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What’s reality? I don’t know. When my bird was looking
at my computer monitor, I thought, “That bird has no
idea what he’s looking at.” And yet, does the bird panic?
No — he can’t really panic; he just does the best he can. Is
he able to live in a world where he’s so ignorant? Well,
he doesn’t really have a choice. Usually, the bird’s okay
even though he doesn’t understand the world. You’re that
bird looking at the monitor, and you’re thinking to
yourself, “I can figure this out.” Maybe you have some
bird ideas. Maybe that’s the best you can do.

Terry A. Davis (abridged)
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Introduction

This thesis contributes to the study and classification of log del Pezzo surfaces with torus action
on the one hand and to the theory of convex polygons on the other. A del Pezzo surface is a two-
dimensional Fano variety, i.e. a normal projective surface X with ample anticanonical divisor
—Kx. The smooth del Pezzo surfaces are classically known — they are either P* x P! or the
blow-up of P? in up to eight points in general position. The singular ones form a much larger class
and are an area of active research. A common restriction is to consider log terminal singularities,
which means that all discrepancies of a resolution of singularities are greater than —1. A log del
Pezzo surface is a del Pezzo surface with at most log terminal singularities.

Focusing on del Pezzo surfaces with torus action allows the use of explicit methods. In the toric
case (with an effective action of C* x C*), these surfaces can be described combinatorially by
LDP polygons, which are convex lattice polygons with primitive vertices having the origin in
their interior. Toric surfaces are log terminal and the geometry of a toric log del Pezzo surface
is closely connected to combinatorial properties of the LDP polygon. The other case is that of
C*-surfaces, where the action has complexity one. In this case, a combinatorial description via
toric ambient varieties and Cox Rings is available [28, 32, 33], see also [2, Section 5.4].

A priori, the class of singular log del Pezzo surfaces is unbounded. In order to obtain finite
classifications, one imposes suitable conditions on the singularities. A common approach is to
require that the singularities are at most e-log canonical, for some real number € > (0. This
means that all discrepancies of a resolution of singularities are greater or equal to € — 1. It is
known that for fixed ¢, there are only finitely many families of e-log canonical del Pezzo surfaces
[1]. Alternatively, one can impose bounds on the Gorenstein index, which is the smallest positive
integer ¢ such that «Kx is Cartier. A log del Pezzo surface of Gorenstein index ¢ is also %—
log canonical, hence there are only finitely many families of log del Pezzo surfaces with fixed
Gorenstein index.

For a toric surface associated to an LDP polygon P, its Gorenstein index equals the smallest pos-
itive integer ¢ such that «P* is integral, where P* is the dual polygon. Kasprzyk, Kreuzer and
Nill [36] used this description to obtain a classification algorithm of toric log del Pezzo surfaces,
which they ran up to Gorenstein index 17. More recently, Biuerle [ 1 1] classified Fano simplices,
which correspond to toric Fano varieties with Picard number one. In particular, he classified the
toric log del Pezzo surfaces of Picard number one with Gorenstein index at most 1000. We con-
sider the case of Picard number two and contribute the following result, see Classification 2.5.1.

Theorem 1. There are exactly 15669 466 isomorphism classes of toric log del Pezzo surfaces of
Picard number two with Gorenstein index at most 500. The number of isomorphism classes for
given Gorenstein index develops as follows:
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Similar to the Gorenstein index, the log canonicity of a toric surface can also be described by
its defining LDP polygon P: The surface is %—log canonical if and only if P° N kZ? = {0}.
Equivalently, the toric %—log canonical del Pezzo surfaces are in one-to-one correspondence with
the rational polygons P such that P° N Z? = {0} and kP is an LDP polygon. In the joint work
[27], a classification of %—log canonical del Pezzo surfaces with torus action was given. In the

toric case, we are able to extend this result as follows, see Classification 1.5.6.

Theorem 2. Below are the numbers #(k) of LDP polygons P such that P° N k7Z? = {0}, up
to unimodular equivalence. Moreover, N (k) is the maximally attained number of vertices and
M (k) the number of maximizers. Equivalently, #(k) is the number isomorphism classes of toric
%-log canonical del Pezzo surfaces and N (k) — 2 is the maximally attained Picard number.

k|1 2 3 4 5 6
#(k) | 16 505 48032 1741603 154233886 2444400116
Nk)| 6 8 12 12 16 18
M) | 1 1 1 20 1 1

For k € {1,2,3,5,6}, the unique vertex maximizers are the following:




Somewhat surprisingly, for k = 4, there are 20 vertex maximizers:
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In fact, this result is part of a series of classifications of rational polygons by their denominator
and number of interior lattice points. We say a polygon P C R? is k-rational, if kP is a lattice
polygon, i.e. has integral vertices. It follows from the volume bounds of Lagarias and Ziegler
[41] that up to lattice automorphism, there are only finitely many k-rational polygons with fixed
number ¢ of interior lattice points, provided ¢ > 1. For ¢ = 0, there are still only finitely maximal
k-rational polygons, i.e. which are not strictly included in another k-rational polygon with equal
number of interior lattice points, see [5]. For lattice polygons (k = 1), Castryck [19] gave a
recursive classification algorithm, which he ran up to < = 30. For higher values of k, we contribute
the following classifications, see Theorem 1.1.1.

Theorem 3. The numbers of k-rational polygons with i interior lattice points are given by the
Jollowing table. Each cell contains the number of maximal polygons on top, the number of distinct
Ehrhart quasipolynomials in the middle and the total number of polygons below. For i = 0, only
the polygons which cannot be realized in R x [0, 1] are counted.



kli—o 0 1 2 3 4 5 6
1 3 4 6 9 11 3
1 1 7 8 10 12 14 16
1 16 45 120 211 403 714
4 10 25 33 63 106 178
2 34 270 586 1060 1701 2525 3577
79 5145 48639 249540 893402 2798638 7299589
14 39 146 303 687 1452
3 803 8124 25892 62347 124021 218169
6723 924042 17656886 156777687 909056858 4211988753
39 145 670
4 18916 320256 1593475
399294 101267212 3452922966
134 698
5 253631 5034566
18935385 8544548186
299
6 8930335
820697679

Having access to this large dataset has lead to new theoretical insights about the Ehrhart theory
of rational polygons. In particular, we are able to provide generalizations of Scott’s inequality as
well as Pick’s formula to the rational setting. Recall that for lattice polygons, Scott’s inequality
[51] says that the numbers ¢ and b of interior and boundary lattice points satisfy b < 9 fors =1
and b < 2¢ 4 6 for ¢ > 2 and this bound is sharp. In the following, the denominator of a rational
polygon P is the smallest positive integer k such that it is P is k-rational. See also Theorem 1.1.2.

Theorem 4. Let P be a rational polygon of denominator k > 2 with i > 1 interior and b
boundary lattice points. Then b < (k+ 1)(i + 1) 4+ 3 and equality holds if and only if P is affine
unimodular equivalent to the triangle conv ((0, 1), (0, —1), ((k +1)(i + 1), —1)).

Next, recall that Pick’s formula [47] states that the area of a lattice polygon with ¢ interior and b
boundary lattice points equals 7 + % — 1. For rational polygons of denominator at least two, fixing
¢ and b no longer uniquely determines the area. Instead, we contribute the following sharp lower
and upper bounds, see Theorems 1.1.3 and 1.1.4.

Theorem 5. Let P be a rational polygon of denominator k > 2 with i > 1 interior and b
boundary lattice points. Set bya = (k+1)(i+1) +3. IfQ := conv(P NZ?) is two-dimensional
and b > 2, we have

ik+1)+1 4 b

P) > - —1.
area(P) > 5% 5
Moreover, if dim(Q) < 2, we have b < 2 and
1 3 _
e 0
area(P) > %4—#, b=1
i 1

Theorem 6. Let P be a rational polygon of denominator k > 4 with i > 1 interior and b
boundary lattice points. Set byax == (k+ 1)(i + 1) + 3 and b := bpax — b. Then

) b S {bmaxa bmax - 1}
+k(b—2)), 1<b< bpay—2
+k

b
2k?area(P) < k(k+1)%(i+1) — (



We return to the classification of log del Pezzo surfaces with torus action. To gain yet another
perspective, we will study extensively the Picard index, i.e. the index of the Picard group inside
the divisor class group. Note that the Gorenstein index divides the Picard index, hence there are
only finitely many log del Pezzo surfaces with fixed Picard index. We will prove the following
formula, which relates the Picard index to the torsion order of the class group, as well as the local
class groups.

Theorem 7. Let X be a normal rational projective surface with torus action. Then its Picard
index is given by

1

zeX

LPic (X )

Note that this formula does not require the del Pezzo property, but it requires the surface to be
rational, which in particular implies Q-factoriality. Hence C1(X) is finitely generated, see for
instance [2, Thm. 5.4.1.5]. Moreover, by normality of X, there are only finitely many singular
points and these are the only possible contributors of non-trivial local class groups. Thus, all
terms in our formula are indeed finite.

Beyond the C*-surfaces, the formula trivially holds for all smooth projective surfaces with a
finitely generated and torsion free divisor class group. As soon as we allow torsion, the right hand
side is longer integral in the smooth case and thus the formula fails. Concrete examples are the
Enriques surfaces, having divisor class group Z!° x Z /2 Z. A singular counterexample without
C*-action is provided by the Dg-singular log del Pezzo surface of Picard number one: it is Q-
factorial with divisor class group Z x Z /2 Z and doesn’t satisfy the formula, see Example 3.3.52.

The idea of filtering by the Picard index has appeared in [29], where not-necessarily log terminal
Fano varieties with divisor class group Z and a torus action of complexity one have been con-
sidered. Here, we use Theorem 7 to derive in Picard number one suitable bounds on toric and
non-toric log del Pezzo C*-surfaces and then present classification algorithms. Explicit results
are obtained up to Picard index 1 000 000 in the toric case and up to Picard index 10000 in the
non-toric case, see Classifications 2.4.2 and 3.4.7.

Theorem 8. Up to isomorphism, there are 15086 426 toric log del Pezzo surfaces of Picard
number one with Picard index at most 1000 000. Up to Picard index 10000, the number of
isomorphism classes for given Picard index develops as follows:
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Theorem 9. There are 1347 433 families of non-toric, log del Pezzo C*-surfaces of Picard num-
ber one and Picard index at most 10 000. The number of families for given Picard index develops
as follows:
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A natural question is which positive integers occur as Picard indices of log del Pezzo surfaces.
For the toric ones, every positive integer is attained, see Proposition 2.4.3. For non-toric ones
with a C*-action, we will prove that Mersenne prime numbers greater than seven are not attained,
see Theorem 3.4.12.

Theorem 10. There are no non-toric log del Pezzo C*-surfaces of Picard number one whose
Picard index is a Mersenne prime number greater than seven.

6



This thesis is organized as follows. Chapter 1 studies rational polygons from the perspective of
convex geometry. We introduce the classification methods, prove the generalized Scott inequality
and our area bounds. We also discuss applications to the Ehrhart theory of half-integral polygons.
Chapter 2 concerns toric surfaces. After a brief background on toric geometry (and surfaces in
particular), we present the classifications in Picard number one by Picard index and in Picard
number two by Gorenstein index. We then prove Theorem 7 in the toric. Chapter 3 is about C*-
surfaces. We introduce the combinatorial background in terms of Cox rings and a normal form
for the defining data. We then prove Theorem 7 in full generality, discuss the classification by
Picard index and the relation to Mersenne primes. Finally, two appendices document the soft-
ware developed alongside the thesis. Both packages are written in Julia [13] and are available
as open-source software on the author’s GitHub page [52, 55]. Appendix A documents Ratio-
nalPolygons. j1, used for computations involving rational polygons and toric del Pezzo surfaces
in Chapters 1 and 2. Appendix B documents CStarSurfaces. j1, used for computations involving
C*-surfaces in Chapter 3.






CHAPTER 1

Rational polygons

We provide algorithms to classify rational polygons with small denominator and few interior
lattice points. Furthermore, we prove generalizations of Scott’s inequality and Pick’s formula to
rational polygons.

This chapter was written jointly by Martin Bohnert and me, with equal contributions. It has been
published in our joint works [16, 17].

1.1 Results

A polytope is called k-rational, if its k-fold dilation is a lattice polytope, i.e. has integral vertices.
Lagarias and Ziegler [41] showed that for a fixed number 7 of interior lattice points, there exist
up to lattice automorphism only finitely many k-rational polytopes in each dimension, provided
1 > 1. Even though this does not hold for ¢« = 0, Averkov, Wagner and Weismantel [5] showed
that in this case there are still only finitely maximal k-rational polytopes, i.e. which are not strictly
included in another k-rational polytope with equal number of interior lattice points.

Our first result is a classification of rational two-dimensional polytopes by number of interior
lattice points. We used Julia [13] to carry out the classification and made the implementation
available as part of a software package on rational polygons [55], see also Appendix A for a
detailed documentation. Moreover, large parts of our data are available for download [57-62].

Theorem 1.1.1. The numbers of k-rational polygons with i interior lattice points are given by
the following table. Each cell contains the number of maximal polygons on top, the number of
distinct Ehrhart quasipolynomials in the middle and the total number of polygons below. For
i = 0, only the polygons which cannot be realized in R x [0, 1] are counted.

kli— 0 1 2 3 4 5 6
1 3 4 6 9 11 13
1 1 7 8 10 12 14 16
1 16 45 120 211 403 714
4 10 25 33 63 106 178
2 34 270 586 1060 1701 2525 3577
79 5145 48639 249 540 893402 2798638 7299589
14 39 146 303 687 1452
3 803 8124 25892 62347 124021 218169
6723 924042 17656 886 156777 687 909 056 858 4211988753
39 145 670
4 18916 320256 1593475
399294 101267212 3452922 966
134 698
5 253631 5034566
18935385 8544 548 186
299
6 8930335
820697679




1.1. Results

The first row in the table above is the case of lattice polygons, which has already been studied by
several authors. Starting from the top left, the unique maximal lattice polygon without interior
lattice points is the twofold standard lattice triangle, see e.g. [38, sec. 4.1], [37, §5] and [50,
Theorem 2]. The classification of the 16 lattice polygons with exactly one interior lattice point
has been done e.g. in [9, 48] and [38, sec. 4.2]. Lattice polygons with collinear interior lattice
points, which includes the case i = 2, were classified by Koelman [38, sec. 4.3] and a general
recursive algorithm was given by Castryck [19], which he ran up to ¢ = 30. There are also
algorithms classifying lattice polygons by their number of lattice points [38, sec. 4.4] and by
their area [6]. Pick’s formula [47] relates the area to the numbers of lattice and interior lattice
points, hence one can also obtain the classification by interior lattice points from those algorithms.

To the author’s knowledge, besides the first row in our table, only the four maximal 2-rational
polygons without interior lattice points have directly appeared in the literature before [4]. The
classification of almost k-hollow LDP polygons, which was done in [27] for k € {2, 3} is also
worth mentioning, as these can be viewed as a subset of all k-rational polygons with exactly one
interior lattice point. Hence they appear in our classification among the 5145 resp. 924 042
polygons in the second column of the table above.

Let us also mention that in three dimensions, the lattice polytopes with one and two interior lattice
points have been classified [7, 35] and the case of no interior lattice points has been done in [4,

1. Moreover, there is the classification of four-dimensional reflexive polytopes [39], which is an
important subset of those having exactly one interior lattice point.

Our next series of results provide generalizations of Scott’s inequality and Pick’s formula to ra-
tional polygons. Recall that Scott’s inequality [51] says that for lattice polygons, the numbers ¢
and b of interior and boundary lattice points of P satisfy b < 9fori = 1 and b < 2¢ + 6 for
i > 2 and this bound is sharp. In particular, (7,b) = (1,9) holds if and only if P is affine uni-
modular equivalent to the threefold standard lattice triangle. In the following, the denominator
of a rational polygon P is the smallest integer k& such that P is k-rational.

Theorem 1.1.2. Let P be a rational polygon of denominator k > 2 with © > 1 interior and b
boundary lattice points. Then b < (k + 1)(i + 1) + 3 and equality holds if and only if P is affine
unimodular equivalent to the triangle conv ((0, 1), (0, —1), ((k +1)(i + 1), —1)).

Next, we provide area bounds. Recall that Pick’s formula [47] states that the area of a lattice
polygon with ¢ interior and b boundary lattice points equals ¢ + g — 1. For rational polygons
of denominator at least two, fixing ¢ and b no longer uniquely determines the area. Instead, we
provide sharp lower and upper bounds, where we also completely describe minimizers and max-
imizers.

Theorem 1.1.3 (See also Figures 1.1 and 1.2). Let P be a rational polygon of denominator k > 2
with i > 1 interior and b boundary lattice points. Set bymax = (K + 1)(i +1) + 3. If Q =
conv(P N Z?) is two-dimensional and b > 2, we have

) 1)+1
M+971‘

P) >
area(P) > ok )

10



Chapter 1. Rational polygons

Here, equality holds if and only if P is equivalent to one of the following polygons:

(0a) conv((0,—1), (i(k+1) —k+1,—1),(—%,1)) Jorb = bumax — 2(k + 1)
(la) COHV((O,—l),(b-z,— )7(270)7(_%7%)) fOVQS b< bmaX_(k+1)
(1b) conv((0,-2),(2,0), (_%7 %))’ Jor (i,b) = (3,3)
(2&) COHV((0,0),(O,—l),(b—3,—1),(i—|—1,0),(%,%)) f0r3 S bg bmaX
(2b) conv((0,0), (0,~2), (2,0), (%, 1)) for (i,b) = (1,5),
where x =0, ..., | 2u=b] and 2’ = k. Moreover, if dim(Q)) < 2, we have b < 2 and
f L+ 5=0
area(P) > {4 + 517, 1
L4 =2

)7(1 % %)a(l+%>0)) fOl’b:O,
L-b),(i+1,0), forb=1,
), (0, 1), (], =), (i +1,0)), forb=2,

where x =0, ..., k(i + 1). All polygons listed above are pairwise non-equivalent.

Theorem 1.1.4 (See also Figure 1.3). Let P be a rational polygon of denominator k > 4 with
i > 1 interior and b boundary lattice points. Set byax := (k+ 1)(i + 1) + 3 and b := byax — b.
Then

b, b € {bmax, bnax — 1}
2k?area(P) < k(k+1)2(i4+1)—<{ 2+ k(B —2)), 1<b< byax —2
(3+k(b—2), b=0.
Here, equality holds if and only if P is equivalent to one the following polygons:
(0a)  conv ((0,4), (3, 1), (k+1)(i+1)— £,—1)) for b = bpyax — 4
(Ob) conv ((07%)3(%3 3(1_%7_1%(]{(@._}'1)_%7%_1)) fOrb:O
(la) conv ((07%%(%7 7(b_%7_1)7<k(i+1)7% _1)) fOl”l Sbg bmax_?’a
conv ((0,4), (0,7 — 1), (z + ,—1)
2 v k) )k ’ k> ’ 2<bhb<bh x_2
) (e b—1— £, -1), (ki + 1), £ ~ 1)) Jor2 <= bwx =2
(2b) conv ((0,%),( % — ),(% 1), (k+1)( +1),—1)) Jor b = byax — 1,
(2¢) conv ((0, %), (0,—1), ((k +1)(i + 1), —1)) Jor b = byax,
where x = 0,..., ng — 1. All polygons listed above are pairwise non-equivalent.

11



1.1. Results

We turn to half-integral polygons, i.e. the case of denominator two. We found that in this case,
the area bound from Theorem 1.1.4 can be violated precisely if ¢ = 1 or b = 0. We obtain the
following sharp upper bound:

Theorem 1.1.5. Let P be a rational polygon of denominator two having © > 1 interior and b
boundary lattice points. If i > 2, we have the sharp bound

8 0<b<3i+4
3. 1 1 )
area(P) < iz—i-zb—i-g- 7, b=3i+5
6, b=3i+6.
Moreover, if i = 1, we have the sharp bound
21, b<6

1 1 20, b="7
area(P) < -b+ —- ’
( )_4 8 19, b=8

18, b=0.

The rest of this chapter is organized as follows. In Section 1.2, we provide general background
on rational polygons and go over some topics that are necessary for our classifications, namely
normal forms, computing subpolygons and the notion of maximality. Sections 1.3, 1.4 and 1.5 de-
scribe our classification, first for the case of polygons contained in R x[—1, 1], then for polygons
with no and exactly one interior lattice point, filling out the first two columns of the table in Theo-
rem 1.1.1. The methods we use are mainly constraints on the lattice width data developed in [14].
In Section 1.6, we discuss a generic (yet inefficient) method of classifying rational polygons for
any pair (k, i) € Z2, that we used to fill in the third and fourth row of the table in Theorem 1.1.1.
In Section 1.7, we turn to our generalizations of Scott’s inequality and Pick’s formula, proving
Theorem 1.1.2, as well as the area bounds from Theorems 1.1.3 and 1.1.4. Section 1.8 is about
half-integral polygons, i.e. & = 2. For the classification, we were able to generalize the idea of
moving out the edges from Castryck’s algorithm [19] using the classification of two-dimensional
Fine interiors of three-dimensional lattice polytopes [15]. Finally, we also prove the area bound
of Theorem 1.1.5 and apply this result to Ehrhart theory of half-integral polygons.

Figure 1.1: All area minimizers with collinear lattice points as described by Theorem 1.1.3 for
(k,i) = (3,1). The dashed lines separate the polygons by number of boundary lattice points: In
the Theorem’s notation, the polygons (2c) are on the left, the polygon (1c) is in the middle and
(Oc) is on the right.
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Chapter 1. Rational polygons

Figure 1.2: All area minimizers with two-dimensional integer hull as described by Theorem 1.1.3
for (k,i) = (3,1). The polygons are grouped by the number b of boundary lattice points, which
is on the left. Each polygon is labeled according to the Theorem’s notation.
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1.1. Results

Figure 1.3: All area maximizers as described by Theorem 1.1.4 for (k,i) = (3, 1). The polygons
are grouped by the number b of boundary lattice points, which is on the left. Each polygon is
labeled according to the Theorem’s notation.
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Chapter 1. Rational polygons

1.2 Prerequisites for classifying rational polygons

By a polygon, we mean a convex bounded polyhedral set P C R?. We call a polygon rational
(integral), if its vertices are contained in Q? (Z?). Integral polygons will also be called lattice
polygons. For k € Z>1, we say P is k-rational, if kP is integral. The denominator denom(P)
of a rational polygon is the smallest positive integer & such that P is k-rational.

We call two polygons P and P’ unimodular equivalent (P ~" P’) if P’ = UP for some U &
GL(2,Z). We call them affine unimodular equivalent (P ~* P’), if P' = UP + b for some
U € GL(2,7Z) and b € Z*. We say that P can be realized in some subset A C R, if P ~2 Q for
some QQ C A. We call P a subpolygon of P', if P can be realized in P’.

We write area(P) for the euclidean area of a polygon and Area(P) for the normalized area, which
is defined to be twice the euclidean area. Moreover, we define the k-normalized area as

Areay,(P) := k* Area(P) = 2k? area(P).

Note that if P is k-rational, Areay(P) is an integer. By the integer hull of a polygon P, we mean
the lattice polygon conv(P N Z2). Next, we define the number of interior, boundary and total
number of lattice points as:

i(P) := |P°NZ*|, b(P):= [0PNZ*|, I(P):= |PNZ?|

All three numbers are invariants under affine unimodular equivalence and there exist several re-
lations between them, e.g. Pick’s formula states that Area(P) = 2i(P) + b(P) — 2 holds for
lattice polygons [47]. Another important invariant is the Ehrhart quasipolynomial, which counts
the numbers of lattice points in integral dilations of a rational polygon. It is given by

ehrp(t) := I(tP) = area(P)t* + ¢ (t)t + ca(t), t€Z>1,

where ¢1, ¢2 : Z — Q are uniquely determined periodic functions whose period divides denom(P).
For lattice polygons, ¢ (t) = Lf) and co(t) = 1 holds for all ¢. For the existence of the Ehrhart
quasipolynomial and more insights on Ehrhart theory see for example [12].

1.2.1 Normal forms

Since we want to classify polygons up to lattice automorphism, we need an way to decide whether
two polygons are equivalent by an affine unimodular transformation, which can be done by in-
troducing a normal form. PALP [40], see also [24], is such a normal form that works for lattice
polytopes of any dimension. However, we argue that the two-dimensional case deserves to be
treated separately. This is because the vertices of a polygon are ordered naturally by walking
along its boundary, up the choice of the starting point and the direction. In this subsection, we
present our approach to the normal form of rational polygons, which is based on this natural order-
ing of the vertices. An implementation of our normal form is available in RationalPolygons. j1,
see Section A.2.5.

We begin by describing how we encode k-rational polygons by integral matrices.
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1.2. Prerequisites for classifying rational polygons

Definition 1.2.1. Fixn € Z>1. By avertex matrix, we mean an integral matrix V = [v1 ... vy
such that vq,...,v, € Z? are the vertices of conv(vy, ..., vy,) and v; is connected to v;41 by an
edge foralli =1,...,n — 1. For k € Z>1, we obtain a k-rational polygon

Pyy = conv(vi/k,...,v,/k).

Remark 1.2.2. Using a planar convex hull algorithm, we can reduce any finite set of lattice points
in the plane to a set of vertices ordered by angle. For example, a Graham scan [23] achieves this
with time complexity O(nlogn). See also A.1.2 for an implementation in Julia.

Definition 1.2.3. For a vertex matrix V = [Ul .. vn} € Z>*™, we obtain new vertex matrices
by reversing or shifting the order of its columns:

vy = [vn vl}, V= [vi oo Up V1 ... vi_l].

Moreover, we write V + w = [vl +w ... v, + w]. Two vertex matrices V, V' € Z**™ are
called

(i) strictly equivalent (V ~ V'), if V' = Vi(s) for some s € {+1} andi=1,...,n,
(ii) unimodular equivalent (V ~* V'), if V' ~ UV for some U € GL(2,7Z),

(ili) k-affine unimodular equivalent (V ~3% V'), if V! ~ UV + b for some U € GL(2,Z) and
bekZ

Remark 1.2.4. Let V, V' € Z?*"™ be vertex matrices and k € Z>1. Then we have
(i) Pyv = Py ifandonly if V ~ V’,
(i) Pgyv ~" Py if and only if V' ~" V/,
(iii) Py,y ~* Py y- if and only if V' ~3 V.
Definition 1.2.5. Let V' = [v; ... v,] be a vertex matrix.
(i) The unimodular normal form of V' is
unf(V) = max{hnf(V")) | s {£1},i=1,...,n},

where the maximum is taken by lexicographical ordering and we write hnf( M) for the Her-
mite normal form of an integral matrix M.

(ii) The I-affine normal form of V is
anfy (V) = max{hnf(Vi(S) —v) | se{£l},i=1,...,n}.

(iii) Let k € Z~1 and consider the lexicographically smallest vector (z,y) € {0,...,k — 1}?
such that anfy (V') + (z,y) ~% V. Then the k-affine normal form of V is

anfi (V) = anfy (V) + (z,y).

16



Chapter 1. Rational polygons

Proposition 1.2.6. Let k € Z>1 and consider vertex matrices V, V' € Z**". Then

(i) V ~* V" if and only if unf(V') = unf(V"),
(ii) V ~4 V" if and only if anf; (V') = anf; (V"),
(iii) V ~4% V" if and only if anf, (V') = anfy,(V”).

Proof. Note that we have V' ~" unf(V') as well as unf(UV') = unf(V') and unf(V;-(S)) = unf(V)
forall U € GL(2,Z) andi € {1,...,n},s € {£1}. Thus (i) follows and (ii) is handled analo-
gously. For (iii), we again have V' ~4 anfy(V), hence anfy, (V') = anfy, (V') implies V' ~% V. For
the converse, note that V' ~% V' implies V' ~4 V", hence by (ii), we have anf; (V) = anf; (V).
But this means anfy (V) + (x,y) ~ V if and only if anf; (V') + (z,y) ~& V' forall (z,y) € Z,
hence anfy (V') = anf (V). O

Remark 1.2.7. Using Definition 1.2.5, computing the unimodular or affine normal form requires
computing 2n Hermite normal forms, where n is the number of vertices. This can be improved
by first distinguishing a subset of vertices that maximize a suitable invariant. For example, we
can call a vertex v; special, if it maximizes the area det(v;+1 — v;, v; — v;—1). Then we obtain an
alternative unimodular normal form by

unf’ (V) = max{hnf(V;(S)) | s € {x1}, v; special}.

For polygons with few symmetries, there tend to be few special vertices, hence for those polygons
unf’(V') is faster to compute than unf(V'). More sophisticated invariants lead to fewer special
vertices on average, however then the computation of the invariant itself becomes more expensive.

Remark 1.2.8. When computing the unimodular or affine normal form of a rational polygon,
we get its respective automorphism group for free: Consider the set I of index pairs (i, s) with

i =1,...,nand s € {£1} such that hnf(V;(S)) = unf(V). Then the number of rotational
symmetries of the polygon is equal to the cardinality of I. Moreover, there exists a reflectional
symmetry if and only if I contains two index pairs with opposite second coordinate. In this case,
the unimodular automorphism group is the dihedral group D); /2. Otherwise, it is the cyclic
group of order |I|. See also A.2.73 for an implementation.

1.2.2 Subpolygons

We address the problem of finding all subpolygons of a given rational polygon up to equivalence.
We use the same approach of successive shaving that the authors of [18] used to classify lattice
polygons contained in a square of given size. In our implementation (see Section A.3), we no-
ticed a significant speed-up by using Hilbert bases in the shaving process, hence we describe this
in detail. As an application, we reproduce and extend the classification of [18], see Classifica-
tion 1.2.13.

Fix k € Z>1 and let P be a k-rational polygon. Recall that a subpolygon of P is a k-rational
polygon @ such that Q ~* @’ for some @’ C P. Up to affine unimodular equivalence, there
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1.2. Prerequisites for classifying rational polygons

exist only finitely many subpolygons to any given k-rational polygon. For a vertex v, we obtain a
subpolygon by taking the convex hull of all k-rational points of P, except v:

P\v := conv <<P N ]iz?) \{v}> :

Proposition 1.2.9. Fix k € Z>; and let P and Q) be k-rational polygons with Q) a subpolygon of
P. Then there exists a chain of k-rational polygons

P=P 2P 2...2PFP ~Q
such that for all i = 0,...,n — 1, we have P,y = P;\v; for some vertex v; of P.

Proof. We may assume that () C P holds. Note that the number of k-rational points of P must
be strictly greater than the number of k-rational points of ). Let’s consider the case that they
differ by one, i.e. there is a unique k-rational point v € % Z with v € P\Q. By convexity, v must
be a vertex, hence we have () = P\v. The general case now follows by induction. O

Algorithm 1 Computation of subpolygons

Input: A set of k-rational polygons M.

Output: A set of k-rational polygons S such that for all P € M and all subpolygons () of P,
there exists precisely one Q' € S such that Q ~* Q.

1: procedure SUBPOLYGONS(M)

2 A := max{Areay(P) | P € M}

3 for a from 1 to A do

4 Se:={P € M | Areay(P) = a}

5: end for

6

7

8

9

for a from A to 1 do
for P € S, do
for v vertex of P do

Q := anfi(P\v)

10: a' = Area;(Q)

11: if dim(Q)) = 2 and ) ¢ S, then
12: add Q to Sy

13: end if

14: end for

15: end for

16: end for

17: return S; U ---U Sy
18: end procedure

Proof. Proposition 1.2.9 ensures that the algorithm encounters every subpolygon at least once. By
Proposition 1.2.6, the resulting set contains each polygon precisely once up to affine unimodular
equivalence. O
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Chapter 1. Rational polygons

In line 9 of Algorithm 1, we need to compute the polygon P\v. This can be done by first deter-
mining all k-rational points of P, removing v and computing the convex hull of the remaining
points (for example, by performing a Graham scan). In the rest of this section, we show how to
significantly speed this up using an algorithm involving Hilbert bases. First, let us quickly sum-
marize the necessary facts around Hilbert bases and their computation in two dimensions using
continued fractions. We refer to [20, Chapter 10] for details.

Let ¢ C R? be a rational pointed cone. After applying a unimodular transformation, we may
assume o = cone(eq, de; — keg) where 0 < k < d are coprime integers. The Hilbert basis # ,
of o is the unique minimal generating set of the monoid o N Z2. It can be computed as follows:
First, using the modified euclidean algorithm, we express d/k as a Hirzebruch-Jung continued
fraction [by, . .., b.], which can be defined succinctly as

S
[b2,- b,

Given d/k = [b1, ..., b.], the Hilbert basis is given by #, = {uo, ..., u,+1}, where

Hbﬂ = b, [[bl,...,br]] = b1

uyg = e, up = ey, Uil = biuy — ui—1.

Proposition 1.2.10. Let 0 C R? be a rational pointed cone with Hilbert basis # 5 = {uq, . . ., Up11}
as constructed above. Consider the unbounded polyhedron

0, := conv((c NZ*)\{0}).

Then the following holds.

(i) H is the set of lattice points on the bounded edges of O,.

(ii) F :={u; € H, | b; # 2} is the set of vertices of ©,.

Proof. For (i), we refer to [20, Theorem 10.2.8 (b)]. For part (ii), note that we have u; 41 — u; =

(b; — 1)u; —u;—q foralli = 1,...,r. Hence u; lies on the line segment between u; 1 and ;41
if and only if b; = 2. O
Corollary 1.2.11. Let P be a lattice polygon with vertices v1, . . ., v, € Z? and assume v; = 0.

With o = cone(vj_1,vj4+1) and #., as in the proposition, the vertices of P\v; are given by

{v1, ..o\ {v;}) U #.,.

Remark 1.2.12. The vertices #,, = {u,...,u} are already ordered naturally, i.e. u and v
are connected by an edge. This means that if we start with ordered vertices vy, ..., v, of P,
Corollary 1.2.11 allows us to easily write down the ordered vertices of P\v;, which ties in nicely
with our normal form.

Note that the condition v; = 0 in Corollary 1.2.11 is not a restriction, since we can translate any

lattice polygon to move v; to the origin. Moreover, for any k-rational polygon P, we can apply
Corollary 1.2.11 to kP to compute the vertices of P\v for any vertex v of P.
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1.2. Prerequisites for classifying rational polygons

Using this improved algorithm for determining subpolygons, we were able to reproduce and ex-
tend a classification by Brown and Kasprzyk [ 18, Table 1]. See Section A.4.9 for our implemen-
tation in RationalPolygons.j1.

Classification 1.2.13 (Data available at [60]). Below are the numbers #(m) of lattice subpolygons
of [0,m] x [0, m] that are not subpolygons of [0,m — 1] x [0,m — 1], up to affine unimodular
equivalence. We also include the maximally attained number of vertices N (m) and the number
of vertex maximizers M (m).

m 1 2 3 4 5 6
#(m) 2 15 131 1369 13842 129185
N(m) 4 6 8 9 10 12
M(m) 1 1 1 1 15 2

m 7 8 9 10 11
#(m) | 1104895 8750964 64714465 450686225 2976189422
N(m) 13 14 16 16 17
M(m) 3 13 1 102 153

Remark 1.2.14. In our application, we are rarely interested in all subpolygons of a k-rational
polygon P, but only in those sharing the same number of interior lattice points with P. This
can be integrated rather easily into our Algorithm 1: Whenever we compute the vertices of P\v
using Corollary 1.2.11, we check whether #/ Nk 7% # (). If so, that means an interior lattice
point of P has moved to the boundary of P\v. Hence P\v has strictly fewer interior lattice points
than P and we can discard it immediately. Our implementation supports this behaviour through
a boolean flag, see A.3.6.

1.2.3 Maximal polygons

By a k-maximal polygon, we mean a k-rational polygon P such that for any k-rational polygon
Q@ O P withi(P) = i(Q), we have P = Q). Clearly, every k-rational polygon is a subpolygon of
a k-maximal one. This means if we classify all k-maximal polygons with i € Z>¢ interior lattice
points, we can use Algorithm 1 to obtain all k-rational polygons with ¢ interior lattice points.
In Proposition 1.2.16, we give a criterion for k-maximality that can be checked efficiently, see
also A.2.20 for our implementation. Let us first fix some notation.

A k-rational polygon P can be written as the intersection of the affine halfplanes H,. associated
with its edges, where

H,={z e R? | (ne,z) > c}, ne € Z2 primitive, ce €Q.

For any 2 € R?, we define the lattice distance of the edge e with x as ldist(z) := (ne,z) — ce.
Hence H, consists of those points having non-negative lattice distance with e. For any rational
number q € Q, we define the translated halfplane by

H.+q = {x € R? | Idist.(z) > ¢}.

By moving out the affine halfplanes, we obtain a new rational polygon P = Ne (H6 — %),
where the intersection runs through all edges of P.
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Chapter 1. Rational polygons

Lemma 1.2.15. Ler A = conv(z,y,z) C R? be a lattice triangle containing no lattice points
other than its vertices. Then ldist.(z) = 1, where e is the edge connecting x and y.

Proof. By Pick’s formula, A has area i(A) + @ — 1= 1. This forces ldist.(z) = 1. O

Proposition 1.2.16. For a k-rational polygon P, the following are equivalent:

(i) P is k-maximal,
(ii) for allv € 9PV N} Z2, we have i(conv(P U {v})) > i(P),
(iii) forallv € OP-Y N % 72, one of the following holds:

(1) There exists an edge e of P and a point w € e° N Z? such that v ¢ H.,

(2) There exists a vertex w € 7> of P such thatv ¢ H, and v ¢ H,, where e and ¢ are
the edges adjacent to w.

Proof. “(i) = (ii)” is clear. To show “(ii) = (i)”, assume P is not k-maximal. Then we have
P C @ for some k-rational @ with i(P) = i(Q). Let z € Q be a vertex and e an edge of P
such that z ¢ H.. Pick two k-rational points z,y € e containing no k-rational points on the line
segment between them and consider the triangle A := conv(z,y, z). Let 2’ € A be a k-rational
point with minimal lattice distance to e. Then A’ := conv(z, y, ') contains no k-rational points
other than its vertices, hence Lemma 1.2.15 implies ldist.(2’) = —%. We obtain

i(P) < i(conv(PU{Z'})) < i(Q).

Since i(P) = i(Q), we get equality, which contradicts (ii).
To see that (ii) implies (iii), note that ) := conv(PU{v}) must contain a lattice pointw € 9PNZ>

in its interior. If w lies in the relative interior of an edge of P, we are in case (1). If w is a vertex
of P, we are in case (2). The converse (iii) = (ii) is immediate. O

Remark 1.2.17. A k-maximal polygon is not necessarily maximal as a convex set, i.e. there
could be a convex set with the same number of interior lattice points which strictly contains the
k-maximal polygon. A k-rational polygon is maximal as a convex set if and only if every edge
contains an interior lattice point. For example, the quadrilateral

1 1 1
conv <<07 1 + k’> ’(030)? (k(l + ]‘) +Z,0), (k" 1 + k)) ) { € Z207k S ZZl

is k-maximal for (i,k) ¢ {(0,1),(0,2),(1,1)} by Proposition 1.2.16, but it is not a maximal
convex set since there is no interior lattice point on the edge between (O, 1+ %) and (%, 1+ %)

We end this section by showing that for lattice polygons, our notion of maximality coincides
with the one used by [38] and [19]. Recall that the interior hull of a rational polygon is PO =
conv(P° N Z?).
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1.3. Rational polygons in R x[—1, 1] or with collinear interior points

Proposition 1.2.18. Let P be a lattice polygon with two-dimensional interior hull PV Then P
is 1-maximal if and only if P = pOED),

Proof. Assume P is 1-maximal. Then by [19, Theorem 5], P(=1 js a lattice polygon con-
taining P. Clearly, we have i(P) = i(P()(=1), hence we obtain P = P(N(=1)_ Conversely, if
P = PMED pick a 1-maximal polygon @ containing P with i(P) = i(Q). Then we must have
QW = P hence Q = QWD = pM(=Y — p, 0

1.3 Rational polygons in R x[—1, 1] or with collinear interior
points

In this short section, we will classify k-maximal polygons that can be realized in R x[—1, 1]
with given number of interior lattice points. This case occurs in our classifications of k-maximal
polygons with no interior lattice points in Section 1.4 and exactly one interior lattice point in
Section 1.5, hence we treat it here separately. As an application, we classify k-rational polygons
with collinear interior lattice points.

Proposition 1.3.1. Every rational polygon P C R x[—1, 1] with i € Z>¢ interior lattice points
can be realized in R x[—1,0] U T, with the half-open trapezoid

T :=conv ((0,0), (i +1,0), (i +2,1),(0,1)) \ (R x{0}).

Proof. After a suitable translation, we can assume the intersection of the interior of P with
R x{0} is contained in (0,7 + 1) x {0}. Furthermore, we can assume this intersection to be
non-empty, otherwise we can realize P in R x[—1,0]. Consider the points a; := (0,0) and
az := (i + 1,0). Then we find unique supporting lines L; and Ly of P with a; € L; such that
L1 and L4 both contain a point of P with positive second coordinate. Since we can reflect on
R x{0}, we can assume L; and Ly to be either parallel or intersect in a point of R x (0, 00).
Therefore, after a suitable horizontal shearing, we can assume that L; intersects R x{1} in a
point of [0, 1] x {1} and Ly intersects R x{1} in a point of (—o0, + 2] x {1}. But this implies
PCRx[-1,00UT. O]

Figure 1.4: All rational polygons in R x[—1, 1] with ¢ interior lattice points can be realized in
R x[-1,00UT

-1 0 1 i i+l i+2
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Chapter 1. Rational polygons

Construction 1.3.2. Consider a k-rational polygon P C R x[—1,0] UT with PNT # .
Then there are supporting lines L and Lo as in the proof of the proposition above. Consider the
associated affine halfplanes Hy and Ho with P C H;. We define the surrounding polygon of P
to be the k-rational polygon

1
Py := conv (Q N kZQ> ,  where Q := Rx[—1,1] N H; N Hs.
Note that we have P C Py, € R x[—1,0] UT and i(P) = i(Py) = i. In particular, if P is
k-maximal, we have P = Py,.

Definition 1.3.3. For two distinct points v,w € R?, we write H(v,w) for the closed affine
halfplane given by all points to the right of the line through v and w with respect to the direction
vector w — v

Algorithm 1.3.4 (See A.4.1 for an implementation). Given integers k € Z>1 and ¢ € Z>,
we can classify all k-maximal polygons with 4 interior lattice points in R x[—1, 1] as follows:
Consider a1 := (0,0) and as := (i + 1,0). To any pair of points x1,x2 € T, we associate the
polygon

P := conv <Q N ;Zz) ,  where Q := R x[—1,1]N H(a1,x1) N H(z2,a2)
This defines a possible surrounding polygon. Going through all polygons that arise this way
and filtering out those that are k-maximal (for instance, using Proposition 1.2.16) gives us all k-
maximal polygons in R x[—1, 1] having 7 interior lattice points, excluding those with PNT = (),
i.e. those that can be realized in R x[0,1]. However, polygons contained in R x[0, 1] are not
k-maximal, hence we already have all k-maximal polygons.

We turn to the case of collinear interior lattice points, which is tightly related to being realizable
inR x[—1, 1]. Clearly, a polygon in R x[—1, 1] has collinear interior lattice points. The converse
holds for lattice polygons with at least two collinear interior lattice points, which Koelman [38,
Section 4.3] used to completely describe them. The following proposition generalizes this fact to
k-rational polygons.

Proposition 1.3.5. Ler P C R? be k-rational polygon with collinear interior lattice points and
i(P) > k. Then P can be realized in R x[—1,1].

Proof. After an affine unimodular transformation, we can assume the interior lattice points of P
to be of the form (j,0) for 0 < j < i(P) — 1. Suppose P is not contained in R x[—1, 1]. After
a reflection, we can assume that there exists a vertex v = (x,y) of P with y > 1. We intend to
show that there exists a k-rational point ¢ € PN (R x{1+ +}). If y = 1+ £, we can take ¢ = v.
Otherwise, we have y > 1+ 2 and we consider the line segment L := PN (R x{1+1}. We can
estimate its length using the intercept theorem to obtain length(L) > kiw If k£ > 2, this implies
length(L) > ; and therefore there exists a k-rational point ¢ = (%,1+ 1) € L. After a horizontal
shearing, we can assume 0 < a < k. Consider the triangle ) := conv(q, (0,0), (i(P) — 1,0))
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and note that @ \ {¢} C P°. If a = 0, we have (0,1) € Q. If a > 0, then i(P) > k implies
(1,1) € Q. Thus in both cases, we have an additional interior lattice point of P, a contradiction.

It remains to consider the case k = 1. Take any vertex v = (x,y) € P withy > 1. Then the trian-
gle conv(v, (0,0), (1,0)) does not contain any lattice points other than its vertices. Lemma 1.2.15
then implies y = 1. 0

Using Algorithm 1, we can determine all subpolygons of the k-maximal polygons in R x[—1, 1].
For i > k, the preceding proposition implies that this gives us all k-rational polygons with ¢
collinear interior lattice points. We arrive at the following classification.

Classification 1.3.6 (Data available at [58]). Below are the numbers of 2-rational polygons with
i collinear interior lattice points.

i 3 4 5 6 7 8
#Polygons 168640 504 530 1279695 2881106 5924808 11343912

% 9 10 11 12 13 14
#Polygons 20496 555 35295876 58364 056 93212470 144449999 218021550

i 15 16 17 18 19 20
#Polygons | 321478832 464285436 658158267 917447376 1259556240 1705404538

Below are the numbers of 3-rational polygons with 1 collinear interior lattice points.

i | 4 5 6
#Polygons | 546989533 2150324427 7124538405

Recall that lattice polygons with collinear interior lattice points were classified by Koelman [38,
Section 4.3]. In particular, he showed that there are exactly é(z + 3)(2i% + 15i + 16) lattice
polygons with ¢ > 2 collinear interior lattice points. Using our values for k¥ = 2, we found that
they too can be described by a polynomial. Hence we raise the following conjecture, which we
have verified up to ¢ = 20.

Conjecture 1.3.7. There are exactly

(i 4 1)(512i5 + 12 928i° + 137 740i" + 685 145> + 1582 743i + 1665 222 + 710 640)

1260

half-integral polygons with © > 3 collinear interior lattice points.

1.4 Rational polygons without interior lattice points

We give a classification algorithm for k-maximal polygons with no interior lattice points. Note
that for k£ = 2, the four k-maximal polygons with no interior lattice points are known [4, Section
2]. With our approach, we obtain results up to & = 20, see Classification 1.4.5.

The main tool that allows us to get good bounds for maximal polygons with no interior lattice
points is the lattice width. Recall that the lattice width of a rational polygon P in direction w €
Z*\{0} is defined as

. L L 2
widthy, (P) := rglea;(@,w> 5%1£<U’w> € 7.
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Chapter 1. Rational polygons

The lattice width lw(P) of P is defined to be the minimum over all width,, (P) withw € Z?\{0}.
We call w € Z%\{0} a lattice width direction of P, if lw(P) = width,,(P).

Lemma 1.4.1. Every rational polygon without interior lattice points can be realized in R x[—1, 2].

Proof. After an affine unimodular transformation, we may assume that (1,0) is a lattice width
direction and P C [z, z,] X R for x;, z, € R. Then [14, Corollary 2.13] gives lower bounds for
the numbers |P° N ({h} x Z)|, where x; < h < z, and h € Z. Since P does not have interior
lattice points, these imply that there are at most two interior integral vertical lines of P, hence
x, — x; < 3 and the claim follows. O

Proposition 1.4.2. Every rational polygon P without interior lattice points can be realized in
AU (R x]0,1]) U B, with the two half-open trapezoids

A = conv((0,1),(1,1),(2,2),(—1,2)) \ (R x{1}),
B := conv ((0,0),(—1,-1),(2,-1),(1,0)) \ (R x{0}).

Proof. By Lemma 1.4.1, we can assume P C R x[—1, 2]. Consider the line segments
Py = PPN (Rx{0}), P := P°N(Rx{1}).

We may assume Py and P; to be non-empty, otherwise we are in the situation of Proposition 1.3.1.
Since Py and P; do not contain lattice points, we can apply a translation and shearing to achieve
Py € [0,1) x {0} and P, C [0,1] x {1}. By symmetry, it is enough to show that P does

not contain a point v = (z,y) with < 0 and y > x. Suppose there is such a point. Then
conv(Py U Py U{v}) C P has (0,0) as an interior lattice point, a contradiction. O

Figure 1.5: All polygons without interior lattice points can be realized in A UR x[0,1] U B.
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Construction 1.4.3. Consider a k-rational polygon P C AUR x[0,1]U B with PN A # () and
P N B # () where A and B are as in the last Proposition. Consider the points

ap = (0,1), a9 := (1,1), by := (0,0), by := (1,0).

Then we have unique supporting lines Lq, , Lay, L, , Ly, of P with a; € Lq;, bj € Ly, such that
L, contains a point of P N A and Ly, contains a point of P N B. These define affine halfplanes
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1.4. Rational polygons without interior lattice points

H, ,H,,, Hy, , Hy, with P C Ha]. and P C Hb],. We define the surrounding polygon of P to be
the k-rational polygon

1
Py, = conv (Q N k:Z2> , Q = Rx[-1,2]N Hy, N Hy, N Hy, N Hy,.

Note that we have P C Py € AUR x[0,1] U B and i(P) = i(Py,) = 0. In particular, if P is
k-maximal, we have P = Py,.

Algorithm 1.4.4 (See A.4.5 for an implementation). Given k € Z>1, we can classify all &-
maximal polygons without interior lattice points as follows: To any choice of points vy, v € A
and w1, ws € B, we associate the polygon P := conv (Q N % ZQ), where

Q=R X[—l, 2] N H(al,vl) N H(’UQ,CLQ) N H(wl, bl) N H(bg, wg).

This defines a possible surrounding polygon. Going through all polygons that arise this way
and filtering out those that are k-maximal (for instance, using Proposition 1.2.16) gives us all k-
maximal polygons without interior lattice points, excluding those with PN A = () or PN B = 0.
The latter ones can be realized in R x[—1, 1] and hence can be obtained with Algorithm 1.3.4
applied to 7 = 0.

We ran Algorithm 1.4.4 up to & = 20 and obtained the following classification, see also Fig-
ures 1.6, 1.7 and 1.8.

Classification 1.4.5 (Data available at [62]). Below are the numbers of k-maximal polygons with-
out interior lattice points, split into the two cases of Algorithm 1.4.4.

k 1 2 3 4 5 6 7 8 9 10
R x[-1,1] 1 4 12 24 54 85 164 244 380 517
R x[-1,2] 0 0 2 15 80 214 791 1652 4101 8368
Total 1 4 14 39 134 299 955 1896 4481 8885
k 11 12 13 14 15 16 17 18 19 20
R x[—1,1] 809 1021 1506 1878 2398 2987 4039 4743 6239 7263
R x[—1,2] | 17757 29637 57937 91009 161418 258728 409990 595051 930544 1304553
Total 18566 30658 59443 92887 163816 261715 414029 599794 936783 1311816

Using Algorithm 1, we computed all subpolygons of the k-maximal polygons from Classifica-
tion 1.4.5 up to k = 6. This gives us all k-rational polygons without interior lattice points that
cannot be realized in R x [0, 1] (there are infinitely many in R x[0, 1]), see Theorem 1.1.1. The
data is available at [62].

Figure 1.6: All four 2-maximal rational polygons without interior integral points, see also [4,
Section 2]. All of them can be realized in R x[—1, 1].
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Chapter 1. Rational polygons

Figure 1.7: All fourteen 3-maximal rational polygons without interior integral points. The two
rightmost polygons in the lower row are the only ones that cannot be realized in R x[—1, 1].
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Figure 1.8: All thirty-nine 4-maximal rational polygons without interior lattice points. The 24
polygons in the upper three rows can be realized in R x[—1,1]. The remaining 15 polygons
cannot.
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1.5. Rational polygons with exactly one interior lattice point and LDP polygons

1.5 Rational polygons with exactly one interior lattice point
and LDP polygons

We give a classification algorithm for k-maximal polygons with exactly one interior lattice point
and obtain explicit results up to kK = 10, see Classification 1.5.5. Moreover, we apply this to
LDP polygons and extend the classification of k-hollow LDP polygons from [27] to k = 6, see
Classification 1.5.6.

Lemma 1.5.1. Every rational polygon P with exactly one interior lattice point can be realized
in R x[—2,2].

Proof. After an affine unimodular transformation, we may assume that (1,0) is a lattice width
direction and P C [z, z,] X R for x;, z, € R. Then [14, Corollary 2.13] gives lower bounds for
the numbers |P° N ({h} x Z)|, where ; < h < z, and h € Z. Since P only has one interior
lattice point, these imply that there are at most three interior integral vertical lines of P, hence
z, — 27 < 4 and the claim follows. O]

Proposition 1.5.2. Every rational polygon with exactly one interior lattice point can be realized
in R x[0,1]U AU BUC, for some q € {1,2,3,4,5}, where

A := conv((—1,1),(0,1),(0,2),(—2,2)) \ (Rx{1}),

B := conv ((—1,0),(-2,-1),(3,-1),(1,0)) \ (R x{0},

C1 = conv ((—3,-2),(-2,-2),(—1,-1),(=2,-1)) \ (Rx{-1}),
Cy = conv ((—2,-2),(0,-2),(0,—1),(=1,-1)) \ (R x{-1}),
Cs = conv ((0,-2),(2,-2),(1,—-1),(0,—-1)) \ (Rx{-1}),

Cy = conv ((2,-2),(4,-2),(5,-2),(1,0)) \ (Rx{-1}),

Cs := conv ((—1,0),(=3,-2),(5,—2),(1,0)) \ (Rx{-1}).

Proof. By Lemma 1.5.1, we can assume P C R x[—2, 2] and after translation, we can assume
the interior lattice point of P to be the origin. Consider the line segments

P = PPA(Rx{1}), Py := P°N(Rx{0}), Py := P°N(Rx{-1}).

Clearly, we have Py # () and convexity forces Py C [—1,1] x {0}. If P, = P_1 = (), we are
in the situation of Proposition 1.3.1, hence we are done after suitable translation and reflection.
Thus, after a reflection, we can assume P; # (). If P were to contain any point outside of
R x[0,1JUuAUBULJ, C4, convexity would force P to contain an additional lattice point, which
is impossible. Moreover, if there were points v € P° N C, and w € P°NC, for g # r, we would
have an interior lattice point in the triangle conv(v, w, (0,0)) C P, which is impossible. Hence
P° N Cy # 0 for at most one ¢ € {1,2,3,4,5} and we arrive at the claim. O
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Chapter 1. Rational polygons

Figure 1.9: All rational polygons with exactly one interior lattice point can be realized in
R x[0,1]UAUBUC, for some g € {1,2,3,4,5}.

Construction 1.5.3. Consider a k-rational polygon P C R %[0, 1]UAUBUC, with PN A # 0,
where g € {1,2,3,4,5}. Consider the points

al ‘= (—1, 1), ag ‘= (0, 1), b1 = (—1,0), b2 = (1,0),

c1:=(q—-3,-1), ca:=(¢g—2,-1).
Then we have unique supporting lines L, , Lq,, Ly, , Ly, of P with a; € Laj ,bj € Lb]. such that
Lq; contains a point of P N A and Ly, contains a point of P N B. Moreover, if P N Cy # 0,
we have unique supporting lines L., , L., defined analogously. All these supporting lines define
affine halfplanes H,;, Hy, and H, that contain P. We define the surrounding polygon of P to
be the k-rational polygon Py, := conv (Q N 1 Z*) where

Q- R x[—1,2] N Hy, N Hy, N Hy, N Hy,, PNnC, =0,
| Rx[~2,2] N Hyy N Hay N Hy, N Hy, N Hey NHey, PNC,# 0.

Note that we have P C Py, C R x[0,1]U AU BUCy and i(P) = i(Py,) = 1. In particular, if
P is k-maximal, we have P = P,.

Algorithm 1.5.4 (See A.4.9 for an implementation). Given k € Z>;, we can classify all k-
maximal polygons with exactly one interior lattice point as follows: Pick ¢ € {1,...,5}. To
any choice of points v1,v2 € A, wi,ws € B and uj,us € Cy, we associate the polygon P :=
conv (Q N § Z?), where

Q=R X[—2, 2] N H(al,vl) N H(UQ,(ZQ) N H(wl, bl) N H(bg, wg) N H(U1, Cl) N H(CQ,U,Q).

This defines a possible surrounding polygon. Going through all polygons that arise this way
and filtering out those that are k-maximal (for instance, using Proposition 1.2.16) gives us all
k-maximal polygons with one interior lattice point that can be realized in R x[—2, 2], excluding
those that can be realized in R x[—1,2]. The latter ones are obtained in an analogous way but
without the halfplanes given by ¢; and co. Finally, the polygons that can be realized in R x[—1, 1]
are obtained by Algorithm 1.3.4 applied to ¢z = 1.
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1.5. Rational polygons with exactly one interior lattice point and LDP polygons

We ran Algorithm 1.5.4 to k = 10 and obtained the following classification, see also Figures 1.10
and 1.11.

Classification 1.5.5 (Data available at [61]). Below are the numbers of k-rational polygons with
exactly one interior lattice point, split into the three cases according to Algorithm 1.5.4.

k |1 2 3 4 5 ¢ 7 8 9 10
Rx[-1,1] [2 9 26 57 132 199 396 605 937 1260
Rx[-1,2] |1 1 12 83 470 1390 4964 11426 27801 56303

0
3

R x[-2,2] 0 1 5 9 329 2874 8241 32176 81950
Total 10 39 145 698 1918 8234 20272 60914 139513

Using Algorithm 1, we computed all subpolygons of the k-maximal polygons from Classifica-
tion 1.5.5 up to £ = 5. This gives us all k-rational polygons with exactly one interior lattice
point, see Theorem 1.1.1.

We turn to LDP polygons, which are of special interest to toric geometry. Recall that a lattice
polygon P is called LDP, if 0 € P° and its vertices are primitive vectors of Z. By taking the
fan generated by its faces, an LDP polygon P defines a toric log del Pezzo surface X p and this
assignment is a bijection on isomorphy classes. We refer to [36] for more information on LDP
polygons as well as their classification up to index 17. See also Section 2.2.

In [27], the authors describe a classification algorithm for almost k-hollow LDP polygons, i.e.
LDP polygons with P N kZ? = {0}. These correspond to toric %—log canonical del Pezzo
surfaces, which means the discrepancies of the exceptional divisors in the canonical resolution
are all greater or equal to % —1. Dividing an almost k-hollow LDP polygon by k gives a k-rational
polygon having only the origin as an interior lattice point. Hence we can also classify k-hollow
LDP polygons by taking our k-maximal polygons with one interior lattice point and computing all
subpolygons having primitive vertices. We have done this up to k = 6, in particular reproducing
the classification of the almost 3-hollow LDP polygons from [27]. See also Figures 1.12, 1.13,
1.14 and 1.15.

Classification 1.5.6 (See A.4.4 for an implementation). Below are the numbers #hap (k) of almost
k-hollow LDP polygons, their maximally attained number of vertices Nigp(k) and the number
of vertex maximizers Myp (k). Equivalently, #4,(k) is the number of toric %-log canonical del
Pezzo surfaces and Nyp(k) — 2 is their maximally attained Picard number. For comparison, we
include the analogous numbers for all k-rational polygons with exactly one interior lattice points.

E |1 2 3 4 5 6

Hap | 16 505 48032 1741603 154233886 2444400116
Ng | 6 8 12 12 16 18
Mgy | 1 1 1 20 1 1

#a1 | 16 5145 924042 101267212 8544548186

Na | 6 9 12 14 18

My | 1 1 2 23 1
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Chapter 1. Rational polygons

Figure 1.10: All ten 2-maximal rational polygons with exactly one interior integral point up to
affine unimodular equivalence. The threefold standard triangle is the only one that cannot be
realized in R x[—1, 1].
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Figure 1.11: All thirty-nine 3-maximal polygons with exactly one interior lattice point. The
upper four rows are the 26 polygons in R x[—1, 1]. The lower two rows contain the 12 polygons
in R x[—1, 2] and the rightmost polygon in the last row is the only polygon in R x[—2, 2].
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1.5. Rational polygons with exactly one interior lattice point and LDP polygons

Figure 1.12: The k-rational polygons with exactly one interior lattice point and maximal number
of vertices for k € {1,2, 3,5}, see Classification 1.5.6.
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Figure 1.13: The twenty-three 4-rational polygons with exactly one interior lattice point and max-
imal number of vertices, see Classification 1.5.6.
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Chapter 1. Rational polygons

Figure 1.14: The almost k-hollow LDP polygons with maximal number of vertices for k &
{1,2,3,5,6}, see Classification 1.5.6.

Figure 1.15: The 20 almost 4-hollow LDP polygons with maximal number of vertices, see Clas-
sification 1.5.6.
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1.6 A general classification procedure

In this section, we show how a classification of k-maximal polygons with i € Zx interior lattice
points can be derived from a sufficiently large classification of lattice polygons. First, we need a
suitable upper area bound of rational polygons in terms of their number of interior lattice points.

Lemma 1.6.1. Let P be a rational polygon with k = denom(P) and i := i(P) which cannot be
realized in R x[—1,1]. Then we have

Areay,(P) < max (k:2(4i +5), %k:(k +2)2(i + 1)> .

Proof. After an affine unimodular transformation, we can assume that (0, 1) is a lattice width
direction and P C R x[0,00). Let m € Z be minimal such that P C R x[0,m + 1]. By
assumption, we have m > 2. If m > 3, [14, Proposition 3.5] implies

1
Area(P) < 2k* <22' +2+ ) = k?(4i 4 5)

2
and we are done. Considerm = 2andlet0 < a,b < 1be minimal such that P C R x[1—a, 2+].
If a + b > 1, [14, Proposition 3.3] implies again Areay(P) < 4k?(i + 1). Otherwise, it gives

(a+b+1)2

+ 1) k>
a+b (+ D,

Areay(P) <

which attains its maximum for a = b = £, hence we get Areay(P) < 1k(k +2)2(i + O

+1).
Proposition 1.6.2. Let P be a k-maximal polygon with denom(P) = k > 2 and i := i(P) that
cannot be realized in R x[—1, 1]. Then there exists a lattice polygon Q) such that P = %Q
where

Q) < %Areak(P) —% < max <k2(2z’+ g), ik(mz)?(w 1)> - %

Proof. Since P is k-maximal, the lattice polygon kP is 1-maximal by Proposition 1.2.16. Set
Q := (kP)M). Since P cannot be realized in R x[—1,1] and k > 2, it follows that Q is two-
dimensional. Thus Proposition 1.2.18 implies P = %Q(_l). Since I(Q) = i(kP), the bound for
1(Q) follows with Pick’s formula and then Lemma 1.6.1. O

This proposition tells us that if we know all lattice polygons with sufficiently many lattice points,
we can use them to classify k-maximal polygons with ¢ € Zx interior lattice points (those in
R x[—1, 1] can be classified directly using Algorithm 1.3.4). A classification algorithm for lattice
polygons by number of lattice points was given by Koelman [38, Section 4.4]. How far we would
have to know this classification for is given by the bound in Proposition 1.6.2, i.e.

Imax (k1) = {max <kz2(2i + g), ik(k +2)2(i + 1)) — ;J .

Below are some values for [, (k,7), where k runs vertically and ¢ horizontally. Note however
that this bound is not sharp and can likely be improved.
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ki)l O 1 2 3 4 5 6 1 8
2 9 17 25 33 41 49 57 65 73
3 22 40 58 76 94 112 130 149 168
4 39 71 107 143 179 215 251 287 323
5
6
7

62 122 183 244 305 367 428 489 550
95 191 287 383 479 575 671 767 863
141 283 424 566 708 850 991 1133 1275

We have implemented Koelman’s classification algorithm in RationalPolygons.jl, see A.4.7.
In particular, we were able to reproduce his results up to [ = 42 and extend them up to | =
112. In total, we have found 115449011 813 lattice polygons with at most 112 lattice points,
79 140459 of which are internal, i.e. of the form P, We made the internal ones as well as
all polygons up to 70 lattice points available at [59], see also [43, A371917] for their numbers.
Using Proposition 1.6.2, we then obtained the classification of 3-maximal polygons with up to
five and 4-maximal polygons with up to two interior lattice points, see Theorem 1.1.1. While
this approach works in principle for all pairs (k, %), it is very inefficient compared to our direct
classifications for i« € {0, 1} in Sections 1.4 and 1.5 as well as k = 2 in Section 1.8. However, it
did prove useful as an independent verification of our results in these sections for low values of
k and ¢ respectively.

1.7 Proofs of Theorems 1.1.2, 1.1.3 and 1.1.4

Let us recall the classification of lattice polygons without interior lattice points.

Proposition 1.7.1 (See [38, Theorem 4.1.2]). Let P be a lattice polygon with i(P) = 0. Then P
is either equivalent to the twofold standard triangle conv((0,0), (2,0), (0,—2)) or to a polygon
of the form conv((0,0), (0, —1), (n,—1), (m, 0)) with integers n > m > 0.

Proof of Theorem 1.1.2. Consider the integer hull Q := conv(P N Z?). We may assume Q) to be
two-dimensional, otherwise we have b < 2 and the claim holds trivially. If i(Q) > 0, then we
get with Scott’s inequality

b < b(Q) < 2(Q)+7 < 2i+7< (k+1)(i+1)+3.

This can only be an equality for (k, i) = (2, 1) and @ being the threefold standard lattice triangle.
But since P is not a lattice polygon, it must contain a non-integral vertex outside of (). Since
the threefold standard lattice triangle has a lattice point in the relative interior of each edge, this
implies b < b(Q), hence the inequality is strict after all.

If i(Q) = 0, Proposition 1.7.1 says that @ is either the twofold standard lattice triangle or of the
form conv((0,0), (0, —1), (n, —1), (m, 0)) for integers n > m > 0. In the former case, we have
b < b(Q) = 6 and the claim holds trivially. Let us treat the latter case. Since P has at least
one interior lattice point, there must be a vertex v = (z,y) of P which lies outside of the strip
R x[-1,0]. If y < —1, we have i > n — 1, hence

b<m+3<n+3<i+4< (k+1)(i+1)+3.
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Now assume y > 0. Then we maximize the number of boundary lattice points if (—1,1) are all
boundary points of P for 0 < [ < n and n is as large as possible. This happens when y is as
small as possible i.e. y = 1. By convexity, the largest possible n is (k + 1)(i + 1). Then we
obtain the triangle from the assertion and b = n + 3 as claimed. O

Remark 1.7.2. Plugging k£ = 1 into Theorem 1.1.2 gives ¢ < 2¢ + 5, which is less than Scott’s
inequality. The difference is explained as follows: First, the threefold standard lattice triangle
is an exception which only exists for & = 1. Second, if we take k = 1 in the triangle from
Theorem 1.1.2, the vertex (0, %) is itself a lattice point, hence it has one more boundary lattice
point than expected.

Proof of Theorem 1.1.3. We treat first the case dim(Q)) = 2. In terms of the k-normalized area,
we have to show the following:

Areay(P) > K*(i+b—2) + k(i +1).
Pick’s formula gives us a first bound
Area,(P) > Area,(Q) = k% (2i(Q) + b(Q) —2).

Consider an interior lattice point A of P which lies on the boundary of () and let B be a boundary
lattice point of @) adjacent to A. Pick a rational point C' € (P \ Q) N %ZQ lying over the edge
of Q which contains A and B and consider the triangle with vertices A, B and C'. Its base has
length one and its height is at least % Hence it has k-normalized area of at least k. Choosing the
same C for as many pairs (A, B) as possible gives us at least i — i(Q) + 1 triangles of this form
with disjoint interiors. We obtain Areay(P) — Areai(Q) > k(i —i(Q) + 1).

C

Using b(Q) = b+ i —i(Q), we compute

Areay,(P) > k*(2i(Q) + b(Q) — 2) + k(i — i(Q) + 1)
=k*(i+b—2) + k(i +1)+i(Q)(k* —k)
> k2(i+b—2) + k(i +1).

To get equality, we need i(Q)) = 0 and Areay(P) — Areay(Q) = k(i + 1). The latter happens
if and only if there is a unique point C' € (P \ Q) N + Z? having lattice distance + to all rele-
vant edges of (). By Proposition 1.7.1, @ is either the twofold standard triangle or of the form
conv((0,0), (0,—1),(n,—1),(m,0)) for n > m > 0. In the former case, we get the polygons
(1b) and (2b) from the assertion. In the latter case, we get the polygons (0a), (1a) and (2a). Here,
the number before the letter denotes the number of boundary lattice points of P on R x{0},
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which is at most two. Note that by symmetry, for the polygons (2a) it is enough to consider
x=0,..., meaig_bj. Similarly, for (2b), ' = 0,...,k is enough. See also Figure 1.2 for an
illustration.

Now we consider dim(Q)) < 2, i.e. the lattice points of P are collinear. In particular, we have
b < 2. After an affine unimodular transformation, we may assume @ C R x{0}. In terms of the
k-normalized area, we have to show

2% (i + 1), b=2,
Areay(P) > < 2ki + 1, b=1,
2%(i—1)+3, b=0.

Note that by Pick’s formula, we have

Areay(P) = Area;(kP) = 2i(kP)+ b(kP) — 2. (1.1)

We start with the case b = 2. Then k@ has exactly k(i+ 1) — 1 lattice points in its relative interior,
hence i(kP) > k(i + 1) — 1. Moreover, kP must have at least one lattice point (a vertex) above
and below of Q). Together with the two boundary lattice points on () itself, this gives b(kP) > 4.
Plugging this into Equation (1.1), we arrive at the desired bound and equality holds if and only
ifi(kP) =k(i+ 1) — 1 and b(kP) = 4. Up to affine unimodular equivalence, there are exactly
k(i + 1) + 1 ways to choose boundary points of kP without getting additional interior lattice
points, which are exactly the polygons (2c) from the assertion.

For b = 1, we obtain with analogous reasoning i(kP) > ki and b(kP) > 3. The bound again
follows from Equation (1.1). To get equality, there is up to affine unimodular transformation only
one possible choice of boundary points of kP, which gives us the polygon (1¢) from the assertion.

Forb = 0, we have i(kP) > k(i—1)+ 1 and b(kP) > 3, which yields the desired bound. Again,
to get equality, there is only one possibility, namely the polygon (Oc) from the assertion. See also
Figure 1.1 for an illustration. O

Remark 1.7.3. In Theorem 1.1.3, the polygon (la) for b = 2 plays a special role: While it is
always an area minimizer with respect to polygons with two boundary lattice points having a
two-dimensional integer hull, it is not in general an area minimizer with respect to all polygons
with two boundary lattice points. This is because the bound for dim(Q) < 2 and b = 2 (namely
area(P) > 1) is in general smaller. The only exception is the case (k,i) = (2, 1), where both
bounds agree. This is the only case where (1a) for b = 2 truly is an area minimizer.

We turn to the upper bounds for the area from Theorem 1.1.4. Let & > 2 and ¢ > 1. Set
bmax := (kK +1)(i+ 1) + 3 and let 0 < b < byax. Then we intend to prove that the k-normalized
area of a rational polygon with denominator k£ having ¢ interior and b boundary lattice points is
not greater than

57 b € {bmam bmax - 1}7
maxarea(k, 4,b) = k(k+1)*(i+1) = { 2+ k(b —2)), 1<b< bpax — 2,
(3+k(b—2), b=0,
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where b := bmax — b.

Lemma 1.7.4. Let P be a rational polygon with denominator k > 4 having 1 interior and b
boundary lattice points. Assume P is not equivalent to a polygon in R x[—1,1]. Then we have
Areay(P) < maxarea(k, i, b).

Proof. Using Lemma 1.6.1 and k > 4, we obtain
1
Areay,(P) < max <k2(4i +5), 5/<;(1<: +2)2(i + 1)) < K*k+1)@G+1)—k—3.

Moreover, we have k?(k + 1)(i + 1) — k — 3 = maxarea(k, i,0) < maxarea(k,i,b). Hence we
arrive at the claim. O

Lemma 1.7.5. Let P be a rational polygon of denominator k > 4 having i interior and b bound-
ary lattice points. Assume P is not equivalent to a polygon in R x[—1, %] Then Areai(P) <
maxarea(k, i,b).

Proof. By Lemma 1.7.4, we can assume P C R x[—1,1]. Let h € {2, ..., k} be minimal such
that P C R x[—1, %] Then by [ 14, Proposition 3.1], we have

k2
Areay(P) < k <h + 2k + h> (1+1).

For k > 4, this attains its maximum at 4 = 2. We obtain

2
Areay(P) <k (2 + 2k + 2) (i+1) < k*(k+1)(i +1) — k — 3 < maxarea(k, i, b),

where we again used k& > 4 to get the strict inequality in the middle. 0

Proof of Theorem 1.1.4. By Lemma 1.7.5, we may assume P C R x[—1, %] Throughout our
proof, we use the following shorthand notation: For any —1 < y < % aswellas —1 < y; <
Yo < 1, we write

Py == PN(Rx{y}), Py = PNRx[y1,1]).

After a translation, we can assume Py C [0,7 + 1] x {0}. Next, we apply a shearing to achieve
that the leftmost vertex in Py /. is (0, %) Convexity then implies that P_; o) is contained in the
convex hull of (0,0), (0, —1), ((k+1)(¢ +1),—1) and (i + 1,0). In particular, the line segment
P_; is contained in [0, (k + 1)(i + 1)] x {—1}. Write by and b_; for the number of boundary
point of P in Py and P, respectively. Then b = by + b_1 and by € {0, 1,2}. The length of P_;
is restricted by the number of lattice points b_; on it, i.e.

(k+1)(i+1), b_1 = bmax — 2
length(P_1) < q(k+1)(i+1)—%, b1 =bmx—3 (1.2)
b—1+1_%7 Ogb—lgbmax_Zl'
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Consider now the line segment P_;_ 5, which is contained in [0, k(i + 1)] x {—1+1/k}. We
obtain the following bound:

2 — by
E+1°

length(P_i41/) < k(i+1) — (1.3)
We consider the decomposition P = P|_; 1114 U P_141/k,1/k)- Note thatarea(P|_yq/x1/x))
is maximized if and only if (1.3) is an equality and (0, %) is the only vertex in P /.. This is because
Pi_141/k,0) cannot be larger anyway and using an additional vertex in P; ;; would lose more area
in Pi_141/1,0) than we could gain in Py ;). On the other hand, P_y 1,/ is just a trapezoid,
hence its area is maximized if and only if (1.2) and (1.3) are both equalities. We now proceed
by case distinction on by € {0, 1,2} and describe all polygons satisfying these conditions, which
gives us all area maximizers.

We first treat by = 2, which implies b > 2 and b_; = b — 2. Here, we achieve equality in (1.3) if
we have edges connecting the vertex (0, 1) to (0, =1+ ) and (k(i +1), =1+ ). For b = bmax,
there is only one possibility to achieve equality in (1.2), namely the polygon (2c). Forb = bpax—1,
there are a priori two possibilities of maximizing the length of P_;. However, they are equivalent
by symmetry, hence there is only one polygon (2b). For 2 < b < bpax — 2, we obtain the family
of polygons (2a), which arises from different translations of the line segment P_;. A priori, we
have z = 0,...,b — 2. However, by symmetry, it is enough to consider x = O, ..., ng - 1.
Computing the areas of (2a), (2b) and (2c), we arrive at the bound from the assertion.

Next, we treat by = 1. By symmetry, we can assume that the unique boundary lattice point on
Py is (i + 1,0). Then we achieve equality in (1.3) if we have edges connecting the vertex (0, %)
to (1,—1) and (k(i + 1), —1 + +). By convexity, we can maximize length(P_1) (i.e. achieve
equality in (1.2)) only for b < byax — 3, which gives us the polygons (1a) from the assertion. Note
that these have exactly the same area as the polygons (2a) for fixed b < byax — 3 and we cannot
reach this bound for b larger and length(P_1 ) not maximal. Moreover, since (0, £ —1) is no longer
a vertex for (1a), there is no flexibility in moving P_; around. Hence for each 1 < b < byx — 3,
we only get one polygon of type (1a).

Lastly, for by = 0, simultaneous equality in (1.2) and (1.3) can only be reached for b = by« — 4,
in which case connecting (0, £) to (£, —1) and (b + 1 — 1, —1) gives the triangle (0a). It has
the same area as the polygons corresponding polygons (1a) and (2a). This leaves open the case
b = 0. Here, we cannot reach equality in (1.3), since this would fix P_; and lead to b > 0. The
best we can do in this case is to connect (0, +) to (3, —1) and (k(i + 1) — 1, + — 1). The line
segment P_q is then already uniquely determined, hence we arrive at the polygon (0Ob). It has the
claimed area from the assertion, which is notably smaller than in the other cases by one unit of
k-normalized area. O

Remark 1.7.6. We can compare our area bounds to Pick’s formula by plugging £ = 1 into
Theorems 1.1.3 and 1.1.4. Ignoring the cases b < 2 (which cannot happen for lattice polygons),
we arrive at ¢ + % — % for both the lower and upper bound. This is notably % more than what
Pick’s formula says. The difference can be explained as follows: All of our area maximizers and
minimizers described in Theorems 1.1.3 and 1.1.4 have a rational vertex at y = % Fork =1,
this would become a boundary lattice point, hence the polygon has one more boundary lattice
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point than it would have for £ > 1. Substituting b — b + 1 into Pick’s formula, we recover the

same expression % + % - %

Remark 1.7.7. In the proof of Theorem 1.1.4, the condition k£ > 4 was only necessary to ensure
P C Rx[-1, %] by applying the bounds from Lemmas 1.7.4 and 1.7.5. In particular, the area
bound of Theorem 1.1.4 holds for all polygons in R x [—1, 1], eveniif k € {2, 3}. However, as we
will see in Section 1.8, not all area maximizers for k = 2 are contained in R x[—1, %] For k = 3,
we used our classification of rational polygons from Theorem 1.1.1 to verify that Theorem 1.1.4
holds completely for 1 < ¢ < 5. In particular, there are no maximizers outside of R x[—1, %]
This leads us to conjecture that the bounds from Lemmas 1.7.4 and 1.7.5 can be improved to work
also for k = 3.

Remark 1.7.8. Let P be an area maximizer of type (2a) as described in Theorem 1.1.4 with at
least three boundary lattice points. Taking @) := conv(P N ZQ), the polygon P’ := conv(Q U
{(0,%)}) is then an area minimizer with the same number of interior and boundary lattice points
as P. Moreover, we can find a polygon that attains any area between Area(P) and Areay(P’)
by means of the following three operations:

1. Shorten or lengthen the line segment P "R x{—1} by é on either sidefor 1 <[ <k — 1.
This lowers or increases Areay(P) by .

2. Add or remove the vertex (é, ) for 1 < I < k — 1. This increases or lowers Areay,(P)
by .

3. Move in the vertices on P N R x{—1+ 1} by 4. This lowers Areay(P) by k.

See Figure 1.16 for an example of how these operations can be used to attain any area between
the lower and upper bounds.

Figure 1.16: A polygon for each possible area between the lower and upper bounds of Theo-
rems 1.1.3 and 1.1.4. Here, we have (k,i,b) = (3, 1,8). Each polygon is labeled according to its
k-normalized area and the steps between them are labeled according to Remark 1.7.8.
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Chapter 1. Rational polygons

1.8 Half-integral polygons

In this section, we classify half-integral polygons with few interior lattice points. This will fill in
the second row of our classification table from Theorem 1.1.1, which we know up to 7 = 16, see
Classification 1.8.7. Next, we will prove Theorem 1.1.5 and apply this result to Ehrhart theory,
where we also give a lower bound on the number of half-integral boundary points, see Proposi-
tion 1.8.10. Lastly, we raise a conjecture on the number of distinct Ehrhart quasipolynomials of
half-integral polygons, see Conjecture 1.8.11.

Our classification method is inspired by Castryck’s algorithm for classifying lattice polygons [19],
where the notion of an internal polygon (i.e. a polygon of the form P(1)) is replaced by the Fine
interior as introduced in [21, §4.2.] (see also [49, Chapter I, Appendix to §4]). For more informa-
tion on the Fine interior and its recent use in combinatorial mirror symmetry and combinatorial
birational geometry, see [3, 10].

Recall that for a lattice polytope P C R%, we set P(1) := conv(P° N Zd). On the other hand
P is the rational polytope obtained by “moving out” all facets of P by one, see Section 1.2.3.

Definition 1.8.1. The Fine interior of a rational polytope P C R? is
F(P) = {z e R?| (x,n) > min{(y,n) | y € P} + 1 foralln € Z4\{0}}.

Remark 1.8.2. F'(P) is arational polytope. Moreover, if P is a lattice polytope, we have PO C
F(P) by [10, 2.6 f.]. For lattice polygons, we even have equality by [10, p. 2.9]. In this sense,
a rational polytope that is a Fine interior of another one can be seen as a generalization of an
internal polygon.

We have seen a criterion for the maximality of lattice polygons using internal polygons in Propo-
sition 1.2.18. Here we focus first on the polytopes that are maximal with respect to inclusion
among those sharing same Fine interior. The following is a direct consequence of the definition
of the Fine interior.

Proposition 1.8.3. A full-dimensional rational polytope P is the Fine interior of a rational poly-
tope if and only if F (P(*l)) = P. In this case P\ contains every rational polytope, which
has P as its Fine interior.

This result implies that we can classify all lattice polytopes with given number of interior lattice
points by first classifying their Fine interiors, then getting all maximal ones by moving out the
facets and finally computing all subpolytopes. Recently, Bohnert [15] gave a classification of
two-dimensional Fine interiors of three-dimensional lattice polytopes, which allows us to follow
this path with a small detour in dimension three. We give the essential results from [15] for our
classification in three steps. The first one gives us a connection between dimension two and three.

Proposition 1.8.4. The Fine interior of a three-dimensional lattice polytope P C R? x [—1,1]
with at least two interior lattice points and w(P) = 2 has vertices in 3 Z* x{0} and depends
only on the half-integral polygon P N (R? x{0}). Moreover, the Fine interior of such a lattice
polytope is of dimension one if and only if P 0 (R? x{0}) is affine unimodular equivalent to a
polygon in R x[—1,1] x {0}.
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1.8. Half-integral polygons

The second result gives a suitable notion of maximality in this context.

Proposition 1.8.5. A half-integral polygon Q) is the Fine interior of a three-dimensional lattice
polytope if and only if there is a half-integral polygon Py C R? such that Q is the Fine interior
of P := conv(2Py x {—1},(0,0,1)). Furthermore, there is a unique half-integral polygon Q~
with F(conv(2Q~ x {—1},(0,0,1))) = Q, which contains every half-integral polygon P} for
which

F(conv(2P) x {—1},(0,0,1))) = Q.

Finally, the third step is the classification, which was done there.

Classification 1.8.6 (See [ 15, Theorem 4.1]). There are exactly 24 324 158 half-integral polygons
with at most 40 lattice points, which are Fine interiors of a three-dimensional lattice polytope.

For each polygon from Classification 1.8.6, we can compute the polygon @)~ from Proposi-
tion 1.8.5 and check for 2-maximality. This gives us all 2-maximal polygons with up to 40 interior
lattice points that cannot be realized in R x[—1, 1]. The latter ones can be obtained with Algo-
rithm 1.3.4, hence we arrive at the following classification.

Classification 1.8.7 (Data available at [58]). Below are the numbers #m,x (i) of 2-maximal poly-
gons with 1 interior lattice points.

i 1 2 3 4 5 6 7 8 9 10
#max () 10 25 33 63 106 178 274 476 693 1058

7 11 12 13 14 15 16 17 18 19 20
#max (1) 1561 2345 3431 4970 6712 9345 12883 17667 23809 31806

7 21 22 23 24 25 26 27 28 29 30
#max (1) 41394 54071 70088 90 805 116613 148877 187818 236793 296 708 370444

7 31 32 33 34 35 36 37 38 39 40
#max () 459667 569098 698986 857540 1047830 1277349 1549049 1875058 2257565 2714004

Moreover, we obtain the numbers #y,(3) of all 2-rational polygons as well as the numbers #ep.(7)
of distinct Ehrhart quasipolynomials:

) 1 2 3 4 5 6
#a1(7) 5145 48639 249 540 893402 2798638 7299589
Henr (1) 270 586 1060 1701 2525 3577

) 7 8 9 10 11 12
#a1(7) 17 556 059 41005529 83848 960 170081 198 339219561 617457338
Henr (1) 4875 6459 8343 10565 13138 16111

) 13 14 15 16
#a1(7) 1140740735 2040032893 3454142981 5957874274
#enr (1) 19488 23307 27596 32381

We turn to the area bound of half-integral polygons given in Theorem 1.1.5. Note that it differs
from the bound given in Theorem 1.1.4 exactly in the cases ¢ = 1 and b = 0, where it exceeds
the general bound by % (= one unit of 2-normalized area). For ¢ = 1, the half-integral polygons
that violate the bound from Theorem 1.1.4 are all subpolygons of the threefold standard lattice
triangle, see Figure 1.18. For b = 0, the polygons violating Theorem 1.1.4 are all realized in
R x[—1, 1]. This class of half-integral area maximizers also occurs for b > 0, but here, their area
agrees with the general bound. The following lemma completely describes them.
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Lemma 1.8.8 (See also Figure 1.17). Let P C R x[—1, 1] be a rational polygon of denominator
two with i interior and b boundary lattice points, which cannot be realized in R x[—1, %] Then
we have

b<2i+6, Areag(P) < 12i + 2b + 8.

Moreover, for —1 <y < 1, write {,, for the length of the line segment P N (R x{y}) and b, for
the number of boundary lattice points on them. Then Areas(P) = 12i + 2b + 8 if and only if the
Jfollowing hold:

. (51,5_1) = (bl,b_l) and by =1+ % + %bO,
« PN (R x[—3,1]) is atrapezoid, i.e. P has no vertex on R x{0}.

Proof. We clearly have by < /1 +1and b_; < ¢_; + 1 as well as by < 2. Moreover, ¢y < i+ 1
holds and by convexity, we have /_1 + ¢ < 2{y3. We obtain

b=0b_14+byg+by <l_1+4+4+4 < 20p+4 < 2i+6.

To estimate the area, consider the trapezoids P_y := P N (Rx[-1,—3]) and P, := P N

(R x[3,1]). Note that these are non-trivial, since we assume P cannot be realized in R x[—1, 1].

2
Their area is given by

AreaQ(P,l) = 2(671 + £ ), Areag(Pl) = Q(E% —|—€1)

1
32
Moreover, the area of Py := PN (R x[—1, 1) is

Areas(FPy) = 2(6_% + o) + 2(4o + E%) = 40y + 2(6_% + 6%).

Since P has denominator two, we have /_; < b_; and ¢; < b;. Moreover, convexity forces
{1+ /01 <2{y. Intotal, we obtain
2 2

Areay(P) = Areap(P-1) + Areag(FPy) + Areag(Pr) < 120y + 2(b—1 + b1).

Consider now the line segment [s, s+£p] x {0} := PN (R x{0}). Since P C R x[—1, 1] and the

denominator of P is two, the possible values for the rational part of s are {0 Ll171l:2:3 5

7674232273747 6J"
This implies the bound ¢y < ¢ + % + ébo. Hence we obtain
Areap(P) < 12i +8+2(bgp+b_1 + b1) = 120 + 2b + 8.

Moreover, equality holds if and only if the conditions from the assertion hold. Note that P being

a trapezoid is equivalent to £_1 + ¢1 = 2¢y. See also Figure 1.17 for an illustration of some area
2 2

maximizers of the described form. O

In our proof of Theorem 1.1.5, we use the concept of lattice width, which we now quickly recall.
For a polygon P C R? and a non-zero vector w € R, we define the width of P in direction w as

width,, (P) := rglea])D((w,v) - Ivrglr__}(w,v}.

The lattice width Iw(P) of P is defined to be the minimum over width,, (P) where w € Z?\{0}.
By a lattice width direction, we mean a w € Z? \{0} such that lw(P) = width,,(P).
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Proof of Theorem 1.1.5. After an affine unimodular transformation, we can assume that (0, 1) is
a lattice width direction of P. Let n be the number of interior integral horizontal lines, i.e.

no= [{jeZ| P°n(Rx{j}) # 0}
1

We first treat n = 1, where we distinguish two subcases: Either P can be realized in R x[—1, 5]
orit can be realized in R x[—1,1] but notin R x[—1, £]. In the former case, the assertion follows
from the proof of Theorem 1.1.4, see also Remark 1.7.7. In particular, we get sharpness for our
bound if b > 1. In the latter case, we refer to Lemma 1.8.8, where we also obtain sharpness for
b=0.

Now we consider n > 2. We may assume P C R x[0,n + 1]. For 0 < y < n + 1, let £, be
the length of the line segment P N (R x{y}). Consider the numbers i; := |P° N (Z x{j})| for
j=1,...,naswellasb; := |0P N (Z x{j})| for j =0,...,n 4+ 1. Note that we have

Ly < b, lpi1 < bpya, li<ij+1lforj=1,...,n.

Consider the subpolygons P; := PN (R x[j — %,j—i— %]) forj=0,...,n+1.Forj=1,...,n,
we can estimate their area by

Areay(Pj) = 405 +2(0; 1 +£;,1) < 8(; <8(ij + 1).

In particular, we obtain 2?21 Areay(P;) < 8i+8n. Moreover, we have Areas (Fy) = 2({p+¢1)
2
and Areas(P,11) = 2(€n+; + ln41). By convexity, {1 + €, 1 < lg + ly_g1 holds for all
2 2 2
k=1,...,5]. It follows

Areay(Pp) + Areaz(Pny1) < 2(bo + bpy1 + L + Lngry1) < 200+ ik + ingpy1 +2).

By choosing k = 1,..., | 5] such that i}, + i1 is minimal, we ensure iy, + iy 4 g1 < ﬁ
In total, we obtain
n+1 2
Areay(P) = Z Areay(P;) < 8i+8n+2b+ n/2] +4.
n
j=0

For n = 2, this gives Areas(P) < 10i + 2b + 20, which strictly less than 127 + 2b + 6 for i > 8.
Using Classification 1.8.7, we verified that the claim holds for the finitely many polygons with
1 < 7. In particular, we found that the only maximizers with n = 2 are the finitely many polygons
with ¢ € {1,2} drawn in Figure 1.18. For i = 1 and b < 6, their area even exceeds the generic
bound, which is the reason we have to list ¢ = 1 separately in the assertion.

For n > 3, we use the estimate [n/2| > “=1. It is then enough to show
8i+8n+%+2b+4 < 121+ 2b+6,
which is equivalent to )
4n® —dn +1
f(n) = T_: < i
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n

By [14, Proposition 2.3], we get estimates i; > j — land 4,11; > j —1forj = 1,...,[5].
Taking the sum, we obtain ¢ > @. For n > 11, this implies the claim. On the other hand,
for n < 7, we have f(n) < 17. Again by our classification, we know the claim holds for i < 16,
hence this case is done. For the remaining cases n € {8,9,10}, we used our classification of
maximal half-integral polygons with up to 40 interior lattice points to compute their maximally
attained lattice width Iwn,x. We obtained the following table:

7 1 2 3 4 5 6 7 8 9 10
IWmax | 3 3 4 4 4 5 5 5 U 6
1 11 12 13 14 15 16 17 18 19 20
IWmax | 112 6 6 6 T 7 7T Y2 8 1%
1 21 22 23 24 25 26 27 28 29 30
1Wmhax | 8 8 8 8 1 9 1Vh 9 9 19
1 31 32 33 34 35 36 37 38 39 40
IWmax | 10 192 192 192 10 10 10 10 10 11

We now treat n = 8. We have f(8) < 19, hence it suffices to show i > 19. Assume ¢ < 18, then
the table above implies n < lw(P) < % < 8, a contradiction. The cases n € {9, 10} are settled
analogously. O

Remark 1.8.9. For half-integral polygons with at least three interior integral horizontal lines, the
proof of Theorem 1.1.5 shows that the area bound is strict. This means that there are no half-
integral area maximizers with n > 3. Hence the half-integral area maximizers are precisely the
following:

* All maximizers in R x[—1, %], which are described in Theorem 1.1.4,

 maximizers in R x[—1, 1] as described by Lemma 1.8.8 and

* the finitely many area maximizers with n = 2 for ¢ € {1,2}, which are drawn in Fig-
ure [.18.

In the rest of this section, we show how our area bounds can be applied to Ehrhart theory of half-
integral polygons. Recall that a rational polygon P C R? admits an Ehrhart quasipolynomial,
which counts lattice points in its integral dilations, i.e.

ehrp(t) = [tPNZ*| = area(P)t* + ¢ (t)t + ca(t), fort € Z>1,

where ¢y, cy: Z — Q are uniquely determined periodic functions whose period divides the de-
nominator of P. For polygons of denominator two, the four coefficients ¢;(1), ¢1(2), c2(1) and
¢2(2) can be described in terms of the numbers 7 and b of interior and boundary lattice points, the
area and the number b(2P) = |0P N § Z? | of half-integral boundary points:

01(1) = é 62(1) =14 g — area(P), 01(2) = b(2413), 62(2) =1.
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We refer to [12] for more information on Ehrhart theory in general. The half-integral case was
already studied in [34] with focus on the coefficients ¢; (1) and c2(1) for not necessarily convex
polygons. Moreover, the cases with period collapse, i.e. ¢1(1) = ¢1(2) and c2(1) = c2(2),
were studied in [15]. Restrictions on the coefficients of Ehrhart quasipolynomials of half-integral
polygons, in particular for the case 7 = 0, were also given in [25].

Using our results, we contribute to the description of Ehrhart quasipolynomials for convex half-
integral polygons with at least one interior lattice point. Note that by the formulas for the coeffi-
cients above, the quadruple (7, b, area(P), b(2P)) completely determines the Ehrhart quasipoly-
nomial. To understand which Ehrhart quasipolynomials are possible, we look for sharp bounds
between these four parameters: By Theorem 1.1.2, we have the sharp bound 0 < b < 3¢ + 6 and
clearly every intermediate value is attained. Theorems 1.1.3 and 1.1.5 give sharp lower and upper
bounds for the area in terms of 7 and b, while Remark 1.7.8 shows that all intermediate values are
attained if b > 3. It remains to bound b(2P) in terms of the first three parameters. We succeeded
in proving the following sharp lower bound:

Proposition 1.8.10. Let P be a half integral polygon with i > 2 interior lattice points and b > 3
boundary lattice points. Set A := Areas(P). Then the number of half-integral boundary points
of P is bounded sharply as follows:

2, ifA=12i+2b+8andb+ 2 +4

. )
0, otherwise

b(2P) > 2b+ 1+ {

where 1 is 1 if A is odd and 0 if it is even.

Proof. Since there is always a half-integral point between two adjacent boundary lattice points,
we get b(2P) > 2b. By Pick’s formula, we have

A = Area; (2P) = 2i(2P) + b(2P) + 2.

This implies that b(2P) — A is an even number, hence b(2P) > 2b + r. We now argue that this
is a sharp inequality for A 7 127 + 2b + 8 by giving examples. Note that by Theorem 1.1.3, we
have A > 6i 4+ 4b — 6. Consider A := 12¢ 4+ 2b — 7 — A. Then for A # 67 + 4b — 5, the convex
hull of

1 -~
(0.1/2), (0.1, (0= 3+ r/2, ), (2042 - 514720, -1/2) (14 1.0
satisfies b(2P) = 2b+ r. For A = 6i + 4b — 5, the convex hull of

(0,1/2),(1/2,1/2),(i +1,0),(b—3,—-1),(0,—1)

works. Moreover, for A = 127 + 2b + 8 and b = 2i + 4, we can realize b(2P) = 2b + r by the
following triangle:

conv((—1/2,-1),(2i +3/2,-1),(1/2,1)).
It remains to show that for A = 127 + 2b 4+ 8 and b # 2i + 4, we have the sharp inequality
b(2P) > 2b + 2 (note that » = 0 in this case). By Remark 1.8.9, there are three kinds of half-
integral area maximizers: Those in R x [—1, 1] are described by Theorem 1.1.4 and we can check
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that b(2P) = 2b+ 2 holds for all of them. The same is true for the finitely many area maximizers
with two interior integral lines and ¢ = 2 drawn in Figure 1.18. The remaining ones are described
by Lemma 1.8.8. Here, b # 2i+4 implies that we have at least one vertex with second coordinate
+ % Hence there is at least one pair of adjacent non-integral vertices with no lattice point between
them, which implies b(2P) > 2b + 2. O

It remains to bound b(2P) from above in terms of i,b and area(P) and to understand which
intermediate values are attained. Together with our other bounds, this would allow the complete
description of the four-parameter family (i, b, area(P),b(2P)) and hence all possible Ehrhart
quasipolynomials of half-integral polygons having ¢ > 1. In particular, this should provide a path
to prove that the number of distinct Ehrhart quasipolynomial of half-integral polygons is given
by the following polynomial, which we have verified by our classification for 7 < 16:

Conjecture 1.8.11. There are exactly

9 175
55’ + 3662 + 71‘ +53

Ehrhart quasi-polynomials of half-integral polygons with i € Zx>9 interior lattice points and at
least 3 boundary lattice points.

Figure 1.17: All half-integral area maximizers in R x[—1, 1] with two interior lattice points
and five boundary lattice points, which cannot be realized in R x[—1, %], as described by
Lemma 1.8.8. The upper two rows of polygons have by = 2, the polygons in the lower two
rows have by = 1

- e ~ ~
——" . .
-
- o =
P e l /, /
- -
pd / /
Y \ \ \
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1.8. Half-integral polygons

Figure 1.18: All half-integral area maximizers with two interior integral lines. On the left is
the number b of boundary lattice points. The dashed line separates polygons with ¢ = 1 from
polygons with ¢ = 2.

V4
V4
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CHAPTER 2

Toric del Pezzo surfaces

2.1 Background on toric geometry

We start by briefly recalling some general background on toric geometry, in particular discussing
Cox’s quotient construction. We refer to the standard introductory texts on toric geometry for
more details, for instance [20, 22], see also [2, Chapter 2]. In Subsection 2.1.1, which also con-
tains new results, we will consider the Picard group of a toric variety in more detail.

A torus is an algebraic group isomorphic to a standard torus T" := (C*)™. By a toric variety, we
mean a normal variety X containing a torus 7" as an open dense subset, such that the action by
multiplication T'x T — T extends to a morphical action 7' x X — X. A foric morphism between
toric varieties 7' C X and 77 C X’ is a morphism X — X' that restricts to a homomorphisms
of tori T — T".

We recall the correspondence between affine toric varieties and lattice cones. A lattice is a free
abelian group of finite rank. For a lattice NV, we write Ng := N ®z Q for the associated rational
vector space. By a cone in N, we mean a convex polyhedral cone 0 C Ng. Writing M := N*
for the dual lattice and 0¥ C Mg for the dual cone, a cone o in N defines a C-algebra

CleY N M] := @ Cx", Y =t
u€aVNM
We obtain an affine toric variety Z, := Spec C[o¥ N M| with acting torus 7' := Spec C[M],
where the torus action is given by its comorphism

CleY N M] — Clo¥ N M] ® C[M], X = x" e x"

Note that have we have the identifications O(T) = Z[M] = Z[TF!,... T and O(Z,) =
CloY N M|, where r = rank(N). To any face 7 =< o, one associates a distinguished point
zr € Zg, which is determined by

1, wertnegY,
X(zr) = { VA L
0, ueo’\7.

The rays p1,...,pn of o (i.e. its one-dimensional faces) correspond to the T-invariant prime
divisors via D; = T - z,,.

We turn to the correspondence between fans and toric varieties. A fan in N is a collection of
pointed convex polyhedral cones in N such that for all ¢ € 3, each face of ¢ is also in X, and
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2.1. Background on toric geometry

for all o, 0’ € X, the intersection o N o’ is a face of each. We write Y.« for the set of maximal
cones. A map of fans (X, N) — (X', N') is a lattice map ¢: N — N’ such that for all o € %,
there exists a ¢’ € Y’ such that ¢(c) C o’. By appropriately gluing the affine toric varieties
Z, along the open toric subvarieties Z,n,» C Z,, Z,/, a fan gives rise to a toric variety Zy, and
this construction is functorial. We will mostly work with non-degenerate fans, which means that
the support of X is not contained in a proper linear subspace of Ng. On the geometric side, this
means the toric variety Zx has no torus factor, or equivalently, ©O(Zx)* = C*. As in the affine
case, the rays p1,. .., p, of X correspond to the T-invariant prime divisors by D; = T'- z,,.
Let F' := 7Z™ and write v; € N for the primitive generators of the rays p; € 3. Note that 3 is
non-degenerate if and only if the v; span Ng as a vector space. By the generator map, we mean

P:F— N, fi>—>Uz‘,

where f1, ..., f, is the canonical basis of F'. If N = 7Z", we also speak of the generator matrix
P = [vl .. vn] . The next proposition shows how the divisor class group (the group of Weil
divisors modulo principal divisors) can be computed in terms of the generator map.

Proposition 2.1.1 (See [20, Theorem 4.1.3]). Let Zsx. be a toric variety associated to a non-
degenerate fan 3. with generator map P: F' — N. Then we have an exact sequence.

0 M-, g9

Cl(Zz) E— 0,
where M := N* and E := F*=7" and P is the transpose of P.

We call Q: E — Cl(Zy) from Proposition 2.1.1 the grading map. It sends the i-th canonical basis
vector e; to w; := Q(e;) = [D;]. Given a splitting Cl(Zx) 2 Z x Cl(Zx)"", we also speak of
the grading matrix QQ = [wl e wn] , where w; = (w;, n;), withw; € Z° and n; € Cl(Zx)"".

Proposition 2.1.2 (See [20, Theorem 8.2.3]). For the canonical class of a toric variety, we have
Kzy = —(Qer) + -+ + Q(en))

Next, we discuss Cox’s quotient construction for toric varieties. Recall that for a normal variety
X with finitely generated divisor class group and O (X )* = C*, the Cox ring is the C1( X )-graded
C-algebra
R(X) = P TI(X,0D)).
[D]eCI(X)
Construction 2.1.3 (See [20, Sections 5.1, 5.2] and [2, Section 2.1.3]). Let Z = Zx; be a toric
variety associated to a non-degenerate fan 3 in N with generator map P and let K := CI(Z).

Then we have
R(Z) = C[Ty,...,T,],

where n is the number of rays of X. Moreover, the K -grading is given by deg(7;) = Q(e;)
wi = [D;]. Geometrically, this means we have an action of the quasitorus H := Spec C[K] on
Z = Spec R(Z) = C". Consider the fan

3= {6 = Q% | P(6) C o forsome o € ¥}.
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Chapter 2. Toric del Pezzo surfaces

The associated toric variety Z = Zy is an open T"-invariant subvariety of Z. Moreover, P

defines a map of fans (3,Z") — (X, N) and hence a toric morphism p: Z — Z, which is a
good quotient with respect to HH. We arrive at the following diagram.

™ < Z < Z

Lﬂ //Hlp
T C Z

2.1.1 The Picard group of a toric variety

In this subsection, we take a closer look at the Picard group of toric varieties, which yields in
Corollary 2.1.7 a criterion for torsion-freeness and in Proposition 2.1.9 a first formula involving
the Picard index and local class groups. This subsection has been published as [56, Section 2].

Recall that the Picard group of a normal variety X is the group of Cartier divisors modulo prin-
cipal divisors. It sits naturally inside the class group, which is the group of Weil divisors modulo
principal divisors. If the class group of is finitely generated and X is Q-factorial (i.e. a multiple
of every Weil divisor is Cartier), we can define the Picard index as

tpic(X) = [CI(X) : Pic(X)].
A toric variety Zy is Q-factorial if and only if all cones in X are simplicial.
Construction 2.1.4. Let Z = Zy, be a toric variety coming from a non-degenerate a fan X in the
lattice N := Z". Let P: F' — N be the generator map, where F' := Z" and n is the number of
rays of ¥.. To any maximal cone o = cone(v;,, . .. ,viw) € Ymax, We associate the lattices

Ny := ling(c) N N, Fy == 7" .

We define the local generator map associated to o by

PO-Z Fg—>No, fjl—>Uij.
With the inclusion o, : N, < N and the map 3,: F,, — F sending f; to fl-j, we obtain a
commutative diagram

LN

B!

67

Bo

—

o
P,
*U>N

e

q

Consider the dual lattices
M := N*, E:=F* M, := N}, E, :=F;.

Setting K := E/im(P") and K, := E,/im(P,), we obtain a map 7, : K — K, fitting into
the commutative diagram with exact rows

)

0 M- B K 0
|od |s |
PT
0 —— M, —%+ E, K, 0.
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2.1. Background on toric geometry

By Proposition 2.1.1, we have isomorphisms K = CI(Z) and K, = Cl(U,), where U, is the
affine toric chart associated to o. Moreover, the map 7, corresponds to the restriction of divisor
classes [D] — [D|y,]. In particular, its kernel consists of those divisor classes that are principal
on U,.

Construction 2.1.5. In the setting of Construction 2.1.4, we define lattices N and F and a lattice
homomorphism P: N — F by

N=F N,, F=P F P=E P
0 €Y max 0 €Y max 0E€Xmax
Furthermore, we define lattice homomorphisms
a: N— N, Ny 3 v+ ags(v),
B: F—F, F, 5w~ Bs(w).
Let v: N — N be a kernel of o and 6: I/ — F be a kernel of 5. We obtain an induced map
P: F — N making the following diagram commute:

F_r,
zﬁ o
F_?.

5TA7

RN

=

—

Z

—

2>

Now consider the dual lattices M := N* and E := F* as well as the abelian group K :=
@aezmx K. We define the map

m: K > K, w— (75(0))ses,-

Setting M := M /im(«' ) and E := E /im(87) as well as K := K /im(r), we obtain a map
PN FE fitting into the following commutative diagram with exact rows:

0 M2

E K 0
oo ]

0 M- E K 0
b
M-t F K 0.

Proposition 2.1.6. In Construction 2.1.5, the map (3 is surjective and there is an exact sequence

~/

0 — Pic(2) ML E K 0.

o L oo . ~ AT
Moreover, if « is surjective, M is torsion-free and P = P .
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Chapter 2. Toric del Pezzo surfaces

Proof. Every primitive generator of a ray of X is a generator of some maximal cone. This implies
that 3 is surjective, hence 3 is injective. As a subgroup of K, the Picard group consists of the
Cartier divisor classes, i.e. those that are principal on all affine toric charts U, for ¢ € Xpux.
This means

Pic(Z) = (] ker(m,) = ker(n).

O'Ezmax

Applying the snake lemma to the lower diagram of Construction 2.1.5, gives the exact sequence
of the Proposition. The last statement is clear. O

Corollary 2.1.7. Assume that in Construction 2.1.5, the map « is surjective. Then the Picard
group Pic(Z) is torsion-free.

Remark 2.1.8. Corollary 2.1.7 generalizes the well-known fact that if Z has a toric fixed point,
its Picard group is torsion-free. Indeed, having a toric fixed point means having a cone o € X of
maximal dimension. This implies N, = NN, hence « is surjective.

Proposition 2.1.9. Let Z = Zy; be a toric variety with a non-degenerate simplicial fan .. In the
notation of Construction 2.1.5, we have

1
wie(Z) = — [ 1Kol

| | 0 EXmax

Proof. Recall that Pic(Z) = ker(r) and K = K /im(r). Since ¥ is simplicial, each K., is finite,
hence so is K. We obtain

wie(Z) = [K < er(m)] = [im(m)| = =) = L [T I,

2.2 LDP polygons and toric log del Pezzo surfaces

In this section, we discuss properties of LDP polygons and their relations to the geometry of the
associated toric del Pezzo surfaces. In particular, we discuss class group, Picard group, Picard
index and Gorenstein index, log canonicity, resolution of singularities as well as intersection
theory. We refer to [20, Chapter 10] for more background. Here, we place special emphasis
on explicit formulas and algorithms. Moreover, we provide references to our implementation in
RationalPolygons. j1 throughout the section.

Recall that a toric variety Zx, associated to a fan X is Fano if and only if its primitive ray generators
form the vertices of a convex polytope. Conversely, if we start with a Fano polytope, that is a
convex lattice polytope having only primitive vertices and the origin in its interior, its face fan
defines toric Fano variety. Specializing to surfaces, two-dimensional Fano varieties are called del
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2.2. LDP polygons and toric log del Pezzo surfaces

Pezzo surfaces, while two-dimensional Fano polytopes are called LDP polygons. Hence we have
a bijection on isomorphism classes:

{LDP polygons}/ ~" Ll {toric del Pezzo surfaces}/ = .

Recall from Section 1.2 that we write ~" for unimodular equivalence, i.e. P ~* P'iff P' = UP
holds for some unimodular U € Z?*2.

When there is no confusion, we will denote the LDP polygon P C R? and its vertex matrix
P = [vl vn] by the same symbol. Moreover, we will always consider vertex indices
modulo n, e.g. vy11 = v1.

2.2.1 Class group and Picard group

Recall that in algebraic geometry, the divisor class group of a normal variety is the group of
Weil divisors modulo linear equivalence, while the Picard group is Cartier divisors modulo linear
equivalence. For toric varieties, both are finitely generated abelian groups that can be computed
in terms of the defining lattice fan, see Proposition 2.1.1 and Subsection 2.1.1. In this subsection,
we will consider class group, Picard group and related notions for toric log del Pezzo surfaces
via their LDP polygons.

We start with a numerical invariant called the multiplicity, which will turn out to be the torsion
order of the class group, see Proposition 2.2.5.

Definition 2.2.1 (See A.2.49, A.2.50). Let P = [v1 ... vy be an LDP polygon. The multi-
plicity of P is
w(P) = [Z2? : Zvy + -+ Zwy)

Fori = 1,...,n, the local multiplicities are yi;(P) := [Z? : Ziv; + Zviy1).

The following elementary lemma about minors will be useful going forward:

Lemma 2.2.2. Let v; = (z;,y;) € 72 for i = 1,2,3 such that ged(z1,y1) = 1 and write
pij := det(vi, vj). Then there exist integers o and [3 such that

po3 = api2 + Buas.
In particular, ged (12, 13, p23) = ged(piz2, pa3).

Proof. Since x; and y; are coprime, we find integers a and b with axz; + by; = 1. Setting

o = axg + bye and B := —axs — bys, the rows of the following 3 x 3-matrix are linearly
dependent

r1 I2 I3

Yyr Y2 Y3

1 a -8
Its determinant is po3 — a1z — Bu12 = 0, which proves the claim. O
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Chapter 2. Toric del Pezzo surfaces

Proposition 2.2.3. For an LDP polygon P = [Ul . vn], we have
pi(P) = det(vi,viy1),  w(P) = ged(pa(P), ..., pn(P)).

Proof. That p;(P) = det(v;,v;1+1) is clear by definition. As for u(P), it is the index of the
sublattice spanned by the columns of P. This equals the index of the sublattice spanned by the
columns of the Smith normal form of P, which is of the form

S1 0 0 ...0

[0 s 0 ... 0} ’
where s; and sy are the first and second invariant factors of P. By elementary matrix theory
(see for instance [42, Chapter II]), these are given as s; = d; and sy = da/d;, where d; is the
greatest common divisor of minors of size i = 1, 2. In particular, we have u(P) = s182 = da.
Since all columns of P are primitive, we can apply Lemma 2.2.2 multiple times and see that it

is enough to take the greatest common divisor of minors with adjacent column indices, hence
dQZng(Nl(P)avun(P)) [

By Propositions 2.1.1 and 2.1.2, the following definitions of class group and canonical class of
an LDP polygon coincide with the respective notions of the associated toric del Pezzo surface.

Definition 2.2.4 (See A.2.53). Viewing an LDP polygon P as a map P: Z" — Z? sending e; to
the i-th vertex v;, we define the class group as CI(P) := Z" /im(P"). The grading matrix is
the canonical quotient map @ : Z" — CI(P). Moreover, we define the canonical class as

Kp = —(Qe1)+---+Q(en)) € CI(P).

Proposition 2.2.5. For an LDP polygon P, we have CI(P) = 7" 2 x 7 /u(P) Z.

Proof. Let p := p(P). Consider again the Smith normal form of P, which by the proof of
Proposition 2.2.3 is
g.— [1 0 0 O}

0O w 0 ...0
We obtain CI(P)=Z" /im(ST)=Z" 2 x Z /uZ. O

Remark 2.2.6. Under the isomorphism from Proposition 2.2.5, we can view the grading matrix
as Q = [w1 ... wy], where w; = (w;,n;) € Z"* x Z /u(P) Z. In particular, the canonical
classis Kp = —(w1 + - -+ + wp).

Lemma2.2.7. Let P = [vl .. vn] be an LDP polygon with grading matrix () = [wl ... wn],
where w; € CI(P). Let I = {i1,..., i} C{1,...,n}and set N; := Zv;, +--- + Zv;, and
NP = Ny ® Q = spangy(vyy, . . ., vy, ). Then

CUP)/(wii ¢ I) = zZF4mD) g (N2 72)/N;.
Proof. [2, Lemma 2.1.4.1]. O
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2.2. LDP polygons and toric log del Pezzo surfaces

The following property of the grading matrix is also known as being almost free, see for instance
[2, Definition 3.2.1.1].

Corollary 2.2.8. Let QQ = [wl . wn] be the grading matrix of an LDP polygon. Then any
n — 1 of the w; generate C1(P) as a group.

Proof. Applying Lemma 2.2.7 to I = {i}, we see that CI(P)/(w;;j # i) is isomorphic to
(Qu; N Z?)/ Zv;. But v; is primitive, hence Quv; N Z* = Zwv;. Thus {w; ; j # i} generate
Cl(P). O
The following should be compared to Construction 2.1.4 and the following discussion.

Construction 2.2.9. Let P = [v; ... v,] be an LDP polygon. Write P; := [v; wv;y1] €
Z?*2. Then the local class groups are Cl;(P) := Z* /im(P;"). Writing Q;: Z* — Cl;(P) for
the quotient maps, we define surjections

T CI(P) —>Cli(P), WZ(Q(:IZ)) = Qi(a:i,a:iﬂ).
In other words, m; fits into the following commutative diagram with exact rows

Q

2 PT n

0 7 Z C(P) —— 0
[ =
9 BT 2 Qi

0 7 7 Cli(P) — 0

Here, the map Z" — Z2 sends e; and e;41 to e; and ey respectively, and everything else to zero.
We define the local Picard groups as Pic;(P) := ker(m;) = (wj ; j ¢ {i,i+ 1}) and the Picard
group as

Pic(P) := (]Pici(P) < CI(P).

The Picard index is tpic(P) := [CI(P) : Pic(P)].

Proposition 2.2.10. Let P = [1)1 . vn] be an LDP polygon. Then fori = 1,...,n, we have

pi(P) = [Cli(P)| = p(P)a;(P),

where ji,(P) = |det(w; ; j & {i,5 + 1})| and w; € Z""? are the free parts of the columns of
the grading matrix.

Proof. Recall that the local class group is defined to be the cokernel of Pf. In particular, we
have | Cl;(P)| = det(P,") = det(P;) = p;(P). For the second equality, we treat exemplarily the
case i = n — 1. Then Pic;(P) = (W1, ...,W0p—2), where we write W; = (w;,7;) € CI(P) =
Z"? x 7/ uZ for the columns of @ and x := pu(P). Note that CI(P) = Z"~! /Z ji, where
fi:=(0,...,0,1) € Z". By the third isomorphism theorem for abelian groups, we get

CI(P)/Pic;(P) = Z" ' J(Zwy + -+ + Zw,_o + L ]i).

56



Chapter 2. Toric del Pezzo surfaces

In particular, we obtain

[CI(P) : Pic;(P)] = |det(wy,...,wn—2,i)| = p|det(w,...,wp—2)| = pp,;(P).

Theorem 2.2.11 (See A.2.55). The Picard index of an LDP polygon P is

e(P) = P — WP iy (P)... i, (P),

where [i;( P) is defined as in Proposition 2.2.10.

Theorem 2.2.11 is the combinatorial version of the Picard index formula from Theorem 7, spe-
cialized to toric surfaces. A proof will be given in Section 2.3.

2.2.2 Gorenstein index

Recall that the Gorenstein index of a normal variety X with canonical divisor K x is the smallest
positive integer ¢ such that (K x is Cartier. The following definition of the Gorenstein index of
an LDP polygon coincides with the Gorenstein index of its associated toric del Pezzo surface.

Definition 2.2.12 (See A.2.56). The Gorenstein index +(P) of an LDP polygon P is the smallest
positive integer ¢ such that « K p € Pic(P). Fori = 1,...,n, the local Gorenstein index v;(P) is
the smallest positive integer ¢; such that ¢; K p € Pic;(P).

Remark 2.2.13. The Gorenstein index of an LDP polygon is the order of the canonical class
K p as an element of the factor group CI(P)/ Pic(P). In particular, by Lagrange’s theorem, the
Gorenstein index divides the Picard index.

Proposition 2.2.14. Let P = [vl .. Un] be an LDP polygon with vertices v; = (x;,1;) € Z>.
Then we have

1 - b
ged(xiv1 — @i, Yir1 — i)

((P) =lem(¢1(P), ..., (P)).

Proof. By definition, the i-th local Gorenstein index is the smallest positive integer ¢; such that
tiQi(1,1) = 0 in Cl;(P), which is equivalent to (¢;,¢;) € im(P;). In other words, it is the
smallest positive integer such that there exist a u € Z? with t; = (u,v;) = (u,v;;1). This
minimum is attained by setting

1
u = Yi+1 — Yir Tit1 — Ti).
ged(zi11 — @4, Yip1 — yi)( " nEe 2

In particular, we get the formula for ¢; from the assertion. Since the Picard group of an LDP
polygon is defined as the intersection of the local Picard groups, the Gorenstein index equals the
least common multiple of the local Gorenstein indices. O
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2.2. LDP polygons and toric log del Pezzo surfaces

Remark 2.2.15. Another definition of the Gorenstein index goes via the dual polytope P*: It
is the smallest positive integer ¢ such that . P* is a lattice polytope. For a lattice polygon P =
[vl . vn] , we can directly compute that the vertices of P* are

. 1

Uy :—(yi+1—yi7$i—xi+1), 1=1,...,n.
LilYi+1 — Tit1¥Yi

In particular, the smallest positive integer ¢; such that ;v is integral is

TiYit1 — Tit1Vi
Ly = 9
ged(xiv1 — i, Yiv1 — Yi)

which coincides with Proposition 2.2.14.

2.2.3 Log canonicity and resolution of singularities

Recall that for a Q-Gorenstein variety X, a resolution of singularities m: X’ — X gives rise to
a ramification formula for the canonical divisor classes:

Kxr = 7" Kx —{—ZGEE,
E

where F runs through the exceptional prime divisors and ap € Q are the discrepancies. For
0 < € < 1, the singularities are called e-log canonical, if ag > € — 1 for all E. For a toric Fano
variety associated to an LDP polytope P, it is known that X is e-log canonical if and only if the
only interior lattice point of € P is the origin.

Definition 2.2.16 (See A.2.60). We say that an LDP polygon P C Q? is e-log canonical for some
0 < e < 1, if the origin is the only interior lattice point of e P. Furthermore, the log canonicity
g(P) is the maximum over all 0 < ¢ < 1 such that P is e-log canonical.

Remark 2.2.17. In [27], the authors call an LDP polygon almost k-hollow for some integer k,
if P°NEZ? = {0}. This is clearly equivalent to being %-log canonical in the sense of Defini-
tion 2.2.16. Thus, we have equivalences

1 1
P almost k-hollow <= P E—log canonical <+ Xp E-log canonical.

Moreover, as was remarked in Section 1.5, dividing by k gives a bijection between %—lo g canonical
LDP polygons and k-rational polygons P C R? having P° = {0}.

Like the Gorenstein index, log canonicity is a local property. That means we can compute it by
considering the edges of the polygon individually. We make the following auxiliary definition.

Definition 2.2.18. Let v, w € Z? be non-collinear primitive vectors. Consider the triangle A :=
conv(0, v, w). We define ¢, ,, to be the maximum over all 0 < ¢ < 1 such that (¢A)° = (). For
an LDP polygon P = [v1 ... wvy], we also write &; := £y, 4, ,.
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Chapter 2. Toric del Pezzo surfaces

With this definition, we clearly have e(P) = min(e1, ..., &,). Hence to compute the log canon-
icity of an LDP polygon, it suffices to compute the discrepancy ¢, ,, of a pair of primitive vectors.
This can be done using Hilbert bases and continued fractions. We again refer to [20, Chapter 10]
for more details. See also Section 1.2.2, where we used Hilbert bases to compute subpolygons.

Let v, w € Z? non-collinear primitive vectors. There exists a unique unimodular transformation
U € 7Z**? such that Uv = e5 and Uw = deq — ke, where 0 < k < d. Following [20], we call
(d, k) the parameters of the pair (v, w). Using a modified euclidean algorithm, we can express
the ratio d/k as a Hirzebruch-Jung continued fraction [b1, . . ., b.], which is defined as

1

[[bﬂ = b, [[b17-~-7b7"]] = bl—m.

Proposition 2.2.19 (See A.2.59). Let v,w € Z? be non-collinear primitive vectors with param-
eters 0 < k < dandletd/k = [bi,...,b]. Define the rational numbers:

k+1
ag = 1, a] = T, A1 = biai_ai—L

Then we have €, ,, = min(ag, . .., Gp41).

Proof. Since a unimodular transformation leaves ¢, ,, invariant, we may assume v = ez and
w = dey — kes. Then the Hilbert basis of the cone o = cone(v, w) is #, = {ug, ..., Ur+1},
where

ug = €2, uy = €y, Ui+1 = bu; — u;—1.

The following is a schematic drawing. Note that by definition of the Hilbert basis, the shaded
area contains no lattice points.

In particular, ¢, ,, equals the minimum over the ratios ||u;||/||z;||, where z; is the unique inter-
section point of the ray through u; with the line through v and w. We compute zp = ug = eg
and z; = #1161, hence a; = ||u;||/||z] for i = 0,1. Since u;41 = bju; — u;—1, we get
a; = ||uil|/||zi]| foralli = 0,...,r + 1, which proves the claim. O

Remark 2.2.20. A resolution of toric surface singularities is obtained by adding a ray through
each element of the Hilbert basis of each maximal cone 0 = cone(v,w). In particular, the
exceptional prime divisors correspond to the elements of the Hilbert basis and their discrepancies
are exactly the numbers a1, . . ., a, from the previous proof.
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2.2. LDP polygons and toric log del Pezzo surfaces

Remark 2.2.21. It is not hard to show that an LDP polygon of Gorenstein index ¢ is %—log canoni-
cal. Recall also from Remark 2.2.13 that the Gorenstein index divides the Picard index. Together,
we get the following inequalities:

1
e(P)

In terms of classification, this means we have inclusions

{me(P)<k} C {(P)<k} < {e(P)=1/}.

Lpic(P) > L(P) >

Recall that in 1.5.6, a classification of almost k-hollow LDP polygons was given up to k =
6. Using this data, we can compare the numbers of LDP polygons in the three sets above. In
particular, except for k = 1, both inclusions are strict and the overlap is very small.

k| #{e(P) > Yk} #{u(P) <k} #{pc(P) <k}
I 16 16 5
2 505 30 8
3 48032 99 1
4 1741603 91 16
5| 154233886 250 19
6 | 2444400116 379 26

2.2.4 Intersection numbers

For a toric del Pezzo surface, the intersection numbers of the torus-invariant prime divisors
Dy, ..., D, are given by

1

D2 — det(Ui+1, Uifl)
det(vi, Ui+1)7

% i+1 i+1 A 7 det(’Uifl, Uz’) det(’Ui, 'Ui+1) ’

where D; - D; = 0if mod(|i — j|,n) > 1. Here Dj is the torus-invariant prime divisor associated
to the ¢-th vertex v; of the defining LDP polygon. See for instance [20, Chapter 10.4] for more
background.

We may define intersection numbers purely in terms of the polygon as follows.

Definition 2.2.22 (See A.2.61, A.2.62, A.2.63). Let P = [v; ... v,] be an LDP polygon.
Recall that the class group CI(P) is generated by w; := Q(e;), where Q: Z" — CI(P) is the
grading matrix. We define

1 9 det(vﬂ.l, Ui—l)

Y A wi =
det(vi, Ui+1) ’ ¢ det(vi,l, ’UZ') det(vi, ’UZ'Jrl) ’

Wi * Wit1 ‘= Wi41 - Wy =
and w; - w; := 0 if mod(|é — j|,n) > 1. Extending linearly, we obtain a symmetric bilinear map

i CI(P) x CI(P) — Q. By the anticanonical self-intersection or the degree of P, we mean the
rational number

n n
(—7{P)2 = (wl + - +wn)2 = wa + 22%’ CWit]-
i=1 i=1
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Chapter 2. Toric del Pezzo surfaces

For a toric n-dimensional Fano variety X p, the anticanonical self intersection (—Kp)™ equals
the normalized volume of the dual polytope P* (see e.g. [22, Chapter 5.3]). In the following, we
give an elementary proof of this fact for surfaces.

Proposition 2.2.23. Let P be an LDP polygon and let P* be its dual. Then

(—Kp)? = 2area(P*).

Proof. Recall from Remark 2.2.15 that the vertices of P* are v} = i(yi_i_l — Yi, Ti — Tit1)
fori = 1,...,n, where u; := det(v;, v;y1) are the local multiplicities. Consider the triangles
*k

A; == conv(0,v;_{,v}). We compute

2area(A;) = det(v;_q,v;)

1
= (i — vi—1) (@i — Tig1) — (@ic1 — 23) (Yis1 — Yi))
Hi—1 144
= (det(vip1,vi—1) + pi—1 + p;)
Hi—1 5

2
=w; tWwi—1 Wi + Wi - Wiy

Since area(P*) = area(A) + - - - + area(4,,), we arrive at the claim. O

2.3 Proof of the Picard index formula

We give an elementary proof of the Picard index formula for LDP polygons as stated in Theo-
rem 2.2.11. Note that it is a special case of the more general Picard index formula for surfaces
with torus action, which will be discussed in Section 3.3 and has been published in [56]. The
proof given here follows essentially the same pattern as the general one, but is much simpler as
it is tailored to the toric case. We begin by specializing the observation about the Picard index
made in Proposition 2.1.9 to surfaces.

As in previous sections, we identify an LDP polygon P C R? with its vertex matrix P =
[vl ... vn] , where we require the vertices to be ordered counterclockwise. For ease of no-
tation, indices corresponding to vertices are always cyclical, e.g. v, 41 := v1.

Proposition 2.3.1. Let P = [vl e vn] be an LDP polygon. Then we have

Ml(P) AMn(P)
K|

LPic(P) =

)

where K is defined as in Construction 2.1.5 applied to the face fan of P.

Proof. The face fan of P has maximal cones o; = det(v;, v;y1), where ¢ = 1,..., n. Moreover,
we have K, = Cl;(P) for the local class groups from Construction 2.1.4. Since the Picard group
of P coincides with the Picard group of the associated toric surface, Proposition 2.1.9 yields the
claim. O
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2.3. Proof of the Picard index formula

In order to prove the Picard index formula 2.2.11, we still need to show that the group order | K|
equals the multiplicity p(P). This comes down to a careful study of minors of both P and the

map P from Construction 2.1.5. Indeed, since K is the cokernel of pT, its order equals the
greatest common divisor of the maximal minors of P. On the other hand, w(P) is the torsion
order of the cokernel of P, hence equals the greatest common divisor of the 2 x 2-minors
of P (see also Proposition 2.2.3). Before we can study minors of P, we need to fix a matrix
representation, which means choosing bases of the involved lattices. In the following, we replay
Construction 2.1.4 specialized to a toric surface, fixing lattice bases along the way.

Construction 2.3.2. Consider lattices F :=Z f1 ®--- D Z f, and N := Ze & Zu. Then we
can view an LDP polygon P with vertices v; € N as a lattice map

P:F — N, fi = v = xie + yiu.

Fori =1,...,n,set N; := Ze; ® Zu; and F; := Z f; & Zf;fH (using cyclical indices, i.e.

;r = ff ). Then we have the local generator maps

P;: F; — N, [ mie oy, [ o miae 4 Y

Together with the maps o: N; — N sending e;, u; to e,u and 3: F; — F' sending f;", f;j_l to
fi, fir1, we obtain a commutative diagram

b

P
—
Bi o

<

N
.

) s N..

&>

~

Next, we replay Construction 2.1.5. Choosing explicit representations of the kernels of - and 5,
we will obtain an explicit description of P: F' — N.

Construction 2.3.3. In the setting of Construction 2.3.2, we define lattices

n

=1
n

F = (PF = ZfieZffelfye - oLfifeLf, oL f;}
=1

Zeit®Zuy - -DZeyn®Zuy

as well as the map P := @' | P,: N — F. The lattice maps « and (3 are defined as in Construc-
tion 2.1.4,i.e.
N, e +—e, u;— u,

N
F Fa f;)frf*_)fi-

o —
B —
Next, define lattices

A ~ ~

F=z2f® -0Zf, N=Z70Ziu® - SLeyp®Lin_1,
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Chapter 2. Toric del Pezzo surfaces

as well as maps

N, & e — ey, U — U — Ui,

_>
- F fio £ -1
We claim that v is a kernel of « and 9§ is a kernel of 3. This gives us a unique map P:F5N
making the obvious diagram commute. Explicitly, the map is given as follows:
PR N, Joo MGt l) st et =1
Ti€i—1 + Yili—1, 2<i<n.

Proof. Clearly, we have « oy = 0 and 3 o 6 = 0. Moreover, v and J are both injective and we
have

rank(N) = 2n—2 = rank(N) — rank(N),

rank(F) = n = rank(F) — rank(F).
This shows that y and ¢ are kernels of « and 5 respectively. An explicit computation shows that
v o P =Pod, hence P is the induced map between the kernels. O

Remark 2.3.4. Let P be an LDP polygon with vertices v; = z;e + y;u € N. With respect to the
lattice bases of Construction 2.3.3, the matrix representation of P is

—x7 x2 0 0
-y1 y2 O 0
—I1 0 I3 0
P=|-un 0 ys 0
—xr1 0 O Ty
-1 0 0 ... yn]

Proposition 2.3.5. Let P be an LDP polygon with vertices v; = x;e + y;u € N and let P be as
in Construction 2.3.3. Then

ged(M(P)) = ged(M(P)),
where M (-) is the set of maximal minors of a matrix.
Proof. Define the set
M’ = {det(vy,v;) | i=2,...,n} C M(P).
Applying Lemma2.2.2 to P, we see that ged(M (P)) = ged(M?). We claim that also ged(M (P))
equals gcd(M"). A maximal minor of P is described by a subset of row indices I C {é;, 41, ...,

én—1,1n_1} of the lattice basis of N, where |I| = n. Considering the matrix representation of P
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2.4. Classification of LDP triangles by Picard index

from Remark 2.3.4, we see that for a maximal minor to be nonzero, we must have 1N {é;, @;} # ()

forall j =1,...,n — 1. In particular, a nonzero maximal minor is of the form
n—1
+det(vr, v:) [ ] 2 (2.1)
j=1
J#i
for some i = 2,...,n, where z; := z; if &; € I and z; := y; if u; € I. Since ged(z;,y;) = 1,
taking the greatest common divisors of all expressions of the form (2.1) reduces to the greatest
common divisor of all det(vy,v;) fori = 2,...,n. Hence gcd(M (P)) = ged(M'). O

Proof of Theorem 2.2.11. By Proposition 2.3.1, we need to show | K| = u(P). In general, the
torsion order of the cokernel of an integral matrix equals the product of its invariant factors,
which equals the greatest common divisor of its maximal minors. Thus p(P) = ged(M(PT)) =
ged(M(P)) and |K| = gcd(M(PT)) = ged(M(P)). Proposition 2.3.5 now yields the claim.

O

2.4 Classification of LDP triangles by Picard index

Using the Picard index formula from Theorem 2.2.11, we obtain a very simple classification algo-
rithm for LDP triangles, which in terms of toric geometry, correspond to fake weighted projective
planes. We give explicit results up to Picard index 1 000 000, see also Section A.4.5 for an imple-
mentation in RationalPolygons. j1. This classification has been published in [56, Section 8].

We view an LDP triangle as an integral matrix P = [vl V9 vg] , where v; = (2;,1;) € Z? are
the primitive vertices and they are ordered counterclockwise. Write p := p(P) and p; := p;(P)
for the (local) multiplicities and w; = (w;,n;) € Z X Z /uZ for the columns of the grading
matrix. Propositions 2.2.3 and 2.2.10 yield

w1 = det(vy, v2) = paws, po = det(vg, v3) = pawsq, w3 = det(vs, v1) = pwse.  (2.2)

Note that Corollary 2.2.8 implies that the w; are pairwise coprime. Next, we may assume P to
be in Hermite normal form, which means v; = (1,0) and 0 < x2 < y2. Using Equations (2.2),
we can thus write

1 T _ witTows
P = 2 w3 , 0 <29 < pws.
0 pws  —pws

Furthermore, by Theorem 2.2.11, the Picard index of P is ,u2w1w2 ws. We arrive at the following
classification algorithm:

Algorithm 2.4.1 (See A.4.16 for an implementation). Given a prospective Picard index ¢ € Z>1
we can classify all LDP triangles with that Picard index as follows: First, consider all decompo-
sitions of ¢ into four integers © = Mwjwaws, where M = p? is a square and w; are pairwise
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Chapter 2. Toric del Pezzo surfaces

coprime with w; < wy < ws. Then, go through all 0 < x < pws such that ws divides wi 4+ xwo
w1 +TWw?

and ged(z, pws) = 1 and ged(*“17242, pwa) = 1. Consider the LDP triangle

_ witTws
w3

0 pws —pw

p 1 T

and add it to the list of results. Duplicate entries can be avoided by bringing the triangles into
unimodular normal form, see Section 1.2.1.

Classification 2.4.2 (Data available at [54]). Up to unimodular equivalence, there are 15086 426
LDP triangles with Picard index at most 1 000 000. Up to Picard index 10000, the numbers of
LDP triangles develop as follows:

100

90

80

707 . . . -7

6ol |

number of LDP triangles
ut
)
T
H
|

B0 L e e e ]

20 cemsommocas escerensr cesnssenmo s s gl pmemun e nten e Simsens

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Picard index .10

Write A(¢) for the number of LDP triangles with Picard index ¢. From Classification 2.4.2, we
observe that A(¢) = 1 holds exactly for ¢ prime and ¢ € {1,4}. This observation can be proven
to hold in general:

Proposition 2.4.3. We have A(v) > 1 for all v € Z>1 and (1) = 1 if and only if v is prime or
v € {1,4}.

Proof. For any ¢ € Z>1, the LDP triangle P, := conv((1,0), (0,1), (—¢, —1)) has Picard index
t, hence A(¢) > 1. The fact that A(1) = A(4) = 1 follows from the classification. Moreover,
if . = p?wiwows is prime, we must have ;1 = 1 and after renumbering vertices, we can assume
(w1, w2, ws3) = (¢,1,1). By Algorithm 2.4.1, the only LDP triangle having ¢ as Picard index is
P,,hence A(¢) = 1. For the converse, we need to show that for « ¢ {1, 4} not prime, we can find
another LDP triangle with Picard index ¢ which is not equivalent to P,. If ¢ is not a prime power,
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2.5. Classifications by Gorenstein index

we can write ¢« = ab for some coprime integers a, b > 1. Then conv((1,0), (0,1), (—a, —b)) has
Picard index ¢. Since its local multiplicities differ from P,, they are not equivalent. Now suppose
v = p” for a prime p and an integer k£ > 2. Then we define Q) := conv((1,0), (1, p), (—(p*2 +
1), —p*~1). This is an LDP polygon if and only if (p, k) # (2,2) and it’s Picard index equals ¢.
Moreover, we have 11(Q) = p # 1 = u(P,), hence @ and P, are not equivalent. O

2.5 Classifications by Gorenstein index

In this section, we are concerned with classifications of LDP polygons (toric log del Pezzo sur-
faces) by Gorenstein index. Our main contribution is a classification algorithm for LDP quadran-
gles, obtaining the following result:

Classification 2.5.1 (Data available at [53]). Up to unimodular equivalence, there are 15 669 466
LDP quadrangles of Gorenstein index at most 500. Their numbers develop as follows:
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.

Recall that in [36], Kasprzyk, Kreuzer and Nill gave an algorithm to classify LDP polygons with
arbitrary number of vertices by Gorenstein index and obtained results up to index 17. More re-
cently, the authors of [26] classified log del Pezzo surfaces of Picard number one with torus action
up to Gorenstein index 200, which in the toric case are precisely the LDP triangles. Furthermore,
Béuerle [ 1 1] gave an algorithm classifying Fano simplices in any dimension by Gorenstein index.
In particular, he extended the classification of LDP triangles to Gorenstein index 1 000.

Similar to [11, 26], we work with the description of LDP polygons by their grading matrices,
splitting the classification into two independent steps:
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Chapter 2. Toric del Pezzo surfaces

1) Given ¢ € Z>1, classify all possible free parts of grading matrices () of LDP polygons with
Gorenstein index ¢.

2) Given a pair (Q, ¢) classify all LDP polygons having Gorenstein index ¢ and () as the free part
of its grading matrix.

The rest of this section is organized as follows: In Subsection 2.5.1, we present our approach to
step 1), which involves Gorenstein matrices and their connection to certain unit fraction equations.
In Subsection 2.5.2, we give an algorithm for step 2), which works for polygons of any number of
vertices. In Subsection 2.5.3, we revisit the case of LDP triangles and explain Bauerle’s method,
which we use to extend his classification to Gorenstein index 45 000. Finally, Subsection 2.5.4
treats step 1) for LDP quadrangles, resulting in our Classification 2.5.1.

2.5.1 Gorenstein matrices and unit fraction partitions

In this section, we develop the notion of Gorenstein matrices for LDP polygons as well as their
relation to certain unit fraction equations. We begin by introducing yet again Picard group and
Gorenstein index, but this time purely in terms of grading matrices.

Construction 2.5.2. Let ) = [wl e wn] € ZP*" be an integral matrix, where n = p + 2.
Column indices will be considered modulo n, e.g. wy,41 := w;. We define the Picard group as

Pic(Q) = Kin---NK,, K, = (wj;j¢{i,i+1}> < 7.

Setting w := wy + - - - + wy,, we say that Q) is t-Gorenstein, if «w € Pic(Q). In this case, we find
unique integers a;; such that

P
L = Z aijwjﬂ-,l (23)
j=1

holds for all i = 1,...n. We call A := (a;;) € Z"*? the Gorenstein coefficients of the pair
(Q,t). We call (Q,¢) an LDQ pair, if Q) is t-Gorenstein and a;; > 0 holds for all 7 and j.

Proposition 2.5.3. Let P be an LDP polygon with class group CI(P) = Z° X Z |/ uZ and Goren-
stein index . Let Q) be the free part of its grading matrix. Then we have mw(Pic(P)) C Pic(Q),
where m: CI(P) — ZF is the projection. Moreover, (Q, ) is an LDQ pair.

Proof. For the local Picard groups, we have m(Pic;(P)) = K;, hence

7(Pic(P)) = = (ﬂ Pici(P)> C [ Ki = Pic(Q).
=1 =1

Since 7(Kp) = —w, and LK p € Pic(P), it follows that () is .-Gorenstein. It remains to see that
the Gorenstein coefficients are all positive. Recall that P defines a toric del Pezzo surface Xp.
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2.5. Classifications by Gorenstein index

Being del Pezzo, its anticanonical divisor class is in the ample cone, which for toric surfaces is
given by
n
Ample(Xp) = ()coneg((w; ; j & {i,i+1}))° C Q7
i=1
see for instance [20, Proposition 2.4.2.6]. Hence w can be written as a linear combination over

{wj ; j ¢ {i,i+ 1}} with positive rational coefficients. Since the Gorenstein coefficients are
uniquely determined, they must be positive. O

Example 2.5.4. In Proposition 2.5.3, if P has nontrivial multiplicity, we can have 7 (Pic(P)) C
Pic(Q). An example is given by the LDP triangle with vertex matrix

3 -1 -1
P= [—1 1 —5] '
It has multiplicity u(P) = 2 and grading matrix

3 8 1
Q:LH)}

In particular, we compute 7(Pic(P)) = 487Z C 247 = Pic(Q). Moreover, P has Gorenstein
index 4, hence 1w = 4 - 12 = 48. Since (w1, w2, w3) = (3,8, 1), the Gorenstein coefficients are

the 3 x 1-matrix [16 6 48]T.

Next, we study how the Gorenstein coefficients change under renumbering of columns as well as
unimodular transformations of (). In the next proposition, column indices of () and row indices
of A are both considered modulo n.

Proposition 2.5.5. Let (Q, ) be an LDQ pair with Q = [wl e wn] e ZP*",

(i) If Q' = UQ for some unimodular U € ZP*P, we have A(Q',1) = A(Q, ).
(i) If Q' = [wi ... w)] withw]=w_; we have A(Q',1) = (a—it3,p—j+1).

(ii) If Q' = [w] ... w] withw] = w;yr, we have A(Q',1) = (ajtk,j)-
Proof. In all three cases, we have to verify Equation (2.3) for the modified matrices @ and
A(Q', ). For (i), write w, = Uwj; for the columns of ¢’. Then also w’ = Uw, hence «w’ =
Zj aingﬂ;l for all ¢. For (ii), we have to show Z;’:l a;jw;ﬂ-fl = 1w holds for all 7, where

aj; = a—i+3,p—j+1. Substituting j for p — j + 1 in the sum, we obtain

p o P
/ /

E AijWiti—1 = E A—i43,p—j+1W—j—i+1 = E :a—i+3,jwj—i—p'

j=1 j=1 j=1

Since —p = 2 mod n, the right hand side is Z§:1 a—+3,;W;jy(—i4+3)—1, Which equals cw by
assumption. Part (iii) can be shown analogously. O
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This proposition allows us to define equivalence and a normal form for Gorenstein coefficients:

Definition 2.5.6. We call two Gorenstein coeflicients A, A’ € Z*" equivalent and write A ~ A’,
if A’ arises from A by finitely many operations from Proposition 2.5.5 i.e.

(aij) ~ (a—i+3,p—j+1), (aij) ~ (@itk.5),

where k = 1,...,n. Note that any equivalence class of Gorenstein coefficients contains at most
2n elements. We say A is in normal form, if it is lexicographically minimal among its equivalence
class.

By converting Equation (2.3) into a matrix equation of the form GQ ' = 0, we arrive at the main
concept of this section, the Gorenstein matrix:

Definition 2.5.7. Let A = (a;;) € Z"*” Gorenstein coeflicients of some LDQ pair (@, ¢). The
Gorenstein matrix is be the n X n-matrix

[(L—a1 t—ai2 t—ai3 ... 1—ai L L
L L—ag1 L—a2a ... L*a2p,1 L*agp L
L L tL—azr ... L—0asp—2 L —0asp—1 L—asp
G(Q0) = |, _ ap l L cee L—Qap-3 L— Qap L — Gdp1
t—Gn2 L—ap3 L—apa ... L L L—an1 |

That is, the entries of G(Q), ¢) are given as

e aa, red{l,...,p}
A re{p+1lp+2}

where r € {1,...,n} is the unique integer such thatr +i — 1 = 57 mod n.

Proposition 2.5.8. Let G = G(Q,t) be a Gorenstein matrix. Then GQ' = 0. Moreover, we
have rank(G) = 2 and all 3 x 3-minors of G vanish.

Proof. That GQ' = 0 follows directly from Equation (2.3). In particular, this implies rank(G) <
2. On the other hand, since the a;; are positive, any two rows of G are linearly independent, thus
rank(G) = 2. The fact that all 3 x 3-minors vanish is an immediate consequence. O

Proposition 2.5.8 is the key for our classification, as the vanishing of all 3 x 3-minors gives plenty
of relations between the Gorenstein coefficients. The task now becomes to use these relations to
get effective bounds on all Gorenstein coefficients. By computing the kernels of the associated
Gorenstein matrices, we then get all possible LDQ pairs for a given Gorenstein index. The fol-
lowing two examples describe this approach for p € {1, 2}.
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2.5. Classifications by Gorenstein index

Example 2.5.9. In the case p = 1, we are concerned with the classification of LDP triangles,
which in the language of toric geometry are fake weighted projective planes. Here, there are three
Gorenstein coefficients aq, as, ag and the Gorenstein matrix is of the form

L—ay ) )
G = L L— as )
) ) L—ag

Proposition 2.5.8 gives us the condition det(G) = 0, which is equivalent to the following unit

fraction identity:
1 1 1 1

-=—+—+—. (2.4)
L ar  az a3
Since there are only finitely many ways in which to write a rational number as the sum of three
positive unit fractions, Equation (2.4) is enough to enumerate all triples (a1, az, az) that occur as
Gorenstein coefficients of LDP triangles with given Gorenstein index. We will elaborate on this
and provide an actual classification algorithm, which is based on the one given by Bauerle [11],

in Section 2.5.3.

Example 2.5.10. We consider now the case p = 2, i.e. the classification of LDP quadrangles.
Here, there are eight Gorenstein coefficients and the Gorenstein matrix is of the form

L—ailr L—aig L L
L L—ag1 L — a9y L
G =
L L L—asy L—asz
L — Q42 L L L — aq1

By Proposition 2.5.8, all sixteen 3 X 3-minors of this matrix vanish. Note that a 3 x 3-minor of
G contains either four or five distinct Gorenstein coefficients. An example of a minor with four
coefficients is the one obtained by erasing the third column and fourth row of G. An example
with five coefficients is the minor obtained by erasing the third column and third row of G. The
condition that these two minors vanish can be stated in terms of the following identities:

1 1 1 1 a
= —+—+——— 2.5)
L ail a1 as2  a1la2l
1 1 1 1 a a aioa
= 4+ 4= 12 42 + 1242 2.6)

Lai G @41 (11621 G11041  G11G21041
Unlike Equation (2.4), these are no longer simple sums of unit fractions, as they also contain sub-
traction. We will come back to this in Section 2.5.4, where we will give a classification algorithm
to enumerate all Gorenstein coefficients of LDP quadrangles.

In general, a 3 X 3-minor of a Gorenstein matrix contains between three and nine distinct Goren-
stein coefficients, where the case of three Gorenstein coefficients only occurs for p = 1. Minors
with exactly four Gorenstein coefficients as in the previous example occur in every Picard num-
ber greater than one. We end this section by providing a complete description of such minors for
arbitrary Picard number and deriving some useful equalities.
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Proposition 2.5.11. Let A € Z"*? be the Gorenstein coefficients of some LDQ pair (Q, ). Then
every 3 x 3-submatrix of the Gorenstein matrix G := G(Q, 1) containing precisely four distinct
Gorenstein coefficients is of one of the following forms:

L L L — ag1 L L—ag1 L — Qg
L— Qyl,p L L L L L— Qpy1,1
L= 0k4+2p—1 L= Qkg42p 12 L= Qk+2p 2 L
Here, all row indices of A are considered modulo n. Moreover, for k = 1, ... n, the following

identities and inequalities hold:

(l) 1 — 1 1 1 __ Ok42,p-1

t k1 Gkilyp  Ak42,p  Ok41,p0k42,p’
(ii) 1 — 1 1 1 o ak2

L ak1 Ap4+1,1 ak+2,p ak+1,10k1°

(iii) min(ag1, Ak41,p, At2,p) < 3L,
(iv) min(ax1, Ag41,1, Gk42,p) < 31,
(V) Qps1,p0k+2,p(Ak2 — Q1) = QR10k4+1,1(Ok42,p—1 — Akt2,p)s

(Vi) s2p0k13,0(0k4+1,1 — Ak2) = Qk10k41,1(Cht2,p — Cht3,p—1)-

Proof. The main statement is a direct consequence of the structure of the Gorenstein matrix. By
Proposition 2.5.8, the determinants of the displayed submatrices vanish, which gives us equations
(i) and (ii). For (iii), notice that for a := min(ag, Ak+1,p, Qk+2,p), WE have

11 1 1 2,1 1 1 1 3
—=—+ + - - < —+-4-=-,
L a1 ak_;,_Lp ak+2,p ak+1,pak+27p a a a a

hence we get a < 3. Part (iv) is handled analogously. Combining equations (i) and (ii), we get

I argap-1 1 k2

Ak+1,p  Ok+1,00k+2,p Ak+1,1 Ak+1,10k1

Multiplying both sides by the common denominator yields (v). On the other hand, we can also
first substitute k£ with k£ + 1 in (i) and then combine it with (ii) to get

1 a2 1 . ak+37p_1

Akl Qf+1,10k1 ag+3,p  Ok42,p0k43,p

Again, we multiply by the common denominator and obtain (vi). Ul

2.5.2 LDP polygons from LDQ pairs

In this subsection, we develop an algorithm that, given a prospective LDQ pair (@, ¢), computes
all LDP polygons having Gorenstein index ¢ and () as the free part of their grading matrix. Our
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2.5. Classifications by Gorenstein index

approach works for polygons of any number of vertices and is essentially a generalization of the
one described in [26, Prop. 3.11].

Let P = [vl vn] be an LDP polygon with vertices v; = (x;,y;) € Z?. We may assume
P to be in Hermite normal form, i.e. v; = (1,0) and 0 < x9 < ys. Moreover, let Q =
[wl o wn] be the free part of the grading matrix of P, where w; € Z" 2. Forl <i< 7 <n,

we define the integers
mij = det(wi, ... WG . WG, W)

Note that by Proposition 2.2.10, we have p;(P) = p(P)|mi i+1|. Using Lemma 2.2.7, one can
even show generally that | det(v;, v;)| = p(P)|mij).

Lemma 2.5.12. In the above setting, we have

mog + ToMmig Yamig
o= ()P = ()P
mio miz

forall 3 <k <n.
Proof. By definition of the grading matrix, we have QP ' = 0. In particular, (3, ...,,) and
(y37 <o 7yn) satisfy

T3 Y3

[wg wn] : = —w1 — ToW2, [wg wn] = —yows.
Tn Yn

Applying Cramer’s rule to these systems of linear equations, we obtain

det(ws, ..., Wy—1, —W1 — ToW2, Wkt1, - - -, Wy) ) M2k + Tamip

T = = (-1
& det(ws, ..., wy) (=1) mio
_ det(wg, -, W1, —YaW2, Wit 1, - - -, W) _ o (CqyReman
Yk det(ws, ..., wy) mig

O]

Now consider the Gorenstein index ¢ € Zx>1 of P. Recall from Proposition 2.2.14 that it is equal
to the least common multiple of the local Gorenstein indices ¢1, . . ., ty, which in turn are given
by
det(vi, vi+1
Li = detlvs, viy1) Zc’ : ), ¢i := ged(Yit1 — Yi, Tit1 — Ti).
(3

Let d; € Z>1 be the unique integers such that ¢;d; = ;41 — x;. Then we can prove the following
identity:

Lemma 2.5.13. In the above setting, we have
camin(t1dy + tndi) = 1ty ((—1)"mi2 — may, — miy).
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Proof. Since we assume P to be in Hermite normal form, we have ¢111 = det(vy, v2) = y2 and
c1dy = xo — 1 as well as ¢, = det(vy, v1) = —y, and ¢, d,, = x,, — 1. Hence

Clmln(len + Lndl) = mln(dnyQ + Ln(xQ - 1)) 2.7)

Applying Lemma 2.5.12 to k = n, we obtain yom1,, = (—1)"mj2y, and zamy, = (—1)"misx,—
may,. Substituting this into Equation (2.7), we get

cimin(tidn + tndr) = (—=1)"dpymioyn + tn((—1)"mi2x, — map — miy)
= —(=1)"dpmizcntn + tn((—1)"miozy, — maop — miy)
= —(=1)"mygtn(xn — 1) + tp((—1)"miozy, — Moy — may,)
=1, ((—=1)"m12 — Moy — M1y)

O

The previous two lemmas provide everything we need for our classification algorithm: Since we
start with a given free part of the grading matrix, the numbers m;; are known. Lemma 2.5.12
then says that all entries of the vertex matrix can be expressed in terms of just xo and y2. Since
we have 0 < x9 < y9, we only need to find a bound for 2. But we have y» = ¢1¢1, and since we
know the Gorenstein index, we have a bound for ¢1. Hence bounding ys is equivalent to bounding
c1. Lemma 2.5.13 provides such a bound, since it states that ¢; is a divisor of ¢,,((—1)"m12 —
Moy — M1y ), Which again is bounded in terms of the Gorenstein index. Before we describe this
classification algorithm in more detail, let us mention a few more useful properties of the involved
variables:

Lemma 2.5.14. (i) ged(e1,dy) = ged(in, dy) =1,

(i) == <di <u— 2,

) ’ tin (=) mi2—man—min)
c1Mmin '

(iii) ng(Lh ln

Proof. Recall that we have c111 = y9 and c1d; = xzo — 1 as well as ¢, = —¥y,, and ¢, d,, =
z, — 1. We obtain

c1 = gcd(yQ,xQ — 1) = ng(ClLl,Cldl)

and

cn = ged(—yn, 1 — x) = ged(cpin, cndy),
hence (i) follows. Part (ii) is just a restatement of 0 < x5 < y9 using o = c1dy + 1. Part (iii) is
a direct consequence of Lemma 2.5.13. O

Algorithm 2.5.15 (See A.4.21 for an implementation for n = 4). Given an LDQ pair (Q, ¢) with
Q € Zm=2xn an algorithm to classify all LDP n-gons with Gorenstein index ¢ having @) as
the free part of its grading matrix is given as follows. First, go through all divisors ¢,, of ¢ such
that my,, divides ¢, ((—1)"m12 — mgn — m1y). For each choice, go through all divisors ¢; of
(1" 2o _Pn) and set b = —L" A m1n) Then go through all divisors ¢1 of
L such that ng(Ll, L) divides b and set y3 = ¢1 le Next, go through all integers d; such that

<di <1 — i and set x2 := 1 + c1d;. We now check that the following conditions hold:

Cl—
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2.5. Classifications by Gorenstein index

. ng(/d’dl) = 1,
* Ll ‘ (b o Lndl) and ng([’TIJ dn) = 1, Where dn = m’

L1

* myo divides mag + xomqx and yamqy forall 3 < k < n,
» ged(zg, yi) = 1 forall 2 < k < n, where for k > 3, we set

LMok + Tamig L Y2mik
pp i (—RTRETIIE (g yeTE
12 12

If any of these conditions does not hold, we ignore the choice of (iy, c1,t1,d1) currently con-
sidered and continue with the next one. If the conditions all hold, we have an LDP polygon
P := conv((1,0),(z2,y2),--., (Tn,yn)). We then check that it truly has n vertices and has
Gorenstein index ¢. If so, we add it to our list of results, where we avoid duplicate entries by
bringing the vertex matrices into unimodular normal form.

2.5.3 LDP triangles

In this subsection, we treat the classification of LDP triangles by Gorenstein index. Recall the
two steps from the introduction to Section 2.5:

1) Given ¢ € Z>1, classify all possible LDQ pairs (Q,¢) with @ = [wy  wa  ws].

2) Given (Q, ), classify all LDP triangles having Gorenstein index ¢ and @ as the free part of its
grading matrix.

For step 2), we could use our algorithm from Section 2.5.2, which works for any number of
vertices. However, for LDP triangles, there is a more efficient method by Bauerle [1 1], which he
used in his classification of Fano simplices in arbitrary dimension. We will repeat his method
here (specialized to dimension two) and extend the classification up to Gorenstein index 45 000,
see Classification 2.5.20.

Let us first discuss step 1). Recall from Example 2.5.9 that the Gorenstein coefficients A =
l[a1 a2 as) " of an LDP triangle with Gorenstein index ¢ satisfy

= 44— (2.8)

Since the a; are positive, this equation has a finite number of solutions. In fact, there are only
finitely many ways in which to write a positive rational number as the sum of positive unit fractions
with fixed length. Below, we describe a simple recursive algorithm for enumerating them, which
turns out to be sufficient for our application.

Suppose we have coprime r, s > 1 and want to find all integers 0 < a; < - -+ < q,, satisfying

= — 4 —, (2.9)
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Chapter 2. Toric del Pezzo surfaces

This implies the bound % < ﬁ hence a; < 2. The problem of finding solutions to (2.9) is thus

reduced to finding solutions of T — % = é 4+ 4 ai, which can be handled recursively. Since
we want the next term ag to be greater or equal to ay, it is useful to pass a; into the recursive calls

to be used as a lower bound for the next terms, see also the pseudocode in Algorithm 2.
Applying this to our original problem (2.8), we get the following:
Classification 2.5.16 (See A004194 on OEIS [43]). Up to permutation, there are 952 458 597

PSRN R | 1 1 : )
partitions = o~ + -+ o~ for 1 < 45000. Their number develops as follows:

-10°

number of unit fraction partitions
.
T
|

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
104

This settles step 1) of our strategy. The next observation is that for LDP triangles, we can directly
compute the grading matrix from the Gorenstein coefficient:

Lemma 2.5.17. Let A = (a1, az, a3) be a unit fraction partition of%for some v € Z>1. Then A
are the Gorenstein coefficients of () = [wl w2 wg] € 713 with
a2a3 ai1ag a1a2

wy = . wy 1= o w3 = Pt g := ged(agas, aras, ayas).

Proof. We need to verify «w = a;w; fori = 1,2, 3, where w := wj + wz + ws. Solving the unit
fraction equation (2.8) for ¢, we get
ajasas

L = .
asas + ajas + ajas
Hence we obtain,

La2a3 +aiaz +azxa1  aja2a3

g g
which equals a;w; forall t = 1, 2, 3. O

= ,
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2.5. Classifications by Gorenstein index

Algorithm 2 Computation of unit fraction partitions

Input: A rational g, an integer n and an auxiliary variable B (zero by default).

Output: The list of ordered tuples 0 < a; < az < ... < a, such that g = i +o+ o
1: procedure UFP(¢q,n, B = 0)

2: (r,s) := (numerator(q), denominator(q))
3 if n =1 orr <0 then

4 if r =1 and s > B then

5 return [(s)]

6: else

7 return ||

8 end if

9: end if

10: result := ||

11 for a; from max([ ], B) to [%*] do

12: for (ag,...,a,) in UFP(q — i,n—l,al) do
13: Add (a1, ag, ... ,ay) to result.

14: end for

15: end for

16: return result

17: end procedure

We now treat step 2) of the classification. Let P be an LDP triangle with vertices v; = (z;, ;).
We may assume the vertex matrix to be in Hermite normal form, i.e.

11‘2 I3

P=lw w Uz]:[o Y2 Y3

:|a 0§x2<y2

Let@Q = [wl, wa, wg] be the free part of the grading matrix. Since PQ " = 0, we have
w1 + Tows + x3w3z =0 (2.10)

Yowz + yzwz = 0. (2.11)

By Proposition 2.2.14, the Gorenstein index is ¢ = lem(ey, t2,t3), with the local Gorenstein
indices ¢; = p;/c;, where ¢; = ged(xi1 — x4, yi+1 — i) Specifically, we have

_ Y2 Ly = L2Y3 — X3Y2 P Y3 .

ng(l‘Q — 1, yg) ’ ng(x3 —T2,Y3 — y2> ’ ng(.%‘g — 1, y3)
Letb; € Zbesuchthate = b;t; and d; € Z suchthatc;d; = x;41—x; fori = 1,2, 3. Furthermore,
let Q = (wy, w2, ws) be the free part of the grading matrix and A = (a1, ag, a3) the associated
Gorenstein coefficients. The following identity is the key observation for efficiently handling step
2) of our classification, as it directly relates entries of P with the Gorenstein coefficients:

a1

Lemma 2.5.18 (Compare [ |, Proposition 5.1 (i)]). In the situation above, we have
az = —y2(birdy + bzdz)

In particular, yo divides as.
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Proof. We claim that —yswso(b1dy + b3ds) = tw, where w = wy + ws + ws. Since the a; are
the unique integers with 1w = a;w;, this proves the claim. We compute

—yowa(brdy + b3d3) = —yowabidy + y3ws3bsds
= —wati1c1b1dy — wstgcszbsds
= —(wacrdy + wsesds)
= 1(w2(1 — x2) + w3 (1l — x3))
= 1(wa + w3 — wazy — W3T3)
= (w1 + w2 + ws)

= lw.

Here, we used (2.11) in the first line, ¢;¢; = p; in the second, b;¢; = ¢in the third, ¢;d; = ;41—
in the fourth and (2.10) in the sixth. O

Algorithm 2.5.19 (See A.4.48 for an implementation). Given ¢ € Zx>1, we can classify the LDP
triangles with Gorenstein index ¢ as follows: First, use Algorithm 2 to compute the unit fraction
partitions % = é + ?12 + % Then compute the associated grading matrices ) = [w1 () wg]
according to Lemma 2.5.17 and filter out those where the w; are pairwise coprime. Then, go
through all divisors y2 of ag and all 0 < x9 < ys with ged(z2,y2) = 1. Finally, check that w3
divides yows and that wy divides wy + x3ws (if it does not hold, continue with the next choice

(y2, x2)). We set

) ) w1 + Tr3ws3
Y3 = i
w3 w9

Next, check that gcd(x3,y3) = 1 and that the LDP triangle

p._ [1 T $3:|
0 2 u3

truly has Gorenstein index ¢. If so, add it to the list of results, where we avoid duplicate entries
by using a unimodular normal form (see Section 1.2.1).

Classification 2.5.20. Up to unimodular equivalence, there are 6 497749 373 LDP triangles of
Gorenstein index < 45000. Their numbers develop as follows:
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-106

1.1

0.8 |

0.7 -

0.6 -

0.5 |-

0.4}

number of LDP triangles

0.2

- | |
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
Gorenstein index 104

2.5.4 LDP quadrangles

In this subsection, we provide a classification for Gorenstein coefficients of LDP quadrangles,
up to equivalence. Explicit results are obtained up to Gorenstein index 500, see Classifica-
tion 2.5.32. Combining this with Algorithm 2.5.15, we arrive at our classification of LDP quad-
rangles from 2.5.1.

Recall from Example 2.5.10 that the Gorenstein matrix of an LDP quadrangle is of the form

L—ai1r L— a2 L L

L L—ag1 L — agy L

L L L—asy L—asy
L — Q42 L L L — aq1

where ¢ € Z>1 is the Gorenstein index and A = (a;;) € Z**? are the Gorenstein coefficients. By
Proposition 2.5.8, all sixteen 3 x 3-minors of (G vanish. Furthermore, applying Proposition 2.5.11
(v) and (vi) give us four equations each for k£ = 1, 2, 3, 4. We list them here for later reference:

agza32(a12 — ai1) = ajaz (as — asz) (2.12)
az2a42(aze — az1) = az1az(asg — as) (2.13)
aga12(asz — as1) = azraq(an — aiz) (2.14)
a12a22(a42 — aq1) = aqrain(az — as2) (2.15)
az2a42(az1 — aiz) = ajraz(asz — asq1) (2.16)
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asaa12(as1 — agz) = aziasi(as2 — ain) (2.17)
ai12a22(as1 — asz) = asiaqi(aiz — a1) (2.18)
axas(a1n — as2) = asaii(az — asn) (2.19)

Lemma 2.5.21. Let A = A(Q, 1) = (a;;) € Z**? be Gorenstein coefficients. Then

(i) a2 < a1 ifand only if az1 < asz,
(ii) ago < agy ifand only if ay1 < ag,
(iii) a1 < a1z if and only if azz < a4,

(iv) as1 < agg if and only if ass < ai;.

Proof. Since the a;; are positive, the statements follow from equations (2.12), (2.13), (2.16)
and (2.17). O

Proposition 2.5.22. Let A = A(Q, 1) = (a;;) € Z**? be the Gorenstein coefficients. Then there
exists an i € {1,2,3,4} such that max(a;1, a;2) < 3t.

Proof. By Proposition 2.5.11 (iii) and (iv), all of the following values are bounded from above
by 3¢:

min(ai1, a2, asz), min(asi,asz,asz), min(asi, a2, a12), min(asi, aiz,as),
min(ai1, a1, asz), min(asi,asi,asz), min(asi,asi,arz), min(asi,air,a).

We now go through the 8! = 40 320 possible total orderings of the eight-element set {a11, 12,
asi, asz, 31, 432, a41, age }. We find that 3 776 of them satisfy the conditions of Lemma 2.5.21.
For each of them, we verify that

min(max(all, alg), max(agl, CLQQ), max(agl, CL32), max(a41, CL42))
is less than or equal to

max(min(ai1, age, ase), min(ag1, agz, a42), min(asy, as2, a12), min(a4;, aiz, ag2)

min(a11, az1, azz), min(asy, a1, as2), min(as, a41, a12), min(aqy, arn, az2)).
Since the latter is less than or equal to 3¢, we arrive at the claim. O

Definition 2.5.23. Let A = A(Q,t) = (a;;) € Z*** be the Gorenstein coefficients. We call A
adjusted, if the following conditions hold:

(i) max(aii,a12) < max(a;1,a;) fori = 2,3, 4,
(ii) a1 < ayo,

(iii) If a11 = aq9, then agy < ayo.
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Clearly, every Gorenstein coefficient matrix is equivalent to an adjusted one (see 2.5.6 for the
definition of equivalence). Moreover, Proposition 2.5.22 implies that for adjusted Gorenstein
coeflicients, we have a1; < a1z < 3¢. In the rest of this section, we will explain how to bound
the remaining entries of A. We split the classification into four cases:

Definition 2.5.24. Let A = (a;;) € Z**? be adjusted Gorenstein coefficients. Then A falls into
one of the four following mutually exclusive types:

(D a1 < aqa,

(I) a11 = a12 and agy < a1,
() @11 = a12 and a9; < age and azz < asq,
(IV) a11 = a12 and a9y < ago and az1 < ag9.

Example 2.5.25. Two adjusted Gorenstein coefficients can belong to different types but still be
equivalent. For example,

1 2 2 9
2 9 2 1
4 2 and 2 9
2 9 2 4

are both adjusted Gorenstein coefficients. They are equivalent, but the first is of type (I) and the
second of type (II).

Generalizing the occurring unit fraction equations of the form (2.5), we arrive at the following:
For g € Q¢ and ¢,d € Z>1, write

1 1 c
S 5 7d = ; ~ Z2 = — _—
@ed={@n ezt lo=7+1 -1}
for the set of solutions to the modified unit fraction equation with parameters ¢, c and d.
Lemma 2.5.26. Let ¢ € Q- and c,d € Z>y with ¢ # d. Then S(q, c, d) is finite.
Proof. Let (z,y) € S(q,c,d). Since g < % + %, we have min(z,y) < %. If y < x, we thus have

y < %. Solving the equation for = then gives

Cqdytc—d

On the other hand, if z < y, we have z < %. Using ¢ # d, we can solve for y and get

x(d —c)
d(gr — 1)

In particular, we can enumerate explicitly the solutions to the modified unit fraction equation and
there are finitely many. See also A.4.17 for an implementation. O
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Lemma 2.5.27. Let A = (a;5) € ZA*? be adjusted Gorenstein coefficients of type (I). Then
1

(as1,a42) is contained in the finite set S(% = a5 M1 a12). Moreover, we have ass < a3y and
_aza42(azz — azy) 12032042

as] =
asi(an — ar2)

)
a11641 + a32a42 — 411032

a11a21(031 - CL32)
CL32(CL12 - all)

a2 =

Proof. Letq := % — i We first show that ¢ > 0. Applying Proposition 2.5.11 (i) to k = 3, we
get

(2.20)
In particular, using a;; < aj2, we obtain

1 S 1 1 1 a1 1 1 1

L a2 @31 Q42 412042 a2 a3zl aiz’
This shows ¢ > 0. Equation (2.20) now exactly states that (a3, a42) € S(q, ai1,a12). Moreover,
this set is finite by Lemma 2.5.26. Next, since a11 < a12, Equation (2.14) implies a3zo < agz; as

claimed. Furthermore, we get the stated formula for a4;. Rearranging terms in Equation (2.16),
we get

azi(@11a41 + as2a42 — a11a32) = a12032042.

This implies both a11a41 + azoaq2 — a11a32 # 0 and the stated formula for ao;. Lastly, the
formula for ago follows from Equation (2.12). O

Lemma 2.5.28. Let A = (aij) € 7Z4%2 pe adjusted Gorenstein coefficients with a1, = a12. Then

Lall

azl = a32 = .
aip —t

Proof. Substituting a;2 = a1 into equations (2.20) and (2.14) yields as; = ablall_lL and a3zs = a3z

respectively. OJ

Lemma 2.5.29. Let A = (a;5) € 7Z4*2 be adjusted Gorenstein coefficients of type (II). Then
aq1 < asy and ass < asy as well as

ariagz(aq — as) az1a41
az = an — ;o Gag = :
asias as?

Proof. Note that we have a12 = a1; and ass = as; by Lemma 2.5.28. Since we assume age <
as1, Equation (2.13) implies a4 < a49. Since A is adjusted, we hence get a2 < max(ag1, ag) =
az and a1 < max(aqi, as2) = aq2. Equations (2.16) and (2.19) then imply a4 < as2 = a3y and
az2 < az as claimed. The formulas for as; and a4 follow from equations (2.18) and (2.13). [
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Lemma 2.5.30. Let A = (a;5) € 742 be adjusted Gorenstein coefficients of type (III). Then
ag < azz < agy and

. a11a22a31 (21041
(41 = ) Q42 = .
aiiage + a21a31 — 11031 a22

Proof. a21 < ag < as; is the definition of type (III). The formulas for a4; and a4 follow from
equations (2.18) and (2.13). L]

Lemma 2.5.31. Let A = (a;5) € 74*2 be adjusted Gorenstein coefficients of type (IV). Then
ao1 < 2t and ago < a11 as well as
az1az1 (as2 — an) 2042

G2 = a31 — ) a41 = .
11042 a1

Proof. Applying Proposition 2.5.11 (ii) to k = 2 yields

1 1 1 1 a
S (2.21)
L a1 asi 42 az1a31

Since a11 = a12 and A is adjusted, we have a1 < a49. Together with as; < ag2, we obtain

1 1 1 2

- < —4+ — < —.

L a1 Q42 az1
Hence we arrive at a1 < 2¢. The bound a4o < a1 follows from a3y < age with Equation (2.17).
The formulas for asg and a4; follow from equations (2.17) and (2.15). O

Together with the initial bound a1; < a1 < 3¢, Lemmas 2.5.27 - 2.5.31 provide effective bounds
for all Gorenstein coefficients, according to the cases (I)-(IV). An implementation of the classi-
fication algorithm is available in RationalPolygons.jl, see A.4.19. We obtain the following
results:

Classification 2.5.32. Up to equivalence, there are 1074672 725 distinct pairs (A, 1) of Goren-
stein coefficients associated to LDQ pairs (Q, 1) with v« < 500. Their initial numbers are given
as follows:

L 1 2 3 4 5 6 7 8 9 10
() |4 60 197 476 549 1868 937 2728 2906 4685
(1) |3 14 24 41 34 111 39 107 99 166

(ar) |1 10 23 52 54 173 64 241 237 382
avy |1 9 18 37 34 113 42 133 127 207
Total | 6 79 237 568 634 2164 1040 3108 3262 5290

Note that since adjusted Gorenstein coefficients of different types might be equivalent, the total is
smaller than the sum of the four individual numbers.

Once we know all possible Gorenstein coefficients up to a certain Gorenstein index ¢, we can
compute the kernel of the associated Gorenstein matrices to get all LDQ pairs (Q, ¢) (see A.4.18).
Using Algorithm 2.5.15, we then obtained our classification of LDP quadrangles from 2.5.1.
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CHAPTER 3

Log del Pezzo C*-surfaces

3.1 Background on C*-surfaces

We start by recalling some aspects of the geometry of C*-surfaces and their fixed points, the major
part of which has been developed in [44-46]. A C*-surface is an irreducible, normal surface X
coming with an effective morphical action C* x X — X. Let X be a projective C*-surface. For
each point z € X, the orbit map ¢ +— ¢ - x extends to a morphism ¢, : P; — X. This allows one
to define

zo = ¢z(0), Too = Pg(00).

The points 2y and z, are fixed points for the C*-action and they lie in the closure of the orbit
C* -x. There are three types of fixed points: A fixed point is called parabolic (hyperbolic, elliptic),
if it lies in the closure of precisely one (precisely two, infinitely many) non-trivial C*-orbits. Every
projective C*-surface has a source and a sink, i.e. two irreducible components of the fixed point
set F*, '~ C X such that there exist non-empty C*-invariant open subsets U™, U~ C X with

xzg € Frforallz e U™, Too € F~ forallx e U™

The source either consists of a single elliptic fixed point T or it is a smooth curve D of parabolic
fixed points. Similarly, the sink either consists of a single elliptic fixed point £~ or it is a smooth
curve D~ of parabolic fixed points. The general C*-orbit connects the source with the sink.
Besides the general orbits, there are special orbits whose closures are rational curves D;; C X
forming the arms

A; = DilU"-UDmigX, 1=0,...,7.

The two curves D;; and D;;41 intersect uniquely in a hyperbolic fixed point x;;. Moreover, we
have unique intersections {z;" } = D;; N DT and {x; } = D;,,, N D~ with parabolic fixed points
:t:;t Finally, we obtain a rational map 7: X --+ C' to a projective curve C given by the inclusion
of the field of invariant rational functions £ C C(X). We call a; := 7(A;) € C the critical
values. Here,  is defined everywhere except at the elliptic fixed points z*. Moreover, C' = P!
holds if and only if X is rational. According to the four possible constellations of source and
sink, the geometric picture looks as follows:
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(ee) (pe)

Tong\ Ting Trn, Zong\ Ting Trn, Trn, Trn,.
T x
1 1
1 1
1 1
0 1 T ™
1 1
1 1
' h'd
- —0 -0 - — 0 - — 0
ag aj ar agp ay ar ag a ar agp ay ar

In this rest of this section, we provide the combinatorial framework for rational projective C*-
surfaces that we will use throughout this chapter. It is based on the description via Cox rings from

[28, 32, 33].

3.1.1 Toric ambient spaces

In a first step, we produce in this subsection certain toric varieties that will serve as ambient
spaces for our C*-surfaces. A crucial feature is that the C*-action given by the inclusion into the
acting torus as the last coordinate admits a categorical quotient to projective space, see Construc-
tion 3.1.9 and Proposition 3.1.10. We start by introducing the combinatorial data, which we will
call defining triples.

Construction 3.1.1. Fix positive integers r, ng,...,n, and setn := ng + --- + n,. We start
with tuples | = (lg,...,l,) and d = (do,...,d,), where [; € Zrz”l and d; € Z™ such that
ng(li]’, dl]) = 1and

dzl dznz o
H - > linz y 1= O, , T
Consider the integral matrix
[—lp 11 0 0]
—lp 0 I 0
P o= e Zr+hxn

—lo 0 0 Iy
| do dy do dy |
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Chapter 3. Log del Pezzo C*-surfaces

Note that with the canonical basis vectors ey, ..., e,.1 of Z" ™  and eg := —(ey + - - - + e,.), the
columns of P’ are
vij = lije; + dijery.

Given a case ¢ € {(ee), (pe), (ep), (pp)}, we define the associated generator matrix

(ee) P = P, (pe) P := [P o'],
(ep) P = [P v7], (pp) P = [P vt v7],
where vt = e,41 and v~ := —e,41. We call (¢, 1, d) a defining triple, if the columns of P are

pairwise distinct and generate Q" *! as a convex cone.

Definition 3.1.2. Let ¢ € {(ee), (pe), (ep), (pp) } be a case. The number of parabolic fixed point
curves m(c) € {0,1,2} is defined as

m(ee) == 0,  m((pe) == 1,  m((ep) =1,  m((pp)) = 2.
Remark 3.1.3. Let (c, [, d) be a defining triple with m := m(c). Write { f;;, f=} for the canonical
lattice basis of Z"""™. Here, f* is understood to be present only in the cases (pe) and (pp), while
f~ is only present for (ep) and (pp). Then we can view the generator matrix as a lattice map:
p. zntm ZTJFI, fij — i = lijei + dij€r+17 f:t ot = tepry.
Construction 3.1.4. Let (c, [, d) be a defining triple with generator matrix P. Setting v;g := v™
and vip,+1 := v~ for all ¢, we define the cones

ot = cone(vo, . .., V1), o~ :=cone(Vong, - - -, Vrn,.),

Tij *= COHC(Uij,UZ'j_;,_l), for: = 0, Lo, T andj = 0, e, Ny

According to the case ¢, we define X to be the fan with the following maximal cones:

(ee) {o*} U {71, sTin,—1;1=0,...,7} U {07},
(pe) {m00,---,70} U {m1,...,Tin,—1;i=0,...,7r} U {o7},
(ep) {oT} U {7,y Ting—150=0,...,7F U {Tongs -« Trnn b
(pp) {700,--->m0} U {71, o, Ting—1; 1 =0,....7F U {Tongs-- -, Trn,. |-

Note that X is a non-degenerate simplicial lattice fan in Z"*! with the columns of P as primitive
ray generators. As such, it defines a Q-factorial (r + 1)-dimensional toric variety Zs,. Below are
schematic pictures of the four types of fans just defined. Note that the fans, and hence the toric
varieties, are not complete.

EEEFE

(ee) (pe) (ep) (pp)
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3.1. Background on C*-surfaces

The following is a replay of Cox’s quotient construction (see Construction 2.1.3) applied to the
toric varieties from above.

Construction 3.1.5. Let Z = Zy, be atoric variety from Construction 3.1.4. Writing Q: Z"™™ —
K for the cokernel of P, Proposition 2.1.1 tells us that Cl(Z) = K. Moreover, the Cox ring of
Z is the polynomial ring in n + m variables:

C[Tij, S*] := C[T;;,8F ;i =0,....r,5=1,...,n.

Here, we understand S to be present only in the cases (pe) and (pp) and S~ only in the cases
(ep) and (pp). The Cox ring comes with a K -grading given by

deg(Tij) = Q(fij), deg(ST) := Q(fT), deg(S7) := Q(f7).

Geometrically, this means we have an action of the quasitorus H := Spec C[K] on Z := C"*™,

To any cone o € 3, we associate a face of the positive orthant Q’z”gm by

o = cone(fij,fi ; Vij € 0, vt e o).

This defines a toric variety Z C Z associated to the fan S := {6 ; 0 € ©}. The generator
matrix defines a map of lattice fans P: (Z"™™ %) — (Z"*1, ¥). The associated toric morphism
p: Z — Z is a good quotient by the action of the quasitorus H.

Remark 3.1.6. As with any toric variety, Cox’s quotient map p: Z — Z allows us to describe
points on Z using explicit coordinates: We identify a point z € Z with its Cox coordinates
[zij, %) := p(xij, ), where

(mij,xi) € pil(z) c 7z c cvtm,

In Cox coordinates, the distinguished points z, associated to cones ¢ € ¥ are 2, = [l’ij, g

where
s )0, wjeo s J0, vteo s )0, vTEo
.fw = y $+ = + s r_ = _ .
1, vij¢o 1, vTdo 1, v“do
Definition 3.1.7. Let Z = Zx, be a toric variety from Construction 3.1.4. We write p;; :=
cone(v;;) and p* := cone(v*) for the rays of . Each ray defines a torus-invariant prime divisor

ij o Ll + _ e+l
DY = T* 2, Dy :=T%" 2z,
where the z,, ., z,+ are the distinguished points associated to the rays of X.
Remark 3.1.8. In terms of Cox coordinates z = [z;;, 2], we have

z € DiZj <= onlyz;; =0,
z €D} < onlyzT =0,
z€D, <= onlyz =0
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Chapter 3. Log del Pezzo C*-surfaces

Construction 3.1.9. Let Z = Zx, be a toric variety from Construction 3.1.4. Consider the pro-
jection B: Z"*! — 7Z" onto the first  coordinates. We obtain a commutative diagram

Zn—l—m

Zr+1 B A

)

where as a matrix, Py consists of the upper r rows of P. Writing Qq: Z"t™ — K for the
cokernel of Py, we obtain a commutative diagram of short exact sequences:

0
0 K
0 70 P, gnam Qo g 0
BT ‘
0 g+t PLy gnim 9, g 0
zZ 0
0

Recall from Construction 3.1.5 that the Cox ring C[T};, S *] of Z is K -graded. We also obtain a
Ky-grading by

deg(Tij) == Qo(fij),  deg(ST) = Qu(f7),  deg(S7) = Qu(f7).

Geometrically, this means Hy := Spec[K] acts on 7. Passing to the quotient, we obtain an action
of T':= Hy/H = Spec|[K]. on Z. By the snake lemma, we may identify K with the cokernel of
BT, This implies T = C*. Moreover, the action of T is given by the inclusion C* — T" ! into
the acting torus as the last coordinate, i.e.

TxZ— Z, (t,z) — (1,...,1,t) - 2.

Proposition 3.1.10. The C*-action from Construction 3.1.9 admits a categorical quotient w: Zy —
P,., where Zy C Z is an open toric subset and 7 is given in terms of Cox coordinates by

w: Zy — Py, [xij,xi]r—)[xéo,...,xi’“],

where :1:2Z = xézll -y, ' In particular, a toric prime divisor Dg is sent into the projective
hyperplane Vp,.(U;).
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3.1. Background on C*-surfaces

Proof. Let ¥ be the subfan of ¥ having as maximal cones the rays of ¥, i.e. p;; = cone(v;;) and
p* := cone(v?). Denote by B: 7'+ — 77 the projection onto the first r coordinates. Then by
definition, we have B(v;;) = l;je; and B (vt) = 0, where e1, ..., e, are the canonical basis of
Z" and e := —(e1 + - - - +e,). Hence B is a map of lattice fans (Z" !, %q) — (Z", £p, ), which
defines a toric morphism 7: Zy — ... Moreover, since by Construction 3.1.9, the C*-action on
Z corresponds to the kernel of B, the map 7 is a categorical quotient. Setting Zo=p 1 (Z), we

have a commutative diagram of toric morphisms

Zy
7N
ZO = ]P)'N

where p, pg and 7 are the toric morphisms associated to P, Py and B respectively. By definition,
po sends a point (z;;, %) to [z, ... zlr]. This proves the given presentation of 7 in terms of
Cox coordinates. For the supplement, use Remark 3.1.8. 0

We end this section by showing that the /;; encode the orders of the isotropy group of the C*-
action:

Proposition 3.1.11. Consider the C*-action on a toric variety Z as in Construction 3.1.9. For
the isotropy groups T,, < C*, we have

(i) Ty 27 /1;; 7 forx € T Zpio

(ii) Ty = C* forz € T+ 2k

Proof. Tt is enough to show that the isotropy groups of the distinguished points z,,; and z,+ are
7 /1;j Z and C* respectively. We may consider the C*-action locally on the affine toric pieces Zs,
where § < Z" ! is a pointed cone. Recall that the C*-action is given by the inclusion

C* = SpecC[Z] « SpecC[Z" '] = T"*+!

associated to the projection Q: Z" ™! — Z onto the last coordinate. Proposition 2.1.4.2 of [2]
tells us that, the inclusion of the isotropy group 73, < C* is given by the projection Z — Kj,
where

Ks = ({0}" x Z) Nling(d) @ B(ling(d) NZ")/B(ling(s) NZ" ).

Here, B: Z"*' — Z" is the projection onto the first  coordinates. For § = pij» the left summand
is zero, while the right summand is

Zei/B(pij) = Z/l”Z

On the other hand, for § = p, the right summand is zero and the left summand is Z. In particular,
the isotropy group is C*. O
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Chapter 3. Log del Pezzo C*-surfaces

3.1.2 C*-surfaces from defining data

In the previous section, we studied certain toric varieties Zx, built from defining triples. We have
seen that these come naturally with a C*-action given by the inclusion into the acting torus as
the last coordinate. In this section, we start with one additional piece of data, namely a complex
2 X (r + 1)-matrix A and construct a C*-surface X C Z. This will yield all normal rational
projective C*-surfaces, see Proposition 3.1.17.

Construction 3.1.12. Let (¢, [, d) be a defining triple and Z = Zs; the associated toric variety
from Construction 3.1.4. Recall that its Cox ring is the K-graded polynomial ring C[T};, S ],
where Q: Z"t™ — K is the cokernel of P'. Given a complex matrix A = [ag ... a,] €

C2x(r+1) with pairwise linearly independent columns, we define trinomials

T;i T~ZH1 T'Zi+2 l; lit1 lit2
gi = det N aﬁ: a%:z = aip1ir2Ty’ — a2 T + i Ty € ClTh, Sk,
1 7 (3

where Till = Tilfl T and oy = det(ag, ay) # 0. We claim that with respect to the K-

in;
grading, the g; are all homogeneous and of the same degree. Hence we can define the K'-graded
C-algebra:
R := R(c,l,d;A) = C[T;,Skl/{(g0,---,9r—2)-

Proof. We verify that the g; are homogeneous and of the same degree. Write w;; := Q(fi;) € K.
Then the degree of a monomial in g; is given by

deg(T!) = lpwiy + - - - + Lin, Win, -
Since QP T = 0, we have
lawin + -+ + lin,Win; — (lotwor + - -+ 4 longWon, ) = 0.
forall: =1,...,r. Thus the degrees deg(Tf”) are all equal, which proves the claim. O

Construction 3.1.13. We continue Construction 3.1.12. Let p: Z — Z be Cox’s quotient pre-
sentation from Construction 3.1.5. We may identify the total coordinate space with Z = C"™" =
Spec C[T;;, Si]. Consider the affine variety

Y = V(QO»--wgr—Z) = SpeCR - 7

We obtain a commutative diagram

Mg ©

NN
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3.1. Background on C*-surfaces

where we set X := X N Z and
X = X(¢,1,d; A) == p(X) C Z

Here, X is an irreducible normal surface and it is left invariant by the C*-action on Z. In partic-
ular, it is a C*-surface.

Proof. For the fact that X is irreducible and normal, we refer to [2, Theorem 3.2.1.4]. Next, we
show that X is left invariant by the C*-action on Z. Working in the notation of Construction 3.1.9,
the action is given by the quotient Hy/H = C*, where H = Spec C[K| and Hy = Spec C[K).
Analogous to the above argument, we can see that the trinomials g; are even homogeneous with
respect to the finer Ko-grading on C[T;;, S*]. Geometrically, this means X is left invariant by
the action of Hy. Passing to the quotient, we get that X is left invariant by Hy/H = C*. O

Definition 3.1.14. Let X C Z be a C*-surface arising from Construction 3.1.13. Restricting the
toric prime divisors from Definition 3.1.7, we obtain prime divisors

G .
D% .= DinX, Df:=Dinz

Proposition 3.1.15. Ler X = X (c,l,d; A) C Z be a C*-surface arising from Construction 3.1.13.
Then there exists an open subset X such that the C*-action admits a categorical quotient

Xo— Py

Moreover, the prime divisors DY are sent to [a;] € P1, where a; € C? is the i-th column of A.

Proof. Consider the categorical quotient m: Zy — P, from Proposition 3.1.10 and set Xg :=
Zy N X. Using the presentation of 7 in terms of Cox coordinates, we see that 7w(X() is cut out
by linear equations hy, . . ., hy_2, where

= ait1,i+2Ui — i ip2Uir1 + 41U 0.

- Ui Uit1 Uiy
T T
a; Gip1  Aiy2

Here, we have written Uy, ..., U, for the variables in projective space and «;; := det(a;, a;).
We can parameterize this image by

t: Py — P, x +— [det(z, ag), . .., det(x,a,)].
Indeed, ((P1) C 7(Xy) is verified by direct computation and since both sides are one-dimensional

and connected, we get equality. Hence we obtain the quotient v om: X9 — IPy. The fact that
DY are mapped to [a;] € Py follows from

([as]) = [ovio, - - -, i) € VB, (Us) = W(Dizj).

90



Chapter 3. Log del Pezzo C*-surfaces

Proposition 3.1.16. Ler X = X (c,l,d; A) C Z arise from Construction 3.1.13. Then X is a
normal rational projective C*-surface. Moreover, its Cox ring is R(c,l,d; A) and we have an
isomorphism between divisor class groups:

Cl(Z) — CI(X), [D] — [DNX].

Proof. Most claims follow from [2, Theorem 3.4.3.7]. Rationality of X follows from the exis-
tence of a birational quotient X --» IP1, see Proposition 3.1.15. Finally, projectivity follows from
the assumption that the columns of the generator matrix P generate Q" ! as a cone. O

Proposition 3.1.17 (See [2, Theorem 5.4.1.5]). Every normal projective rational C*-surface is
isomorphic to some X (¢, 1, d; A) from Construction 3.1.13.

Remark 3.1.18. For r = 1, Construction 3.1.13 produces precisely the projective toric surfaces.
Indeed, starting with any projective toric surface Z, we can renumber the primitive ray generators

V1,...,0p such that v; = (—lg;, do;) fori = 1,...,ng and vy 4 = (l1i,dip,) fori =1,...,ny,
where [;; are positive integers and d;; € Z. According to the existence of v = (0,1) and
v~ = (0, —1) among the primitive ray generators, we can define an appropriate case ¢ and obtain

Z = Z(c,1,d). Let A € C**? be the identity matrix. Since = 1, there are no relations in the
Cox ring R(c,l,d; A), hence Z = X(c,l,d; A).

Proposition 3.1.19. Let X C Z be a C*-surface arising from Construction 3.1.13. Then for the
isotropy groups T,, < C* of the C*-action, we have

(i) T, =27 /1;; Z for a generic x € Dg,

(ii) T, = C* for a generic x € Df(.

Proof. Since the C*-action on X comes from the C*-action on Z from Construction 3.1.9, the
statements follow directly from Proposition 3.1.11. O

3.2 The isomorphy problem and a normal form

When classifying C*-surfaces using the combinatorial framework from Section 3.1, one needs
to be able to decide when two sets of defining data give rise to isomorphic C*-surfaces. We
call this the isomorphy problem. Recall that in the toric case, two toric del Pezzo surfaces are
isomorphic if and only if their LDP polygons are equivalent by a unimodular transformation.
Thus, the isomorphy problem for toric del Pezzo surfaces is solved by the unimodular normal
form, see Section 1.2.1. For C*-surfaces, the combinatorics is more involved. The goal is to find
operations on the defining data leaving the isomorphy type of the C*-surface invariant (called
admissible operations), and then show that these are complete in the sense that two C*-surfaces
are equivalent if and only if their defining data are equivalent by admissible operations.

This section is organized as follows. We first discuss operations on the coefficient matrix in Sub-
section 3.2.1, followed by operations on defining triples in Subsection 3.2.2. In Subsection 3.2.3,
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3.2. The isomorphy problem and a normal form

we discuss the possibility of erasing certain entries of the defining triple, while keeping the iso-
morphy type of the C*-surface invariant. In Subsection 3.2.4, we prove completeness of admis-
sible operations. Finally, in Subsection 3.2.5, we introduce a normal form for defining triples,
which allows us to efficiently check when two C*-surfaces are isomorphic. An implementation
of the normal form is available in the Julia package CStarSurfaces.jl, see Section B.2.3 for
details.

Parts of this section have been published in shortened form as Section 6 of the joint work with
Hittig and Hausen [27].

3.2.1 A standard form for the coefficient matrix

Given a defining triple (¢, [, d) and a matrix A as in Construction 3.1.12, we discuss operations
on the coefficient matrix A that leave the isomorphy type of the graded C-algebra R(c,l,d; A)
invariant. This leads to a standard form for the coefficient matrices, see Proposition 3.2.4.

Definition 3.2.1. Letr € Z>1. By a coefficient matrix, we mean a complex matrix A € C2x(r+1)
with pairwise linearly independent columns. We call two coefficient matrices A and A" equiv-
alent and write A ~ A, if A = UAD for some U € GL(2,C) and a diagonal matrix D =
diag(do, ...,d,) € GL(r + 1,C).

Proposition 3.2.2. Let (c,l,d) be a defining triple, and let A and A’ be equivalent coefficient
matrices. Then there exists an isomorphism of graded C-algebras:

R(c,1,d; A) = R(c,1,d; A").

Proof. Let R = R(c,l,d; A) and R' = R(c,l,d; A’). We work in the notation of Construc-
tion 3.1.12. First, assume A’ = UA for a matrix U € GL(2,C). Then g, = det(U)g;, which
implies R = R’. Now consider A’ = AD where D = diag(dp,...,d,) € GL(r + 1,C) is a
diagonal matrix. Here, we find:

/ l; lisa lito
gi = dit1dipo0iprivoT;" — didipoci 2TV + didipr0 i1 T

Define the morphism ¢: C[T};, SE] — C[T3;, S*] such that it maps T} to Hk# Wdy - Ti,
keeping other variables unchanged. Hence we have

(T = | [ dr | T,
vy

and thus p(g;) = <Hk¢{i7i+1,i+2} dk) gi. In particular, ¢ sends g; to a scalar multiple of g/.
Since ¢ respects the K -grading by merely rescaling variables, it defines an isomorphism of K-
graded algebras R~ R'. O

Definition 3.2.3. A coefficient matrix A € C2*("+1) is said to be in standard form if

10 -1 -1 ... -1
A= [0 | D VI W
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for some pairwise distinct A; € C\{0, —1}.

Proposition 3.2.4. Let r € Z>; and let A € C2*0 ) have pairwise linearly independent
columns. Then A is equivalent to a unique matrix in standard form.

Proof. Write A = [ao ai ... ar] with a; = (a1, a;2) € C2. Multiplying from the left with
an invertible matrix U € GL(2,C), we achieve a9 = (1,0) and a; = (0,1). Since the a; are
pairwise linearly independent, we may assume a;1, a;o 7 0 fori = 2, ..., r. Hence we may scale
the last » — 2 columns to achieve as; = - - - = a,1 = —1. We are left with

10 -1 -1 ... -1

A=1 1 Mo M o Ao

where A; € C\{0}. Multiplying the second row by —/\io and the second column by — X\, we
achieve standard form. Linear independence of the columns guarantees A\; # 0, —1. O

Corollary 3.2.5. Two coefficient matrices are equivalent if and only if they have the same standard
form.

Example 3.2.6. The converse of Proposition 3.2.2 is not true generally: Take the defining triple
(¢,l,d) where

¢ = (ee)a [ = ((171)7(171)7(2)7<2)>7 d = ((07_1)7(07_2)a(1)7(1>)'

The generator matrix is

-1 -1 1 1 00
-1 -1 0 0 2 0
P = -1 -1 0 0 0 2
0 -1 0 -2 11

It is readily verified that the columns of P generate Q* as a cone, hence this is a valid defining
triple. Now consider the coefficient matrices:

[t o -1 -1 , [t o -1 -1
A= [0 1 -1 —2}’ A= [0 1 -1 —5]'

Both are in standard form, hence they are not equivalent. However, the C*-surfaces X (¢, 1, d; A)
and X (c, 1, d; A") are isomorphic. Indeed, swapping the variables T5; and T3, gives a morphism
of C-algebras

R(c,l,d; A) — R(c,l,d; A”),
where A" arises from A by swapping the last two columns, i.e.

1 0 -1 -1
01 -2 —1{°

Bringing A” into standard form, we see that A” ~ A’, hence R(c,l,d; A) and R(c,l,d; A’) are
indeed isomorphic.

A" = [

Remark 3.2.7. Example 3.2.6 shows that to get a converse statement for Proposition 3.2.2, it is
not enough to consider just operations on the coefficient matrix alone. Instead, one needs to treat
operations on the defining triple and on the coefficient matrix together. We will discuss operations
on the defining triple in the next section, see also Proposition 3.2.19 for the precise statement.
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3.2.2 Admissible operations on defining triples

We study operations on defining triples that leave the isomorphy type of the associated C*-surface
invariant, see Proposition 3.2.14. The operations come in three types, which we will call inver-
sion, permutation and addition.

Definition 3.2.8. Given a defining triple (c, [, d), we consider the following operations:

(i) Inversion: We define

inv(c,l,d) = (—¢, (I, 00), (d, - .., d.)),

where I} := (lin,,...,lin) and d} := (—djp,, . . ., —d;1). Here, negation on the set of cases
is defined as

—(ee) = (ee), —(pe) := (ep), —(ep) := (pe), —(pp) := (pp).
We also write invy := id and inv_; := inv.
(ii) Permutation: Given a permutation o: {0,...,7} — {0,...,7}, we define
perm, (¢, 1, d) = (¢, (ls(0), > lo(r)) (do(0), - -+ > do(r)))-
(iii) Addition: Given an integral vector ¢ = (c1,...,¢,), set ¢g := —(¢1 + - - - + ¢,) and define
add.(c,l,d) = (c,l,(dj,...,d.)),
where d := d; + ¢;l;.

By an admissible operation, we mean any composition of operations (i), (ii) and (iii). We call
two defining triples equivalent and write (c,l,d) ~ (¢/,1’,d’), if one arises from the other by an
admissible operation.

Lemma 3.2.9. Any admissible operation is equal to some
Yeoo = add. o perm, o inv,,

where c € Z", 0: {0,...,r} — {0, ..., 7} is a permutation and o € {£1}.

Proof. The following identities are easy to check:
invoadd, = add_.oinv, invoperm, = perm,oinv, perm oadd. = add.operm, .

This shows that we can rearrange any composition of admissible operations to have inversions
first, followed by permutations and then additions. Moreover, since we have

invyy =inv,o0invy, add.oadds = add.;», perm,, = perm operm_,

it is sufficient to have at most one inversion, permutation and addition respectively. O
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Next, we study how admissible operations affect the columns of the generator matrix.

Proposition 3.2.10. Let (¢,1,d) and (¢',1') d) be defining triples with generator matrices P

and P'. Write v;j,v* and v, V" * for the columns of P and P’ respectively.

(i) Assume (¢',I',d") = inv(c, 1, d) and define U := diag(1,...,1,—1) € GL(r + 1,Z). Then

we have
’UZ,»j == Uviyni,j+1.
(ii) Assume (¢',1',d") = perm_(c,l,d) and define U := [60-1(1) cee Co1(p) u] where
{e1,..., e, u} is the canonical basis of Z' and eq := —(e1 + -+ + ¢,.). Then
vij = Uto(p);-

(iii) Assume (¢',l',d") = add.(c,l,d) with c € Z" and set

1 0 0
U= e ‘| € GL(r + 1,2).
0 1 0
c1 ¢ 1
Then we have
Uzl-j =U ’Ul'j .

Proof. All three claims are immediate computations using the definitions of inversion, permuta-
tion and addition and v;; = [};e; + d;;u. O

Corollary 3.2.11. Let (¢c,1,d) and (¢',1') d) be defining triples with generator matrices P and P’
and assume (¢/,1',d") = o 0(c,1,d), where ., , is defined as in Lemma 3.2.9. Then there is
a unimodular matrix U € GL(r + 1,7Z) such that

P'=UPEg,,
where E, , € GL(n + m, Z) denotes the permutation matrix given by
fo INE o=1 f:tv o=1
fotymi—j+1, 0= —1 fF, o=-1

Proposition 3.2.12. An admissible operation sends defining triples to defining triples.

Proof. Let (¢/,1’,d’) arise from the defining triple (c, [, d) by an admissible operation. We need
to show that (¢/,1’, d’) is a defining triple, i.e. that the following hold:

(1) ged(ly;,di;) = 1foralli=0,...,randj=1,...,n]

- !

m. .
tforallt=0,...,r,
/

1

7
in

d.
2 B>.>
i1
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3.2. The isomorphy problem and a normal form

(3) the columns of P’ are pairwise distinct and generate Q" *! as a cone.

Property (1) holds trivially for an inversion and a permutation. For an addition, we have

ng( gj’ d;]) = ng(lij, dij + Cilij) == ng(lij, dij) =1.

Property (2) holds for an inversion, since it both flips the signs of d;; and reverses the order of

the /;; and d;;. It also holds trivially for a permutation, since it does not change the order of the
l;; for a fixed 4. For an addition, we have

U
@ = di + ¢,
Li; li
hence the order stays invariant. Property (3) holds for all admissible operations, since by Corol-
lary 3.2.11, the columns of P’ arise from the columns of P by applying unimodular matrix. [

In order to prove that admissible operations leave the isomorphy type of the associated graded
C-algebra invariant, we need the following auxiliary lemma:

Lemma 3.2.13. In Construction 3.1.12, define more generally the trinomials

L l;
2+ ailizT s

li
Givigiz = alzl:sTil Qiyig 1 i3

72
where 0 < iy,1i9,13 < r are pairwise distinct. Then ¢;,iyis € (9o, - -, Gr—2)-

Proof. By definition, we have g; = g; i+1,i+2. Let 0 < 4q,42,43 < r be arbitrary and pairwise
distinct. Observe that the trinomials are alternating under permutations:

Givigis = Gizizin = Yigiriec = ~Yiziviz = —YGigigin — —Girizia-

Hence, without loss of generality, we may assume that ¢; < io < i3. If i3 = 9 + 1 = 91 + 2,
then g;, 4,4, is one of the generators g;, and the claim follows immediately. Otherwise, there exists
an index i4 such that either 11 < iy < 190 < @3 0r 11 < 4o < 14 < 73. In the first case, a
straightforward computation shows:

AigioGivigis = NiripGisinis — XigiaJiviaio-
Similarly, in the second case:
igioGiriniz = QizginGivioia — XiriaGioiqis-

Repeating this reduction finitely many times, we can express g;,i,i, as a C-linear combination of
the generators go, . . ., gr—2. Therefore, ¢;,iris € (g0, - - -, Gr—2). O

Proposition 3.2.14. Let (c,1, d) be a defining triple, and let (¢, I, d’) = ¢.5.0(c,1,d) for some
admissible operation 1., ,. Then, there exists an isomorphism between the graded C-algebras:

R(c,l,d; A) = R(¢,I',d';0(A)),

where o(A) is defined as [ag(o) e %(r)]-
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Proof. Write R := R(c,l,d; A) and R’ := R(¢/,l’,d’; A’). We work in the notation of Construc-
tion 3.1.12. Recall that an isomorphism between graded algebras consists of a pair (¢, @), where
¢: K' — K is an isomorphism of groups, and ¢: R’ — R is an isomorphism of C-algebras
such that degr (o (f)) = @(degr/(f)) for all f € R’. According to Corollary 3.2.11, we have
the relation P’ = UPE,,, where U € GL(r + 1,Z) and E,, is a permutation matrix. As

E; o= Es. L this gives rise to a commutative diagram with exact rows:

00— g+l P gmim @ g 0
lUT lEd,o i %
0y grl PTygnim @, 0

Hence we get a homomorphism ¢: K’ — K, making the right square commute. Writing w;;, w
and w’ ., w'* for the columns of Q and Q' respectively, we get

75
- We(3)7 s ifo=1, - wt, ifo=1,
plwy;) =4 70 . pw*) =4
Wo (iyn]—j+1> ifo= -1, wt, ifo=-—1.

We define the C-algebra homomorphism ¢: C[T;;, ST] — C[T};, S*] by:
T s d Lot ifo=1, g, [5% ifo=1,
’ o(i)nf—j+1> ifo=—1, S$, ifo=—1.
We obtain

i : l;n’ loGi lg(i)no‘ % logi
P(T;) = @(To)'n - p(Ty) ™ = T, T, 70 =T 00

i o(D)ng(s) o(7)

tis = Qo(iy)o(is)» Lemma 3.2.13 implies

Moreover, since «
©(9i) = @(9i,i+1i+2) = Go(iy)o(in)o(is) € (905 -+ Ir—2)-

Therefore, © descends to a C-algebra homomorphism R’ — R. Additionally, the degree com-
patibility holds:

degr(p(Ty)) = pdegp (T;5)),  degp(p(S™)) = p(degp (S™)).

This shows that (¢, @) is a morphism of graded algebras from R’ to R. Since the admissible
operation .. 4, is invertible, both ¢ and ¢ are isomorphisms. OJ

3.2.3 Erasable entries and irredundancy
If a defining triple (¢, , d) contains an entry /; consisting of a single one, we may erase this entry

while not changing the isomorphy type of the associated graded C-algebra. Let us make this
precise:
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3.2. The isomorphy problem and a normal form

Definition 3.2.15. Let (c,/, d) be a defining triple with [; € Z%{; and d; € Z™. We call the i-th

entry of [ erasable if n; = l;; = 1 and d;; = 0. We call (¢, [, d) irredundant, if n;l;; > 1 for all
1 =0,...,r and redundant otherwise.

Remark 3.2.16. Given any redundant defining triple (c,/, d) with n; = l;; = 1, we may apply
the admissible operation add. with ¢; = —d;1 and ¢; = 0 for j # . The resulting defining triple
will have d;; = 0, hence its ¢-th entry is erasable.

Proposition 3.2.17. Let (¢, 1, d) be a defining triple with r > 1 whose i-th entry is erasable. Let
A € C¥*+D) pe a coefficient matrix and set

ZIZZ(Z(),...,%,...,ZT), d/::(do,...,%,...,dT), A/::[ao R a,,«].
Then (¢,l',d') is again a defining triple and we have an isomorphism of graded C-algebras:

R(c,l,d;A) = R(c,l',d'; A).

Proof. We may assume without loss of generality that 7 = r. We work in the notation of Con-
struction 3.1.12. Using d,; = 0, we see that the columns of the P’ generate Q" as a convex
cone, hence (c,!’,d’) is a defining triple. Recall that a homomorphism of graded algebras is a
pair (¢, ) where ¢: R — R is an algebra homomorphism and ¢: K — K’ is a group homo-
morphism such that for all f € R, we have degp, (¢(f)) = @(degr(f)). Let us first construct
the isomorphism (: Write {e1, ..., e, u} and {e1,...,e,_1,u} for the canonical bases of Z"*
and Z" respectively. Moreover, write {fi;, £} for the canonical bases if Z"*™ and Z" "1,
where f,1 is not present in the latter. We consider the following commutative diagram with exact
TOWS:

0 — 7+l 2L gnim Q¢ 0
LlT\LWI LQT\kQ ~T i o
0 7 p'T Zn+m—1 Q' I‘;—K/ 0.

Here, we define ¢1 and ¢ to be the canonical inclusions sending e;, u +— e;,u and f;j, fjE —>
fijs fi. Moreover, 71 is the projection sending e;,u +— e;,u and e, — 0, while 75 is the
projection sending f;;, f£ — fi;, f* and fr1 = lo1for + -+ + long fone- It is immediate that
PT o1 =1y0P'T. Using d.; = 0, we see that also P'T o7y = mp o PT. This implies that we
get group homomorphisms 171 and ¢ as drawn, making the appropriate squares commute. Writing

wij = Q(fiy), w*:=Q(fF), wij = Q' (fiy), w* =Q'(f%),
we thus have
L ,=0,...,r—1
% w:t = w/j:, % Wi i = wl-] L ’ ’
P(w™) P(wij) {101w61+...+10n0w6n0 i=r
{ﬁ(wli) = w¥, {D(ng) = W

Clearly, po 1 = idg. Moreover, recall from Construction 3.1.12 that the monomials Tll’ all have
the same degree, hence

¢(¢(wr1)) = lprwo1 + -+ + longWony = Wr1.
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This implies Yo @ = idx. We have shown that : K — K’ is an isomorphism. Next, we
construct the ring isomorphism ¢: R — R'. Note that we have

lr—2 lr—1
gr—2 = Qr_1,1.75 —ar 0, 1.7 +ar—2,-1T1.

We define ¢: R — R’ by sending T} to 04;,1277«,1(0%—2,1”1—}[:711 - ar,lerrlT:;) and leaving the
other variables unchanged. This achieves ¢(g;) = ¢ fori =0,...,7—3and p(g,_2) = 0, hence
¢ is well-defined. An inverse of ¢ is the map ¢: R' — R sending T;; — T;; and St s SE 1t
remains to show that ¢ is compatible with the grading. For i = 0,...,r — 1, we have

degpi (0(Tij)) = degpi(Tij) = wi; = p(wi;) = p(degp(Ti;))
and similarly deg/ (p(S%)) = @(degr(S¥)). Lastly, we compute

Npr—1

0
L - -
degp (¢(T)1)) = degp/(T,75") = Z lr—l,jw;fl,j = Zlo]'wéj = ¢(wr1) = @(degpr(Tr1)).
j=1 j=1

O

Corollary 3.2.18. Every graded C-algebra R(c,l,d; A) arising from Construction 3.1.12 is iso-
morphic to some R(c',I',d', A") with (¢, l', d') irredundant.

Proof. Combine Remark 3.2.16 and Proposition 3.2.17. O

3.2.4 Completeness of admissible operations

We are ready to prove the main theorem about admissible operations:

Theorem 3.2.19. Let (c,l,d) and (¢',1',d") be irredundant defining triples with r = r' > 1 and
let A, A’ € C2x(r+1) coefficient matrices. Then the following are equivalent:

(i) (¢, U,d") = teoo(c,l,d) for some admissible operation . 5, and A’ ~ o(A), where o(A)
is defined to be [aa(o) e ag(r)].

(ii) R = R’ as graded C-algebras,
(iii) X = X' as surfaces,

(iv) X = X' as C*-surfaces,

where R := R(c,l,d; A) and R’ := R(¢,I',d'; A") as well as X = X (¢,l,d; A) and X' =
X(d,U,d; AN.

Proof. The implication “(i) =>(ii)” has been established in Propositions 3.2.2 and 3.2.14. For the
implication “(ii) =-(iii)”, consider that by Proposition 3.1.16, the Cox rings of X and X’ are R

and R’, respectively. By [2, Theorem 4.3.3.5], the moving cone of X is equal to its semiample
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cone. This means that any surface with Cox ring R must be isomorphic to X, see for instance [2,
Remark 3.3.4.2]. Next, we show “(iii) =(iv)”. By [3, Corollary 2.4], the automorphism group
Aut(X) is linear algebraic and acts morphically. In particular, any C*-action on X defines a
one-dimensional torus in Aut(X). Since we assume the defining triples to be irredundant with
r =1’ > 1, Remark 3.1.18 implies that X and X’ are non-toric. Hence any two one-dimensional
tori in Aut(X) are maximal and thus conjugate to each other. This implies that X = X' as
C*-surfaces.

We are left with showing “(iv) =(i)”. Suppose we have an isomorphism ¢: X’ — X of C*-
surfaces. Since ¢ respects isotropy groups, by Proposition 3.1.19, it must send prime divisors
Dé?, into D?(‘ and Df(, into D, Moreover, recall that an arm D% U - - - U Dé?” is connected,
hence divisors in the same arm must stay in the same arm. This means we find a permutation
o:{0,...,7} —{0,...,7} and 0 € {£1} such that

- [Dg((i)’j}, o=1 + [Di]v o=1
L([DY)]) = A , L[DE]) = X ,

where ¢.: CI(X’) — CI(X) denotes the pushforward on divisor classes. We obtain a commu-
tative diagram with exact rows

0 szl Py g 9 cyxty 0

!
i U lEJ,o J/QD* Y

00—zt Plygnim 9 cyx) —— 0

where Ej , is the permutation matrix defined in Corollary 3.2.11. The map U must be an iso-
morphism making the left square commute, hence we obtain P’ = U TPEM. By the structure
of P and P/, this forces U " to be of the form

o [Be 0
c ol’
where By = [e,-1(1) ...€,-1(y] and ¢ € Z is arbitrary. This implies that (¢, 1, d') =

Ye00(¢, 1, d), as desired. It remains to show that A’ ~ o(A). By Proposition 3.1.15, we get a
commutative diagram involving the rational quotients

P — P

where the induced map U is an isomorphism, hence given by a matrix U € GL3(C). Recall that
7 sends DY to [a;], while 7’ sends DY, to [a}]. Thus by commutativity of the diagram, U (al)
and a, ;) differ only by a nonzero scalar. Hence we obtain U A" = o(A)D for a diagonal matrix
D € GL,4+1(C). This implies A" ~ o (A). O
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3.2.5 The normal form

We describe a normal form for defining triples and show that every defining triple can be brought
uniquely into normal form, see Proposition 3.2.25. An implementation of the normal form is
available in CStarSurfaces. j1, see Section B.2.3.

Recall that the slopes of a defining triple (¢, , d) are rational numbers
d. .
nwzzzﬁ, i=0,...,m, j=1,...n;
ij
and they satisfy m;; > -+ > myp,.

Definition 3.2.20 (See B.2.35 — B.2.38). To any defining triple (¢, [, d), we associate integers

m" = [mor] + -+ [me], m- = —([mong| + - + [myn, 1)
Moreover, we define rational numbers
B = myg—|mal, By = [Min,] — Mip—jt1-
and set 6?[ = ( Bﬁ, ceey Biz) Since the slopes are ordered descendingly, we have
A>.e>Bh 0 and B> > 65
We define multivectors 5+ by sorting (,Béc, ..., BF) lexicographically:
BT = sort(Bd,...,B), B~ = sort(By ..., 0, ).

Lemma 3.2.21. Let (c,1,d) and (¢',I',d') be defining triples with m™, 3% and m'*, B'* defined
as above.

(i) If (¢, U, d') arises from (¢, 1, d) by permutation or addition, we have
mT=m", w=m, gt =5t pg-=p".
(ii) If (¢, U',d") arises from (¢, 1, d) by an inversion, we have
mt=m7, w"=mt,  pT=p", =5
Proof. A permutation permutes the numbers [m;; | and [m;y,,] accordingly, thus it leaves m™*
invariant. Moreover, since 3% are defined by sorting the vectors Bii lexicographically, they too
stay invariant under permutation. Let’s consider an addition add, with ¢ = (cy,...,¢,) € Z" and
¢o := —(c1 + -+ - + ¢.). By definition, we have d;j = d;j + ¢;l;5. Hence the slopes transform as
r dij + Cilij

m.:

ij =my; + ¢;.
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Note that since the ¢; are integers, we have |m;1 + ¢;| = |m;1| + ¢;. We obtain
mt=mt4cg+ -+ =mh,
and similarly, m’~ = m~. Moreover, we have
Biy = mij +ci — (Ima] + i) = mij — |ma] = 55}
Thus 5/ = 3% and similarly '~ = 3~. We have shown (i).

For (ii), let (¢, I',d") = inv(c, [, d). By definition, z;j = ljn;—j+1 and d;j = —d;n,—j+1. Hence

the slopes transform as m;j = —Mjn,—j+1. We obtain

m'" = mpy |+ [mig ] = —([mong ] + . [0, ]) = m7,
and similarly m'~ = m™. Moreover, we have
Bif = —Mim—jr1 — [=Min,| = [Min,] = Min,—jp1 = B

Thus ' = 3~ and similarly '~ = 8+. O

Definition 3.2.22 (See B.2.40). To a defining triple (¢, [, d), we associate an orientation o €
{—1,0, 1} as follows: We set o := 1 if and only if one of the following holds:

(O*1) ¢ = (pe),
(O72) c€ {(ee),(pp)} and m™ > m~,
(O73) ce{(ee),(pp)} and m™ =m™ and ST >1x 8.

Accordingly, we set o := —1 if and only if one of the following holds:

(O71) ¢ = (ep),

(072) c € {(ee),(pp)} and m™ > m™,

(O73) ce{(ee),(pp)} and m™ =m™ and 8~ >1x 8.

The remaining case is ¢ € {(ee), (pp)} and m™ = m™ and 8" = 3, where we set 0 := 0.

Lemma 3.2.23. Let (¢,l,d) and (¢',l',d") be defining triples with orientations o and 0.

(i) If (¢, ', d') arises from (c,1,d) by permutation or addition, we have o' = o.

(ii) If (¢, ', d") arises from (c,l,d) by an inversion, we have o' = —o.

Proof. By Lemma 3.2.21 (i), addition and permutation leave ¢, m* and $* invariant. Hence
also the orientation stays invariant, which shows (i). For (ii), recall that inversion flips the case ¢
and swaps (m™, m~) as well as (37, 37). Hence the conditions (O"1),(O%2) and (O*3) are
transformed into (O~ 1), (O~2) and (O~ 3) respectively. Finally, if o = 0, then after an inversion,
we clearly still have o' = 0. O
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Definition 3.2.24 (See B.2.41). A defining triple (c, [, d) is said to be in normal form, if it satisfies
the following conditions:

(i) o =>0,
(ﬁ) 50+ Zlex T Zlex /87—]—’
(iii) |m1 ] =O0foralli=1,...,r.

Proposition 3.2.25. Every defining triple is equivalent to a unique defining triple in normal form.

Proof. We describe how to bring a defining triple (¢, [, d) into normal form by admissible oper-
ations. By Lemma 3.2.23, an inversion flips the sign of the orientation, hence we may achieve
o > 0. Next, we may apply a permutation to achieve Bar >lex *** >lex (7. Finally, the addi-
tion add, with ¢ := (—|m11],...,—[mr1]) achieves [m;1] = 0fori = 1,...,r. Recall that
permutation and addition do not change the orientation, and addition does not change the values
ﬁ; . Hence we arrive at a defining triple in normal form. See also B.2.48 for an implementation
of this algorithm.

To show uniqueness, assume (c, [, d) and (¢, I’d’) are both in normal form and equivalent to each
other by an admissible operation 1. Property (i) of the normal form says 0,0’ > 0. If o = 1,
the operation ¢ cannot contain an inversion, as that would imply o’ = —1 by Lemma 3.2.23 (ii).
Hence we have (¢, m™, 37) = (¢, m’'", 5/7) by Lemma 3.2.21 (i). On the other hand, if o = 0,
we have by definition ¢ € {(ee), (pp)} and m™ = m™ and ST = B~. Thus, regardless of the
existence of an inversion in ¢, we get (¢, m™, ) = (¢/, m'T, /1) also for o = 0. Together with
property (ii) of the normal form 3T = ' implies B;; = ﬂ;j for all 7 and j. Next, property
(iii) of the normal form implies [m;1] = 0 = |m/;| fori = 1,...,r and hence also |mg; | =
m™ = m'" = [mg, |. Together, we obtain m;; = mj; for all 7 and j. Since ged(l;;,d;;) =
ged(li;, d;;) = 1, this already implies /;; = [}; and d;; = d;;. Thus, the defining triples coincide.

O

3.3 Proof of the Picard index formula

In this section, we prove the formula for the Picard index of surfaces with torus action given in
Theorem 7. Note that in the toric case, this formula matches the one in Proposition 2.2.11. A
much simpler proof is available in that case, as detailed in Section 2.3.

Let us give an outline of the proof strategy, which closely follows the one used in the toric case.
Let X C Z be a normal rational projective C*-surface arising from Construction 3.1.13 and let
P be its generator matrix. Applying Proposition 2.1.9 to the toric ambient, we obtain

1
wic(Z) I 1%l 3.1)

‘K| 0 €Y max

Here, K is the cokernel of the transpose of the map P defined in Construction 2.1.5. Moreover,
by [2, Corollary 3.3.1.7], we have tpic(Z) = tpic(X) and | CI(X, z,)| = |Cl(Z, z,)| = |K,| for
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a maximal cone 0 € Yax. The points {2z, | 0 € max} C X are precisely the fixed points of the
C*-action. Hence, the only thing left to prove Theorem 7 is to establish the equality

|K| = | CI(X)©|. (3.2)

Since K is the cokernel of PT, its group order equals the greatest common divisor of all maximal
minors of P. On the other hand, the class group of X is the cokernel of P, hence the order of
its torsion part equals the greatest common divisor of all maximal minors of P. Writing M (A)
for the set of maximal minors of a matrix, Equation (3.2) thus reduces to

~

ged(M(P)) = ged(M(P)). (3.3)

This section is organized as follows. In Subsection 3.3.1, we will introduce notions of class
group, Picard group, multiplicities and Picard index in terms of defining triples. This will lead
to a purely combinatorial version of the Picard index formula, see Theorem 3.3.13. Next, we
will study maximal minors of P in Subsection 3.3.2. An explicit construction of the map P
in this setting will be given in Subsection 3.3.3, after which we study its maximal minors in
Subsection 3.3.4. Finally, Subsection 3.3.5 completes the proof and provides some examples.

Parts of this section have been published in [56].

3.3.1 The Picard group of a defining triple

Recall that a defining triple (c, [, d) consists of a case ¢ € {(ee), (pe), (ep), (pp)} and vectors | =
(loy...,ly)and d = (dy,...,d,), where l; € Z;”l and d; € Z". Here, we require gcd(l;;, di;) =

1 and that the slopes % are ordered descendingly for each ¢ = 0, ..., r. By Construction 3.1.1,

the generator matrix of (¢, [, d) has the form

—lo U1 0 0 O
po | L]
—lp 0 I 0 O
dy dp ... dp 1 -1

where the column vt = (0,...,0, 1) is only presentif ¢ € {(pe), (pp)} and v~ = (0,...,0,—1)
is only present if ¢ € {(ep), (pp)}. Writing m € {0,1,2} for the number of parabolic fixed
point curves and setting n = ng + - - - + n,, we can view the generator matrix as a lattice map
P: 7" 5 771 Asin previous sections, we will write { fijo f *+1 for the lattice basis of Z" 1™
and e1, ..., ey, u for the lattice basis of Z" 1.

Definition 3.3.1 (See B.2.21, B.2.25). Let (¢, , d) be a defining triple with generator map P: Z"+™ —
7" as above. We define its class group as Cl(c,l,d) := Z"*™ /im(P"). The grading matrix

is the canonical quotient map Q: Z"*™ — Cl(c, 1, d). Moreover, we define the canonical class

as

K= —[D Q)| - QU —Q(f) € Cle,1,d).
i,J
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Example 3.3.2. Unlike the class group of an LDP polygon (see Proposition 2.2.5), the class group
of a defining triple of a C*-surface can have more than one torsion factor. An example is given
by the triple ((pe), ((2), (2),(2)), ((5), (1), (1))) with generator matrix

—2
P=|-

[\

2 00
020
111

ot

Here, the class group is isomorphic to Z x Z /27 X Z |2 Z.

Definition 3.3.3 (See B.2.22). By the Picard number of a defining triple, we mean p := n+m —
(r +1) = rank(Cl(c, l, d)). The mulriplicity is p := | Cl(c, 1, d)*"| = ged(M (P)).

Like for LDP polygons, the multiplicity of a defining triple equals the greatest common divisor
of all maximal minors of the generator matrix. Recall that in Proposition 2.2.3, we saw that it
was enough to take the greatest common divisor of minors with adjacent column indices, i.e. the
local multiplicities. When we study maximal minors of P in more detail in Subsection 3.3.2, we
will show that a similar result holds, see Proposition 3.3.24.

Remark 3.3.4. Under the splitting Cl(c, [, d) =2 Z" x Cl(c,l, d)*™, we can consider the columns
of the grading matrix as Q(fi;) = wi; = (wij,m;;) and Q(fF) = w* = (w*,nT), where
wij, w® € ZP and ;5,1 € Cl(c,1,d). In particular, the canonical class is K = — >, ; wij —
wt —w™.

Lemma 3.3.5. Let (c,1,d) be a defining triple with generator matrix P: Z"™™ — 7'+ and
grading matrix Q: Z"T™ — Cl(c,1,d). Let I C {f;, f¥} be a subset of the canonical basis of
Z"t™ . Consider

Ny = @PP(f) <z, NP = N®Q = spang(P(f); fel) < QT
ferl

Then we have
e, L)/ (@) f ¢ 1) = ZVI-mD g (N2 Az 1) /Ny,
Proof. [2, Lemma 2.1.4.1]. O

Recall that fixed points of C*-surfaces are either parabolic, hyperbolic or elliptic, which means
they are in the closure of precisely one, two or infinitely many C*-orbits respectively. In order to
define local properties of C*-surfaces purely in terms of their defining triples, we now introduce
sets of formal symbols that represent fixed points.

Definition 3.3.6 (See Subsection B.3.1). Let (c,/, d) be a defining triple. We define sets of for-
mal symbols X}, X and X, which we will call hyperbolic, elliptic and parabolic fixed points
respectively. The hyperbolic fixed points are

Xy = {xij’izov"wra ]:17n2_1}
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3.3. Proof of the Picard index formula

According to the case ¢, the elliptic and parabolic fixed points are

(ee) Xe = {at,27} X, = 0,

po) X = ) Xy = {ag,at)

(ep) Xe = {z'} Xy = {zg,...,z;},

(pp) Xe = 0 Xp = {xar, AR F

Finally, the set of fixed points is X' := Xy, U X U X5

Definition 3.3.7 (See B.3.15). To each fixed point x € X of a defining triple (¢, [, d), we will
define a local generator matrix P, as follows. For hyperbolic fixed points, we set

Px.. = v U+1:| .
K [dzj diji1

For the elliptic fixed points, we set

—lo1 11 0 —lony  linmy 0
Po o= | . P o= |
; —lpr 0 L1 ’ —lony 0 lrn,
dor din ... dn dony  din, ... dpp,

Finally, for parabolic fixed points, we set

L lii O L lin, 0

We will also use shorthand notation P;; = Py, as well as P* = P,+ and Pii =P+

Definition 3.3.8 (See B.3.17). The local multiplicity of a fixed point z € X is the positive

integer y, := |det(P;)|. We will also use shorthand notation p;; = j,; as well as pt = -
+ _

and p; = p,+.

Remark 3.3.9. We get the following formulas for the local multiplicities:

() p* =20 din [1 i,
(i) p= = =320 din; [ Lin,»
(i) pij = lijdijy1 — dijlijva,
(iv) i =l
V) p; = lin,.
Construction 3.3.10 (See B.3.16, B.2.26). Let (¢, [, d) be a defining triple. Consider the lattices

Fpt := Nt :=Z'"",  F, :=Ng, =Fx =Nz :=7%.
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Chapter 3. Log del Pezzo C*-surfaces

Then the local generator map P, associated to a fixed point x € X can be viewed as a lattice
map fitting into the commutative diagram

7+l P gntm

J J

where the upwards inclusions have to be chosen appropriately. We define the local class groups
as Cly(c,1,d) := E¥/im(P,)). Writing Q, for the quotient maps, we obtain a commutative
diagram with exact rows

0 —— z+t Plygntm 9L Cle,l,d) — 0

L, F

0 N 9 (el d) —— 0

We define the local Picard groups as Pic,(c, [, d) := ker(r,) and the Picard group as
Pic(c,l,d) := ()] Picy(c,l,d) < Cl(c,1,d).
zeX
The Picard index is tpic(¢, [, d) := [Cl(c, [, d) : Pic(c,l,d)].
Proposition 3.3.11. Ler (¢, 1, d) be a defining triple. The local multiplicities satisfy
po = | Cly(c, L, d)|.

Moreover, we have i = pit and p= = pji—, where

o= Jdet(wij, w5 i=0,...,1,)=2,...,n;)] ifc € {(ee), (ep)},

g o= |det(wi,wt; i=0,...,m7=1,...,n;,—1)]  ifce {(ee),(pe)}.

=

Here, w;j, w¥ are the free parts of the columns of the grading matrix, as in Remark 3.3.4.

Proof. By the diagram in Construction 3.3.10, the local class group Cl, (¢, [, d) is the cokernel of
P, hence its order is | det(P,)| = y.. For the second assertion, note that the local Picard group
Pic,+(¢,l,d) = ker(m,+) is generated by w;;, w™ withi = 0,...,rand j = 2,...,n;. The class
group is of the form

Cllc,l,d) = ZP XL/ Zx -+ X L [ Z = TP [(jiy, .. jiy),
where p = i1 - - g and fi; = pje, 5. By the third isomorphism theorem, we get
Cl(c,1,d)/ Picy(c, 1, d) = 2, " JHwij,w 50 =0,...,7m,7=2,...,n;} U{fiy,..., [ })-
We obtain
=g [ det(wig,w i =0, =2,00,mg) | = it

The equality =~ = ppi~ is shown analogously. O
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3.3. Proof of the Picard index formula

Remark 3.3.12. Let X be a C*-surface arising from a defining triple (¢, [, d). Then the combi-
natorial versions of class group, Picard group and local class groups coincide with the geometric
ones, i.e.

(i) CI(X)=Cl(c,l,d),
(ii) Pic(X)=Pic(c,l,d),
(iii) epic(X) = epic(c,, d),
(iv) CI(X,x)=Cl,(c,1,d) for a fixed point x € X.

This leads to the following purely combinatorial version of the Picard index formula:

Theorem 3.3.13. The Picard index of a defining triple is

wpic(c, 1, d) Hﬂw =t E [ e

:L"EI zeXZUX,

where it are defined as in 3.3.11 and we set i = 1 if ¢ € {(pe), (pp)} and i~ := 1 if
¢ € {(ep), (pp)}-

By Remark 3.3.12, Theorem 3.3.13 implies Theorem 7.

3.3.2 Maximal minors of P

As a first step towards the equality of the cokernel orders of P and fDT, we study in this section
the set M (P) of maximal minors of our generator matrices. We figure out relations among the
maximal minors of P and, based on that, show that gcd(M (P)) equals gcd(M'(P)) for a proper,
more accessible subset M’ (P) C M (P); see Proposition 3.3.24. First, we introduce a suitable
lattice basis for Z™, reflecting the block structure of P.

Construction 3.3.14. Let (c,/,d) be a defining triple with generator matrix P and set n :=
ng + -+ + n,. Then P is an integral (r + 1) x (n + m)-matrix, where m € {0, 1,2} is the
number of parabolic fixed point curves. Write ey, ..., e,11 for the canonical basis vectors of
7" and set u = er+1. Then we define

N =71 =Ze,®---®Ze, ®Zu.

For eachi = 0,...,r, we introduce a set of symbols to be used as a lattice basis:
Fi = Afirs- o fini }s F, == Zfa® - ®Lfin, =7,
0, (ee)
Jr
g/ {fi}ﬂ (pe) , F/ = @feg”/ Zf (] Zm .
{1 (ep)
{7171 (pp)
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Setting
F=FHU---UFHUF, F:=FRo  -0FaoF,

we obtain an isomorphism F' = ZVT . Set ey = —(e1 + -+ + ;). Then we can view P as a
lattice map given by

fz'j = Uiy = lijei—l-diju
P:F — N, freu, if fted
= —u, if f- e

Definition 3.3.15. Let a subset A C F with |A| = r + 1 be given. Then we have a sublattice
Fr:=6 feA Z-f C F and an induced map P4: F4 — N as in the commutative diagram

F—L N

|l

We call | det(P4)| € Z>o the maximal minor of P associated to A. The set of maximal minors
of P is

M(P) == {|det(Pa)|; AC F, [A] =7 +1}.

Example 3.3.16. Consider the defining triple (((ee)), ((1,1),8,4), ((—1,—-2),7,3)). We have
F = {fo1, fo2, fi1, fo1} and the generator matrix is

-1 -1 8 0
P=|-1 -1 0 4
-1 -2 7 3

Setting A;; := F\{fi;}, the maximal minors of P are

| det(Pay, )| = |do2li1lo1 + loadiilar + loaliidar| = 12,
| det(Pay,)| = |doiliilor + lordirler + loili1da1| = 20,
| det(Pa,,)| = |l21(dorlo2 — lordo2)| = 4,
| det(Pay, )| = |l11(do1lo2 — lordo2)| = 8.

Hence, we have M (P) = {12,20,4, 8}.

The following lemma gives a vanishing criterion for maximal minors of P. In particular, it will
allow us to describe the nonzero maximal minors of P explicitly.

Lemma 3.3.17. Let A C F with |A| = r + 1. Assume that there exist 0 < iy < iy < r such that
AN, =ANF, = 0. Then det(Py) = 0.
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3.3. Proof of the Picard index formula

Proof. Consider the dual bases {f;;} and {e7, ... ey, u"} of F* and N* respectively. Then we
have

n; no
PT(ef) = Zlijfi*j - ZZOijj
P =

If iy = 0, this implies PX(ef 1) = 0. If ip and 77 are both nonzero, we have

no
Pi(e;) =~ D lojfs; | = Pile}):
j=1
Thus in both cases, det(P4) = det(P} ) = 0. O

Definition 3.3.18. (i) Let numbers 1 < j; < n; foralli =0,...,r be given. We define
T
/-L(j()v s 7j7’) = Z diojio H Z’LJZ7 /1 = /.L(?’L(), v 7”7")-
i0=0 isio
(ii) Let0 <4 <rand 0 < j,j < n; be given. We define
v(i,j,7') = lijdiy — lijedyj, v(i,j) = v(i,j,n;).
Lemma 3.3.19. Ler A C F with |A| = r + 1 such that det(P4) # 0. Assume that ANF' =)
holds. Then either (i) or (ii) must hold.
(i) We have |ANF;| = 1foralli =0,...,rand|det(Pa)| = |u(jo, - - -, jr)| for some numbers
1 <5 < n.
(ii) There exist 0 < 19,11 < 7 with
2, i=ig
[ ANF| =10, i=1

1, otherwise

and we have | det(Pa)| = |v(io, jig, Jig )| [ Lizig i, lig: for some numbers 1 < j; < n; as
well as 1 < jz’»0 < gy

Proof. Lemma 3.3.17 implies that there is at most one ¢ = 0,...,7 with AN % = . Since
ANF = (and |A| = r + 1, the conditions on |A N F| follow. The expressions for det(Py)
then come from cofactor expansion. O

Example 3.3.20. Applying Lemma 3.3.19 to Example 3.3.16, we see that the minors associated
to Ag1 and Ago satisfy (i), while those associated to A1 and Ao satisfy (ii).
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Lemma 3.3.21. Let A C F with |A| = r + 1 such that det(P4) # 0. Assume that ANF' # ()
holds. Then there exists an i1 = 0, ..., 7 such that

0 i
\Am&;-y_{’ teu

1, otherwise
and we have | det(Pa)| = [1, 4, liji-

Proof. Note that |ANS’'| = 2 cannot hold, since this would imply det(P4) = 0. Hence |[ANF'| =
1. Lemma 3.3.17 forces the condition on |A N F|. Cofactor expansion gives the expression for

det(Py). O
Lemma 3.3.22. (i) Leti = 0,...,rand 1 < j,j' < n;. There exist integers o, 3 € Z such
that
V(i7j7j/) = O”)(Z’j) - ﬁﬁ(lu.]/)
(ii) Leti=0,...,7rand j;, = 1,...,n; for all i. There exist integers [; such that

/jf(j(b o 7j7”) = Biolu’(j()a o 7ji0—17 ni()ujio-i—h cee 7j7‘)

+ > Bubliodi) [ i

1710 i¢{io,i1}

Proof. We show (i). Since gcd(lin,, din,) = 1, we find integers x, y € Z such that xl;,,, +yd;,, =
1. Set o := wl;; + yd;; and 3 := xl;5 + yd;;. Then the rows of 3 X 3-matrix

lij L lin,
dij dij dip,
a f 1
are linearly dependent, hence its determinant vanishes. Cofactor expansion by the last row gives

the desired equality. For (ii), we consider exemplarily the case ig = 0. Since gcd(lon,, don,) = 1,
we find =,y € Z such that —xlo,, + ydon, = 1. Now set

Bo := —xlojy + ydog, Pri=ahj +ydij,

as well as §; := yd;;, for i = 2,...,r. Then the rows of the (r + 2) x (r + 2) matrix

_lojo _ZOnO 0 l2j2 - 0
—lojo —lomg 0 ... .. Ly,
dOjo dOno dljl d2j2 R drjr
L Bo 1 B B2 .o B
are linearly dependent, hence its determinant vanishes. Cofactor expansion by the last row and
adjusting the signs of the 3; gives the desired equality. O
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3.3. Proof of the Picard index formula

Definition 3.3.23. According to the case ¢ € {(ee), (pe), (ep), (pp)}, we define

p

0 < ig,i1 <1, withig # i1,
o} U< |D(ig, L. | .
M/(P) {|M|} | 0 j’LO Z¢E[Zl ’UL 1 S ]Z S n; for allZ # 21 ( )
H lijy; 0<i1 <r,1<j;<mjforalli i o, (pe),(ep), (pp).
i

Proposition 3.3.24. We have ged(M (P)) = ged(M'(P)).

Proof. Consider first the case (ee). Then F' = (), hence Lemma 3.3.19 implies M'(P) C M (P).
This shows that gcd(M (P)) divides gcd(M’(P)). On the other hand, by repeated application of
Lemma 3.3.22, we see that every maximal minor of P can be written as a Z-linear combination
of elements of M'(P). This implies that gcd(M'(P)) divides ged(M (P)). For cases (pe), (ep)
and (pp), Lemma 3.3.21 implies M'(P) C M (P), hence gcd(M (P)) divides gcd(M'(P)). On
the other hand, Lemma 3.3.19 implies that every maximal minor of P is a Z-linear combination
of elements of M’(P), hence ged(M'(P)) divides ged(M (P)). O

Example 3.3.25. In Example 3.3.16, we can apply Lemma 3.3.22 (ii) to express | det(Pa,, )| as
a Z-linear combination of the other maximal minors. Hence we have

M/(P) = M(P)\{’ det(PA02)|} = {127874}‘

3.3.3 The construction of P

The aim of this section is to provide an explicit matrix representation of the map P from Con-
struction 2.1.5 for the case of a (toric ambient of a) C*-surface. We will later use this to describe
its maximal minors in Section 3.3.4.

Construction 3.3.26. Let X be the fan of an ambient toric variety of a C*-surface, as defined in
Construction 3.1.4. Consider the lattices I, := Z" and N, := liny, (o) NN from Construction
2.1.4. We have n,+ = n,- = r+1and nr; = 2. Moreover, we have N,+ = N,- = N = yARE

and N, = Ze; + Zu C N. We will work with the identifications
For = Zffi® - @LfY, No+ = Zef & - ®Lef @ LZut,
FTi]. = Zfi;@zfm—&-l’ Nﬁ.j & Zeij © Luij,
For 2 Zfor, @ OZLfrp,, N,- & Zel ©---©Ze, DLu .

Then according to the case ¢, a lattice basis of N is given by

(ee) {ef,... el ut} u s u {el,....er,u},
(pe) {eio,uio;i=0,...,7} U S U {e],...,ey,u"},
(ep) {ef,....ef ut} U S U {ein;,Uin; ; i =0,...,7},
(pp) {eiosuwio; i =0,...,7F U S U {ein;,Uin,; 1 =0,...,7},
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where S := {e;j,u;j; i =0,...,7, j=1,...,n; — 1}. Alattice basis of F is given by

(ee) {fi;;i=0,....,m,j=1,....,m} U {f{;;i:O,...,r,jzl,...,ni},
(pe) {f;,z 0,...,7m j=0,...,n;} U {g;i:O,...,nj:l,...,ni},
(ep) {f;,z:(),.. rojg=1,...,n;} U {;;i:(),...,r,jzl,...,ni—l—l},
(pp) {fij;i=0,0ym j=0,..,m} U {fF;i=0,....r,j=1,...,n;+1}.

In particular, we have rank(F) = rank(N) = 2n + m(r + 1). With respect to these bases, the
maps « and 3 from Construction 2.1.5 are

. P . R
a: N—= N, ej,¢e,e; — e, Uij, U, U~ U,

B:F—=F,  [fF f5 fij.

Setting e := —(ef +---+¢f)and ey := —(e] +---+ e, ), the maps P+, P,— and P, are
then given as

P+:F,+ — Ny, f;lr — lﬂef + di1u+,

PCT*: Faf _>N0'77 f,“_% '_>lznlez_+dznluia

Pr. 2 Fr,, — Np., fz; = lijeij + dijugg

Fii1 = lijreij + dijaugg.

Remark 3.3.27. Clearly, the map « in Construction 3.3.26 is surjective in all cases. Hence
Corollary 2.1.7 implies that the Picard group of a projective rational C*-surface is torsion-free.

Example 3.3.28. With P as in Example 3.3.16, we have {e] , e5,u™, eo1, uo1, €1 ,e5,u” } asa
basis for N and { farl, flﬁ, fzﬁ, fors f(E7 foas f11> fo1 } as a basis for F. The matrix representations
of « and 3 are

L0 0 10100 10010000
00001100

a=1010-10010, 8=
001 0 1001 01000010
00100001

Construction 3.3.29. We continue in the setting of Construction 3.3.26. We will give explicit
descriptions of the maps 7, d and P from Construction 2.1.5. According to the case c, let us set

forall: =0,...,r
;— 1
n; = {nz , (ee),

n;, (pe), (ep), (pP),

Ni={eij, a5 j=1,...,n0}, Fi= {}i/ s =1, .}
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Now define the sets of symbols

{e1,...,&,u}, (ee)
P 0, (pe),

0, (ep)

{w,..., 4,8}, (pp)
n = fl() Uu... Uﬁz Ufla

Let N and E be the free lattices over 71 and F respectively. In particular, we have rank(N )

2n+(m—1)(r+1) and rank(F') = n+mr. According to the case ¢, we defineamap y: N —

as follows:

(ee) €ij
ﬂi]’ —
€; —
u

(pe) & =
ﬁij —

(ep) &5 =
@ij —

(pp) & =
@ij —
U; —
e —>

0, (ee)
5 {f; vi=1,...,r} (pe)
- ~t . ’
{f:,,Z,: 17‘ ,7’}, (Cp)
{fi?fz aizlu ,’I“}, (pp)

F = FoU...UF UGF.

Z |l

{G;r €1, J=
eij—1—€j, 2<j<n;—1
{uf —ug, j=
Ujj—1 — Ui, 2<j<m;—1
e;r —e;
ut —u,
{eij—l—eij, 1<j<n;—1
€ini—1— € , J="mny
{Uij—l_uija 1<j<n;—1
Uin;—1 — U, J ="My
{eZL —e1, J=1,
€ij—1 — €ij, 2<7<n;
{U+ — Ui, J=1,
Uij—1 — Uij, 27 <my
€ij—1 — €ij,
Ujj—1 — Uij,

Uini - ui—l,ni,1

(eoo + €10+ -+ €r0)-

Then 7 is a kernel of a: N — N. Next, we define a map §: F' — F as follows:
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. N B
fij ij — Jij

(ee)
(pe) }ij = ;f— ij

fi = filio— fio

(ep)  fi; = ;;_ ij

Fio = Fim = f
®p)  fi; = -1

fz_ — fi:l,()_fijo

}:r = fztl,ni,lJrl_fi—j_nﬂrl'

Then ¢ is akernel of 3: F — F. If ¢ = (ee), set &y := —(€é; + - - - + &, ). Then the induced map
P: F — N is given as follows.

(ee) f ij

(pe)

(ep) } ij

S~
.
[y

(pp)

>
s e

I

lijeij + diji;,
ni—l ni—l

k=0 k=1
lijéi]‘ + dijﬂij
(ks @imag) — (Oopey wir)
lijéij + dijﬂij
(hsy timg) — (ks tir)
lijéij + dijfaij

(s i1 k) — (0L Gik) — i

Proof. In all cases, we can verify that « oy = 0 and 8 o § = 0. Moreover, y and J are both

injective and we have

rank(V) = 2n — (m

—1)(r + 1) = rank(N) — rank(N),

rank(F") = n 4 mr = rank(F) — rank(F).
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3.3. Proof of the Picard index formula

This shows that - and ¢ are kernels of « and (3 respectively. Furthermore, direct computations
verify that v o P = P o6 holds in all cases. This shows that P is the induced map between the
kernels. O

Example 3.3.30. Continuing Example 3.3.28, we get n= {01, @o1,21,e2,a} and F = {fm,
f02a f 115 f 91} We obtain the matrix representations

1 0 1 0 07 "1 0 0 07
1 0 0 1 0 o 0 1 0
o 1 0 0 1 o 0 0 1
-1 0 0o o o s |-t 0o o o

T=1lo0 -1 0o o o]l =lo 1 o o]l

0 0 -1 0 0 0 -1 0 0
0 0 0 -1 0 0 0 -1 0

Lo 0o o o0 —1] Lo 0 0 -1

lo1 —lo2 0 0
P=|0 -l In 0
0 do2  di1  da1

Remark 3.3.31. Let us give the general matrix representations of P from Construction 3.3.29
in each case. Compare this also to the toric version in Remark 2.3.4. Let F; and N, be the free
lattices over #; and 7; . respectively. Furthermore, let N and F be the free lattice over 71 and F
respectively.

We begin with the case (ee). Then the involved lattices are

N = No®---®&N,aN, F = Fo®-aF,,
n;—1 n;

N; = @Zéij@ZfLij, F, = @Zfij,
j=1 =1

N = Z&® - ®Lé L.

ll]ew + d”ﬂij, 1<53<n;—1
G N =y =
‘ ‘ ‘ " in; (Z €ik | — Qin,; Z Uik | 5, ] ng,
1 k=1
- . - . 0, 1 <n;—1
PiFi N, fy e ==
liniez + dznzu J i
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Then we have P(fij) = Py( fij) + Pz(fzj) We obtain the matrix representations:

~ - 0 0 0
0 ... 0 —lon, .
0 ... 0 —long :
T . . . 7 0 .0 i,
Py = : : : , P, = ) ¢ (z > 1),
0 ... 0 —lon, 0 0 0
0 ... 0 dp
- - 0 ... 0 din,]
_lﬂ 0 0 —lmi_ R
dii 0 0 —din, [Py p .. 07
0 Il 0 —lin, 0 P ... 0
: " : 0 0 P,
0 0 ... lp—1 —lin, | Py Py P,
L 0 0 - dimfl _dini_
Next, we treat the case (pe). Here, the lattices are
N = Ng& --9N,, F = Fy®---aF,.oF,
n; g
N; = @Zéij@Zﬂzj, F; = @Zfip
j=1 j=1
r —
- Pzl
i=1
We consider the lattice maps
Plpl—)Nz, }ij — lijéij—’_dijﬁija for 1=0,...,r,
_(a01+"'+,&0n0)a k:T,
Py: FF — Ny, fk — @01_{_...4_110”0, k=1,
0, k¢ {1},
_(f&zl—i_—i—f&/lnl)) k:l,
Fﬂf—)Ni, f]; — Uip + - + Uin, k=1i+1, for 1=1,...,7.
0, k¢ {i,i+1},

Then we have P(}ij) = Pz(}.w) and P(f; ) = > ko Py (f; ). Thus we have the matrix repre-
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sentations:

[0 0 0 0] [0 0 0]
1 0 0 -1 0 -1 1 0

Py = S P, = |: (i >1),
0 0 0 O 0 0 O 0
1 0 0 —1] 10 -1 1 0]
;1 0 0 7
dél ZO 8 Py 0 0 P

i2 -
R R 0o P 0 P
P, = |0 d 0, P = ! !
0 0 oo lin, 0 o ... P. P,

| O 0 ... din,]

The case (ep) is analogous. Lastly, for (pp), the involved lattices are

N = NO@"'@NT@N7 F = FO@“'@FT@F7
n; n;
N, = @Zéij@Zﬂij, F;, = @Zfij7
j=1 j=1
N . T o T At
N = Zwmo --eLi,oZ: F = Pzl oz}
i=1 i=1
Let us define P; and P; for i = 0,...,r in exactly the same way as for (pe), and additionally set

E:F%N, ]Aci'—>—ﬂi, f:—'—>ﬂz

Then we have P(}ZJ) = PZ(]ACU) and P(};t) =PI+ ?k(ﬁt) Thus we obtain matrix
representations:

-1 0 0 10 0] Py 0 0 Po
0 -1 0 0 1 0 0 P 0 P
0 0 -1.0 0 1 0 0 P, P,
(0 0 0 00 0 0 0 I

3.3.4 Maximal minors of P

We begin by examining the set M (]5) of maximal minors from the matrix representation of P

A

discussed earlier. Through a series of reduction steps, we can simplify M (P) to a smaller set
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Chapter 3. Log del Pezzo C*-surfaces

that shares the same greatest common divisor. This allows us to make comparisons with M’(P).
The cases (pe), (ep), and (pp) are relatively straightforward; see Proposition 3.3.38. In contrast,
the (ee) case requires more attention and is covered in the second half of this section; see Propo-
sition 3.3.48.

Definition 3.3.32. Let a subset A C 71 with |A| = || be given. Then we have a sublattice
N A= @ cal-x C N and an induced map P A F—> N 4 as in the commutative diagram

We call |det(P 4)| € Z the maximal minor of P associated to A. The set of all maximal minors
of P is defined as

M(P) = {|det(Pa)|; ACT, |A] =|F|}.
Construction 3.3.33. Let A C 11 with |A] = | #|. We define

~ sing

nﬂ :{éij§ éij EAandﬂij ¢A} U {’ELij; éij ¢Aandﬂ¢j EA} -

N
s

FRE = {fy ey e Aand iy ¢ A} U {J;;5 &5 ¢ Aand iy € A} € &,
~ red ~ sing ~ red A ~ sing
Note that we have |71 . | \F §d| Let Ny 4 Cand B A “ be the free lattices over 71" 7 ¢ and F r;d

respectively. We obtain an induced map P’ 4 as in the commutative diagram

. P N
F—2 3 Ny

o]

~ red ~ red
FA ~ red NA

Py

We call | det(Prjd)| the reduced minor of P associated to A. We define the set of reduced minors
of P as

M™(P) = {|det(Py)|; AC T, 1] = |51},

Example 3.3.34. The matrix P from Example 3.3.30 has five maximal minors and four reduced
minors:

M(P) = {doi|it|, loil,  dinlaa]#(0,1)],  lidar|#(0,1)],  lilaa|2(0,1)]}
M™(P) ={|a|, dula|#(0,1)], luda|P(0,1)], l1loa|2(0,1)[}.
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3.3. Proof of the Picard index formula

Proposition 3.3.35. Ler A C 11 with |A| = |¥|. Then we have

sing dij, Uij c A.

l..7 5. . eA’
det(PA) = det( PA H xij, Wwhere x;; := { ijy  €ij
}ijegﬂ

Moreover, ged(M(P)) = ged(M™4(P)) holds.
Proof. If }"ij € I?Sﬂmg, we have

Palf,) = lijéij, €5 € A,
K dijﬂij, ﬂi]’ € A.

In other words, the matrix representation of P 4 has a column with the single entry x;; and zeroes
elsewhere. Doing cofactor expansion by all these columns amounts to passing from det(P 4) to

det(f?fzd). This shows the first claim. The second one then follows from ged(l;;,d;;) = 1. O

Definition 3.3.36. Set £ := {(i,); i =0,...,r, j =1,...,n}. For A C 1l with |A| = | 7|,
we define
L(A) = {(Z,]) ; éij € A and ﬂij S A} C L.

Lemma 3.3.37. Let A C 1l with |A] = | F|.

() Iféij ¢ Aand t;; ¢ Aforsomei=0,...,randj=1,...,nl wehavedet(]:’A) =0.

(i) If (i, o), (i,71) € L(A) for some i =0,...,7and 1 < jo < j1 < n!, we have det(P ) =
0.

Proof. For (i), we have P A(fij) = 0, hence det(P4) = 0. We show (ii). Consider first the case
(ee). Thenwehaven =n; — L. Setfl;“ =A ﬂfl andNAl = NAHN By (i), we may
assume that é;; € n;{ { OF Uy € nﬂ ¢ holds forall 1 < j < n; — 1. Since (4, jo), (¢, 1) € L(A),
we thus have |TI a,il > n;. Consider the map Py i : Ny i F;. In the matrix representation
from Remark 3.3.31, we have

* 0 0
Py=|x Pa; 0| 0f,
* * *

where the outlined box is a square |71 7 ;| x |11 7 ¢|-matrix. Since the determinant of the outlined
box vanishes, also det(P 4) = 0.

Now let ¢ € {(pe), (ep), (pp)}. Then n; = n; and we define the set
Ng = {a;; (i,j) e LA} C Ny
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Chapter 3. Log del Pezzo C*-surfaces

Writing N 4 for the free lattice over 71 7 and F for the free lattice over F, we obtain an induced
map P4: F' — N 4 as in the commutative diagram

~red P ~ red
Fy, *% N,

I ]

F —— Ny
Py

Note that if (¢, j) € L(A), we have (Prj )*(e5) = lijf:j. That means, szd contains a row with

a single entry [;; and zeroes elsewhere. Doing cofactor expansion, we arrive at

det(Ply) = det(Pa) [ lis-
(id)€L(A)

But since (i, jo), (i,41) € L(A), we have P (i U5,) = P(a ij;, ), i.e. P4 contains two equal
rows. Hence we have det(P 4) = det(PA ) = det(P4) = 0. O

Proposition 3.3.38. Assume ¢ € {(pe), (ep), (pp)}. Let A C N with |A| = |F| such that
det(PA) # 0. Then we have |L(A)| = r. Furthermore, there exists an iy = 0,...,r and
ji=1,...,n; forall i # i1 such that

d
[dee(P) = T s
1#£11

In particular, we have ged(M™(P)) = ged(M'(P)).

Proof. By Lemma 3.3.37 (i), we have ¢;; € A or i;; € Aforall ¢ and j. By Lemma 3.3.37 (ii),
for each ¢ there is at most one j with &;; € A and @;; € A. Writing my: Z x Z — Z for the
projection onto the first coordinate, this implies that |71 (L(A))| = |L(A)|. Together, we obtain

N
n;+1, i€ m(L(A)).

Thus, we have |A| = n+|L(A)|4|AN7|. Recall that for the cases (pe) and (ep), we have 11 =
and |[A| = || = n 4 =, hence |L(A)| = r. For (pp), we must have @; € A foralli =1,...,r,
since otherwise PA(fj) = 0. Hence |AN71| = «. Since in this case, |A| = n+2r, we also arrive
at |[L(A)| = r. This implies that we have L(A) = {(¢,7;) ; ¢ # i1} for some iy = 0,...,r and
7i = 1,...,n;. Following the proof of Lemma 3.3.37 (ii), we proceed to do cofactor expansion

and see that |det(P4)| = 1. This proves the claim. The supplement follows directly from the
Definition of M'(P). 0

The preceding proposition settles the discussion of maximal minors of P for the cases (pe), (ep)
and (pp). For the remainder of this section, we assume ¢ = (ee).
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3.3. Proof of the Picard index formula

Lemma 3.3.39. Let A C 11 with |A| = |¥| = n and det(P 4) # 0. Then we have
IL(A)| = (r+1)—|ANN|.

In particular, 0 < |L(A)| <r+ 1

Proof. Letm: Z x Z — Z be the projection onto the first coordinate. Lemma 3.3.37 (ii) implies
|71 (L(A))| = |L(A)|. Furthermore, we have

Andy =M b PEmLA)
' ng, i€m(L(A))

Since, |A| = n, this implies the claim. O

Definition 3.3.40. For k = 0,...,r + 1, we define

~ red

M (P) = {|det(Py )| 5 |L(A)| = k}.

Remark 3.3.41. Let A C ¥ with |A| = nand L(A) = ). Lemma 3.3.39 implies that AN71 = 71.
We obtain det(f’r:d) = 1. Hence M[*4(P) = {|a|}.

N ~ red
Proposition 3.3.42. Let A C 11 with |A| = n such that |P')"| # 0. Write w1 : Z x Z — 7 for
the projection onto the first coordinate.

(i) Assume @ ¢ A. Thenforalli=1,...,r, we have &; € Aori € m(L(A)). In this case,

ldet(PR) = [ T 1965 I

/) EL(A 0<i<
ek igm (L(A))
(ii) Assume . € A. Then there exists at most one iy = 1,...,r with &, ¢ A and i, ¢

m1(L(A)). If there exists such an i1, we have

~ red ape .
‘det(Pf: )| = dilnil H (i, 7) H lin,
(6,5)€L(A) 0<i<r
igm (L(A))U{ir}

If there exists no such iy, we have

[detPR = | S xden, | [ 269 M i
0<i'<r (i,5)€L(A) 0<i<r
i'¢m1(L(A)) igm1 (L(A))U{'}
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Chapter 3. Log del Pezzo C*-surfaces

Proof. For part (i), assume that there is some ¢ = 1,...,7r such thate; ¢ Aand i ¢ 71(L(A)).
This implies é;; ¢ fl;d and 4;; ¢ flr;d forall j = 1,...,n; — 1. Since also & ¢ A, we obtain
Prjd(fmi) = 0. Hence det(Prjd) = 0, a contradiction. It follows that if ¢ ¢ m1(L(A)), either
it =0oreé; € A. The formula for det(f?fzd) now follows from cofactor expansion.

For part (ii), assume that there exist 1 < iy < 43 < r such that &;,,&;, ¢ A and ig,i1 ¢
~red , ~

m1(L(A)). We obtain Prjd(fiomo) = dign; uand P4 (fhml) = djyn,, . Hence det(]ADde) =0,
a contradiction. The formulas for det(ijd) again follow from cofactor expansion. 0
Definition 3.3.43. Let m1: Z X Z — Z be the projection onto the first coordinate. We call a

subset L C L valid, if |71 (L)| = |L|. Fork =1, ..., r, we define

L C L valid, |L| =k,

M;, P = 2 .7 j lln 5
. (ig@w 4 ogq Z 0<iy<r it g m(L),
’ igmi (L)U{i1}

Example 3.3.44. Continuing Example 3.3.34, we have
MEYP) = {|al}, MPYP) = {duln|2(0,1)], hudar|9(0,1)], lialar|2(0,1)[}
Mi(P) = {ln|p(0,1)], |20, 1)}, My(P) = MFY(P) = MF(P) = .
Proposition 3.3.45. We have
(i) ged(M[(P)) = ged(M[(P)) forallk =1,...,,

(i) ged(M (P) U ML(P)) = ged(ML(P)),
(iii) gcd( r+l M,;ed(f?)) — ocd (U’;;:1 M,Q(P)).

Proof. We show (i). Proposition 3.3.42 implies that every element of M,ged(p) is a Z-linear
combination of elements of M ,2,(]5) This shows that ged(M/. IQ(P)) divides ged(M lzed(f?)). For
the converse, it suffices to show that ged(M lged(fD)) | = holds for all z € M, (P). So, let

T = H v(i, 7) H lin, | € M}(P)
(i,5)€L 0<i<r

ig¢m (L)U{i1}

be arbitrary, where L C [ is a valid subset with |L| = kand 0 < i3 < r withi; ¢ 71(L).
Case I: i1 # 0 and 0 € 71 (L) . Choose a subset A C 71 with |A| = n such that L(A) = L and

ANN={¢;;1<i<r i¢m(L)}
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3.3. Proof of the Picard index formula

Since 0 € 7 (L), we have |JAN7| = r — (|L| — 1) = (r + 1) — | L|. This means we can choose
A such that det(Pde) # 0. Now set

= (A\{ei, }) U {aj.
Proposition 3.3.42 implies that det(Prjd) = liyn;, v and det(Prj(,j) = di,n;, ©. Hence we have

ng(Mred( ) | ng(lum T, diyng, T) =w.
Case 2: iy # 0and 0 ¢ m (L) . Since k > 1, we find some ig € 71(L). Now choose A C 11
with |A| = n such that L(A) = L and
ANN={g;1<i<r i¢m(L)}U{&,}

Again, we have |AN71| = (r+1) —|L|, hence we can pick A such that det(Prjd) # 0. Proceeding
in the same way as in Case 1, we arrive at ged (M red(PY) | .

Case 3: i1 = 0. As in Case 2, we can pick some iy € 71(L) as well as a subset A C 7 with
|A| = n such that L(A) = L and

ANN={¢;1<i<r i¢m(L)}U{e,}.

Forall 1 < i < rwithi ¢ m(L), set A; := (A\{&;}) U {a}. Then Proposition 3.3.42 implies
that det(P%Y) = gy« and

det(PE!) = dongr + ) Edet(PE9).
1</ <r
i'gmi(L)
This implies gcd(M,Eed(P)) | ged(lonyx, donyz) = .

Part (ii) follows from the fact that every element of M;?Sl (P) is an integer multiple of an element
of MT’(P) Part (iii) is a consequence of (i) and (ii). d

Definition 3.3.46. For k =1, ..., r, we define the set

L C L valid, |L| = &

Mj!(P) = H (i, 7)] H liji | 1 0<i1 <r i1 g m(L)
(i,5)€L z¢w?(§£)SLJT{11} 1<, <ny for all ¢

Lemma 3.3.47. Leti=0,...,rand j; = 1,...,n; — 1. Then we have
ng(linw ﬁ(zaj)) | lij'

Proof. By definition we have (7, j) = lin,d;ij — lijdin,. Since l;,, and d;j,,, are coprime, we find
x,y € Z such that xl;;,, + yd;,, = 1. Then we have

(wlij + ydin, lin, — y2(,7) = lij(xlin, + ydin,) = L.

This implies the claim. O
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Proposition 3.3.48. We have
(i) ged(Mj(P)U M, (P)) = ged(M}(P)) forallk =1,...,r — 1,

(i) ged Uy, Mi(P)) = eed(M{ (P)).

A A ~

Proof. We show (i). Since M, (P) C M;!(P) and elements of M, (P) are Z-linear combina-

tions of elements of M’ ( P), we have ged(M}'(P)) | ged(Mj,(P) UM, (P)). For the converse,
let

v=( J[ 2G.4) I | e M),
(ij)el 0<i<r
iggmi (L)U{i'}
where L C L is a valid subset with |L| = kand 0 < i’ < r with ¢’ ¢ 71 (L) and 1 < j; < n; for
all ¢ ¢ (L) U {i'}. Let us write

{it, - ip—g} :={0,..., 7 \(m1 (L) U {i'}).

We define numbers

i) = lilnil liQTLiQ ce lirfknirik
I = liljil li2n1;2 - 'lir—kmr,k
T = Liggy lijiy - lip g,
as well as
Y1 = ﬁ(il,jh)lizniz li3ni3 e lir—ka_k
Y2 = liljil ﬁ(i25 922)l13n15 e lirfknir_k
y’l‘—k = liljil e li'rfkfl.jirfkfl ﬁ(i’f"—khj’irfk)‘
Then Lemma 3.3.47 implies gcd(zy—1, Ym) | @m forallm = 1,...,r — k. In particular, we
obtain ged (o, Y1, . . - Yr—k) | Tr—p. Now set ¢ := H(ij)EL (i, 7). Then we have cz,_ = x as

A N

well as zoc € M (P) and y,,c € M (P) forallm = 1,...7 — k. Together, we have
ged(M(P) U M}/ 1 (P)) | ged(zoc, Y16, - -+, Yr_C) | 2p_pc = .

Part (ii) follows from repeated application of (i), together with the fact that M’ (P) = M/ (P).
O

Proposition 3.3.49. We have gcd(M (P)) = ged(M(P)).
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3.3. Proof of the Picard index formula

Proof. By Construction 3.3.33, we have ged(M(P)) = ged(M™I(P)). On the other hand,
Proposition 3.3.24 says that gcd(M (P)) = ged(M'(P)). In the cases (pe), (ep) and (pp), Propo-
sition 3.3.38 gives the result. In the case (ee), combining Remark 3.3.41, Proposition 3.3.45 (iii)
and Proposition 3.3.48 (ii), we get

r+1
ged(M™(P)) = ged <{|ﬂ|} 0y M;Zed(p)>

k=1

= ged (Hﬂ\} uy Mé@))

k=1
= ged ({|il} U M{(P)).

By definition, we have {|ji|} U M/ (P) = M’(P), hence we arrive at the claim. O

3.3.5 Completing the proof and examples

In this section, we finally complete the proof of the Picard index formula from Theorem 3.3.13,
which implies Theorem 7. We then give two examples where the formula fails: The first one is a
toric threefold, the second one is the Dg-singular log del Pezzo surface of Picard number one.

Proof of Theorem 3.3.13. By applying Proposition 2.1.9 to the toric ambient Z(c, [, d), we see
that it is enough to show the equality p = |K |, where K is the cokernel of the map P described
in Subsection 3.3.3. By definition, y is the greatest common divisor of all maximal minors of
P. On the other hand, |K | is the greatest common divisor of all maximal minors of P. Hence
Proposition 3.3.49 implies the claim. O

Example 3.3.50. Consider once more the defining triple from Example 3.3.16. The multiplicity
is 4 = 4, while the local multiplicities are

put =20, uo =12, por = 1.

By Theorem 3.3.13, we obtain ¢pi.(X) = 60.

The following example shows that Theorem 7 does not hold for higher dimensional toric varieties:

Example 3.3.51. Consider the three-dimensional weighted projective space Z = P(2,2,3,5).
Note that the weights are well-formed, i.e. any three weights have no common factor. The Picard
group is given by

Pic(Z) = 2Z N2Z N3Z N5Z = 30Z C Z = CI(Z).

Hence we have tpic(Z) = 30. On the other hand, the product of the orders of the local class
groups is 60.
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We now give an example of a singular del Pezzo surface which does not admit a C*-action, where
Theorem 7 fails. It is the Dg-singular log del Pezzo surface of Picard number one. Using the
description of its Cox ring [30, Theorem 4.1], we construct the surface via its canonical ambient
toric variety, see also [2, Sections 3.2 and 3.3]. This allows us to compute its class group, local
class groups and Picard index.

Example 3.3.52. Consider the integral matrix

101 -3
P:= o1 vy v3 w) = |01 1 =2
002 —2

Let Z = Zy, be the toric variety whose fan X has the following maximal cones:
o12 := cone(vy, vy), 093 = cone(vy, v3), 094 = cone(ve,vy),

0134 = COHC('Ul, V3, ?)4).

Let p: Z — Z be Cox’s quotient presentation of Z, where Z C Z := C*. Consider the polyno-
mial
fi=T —TyI3T? + T4 + T

We obtain a commutative diagram

V(if) = X——Z = !

XOZ =: X

Here, .: X — Z is the canonical toric embedding in the sense of [2, Section 3.2.5]. This im-
plies that X has non-empty intersection with the toric orbits T? -z, for ¢ € Lp.x. We obtain a
decomposition into pairwise disjoint pieces

N%w

pX) =

X = U X (o), where X (o) := X 0T -2,.

€Y max

By [2, Proposition 3.3.1.5], we have C1(X, x) 2 CI(Z, z,,) for z € X (o). Note that 012, 023 and

o094 are regular and | C1(Z, z4,,, )| = | det(v1, v3,v4)| = 2. This shows that
[[Icx2) = [ 1€z ) = 2
zeX 0 € max

We turn to the Picard index. In the notation of Construction 2.1.5, we have
Ny, = Zv; + Zvj, Ny = N = 73,
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Under the lattice bases {v;,v;} of N,,., we can view P, as the identity matrix and Py, ;, =

[vl U3 v4] . Computing matrix representations of the maps involved in Construction 2.1.5, we
obtain

100 10 -3 10 0 100000100
a:Ollll—QOlO,52011010000,
00020 —220 01 000 1000 10
L 000001001
-1 0 3 -1 0 0] o 0 -1 0 0]
-1 -1 2 0 -1 -1 -1 0 0 -1 0
0 0 0 0 0 1 0 0 0 1 0
1 0 0 0 0 O 0 0 o0 o0 1
vy = |10 1 0 0 0 0], 5§ = |1 0o 0 0 0],
0 0 1 0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0 1 0 0
0 0 0 0 1 0 0O 0 0 0 -1
-2 0 2 0 0 0] |0 -1 0 0 0]
0000 1
1 000 O
~ 101 0 0 O
P=10 3 1 0 -1
020 0 -1
0001 0

AT ~
We see that P, is surjective, hence its cokernel K is trivial. Using Proposition 2.1.9, we con-
clude pic(X) = tpic(Z) = 2. On the other hand, we have

CI(X) = Cl(Z)=7Z3)im(P") = ZxZ/2Z.

This shows that the formula from Theorem 7 does not hold for X.

3.4 Classifications by Picard index

In this section, we provide algorithms to classify C*-surfaces of Picard number one by Picard
index. As an application, we classify the non-toric C*-surfaces of Picard number one having at
most log terminal singularities up to Picard index 10 000, see Classification 3.4.7. Implementa-
tions are available in CStarSurfaces. j1, see Section B.4. Furthermore, we prove that there are
no non-toric log del Pezzo C*-surfaces of Picard number one whose Picard index is a Mersenne
prime number greater than seven, see Theorem 3.4.12

Parts of this section have been published in shortened form as [56, Section §].

Let (¢, 1, d) be a defining triple. Recall that! = (lo, ..., ;) andd = (do, ..., d;), where l; € ZZ,
and d; € Z™. Furthermore, we write n = ng + --- + n, and m € {0, 1,2} for the number of
parabolic fixed point curves, see Definition 3.1.2.

Proposition 3.4.1. Let (¢, [, d) be an irredundant defining triple of Picard number one with r > 1.
Then (c,l, d) is equivalent to a defining triple of one of the following forms:
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(i) ¢ = (ee), (no,n1,...,np) =(2,1,...,1)and 0 < d; <l fori=1,...,r.

(ii) ¢ = (pe), (ng,...,n.)=(1,..., 1) and 0 < d; <l fori=1,...,r.

Proof. The Picard number is the rank of the class group, whichis p = n+m — (r + 1). In
particular, p = 1 givesus n +m = r 4+ 2. Sincen = ng + --- + n, > r + 1, we must have
m < 1. Consider first the case m = 0. Then n; = 1 for all except one ¢, hence a permutation
achieves (ng,n1,...,n,) = (2,1,...,1). Next, if m = 1, we clearly have n; = 1 for all 7 and
after an inversion, we achieve also ¢ = (pe). In both cases, an addition achieves 0 < d; < [;, see
also Definition 3.2.24 (iii). However, since we assume that (c, [, d) is irredundant, we must have
l; >1fori=1,...,r. Thus by ged(l;,d;) = 1, we have d; > 0. O

Proposition 3.4.2. Let ((ee),l,d) be a defining triple of Picard number one as in Proposi-
tion 3.4.1 (i). Then the generator matrix P and the free part of the grading matrix Q¢ are

—lor —lo2 U1 0

P = R , QO = |wpr Wo2 W1 ... Wp|,
—lor —lp2 O L, [ )
do1 doo di ... dy

where woy, woz, w; > 0. There are two elliptic fixed points = and one hyperbolic fixed point
xo1. Their multiplicities satisfy the following:

(i) p* =dorly - b+ lor 30—y di [ 141 = pwoe,

(ii) p= = —doaly - Ir —lo2 X1y di [ ;4 lj = pwor,

(iit) po1 = lozdo1 — lo1do2,

() lorp™ +loap™ =11+~ lrpon

In particular, the Picard index is 1 = pwgiwoztig1. Moreover, we have
(v) lorwor + lopwoz = hhwy = -+ = Lwr,

(vi) dorwor + doowoz + diwy + ... drwy, = 0,

(vii) pw; = por [1;4; 1 fori=1,...,r.

Proof. For parts (i)-(iii), see Remark 3.3.9 and Proposition 3.3.11. Part (iv) is an immediate
consequence of (i)-(iii). The formula for the Picard index then follows with Theorem 3.3.13.
Part (v) and (vi) follow from the fact that )y annihilates the rows of P. For part (vii), apply

Lemma 3.3.5 to I := {fo1, fo2, f1,-- ., fr}\{fi}- H
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We are ready to classify C*-surfaces of type (ee) with Picard number one by their Picard index,
using the relations from Proposition 3.4.2. To do this, we must fix a specific subset of the entries
(lo1, 02,11, - - -, 1). More precisely, we need to fix either lp; and ly2, or all of the I;, in order to
obtain bounds for the remaining entries. The following two algorithms describe the classification
procedure for each case, respectively.

Algorithm 3.4.3 (See B.4.6). Let ¢, o1, lo2 € Z>1 be given. We can classify all defining triples
as in Proposition 3.4.1 (i) with Picard index ¢ and fixed (lo1, lp2) as follows. First, go through all
decompositions ¢ = pwgiweztte1 into four positive integers. By Proposition 3.4.2 (v), we have

lorwor + lopwoz = liwy = -+ = lw,.

Since the left-hand side is known, we can go through all its divisors to obtain all possibilities of /;

and w;, forall 2 = 1,...,r. At this point, we may check that Q)¢ = [w01 wo2 Wi ... wr]
is almost free, i.e. that any r + 1 of the weights are coprime. If this is not satisfied, we can discard
this choice of (I1,...,l,) and continue with the next one. We then go through all 0 < d; < I;

with ged(d;, [;) = 1. Rearranging Equation 3.4.2 (ii) yields

pwoz — lo1 325y di [l
Iy ---1, :

do1 =

We check that the right-hand side is integral and that gcd(dp1,lp1) = 1. Next, we use Equa-

tion 3.4.2 (iii) to obtain
do — loado1 — pon
L
01
Again, we check that the right-hand side is integral and gcd(dg2, lo2) = 1. Lastly, we check
that Equation 3.4.2 (vi) holds. If so, we add the resulting defining triple ((ee), [, d) to our list of

results, where we avoid duplicate entries by using the normal form from Section 3.2.5.

Algorithm 3.4.4 (See B.4.7). Let v € Z>; and ly,...,l, € Z>2 be given. We can classify all
defining triples as in Proposition 3.4.2 (ii) with Picard index ¢ and fixed (I1,...,[,) as follows.
First, go through all decompositions ¢ = pwgwezptor into four positive integers. By Proposi-
tion 3.4.2 (iv), we have

loip™ <lop™ +loop™ =1+ Lopion.

Therefore, we obtain the upper bound ly; < %, hence we can go through all possible values
of lg1. Using again Proposition 3.4.2 (iv), we have
Iy -+ lrpor — lo1 prwor

HWwo2

loz =
We check that the right-hand side is integral and if not, discard this choice of /y; and continue
with the next one. Using Proposition 3.4.2 (v), we cansetforall: =1,...,r:

~lorwor + lpgwoz

g = ——— = £
l; ’

where again, we check that the right-hand is integral. At this point, we may also check that
Qo = [wo1 w2 wi ... w,] isalmost free, i.c. that any r + 1 of the weights are coprime.
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Chapter 3. Log del Pezzo C*-surfaces

Now that lp; and g2 have been fixed, we can proceed in the same way as in Algorithm 3.4.3. That
is, we define

pwoy —lon iy dillyly ) lndoy — o

dn =
ol ly---1y ’ lo1

where we again check that they are integral and ged(lp1,dp1) = ged(log, dp2) = 1. Lastly, we
check that Equation 3.4.2 (vi) holds. If so, we add the resulting defining triple ((ee), [, d) to our
list of results, where we avoid duplicate entries by using the normal form from Section 3.2.5.

Proposition 3.4.5. Let ((pe),l,d) be a defining triple of Picard number one as in Proposi-
tion 3.4.1 (ii). Then the generator matrix P and the free part of the grading matrix (Qo are

—lp U 0 0
P = : K , Qo = [’LUO w1 Wy w+] )
—lp O I, 0
dy dv ... dr 1
where wt, w; > 0. There are parabolic fixed points mg ..., x5, no hyperbolic fixed points and

one elliptic fixed point x~. Their multiplicities are given as follows:

(i) pt =1,

(ii) p= = —doly -+l + Z;Zl d; Hj?éi lj = uw+.
In particular, the Picard index is . = w*ly - - - l.. Moreover, we have

(iii) lpwg = Liwy = - -+ = Lw,,
(iv) dowo + diwy + . ..dyw, +wt =0,

(v) uwi:H;#ljfori:O,...,r.

Proof. For parts (i) and (ii), see Remark 3.3.9 and Proposition 3.3.11. The formula for the Pi-
card index then follows with Theorem 3.3.13. Parts (iii) and (iv) follow from the fact that ()¢
annihilates the rows of P. For part (v), apply Lemma 3.3.5to I := {f*, fo,..., fr }\{fi}. O

Algorithm 3.4.6 (See B.4.8). Let v € Z>1 be given. We can classify all defining triples as in
Proposition 3.4.1 (ii) as follows. First, go through all decompositions of t = w™ly .. .1, into r +2
positive integers, where [; > 2. By Proposition 3.4.5 (v), the multiplicity p divides Iy - - ¥ - - - I,
for all 7. Hence we may go through all divisors p of ged(ly -+ ] -+ 154 = 1,...,7) and set

lo---1,
pli

w; =
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At this point, we may check that Qo = [wo ... w, w"] is almost free, i.e. any r + 1 of
the weights are coprime. Next, for ¢ = 1,...,r, we go through all 0 < d; < [; such that
gcd(l;,d;) = 1. Solving Equation 3.4.5 for dy, we obtain

B pwt 10330 di [

d pu—
0 I -1,

We check that the right-hand side is integral, that ged(lg, dg) = 1 holds and that Equation 3.4.5
(iv) is satisfied. If so, we add the resulting defining triple ((pe), [, d) to our list of results, where
we avoid duplicate entries by using the normal form from Section 3.2.5.

Table 3.4: Classification cases for log del Pezzo C*-surfaces of Picard number one.

Type | Possible forms of [ = (o, ..., 1)

eAeA | ((1,1),>2,>2)

eAeD | ((1,>2),2,2),((1,2),>3,2)

eDeD | ((>2,>2),2,2),((2,2),>3,2),((1,1),>2,2,2)

CACE ((1,3),3,2), ((1,4),3,2), ((1,5),3,2), ((1, 3),4, 2),
((1,3),5,2), ((1,2),3,3), ((1,2),4, 3), ((1,2),5,3)

eDeE | ((2,3),3,2),((2,3),4,2), ((2,3),5,2), ((2,4), 3,2), ((2,5), 3,2
((2,2),3,3),((2,2),4,3), ((2,2),5,3), ((3,3),3,2), ((3,4), 3,2),

eEeE | ((3,5),3,2), ((4,4),3,2), ((4,5),3,2), ((5,5),3,2), ((3,3),4,2),
((3,3),5,2),((1,1),3,3,2), ((1,1),4,3,2), ((1,1),5,3,2)

eDp | (>2,2,2)

eEp | (5,3,2), (4,3,2),(3,3,2)

Algorithms 3.4.3, 3.4.4 and 3.4.6 allow us to classify all non-toric C*-surfaces of Picard number
one by Picard index, provided we fix the isotropy group orders of at least some of their fixed
points. In particular, we can use this to classify those with at most log terminal singularities.
For a C*-surface associated to a defining triple (c,l, d), [27, Corollary 8.12] tells us that the
elliptic fixed points z* and 2~ are log terminal if and only if (lp1,...,l1) and (longs - - - lrn,.)
are platonic tuples respectively. Considering a defining triple ((ee), [, d) as in Proposition 3.4.1,
irredundancy means [; > 2 fori = 1,...,r. If 2% are both log terminal, this implies » < 3.
Hence we obtain a finite list of possible shapes of | = (lo, .. .,l,), which we provide in Table 3.4.
We sort them according to the singularity type of the elliptic fixed points z*. Note that the same
case distinction was used in [26, Proposition 5.9], where a classification by Gorenstein index was
done. For the purposes of classifying by Picard index, we note that in each case, either both [p;
and lg2, or all of the /; are fixed. Hence Algorithms 3.4.3, 3.4.4 and 3.4.6 suffice to perform the
classification, see also B.4.10 for an implementation. We obtained the following result:
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Chapter 3. Log del Pezzo C*-surfaces

Classification 3.4.7. There are 1347433 families of non-toric, log del Pezzo C*-surfaces of
Picard number one and Picard index at most 10000. The numbers of families for given Picard
index develop as follows:

3,000

2,500 - A
2,000 -

1,500 -

number of surfaces

1,000 |

0 0.2 0.4 0.6 0.8 1
Picard index 104

Remark 3.4.8. Recall that the toric log del Pezzo surfaces of Picard number one correspond to
LDP triangles, which we classified up to Picard index 1000000 in Classification 2.4.2. Com-
paring the numbers of surfaces per Picard index in the different cases of our classification, we
observe that the non-toric C*-surfaces quickly outnumber the toric ones. The fastest growing
case seems to be eDeD, more specifically when ((lp1, lp2), l1, l2) is of the form ((>2, >2),2,2).
This case is is responsible for the cone shape in the upper part of the plot in Classification 3.4.7.
The following table gives an impression of the proportion of the different cases:

wic | toric eAeA eAeD eAeE  eDeD eDeE eEeE eDp ¢eEp
<10 14 5 4 10 1 0 0 1 0
<100 243 260 129 39 117 4 15 28 5

<1000 | 4205 7425 2209 206 11622 32 103 521 51
<10000 | 68053 157482 31561 1011 1148587 197 569 7520 506

In Classification 3.4.7, we notice that there are no examples of C*-surfaces with Picard index
equal to 31, 127, or 8 191. These are exactly the Mersenne prime numbers smaller than 10 000,
excluding 3 and 7. Moreover, we find that except for a finite list of exceptions with small Picard
index, all C*-surfaces whose Picard index is a prime number are quasismooth, i.e. are of type
eAeA in Table 3.4. In the remainder of this section, we prove that these two observations hold
generally. Compare this also to Proposition 2.4.3, where we treated the toric case.

Lemma 3.4.9. Let ((ee),l,d) be a defining triple of Picard number one as in Proposition 3.4.1
and let L € 7Z>1 be the Picard index. Then the following holds

(i) ged(lo,lo2)

L
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3.4. Classifications by Picard index

(ii) gcd<1‘[#ilj; z'zl,...,r)

(iii) If ged(lo1,l;) = 1 for some i =1,...,r, then gcd(lp2, ;)

L)

L,

(iv) If ged(log, l;) = 1 for some i =1,...,r, then gcd(lp1, ;) | ¢

Proof. Recall from Proposition 3.4.2 that the Picard index is ¢ = pwgiwpzo1, where i is the
multiplicity, @ = [wo1 wo2 w1 ... wy] is the free part of the grading matrix and 91 =
lo2do1 — lp1dp2 is the multiplicity of the hyperbolic fixed point. In particular, gcd(lo1, lp2) divides
o1, which divides ¢, hence (i) holds. For part (ii), recall that the multiplicity p equals the greatest
common divisor of all maximal minors of P, which are p* and pw; fori = 1,...,r. Using the

formulas from Proposition 3.4.2 (i), (ii) and (vii), we see that gcd (H ki lisi=1,..., r) is a
divisor of all of them, hence it divides p and we get (ii). For part (iii), let o := ged(lo2, ;) and
write [; = ax and lg2 = ay. With Proposition 3.4.2 (v), we get

lorwor + aywoz = lprwor + logwoz = Liw; = azw;.

Hence o must divide ly;wp;. Since we also assume ged(lp1, ;) = 1, we get o | woy | ¢. Part (iv)
is proved analogously. O

Proposition 3.4.10. Let X be a non-toric log del Pezzo C*-surface of Picard number one with
Picard index a prime number greater than 29. Then X is quasismooth, i.e. its defining triple
satisfies lg1 = lgo = 1.

Proof. Let X arise from a defining triple (¢, [, d) as in Proposition 3.4.1. Log terminality implies
that [ must be among the cases listed in Table 3.4. If ¢ = (pe), Proposition 3.4.5 implies /; | ¢
forall : = 1,...,r. In particular, we can rule out the cases eDp and eEp. Furthermore, with
Lemma 3.4.9, we can rule out most other cases by showing that either 2, 3, or 5 divides the
Picard index. The only remaining cases where this does not work are the following:

eAeA: ((1,1),>2,>2)

eAeE: ((1,5),3,2), ((1,3),5,2), ((1,2),5,3)

eEeE: ((1,1),5,3,2).
By Proposition 3.4.2, the Picard index is ¢ = pwgiwozpor. Since it is prime, one factor must
equal ¢ while the others are one. Assume first that wg; = wge = 1. Then by 3.4.2 (v), we get
lo1 + lp2 = l;w;. Out of the possible shapes for [ listed above, this is only possible for eAeA, or

if 1 = ((1,5), 3,2), where in the latter case we get (w1, w2) = (2,3). But then by 3.4.2 (vii), we
get it = o1, a contradiction.

Now assume {wg1, wo2} = {1, ¢}. Then we must have y = pp; = 1. In particular, by 3.4.2 (vii),
we have w; =[] ki l;fori =1,...,r. Let us go through each case listed above individually.

If I = ((1,5),3,2), we obtain (w1, ws) = (2,3). Hence wy; + Swpa = 6, which implies
wp1 = wo2 = 1, a contradiction.
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Chapter 3. Log del Pezzo C*-surfaces

If i = ((1,3),5,2), we get (w1, w2) = (2,5). Hence wp1 + 3wz = 10. Since either wo;
or wope must be one and the other a prime, the possible options are (woi,wp2) = (1,3) and
(wo1,wo2) = (7,1).

If i = ((1,2),5,3), we get (w1, w2) = (3,5). Hence wp1 + 2wz = 15. Since either wo;
or wpz must be one and the other a prime, the possible options are (wq,wp2) = (1,7) and
(w()l,w()z) = (13, 1).

Ifi = ((1,1),5,3,2), we get (w1, wz, w3) = (6,10,15). Hence wp; + wpz2 = 30. Since either
wp1 or wo2 must be one and the other a prime, the possible options are (wqi, wp2) = (1,29) or
(w01, w()Q) = (29, 1).

In each non-quasismooth case, we have seen that if the Picard index is prime, it can be at most 29.
In particular, if the Picard index is a prime greater than 29, the surface must be quasismooth. []

Using our classification, we can explicitly enumerate the finitely many non-quasismooth surfaces
whose Picard index is a prime:

Corollary 3.4.11. Let X be a non-toric log del Pezzo C*-surface of Picard number one with
Picard index a prime. Then either X is quasismooth, or it is isomorphic to a C*-surface with
generator matrix among the following list:

LPic Generator matrices
—1 —4 3 0] —1 -3 4 0]
2 -1 —4 0 2 -1 -3 0 2
-1 -5 2 1 -1 —4 3 1
—1 —3 3 0] -1 -3 5 0] [-1 -2
3 -1 -3 0 2 -1 -3 0 2 -1 -2
-1 —4 2 1 -1 -4 4 1| |-1 -3
—1 —3 5 0] -1 —2 5 0]
7 -1 -3 0 2 -1 -2 0 3
-1 -4 3 1 -1 -3 4 2
—1 —2 5 0]
13 -1 -2 0 3
-1 -3 2 2
-1 -1 5 00
-1 -1 0 3 0
29 -1 -1 0 0 2
-1 =2 4 21

Theorem 3.4.12. There are no non-toric log del Pezzo C*-surfaces of Picard number one whose
Picard index is a Mersenne prime number greater than seven.

Proof. Assume X is such a surface. The next Mersenne prime after 7 is 31, hence Proposi-
tion 3.4.10 implies that X must be quasismooth. Thatis, X arises from a defining triple ((ee), l, d)
with lg = (lo1,lo2) = (1, 1). By Proposition 3.4.2, its Picard index is ¢ = pwgiwozpo1. Since we
assume it to be a Mersenne prime, we either have wg; = wo2 = 1, or {wo1, we2} = {1,2" — 1}
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3.4. Classifications by Picard index

for some n > 2. In any case, we have wg; + wgz = 2" for some n > 1. By Proposition 3.4.2
(v), we obtain 2" = [jw; = lyws. Since 1, ls > 2, Lemma 3.4.9 (ii) implies 2 | ged(l1,12) | ¢, a
contradiction. ]

136



APPENDIX A

RationalPolygons.jl

This appendix serves as a reference for RationalPolygons.jl, a Julia package for computa-
tions with rational convex polygons. RationalPolygons.jl does not make use of any external
computer algebra system, but implements all necessary algorithms, including two-dimensional
euclidean geometry, from scratch in pure Julia. This allows for quite good performance, with
computations involving billions of polygons being feasible on a personal computer.

Let us give an impression of RationalPolygons. j1 by means of an example session. After load-
ing in the package, we can create a polygon by calling the convex_hull function on a set of
rational points:

julia> using RationalPolygons
julia> P = convex_hull(RationalPoint{Int}[(-3//2,-1//2), (-1,-1), (1//2,-1//2),

— (3//2,1//2), (1,1), (-1//2,1//2)1)
Rational polygon of rationality 2 with 6 vertices.

Using Julia's plotting library, we can visualize the polygon:

julia> using Plots

julia> plot(P);
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Next, we compute some basic properties:

julia> number_of_interior_lattice_points(P)
1

julia> number_of_boundary_lattice_points(P)
4

julia> euclidean_area(P)
3//1

julia> ehrhart_quasipolynomial(P)
2x3 Matrix{Int64}:

24 16 ©

24 16 8

julia> affine_automorphism_group(P)
D2

julia> gorenstein_index(P)
4

Lastly, we verify that the polygon is equivalent to its own dual.

julia> dual(P)
Rational polygon of rationality 2 with 6 vertices.

julia> are_affine_equivalent(P, dual(P))
true

The rest of this appendix is organized as follows: In Section A.1, we go over some basic functions
for two-dimensional euclidean geometry over the rationals, such as computing the convex hull and
intersecting lines. Section A.2 covers the type of rational polygons as well as basic properties and
normal forms. In Section A.3, we discuss computation of subpolygons, following the approach
from Section 1.2.2. Finally, Section A.4 covers implementations of the classification algorithms
from Chapter 1, Sections 2.4 and 2.5, as well as various classification algorithms by other authors.

This documentation is generated directly from the docstrings of the package's source code. An
online version is available on its GitHub page [55]. Every documented item includes a clickable
source link that directs to the corresponding line in the source code where it is defined. The
content here refers to version v1.2.0-thesis of RationalPolygons.jl. All example sessions
have been tested and verified to work with this version.
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A.1 2D Geometry

We provide basic functionality for two-dimensional geometry over the rational numbers. This
includes distances and angles, Graham scan for computing the convex hull, intersection of lines,
and affine halfplanes.

A.1.1 Points

In RationalPolygons. j1, we represent points as static vectors of length two. As the name sug-
gests, these are statically sized, which leads to improved performance and memory management
for many common operations. We provide three type aliases LatticePoint, RationalPoint,
and Point, the latter being the union of the previous two. Note that everything is defined for
an arbitrary subtype T <: Integer. This allows using both machine integers, like Int64, and
unbounded integer types, like BigInt.

Julia Type A.1.1. source

LatticePoint{T <: Integer}

A lattice point in two-dimensional space. This is an alias for Svector{2, T}.

Julia Type A.1.2. source

RationalPoint{T<:Integer}

A rational point in two-dimensional space. This is an alias for SVector{2, Rational{T}}.
Julia Type A.1.3. source
Point{T<:Integer}

The union of LatticePoint and RationalPoint.

Julia Method A.1.4. source

is_k_rational(k :: T, p :: Point{T}) where {T <: Integer}

Checks whether a point p is k-rational, i.e. its coordinates have denominator at most k.

Julia Function A.1.5. source

is_integral(p :: Point{T}) whexe {T <: Integer}

Checks whether a point p is integral.
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A.1. 2D Geometry

Julia Method A.1.6.

denominator(p :: Point)

The smallest integer r such that r - p is integral.

Example:

julia> denominator(RationalPoint(1//2,1//3))
6

Julia Method A.1.7.

is_primitive(p :: Point)

Checks whether a point is primitive, i.e. is integral and its coordinates are coprime.

Julia Method A.1.8.

multiplicity(p :: Point)

The unique rational number x such that x - p is primitive and integral.

Example:

julia> multiplicity(RationalPoint(4//3,2//3))

3//2
Julia Method A.1.9.
primitivize(p :: Point)

Return the unique primitive lattice point on the ray spanned by p.

Example:

julia> primitivize(RationalPoint(4//3,2//3))

2-element SVector{2, Int64} with indices SOneTo(2):

2
1

Julia Function A.1.10.
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norm(p :: Point{T})
Return the square of the euclidean norm of p.
Example:

julia> norm(RationalPoint(4//3,2//3))
20//9

Julia Function A.1.11. source

distance(p :: Point{T}, q :: Point{T})

Return the square of the euclidean distance between p and q.

Julia Method A.1.12. source

pseudo_angle(p :: Point{T}) where {T <: Integer}

Returns a value in the half-open interval (—2,2]. A pseudo-angle allows comparing vectors by
angle, while being faster to compute than the euclidean angle.

Example:

julia> pseudo_angle(LatticePoint(1,1))
1//2

A.1.2 Graham scan

The Graham scan is a planar convex hull algorithm developed by Ronald Graham [23]. With an
asymptotic running time of O(n -log(n)), it is a lot quicker than algorithms that work in arbitrary
dimension.

Julia Function A.1.13. source

graham_scan! (points :: Vector{<:Point{T}}) where {T <: Integer}
Perform a Graham scan on the given points, removing all points that are not vertices of their

convex hull and ordering them counterclockwise.

Example:
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julia> points = LatticePoint{Int}[(0,0), (1,0), (1,1), (o,1), (-1,1), (@,-1), (-1,-1),
- (0,-1)1;

julia> graham_scan! (points)
5-element Vector{SVector{2, Int64}}:
[-1, -1]
[0, -1]
[1, 0]
[1, 1]
[-1, 1]

Julia Function A.1.14. source

graham_scan(points :: Vector{<:Point{T}}) where {T <: Integer}

A non-modifying version of graham_scan!.

A.1.3 Lines

We provide basic functionality for lines in the two-dimensional rational plane. A line is encoded
as a simple struct consisting of a base point and a direction vector. Two lines can be intersected
to produce a value of type IntersectionBehaviour. This is an abstract type with three concrete
subtypes NoIntersection, LinesAreEqual and IntersectInPoint, capturing the three intersec-
tion scenarios.

Julia Type A.1.15. source

Line{T <: Integer}

A line in two-dimensional rational space. It has two fields: base_point :: RationalPoint{T}
and direction_vector :: RationalPoint{T}.
Julia Method A.1.16. source

base_point(L :: Line{T}) where {T <: Integer}

Return a point on the line L.

Julia Method A.1.17. source

direction_vector(L :: Line{T}) whexe {T <: Integer}

Return the direction vector of L.
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Julia Function A.1.18. source
line_through_points(A :: Point{T}, B :: Point{T}) whexre {T <: Integer}
Return the line going through the points A and B.
Example:
julia> line_through_points(Point(1,0),Point(2,2))
Line with base point Rational{Int64}[1, @] and direction vector Rational{Int64}[1, 2]
Julia Function A.1.19. source
horizontal_line(y :: Union{T, Rational{T}}) where {T <: Integer}
Return the horizontal line at .
Julia Function A.1.20. source
vertical_line(x :: Union{T, Rational{T}}) whexe {T <: Integer}
Return the vertical line at x.
Julia Method A.1.21. source
Base.in(x :: Point{T}, L :: Line{T}) whexe {T <: Integer}
Check whether a point x lies on a line L.
Example:

julia> RationalPoint(3//2,1) € line_through_points(Point(1,0),Point(2,2))

true
Julia Method A.1.22. source
normal_vector(L :: Line{T}) where {T <: Integer}

Return a primitive vector orthogonal to the direction vector of L.
Example:

julia> normal_vectoxr(line_through_points(Point(1,0),Point(2,2)))
2-element SVector{2, Int64} with indices SOneTo(2):

-2
1
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Julia Type A.1.23. source

IntersectionBehaviour{T <: Integer}

An abstract supertype for possible intersection behaviours of two lines. There are the three sub-
types IntersectInPoint, NoIntersection, and LinesAreEqual.

Julia Type A.1.24. source

IntersectInPoint{T <: Integer}

The intersection behaviour of two lines intersecting in a unique point. This struct has a single
field p, which is the intersection point.

Julia Type A.1.25. source

NoIntersection{T <: Integer}

The intersection behaviour of parallel lines.

Julia Type A.1.26. source

LinesAreEqual{T <: Integer}

The intersection behaviour of two equal lines.

Julia Function A.1.27. source

intersection_behaviour (L1l :: Line{T}, L2 :: Line{T}) where {T <: Integer}

Given two lines in two-dimensional rational space, return the intersection behaviour of the two
lines: Possible values are LinesAreEqual(), NoIntersection() and IntersectInPoint(p) where
p is the unique intersection point.

Julia Function A.1.28. source

intersection_point (L1l :: Line{T}, L2 :: Line{T}) where {T <: RationalUnion}

Return the intersection point of two lines in two-dimensional rational space. Throws an error if
the lines do not intersect uniquely.

A.1.4 Affine halfplanes

An affine halfplane is encoded as a struct consisting of a normal vector v € Q? and a translation
b € Q2. It represents the set of points {z € Q?|(v,x) > b}.
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Julia Type A.1.29. source

AffineHalfplane{T <: Integer}

An affine halfplane in two-dimensional rational space. It has two fields normal_vector :: Ra-
tionalPoint{T} and translation :: Rational{T}.

Julia Function A.1.30. source
affine_halfplane(nv :: Point{T}, b :: Union{T, Rational{T}}) where {T <: Integer}
Return the affine halfplane given by the equation nv[1] * x[1] + nv[2] * x[2] = b.
Example:

julia> affine_halfplane(Point(-2,1),1)
Affine halfplane given by -2//1 x + 1//1y = 1//1

source
affine_halfplane(L :: Line{T}) where {T <: Integer}

Return the affine halfplane associated to a line. The halfplane is understood to consist of those
points to the left of the line L, looking in the direction given by direction_vector(L).

source
affine_halfplane(p :: Point{T}, q :: Point{T}) where {T <: Integer}
Return the affine halfplane associated to the line going through the points p and q.
source
affine_halfplane(P :: RationalPolygon, i :: Int)
Return the i-th describing halfplane of P.
Julia Method A.1.31. source
normal_vector(H :: AffineHalfplane{T}) where {T <: Integer}
Return the normal vector of H.
Julia Function A.1.32. source
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translation(H :: AffineHalfplane{T}) where {T <: Integer}

Return the affine translation of H.

Julia Method A.1.33. source
Base.in(x :: Point{T}, H :: AffineHalfplane{T}) where {T <: Integer}

Check whether a point z lies in the halfplane H.

Example:

julia> Point(0,1) € affine_halfplane(Point(-2,1),1)

true
Julia Method A.1.34. source
contains_in_interior(x :: Point{T}, H :: AffineHalfplane{T}) where {T <: Integer}

Check whether a point z lies in the interior of H.

Example:

julia> contains_in_interior(Point(0,1), affine_halfplane(Point(-2,1),1))
false

Julia Method A.1.35. source

Base.issubset(H1 :: AffineHalfplane{T}, H2 :: AffineHalfplane{T}) where {T <: Integer}

Check whether H; is a subset of Ho.
Julia Method A.1.36. source

line(H :: AffineHalfplane{T}) where {T <: Integer}

Return the line associated to H.

A.2 Polygons

In RationalPolygons.jl, we represent a polygon P C IR? by two pieces of data: An integral
matrix V € Z2*N | called the vertex matrix and an integer k € Z, called the rationality. The
associated polygon has as vertices the columns of V' divided by k. To represent V', we use static
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matrices, which are faster than Julia's internal matrices for many common operations. However,
this implies that the type RationalPolygon depends on the number of vertices [V as a type param-
eter, which affects Julia's dispatch mechanism at runtime. As long as the number of distinct values
of N occurring during a computation remains relatively small, this should not cause performance
issues.

There are two ways in which this encoding of rational polygons is not unique: First, scaling V/
and k by the same factor does not change the polygon, e.g. (V, k) describes the same polygon as
(2V, 2k). Even though they are mathematically the same polygon, RationalPolygon.jl views
them as different objects: once as a k-rational polygon and once as a 2k-rational polygon. The
second way in which this encoding is not unique is that we can change the order of the columns.
While we require them to be sorted counterclockwise, we may use any vertex as the first column.

Julia Type A.2.1. source

RationalPolygon{T<:Integer,N,M}

The type of rational polygons in two-dimensional space. T is the type of integers to be used. N
is the number of vertices of the polygon and M equals 2 - N. It has the following fields:

* rationality :: T: The rationality of the polygon, e.g. 1 for lattice polygons, 2 for half-
integral polygons etc.

e vertex_matrix :: SMatrix{2,N,T,M}: An integral 2 x N matrix. The vertices of the
polygon are understood to be the columns of this matrix divided by rationality.

* number_of_vertices :: Int: The number of vertices of the polygon. This is redundant
information, since the number of vertices is already available as the type parameter NNV.
However, getting the number of vertices of a polygon through the type parameter means
lots of work for Julia's dispatch algorithm. Therefore, we found it to improve performance
to put it as a variable into the struct as well.

* is_unimodular_normal_form :: Bool: A flag to remember that the polygon is already in
unimodular normal form. This is used internally to avoid redundant computations of the
normal form.

* is_affine_normal_form :: Bool: A flag variable to remember that the polygon is already
in affine normal form. This is used internally to avoid redundant computations of the normal
form.

The rest of this section is organized as follows. In Subsection A.2.1, we describe different meth-
ods of constructing a rational polygon. Subsection A.2.2 is about basic properties. In Subsec-
tion A.2.3, we discuss various ways of counting lattice points as well as Ehrhart theory. Sub-
section A.2.4 is about properties of LDP polygons that correspond to meaningful invariants of
their associated toric del Pezzo surfaces. In Subsection A.2.5, we discuss unimodular and affine
unimodular normal forms. Finally, Subsection A.2.6 is about lattice width and related concepts.
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A.2. Polygons

A.2.1 Constructors

To construct a rational polygon, one can either use a type constructor or one of the functions
convex_hull and intersect_halfplanes. We describe the type constructors first.

Julia Method A.2.2. source

RationalPolygon(vertex_matrix :: SMatrix{2,N,T,M}, rationality :: T) whexre {N, M, T <:
— Integer}

RationalPolygon(scaled_vertices :: Vector{LatticePoint{T}}, rationality :: T)
RationalPolygon(vertices :: Vector{RationalPoint{T}})

RationalPolygon(vertices :: Vector{RationalPoint{T}}, rationality :: T)

Construct a rational polygon from a given set of vertices and possibly prescribed rationality. If
vertex_matrix or scaled_vertices is provided, these are understood to be the integral vertices
of the scaled polygon rationality(P) * P.

These constructors don't perform any consistency checks on the input. In particular, the user must
be sure that the given points are truly vertices of the polygon and that they are ordered counter-
clockwise. If this is not known ahead of construction, convex_hull should be used instead.

All constructors accept the optional keyword arguments is_unimodular_normal_form and is_-
affine_normal_form, which are set to false by default. If they are set to true, this means the
user is certain that the given polygon is already in the respective normal form. This information
will be used to prevent additional computations of the normal form and thus speed up equivalence
checking.

Example:

The standard lattice triangle.

julia> P = RationalPolygon(LatticePoint{Int}[(0,0),(1,0),(0,1)], 1)
Rational polygon of rationality 1 with 3 vertices.

Example:

A half-integral polygon.

julia> P = RationalPolygon(RationalPoint{Int}[(1,0),(0,1//2),(-1,0),(0,-1//2)1)
Rational polygon of rationality 2 with 4 vertices.

Julia Function A.2.3. source
convex_hull(points :: Vector{LatticePoint{T}}, k :: T = one(T)) where {T <: Integer}

Return the k-rational polygon given by the convex hull of p/k, where p € points.

source
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convex_hull(points :: Vector{RationalPoint{T}}) where {T <: Integer}

Return the convex hull of a given set of rational points. The rationality will be inferred from the
input.

Example:

julia> convex_hull(RationalPoint{Int}[(1,0),(0,1//2),(0,-1//3)1)
Rational polygon of rationality 6 with 3 vertices.

source
convex_hull(points :: Vector{RationalPoint{T}}, k :: T) where {T <: Integer}
Return the convex hull of a given set of rational points, viewed as a k-rational polygon.
Example:
julia> convex_hull(RationalPoint{Int}[(1,0),(0,1//2),(0,-1//3)]1, 12)
Rational polygon of rationality 12 with 3 vertices.
Julia Function A.2.4. source

intersect_halfplanes(halfplanes :: Vector{AffineHalfplane{T}}; rationality ::
— Union{Missing,T} = missing) where {T <: Integer}

Return the polygon described by the intersection of the given affine halfplanes. Throws an error if
the intersection is unbounded. If rationality is not provided, it will be inferred from the input.

Julia Function A.2.5. source

empty_polygon(rationality :: T) where {T <: Integer}

Return the empty polygon of given rationality.

source

empty_polygon(: :Type{T}) where {T <: Integer}

Return the empty polygon of integer type T. The rationality is understood to be one, i.e. it is a
lattice polygon.
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A.2.2 Basic Properties

We provide basic properties and checks for rational polygons. Note that indices corresponding
to vertices are always considered cyclic, i.e. the N + 1-th vertex of a polygon with IV vertices
equals its first vertex.

Julia Function A.2.6. source

number_of_vertices(P :: RationalPolygon)

Return the number of vertices of a polygon.

Julia Method A.2.7. source

rationality(P :: RationalPolygon)

Return the rationality of P. Note that this does not need to be the denominator of P, which is
the smallest positive integer & such that £ P is a lattice polygon: The standard lattice triangle may
also be viewed as a half-integral polygon, in which case the rationality would be two, but the
denominator is one.

Julia Method A.2.8. source

Base.denominator (P :: RationalPolygon{T,N}) where {N,T <: Integer}

Return the smallest positive integer k such that kP is a lattice polygon.

Julia Function A.2.9. source
vertex_matrix(P :: RationalPolygon)

Return the 2 x NV integral matrix containing the vertices of rationality(P) * P as its columns.
Example:

julia> P = convex_hull(RationalPoint{Int}[(1,0),(0,1//2),(0,-1//3)])
Rational polygon of rationality 6 with 3 vertices.

julia> vertex_matrix(P)
2x3 SMatrix{2, 3, Int64, 6} with indices SOneTo(2)xSOneTo(3):

o 6 0
-2 0 3

Julia Function A.2.10. source
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scaled_vertex(P :: RationalPolygon, i :: Int)

Return the i-th integral vertex of the polygon rationality(P) * P. The index ¢ is regarded as a
cyclic index, e.g. the IV 4 1-th vertex is equal to the first vertex.

Julia Function A.2.11. source

vertex(P :: RationalPolygon, i :: Int)

Return the i-th vertex of the polygon P. The index 7 is regarded as a cyclic index, e.g. the N 41-th
vertex is equal to the first vertex.

Julia Function A.2.12. source

vertices(P :: RationalPolygon)

Return the vertices of P.

Julia Method A.2.13. source

affine_halfplane(P :: RationalPolygon, i :: Int)

Return the i-th describing halfplane of P.
Julia Method A.2.14. source

affine_halfplanes(P :: RationalPolygon)

Return the describing halfplanes of P.
Julia Method A.2.15. source

Base.in(x :: Point{T}, P :: RationalPolygon{T}) where {T <: Integer}
Check whether a point x is contained in the polygon P.
Example:

julia> P = convex_hull(LatticePoint{Int}[(1,0),(0,1),(-1,-1)])
Rational polygon of rationality 1 with 3 vertices.

julia> Point(0,0) € P
true

julia> Point(1//2, 1//2) € P
true
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Julia Method A.2.16. source
contains_in_interior(x :: Point{T}, P :: RationalPolygon{T}) where {T <: Integer}

Check whether a point z is contained in the interior of P.

Example:

julia> P = convex_hull(LatticePoint{Int}[(1,0),(0,1),(-1,-1)])
Rational polygon of rationality 1 with 3 vertices.

julia> contains_in_interior(Point(0,0), P)
true

julia> contains_in_interior(Point(1//2,1//2), P)
false
Julia Function A.2.17. source

dim(P :: RationalPolygon)

Return the dimension of P. For empty polygons, this returns —1. Otherwise, it returns 0, 1 or 2.

Julia Function A.2.18. source

normalized_area(P :: RationalPolygon)

Return the normalized area of a k-rational polygon, i.e. 2k? times its euclidean area. The result
is always an integer, counting the number of standard k-rational triangles contained in P.

Julia Function A.2.19. source

euclidean_area(P :: RationalPolygon)

Return the euclidean area of a rational polygon.

Julia Function A.2.20. source

is_maximal(P :: RationalPolygon)
Check whether a rational polygon is maximal among all polygons sharing the same rationality

and number of interior lattice points.

Example:
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julia> P = convex_hull(LatticePoint{Int}[(0,0),(3,0),(2,3)])
Rational polygon of rationality 1 with 3 vertices.

julia> is_maximal(P)
true

julia> Q = convex_hull(LatticePoint{Int}[(0,0),(2,0),(2,1),(0,3)1)
Rational polygon of rationality 1 with 4 vertices.

julia> is_maximal(Q)
false

Julia Function A.2.21. source
dual(P :: RationalPolygon{T}) where {T <: Integer}

Return the dual of a polygon P. Throws an error if P does not contain the origin in its interior.

Example:

julia> P = convex_hull(LatticePoint{Int}[(-1,-1),(1,0),(@,1)])
Rational polygon of rationality 1 with 3 vertices.

julia> vertex_matrix(dual(P))

2x3 SMatrix{2, 3, Int64, 6} with indices SOneTo(2)xSOneTo(3):
-2 1 1

1 -2 1

A.2.3 Ehrhart Theory

Recall that the number of lattice points in integral multiples of a k-rational polygon P is a
quasipolynomial, called its Ehrhart quasipolynomial.:

ehrp(t) = [tP N 7% = At? +a(t)t +b(t), tEZ.

Here, A is the euclidean area of P and a,b: Z — Q are k-periodic functions. These can be
computed by

alt) = —(2t+k) - A+

)

ehrp(t + k) — ehrp(t)
k

(t + k)ehrp(t) — tehrp(t + k)
. .

b(t) = (t* +tk) - A+
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Setting A := 2k2A, a := 2k2a and b := 2k2b, we get integer-valued functions @ and b, which
we call the normalized Ehrhart coefficients. In RationalPolygons.jl, we encode the Ehrhart
quasipolynomial by the 3 x k-integral matrix of its normalized Ehrhart coefficients:

A a(l) b(1)
A a2 b(?2)
A Ez(.k) B(}c)

If P is integral, we have k£ = 1 and its Ehrhart quasipolynomial is a regular polynomial of degree
two. In general, the periods of a and b are divisors of k.

RationalPolygons.jl comes with many methods for counting the (interior, boundary) lattice
points of a rational polygon as well as computing its Ehrhart quasipolynomial and its periods.

Counting lattice points
Julia Function A.2.22. source

generic_lattice_points(P :: RationalPolygon{T,N}, k :: T)

Return the lattice points in the k-fold of the rational polygon P. If the keyword argument interior
= true is passed, only the lattice points in the relative interior are computed. If only_count =
true is passed, only the total number of lattice points is returned.

Julia Function A.2.23. source
boundary_k_rational_points(P :: RationalPolygon{T,N}, k :: T) where {N,T <: Integer}
Return all k-rational points on the boundary of P.

Julia Function A.2.24. source

number_of_boundary_k_rational_points(P :: RationalPolygon{T}, k :: T) where {T <:
< Integer}

Return the number of k-rational points on the boundary of P.

Julia Function A.2.25. source

boundary_lattice_points(P :: RationalPolygon{T}) where {T <: Integer}

Return all lattice points on the boundary of P.

Julia Function A.2.26. source
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number_of_boundary_lattice_points(P :: RationalPolygon)

Return the number of lattice points on the boundary of P.

Julia Function A.2.27. source
interior_k_rational_points(P :: RationalPolygon{T}, k :: T) where {T <: Integer}
Return all k-rational points in the interior of P.

Julia Function A.2.28. source

number_of_interior_k_rational_points(k :: T, P :: RationalPolygon{T}) where {T <:
— Integer}

Return the number of k-rational points in the interior of P.

Julia Function A.2.29. source
interior_lattice_points(P :: RationalPolygon{T}) where {T <: Integer}

Return all lattice points in the interior of P.

Julia Function A.2.30. source

number_of_interior_lattice_points(P :: RationalPolygon{T}) where {T <: Integer}

Return the number of lattice points in the interior of P.

Julia Function A.2.31. source
k_rational_points(k :: T, P :: RationalPolygon{T}) where {T <: Integer}

Return all k-rational points in P.

Julia Function A.2.32. source
number_of_k_rational_points(P :: RationalPolygon{T}, k :: T) where {T <: Integer}
Return the number of k-rational points in P.

Julia Function A.2.33. source

lattice_points(P :: RationalPolygon{T}) where {T <: Integer}

Return all lattice points in P.
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Julia Function A.2.34. source

number_of_lattice_points(P :: RationalPolygon{T}) where {T <: Integer}

Return the number of lattice points in P.

Julia Function A.2.35. source

k_rational_hull(P :: RationalPolygon{T}, k :: T) where {T <: Integer}

Return the convex hull of all k-rational points contained in P. If primitive = true is passed,
only the primitive k-rational points are taken.

Julia Function A.2.36. source

interior_k_rational_hull(P :: RationalPolygon{T}, k :: T) where {T <: Integer}

Return the convex hull of all interior k-rational points of P. If primitive = true is passed, only
the primitive k-rational points are taken.

Julia Function A.2.37. source

integer_hull(P :: RationalPolygon{T}) where {T <: Integer}

Return the convex hull of all lattice points in the interior of P. If primitive = true is passed,
only the primitive interior lattice points are taken.

Julia Function A.2.38. source

interior_integer_hull(P :: RationalPolygon{T}) wherxe {T <: Integer}

Return the convex hull of all interior lattice points of P. If primitive = true is passed, only the
primitive lattice points are taken.

Ehrhart quasipolynomial

Julia Function A.2.39. source
is_periodic(v :: Vector, k :: Int)

Check if a vector v is k-periodic, i.e. v[i] == v[mod(i+k,1:n)] forall i, wheren = length(v).

Julia Function A.2.40. source
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period(v :: Vector)

Return the smallest positive integer k£ such that v is k-periodic.

Julia Function A.2.41. source

ehrhart_quasipolynomial_with_periods(P :: RationalPolygon{T}) where {T <: Integer}

Return a k£ x 3-matrix of normalized coefficients of the Ehrhart quasipolynomial of a k-rational
polygon P, together with a vector of its three periods.

Julia Function A.2.42. source

ehrhart_quasipolynomial (P :: RationalPolygon)

Return a k£ x 3-matrix of normalized coefficients of the Ehrhart quasipolynomial of a k-rational
polygon P.

Julia Function A.2.43. source

ehrhart_quasipolynomial_periods(P :: RationalPolygon)

Return the periods of the Ehrhart quasipolynomial of a k-rational polygon P.

Julia Function A.2.44. source

ehrhart_quasipolynomial_period(P :: RationalPolygon)

Return the period of the Ehrhart quasipolynomial of a k-rational polygon P.

Julia Function A.2.45. source

is_quasiintegral(P :: RationalPolygon)

Check whether a rational polygon is quasiintegral, i.e. has an Ehrhart polynomial.

A.2.4 LDP polygons and toric surfaces

An LDP polygon is a lattice polygon with primitive vertices containing the origin in its interior.
LDP polygons correspond to toric log del Pezzo surfaces. In this package, we call more generally a
k-rational polygon LDP, if it contains the origin in its interior and its k-fold multiple has primitive
vertices. With this definition, the k-rational LDP polygons with exactly one interior lattice point
correspond to the toric del Pezzo surfaces with at most %-log canonical singularities. Here, we
list some properties of LDP polygons that correspond to meaningful invariants of the associated

toric del Pezzo surface. For more background on LDP polygons, see Section 2.2.
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Julia Function A.2.46. source

contains_origin_in_interior(P :: RationalPolygon)

Check whether P contains the origin in its interior.

Julia Method A.2.47. source

is_primitive(P :: RationalPolygon)

Check whether all vertices of the scaled lattice polygon rationality(P) * P are primitive.

Julia Function A.2.48. source

is_ldp(P :: RationalPolygon)

Check whether P is LDP, i.e. is primitive and contains the origin in its interior.

Julia Method A.2.49. source

multiplicity(P :: RationalPolygon{T}, i :: Int) where {T <: Integer}

The index of the sublattice spanned by the ¢-th and ¢ 4+ 1-th scaled vertex of P (i.e. the deter-
minant of those two vertices). For LDP polygons, this equals the order of the local class group
associated with the toric fixed point associated to the ¢-th and 7 + 1-th ray. See Definition 2.2.1
and Proposition 2.2.10.

Julia Method A.2.50. source

multiplicity(P :: RationalPolygon{T,N}) where {N,T <: Integer}

The order of the sublattice spanned by the scaled vertices of P. For LDP polygons, this equals
the order of the torsion part of the divisor class group of the associated toric surface. See Defini-
tion 2.2.1 and Proposition 2.2.5.

Julia Function A.2.51. source
grading_matrix_free_part(P :: RationalPolygon)

Return the free part of the grading matrix associated to P.

Example:

julia> P = convex_hull(LatticePoint{Int}[(1,0), (2,5), (-4,-5), (-1,-5)1)
Rational polygon of rationality 1 with 4 vertices.
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julia> grading_matrix_free_part(P)

2x4 SMatrix{2, 4, Int64, 8} with indices SOneTo(2)xSOneTo(4):
1 -1 3 0
1 0 2 1

Julia Function A.2.52. source

grading_matrix_torsion_part(P :: RationalPolygon)

Return the torsion part of the grading matrix associated to P. If P has N vertices and has multi-
plicity p, the result is a static vector of length N whose entries are all between 0 and 1 — 1.

Example:

julia> P = convex_hull(LatticePoint{Int}[(1,0), (2,5), (-4,-5), (-1,-5)1)
Rational polygon of rationality 1 with 4 vertices.

julia> multiplicity(P)
5

julia> grading_matrix_torsion_part(P)
4-element SVector{4, Int64} with indices SOneTo(4):
4

0
1
0

Julia Function A.2.53. source

grading_matrix (P :: RationalPolygon{T,N}) where {N, T <: Integer}

Return a tuple (Qp, Q1) where @ is the free part and ()1 the torsion part of the grading matrix
associated to P.

Julia Function A.2.54. source

is_smooth(P :: RationalPolygon, i :: Int)

Check whether the cone spanned by the i-th and ¢ + 1-th vertex of P is regular, i.e. generates the
entire lattice. For LDP polygons, this means that the toric fixed point associated to the ¢-th and
? + 1-th ray is smooth.

source

159


https://github.com/justus-springer/RationalPolygons.jl/blob/v1.2.0-thesis/src/RationalPolygon/ldp.jl#L197-L221
https://github.com/justus-springer/RationalPolygons.jl/blob/v1.2.0-thesis/src/RationalPolygon/ldp.jl#L160-L166
https://github.com/justus-springer/RationalPolygons.jl/blob/v1.2.0-thesis/src/RationalPolygon/ldp.jl#L95-L102
https://github.com/justus-springer/RationalPolygons.jl/blob/v1.2.0-thesis/src/RationalPolygon/ldp.jl#L107-L113

A.2. Polygons

is_smooth(P :: RationalPolygon)

Check whether all cones of the face fan of P are regular. For LDP polygons, this means that the
associated toric surface is smooth.

Julia Function A.2.55. source

picard_index(P :: RationalPolygon{T,N}) where {N,T <: Integer}

The product of all local multiplicities of P divided by the global multiplicity. For LDP polygons,
this equals the index of the Picard group inside the divisor class group of the associated toric
surface, see Theorem 2.2.11

Julia Function A.2.56. source

gorenstein_index (P :: RationalPolygon{T}, i :: Int)

The multiplicity of P divided by gcd(w[2] - v[2], v[1] - w[1]), where v and w are the ¢-th
and ¢ 4 1-th scaled vertices of P respectively. For LDP polygons, this equals the local Gorenstein
at the toric fixed point associated to the ¢-th and ¢ 4 1-th ray of P, see Proposition 2.2.14

source

gorenstein_index(P :: RationalPolygon{T}) where {T <: Integer}

The least common multiple of the local Gorenstein indices of P. For LDP polygons, this equals
the Gorenstein index of the associated toric surface.

Julia Function A.2.57. source

gorenstein_coefficients(P :: RationalPolygon{T,N})

Return the Gorenstein coefficients of an LDP polygon with IV vertices. This is an integral matrix
A = (a;5) € ZN*(N=2) quch that 1w = Z;V:_f a;jwjti—1, where ¢ is the Gorenstein index, w;
are the columns of the free part of the grading matrix, and w = wi + - - - + wy is the class of the
anticanonical divisor. See Construction 2.5.2.

Example:

julia> P = convex_hull(LatticePoint{Int}[(1,0), (2,5), (-4,-5), (-1,-5)1)
Rational polygon of rationality 1 with 4 vertices.

julia> gorenstein_coefficients(P)
4x2 SMatrix{4, 2, Int64, 8} with indices SOneTo(4)xSOneTo(2):

20 5
15 10
5 10

15
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Julia Function A.2.58. source

gorenstein_matrix (P :: RationalPolygon{T,N}) where {T <: Integer, N}

Return the Gorenstein matrix of an LDP polygon. See Definition 2.5.7.

Example:

julia> P = convex_hull(LatticePoint{Int}[(1,0), (2,5), (-4,-5), (-1,-5)1)
Rational polygon of rationality 1 with 4 vertices.

julia> gorenstein_matrix(P)
4x4 SMatrix{4, 4, Int64, 16} with indices SOneTo(4)xSOneTo(4):
-15 e 5 5
5 -10 -5 5
5 5 © -5
-10 5 5 0

Julia Function A.2.59. source

discrepancies(vl :: LatticePoint{T}, v2 :: LatticePoint{T}) where {T <: Integer}

The discrepancies of the two-dimensional cone spanned by two given integral primitive vectors.
See Definition 2.2.18 and Proposition 2.2.19.

Julia Function A.2.60. source

log_canonicity(P :: RationalPolygon)

Given a k-rational polygon P, return the maximal rational number 0 < £ < 1 such that € x P
contains only one k-rational point in its interior (the origin). For an LDP polygon, this equals the
maximal rational number 0 < £ < 1 such that the associated toric surface is e-log canonical. See
Definition 2.2.16.

Julia Function A.2.61. source

toric_prime_divisor_self_intersection(P :: RationalPolygon, i :: Int)

Writing u, v and w for the ¢ — 1-th, i-th and 7 4+ 1-th scaled vertex of P respectively, return

%. For LDP polygons, this equals the self intersection number of the i-th toric prime

divisor. See Definition 2.2.22.

Julia Function A.2.62. source

161


https://github.com/justus-springer/RationalPolygons.jl/blob/v1.2.0-thesis/src/RationalPolygon/ldp.jl#L267-L286
https://github.com/justus-springer/RationalPolygons.jl/blob/v1.2.0-thesis/src/hilbert_basis.jl#L143-L150
https://github.com/justus-springer/RationalPolygons.jl/blob/v1.2.0-thesis/src/RationalPolygon/ldp.jl#L300-L309
https://github.com/justus-springer/RationalPolygons.jl/blob/v1.2.0-thesis/src/RationalPolygon/ldp.jl#L314-L322
https://github.com/justus-springer/RationalPolygons.jl/blob/v1.2.0-thesis/src/RationalPolygon/ldp.jl#L329-L336

A.2. Polygons

toric_prime_divisor_adjacent_intersection(P :: RationalPolygon, i :: Int)

Writing v and w for the ¢-th and ¢ + 1-th scaled vertex of P, return Wilmv)' For LDP poly-
gons, this equals the intersection number between the ¢-th and 7 + 1-th toric prime divisors. See
Definition 2.2.22.

Julia Method A.2.63. source

degree(P :: RationalPolygon)

For LDP polygons, return the self intersection number of an anticanonical divisor of the associated
toric surface. See Definition 2.2.22.

Example:

The projective plane has degree 9.

julia> P = convex_hull(LatticePoint{Int}[(1,0),(0,1),(-1,-1)])
Rational polygon of rationality 1 with 3 vertices.

julia> degree(P)
9//1

A.2.5 Normal forms and automorphism groups

Two k-rational polygons are called (affine) unimodular equivalent if they can be transformed into
each other by an (affine) unimodular transformation. The purpose of a normal form is to provide a
unique representative for every equivalence class, i.e. two polygons should be (affine) unimodular
equivalent to each other if and only if their (affine) unimodular normal forms coincide.

For details about the normal form used in RationalPolygons.j1, see Section 1.2.1.

Julia Function A.2.64. source

unimodular_normal_form(P :: RationalPolygon{T,N}) where {N,T <: Integer}

Return a unimodular normal form of a rational polygon. Two rational polygons have the same
unimodular normal form if and only if the can be transformed into each other by applying a
unimodular transformation.

Julia Function A.2.65. source

are_unimodular_equivalent(P :: RationalPolygon, Q :: RationalPolygon)

Check whether two rational polygons are equivalent by a unimodular transformation.
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Julia Function A.2.66. source

affine_normal_form(P :: RationalPolygon{T,N}) where {N,T <: Integer}

Return an affine normal form of a rational polygon. Two rational polygons have the same affine
normal form if and only if the can be transformed into each other by applying an affine unimodular
transformation.

Julia Function A.2.67. source

are_affine_equivalent(P :: RationalPolygon, Q :: RationalPolygon)

Check whether two rational polygons are equivalent by an affine unimodular transformation.

Julia Type A.2.68. source

PolygonAutomorphismGroup

A struct holding information about the automorphism group of a rational polygon. It has two
fields is_cyclic :: Boolandn :: Int.

Julia Function A.2.69. source
CyclicGroup(n :: Int)

Return the cyclic group of order n, as a PolygonAutomorphismGroup.

Julia Function A.2.70. source
DihedralGroup(n :: Int)

Return the dihedral group of order 2n, as a PolygonAutomorphismGroup.

Julia Function A.2.71. source
is_cyclic(G :: PolygonAutomorphismGroup)

Check whether G is a cyclic group.

Julia Function A.2.72. source
order(G :: PolygonAutomorphismGroup)

Return the order of the group G.

Julia Function A.2.73. source
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unimodular_automoxrphism_group(P :: RationalPolygon)

Return the automorphism group of P with respect to unimodular transformations.

Example:

julia> P = convex_hull(LatticePoint{Int}[(1,0),(@,1),(-1,1),(-1,0),(0,-1),(1,-1)])
Rational polygon of rationality 1 with 6 vertices.

julia> unimodular_automorphism_group(P)
D6

Julia Function A.2.74. source

affine_automorphism_group(P :: RationalPolygon{T,N}) where {N,T <: Integer}

Return the automorphism group of P with respect to affine unimodular transformations.

A.2.6 Lattice width

We provide functions to compute the lattice width as well as all direction vectors in which the
lattice width is attained. Furthermore, we implement the concept of lattice width data following
Bohnert [14], which captures information about the slicing lengths of a polygon with respect to
given direction vectors.

Julia Function A.2.75. source
width(P :: RationalPolygon{T}, w :: Point{T}) where {T <: Integer}

Return the lattice width of P in direction w.

Example:

julia> P = convex_hull(LatticePoint{Int}[(1,1),(1,-2),(-4,2),(-2,2)1,2)
Rational polygon of rationality 2 with 4 vertices.

julia> width(P, Point(0,1))
2//1

julia> width(P, Point(1,0))

5//2

source
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width(P :: RationalPolygon)
Return the lattice width of P.
Example:

julia> P = convex_hull(LatticePoint{Int}[(1,1),(1,-2),(-4,2),(-2,2)1,2)
Rational polygon of rationality 2 with 4 vertices.

julia> width(P)
2//1
Julia Function A.2.76. source

all direction_vectors_with_width_less_than(P :: RationalPolygon{T}, c :: Rational{T})
— where {T <: Integer}

Return all direction vectors in which the width of P is less than or equal to a given constant.
Example:

julia> P = convex_hull(LatticePoint{Int}[(1,1),(1,-2),(-4,2),(-2,2)],2)
Rational polygon of rationality 2 with 4 vertices.

julia> all_direction_vectors_with_width_less_than(P, 3//1)
4-element Vector{SVector{2, Int64}}:

[1, 0]

[0, 1]

[1, 1]

[1, 2]
Julia Function A.2.77. source
width_direction_vectors(P :: RationalPolygon)

Return the lattice width direction vectors of P, i.e. those directions that realize the lattice width
of P.

Example:

julia> P = convex_hull(LatticePoint{Int}[(1,1),(1,-2),(-4,2),(-2,2)],2)
Rational polygon of rationality 2 with 4 vertices.

julia> width_direction_vectors(P)
2-element Vector{SVector{2, Int64}}:
[0, 1]
[1, 1]
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Julia Function A.2.78. source

adjust_to_width_direction(P :: RationalPolygon{T}, w :: Point{T}) where {T <: Integer}

Apply an affine unimodular transformation to P that transforms the given width direction vector
to (1,0), see Lemma 2.10 of [14].

Julia Function A.2.79. source

number_of_interior_integral_lines(P :: RationalPolygon{T}, w :: Point{T}) where {T <:
— Integer}

Return the number of interior integral lines of P with respect to a given direction vector w.
Example:

julia> P = convex_hull(RationalPoint{Int}[(1//3,-1),(4//3,2),(2//3,2),(-4//3,-1)1)
Rational polygon of rationality 3 with 4 vertices.

julia> number_of_interior_integral_lines(P, LatticePoint(1,0))
3

julia> number_of_interior_integral_lines(P, LatticePoint(0,1))
2
Julia Function A.2.80. source

minimal_number_of_interior_integral_lines(P :: RationalPolygon{T}) where {T <:
— Integer}

Return the minimal number of interior integral lines of P.
Example:

julia> P = convex_hull(RationalPoint{Int}[(1//3,-1),(4//3,2),(2//3,2),(-4//3,-1)1)
Rational polygon of rationality 3 with 4 vertices.

julia> minimal_number_of_interior_integral_lines(P)
2
Julia Function A.2.81. source

is_realizable_in_interval(P :: RationalPolygon{T}, h :: T) whexe {T <: Integer}

Check whether P is realizable in R x [0, h]. This is true if and only if the minimal number of
interior integral lines is less than or equal to h — 1.
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Example:

julia> P = convex_hull(RationalPoint{Int}[(1//3,-1),(4//3,2),(2//3,2),(-4//3,-1)1)
Rational polygon of rationality 3 with 4 vertices.

julia> is_realizable_in_interval(P,2)
false

julia> is_realizable_in_interval(P,3)
true

Julia Type A.2.82. source

LatticeWidthData{T <: Integer}

A struct capturing information about the lattice width of a rational polygon with respect to a lattice
width direction vector, see Definition 2.11 of [14]. It has two fields:

* interval_of_nonzero_vertical_slice_length :: Tuple{Rational{T},Rational{T}},

* interval_of_longest_vertical_slice_length :: Tuple{Rational{T},Rational{T}}.
Julia Function A.2.83. source

lattice_width_data(P :: RationalPolygon{T}, w :: Point{T}) where {T <: Integer}

Compute the lattice width data of a rational polygon with respect to a given width direction vector,
see Definition 2.11 of [14]. This function returns a value of type LatticeWidthData.

Example:

julia> P = convex_hull(LatticePoint{Int}[(1,1),(1,-2),(-4,2),(-2,2)]1,2)
Rational polygon of rationality 2 with 4 vertices.

julia> ws = width_direction_vectors(P)
2-element Vector{SVector{2, Int64}}:
[0, 1]
[1, 1]

julia> lattice_width_data(P,ws[1])
LatticeWidthData{Int64}((@//1, 2//1), (3//2, 3//2))

julia> lattice_width_data(P,ws[2])
LatticeWidthData{Int64}((@//1, 2//1), (1//2, 1//2))
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Julia Function A.2.84. source

number_of_interior_integral_vertical_lines(P :: RationalPolygon, w :: Point{T}) where
— {T <: Integer}

Return the number of interior integral vertical lines of P with respect to a given lattice width
direction vector, see Definition 2.11 of [14].

Julia Function A.2.85. source

position_of_longest_vertical_slice_length(P :: RationalPolygon, w :: Point{T}) where
— {T <: Integer}

Return the position of the longest vertical slicing length of P with respect to a given lattice width
direction vector, see Definition 2.11 of [14].

Julia Function A.2.86. source

lattice_width_datas(P :: RationalPolygon{T}) where {T <: Integer}

Return the lattice width data for all lattice width direction vectors of P.

Julia Function A.2.87. source

numbers_of_interior_integral_vertical_lines(P :: RationalPolygon{T}) where {T <:
— Integer}

Return the number of interior integral vertical lines for all width direction vectors of P.

Julia Function A.2.88. source

positions_of_longest_vertical_slice_length(P :: RationalPolygon{T}) where {T <:
— Integer}

Return the positions of the longest vertical slicing lengths for all width direction vectors of P.

A27 10

RationalPolygons. j1 provides two ways to read and write polygons from files. The first is text-
based. Polygons can be read from files containing one polygon per line like this:

[[21 0]! [11 3]! [_11 0]1 ['31 _4]]

[[1, @], [2, 6], [-4, -9]]
[[1, @], [3, 51, [e, 1], [-5, -8]]
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This text-based format has the advantage of being easy to understand and use. However, storing
polygons as ASCII strings is not very space-efficient, as they contain many redundant control
characters. Hence we provide another way to store polygons in binary and compressed form,
which uses the HDFS file format. This is more suitable for large datasets. For an example session,
see write_polygon_dataset.

Julia Function A.2.89. source

parse_rational_polygons(k :: T, files :: AbstractVector{String}) where {T <: Integer}
parse_rational_polygons(k :: T, file :: String) where {T <: Integer}

Parse a list of files containing the vertices of a k-rational polygon. The files must have one polygon
per line containing its vertices, as in the following example:

(2, e1, 11, 31, [-1, @], [-3, -4]]

[[11 0]1 [21 6]! [_41 _9]]
[[11 0]! [31 5]! [01 1]! [_51 _8]]

Julia Function A.2.90. source

write_rational_polygons(Ps :: Vector{<:RationalPolygon{T}}, filepath :: String) where
— {T <: Integer}

Write a list of polygons to a text file. Each polygon will be written as one line containing its
vertices, as in the following example:

(2, e1, [1, 31, [-1, @], [-3, -4]]

[[1, @], [2, 6], [-4, -9]]
(f1, e1, (3, 51, [e, 1], [-5, -8]]

Julia Function A.2.91. source

create_polygon_dataset(f :: Union{HDF5.File, HDF5.Group}, path :: String, N :: Int)

Create an HDF5 dataset named path for storing rational polygons with NV vertices. The dataset
will have an HDF5 compound datatype with 2N integers, which are the entries of the vertex
matrices stored in a column major layout. This function takes three keyword arguments:

* T :: Type{<:Integer}: The integer type to be used, e.g. Int64, Int32, ... The default is
Int.

e chunk_size :: Int: Chunk size for HDF5. The default is 1000.
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* deflate :: Int: Deflate parameter for HDFS. The default is 3.
Julia Function A.2.92. source

write_polygon_dataset(f :: Union{HDF5.File, HDF5.Group}, path :: String, Ps ::
— Vector{RationalPolygon{T,N,M}}) where {N,M,T <: Integer}

Write the polygons Ps to an HDF5 dataset named path. Creates the dataset if it does not exist
already. If it does exist, the data will be appended to it.

Example:

Write the reflexive lattice triangles to an HDFS file:
julia> using RationalPolygons, StaticArrays, HDF5

julia> Vs = SMatrix{2,3}[[1 0 -2 ; 01 -1], [11 -3 ; @02 -4], [10 -1 ; 01 -1],[1 @
- -3,01-2], [11-2; 03 -3]1;

julia> Ps = [RationalPolygon(V,1) for V € Vs];

julia> f = h5open("/tmp/reflexive_triangles.h5", "cw")
" HDF5.File: (read-write) /tmp/reflexive_triangles.h5

julia> write_polygon_dataset(f, "my_triangles", Ps)

julia> close(f)

The resulting HDFS5 file can be inspected using a command line tool such as h5dump:

$ h5dump /tmp/reflexive_triangles.h5
HDF5 "/tmp/reflexive_triangles.h5" {
GROUP "/" {

DATASET "my_triangles" {

DATATYPE H5T_COMPOUND {
H5T_STD_IG4LE "1";
H5T_STD_I64LE "2";
H5T_STD_I64LE "3";
HS5T_STD_I64LE "4";
HS5T_STD_I64LE "5";
H5T_STD_I64LE "6";

}

DATASPACE SIMPLE { ( 5 ) / ( H5S_UNLIMITED ) }

DATA {

(0): {

o0 &
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-2,
-1
Do
(1): |
1,
0,
i,
2,
-3,
-4
b
(2): {
i,
0,
0,
1,
-1,
-1
Do
(3): {
1,
0,
0,
i,
-3,
-2
},
(4): {
i,
0,
1,
3,
-2,
-3
}
}
}
}
}

We can read them back into RationalPolygons.jl at any time using read_polygon_dataset:

julia> using RationalPolygons, HDF5
julia> f = hb5open("/tmp/reflexive_triangles.h5", "r")

" HDF5.File: (read-only) /tmp/reflexive_triangles.h5
L _J my_triangles
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julia> Ps = read_polygon_dataset(1l, f, "my_triangles")
5-element Vector{RationalPolygon{Int64, 3, 6}}:
Rational polygon of rationality 1 with 3 vertices.

Rational polygon of rationality 1 with 3 vertices.
Rational polygon of rationality 1 with 3 vertices.
Rational polygon of rationality 1 with 3 vertices.
Rational polygon of rationality 1 with 3 vertices.
Julia Function A.2.93. source

read_polygon_dataset(k :: T, f :: Union{HDF5.File, HDF5.Group}, path :: String, I...)
— where {T <: Integer}

Read from an HDFS5 dataset containing k-rational polygons.

A.3 Subpolygons

A polygon P is called a subpolygon of Q, if o(P) C @ for some affine unimodular transformation
. Given a k-rational polygon P, we can find all k-rational subpolygons of P using the algorithm
from Subsection 1.2.2. The idea is to successively remove vertices of P by computing Hilbert
bases.

A.3.1 Hilbert bases

We follow [20] to compute Hilbert bases of two-dimensional cones using Hirzebruch-Jung con-
tinued fractions.

Julia Function A.3.1. source

cls_cone_normal_form(A :: Matrix2{T}) where {T <: Integer}

Bring a two-dimensional cone into normal form in the sense of [20]. The result is a triple
(d,k, M), where d and k are the parameters of the cone and M is a 2 x 2 integral matrix such
that

Example:
julia> A = Matrix2(2, 1, -3, -5)

2x2 SMatrix{2, 2, Int64, 4} with indices SOneTo(2)xSOneTo(2):
2 -3
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1 -5

julia> d, k, M = cls_cone_normal_form(A)
(7, 5, [12; 0 1])

julia> M * [0 d ; 1 -k] ==
true

Julia Function A.3.2. source

hirzebruch_jung(x :: T, y :: T) where {T <: Integer}

Return the Hirzebruch-Jung continued fraction associated to z/y.
Example:

See Example 10.2.4 of [20].

julia> hirzebruch_jung(7,5)
3-element Vector{Int64}:

2

2

3

Julia Function A.3.3. source

hilbert_basis(A :: Matrix2{T}) where {T <: Integer}

Return the Hilbert basis of a two-dimensional cone spanned by the columns of A, which must be
primitive.

Example:

See Example 10.2.4 of [20].

julia> A = Matrix2(0,1,7,-5)

2x2 SMatrix{2, 2, Int64, 4} with indices SOneTo(2)xSOneTo(2):
o 7
1 -5

julia> hilbert_basis(A)
5-element Vector{SVector{2, Int64}}:
[0, 1]
[1, 0]
[2, -1]
[375=2]
[7; =51
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source

hilbert_basis(vl :: LatticePoint{T}, v2 :: LatticePoint{T}) where {T <: Integer}

Return the Hilbert basis of a two-dimensional cone spanned by given integral primitive vectors
U1 and V3.

Julia Function A.3.4. source

remove_vertex (P :: RationalPolygon{T}, i :: Int) where {T <: Integer}

Return a pair (Q, keeps_genus), where @ is the convex hull of all k-rational points of P except
the i-th vertex and keeps_genus :: Bool is true if and only if () has the same number of interior
lattice points as P. If the argument primitive = true is passed, the convex hull is taken of all
primitive k-rational points of P except the i-th vertex.

Example:
Compare Example 10.2.7 of [20].

julia> P = convex_hull(LatticePoint{Int}[(0,0),(7,-5),(7,1),(0,1)])
Rational polygon of rationality 1 with 4 vertices.

julia> Q,_ = remove_vertex(P,1)
(Rational polygon of rationality 1 with 4 vertices., false)

julia> vertices(Q)
4-element Vector{SVector{2, Rational{Int64}}}:

[0, 1]
[3, -2]
[7, -51]
[7, 1]

A.3.2 Computing subpolygons

Subpolygons can be either computed in memory or on disk using HDF5. The latter is useful for
computations where the amount of polygons will grow very large (e.g. several billions), which
would overload available memory. Note that even in the latter case, some polygons will have to be
kept in memory in order to do equivalence checks with them later. In fact, to minimize memory
usage further, we will only keep the hashes of those polygons and compare those. We use 128-bit
hashes here, which makes the probability of a hash collision negligible even for several billions
of polygons.

Julia Type A.3.5. source
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SubpolygonStorage{T <: Integer}

An abstract supertype of storage options for computing subpolygons. There are two subtypes
InMemorySubpolygonStorage and HDFSubpolygonStorage. The former keeps all subpolygons in
memory, the latter delegates their storage to the disk using the HDF5 format. Both implement
subpolygons_single_step.

Julia Type A.3.6. source

struct InMemoxrySubpolygonStoragePreferences{T <: Integer}
A struct holding preferences for InMemorySubpolygonStorage. There are the following fields:

* primitive :: Bool: Whether only subpolygons with primitive vertices should be com-
puted. The default is false.

e use_affine_normal_form :: Bool: Whether to use affine_normal_form or unimodu-
lar_normal_form. The default is true, which means affine normal form.

* only_equal_number_of_interior_lattice_points :: Bool: Whether only subpolygons
having the same number of interior lattice points as the starting polygons should be com-
puted. The default is false.

* exclude_very_thin_polygons: Whether polygons that can be realized in R x [0, 1] should
be excluded. This is only relevant for polygons with no interior lattice points. The default
is false.

Julia Type A.3.7. source

mutable struct InMemorySubpolygonStorage{T <: Integer} <: SubpolygonStorage{T}
A struct holding results of a subpolygon computation. It has the following fields:

* preferences :: InMemorySubpolygonStoragePreferences{T}
* polygons :: Dict{T,Set{RationalPolygon{T}}}
e last_completed_area :: T

e total_count :: Int
Julia Type A.3.8. source

struct HDFSubpolygonStoragePreferences{T <: Integer}

A struct holding preferences for HDFSubpolygonStorage. There are the following fields:
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rationality :: T: The rationality of the polygons. The default is one(T).

primitive :: Bool: Whether only subpolygons with primitive vertices should be com-
puted. The default is false.

use_affine_normal_form :: Bool: Whether to use affine_normal_form or unimodu-
lar_normal_form. The default is true, which means affine normal form.

only_equal_number_of_interior_lattice_points :: Bool: Whether only subpolygons
having the same number of interior lattice points as the starting polygons should be com-
puted. The default is false.

exclude_very_thin_polygons: Whether polygons that can be realized in R x [0, 1] should
be excluded. This is only relevant for polygons with no interior lattice points. The default
is false.

block_size :: Int: How many polygons should be read into memory at once during the
shaving process. Defaults to 10°.

maximum_number_of_vertices :: Int: An upper bound for the maximal number of ver-
tices to be expected in the computation. This has to be set since every HDF? file generated
will have a dataset numbers_of_polygons storing the number of polygons for each number
of vertices and the size of this dataset needs to be set beforehand. Defaults to 100, which
should be more than enough for any feasible computation.

swmr :: Bool: Whether to use single-writer-multiple-reader mode for HDF5. Defaults to
true.

Julia Type A.3.9. source

mutable struct HDFSubpolygonStorage{T <: Integer} <: SubpolygonStorage{T}

A struct for managing the result of a subpolygon computation using the HDF5 file format. It has
the following fields:
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preferences :: HDFSubpolygonStoragePreferences{T}
file_path :: String: The file path of the HDFS file to be created.

group_path :: String: Path to a group within the HDFS5 file, if it already exists. Defaults
to "/", i.e. the root group.

hash_sets :: Dict{T,Set{UInt128}}: A dictionary of hashes of polygons already en-
countered. This is used for comparison with new polygons to ensure the result contains
each polygon exactly once. We hold these hashes in memory to avoid needing to read in
polygons that have been written out in the past, which saves a lot of time.
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* last_completed_area :: T: The last area that has been completed. This counts down
from the maximum area of the starting polygons to one.

e total_count :: Int
Julia Function A.3.10. source

initialize_subpolygon_storage(st :: HDFSubpolygonStorage{T}, Ps ::
— Vector{<:RationalPolygon{T}}) where {T <: Integer}

Initialize a newly created HDFSubpolygonStorage with a given set of starting polygons. To restart
an interrupted computation, see also restore_hdf_subpolygon_storage_status.

Julia Function A.3.11. source

subpolygons_single_step(st :: InMemorySubpolygonStorage{T}; logging :: Bool = false)
— where {T <: Integer}

Perform a single step of a subpolygon computation in memory.
source

subpolygons_single_step(st :: HDFSubpolygonStorage{T}; logging :: Bool = false) wherxe
— {T <: Integer}

Perform a single step in a subpolygon computation using the HDFS5 file format.

Julia Function A.3.12. source
subpolygons(st :: SubpolygonStorage{T}; logging :: Bool = false) where {T <: Integer}
Compute all subpolygons with the given storage option.
source

subpolygons(Ps :: Vector{<:RationalPolygon{T}}) where {T <: Integer}
subpolygons (P :: RationalPolygon{T}) where {T <: Integer}

Compute all subpolygons of a rational polygon or list of rational polygons. The computation
is done in memory. For storage on disk, see HDFSubpolygonStorage. This function takes the
following keyword arguments:

* primitive :: Bool: Whether only subpolygons with primitive vertices should be returned.
The default is false.

e use_affine_normal_form :: Bool: Whether to use affine or unimodular normal form.
The default is true, which means affine normal form.

177


https://github.com/justus-springer/RationalPolygons.jl/blob/v1.2.0-thesis/src/Subpolygons/HDFSubpolygonStorage.jl#L121-L128
https://github.com/justus-springer/RationalPolygons.jl/blob/v1.2.0-thesis/src/Subpolygons/InMemorySubpolygonStorage.jl#L97-L102
https://github.com/justus-springer/RationalPolygons.jl/blob/v1.2.0-thesis/src/Subpolygons/HDFSubpolygonStorage.jl#L231-L236
https://github.com/justus-springer/RationalPolygons.jl/blob/v1.2.0-thesis/src/Subpolygons/SubpolygonStorage.jl#L13-L18
https://github.com/justus-springer/RationalPolygons.jl/blob/v1.2.0-thesis/src/Subpolygons/InMemorySubpolygonStorage.jl#L153-L191

A.4. Classifications

* only_equal_number_of_interior_lattice_points :: Bool: Whether only subpolygons
that share the same number of interior lattice points with the starting polygons should be
returned.

* exclude_very_thin_polygons: Whether polygons that can be realized in R x [0, 1] should
be excluded. This is only relevant for polygons with no interior lattice points. The default
is false.

* logging :: Bool: Whether to display logging messages about the computation progress.

Example:

There are 148 subpolygons of the square of side length three, up to affine equivalence. The
maximal number of vertices of those is eight, attained by exactly one polygon.

julia> Ps = subpolygons(convex_hull(LatticePoint{Int}[(0,0),(3,0),(0,3),(3,3)1));

julia> length(Ps)
148

julia> maximum(number_of_vertices. (Ps))
8

Julia Function A.3.13. source

restore_hdf_subpolygon_storage_status(st :: HDFSubpolygonStorage{T}) where {T <:
— Integer}

Restore a subpolygon computation's status that was interrupted from an HDFS5 file. All polygons
will be read in, hashed and saved into st.hash_sets. Moreover, st.last_completed_area and
st.total_count will be properly set. After calling this function, the computation can be resumed
by calling subpolygons(st) again.

A.4 Classifications

We provide implementations for the classification algorithms of rational polygons from Chap-
ter 1, see Sections A.4.1 - A.4.4. Additionally, we implement the classification of LDP triangles
by Picard index from Section 2.4, see A.4.5, and the classification of LDP quadrangles by Goren-
stein index from Section 2.5, see A.4.6. Moreover, several other classifications of polygons are
implemented. This includes the classification of lattice polygons by number of lattice points by
Koelman [38] in Section A.4.7, lattice polygons by number of interior lattice points by Castryck
[19] in Section A.4.8, lattice polygons contained in a square by Brown and Kasprzyk [18] in
Section A.4.9, LDP polygons by Gorenstein index from Kasprzyk, Kreuzer and Nill [36] in Sec-
tion A.4.10, LDP triangles by Gorenstein index from Béuerle in Section A.4.11 [11] and LDP
triangles with integral degree by Hausen and Kirdly [31] in Section A.4.12.
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A.4.1 Maximal rational polygons contained in R x [—1, 1]

We provide an implementation of Algorithm 1.3.4.

Julia Function A 4.1. source

classify_maximal_polygons_mlpl(k :: T, i :: Int) where {T <: Integer}

Return all maximal k-rational polygons with ¢ interior lattice points that can be realized in R X
[_17 1]

Example:

Compute the numbers of maximal k-rational polygons in R x [—1,1] for k¥ < 5 and ¢ < 10

interior lattice points.

julia> [length(classify_maximal_polygons_mlpl(k,i)) for k = 1 : 5, i = 0 : 10]
5x11 Matrix{Int64}:
1 2 4 5 6 7 8 9 10 11 12
4 9 13 18 22 26 30 34 38 42 46
12 26 41 54 68 81 94 107 120 133 146
24 57 86 117 145 174 203 231 259 288 316
54 132 209 280 353 422 493 562 631 701 771

A.4.2 Maximal rational polygons with no interior lattice points

We provide an implementation of Algorithm 1.4.4.

Julia Function A.4.2. source

classify_maximal_lattice_free_polygons_mlp2_squares(k :: T) where {T <: Integer}

Return all k-maximal polygons with no interior lattice points that are contained in A U R x
[—1,2] U B where A is the square with vertices (0, 1), (1,1),(1,2),(0,2) and B is the square
with vertices (0,0), (0, —1), (1,-1),(1,0).

Julia Function A.4.3. source

classify_maximal_lattice_free_polygons_mlp2_trapezoids(k :: T) where {T <: Integer}

Return all k-maximal polygons with no interior lattice points that are contained in A U R x
[—1,2]U B where A is the trapezoid with vertices (—1, 2), (0,1), (1,1), (1, 2) and B is the trape-
zoid with vertices (0,0), (0, —1), (2, —1), (1, 0), excluding the polygons from classify_maxi-
mal_lattice_free_polygons_mlp2_squares.

Julia Function A.4.4. source
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classify_maximal_lattice_free_polygons_mlp2(k :: T) where {T <: Integer}

Return all k-maximal polygons with no interior lattice points contained in R x [—1,2]. This
is simply the union of classify_maximal_lattice_free_polygons_mlp2_squares and clas-
sify_maximal_lattice_free_polygons_mlp2_trapezoids.

Julia Function A .4.5. source

classify_maximal_lattice_free_polygons(k :: T ; logging = false) where {T <: Integer}

Return all k-maximal polygons with no interior lattice points.
Example:
We compute the numbers of k-maximal polygons with no interior lattice points for 1 < k& < 6.

See also Classification 1.4.5.

julia> length. (classify_maximal_lattice_free_polygons.(1:6))
6-element Vector{Int64}:
1
4
14
39
134
299

A.4.3 Rational polygons with one interior lattice point

We provide an implementation of Algorithm 1.5.4.

Julia Function A.4.6. source

classify_maximal_polygons_genus_one_mlpl(k :: T) where {T <: Integer}

Return all maximal k-rational polygons with exactly one interior lattice point that can be realized
inR x [—1,1]. If primitive = true is passed, then only primitive polygons (i.e. LDP polygons)
are returned.

Julia Function A.4.7. source

classify_maximal_polygons_genus_one_mlp2(k :: T) where {T <: Integer}

Return all maximal k-rational polygons with exactly one interior lattice point that can be realized
inR x [—1,2]. If primitive = true is passed, then only primitive polygons (i.e. LDP polygons)
are returned.

180


https://github.com/justus-springer/RationalPolygons.jl/blob/v1.2.0-thesis/src/Classification/no_interior_lattice_points.jl#L140-L162
https://github.com/justus-springer/RationalPolygons.jl/blob/v1.2.0-thesis/src/Classification/one_interior_lattice_point.jl#L2-L9
https://github.com/justus-springer/RationalPolygons.jl/blob/v1.2.0-thesis/src/Classification/one_interior_lattice_point.jl#L53-L60

Appendix A. RationalPolygons.jl

Julia Function A .4.8. source

classify_maximal_polygons_genus_one_m2p2(k :: T, q :: Int) where {T <: Integer}

Return all maximal k-rational polygons with exactly one interior lattice point that can be realized
in R x [—2, 2] and that have non-empty intersection with the ¢-th classification box, where 1 <
g < 3. If primitive = true is passed, then only primitive polygons (i.e. LDP polygons) are
returned.

Julia Function A.4.9. source

classify_maximal_polygons_genus_one(k :: T) where {T <: Integer}

Return all k-maximal polygons with exactly one interior lattice point. If primitive = true is
passed, then only primitive polygons (i.e. LDP polygons) are returned.

Example:
We compute the numbers of polygons for k£ < 3. See also Classification 1.5.5.
julia> length. (classify_maximal_polygons_genus_one. (1:3))
3-element Vector{Int64}:
3

10
39

Julia Function A.4.10. source

classify_polygons_genus_one(k :: T) where {T <: Integer}

Compute all k-rational polygons with exactly one interior lattice point. The following keyword
arguments are supported:

* primitive :: Bool. If set to true, only primitive polygons (i.e. LDP polygons) are re-
turned.
* logging :: Bool. Controls whether to display logging messages showing the current
progress.
Example:

We reproduce the classification of all 5145 half-integral polygons with exactly one interior lattice
point. It works by first computing all maximal polygons with classify_maximal_polygons_-
genus_one and then generating all their subpolygons.
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julia> classify_polygons_genus_one(2; logging=true);

Info: Found 9 maximal polygons in QQ x [-1,1]. New: 9, total: 9

Info: Found 2 maximal polygons in QQ [-1,2]. New: 1, total: 10

Info: Found @ maximal polygons in QQ [-2,2], box 1. New: @, total: 10
Info: Found 3 maximal polygons in QQ [-2,2], box 2. New: 0, total: 10
Info: Found 3 maximal polygons in QQ [-2,2], box 3. New: @, total: 10
Info: [a = 36]. Polygons to peel: 2.

Info: [a = 36]. Peeling complete. New polygons: 2. Running total: 12
Info: [a = 35]. Polygons to peel: 2.

Info: [a = 35]. Peeling complete. New polygons: 5. Running total: 17
Info: [a = 34]. Polygons to peel: 5.

Info: [a = 34]. Peeling complete. New polygons: 1@. Running total: 27
Info: [a = 33]. Polygons to peel: 9.

Info: [a = 33]. Peeling complete. New polygons: 19. Running total: 46
Info: [a = 32]. Polygons to peel: 23.

Info: [a = 32]. Peeling complete. New polygons: 45. Running total: 91
Info: [a = 31]. Polygons to peel: 31.

Info: [a = 31]. Peeling complete. New polygons: 69. Running total: 160
Info: [a = 30]. Polygons to peel: 60.

Info: [a = 30]. Peeling complete. New polygons: 115. Running total: 275
Info: [a = 29]. Polygons to peel: 84.

Info: [a = 29]. Peeling complete. New polygons: 17@. Running total: 445
Info: [a = 28]. Polygons to peel: 137.

Info: [a = 28]. Peeling complete. New polygons: 239. Running total: 684
Info: [a = 27]. Polygons to peel: 171.

Info: [a = 27]. Peeling complete. New polygons: 285. Running total: 969
Info: [a = 26]. Polygons to peel: 240.

Info: [a = 26]. Peeling complete. New polygons: 364. Running total: 1333
Info: [a = 25]. Polygons to peel: 286.

Info: [a = 25]. Peeling complete. New polygons: 44@. Running total: 1773
Info: [a = 24]. Polygons to peel: 356.

Info: [a = 24]. Peeling complete. New polygons: 466. Running total: 2239
Info: [a = 23]. Polygons to peel: 351.

Info: [a = 23]. Peeling complete. New polygons: 433. Running total: 2672
Info: [a = 22]. Polygons to peel: 396.

Info: [a = 22]. Peeling complete. New polygons: 439. Running total: 3111
Info: [a = 21]. Polygons to peel: 391.

Info: [a = 21]. Peeling complete. New polygons: 394. Running total: 3505
Info: [a = 20]. Polygons to peel: 390.

Info: [a = 20]. Peeling complete. New polygons: 338. Running total: 3843
Info: [a = 19]. Polygons to peel: 349.

Info: [a = 19]. Peeling complete. New polygons: 269. Running total: 4112
Info: [a = 18]. Polygons to peel: 357.

Info: [a = 18]. Peeling complete. New polygons: 249. Running total: 4361
Info: [a = 17]. Polygons to peel: 301.

Info: [a = 17]. Peeling complete. New polygons: 215. Running total: 4576
Info: [a = 16]. Polygons to peel: 292.

Info: [a = 16]. Peeling complete. New polygons: 178. Running total: 4754
Info: [a = 15]. Polygons to peel: 233.

X X X X
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[ Info: [a = 15]. Peeling complete. New polygons: 121. Running total: 4875
[ Info: [a = 14]. Polygons to peel: 191.

[ Info: [a = 14]. Peeling complete. New polygons: 91. Running total: 4966
[ Info: [a = 13]. Polygons to peel: 140.

[ Info: [a = 13]. Peeling complete. New polygons: 71. Running total: 5037
[ Info: [a = 12]. Polygons to peel: 121.

[ Info: [a = 12]. Peeling complete. New polygons: 40. Running total: 5077
[ Info: [a = 11]. Polygons to peel: 67.

[ Info: [a = 11]. Peeling complete. New polygons: 21. Running total: 5098
[ Info: [a = 1@0]. Polygons to peel: 56.

[ Info: [a = 1@]. Peeling complete. New polygons: 14. Running total: 5112
[ Info: [a = 9]. Polygons to peel: 38.

[ Info: [a = 9]. Peeling complete. New polygons: 13. Running total: 5125
[ Info: [a = 8]. Polygons to peel: 31.

[ Info: [a = 8]. Peeling complete. New polygons: 13. Running total: 5138
[ Info: [a = 7]. Polygons to peel: 14.

[ Info: [a = 7]. Peeling complete. New polygons: 3. Running total: 5141

[ Info: [a = 6]. Polygons to peel: 13.

[ Info: [a = 6]. Peeling complete. New polygons: 3. Running total: 5144

[ Info: [a = 5]. Polygons to peel: 4.

[ Info: [a = 5]. Peeling complete. New polygons: 1. Running total: 5145

[ Info: [a = 4]. Polygons to peel: 3.

[ Info: [a = 4]. Peeling complete. New polygons: @. Running total: 5145

[ Info: [a = 3]. Polygons to peel: 1.

[ Info: [a = 3]. Peeling complete. New polygons: @. Running total: 5145

[ Info: [a = 2]. Polygons to peel: 0.

[ Info: [a = 2]. Peeling complete. New polygons: @. Running total: 5145

[ Info: [a = 1]. Polygons to peel: 0.

[ Info: [a = 1]. Peeling complete. New polygons: @. Running total: 5145

A.4.4 Almost k-hollow LDP polygons

We can instruct classify_polygons_genus_one to only output k-rational polygons with primi-
tive vertices. These are exactly the almost k-hollow LDP polygons and they correspond to %—log
canonical toric del Pezzo surfaces. In particular, we can reproduce the classification of the 48032
almost 3-hollow LDP polygons (%—log canonical toric del Pezzo surfaces) from Theorem 4.11 of

[27]. See also Classification 1.5.6 for the numbers up to k = 6.
julia> Pss = [classify_polygons_genus_one(k; primitive=true) for k = 1 : 3];

julia> numbexrs_of_polygons = length. (Pss)
3-element Vector{Int64}:
16
505
48032
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julia> max_vertices = [maximum(number_of_vertices.(Pss[k])) for k = 1 : 3]
3-element Vector{Int64}:

6

8

12
julia> max_volumes = [k”"2 * maximum(euclidean_area.(Pss[k])) for k = 1 : 3]
3-element Vector{Rational{Int64}}:

9//2

17
47

A.4.5 LDP triangles by Picard index

We provide an implementation of the classification of LDP triangles (fake weighted projective
planes) by Picard index from Section 2.4.

Julia Type A.4.11. source

abstract type PicardIndexStorage{T <: Integer} end

Abstract supertype of InMemoryPicardIndexStorage and HDFPicardIndexStorage.

Julia Type A.4.12. source

mutable struct InMemoryPicardIndexStorage{T <: Integer} <: PicardIndexStorage{T}

A struct holding classification results of LDP triangles by Picard index.

Julia Type A.4.13. source

struct HDFPicardIndexStoragePreferences{T <: Integer}

A struct holding preferences for the classification of LDP triangles by Picard index using the
HDF5 file format. It has the following fields:

e swmr :: Bool: Whether to use single-writer-multiple-reader mode for HDF5. Defaults to
true.
* step_size :: Int: The step size for multithreaded classification in terms of the Picard

index. Defaults to 10%.

* maximum_picard_index :: Int: The maximum Picard index to be classified. Defaults to
107.
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Julia Type A.4.14. source

mutable struct HDFPicardIndexStorage{T <: Integer} <: PicardIndexStorage{T}

A struct for managing classification results of LDP triangles by Picard index using the HDFS5 file
format. It has the following fields:

* preferences :: HDFPicardIndexStoragePreferences{T}
e file_path :: String: The path of the HDF file to be generated.

* last_completed_picard_index :: Int: The last completed step of the classification.
Initially, this will be 0.

* total_count :: Int: The total number of triangles found so far.
Julia Function A .4.15. source
quadruple_decompositions(p :: T) where {T <: Integer}

Return all quadruples (u, w1, wo, ws3) such that p = p?wwows and wy < wy < ws.

Example:

julia> quadruple_decompositions(24)
4-element Vector{NTuple{4, Int64}}:

(1, 1, 1, 24)
(1, 1, 3, 8)
(2, 1, 1, 6)
2, 1, 2, 3)
Julia Function A .4.16. source

classify_lattice_triangles_by_picard_index(p :: T) where {T <: Integer}

Return all LDP triangles with Picard index p.

Example:

There are two LDP triangles with Picard index six:
julia> classify_lattice_triangles_by_picard_index(6)
Set{RationalPolygon{Int64, 3, 6}} with 2 elements:

Rational polygon of rationality 1 with 3 vertices.
Rational polygon of rationality 1 with 3 vertices.

source
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classify_lattice_triangles_by_picard_index(st :: InMemoryPicardIndexStorage{T},
— max_picard_index :: T) where {T <: Integer}

Perform the classification of LDP triangles up to max_picard_index, storing the results in mem-
ory.

Example:

Reproduce the classification up to Picard index 10000, see also Theorem 1.2 of [56].

julia> st = InMemoxryPicardIndexStorage{Int}()
InMemoryPicardIndexStorage{Int64} (Vector{RationalPolygon{Int64, 3, 6}}[], 0)

julia> classify_lattice_triangles_by_picard_index(st, 10000);

julia> sum(length. (st.polygons))
68053

source

classify_lattice_triangles_by_picard_index(st :: HDFPicardIndexStorage{T},
< max_picard_index :: T; logging :: Bool = false) where {T <: Integer}

Perform the classification of LDP triangles up to max_picard_index, storing the results in an
HDFS file.

A.4.6 LDP quadrangles by Gorenstein index

We provide an implementation of the classification of LDP quadrangles by Gorenstein index
described in Subsection 2.5.4.

Julia Function A.4.17. source
modified_unit_fraction_solutions(r :: T, s :: T, ¢ :: T, d :: T) where {T <: Integer}
modified_unit_fraction_solutions(q :: Rational{T}, c :: T, d :: T) where {T <:

— Integer}

Return all integral solutions (x, y) € 2221 to the equation g = g = %—i— i — % (see Lemma 2.5.26).
Returns an error if there are infinitely many solutions, which happens if and only if ¢ = d.

Example:
julia> modified_unit_fraction_solutions(1//5, 2, 5)
4-element Vector{Tuple{Int64, Int64}}:

(6, 18)
(8, 8)
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(20, 4)

(10, 6)
Julia Function A.4.18. source
gorenstein_coefficients_to_grading_matrix_minors(t :: T, A :: SMatrix{4,2,T,8}) where

— {T <: Integer}

Compute all minors of the Fano (-Gorenstein matrix () associated with the Gorenstein coefficients
A.

Julia Function A.4.19. source
classify_gorenstein_coefficients(t :: T, ::Val{t})
classify_gorenstein_coefficients(L :: T)

Classify Gorenstein coeflicients associated to Fano (-Gorenstein matrices. Optionally takes in a
Val{t} argument, where t can be 1, 2, 3 or 4. In this case, only the Gorenstein coefficients of that
type are classified, see Definition 2.5.24.

Julia Function A.4.20. source

gorenstein_coefficients_normal_form(A :: SMatrix{4,2,T,8}) where {T <: Integer}

Bring Gorenstein coefficients A € 7Z2** into normal form, see Definition 2.5.6.

Julia Function A.4.21. source

classify_quadrilaterals_by_gorenstein_index(t :: T, As :: Set{SMatrix{4,2,T}}) where
— {T <: Integer}

Return all LDP quadrilaterals with Gorenstein index ¢ whose Gorenstein coefficients are among
the given set As.

source

classify_quadrilaterals_by_gorenstein_index(t :: Integer)

Return all LDP quadrilaterals with Gorenstein index ¢.
Example:

There are 73725 distinct LDP quadrilaterals with Gorenstein index at most 50.
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julia> Pss = classify_quadrilaterals_by_gorenstein_index. (1:50);

julia> sum(length. (Pss))
73725

A.4.7 Lattice polygons by number of lattice points

Koelman [38] gave an algorithm to classify lattice polygons with a given number of lattice points
and ran it up to 42 lattice points, Table 4.4.3 of [38]. We have implemented their algorithm here,
which successfully reproduces their numbers. See also Section 1.6 and A371917 on OEIS [43]
for the numbers up to 112 lattice points.

Julia Function A.4.22. source

height_one_points(P :: RationalPolygon)
Given a lattice polygon P, return all lattice points that have lattice height one with respect to some
edge of P. Equivalently, return the set of boundary lattice points of move_out_edges(P).

Julia Function A.4.23. source

single_point_extensions(Ps :: Vector{<:RationalPolygon{T}}) where {T <: Integer}
Return all lattice polygons that can be obtained by adding a single height one point to a polygon
of Ps, up to affine unimodular equivalence.

Julia Type A.4.24. source

abstract type KoelmanStorage{T <: Integer} end

Abstract supertype of InMemoryKoelmanStorage and HDFKoelmanStorage. Both implement clas-
sify_next_number_of_lattice_points, which performs a single step in Koelman's classifica-
tion of lattice polygons.

Julia Type A .4.25. source

mutable struct InMemoryKoelmanStorage{T <: Integer} <: KoelmanStorage{T}

A struct holding classification results of Koelman's classification of lattice polygons by number
of lattice points. It has two fields polygons :: Vector{Vector{RationalPolygon{T}} and to-
tal_count :: Int.

Julia Type A.4.26. source
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struct HDFKoelmanStoragePreferences{T <: Integer}

A struct holding preferences for Koelman's classification using the HDFS5 file format. It has the
following fields:

* swmr :: Bool: Whether to use single-writer-multiple-reader mode for HDF5. Defaults to
true.
* maximum_number_of_vertices :: Int: An upper bound for the maximal number of ver-

tices to be expected in the classification. This has to be set since every HDFS file generated
will have a dataset numbers_of_polygons storing the number of polygons for each number
of vertices and the size of this dataset needs to be set beforehand. Defaults to 100, which
should be more than enough for any feasible computation.

* block_size :: Int: How many polygons should be read into memory at once during the
extension process. Defaults to 10°.

Julia Type A.4.27. source

mutable struct HDFKoelmanStorage{T <: Integer} <: KoelmanStorage{T}

A struct for managing classification results of Koelman's classification of lattice polygons using
the HDFS file format. It has the following fields:

* preferences :: HDFKoelmanStoragePreferences{T}
e directory_path :: String: The directory where the HDFS5 files will be generated.

* last_completed_number_of_lattice_points :: Int: Thelastcompleted step of the clas-
sification. Initially, this will be 3.

* total_count :: Int: The total number of polygons found so far.
Julia Function A.4.28. source
classify_next_number_of_lattice_points(st :: InMemoryKoelmanStorage{T}) where {T <:

— Integer}

Perform a single step in Koelman's classification of lattice polygons using in-memory storage.
Example:

Perform a single step of Koelmans classification using Int64. The result tells us that there are
three lattice polygons with exactly four lattice points.
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julia> st = InMemoryKoelmanStorage{Inté64}();

julia> classify_next_number_of_lattice_points(st)
3

source

classify_next_number_of_lattice_points(st :: HDFKoelmanStorage{T}; logging :: Bool =
— false) where {T <: Integer}

Perform a single step in Koelman's classification of lattice polygons using on-disk storage with
HDFS5.

Julia Function A.4.29. source

classify_polygons_by_number_of_lattice_points(st :: KoelmanStorage{T},
< max_number_of_lattice_points :: Int; logging :: Bool = false) where {T <: Integer}

Run Koelman's classification of lattice polygons by number of lattice points, up to max_number_-
of_lattice_points.

Example:

Reproduce Koelman's original classification in memory, see Table 4.4.3 of [38] or A371917 on
OEIS [43]. This should not take longer than a few minutes on modern hardware.

julia> st = InMemoryKoelmanStorage{Int}();

julia> classify_polygons_by_number_of_lattice_points(st, 42; logging=true);
Info: [1 = 4]. New polygons: 3. Total: 4

Info: [1 = 5]. New polygons: 6. Total: 10

Info: [1 = 6]. New polygons: 13. Total: 23

Info: [1 = 7]. New polygons: 21. Total: 44

Info: [1 = 8]. New polygons: 41. Total: 85

Info: [1 = 9]. New polygons: 67. Total: 152
Info: [1 = 10]. New polygons: 111. Total: 263
Info: [1 = 11]. New polygons: 175. Total: 438
Info: [1 = 12]. New polygons: 286. Total: 724
Info: [1 = 13]. New polygons: 419. Total: 1143
Info: [1 = 14]. New polygons: 643. Total: 1786
Info: [1 = 15]. New polygons: 938. Total: 2724
Info: [1 = 16]. New polygons: 1370. Total: 4094
Info: [1 = 17]. New polygons: 1939. Total: 6033
Info: [1 = 18]. New polygons: 2779. Total: 8812
Info: [1 = 19]. New polygons: 3819. Total: 12631
Info: [1 = 20]. New polygons: 5293. Total: 17924
Info: [1 = 21]. New polygons: 7191. Total: 25115
Info: [1 = 22]. New polygons: 9752. Total: 34867
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Reproduce Koelman's classification and store the output to HDF? files.

julia> st = HDFKoelmanStorage{Int}("/tmp");

julia> classify_polygons_by_number_of_lattice_points(st, 42);

The result will be HDFS files named 11.h5, 12.h5 etc., each containing one dataset of polygons
for every number of vertices as well as a dataset numbers_of_polygons holding their numbers.

julia> using HDF5

julia> f = h5open("/tmp/test/142.h5", "r")

T

TrTTTTTTTTT
BEEEEREEEEE

HDF5.File:

B

nleo
nll
nl2
n3
n4
n5
né
n7
n8
n9

numbers_of_polygons

(read-only) /tmp/test/142.h5
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julia> A = read_dataset(f, "numbers_of_polygons");

julia> sum(A) # The number of lattice polygons with 42 lattice points
1048176

julia> Ps = read_polygon_dataset(l, f, "n5"); # All pentagons with 42 lattice points.

julia> all(P -> number_of_lattice_points(P) == 42, Ps)
true

A.4.8 Lattice polygons by number of interior lattice points

Castryck [19] gave an algorithm to classify lattice polygons by number of interior lattice points
¢ and ran it up to ¢ = 30. Our implementation here successfully reproduces their numbers from
Table 1 of [19], see also A322343 on OEIS [43].

Julia Function A.4.30. source

move_out_edges(P :: RationalPolygon)

Given a k-rational polygon P, return the polygon P(~1) obtained by moving out all edges by %
See Subsection 1.2.3.

Julia Function A.4.31. source

classify_maximal_lattice_polygons_with_collinear_interior_points(i :: Int, T ::
— Type{<:Integer} = Int)

Return all maximal lattice polygons with ¢ collinear interior lattice points.

Julia Function A.4.32. source
classify_maximal_lattice_polygons_with_two_dimensional_empty_fine_interior(i :: Int, T
— . Type{<:Integer} = Int)

Return all maximal lattice polygons with 7 interior lattice points, where the convex hull of these
points is a two-dimensional lattice polygon without interior lattice points.

Julia Type A.4.33. source

abstract type CastryckStorage{T <: Integer} end

Abstract supertype of InMemoryCastryckStorage and HDFCastryckStorage. Both implement
classify_next_genus, which performs a single step in Castryck's classification of lattice poly-
gons.
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Julia Type A.4.34. source

mutable struct InMemoryCastryckStorage{T <: Integer} <: CastryckStorage{T}

A struct holding classification results of Castryck's classification of lattice polygons by number
of interior lattice points. It has the following fields:

* maximum_genus :: Int: An upper bound for the maximum number of lattice points that
the classification should run to. Defaults to 100.

* maximal_polygons :: Vector{Vector{RationalPolygon{T}}},
* all_polygons :: Vector{Vector{RationalPolygon{T}}},
* total_count :: Int: The total number of polygons found so far.

Julia Type A.4.35. source

struct HDFCastryckStoragePreferences{T <: Integer}

A struct holding preferences for Castryck's classification using the HDFS file format. It has the
following fields:

* swmr :: Bool: Whether to use single-writer-multiple-reader mode for HDF5. Defaults to
true.
* maximum_genus :: Int: An upper bound for the maximal number of interior lattice points

to which the classification should be run. Defaults to 100.

* maximum_number_of_vertices :: Int: An upper bound for the maximal number of ver-
tices to be expected in the classification. This has to be set since every HDFS5 file generated
will have a dataset numbers_of_polygons storing the number of polygons for each number
of vertices and the size of this dataset needs to be set beforehand. Defaults to 100, which
should be more than enough for any feasible computation.

* block_size :: Int: How many polygons should be read into memory at once during the
computation of subpolygons and the moving-out process. Defaults to 106.

Julia Type A.4.36. source

mutable struct HDFCastryckStorage{T <: Integer} <: CastryckStorage{T}

A struct for managing classification results of Castryck's classification of lattice polygons using
the HDFS file format. It has the following fields:

* preferences :: HDFCastryckStoragePreferences{T}
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* directory_path :: String: The directory where the HDFS5 files will be generated.

* last_completed_genus :: Int: The last completed step of the classification. Initially,
this will be 0.

* total_count :: Int: the total number of polygons found so far.

Julia Function A.4.37. source

classify_next_genus(st :: InMemoryCastryckStorage{T}; logging :: Bool = false) where
— {T <: Integer}

Perform a single step in Castryck's classification of lattice polygons by number of interior lattice
points, using in-memory storage. Returns a tuple where the first entry is the number of lattice
polygons obtained and the second number is the number of maximal lattice polygons.

Example:

Perform two steps in Castryck's classification. The result tells us that there are 45 lattice polygons
with exactly two interior lattice points, four of which are maximal.

julia> st = InMemoxryCastryckStorage{Int}();

julia> classify_next_genus(st)
(16, 3)

julia> classify_next_genus(st)
(45, 4)

source

classify_next_genus(st :: HDFCastryckStorage{T}; logging :: Bool = false) where {T <:
— Integer}

Perform a single step in Castryck's classification of lattice polygons using on-disk storage with
HDF5.

Julia Function A.4.38. source

classify_lattice_polygons_by_genus(st :: CastryckStorage{T}, max_genus :: Int; logging
— :: Bool = false) where {T <: Integer}

Run Castryck's classification of lattice polygons by number of interior lattice points, up to max_-
genus.

Example:

Reproduce Castryck's classification in memory, see Table 1 of [19] or A322343 on OEIS [43].
This should not take longer than a few minutes on modern hardware.
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julia> st = InMemoxyCastryckStorage{Int}();

julia> classify_lattice_polygons_by_genus(st, 30; logging=true)
Info: [1i = 1]. Got 3 maximal polygons.

Info: [1i = 1]. Subpolygons complete. Num of polygons: 16

Info: [1i = 1]. Moving out complete. New maximal polygons: 16

Info: [1i = 2]. Got 4 maximal polygons.

Info: [1i = 2]. Subpolygons complete. Num of polygons: 45

Info: [1i = 2]. Moving out complete. New maximal polygons: 22

Info: [1i = 3]. Got 6 maximal polygons.

Info: [i = 3]. Subpolygons complete. Num of polygons: 120

Info: [1i = 3]. Moving out complete. New maximal polygons: 63

Info: [1i = 4]. Got 9 maximal polygons.

Info: [i = 4]. Subpolygons complete. Num of polygons: 211

Info: [1i = 4]. Moving out complete. New maximal polygons: 78

Info: [1i = 5]. Got 11 maximal polygons.

Info: [1i = 5]. Subpolygons complete. Num of polygons: 403

Info: [1i = 5]. Moving out complete. New maximal polygons: 122

Info: [1 = 6]. Got 13 maximal polygons.

Info: [i = 6]. Subpolygons complete. Num of polygons: 714

Info: [i = 6]. Moving out complete. New maximal polygons: 192

Info: [1 = 7]. Got 16 maximal polygons.

Info: [1i = 7]. Subpolygons complete. Num of polygons: 1023

Info: [1i = 7]. Moving out complete. New maximal polygons: 239

Info: [1 = 8]. Got 21 maximal polygons.

Info: [i = 8]. Subpolygons complete. Num of polygons: 1830

Info: [i = 8]. Moving out complete. New maximal polygons: 316

Info: [1 = 9]. Got 27 maximal polygons.

Info: [1i = 9]. Subpolygons complete. Num of polygons: 2700

Info: [1i = 9]. Moving out complete. New maximal polygons: 508

Info: [1i = 10]. Got 33 maximal polygons.

Info: [1i = 10]. Subpolygons complete. Num of polygons: 3659

Info: [1i = 10]. Moving out complete. New maximal polygons: 509

Info: [1i = 11]. Got 38 maximal polygons.

Info: [1i = 11]. Subpolygons complete. Num of polygons: 6125

Info: [1i = 11]. Moving out complete. New maximal polygons: 700

Info: [i = 12]. Got 51 maximal polygons.

Info: [i = 12]. Subpolygons complete. Num of polygons: 8101

Info: [1i = 12]. Moving out complete. New maximal polygons: 1044

Info: [1i = 13]. Got 61 maximal polygons.

Info: [1i = 13]. Subpolygons complete. Num of polygons: 11027

Info: [i = 13]. Moving out complete. New maximal polygons: 1113

Info: [i = 14]. Got 76 maximal polygons.

Info: [1i = 14]. Subpolygons complete. Num of polygons: 17280

Info: [i = 14]. Moving out complete. New maximal polygons: 1429

Info: [i = 15]. Got 86 maximal polygons.

Info: [1i = 15]. Subpolygons complete. Num of polygons: 21499

Info: [i = 15]. Moving out complete. New maximal polygons: 2052

Info: [1i = 16]. Got 113 maximal polygons.
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Info: [1 = 16]. Subpolygons complete. Num of polygons: 28689
Info: [1 = 16]. Moving out complete. New maximal polygons: 1962
Info: [1 = 17]. Got 129 maximal polygons.

Info: [1 = 17]. Subpolygons complete. Num of polygons: 43012
Info: [1i = 17]. Moving out complete. New maximal polygons: 2651
Info: [1 = 18]. Got 166 maximal polygons.

Info: [1 = 18]. Subpolygons complete. Num of polygons: 52736
Info: [1i = 18]. Moving out complete. New maximal polygons: 3543
Info: [1 = 19]. Got 200 maximal polygons.

Info: [1 = 19]. Subpolygons complete. Num of polygons: 68557
Info: [1 = 19]. Moving out complete. New maximal polygons: 3638
Info: [1 = 20]. Got 240 maximal polygons.

Info: [1 = 20]. Subpolygons complete. Num of polygons: 97733
Info: [1 = 20]. Moving out complete. New maximal polygons: 4594
Info: [1 = 21]. Got 281 maximal polygons.

Info: [1i = 21]. Subpolygons complete. Num of polygons: 117776
Info: [1 = 21]. Moving out complete. New maximal polygons: 5996
Info: [1 = 22]. Got 352 maximal polygons.

Info: [1 = 22]. Subpolygons complete. Num of polygons: 152344
Info: [1i = 22]. Moving out complete. New maximal polygons: 6364
Info: [1 = 23]. Got 403 maximal polygons.

Info: [1i = 23]. Subpolygons complete. Num of polygons: 209409
Info: [1 = 23]. Moving out complete. New maximal polygons: 7922
Info: [1 = 24]. Got 506 maximal polygons.

Info: [1 = 24]. Subpolygons complete. Num of polygons: 248983
Info: [1 = 24]. Moving out complete. New maximal polygons: 9692
Info: [1 = 25]. Got 584 maximal polygons.

Info: [1 = 25]. Subpolygons complete. Num of polygons: 319957
Info: [1 = 25]. Moving out complete. New maximal polygons: 10208
Info: [1 = 26]. Got 708 maximal polygons.

Info: [1 = 26]. Subpolygons complete. Num of polygons: 420714
Info: [1 = 26]. Moving out complete. New maximal polygons: 12727
Info: [1 = 27]. Got 821 maximal polygons.

Info: [1 = 27]. Subpolygons complete. Num of polygons: 497676
Info: [1 = 27]. Moving out complete. New maximal polygons: 15431
Info: [1 = 28]. Got 995 maximal polygons.

Info: [i = 28]. Subpolygons complete. Num of polygons: 641229
Info: [1 = 28]. Moving out complete. New maximal polygons: 15918
Info: [1 = 29]. Got 1121 maximal polygons.

Info: [1 = 29]. Subpolygons complete. Num of polygons: 813814
Info: [1 = 29]. Moving out complete. New maximal polygons: 20354
Info: [1i = 30]. Got 1352 maximal polygons.

Info: [1i = 30]. Subpolygons complete. Num of polygons: 957001
Info: [1 = 30]. Moving out complete. New maximal polygons: 23873
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Example:

Reproduce Castryck's classification and store the output to HDFS files
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julia> st = HDFCastryckStorage{Int}("/tmp");

julia> classify_lattice_polygons_by_genus(st, 30);

This will create two directories all and maximal in the target directory and populate them with
HDFS5 files i1.h5, i2.h5, etc., containing the polygons. The files in maximal contain datasets
ordered by number of vertices. The files in all contain groups ordered by area, which contain
datasets ordered by number of vertices. Every HDFS5 file additionally contains a dataset num-
bers_of_polygons.

julia> using HDF5
julia> f = h5open("/tmp/all/i3@.h5", "x");

julia> Ps = read_polygon_dataset(1l, f, "a69/n8"); # Read in all octagons of genus 30
— with normalized volume 69

julia> all(P -> number_of_interior_lattice_points(P) == 30, Ps)
true

julia> A = read_dataset(f, "numbers_of_polygons"); # The total number of lattice
— polygons with 30 interior lattice points

julia> sum(A) # The total number of lattice polygons with 30 interior lattice points.
957001

A.4.9 Lattice polygons contained in a square

Brown and Kasprzyk [18] considered lattice polygons that are contained in a square of fixed
side length and classified them up to side length seven. Their numbers (Table 1 of [18], see
also A374975) can be reproduced with RationalPolygons. j1 by computing subpolygons of the
square. See also Classification 1.2.13 for the numbers up to side length 11.

julia> square(m) = convex_hull(LatticePoint{Int}[(@,0),(m,0),(@,m),(m,m)])
square (generic function with 1 method)

julia> Pss = [subpolygons(square(m); use_affine_normal_form = true,
— only_equal_number_of_interior_lattice_points = false) for m = 1 : 7];

julia> numbers_of_polygons = [length(Pss[m]) - length(Pss[m-1]) for m = 2 : 7]
6-element Vector{Int64}:
15
131
1369
13842
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129185
1104895

julia> max_vertices = [maximum(number_of_vertices.(Pss[m])) for m = 1 : 7]
7-element Vector{Int64}:

4

6

8

9

10

12

13

julia> [length(filter(P -> number_of_vertices(P) == max_vertices[m], Pss[m])) for m =
- 1 : 7]
7-element Vector{Int64}:

1

1

1

1

15

2

3

A.4.10 LDP polygons by Gorenstein index

Kasprzyk, Kreuzer and Nill [36] gave an algorithm to classify LDP polygons by Gorenstein index
and ran the classification up to index 17. RationalPolygons.jl implements a version of their
algorithm, which successfully reproduces their numbers (see Theorem 1.2 of [36]). See also
A145581 on OEIS [43] for the numbers up to index 32.

Julia Type A.4.39. source

PartiallLDP{T<:Integer,N,M}
A struct used in the classification of polygons by Gorenstein index. It contains three fields:

* P :: RationalPolygon{T,N,M}: The polygon constructed so far.
* initial_local_index : T: The local index of the special facet.

* ymin : T: Lower bound for the y-value of the next vertex to be chosen, see Algorithm 6.3
of [30].

Julia Function A.4.40. source
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initial_special_facets(index :: T, initial_local_index :: T) where {T <: Integer}

Return all possible initial special facet to start the classification as in step (1) of Algorithm 6.3 of

[56].

Julia Function A.4.41. source

choose_next_vertex(ldps :: Vector{<:PartiallLDP{T,N}}, index :: T) where {N, T <:
— Integer}

Perform a single step in the classification of LDP polygons by Gorenstein index as in step (2) of
Algorithm 6.3 of [36].

Julia Function A.4.42. source

classify_lattice_polygons_by_gorenstein_index(index :: T; logging :: Bool = false)
— where {T <: Integer}

Return all LDP polygons with given Gorenstein index, using the Algorithm described in [36].
Example:

There are 91 LDP polygons of Gorenstein index four: 13 triangles, 48 quadrilaterals, 29 pentagons
and one hexagon.

julia> Pss = classify_lattice_polygons_by_gorenstein_index(4);

julia> length. (Pss)
4-element Vector{Int64}:
13
48
29
1

julia> sum(ans)
91

A.4.11 LDP triangles by Gorenstein index

Béuerle [11] gave an algorithm to classify Fano simplices by dimension and Gorenstein index.
RationalPolygons. jlimplements a version of his algorithm (specialized to the two-dimensional
case), which reproduces his numbers successfully. See also Subsection 2.5.3 for a description of
the Algorithm and the classification up to Gorenstein index 45 000.

Julia Function A.4.43. source
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unit_fraction_partitions_length_three(t :: T) where {T <: Integer}
Return all triples (a,b,c) such that 2 = 1 + 3 + Landa < b < c. See also A004194 on OEIS
[43].

Example:

julia> unit_fraction_partitions_length_three(2)
10-element Vector{Tuple{Int64, Int64, Int64}}:

(3, 7, 42)
(3, 8, 24)
(3, 9, 18)
(3, 10, 15)
(3, 12, 12)
(4, 5, 20)
(4, 6, 12)
(4, 8, 8)

(5, 5, 10)
(6, 6, 6)

Julia Type A.4.44. source

abstract type BaeuerleStorage{T <: Integer} end

Abstract supertype of InMemoryBaeuerleStorage and HDFBaeuerleStorage.

Julia Type A.4.45. source

mutable struct InMemoryBaeuerleStorage{T <: Integer} <: BaeuerleStorage{T}

A struct holding classification results of Béuerle's classification of LDP triangles by Gorenstein
index.

Julia Type A.4.46. source

struct HDFBaeuerleStoragePreferences{T <: Integer}

A struct holding preferences for Bauerle's classification using the HDF5 file format. It has the
following fields:

* swmr :: Bool: Whether to use single-writer-multiple-reader mode for HDF5. Defaults to
true.
* step_size :: Int: The step size for multithreaded classification in terms of the Goren-

stein index. Defaults to 100.
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* maximum_gorenstein_index :: Int: The maximum Gorenstein index to be classified.
Defaults to 10°.

Julia Type A.4.47. source

mutable struct HDFBaeuerleStorage{T <: Integer} <: BaeuerleStorage{T}

A struct for managing classification results of Biuerle's classification of LDP triangles using the
HDFS5 file format. It has the following fields:

* preferences :: HDFBaeuerleStoragePreferences{T}
* file_path :: String: The path of the HDF file to be generated.

* last_completed_gorenstein_index :: Int: The last completed step of the classifica-
tion. Initially, this will be 0.

* total_count :: Int: The total number of polygons found so far.
Julia Function A.4.48. source
classify_lattice_triangles_by_gorenstein_index(t :: T) where {T <: Integer}

Return all LDP triangles with Gorenstein index .
Example:
There are five LDP triangles with Gorenstein index one:
julia> classify_lattice_triangles_by_gorenstein_index(1)
Set{RationalPolygon{Int64, 3}} with 5 elements:
Rational polygon of rationality 1 with 3 vertices.
Rational polygon of rationality 1 with 3 vertices.
Rational polygon of rationality 1 with 3 vertices.
3
3

Rational polygon of rationality 1 with 3 vertices.

Rational polygon of rationality 1 with 3 vertices.

source

classify_lattice_triangles_by_gorenstein_index(st :: InMemoryBaeuerleStorage{T},
— max_gorenstein_index :: T) where {T <: Integer}

Perform Béuerle's classification of LDP triangles up to max_gorenstein_index, storing the re-
sults in memory.

Example:

Reproduce Biuerle's original classification up to Gorenstein index 1000, see Theorem 1.4 of [11].
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julia> st = InMemoxryBaeuerleStorage{Int} ()
InMemoryBaeuerleStorage{Int64} (Vector{RationalPolygon{Int64, 3, 6}}[]1, O)

julia> classify_lattice_triangles_by_gorenstein_index(st, 1000);

julia> sum(length. (st.polygons))

2992229

source
classify_lattice_triangles_by_gorenstein_index(st :: HDFBaeuerleStorage{T},
— max_gorenstein_index :: T; logging :: Bool = false) where {T <: Integer}

Perform Béuerle's classification of LDP triangles up to max_gorenstein_index, storing the re-
sults in an HDFS file

A.4.12 LDP triangles with integral degree

Hausen and Kirdly [3 1] classified fake weighted projective planes having integral degree (=canon-
ical self intersection). In terms of polygons, these can be described as LDP triangles such that
twice the euclidean area of its dual is an integer (see also Proposition 2.2.23). The attained val-
ues of this integer (which is the degree of the associated fake weighted projective plane) are the
integers {1,2,3,4,5,6,8,9}. In total, there are 24 infinite series of these triangles, where each
of them is parameterized by the solution set of a squared Markov type equation (see Theorem 1.1
of [31]). These solution sets can be described as infinite binary trees with a unique root. Ratio-
nalPolygons.j1 uses this description to implement a classification algorithm for LDP triangles
with integral degree. To make this classification finite, one has to provide a maximal depth to
which the solution trees are traversed.

As with our other classifications, all functions come with a parameter T <: Integer, which is
the integer type to be used. Since the entries of the solution triples of squared Markov type
equations grow very quickly with increasing depth, it is recommended to use BigInt here instead
of fixed-size integer types (Int64 overflows already for depth = 4).

Julia Method A.4.49. source

degree(w :: SVector{3})

Return the degree of a fake weighted projective plane with given fake weight vector w. This is
given by the formula (w; + we + w3)/(wwaws), see for instance Proposition 3.7 of [31].

Julia Function A.4.50. source
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fake_weight_vector(P :: RationalPolygon{T,3}) where {T <: Integer}

Return the fake weight vector of the fake weighted projective plane associated to the LDP triangle
P.

Julia Function A.4.51. source

n_step_mutations(us :: Set{SVector{3,T}}, depth :: Int) where {T <: Integer}

Given solution triples us of a squared Markov type equation, return all solution triples that can
be obtained from us by applying at most depth many mutations. This function returns a vector of
length depth+1, containing for each level 7 from 0O to depth the set of solution triples after exactly
7 mutation steps.

Example:

Get all solutions to the squared Markov type equation 9zyz = (x + y + 2)? by starting with the
initial solution (1, 1, 1) and applying at most four mutations. Compare with 7°(9) of Remark 2.5
of [31].

julia> us = Set([SVector{3,Int}(1,1,1)])
Set{SVector{3, Int64}} with 1 element:
[1, 1, 1]

julia> n_step_mutations(us, 4)
5-element Vector{Set{SVector{3, Int64}}}:
Set([[1, 1, 1]])
Set([[1, 1, 4]1])
Set([[1, 4, 25]])
Set([[4, 25, 841], [1, 25, 169]])
Set([[25, 169, 37636], [25, 841, 187489], [1, 169, 1156], [4, 841, 28561]])

Julia Function A.4.52. source

initial_triple(:: Val{A}, T :: Type{<:Integer} = BigInt)

Return the unique initial triple of the squared Markov type equation Azyz = (x + y + 2)2.
Allowed values of A are 9, 8, 6 and 5.

Example:

The unique initial triples for all allowed values of A, see Theorem 2.2 of [31].
julia> [initial_triple(Val(A)) for A in [9,8,6,5]]

4-element Vector{SVector{3, BigInt}}:

[1, 1, 1]
[1, 1, 2]
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[1, 2, 3]
[1, 4, 5]

Julia Function A.4.53. source

adjust_triple(::Val{A}, u :: SVector{3,T}) where {T <: Integer}
adjust_triple(u :: SVector{3,T}) where {T <: Integer}

Reorder a solution triple of a squared Markov type equation to make it adjusted, according to
Definition 3.14 of [31]. Allowed values of A are 9, 8, 6 and 5. If A is not given, it is determined
by calculating the degree of u.

Example:

The solution triple (50, 9, 3481) for A = 8 is not adjusted, since the even entry is not last.

julia> adjust_triple(Val(8), SVector{3,Int}(50,9,3481))
3-element SVector{3, Int64} with indices SOneTo(3):

9
3481

50

Julia Function A.4.54. source

classify_squared_markov_type_equation_solutions(::Val{A}, depth :: Int, T ::
— Type{<:Integer} = BigInt) where {A}

Return all solutions to the squared Markov type equation Azyz = (x + y + 2)? by starting with
the initial solution and applying at most depth many mutations. Allowed values of A are 9, 8, 6
and 5.

Example:
All solution triples to 8zyz = (x + y + z)? with depth at most three.
julia> classify_squared_markov_type_equation_solutions(Val(8),3)
4-element Vector{Set{SVector{3, BigInt}}}:

Set([[1, 1, 2]])

Set([[1, 2, 9]])

set([[2, 9, 121], [1, 9, 50]])
Set([[9, 50, 3481], [2, 121, 1681], [1, 50, 289], [9, 121, 8450]])

Julia Function A.4.55. source
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fake_weight_vectors_to_triangles(us :: Set{SVector{3,T}}, p :: T) where {T <: Integer}

Given a set of triples us sharing the same integral degree A and an integer u, return all LDP
triangles having fake weight vector y - u. Allowed values of A are 9, 8, 6 and 5. Moreover,
must be a divisor of A. The resulting triangles will have degree A/u and multiplicity p.

Julia Function A.4.56. source

classify_lattice_triangles_integral_degree(::Val{K}, ::Val{p}, depth :: Int, T ::
— Type{<:Integer} = BigInt) where {K, p}

Return all LDP triangles (= fake weighted projective planes) with integral degree K and class
group torsion order p, up to a given depth in the Markov tree. Essentially, this returns the triangles
of the series (K -u-*) according to the notation of Theorem 1.1 of [31]. Allowed values of K are
1,2,3,4,5,6,8and 9. Allowed values of u are all integers such that i - K is 5, 6, 8 or 9.

Example:

Compute all LDP triangles of degree one and class group torsion order nine up to Markov depth
five. These consist of the three series (1-9-2), (1-9-5) and (1-9-8) from Theorem 1.1 of [31].
Note that for depths zero and one (which correspond to solution triples (1,1, 1) and (1,1,4) in
the Markov tree), the series overlap, hence there are only one resp. two triangles in this case,
which is also mentioned in the Theorem. After that, the number of triangles doubles with each
additional step.

julia> Pss = classify_lattice_triangles_integral_degree(Val(1l), Val(9), 5);

julia> length. (Pss)
6-element Vector{Int64}:
1
2
3
6
12
24

source

classify_lattice_triangles_integral_degree(::Val{K}, depth :: Int, T ::
— Type{<:Integer} = BigInt) where {K}

Return all LDP triangles (= fake weighted projective planes) with integral degree K, up to a given
depth in the Markov tree. Essentially, this returns the triangles of the series (K - * - ¥) according
to the notation of Theorem 1.1 of [31]. Allowed values of K are 1, 2, 3, 4, 5, 6, 8 and 9.

Example:
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Print the numbers of LDP triangles with integral degree K, for all possible values of K, up to
depth 10.

julia> [length.(classify_lattice_triangles_integral_degree(Val(K), 10)) foxr K in
- [1,2,3,4,5,6,8,9]]
8-element Vector{Vector{Int64}}:

[10, 18, 35, 70, 140, 280, 560, 1120, 2240, 4480, 8960]

[4, 6, 12, 24, 48, 96, 192, 384, 768, 1536, 3072]
[2, 3, 5, 10, 20, 40, 80, 160, 320, 640, 1280]
[1, 1, 2, 4, 8, 16, 32, 64, 128, 256, 512]

[1, 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024]

[1, 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024]

[1, 1, 2, 4, 8, 16, 32, 64, 128, 256, 512]

(1, 1, 1, 2, 4, 8, 16, 32, 64, 128, 256]

source

classify_lattice_triangles_integral_degree(depth :: Int, T :: Type{<:Integer} =
— BigInt)

Return all LDP triangles (= fake weighted projective planes) with integral degree, up to a given
depth in the Markov tree. This returns the union of all 24 series classified in Theorem 1.1 of [31].
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APPENDIX B

CStarSurfaces.|l

This appendix serves as a reference for CStarSurfaces.jl, a Julia package for computations
with rational projective C*-surfaces using their combinatorial description. It is built on top of
RationalPolygons.j1, which is described in Appendix A.

Let us give an impression of CStarSurfaces. j1 by means of an example session. After loading in
the package, we can create a CStarSurface by providing a defining triple as in Construction 3.1.1.

julia> using CStarSurfaces

julia> X = cstar_surface(PE, [[1,1]1,[4,2]1,[2]11, [[-1,-21,[3,-31,[111)
C*-surface of case PE with 1 = ((1,1),(4,2),2) andd = ((-1,-2),(3,-3),1)

Let us see its generator matrix and grading matrix:

julia> generator_matrix(X)

3x6 StaticArraysCore.SMatrix{3, 6, Int64, 18} with indices SOneTo(3)xSOneTo(6):
-1 -1 4 2 0 0
-1 -1 6 © 2 0
-1 -2 3 -3 1 1

julia> grading_matrix_free_part(X)

3x6 StaticArraysCore.SMatrix{3, 6, Int64, 18} with indices SOneTo(3)xSOneTo(6):
9 -9 -1 2 0 0

6 -4 o 1 1 0
8 -8 -1 2 0 1

julia> grading_matrix_torsion_part(X)

1x6 StaticArraysCore.SMatrix{1l, 6, Int64, 6} with indices SOneTo(1)xSOneTo(6):
o 0 1 1 0 ©o

Next, we compute basic global properties, like the class group, Gorenstein index, Picard index,
log canonicity and degree:

julia> class_group(X)
IN3 x Z/2

julia> gorenstein_index(X)
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julia> picard_index(X)
864

julia> log_canonicity(X)
1//3

julia> degree(X)
14//9

Let us now consider the fixed points of the C*-surface. In this case, there is the elliptic fixed point
x~, the hyperbolic fixed points xg; and x1; and the parabolic fixed points :L‘Sr, azf and x;:

julia> xs = fixed_points(X)
6-element Vector{FixedPoint}:
-

X" o

X"

X"

Xo1

X11

We can arrange their local properties into a pretty table as follows:

julia> using PrettyTables

julia> fs = [(X,x) -> x, class_group, gorenstein_index, log_canonicity, is_smooth,
< 1is_canonical];

julia> header = ["Point", "Class group", "Gorenstein index", "Log canonicity",
— "smooth?", "canonical?"];

julia> pretty_table([f(X,x) for x in xs, f in fs]; header)

| | | 1 | 1 1
| Point | Class group | Gorenstein index | Log canonicity | smooth? | canonical? |
; I I } ; } I
| x| 7/12 | 3| 1//3 | false | false |
| x*o | Z/1 | 1 | 1//0 | true | true |
| x*y | 7/4 | 2 | 1//2 | false | false |
| x| z/2 | 1 | 1//1 | false | true |
| xo: | z/1 | 1 | 1//0 | true | true |
| x11 | 7/18 | 9 | 1//3 | false | false |
| | | I | I |

Here, a log canonicity value of 1//@ (infinity by Julia's convention) is used for smooth points.
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This documentation is generated directly from the docstrings of the package's source code. An
online version is available on its GitHub page [52]. Every documented item includes a clickable
source link that directs to the corresponding line in the source code where it is defined. The
content here refers to version v1.0.0-thesis of CStarSurfaces.jl. All example sessions have
been tested and verified to work with this version.

B.1 Basic types

We briefly go over two basic types used in this package: CStarSurfaceCase and AbelianGroup.

B.1.1 Cases

Julia Type B.1.1. source

CStarSurfaceCase

An enum type with four values: EE, PE, EP, PP.

Julia Function B.1.2. source

invert_case(C :: CStarSurfaceCase, invert :: Bool = true)

Invert a case, see Definition 3.2.8. It sends EE to EE, PE to EP, EP to PE and PP to PP. If invert is
set to false, it just returns the given case.

Julia Method B.1.3. source

has_elliptic_fixed_point_plus(C :: CStarSurfaceCase)

Return true if C is EE or EP, false otherwise.

Julia Method B.1.4. source

has_elliptic_fixed_point_minus(C :: CStarSurfaceCase)

Return true if C is EE or PE, false otherwise.

Julia Method B.1.5. source

has_parabolic_fixed_point_curve_plus(C :: CStarSurfaceCase)

Return true if C is PP or PE, false otherwise.

Julia Method B.1.6. source
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has_parabolic_fixed_point_curve_minus(C :: CStarSurfaceCase)

Return true if C is PP or EP, false otherwise.

B.1.2 Abelian groups
Julia Type B.1.7. source

AbelianGroup{T <: Integer}
A struct representing a finitely generated abelian group. It consists of two fields:

e rank :: T:The rank of the group.

* elementary_divisors :: T: The elementary divisors, i.e. the orders of the torsion part.

Example:

Abelian groups are displayed using standard mathematical notation:

julia> AbelianGroup(3, [2,4])

IA3 x 2/2 x 1/4

Julia Function B.1.8. source

rank(G :: AbelianGroup)

The rank of an abelian group.

Julia Function B.1.9. source

elementary_divisors(A :: AbstractMatrix{T}) where {T <: Integer}

Return the elementary divisors of A, i.e. the nonzero diagonal entries in the Smith normal form.

source
elementary_divisors(G :: AbelianGroup)

The elementary divisors of the abelian group, i.e. the orders of the torsion part.

Julia Function B.1.10. source
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torsion_order(G :: AbelianGroup)

The order of the torsion part of the abelian group. This equals the product of its elementary
divisors.

Julia Function B.1.11. source

torsion_part(G :: AbelianGroup)

The torsion part of an abelian group.

Julia Function B.1.12. source

cokernel(A :: AbstractMatrix)

Return the cokernel of a matrix as an abelian group by computing its Smith normal form.

B.2 C*-surfaces

This section documents the main functionality around C*-surfaces and their global properties.
In Subsection B.2.1, we introduce the type CStarSurface, which is modeled by defining triples.
Subsection B.2.2 goes over functions computing global invariants. Finally, Subsection B.2.3 is
about the normal form.

B.2.1 The cstarSurface type

Recall from Section 3.1 that a C*-surface can be described by a defining triple (¢, , d) together
with a coefficient matrix A € C2*™. In CStarSurfaces.jl, we model only the defining triple
and ignore the coefficient matrix. This is because almost all numerical invariants (Gorenstein
index, Picard index, log canonicity etc.) only depend on the defining triple anyway, so there isn't
much use in distinguishing between C*-surfaces having equivalent defining triples, but different
coefficient matrices.

Since Julia's indexing of vectors is one-based, the convention for numbering the blocks used by
CStarSurfaces. jl differs from the one used throughout Chapter 3. In particular, we write R
for the number of blocks, which equals 4 1 in the notation of Construction 3.1.1. For some
user-facing functions, like 1, d and block_sizes, we add an offset to match the convention used
in Chapter 3.

Like the polygon type in RationalPolygons.j1, we use statically sized matrices for the defining
data of a C*-surface. This means the type will depend both on the number of blocks and the total
number of rays n = ng + - - - + n, as a type parameter.

Julia Type B.2.1. source
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CStarSurface{T<:Integexr,C,N,M,R}
The type of a C* surface. It has the following type parameters:

* T <: Integer. The integer type to be used, e.g. Int64 or BigInt.

* C :: CStarSurfaceCase. One of EE, EP, PE and PP. This describes the fixed point set of
the C*-surface, i.e. the existence of elliptic fixed points and parabolic fixed point curves.

* N :: Int. The number of rays in the toric ambient variety. This equals ng + - -- + n, in
the notation of Section 3.1.

* M :: Int. This always equals 2V.
* R :: Int. The number of arms of the C*-surface. This equals  + 1 in the notation of
Section 3.1.

The type itself has two fields:

* vertex_matrix :: SMatrix{2,N,T,M}. This contains the main part of the data: A 2 x N
integral matrix encoding the entries /;; and d;; of the rays of the toric ambient. In the
notation of Section 3.1, the vertex matrix has the form

lot oo long -+ b1 oo lem,
dor ... dong ... dr1 ... dpn,
* block_sizes :: SVector{R, T}. This determines which rays belong to which arm in the
toric ambient variety. In the notation of Section 3.1, it is the tuple (ng, ..., n;).
Julia Function B.2.2. source

cstar_surface(C :: CStarSurfaceCase, 1 :: Vector{Vector{T}}, d :: Vector{Vector{T}})
— where {T <: Integer}

Construct a C*-surface from a defining triple. This function does not check whether the input data
truly is a defining triple in the sense of Construction 3.1.1. In particular, it is the responsibility

of the user to ensure that ged(l;;, d;;) = 1, that %1 > --- > 7 and that the columns of the

generator matrix generate Q"' as a convex cone.
Example:
julia> cstar_surface(EE, [[1,41,[3],[2]11, [[-1,-51,[21,[11])

C*-surface of case EE with 1 = ((1,4),3,2) and d = ((-1,-5),2,1)

Julia Method B.2.3. source
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vertex_matrix(X :: CStarSurface)
The vertex matrix of a C*-surface. This encodes the rays in the toric ambient variety.
Example:

julia> X = cstar_surface(EE, [[1,4],[31,[211, [[-1,-51,[21,[111)
C*-surface of case EE with 1 = ((1,4),3,2) and d = ((-1,-5),2,1)

julia> vertex_matrix(X)
2x4 SMatrix{2, 4, Int64, 8} with indices SOneTo(2)xSOneTo(4):

1 4 3 2
-1 -5 2 1
Julia Function B.2.4. source

1(X :: CStarSurface, i :: Int, j :: Int)

Return the entry [;; of the defining triple. By convention, the indexation of the blocks starts with
zero, i.e. ¢ goes from 0 to number_of_blocks (X)-1. The indexation of the rays in each individual
block starts with one.

Julia Function B.2.5. source

d(X :: CStarSurface, i :: Int, j :: Int)

Return the entry d;; of the defining triple. By convention, the indexation of the blocks starts with
zero, i.e. ¢ goes from 0 to number_of_blocks (X)-1. The indexation of the rays in each individual
block starts with one.

Julia Function B.2.6. source

number_of_blocks(X :: CStarSurface)

The number of blocks (arms) of a C*-surface.

Julia Function B.2.7. source

block_sizes(X :: CStarSurface)

The sizes of the individual blocks of a C*-surface.

source

213


https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/CStarSurface.jl#L198-L206
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/CStarSurface.jl#L213-L221
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/CStarSurface.jl#L107-L112
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/CStarSurface.jl#L116-L121
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/CStarSurface.jl#L125-L130

B.2. C*-surfaces

block_sizes(X :: CStarSurface, i :: Int)

The size of the i-th block of a C*-surface.

Julia Function B.2.8. source

case(X :: CStarSurface)

The case of the C*-surface, as a CStarSurfaceCase.

Julia Method B.2.9. source

has_elliptic_fixed_point_plus(X :: CStarSurface)

Whether the C*-surface has an elliptic fixed point ™ as the source. This means the case is either
EE or EP.

Julia Method B.2.10. source

has_elliptic_fixed_point_minus(X :: CStarSurface)

Whether the C*-surface has an elliptic fixed point £~ as the sink. This means the case is either
EE or PE.

Julia Method B.2.11. source

has_parabolic_fixed_point_curve_plus(X :: CStarSurface)

Whether the C*-surface has a curve of parabolic fixed points as the source. This means the case
is either PE or PP.

Julia Method B.2.12. source

has_parabolic_fixed_point_curve_minus(X :: CStarSurface)

Whether the C*-surface has a curve of parabolic fixed points as the sink. This means the case is
either EP or PP.

Julia Function B.2.13. source

ray(X :: CStarSurface, i :: Int, j :: Int)

Return the j-th ray of the i-th block of the C*-surface. By convention, the indexation of the blocks
starts with zero, i.e. 7 goes from 0 to number_of_blocks(X)-1. The indexation of the rays in each
individual block starts with one.

214


https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/CStarSurface.jl#L134-L139
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/CStarSurface.jl#L154-L160
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/CStarSurface.jl#L165-L171
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/CStarSurface.jl#L176-L182
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/CStarSurface.jl#L187-L193
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/CStarSurface.jl#L228-L252

Appendix B. CStarSurfaces.jl

This returns the ray as a vector with two entries. See also embedded_ray for the embedding into

R-dimensional space, which is the actual ray of the ambient toric variety.

Example:

julia> X = cstar_surface(EE, [[1,4],[31,[211, [[-1,-51,[21,[111)
C*-surface of case EE with 1 = ((1,4),3,2) and d = ((-1,-5),2,1)

julia> ray(X,0,2)

2-element SVector{2, Int64} with indices SOneTo(2):
4
-5

Julia Function B.2.14.

embedded_ray (X :: CStarSurface, i :: Int, j :: Int)

source

The j-th ray of the i-th block of the toric ambient variety. This is the embedded ray into R-

dimensional space, where R is the number of blocks.

Example:

julia> X = cstar_surface(EE, [[1,4],[31,[211, [[-1,-51,[21,[111)
C*-surface of case EE with 1 = ((1,4),3,2) and d = ((-1,-5),2,1)

julia> embedded_ray(X,0,2)

3-element SVector{3, Int64} with indices SOneTo(3):
-4
-4
-5

Julia Function B.2.15.

generator_matrix(X :: CStarSurface)

source

The generator matrix of the ambient toric variety of X. The columns of this matrix are the

primitive ray generators of the fan of the ambient toric variety. See Construction 3.1.1.

Example:

julia> X = cstar_surface(EE, [[1,4],[31,[211, [[-1,-51,[21,[111)
C*-surface of case EE with 1 = ((1,4),3,2) and d = ((-1,-5),2,1)

julia> generator_matrix(X)

3x4 SMatrix{3, 4, Int64, 12} with indices SOneTo(3)xSOneTo(4):
-1 -4 3 0
-1 -4 0 2
-1 -5 2 1
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Julia Function B.2.16. source

slope(X :: CStarSurface, i :: Int, j :: Int)

The slope of the j-th ray of the i-th block, i.e. d;j/l;;.

Julia Function B.2.17. source

sum_of_maximal_slopes(X :: CStarSurface)

The sum of the maximal slopes over all blocks.

Julia Function B.2.18. source

sum_of_minimal_slopes(X :: CStarSurface)

The sum of the minimal slopes over all blocks.

Julia Function B.2.19. source

1_plus(X :: CStarSurface)

The rational number (1 := lo% + -+ ﬁ — r + 1, see Definition 7.4 of [27]

Julia Function B.2.20. source

1 _minus(X :: CStarSurface)

The rational number £~ := + -+ — — 7+ 1, see Definition 7.4 of [27].

1
Tong
B.2.2 Global properties

We describe functions that compute global properties of C*-surfaces. For the class_group, mul-
tiplicity and picard_index, we refer to Section 3.3.1 and [27] for more details. For other
properties, like gorenstein_index, is_quasismooth, is_log_terminal, log_canonicity, and
degree, we refer to [27].

Julia Method B.2.21. source

class_group(X :: CStarSurface)

Return the divisor class group of X. See Definition 3.3.1.

Example:
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julia> X = cstar_surface(PE, [[1,1]1,[31,[311, [[-1,-31,121,[211)
C*-surface of case PE with 1 = ((1,1),3,3) and d = ((-1,-3),2,2)

julia> class_group(X)
IN2 x Z/3
Julia Method B.2.22. source

multiplicity(X :: CStarSurface)

Return the order of the torsion part of the class group of X.

Julia Method B.2.23. source
grading_matrix_free_part(X :: CStarSurface)

Return the free part of the grading matrix associated to X. See Definition 3.3.1.

Example:

julia> X = cstar_surface(PE, [[1,1],[31,[311, [[-1,-31,[21,[211)
C*-surface of case PE with 1 = ((1,1),3,3) and d = ((-1,-3),2,2)

julia> grading_matrix_free_part(X)
2x5 SMatrix{2, 5, Int64, 10} with indices SOneTo(2)xSOneTo(5):
5 1 2 2 0
-3 6 -1 -1 1
Julia Method B.2.24. source
grading_matrix_torsion_part(X :: CStarSurface)
Return the torsion part of the grading matrix associated to X. See Definition 3.3.1.

Example:

julia> X = cstar_surface(PE, [[1,1],[31,[311, [[-1,-31,[21,[211)
C*-surface of case PE with 1 = ((1,1),3,3) and d = ((-1,-3),2,2)

julia> grading_matrix_torsion_part(X)
1x5 SMatrix{1l, 5, Int64, 5} with indices SOneTo(1)xSOneTo(5):
o 0 1 2 ©

Julia Method B.2.25. source
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grading_matrix(X :: CStarSurface)

Return a tuple (Qo, Q1) where Q) is the free part and (91 is the torsion part of the grading matrix
associated to X . See Definition 3.3.1.

Julia Method B.2.26. source

picard_index(X :: CStarSurface)

Return the index of the Picard group inside the divisor class group of X. This equals the product
of all local multiplicities divided by the global multiplicity, see Theorem 3.3.13.

Example:

julia> X = cstar_surface(PE, [[1,1],[31,[31], [[-1,-31,[2]1,[2]11)
C*-surface of case PE with 1 = ((1,1),3,3) and d = ((-1,-3),2,2)

julia> picard_index(X)
90
Julia Method B.2.27. source

gorenstein_index (X :: CStarSurface)

Return the Gorenstein index of X. This is the least common multiple of the local Gorenstein
indices, see also gorenstein_index.

Example:

julia> X = cstar_surface(PE, [[1,11,[31,[311, [[-1,-31,[21,[211)
C*-surface of case PE with 1 = ((1,1),3,3) and d = ((-1,-3),2,2)

julia> gorenstein_index(X)
15

Julia Method B.2.28. source

is_quasismooth(X :: CStarSurface)
Check whether X is quasismooth, i.e. its characteristic space is smooth. See Summary 8.1 of

[27] for a description in terms of the defining data.

Example:
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julia> X = cstar_surface(PE, [[1,1]1,[31,[311, [[-1,-31,121,[211)
C*-surface of case PE with 1 = ((1,1),3,3) and d = ((-1,-3),2,2)

julia> is_quasismooth(X)

true
Julia Method B.2.29. source
is_factorial(X :: CStarSurface)

Check whether X is locally factorial, i.e. all local class groups are trivial.

Example:

julia> X = cstar_surface(PE, [[1,1]1,[31,[31]1, [[-1,-31,[21,[211)
C*-surface of case PE with 1 = ((1,1),3,3) and d = ((-1,-3),2,2)

julia> is_factorial(X)
false
Julia Method B.2.30. source

is_smooth(X :: CStarSurface)

Check whether X is smooth. This is equivalent to being factorial and quasismooth.

Julia Method B.2.31. source

log_canonicity(X :: CStarSurface)

Return the maximal € > 0 such that the surface has £-log canonical singularities. For smooth
surfaces, this returns 1//0, which is infinity by Julia's convention.

Example:

julia> X = cstar_surface(PE, [[1,1]1,[31,[31]1, [[-1,-31,121,[211)
C*-surface of case PE with 1 = ((1,1),3,3) and d = ((-1,-3),2,2)

julia> log_canonicity(X)
2//5

Julia Method B.2.32. source
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is_log_canonical(X :: CStarSurface, € :: Real = 0)

Check whether X is e-log canonical.

Julia Method B.2.33. source
is_log_terminal(X :: CStarSurface, € :: Real = 0)

Check whether X is e-log terminal.

Julia Method B.2.34. source

degree(X :: CStarSurface)

The self-intersection number of an anticanonical divisor of X. See Proposition 7.9 of [27] for a
formula in terms of the defining data.

B.2.3 Admissible operations and the normal form

We provide an implementation of the normal form for defining triples from Section 3.2.

Julia Function B.2.35. source

mfrak_plus(X :: CStarSurface)
The sum of the rounded down slopes |m;; |, see Definition 3.2.20.
Julia Function B.2.36. source
mfrak_minus(X :: CStarSurface)
Minus the sum of the rounded up slopes [mmi], see Definition 3.2.20.
Julia Function B.2.37. source
beta_plus(X :: CStarSurface)
The nested vector with entries m;; — |m1], see Definition 3.2.20. It is not yet sorted.
Julia Function B.2.38. source
beta_minus(X :: CStarSurface)

The nested vector with entries [y, | — m;;, see Definition 3.2.20. It is not yet sorted.

Julia Function B.2.39. source
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are_equivalent(X :: CStarSurface{T}, Y :: CStarSurface{T}) where {T <: Integer}

Check whether two C*-surfaces are isomorphic, i.e. whether the defining triples are equivalent.
This is done by comparing (m*, 37) and (m~, 37), see Lemma 3.2.21.

Julia Function B.2.40. source

orientation(X :: CStarSurface)

The orientation of a C*-surface, see Definition 3.2.22. This is either —1, 0, or 1.

Julia Function B.2.41. source

is_normal_form(X :: CStarSurface)

Check whether a (defining triple of a) C*-surface is in normal form. This holds if the following
three conditions are satisfied, see Definition 3.2.24.

* The orientation is non-negative,
* beta_plus is sorted lexicographically,

e Wehave 0 < d;; <l;; forall: = 1,...,7’.
Julia Type B.2.42. source

AdmissibleOperation{T<:Integer, R}
An admissible operation of a C*-surface. It consists of three fields:

* invert :: Bool: Whether the operation contains an inversion,
* perm :: SVector{R,Int}: The permutation to apply to the blocks,
* ¢ :: SVector{R,T}: The coeflicients to apply in the addition.
See also Definition 3.2.8 and Lemma 3.2.9. Note that both perm and c are static vectors of length

equal to the number of blocks. In particular, we require that c; = —(ca + -+ - 4 ¢,) (in contrast
to Section 3.2.5, the indexation here is one-based).

Admissible operations can be applied to C*-surfaces using standard Julia call syntax. See for
instance the example at inversion.

Julia Function B.2.43. source
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admissible_operation(invert :: Bool, perm :: SVector{R,Int}, c :: SVectoxr{S,T}) where
— {R,S,T<:Integer}

Construct an admissible operation from an inversion, a permutation and an addition. Here, we
must have S = R — 1.

Julia Function B.2.44. source

inversion(R :: Int, T :: Type{<:Integer} = Int)

Return an inversion as an admissible operation, see Definition 3.2.8. It takes the number of blocks
of the C*-surface and optionally an integer type as input.

Example:

julia> X = cstar_surface(PE, [[1,11,[21,[411, [[-2,-31,[11,[31]1)
C*-surface of case PE with 1 = ((1,1),2,4) and d = ((-2,-3),1,3)

julia> a = inversion(3)
AdmissibleOperation{Int64, 3}(true, [1, 2, 3], [0, 0, @])

julia> generator_matrix(a(X))

3x5 SMatrix{3, 5, Int64, 15} with indices SOneTo(3)xSOneTo(5):
-1 -1 2 0 0
-1 -1 0 4 0
3 2 -1 -3 -1

Julia Function B.2.45. source
permutation(perm :: SVector{R,Int}, T :: Type{<:Integer} = Int) where {R}
Return a permutation as an admissible operation, see Definition 3.2.8.

Example:

julia> X = cstar_surface(PE, [[1,1],[21,[41]1, [[-2,-31,[11,[311)
C*-surface of case PE with 1 = ((1,1),2,4) and d = ((-2,-3),1,3)

julia> a = permutation(@SVector [2,3,1])
AdmissibleOperation{Int64, 3}(false, [2, 3, 1], [0, 0, O])

julia> generator_matrix(a(X))

3x5 SMatrix{3, 5, Int64, 15} with indices SOneTo(3)xSOneTo(5):
-2 4 0 0 0
-2 0 1 1 0
1 3 -2 -3 1
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Julia Function B.2.46.

addition(c :: SVector{R,T}) where {R, T <: Integer}

Return an addition as an admissible operation, see Definition 3.2.8.
Example:

julia> X = cstar_surface(PE, [[1,1]1,[21,[41]1, [[-2,-31,[11,[311)
C*-surface of case PE with 1 = ((1,1),2,4) and d = ((-2,-3),1,3)

julia> a = addition(@SVector [2,-1])
AdmissibleOperation{Int64, 3}(false, [1, 2, 3], [-1, 2, -1])

julia> generator_matrix(a(X))

3x5 SMatrix{3, 5, Int64, 15} with indices SOneTo(3)xSOneTo(5):
-1 -1 2 0 0
-1 -1 o 4 0
-3 -4 5 -1 1

Julia Function B.2.47.

normal_form_with_operation(X :: CStarSurface)

source

source

Return a pair (Y, ), where v is an admissible operation turning X into normal form and Y =

(X)), see Proposition 3.2.25

Example:

julia> X = cstar_surface(EP, [[2],[1,11,[41]1, [[-5]1,[2,11,[9]11)
C*-surface of case EP with 1 = (2,(1,1),4) and d = (-5,(2,1),9)

julia> Y, a = normal_form_with_operation(X)

(C*-surface of case PE with 1 = ((1,1),2,4) and d = ((-2,-3),1,3)

— AdmissibleOperation{Int64, 3}(true, [2, 1, 3], [-1, -2, 3]))

julia> a(X) ==
true

Julia Function B.2.48.

normal_form(X :: CStarSurface)

Return the normal form of a defining triple of a C*-surface, see Proposition 3.2.25.

’

source
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https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/normal_form.jl#L201-L222
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/normal_form.jl#L244-L263
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/normal_form.jl#L275-L280

B.3. Fixed points and local properties

B.3 Fixed points and local properties

Recall that there are three kinds of fixed points of C*-surfaces: elliptic, hyperbolic and parabolic.
In CStarSurfaces. j1l, we model fixed points by a type hierarchy with an abstract type Fixed-
Point at the top. This allows us to implement local properties like gorenstein_index and log_-
canonicity separately for each type of fixed point using Julia's dispatch mechanism. We found
that sometimes, hyperbolic and parabolic fixed point can be treated uniformly, while elliptic fixed
points need to be treated differently. Hence we will refer to hyperbolic and parabolic fixed points
collectively as bolic fixed points.

In Subsection B.3.1, we go over the type hierarchy of fixed points. In Subsection B.3.2, we discuss
local properties.

B.3.1 Fixed points

The following graph summarizes the different fixed point types and their subtype relations. Ab-
stract types have dashed boundaries.

ParabolicFixedPointPlus

ParabolicFixedPointMinus

Julia Type B.3.1. source

FixedPoint

Abstract supertype of a fixed point on a C*-surface. Here, a fixed point is understood to be a
formal symbol associated to the defining triple, see Definition 3.3.6.

This type has the two subtypes E11ipticFixedPoint and BolicFixedPoint.

Julia Type B.3.2. source

EllipticFixedPoint <: FixedPoint

Abstract supertype of elliptic fixed points of a C*-surface. It has two subtypes E1lipticFixed-
PointPlus and E11lipticFixedPointMinus.
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https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/FixedPoint/FixedPoint.jl#L1-L10
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/FixedPoint/Elliptic.jl#L1-L7
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Julia Type B.3.3. source

EllipticFixedPointPlus <: EllipticFixedPoint

The elliptic fixed point 2. This struct has no fields.

Julia Type B.3.4. source

EllipticFixedPointMinus <: EllipticFixedPoint

The elliptic fixed point ™. This struct has no fields.

Julia Type B.3.5. source

BolicFixedPoint <: FixedPoint

Abstract supertype of ParabolicFixedPoint and HyperbolicFixedPoint.

Julia Type B.3.6. source

HyperbolicFixedPoint <: BolicFixedPoint

A struct describing a hyperbolic fixed point z;; of a C*-surface. It has two fields i :: Int and
j :: Int, which are the indices of the block and the ray inside the block that this fixed point is
associated to.

Julia Type B.3.7. source

ParabolicFixedPoint <: BolicFixedPoint

Abstract supertype of parabolic fixed points of a C*-surface. It has two subtypes Parabolic-
FixedPointPlus and ParabolicFixedPointMinus.

Julia Type B.3.8. source

ParabolicFixedPointPlus <: ParabolicFixedPoint

A parabolic fixed point x;r It has one field i :: Int, which is the index of the arm of the fixed
point.

Julia Type B.3.9. source

ParabolicFixedPointMinus <: ParabolicFixedPoint

A parabolic fixed point x; . It has one field i :: Int, which is the index of the arm of the fixed
point.
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https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/FixedPoint/Elliptic.jl#L11-L16
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/FixedPoint/Elliptic.jl#L20-L25
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/FixedPoint/Bolic.jl#L2-L7
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/FixedPoint/Hyperbolic.jl#L1-L8
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/FixedPoint/Parabolic.jl#L1-L7
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/FixedPoint/Parabolic.jl#L11-L17
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/FixedPoint/Parabolic.jl#L23-L29
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Julia Function B.3.10.

elliptic_fixed_points(X :: CStarSurface)

Return all elliptic fixed points of X, see Definition 3.3.6.

Julia Function B.3.11.

hyperbolic_fixed_points(X :: CStarSurface)

Return all hyperbolic fixed points of X, see Definition 3.3.6.

Julia Function B.3.12.

parabolic_fixed_points(X :: CStarSurface)

Return all parabolic fixed points of X, see Definition 3.3.6.

Julia Function B.3.13.

bolic_fixed_points(X :: CStarSurface)

Return all bolic (hyperbolic and parabolic) fixed point of X, see Definition 3.3.6.

Julia Function B.3.14.

fixed_points(X :: CStarSurface)

Return all fixed points of X, see Definition 3.3.6.

Example:

julia> X = cstar_surface(PE, [[1,11,[1,1]1,[211, [[-3,-41,[0,-11,[111)
C*-surface of case PE with 1 = ((1,1),(1,1),2) and d = ((-3,-4),(0,-1),1)

julia> fixed_points(X)
6-element Vector{FixedPoint}:
e

X" o

X1

X"

Xo1

X11
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https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/FixedPoint/Elliptic.jl#L29-L34
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/FixedPoint/Hyperbolic.jl#L20-L26
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/FixedPoint/Parabolic.jl#L35-L41
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/FixedPoint/Bolic.jl#L10-L16
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/FixedPoint/FixedPoint.jl#L14-L35
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B.3.2 Local properties

Julia Function B.3.15. source

toric_chart(X :: CStarSurface, x :: FixedPoint)

Return the generator matrix of the toric chart around a fixed point. This is the local generator
matrix, as in Definition 3.3.7.

Example:

julia> X = cstar_surface(PE, [[1,1],[1,1]1,[2]11, [[-3,-41,[0,-11,[111)
C*-surface of case PE with 1 = ((1,1),(1,1),2) and d = ((-3,-4),(0,-1),1)

julia> toric_chart(X, EllipticFixedPointMinus())
3x3 SMatrix{3, 3, Int64, 9} with indices SOneTo(3)xSOneTo(3):

-1 1 0

-1 o 2

-4 -1 1
Julia Function B.3.16. source
class_group(X :: CStarSurface, x :: FixedPoint)

Return the local class group at the point x.

Example:

julia> X = cstar_surface(PE, [[1,1],[1,1]1,[211, [[-3,-41,[0,-11,[111)
C*-surface of case PE with 1 = ((1,1),(1,1),2) and d = ((-3,-4),(0,-1),1)

julia> class_group(X, EllipticFixedPointMinus())

Z/9

Julia Function B.3.17. source
multiplicity(X :: CStarSurface, x :: FixedPoint)

Return the order of the local class group at the point x, see Definition 3.3.8.

Example:

julia> X = cstar_surface(PE, [[1,1],[1,1]1,[2]11, [[-3,-41,[0,-11,[111)
C*-surface of case PE with 1 = ((1,1),(1,1),2) and d = ((-3,-4),(0,-1),1)

julia> multiplicity(X, EllipticFixedPointMinus())
9
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https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/FixedPoint/FixedPoint.jl#L44-L63
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/FixedPoint/FixedPoint.jl#L183-L198
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/FixedPoint/FixedPoint.jl#L87-L103
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Julia Function B.3.18. source

is_factorial(X :: CStarSurface, x :: FixedPoint)

Check whether a fixed point is factorial, i.e. its multiplicity is one.
Example:

julia> X = cstar_surface(PE, [[1,11,[1,1]1,[211, [[-3,-41,[0,-11,[111)
C*-surface of case PE with 1 = ((1,1),(1,1),2) and d = ((-3,-4),(0,-1),1)

julia> filter(x -> is_factorial(X,x), fixed_points(X))
4-element Vector{FixedPoint}:

X*o

X1

Xo1

X11

Julia Function B.3.19. source

is_quasismooth(X :: CStarSurface, x :: FixedPoint)

Check whether a fixed point is quasismooth. Bolic fixed points are always quasismooth. See
Summary 8.1 of [27].

Example:

julia> X = cstar_surface(PE, [[1,1]1,[1,1]1,[211, [[-3,-41,[0,-11,[111)
C*-surface of case PE with 1 = ((1,1),(1,1),2) and d = ((-3,-4),(0,-1),1)

julia> all(x -> is_quasismooth(X,x), fixed_points(X))

true
Julia Function B.3.20. source
is_smooth(X :: CStarSurface, x :: FixedPoint)

Check whether a fixed point is smooth. This is equivalent to being factorial and quasismooth.

Example:

julia> X = cstar_surface(PE, [[1,11,[1,1]1,[211, [[-3,-41,[0,-11,[111)
C*-surface of case PE with 1 = ((1,1),(1,1),2) and d = ((-3,-4),(0,-1),1)

julia> filter(x -> is_smooth(X,x), fixed_points(X))
4-element Vector{FixedPoint}:
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https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/FixedPoint/FixedPoint.jl#L110-L129
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/FixedPoint/FixedPoint.jl#L136-L152
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/FixedPoint/FixedPoint.jl#L156-L176
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Julia Function B.3.21. source

gorenstein_index (X :: CStarSurface, x :: FixedPoint)

Return the local Gorenstein index at the point x. See Propositions 8.8 and 8.9 of [27] for their
formulas in terms of defining data.

Example:

julia> X = cstar_surface(PE, [[1,1],[1,1]1,[2]11, [[-3,-41,[0,-11,[111)
C*-surface of case PE with 1 = ((1,1),(1,1),2) and d = ((-3,-4),(0,-1),1)

julia> gorenstein_index (X, EllipticFixedPointMinus())

3
Julia Function B.3.22. source
log_canonicity(X :: CStarSurface, x :: FixedPoint)

Return the maximal € > 0 such that the singularity at = is e-log canonical. By definition, this is
set to be 1//0 (infinity) for smooth points.

Example:

julia> X = cstar_surface(PE, [[1,1],[1,1]1,[2]11, [[-3,-41,[0,-11,[111)
C*-surface of case PE with 1 = ((1,1),(1,1),2) and d = ((-3,-4),(0,-1),1)

julia> [log_canonicity(X,x) for x in fixed_points(X)]
6-element Vector{Rational{Int64}}:

1//3

1//0

1//0@

1

1//0

1//0

Julia Function B.3.23. source
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https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/FixedPoint/FixedPoint.jl#L67-L83
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/FixedPoint/FixedPoint.jl#L205-L228
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/FixedPoint/FixedPoint.jl#L243-L248
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is_log_terminal(X :: CStarSurface, x :: FixedPoint, € :: Real = 0)

Check whether a point on a C*-surface is e-log terminal.

Julia Function B.3.24. source

is_log_canonical(X :: CStarSurface, x :: FixedPoint, € :: Real = 0)

Check whether a point on a C*-surface is e-log canonical.

Julia Function B.3.25. source

is_terminal(X :: CStarSurface, x :: FixedPoint)

Check whether a point on a C*-surface is terminal. This is equivalent to being smooth.

Example:

julia> X = cstar_surface(PE, [[1,11,[1,1]1,[211, [[-3,-41,[0,-11,[111)
C*-surface of case PE with 1 = ((1,1),(1,1),2) and d = ((-3,-4),(0,-1),1)

julia> filter(x -> is_terminal(X,x), fixed_points(X))
4-element Vector{FixedPoint}:

X*o

X" 1

Xo1

X11

Julia Function B.3.26. source

is_canonical(X :: CStarSurface, x :: FixedPoint)

Check whether a point on a C*-surface is canonical.

Example:

julia> X = cstar_surface(PE, [[1,1]1,[1,1]1,[211, [[-3,-41,[0,-11,[111)
C*-surface of case PE with 1 = ((1,1),(1,1),2) and d = ((-3,-4),(0,-1),1)

julia> filter(x -> is_canonical(X,x), fixed_points(X))
5-element Vector{FixedPoint}:

X*o

X"

X"

Xo1

X11
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https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/FixedPoint/FixedPoint.jl#L255-L260
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/FixedPoint/FixedPoint.jl#L267-L287
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/CStarSurface/FixedPoint/FixedPoint.jl#L294-L314
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B.4 Classifications

We provide implementations of the classification algorithms by Picard index from Section 3.4.

Julia Function B.4.1. source

decompositions(n :: T, len :: Int) where {T <: Integer}

Return all decompositions of n into a product of len positive integers.

Julia Function B.4.2. source

is_almost_free(xs :: AbstractVector)

Check whether a given n-element vector describes an almost free weight system, i.e. any n — 1
of the element are coprime.

Julia Type B.4.3. source

VarBound{T <: Integer}

A simple struct with two fields val :: Tandeq :: Bool. If eq is true, it is understood to be the
condition that a variable equals val. If eq is false, it is the condition that a variable is at least val.
This is used to encode the different subcases of the classification, see Table 3.4.

See also the constructors eq and geq.

Julia Function B.4.4. source

eq(x :: Integer)

A constructor of VarBound for an equality.

Julia Function B.4.5. source

geq(x :: Integer)

A constructor of VarBound for a lower bound.

Julia Function B.4.6. source

classify_ee_from_l@(p :: T, 101 :: T, 102 :: T, 1ls_bounds :: VarBound{T}...) where {T
— <: Integer}

An implementation of Algorithm 3.4.3. For the entries /1, ..., [, one can provide either lower
bounds or fixed values with VarBound.
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https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/Classifications/picard_index.jl#L11-L16
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/Classifications/picard_index.jl#L1-L7
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/Classifications/picard_index.jl#L32-L42
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/Classifications/picard_index.jl#L50-L55
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/Classifications/picard_index.jl#L59-L64
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/Classifications/picard_index.jl#L189-L196

B.4. Classifications

Julia Function B.4.7. source

classify_ee_from_ls(p :: T, 1@1_bound :: VarBound{T}, 102_bound :: VarBound{T}, 1ls ::
— T...) where {T <: Integer}

An implementation of Algorithm 3.4.4. For the entries [p; and [y2, one can provide either lower
bounds or fixed values with VarBound.

Julia Function B.4.8. source

classify_pe(p :: T, 1ls_bounds :: VarBound{T}...) where {T <: Integer}

An implementation of Algorithm 3.4.6. For the entries Iy, . .., [, one can provide either lower
bounds or fixed values with VarBound.

Julia Type B.4.9. source

SingularityType

An enum type with values eAeA, eAeD, eDeD, eAeE, eDeE, eEeE, eDp, eEp. This encodes the possible
singularity types in the classification of log del Pezzo C*-surfaces of Picard number one, see
Table 3.4.

Julia Function B.4.10. source

classify_by_picard_index(p :: T, ::Val{<:SingularityType}) where {T <: Integer}
classify_by_picard_index(p :: T) where {T <: Integer}

Return all log del Pezzo C*-surfaces of Picard number one with Picard index p. If a Singulari-
tyType is provided, only surfaces of this singularity type are computed.

Example:
There are 7137 surfaces of Picard index at most 500. There are no surfaces of Picard index 31 or
127, see also Theorem 3.4.12.

julia> Xss = classify_by_picard_index.(1:500);

julia> sum(length. (Xss))
7137

julia> filter(i -> isempty(Xss[i]), 1 : 500)
2-element Vector{Int64}:

31

127
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https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/Classifications/picard_index.jl#L246-L253
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/Classifications/picard_index.jl#L310-L317
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/Classifications/picard_index.jl#L76-L84
https://github.com/justus-springer/CStarSurfaces.jl/blob/a65e7cb8762761192003ad9d09a74620cb73f78d/src/Classifications/picard_index.jl#L154-L180
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