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Abstract

Throughout the formation and evolution of planets, collisions with other celestial objects are
common, ranging from micrometeorite impacts to major encounters with other protoplanets.
This study investigates the conditions under which such events occur, examining the
orbital- and physical properties of pre- and post-collision bodies and analyzing the intricate
dynamics involved in these interactions. We begin by shortly summarizing key principles
of planet formation, as well as introducing the computational methodologies employed in
this work. Our astrophysical contributions include an analysis of minor impacts on Jupiter’s
icy moons, Ganymede and Callisto, an evaluation of post-collision fragments from pairwise
planetary collisions, and the compilation of a comprehensive collision catalog spanning
a broad range of plausible initial conditions. Methodologically, we advance the field by
developing and refining numerical simulation techniques for collision modeling and
enhancing large-scale data analysis through the application of modern machine learning
approaches. Our findings support established theories of planet formation. We provide
refined estimates of impact velocities onto Jupiter’s icy moons and study the trajectories
of post-collision fragments after major collisions. Utilizing our numerical simulation
framework, we conduct extensive parameter studies of planetary collisions. The resulting
data is then employed to train modern machine learning methods for fast and accurate
collision handling. We conclude that combining numerical simulations with machine
learning opens up new pathways in theoretical astrophysics, representing a scalable and
versatile framework for elucidating the intricacies of planet formation.






Zusammenfassung

Wihrend der Entstehung und Entwicklung von Planeten kommt es hdufig zu Kollisionen
mit anderen Himmelsobjekten, die von Mikrometeoriteneinschldgen bis hin zu grofse-
ren Zusammenstofien mit anderen Protoplaneten reichen. Diese Arbeit untersucht die
Bedingungen, unter denen solche Ereignisse stattfinden, indem sie die orbitalen und
physikalischen Eigenschaften von Kérpern vor und nach der Kollision untersucht und die
komplizierte Dynamik analysiert, die an diesen Wechselwirkungen beteiligt ist. Wir begin-
nen mit einer kurzen Zusammenfassung der wichtigsten Prinzipien der Planetenentstehung
und stellen die in dieser Arbeit verwendeten Methoden vor. Unsere astrophysikalischen
Beitrage umfassen eine Analyse kleinerer Einschldge auf den Jupitermonden Ganymed
und Kallisto, eine Auswertung von Fragmenten aus Planetenkollisionen und die Zusam-
menstellung eines umfassenden Kollisionskatalogs, der ein breites Spektrum plausibler
Anfangsbedingungen umfasst. Unsere methodischen Beitrdge umfassen die Entwicklung
und Verbesserung von numerischen Simulationstechniken fiir die Kollisionsmodellierung
und die Analyse von grofien Datenmengen durch die Anwendung moderner maschineller
Lernverfahren. Unsere Ergebnisse stiitzen etablierte Theorien der Planetenbildung. Wir
liefern verfeinerte Schatzungen der Einschlaggeschwindigkeiten auf Jupiters Eismonden
und untersuchen die Flugbahnen von Fragmenten nach grofleren Kollisionen. Mithilfe
unser eigens entwickelten Simulationsmethode fithren wir umfangreiche Parameterstudien
von Planetenkollisionen durch. Die daraus resultierenden Daten werden verwendet, um
moderne maschinelle Lernmethoden fiir eine schnelle und genaue Kollisionsbehandlung
zu trainieren. Wir kommen zu dem Schluss, dass die Kombination von numerischen Simu-
lationen mit maschinellem Lernen neue Wege in der theoretischen Astrophysik erdffnet
und einen skalierbaren und vielseitigen Rahmen fiir die Erforschung der Feinheiten der
Planetenbildung darstellt.
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Outline

This thesis is organized in two parts.

Part I introduces the overall topic and describes related problems addressed in this work
(Chapter 1). This is followed by a chapter that introduces concepts for modeling astrody-
namical processes via numerical simulations and analyzing complex, high-dimensional
data via machine learning (Chapter 2). I provide important contextual information essential
for setting up the second part.

Part IT contains all major and minor contributions of this thesis. Specifically, it comprises
two major contributions (Chapters 3 and 6) and two minor contributions (Chapters 4 and 5),
which investigate various aspects of collisions in planetary systems. All contributions have
been published in well-established scientific journals in astrophysics.

This thesis particularly focuses on problems related to the computational modeling of
collision processes and examines possible solutions in greater detail. Additionally, I briefly
describe the relevance of the individual contributions and their interrelations. Finally,
the thesis concludes in Chapter 7, where the most significant findings are discussed in a
broader context.






Part I.

MoTIVATION & BACKGROUND






Introduction

What shapes the destiny of a planet? What critical moments
in the life of a celestial body determine its trajectory into the
future? For centuries, humanity held the belief that celestial
bodies were immutable, eternal entities, existing in an un-
changing state since the universe’s earliest moments. This
perspective is understandable, as the sheer scale of a planet’s
lifespan far outreaches the lifespan of any human being. Con-
sider our own Earth, estimated to be approximately 4.55 byr
old [75], an age so vast that it challenges the limits of human
comprehension. Such an immense timescale might naturally
lead one to assume that planets endure in a state of perpetual
stability, untouched by the passage of time.

However, in recent decades, new discoveries and a substan-
tial amount of evidence have overturned these long-held
assumptions, revealing a far more chaotic, dynamic, and
violent history for celestial bodies than previously imagined
[77]. Far from being static, the life of a planet is punctuated by
a series of rare but cataclysmic events — moments so brief in
the context of a planet’s existence that they represent merely
a blink of an eye in the bigger picture, yet so profound in their
impact that they can reshape the course of its entire history.
These events, known as collisions, wield extraordinary power.
They possess the capacity to erase billions of lives in an in-
stant, dramatically tilt the rotational axis of giant planets [55],
or even give rise to the formation of entirely new worlds [59,

]. These cosmic encounters are defining milestones that
leave lasting marks on the evolution of planets and planetary
systems.

This thesis is dedicated to exploring the nature and conse-
quences of such collisions. It seeks to shed light onto the
underlying mechanisms, thereby challenging our current
approaches and understanding of how to recreate and model
these processes with modern computational techniques.

1.1 Star Formation . . . .

1.2 Planet Formation . .

1.3 Planet Evolution . . .

1.4 Problems regarding

Collisions

7
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1. Introduction

Figure 1.1.: Early stages of star
formation [125]. Nearby stel-
lar winds or supernova explo-
sions induce efficient cooling of
molecular clouds, thereby lead-
ing to the formation of dense
cores. Through various phenom-
ena such as magnetic fields and
turbulence, cores collapse grav-
itationally and form a rotating
disk with a protostar in its center.
Bipolar gas outflows origin from
the newly formed star, further
taking away angular momentum
from the disk.
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1.1. Star Formation

To understand the significance of collisions within planetary
systems, it is essential to first establish a foundational under-
standing of the processes governing planet formation and
evolution, as detailed in several studies [76, 112, ,5]. In
this context, the formation of planets is closely linked to the
formation of their host stars, necessitating a joint analysis
of these processes. The temporal, spatial, and compositional
characteristics of planets are strongly influenced by the con-
ditions under which their parent stars form. Typically, star
formation occurs within gas-rich environments, such as those
found in disk galaxies or irregular galaxies.

More precisely, stars emerge in clustered groups originating
from large molecular clouds. These clouds have dimensions
on the order of d ~ 50 pc, masses around M = 10° Mo,
relatively low densities of p =~ 10> cm™, as well as a very
low temperature of T ~ 15 K (see Figure 1.1 for a schematic
representation of the formation process). The nearest star
formation region is located in the direction of the Orion
constellation, situated at a distance of approximately 1000 —
1400 ly from Earth.

Star formation can be initiated through various astrophysical
processes, including the influence of stellar winds or super-
nova explosions originating from nearby stars. These events
trigger the compression of adjacent molecular clouds, facil-
itating efficient cooling and thereby supporting conditions
leading to star formation. Within molecular clouds, a chaotic
interplay of several physical processes governs the dynamics
leading to the formation of dense gas and dust cores, charac-
terized by specific physical parameters: diameters between
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d =~ 0.1-1 pc, masses between M =~ 100—-1000 Mg, densities
exceeding p > 10° cm ™2, and temperatures typically ranging
between T ~ 10 — 30 K.

The most relevant forces at play include gravity, which drives
contraction, as well as stabilizing factors such as thermal
pressure and magnetic fields, which resist contraction. Ad-
ditionally, turbulence within the cloud can act as both a
contracting and stabilizing mechanism, depending on its
location, scale, and intensity.

Magnetic fields and turbulence contribute to the formation of
dense cores by facilitating the dissipation of angular momen-
tum to surrounding regions, thus enabling the concentration
of material necessary for core formation. These dense cores
serve as the precursors to stellar and planetary systems.
However, for such systems to form, the cores must undergo
gravitational collapse. The likelihood of this collapse can be
evaluated using the Jeans criterion, which provides a theoreti-
cal framework for determining the conditions under which a
cloud or core becomes gravitationally unstable:

T ' ngy “
— 2
4y =019 (10 K) (104 cm—3) pe D

T & ny,

M; =
F71\10k] \10* em-

3)_1/2 Mo (12)

Here, dj and M are the upper bounds for diameter and
the corresponding mass of a core, above which it becomes
unstable and collapses. The average count density of H,
molecules per unit volume in a core is ny,.

1.1. Star Formation

Figure 1.2.: Images of circumstel-
lar disks in infrared (dark com-
ponents), taken by Hubble space
telescope in 1999 [50]. Bright re-
gions above and below the disks
are illuminated by the young
stars.



1. Introduction

In accordance with the law of conservation of angular mo-
mentum, the collapse of a rotating molecular cloud core
initiates an increase in rotational velocity as the core con-
tracts, resulting in the formation of a flattened, disk-like
structure, commonly referred to as a protoplanetary disk (see
Figure 1.2). Within this disk, the region of highest density
undergoes further gravitational collapse, leading to the for-
mation of at least one protostar. This protostar subsequently
accretes a portion of the surrounding disk material, facilitat-
ing further growth over time. Nuclear fusion ignites within
the protostar as soon as its core attains sufficient temperature
and density.

In contrast to the innermost region of the protoplanetary
disk, its outer regions experience additional gravitational
instabilities, which drive the coagulation and accumulation
of material, ultimately leading to the formation of planetary
bodies (see discussion below).

The angular momentum of the system is diverted away
through multiple mechanisms. One such mechanism in-
volves the ejection of material through bipolar gas outflows,
which are propelled by magnetic activity and stellar winds
induced by the newly formed protostar [11, 109]. Alternatively,
angular momentum may be transferred into the orbital mo-
tion of planets formed within the disk. For example, although
the masses of our Jovian planets (Jupiter, Saturn, Uranus,
and Neptune) are negligible w.r.t. the Sun, these planets
contain 98% of the Solar System’s total angular momentum
distribution through their orbital motions [/2]. In multi-star
systems, a significant portion of angular momentum is re-
tained within the orbits of stars themselves as they revolve
around the system’s barycenter.

Circumstellar disks, also referred to as protoplanetary disks,
primarily consist of molecular hydrogen (H>) gas and micro-
scopic dust particles. These disks serve as the reservoirs from
which protostars accrete material to facilitate their growth.
However, for accretion to proceed effectively, the rotational
angular momentum of the protostar must be transported
away to prevent rotational breakup. In disk regions where gas
is sufficiently ionized, particularly near the protostar, angular
momentum can be redistributed outward through magneto-
rotational instabilities [120]. Nevertheless, the bulk of the
disk material remains non-ionized, necessitating alternative
mechanisms for angular momentum transport.



Due to Keplerian motion (also see Section 2.1), the angular
velocity of material within the disk is predominantly de-
termined by its radial distance from the central protostar,
resulting in a differentially rotating disk. This differential
rotation induces shear flows between adjacent regions of
the disk, which in turn perturb its dynamical stability. The
resulting shear-driven interactions give rise to gas-friction
and turbulence [56, 57, 88]. These processes collectively con-
tribute to the complex dynamical evolution of protoplanetary
disks, affecting their capacity to support accretion onto the
protostar, as well as facilitating planet formation inside the
disk.

1.2. Planet Formation

The dynamics of protoplanetary disks play a critical role
in the early stages of planet formation, as evidenced by
various studies [65, 95, 22, 50]. The process begins with the
coagulation of microscopic dust particles, where tiny grains,
typically on the order of d =~ 10~* cm, adhere to one another
through mutual interactions driven by van der Waals forces,
electrostatic attractions, or other adhesive mechanisms. Since
dust particles are typically irregular and sharp (see Figure 1.3),
they easily stick to each another.

This coagulation phase, occurring over timescales of approx-
imately t ~ 10% — 10* yr, results in the formation of larger
aggregates, ranging from millimeter- to decimeter-sized peb-
bles. These pebbles, while still subject to friction with the
surrounding gas in the disk, mark a significant step in the
hierarchical growth of solid bodies.

As the size of these aggregates increases, their dynamical
behavior transitions. Larger objects, typically exceeding the
decimeter scale, begin to follow Keplerian orbits more closely
due to their increased mass and reduced surface-to-mass
ratio. Consequently, these bodies become less prone to pertur-
bations caused by gas drag, friction, and turbulent motions
within the disk. This shift in dynamics reduces the efficiency
of further growth through simple coagulation, necessitating
alternative mechanisms to facilitate the formation of larger
bodies.

Further growth involves revisiting gravitational instabilities:
Small deviations from the local disk density are induced

1.2. Planet Formation



1. Introduction

Figure 1.3.: Microscopy image of
a cosmic dust particle [82]. Its
irregular shape makes it easily
stick to other particles.

by turbulent concentration and other hydrodynamic pro-
cesses. These density perturbations can become gravitation-
ally unstable and trigger gravitational collapse. Unstable
regions then initiate a self-reinforcing feedback loop, at-
tracting additional disk material, both solid and gaseous,
through gravitational forces. This process, unfolding over
approximately t =~ 10° yr, results in the formation of plan-
etesimals, which are solid bodies with diameters ranging
from d ~ 10 — 10” cm.

The emergence of planetesimals represents another pivotal
transition in disk evolution, as the disk begins to frag-
ment into many individual, discrete objects. The subse-
quent evolution of these planetesimals drives further growth
through mutual collisions and accretion. Over timescales of
t ~10° — 10° yr, repeated collisions between planetesimals
lead to the formation of planetary embryos, which are larger
bodies with diameters on the order of d ~ 108 — 10° cm.

These embryos serve as the precursors to terrestrial planets
and the cores of gas giants, depending on their location
within the disk and the availability of gaseous material. The
collisional growth process is influenced by a variety of factors,
including the relative velocities of planetesimals, the disk’s
dynamical state, and the surface density of solid material.
In addition, orbital resonances start to act as stabilizing or
destabilizing factors (see details below). This complex inter-
play of physical processes ultimately shapes the architecture
of planetary systems, setting the stage for further evolution



through dynamical interactions and accretion of residual
disk material.

Planetary embryos experience substantial heating driven by
radioactive decay of short-lived and long-lived isotopes, tidal
interactions with nearby massive bodies, accretion of material
during their formation, and energetic collisions with other
celestial bodies [41,136,67,26,106,141, 20]. These mechanisms
collectively induce significant temperature increases within
the embryos, leading to partial melting of their constituent
materials, particularly within their cores [53]. Partial melting
usually goes hand in hand with internal differentiation into
layers [118, 1, 38, 139]. This differentiation process is primarily
characterized by the segregation of heavy materials which
migrate towards the core and light materials which migrate
towards the surface.

Furthermore, the self-gravitational forces acting on these
bodies are sufficiently strong to overcome the mechanical
strength of materials. This facilitates a morphological transi-
tion from irregular, asymmetric shapes into more spherical
configurations. Large objects with spherical shapes are in
a so-called hydrostatic equilibrium [19, 52], i.e., when com-
pressive forces of self-gravity balance out internal pressure
gradients (also see Figure 1.4).

Considering the volume of a spherical shell 47tr2dr with a
thickness of dr, as well as its density p(r) at radius r, the
total mass of a sphere at radius r is

M, = /f p(r) 4mridr. (1.3)
0

Further, for a volume element at depth r and a height of dr,
as well as considering 1m? of its surface, its pressure gradient
is then

LI, (1.4
dr 4mr?

where G is the gravitational constant. This means that the
change of pressure is equivalent to the weight of the vol-
ume element, thereby effectively balancing out each other.
This equilibrium state is a major milestone in the forma-
tion of planets, marking their progression to complex inner
structures.

1.2. Planet Formation



1. Introduction

Figure 1.4.: Image of asteroid
Vesta, taken by the Dawn space-
craft from a distance of about
5200 km [55]. With a diameter
of d = 525 km [103], Vesta pos-
sesses sufficient mass for its self-
gravity to overcome rigid body
forces, resulting in a more spher-
ical shape w.r.t. other asteroids,
as well as approaching hydro-
static equilibrium.

Images: NASA/JPL/MPS/DLR/ IDA
Dawn 2011-07-24 08:35 to 2011-07-24 09:36
Image processing: Bjérn Jénsson

The runaway effect of gravitational instabilities significantly
influences the accretion dynamics of planetary embryos,
enabling earlier embryos to amass substantially more mate-
rial compared to those forming later in the protoplanetary
disk’s evolution. This offset accretion process results in the
formation of planets with diverse masses and properties,
including gas giants, smaller terrestrial planets, as well as
countless minor bodies such as dwarf planets, asteroids, and
comets. Unlike terrestrial planets, which primarily accrete
solid material or lose their gaseous components due to strong
solar winds from a nearby parent star, gas giants undergo an
additional phase of growth, where they attract and accrete
a large amount of gas from the disk [91]. This gas accretion
phase occurs over a timescale of about t =~ 10° — 10° yr,
leading to planet diameters of about d ~ 10 cm.

The interaction between a protoplanet and the protoplanetary
disk facilitates a mutual exchange of angular momentum,
which drives the planet’s migration towards their parent star
[71,127, 85]. As the disk material in the orbital vicinity of a
planet depletes (see Figure 1.5), the accretion process largely
ceases, effectively halting the planet’s growth. However, the
complexity of planet formation arises from the interplay of a
multitude of interacting processes, necessitating a compre-
hensive approach to model these phenomena jointly [127].



1.3. Planet Evolution

The orientation of a circumstellar disk plays a pivotal role
in determining the dynamical properties of planets formed
therefrom. These properties include both the shape and ori-
entation of planetary orbits, as well as the orientation of
intrinsic angular momentum, i.e., the planets’ rotation axes.
However, these orbital parameters are not static. They un-
dergo significant modifications over extended timescales due
to gravitational interactions among celestial bodies [116, 126].
Such interactions are particularly pronounced in the pres-
ence of orbital resonances, i.e., when massive orbiting bodies
exert periodic and recurring gravitational influences on each
another. These resonance can lead to complex dynamical
evolution, including migration towards or away from their
parent star.

The most common form of resonance is the mean motion
resonance (MMR), which occurs when two or more celestial
bodies have orbital periods that are simple integer ratios of
each other. For example, Earth and Venus are in a near 13:8
MMR, while Jupiter and Saturn are in a near 5:2 MMR. Reso-
nances can have either stabilizing or destabilizing effects on
the orbits of the involved bodies, depending on the specific

1.3. Planet Evolution

Figure 1.5.: ALMA observation
of young star HL Tauri [89, 3].
Gaps within the disk indicate on-
going planet formation through
accumulation of local disk mate-
rial. Credit: ALMA (ESO/NAO-
J/NRAO)
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ratio of their orbital periods. Stabilizing resonances, such
as 1:1, 3:2, 4:3, or 4:2:1, tend to enhance orbital stability by
locking the bodies into predictable, repeating configurations
that mitigate chaotic perturbations. Conversely, destabilizing
resonances, such as 2:1 or 3:1, can induce significant orbital
perturbations, typically leading to changes of orbital param-
eters (also see Section 2.1), migration, or even ejection from
the system. These resonant interactions are critical to under-
standing the long-term evolution of planetary systems.

In general, stellar and planetary systems comprising more
than two interacting bodies exhibit chaotic dynamics [51,

, , 50]. This chaotic behavior can lead to significant
orbital perturbations over time. In extreme scenarios, such
interactions may result in the ejection of celestial bodies from
the system, where one or more bodies achieve escape veloc-
ity, often facilitated by close encounters with other planets.
In contrast, certain configurations, such as our own Solar
System, demonstrate quasi-stable behavior over extended
periods of time despite underlying chaotic tendencies. This
relative stability is attributed to specific orbital architectures,
especially resonant configurations that can mitigate chaotic
divergence, as seen in systems like the 5:2 MMR between
Jupiter and Saturn.

To investigate the orbital evolution and chaotic dynamics of
such systems, researchers commonly use N-body numerical
simulations (see 2.1). These simulations model the spatial
trajectory of multiple bodies over time, providing insights
into the long-term evolution of their orbits and the emer-
gence of chaotic behavior. A widely adopted method for
quantifying the degree of chaos in these dynamical systems
is the analysis of Lyapunov Characteristic Exponents (LCEs) [9].
LCEs measure the rate of exponential divergence of initially
nearby trajectories in phase space, offering a robust metric for
assessing the stochastic properties of a system under small
perturbations in initial conditions. A positive LCE indicates
chaotic behavior, with the largest exponent determining the
timescale of predictability loss, known as the Lyapunov time.
By integrating N-body simulations with LCE analysis, the
dynamical stability and chaotic evolution of such systems
can be characterized in a comprehensive manner.

Unstable orbital dynamics often lead to significant reconfigu-
ration of a planet’s orbit, fundamentally altering its trajectory
and position within the system. Its parent star, however,
not only affects the orbital path, but also the physical prop-
erties of a planet’s surface and interior. Factors such as a
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planet’s distance from the star, its orbital eccentricity, and
its rotational characteristics — including the orientation of its
rotational axis and its rotational speed — play critical roles in
determining surface conditions. For example, orbital insta-
bility can cause dramatic variations in surface temperature,
atmospheric composition, and other environmental factors,
as the planet’s exposure to stellar radiation fluctuates. These
changes can have profound implications for the planet’s
habitability (e. ., through effective freezing or vaporization
of oceans) and geological activity (e.g., through strong tidal
heating), highlighting the intricate interactions between or-
bital dynamics and stellar influence in shaping planetary
systems.

1.4. Problems regarding Collisions

In planetary systems, collisions between celestial bodies
can occur at any scale and at any time [4”]. This includes
a diverse spectrum of events, from low-energy collisions
involving microscopic dust particles to intermediate-scale
impacts of micrometeorites and small bodies onto planetes-
imals, up to high-energy, catastrophic collisions between
protoplanets. Recently, even collisions between man-made
objects and asteroids are becoming more relevant in the
context of planetary defense and future asteroid mining
operations [53].

Collision processes play a fundamental role in the dynamical
evolution and physical development of planetary systems,
strongly affecting the formation, growth, and eventual stabi-
lization of planetary bodies across cosmic timescales. Thus,
collisions turn planet formation into a fundamentally chaotic
and violent process.

Let us now consider a pairwise collision between two distinct
objects, denoted as i and j, with their respective masses
masses m; and m;. Under the assumption of m; < m;, we
define object j as the projectile and object i as the target. This
definition facilitates a clear naming convention to differentiate
between objects.

At any given point in time ¢, both objects occupy a finite
volume within three-dimensional Euclidean space. The ob-
jects may be composed of a diverse range of materials, which
can exist in various physical states, including solid (e.g., ice,
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metals, as well as rocky materials like basalt or silicate), lig-
uid (e.g., water or magma), gaseous (e.g., atmospheric gases
or volatile ices), and plasma (e.g., auroras, ionospheres, or
lightning-induced plasma).

The kinematic and dynamic properties of both objects are
defined w.r.t. their respective barycenters, which serve as
reference points for their motion and physical characteristics.
Specifically, each object is described by its position vector
X(t), which locates the barycenter in three-dimensional space,
as well as its respective velocity vector (t) describing transla-
tional motion. In addition, each object has a rotational angular

momentum vector E(t), which defines the orientation and
magnitude of its rotation around an axis passing through the
barycenter. These properties are critical for accurately mod-
eling the pre-collision, collision, and post-collision dynamics
of the system.

The overall impact geometry is determined by X;, X;, 7;, 7; at
the time of contact t = t.. With a relative barycenter distance
of rj; = |X¥; — X}|, the impact velocity v;;,, and the impact
angle a;;; are defined as

r_i)j : 5imp)
t=t,

(1.6)
Tij - Oimp

Aimp = cos ™! (

Therefore, a head-on collision has a;;;, = 0° while a grazing
collision has aj;py = 90° (also see Figure 3 in Chapter 6). Note
that significant deformations can already happen at ¢t < ¢,
due to tidal interactions. This is especially true for large or
brittle bodies.

In the reference frame of object 7, the total kinetic energy of
the projectile is
2

mj- Uimp

Ekin = 5 (L7)

Thus, the impact velocity has a much stronger influence on
the overall collision outcome compared to the projectile mass.
During a collision, this kinetic energy is released, leading to
various effects such as strong deformation, compression, frag-
mentation, ejection, melting, and explosive vaporization.
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In general, the temporal evolution of colliding bodies is
governed by the principles of classical mechanics, including
conservation laws for momentum and angular momentum,
as well as the physical interactions between the objects,
which may involve elastic, plastic, or inelastic interactions
depending on material properties and collision parameters.

Moreover, the objects” internal structure (e. g., differentiated
vs. homogeneous or dense vs. light) strongly affects the
collision process. For example, a solid object such as a rocky
asteroid may exhibit brittle fracture or plastic deformation
(e.g., through porosity), whereas gaseous or fluid components
such as an atmosphere or a liquid core may largely behave
like a Newtonian fluid. Involved materials, as well as their
spatial distribution, significantly influence mechanical and
dynamical properties during the collision process.

Minor meteorite impacts on Earth are common, with about
50 tons/yr of daily influx [140]. Most meteorites are some
millimeters in size, whereas meter-sized ones are far less com-
mon. Meteorites usually origin from the main asteroid belt
or from debris of comets. After entering Earth’s atmosphere
at hypersonic velocities, they encounter strong atmospheric
resistance, which causes intense frictional heating and abla-
tion. Depending on their composition, this typically results
in colored, bright fireballs. Frictional heating can also lead to
breakup or explosion before reaching the ground. As iron
meteorites are more stable, this effect specifically applies to
stony and carbonaceous impactors.

A prominent example for atmospheric disruption and ex-
plosion occurred in Tunguska, Central Siberia, in 1908 [21],
where a stony asteroid with tens of meters in radius released
about 10-20 megatons of energy at an altitude of about 10
km. Despite extensive search, no large fragments have been
found. Recently, the formation of Lake Cheko was identified
as a potential crater candidate originating from a possible
secondary impact [35]. The lake is located about 8 km NNW
of the explosion epicenter.

In general, however, minor impacts with m; << m; typically
result in the formation of craters, which are commonly ob-
served in our Solar System. Crater formation can be roughly
divided into three distinct phases: contact & compression, ex-
cavation, and modification [/7]. Depending on their size and
the presence of geological activity, craters can remain in sim-
ple, bowl-like shapes or develop complex, multi-component
basins during the modification stage (see Figure 1.6).
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Figure 1.6.: Left: Barringer
Crater in Arizona, USA [119]. It
has a diameter of 1.19 km and
is about 49000 yr old. The iron-
rich impactor had a diameter
of about 45 m, a mass of about
3 x 10® kg, and an impact ve-
locity of 1.4 — 2.8 [vesc] [108].
Right: Valhalla crater on Cal-
listo, Jupiter’s icy moon [129].
The image was taken by Voyager
1in 1979. While the impact basin
measures about 600 km in diam-
eter, the multi-ring structure ex-
tends 2600 km across the surface
of the moon. Depending on its
mass, the projectile had an im-
pact velocity of 12.5 - 63.3 [vesc]
(details provided in Chapter 3).
Bottom: Earth’s Moon is covered
with countless craters in varying
sizes [114]. Their density is an
indicator for the geological age
of the surface.

Major collisions, on the other hand, can play a critical role in
setting the evolutionary path of an object. For example, there
is evidence which supports that Earth’s Moon was created by
a major collision between the young Earth and a Mars-sized
impactor [/, 137]. Also, recent studies suggest that Uranus’
rotation axis was strongly tilted w.r.t. the orbital plane due to
one or two major collisions with earth-sized objects [55, 95].
In general, outcomes of major collisions include the potential
for fragmentation, merging, and ejection of material from
both projectile and target.

Considering the observational evidence of collisions in our
Solar System, it is imperative to determine the most effec-
tive methodologies and experimental setups for studying
these phenomena in general. While small-scale collisions
can be studied in the laboratory [49, 45, 115, 61, 25] (also see
Figure 1.7), this option is not available in case of large-scale
collisions due to several reasons. Major collisions between
protoplanets are rare events, involve various complex phys-
ical interactions, and usually happen during the relatively
short period of planet formation.

From an observational perspective, major collisions can also
not be studied directly. These events are usually hidden
within a thick disk of gas and dust (see Figure 1.2), which
negates direct observation at various wavelengths. Another
key limitation in observing planetary collisions is the vast
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distance to these events combined with the limited angular
resolution of current telescopes, which prevents resolving
fine details necessary to detect and study such collisions.

In contrast, computational modeling turned out to be a viable
approach for studying various types of collision events, as
well as their influence on planet formation and long-term
planetary evolution [10, 18, 6, 113, 37, 44]. More concretely,
collisions can be modeled by the means of both N-body
simulations and hydrodynamics simulations (Chapter 2).

In addition to classical modeling approaches, data-driven
methods employing machine learning (ML, [/5]) are experi-
encing a renewed surge of interest within various scientific
disciplines (Section 2.3). ML provides powerful tools for
processing large, complex datasets in a fast and efficient
manner while at the same time maintaining high predic-
tive performance. These methods are particularly suited for
handling high-dimensional data, which is common in theo-
retical astrophysics due to the intricate nature of simulated
datasets. ML techniques excel in detecting and exploiting
subtle patterns and correlations within such datasets, thereby
speeding up complex calculations that are often intractable
using traditional analytical approaches.

Among the various ML methodologies, deep learning (DL),
which leverages artificial neural networks [51], has recently
emerged as a particularly promising approach [2, 69]. DL
is well-suited for tackling high-dimensional, non-linear pre-
diction tasks, such as modeling dynamical systems or re-
constructing physical processes from incomplete or noisy
data. The growing adoption of ML and DL underscores their

Figure 1.7.: Laboratory experi-
ment of a collision [62, 61] using
a two-stage light-gas gun facil-
ity. The impact leads to the for-
mation of a crater of about d =~
10 cm in diameter. The image de-
picts the ejecta cloud shortly af-
ter the impact.
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transformative potential in overcoming computational and
analytical challenges inherent in modern astrophysics.

Given the tools for modeling the dynamical processes of
minor and major collisions, the scope of this work is to
address the following problems:

» Problem A: What happens before a collision? What are
the initial conditions that lead to a certain outcome?

» Problem B: What happens during a collision? How
to model the complex physical interactions between
gravity and material-specific effects?

» Problem C: What happens after a collision? How do
the resulting bodies evolve over time?

Solving these problems is by no means a trivial task. More-
over, applied methods often raise significant challenges them-
selves, thereby introducing an additional layer of complex-

ity.



Computational Methods

2.1. n-Body Simulations

The precise prediction of celestial body movements has his-
torically presented a great challenge for astronomers and
mathematicians. For centuries, the complex dynamics of
planetary motion was poorly understood, with early models
relying heavily on empirical observations and rudimentary
geometric approximations. Only through the groundbreak-
ing contributions of Johannes Kepler in the early 17th century,
a robust framework, that was grounded in rigorous mathe-
matical principles, was established. This framework allowed
to accurately predict the positions of celestial bodies over
time. Kepler’s seminal work, building upon the heliocentric
model proposed by Nicolaus Copernicus, marked a pivotal
advancement in astronomy by introducing a set of three
fundamental laws that describe the motion of planets in their
orbits around the Sun.

1%t Law (The Law of Ellipses): Kepler’s first law revolution-
ized the understanding of planetary orbits by asserting that
the orbit of every planet is an ellipse, with the host star
located at one of its two foci. The mathematical description
of an elliptical orbit is given by the polar equation:

p

r:1+e-cos(6)'

(2.1)

In this equation, r represents the radial distance from the star
to the planet, p denotes the semi-latus rectum (a parameter
related to the size of the ellipse), ¢ is the eccentricity of the
ellipse (quantifying the degree of elongation, with ¢ = 0
being a circle and ¢ < 1 being an ellipse), and 0 is the true
anomaly, the angle measured from the periastron (the point
of closest approach to the star) to the planet’s current position
in its orbit. This formulation allows for precise calculations
of a planet’s position at any given time, accounting for the
elliptical nature of its trajectory.

Kepler’s first law represented a fundamental departure from
the previously assumed circular orbits. More specifically,

2.1 n-Body Simulations
2.2 Smoothed Particle

Hydrodynamics . . .
. 29

2.3 Machine Learning

19

25
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Figure 2.1.: Left: The An-
tikythera mechanism was an ana-
log computer, consisting of a
complex system of wheels and
plates [23]. Dating back to about
80 BC, the mechanism repre-
sents both masterful and high-
precision engineering, but also
fundamentally wrong theories
originating from the Geocentric
model. Right: Apparent motion
of the Sun, Mercury, and Venus
as observed from Earth under
the Geocentric model [29]. The
complex motions, including re-
current retrograde phases, were
usually described via epicycles.

the prominent Epicycle theory states that planets move along
circles, which themselves move along other circles. Although
fundamentally wrong, stacking of many circles in this manner
allow for crude approximation of planetary motions. Specif-
ically, epicycles allow for describing recurrent retrograde
motion of planets. These motions, however, were merely an
artefact resulting from the Geocentric model, which persisted
for about 2000 years.

An early example of the deep belief into epicycles is the
so-called Antikythera mechanism [92, 52] (see Figure 2.1). Al-
though masterfully crafted and highly accurate, it relied on
the Geocentric model and epicycles to describe planetary
motions. Today, the mechanism is considered as the earliest
analog computer in existence.

In contrast, Kepler introduced a physically sound descrip-
tion of observed planetary paths. Kepler’s first law not only
provided a geometric foundation for understanding plane-
tary motion, but also laid the groundwork for subsequent
laws that further refined the predictive power of celestial
mechanics.

2" Law (The Law of Equal Areas): Kepler’s second law states
that a line segment connecting a planet to its host star, known
as the radius vector, sweeps out equal areas in equal inter-
vals of time as the planet traverses its elliptical orbit (see
Figure 2.2). This principle implies that a planet moves faster
when it is closer to the star (i.e., near the periastron) and
slower when it is farther away (i.e., near the apastron), ensur-
ing that the areal velocity remains constant throughout the
orbit. This law reflects the dynamic interplay between the
planet’s position and its orbital speed.
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3" Law (The Law of Harmonies): Kepler’s third law estab-
lishes a fundamental relationship between the orbital char-
acteristics of celestial bodies, stating that the ratio of the
cube of the semi-major axis of an orbit to the square of the
orbital period remains constant for all objects in orbit around
the same central star. This universal constant, which applies
across all planets orbiting a given star, reflects a profound
insight into the dynamics of celestial mechanics and the
underlying gravitational forces governing planetary motion.
The mathematical expression of this law is given by:

@ G- (M+m)

2 = (2.2)

In this equation, a represents the semi-major axis of the
elliptical orbit, which is half the length of the orbit’s longest
diameter. The orbital period ¢ denotes the time required for
a planet to complete one full revolution around the star. The
constant on the right-hand side involves G, the universal
gravitational constant, which quantifies the strength of grav-
itational attraction, and the masses M and m, corresponding
to the mass of the star and the planet, respectively. Note that
M >> m simplifies the equation, as the planet’s mass has a
negligible effect compared to that of the star.

By establishing the three laws as stated above, Kepler pro-
vided critical insights into the elliptical, non-uniform motion
of celestial bodies and enabled astronomers to model the com-
plex paths of planets with unprecedented accuracy, paving
the way for the development of modern orbital dynamics. His
fundamental contributions led to the eventual formulation
of Isaac Newton’s law of universal gravitation in the 17th
century:

Figure 2.2.: Kepler’s 2" law vi-
sualized [12]. Orbital parameters
are ¢ = 0.6 with an orbital pe-
riod of t = 4 yr. When assum-
ing a time interval of At = 1yr,
the traversed area (colored) mea-
sures 0.63 AU?. In the left panel,
the planet is located at the peri-
astron (6 = 0°), whereas in the
right panel, the planet is located
at the apastron (0 = 180°).
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Figure 2.3.: N-body problem vi-
sualized. Object i = 0 with mass
myg is being accelerated by two
other objects, thereby changing
its velocity and position from
time t — t + At. Other objects
are affected in a similar manner
and undergo their respective up-
dates in parallel.

Given two bodies i and j with masses m; and m;, and a
relative distance 7;; = X; — X;, the gravitational force Fj;
acting between the bodies is

(2.3)

In the case of n > 2 bodies with non-zero masses, the total
gravitational force acting on i is the sum of forces exerted by
all other 1 —1 bodies in the system. Unlike the two-body prob-
lem (i.e., n = 2), which can be solved analytically, systems
with n > 2 generally exhibit complex, chaotic behavior that
can not be solved via closed-form solutions. Consequently,
such systems necessitate the use of numerical simulation
techniques to accurately model their dynamics. Let us now
investigate how this problem can be formulated as numerical
integration of differential equations (also see Figure 2.3).

Vo(t) Xo(t+At)

We begin with defining some initial conditions for positions
X(tstart) and velocities T(ts¢qrt) of all bodies at the starting
time t = tg44¢. Alternatively, initial conditions may be ex-
pressed in terms of the so-called Kepler elements: the orbit’s
semi-major axis 4, eccentricity ¢, inclination i (w.r.t. the main
plane), argument of the periapsis w, longitude of the as-
cending node €}, and mean anomaly M. Both sets of initial
conditions require a total of 6 parameters per body and can
be mutually converted between one another.

A barycenter correction is usually applied to initial conditions
such that the barycenter rests in the coordinate system’s ori-
gin. This choice reduces numerical errors during simulations,
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thereby enhancing the stability and accuracy of calculated
solutions.

The overall objective of n-body simulations is to compute
the trajectories of all bodies, represented by their position
vectors Xj(t) for i = 1,...,n over a specified time interval
t = [tstart, tend]. The motion of each body is governed by
its total acceleration, defined as the second time derivative
of its position, a = ‘j;f, which arises from the gravitational
interactions with all other bodies. Considering an object 7, this
problem requires solving the following 27 order ordinary

differential equation (ODE):

This ODE can be re-formulated as a system of two 1% order
ODEs:

do; Xj— Xi

dt ]; ]|x]' - X3

ax; .

d—tl =7;. (2.6)

By choosing a discrete time step At, the respective updates
fromt — t + At are then

vi(t + At) = 0;(t) + At - a;(t) (2.7)
Xi(t + At) = X;(t) + At - Ti(t + At) . (2.8)

This update rule is commonly known as the Euler update
method, a fundamental approach for numerically solving
ODEs by approximating the solution through discrete time
steps. In addition to the Euler method, several alternative
numerical integrators have been developed, each offering
distinct advantages such as enhanced accuracy, improved
stability, or energy conservation properties [102, 66, 15, 121,

, 63]. These advanced methods, including the Runge-Kutta
family, Bulirsch-Stoer, and Verlet algorithms, provide more
sophisticated techniques for addressing the numerical chal-
lenges inherent in solving complex ODEs, particularly in
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systems exhibiting nonlinear dynamics or requiring long-
term integration. In contrast to the Euler update method,
these integrators allow modeling intricate dynamical phe-
nomena with high precision and reliability across a wide
range of scientific and engineering applications.

To address the computational demands of modeling gravi-
tational interactions in an n-body system, it is necessary to
calculate all pairwise accelerations between bodies i and j for
i=1,..,nandj =1,...,nwithi # j. This results in a compu-
tational complexity of G(n(n — 1)), which simplifies to 6(n?)
for large n. Consequently, evaluating the right-hand side
(RHS) of equation 2.5 becomes computationally prohibitive
for systems involving a large number of bodies, as often re-
quired in modern astrophysical simulations. The necessity of
computing the RHS at each time step further exacerbates the
computational burden, rendering direct numerical integra-
tion impractical for large n without specialized techniques.
As a result, n-body integrations are usually carried out by a
computer [47].

To mitigate the 6(112) scaling, tree-based approximation meth-
ods havebeen developed [5, 99, 43]. These methods, including
the Barnes-Hut algorithm and fast multipole methods, re-
duce the computational complexity of the RHS to ©(n log n)).
They thus offer highly efficient alternatives for simulations
involving millions of bodies, such as encountered in planet
formation, galactic dynamics, and large-scale cosmological
studies.

When expressing the physical properties of celestial bodies,
such as their masses, distances, and velocities, in terms of
standard SI units, the resulting numerical values are often
extremely large, leading to significant numerical errors dur-
ing computer-aided integration. These errors arise due to the
finite precision of floating-point arithmetic, which struggles
to accurately represent quantities spanning many orders of
magnitude. To address this challenge, astronomers frequently
adopt specialized units tailored to the scale of the system
under study. In the context of planetary systems, the Gaus-
sian gravitational constant k [36], expressed in terms of the
solar mass My and the astronomical unit (AU), is commonly
employed. This constant facilitates more numerically stable
computations by scaling the relevant quantities to values
that are better suited for computational precision, thereby
minimizing rounding errors and improving the reliability
and stability of the integration process.
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Within the scope of this thesis, n-body simulations serve as
a powerful and versatile computational tool for investigating
a range of astrophysical phenomena, specifically problems
A, B, and C, as defined in Section 1.4. More concretely, we
utilize n-body simulations to estimate the initial conditions
of collision events, which are critical for understanding the
dynamical evolution of the system prior to impact. Addi-
tionally, these simulations allow for the study of long-range
gravitational interactions between hydrodynamic particles
during collision events, capturing the intricate interplay of
forces that govern the deformation of bodies. Furthermore,
n-body methods are applied to analyze the trajectories of frag-
ments produced as a result of collisions, providing insights
into the post-collision dynamics and the eventual fate of the
resulting debris. By leveraging the capabilities of n-body
simulations, this work aims to advance our understanding
of the underlying mechanisms driving these astrophysical
processes.

2.2. Smoothed Particle Hydrodynamics

N-body simulations are widely employed in astrophysics
to model the long-term orbital evolution of celestial bodies,
offering valuable insights into the dynamical behavior of
planetary systems. These simulations excel in tracking the
gravitational interactions of multiple bodies over extended
timescales, providing robust predictions for orbital trajecto-
ries and system stability. However, a significant limitation of
n-body simulations arises from their treatment of individual
objects as point-masses. This simplification makes it impossi-
ble to accurately model collisions involving complex physical
interactions, such as material deformation, fragmentation, or
energy dissipation.

To address collision dynamics, a simple but rudimentary
approximation known as perfect inelastic merging (PIM)
is often employed [e.g., 94]. In PIM, colliding objects are
assumed to merge completely upon contact, conserving total
momentum and mass while neglecting detailed physical
processes like shock compression or material ejection. A PIM
event is triggered when the distance between two objects falls
below a specified threshold, such as d < r; + rj with r; and
rj representing the radii of the colliding bodies. These radii
are generally estimated by modeling the objects as perfect
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spheres with uniform mass densities, a simplification that
overlooks variations in internal structure or composition.

However, research has demonstrated that PIM tends to over-
estimate collision efficiency, leading to unrealistically rapid
growth of planetesimals during the early stages of planetary
formation [15, 16, 14]. This overestimation introduces signifi-
cant biases in simulations of protoplanetary disks, affecting
predictions of planet formation timescales and the resulting
architectures of planetary systems.

To overcome the limitations of PIM and enhance the quality
of collision modeling, hydrodynamics simulations offer a
powerful alternative. Unlike PIM, which relies on simplified
assumptions, hydro simulations are grounded in physically
realistic models that account for the thermodynamic and
mechanical responses of colliding bodies. This approach sig-
nificantly reduces systematic errors associated with collision
handling, providing more reliable predictions for outcomes
such as the formation of moons or the collisional evolution
of debris. Improved modeling of collisions in turn allows for
developing a better understanding of the intricate processes
governing the growth and dynamical evolution of celestial
bodies, paving the way for more accurate models of planetary
system formation.

The discipline of fluid mechanics traces its origins to the latter
half of the 19th century, when William Froude made seminal
contributions through his pioneering work on optimizing
ship designs [33]. Froude’s innovative approach involved sys-
tematic experimentation and the use of scale model testing to
investigate fluid flow and resistance, laying the groundwork
for modern hydrodynamic principles (see Figure 2.4). His
methodologies provided a rigorous framework for under-
standing the behavior of fluids in motion, particularly in the
context of naval architecture, and established key concepts
that remain important to the field today.
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In modern astrophysics, early hydrodynamic simulations
were applied for studying gas dynamics during galaxy forma-
tion and star formation [57, 56, 17]. These works introduced
computational techniques to model the intricate interplay of
gravitational forces, gas pressure, and other dynamical pro-
cesses. These early simulations provided critical insights into
the mechanisms governing the evolution of cosmic structures.
The development of these computational approaches marked
a significant advancement in astrophysical research, facilitat-
ing the study of phenomena that are otherwise challenging
or even infeasible to observe directly (also see Section 1.4).

In the study of fluid dynamics, two principal methodologies
exist: grid-based methods and particle-based methods [31,

, 110]. Grid-based methods, often referred to as Eulerian
approaches, discretize the spatial domain into a structured
mesh or grid, where fluid properties such as velocity, pres-
sure, and density are computed at discrete grid points and
their associated boundaries. This stationary reference frame
enables the solution of governing partial differential equa-
tions, such as the Navier-Stokes equations, by leveraging
numerical techniques like finite difference, finite volume,
or finite element methods. These techniques ensure robust
handling of complex flow phenomena, including turbulence
and shock waves.

In contrast, particle-based methods, commonly known as
Lagrangian approaches, model the fluid as a collection of
discrete particles, each representing the fluid’s local prop-
erties such as mass-density, velocity, and internal energy.
These particles move with the flow, and their interactions
are governed by physical laws. This co-moving reference
frame is particularly advantageous for capturing interfaces,

Figure 2.4.: Froude designed two
scale models named Raven and
Swan to compare different hull
designs [40]. Raven models were
consistent with John Scott Rus-
sell’s wave-line theory, which em-
phasized hull shapes that mim-
icked wave patterns to reduce re-
sistance. In contrast, Swan mod-
els were inspired by water birds.
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free surfaces, and large deformations in fluid systems, as
it naturally tracks the motion of material points without
requiring a fixed grid.

Hydrodynamics simulations are not limited to pure fluid
dynamics, but combine principles from various different
fields in order to achieve a comprehensive and accurate
representation of the underlying physical systems. In as-
trophysical applications, for example, simulations typically
include thermodynamics, gravitational interactions, and con-
densed matter physics to model phenomena ranging from
planet formation to galactic dynamics. The inclusion of con-
densed matter physics introduces material-specific effects,
such as viscosity, porosity, internal stress, brittle failure, and
phase transitions, which are critical for simulating realis-
tic material behavior. Depending on the specific scientific
objectives, simulations may further be extended to include
additional processes such as electromagnetic interactions
[4] (a.k.a. Magnetohydrodynamics) or relativistic effects [96]
(a.k.a. Relativistic hydrodynamics). These processes are rele-
vant when studying phenomena in accretion disks, plasma
dynamics, or the dynamics of compact objects like neutron
stars and black holes.

The computational demands of hydrodynamics simulations
are substantial, driven by the need for high-resolution spatial
and temporal discretizations, sophisticated physical models,
and extensive numerical computations to accurately model
the intricate dynamics of fluids. Note that gravity, in con-
trast to other interactions, is a global interaction between all
massive components and therefore significantly increases
computational complexity, as it necessitates the use of ef-
ficient n-body algorithms that scale with a computational
cost of at least O(n log 1)) (see Section 2.1). These algorithms
are critical for handling the global nature of gravitational
interactions in large-scale simulations.

Depending on the complexity of the physical models, the
resolution requirements, and the available computational
resources, simulations can require weeks to months of wall-
clock time to complete, even on modern high-performance
computing platforms [111, 64, ]. These demands under-
score the importance of optimizing numerical methods and
leveraging advanced hardware architectures, such as parallel
computing clusters or graphics processing units (GPUs), to
achieve feasible runtimes while maintaining the high fidelity
of the simulated processes.



In this work, we focus on a particular particle-based simula-
tion method called Smooth Particle Hydrodynamics (SPH, [73,

, 105]). SPH is a Lagrangian method that discretizes a con-
tinuous fluid into a set of particles. By solving the equations
of hydrodynamics in a flexible, mesh-free framework, SPH is
capable of accurately capturing the complex physical inter-
actions that occur during collisions in the context of planet
formation. Modeling these collisions include capturing phe-
nomena like shock propagation, major deformations, and
fragmentation. More details about the underlying physics,
which is being modeled, is provided in Section 2 of my minor
contribution (see Chapter 4).

In the context of this thesis, we use SPH simulations for study-
ing problem B as defined in Section 1.4. More concretely, we
use SPH simulations for creating a hyperparameter study of
pairwise planetary collisions, as well as studying fragmenta-
tion, water transport, and overall collision dynamics. Using
the results from the hyperparameter study, we further train
machine learning models for fast and accurate prediction of
planetary collision outcomes given some initial conditions.

2.3. Machine Learning

As mentioned in Section 1.4, simulating a collision involves
setting the initial conditions for both objects (mass, material
structure, spin, atmosphere, etc..), as well as the overall
collision geometry (impact velocity, impact angle, efc..). The
respective outcome of a collision is greatly affected by the
choice of those hyperparameters.

In our Solar System, we are typically limited to observe
collision outcomes like the Earth’s Moon, various craters,
and irregular shaped comets and asteroids. We would nat-
urally like to know which initial conditions might have led

2.3. Machine Learning

Figure 2.5.: Illustrative snapshot
of a moon-forming impact after
two hours from first contact [59].
Colors indicate materials for tar-
get core (gray), target mantle (or-
ange), projectile core (brown),
and projectile mantle (yellow).
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to these specific outcomes in order to obtain a complete
picture of the full history. Due to chaotic collision dynam-
ics, however, finding these initial conditions is complex and
sometimes non-intuitive. Moreover, long-term geological
processes such as sedimentation and plate tectonics can sig-
nificantly modify post-collision morphology and structural
geology. Consequently, the complexity of deducing plausible
initial conditions from observations is further exacerbated.

A popular approach for estimating initial conditions involves
running the same scenario with slightly adjusted hyper-
parameters, thereby carefully analyzing and studying the
respective outcome in order to further improve hyperparam-
eters. This process is iterated until chosen hyperparameters
lead to outcomes that match observations sufficiently well.
As one can imagine, this approach is computationally expen-
sive, complicated, and requires constant intervention by a
human expert. Moreover, vastly different sets of initial con-
ditions can lead to similar outcomes, thereby transforming
the problem into finding not only one plausible set of initial
conditions, but all plausible sets along with their respective
probabilities.

In practice, iterative hyperparameter search often results in
running a parameter-study, i.e., performing a grid-search
within the hyperparameter space of initial conditions. This is
even more computationally expensive than iterative search
since most hyperparameter combinations are implausible
and can thus be discarded. Moreover, in case of many hy-
perparameters, grid search becomes prohibitively expensive
and inefficient due to the curse of dimensionality.

However, the importance of parameter studies should not
be underestimated since they implicitly contain valuable
information about collision dynamics, as well as correlations
between all hyperparameters. This implicit information can
be automatically extracted and exploited via machine learn-
ing (ML, [78]). In contrast to deductive reasoning, ML learns
from data and therefore relies on inductive reasoning. A
concise definition of ML was provided in [78]: “A computer
program is said to learn from experience E with respect
to some class of tasks T, and performance measure P, if its
performance at tasks in T, as measured by P, improves with
experience E.”

The capabilities of ML to effectively extract and utilize pat-
terns from data significantly shape the research approach
and methodologies adopted in this thesis. In the context



of studying planetary collisions, ML is not only capable of
automatically and efficiently finding plausible initial condi-
tions (Chapter 3), but also of accurate and fast prediction
of collision outcomes when initial conditions are provided
(Chapter 6). In ML terms, these problems are often referred to
as inverse and forward problems, respectively. In the context
of this thesis, these problems translate to studying problems
A and B as defined in Section 1.4.

Since astrophysicists are not necessarily familiar with the
field of ML, I would now like to briefly introduce the relevant
information that is necessary for following my scientific
contributions presented in Part II.

Genetic Algorithms (GA): GAs are a family of computational
models that are inspired by the laws of natural selection in
evolutionary biology [117, 128, 953]. Although GAs can be
applied to a wide range of problems, they are commonly
used for parameter-optimization and search. Solving a spe-
cific problem with GAs (i.e., finding near-optimal solutions
globally) involves the following steps:

» Encoding and decoding a set of candidate solutions
(population) into -and from a chromosome-like data
structure (DNA).

» Evaluating the performance (fitness) of candidate solu-
tions on a given problem.

» Applying operators for selection, recombination, and
mutation to improve the average performance of the
set of candidate solutions.

These steps are repeated in an iterative manner (evolution)
until convergence or until a minimum performance threshold
is met.

GAs are very general, i.e. they do not require making strict
assumptions about the underlying optimization problem.
They can therefore be applied to a wide range of functions,
including those that are non-differentiable and have multiple
local optima. GAs usually yield robust results even in case
of limited domain knowledge. However, due to their lack
of exploiting problem-specific properties like gradient infor-
mation, they often under-perform specialized optimization
methods.

In Chapter 3, we apply GAs to find orbital parameters of
small bodies that collide with Jupiter’s moons. Based on these
parameters, we then estimate typical collision velocities and

2.3. Machine Learning
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Figure 2.6.: Depiction of a simple
example for a two-layered feed-
forward neural network (FFN)
as directed acyclic graph. The
FEN is comprised of 2 input
units (purple), 4 hidden units
(orange), and 3 output units
(blue). Connections w between
units are referred to as weights
and are learned during train-
ing. Given some inputs x, re-
spective outputs are calculated
asy = wy-o(wp-x). Anon-linear
activation function o is applied
to hidden units element-wise in
order to make the entire model
non-linear.

impact angles that are highly relevant for reconstructing
crater formation for specific craters.

Deep Learning (DL): DL [2, 69] is a special type of ML
that makes use of artificial neural networks (ANNSs). ANNs
are composed of simple, non-linear modules referred to as
layers. Stacking those layers, i.e. increasing depth, results in
so-called DL modules. These modules are capable of learning
highly abstract representations that are useful for solving
specific tasks. There are several types of ANNSs, including
teed-forward networks [51] (see Figure 2.6), convolutional
networks [34, 70], and recurrent networks [28, 54, 90, 46].

Unless explicitly introducing randomness, ANNs are deter-
ministic input-output mappings that are characterized by
their architecture (hyperparameters), as well as their weights
(learnable parameters). Training a DL model, i.e., selecting a
specific model from the model class, requires finding a set of
weights that meet specific criteria. For example, one would
like to find weights such that model predictions (i.e., outputs)
meet certain minimum performance criteria when evaluated
on some data. ANNSs are trained via automated, algorithmic
adaptation w.r.t. a training dataset. The most prominent opti-
mization algorithm is stochastic gradient descent [9/], where
weights are iteratively updated in small steps by exploiting
their respective loss-gradients. Gradients are calculated via
backpropagation [100, 101]. Losses are calculated from a so-
called loss function, which acts as optimization objective.
The overall goal is generalization, i.e., that the chosen model
has the best performance on future, unseen data.

In supervised learning [104], the loss is the distance between
model predictions and ground truth targets (also known



as labels) as defined by some distance metric (e.g., mean
squared error or cross-entropy error). While early layers
usually learn primitive patterns like intensity and edges in
images, later layers become sensitive to abstract patterns
like specific concepts and objects [135]. Supervised learning
methods make the i.i.d. assumption, i.e., that training data
and future unseen data stem from the same distribution,
originating from the same (static) real-world process. Since
the i.i.d. assumption often does not hold in practice, DL
models are usually evaluated on a test dataset that was not
used during model development.

Both ANN training and inference can be efficiently imple-
mented by exploiting parallel computing capabilities of
graphics processing units (GPUs) [54, 65]. This innovation
kick-started the recent revival of DL in research and indus-

try.

2.3. Machine Learning
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Analysis of Close
Encounters With Ganymede
and Callisto Using a
Genetic n-Body Algorithm

The first major contribution of this thesis addresses the
problem of finding plausible initial conditions for asteroid
impacts onto Jupiter’s icy moons Ganymede and Callisto
(i.e., addressing problem A as defined in Section 1.4). By
combining n-body simulations with a genetic algorithm,
we were able to efficiently search for virtual asteroids that
experience a close encounter or even a collision with one of the
moons. We initialized orbital parameters of asteroids similar
to those from the Centaur family, which are considered as
the primary source of impactors.

Our work was published as a journal article in 2018 [134].
Moreover, preliminary results were already used for investi-
gating the formation of Callisto’s Valhalla basin with SPH
simulations. These studies resulted in my master’s thesis
[133], a conference talk [
bution [

], as well as a conference contri-
| (see Figure 3.1).

350km 350km

damage damage

Figure 3.1.: Reconstruction of
Callisto’s Valhalla basin with
SPH simulations [132]. The top
panels visualize two snapshots
of a plausible crater-forming im-
pact, with a subsurface ocean (in
blue) underneath an icy crust (in
light gray). The transient crater
(left side) quickly flattens out
(right side) due to self-gravity.
Bottom panels visualize the dam-
aged icy crust due to pressure
waves propagating through the
body.
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Analysis of Close Encounters With
Ganymede and Callisto Using a
Genetic n-Body Algorithm

Philip M. Winter*, Mattia A. Galiazzo and Thomas I. Maind|

Department for Astrophysics, University of Vienna, Vienna, Austria

In this work we describe a genetic algorithm which is used in order to study orbits of
minor bodies in the frames of close encounters. We find that the algorithm in combination
with standard orbital numerical integrators can be used as a good proxy for finding
typical orbits of minor bodies in close encounters with planets and even their moons,
saving a lot of computational time compared to long-term orbital numerical integrations.
Here, we study close encounters of Centaurs with Callisto and Ganymede in particular.
We also perform n-body numerical simulations for comparison. We find typical impact
velocities to be between vyg = 20[vesc] and vy = 30[uesc] for Ganymede and between
Urel = 25[vesc] and vyer = 35[vesc] for Callisto.

Keywords: Callisto, Ganymede, n-body, close encounters, genetic algorithm, celestial mechanics, numerical
simulation, collisions

1. INTRODUCTION

Jupiter’s large icy moons such as Ganymede and Callisto show countless impact craters across
their surface. Studying these craters gives deep insights into the impactors as well as the moons
themselves. This is the first approach in the frame of future works of studying collisions with
the outermost moon Callisto. We are especially interested in the Valhalla crater system, Callisto’s
biggest crater. This impact structure measures several hundred of kilometers in diameter and shows
some extraordinary features such as an extensive ring system in the outskirts of the crater (Greeley
etal., 2000; Stewart and Allen, 2002). It has been shown that studying the formation of the Valhalla
crater reveals new insights regarding Callisto’s subsurface composition (Winter et al., 2017).

In this first work we focus on the use of a genetic algorithm! (which is described in section 2
and in the Appendix for further details) as a proxy tool to find preliminary orbits of possible close
encounters for bodies in the Solar System. In particular, we selected the Centaurs’ population.
Currently, 423 Centaurs are known?. It is estimated that the number of Centaurs with a diameter
larger than 1km lies between n ~ 107 (Volk and Malhotra, 2008) and about n ~ 8 - 10° (Di Sisto
and Brunini, 2007; Fernandez and Sosa, 2015; Napier et al., 2015). These bodies mainly origin
from the Trans-Neptunian Objects and have very chaotic orbits. With semi-major axes between
a = 5.5AU and a = 30.1AU, they lie between the giant plantes, from which they are frequently
ejected out of the Solar System via close encounters or even impact on one of the planets or their
moons. Their lifetime is of the order of 10 Myr (see e.g., Horner et al., 2004a,b; Bailey and Malhotra,
2009; Galiazzo et al., 2016). A GA in combination with standard orbital numerical integrators
can be used as a good proxy for typical orbits of minor bodies in close encounters or impacts

'Herein “GA”.
2Data taken from JPL Small-Body Database Search Engine https://ssd.jpl.nasa.gov/sbdb_query.cgi
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TABLE 1 | Parameter space for random initial conditions of the test particles.

Min Max
a (AU) 4,95 30.33
e(1.0) 0 0.99
i (deg) 0 180
o (deg) 0 360
2 (deg) 0 360
M (deg) 0 360

The inclination is weighted by the density distribution of 420 known Centaurs to ensure a
realistic distribution of objects.

with planets and even their moons, saving a lot of computational
time compared to full orbital numerical integrations (section
3.1). We also perform n-body numerical simulations (section
3.2). We extrapolated the typical orbits in close encounters with
their osculating elements and velocities (sections 3.1, 3.2). This
kind of orbital analysis can also be very useful for studying the
origin of impactors in the last million years, i.e., the Bosumtwi
impactor (Galiazzo et al., 2013). We particularly design the
genetic algorithm to investigate close encounters with Callisto—
and for comparison—Ganymede. Close encounters are the first
natural approach to actual impact scenarios which we will study
in following works.

2. METHODS

Measuring close encounters or even collisions between minor
and major bodies in the context of n-body simulations is
computationally demanding. Typically one has to constrain
the parameter space of the minor bodies to selected regions
within the Solar System (e.g., Kuiper belt objects or specific
families of objects). We use a genetic algorithm to find asteroids
of the Centaur type family which are likely to have a close
encounter with the Jovian moons Ganymede and Callisto.
Centaurs mainly origin from TNOs and in particular from the
Kuiper Belt (Galiazzo et al, 2016). The method is used to
encounter the problem of a large parameter space of initial
orbital elements (see Table 1). The genetic algorithm boosts
the performance compared to classical searching grids by some
orders of magnitudes within the given computation time. This
allows for measuring a reasonable amount of datapoints to do a
statistical analysis of typical close encounter families which marks
the first step toward studying actual impact scenarios.

2.1. Genetic Algorithms

A genetic algorithm (Turing, 1950) is an iterative searching
algorithm to find solutions for highly complex problems which
can have large parameter spaces. GAs origin from the field of
biology, therefore we may also use the corresponding terms.
Further information is given in the Appendix. GAs are efficient
optimization methods for highly complicated functions. The
population can overcome local minima quite easily either by
the means of crossover or mutation. Moreover, GAs tend to
find all possible families of solutions, even if they are unrealistic

or uncommon. However, GAs also have negative aspects. The
implementation can be quite tricky and there is no general rule
how to implement them efficiently because the functions (for
fitness, crossover, and mutation) and parameters (number of
generations, number of individuals) have to be adapted to the
problem as well as to the hardware. If the minimum fitness limit
which is needed to solve the problem is not met (due to poor
convergence or no learning process), the GA will not find any
solutions.

2.2. Genetic N-Body Algorithm

genbody is a GA which is being developed to find close
approach- and collisional orbits of particles in the context of
n-body simulations. Each generation of the GA corresponds to
a distinct n-body simulation. During the simulation, the fitness
of the population is measured. Afterwards, a new population is
created by the means of crossover and mutation. A pseudo code
of the genetic n-body algorithm is given in Algorithm 1.

Algorithm 1 Genetic n-body algorithm

initialize population
for g in generations do
while ¢t < t,,; do
take n-body step (t — t+ h)

measure fitness
crossover

mutation

We use the code to find objects which are likely to collide with
either Ganymede or Callisto within a certain time interval. The
following list gives an overview how the GA and the n-body
code are associated with each other. In analogy to section 2.1,
we link the terms between the genetic algorithm and the actual
problem:

e Population: Centaur type asteroids with random initial
conditions

e DNA: initial Keplerian orbital elements (a, e, i, w, 2, M)

e Generation: numerical simulation of the system via an n-body
method

e Evolution: iterative process of consecutive simulations

e Fitness: score of each test particle at each simulation given by
the fitness function

e Crossover: combination of initial orbital elements of parent
particles given by the crossover function

e Child: a test particle with a new set of initial orbital elements

e Mutation: small, random variation of initial orbital
elements

The so-called fitness function is the function to be optimized. We
use a fitness function of f = 1/ dre® with dye being the minimum
relative distance between a particle and the corresponding moon
during each generation. The squared distance was found to
be useful if the fitness is used as a probability distribution to
sample quite fit parents for crossover, ensuring a high fraction
of fit parents and thus increasing the overall performance of
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the GA. Note that one can use other fitness functions to study
completely different problems. One only has to find a quantity
to score objects which show a specific behavior to obtain a
population which develops that behavior. The fitness of each
body is measured throughout the simulation. If a close approach
with the moon occurs, a measurement is taken and the algorithm
starts a completely new evolution process. If no close approach
happens during the simulation, unfit objects are replaced by new
children which are created by objects with a high fitness score.
The initial orbital elements y € {a,e,i,w, 2, M} of the new
children are exact 1:1 copies of their corresponding parent. Note
that one could use other crossover functions which include two
or more parents to create a new child. Next, a small mutation is
applied to the whole population in order to avoid to get stuck in
local maxima in the learning curve (generation vs. mean fitness).
Since our n-body system turns out to be highly sensitive to the
mutation rate x, it is crucial to find suitable values for each
generation. A too small x leads to a solution which gets stuck
in a local maximum while a too large x on the other hand
leads to destruction of genetic information. This corresponds
to random guessing without any learning process of subsequent
generations of populations. Since the trajectories of small bodies
in the Solar System are chaotic, the mutation has to be low
enough to allow for similar trajectories of subsequent populations
(except for the newborn child) within the simulation time. We
therefore use an adaptive mutation rate x which depends on
the overall fitness evolution. A scaling factor ¢ is introduced
to control the learning curve by setting the amplitude of the
mutation rate x: If the mean fitness between two successive
generations varies too much, ¢ is decreased to prevent a loss of
DNA information. If the mean fitness between two successive
generations varies too little (by less than 1% in this work) or if
the inidividuals of the population are getting too similar to each
other, ¢ is increased to ensure a healthy population. The mutation
rate itself is given by the standard deviation o of each initial
orbital element throughout the population (e.g., x. = ¢ - o).
The initial mutation scaling is set to { = 0.1 for all evolutions.
At this point it should be noted that the functions for fitness,
crossover and mutation are empirical functions found to yield
good results (high performance due to learning curves with steep
slopes) for this specific problem. Mathematical formulations of
the functions we use for fitness, crossover and mutation are given
in the Appendix.

The size of the population is 71p0p = 30 and the total number
of bodies in each simulation is ny; = 38, including the Sun,
Venus, Earth, Mars, Jupiter, Saturn, Uranus, and Neptune. The
mass of Mercury was added to the Sun. The orbital elements
for the massive bodies are obtained from the JPL HORIZONS
system. We perform the simulations in the Jovian-centric system,
as we expect only negligible changes of the results because the
systematic error produced by the GA is significantly larger than
the error made by not using a barycentric frame of reference. We
use the Lie-Series n-body integrator as described in Hanslmeier
and Dvorak (1984) with a numerical accuracy of ¢ = 10~!!. Note
that we do not explicitly include Ganymede and Callisto in the
simulations due to a performance gain. In contrast to symplectic
n-body integrators, the stepsize of the Lie-integrator is limited by

the minimum relative distance between any of the objects,

1 [e-v! v
hz%(D) W

where h is the stepsize in days, k¢ is the Gaussian gravitational
constant and & is the numerical accuracy. The quantities v
and D are obtained from the integrator itself during each step,
where v is associated with the number of used Lie-terms and
D depends on the masses and relative distances between the
objects (Eggl and Dvorak, 2010). If we include the moons in the
calculations, the stepsize would be limited by the distances within
the Jupiter system and much higher computational capacities
would be needed in order to get the same amount of results.
Therefore, we use pseudo-moons which are characterized only
by the distance to Jupiter without gravitation in order to be
able to calculate distances. A measurement is taken if a particle
has its closest approach within the Hill sphere of a moon. The
stepsize of the integrator during a Hill sphere crossing has to
be low enough to ensure that the maximum spatial distance
between two consecutive frames does not exceed the size of
the Hill sphere. Otherwise, the particle would overleap the Hill
sphere and no measurement would be detected. Therefore, an
additional restriction for the upper bound of the stepsize is used.
Moreover, if the moons are included in the simulations, their very
short orbital periods would lead to significant stability issues with
their orbits even at very low stepsizes. Note that since no actual
positions of the moons are given during the simulations, the Hill
spheres are represented by torus-shaped regions around Jupiter
with their first radius being the relative distance to Jupiter and
the second radius being the Hill radius of the respective moon.
This approach can be used because of the statistical nature of the
study, expecting a large number of measurements. Since we are
doing statistical studies of typical intersection velocities we found
this simple approach to be highly effective. Due to the nature of
the GA, we are able to use a large parameter space for the random
initial conditions of the test particles (see Table 1).

We set the maximum simulation time tynax = 165 yr in order
to allow at least a full orbital period for each individual. The
maximum number of generations g is set to gmax = 250. A
new iteration is started either if there is no measurement (i.e.,
close encounter with either Ganymede or Callisto) within these
gmax iterations or as soon as such a close encounter is recorded.
Finally, for a quick check of the results with the GA method,
we also check its output with the ones from full integrations of
Centaurs (through all their lifetime) taking data kindly provided
by Galiazzo et al. (2016), see section 3.2 for more descriptions.
We compare these data with the orbits found for Ganymede, as
far as close encounters with Jupiter were taken in account up to
d = 0.01 AU.

3. RESULTS

3.1. Analysis of GA Measurements

After about 3300 CPU hours, total number of 531 and
625 measurements was obtained for Ganymede and Callisto,
respectively. Each measurement corresponds to an individual
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FIGURE 1 | Left: Ganymede, Right: Callisto. The histograms show the relative velocities between the test particles and the corresponding moon at closest approach
in units of the escape velocity. The four colorized components represent the possible geometrical encounter scenarios. For example, the orange component pro-ret
refers to a particle having an inclination smaller than i = 90° (therefore prograde), but encountering the moon retrograde with respect to the Jovian System. The
numbers in parentheses correspond to the respective number of measured datapoints. All bins are stacked.

evolution process of the GA and represents an individual close
encounter scenario which contains all relevant information about
positions, velocities, orbital elements, etc. about the bodies at
both the time of closest approach and at the beginning of the
respective simulation.

Figure 1 presents the main results of these measurements,
showing the relative velocities at closest approach with respect
to the moons. We can split the data into four classes, depending
on the geometrical properties of the particle trajectories:

1. The low-velocity class (pro-pro encounters)
2. The intermediate-velocity class A (pro-ret encounters)
3. The intermediate-velocity class B (ret-pro encounters)
4. The high-velocity class (ret-ret encounters)

The terms pro-pro, pro-ret, ret-pro, and ret-ret refer to the
corresponding geometries, where the first part describes the
prograde or retrograde movement with respect to the Jovian
System (with other words: i < 90° is pro and i > 90° is ret) and
the second part describes the direction of flight with respect to the
corresponding moon within the Jovian System, moving parallel
(pro) or antiparallel (ret) to the respective moon. More detailed
statistics of the four classes are given in Table 2.

The most probable close encounter velocities can be seen
between v,y = 20[vesc] and v,y = 30[vesc] for Ganymede and
between v, = 25[Vesc] and v, = 35[ves ] for Callisto.

Further observations can be obtained from the results:

e The overall form of the relative velocity histograms can be
reproduced by overlapping Gaussian distributions which are
represented by the four classes.

TABLE 2 | Mean and standard deviations of close encounter velocities for the four
classes, as well as their numbercounts.

n(km/s) o (km/s) m(Vesc) o (Vesc) n

GANYMEDE

Class 1, pro-pro 15.03 4.55 156.36 517 78
Class 2, pro-ret 24.38 3.09 26.00 5.33 110
Class 3, ret-pro 22.39 5.59 23.45 6.68 150
Class 4, ret-ret 39.29 3.84 40.65 8.48 193
CALLISTO

Class 1, pro-pro 11.63 3.40 18.44 5.96 111
Class 2, pro-ret 19.41 3.57 29.53 791 156
Class 3, ret-pro 23.85 3.59 36.84 8.40 147
Class 4, ret-ret 34.96 3.12 52.86 10.45 211

e The classes are overlapping stronger for Ganymede than for
Callisto, even swapping places (in velocity) when comparing
class 2 and class 3 for Ganymede.

e There is a clear trend favouring retrograde encounters (for
both Jupiter and the respective moon), with most close
encounters being ret-ret (36.3% for Ganymede, 33.8% for
Callisto).

The first row in Figure 2 shows the final semi-major axes at the
time of the closest approach. While Ganymede shows two distinct
peaks at a >~ 5 AU and a >~ 20 AU, Callisto only has one single,
large peak at a >~ 9 AU. The other panels shows the respective
quantity at starting time of the last generation vs. the same
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quantity at the time of the respective measurement. A 1:1 relation
corresponds to no change of the orbit during the simulation,
while a large scattering means significant changes. As we can
see for the eccentricities, there is a significant scattering toward
larger values. The plots imply that the scattering for Ganymede
close encounters is higher than for Callisto. More than half of
the particles even undergo the transition from elliptic (e < 1)
to hyperbolic (e > 1) trajectories. The strong scattering is also
apparent in the semi-major axes. The inclination data shows only
minor scattering between i = 50° and i = 150°, which implies
quite stable configurations within the simulation time. However,
at low inclinations particles are scattered over the full parameter
space and prograde ones tend to get scattered stronger than their
retrograde counterparts.
Several other obervations can be obtained from the datasets:

1. The needed number of generations for
measurement grows steadily until about g =
falling again rapidly.

2. The most dramatic changes of initial orbits happen during the
first few tens of generations.

3. It is easier for the GA to find intersection orbits after a short
simulation time. Therefore, the time of measurement peaks
toward low values with a mean simulation time of t;e0n =
45.5yr.

4. The intersection probability is approximately twice as high for
Callisto because her Hill radius is larger than Ganymede’s. For
statistical reasons, we therefore assigned more computation
time to Ganymede.

5. Two actual collisions are measured for Ganymede (with
impact velocities of v,y = 34.6 km/s and v, = 42.2 km/s,
respectively), none for Callisto.

taking the
100 before

3.2. Preliminary Parent Bodies’ Orbits

We take the orbital evolution of Centaurs to do a comparison
between the predicted Centaurs’ orbits at close encounters
and the Jovian moons. We integrate forward a sub-sample of
the Centaurs for 30 Myrs and check all the close encounters
with Jupiter, using the Lie-integrator. This study considers
only close encounters up to a distance of d = 0.01AU
from Jupiter similarly to Galiazzo et al. (2016), but with an
encounter radius 4 times smaller at the cost of computational
time. Thus, the comparison is limited to Ganymede only
(since he has a distance of d =~ 0.0072AU to Jupiter.
Callisto has a distance of about d =~ 0.0126AU to
Jupiter)?.

We take 319 Centaurs with 15 clones in each interval
ranging over 5AU in semi-major axis (for a total of 5104
bodies)* in order to quickly get a statistical sample which
covers the entire Centaur region from 5 to 30 AU in semi-
major axis. This approach is sufficient to give an idea of
these kinds of bodies approaching Jupiter and its moons and

3We assume the semi-major axes of the moons as a proxy for the distance,
neglecting their small eccetricities.

4The first region is the one with a semi-major axis between 5 and 10 AU. The
second region is between 10 and 15 AU and congruently for the other regions
up to 30 AU.

to have a compareable sample to the orbits produced by the
GA.

From the evolution of 5104 objects, a total number of 292
measurements was obtained for Ganymede close encounters.
From our sample of Centaurs we find that ~ 22.6% can have
close encounters with Jupiter. As the percentage of Centaurs
which can cross Ganymede orbits is about 20.1% (8.7% with
e < 1), almost all the Centaurs’ close encounters with Jupiter
(~ 89%) can reach Ganymede’s orbit in the range of its Hill
sphere. Figure 3 shows the comparison between GA and Lie
integrations for the respective orbital sample output in the Hill
sphere of Ganymede.

Figure 3 suggests that the datasets are in quite good
agreement, with the GA and the Lie datapoints covering a similar
area in the a — e phase space. However, a significant sample at
high inclinations is apparent in the GA case, which makes the
GA measurements not fully consistent with the measurements
obtained by the Lie-integrations. An explanation for this effect
is given in section 4. It turns out that these high-inclination
datapoints are also responsible for the dense cloud in the a — e
phase space between a = 15 — 30AU and e = 0.7 — 0.8.
Otherwise, the distributions in the a — i space are reasonably in
agreement, especially at semi-major axes below a = 15 AU. Even
the major cloud between a = 2.5 — 15AU and i = 50 — 140°
is reflected well. In order to quantify the resemblence of the
two distributions obtained via the GA and Lie-integrations, we
deploy a two-dimensional Kolmogorov-Smirnov test (Press and
Teukolsky, 1988). Due to the reasons mentioned in section 4
we exclude the non-physical high-inclination datapoints with
i > 160°. For the a — e distributions we get a p-value of
p = 0.27, for the more diverse a — i distributions p = 0.058.
While the a — e distributions do not differ significantly, the
a — i distributions show significantly less correlation, which
indicates the need for a refined GA method as laid out in
section 5.

4. CONCLUSIONS

The velocities of the four classes as described in section 3.1 can
be explained by geometrical considerations: Class 1 encounters
happen if the particles experience deceleration from the Jupiter
flyby and additionally “lose” relative velocity due to the parallel
direction of flight compared to the respective moon. The
intermediate classes 2 and 3 either experience deceleration or
acceleration from the Jupiter flyby and additionally “gain” or
“lose” relative velocity due to the antiparallel or parallel direction
of flight compared to the respective moon. Both acceleration by
Jupiter and a “gain” of relative velocity is true for class 4.
Comparing the numbercounts of the classes, a correlation
exists with higher fractions of both types of retrograde encounters
being more probable. The higher fractions of retrograde
encounters can be described by a simple geometrical effect:
While a particle moves within the torus-shaped Hill region
(the complete area which is accessed by the moon’s Hill
sphere during a full orbital period), the probability for a
retrograde measurement is much higher than a prograde one
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taken within Ganymede’s Hill sphere. For the Lie integrations, the measurements are taken as described in the text.

since the typical relative velocity between the particle and the
moon is high. This finding supports the observation of the
heavily cratered front-side of the rotationally bound moons.
For example, many large crater systems on Callisto (namely
Valhalla, Asgard, Adlinda, Utgard, etc.) are located at the

front-side.

Comparing class 2 and class 3, it seems that the influence
caused by the flyby at Jupiter and the parallel or antiparallel
direction of flight are similar in strength, producing similar
numbercounts for these classes. More discreet or weaker effects
like the selection of the parameter space and the behavior
of the GA may influence the shape of the curves as well
as the numbercounts for the classes. However, the overall
shape of the individual components can be interpreted as
Gaussian distributions, covering a large interval for possible close
encounter velocities.

Recalling the distributions of semi-major axes in Figure 2,
the second peak for Ganymede is caused by the stronger
scattering of the classes ret-pro and ret-ret. This means that
Jupiter scatters retrograde orbits stronger than prograde orbits
at smaller distances to Jupiter. Many particles end up with
high eccentricities, regardless of their initial values. Note that
the simulation time of fm,x = 165yr indicates that these
drastic changes are caused by a single or only a handful
of close encounters with Jupiter. The stronger scattering
toward higher values of the semi-major axes and eccentricities
for Ganymede is intuitive, because particles experience a
stronger acceleration by Jupiter during the flyby. The data
implies that more than half of all particles even undergo
the transition from eccentric to hyperbolic trajectories during
the simulations (taking into account we only considered
elliptic orbits initially). The comparison between the final
semi-major axes indicates that the large peak (at Callisto)
vanishes at closer distances to Jupiter (toward Ganymede)
and gets scattered over a wider range at typically higher
values.

For the inclination, the GA has a selection effect for the
sector a > 15AU and i > 160° although the initial
setup for the first generation resembles a realistic inclination
distribution. This is clearly a selection bias of the GA, as
it forces the population to settle either in very low or very
high inclination orbits. This settling is due to the fact that
statistically the relative distances between the test particles and
the Jupiter system are smaller if their orbital planes are aligned.
This leads to higher fitness values at very low/high inclinations.
However, as a first approximation the GA works well as a
predictor for close encounters for prograde orbits. Therefore, we
recommend using the GA only for prograde orbits at current
state.

The comparison with the numerical integations (see Figure 3)
reveals that the GA represents the overall close encounter
situation quite well in the a — e space and pretty well
in the a — i space when excluding retrograde orbits with
very high inclinations. Both density distributions cover similar
areas in the parameter spaces with almost all datapoints
from the Lie measurements having their counterparts in the
GA measurements. The statistical analysis via a Kolmogorov-
Smirnov test even suggests a correlation between the density
distributions for the a — e phase space. Note that the simulations
in the GA have a very short integration time of tn,x = 165yr,
which do not allow for modeling the long-term behavior of
chaotic orbits. However, the GA still yields a good coverage
of parameter space, even with this short simulation time.
Interestingly, the GA also finds orbits which lie far beyond the
initial parameter space of semi-major axes given in Table 1. This
indicates, that the implementation of the mutation function of
the GA is flexible enough to explore the parameter space beyond
its limits. The a—i parameter space is reproduced for inclinations
up to i = 160°, although the statistical analysis suggests no
significant correlation in density. As already stated, the high
number of retrograde measurements is a selection bias of the
GA.
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For future work with the GA we may include the simulation
time and further properties of the orbits in the fitness function in
order to avoid too short simulations and make high inclinations
less likely, for example. We may also include the TNO region as
an important extension to the parameter space.

The GA can easily be adapted in order to efficiently measure
actual collisions with any given object. In this work we measure
only two collisions with Ganymede because as soon as the
first particle has its closest approach within the Hill sphere, a
completely new evolution process is started.

In summary, the results from the GA are not fully consistent
compared to the classical approach because the underlying
principles are different. GAs in general tend to find all possible
solutions to a given problem rather than only the realistic,
physical ones. However, in our implementation this effect can
be overcome by optimizing the GA either to avoid clearly non-
physical solutions or to enhance realistic solutions by increasing
the simulation time, enlarging the parameter space and refining
the functions for fitness, crossover and mutation.

5. DISCUSSION

The comparison with the Lie integrations reveal that the genetic
n-body algorithm yield both a high number of physical as well
as non-physical results. For example, an unrealistic high number
of retrograde orbits are found while using a realistic probability
distribution for the random initial inclinations. This is clearly
a selection effect of the GA, as it finds that the probability for
measuring retrograde encounters is significantly higher than for
prograde ones. Several reasons such as a too short simulation
time, too powerful crossover- and mutation functions or the
choice of hyperparameters (such as the population size, number
of generations, etc.) can be responsible for causing this high
fraction non-physical results. However, it is expected that this
high fraction can be significantly reduced by applying one or
more of the following improvements:

e A higher simulation time for each generation enables more
dynamical effects in general. Therefore, the GA will also tend
to produce more physically motivated results.

e The fitness function can be refined to avoid solutions which
are clearly non-physical. For example, one may introduce
additional terms which depend on the inclination, the time of
measurement, etc.

e Since crossover tends to find orbits within the initial random
parameter space, this parameter space should be large enough,
e.g., 50% larger compared to the parameter space of interest.
Regions outside the inital random parameter space are only
accessible via mutation.

e We found the mutation function to have a significant effect
on the behavior of the GAs learning curve (generation vs.
mean fitness). An optimized mutation function can boost the
overall performance of the GA drastically, enabling the use of
a higher simulation time, a larger population, obtaining more
measurements, etc. with the same computation resources.

e A larger population is able to cover the parameter space
more homogeneously and may reveal further close encounter
families with low probabilities.

e Like in this work, the non-physical results can be efficiently
filtered by comparing the results with classical approaches.

However, the GA also yields useable results, especially on
the small-scale close encounter dynamics. We find it to be
an efficient tool to get a rough idea of the underlying
dynamics of the problem and the expected families of solutions
before investigating into more detailed analysis with classical
approaches. The GA supports the use of existing approaches
rather than replacing them. In this work, the GA efficiently
finds all possible close encounter geometries even beyond the
initial parameter space with low computational effort. The
measurements cover all major areas of the parameter spaces
in semi-major axis, eccentricity and inclination. Even a weak
correlation in the density distributions for the a — e space
is apparent when comparing the results of the GA with the
long-term Lie integrations. This is quite interesting, as the
used methods represent completely different approaches to the
underlying problem of close encounters. This encourages more
detailed studies with optimized algorithms. In theory, the GA
can be used to study a variety of different problems in celestial
mechanics, given the appropriate fitness function and adapted
functions for crossover and mutation.

Apart from the behavior of the GA itself, relevant information
is obtained from the measurements:

e The four classes, which are motivated by geometrical
considerations, can be distinguished well in the datasets. The
classes allow for a more detailed and structured way for
analysing close encounter events in the Jovian System.

e One may distinguish between different impact scenarios
depending on the impact velocity. For example, there is
no need for analysing retrograde collisions if the particle is
classified as class 1 and vice-versa for prograde collisions and
class 4.

e There are significantly more retrograde than prograde
encounters for both moons. This fact is supported by
the heavily cratered front-side of the rotationally bound
moons.

e As shown in Figure 2, most of the particles get scattered quite
drastically in eccentricity during the close encounter. A high
fraction may even end up in hyperbolic trajectories.

e Moreover, the distributions of semi-major axes reveal a
double-peak structure for Ganymede in contrast to a single-
peak structure for Callisto. This can be explained by a stronger
scattering of the classes ret-pro and ret-ret at smaller distances
to Jupiter.
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Appendix
The principle of a genetic algorithm can be described in a three-step process:

1. The first generation is initialized in the system. The initial DNA of the
individuals should cover the full parameter space in which at least one
solution may exist. If there is no solution within the parameter space,
no solution may be found by the GA. Note that the final solution of the
problem is not only affected by the DNA, but also by other factors like the
dynamics of the system itself, the fitness function, the crossover function,
the mutation function, and the number of generations.

2. The population evolves within the system and the fitness of each individ-
ual is measured. Usually this is the part which is computationally most
demanding. It is crucial to score each individual correctly with the fitness
function to enhance finding the final solution to the given problem.

3. At the end of each generation the individuals with the least fitness die out
and are replaced by new individuals (children) via crossover. Moreover,
a small mutation is applied to the whole population. We then have a
new population using the DNA of the previous one. Steps 2 and 3 are
repeated until the fitness of the population reaches a certain level, which
corresponds to the solution of the problem. At least one individual has to
die out and there must be at least one new child at each generation. The
number of children has to be equal to the number of dying individuals in
order to keep the total number of individuals in the population equal for
all generations. Note that each new generation is likely to have a higher
mean fitness than the previous one which can be interpreted as a learning
process.

Population

The number of individuals in the population is crucial for a GA to work. Choos-
ing a too low number, the individuals tend to become all equal after a few gen-
erations. Since they are all equal, the learning process can only take place via
mutation, which is often insufficient to solve the problem properly. This sit-
uation significantly hinders finding solutions within limited computation time.
The population may also get stuck in local maxima (of the fitness curve) easily
and no good solution will be found.

If the number of individuals is too high on the other hand, many generations
are needed to observe a learning effect. One may also encounter performance
problems because each individual has to evolve in the system at each generation.
However, in principle it is good to prefer a rather high number of individuals for
several reasons such as coverage of the parameter space, minimizing the risk of
getting stuck in local maxima, and an overall healthier population of competing
families using different approaches to solve the given problem. Considering
these facts, one may choose an individual number as high as possible for given
computation power and memory space. Note that for GAs it is often relatively
simple to implement parallel computing with either multiple CPUs or with
GPUs. A higher number of individuals may then be used.
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DNA

The properties of each individual are summarized in their DNA. For example,
the DNA of an asteroid may be its orbital parameters as well as its mass, shape,
albedo, composition, etc. The DNA depends on the nature of the problem itself.
In general it is good to have as much relevant information in the DNA as possible
to include as many possible aspects of the problem.

Fitness Function

The fitness function scores each individual by its behaviour (which itself is based
on its DNA) within the system. The better an individual can solve the given
problem, the higher the fitness should get. Keep in mind that the problem to be
solved has to be imprinted in the fitness function. Since we want to analyse close
encounters, our fitness function is given by the inverse of the squared relative
distance between a particle and the corresponding Jovian moon. Algorithm 2
shows the implementation used for the genetic n-body algorithm. The fitness
for each individual in one generation is given by the maximum fitness at any
timestep of the n-body integration.

Algorithm 1: measure fitness

for i in individuals do
chl,i - Hx;L - f;ll
-2
f = dT6l7i
fi = max(fi, f)

Generations and Evolution

During the iterative searching process (evolution), the population ideally gets
better and better with each generation to find good solutions to the problem.
Nevertheless, there may be generations with lower fitness than the previous
ones. If the population settles in a local maximum, it has to overcome it again.
This means, that at least one individual has to find a higher maximum to guide
other individuals towards the respective direction in the parameter space. Then,
during the process of overcoming, the mean fitness of the population may even
decrease for a short period before rising again to new maximum values.

Natural Selection and Crossover

Natural selection is another key component of a GA. Relatively fit ‘parents’ are
allowed to pass their DNA to the following generation by creating a new ‘child’.
The crossover function can take many different forms, as long as it conserves
and incorporates the parents’ DNA. In many cases, a simple crossover function
(mean values between parent A and parent B) is sufficient to produce children
which are likely to have a higher fitness than the mean fitness of the population.
Typically, the least fit individuals are replaced by new children to keep the
population size constant. The crossover and mutation functions have to be
adjusted to each other to ensure a steep learning curve. If the crossover is too
strong, the population gets stuck in local maxima and mutation is not sufficient
to overcome them again. If the mutation is too strong, the information of the



DNA gets destroyed too fast and no learning process can happen. The fitness
of the population may even decrease and settle at a very low value. Algorithm
3 shows the implementation used for the genetic n-body algorithm. The vector
y contains the 6 initial orbital elements for the respective object. A 1:1 copy is
being made using a parent with high fitness.

Algorithm 2: crossover

for ch in children do
choose parent pa: fpq > fen
y;h = yz_;a

Mutation Function

The mutation function is used to apply small, random variations to the DNA of
every individual after every generation. These variations are needed in order to
overcome local maxima and to keep the population ‘healthy’. This means, that
the DNA of the individuals can not degenerate to the same values for the whole
population where no learning process can happen any more. Algorithm 4 shows
the implementation used for the genetic n-body algorithm. Each orbital element
of each individual is mutated separately using random numbers between 0 and
1. The scaling factor ¢ controls the amplitude of the mutation rate x.

Algorithm 3: mutation
if f; >20- fi_p or fr < 0.2+ fiae then

| ¢=¢-08

if (f; >0.99- fi_p and f; <1.01- f;_3) or max(ﬁ)/ﬁ < 2 then
L C=(-2

calculate o, 0., 0;, 04, 0Q, OM

$=C5

for i in individuals do
L vi = Ui + random - ¥
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After investigating initial conditions of impactors, we focused
on modeling collision processes themselves. The complex
interactions involved during collisions requires the use of
visco-elastic fluid simulations. A well-established code frame-
work for performing SPH simulations was published as a
journal article in 2020 [105]. This work acts as a minor contri-
bution in the context of this thesis.

Extensive use of the presented SPH code resulted in the
creation of a dataset of protoplanetary collisions. It was used
for studying water transport [/4], as well as trajectories of
post-collision fragments [24] (also see Chapter 5). Later, we
considered this dataset as the precursor of an improved and
extended variant, which was ultimately published in [135]
(also see Chapter 6).
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We present the second release of the now open source smoothed particle hydrodynamics code
miluphcuda. The code is designed to run on Nvidia CUDA capable devices. It handles one to
three dimensional problems and includes modules to solve the equations for viscid and inviscid
hydrodynamical flows, the equations of continuum mechanics using SPH, and self-gravity with a
Barnes-Hut tree. The covered material models include different porosity and plasticity models. Several
equations of states, especially for impact physics, are implemented. The basic ideas of the numerical
scheme are presented, the usage of the code is explained and its versatility is shown by means of
different applications. The code is hereby publicly available.

© 2020 Elsevier B.V. All rights reserved.

1. Introduction

The Lagrangian meshfree particle method smoothed particle
hydrodynamics (SPH) was invented by Lucy (1977) and Gingold
and Monaghan (1977) to solve the hydrodynamic equations for
compressible flows in astrophysical applications. During the last
40 years, it has been widely used in astrophysics to tackle a
substantial number of problems. In the last two decades the field
of applications have expanded vividly: SPH has been established
as one of the major concepts for fluid animation and rigid-fluid
coupling in computer graphics (Ihmsen et al., 2014; Akinci et al.,
2012), it was extended to continuum mechanics to model high-
velocity impacts (Libersky and Petschek, 1991; Stellingwerf and
Wingate, 1994), it is widely used in geosciences to model land-
slides and granular media (Yu et al., 2018; Bui et al., 2008), and
the method has been improved and extended substantially to
model phase separating fluid mixtures (Zander et al., 2018), to
solve the magnetohydrodynamical equations (Price, 2012) and to
model relativistic flows (Rosswog, 2015). It has also been used
to solve the non-linear Schrédinger equation (Mocz and Succi,
2015). The SPH scheme has proven to be an advantageous method
to solve all kind of different partial differential equations (PDEs).

* This code is registered at the ASCL with the code entry ascl:1911.023.
* Corresponding author.
E-mail address: ch.schaefer@uni-tuebingen.de (C.M. Schéfer).

https://doi.org/10.1016/j.ascom.2020.100410
2213-1337/© 2020 Elsevier B.V. All rights reserved.

Since the most astrophysical applications have to include gravity
as the most dominating force, gravitational interactions had been
implemented into the SPH scheme from the early development
on. Moreover, not only external gravitational sources but also the
self-gravity of the simulated flow or solid body can be considered.
Especially tree algorithms for the treatment of the long range
gravitational force have been combined with SPH (Hernquist and
Katz, 1989).

Several SPH codes have been developed in the recent years
and we present in the following the codes that have been pub-
lished under the GNU General Public License. The list is most
certainly incomplete and we want to apologize any omitted
code. The first popular code GADGET-2 by Springel (2000) is a
massively parallel TreeSPH code, which is still widely used in
the astrophysical community. A more recent and modern code
from the astrophysical community is the PHANTOM code by Price
et al. (2017). It is a parallel, modular and low-memory smoothed
particle hydrodynamics and magnetohydrodynamics code with
focus on stellar, galactic, planetary and high energy astrophysics.
The second version of the GASOLINE code, GASOLINE2, has also
been published under the GPLv2 license (Wadsley et al., 2017).
The code concentrates also on astrophysical problems with a
special focus on cosmology. Another versatile SPH code written
is SPHERAL++ by Owen (2001). Since the field of applications of
the scheme has been broadened thoroughly in the recent decade,
modern and versatile codes outside of the astrophysical commu-
nity have emerged. PySPH is reproducible and high-performance
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framework for smoothed particle hydrodynamics is developed
by Ramachandran (2016). It is implemented in a mix of Python
and Cython. The user writes pure Python code and the high-
performance computing (HPC) code is generated automatically.
PySPH includes solver for fluid and solid mechanics and supports
both OpenMP and MPI. Another code to study free-surface flows
is DualSPHysics (Crespo et al., 2015), which is the very first SPH
framework featuring a modern design and GUI interface (De-
signSPHysics). AQUAgpusph (Cercos-Pita, 2015) is a 3D, OpenCL
accelerated SPH solver for GPUs. GPUSPH by Hérault et al. (2010),
which has been originally a port of the freely available SPHysics
Fortran code to Nvidia’s CUDA library, is now a standalone project
and supports multiple GPUs. PersianSPH is an open-source code
and features elastic-plastic soil behaviour and elastic-plastic
solid behaviour (Korzani et al., 2017). SPHERA (Amicarelli et al.,
2017) is also publicly available and supports the simulation of
flooding including the transport of solid bodies, bed-load trans-
port, damage on electrical substations and fast landslides in rocks
and solids. Another versatile code within the astrocommunity is
SWIFT by Schaller et al. (2018). Recent simulations with SWIFT
included up to 100 million SPH particles (Kegerreis et al., 2019).
It can directly read GADGET-2 output files and shows tremendous
scaling.

Here, we present the updated version of our GPU SPH code
miluphcuda.! The new version is published under the
GPLv3 license and available on github via https://github.com/
christophmschaefer/miluphcuda. Originally, the code has been
developed to model collisions between solid, self-gravitating ob-
jects in an astrophysical context. The basic implementation is
described in Schafer et al. (2016), and until today, the code
is solely applied in the astronomy community. The code han-
dles one-, two- and three-dimensional problems. It has been
used to study the activation of porous and non-porous aster-
oids (Haghighipour et al., 2018, 2016), collisions between Earth
and its past moons (Malamud et al., 2018), collisional forma-
tion of moons (Malamud et al., 2020), impact cratering (Wandel
et al, 2017), the formation of Arrokoth (Grishin et al., 2020),
transfer and loss of water in hit-and-run collisions (Burger and
Schafer, 2017; Burger et al., 2018) and sampling of granular
material (Schédfer et al,, 2017) among other applications. Recent
extensions include further porosity models, a module to solve
the Navier-Stokes equations, and more sophisticated equation of
states like ANEOS.

The outline of this paper is as follows. The next section sum-
marizes the characteristics of the code as presented in Schéfer
et al. (2016) and provides a comprehensive description of the new
extensions. Section 3 shows some of the recent applications and
numerical tests to provide an overview of the possibilities of the
code. We will conclude in the final section and present details
about the code and its structure in the appendix.

2. Physical and numerical method

In this section, we present the different physical models, their
numerical implementations, and further aspects of miluphcuda.

The basic idea of the SPH scheme is to transform a system
of partial differential equations to a system of ordinary differen-
tial equations, which can be solved by standard integrators. For
this transformation the partial differential equations are approx-
imated in two steps: First, with an average over all spatial field
quantities by the help of the convolution with the kernel function
and second by a discretization of this average. For an introduction
to the fundamental ideas of SPH, we refer to the comprehensive
review articles by Benz (1990), Monaghan (1992), Monaghan

1 miluph is pronounced [mailav]

(2005), Liu and Liu (2010) and Monaghan (2012). In the following,
we present the SPH equations for viscid and inviscid hydrody-
namics and continuum mechanics as implemented in the code.
The different modules implemented in the code allow for the sim-
ulation of various different astrophysical objects: By the use of the
sole hydrodynamical module, one can model a gaseous accretion
disc, both viscous and inviscid. By adding the self-gravity module,
the gravitational field produced by the disc is also included. The
solid module allows to model brittle, rocky materials, such as
smaller, non-porous planetesimals. Adding the porosity module,
the code can be used to simulate porous objects like porous
asteroids, comets and Kuiper belt objects. Larger planetesimals
or dwarf planets can be simulated with a combination of the
solid or hydro module with the self-gravity module. The different
strength models included in the solid module allow to model
brittle or granular materials, e.g., a layer of granular regolith on a
brittle and porous asteroid.

2.1. Hydrodynamics

The flow of a fluid is completely described by its velocity field
v(X, t), and two thermodynamic field quantities, where usually
the density o(x, t) and the pressure p(x, t) are chosen. The con-
servation laws for mass, momentum and energy determine the
dynamics and lead to a set of PDEs which can be solved with SPH
for all locations x and times t.

The Euler equation describes the flow of an inviscid, ideal fluid.
It reads in Lagrangian representation

dv

—:—V, 1
% p (1)

with the velocity v, the density ¢ and the pressure p. By the use
of the identity

1 1 p p 1
QP QHV(QM) A= 2
one can derive the following two equivalent SPH representations,

dVa Da + Db

_— = = mp VW, b (3)
d Zb: 0y

for A =1, and

dv, [pa pb}

——==) my| =+ VW (4)
dt 2,,: o2 opl "

for L = 2.

2.2. Viscous flows

The extension of the Euler equation for viscous, Newtonian
fluids is the Navier-Stokes equation. It reads in Lagrangian rep-
resentation

W vpiv.T 5
e ="Vet , (5)
where T denotes the viscous stress tensor. The viscous stress ten-
sor accounts for the internal friction of the flow. For a Newtonian
fluid, where the viscosity depends linearly on the gradient of the
velocity field, it is given by

av* P 2 avY avY
Tuﬁ:n[ v v 8B v i|+ sob v (6)

oxF o 30 o o

with the dynamic viscosity coefficient n and the bulk viscosity
coefficient ¢. The kinematic viscosity coefficient v is the ratio
between the dynamic viscosity coefficient and the density of
the fluid, v = n/o. The term in the parentheses in Eq. (6)
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represents the traceless part of the viscous stress tensor and is
called viscous shear stress tensor. The numerical treatment and
solution of the Navier-Stokes equation is demanding because of
the second derivatives of the velocities. We follow the approach
by Flebbe et al. (1994) and calculate the derivatives of the velocity
components for particle a according to

ng‘ mp o o IWqp _ ap
e —;a(vb—vu) oxf = Va - (7)

The viscous stress tensor for particle a can be calculated via
2
TeP = o [v2F +0f*] — §(S°‘ﬁvg’/. (8)

In a second step, the accelerations due to the viscous stress are
determined via

due TeP + T 9W,
= my—————

QaQb oxpf
If the partial derivatives of the velocities are not calculated with
Eq. (7), but with the numerical equivalent SPH sum

9)

e 1 o oy OWap
o EZ,, ms (1 = 18) G 1o
the accelerations are determined via
dv? T’ T | W

= m + = . 11
dt Xb: ’ |: 02  of | oxF (an

The bulk part of the Navier-Stokes equation can also be used to
define an artificial viscosity that prevents mutual particle pene-
tration and does not yield unwanted spurious shear. A possible
ansatz for an artificial bulk viscosity was successfully applied in
planet-disc interaction simulations in Schdfer et al. (2004): the
bulk part of the viscous stress tensor is £V - v, which leads to an
additional acceleration for particle a

dv, (V-v)g+(V-v)

= mplogy———————VWap, (12)
dt 2,,: ‘ QaQb o
or
dv, [(V V) | (V -V)b]
—_ = Mp&ap + VW, (13)
d Jpuu Xb: ‘ 0 o o

in case of the other SPH representation, respectively. The bulk
viscosity coefficient ¢4 for the interaction between particles a
and b is
2 = _
Cap = —fhay(V - V)0, for (Vg — vp) - (Xg — Xp) (14)
0 else.

The term q,, denotes an abbreviation for the average %(qa + qp)
for any quantity q and f a parameter to scale the effect of the
artificial bulk viscosity, usually set to 1.

2.3. Solid body mechanics

The implementation of solid body mechanics with fragmenta-
tion in our code follows the ideas and concepts of Stellingwerf
and Wingate (1994) and Benz and Asphaug (1994). We refer for
the thorough description of our implementation in Schafer et al.
(2016) and present the basic equations in the following.

For a perfect elastic material, the conservation of momentum
reads

dv® dof
Q = ,
dt oxp

(15)

where the stress tensor ¢*# is built up by the pressure p and the
traceless deviatoric stress tensor S*#

o = —ps*P 4 5P, (16)
The conservation of the internal energy u is given by
du  padv 1

—=-= + —SeBzab, 17

dt 0 0X* o (17)

Here, £*# denotes the strain rate tensor for small deformations
1 /v 9vf

P = — +—). 18
2 (Bxﬂ ax* ) (18)

Additionally, an equation for the time evolution of the deviatoric
stress tensor S*# is required to describe the dynamics of the solid
body, which is called the constitutive equation. For a perfectly
elastic behaviour, we choose Hooke’s law, where the stress de-
pends linearly on the strain, which yields using the Jaumann rate
eventually

ds«# . 1.
=21 0P _ _seBivy ) L sevRrE _ Raysyﬂ’ (19)
dt 3
with the shear modulus i and the rotation rate tensor R*#
1 /v P
Rep = - (S5 - 20 ) (20)
2 \oxf  oxv

2.4. Strength models

A solid material does not deform perfectly elastic for all expe-
rienced strains. Once the applied strain exceeds the elastic limit,
the deformation becomes plastic. The transition from an elastic
to a plastic state of a substance is characterized by a stress state.
The stress at which the material starts deforming plastically is
called yield stress, and the condition for plastic deformation is
the yield criterion. For an isotropic medium, the yield criterion is
a symmetric function of the principle stresses o;

f(o1, 02, 03) = const. 1)

The constant on the righthandside is material dependent and re-
lated to the particular yield limit. Since f is a symmetric function
of the principle stresses, the stress components can be expressed
by the invariants of the stress tensor

f(I1,J2,J3) = const. (22)

In the original code, we have implemented the elementary von
Mises yield strength to model plastic behaviour of solid bodies,
and noted already the shortcoming of this simplistic model. Fol-
lowing Collins et al. (2004) and Jutzi (2015), we have added two
additional strength models suitable for the modelling of granular
material and a pressure dependent yield strength model, which is
applicable to rocks and interplays with the fragmentation model
for brittle materials by Grady and Kipp (Schéfer et al., 2016).

2.4.1. Von Mises yield stress

In the von Mises yield stress model (von Mises, 1913), the de-
viatoric stress is limited once it reaches a constant yield strength
limit Yy. At first, the second invariant of the stress tensor is
computed via

1
b= 5s“’saﬁ, (23)

for each individual particle, and the limiting factor fy is calculated
according to

fy =min[Yg /3], 1]. (24)
Then, the deviatoric stress, which was integrated using Eq. (19),
is limited

s > f,5%F, (25)
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2.4.2. Drucker-Prager and Mohr—Coulomb yield criterion

The Drucker-Prager yield strength depends on the pressure
and is applicable to model rocky materials. The condition for
plasticity reads

VI =A—BI, (26)

where I; denotes the first invariant of the stress tensor (I; =
tr[o*#]) and J, the second invariant given by Eq. (23). The two
material constants A and B are the so-called Drucker-Prager
constants. The criterion is related to the Mohr-Coulomb yield
criterion, and the constants A, B can also be expressed in terms
of cohesion c and angle of internal friction ¢ of the material via

6¢ cos ¢

A 2sing
V3@ —sing)’

B 76 —sne) (27)
2.4.3. Pressure dependent yield criterion in combination with dam-
age model

In our fracture model (Schéfer et al., 2016), the reduction in
strength under tensile loading is expressed via a scalar damage
variable 0 < D < 1, where D = 0 corresponds to intact material
and D = 1 to a totally fractured material that cannot undergo any
tension or deviatoric stress. In this sense, a material with D = 0.5
experiences half the deviatoric stress and tension of an undam-
aged material with D = 0. In order to relate the fragmentation
model with the yield strength for plastic flow, Collins et al. (2004)
calculate a damage dependent yield strength in the following
way. Undamaged, intact substances have a pressure dependent
yield strength of
_H
1+ up/(Yu — )’
where u is the coefficient of internal friction, given by u = tan ¢,
c is the cohesion and Yy the shear strength at infinite pressure.
For totally damaged materials, the deviatoric stress is usually set
to zero. However, as pointed out by Jutzi (2015), it is important
to take into account the friction in totally damaged material,
e.g., shattered rocks. Therefore, for totally damaged materials
with D = 1, the yield strength is not vanishing but dominated
by the pressure and given by

Yp = upp, (29)

where up now denotes the coefficient of internal friction of
the totally damaged, granular material. For partially damaged
materials, the yield strength is determined according to

Y =(1—D)Yp + DYp, (30)

Yp=c+ (28)

while Y < Yp is ensured. As soon as one particle exceeds the yield
strength, the deviatoric stress is reduced according to Eq. (25),
with the limiting factor

fy = min [Y/ﬁ, 1]. 31)
2.5. Porosity models

Macroscopic porosity can be easily modelled with SPH by sim-
ply adding macroscopic voids on the scale of the particle volume
to the initial distribution. However, sub-resolution porosity can
be troublesome. Various sub-resolution porosity models exist in
the literature and are applied to porous materials from metals
to rocks. Although originally the p — «-model was developed to
study impacts into metal shielding, we have first implemented it
for the simulation of porous, rocky objects such as comets and
asteroids.

2.5.1. The p-a-model

The p-a-model by Herrmann (1969), which was modified
by Jutzi et al. (2009), relates the porous pressure p of a material
to the solid pressure p; and the distention «. The main idea is
to separate the volume change in a porous material into the pore
collapse of the porous material and the compression of the matrix
material. The distention is defined by
o = 9s — ;’ (32)

e 1-9¢

with the solid density s, the porous density ¢ and the porosity
¢. The porous pressure is calculated with the empirically found
equation using the distention « and the pressure of the solid
material p; (Carroll and Holt, 1972)

1 1
p = —ps(0s, Us) = —ps(ao, u), (33)
o o

where g, and u; are the density and the energy of the solid, and
o and u of the porous material. The crush-curve relates the pres-
sure to the porosity and yields a maximum pressure which the
porous material can undergo before crushing. This gives an addi-
tional boundary condition for the pressure in the simulation. Two
crush-curves are currently implemented. One being quadratic
and the other having two regimes with parameters gained by
fitting function (34) to the crush-curve of porous pumice, using a
compression testing machine. In the plastic regime the distention
« is computed as follows
n -
(ae - at)((pp[[:;:)nl] + (O{t - 1)((;;:;:,))32
u

a(P) = (e — D& +1 if pp <p <ps

1 if p > ps,

+1 ifpe<p<p

(34)

where p. is the pressure where the transition from the elastic
to the plastic regime happens, ps the pressure where the porous
material is fully compacted and the density equals the matrix
density (¢« = 1) and the pressure p; indicates a transition between
the two regimes with different slopes n; and n, (Jutzi et al., 2009).
The distention is evolved in time depending on the pressure

as follows
. dadp
o =——.
dp dt

One of the most important aspects of the p-«-model imple-
mentation is the check function for the timestep. The relation
between the pressure and the distention is an implicit. However,
to solve it explicitly, one has to make sure that the distention is
resolved correctly. Hence, the distention has to follow the crush-
curve since each distention value relates to a specific maximum
pressure value. If the integrated distention yields a pressure be-
yond the maximum pressure for this specific distention value, the
time step has been too coarse, the crush-curve is not reproduced
correctly and the timestep has to be reduced, the integration step
has to be repeated. To ensure this critical boundary condition
our integrators have either an distention or a pressure check
function where the change of the previous to the current value
is calculated and if these values are too large the timestep is de-
creased accordingly, and the current step is recalculated with the
lowered timestep. In order to validate the porous model, we have
simulated the impact of a nylon, spherical projectile into a cube of
pumice in three dimensions. Fig. 1 shows the pressure-distention
values of the SPH particles from the impact. The distention «
lies exactly on the crush-curve and thus resolving the timestep
accordingly with crush-curve parameters shown in Table 1. The
simulation was a nylon sphere impacting into a pumice cube. The
parameters for the Tillotson equation of state (EOS) are those of

(35)
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Table 1
Parameters for the crush-curve which were used for the plot and the simulation
in Fig. 1.

pe [Pa] pe [Pa] ps [Pa] o o ny ny
106 6.8 x 107 2.13 x 108 3.45 1.90 12 3
Table 2

Parameters for the crush-curve which were used for the plot and the simulation
in Fig. 2.
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Fig. 1. Relation between the distention « and the pressure p. The initial
distention is o9 = 3.45 and until p, is reached the deformation is elastic and
da

= =0.

solid rock with a volume V = 216cm? and a matrix density
0s = 2325.3kg/m>. The impactor sphere has the Tillotson EQS
parameters of nylon with a radius r = 7mm, a density o; =
1185 kg/m? and an impact velocity vimp = 2.58 kms™1.

A shock wave test was performed which travels in one spatial
dimension. The material was porous aluminium with an initial
distention of ¢y = 1.275. The crush-curve parameters are shown
in Table 2 and the Tillotson EOS parameters are those of alu-

minium. The cylinder has a height h = 2cm and a radius of
r = 0.2cm. A constant velocity is set in the z-direction with
v, = —45.8 cms~'. The quadratic crush-curve

(ps —p)

a=1+4(a.—1) (36)

(ps — pe)?

was used and [g—‘; # O] is calculated using

elastic

da o ; 1 37
[a}elastic B E |: - (h(a)2>j| ( )

where Ko = c200 and

Ce —Co

h(a) =14 (o — 1)m,

(38)
with o, = a(pe). The results are shown in Fig. 2. We find perfect
agreement with the simulation presented by Jutzi et al. (2009).

2.5.2. The g-a-model

Another porosity model has been implemented into the code
which is the so called e-a-model (Collins et al., 2011). The main
difference between this and the above mentioned p-«-model is

position in m

Fig. 2. One dimensional shock wave in a three dimensional porous aluminium
cylinder. The pressure is plotted as a function of the vertical position of the SPH
particle in the cylinder. The plot shows two waves with an elastic precursor
followed by the actual shock wave.

the calculation of the distention. In this model the distention is
calculated using the volumetric strain &y, which is given by the
change in volume of an element divided by the initial volume
leading to following expression:

V/ 4
LA (1> : (39)

Ey =
v % Vo

Vo

with Vj as the initial and V' as the updated volume. The volumet-
ric strain can be related to the distention «

ey =In v =In V¥ =m(Z), (40)
V() VSV() [0 4))

with an ideally constant matrix volume V;. The compaction func-
tion is defined as

aperlev—ee) if g0 > &y > &
2
a(p) = {1+ (agestx—e) — 1) (%) ifey > ey >e  (41)
1 if ey <&,

with &, as the elastic-plastic transition strain, &, the threshold
strain for the transition between the two compaction regimes, &,
the threshold for full compaction, « the exponential compaction
rate and «g the initial distention. The parameter ¢. has to be
calculated beforehand with following equation

2 — 2aqet(exee)
Ec = W =+ Ex. (42)
In this model the distention is not calculated directly using the
pressure. The change in the distention is calculated as follows
. da dSV

= 43
* dé‘v dt ( )

2.5.3. Sirono-model

The Sirono porosity model implemented in the code is by
Sirono (2004) which was later modified by Schifer et al. (2007),
and extended to different material by Geretshauser et al. (2010).
It is an isothermal model, which is the main difference to the two
above mentioned models. It uses a slightly modified Murnaghan
EOS which is an extension of the liquid EOS with a non-linear
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Fig. 3. Crater depth of the glass bead falling into the porous dust cake. The
colour mapped is the filling factor ¢ = o/0s.

dependency of the pressure on the density

N

p(¢) = K(ep) (f, -1}, (44)
%o

where ¢y = % and g; is the reference density, i.e. the density at

p=0.To calculate the pressure at a given density we only need
the bulk modulus K(¢) which is given by the power law

Y
K(#) = 2(8) = Ko (%) , (45)
1

with the shear modulus w(¢) and ¢; = g;/os. Since there is no
energy dependency in this EOS it is only used for the low velocity
regime. The pressure is restricted by the compressive strength
X (¢) and tensile strength T(¢). Until the pressure reaches the
upper limit (the compressive strength) the deformation is elastic
and once it surpasses the compressive strength the deformation
process will be plastic. This changes the slope for the calcula-
tion of the pressure Eq. (44) and thus deforming the material
irreversibly. The pressure is limited in following way

Z(¢) if¢ > of
T(¢) if¢p <oc.

The compressive strength is calculated using this equation

p(o) = { (46)

Aln10
pm( $max —Pmin _ 1 n

$max —Pmin—€ if ¢ = ¢min +e€
X(p) = Pmax—¢mi Alni0
Pm (%Tﬂf"—l) if Groin + € < ¢ < Prmax
e 1f¢ =< ¢maX7
(47)

with the material dependent parameters p;;, A, € and the min-
imum and maximum filling factors ¢mni, and ¢max. For the test
calculation presented in Fig. 3, the following values have been
calibrated using (Giittler et al., 2009) the mean pressure p, =
260Pa, A = 0.58, € = 0.005, $min = 0.12 and ¢max = 0.58. The
tensile strength is given by

T(¢) = —10°" pa, (48)

with a = 2.8 and b = 1.48. Fig. 3 shows one of these (in this case
two dimensional) simulations where a glass bead falls into the
porous dust cake (SiO; ). The used values for the setup are shown
in Table 3.

2.6. Equation of states

The equation of state relates the thermodynamic state vari-
ables and closes the system of PDEs. It is normally defined as

Table 3

Parameter table of the two dimensional crater depth validation simulations for

the Sirono model.
Physical Quantity
Glass bead
Matrix density oo

Value with Unit

2.54 x 10° kg/m®

Bulk modulus K 5 x 10° Pa
Murnaghan exponent n 4

Radius r 0.55x 103 m
Impact velocity vg 0.65 ms~!

Dust target
Initial filling factor ¢o 0.15

Matrix density o5 2000 kg/m>
Reference density o), 300 kg/m?
Bulk modulus K, 3 x 10° Pa
Radius rgus 33x1073 m
Other parameters

Artificial viscosity o, 8 0.1, 0

a relation between the density, pressure and temperature or
internal energy of a specific material. Depending on the physical
regimes, different EOS are applied. There is no universal EOS,
which can be used for all materials under all conditions, liquid,
gaseous or solid. Therefore, various EOS are implemented and
available in the code. In the original version, the available EOS
were liquid EOS, Murnaghan EOS, and Tillotson EOS. In the new
version, we have added the EOS for polytropic gas, isothermal
gas, ideal gas, and ANEOS. The use of porosity models require
additional porosity-dependent pressure relations, which are im-
plemented via special EOS for these porous materials. Hence,
there are several additional versions for porous materials with
Tillotson EOS for the p-«a-, the Sirono-, and the e-a-model. Ad-
ditional EOS may be included to the code straightforwardly by
adding another EOS_TYPE_* to pressure.h and the calculation
of the pressure to the kernel function in pressure. cu.

2.6.1. Murnaghan EOS

The Murnaghan EOS can be derived from the assumption
that the bulk modulus varies linearly with pressure (Murnaghan,
1937). It reads

52 )
n Qo

where Kj is the bulk modulus and gg the density in the relaxed
state. The Murnaghan EOS can be used to model weakly com-
pressible materials. In this publication, it was applied to model
the gravitational collapse of a granular column, see Section 3.4.

2.6.2. Tillotson EOS

A widely used non-linear EOS for simulating high-velocity im-
pacts was introduced by Tillotson (1962) and can be applied over
a wide range of physical conditions, while being computationally
simple. It provides rudimentary distinction between the solid and
vapour phase, but lacks a consistent treatment of phase changes.
In the case of compressed regions (0 > o) and u lower than the
energy of incipient vaporization u;, the equation of state reads

by
1+ u/(uon?)
with n = 0/0p and & = n — 1. In case of expanded material
(u greater than the energy of complete vaporization u.,) the

p= [GT + ]gu + Aré + Bré?, (50)
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equation of state takes the form

brou _
p = arou + [#ﬁuoﬁ) +AT€ exp [_.BT (n 1_ 1)]} (51)
X exp [—ar (n'— 1)2] . (52)

The symbols oo, Ar, Br, uo, ar, br, ar, and Br are material de-
pendent parameters. In the partial vaporization uj, < u < U,
the pressure is linearly interpolated between the two values
obtained via (50) and (51), respectively. The Tillotson EOS has
the advantage of being computational very simple, and still so-
phisticated enough for the application over a wide regime of
physical conditions in high pressure ranges, such as high-velocity
collisions and impact cratering.

Note, that the Tillotson EOS can also yield negative pressure
values for expanded (n < 1) and cold (u < u;) states. This
corresponds to a tension in the solid material. As stated by Melosh
(1996), a fluid will fragment into smaller droplets at lower den-
sities, limiting the tension. In order to consider this behaviour, a
density limit parameter can be defined for each material type in
the simulation. As soon as the ratio n falls below this limit, the
pressure is set to zero instead of becoming negative. Additionally,
there is also a compile time option which prevents negative
pressure values at all.

2.6.3. ANEOS

A more sophisticated treatment of phase changes is possible
with the analytic equations of state (ANEOS) package (see, e.g.,
Melosh, 2007). ANEOS is based on calculating the Helmholtz free
energy from first principles, where all relevant quantities can
then be deduced from. This also holds for the temperature, which
is not directly possible for the Tillotson EOS. However, ANEOS
requires more than 40 input parameters (10 for the Tillotson
EOS), and is not freely available. It consists of several thousand
lines of FORTRAN code, which has to be utilized to produce
lookup-tables, which can then be interpolated from. To enhance
the thermodynamical aspects of our SPH code’s material model,
we have recently finished implementing ANEOS to overcome the
limitations of the Tillotson EOS (Malamud et al., 2020).

2.7. Fixed and variable smoothing

The code supports three different methods for SPH smoothing:
Either a fixed smoothing length for each material type is set or
the smoothing length varies for each particle separately. In the
latter case, a fixed number of interaction partners can be set
individually for each material type or the smoothing length is
integrated according to the following evolution equation
dh hV 53
ad a " (53)
where d denotes the dimension. Additionally, an upper and lower
limiter can be chosen for each material type. If two particles
with differing smoothing lengths h, and h, interact, the kernel
is calculated with their mean %(ha + hp). The search for the
interaction partners is conducted by the help of the Barnes-Hut
tree. For each particle, a tree walk starting at the root of the tree
is performed. The search continuous descending only into nodes
that intersect with the sphere with the radius of the particle’s
smoothing length. Finally, individual particles in the lowermost
nodes (the leaves) are checked for interaction by calculating the
distance and comparing to the smoothing length. Since the in-
teraction partner search for one particle is independent from the
search for the partners of another particle, the search algorithm
parallelizes perfectly.

2.8. Time integrator

The default time integrator is an embedded second order
Runge-Kutta integrator, which uses an additional third step to
determine an adaptive time step. Its implementation is based
on the description in Butcher (1987). Four more integrators are
implemented: a simple Euler integrator for test purposes during
new developments, two different predictor-corrector schemes,
one with a prediction step of half the time step and a cor-
rection step with the whole time step and vice versa, and a
special purpose coupled Heun and fourth order Runge-Kutta
integrator. The time step size for all integrators is limited by the
Courant condition and the artificial viscosity is also taken into
account (Monaghan, 2012)

h
Cs + 1.2(csa + ,U«maxﬂ).

Here, CFL is the Courant number, ¢; denotes the sound speed,
h is the smoothing length, @ and g are the artificial viscosity
parameters and pmax is the maximum value of g, from all in-
teraction pairs. The term g5 is an approximation for the velocity
divergence and calculated according to

Hub("a - Vb) : (xa - xb).

2
(Xa — Xp)? + evhgy

At < CFL (54)

(55)

Hab =

The term ﬁib is the average of the smoothing lengths of particle

a and b. and the factor s,ﬁib in the denominator prevents di-
vergence of pg. Apart from the Courant time limit, there exist
additional limit check functions to ensure convergence of the
crush-curve for simulations including porosity, see Section 2.5,
and upper limits for an absolute change of specific values like the
damage variable in simulations including brittle fracture can be
specified to ensure convergence, i.e.

\EH’Emin f ﬁ O
ac<] CTE or [&| > (56)
Atmax else,

for all quantities & which are integrated, where ¢ < 1 and &pyj, is
a measure to set the minimum time step.

In addition, a combined Heun and fourth order Runge-Kutta
(RK4) integrator is implemented with intended application for
circumbinary discs following the method by Thun and Kley (2018).
The Heun part is used to solve the hydrodynamical equations,
i.e. to integrate the SPH equations and the RK4 part is used to
integrate the orbits of the gravitating objects. For each complete
timestep in the Heun integrator, the four steps of the RK4 are
performed. In every substep of the RK4 the accelerations for all
gravitational point masses are calculated. At the end of timestep,
both integrators are at the new time t + At and the cycle restarts.

2.9. Additional gravitating bodies

An arbitrary number of purely gravitationally interacting
(point-)masses may be included in the simulation. The gravita-
tional force from these objects leads to an additional acceleration
of the particles. These masses also interact mutually and their
motions are integrated with the same integrator that integrates
the fluid or solid body. This renders simulations possible that
include more than one central object, e.g., collisions of smaller
objects in a planetary system or the simulation of accretion discs
around circumbinaries with one or more potentially embedded
planets. The point masses are stored in additional data files and a
minimum and maximum distance for the particle can be specified
individually for each point mass. Once a particle comes too close
or too far, it is deactivated in the simulation.
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2.10. Long-range forces

Currently, miluphcuda allows to simulate the self-gravity
of the mass distribution given by the particle distribution. The
long-range forces due to the mutually gravitational interaction of
the particles is either calculated directly via a N? algorithm or
approximately using the Barnes-Hut tree (Barnes and Hut, 1986)
that is also used for the interaction partner search. The latter
one may be also a starting point to implement other long-range
forces like Coulomb’s law. The additional acceleration due to the
gravitational interaction is added to the momentum equation of
the applied module, i.e. one of Egs. (1),(5),(15).

The self-gravity module has been validated by the simulation
of an isothermal, spherical and initially uniformly rotating col-
lapsing molecular cloud by Schdfer et al. (2016). The module is
used in the three applications presented in Sections 3.1 to 3.3.

3. Applications

In this section we intent to display the versatility of
miluphcuda. We have adapted the code to various differing
physical problems including hydro- and solid mechanics, with
and without gravitational forces, self-gravity, strength-dominated
and strengthless bodies, inviscid and viscous flows. The subsec-
tions contain exemplary simulations of various projects which
make use of our code. In practice, each numerical investiga-
tion with SPH has to include a convergence study, i.e. varying
number of particle numbers, varying smoothing lengths, and
different values for other parameters of the method such as the
artificial viscosity. Since our intention is to present many differ-
ent simulations with all available modules, we do not present
these convergence studies here, and focus only on variety of
applications.

3.1. Embedding realistic collision outcomes into long-term planet
formation simulations

The formation of terrestrial planets is believed to proceed
in several relatively distinct steps, where during the last and
final phase, often termed ‘late-stage accretion’, planetary embryos
(~Moon- to Mars-sized objects) and remaining smaller planetes-
imals eventually accrete into planets. This phase is characterized
by chaotic interaction and giant collisions among large, similar-
sized, gravity-dominated bodies, which shape many of a planet’s
final characteristics — its orbital parameters, spin and obliq-
uity, and not least its composition, especially also volatile/water
contents. Since (giant) collisions are naturally the core agent of
accretion, it is crucial to study those events individually in detail.
However, to obtain truly self-consistent results especially in the
context of a chaotic planet formation environment it is even-
tually the combination of the long-term dynamical evolution of
protoplanets/planetesimals with realistic outcomes of individual
encounters that is necessary. We follow two different approaches
for this problem, both centred around physically accurate col-
lision simulations with miluphcuda. The first one is to use a
catalog of collision outcomes, spanning the most relevant parts
of parameter space, where the outcome of a particular collision
scenario is then interpolated from (Section 3.1.1). The second
approach is to run a dedicated SPH simulation for each occurring
collision event ‘on the fly’, whose results are directly re-inserted
into the further underlying N-body evolution (Section 3.1.2).

Our main aim in these applications is to study volatile/water
transport, which may have been delivered to the accretion zone
of Earth by successive collisions among water-carrying planetes-
imals and planetary embryos from the outer asteroid belt region.

\v 4

X

Fig. 4. Collision geometry for similar-sized, differentiated bodies in a target-
centric frame. |vg| is the impact velocity, « the impact angle (0° for
head-on).

Even though semi-analytical models (scaling laws) to approxi-
mately predict collision outcomes have been developed in recent
years (Leinhardt and Stewart, 2012; Leinhardt et al., 2015; Marcus
et al.,, 2010b), they are currently not able to reliably predict the
more subtle consequences for water inventories (Burger et al.,
2018), where existing studies have almost exclusively assumed
oversimplified perfectly inelastic merging of water-bearing bod-
ies. This is despite the fact that water and other volatile material
are particularly susceptible to collisional fragmentation and loss
processes, and thus masses as well as water contents of final
terrestrial planets are considerably overestimated in most cases.

Giant collisions of similar-sized bodies (cf. Fig. 4) are complex
and generally super-sonic events, where strong shocks dissipate
large amounts of energy, which can lead to large-scale melting
and vaporization, or even eject outer layers mechanically. In
addition material initially under high pressure can be released
from the deep interior when bodies are (partly) disrupted (cf.
Fig. 6). Correct modelling of the thermodynamic response with a
suitable equation of state is therefore crucial (Section 2.6), while
the precise material rheology becomes typically less important
once in the gravity-dominated regime. The majority of such en-
counters is more or less oblique, which makes them naturally
fully 3-dimensional events, and gives rise to frequent hit-and-run
outcomes (e.g., Fig. 6), where the colliding bodies separate again
(gravitationally) after the interaction phase.

3.1.1. Collisions catalog for protoplanetary bodies

In order to arrive at a more realistic estimate of the amount
of water transported to Earth’s accretion zone, we systemati-
cally investigated the rate of water transport in collisions by
performing a suite of several hundred collision simulations with
miluphcuda. Here, we present results in terms of the fraction
of water retained after a collision for different parameters of
the system including collision velocity, impact angle, and the
masses and water-mass fractions of the projectile and target. The
resulting catalog of collisional water loss focuses on planetary
embryos of masses in the Ceres to Earth range and initial water
content. Table 4 lists the parameters chosen for the catalog.
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Table 4

Scenario parameters of the collision catalog. The velocity vesc denotes the two-body escape velocity.

Parameter

Values

Total mass Mot = Mprojectite + Mrarget

Mass ratio y = Mprojectile/Mtargel
Projectile water mass fraction wj
Target water mass fraction w
Impact velocity v [vesc]

Impact angle « [deg]

2 Mceres(1.88 x 102! kg), 2 M¢ (1.47 x 10% kg),
2 My (1.28 x 10%* kg), 2 Mg(1.19 x 10% kg)
0.1, 05, 1.0

0.1, 0.2

0.1, 0.2

1.0, 15, 2.0, 3.0, 5.0

0, 20, 40, 60

Table 5

Tillotson EOS Parameters adopted from Benz and Asphaug (1999) used in the simulations for the collision catalog.
The bulk modulus is set equal to Ar and Br, shear modulus and the von Mises yield stress are denoted by x and

Yu, respectively.

Material 0o [kg/m’] Ar [GPa] Br [GPa] Eo [M]/kg] Eiv [MJ/kg] Ecy [MJ/kg]
Basalt 2700 26.7 26.7 487 472 18.2
Ice 917 9.47 9.47 10 0.773 3.04
Material or Br ar br 1 [GPa] Yy [GPa]
Basalt 0.5 15 5 5 22.7 35
Ice 0.3 0.1 10 5 2.8 1
Table 6 In the near future we plan to create a scheme that allows
Column description of the collision outcome data in the supplement. us to integrate data from an extended catalog into N—body cal-
Column Description culations that will use predicted collision outcomes instead of
v collision velocity [vesc] perfect merging. First experiments with multi-dimensional inter-
alpha lc\;lhsmrg/[ angle [cf%\/]l (k] polation work satisfactorily regarding the water loss, but fail in
ot = Wprojectile - Marger [K& terms of predicting correct fragment sizes, positions, and velocity
gamma mass ratio y = Mpmjecnle/Mtarget . . .
wp projectile water mass fraction vectors after the impact. Therefore, we currently run a simulation
wt target water mass fraction campaign of thousands of collisions — enough to apply machine
ms1 mass of survivor 1 [kg] learning methods to predict detailed collision outcomes as they
mS2 mass of survivor 2 [kg] occur in planet formation simulations (Winter, Winkler, Maindl,
wmfS1 survivor 1 water mass fraction and Schifer, in prep.).
wmfS2 survivor 2 water mass fraction
wretained 1 _ Water lost to debris [kg]

total initial water [kg]

In order to limit the parameter space we assumed a uniform
structure consisting of a basaltic silicate rock interior covered by
a water ice mantle for all bodies. Our material model is based
on the Tillotson equation of state (see Melosh, 1996) and uses
the parameters given in Table 4. The Weibull parameters for the
damage model are m = 16 and k = 10" m~3 (Nakamura et al,,
2007) for basalt and m = 9.1 and k = 10 m~3 (Lange et al,,
1984) for water ice, respectively (see Table 5).

The outcome in terms of the masses of the largest two sur-
viving fragments and the water remaining on these survivors is
given in the supplementary data to this article. The data is given
in xlsx format with columns as described in Table 6. Visualiz-
ing our high-dimensional data is difficult. In order to properly
present our catalog, we thus apply the embedding algorithm
UMAP (McInnes et al., 2018a,b), which allows an efficient, non-
linear down-projection of our six-dimensional input space. We
use the default hyperparameters for the UMAP mapping, ex-
cept for n_neighbours=15 and min_dist=0.99. Fig. 5 visualizes
the embedded dataset. Each of the original six dimensions is
contributing some structure to the embedding. There are 17
clusters which are - each for itself - homogeneous in impact
angle and projectile/target water mass fraction and composed of
different impact velocities and masses. Although the plots are
still difficult to interpret, a comparison of the colour gradients
indicate that the water retention of the two largest fragments is
correlated with both the impact velocity and the impact angle:
while the gradients of the velocity closely describe the intra-
cluster gradients of the water retention, the impact angle does
so with the global gradient across all clusters.

3.1.2. Direct N-body - SPH hybrid simulations

The direct combination of an underlying N-body computa-
tion (realized with the versatile REBOUND package, Rein and Liu,
2012) with dedicated individual collision simulations has the ad-
vantage of full self-consistency and allows to precisely model all
collisions at hand, including more subtle processes like water loss
and transfer between colliding bodies in hit-and-run encounters.
Such a direct hybrid approach has been applied only rarely and
with limited resolution (Genda et al.,, 2011, 2017), and never to
follow water or other volatiles to our knowledge.

In order to ensure the flawless handover from the N-body
computation to an SPH collision and back, several well-
synchronized steps are necessary, implemented via a Python in-
terface, which calls the necessary subprocesses (including
miluphcuda) and handles communication between them. Once
bodies are found to be on colliding trajectories, the N-body inte-
gration continues until they have approached to a well-defined
starting distance for the SPH simulation — several times the sum
of their radii to allow for the build-up of potential pre-collision
tidal deformations. The colliding bodies are initialized already
with self-consistent hydrostatic profiles following Burger et al.
(2018), which works practically instantaneously and eliminates
the need for lengthy numerical relaxation. To ensure a self-
consistent (gravity) environment, the star and all other bodies
in the N-body system (besides the two colliding ones) are ad-
ditionally included as point masses for the whole duration of
the SPH simulation. Once the collision [ interaction phase is over
(potential post-collision fragments have clearly separated), we
first identify spatially connected fragments via an octree/friends-
of-friends algorithm, followed by additional search for gravi-
tationally bound fragments, which are then each considered a
single post-collision body. Eventually their (barycenters’) posi-
tions and velocities are re-inserted into the N-body integration.
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Fig. 5. For visualization, the six-dimensional input space was embedded into two dimensions component a and component b using UMAP. The titles of the plots
indicate the respective colour codings. Note that only the water retention colour code represents a result after evaluating the collision outcomes, the others represent

the initial conditions.

Fig. 6. Snapshots of a hit-and-run collision between protoplanet-sized bodies.
The impactor (white) approaches from the left. Both objects are differentiated
into an iron core (black), a silicate mantle (red) and a water shell, colour-coded
in blue for the target and white for the impactor, to illustrate not only collisional
losses but also water transfer between the bodies. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web
version of this article.)

Source: Refer to Burger et al. (2018) for more details.

The vastly different time as well as size scales of individual
collisions vs. long-term N-body evolution pose particular chal-
lenges. Individual collisions cover ~ hours to days at most, while
the whole planetary accretion phase lasts for several 100 Myrs.
The spatial domain of individual collisions is usually consider-
ably below 106 km, while the whole system covers tens of au
(~ 10°km). The capabilities of miluphcuda allow us to run
the necessary multi-material collision simulations (including sur-
face water layers), where the various available strength/material
models (Section 2.4) and equations of state (Section 2.6) can be
utilized to account for the broad range of physical states of water
in an active planet formation environment. The actual conditions
at the onset of some currently simulated collision however, de-
pend on many parameters, among them the distance to the star,

the body’s (especially thermal) history, and the time since the last
(large) collision/impact event. For a truly holistic picture all these
processes (and likely more) will have to be included eventually,
which is our ultimate but not yet accomplished goal, therefore a
preliminary solution is to model water inventories as (strength-
less) fluid, properties that likely resemble a surface ocean on
average. Our SPH code provides the necessary fast and efficient
computations to run typically ~hundreds of dedicated collision
simulations per underlying N-body scenario, where individual
ones (with resolutions between 25000 to 75000 SPH particles)
require on the order of an hour to complete (with all pre- and
post-processing steps).

In order to model collisional water transport we apply this
hybrid framework to an evolving system of several hundred plan-
etary embryos and planetesimals which extends into the water-
rich region beyond the ice condensation line (snow line). We
include either no (very disruptive), one (accretion or erosion),
or two (hit-and-run) post-collision bodies in the further N-body
evolution. The rationale is that collisions between large, gravity-
dominated bodies generally result in at most two large post-
collision bodies besides orders-of-magnitude smaller additional
debris, which has either been desiccated directly during the col-
lision, or remaining water is otherwise likely often lost quickly,
once vaporized by large-scale energy deposition during impact.
An example of such a collision is illustrated in Fig. 6.

3.2. Formation of massive exomoons of super-terrestrial exoplanets

Most simulation studies of giant impacts have focused on
the collisional phase space conductive to the formation of Solar
system planets and satellites (Barr, 2016). Despite an extensive
collision simulation literature, there have only been a few studies
that investigated giant impacts relevant to exoplanets that are
more massive than the Earth (Marcus et al.,, 2010a,b; Liu et al,,
2015; Barr and Bruck Syal, 2017), and in particular studies that
focus on the formation of exosolar satellites (Barr and Bruck Syal,
2017). We also use miluphcuda in order to simulate novel sce-
narios which enable the formation of massive exomoons. We
investigate the mass, long-term tidal-stability, composition and
origin of material of such exomoons.
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Since super-terrestrial planet collisions are often highly en-
ergetic, the debris discs which they generate typically require
sensitive treatment which goes beyond the capabilities of the
more common, Tillotson EOS. We therefore implement the M-
ANEOS EOS. Our M-ANEOS parameter input files are derived
from Melosh (2007). We consider differentiated impactors and
targets composed of 30% iron and 70% dunite by mass. The initial
setup of each simulation is calculated via a pre-processing step,
in which both impactor and target are generated with relaxed
internal structures, i.e. having hydrostatic density profiles and
internal energy values from adiabatic compression, following the
algorithm provided in appendix A of Burger et al. (2018). All our
simulations have a resolution of 10° SPH particles.

An example of a particularly interesting simulation is shown in
Fig. 7. While most collisions generate a massive disc, which later
evolves to coagulate into a massive satellite, we also find this rare
and illustrative case in which an exomoon forms through a graze
& capture scenario between a super-Earth and an Earth-sized
planet. The result is an intact, planet-sized exomoon, contain-
ing about half the mass of the Earth. At this size, an exomoon
can be potentially detectable using our best available observ-
ing instruments. E.g., see the Hunt for Exomoons with Kepler
(HEK) (Kipping et al., 2012) initiative. We note that to date, there
has not been any confirmed detection of an exomoon, hence this
finding may be important.

We validate our model by successfully reproducing the results
obtained in a predecessor study (Barr and Bruck Syal, 2017) which
uses a different, adaptive mesh refinement (AMR) code. Indeed
our results are broadly compatible with theirs, and the data
follows similar trends.

3.3. Ring structures around Chariklo and Haumea

All the four giant planets of our solar system host ring struc-
tures in equatorial orbits within their Roche radius, and recently
at least two other bodies are found to host ring structures: the
Centaur 10199 Chariklo (Braga-Ribas et al., 2014) and the dwarf
planet Haumea (Ortiz et al., 2017). The characteristics of the rings
vary widely, but in many systems it is possible to find dense and
narrow rings mainly composed by particles with sizes ranging
from centimetres to a tens of meter bodies. In such case the parti-
cles’ interaction cannot be neglected, what poses a computational
challenge for usual N-body approach usually applied to study the
particles dynamics.

Furthermore, dense rings are optically thick and highly col-
lisional systems. The typical impacts might happen at multiple
times the metal escape velocity, so the collisions outcome can-
not be safely determined from the extrapolation of the usual
prescriptions (e.g., Leinhardt and Stewart, 2012).

Some of the issues mentioned above can be solved using
SPH simulations. The parallel nature of the technique allows an
efficient way to compute the mutual interaction among a large
ensemble of particles. Besides being possible to take into account
the material properties, SPH simulations also allow the inclusion
of fragmentation and porosity effects, so the collisions are treated
in a more realistic way.

Our code has been successfully adapted to simulate the system
of Chariklo aiming to explain the formation the region depleted of
material between the two rings, and to investigate the interaction
of the ring particles with a putative satellite that may inhabit
this gap. We employed the Tillotson equation of state, and the
initial setup consisted in a small section of 10 x 5 km of the rings
filled with 20 m bodies, each one being composed by particles
spaced by 1 m. The number of bodies were determined to result
in an optical depth comparable to the observed value. The self-
gravity was taken into account, and all bodies were assumed to

— 2.7e+04
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10000 =
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Fig. 7. The first three hours of a giant impact between a 0.83 Mg, impactor and
6.4 Mg target, obtaining a graze & capture scenario, which generates an intact,
0.5 Mg, exomoon. The colour scheme shows the density in units of kg x m™>.
(For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)

be composed by ice particles subject to the gravitational force
of Chariklo and the satellite, both treated as external forces. The
motion of the particles was followed in a rotating frame that
moves with the satellite and periodic boundary conditions were
applied in the azimuthal direction.

To validate the results obtained with miluphcuda we com-
pared the simulation outcome with a similar setup integrated
using the IAS15 algorithm, a high-order numerical integrator
implemented in REBOUND (Rein and Spiegel, 2015). Preliminary
results show that both runs are in agreement and the SPH code
performed well, even more when we consider that N-body run
required some simplification in the effects that can be added to
the simulation.

3.4. Collapse of a granular column

To show the applicability of the code to model granular
medium, we have simulated the three dimensional collapse of a
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Fig. 8. Gravitational collapse of a granular column. The SPH density is shown in the volume rendered image for the initial state on the left hand side and for the
final state on the right hand side. The initial ratio between radius and height was a = 0.55.

granular column under gravitation following a validation simu-
lation from Szewc (2016), who compared simulations to experi-
mental results by Lube et al. (2004). Initially, a granular column of
radius Ry and height Hy = aRy (with a = 0.55 in the simulation
presented here) is placed on the ground. The granular material
has a density of o = 2.6g/cm?, a sound speed of 100 m/s, an
internal angle of friction of 30 deg and zero cohesion. Depending
on the ratio a between initial height and radius, Szewc (2016)
and Lube et al. (2004) find fitting values for the final runout R,
of the medium on the ground. The runout length determined
by Szewc (2016) is

_ ] 0.72aR; + Ro a<1.7
Reo { 1.02a*°Ry+Ry a> 17" (57)
while the experimental data indicate (Lube et al., 2004)

_ | 1.24aRo+Ry a<17
R = { 1.6a"2Ry + Ry a > 1.7. (58)

The rheology is modelled using the Mohr-Coulomb yield strength.
In order to obtain a weakly compressible material, we apply the
Murnaghan EOS with n = 7, use a bulk modulus of K = 10 Pa
and a shear modulus of © = 107 Pa. The number of particles in
the simulation is about 470 000. We find a final runout length
of Ry, = 17.94 cm, which is larger than the experimental value
of 16.32cm, found by Lube et al. (2004), a deviation of about
6%. For the same ratio a and initial radius Ry, the simulations
of Szewc (2016) yield a runout length of 13.54 cm, a lower value
than the experimental outcome. Fig. 8 shows renderings of the
initial granular column and the material at the end.

3.5. High-speed dynamics

The code was used to simulate several high-velocity impacts
in the context of asteroid target fragmentation by Buruchenko
and Schdfer (2017). Moreover, its performance was compared
to commercial software. In this section we present exemplary
simulations showing the capability of miluphcuda to handle
high-speed dynamics and shock-wave physics related problems.
Piekutowski (2001) studied the experimental outcome of hyper-
velocity impacts of non-spherical projectiles on zinc plates by
looking at specific features in the produced debris clouds. He
documented changes in the debris clouds by shooting a zinc
sphere, rod, and disc into 0.965 mm-thick zinc plates with a speed
of about 5kms~'. The three different shapes of the projectile
yield highly distinct debris clouds: The debris cloud produced
by the spherical projectile features a hourglass shape, the rod
forms a cone-like structure of plate material attached to the
remaining intact material of the impacting rod, the disc projectile
generates a pillar-shaped debris cloud with only little disper-
sion. We have simulated the impact with 212 000, 795 000, and

Fig. 9. Debris clouds produced in high-velocity impacts of three differently
shaped projectiles into zinc plates. The left panels show the radiographs as
published by Piekutowski (2001) and the right panels show the two dimensional
simulation outcome using the SPH code. The projectile was (from top to bottom)
a sphere, rod, disc.

Table 7

Parameters for the Tillotson EOS which were applied for the high-velocity impact
simulations. The shear modulus x and the von Mises yield stress Yy are also
given.

0o [kg/m®]  Ar [GPa]  Br [GPa] Eo [M]/kg] Ei [M/kg] Ec, [MI/ke]
7140 145 115 315 1.138 1.138

ar Br ar br w [GPa] Yu [GPa]
0.5 15 10 10 39 0.34

175000 particles respectively, using the Tillotson EOS with the
values as specified in Table 7 in two dimensions, and a con-
stant smoothing length of 2.5 x the initial particle separation.
The parameters of the three impact experiments are as follows:
the diameter of the sphere is 5.76 mm and the impact speed
is 4.98kms~!, the dimensions of the rod are 3.988 mm diame-
ter and 14.148 mm length, and of the disc 13 mm are diameter
and 0.795 mm thickness, with impact speeds of 4.97 kms~' and
5kms~!, respectively. The radiographs of the debris clouds pro-
duced in the experiment and the result of the SPH simulation
are shown in Fig. 9. The simulation is capable to reproduce the
resulting debris clouds accurately in shape and size.

3.6. Shocktube test problem

One standard test for a hydro code is the one dimensional
shocktube test problem (see, e.g., Monaghan and Gingold, 1983).
The initial values at t = 0 are given by

U x<xp

Ux,t =0) = { U x> . (59)
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Fig. 10. Shocktube problem. The initial density distribution is indicated by the
black dots. The analytical solution at time t = 0.228 is given by the dashed blue
curve. The density after this time obtained with the SPH simulation is shown by
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Fig. 11. Radial surface density profile of the viscous dust ring after the viscous
time v = 0.126. The black dashed line denotes the azimuthally averaged surface
density, the green dots the density of the particles, and the solid red line the
analytical solution given by Eq. (62).

where U, = (oir, vir, ur) denotes the constant initial values
for density, velocity and internal energy left and right of x,. The
pressure is given by the ideal gas equation

p=(y — Dou, (60)

with y = 7/5 in our setup. We place particles in the interval
[—1,2] with X, = 0.5, and set Uj(x,t = 0) = (1,0,2.5)
and U, = (0.125, 0, 2). The particles have equal masses with a
separation of 4 x 1073 in the lower density region [—1, 0.5] and
a or/o; narrower separation in the higher density region 0.5, 2],
leading to a total number of 3376 particles. The smoothing length
is 1 x 1072. We apply the standard Monaghan artificial viscosity
with « = 1, 8 = 2. The initial density at t = 0, the density at
t = 0.0228 and the analytical solution is shown in Fig. 10. We
find good agreement with the analytical solution.

3.7. Viscously spreading ring

In order to test the Navier-Stokes implementation, we sim-
ulate the two dimensional viscously spreading ring with the

parameters given in Speith and Kley (2003). The viscously spread-
ing ring is pressure-less and orbits a central point mass on a
Keplerian orbit. With the approximation of a small kinematic vis-
cosity coefficient v that is independent of the surface density, an
analytic solution was derived by Lynden-Bell and Pringle (1974).
With the initial radial profile of a ring with total mass M att = 0

FR =R
0

3(R — Ro), (61)
the surface density evolves according to

M 1 2x 14 x?

with x = R/Ry, T = 12vt/R2, and I: is the modified Bessel
function to the order of 1/4. Following S4peith and Kley (2003), we
simulate the viscously spreading ring with N = 40000 particles.
The mass of the ring is 1071 M, the central mass is M. = 1Mo,
and the initial radius is Ry = 1Rg. The kinematic viscosity
coefficient is v = 3 x 1078 R /s. The (constant) smoothing length
is set to h = 0.0501Rg. The initial particle distribution repre-
sents the surface density given by Eq. (62) at the viscous time
t = 0.018. The initial velocity for each particle is given by the
Keplerian velocity around the central mass

GM,
b= R (63)

Fig. 11 shows the radial surface density profile of the ring after the
viscous time t = 0.126. The simulation matches the analytical
solution amply while slightly overestimating the surface density
at the outer rim of the ring. We find also the spiral instability as
described and analysed by Speith and Kley (2003). The variation
of the azimuthally averaged surface density (black dashed line)
around the analytical (1D-) solution emerges from this (2D-)
instability.

X(t,x)=

3.8. Circumbinary disc evolution

An arbitrary number of (point-) mass objects can be added
to the simulation as described in Section 2.9. We have simu-
lated the evolution of a circumbinary disc in a two dimensional
simulation. A circumbinary disc is an accretion disc orbiting a
binary system that consists for example of a binary star. The
numerical simulation of circumbinary discs may be quite arduous
depending on the dynamical parameters of the binary system,
e.g., the eccentricity (Thun et al., 2017). The gravitational force
acting from the binary stars on the gas may lead to spiral shock
waves in the disc and to the formation of a inner gap around the
two stars eventually. The code was applied to model the accretion
disc around HD104237 using the parameters as described in Dun-
hill et al. (2015). The two binaries have masses of 2.2 My and
1.4Mp, a semi-major axis of a = 0.22au and an eccentricity of
e = 0.6. The gas density shows the spiral shock waves exerted
by violent gravitational interaction with the binary stars. The
detailed analysis of our simulations of circumbinary discs are
beyond of the scope of this paper and will be published elsewhere
(Audiffren et al. in prep.) (see Fig. 12).

4. Conclusion

The numerical particle method SPH has proven to be an ap-
propriate scheme when dealing with PDEs in the context of
hydrodynamics and continuum mechanics. The GPU SPH code
miluphcuda is now publicly available with this new release. We
have presented several applications of the code from a wide range
of fields, including inviscid and viscous flows, strengthless bodies
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Fig. 12. The surface density distribution in the circumbinary disc around
HD104237 after a simulation time of 159 binary orbits on a logarithmic scale.
The two white stars indicate the current position of the primary secondary.

and solid bodies, and self-gravitating objects. The main focus of
the code lies in collisional and impact studies with different ma-
terials and high and low velocities, although it has been extended
to handle liquid and gaseous flows from one to three dimensions,
e.g., to study circumbinary discs. Another promising application
has been the combination of the SPH code with the REBOUND
software package to study the long term evolution of water
transfer in late stage accretion. The code runs on single Nvidia
GPU, which can be plugged in normal workstations running Linux
or macOS with ease, and allows for speed-ups compared to a
single core CPU code (Schdfer et al, 2016) depending on the
specific problem up to 40 in pure SPH simulations and up to
80 in simulations including self-gravity. Since the new modules
have only been implemented in the GPU version of our SPH code,
we cannot provide speed-up values for simulations including
porosity. Compared to non-porous simulations, simulations in-
cluding porosity demand for much lower time step sizes to obtain
convergence of the crush-curve. Since the computational effort
per time step remains unchanged overall, we expect comparable
speed-ups for porous simulations.
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Appendix A. The code basics and speedup

The code is written in the C programming language and uses
the Nvidia CUDA application programming interface (CUDA ver-
sion > 6.0). The different physical modules and the dimension
can be set by compile time switches. The basic tree code is based
on the implementation by Burtscher (2011). A description of the
source and configuration files is shown in Table A.8. The material
configuration files are parsed using 1ibconfig (Lindner, 2015).
The preferred data format for the data files is HDF5. However, if
the library is missing, the simulations can also run with simple
ASCII table files, one SPH particle per line. A skeleton Makefile
is included in the repository and has to be modified according to
the local settings and GPU architecture. The code runs on Linux
and macOS with a CUDA-capable GPU. The number of threads
for each CUDA kernel can be set as a compile time option in
timeintegration.h. Note, that the best settings depend on
your specific hardware and physical model. There is no distinct
recommendation we can provide. Usually, a reduction of the com-
putational time can be obtained by changing slightly the number
of threads for the kernel with the maximal computational time.
It is advisable to tweak the number of threads for the kernels
before starting production runs. All compile time options related
to the physical and numerical model are set in parameter.h.
More options like the choice of the integrator, simulation time
and number of output files, are parsed on the command line on
the execution. All available command line options are explained
via the help option miluphcuda -h.

If you intend to implement additional physics to the code, the
following steps are required: Add new variables to the Particle
structure in miluph.h and include the corresponding memory
allocation in memory_handling.cu. For each substep of the
integrator, the central function rhs() is called, which subse-
quently calls the CUDA kernels to determine all derivatives that
are required by the integrator. A skeleton CUDA kernel running
over all particles in the simulation is shown in listing 1.

1 __global__ void skeleton_function(int *interactions)
2 A

3 int i, inc;

4 inc = blockDim.x * gridDim.x;

5 /* main loop over all sph particles */

6 for (i = threadIdx.x + blockIdx.x * blockDim.x;

i < numParticles; i += inc) {

7

8 /* loop over all interaction partners of
particle i */

9 for (j = 0; j < p.noilil; j++) {

10 /* index of interacting particle is

stored in array interactions /*
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Table A.8
List of files in miluphcuda.
Filename Purpose

anEOS.cu, anEOS.h
artificial_stress.cu,
artificial_stress.h

boundary.cu, boundary.h
checks.h
coupled_heun_rk4_sph_nbody.cu,
coupled_heun_rk4_sph_nbody.h
cuda_utils.h

damage.cu, damage.h

density.cu, density.h
device_tools.cu, device_tools.h
euler.cu, euler.h

gravity.cu, gravity.h
internal_forces.cu, internal_forces.h

io.cu, io.h

kernel.cu, kernel.h

linalg.cu, linalg.h
little_helpers.cu, little_helpers.h
Makefile

material.cfg
memory_handling.cu,
memory_handling.h

functions for initializing and running ANEOS

functions for artificial stress

special treatment of boundaries (external forces, etc.)
consistency checks of compile time options
coupled 2nd order Heun with 4th order RK integrator

CUDA specific functions

functions for the fragmentation and damage models

calculate density

functions to print GPU information

simple Euler integrator for test purposes

functions for the calculation of self gravity and gravitational interaction of SPH particles with point masses
compute the change of stress tensor (regolith) and/or deviatoric stress tensor (all other solid materials), time

evolution of density

functions for input/output, ASCII and HDF5

calculate SPH kernel values

helping functions for matrix operations, etc.

Makefile for GNU Make. Needs customization!
material configuration and parameters, see material_data/ subdirectory.

functions for memory allocation and copying between host and device

miluph.cu main
miluph.h header file with Particle structure definition
parameter.h

pc_values.dat

plasticity.cu, plasticity.h
porosity.cu, porosity.h
predictor_corrector.cu,
predictor_corrector.h
predictor_corrector_euler.cu,
predictor_corrector_euler.h
pressure.cu, pressure.h

rhs.cy, rhs.h

rk2adaptive.cu, rk2adaptive.h
rk4_pointmass.cu, rk4_pointmass.h
soundspeed.cu, soundspeed.h
stress.cu, stress.h
timeintegration.cu,
timeintegration.h

tree.cu, tree.h

velocity.cu, velocity.h
viscosity.cu, viscosity.h
xsph.cu, xsph.h

file includes all important compile time options, physical model and numerical settings
minimum absolute values, which are needed for the predictor-corrector integration schemes
material models (rheology): Drucker-Prager, Collins, von Mises

porosity models

Predictor-Corrector integrator with predictor step dt/2

Predictor-Corrector integrator with predictor step dt

calculation of the pressure according to the chosen EOS; currently there is, for solids: Tillotson EOS,
Murnaghan EOS, Regolith EOS (Drucker-Prager model), ANEOS; for porous solids: Jutzi EOS (Tillotson EOS
with p — «), Jutzi-Murnaghan EOS (Murnaghan EOS with p — «); for gas: Ideal gas EOS, Polytropic gas EOS,

Isothermal gas EOS

right-hand sides, calls the kernels that compute the time derivatives
RK2 integrator with adaptive time step
RK4 integrator for gravitating pointmasses

calculation of the soundspeed
calculation of the stress tensor

calculation of all internal forces of the solid or fluid; calculation of artificial viscosity and artificial stress
functions for the Barnes-Hut tree, interaction search

calculate velocities
Navier-Stokes equation
functions for the XSPH algorithm

11 ip = interactions[i *
MAX_NUM_INTERACTIONS + jl;

12 // now p.rho[i] contains the density of
particle i and

13 // p.rhol[ip] the density of its
interaction partner...

14

15 // insert your sph calculation here

16

17 } // neighbour loop end

18

19

20 } // proceed with next particle

21 }

Listing 1: A skeleton CUDA kernel running over all particles and
their interaction partners.

The main reason to port the code to CUDA is the expected
speedup compared to the CPU-only implementation. Modern SPH
codes like SWIFT are designed to run on HPC architectures like
clusters with distributed memory and use the Message Passing
Interface (MPI) for the process communication. However, access
to HPC clusters might be limited and scarce for several rea-
sons. Moreover, long (~ several weeks) running simulations are

normally not possible due to queue regulations. Our code was
especially designed to run on standard workstations with Nvidia
GPUs to render high resolution SPH simulations possible without
the access to special dedicated cluster hardware. Running on sin-
gle GPUs only, the resolution is limited by the memory of the GPU,
which is obviously much less than the distributed memory of a
cluster. Hence, with current GPU hardware (12 GB memory), the
maximal number of particles in a simulation with miluphcuda is
4 % 10° to 107 depending on the activated modules in the code.
The speedup for a three dimensional hydro simulation includ-
ing self-gravity is presented in Fig. A.13. We have compared the
runtime for four different tasks: (i) neighbour search, (ii) SPH
equations, (iii) self gravity, (iv) total right hand side. The last
task combines (i)-(iii) and includes also the time to build the tree
and calculate pressure and sound speed for all particles. Task (ii)
includes the SPH equations for momentum only, since the test
case was isothermal. The highest speed up is achieved in the
self-gravity module, followed by the speedup in the neighbour
search. These results justify our motivation to port the code to
CUDA, since most of the computational time is spent in the self-
gravity task for simulations including self-gravity, and in the
neighbour-searching task for simulations without self-gravity.
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Fig. A.13. Speedup obtained with the CUDA port of the code compared to the
CPU-only code (Schafer et al., 2016). The CPU is an intel i7 clocked at 3.4 GHz.
The GPU is a primitive (first release in 2013) standard gaming consumer graphics
card Nvidia GTX Titan with a base clock of 837 MHz and 2688 CUDA cores.
Shown are the normalized time units spent for different tasks.

Appendix B. Supplementary data

Supplementary material related to this article can be found
online at doi:10.1016/j.ascom.2020.100410.
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Protoplanet collisions:
Statistical properties of
ejecta

The capabilities of our GPU-accelerated SPH code enabled
us to perform compute-intensive hyperparameter studies.
In order to cover the high-dimensional space of possible
initial conditions, we ended up simulating a total of 880
unique, low-resolution collisions. Individual outcomes of
these collisions can be roughly categorized into three major
scenarios: mergers, hit-and run types, as well as erosion

types.

Using the collision-catalog, we worked on analyzing water
retention and water transport between projectiles and targets,
resulting in a conference contribution [/4]. Having available
such a collision-catalog also opened up the possibility to
derive some statistical conclusions about post-collision frag-
ments. A thorough analysis of those fragments resulted in a
journal publication in 2021, which is a minor contribution in
the context of this thesis [24].
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ABSTRACT

The last phase of the formation of rocky planets is dominated by collisions among Moon- to Mars-sized planetary embryos.
Simulations of this phase need to handle the difficulty of including the post-impact material without saturating the numerical
integrator. A common approach is to include the collision-generated material by clustering it into few bodies with the same
mass and uniformly scattering them around the collision point. However, this approach oversimplifies the properties of the
collision material by neglecting features that can play important roles in the final structure and composition of the system. In this
study, we present a statistical analysis of the orbital architecture, mass, and size distributions of the material generated through
embryo—embryo collisions and show how they can be used to develop a model that can be directly incorporated into the numerical
integrations. For instance, results of our analysis indicate that the masses of the fragments follow an exponential distribution with
an exponent of —2.21 4 0.17 over the range of 10~7 to 2 x 1072 Earth-masses. The distribution of the post-impact velocities
show that a large number of fragments are scattered towards the central star. The latter is a new finding that may be quite relevant
to the delivery of material from the outer regions of the asteroid belt to the accretion zones of terrestrial planets. Finally, we
present an analytical model for the 2D distribution of fragments that can be directly incorporated into numerical integrations.

Key words: planets and satellites: formation — planets and satellites: terrestrial planets.

1 INTRODUCTION

Based on the standard model for planet formation, the last phase of
rocky planet formation is dominated by collisions between Moon-
to Mars-sized solid bodies, known as protoplanets or planetary
embryos. To a first approximation, this phase can be simulated as
the evolution of a system of objects that interact exclusively via
gravity (e.g. Ida & Makino 1993; Raymond, Quinn & Lunine 2006;
Barnes et al. 2009; Morishima 2015; Clement et al. 2019). These
simulations are generally carried out using N-body integrators with
the largest constraint being the number of bodies, usually kept below
a few hundred to avoid lengthy computations.

As the time of N-body integrations increases with the number
of bodies, in order to ensure that formation simulations are carried
out in a reasonable amount of time, collisions are often treated as
perfectly inelastic. That is, the two colliding bodies merge completely
and no fragments and debris are produced (e.g. Raymond, Quinn
& Lunine 2004; O’Brien, Morbidelli & Levison 2006; Morishima
2015). This approach has been proven to be useful in demonstrating
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the formation process, especially as a proof of concept. However,
it tends to overestimate the collision efficiency, leading to shorter
formation time and more massive planets. The latter causes the final
planetary system to have smaller number of bodies with planets being
farther away from the central star (Bazsé & Schifer 2020; Dugaro;
de Elia & Darriba 2020).

While simulating collisions has been an integral part of planetary
science for decades (e.g. Dormand & Woolfson 1977; Benz, Slattery
& Cameron 1986; Wetherill 1988), inclusion of collisional fragments
in formation simulations has not been straightforward. The reason
lies in the fact that collisions produce million and millions of
fragments, and including all these in an N-body integration is
impractical. Many researchers have tried to circumvent this issue
by including only a few of the impact-generated bodies (Chambers
2013; Clement et al. 2019). Another approach is to use a collision
catalogue to identify the post-impact bodies that have the larger
contributions (i.e. those with larger mass) and ignore the rest (Burger
et al. 2020).

Although the above approach has advanced the simulations of
terrestrial planet formation closer to realistic ones, it includes only
a small portion of the impact-generated bodies. A comprehensive
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formation model requires all this material to be included. However, as
explained above, it is impractical to include all post-impact fragments
as individual objects. Fortunately, the total mass of these bodies
presents a promising path forward.

Because the effect of post-collision objects on the rest of the system
is through their gravitational interactions and accretion, using the
collective mass of the objects produced after a collision allows for
both these factors to be taken into account. The only question will be,
how to model this mass. Clement et al. (2019) suggested to distribute
the total post-impact mass as a collection of lunar-mass bodies. Carter
et al. (2015) included them as unresolved debris by uniformly dis-
tributing fragments into circular rings. While both these approaches
have been promising, their underlying assumptions are too simplistic.
In real collisions, fragments vary considerably in size and velocity,
and their distribution is not uniform. A comprehensive model needs
to take all this into account. In this paper, we investigate the statistical
properties of the material ejected by collisions during the collision
dominated phase of the rocky planet formation. In particular, we
will use a catalogue of SPH (Smoothed-Particles Hydrodynamics)
simulations of collisions to determine the distributions of the mass,
velocity, and orbits of the ejecta.

This paper is arranged as follows. We present in Section 2 the
two catalogues used in this study, namely the catalogue of N-
body impacts and the catalogue of SPH impact simulations. In
Section 3, we present and analyse the results of our simulations,
and in Section 4, we conclude this study by summarizing the results
and discussing their implications.

2 COLLISION CATALOGUES

In this section, we present the two collision catalogues used in our
study. The first catalogue consists of 1356 protoplanet collisions and
is obtained by N-body simulations of the late stage of terrestrial
planet formation in 10 different systems. This catalogue, hereafter
referred to as the PC (protoplanetary collision) catalogue, contains
the physical properties of the colliding bodies prior to the time of
each collision. The second catalogue contains the outcome of the SPH
simulations of protoplanetary bodies for different initial conditions.
We refer to this catalogue as CO (collision outcome) catalogue. In
the following, we explain these two catalogues in more detail.

2.1 Protoplanets collisions catalogue

To generate a collection of protoplanetary collisions, we simulated
the late stage of terrestrial planet formation for 10 different distribu-
tions of planetary embryos. We considered a system consisting of the
Sun, Jupiter in a circular orbit at 5.2 AU, and a disc of protoplanetary
bodies extending from 0.5 AU to 4.7 AU. The protoplanetary disc
contained around 200 planetary embryos with masses ranging from
0.02 to 0.1 Earth-masses. Following Kokubo & Ida (2000), planetary
embryos were placed at distances of 5—10 mutual Hill’s radii, and the
surface density of the disc was set to followed a ¥ = %72 profile
with X = 10 gcm™3. The 10 different simulations differed only in
the initial mass and orbits of protoplanets. We integrated each system
for 1 Myr using the hybrid routine in the N-body integration package
mercury (Chambers 1999). The integration time-step was set to
6d.

The collisions in the PC catalogue are uniquely identified by
three parameters: the total mass of the colliding bodies (m; + m;
= myy), their mass-ratio (y = m;/my), and their impact velocity
(vg) normalized to the mutual escape velocity (hereafter, normalized
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Figure 1. Distribution of all 1356 collisions in the PC catalogue. The x and y
axes show the total mass and the normalized impact velocity, respectively. The
colour-coding indicates the mass-ratio of the colliding bodies. The horizontal
and vertical lines correspond to the specific set of values sampled in the CO
catalogue.
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Figure 2. Histogram of the normalized impact velocity (vo) for the collisions
of the PC catalogue.

impact velocity).! Here, m; and m, are the masses of the two
colliding bodies at the moment of impact. Other parameters, such
as the collision angle, can also play a role in defining the collisional
outcome. However, to avoid computational complexities, they are not
investigated in this study. Instead, we consider the averaged value of
these parameters, as described in Section 3.3.

Fig. 1 shows the distribution of all 1356 collisions in term of m, ¥
and vy. As shown here, high velocity collisions (v > 3) are extremely
rare (less than 2 per cent of all collisions) and usually occur among
smaller bodies (1, < 7 x 1072 Mg). The dominance of low velocity
impacts is more evident in Fig. 2 where we show a histogram of
collision velocities. As many as 893 collisions (approximately 2/3 of
all collisions) have impact velocities smaller than the mutual escape
velocities of the colliding bodies (vy < 1).

I'The mutual escape velocity is given by vese = [2G(my + m2)/(r) + r2)]"2,
where r; and rp are the radii of the two colliding bodies and G is the

gravitational constant.
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Table 1. Parameter values sampled in the 880 simulations of the CO
catalogue.

Parameter Value

Total mass (Mg) 3.14 x 1074, 2.46 x 1072,0.215,2

Mass-ratio 0.1,0.5, 1.0
Impact velocity (vesc) 1,15,2,3,5
Impact angle (deg) 0, 20, 40, 60
Body 1 water mass fraction w; 0.1,0.2
Body 2 water mass fraction wy 0.1,0.2

2.2 Collision output catalogue

Our catalogue of collision outcomes consists of 880 low-resolution
SPH simulations (about 20000 particles? per scenario) of two
colliding protoplanets. The collision simulations were performed
using the GPU SPH code mrrupHCcuDA (Schiifer et al. 2016, Schifer
et al. 2020).

The initial setup of projectile and target includes SPH particles
on hexagonal close-packed grids in hydrostatic equilibrium. Target
and projectile are initially set as not rotating and placed at a mutual
distance of r;,; = 5(ry + r2), where r; and r, denote the radius of the
target and projectile, respectively.

Both the projectile and target are modelled as silicates surrounded
by ice shells to account for their water-mass fraction. We use the
Tillotson equation of state with input parameters of basalt and ice
(Schifer et al. 2016) to determine the pressure. The material strength
is also included where the shear strength is limited by the von
Mises yield criterion. To model tensile fractures, we follow Benz
& Asphaug (1994) and use the Grady-Kipp fragmentation model
and the usual standard artificial viscosity by Monaghan & Pongracic
(1985). The gravitational forces between the particles are calculated
using a Barnes-Hut tree.

Table 1 shows the range of initial conditions for the collision
simulations. The values of the mass correspond to the total colliding
mass of two Ceres-sized bodies (hereafter labelled m1,¢), two Moon-
sized bodies (labelled my; ), two Mars-sized bodies (labelled mayr),
and two Earth-sized bodies (labelled msg). To maintain generality,
two different values of water-mass fraction are considered for each
body. However, the composition of the ejected material is not
investigated.

2.2.1 Collision-type criteria

Each SPH simulation produces the positions, velocities, and masses
of all bodies formed ~9 to 12 h after the impact. To determine the
type of the collision, the post-impact bodies must be examined for
possible gravitationally bound objects and also to separate the main
bodies from fragments.

To determine if two bodies are gravitationally bound, we compare
their relative velocity (v,;) with their mutual escape velocity. If

2Burger, Maindl & Schiifer (2018) analysed collision outcomes for resolutions
between a few 10k and 2.25M SPH particles. They found that even for highly
energetic collisions of Earth- and Mars-mass bodies, the global outcomes
(kinematics and masses of fragments) show only minor deviations below
10 per cent with varying resolutions, hence only marginally impacting the
global outcome classification. The water mass fraction was found to be
accurate within only a few percent for the largest surviving body and within
about 25 per cent for the second largest fragment. Being mainly interested
in the overall surviving fragment masses and kinematics, we settle for a
resolution of 20k SPH particles to balance performance and accuracy.

5. Protoplanet collisions: Statistical properties of ejecta
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Vg 1s smaller than the mutual escape velocity, we consider the
two bodies gravitationally bound and combine them into a single
object at their centre of mass. We continue this procedure until no
pairs of gravitationally bound ejecta are left. Results indicated that
15 per cent-30 per cent of the post-impact material are gravitationally
bound to their main bodies and is accreted back on to those objects.

To separate the main bodies (meaning the remnants of the colliding
bodies if not destroyed) from fragments, we use the following
criterion: if the impacting body loses more than 90 per cent of its
original mass, it is considered to have been destroyed and is no longer
a main body (Leinhardt & Stewart 2012).

Through these two processes, we identify five possible types of
collisions:

(1) Perfect merging (PM): the two colliding bodies merge and
produce one main body with no fragments;

(ii) quasi-perfect merging (qPM): more than 90 per cent of one of
the two colliding bodies is accreted by the other producing one main
body and a small number of fragments;

(iii) Partial accretion (PA): less than 90 per cent of one of the two
colliding bodies is accreted by the other resulting in one or two main
bodies and fragments;

(iv) Erosive collision (EC): the biggest body loses less than
90 per cent of its mass during the collision resulting in one or two
main bodies and fragments;

(v) Catastrophic collision (CC): both colliding bodies are de-
stroyed and all mass is converted into fragments.

We would like to note that the above five collision outcomes are
rather different from those described by Leinhardt & Stewart (2012).
In particular, these authors divide PA and EC collisions into smaller
categories including pure hit-and-run, erosive hit-and-run, cratering
and grazing collisions. We decided not to follow this categorization
as, in our data set, it is impossible to track which bodies are the two
colliding bodies at the end of a simulation.

Results of our SPH simulations indicated that the collision type
strongly depends on the impact velocity and the impact angle while
the effect of the other parameters such as porosity and material
composition is almost negligible. In particular:

(i) for collisions with impact velocities comparable with the
escape velocity (vp = 1) the result is always a PM or gPM,

(ii) collisions with impact velocities at least three times larger than
the escape velocity (vy > 3) never result in PM,

(iii) collisions with impact velocities five times larger than the
escape velocity (vy = 5) either result in EC or CC.

These findings are consistent with the predicted collision outcomes
in Leinhardt & Stewart (2012). Fig. 3 shows the occurrence of these
collisions as a function of the impact velocity vy for all our SPH
simulations.

3 ANALYSIS AND DISCUSSION

In this section, we use the SPH results presented in the CO catalogue
to present an analysis of the possible outcomes of the collisions
presented in the PC catalogue. To begin with, we use the collision
classification introduced in the last section to identify the type of
collisions that can emerge from the PC catalogue. Fig. 4 shows
the results. As shown here, a large majority of the collisions
(84.9 per cent) result in perfect or quasi-perfect merging. Other
types of collisions also contribute, but at much smaller extent; partial
accretion appears at 7.7 per cent, erosion occurs at 7.2 per cent, and
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Figure 3. Occurrence of different collision outcomes in all the SPH simu-
lations in the CO catalogue. The colour coding shows the impact velocity in
units of mutual escape velocity.
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Figure 4. Occurrence of the five different collision types per forming system
(PC catalogue). The colour and texture indicates the impact velocity interval
in units of the mutual escape velocity between the two colliding bodies.

complete shattering of the colliding bodies (catastrophic collision)
happens only 0.18 per cent of the time.

3.1 Total mass of fragments

Using the results of the SPH simulations, we determined the total
mass of the fragments that could be produced in each PC collision.
We found that impacts with partial accretion would have the biggest
contribution, producing most of the fragments’ mass. The largest
post-impact total mass produced in all collisions in the PC catalogue
is that of a PA collision between two embryos with masses of 0.29M,
and 0.26Mg. Despite their relatively low impact velocity (vy =
1.8), these bodies can produce approximately 0.1Mg of fragments,
equivalent to 17 per cent of the initial mass of their corresponding
system. Results indicate that on average, three such collisions appear
in each formation simulation where the collective contribution of
these collisions to the total mass of produced fragments could be as
large as ~0.067Mg,.

Our analysis also indicates that although catastrophic collisions
convert all colliding masses into debris, their contributions to the
total mass of the fragments are small. Because these collisions happen
only for high impact velocities (v > 4) and relatively small total
colliding mass (my, < 0.07 Mg), they are rare. Only 0.14 per cent
of all collisions in the PC catalogue are of CC type. For that reason,
these collisions do not have significant contributions to the total mass
of fragments.

MNRAS 508, 6013-6022 (2021)
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Results showed that on average, in each simulation, 0.192 Mg,
corresponding to 4.2 per cent of the total initial mass of a system is
converted into debris. This value is smaller than those reported in
the study by Burger et al. (2020) where 18 per cent — 24 per cent
of the initial mass is converted into fragments. We believe this
discrepancy has roots in the differences between the initial setups
in our simulations and those by these authors. For instance, these
authors included Saturn which can further perturb the orbits of
planetary embryos and increase their impact velocities. They also
included more bodies which increases the mutual interactions among
the embryos, subsequently increasing their impact velocities. The
4.2 per cent total fragments mass in our simulations should, therefore,
be taken as a conservative lower limit which is still significant enough
to emphasize the importance of including fragments in formation
simulations. The latter is especially important when studying the
composition of the final bodies.

We would like to note that for the sake of completeness and
generality, we also carried out 10 more PC-type simulations where
we included Saturn as well. We will analyse these collisions and
the degree to which Saturn contributed to the collision outcomes in
Section 3.3.1.

3.2 Fragment mass distribution

The mass distribution of the post-impact material is often neglected
in simulations that include fragmentation. It has been customary to
include all post-impact material into a few bodies, in some instances,
even with equal masses (e.g. Clement et al. 2019; Poon et al. 2020;
Scora et al. 2020). However, as pointed out by some authors (Mustill,
Davies & Johansen 2018; Dugaro et al. 2020), fragments of different
masses can affect the evolution of the system differently, both from
a physical and a chemical perspective. In this section, we present an
analysis of the mass distribution of post-impact bodies and we derive
an equation that can be incorporated into formation simulations.

Fig. 5 shows a histogram of the masses of the fragments in all
simulations of the CO catalogue. The coloured graphs correspond
to the mass distribution of fragments produced in the four subsets
of collisions with the total colliding masses of m,c, myr, Moy, and
myg as given in Table 1. As shown here, no significant differences
exist in the mass distributions of these impacts. In all four cases, the
region corresponding to (1073 — 1072) m, shows a linear trend in
log-log space with a slope varying from —1.09 for the may collision
to —1.32 for the system of my.. Fig. 5 also shows that except for
the small interval of (3.1-7.8)107°Mg (which is due to the fact
that myc masses are two orders of magnitude smaller than those of
myr), the distribution of final fragments masses show an overlap
(see the bottom panel). The latter suggests that, in the range of
(10733 — 1072) m, the post-impact distribution of mass in all these
four collisions can be studied collectively. We found that, together,
these fragments present an exponential distribution given by

n(m)dm o< m™>21F017 qpy | ()

valid in the mass range (1077 — 2 x 1072)Mg. Here, n(m) is
the number of fragments with mass between m and m + dm.
It is important to mention that the choice of the mass range of
(10733 — 1072y m,, was to prevent the effects of computational
uncertainties. For instance, for smaller values of fragments’ masses,
the distribution strongly depends on the resolution of the SPH
simulations, and for larger values, the distribution is dominated by
the largest survivors. In particular, the five peaks between —1.04
and 0 correspond to hit-and-run scenarios for which the mass of two
colliding bodies remain nearly unchanged after the collision.
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Figure 5. Top: Normalized fragments mass distribution. The grey area
corresponds to all the simulations of the CO catalogue. The four coloured lines
correspond to simulations with different total masses: red for myg, yellow for
mym, green for myy,, and blue for moc. The dashed lines indicate the best
linear fit for each distribution in the range 1073 —1072 (i.e. within the two
vertical dotted lines). Bottom: Distribution of the slopes of fits in the top
panel. The coloured areas correspond to the mass range used in each fit and
their corresponding slope are shown at the centre of each range. The black
line indicates the slope of the overall distribution.

In order to obtain the error on the slope value, we performed
a similar analysis for sets of collisions grouped according to the
mass ratio y and the normalized impact velocity vy. We found that
the slope of the mass distribution varies between —2.58 and —1.96
with a standard deviation of 0.17 for collisions with vg = 5 and
3, respectively. We also noticed that as the mass ratio y increases
from 0.1 to 0.5 and 1, the absolute value of the slope of the mass
distribution decreases from —2.51 to —2.22 and —2.12.

Assuming constant bulk density and spherical shape for all
fragments, equation (1) can be written as

N(D) dD D—4.63:H).52 dD, (2)

where D represents a fragment’s diameter and n(D) is the number of
fragments with size between D and D + dD. The distribution slope,
that in the log—log space becomes —3.63 £ 0.52, is in full agreement
with the median slope of —3.8 reported by Leinhardt & Stewart
(2012). Equations (1) and (2) can be used to model fragmentation
more realistically and to improve the mechanics of the inclusion of
fragments in formation simulations.

3.3 Distribution of fragments

In this section, we determine the distribution of the fragments that
can be produced in the collisions among planetary embryos. Because
N-body integrations do not resolve embryo—embryo collisions, we
use the orbital parameters of colliding bodies at the moment of
their impact (i.e. their position in the parameter space of the PC
catalogue) to identify their possible outcome using the results of the
SPH simulations (i.e. their location in the parameter space of the CO
catalogue).

Statistical properties of collisional ejecta 6017

In general, for each N-body collision, the knowledge of the total
colliding mass (), mass-ratio (y ), and normalized impact velocity
(vp) would be sufficient to uniquely identify that collision in the PC
catalogue. However, because the two catalogues are independent
from each other, each parameter set (my, Y, vo) from the PC
catalogue may not necessarily correspond to an exact initial condition
for an SPH simulation in the CO catalogue. It is, therefore, necessary
to develop a methodology to determine the degree to which the results
of an SPH simulation can be used for a given set of embryo—embryo
collision. This can be done by weighting the difference between the
initial condition of an embryo—embryo collision in the PC catalogue
and its closest initial condition in the parameter space of the CO
catalogue. In the following, we explain our approach in developing
such a weighting measure.

Recall that the initial conditions of the SPH simulations were
divided into grids along all parameters. Let’s assume that a parameter
x from a set of initial conditions of a collision in the PC catalogue
falls in the i-th grid in the parameter space of the CO catalogue
where the value of the same quantity is given by x;. We introduce the
function K, hereafter referred to as the weight function, as a measure
of the difference between the values x and x;,

1 if d <8
K(d)y=<{2—(d/8) if § <d; <?25. 3
0 if d; > 268

Here, d; = |x — x;|. We define the quantity § = (x; — x; + 1)/3 as the
scaling length of the weight function corresponding to one-third of
the difference between two consecutive intervals of the quantity x in
the parameter space of the CO catalogue. We choose this finite length
because, as demonstrated by the results of the SPH simulations,
the outcome of a collision can vary considerably from one grid
point to the next. From equation (3), if for a parameter x in the PC
catalogue, d; > 26, we consider that parameter to be too far from
x; and, therefore, the results of the SPH simulations corresponding
to the initial condition x; cannot be used for that embryo—embryo
collision in the PC catalogue.

In applying equation (3) to the results of the PC catalogue, it is
important to note that for each set of (m, ¥, vo) parameters, SPH
simulations were carried out for four different values of the impact
angle and four different combinations of water-mass fraction. That
means, for each set of the initial conditions in the PC catalogue,
there are 16 SPH simulations with different impact angles and
water content. Because the collisions in the PC catalogue do not
include these parameters, we use the following averaging procedure
to incorporate their total effects into account.

To remove the effects of water-mass fraction and impact angle for
a given embryo—embryo collision, we calculate the total fragment
mass (myg) of that collision by averaging over all its 16 values and
determine its corresponding location in the CO parameter space using
equation (3);
mfr(mtob Vs UO)

1

= DS KKK mg(mies v vo, Wi, waj, o) (C))
16 Mo ¥y’

L.m,n

While this procedure removes information about the mass of
individual fragments, it gives the probability for having a fragment
with a specific mass and initial conditions (1, ¥, Vo).

We apply equations (3) and (4) to all 1356 collisions in the PC
catalogue. To ensure that for each embryo—embryo collision, the
quantities representing lengths are compatible in both catalogues, we
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Figure 6. Fragments mass distribution in the a — e plane. The semimajor axis
is normalized by the radial distance between the star and the collision point
reoll- The overplotted black line corresponds to the normalized cumulative
mass of the fragments and the dotted lines highlight the points at a/reon =
1 and meymutative = 0.5. The streaks represent fragments produced during
high-velocity impacts (vo > 4).

scale semimajor axis (a) and radial distance (r) in the PC catalogue
by the distance of the location of the collision from the star (7o) ). The
final result consists of 9373 158 fragments with minimum mass of
10~®Mg for which we know the normalized semimajor axis (a/rcon),
eccentricity (e), and argument of the periastron (). In the following,
we use this approach to determine the distribution of post-impact
material in the a — e parameter space, and in the plane of the
system.

3.3.1 Fragments distribution on the a — e plane

Fig. 6 shows the distribution of fragments on the @ — e plane.
The colour-coding represents the amount of the mass confined in
a grid-cell, per unit area of the cell. The solid black curve shows
the cumulative normalized value of fragments mass. As expected,
fragments are distributed between two branches a(l —e) < 1 < a(l
+ e) originated at (1,0). We note that all lengths have been scaled by
the radial distance of the collision point to the Sun, o = 1.

An interesting result depicted by Fig. 6 is the region where most of
the fragments mass is concentrated. As shown here, after an impact,
the majority of the mass stays in the vicinity of the collision point in
low eccentricity orbits (a, ) = (1, 0). To explain this feature, we show
in Fig. 7 the x and y components of the velocity of a fragment relative
to the velocity of the centre of mass of the system immediately after an
impact, Vi) = (V — Veom)/Vcom- In this equation, v is the fragment’s
velocity and vcoy is the velocity of the centre of mass. As shown
by the top panel of Fig. 7, the distribution of the relative velocity
is nearly spherical and with magnitude generally smaller than 0.3
which confirms the concentration of the mass in the vicinity of the
collision point in Fig. 6. As demonstrated by Jackson et al. (2014),
this is consistent with the distribution of fragments that are generated
in collisions between low-eccentricity bodies.

Fig. 7 also shows streaks of high-velocity fragments stretching
away from the point of impact. These streaks, also seen in Fig. 6,
are produced in high-velocity impacts (vo > 2) on high-eccentric
orbits (ecom > 0.33). The peculiar fragments distribution produced
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Figure 7. Top: Distribution of the relative velocity vy of fragments with
respect to the centre of mass of the system. The x and y axes are oriented
such that for each collision, the velocity of the centre of mass (shown by X)
has components of ¥com = (0, 1) and the total orbital angular momentum of
the system points towards the reader. The three concentric circles correspond
to the regions containing 90 per cent, 99 per cent, and 99.9 per cent of the
total fragmented mass. Bottom: Histogram of the distribution of fragments
velocities. The blue line corresponds to the exponential fit in equation (5).
The dotted part of the line has been excluded from the fitting process.
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Figure 8. Similar to Fig. 6 but including only the collisions with normalized
impact velocity vog > 2 and eccentricity ecom > 0.33.

during these collisions, shown in Fig. 8, is consistent with the
distribution obtained by Jackson et al. (2014) for collisions on high-
eccentric orbits and it strongly depends on the eccentricity vector
of the two colliding bodies as well as the direction in which the
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Figure 9. Similar to Fig. 7 but including only the collisions with normalized
impact velocity vg > 2 and eccentricity ecom > 0.33.

fragments are ejected (streaks in Fig. 9). Even though the fragments
distribution produced by these high-velocity and high-eccentric
collisions significantly deviates from the overall distribution, the total
amount of fragments produced accounts for only 4.1 per cent of the
total mass of fragments from the 10 simulations studied. We therefore
decided to keep these collisions in our analysis for completeness.

A detailed inspection of Fig. 7 shows that the centre of the velocity
distribution lies slightly away from the impact location. While this
displacement is negligible along the x-axis (viick, » = —0.0037), along
the y-axis, itis rather significant (vyjck, y = —0.036), indicating a slight
loss of angular momentum during the impact. This change in orbital
angular momentum, that is partially due to the change in rotation
of the main post-collisional bodies and partially due to the loss of
energy during the impact, causes the distribution of the fragments to
slightly deviate from the collision point and manifests itself in the
form of small overpopulation towards one of the two boundaries.
This can be seen in Fig. 6 where the left branch (a < r.qy) is slightly
more populated than the right branch (a > reoy).

The slight loss of energy and angular momentum causes the
fragments to have slightly smaller semimajor axes. The graph of
the cumulative mass distribution of these objects, shown by a solid
black curve in Fig. 6, show that 64 per cent of the total mass of
fragments are in orbits with semimajor axes smaller than the radial
position of the collision point (req). In other words, more than
half of the fragments have semimajor axes smaller than 0.93 ry.
The magnitude of this net inward distribution of the post-impact
material may not seem substantial for a single collision. However,
when considered in the grand context of the giant impact phase,
where there are numerous collision, its cumulative effect in bringing
material closer to the central star may be significant. Furthermore,
we investigated the possibility that this effect was produced by a
specific class of collisions. However, we found that, apart from small
variations in amplitude, this is not the case. For example, the high-
velocity and high-eccentric collisions shown in Figs 8 and 9 produce
a distribution displacement of vy;ck, y = —0.042.

The bottom panel of Fig. 7 shows the histogram of the post-impact
velocity of fragments in terms of their masses. As shown here, for
the values of v, > 0.1, the decrease in the amplitude of the relative
velocity seems to show an exponential trend. For the values of v, <
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Figure 10. Similar to Fig. 6 with Saturn included.

0.1, the distribution deviates from this trend and shows a decrease.
This could be attributed to the re-accretion of low-velocity fragments
by larger bodies. Our simulations indicate that the large majority of
the fragments fall in the range of 0.1 < vyx < 0.6. An exponential fit
to this range of the distribution indicates

m(Vkiek) Ak ¢ €7 7KK dugen, (©)

where scaling factor t = 11.3 £ 0.3.

3.3.2 Effect of Saturn

For the sake of comparison, we carried out 10 simulations with the
same initial condition as those of our PC catalogue (section 2.1) but
included Saturn in a circular orbit. In this case, we obtained 1342
new collisions. Fig. 10 shows the distribution of their fragments. A
comparison between this figure and Fig. 6 shows that the population
on the left branch extends to higher values of eccentricities (~0.8),
and the distribution with Saturn contains more high-velocity streaks.
This could be attributed to Saturn’s secular resonance which strongly
affects the orbit evolution of planetary embryos (Haghighipour &
Winter 2016). A comparison with simulations without Saturn showed
that the perturbation of Saturn almost doubled the number of high-
velocity impacts (i.e. those with vy > 4). As important as the
effect of Saturn is, such collisions make a small fraction of the
total number of collisions and, statistically, their contribution to the
average properties of the ejected material is negligible. For instance,
similar to the system of Fig. 6, 64 per cent of the total fragmented
mass has semimajor axes smaller than the radial position of collision
Feoll-

3.3.3 Fragments distribution on the x — y plane

To construct the distribution of fragments on the x — y plane, we
calculated the probability that a fragment with a mass m; would be in
a specific grid-cell (Ax, Ay). Because fragments move, we weighted
this probability by multiplying it by the time (A¢#;) that a fragment
spends inside the cell, modulo the fragment’s orbital period (P;). That
is,

Am :Zm,' At,‘/P,‘ (6)
AxAy - AxAy
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Figure 11. Spatial distribution of fragments mass in the x — y plane. The
collision point is at (1,0).

The distribution was then constructed by summing the contribu-
tions of all fragments. Fig. 11 shows the results.

It is important to note that the distribution in Fig. 11 did not
appear immediately after the collision. As had been reported in other
works (e.g. Jackson et al. 2014; Watt, Leinhardt & Su 2021), the
post-impact material first formed spiral arms, which in a time-scale
approximately equal to a hundred Keplerian orbital at .y, evolve
into the distribution shown in the figure. As expected, fragments
distributed around the collision point at (1,0) and gradually spread
along the azimuthal angle, almost symmetrical with respect to the line
connecting the point of impact to the central star. Further examination
of the distribution indicated that in the radial direction, the width of
the distribution gradually increased with distance from the impact
point with a maximum at the antipode of the collisions point with
respect to the central star.

3.4 Analytical modelling

As mentioned in the beginning, our goal is to develop a (preferably
analytical) model that can be used to demonstrate the outcome of
collisions. In this section, we use the distribution shown in Fig. 11 to
develop such a model.

Considering a polar-coordinate system with the central star at the
origin and the impact point at (r = 1, & = 0) (the angular momentum
vector pointing towards the reader), we find that the distribution
shown in Fig. 11 can be modelled by the function

BO

. 50)
1+ 7]

where the amplitude A and the exponents 8 and § can be obtained
using the equation

o(r,0)=A(®) @)

In(p2 +16/7 — 1)
p2+10/m — 1]

In(py —10/7 — 1))
p2—10/m — 1]

f©)=po—p1- [
®)

The values for the parameters p;, (i = 0 — 2) are given in Table 2, and
the length scale ry (approximately the maximum in the radial mass
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Table 2. Best-fitting parameters for the functions A, 8,
and § with equation (8) as fit function.

f0) Po D1 P2
A@®) 1.49 x 1073 3.89 x 107° 1.018
B(©O) 2.98 1.10 1.012
5(6) 16.6 4.99 1.015
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Figure 12. Model of the mass distribution of the post-impact material of the
collision of Fig. 11 when using equation (7).

distribution for a given value of €) is given by a sinusoidal function
ro(0) = 0.95+0.05 - cos (0 + 0.013). ©)

Fig. 12 shows the x — y distribution obtained using equation (7). A
comparison between this figure and Fig. 11 shows that the model has
captured all essential elements of the distribution. For instance, that
most of the post-impact material is closer to the central star than the
collision point can clearly be seen in this figure. The latter can also be
seen in Fig. 13 where the 6-dependence of the four functions 4, 8, §,
and ry are shown. The fact that r oscillates between 1 (at the collision
point & = 0) and 0.9 (close to the antipode 6 = ), indicates that
the post-impact material is preferentially scattered into orbits closer
to the central star. Moreover, the minimum of r, is directly related
to the kick distribution displacement illustrated in Section 3.3.1. In
fact, the predominance of kicks in the negative y-direction (viick, y
= —0.036) causes the argument of periastron for the fragments to
centre around 6 = m, while the small displacement of kicks in the
negative x direction (viick, x = —0.0037) causes the argument of the
periastron to slightly move clockwise inducing a phase of 0.013 in
equation (9).

Lastly, we investigated how the spatial distribution of the frag-
ments is altered when individual subsets of the PC catalogue are
considered. In particular, we divided the collisions into subsets
depending on the normalized impact velocity. We obtained the
spatial distribution of fragments for these subsets of collisions using
the same analysis performed for the overall spatial distribution
(Section 3.3.3) and we fitted the results using equation (7). We
obtained that no significant difference can be observed when the
spatial distributions from the subsets are compared with the overall
distribution in Fig. 11. However, we noticed that the model in
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Figure 13. From top to bottom, graphs of A, 8, §, and r¢ in terms of 6. In all
panels, 6 = 0 represent the position of the impact. The solid curves are the
best fits corresponding to equation (8) for A, B, §, and equation (9) for ry.

equation (7) is extremely sensitive to individual fragments with high
mass. In particular, the length scale ry in equation (9) tends to match
the orbit of the biggest fragments instead of matching the actual
maximum of the distribution along the radial direction. This issue
is easily solved when enough collisions are considered, as in the
case of the spatial distribution in Fig. 11, obtained by considering all
the 1356 collisions in our PC catalogue. Possible future work could
increase the size of the PC catalogue to better characterize the spatial
distribution of fragments as a function of the collision parameters.

4 CONCLUSIONS

In this study, we present the results of a statistical analysis of the
material generated through collisions between protoplanetary bodies
during the last stage of the formation of terrestrial planets. Using a
catalogue of 1365 impacts and results of the SPH simulations of 880
embryo—embryo collisions, we find that approximately 4.2 per cent
of the total mass of the colliding embryos will be converted into
debris. This value can increase up to 24 per cent (Burger et al. 2020)
when the masses of the colliding bodies are smaller and a second
giant planet is included.

One important result of our study is the negligible contribution of
catastrophic collisions to the total mass of the collisional fragments.
Our simulations show that, in general, the rate of the occurrence of
these collisions is small. For that reason, even though they convert
the entire masses of the colliding bodies into debris, they do not
contribute much to the total mass of fragments. This result suggests
that when simulating collisions to study the growth of planetesimals
or the late stage of the formation of terrestrial planets, one can ignore
catastrophic collisions to a first approximation.

In our simulations, we did not consider the distribution of water
after each impact. However, volatile materials, such as water, are
particularly prone to be lost during these events and to be redistributed
across the system (Kegerreis et al. 2020). A sophisticated and robust
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methodology for including the production of collisional fragments
is, therefore, paramount in simulations of planetary formation in
general, and in particular in those that aim to track chemicals.

Our analysis indicated that for fragments in the range of 1077 Mg,
to 2 x 1072 My, the mass distribution can be approximated by an
exponential function with an exponent of —2.21 £ 0.17. Assum-
ing a constant bulk density in this range, this mass distribution
translates into an exponential size distribution with an exponent of
—3.63 £ 0.52. This value is consistent with the median value of 3.8
obtained by Leinhardt & Stewart (2012).

Our analysis of the spatial distribution of fragments indicated
that the orbits of the large majority of post-impact bodies have
eccentricities smaller than 0.4, implying that most of the collisional
fragments have low velocities. We also found that many of these
fragments (~ 64 per cent) are closer to the central star than the
point of the impact. This inward scattering of post-impact material is
observed for the first time and can be attributed to the loss of angular
momentum and energy during an impact.

Finally, we developed an analytical formula for the distribution of
fragments (equation 7). This equation proves useful in predicting and
analysing results of giant impacts removing the need for carrying out
SPH simulations of such events.
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Residual neural networks
for the prediction of
planetary collision
outcomes

We quickly realized that systematic analysis and knowledge
extraction from our collision-catalog was a non-trivial task
and required a more sophisticated approach. In the broader
context of the recent advancements in deep learning (DL), we
decided to significantly shift our focus towards this particular
direction.

Using our SPH code, we were in a unique position for gen-
erating high-quality, ground truth collision data. We vastly
extended and improved upon our existing dataset by simu-
lating a total of 10164 pairwise planetary collisions, which is
the largest collision dataset as of 2025.

We then developed and trained a DL model to predict colli-
sion outcomes directly from initial conditions. A major goal
was to speed up predictions by several orders of magnitude,
thereby enabling handling of collisions in a matter of mil-
liseconds rather than minutes. Our model achieved state of
the art results in terms of predictive performance while at the
same time being more efficient than existing approaches.

In 2022, our work resulted in a conference contribution [131],
as well as a journal publication, which is a major contribution
in the context of this thesis [135].
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ABSTRACT

Fast and accurate treatment of collisions in the context of modern N-body planet formation simulations remains a challenging
task due to inherently complex collision processes. We aim to tackle this problem with machine learning (ML), in particular via
residual neural networks. Our model is motivated by the underlying physical processes of the data-generating process and allows
for flexible prediction of post-collision states. We demonstrate that our model outperforms commonly used collision handling
methods such as perfect inelastic merging and feed-forward neural networks in both prediction accuracy and out-of-distribution
generalization. Our model outperforms the current state of the art in 20/24 experiments. We provide a data set that consists of
10164 Smooth Particle Hydrodynamics (SPH) simulations of pairwise planetary collisions. The data set is specifically suited
for ML research to improve computational aspects for collision treatment and for studying planetary collisions in general. We
formulate the ML task as a multi-task regression problem, allowing simple, yet efficient training of ML models for collision
treatment in an end-to-end manner. Our models can be easily integrated into existing N-body frameworks and can be used within
our chosen parameter space of initial conditions, i.e. where similar-sized collisions during late-stage terrestrial planet formation
typically occur.

Key words: hydrodynamics —methods: numerical —astronomical data bases: miscellaneous — celestial mechanics — planets and

satellites: composition — planets and satellites: formation.

1 INTRODUCTION

1.1 Planet formation background

Planet formation is inherently connected to collisions on all scales,
from pm-sized dust grains up to planet-sized bodies. The precise
mechanisms of early planetary growth generally depend on the
current conditions in the protoplanetary disc and the amount and
(dominant) size of available building blocks (e.g. Kokubo & Ida
2002; McNeil, Duncan & Levison 2005; Johansen & Lambrechts
2017). Particularly for terrestrial planets, our current understanding
suggests that their final phase of accretion comprises growth via
pairwise collisions of up to planet-sized bodies, lasting on the order of
tens to hundreds of Myr (e.g. Chambers & Wetherill 1998; Kokubo &
Ida 1998; Agnor, Canup & Levison 1999; Chambers 2001; Kokubo,
Kominami & Ida 2006). This is supported by the long accretion
times of terrestrial planets in the Solar System, as well as features
like Mercury’s high bulk density, Earth’s large moon, or Mars’
hemispheric dichotomy, all believed to be the consequences of large-

*E-mail: winter@murena.io (PMW); christoph.burger @uni-tuebingen.de
(CB)
1 Equal contribution.

scale collisions of roughly similar-sized bodies. Indirect evidence
for such encounters has also been found in extrasolar systems (e.g.
Wyatt & Jackson 2016) in the form of observed infrared excess
caused by warm dust, interpreted as collision debris. These large
collision events are of particular interest as they shape the final
characteristics of terrestrial planets, and likely contribute to the broad
compositional diversity of observed low-mass exoplanets (Marcus
et al. 2009, 2010; Inamdar & Schlichting 2016; Bonomo et al. 2019).
This phase of planet formation naturally also leads to radial mixing
of material and allows for (dynamical and collisional) transport of
volatiles, such as water to the inner parts of the system, and especially
to potential planets forming in the habitable zone (Morbidelli et al.
2000; Izidoro et al. 2013; O’Brien et al. 2014, 2018; Haghighipour &
Winter 2016; Burger, Bazsé & Schifer 2020b).

Modelling of this final phase of planet formation is typically based
on N-body simulations, where mainly the gravitational interaction of
hundreds to thousands of bodies is followed for up to few hundred
Myr (e.g. Chambers 2013; Fischer & Ciesla 2014; O’Brien et al.
2014; Quintana & Lissauer 2014; Quintana et al. 2016, as some
of the more recent work). As planet formation models become
more sophisticated and aim to study more than the most basic
outcome quantities, collision modelling has to keep up in order to
avoid systematic errors caused by too crude approximations of the
underlying physics.

© 2022 The Author(s)
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1.2 The collision treatment problem

Accurate modelling of major collisions among large, up to planet-
sized bodies plays an important role in understanding the formation,
evolution, and diversity of planetary systems. The prediction task for
two-body collisions is well-defined: Given the initial conditions, such
as collision geometry and object properties, we ask for the outcome
state at a specific later point in time.

Up to relatively recently, collisions in planet formation scenarios
were typically modeled by assuming complete accretion in all
encounters (e.g. Raymond, Quinn & Lunine 2004, 2007; Haghigh-
ipour & Raymond 2007; Izidoro et al. 2013; Fischer & Ciesla 2014;
O’Brien et al. 2014; Quintana & Lissauer 2014), often referred to
as perfect inelastic merging (PIM). This approach is simple and
fast, but gives reasonably accurate predictions only for the lower
end of the spectrum of characteristic collision velocities, or for
large target-to-impactor mass ratios. In general, collisions between
large and roughly similar-sized bodies can result in a diverse range
of outcomes (e.g. Leinhardt & Stewart 2012), and often include
significant material losses (Haghighipour & Maindl 2022). This
can affect bulk and chemical composition (e.g. Carter et al. 2015;
Dwyer, Nimmo & Chambers 2015; Carter et al. 2018), and even
more so for volatile constituents, especially at or close to the surface
(Marcus et al. 2010; Maindl et al. 2014, 2017; Burger, Maindl &
Schifer 2018; Kegerreis et al. 2020; Burger et al. 2020b). In addition,
collisions among similar-sized bodies frequently result in two large
and gravitationally unbound survivors, instead of a single dominant
one, as exemplified in Fig. 1. These so-called hit-and-run events
constitute up to half of all collision outcomes (e.g. Chambers 2013;
Clement et al. 2019; Burger et al. 2020b). This can prolong planetary
accretion considerably, naturally leading to a higher overall number
of collisions, and resulting in very different behaviour in terms of
material loss and transfer between colliding objects (Burger et al.
2018; Burger, Maindl & Schifer 2020a; Burger et al. 2020b).

Several approaches have been developed to account for this diverse
range of possible collision outcomes. Genda et al. (2017) developed
scaling laws for collisional erosion with a focus towards smaller
projectile-to-target mass ratios down to 1:10000, where outcomes
are generally dominated by a single large survivor. Zhou, Dvorak &
Zhou (2021) propose an approach that also exclusively assumes a
single survivor, but includes randomly picked material losses, based
on statistics of a large number of Smooth Particle Hydrodynamic
(SPH) collision simulations. Crespi et al. (2021) suggest an approach
based on a catalogue of SPH collision outcomes, focusing on the
distribution of smaller-scale collision fragments. A recent framework
based on semi-analytical scaling laws (Leinhardt & Stewart 2012;
Stewart & Leinhardt 2012; Leinhardt et al. 2015) has been applied
in various planet formation studies (e.g. Chambers 2013; Bonsor
et al. 2015; Carter et al. 2015; Quintana et al. 2016; Carter et al.
2018; Clement et al. 2019). Albeit fast and relatively straightforward
to implement, its prediction accuracy for more complex behaviour,
like the fate of surface volatiles, or individual material losses and
transfer in hit-and-run, is naturally limited (Burger et al. 2018).
Genda, Kokubo & Ida (2011), Genda et al. (2017), and Burger et al.
(2020b) resolve collisions in N-body planet formation simulations
by running dedicated SPH simulations for each event on the fly,
which is the most accurate approach, but computationally complex
and expensive.

To summarize, depending on the problem at hand and the available
computational resources, one has to make design choices which
method to use. Both, simple problems and/or sufficient computa-
tional resources allow the use of sophisticated collision treatment

85
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Figure 1. Exemplary snapshots at three different times of a SPH simulation
of a planet—scale collision. The Mars-sized projectile hits the Earth-sized
target at an impact angle of 43° and an impact velocity of 1.3 times the
mutual escape velocity, resulting in a hit-and-run outcome. Colours indicate
the different materials — an iron core, a silicate mantle, and a water/ice shell.
Bodies are cut into halves for visualization. We perform 10 164 collision
simulations, covering a large parameter space of initial conditions.

methods, whereas complex problems and/or limited resources re-
quire certain trade-offs between prediction accuracy and computation
time. For many applications, it would be desirable to choose and
adjust this trade-off more flexibly. Although analytic and heuristic
approaches are efficient, they are typically neither very accurate,
nor allow adjusting the accuracy-speed trade-off. In contrast, full
hydrodynamic simulations for individual collisions are much more
costly, but yet very accurate. In this paper, we aim to combine all
three properties, yielding an efficient, still accurate and flexible
approach, where flexible means that it can be easily adapted to
different accuracy-speed trade-offs.

1.3 Machine learning for planetary collisions

The recent progress of cheap and efficient hardware caused a renais-
sance of machine learning (ML), enabling to solve complex tasks
in different fields such as computer vision (Krizhevsky, Sutskever &
Hinton 2017) and natural language processing (Brown et al. 2020)
with unprecedented accuracy and speed. Recently, Tamayo et al.
(2020) and Cranmer et al. (2021) applied ML for predicting long-
term stability and dissolution of compact multiplanet systems,
indicating that ML may serve as an efficient tool for fast and accurate
approximation of astrodynamical processes.

Recurrent neural networks (RNNs; Jordan 1986; Pearlmutter
1989; Elman 1990) have been applied for approximating hydro-
dynamical simulations (Wiewel, Becher & Thiirey 2019) and astro-
physical simulations such as 2D mantle convection (Agarwal et al.
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2021). Several works successfully demonstrated the applicability
and usefulness of ML for planetary collision treatment, opening
up a promising research direction for computational astrophysics:
Valencia, Paracha & Jackson (2019) apply gradient boosting re-
gression trees (Breiman et al. 1984; Friedman 2001), Gaussian
processes (GPs; Rasmussen & Williams 2005), and a nested method
for classifying collision scenarios and regressing the largest remnant
mass. Cambioni et al. (2019) use a multiclass support-vector machine
(Cortes & Vapnik 1995; Hearst et al. 1998) for the classification
of different collision scenarios. They apply a small, three-layered
feed-forward neural network (FFN; Rosenblatt 1961; Ivakhnenko &
Lapa 1965) to regress accretion efficiencies, i.e. the mass of the
largest remnant. Cambioni et al. (2021) extend this work and include
surrogate models for predicting core mass-fractions of the largest and
second-largest remnants. Emsenhuber et al. (2020) extend the work
from Cambioni et al. (2019) to additionally predict orbital parameters
of the two largest remnants with a separate regressor, resulting in a set
of models that can be directly incorporated into N-body frameworks
for collision treatment. However, this approach is limited to the main
collision plane and does not allow prediction of orbital inclinations
and longitudes of ascending nodes. The above-mentioned works use
the SPH data from Reufer et al. (2012) that consists of collisions
between non-rotating, differentiated iron-silicate bodies.

Timpe et al. (2020b) establish a high-quality data set that consists
of 14 856 collisions between differentiated, rotating bodies (Timpe
et al. 2020a). They apply a two-step classification-regression ap-
proach to predict post-collision properties. They study several dif-
ferent methods for collision treatment and find data-driven methods
to outperform non-data driven methods. Gradient-boosted decision
trees and FFNs are used for both classification and regression,
whereas polynomial chaos expansion (Wiener 1938) and GPs are
studied for regression only. They train different regressors for each
individual post-impact property, and predict a variety of properties
of the largest and second-largest remnant, and the remaining debris.
FFNs and XGBoost (Chen & Guestrin 2016) perform best amongst
data-driven methods. We regard that study as our closest related
work.

The overall goal of our work is to improve the prediction of
planetary collision outcomes via ML models. In particular, this
includes minimizing systematic prediction errors as much as possible
by outperforming the current state of the art. We improve upon the
works above by providing a more general data set, reframing the ML
task as a multi-task problem, and employing a simple, but problem-
adapted ML model for the prediction of planetary collision outcomes.
We train our model to predict masses, material fractions, positions,
and velocities of the two largest post-collision remnants, and the
remaining debris. Our contributions are summarized as follows:

(i) We perform extensive N-body simulations to determine realis-
tic initial conditions for planetary collisions. We base the choice of the
parameter space for our SPH data set on the outcome of the N-body
simulations. To that end, we provide a comprehensive data set that
consists of 10 164 SPH simulations of pairwise planetary collisions.
We use between 20 and 50k SPH particles, which is relatively low
resolution compared to state-of-the-art simulations in astrophysics
with up to several million SPH particles. Our data set covers typical
collision setups and is the first of its kind to combine all essential ele-
ments for a comprehensive treatment of collisions, including realistic
object models (differentiated and rotating bodies), detailed pre- and
post-collision geometries, and temporal information. The data set
allows to study several generic topics, such as collision treatment in
a broad range of scenarios, inverse problems (e.g. the Moon-forming
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impact), and collisional accretion during planet formation. While our
data set is in general comparable to the one provided by Timpe et al.
(2020b), it additionally includes volatile (water) layers, which opens
up studies regarding collisional water/volatile transfer and loss, even
though this is intended rather as a proof of concept in this work,
mainly because of the difficulty to accurately resolve such surface
layers.

(i1) In contrast to existing work, we follow a multi-task learning
approach in the sense of multidimensional regression, in which a
single ML model learns to predict the entire post-collision state
rather than only specific, individual aspects of the state. Our ML
task generalizes the collision treatment problem to 3D space, while
at the same time avoiding the need for manual definition of class
boundaries for different collision scenarios. Existing approaches
often formulate the task as a classification problem, requiring
somewhat arbitrary class definitions. We demonstrate that our multi-
task learning approach leads to simple and computationally efficient
models, while remaining relatively accurate compared to single-task
learning.

(iii) We propose an ML model that helps modelling of temporal
dynamics by evolving system states in an autoregressive manner.
This closely resembles the data generation process, i.e. classical
numerical solvers that iteratively solve the underlying hydrodynamic
equations. This includes handling both, the properties of the colliding
bodies and the spatio-temporal evolution of the system. Our model
allows for flexible prediction of post-collision states at different
times, and can be employed for collision treatment within existing
N-body frameworks. We demonstrate superior prediction accuracy
in comparison to commonly used baseline methods and the current
state of the art. Moreover, our model requires little computational
costs, reducing the prediction speed by approximately four orders of
magnitude compared to the SPH simulations.

With our work, we aim to provide high-quality data and an ML
model that is useful for various downstream applications. The paper
is organized as follows. In Section 2, we describe our data generation
pipeline, as well as the ML model used for collision treatment. In
Section 3, we present our experiments and their results. Section 4
summarizes and concludes the paper.

2 METHODS

2.1 Data generation

2.1.1 N-body simulations

Burger et al. (2020b) developed a hybrid framework, based on
extensive N-body simulations in combination with realistic collision
treatment by direct SPH simulations. These results and collision
statistics are also used to inform the choice of initial conditions for
the SPH simulations performed in this study. In addition, we provide
a cleaned and extended' version of their data set of approximately
10k collisions, which we refer to as ‘N-body data set’.?

'Based on new (yet unpublished) N-body 4+ SPH simulations in a similar
dynamical environment.

>The ‘N-body data set’ based on the simulations by Burger et al. (2020b)
provides data on collision parameters before contact, and basic data on the
final state after the collision, like masses and composition of the two largest
remnants, but no dynamical information (positions and velocities) and no
data on intermediate states. Along with our other data and tools, it is available
at https://github.com/littleblacksheep/csv/tree/main/misc.
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The scenarios in Burger et al. (2020b) are based on an evolving
disc of (~Mars-mass) planetary embryos + smaller bodies (planetes-
imals). Their dynamical and collisional evolution is followed over
several hundred Myr of terrestrial planet formation in an environment
akin to the early Solar System. The embryos and planetesimals are
modelled as differentiated, three-layered, self-gravitating bodies,
similar to the SPH simulations in this work. The rotation state
is not tracked across multiple collisions. The approach of on-the-
fly SPH simulations allows not only for accurate treatment of
each individual collision, but also a relatively straightforward re-
integration of collision outcomes into the overall N-body dynamics
(for our ML approaches this is discussed in Section B3). It also
includes individual tracking of both large survivors in hit-and-run
collisions, which comprise up to 50 percent of outcomes between
similar-sized bodies. Therefore, this data set also provides reliable
collision (input parameter) statistics for the scenarios in this work.

2.1.2 SPH simulations

SPH is a numerical method for modelling visco-elastic fluid flows.
The method was first proposed by Gingold & Monaghan (1977) and
Lucy (1977) and has since been applied extensively to model various
aspects of astrophysical collision processes, including planetary
collisions. In this work, we use the SPH code miluphcuda’
(Schifer et al. 2016, 2020) to generate a planetary collision data
set. An example is illustrated in Fig. 1. The SPH code solves
the continuum mechanics equations for hydrodynamic flow, can
handle 3D, multimaterial problems, and includes self-gravity. It
also includes modules for the simulation of elasto-plastic solid-body
physics based on several available material models and equations of
state.

In this work, we perform pure hydro simulations, i.e. only solving
the Euler equation with scalar pressure, instead of full tensorial
treatment of material strength. Since we perform a large number
of simulations, we trade some physical accuracy for numerical
stability and more data (due to faster computation). However, this
design choice is still a reasonably good proxy within the scope of
our scenarios (Burger & Schifer 2017; Burger et al. 2018). For
actual collisions in an active planet formation environment, it can be
assumed that the physical state of the colliding bodies — and hence
their material (strength) response — varies over a broad range, even
for otherwise identical scenarios in terms of masses, compositions,
and collision parameters. This may be a function of their collision
history, thermal state, and possibly various other factors. Considering
those ambiguities, our rather simple material model allows the data
set to remain as general as possible and at the same time consistent
over our whole parameter space. We use the Tillotson equation of
state (Tillotson 1962; Melosh 1989) for all simulations. Technical
details are given in Section Al.

The SPH simulation pipeline is fully automated and includes
all steps to initialize, run, and post-process individual simulations
(see Fig. 2). For each run, a specific parameter set is sampled
from the parameter space (Table 1). The chosen parameters cover
a broad range of possible collision scenarios during terrestrial
planet formation. The particular choices of parameter ranges are
additionally informed by the robust statistics of our N-body data set
(see Section 2.1.1). Note that we use the N-body data set exclusively

3The SPH code mi 1uphcuda is in active development and publicly available
at https://github.com/christophmschaefer/miluphcuda
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Figure 2. Data generation pipeline. For each individual simulation, a setup
is sampled from the parameter space. The SPH particle distribution and its
properties are set up in ’init’, resulting in the input frame fy. The SPH code
then evolves the system, leading to a number of output frames. All output
frames are post-processed with a friends-of-friends algorithm to compute all
spatially connected material *fragments’. Finally, aggregates’ are identified,
defined as gravitationally bound collections of fragments.

Table 1. Parameter space of initial conditions for our SPH simulations,
covering a wide range of typical scenarios for rocky planet formation. See
the text for detailed definitions. All parameters are randomly sampled.

Parameter Min Max Description

Mlm(kg) 2 X Mceres 2 X MEgarth Total mass

y(1) 0.05 1 Mass ratio mj/m,
Ciron(1) 0.01 0.25 Iron (core) fraction
Cwater(1) 0;0.1 0.25 Water (shell) fraction
Vimp(Vesc) 1 8 Impact velocity

a(deg) 0 90 Impact angle

Prot(Prot crit) 0 0.2 Rotation period
Orot(deg) 0 180 Rotation axis polar
$ror(deg) 0 360 Rotation axis azimuthal
fi(1) 3 7 Initial distance factor
Si(1) 40 60 Simulation time factor
Nior(1) 20k 50k Number of SPH particles

for choosing meaningful parameter intervals representative of late-
stage terrestrial planet formation. For creating the SPH data set, our
parameter space of initial conditions is sampled randomly within the
chosen intervals.

For initializing self-gravitating bodies in hydrostatic equilibrium,
we adopt the approaches and tools from Burger et al. (2018), who
calculate realistic density and pressure profiles for multilayered
bodies. The colliding objects are referred to as projectile and target,
the latter being the more massive body. They are initialized at a
certain distance, on the order of several times the sum of their radii,
to allow for pre-collision tidal deformation, relaxation of rotating
configurations, and settling of residual numerical artefacts (e.g. at
material boundaries). Based on the desired impact velocity and
impact angle at "touching-ball’ distance (cf. Fig. 3), initial positions
are calculated via backtracking the analytical two-body trajectories
up to a distance of diyiia = fi X (R + Rp). R, and R, are the target
and projectile radii, and the initial distance factor f; is a parameter.
The total simulation time is calculated via T, = Teo X (i + /1)
and rounded up to the next full hour. 7 is the collision time-scale
Teol = (Rt + Rp)/Vimp. The impact velocity v, and the impact angle
a are specified at touching-ball distance R, + R, where o = 0°
corresponds to head-on collisions and vjy, is the absolute value of
the relative velocity vector v at touching-ball distance (cf. Fig. 3).
The minimum number of SPH particles is set such that the resulting
water shell has a thickness of at least 2 SPH particles at ¢ yaer =
0.1 (Burger 2019). Note that this resolution may be too low to
accurately simulate the water layers’ response for a range of scenarios
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Figure 3. Collision geometry for planetary collisions. The impact angle « is
measured between the relative position r and the relative velocity v between
target and projectile at touching-ball” distance. Both objects comprise a core-
mantle-shell structure and have random rotation axes L, and L, which can
lie outside the plane spanned by r and v.

(parameter combinations). This can be particularly problematic for
the second-largest post-collision remnant, while reliable predictions
are possible for the largest remnant already at resolutions similar to
ours, as demonstrated by Burger et al. (2018). Nevertheless, results
for water mass fractions on post-collision remnants should be taken
with a grain of salt, and consequently we consider our ML model
predictions for this aspect rather a proof of concept and not generally
accurate at this point. For other basic outcome properties, on the other
hand, like masses and kinematics of the two largest remnants, Burger
et al. (2018) found resolution convergence for similar collision
scenarios within 10 percent for their 100k particles simulations.
Our simulations contain either 2 or 3 materials, depending on ¢ water»
where we remove the water shell if ¢yaer < 0.1 was sampled. The
total colliding mass covers a range from 2 X Mcees up to 2 X
Megamn. The mantle (basalt) mass-fraction is defined by ¢pagae = 1 —
Ciron — Cwater- Since the hydrostatic initialization routine is based on
non-rotating objects, we set our maximum rotation period Pyotmax =
0.2 X Prorcrie for both target and projectile in order to avoid excessive
initial oscillations and instabilities, which typically occur once P,
approaches Pry . The critical rotation period Py is defined
such that material at the surface of the (idealized spherical) body is
weightless according to Kepler’s third law. Rotation axes are chosen
randomly for both target and projectile. We refer to Section A2 for
more details.

During simulation, the SPH code periodically produces output
frames, which contain the state of all SPH particles at the respective
time. We keep the first, the last, and intermediate frames for post-
processing, where intermediate frames are saved at 5-h intervals
(simulated time). All frames undergo the same post-processing
procedure:

(i) Spatially connected collision fragments are calculated by the
friends-of-friends algorithm (Geller & Huchra 1983).

(ii) Barycentres, orbital angular momentum, and spin angular
momentum are calculated for each fragment, as well as for the entire
system.

(iii) The two* largest aggregates of fragments are calculated.
An aggregate is defined as a collection of gravitationally bound
fragments, determined by an iterative procedure, which starts from
the most-massive fragment as seed (see Burger et al. 2020b, for

4Gravity-dominated collisions of roughly similar-sized bodies generally
result in either none (if highly destructive), one, or two (in hit-and-run
scenarios) large surviving bodies, along with orders-of-magnitude smaller
debris.
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details). In the remainder of the paper, these aggregates are referred
to as ‘remnants’ for clarity.

(iv) Basic visualization is done for the large fragments. A fragment
is considered significant if it consists of at least 5 SPH particles.

(v) In this work, we focus on the prediction of macroscopic system
states, requiring information on the level of remnants only. Moreover,
we aim to keep memory requirements of the final data set low.
Therefore, SPH output frames are subsampled, keeping 1 out of
10 SPH particles.

Keeping intermediate frames enables in-depth studies of temporal
properties of the collision process. Moreover, they allow for the
development of sophisticated ML models, i.e. models that not only
predict the final state of the system, but the entire temporal evolution
in detail. Note that since we sample our parameter space randomly,
inputs to ML models do not require initial conditions that are similar
to those in Burger et al. (2020b).

2.2 Machine Learning for collision treatment

From an ML perspective, the collision treatment task requires
learning physical laws (e.g. conservation laws, material deforma-
tions, gravitational interactions, etc.) and handling the temporal
evolution of the system (e.g. via time-series modelling). Various ML
approaches can be applied in different contexts, mostly depending
on which level of detail one is interested in. Therefore, we design
our SPH data set such that it can be used at different levels of detail.
For example, one can use remnant or fragment information (’macro
states’) rather than SPH particle representations (micro states’) for
learning certain aspects (e.g. predicting certain quantities such as
the mass of the largest remnant or the thermal energy of the system).
Depending on which level of detail ML is applied to, different aspects
may be able to be learned more or less efficiently. In this work,
we focus on macro states because this setup is the most relevant
one in order to incorporate ML models into N-body simulations
for planet formation and evolution (see Table 2. and Section B3
for more details). In contrast, ML models operating on micro states
may be a better choice if one is interested in studying details of the
hydrodynamic flow and physical interactions in simulations such as
SPH.

2.2.1 Collision treatment as a multi-task regression problem

Supervised learning is the task of selecting (learning) a specific model
from a certain model class by using example input-target pairs.
The difference between model outputs and desired target outputs
results in an error, which is used to improve a model. We train
our ML models in a supervised manner to predict several different
quantities (mass, material fractions, position, and velocities) at once,
which turns the problem into a multi-task problem. Our multi-task
problem can be interpreted as a multidimensional regression problem
of different physical quantities, since we use shared representations
to predict different modalities. We motivate formulating and solving
the problem as a multi-task problem due to inherent dependencies
and correlations between the individual subtasks (e.g. trajectories of
individual fragments highly depend on the overall mass distribution).
Since all of our sub-tasks are highly correlated with each other,
we hope that the multi-task setting supports generalization due
to shared representations within ML models, acting as a form of
regularization. Shared representations naturally allow for exploiting
dependencies and correlations between different tasks, potentially
improving the ML model’s predictive performance. Note that in
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Table 2. Non-redundant ML features and normalization hyperparameters for feature normalization. Units indicate different physical quantities. All
data xppys is normalized during pre-processing. Note that since material fractions sum up to 1, only core (iron) and shell (water) fractions are required.
Initial rotation speeds of the colliding bodies are encoded via the norms of their respective rotation axes.

State Feature Dim Description o (ours) o (Timpe)
Initial Niot(1) 1 Number of SPH particles S5e+4 23e+5
Mo (kg) 1 Total mass le 4+ 25 100
y(1.) 1 Mass ratio my,/m; 1 1
&p(l) 2 Material fractions projectile 1 1
¢4(1.) 2 Material fractions target 1 1
rot,(rad s7h 3 Rotation axis projectile 6.5e-05 100
rot(rads™") 3 Rotation axis target 6.5e-05 100
Xp(m) 3 Barycentre position projectile [5e+407, 2e+-08, 2e + 07] [6,41, 3]
vp(m s7h 3 Barycentre velocity projectile [2e+03, 1e404, 6e + 02] [2, 16, 0.5]
xy(m) 3 Barycentre position target [5e+4-07, 2e+-08, 2e + 07] [6,41, 3]
v(m s_') 3 Barycentre velocity target [2e+03, 1e+04, 6e + 02] 2,16, 0.5]
final my(kg) 1 Mass largest remnant le 4+ 25 100
my(kg) 1 Mass 2nd-largest remnant le + 25 100
m,(kg) 1 Mass rest le +25 100
¢1(1.) 2 Material fractions largest remnant 1 1
¢a(1) 2 Material fractions 2nd-largest remnant 1 1
¢(1.) 2 Material fractions rest 1 1
x1(m) 3 Barycentre position largest remnant [5e+07, 2e4-08, 2e + 07] [6,41, 3]
vi(ms™h) 3 Barycentre velocity largest remnant [2e+403, 1e+04, 6e + 02] [2, 16, 0.5]
x2(m) 3 Barycentre position 2nd-largest remnant [5e+07, 2e+08, 2e + 07] (6,41, 3]
vo(ms~h) 3 Barycentre velocity 2nd-largest remnant [2e4-03, 1e404, 6e + 02] [2, 16, 0.5]
xp(m) 3 Barycentre position rest [5e+407, 2e+4-08, 2e + 07] (6,41, 3]
v (ms~ 1) 3 Barycentre velocity rest [2e+403, 1e404, 6e + 02] [2, 16, 0.5]

contrast to our multi-task setting, Cambioni et al. (2019, 2021),
Emsenhuber et al. (2020), and Timpe et al. (2020b) use individual ML
models for predicting either single or subsets of collision outcome
quantities, i.e. following single-task approaches. We believe that
single-task approaches introduce unnecessary restrictions to the
generalization capabilities of ML models, because individual models
are exclusively able to specialize in their respective regime. Also,
using individual regression-models for individual outcome scenarios
(i.e. erosion, accretion, and hit-and-run) may lead to various issues
caused by data-scarcity due to class-imbalances, which are common
in planetary collision data sets. Moreover, using a single ML model
for solving several subtasks at once may allow much better accuracy-
speed trade-offs, especially in the presence of many subtasks. In
our work, the importance of the individual subtasks are implicitly
given via data pre-processing, effectively weighting loss terms of
the respective subtasks. However, the importance can be explicitly
adjusted depending on specific use cases.

To our knowledge, this is the first work to fully formulate the
ML task as a regression problem. Our formulation allows simple,
yet efficient training in an end-to-end manner and facilitates easy
integration of ML models into existing N-body frameworks. Our
regression objective does not explicitly optimize for classification
performance, but rather for regression of macroscopic properties of
the system. At the same time, our objective avoids the need for
complicated approaches, which require two separate ML models for
regression and classification, respectively.

We believe that it is not beneficial to train classifiers that explicitly
discriminate between different outcome scenarios such as accretion
or hit-and-run, because such classification can be easily performed
as a post-processing step on top of regression-model predictions.
We favour performing classification via a post-processing step
rather than training dedicated classifiers because the former can
be used in combination with variable class definitions, whereas the

latter is bound to fixed class definitions. When training dedicated
classifiers, changing class definitions would require re-training the
classifiers, which can be quite cumbersome in practice. Moreover,
pure classifiers cannot be used as a full replacement for collision
treatment in N-body simulations.

In general, we believe that defining and learning fixed classification
schemes is not optimal due to continuous transitions between classes
and the associated arbitrariness of class definitions. We believe that
training dedicated classifiers is only reasonable if one is explicitly
interested in accurate classification under the restriction of fixed class
definitions.

The integration of ML models for collision treatment into N-body
simulations might require additional post-processing steps on top
of ML predictions. This includes restricting predictions to conserve
certain quantities such as the total mass, e.g. by re-scaling predicted
masses and/or distributing debris material across the two largest
remnants. For the actual application in N-body simulations, it is
especially important how (if at all) the remaining collision debris is
treated, which typically consists mostly of physically non-connected
and gravitationally unbound fragments. This naturally opens up many
possibilities depending on the respective use case (i.e. the precise
physical and numerical model). In our experiments, we do not apply
any additional post-processing steps in order to remain as general as
possible and to obtain conservative performance estimates.

Fragments that are formed from collisions between non-rotating
objects mostly remain in the collision’s main symmetry plane (the
x—y plane in our case) with only marginal z-components. However,
collisions between rotating objects generally break this symmetry,
and may produce large fragments with significant z-components.
This symmetry breaking is also confirmed by the data from Timpe
et al. (2020b). We thus generalize the prediction task from Emsen-
huber et al. (2020) to 3D space, treating all dimensions equally to
consistently handle deviations from the main collision plane.

MNRAS 520, 1224-1242 (2023)

¥20z Ae 21 uo1senb Aq 20¥71929/¥221L/L/0ZS/3101B/S_IUW /WO dnoolWwepede//:sdiy Wwolj pepeojumoq



6. Residual neural networks for the prediction of planetary collision outcomes

1230 P M. Winter et al.

2.2.2 Autoregressive ML models for temporal evolution

The use of autoregressive ML models for predicting collision
outcomes can be motivated by studying the data generation process,
i.e. the SPH simulations. We know that the data generation process
has the Markov property, i.e. states s, at a time ¢ + h depend
entirely on their previous states s, at time #. We assume continuous
transitions between states for infinitesimal stepsizes h. The transition
from s, to s, ;. 5, is described by a transition function g.

Sipn = (81, 1) )

Historically, g refers to a set of hand-crafted equations that incor-
porate certain physical laws (e.g. gravity, friction, etc.), as well as a
procedure to evolve the system in time (e.g. numerical integration)
by means of differential equations. In practice, these approaches
often suffer from limitations, such as the requirement to use small
stepsizes when using classical solvers. Too large stepsizes typically
introduce large systematic errors, often leading to diverging or
unstable solutions.

In this work, we aim to approximate solutions obtained using
hand-crafted transition functions via an ML model that is learned
from data. We believe that ML models are — once trained — efficient,
powerful, and flexible transition functions for modelling the underly-
ing physical processes in planetary collisions over time. In contrast to
FFNs, our proposed model class exploits the Markov property of the
data generation process, i.e. taking multiple, autoregressive steps to
predict system states at a desired time 7. There are several arguments
that support the use of autoregressive ML models:

(i) Neural networks are universal function approximators (Hornik,
Stinchcombe & White 1989) that allow learning highly complex
functions. This property allows direct prediction of system states
at various times 7, entirely circumventing the need for time-series
modelling. ML models should thus be much more computationally
efficient compared to numerical simulations. The most extreme case
would be to predict the final state directly, as typically achieved in
the literature. Depending on the choice for the stepsize, our model
allows a flexible accuracy-speed trade-off. Small stepsizes can be
expected to better model the physical processes and lead to more
accurate predictions at the cost of computational resources, whereas
large stepsizes lead to less accurate, but faster predictions.

(i1) Autoregressive models subdivide the prediction of system
states by taking multiple iterative steps. Since the universal function
approximation theorem also applies to autoregressive ML models,
they can use magnitudes larger, more complex time-steps compared
to classical transition functions (numerical solvers) before getting
unstable. This property typically makes these ML models much more
efficient in terms of computational costs compared to hand-crafted
transition functions.

(iii) Learned transition functions allow context-dependent time-
steps, i.e. adjusting the transition function automatically, based on
data-specific information. This property avoids algorithmic design
decisions, making ML-based transition functions more general and
flexible compared to hand-crafted transition functions.

(iv) Using autoregressive ML models allows for improved in-
terpretability by enabling analysis of intermediate states. Such an
analysis is not possible for ML models like FFNs or regression trees,
which typically try to predict final post-collision states directly.

(v) Due to their design, we believe that autoregressive ML models
can achieve better generalization compared to methods that try
to predict final states directly, allowing more accurate predictions
and improved 0.0.d. generalization capabilities. Autoregressive ML
models that learn fixed time intervals (i.e. taking multiple steps with
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the same stepsize) are effectively time-invariant per design, in the
sense that they have to learn physical processes at only a single time-
scale. Thereby, the models are not forced to spend their parameters’
for learning to become time-invariant. This property can potentially
also lead to improved parameter efficiency compared to non-time-
invariant ML approaches.

(vi) Longer physical interactions typically lead to the emergence
of more complex dynamical processes during planetary collision
events. Using autoregressive models naturally accounts for these
effects by allocating computational resources that linearly scale with
time, which is consistent with fluid-flow approaches.

Gated architectures (Hochreiter & Schmidhuber 1997; Cho et al.
2014) and regularized RNNs (Schmidt et al. 2021) are able to produce
chaotic dynamics, but often suffer from the exploding gradient
problem (Metz et al. 2021), typically leading to diverging sequences
(Monfared, Mikhaeil & Durstewitz 2021). On the other hand, non-
chaotic sequences have bounded loss gradients and converge to fixed
points. Thus, training autoregressive ML models is typically non-
trivial and often very sensitive to hyperparameters, especially when
the data-generating process is itself chaotic. Exploding gradients and
diverging sequences in LSTMs® can be mitigated via the forget gate
(Gers, Schmidhuber & Cummins 1999), thereby reintroducing the
vanishing gradient problem (Hochreiter 1998). The vanishing gradi-
ent problem can prohibit efficient training of deep neural networks.
For our autoregressive ML model, we find regularization of hidden
states to be a robust strategy against diverging sequences. Moreover,
we find that gradient descend with backpropagation through time
(Robinson & Fallside 1987; Werbos 1988; Mozer 1995) works fine
for training.

2.2.3 Residual neural network for planetary collision handling

Our proposed model for prediction of collision outcomes can be
interpreted as a residual neural network (ResNet; He et al. 2016).
ResNets were originally introduced to ease the training of deep
neural networks. The "residual” aspect refers to reformulating neural
network layers as learning residual functions with reference to the
layer inputs, instead of learning unreferenced functions. Comparable
to LSTMs without forget gate, ResNets efficiently mitigate the
vanishing gradient problem.

We refer to our architecture as RES herein. In contrast to a
classical ResNets, learned parameters in our model are shared across
different steps (see Fig. 4). Our architecture treats temporal dynamics
consistently by evolving system states in an autoregressive manner.
Individual steps of a trained model can be interpreted as evolving
the system for a fixed, but learned time interval. This approach is
comparable to explicit iterative methods such as the Euler method or
the Runge—Kutta method (Runge 1895; Kutta 1901). Ideally, smaller
stepsizes should allow for better modelling of physical processes and
should thus lead to better performance at the cost of computational
resources. Our architecture allows for flexible prediction of system
states at different times 7 by taking the respective number of update
steps. Our architecture is autoregressive, i.e. only requiring the initial
state y° and the number of steps Ngeps = Sp % T as input. The

SNote that herein term ’parameters’ can either refer to individual parameters
of initial conditions for our SPH simulations, or to learnable parameters of an
ML model. Both cases should be apparent from the respective text passages.
®Long Short-Term Memory, a special kind of RNN that is widely used
for processing sequential data such as written texts, time series, or DNA
sequences.

¥20z Ae 21 uo1senb Aq 20¥71929/¥221L/L/0ZS/3101B/S_IUW /WO dnoolWwepede//:sdiy Wwolj pepeojumoq



Y@y —@>y .. y'
E \fE D \(E D
x° xt

h——®>hl— D> h? ... hT
L ¥ & L ¥4

Figured4. Operations of our weight-tied residual neural network architecture.
The neural network modules E, R, and D are learned from data and shared
across individual steps. The initial state y° is encoded into the initial hidden
state 4 and the input x° of R at time 7 = 0. R then predicts additive updates
to A’ by using A" and x'. At each step, D outputs relative updates, which are
used to evolve system states y via Euler integration. Sequences y' and A’
are calculated iteratively, where the number of steps T correlate linearly to
simulation time.

hyperparameter s;, allows to take different accuracy-speed trade-offs
by adjusting the temporal resolution (i.e. the stepsize).

We want to stress that predicted sequences y" and A’ [with 1 €
(0, ngeps)] should not be considered as time sequences per se, but
may nevertheless be closely related/correlated to time sequences,
especially when considering our task of predicting system states
at different points in time. We incorporate this close temporal
correlation by choosing the number of steps to correlate linearly
to the simulated time of the respective SPH simulations. This strong
assumption may require additional and more detailed consideration
in future work.

Our entire model architecture can be formalized as follows:

(h',x"y = E(Y'. ¢r) ()
ht — ht—l + R(hti],xtil,(ﬁk) (3)
y' = y"'+ D0, ¢p) 4

E, R, and D correspond to the encoder module, residual module,
and decoder module, respectively. Hidden states that are predicted by
E are only used for the initial hidden state 4°. Our architecture avoids
the vanishing gradient problem via additive updates to hidden states
h and physical states y. Additive updates to the physical states y can
be interpreted as Euler discretization of a continuous transformation
and is closely related to the works of Chen et al. (2018), He et al.
(2016), and Srivastava, Greff & Schmidhuber (2015). E, R, and D are
FFN networks’ (Rosenblatt 1961; Ivakhnenko & Lapa 1965) with
learnable parameters ¢z, ¢r, and ¢p.

2.2.4 Baseline models

We choose three baseline methods for comparison with our newly
proposed RES model class. Existing work (Cambioni et al. 2019,
2021; Emsenhuber et al. 2020; Timpe et al. 2020b) use FFNs as
regressors for collision outcomes. We thus choose an FEN as our first
baseline. We choose a linear regression model (LIN) as our second
baseline to study the benefit of deep learning models compared to a
simple, data-driven model. The third baseline is PIM, which is still
widely used in astrophysical problems involving collisions because
the method is purely analytic and fast. PIM assumes a perfect inelastic
collision of target and projectile, always leading to a single surviving
body, and conserving mass and momentum of the system by design.

THistorically also referred to as multilayer perceptrons

Neural networks for planetary collisions 1231

To enable learning non-linear mappings, artificial neural networks
require so-called activation functions, which are applied element-
wise to individual neurons usually after calculating the matrix-
vector product for the respective layers. Due to its sound theoretical
advantage compared to other activation functions, we use the scaled
exponential linear unit (SELU) activation function (Klambauer
et al. 2017) for hidden layers and linear activation functions for
output layers of our deep learning models. SELU activations have
self-normalizing properties, where neuron activations automatically
converge towards zero mean and unit variance in the case of
many hidden layers, leading to substantial advantages for training,
regularization, and robustness when compared to other approaches.
An optional rotation module can be incorporated into the ML models
as additional pre- and post-processing steps, rendering the models
rotation-equivariant (see Section B1 for details).

Although our SPH results naturally contain approximations and
assumptions about the simulated physical processes, and are also
subject to typical numerical inaccuracies, we define the SPH data as
our ground truth. This definition is generally motivated by the fact
that hydrodynamical simulations are currently considered the most
accurate method for planetary collision treatment.

2.2.5 ML experiment setup

We split our data into a development set and a test set. The
development set includes approximately 88 per cent of the data (8927
data points) and consists of training and validation splits, whereas
the test set covers the remaining 12 per cent (1237 data points). The
entire data set contains 10 164 data points. Using the development set,
we perform fivefold crossvalidation® (Hastie, Tibshirani & Friedman
2017) for all experiments, allowing to calculate confidence intervals
for our results. All training and validation splits share the same data
distribution. Note that validation data are inappropriate for estimating
performance on future data because validation data are used for
hyperparameter optimization, which can be a source of information
leakage. A holdout test set is required to estimate performance on
completely new, unseen data.

Let us recap that our data set covers the parameter space as
defined in Table 1. Although the parameter space is carefully chosen,
parameters of real collisions are naturally not strictly limited to
our defined parameter ranges (Quionero-Candela et al. 2009), i.e.
so-called o0.0.d. data points. In practice, ML models often fail
to generalize to such o0.0.d. data points. In order to study o.o.d.
generalization of our ML models, we establish an 0.0.d. test set. We
expect that problem-specific models have better 0.0.d. generalization
capabilities compared to general-purpose models (Mitchell 1980). It
is widely known that the impact velocity and the impact angle are
two of the most important parameters in the context of planetary
collisions. Thus, we manually select four regions in the impact angle
—impact velocity space that compose our 0.0.d. test set (see Table 3).
We use this 0.0.d. test set as our default test set in experiments unless
stated otherwise.

Our data set D consists of N = 10 164 tuples (y?, z7), i € [1, N1,
representing initial system states (at # = 0) and final system states (at
t = T). For our supervised learning task, y? and 7 are used as model
inputs, whereas z/ are used as ground truth labels. For intermediate

8Folds are non-intersecting, same-sized subsets of a data set. For five-fold
crossvalidation, a total of five models are trained independently. Each training
session consists of training on four-folds, whereas the remaining fifth fold is
used for validation.

MNRAS 520, 1224-1242 (2023)
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Table 3. Selected regions for the out-of-distribution (0.0.d.) test set. We
select regions that may result in qualitatively different outcomes compared to
the development set. The test set contains about 12 per cent of all data points.

Parameter Region 1 Region 2 Region 3 Region 4
amin(deg) 10 65 80 0
Umax (deg) 30 75 90 20
Vimp,min(Vesc) 1.5 2 1 6
Vimp,max (Vesc) 2.5 4 2 8

states 0 < 7 < T holds. D is split into a development set Dg., and a
test set Dyeg. Our training and validation splits are derived from Dgey
depending on the respective crossvalidation fold.

D={(21). (3 2). - (k- 2n)} ®)
Dyey C D, Dyt C D, Dyey N Dieyy = {} (6)

We perform data pre-processing to transform features into appro-
priate value ranges for ML. We apply feature-wise normalization
XML = (X""yﬂis_m to transform data xphys given in SI units into data
xmL, Whose value ranges are better suited for ML. We set £ = 0
for all features. Note that the barycentre of the system still remains
at the origin of the coordinate system for all data points even after
normalization. Table 2. summarizes our ML features, along with
normalization hyperparameters o . Note that « and o implicitly define
the importance between different subtasks during ML model training.
Importance of subtasks can be further adjusted via introducing
dedicated weights for the corresponding loss terms. The detailed
pre-processing pipeline can be found in the provided source code
(see Section 1.1).

Note that although accurate tracking of the rotation state is impor-
tant for many aspects of planet formation and evolution modelling,
we do not include rotation in our model predictions. This is because
it is non-trivial to derive physically reliable (and unique) post-
collision rotation states within our post-processing chain for SPH
collision simulations. A major point to consider is that our definition
of a remnant is not restricted to a single physically connected
fragment, but also includes all gravitationally bound fragments in
addition. In reality, these fragments may or may not be actually
accreted at some later point in time, or interact otherwise with each
other. Nevertheless, we consider including these fragments into the
definition of remnant as the best possible option, considering the
alternative of simply ignoring them. This comes on top of the general
issue that approximate rotational equilibrium has to be achieved
after the collision in order to extract a reliable rotation state, which
is highly scenario-dependent in terms of the relevant dynamics and
time-scales. Considering those difficulties, we decided not to include
the rotation state in our ML model predictions. Therefore, while pre-
collision rotation is fully accounted for, we do not attempt to predict
post-collision rotation states in this work.

Our optimization objective is to minimize the mean absolute error
(MAE) between model predictions y/ and ground truth labels z!'
over our training data:

=r0hT.¢) )

1 M

27 D&yl =2l ®)
i=1

f :R? — R refers to an ML model that regresses final states
when given initial states. In this work, we focus on handling macro-
scopic system states for both model inputs and outputs, resulting
in d = 25 and k = 27. f has learnable parameters ¢ that we aim

L
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to optimize. M refers to the size of the training split for individual
crossvalidation folds.

We treat every unit of mass (i.e. every kilogram) as equally
important in our ML task. We account for this treatment by cal-
culating mass-dependent weights & in order to re-weight errors for
output features that correspond to the largest remnant, second-largest
remnant, and the rest (of material), respectively.

& = [&, &y brest] )
& = {ﬂ’@’@} (10)
Mot Mo Mot

Mot = My + Moy + Miregt (1 1)

We consider this re-weighting to be essential to accurately reflect
the prediction problem, especially if my, < <my O My < <my;.
Early experiments without re-weighting lead to poor prediction per-
formance originating from small objects (remnants and fragments).
In general, small objects are more difficult to predict compared
to large objects. Moreover, the assignment of the second-largest
remnant tends to jump in the presence of many small objects, making
it almost impossible to predict robustly. This labelling noise then
leads to large error gradients, hampering learning significantly. This
problem is ameliorated with our re-weighting approach.

We use identical training hyperparameters for our deep learning
models (FFN and RES). Training is performed via stochastic gradient
descend (Robbins & Monro 1951), utilizing the backpropagation
algorithm (Kelley 1960; Rumelhart, Hinton & Williams 1986).
We use the adamax optimizer (Kingma & Ba 2014) with default
hyperparameters, a minibatch size of bs = 128, a constant learning
rate of n = 0.0005, and a weight decay of wd = 0.0001. We
apply gradient-norm clipping (Pascanu, Mikolov & Bengio 2013),
allowing for maximum gradient norms of ng,q = 50. Moreover,
we use exponential moving average models (Ruppert 1988; Polyak
1990; Tarvainen & Valpola 2017) with a rate of repm, = 0.999
for validation and testing. We find that the mean-squared error
leads to worse validation performance than the MAE, which is
more robust to outliers. To alleviate the exploding gradient problem
as described by Metz et al. (2021), we additionally penalize too
large activations of hidden states 4, in our RES model. We train
each of our models for 5000 epochs, which is sufficient to reach
convergence.

Since different ML architectures are inherently difficult to com-
pare, we try to find the best architectures and respective models
in terms of validation performance for each model class (i.e. FFN
and RES) separately. We optimize hyperparameters manually in an
iterative manner (i.e. always optimizing one hyperparameter at a
time while keeping others fixed, and repeating the procedure until
convergence in validation performance) and dedicate approximately
the same amount of time and computational resources to optimize
each set of hyperparameters for FEN and RES. Table B1 summarizes
all optimized hyperparameters for FFN and RES, while LIN has no
model-class hyperparameters. In order to prevent information leak-
age and misleading test performance, we solely perform hyperparam-
eter finetuning based on validation performance. Test performance
is measured after model development was completed. In principle,
RES allow using intermediate states as additional learning signals.
Unless stated otherwise, we only use final states for training to ensure
a fair comparison with our baselines.

We use the root mean squared error (RMSE) as our validation met-
ric. For certain applications, prediction speed may play a significant
role. We note that the RMSE metric does not account for this aspect
and thus purely focuses on prediction accuracy. All performance
results reported below are obtained by first taking the best RMSE
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(minimum) over all epochs for every fold individually, then averaging
them over the folds. Errors indicate the minimum and maximum
(over folds) of best RMSE values. The same procedure holds for
classification accuracies, except for first taking the maximum instead
of the minimum. Measuring and interpreting RMSE in the data space
is unintuitive in our multi-task setting due to vastly different value
ranges of individual quantities. Thus, RMSE is measured in ML
feature-space. Moreover, since RMSE values have to be interpreted
in consideration of the overall ML task, we recommend comparing
reported results relative to each other.

We use the balanced accuracy score for validating classification
performances of our models. Balanced accuracy in the multiclass
classification setting is defined by taking the average of true-positive
rates for individual classes. The true-positive rate is also referred
to as sensitivity or recall. Considering the strong class-imbalances
that are typically present in planetary collision data, we consider the
balanced accuracy score to be much more problem-focused and more
applicable compared to the unbalanced accuracy score.

2.2.6 Efficiency considerations of ML

In practice, researchers are interested at which point using ML starts
to pay off compared to classical approaches for a fixed computational
budget. Consider the goal of predicting m collision outcomes. For
classical approaches such as PIM or direct SPH simulations, we
only need to consider inference times, which scale linearly with m.
On the other hand, ML requires consideration of data generation,
training, and inference. In general, the required computation times
for these three components are mostly independent from each other.
In our case, data generation requires by far the most time, followed
by training. Finally, ML inference requires only a tiny fraction of
the overall computation budget. Thus, we recommend using ML
approaches in case of extensive inference, i.e. large m. Let us define
the three computation times t4 for generating one data point, 7,
for ML model training, and t; for inference of one data point. In
our case, we consider 7, as the total wall-clock training time for
fivefolds, each having 5000 epochs. N refers to the training data
set size. We can calculate for which m the use of ML pays off
(i.e. Tmr < Tcr) when comparing the overall computation times
T, for classical approaches with computation times 7y, for ML
approaches:

TeL =m X TicL (12)
e =NXt+7+mXTtm (13)
N
me YXTtTn (14)
Ti,cL — Ti,ML
3 RESULTS

3.1 SPH collision data

The provided SPH data serves as the basis for ML models in order
to solve the collision treatment problem accurately and fast. To our
knowledge, this data set is the first of its kind to combine different
aspects such as object rotation, realistic object models including
water layers, and providing time-series data. All data can be freely
accessed (see Section 1.1).

Our results are consistent with Leinhardt & Stewart (2012) and
Stewart & Leinhardt (2012) in identifying three major outcome
regimes, erosion, accretion, and hit-and-run. We define these regimes
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Table 4. Class counts for different outcome regimes, and for random and
realistic collision parameters. The three major outcome regimes are each
further divided into subclasses, based on remnant masses. Random parameters
are obtained from uniform, random sampling, whereas realistic conditions are
obtained from dynamically consistent N-body simulations.

Class Subclass Random Realistic
Erosion my < myl2 18.3 % (1856) 3.0 % (151)
Erosion my > my/2 55.1 % (5600) 58.5 % (2968)
Accretion my < my + mp/2 1.3 % (135) 2.0 % (102)
Accretion my > my + mpl2 5.2 % (526) 5.5 % (281)
Hit-and-run majy < mpl2 0.4 % (40) 4.4 % (221)
Hit-and-run moyy > mpyl2 19.7 % (2007) 26.7 % (1353)

erosion, M, <m¢/2
erosion, my > m/2
accretion, my < me+ mp/2

accretion, my > me¢ + mp/2
hit-and-run, my, < mp/2
hit-and-run, my;, > my/2

impact velocity [Vesc]

0 10 20 30 40 50 60 70 80 90
impact angle [deg]

Figure 5. Overview of collision outcomes in impact angle — impact velocity
space. Each data point represents a simulation in our SPH data set. Colours
indicate major outcome regimes: erosion (grayish), accretion (reddish), and
hit-and-run (greenish). Each regime is further divided into subcategories,
depending on remnant masses. The contour overlay indicates collision statis-
tics in a realistic dynamical environment, obtained from N-body simulations
by Burger et al. (2020b), see Section 2.1.1. Contour levels correspond to
iso-proportions of the density (in 10 per cent steps).

as

(i) erosion: my < my;
(ii) accretion: my, > mAmy, < 0.1m,
(iii) hit-and-run: my, > m;Amy, > 0.1m,

where subscripts indicate the largest remnant, second-largest
remnant, target, and projectile, respectively. Each of these regimes
can be further divided into subclasses, based on thresholds for
remnant masses, as defined in Table 4, and plotted in Fig. 5.
Erosion typically results from high impact velocities and/or low
impact angles, whereas accretion mostly emerges for lower impact
velocities. Hit-and-run either results from high impact angles, or
from a combination of lower impact angles, large-enough projectile-
to-target mass ratios, and impact velocities that are low enough to
avoid global disruption but high enough to avoid an accretion-type
outcome.

MNRAS 520, 1224-1242 (2023)
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6. Residual neural networks for the prediction of planetary collision outcomes

Table 5. Test performance (RMSE and balanced accuracy, both measured on the final state) of different approaches for planetary collision treatment.
Classification is performed as a post-processing step on top of predicted masses. We assume the SPH simulation data to be the ground truth. For single-
task learning (last six rows), each entry corresponds to the performance of individually trained ML models and column headers indicate optimized tasks,
respectively. We use data from Timpe et al. (2020b) to obtain the results in the last four rows. Best results are indicated in bold, whereas * indicate statistically
significant results according to a Wilcoxon test (comparing FFN and RES). Our proposed RES model outperforms the other baseline methods in most

experiments.

Method Notes Mass Material Position Velocity Total Accuracy
PIM oodies  OASOITNNN 00G0STOME 030467000 02220100 0245070080 016671000
LIN 0.0.d. test 0.04601000% 0.0250+0-0002 01880100007 0.1509100013 0.1479F500% 0.234010004
FFN 0.0.d. test 0.0121+5:0008 0.0129+0:900¢ 0.0487+0:0013 0.0433F0:0010 0.0408F0:0008 0.49647 0458
RES 0.0.d. test *0.010810:0003  0.0127F0:0005  *0.038610:0015 00428100000 *0.0364T000%  0.48877001%
FFN 0.0.d. test, + labels  0.012270000% 0.01367 000 0.050010:00% 0.0433F0:000% 0.041670:00% 05309109673
RES o.0.d.test, +labels  *0.0107500008  0.0136T00000  *0.037230001%  0.042670000  *0.0358T0-0007  0.5311F(0-051%
FFN o.0.d. test, single  0.0083+0-0003 0.009810:000 004220050 0.04097 50007 - 0.4720%0 0257
RES o.0.d. test, single  0.008370000% 00090700003 *0.0364700027  0.04221000% - *0.51657) 0330
PIM iid. test, Timpe  0.2088T00000 0.1925T0:0000 0.369170.0000 02880700000 - 0.1667-0-000
LIN iid. test, Timpe  0.0518¥0 000 0.0473100002 0.210579000 0.16937 00002 - 0316070001
FEN iid. test, Timpe  0.01327 0000 0.014415:0002 0.087715:0017 0.063175:900¢ - 0.46757 90039
RES Lid. test, Timpe  *0.012670000%  0.01411)-000¢  *0.084010-00%7  0.06287 000 - 0.4690+(-002¢

3.2 ML experiments

Below we present our results for the experiments described in
Section 2.2.5. Results indicated by * are statistically significant (p <
0.05) according to a Wilcoxon test when comparing FFN with RES
for the respective experiments.

3.2.1 Performance

We compare commonly used methods for planetary collision treat-
ment with our proposed RES model and summarize the results in
Tables 5 and B2. Our o0.0.d. test set consists of data points within
manually selected regions in the impact angle — impact velocity space
(dashed regions in Fig. 7).

All deep learning models outperform the PIM and LIN baselines
by a large margin. Improved performance over PIM was expected,
since it is an analytic model that applies very simplistic assumptions
on collision dynamics. However, we still regard PIM as a useful
method in case of limited computational resources. Improved results
over the LIN baseline were also expected since it assumes that the
data are linearly dependent. RES perform best amongst the deep
learning approaches that we studied, significantly outperforming the
FFN baseline, also illustrated in Fig. 6. In general, our deep learning
models generalize well to the 0.0.d. test set, indicating that they might
even generalize beyond our covered parameter space (Table 1). RES
consistently outperforms the FFN baseline in terms of RMSE on the
0.0.d. test set.

We do not observe performance gains when using intermediate
states as additional labels during training. We observe a shrinkage
effect (regression to the data set mean) in model predictions when
using intermediate states, which may harm performance measured
on the final state. Moreover, non-converged intermediate states may
have a relatively high labelling noise due to the discretization into
remnants, potentially making intermediate states more difficult to
predict compared to final states. We also believe that intermediate
macro states are somewhat redundant, unless operating on a micro-
scopic scale, i.e. directly learning from SPH particle representations
or similar.

MNRAS 520, 1224-1242 (2023)

0.050
0.045
0.040 Mg
o |\
£ 0.035 R
x| N
FFN tralln [T
00304, —— RES train o
------- FFN vali VNN
—— RES vali
00251 ... FFN test
—— RES test
0.020 -— ;
0 1000 2000 3000 4000 5000

epoch

Figure 6. Learning curves depicting the training, validation, and test perfor-
mance for our multi-task objective. RMSE is measured on the final state (1 =
T). Shaded regions indicate the minimum and maximum performance over
the five crossvalidation folds. Performance increases significantly during the
first 1000 epochs before converging. RES significantly outperforms the FFN
baseline.

Direct prediction of final states with FFNs only allows analysis of
hidden representations, which are typically too abstract to interpret
due to their high-dimensional, learned nature. In addition to the
analysis of hidden representations, our RES architecture allows
analysing predicted intermediate states, opening up an entry point for
interpreting model predictions in more detail. This is also illustrated
in Fig. B1. Although our learning objective contains no incentive for
predicted remnant trajectories to align with ground truth trajectories,
we observe spatio-temporally continuous transitions from initial to
final states. This indicates that steps in RES may correlate to the
temporal evolution of the physical system to a certain extent, even
though our results do not allow for strong conclusions.

We also train our ML models on the planetary collision data set
provided by Timpe et al. (2020a, b; single-task setting) and report
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Table 6. Number of learnable parameters and number of optimized hyper-
parameters of our methods, as well as typical computation times for data
generation, training, and inference on the same hardware (GPU: Nvidia GTX
1080Ti). 74 and t; are the average computation times for generating one
data point and model inference for one data point, whereas 7, is the total
wall-clock training time for fivefolds, each having 5000 epochs. The required
time for data generation is tp = N X 74 and takes the largest part of the
overall computational budget. s, is the number of RES model steps taken per
simulated hour.

Method #Param  #Hyper T4 7y T

PIM 0 0 - - <ls
LIN 729 0 0.75h <ls <ls
FFN 22203 2 0.75h 11.95h <ls
RES, s, =1 64417 3 0.75h 3351h <ls
RES, s, =2 64417 3 0.75h 44.78 h <ls
RES, s, =3 64417 3 0.75h 56.45h <ls
RES, s, =4 64417 3 0.75h 66.74 h <ls
SPH 0 ~5 - - 0.75h

Table 7. RMSE of deep learning models on the fixed-size 0.0.d. test set when
using 100 per cent, 50 per cent, and 25 per cent of training data. RES requires
50 per cent less data to achieve similar performance compared to FEN.

Method 100 per cent data 50 per cent data 25 per cent data
+0.0008 +0.0004 +0.0012
FFN 0.0408 5 3000 0.04427 5 0005 0.0516" 013
0.0009 0.0009 0.0013
RES *0.03647):00%0 *0.03981) 0013 *0.046910 0010

performance results on the independent and identically distributed
(i.i.d.) test set in Table 5. Without performing any additional
hyperarameter finetuning, we observe that RES outperforms the other
baseline methods in all sub-tasks, verifying that our RES model is
data set-agnostic. However, our results are not statistically significant
for 2/4 subtasks.

3.2.2 Efficiency

‘We report the required computational resources of our methods in Ta-
ble 6. As expected, PIM marks one extremum of the accuracy-speed
trade-off, requiring the least amount of computational resources. On
the other hand, SPH marks the other extremum, scaling badly with m
(see Section 2.2.6). ML models cover intermediate trade-off regions,
depending on the model class and hyperparameter choices. ML
models are approximately 4 magnitudes faster in inference compared
to SPH (both running on a single GPU), allowing ML models to
be efficiently used in large-scale planetary evolution simulations.
Considering the results from Table 6, for our deep learning models
it holds that N x 7, > 7, > N X t; for N = 10164. This indicates
that the most effective way to save computation when using ML is
by requiring less training data, i.e. small N. However, using less data
will inevitably lead to worse performance in terms of RMSE and to
degrading generalization.

Therefore, we perform ablation studies using different training
data set sizes to investigate data-efficiency of our deep learning
models and report the corresponding o.0.d. test performances in
Table 7. The results indicate that RES requires 50 per cent less data
to achieve comparable performance to the FFN baseline. In other
words, using RES is much more efficient than the FFN baseline
in the case of comparable performance. Once trained, ML methods
are practically as fast as PIM, while maintaining high prediction
accuracy.
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Table 6 also summarizes the number of learnable parameters and
the number of model class hyperparameters of all collision treatment
methods we studied in this work. ML training requires additional
hyperparameters such as bs, ), wd, and ng,q. The number of learnable
parameters for LIN is fully determined by the ML task, i.e. the
dimensions of input and label vectors. For deep learning methods,
the number of learnable parameters depends on the hyperparameter
choices that ultimately define model architectures. We optimize
hyperparameters w.r.t. validation performance and perform extensive
ablation studies for both FFN and RES to verify their optimal
hyperparameters. We consider the reported model capacities (i.e. the
number of learnable parameters) to be optimal in terms of validation
performance for our data. We find that the optimal FFN architecture
requires less learnable parameters compared to the optimal RES
architecture. In particular, increasing FFN’s size does not improve
its prediction performance anymore. We refer to Section B2 for more
details about hyperparameters. The number of hyperparameters for
the direct-SPH method accounts for the most important method-
specific aspects such as the smoothing length and settings related to
the equation of state of the simulated material.

We study the effects of multi-task learning and single-task learning
on model performance and report ablation studies in Table 5.
Multi-task learning is computationally more efficient by design
(i.e. prediction speed and required parameters), requiring only a
single model for predicting several different modalities. However, we
observe a performance decrease when comparing multi-task learning
(one model with four tasks) to single-task learning (four models, each
with one task) in favour of single-task learning for both FFN and RES.
We perform statistical significance tests (Wilcoxon) between single-
task and multi-task experiments. We find single-task significantly
(p < 0.05) outperforms multi-task for almost all subtasks for both
FFN and RES. Two exceptions are performances for the position
and velocity tasks on the o.0.d. test set for the RES model. We
conclude that our hypothesis of improved generalization due to
mutual benefit via exploiting shared representations does not hold
in our experiments. Since we optimized model hyperparameters for
the multi-task setting, single-task models might be even better with
further finetuning. RES outperforms FFN in 4/4 subtasks for multi-
task learning, but only in 2/4 for single-task learning, indicating that
RES benefits a bit more from multi-task learning.

We verify that our regression-approach is suited to perform clas-
sification of different collision scenarios as a post-processing step,
avoiding the need for two-step classification-regression approaches.
Classification accuracies are calculated on top of regression results
w.r.t. the six different classes as defined in Table 4. Balanced
accuracies are reported in Table 5. Fig. 7 visualizes predicted
collision outcomes based on predicted masses of the largest and
second-largest remnants.

We observe that our ML models typically tend to mispredict
actual accretion scenarios as hit-and-run, ultimately resulting in
misclassifications in post-processing. This is pronounced for low-
velocity (close to v ) collisions, and particularly for lower impact
angles (<30°), and directly visible when comparing Figs 7 and 5.
We assume that this mistreatment stems from the relative under-
representation of accretion scenarios in our data (see Table 4),
which results in models having poor classification performance for
the respective scenarios. This is a common problem in imbalanced
classification tasks and can be tackled with different approaches such
as generating more data for under-represented classes, oversampling
of under-represented classes, regularizing the model during training,
or introducing problem-specific model architectures. Note that the
balanced accuracy score succeeds in reflecting the reduced classi-
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Figure 7. Classification results on validation and o.0.d. test data using
predicted remnant masses of the RES model. Data points for validation are
obtained by combining the respective validation splits that originate from
different crossvalidation folds, whereas 0.0.d. test set regions are marked with
dashed boxes. The model learned to differentiate between typical collision
scenarios/outcomes and generalizes to the 0.0.d. test set.

fication performance on under-represented classes. In contrast, the
unbalanced accuracy score typically tends to be much higher, since
under-represented classes are not accounted for properly.

4 CONCLUSION

We perform N-body and SPH simulations to tackle the problem of
accurate and fast treatment of planetary collisions with ML methods.
We use the SPH data to employ a simple but problem-adapted ML
model for predicting masses, material fractions, positions, and ve-
locities of the two largest post-collision remnants and the remaining
debris. Our model helps the modelling of temporal dynamics by
evolving system states in an autoregressive manner, which closely
resembles the data-generating process. The model allows for flexible
prediction of post-collision states at different times and can be
employed for collision treatment within existing N-body simulation
frameworks.

We summarize our experiment results by comparing the perfor-
mance of our two best methods, the FEN baseline and our proposed
RES model, for all experiments on the respective test sets. We
count a total of 24 comparisons. RES outperforms FFN in 20/24
cases. In 13/20 cases for RES and 0/4 cases for FEN, improvements
are statistically significant (p < 0.05). Moreover, RES is also
more data-efficient, achieving similar performance while requiring
approximately half as much data compared to FFN. Although multi-
task learning is more computationally efficient than single-task
learning, we do not observe improved generalization induced by
shared representations.

We demonstrate that the FEN baseline is outperformed by our
RES model due to its problem-adapted algorithmic bias (i.e. its
autoregressive structure), which is better suited for modelling the
underlying physical processes in planetary collisions over time (see
also Section 2.2.2). The optimal RES architecture requires more
learnable parameters than the optimal FEN architecture because RES
consists of three neural network modules, whereas FFN consists of
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only one module. However, we find that increasing FFN’s size does
not increase its performance anymore. This finding indicates that
the performance improvement from RES originates from its better
algorithmic bias rather than from its relatively larger number of
learnable parameters. Moreover, the superiority of RES is apparent
in both our own data and data from Timpe et al. (2020b), indicating
a general trend rather than a data-specific effect.

Measuring the actual effects of systematic errors induced by ML
model predictions still remains an open topic in the context of
planetary formation and evolution modelling. Thus, a natural follow-
up work could be to test various ML methods for collision treatment
in such simulations.

Beyond studying the basic task of collision outcome prediction,
our data and methods also open up further interesting lines of research
related to planet formation in general. This includes studying inverse
problems or focusing on specific collision scenarios (Canup, Barr &
Crawford 2012; Chau et al. 2018). Other possible directions are
the extension of our methods to different regimes such as small
bodies or objects including (proto-)atmospheres, probably requiring
to extend the underlying physics model. The latter can include more
sophisticated equations of state for more realistic thermodynamics
and advanced models for material strength to accurately simulate
solid-body behaviour.

ML models might benefit from learning directly based on mi-
croscopic representations, i.e. fragments or even down to the SPH
particle level, and thereby improve aspects regarding generalization
and interpretability. Incorporating certain aspects like symmetries,
conserved quantities, and sophisticated numerical approaches that
have been developed in recent years (Chen et al. 2020; Alet et al.
2021; Hoedt et al. 2021; Satorras, Hoogeboom & Welling 2021;
Brandstetter et al. 2022) could be promising directions for further im-
provements of ML architectures. For example, graph neural networks
(GNNs; Scarselli et al. 2009; Defferrard, Bresson & Vandergheynst
2016; Kipf & Welling 2017) and regression forests (Ho 1995) have
been successfully applied to the approximation of numerical simu-
lations (Ladicky et al. 2015; Martinkus, Lucchi & Perraudin 2020;
Pfaff et al. 2020; Sanchez-Gonzalez et al. 2020; Mayr et al. 2021).
Efficient ML approaches begin to replace traditional PDE solvers
in the context of hydrodynamic simulations (Li et al. 2020a,b).
Residual neural networks (He et al. 2016) showed promising results
in modelling complex dynamical processes by formulating the neural
network layer-structure as a continuous-depth model (Queiruga et al.
2020) in the context of neural ODEs (Chen et al. 2018; Kidger 2022).
ML methods allow accurate collision modelling at scale, while at the
same time being orders of magnitude faster compared to classical,
non data-driven approaches.
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APPENDIX A: SPH DATA SET DETAILS

A1 Technical details

We use three Nvidia GeForce GTX1080 Ti (11 GB) GPUs for the
generation of SPH collision data. The total computation time can be
split up into pre-processing, SPH simulations, and post-processing.
Pre-processing and post-processing are performed on the CPU,
whereas SPH simulations are performed on the GPU. The average
computation times per simulation (average over 10 164 simulations)
in these categories are 169 s, 42 min, and 4.8 s using a single GPU,
which resulted in approximately 317 GPU days for the entire SPH
data set. Similar computation times hold for the N-body data set (see
Section 2.1.1) from Burger et al. (2020b).

The relatively large number of data points (one data point
corresponds to one simulation) does not allow for high-resolution
runs due to hardware limitations. We perform data reduction
on the fly to significantly reduce the memory footprint from
approximately 200 TB of raw data. After post-processing, in-
dividual simulation runs require less than 2 MB of storage
space. The complete data-set requires about 12.2 GB of storage
space.

We performed a total of 10 794 SPH simulations. 630 of those runs
failed, mostly because they ran into numerical issues either in the
setup script or during the actual simulation with mi luphcuda. The
density of failed runs is higher in the disruption regime compared to
other regimes due to excessively small time-steps (via the adaptive
time integration). This tends to be more likely in the disruption
regime, where very high pressures are more common. We end up
with 10 164 valid simulations for our data set. Note that due to the
inhomogeneous distribution of invalid simulations, the distribution
of valid simulations is also somewhat inhomogeneous, leading to a
slightly worse coverage of high-velocity, low-impact-angle scenarios
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(see Fig. Al). We keep configuration files of invalid simulations for
possible future data analysis.

A2 Pre-collision spin

Let us consider a single rotating body, consisting of n SPH particles.
The rotation axis can either be defined in spherical coordinates
(radius r, azimuth ¢, polar angle 6) or in Cartesian coordinates
(x,y, 2

x = r cos(¢) sin(0) (A1)
= r sin(¢) sin(0) (A2)
= r cos(d) (A3)

In our case, ris either the length of the angular momentum vector
L, or the rotation period Py.

Z:Z?l x(m,- l_},) (A4)
i=l1

Here, m;, ;, and v; refer to the masses, positions, and velocities
of individual SPH particles w.r.t. the barycentre of the object. The
critical rotation period Py it 18 defined such that a test mass at the
surface of the (idealized spherical) body is weightless according to
Kepler’s third law:

[4m2r3 2
Prot,cril = Gm = w (AS)
crit

Here, r, m, and G refer to the object radius, its mass, and the
gravitational constant. For data set generation, the rotation speed
(angular velocity) @ is randomly sampled between @ = 0 and
o = 0.2 X i, whereas the rotation axis is randomly sampled
in Cartesian coordinates.

impact velocity [Vesc]

impact angle [deg]

Figure Al. Distribution of invalid simulation runs. The chance that miluphcuda suffers from numerical issues is increased for collision scenarios with high

velocities and low impact angles.
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APPENDIX B: MACHINE LEARNING

B1 Rotation equivariance

An optional rotation module can be used as a pre- and post-processing
step. The module rotates the system in the 3D domain, making the ML
models equivariant to rotations. Thus, the models are geometrically
consistent and do not require to spend their capacity on learning to
be rotation equivariant. We propose to rotate and de-rotate the entire
system before and after applying learnable modules.

y =rot (5, R;) (B1)
W= (0T, @) (B2)
30 =rot ([, R") (B3)

rot refers to the rotation module, f is an ML model with its
respective learnable parameters ®, and § refers to systems with
any orientation, whereas y have a fixed orientation. We calculate a
rotation matrix R; for each data point such that the system is rotated
into a fixed basis. The pre-rotation basis is given via the impact
geometry and is calculated as follows (see Fig. 3):

-

v . ey X T . ey X &

é (B4)

= = €] = = S € = 5——=—
[v] leo x 7] leo x e
v and r are the relative velocity and relative distance vectors
between the projectile and the target. The rotation matrix R; is chosen
as the inverse of the pre-rotation basis:

—1
€00 €01 €02

Ri = |ewenen (B5)
€30 €21 €22

The rotation module can be easily embedded into ML frameworks
for collision treatment.

B2 Miscellaneous

Table Bl summarizes optimized hyperparameters for our deep
learning models. Formally, model architectures can also be inter-
preted as hyperparameters. We tested a handful of different possible
architectures and performed ablation studies before settling on the
best-performing architecture, which is presented in the main text.
For FFN, we tested a residual neural network approach and different
activation functions.

We studied LSTMs (Hochreiter & Schmidhuber 1997; Hochreiter
1998; Gers etal. 1999) in-depth and investigated the following setups:

(i) Direct prediction of final states without Euler updates for study-
ing performance of direct predictions versus relative predictions.

(i) LSTM without forget gate for mitigating the vanishing gradi-
ent problem.

We also investigated several different GNN architectures (Scarselli
et al. 2009; Defferrard et al. 2016; Kipf & Welling 2017). Our best

Table B1. Model-class hyperparameters for deep learning collision
treatment approaches. Hyperparameters are optimized w.r.t. validation
performance.

Method Description Value
FFN Number of layers 8
FFN Hidden state size 56
RES Number of steps per simulated hour 4
RES Number of layers for each module E, R, and D 3
RES Hidden state size 64

MNRAS 520, 1224-1242 (2023)
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architecture was a latent GNN (Dong et al. 2019), which slightly
outperformed the FFN baseline. For the GNN, we investigated
several architecture variations that use the initial SPH representation
in combination with clustering approaches. These variations were
mostly inspired by the architecture of Sanchez-Gonzalez et al.
(2020). Increasing the number of graph nodes may require hier-
archical graph structures (Martinkus et al. 2020; Rampések & Wolf
2021) to account for learning long-range interactions such as gravity.

For the weight-tied residual network RES, we tested state updates
via the Bulirsch-Stoer method (Stoer & Bulirsch 1980; Press,
Teukolsky & Vetterling 1992) instead of the classical Euler update,
but we did not observe any improvements.

Preliminary investigation of predicted water mass fractions did
not allow for in-depth analysis of generalization to the low-water-
content regime (i.e. { water < 0.1), because model predictions were too
inaccurate.

We summarize the training and validation performance of our ex-
periments in Table B2 . Results are consistent with the corresponding
test results, which can be found in Table 5.

We provide pre-trained FFN and RES models for direct integration
into existing N-body frameworks. We train these models using the
entire development set (i.e. training + validation data) and report
their performance in Table B3.

B3 Incorporation of ML models into N-body frameworks

All our models can in principle be employed for collision treatment
within existing N-body simulation frameworks. In the following, we
list some important aspects related to implementation and technical
details thereof:

(1) As our data are highly imbalanced (see Fig. 7 and Table 4),
different use cases might require re-training the ML model using
different data subsets. This benefit might be especially true for
classification accuracy, which is sensitive to class-imbalances. Note
that using the entire data set might lead to miss-classifications of
collision outcome types (e.g. compare Fig. 7 versus Fig. 6). Also,
depending on the use case, one might want to incorporate additional
restrictions (such as imposing conservation laws) as post-processing
step on top of model predictions. Further details are elaborated in
Section 2.2.1.

(ii) Our models require consistent input features, produced by
collisions that lie within our parameter space as defined in Table 1.
Having consistent input features also includes applying the identical
pre-processing pipeline (e.g. the numerical scaling of features) in
analogy to the pre-processing pipeline that is used for model training.
We believe that producing consistent input features is the most
error-prone process when implementing ML methods for collision
treatment. For sophisticated frameworks or if 0.0.d. data points are
expected to be common, one may even consider applying anomaly
detection methods to check for potential invalid inputs.

(iii) Note that we define the onset of the collision process before
objects come in direct contact in order to include tidal effects.
This should be considered for triggering collision events in N-body
frameworks. We propose taking two measurements, one when tidal
interaction begins, and another one once the objects come into direct
contact (cf. Fig. 3). We initialize the colliding bodies at a distance
of diniiat = fi X (R, + R,). R, and R, are the target and projectile
radii, while the initial distance factor f; is a hyperparameter (between
f; =3 and f; = 7 for our data). Therefore, reasonable estimates of R,
and R, might be required to define the first measurement in N-body
simulations.
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Figure B1. Visualization of predicted intermediate states (in red) of our RES model for four different data points of the o0.0.d. test set. Each plot depicts
two predicted trajectories, where one corresponds to the largest remnant (solid) and the other one to the second-largest remnant (dotted). Final positions are
indicated by red dots (predictions) and black crosses (ground truth). Ground truth initial positions are indicated by the starting point of the respective predicted
trajectories. Final velocity vectors (for both prediction and ground truth) are indicated by blue arrows for all objects. Note that projectiles are flying into the
negative y-direction initially and the x—y plane is the main collision plane. The labels indicate the initial conditions (mass in units of 10% kg, cf. Table 1).
We find that z-components (which are caused by rotating bodies) were quite significant in many simulations. Prediction performance in the z-component is
comparable to the x- and y-components. We observe spatio-temporally continuous transitions from initial to final states, possibly indicating a correlation to the
temporal evolution of the physical system to a certain extent. The first four panels were cherry-picked for predicted positions in the x—y plane. The last two
panels visualize typical failure cases of model predictions, where positions and velocities of the second-largest remnants are poorly approximated.
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6. Residual neural networks for the prediction of planetary collision outcomes

Table B2. Training and validation performance (RMSE and balanced accuracy, both measured on the final state) of different approaches for planetary
collision treatment. Classification is performed as a post-processing step on top of predicted masses. We assume the SPH simulation data to be the ground
truth. For single-task learning (lower half of the table), each entry corresponds to the performance of individually trained ML models and column headers
indicate optimized tasks, respectively. We use data from Timpe et al. (2020b) to obtain results in the lower half. Best results are indicated in bold, whereas
* indicate statistically significant results according to a Wilcoxon test (comparing FFN and RES). Our proposed RES model outperforms the other baseline

methods in most experiments.

Position

Velocity

Total

Accuracy

Method Split Mass Material
o Training 0138850001 0.0619 506}
LIN Tainng 004417000 00280750
FEN Training 0.006070 0004 0.0115+90002
RES Training * 0,00471'8:338} *0'0108-:8:833%
PIM Validation 01388700033 0.061915:0008
LIN Validation 0.044310-0002 0.028010-000%
FEN Validation 0.00661 50003 0.011715:0002
RES  vaidaion 00052 coonnnshy
PIM Training, Timpe ~ 0.20800-0003 01933700009
LIN Training, Timpe 0.0528+0:0009 0.0493 +0-0004
FEN Training, Timpe 0.0124+9:9903 0.0145+0-0002
RES  Training Timpe 0012 0003850002
PIM Validation, Timpe ~ 0.208070001 0.193319-0032
LIN Validation, Timpe ~ 0.0529000053 0.049510-001
FEN Validation, Timpe ~ 0.013700058 0.0155+0-0009
RES Validation, Timpe ~ *0.013070-0017  0.0152(-0003

0.40550 0008
0.1617* 5300
0.0403+0:0007
0072
0.4056 300
0.1619"9 %28
0.042010:0016
0020
035080017
0.2040+0:0013
0.07579 %97
"0.0658"0 10

+0.0056
0.35987 0077

0.0046
0.20441 0 00c
0.0056
0'08344:0.0025

0.0054
0.08261 0032

0.44111000%
0.1579700014
0.0446 0007
0,033
0.44115:0687
0.158170%%8
00458413
00382
0.28975:0017
0.16915:0007
0.0589(:0003
*0-0548+0'0007

—0.0007

-+0.0066
O'2897—0.0070

0.0043
0.1695% ) 0otz
+0.0024
0.06420-00%9

0.0028
0.06491 00015

0.3619™00009
0.1375%5.6007
0.03670 5003
007224
0.361900030
0,137+
003794
0030930

+0.0000
0.1 667+0.0000

0.22960 058
0.442215 047%
o525t
0.1667 50000
0.2380°005%5
045584
*0.538170-0438
016675 0000

+0.0063
0.301 9—0A0037

+0.0040
0.417275 0040

+0.0063

*0.42527 5 0050

+0.0000
0. 1667+0.OOOO

+0.0181
0.301075 0105

+0.0163
0.4196*99163
+0.0059
0.426570-00%

Table B3. Performance of provided pre-trained models.

Method Split Mass Material Position Velocity Total Accuracy
FFN Development 0.0055 0.0111 0.0399 0.0442 0.0364 0.4535
RES Development 0.0046 0.0108 0.0273 0.0341 0.0273 0.5035
FFN 0.0.d. test 0.0119 0.0120 0.0483 0.0432 0.0405 0.5593
RES 0.0.d. test 0.0104 0.0125 0.0375 0.0425 0.0357 0.5091

(iv) Collisions can happen at arbitrary orientations. We provide
a rotation module to account for rotation-equivariance of our ML
models. We recommend re-training ML models using data aug-
mentation (i.e. randomly rotating the systems) in combination with
the rotation module as a sanity check for guaranteeing rotation-
equivariance. Note that all ML models in this paper were trained
without using the rotation module, i.e. projectiles flying into the
negative y-direction initially, where the main collision plane is the
x—y plane. Our data pre-processing is also specifically adjusted
for this fixed-orientation setup, i.e. different axes getting scaled
differently in order to account for the variability in the respectiv
e directions.

MNRAS 520, 1224-1242 (2023)

(v) Our ML models can be ran on CPUs if using GPUs is
unfeasible or none are available. We estimate that CPU inference
times Ty are in the order of 1-10s.

(vi) As discussed in Section 2.2.5, extracting reliable post-
collision rotation states from our data remains an open issue,
potentially restricting the full usability of our ML models in N-
body simulations, specifically for full tracking of rotation states over
several collisions. However, once post-collision rotation states can
be extracted reliably from collision simulations, they can be easily
incorporated into our multi-task regression objective.

This paper has been typeset from a TgX/I4TgX file prepared by the author.
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Conclusion

7.1. Summary & Interpretation

In this thesis, we conducted an exhaustive study of collisions
within planetary systems by employing advanced compu-
tational modeling techniques. We developed and utilized
methods that effectively manage large-scale data in a system-
atic and insightful manner. Key findings from this research
include precise estimations of collision geometries, detailed
analyses of collision outcomes, and the exploration of com-
plex relationships through parameter studies. Additionally,
we advanced the field by enhancing computational modeling
techniques for numerical simulations and machine learning,
while also generating extensive, high-quality datasets.

Our results imply that modern computational methods pro-
vide a scalable and efficient framework for both generating
and analyzing large-scale data in the field of theoretical astro-
physics for planetary collisions. These methods have proven
adept at accurately capturing the complex physical interac-
tions that are inherent in such collisions. Our results support
the efficacy of modern ML and DL approaches, affirming that
data-driven models have secured a significant role within a
field traditionally driven by analytic modeling methods.

From an astrophysical perspective, our findings confirm and
support well-established theories and interpretations regard-
ing planet formation and evolution. In contrast to previous
work, we underlined the importance of large-scale parameter
studies, which, when distilled through modern ML methods,
reveal insights not previously accessible with traditional
approaches. However, we acknowledge that the integration
of these advanced computational methods introduces an ad-
ditional layer of complexity, which might not be immediately
intuitive or accessible to many astronomers.

We acknowledge that our work presented in Chapter 3 has
some conceptual weaknesses. We did not thoroughly vali-
date the distribution of measured initial conditions obtained
from our genetic algorithm (GA) by utilizing results from

7.1 Summary & Interpre-

7.2 Implications &

Outlook
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long-term n-body simulations. Moreover, we did not per-
form ablation studies for how strongly the overall outcomes
were affected by the dynamics of the GA versus the n-body
simulations (for measuring fitness). We thus can not guar-
antee that our approach led to an unbiased estimation of
plausible initial conditions. It is possible that the GA induced
a selection bias towards trivial solutions while somewhat
neglecting orbital dynamics of projectiles.



7.2. Implications & Outlook

7.2. Implications & Outlook

Although numerical simulations are well-established in mod-
ern astrophysics, usage of ML just started to gain traction
recently. In contrast to other fields like computer vision and
medicine, ML in astrophysics has still a long way to go in or-
der to catch up with the latest methodological innovations.

Our work can be extended to different scales ranging from
micro-meteorites to collisions involving gas giants or stars.
Moreover, the usefulness of our approach presented in Chap-
ter 6 still has to be verified in the context of planetary evo-
lution studies. Depending on available hardware and the
specific domain, ML methods can be further improved and
adapted to meet certain criteria such as uncertainty estima-
tion of predictions or improved predictive accuracy. Our data
can also be used for generative modeling, thereby serving as
a foundation for a new kind of simulation environment.

Adaptation to handling ever-growing amounts of data re-
quires more interdisciplinary cooperation, as well as special-
ized education of individual researchers. The insight that
completely different fields suffer from identical data-analysis
problems might act as a worthwhile stepping stone for future
innovation.

I am confident that the research presented herein is able
to inspire the next generation of scientists to explore the
hidden treasures of planet formation. While I may not view
myself as a leading figure in astrophysics, I do consider
myself as one of the few people who have ventured to
integrate machine learning with the aim of providing a
fresh perspective on new research pathways. Although my
personal journey had significant detours and felt hopeless at
times, my deep fascination for nature always kept me going
towards something meaningful.
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