experiment are given in Appendix D.1.
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\ Few-shot Parameter Identification
Models | 5-shot 20-shot

NP 0.0087£0.0007  0.0037 £ 0.0005
CNP 0.0096 £0.0007  0.0049+0.0011
FCRL | 0.0078£0.0004 0.0032+0.0002

Table 5.2: Mean squared error (MSE) for all the target points in 5 and 20 shot parameter
identification tasks on test sinusoid functions. The reported values are the mean and
standard deviation of three independent runs. FCRL performs slightly better than CNP
and NP on both tasks.

5.5.2 2D functions

Similar to the tasks above, after training the model (4 ), we discard the projection head
Py and use the trained encoder hg to extract the representations. For MNIST digits as
functions, we formulate two downstream prediction tasks on the learned representations:
Top = {Tfsics Trsce }» Where Ty corresponds to few-shot image completion and Ty,
corresponds to few-shot content classification task. The decoders for the downstream
tasks are trained as following.

Few-shot content classification (FSCC). To evaluate how much semantic informa-
tion is captured by the meta-representations, we propose the task of few-shot content
classification (FSCC). The goal here is to predict the class of each MNIST image given
a context set OF = {(x¥,y*)}¥ | comprising a few randomly sampled pixel coordinates
xf-‘ and the corresponding grayscale intensities yi-‘. The lack of explicit spatial structure
in the context points makes it a challenging problem. We use the pre-trained encoder
he to encode O to its representation ¥, and train a linear decoder on top to classify the
class label yﬁneihm corresponding to the MNIST image from which O¥ is sampled. The
decoder py, therefore solves the following classification problem:

maxE ) 108 Py e porl )] (5.17)
We train the decoder with the same functions (images) that were used for training the
encoder hg, and subsequently evaluate them on unseen functions from the validation
set. Figure 5.5 shows the performance of decoders applied to representations obtained
from FCRL, CNP and NP for varying size of the context set Of. We find that FCRL
significantly outperforms the baselines at any given number of context points, suggesting
that the encoder /g is able to efficiently extract semantic information in an unsupervised
manner. We also observe that it is able to generalize to larger number of context points
than encountered during training i.e., 200.
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Figure 5.5: Left: Quantitative evaluation of the models in terms of digit classification
from the fixed number of context points (varying along the x-axis). The error bands show
the standard deviation over three runs. FCRL achieves substantially higher accuracy
than both baselines for all evaluated numbers of context points. Right: Quantitative
comparison for robustness to noise on MNIST content classification downstream task
via linear probing. It can be seen that the FCRL based representations are much more
robust to noise than with CNPs and NPs.

Few-shot image completion (FSIC). This setting is identical to that of Few-Shot Re-
gression (FSR) described in Section 5.5.1, except M is sampled randomly from [0,200 —
N] and the decoder is a two-layer MLP with two input units (to account for the fact that
the input xf is now two dimensional). Qualitative results of FSIC on test images are
shown in Figure 5.6 for 50-shot completion and in Figure 5.7 for 200-shot image com-
pletion task. It can be seen that the decoder trained on FCRL representations is able to
predict the pixel intensities reasonably well, even when the number of context points is
as low as 50, or approximately 6% of the image. We compare its performance against
CNP, which uses the same parameterization of both the encoder and the decoder. We
however note a crucial distinction; in FCRL, the meta-representation (resulting from the
encoder) is not optimized for the image completion task. In particular, no gradient flows
from the decoder to the encoder, and the former is trained independently of the latter.
On the contrary, CNP jointly optimizes both encoder and decoder parameters to solve
the image completion task (i.e. to predict the pixel values). Despite the fact, it appears
that the quality of reconstructions from the FCRL decoder matches that from the CNP
decoder. We note that the gap between CNP and FCRL is reduced if the training scheme
aligns with the downstream task. In FSIC, the downstream task is to obtain a generative
model which is exactly what CNPs are trained for, therefore CNPs tend to perform on
par with FCRL as shown in Table 5.3.

Robustness to noise corruptions on 2D functions

In our experiments so far, we have considered the functions to be deterministic. However
in real-world settings, data-generating functions are corrupted with noise. We consider
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\ Few-shot Image Completion (FSIC)
Models | 50-shot 200-shot

NP 0.0531£0.0002  0.0424 +0.0002
CNP 0.0477£0.0006  0.0347+0.0011
FCRL | 0.0481+0.0001  0.0355=£0.0001

Table 5.3: MSE for all the target points in 50 and 200 shot image completion task on
MNIST as 2D functions. The reported values are the mean and standard deviation of
three independent runs.
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Figure 5.6: Qualitative comparison of CNP and FCRL on 50-shot MNIST image com-
pletion. Here, each digit corresponds to one function. The context is shown in the second
row where target pixels are colored blue. Predictions made by a decoder trained on FCRL
based encoder are slightly better than the CNP in terms of guessing the correct form of
digits, demonstrating better high-level understanding of the task.

FCRL
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Figure 5.7: Qualitative comparison of CNP and FCRL on 200-shot MNIST image com-
pletion. Here, each digit corresponds to one function. The context is shown in the second
row where target pixels are colored blue. Predictions made by a decoder trained on FCRL
based encoder are comparable to CNP.

FCRL

the form of the function as given in Equation ((5.1)) and vary the standard deviation ¢
of the added noise. We now investigate the robustness of FCRL and the baselines as ¢
is varied. To this end, we train all the models on the noisy data and evaluate the quality
of the learned representation on the Few-Shot Content Classification downstream task,
as defined above. We find that the representations learned by FCRL to be significantly
more robust to increasing noise strength (o) than the baselines, as illustrated in Fig-
ure 5.5(right). One possible explanation for the susceptibility of CNP and NP to noise is
the fact that the representations are learned by reconstructing the outputs, where signal
to noise ratio is low. On the other hand, FCRL learns by contrasting the set of examples,
extracting only the invariant features and discarding non-correlated noise in the input.
Similar results on scene understanding datasets are presented in Section 5.5.3.

5.5.3 Representing scenes as functions

Like Eslami et al. (2018), we represent scenes as deterministic functions which map
camera viewpoints to images. Precisely, each such scene is represented by a function
f, and we consider context sets OF = {(xX, y¥)}¥ | where x; is the 3D camera viewpoint
and y; is the corresponding image taken from that viewpoint. Given this set of viewpoint-
image pairs, we apply the proposed method on O* to obtain a representation of the scene,
r*. The usefulness of this representation is then evaluated for three downstream tasks:
(1) scene understanding, (2) scene reconstruction and (3) reinforcement learning (RL).
For the first task, our goal is to determine whether the representation X contains enough
information to infer the underlying factors of variation (Bengio et al., 2013) of a given
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scene. For the second task, we analyze whether the learned representation 7* can be used

to reconstruct the scene from an unseen viewpoint. This objective is what GQNs (Eslami
et al., 2018) are originally trained for thus a competitive baseline for this task.

MPI3D dataset. To this end, we use MPI3D (Gondal et al., 2019a), a real-world
robotics dataset containing pairs of images from three camera viewpoints and the cor-
responding factors of variation (including the position, orientation, size and color of an
object in the scene). The dataset comes in three different formats, varying in the levels
of realism i.e. real-world, simulated-realistic and simulated-toy. Each dataset contains
1,036,800 images of a robotic manipulator each, encompassing seven different factors
of variations i.e., object colors (6 values), object shapes (6 values), object sizes (2 val-
ues), camera heights (3 values), background colors (3 values), rotation along first degree
of freedom ((40 values)) and second degree of freedom ((40 values)). Thus, each image
represents a unique combination of all the factors. We refer to Figure 5.8(a) for example
datapoints of the dataset.

In this work, we consider the real-world version of the dataset. The multi-view setting
is formulated by considering the images of a scene captured by three different cameras,
placed at different heights. This effectively gives us 345,600 scenes with three views
each. We split the dataset into training and validation chunks, where the training dataset
contains 310,000 scenes and the validation dataset contains the rest 35,600 scenes, ap-

proximately 10% of the dataset.
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Figure 5.8: Overview of scenes datasets. Datasets for Scenes Representation Learn-
ing (a) MPI3D (Gondal et al., 2019a) has three camera viewpoints, with images of a
robotics arm manipulating an object. (b) RLScenes has 36 possible camera viewpoints
for capturing an arena consisting of a robot finger and an object.

RLScenes dataset. Finally, for the last task, our objective is to determine whether
the learned representation 7% contains enough useful information to guide an RL agent
towards maximizing its reward. To this end, we create RLScenes, a multi-view robotics
dataset based on an open-source physics simulation engine. The RLScenes dataset is
generated in simulation using (Joshi et al., 2020) for a single 3-DOF robotic manipulator
in a 3D environment. The dataset consists of 40,288 scenes, each scene parametrized by:
object colors (one of 4), robot tip colours (one of 3), robot positions (uniformly sampled
from the range of feasible joint values), and object positions (uniformly sampled within
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Figure 5.9: Scene understanding comparison. Quantitative Comparison of FCRL and
GQN on MPI3D downstream classification tasks. The classifiers trained with FCRL’s
representation outperform classifiers based on GQN'’s representations on all the tasks.

an arena bounded by a high boundary as seen in Figure 5.8). Each scene consists of 36
views, corresponding to the uniformly distributed camera viewpoints along a ring of fixed
radius and fixed height, defined above the environment. As can be seen in Figure 5.8,
the robot finger might not be visible completely in all the views, or the object might be
occluded in some view. The 36 views help by capturing a 360deg holistic perspective
of the environment. First a configuration of the above scene parameters is selected and
displayed in the scene, then the camera is revolved along the ring to capture its multiple
views. For learning the scene representations via both FCRL and GQN, we split the
dataset into 35000 training and 5288 validation points. Having trained the encoder on
RLScenes, we feed the representation X of the scene as input to a control policy rewarded
for solving the considered RL task.

Scenes representation learning

We use the same setting for learning the representations on both datasets. We fix the max-
imum number of context sets (J) to 3 in MPI3D dataset and 20 in RLScenes. The number
of tuples drawn, N, is then chosen randomly in [2,3] and [2,20] respectively. For learning
the scene representations for both MPI3D dataset and RL Scenes, we used similar base
encoder architecture. More specifically, we adapted the “pool” architecture provided in
GQN (Eslami et al., 2018), as it has been regarded to exhibit better view-invariance,
factorization and compositional characteristics as per the comprehensive study done in
(Eslami et al., 2018). We further augmented this architecture with batch-normalization.
The architecture used is shown in Figure D.1. For more details on scenes representation
learning for both MPI3D and RLScenes, we refer readers to Appendix D.3.

Even though no explicit structural constraint is imposed by FCRL for learning scenes
representations. The algorithm implicitly figures out the commonality between the fac-
tors in different scenes. We visualize these latent clusterings in the Figure 5.10. We
plot the 2D t-SNE embeddings of the 128 dimensional representations inferred by the
model. Thereafter, to visualize the structure corresponding to each factor, we only vary
one factor and fix the rest of them except for first degree of freedom and second degree
of freedom factors. A clear structure can be seen in the learned representations.
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Object Colors Object Shapes Background Colors Obiject Sizes
Pursi 3

Figure 5.10: t-SNE projections of the meta-representations learned by FCRL on MPI3D
dataset. Top row: Each plot shows the latent structure corresponding to the factors men-
tioned. Bottom row: Shows the latent structure corresponding to the factor of robot arm
rotation along 1* DOF. Each embedding corresponds to the aggregated representation
of three views of the same scene, denoted as f%*¢’¢". It can be seen that by learning to
distinguish between functions, FCRL captures the semantic underlying structure of the
functions’ distribution. Note: Each plot is generated by varying one factor and keeping
the rest fixed, except for the factors of the first and second degree of freedom.

Downstream tasks on scenes

After training the encoder gy o), We discard the projection head py and use the trained
encoder hg to extract the representations r* and train decoders for downstream problems.

Scene understanding on MPI3D dataset. In MPI3D, each scene is identified by 6
factors of variations. This allows us to define a set of 6 tasks 7,upi3p = { Tvk}gzl, where
the task T maps the scene to a discretized factor of variation yX. For each task, we
train a linear decoder using the objective in Equation ((5.17)), using a single image to
infer the representation 7*. Figure 5.9 shows the linear probes validation performance
for six independently trained models on both GQN learned representations and FCRL
learned representations and we see that the representations learned by FCRL consistently
outperform GQN for identifying all the factors of variations in scenes.

Scene reconstruction on MPI3D dataset. Similar to the FSIC task in Section 5.5.2,
we train a separate decoder to reconstruct the scenes corresponding to an unseen (query)
viewpoint x’;. Conditioning on the inferred representation 7* and the query viewpoint
x’;, the decoder reconstructs the corresponding view of the scene y’;. The decoder archi-
tecture is the same as the one used in GQN. The qualitative comparison in Figure 5.11a
shows that the decoder trained with FCRL representation is capable of preserving the
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information required to reconstruct the subtle details in the scene.

Reinforcement learning on RLScenes dataset. In RLScenes, the goal for the agent
(a robotic finger) is to locate the object in the arena, reach it, and stay close to it for
the remainder of the episode. We use the Soft-Actor-Critic (SAC) algorithm (Haarnoja
et al., 2018) to learn an MLP policy for all the joints of the robot, where the policy takes
as input the representation r* (inferred from a single image) and outputs an action. As
the baseline, we use a RL policy trained with GQN representation as input. Figure 5.11b
shows the mean rewards and standard deviations over five runs achieved by both FCRL
and GQN-based policies. We find that the FCRL agent clearly outperforms the baseline
GQN-agent, both in terms of the final performance and sample-efficiency. In particular,
the FCRL agent obtains convergence level control performance with approximately 2
times fewer interactions with the environment.

Robustness to noise in learning scenes representations

Similar to the noise robustness experiments for 2D datasets in Section 5.5.2. We consider
noise robustness for images datasets. We likewise consider the form of the function as
given in Equation ((5.1)) and vary the standard deviation o of the added noise.
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(a) Reconstructed MPI3D scenes. (b) RL agent performance on scenes representations.

Figure 5.11: Figure 5.11a: Qualitative Comparison of FCRL and GQN on scene recon-
struction task. The decoder trained with FCRL’s representation performs on par with
GOQN in terms of reconstructing a scene from unseen viewpoints. Figure 5.11b Compar-
ison between GQN and FCRL on learning a data-efficient control policy for an object
reaching downstream task. FCRL based policy clearly outperforms GQN based policy.

It can be seen that with the increased level of noise the features in the image start to
diminish, shown in the Figure 5.12. GQN approach the learning problem by reconstruct-
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ing these noisy images where the signal to noise ratio is very low. On the other hand,

Figure 5.12: Noise overlay on MPI3D. For the scene understanding downstream task,
we considered varying level of additive Gaussian noise on MPI3D dataset.

FCRL learns to contrast the scene representations with other scenes without requiring
any reconstruction in the pixel space. This helps it in extracting invariant features in the
views of a scene, getting rid of any non-correlated noise in the input. In addition to the
analysis on MNIST 2D regression task in Figure 5.5, we test the performance of these
representations learning algorithm on MPI3D factors identification task in Figure 5.13.
It can be seen that FCRL representations can recover the information about the data fac-
tors, even in the extreme case where the noise level is very high (standard deviation of
0.2). On the other hand, GQN performs very poorly such that the downstream probes
achieve the random accuracy.

5.6 Ablating FCRL hyperparameters

FCRL consists of several hyperparameters. In the following, we study the importance of
each hyperparameter and provide details on the optimal configuration for each task type
in different datasets domains.

Role of number of observations (/). The number of observations J corresponds to
the number of partial observations that we have of a functions f*. Ideally, we only need
two such observations to learn the representations via contrastive objective. However, it
has been shown that having more positive pairs result in learning better representations
(Chen et al., 2020; Tian et al., 2019).

It should be noted that in our setting, the number of observed context sets N do not nec-
essarily correspond to the number of observations J. This is because for some datasets,
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Figure 5.13: Quantitative comparison of FCRL and GQN for noise robustness on MPI3D
downstream tasks. X-axis in each plot corresponds to the varying level of Gaussian noise
(as depicted in Figure 5.12). The representations are extracted from one view only, and
the accuracy bands show the standard deviation of five independent runs. It can be seen
that the linear classifiers trained on FCRL representations are able to predict the attributes
of objects even in extremely noisy case, significantly outperforming the linear classifiers
trained on GQN representation.

we aggregate the context points to get one partial observation (see Figure 5.2). This is
important for the simple 1D and 2D regression functions where a single context point
does not provide much information, hence the individual partial observations need more
than one context point. In our setting, we treat J as a hyperparameter whose optimal
value varies depending on the function. For instance, the MPI3D scene dataset has only
3 views per scene, therefore J can not be greater than 3 and we keep it fixed. For 1D
and 2D regression functions, we observe that for a fixed number of context points N, the
optimal number of observations J varies. For understanding the role of J better in these
experiments, we perform an ablation study on MNIST2D dataset with FSCC (few-shot
content classification) as the downstream task Figure 5.14. For each hyper-parameter
configuration we train three models, initialized with different random seeds. The max-
imum number of context points is fixed to 200 while the J varies between 2 and 40. It
can be seen that the smaller values of J do not result in better FSCC score, however, the
accuracy seems to plateau after J = 10. Therefore, we fix it to 10 for MNIST2D. For
RLScene dataset, we fixed the maximum number of context points to be 20 and found
the optimal number of partial observations to be J = 4. Note that the FSCC accuracy
seems to be more influenced by the hyperparameters of critic and temperature, shown
concurrently in the Figure 5.14. We discuss their roles in the next section.

Role of critics and temperature (7). We regard the discriminative scoring functions,
including the projection heads, as critics. The simplest critic function does not contain
any projection layer, regarded as dot product critic, where the contrastive objective is
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Figure 5.14: Ablating number of views J. An ablation study for understanding the
role of the number of partial observations (J), the critics and the temperature parameter
(7) for learning FCRL based representation. The graph shows the accuracy achieved
by the linear classifier (Few-shot content classification task) on MNIST digits validation
dataset. Note that each image corresponds to a 2D functions, and the accuracy bands
show the standard deviation of three independent runs.
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accuracy achieved by six different linear classifiers, trained on the representations, for
identifying the six factors of variation. Non-linear critic consistently performs better
than the other critics.
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defined directly on the representations returned by the base encoder hp. However, re-
cently the role of critics in learning better representations has been explored in depth
(Oord et al., 2018; Chen et al., 2020). Building on these findings, we evaluate the role
played by different critics in learning the functions representations. Figure 5.14 shows
the ablation for three different critics on MNIST2D validation dataset. It can be seen that
the performance of critics is also highly linked with the temperature parameter 7. For an
optimal temperature value 7, the non-linear critic performs consistently better.

Such hyperparameter grid search (done for MNIST2D) is very expensive for the abla-
tion studies on the bigger datasets, such as, the MPI3D and RLScenes datasets. There-
fore, we define the range for the ¢ and perform a random sweep of 80 models with ran-
domly selected hyper-parameter values for critic and temperature on MPI3D dataset. We
did not find any pattern for the effect of temperature 7 on the downstream tasks, however
the pattern emerged for the class of critics. Figure 5.15 shows the ablation for critics
on MPI3D dataset. It can be seen that the non-linear critic performs better in extracting
features which are useful for the downstream classification tasks. Because of this trend
across two different datasets, we therefore performed all our experiments with non-linear
critic. The project head in nonlinear critics is defined as an MLP with one hidden layer
and batch normalization in between.

5.7 Conclusion

In this work, we proposed a novel self-supervised representations learning algorithm for
few-shot learning problems. We deviate from the commonly-used, task-specific training
routines in meta-learning frameworks and propose to learn the representations of the
relevant functions independently of the prediction task. Experiments on various datasets
and the related set of downstream few-shot prediction tasks show the effectiveness of our
method. The flexibility to reuse the same representation for different task distributions
defined over functions brings us one step closer towards learning a generic meta-learning
framework. Using a shared generic representation of the data-generating process, we
plan to adapt the proposed framework in order to tackle multiple challenging few-shot
problems such as object detection, segmentation, and visual question answering.
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Chapter 6

Conclusion

The main goal of this dissertation was to examine how incorporating various inductive
biases, specifically disentanglement, modularity, and meta-learning can enhance knowl-
edge transfer in deep learning models. Through the introduction of novel algorithms and
datasets, we systematically studied the role of these biases in developing more adaptive
and generalizable models. In the following, we summarize the contributions, limitations,
and future prospects of each inductive bias, grounded in the broader context of enhancing
the generalization and knowledge transfer abilities of deep learning models.

The thesis commenced with the investigation of learning disentangled representations
in sequential videos and static images. Learning well-disentangled representations of
data has been identified as crucial for transfer and few-shot learning Bengio et al. (2013);
Scholkopf et al. (2021); Peters et al. (2017). In this context, to learn video dynamics, we
developed Disentangled State Space Models that demonstrated how separating invariant
system dynamics from domain-specific details can significantly enhance a model’s gen-
eralization across diverse environments. For images, we introduced the first real-world
disentanglement dataset, MPI3D, and its two simulated versions with varying levels of
realism. Benchmarking on these datasets provided the first glimpse of the performance
gap on real and synthetic datasets by contemporary, state-of-the-art disentanglement al-
gorithms that were previously tested only on synthetic datasets. The benchmark also
revealed that models trained on synthetic data have poor transferability to real-world
scenarios, underscoring the need to develop improved models that can effectively uti-
lize simulated data for practical applications. Moreover, besides evaluating representa-
tion learning algorithms, the dataset introduced in this work can be applied to a range
of other tasks, including learning of compositional visual concepts, 3D reconstruction,
scene rendering etc.

Next, we focused on modularity in deep neural networks and introduced a novel yet
flexible architecture, Neural Interpreters, which factorizes the computational graph into
functional units dynamically composed at inference time. Through extensive evaluations
on three diverse problem settings i.e., learning fuzzy boolean expressions, multi-task im-
age classification, and abstract reasoning, we demonstrated that Neural Interpreters out-
perform vanilla self-attention networks like vision transformers Dosovitskiy et al. (2020)
in terms of systematic generalization and sample-efficient transfer to new tasks. The flex-
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ibility of Neural Interpreters in combining and reusing computational primitives draws
inspiration from the concept of learning reusable mechanisms Scholkopf et al. (2021)
and mirrors the cognitive adaptability seen in human learning, enabling the application
of learned concepts to new tasks with notable efficiency.

Finally, we investigated the goal of learning generic meta-learning algorithms. More
specifically, we introduced the first approach to marry meta-learning with self-supervised
learning in order to learn sample-efficient yet transferable meta-representations of func-
tions. The resulting methodology, Function Contrastive Representation Learning (FCRL),
provided a novel perspective on learning stochastic functions that benefit from both the
sample efficiency of meta-learning frameworks and the transferability of contrastively
learned representations, while maintaining high performance on a set of downstream
predictive tasks.

Limitations and future work. Even though the MPI3D dataset aims to narrow the per-
formance gap between synthetic and real-world datasets for disentanglement algorithms,
its representation of reality is somewhat limited. The dataset was captured under con-
trolled laboratory conditions to ensure the independence amongst different factors. How-
ever, a real-world dataset, captured in the wild, would serve as an ultimate benchmark for
disentanglement algorithms. Capturing such data, with known factors of variation and
without confounders poses significant challenges, thus quantifying the degree of disen-
tanglement and its direct impact on real-world downstream task performance remains
an open question. To address this issue partially, we released an updated version of the
dataset, MPI3D-complex', featuring complex 3D models of items like coffee cups and
tennis balls. While CelebA Liu et al. (2015) provides a closer proxy to a real-world set-
ting, it lacks information on independent variation factors. Efforts should extend beyond
image data to capture datasets in other modalities, enabling reliable use of disentangle-
ment algorithms in fields like robotics, healthcare, and fair decision-making.

In developing Disentangled State Space Models (DSSM), we made several implicit
assumptions about the generative model for dynamical systems, such as known world
dynamics and the presence of only a single varying dynamical component across envi-
ronments. This setting is restrictive, given the complexity of real-world dynamics, such
as varying gravity, elasticity, and surface friction. Future models should allow for the
disentanglement of multiple factors, enhancing domain adaptability and generalization
across diverse environments.

Neural Interpreters inherently rely on the attention mechanism, which may not always
capture the most efficient pathways for knowledge reuse across tasks. This limitation can
be mitigated by the meta-learning approaches, that can guide functions for selecting to-
kens based on content. In addition, the computational complexity of Neural Interpreters
scales quadratically with the size of the input. Some of these above issues have been
addressed in Weiss et al. (2022). The architecture of Neural Interpreters naturally al-

'https://github.com/rr-learning/disentanglement_dataset
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lows the extension of capacity that can be meaningfully exploited for continual learning
framework in future, enabling continuous integration of knowledge without catastrophic
forgetting. Further research could also explore integrating modularity with disentan-
gled and object-centric representations, potentially enhancing symbolic reasoning and
systematic generalization capabilities. For FCRL, a natural extension would involve ap-
plying meta-representations trained on image class functions to tasks like classification,
segmentation, and depth estimation.

The insights from the extensive investigations on disentangled representations learn-
ing, modularity, and meta-learning within this dissertation underscores the multifaceted
approach required to advance the field of deep learning towards more human-like gen-
eralization capability. Each inductive bias contributes uniquely to this overarching goal,
yet the integration of all presents a promising frontier for future research. Moreover, as
these inductive biases complement each other, we did not investigate the joint implemen-
tation of these inductive biases in a single system. Such a model will surely benefit from
the structured and compositional structure induced by disentanglement and modularity,
meanwhile it will have the capability to adapt to new tasks in sample efficient manner.

Furthermore, this work does not provide a comprehensive overview of all inductive
biases that can improve generalization, such as the roles of deep learning architectures
and objective functions. We refer readers to Scholkopf et al. (2021); Goyal and Bengio
(2022) for further exploration and broader understanding.
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Appendix A
Appendix to Chapter 2

A.0.1 Optimization details for training DSSM

Following the insights from (Bowman et al., 2015), we tried different settings for KL
annealing in the model. In DSSM, we have three KL terms in our model which have
different roles. To make it relatively easier for the model to learn the time-invariant com-
ponents we do not penalize terms of time-invariant components i.e. KL(g(So|X)||po(S))
and KL(q(E|X)||po(E)) as much as KL(q(B;|Si,Xi)||po(B)) during training. This makes
it relatively easier for the model to learn the time-invariant components. Similarly to
(Fraccaro et al., 2017), we also found that down-weighing the reconstruction term helps
in faster convergence. th particular we applied scaling coefﬁgients of [0.1,0.2,0.3]
for terms B 55, [log p(X|S)], KL(¢(E|X)||po(E)), and KL(q(So|X)||po(S)) respectively
and 1.0 for KL(g(Bi[Si,Xi)||po(B))]. We use ADAM as the optimizer with 0.0008 as the
initial learning rate, and weight decay of 0.6 applied every 20 epochs.

A.0.2 Evidence lower bound derivation for DSSM objective

The conditional likelihood of DSSM objective L is as follows.

T
Eq(§|)?)[10g p(X|9)] Z,log p(XilS)]

T
Eq(§|i)[log I}P(Xiwi)] = Eq(§|§)[1_l

1

Il
M=

: lEq(s,.p?)[lOg p(XilSi)]

where the conditional independence follows from the state space model formulation.
Following is the derivation of evidence lower bound for the DSSM variational objective
in Equation (2.8).
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_ 3 (B IR g 3 o po(So|So, E. B)
/ q(SolX)q(E|X)q(B|X,S0.E) / q(S0/S0,E, B,X)1 g( SSED X)) dSydBdEdS,

(Expanding each term, dropping the corresponding term based on conditional dependencies.)
— KL (g(EI%)[|po(E) ) ~ KL (g(SolX)1po(S0) )
~KL (a(BIX,0.E)lIpo(BISo.E))

—KL (6](§0!SO,E,BX) HP0(§0\507E,E))
(where we dropped the integral sums for which the corresponding term does not depend on)
= —KL(¢(E|X)||po(E))
— KL(g(So|X)1po(So))
—KL(q(BIX,E.S0)l[po(B|E.S0))
(where the last term vanishes since §0]S0, E ,E is deterministic)
= —(KL(q(E[X)||po(E))

+KL(q(SolX)||po(So))

T
+ E  KL(g(pi|Xi, E,Si—
i=14(Bi.E,Si—1%) (a(Bil )]lpo(B)))

(where we have po(Bi|E,si) = po(B) by design)
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A.0.3 Architecture details of state update model

In our experiments, the parameteric models for initial state encoding ¢g" and environ-

ment modelling ¢ are implemented as bi-directional LSTM followed by a multilayer
perceptron to convert LSTM-based sequence embedding into Sp and E. However, f is

implemented as an LSTM cell (elaborated by following equations, taken from (Graves,
2013).

ri =0 (WprE +Ws,S; 1 +Werci1 +by)
li = o(WpiE +Ws;Si—1 +Weci—1 +by)
ci =lioci—1 +riotanh(Wp.E + Ws.Si—1 +be)
0; = 6(WpoD + WsoSi—1 +Weoci + by)
S = ojotanh(c;)

1

A.0.4 Evaluation tool for videos generation.

We use OpenCV’s (Itseez, 2015) inbuilt functions to detect the pixel level positions of
the ball in the images.

import cv2
import imutils
def find_positions(image):
ret, binary_mask = cv2.threshold(image, 0.01, 1, cv2.THRESH_BINARY)
binary_mask = cv2.erode(binary_mask, None, iterations=1)
binary_mask = cv2.dilate(binary_mask, None, iterations=1)
fake_frame = cv2.convertScaleAbs(binary_mask.copy())
cnts = cv2.findContours(fake_frame,
cv2.RETR_EXTERNAL,
cv2.CHAIN_APPROX_SIMPLE)
cnts = imutils.grab_contours(cnts)
c = max(cnts, key=cv2.contourArea)
((x, y), radius) = cv2.minEnclosingCircle(c)
return x, y
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B.1 Platform for capturing MPI3D dataset

® ¢

(a) Side view of platform. (b) Top view of platform. (c) Bottom view of platform.

Figure B.1: Different rendered views of the recording setup. (a): View from 30° angle
from the top, showing the manipulator with a red cube in the middle. (b): View from the
top showing the three light centered light panels. (c): View from the bottom, showing
the rotating table (turquoise ring) and the manipulator in the center.

Figure B.2: The mechanical platform for recording the real-world dataset.
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Figure B.3: A technical drawing of the manipulator, dimensions are given in mm.

B.2 Details of the experimental protocol

Metrics: Various methods to validate a learned representation for disentanglement
based on known ground truth generative factors G have been proposed (e.g. Eastwood
and Williams, 2018; Ridgeway and Mozer, 2018; Chen et al., 2018; Kim and Mnih,
2018). This has for example been expressed as the mutual information of a single latent
dimension Z; with generative factors G1,...,Gg Ridgeway and Mozer (2018), where in
the ideal case each Z; has some mutual information with one generative factor Gy but
none with all the others. Similarly, Eastwood and Williams (2018) trained predictors
(e.g., Lasso or random forests) for a generative factor Gy based on the representation
Z. In a disentangled model, each dimension Z; is only useful (i.e., has high feature im-
portance) to predict one of those factors. Suter et al. (2019) proposed an interventional
robustness score. The graphical model of Suter et al. (2019) adapted to our setup is il-
lustrated in Figure 3.2. Another form of validation, especially without known generative
factors is the visual inspection of “latent traversals” (see e.g. Chen et al., 2018).

Architecture. All the models used the same convolutional encoder and decoder archi-
tecture with the fixed latent size of 10.

Training hyperparameters. The training hyperparameters were kept fixed for each
of the considered methods. Like (Locatello et al., 2018), we keep the hyperparameters
for all the models consistent across all datasets. In Table B.3 we provide the values
of training hyperparameters that were the same across the methods and datasets. In
Table B.1, we provide model-specific hyperparameters. Note that configuration of the
models is the same as in (Locatello et al., 2018).
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B.2 Details of the experimental protocol

Model Parameter Values
B-VAE B [1, 2, 4, 6, 8]
AnnealedVAE Cinax [5, 10, 25, 50, 75]
iteration threshold 100000

Y 1000
FactorVAE Y [10, 20, 30, 40, 50]
DIP-VAE-I Aod 1, 2, 5, 10, 20]

Ad 10,4
DIP-VAE-II Aod (1, 2, 5, 10, 20]

Aa Aod
B-TCVAE B 1, 2, 4, 6, 8]

Table B.1: Hyperparameters corresponding to different methods.

Encoder Decoder
Input: 64 x 64 x number of channels Input: 10
4 x 4 conv, 32 RelLU, stride 2 FC, 256 ReLLU

4 x 4 conv, 32 ReLLU, stride 2
4 x 4 conv, 64 RelLU, stride 2
4 x 4 conv, 64 RelLU, stride 2
FC 256, F2 2 x 10

FC, 4 x4 x 64 ReLLU

4 x 4 upconv, 64 ReL U, stride 2

4 x 4 upconv, 32 ReLLU, stride 2

4 x 4 upconv, 32 ReLLU, stride 2

4 % 4 upconv, number of channels, stride 2

Table B.2: Encoder and Decoder architecture for the main experiment. All the models

studied shared the same architecture.

Parameter Values
Batch size 64
Latent space dimension 10
Optimizer Adam
Adam: betal 0.9
Adam: beta2 0.999
Adam: epsilon le-8
Adam: learning rate 0.0001
Decoder type Bernoulli
Training steps 300000

Table B.3: Common hyperparameters for training.
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B.2.1 Comparing realistic and real-world images

(a) Realistically simulated sample. (b) Real-world sample.

Figure B.4: Comparison of the realistically simulated and the real-world dataset for one
example. The detailed procedure and the availability of CAD files used e.g. for the 3D
printed robotic arm ensures a close overlap between both examples. Only small details
and a high resolution show the differences e.g. the crack in the floor in the left corner
which is only visible in the right image or shadings from the light on the object. Both
pictures have a resolution of 512 x 512.

B.3 Detailed experimental results
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Figure B.5: Disentanglement scores attained by different methods for different metrics
(row) and evaluations (column, from left to right): (a) trained and evaluated on synthetic
realistic, (b) trained and evaluated on synthetic toy, (c) trained and evaluated on real,
(d) trained on synthetic realistic and evaluated on real, (e) trained on synthetic toy and
evaluated on real. Methods are abbreviated (0=-VAE, 1=FactorVAE, 2=-TCVAE,
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Figure B.7: Disentanglement scores on real data vs simulated datasets. There seems to
be a positive correlation for at least three metrics.
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Figure B.9: Image reconstruction of Factor VAE model on the low quality simulated
dataset.

Figure B.10: Image reconstruction of Factor VAE model on the realistic simulated
dataset.
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B.3 Detailed experimental results

Figure B.11: Image reconstructions of the Factor VAE model trained on toy dataset and
tested on the real-world dataset. All images in the uneven columns are real, and to the
right of each real image is its reconstruction.

Figure B.12: Image reconstructions of the Factor VAE model trained on realistic simu-
lated dataset and tested on the real-world dataset. All images in the uneven columns are
real, and to the right of each real image is its reconstruction.
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C.1 Sampling fuzzy boolean functions

In this section, we define a family of smooth functions mapping from the unit hyper-cube
[0,1]¥ to [0,1]. To this end, consider again the primitives defined in Equation (4.15).
Where x;,x; € [0,1], we define:

and(xi,xj) = XiX; (C.1)
not(x;)) =% =1—x; (C2)
or(xi,xj) =x;®xj=1—(1—x;)(1—xj) (C.3)

Observe that if x;,x; € {0, 1}, these operations reduce to their Boolean namesakes, and
Equation (C.3) is consistent with de Morgan’s law. In this sense, the primitives described
above induce a relaxation of Boolean logic to real numbers on the compact interval
[0, 1]. We note that this relaxation, called product fuzzy logic, is not unique: there exist
other definitions of the and and not operations that define other logics (examples being
Lukasiewicz and Godel-Dummett logics).

Given these primitives, it is now possible to construct functions that resemble boolean
functions in the cannonical disjunctive normal form (i.e., in the sum-of-products form).
As an example, consider a vector x € [0, 1]5, whose components we call a,b,c,d,e €
[0, 1]. One may now define a function:

f(x):[0,11° = [0,1], (a,b,c,d,e) — abcde & abede & abéde (C.4)

If a,b,c,d,e were to be boolean (i.e., € {0, 1}), the function f would have a truth table
where f =1onlyifa=0,b=1,c=1,d=1,e=0,ora=1,b=0,c=1,d=0,e=1,
ora=1,b=1,c=0,d =1,e =0. Conversely, given this truth table, it is possible to
reconstruct f in the sum-of-products form described above.

The above fact makes randomly sampling a fuzzy boolean function like sampling from
the Bernoulli distribution: for all combinations of possible values of a,b,c,d, e € {0, 1}5,
we sample the value of a boolean function f(a,b,c,d,e) ~ Bernoulli(0.5) in order to
populate the truth-table of f. Given the randomly sampled truth table, we construct the

103



Appendix C Appendix to Chapter 4

Parameters Values
Batch size 128
Pretraining epochs 20
Finetuning epochs 3
Dimension of code vector (¢) 128
Dimension of intermediate features 128
Number of scripts (7;) 2
Number of function Iterations (n;) 2
Number of LOCs (n;) 1
Number of functions (n5) 4
Number of heads per LOC 1
Number of features per LOC head 32
Type Inference MLP Depth 2
Type Inference MLP Width 128
Frozen Function Signatures False
Frozen Function Codes False
Truncation Parameter (7) 1.6
Type Space Dimension (diype) 24
Optimizer RAdam (Liu et al., 2019)
Adam: learning rate (pre-training)  0.006
Adam: learning rate (finetuning) 0.05
Adam: fB; 0.9
Adam: 3 0.999
Adam: € le-8
Learning rate scheduler None

Table C.1: Hyperparameters for learning fuzzy boolean expressions.

expression for f in the sum-of-product form. Finally, we interpret the boolean expression
(mapping from {0,1}> — {0,1}) as a fuzzy boolean expression mapping from [0, 1]> —
[0, 1] using the corresponding primitives defined in Equation (C.1) et seq.

C.1.1 Hyperparameters

Please refer to Table C.1.
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C.2 Multi-task image classification

C.2 Multi-task image classification

C.2.1 The digits dataset
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Figure C.1: Augmented samples from the digits dataset.

The Digits dataset is a concatenation of three datasets of labelled images of digits:
SVHN (Netzer et al., 2011), MNISTM (Ganin et al., 2016), and MNIST (LeCun et al.,
2010). All images are up-sampled to RGB images of size 32 x 32, and the combined
training set has 193257 samples, whereas the validation set has 46032 samples. In addi-
tion to the images and labels, we also preserve information about which of the constituent
datasets a sampled image originates from.

We use RandAugment (Cubuk ez al., 2019) to augment the input images before feeding
them to the model, and use the implementation from Pytorch Image Models (Wightman,
2019). Figure C.1 shows augmented samples from the dataset.

C.2.2 Hyperparameters

Pre-training. Table C.2 shows the hyperparameters used for pre-training the Neural
Interpreter model considered in Figure 4.4. Table C.3 shows the same, but for the Vision
Transformer model.

Finetuning. Both models shown in Figure 4.4 were fine-tuned for 10 epochs with vary-
ing number of samples. We used the same batch-size as in pre-training (128). The error
bands are with respect to 6 random seeds, where the random seed also determines the
subset of K-MNIST that was used. We used RAdam optimizer with a constant learning
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Table C.2: Hyperparameters for pre-training the Neural Interpreter model used in Fig-

ure 4.4.

106

Parameters Values
Batch size 128
Pre-training epochs 100
Dimension of code vector (c) 192
Dimension of intermediate features 192
Number of scripts (7;) 1
Number of function iterations (n;) 8
Number of LOCs (n;) 1
Number of functions (ny) 5
Number of heads per LOC 4
Number of features per LOC head 128
Type Inference MLP Depth 2
Type Inference MLP Width 192
Frozen Function Signatures True
Frozen Function Codes False
Truncation Parameter (7) 1.4
Type Space Dimension (diype) 24

Optimizer

Adam: fB;

Adam: B,

Adam: &

Learning rate scheduler
Scheduler: Npmax (Max LR)

RAdam (Liu et al., 2019)
0.9

0.999

le-8

Cosine (no warm-up)
0.0008

Scheduler: Npin, (Min LR) 0.000001
Scheduler: Number of decay steps 120000
Number of parameters 6.43 x 10°
Accuracy on SVHN 96.2 %
Accuracy on MNISTM 98.4 %
Accuracy on MNIST 99.4 %




C.2 Multi-task image classification

Parameters Values
Batch size 128
Pretraining epochs 100
Dimension of intermediate features 192
Number of MLP Features 192
Depth 8
Number of heads 3
Number of features per head 64

Optimizer RAdam (Liu et al., 2019)
Adam: B; 0.9

Adam: 3, 0.999

Adam: € le-8

Learning rate scheduler
Scheduler: Nmax (Max LR)

Cosine (no warm-up)
0.0008

Scheduler: Nyin (Min LR) 0.000001
Scheduler: Number of decay steps 120000
Number of parameters 1.80 x 106
Accuracy on SVHN 96.3 %
Accuracy on MNISTM 98.3 %
Accuracy on MNIST 99.6 %

Table C.3: Hyperparameters for pre-training the ViT Model used in Figure 4.4.

rate, which was found with a grid search (0.03 for ViT and 0.05 for NI). For the results
shown in Figure 4.4 (right), the function codes and signatures were trained for 10 epochs
on 8192 samples with Shampoo (Gupta et al., 2018). We again used 6 random seeds,
and for each set of trainable parameters, we grid-searched the learning rate. We did not
see good performance with RAdam in this particular setting, suggesting that the loss
landscape might necessitate the pre-conditioning that is present in Shampoo (but not in
RAdam).

Positional encoding. We use a variant of the relative positional encoding scheme pre-
sented in (Cordonnier et al., 2019), which we now describe. Consider an array X of
shape C x H x W, where C is the number of channels, and H and W can be interpreted as
height and width. Note that the array X need not be an image; it could (for instance) be a
collection of embedding vectors of patches, i.e., X. ;; could be the embedding vector (of
dimension C) of the patch that is i-th from top and j-th from left.

We now denote with ey [i» —i1] a vector that is a learned embedding of the difference
of row-indices i, and ;. Likewise, we let e.[j2 — ji1] be a learned embedding of the
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difference of column-indices j, and j;. Where / indexes attention heads, we define:

hora h L
erwlin — 1] = Wiow - €row[i2 — 11] (C.5)
hopeo h L
ecol[]Z_]l] :Wcol'ecol[]Z_]l] (C.6)
Here, wl, and wl' are learned weight vectors, and e [i» —i] and e’ [i» —i1] are
scalars, one per attention head. This set-up allows each attention head to develop a
positional bias independently from other heads, a feature we inherit from (Cordonnier
et al., 2019). In the context of Neural Interpreters, we additionally allow functions to
have their own positional bias, conditioned on its code ¢,. We have:

Pt liz — it] = ModLin}.,, (erow[i2 — i1]: ) (C.7)
pitilj2 — j1] = ModLin (€coilj2 — ju]: €u) (C.8)

Here, p! [i» —i1] and p"" [ j» — ji] are scalars specific to function u and attention head #.
Finally, the overall positional bias is given as following, where broadcasting operations
are implied:

b*"iy — it jo — j1] = (Pl [i — i1] + el lio — i1]) + (Pl Lo — ju] + el [ — jir))
(C9

Here, b*"[i» — i1, jo — j1] is the positional bias that is added to the pre-softmax dot-product
attention weights coupling the embedding vectors X. ;, ;, and X. ;,;, at function f, and
attention head at index 7. We remark that this scheme only differs from (Cordonnier
et al., 2019) in that we allow each function to develop its own positional bias.

C.2.3 Additional results and ablations

In order to understand the effect of various hyperparameters, we analyze the results of a
random sweep over 100 runs on the Digits dataset. The distributions over sweep param-
eters are presented in Table C.4.

Kernel truncation and dimension of type space. In Figure C.2, we select for each
dataset the top 10% of all runs (w.r.t. validation performance), and plot a Kernel Density
Estimate of their type space dimensions (diype) and truncation parameters (7). We find
that while the optimal 7 and diype only somewhat depend on each other, there are minor
variations between the SVHN and MNIST-M vs. MNIST. We speculate that this is due to
SVHN and MNIST-M having cluttered backgrounds; the flexibility afforded by a larger
type space is less desirable when the model must learn to suppress background clutter by
routing noisy patches through similar functions.
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C.2 Multi-task image classification

Parameters Distribution

Truncation parameter (7) U(0.7,1.7)

Dimension of type space (diype) U{4xilie{2,3,...,12}})
Number of functions (7) Uu{1,2,3,4,5})

Num. of scripts (ny),

function iterations (n;), and LOCs (n;) U({(2,2,2),(2,4,1),(4,2,1),(1,8,1)})
Frozen function signatures U({True,False})
Frozen function codes U({True,False})
Frozen patch embeddings U({True,False})

Table C.4: Distribution over hyperparameters used in the sweep. U denotes the uniform
distribution.

Number of functions. Figure C.3 shows the kernel density estimate of the validation
performance of all 100 runs, conditioned on the number of functions. We read that on
the one hand, runs with 5 functions perform consistently well; on the other hand, there
exist runs with a single function that perform well, but most of these runs fail. This is
consistent with the recommendation in Section 4.5.
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Figure C.2: Kernel Density Estimates of truncation parameters 7 and type space dimen-
sions diype of the top 10% of runs for each dataset.

Frozen patch Embeddings, function signatures and codes. Figure C.4 shows the
validation performance of top 10% of runs (for the respective dataset), with or without
frozen patch embeddings, function signatures and codes. As elaborated in Section 4.5,
it is not surprising that Neural Interpreters can work well even when function codes and
signatures remain frozen during training. We find that freezing function signatures can
be marginally beneficial, but freezing function codes less so. We also experimented with
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Figure C.3: Conditional Kernel Density Estimates of validation performance, condi-
tioned on the number of functions .

freezing the patch embeddings, as recommended in (Touvron et al., 2021a; Chen et al.,
2021), and find that it slightly improves performance.
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Figure C.4: Box plots of validation performance of top 10% of all runs.

Number of scripts, function Iterations and LOCs. Figure C.7 shows the conditional
kernel density estimates of validation performance, conditioned on the number of scripts.
We again find that all evaluated configurations can work well. A larger number of scripts
can stabilize training and lead to consistent in-distribution performance, as expected from

Section 4.5.

C.3 Abstract reasoning with PGMs

Progressively Generated Matrices (PGMs) (Barrett et al., 2018) have been used as a di-
agnostic dataset to study the compositional generalization capability of machine learning
models (Wang et al., 2020; Steenbrugge et al., 2018). The dataset consists of complex
visual analogical reasoning tasks that require relational reasoning between attributes of
different objects. The ‘object types’ include shape and line comprising of the ‘attribute
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C.3 Abstract reasoning with PGMs
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Figure C.5: Conditional Kernel Density Estimates of validation performance, condi-
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types’: size, type, color, position, and number, where each attribute can take one of a
finite number of discrete values. The ‘relationship types’ consist of progression, XOR,
OR, AND, and consistent union. The structure of a PGM task is governed by triples,
which are defined by applying a certain relationship type to the attributes of the objects.
On an average, one to four relationships are used per task.

To study the various aspects of generalization in models, (Barrett et al., 2018) in-
troduced 8 different sub-datasets, corresponding to different generalization regimes of
compositional reasoning. Except for the Neutral regime, the test dataset in each regime
measures the out-of-distribution generalization i.e., the test and the training datasets are
different in a clearly defined manner. We use 6 of such regimes in this work, namely:
Interpolation, Extrapolation, Held-out (H.O.) triples, H.O. pairs of triples, H.O. Attribute
Pairs, and Neutral. The details on these regimes are provided below.

C.3.1 Generalization regimes

Neutral. The neutral regime measures the in-distribution generalization, i.e., the train-
ing and the test sets consist of any triples.

Interpolation. In the training dataset of interpolation regime, the discrete values of
the attributes are restricted to even numbers whereas the test set consists of odd-valued
attributes.

Extrapolation. For the training dataset of extrapolation regime, the attribute values
were restricted to the lower half of the discrete set whereas the test set consists of values
sampled from the upper half of the discrete set.

Held-out Triples. The PGM dataset contains 29 unique triples. In the test set of held-
out triples, 7 of such triples were held-out, while the rest of the triples are used to create
the training dataset.

Held-out Pairs of Triples. All tasks contain at least two triples, leading to 400 vi-
able triple pairs (Barrett et al., 2018). In Held-out Pairs of Triples, 360 such pairs are
randomly allocated to the training dataset and rest to the test dataset.

Held-out Attribute Pairs. Here, each task consists of at least two triples, where there
are 20 viable pairs of attributes. Of these 20 pairs, 16 have been used to create the training
set while the remaining 4 are used in the test set.
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C.3 Abstract reasoning with PGMs

Parameters Ranges

Kernel truncation parameter (7) [1.3,1.7]

Type features dimensions [20,24,28,32,36,40]
Detach Function Signatures [True, False]
Number of scripts (1) [1,2,4]

Function Iterations [4,8,16]

Table C.5: Hyperparameters whose values are randomly sampled from the given ranges
for each experiment.

C.3.2 Details of PGM experiments

For each PGM sub-dataset, we train multiple models for both Vision Transformers and
Neural Interpreters. Each model is trained for 30 epochs and the model selection is done
by evaluating its performance on validation datasets. The reported test accuracy in Table
4.2 corresponds to the best validation performance. We perform hyper-parameter sweeps
to find the best configuration of Neural Interpreters in each regime.

Hyperparameter settings

We perform random sweeps to find the optimal hyperparameters for each PGM regime.
Due to the huge computational overload and the massive size of the datasets, the number
of experiments in each sweep is limited to 35. We carried forward the knowledge that we
learned from the digits experiments (Section 4.4.2), and perturbed only those hyperpa-
rameters that had significant influence on the model’s performance. Apart from changing
these selected hyperparameters, the models are identical in all aspects. Table C.6 pro-
vides the hyperparameters that are kept the same in all the models, whereas Table C.5
shows the hyperparameters that we perturb and the ranges from which their values are
randomly sampled.

For the sake of consistency, we make sure that the number of computational steps
remain the same in all the experiments. For PGM sweeps, the number of computational
steps are set to be 16. We varied the numbers of scripts n; and function iterations n; such
that their product comes out to be 16.

Optimal Neural Interpreters configuration for PGMs

After running the set of experiments, we found that the one configuration that outper-
formed all other configurations was with 2 scripts i.e., ny = 2 and 8 function iterations.
There are small fluctuations in the selection of kernel truncation parameter T and dimen-
sions of type space diype that we detail below in Table C.7.
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Parameters Values
Batch size 72
Epochs 30
Dimension of code vector (c) 192
Dimension of intermediate features 192
Number of scripts (ny) 2
Number of function iterations (n;) 8
Number of LOCs (n;) 1
Number of functions (ny) 5
Number of heads per LOC 4
Number of features per LOC head 32
Type Inference MLP Depth 2

Type Inference MLP Width 192
Variable Features dimensions 192
Frozen Function Codes False
Optimizer RAdam
Adam: betal 0.9
Adam: beta2 0.999
Adam: epsilon le-8
Adam: learning rate 0.0004
Learning Rate Scheduler Cosine
Cosine Scheduler Eta Max 0.0004
Cosine Scheduler Eta Min 0.0001
Number of parameters 1.6M

Table C.6: Hyperparameters and their values that are kept the same in all the PGM ex-
periments.

Regime ‘ Neutral ‘ Interp. ‘ Attribute P. ‘ Triple P. ‘ Triples ‘ Extra.
Number of scripts (7;) 2 2 2 2 2 2
Function iterations (n;) 8 8 8 8 8 8
T 1.62 1.62 1.40 1.66 1.42 1.42
diype 20 20 32 24 24 24
Frozen function signatures | False False True False True True

Table C.7: Hyperparameters of Neural Interpreters for the considered PGM datasets.
Here, V-WReN refers to VAE-WReN, Extra. refers to Extrapolation, Interp. to Interpo-
lation, Attribute P. to Attribute Pairs and Triple P. to Triple Pairs.
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D.1 Additional details on 1D functions

We used the same encoder architecture for our method and the baselines (Garnelo et al.,
2018a,b) in all experiments. For 1D and 2D functions, the data is fed in the form of
input-output pairs (x,y), where x and y are 1D values. We use MLPs with two hidden
layer to encode the representations of these inputs. The number of hidden units in each
layer is d = 50. All MLPs have relu non-linearities except the final layer, which has no
non-linearity.

Encoder: Input(2) —2 x (FC(50), ReLU) — FC(50).

While learning the representations of sinusoid functions with FCRL, we also scale the
output scores with temperature to be 0.07. We used the following hyper-parameter set-
tings to train an encoder with FCRL.

Parameter Values
Batch size 256
Latent space dimension 50
Temperature: T 0.07
Number of subsets: J 2

Max number of context points: N 20
Epochs 30
Critic Nonlinear
Optimizer Adam
Adam: betal 0.9
Adam: beta2 0.999
Adam: epsilon le-8
Adam: learning rate 0.0003
Learning Rate Scheduler Cosine

Table D.1: Hyperparameters to train FCRL based encoder for 1D sinusoid functions.

To learn the subsequent task-specific decoders on the representations, we adapted the
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same data processing pipeline as above. For 1D functions, we train decoders for two
different tasks: few-shot regression and few-shot parameter identification. The decoders
for each task are trained with the same training dataset as was used to train the encoders.
The training procedure for both downstream tasks on sinusoid functions is as follows

* For Few-Shot Regression (FSR), we use an MLP architecture with two hidden
layers. The same architecture are used in CNP (Garnelo et al., 2018a), however in
CNP the decoder and encoder are trained jointly. All the baselines and our model
are trained for the same number of iterations. We used slightly higher learning rate
to train the decoder as the training converges quite easily.

FSR Decoder: Input(50) — 2 x (FC(50), ReLU) — FC(1) .

e For Few-Shot Parameter Identification (FSPI), we train a linear decoder without
any activation layers on the representations learned via FCRL and the baseline
methods. The decoder is trained for only one epoch.

FSPI Decoder: Input(50) — FC(1) .

Parameter Values
Batch size 256
Epochs 30

Critic Nonlinear
Optimizer Adam
Adam: betal 0.9
Adam: beta2 0.999
Adam: epsilon le-8
Adam: learning rate 0.001

Learning Rate Scheduler Cosine

Table D.2: Hyperparameters to train FSR Decoder on FCRL learned representations.

D.2 Additional details on 2D functions

In this experiment, we treat MNIST images as 2D functions. We adapt the architectures
of encoders and decoders from the previous 1D experiments. However, due to the in-
creased complexity of the function distributions we increase the number of hidden units
of MLP to d = 128. Moreover, the input x is 2D as it corresponds to the cartesian coor-
dinates of an image. The hyperparameter settings to train FCRL based encoder on such
2D function is given in Table D.3.
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D.3 Additional details on scenes functions

Parameter Values
Batch size 16
Latent space dimension 128
Temperature: T 0.007
Number of subsets: J 40
Max number of context points: N 200
Epochs 100
Critic Nonlinear
Optimizer Adam
Adam: betal 0.9
Adam: beta2 0.999
Adam: epsilon le-8
Adam: learning rate 0.0006
Learning Rate Scheduler Cosine

Table D.3: Hyperparameters to train FCRL based encoder for 2D functions.

Downstream Tasks. We consider two downstream tasks to evaluate the quality of
the representations learned on 2D functions: few-shot image completion and few-shot
content classification. A separate decoder is trained for both of these tasks.

* For Few-Shot Image Completion (FSIC), we use an MLP based decoder with two
hidden layers. The decoder is trained on the same training data for the same num-
ber of iterations. Details are given in Table D.4.

* For Few-Shot Content Classification (FSCC), we train a linear regression on top
of the representations obtained by both FCRL and the baselines. The decoder is
trained for only one epoch.

D.3 Additional details on scenes functions

The architecture used to encode scene images is the same as “’pool” architecture used
in GQN. We further augment it batch normalization. Figure D.1 shows the detailed
architecture used in experiments.

Learning scenes representations for MPI3D dataset

Since we have three view per each scene in MPI3D dataset, therefore we are restricted
in defining the number of context points and the number of views. In all our experi-
ments the number of context points N is fixed to three while the number of views J is
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Parameter Values
Batch size 16
Epochs 100
Critic Nonlinear
Optimizer Adam
Adam: betal 0.9
Adam: beta2 0.999
Adam: epsilon le-8
Adam: learning rate 0.001

Learning Rate Scheduler Cosine

Table D.4: Hyperparameters to train Few-Shot Image Completion (FSIC) Decoder
trained on FCRL learned representations.

Viewpoint
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AP Average Pooling
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Figure D.1: The “pool” architecture used for learning representations for the scenes’
datasets via FCRL. The architecture is the same as was used for training GQN (Eslami
etal.,2018).

set to two. In contrast to the experiments for regression datasets where more datapoints
per each view resulted in better representations, the restriction to a single image view in
MPI3D dataset did not hurt the representation quality, measured in terms of downstream
performance. In the downstream experiments on MPI3D, we use only one image to train
and validate the probes. Due to the limitation of available views, we could not measure
the effect of varying the number of views on the downstream performance.

We use the GQNs pool architecture with batch normalization as encoder. As men-
tioned in the ablation study, we did a random sweep over the range of hyperparameters

and selected the best performing model. Further details on the hyperparameters is pro-
vided in Table D.5.
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Parameter Values
Batch size 64
Representation dimension 128
Temperature: T 0.88
Number of subsets: J 2

Max number of context points: 3

Epochs 100
Critic Nonlinear
Objective NCE
Optimizer Adam
Adam: betal 0.9
Adam: beta2 0.999
Adam: epsilon le-8
Adam: learning rate 0.0005
Learning Rate Scheduler Cosine
Number of workers 10
Batch normalization Yes

Table D.5: Hyperparameters to train FCRL based encoder on the MPI3D Dataset.

Learning scenes representations for RLScenes dataset

To train the FCRL encoder, we randomly sample the number of views from each scene
to lie within the range [2, 20]: upper-bounded by 20 to restrict the maximum number of
images per scene to be the same as that used in (Eslami ez al., 2018), and lower bounded
by 2 in case just the one view is not from a suitable angle. So, here, the maximum num-
ber of context points N is 20. The number of subsets J is set to 8. In the downstream
reinforcement learning task, we use only one image to train the policy network, as is
the usual practice, and the same as (Eslami et al., 2018). We kept the joint ranges from
which joint positions are uniformly sampled to randomly reset the robot at the beginning
of every episode while training the policy network to be the same as the ranges used
for sampling the robot position while generating the dataset to train the FCRL encoder.
These joint ranges are selected so as to ensure that there are more scenes in which the
robot finger is visible. However, in order to not constrain the agent’s exploration, we let
the action space for training the reaching agent to be less constrained, and be able to ex-
plore the entire range from — pi to pi. So, effectively, the space seen by the robot during
the training of the representations is a subspace of that seen while inferring the repre-
sentations from the environment used for this downstream reaching task. Interestingly,
the inferred representations can also work effectively on unseen robot configurations as
demonstrated by the success of the reached arm.
Similar to the encoder training for MPI3D scenes, we learned the encoder for RLScenes.
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However, since the downstream tasks is a reinforcement learning task, it was hard to
judge the quality of representations. Therefore, we took some insights from the MPI3D
experiments and selected the model, trained with hyperparameters, which performed the
best on the RL downstream tasks. Further details on the hyperparameters is provided in
Table D.6.

Parameter Values
Batch size 32
Representation dimension 256
Temperature: T 0.46
Number of subsets: J 4

Max number of context points: 20

Epochs 100
Critic Nonlinear
Objective NCE
Optimizer Adam
Adam: betal 0.9
Adam: beta2 0.999
Adam: epsilon le-8
Adam: learning rate 0.0005
Learning Rate Scheduler Cosine
Number of workers 10
Batch normalization Yes

Table D.6: Hyperparameters to train FCRL based encoder on the RLScenes Dataset.
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