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Abstract

In psychology and the education sciences, multilevel data is omnipresent. In this data structure
observational units are nested within higher level units, such as students within classes. A
powerful tool for estimating parameters across these different levels is multilevel structural
equation modeling (SEM). Multilevel data can be arranged in two data formats, long (LF)
and wide (WF) format, and for both, multilevel SEM approaches are available. While both
approaches are applicable within the established lavaan package in the free and open-source
software R, the major advantage of the WF approach is its modifiability. Within my thesis, I
first (1) redefine ,small samples“ for multilevel data and compare the performance of both
approaches here. I then show that the WF approach can be modified to mitigate estimation
problems such as non-convergence and inaccuracy under conditions of (2) small samples
and (3) heterogeneous variances. Findings suggest that both approaches exhibit comparable
performance in small samples and that the proposed extensions of the WF approach offer
an accessible avenue for researchers dealing with multilevel analysis, particularly when data
acquisition is limited or heterogeneous populations are under investigation.
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Zusammenfassung

Forschungsfelder wie Psychologie und Erziehungswissenschaften widmen sich der Beobach-
tung, Erklarung und Vorhersage menschlichen Verhaltens. Das erworbene Wissen flief3t in
politische Entscheidungsprozesse ein, beispielsweise in die Frage, wie Schulen organisiert
werden sollten, damit Schiiler:innen ihr Potenzial optimal entfalten konnen. Ein solch zentra-
les Ziel mit weitreichenden Konsequenzen benétigt solide Methodik um Entscheidungen auf
Basis einer starken empirischen Grundlage treffen zu konnen.

Die erhobenen Daten in diesen Feldern sind oft Mehrebenendaten. Das heil3t, sie weisen eine
yhierarchische“ Struktur auf, in der niedrigere Ebenen in hohere Ebenen eingebettet sind, wie
zum Beispiel Schiiler:innen in Schulen. Wird die Abhédngigkeit in diesen Mehrebenendaten
nicht angemessen beriicksichtigt, kénnen Effekte zwischen den Ebenen nicht isoliert werden
und Parameter werden verzerrt geschéatzt (z.B., Clarke, 2008; Julian, 2001). Ein méchtiges
Analyse-Tool welches diese Abhédngigkeit berticksichtigt ist Mehrebenen-Strukturgleichungs-
modellierung. Diese ermdglicht die separate Schéatzung von Effekten auf den verschiedenen
Ebenen sowie die Modellierung von Messfehlern und komplexen Beziehungen zwischen laten-
ten und beobachteten Variablen. Mehrebenendaten kénnen entweder im ,langen“ oder ,wei-
ten“ Format angeordnet werden, und fiir beide Formate existieren Ansétze fiir Mehrebenen-
Strukturgleichungsmodellierung. Letzterer ldsst sich jedoch in der kostenlosen und quelloffe-
nen Software R besser modifizieren. Daher beschiftigt sich die vorliegende Arbeit mit der Vali-
dierung und Erweiterung des Ansatzes im langen Format zur Mehrebenen-Strukturgleichungs-
modellierung im lavaan Packet in R im Sinne der Prinzipien der Open Science Bewegung.

In meinen drei Dissertationsprojekten definiere ich zunéchst (1) den Begriff , kleine Stichpro-
ben“ in Mehrebenendaten genauer und zeige, dass beide Ansitze zur Mehrebenen-Struktur-
gleichungsmodellierung auch unter diesen Bedingungen dquivalent sind. Anschliefend erwei-
tere ich den Ansatz im weiten Format um zwei regelmiflig auftretende Schitzprobleme, nicht
konvergierende und ungenaue Modelle, die hdufig unter Bedingungen von (2) kleinen Stich-
proben und (3) heterogenen Varianzen auftreten, abzumildern. Die Ergebnisse legen nahe,
dass die vorgeschlagenen Erweiterungen eine zugingliche Moglichkeit fiir Forscher:innen bie-
tet die Mehrebenenanalysen durchfiihren, insbesondere wenn die Datenerhebung begrenzt
ist oder heterogene Populationen untersucht werden.
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Introduction

Professions such as psychology and the education sciences are dedicated to observing, ex-
plaining and predicting human behaviour. The acquired knowledge informs decision making
in politics such as how schools should be organized to help students reach their potential. For
such a pivotal purpose with lasting impact, sound methodology is a prerequisite for basing
decisions on strong empirical foundations.

Observational data in these fields often has a “hierarchical” structure in which lower level units
are nested within higher level units such as students within classrooms. If the dependence
in this multilevel data is not adequately accounted for, conflation of effects across levels and
biased parameter estimates might be the result (e.g. Clarke, 2008; Julian, 2001). A powerful
tool to account for the dependence is multilevel structural equation modeling (SEM): it allows
to estimate effects at different levels separately, account for measurement error, and model
complex relationships among latent and observed variables. Multilevel data can be arranged
in either long (LF) and wide (WF) format, and for both, multilevel SEM approaches exist.

A recent empirical investigation on common data analysis practices revealed that only 21% of
studies published in APA journals used analysis approaches that accounted for the multilevel
nature of the data, and of these, only 4% used multilevel SEM (Blanca et al., 2018). Even
more so, only a marginal fraction indicated having used the free and open-source software
R (3%) whereas a large majority (61%) used the proprietary software Mplus (Blanca et al.,
2018). Although the latter is undeniably the more versatile and powerful SEM software, the
accessibility and transparency of R is superior. In its established SEM package lavaan (Rosseel,
2012), both multilevel SEM approaches can be utilised but the WF approach has more options
to be modified. Thus, the present thesis revolves around validating and extending the WF
approach to multilevel SEM in the lavaan package in R in the spirit of Open Science principles.

Within the three research projects within my thesis, I first (1) define “small samples” in multi-
level data more precisely and validate that both the LF and WF approaches are equivalent in
these. I then extend the WF approach to mitigate two common estimation problems, namely
non-convergence and inaccuracy, under conditions of (2) small samples and (3) heteroge-
neous variances. In the subsequent chapters, I will elaborate on multilevel modeling, small
samples in multilevel data, the application of regularization in these settings, and heteroge-
neous variances and how my research endeavours are embedded within these.






1 Multilevel Modeling

A large body of observational data in psychology and the educational sciences has a so-called
“hierarchical” structure. Other terms frequently found in the literature are “clustered”, “nested”,
or “multilevel”. As the term hierarchy implies, the data has different levels. Lower level units
(e.g., level-1) are nested within higher level units (e.g., level-2), such as students nested within
classrooms or clients nested within therapists. These are examples of naturally occurring
clusters. However, clustering may also be introduced by research designs such as interventions
with experimental and control groups and a pre-post design. Here, time points are nested
within participants which are nested within experimental and control groups.

The existence of such data structures is neither accidental nor ignorable. Clustering induces
unobserved heterogeneity, which signifies that units across clusters are less similar to each
other than units within clusters. For example, students within a classroom share the same
influences, such as teachers, their teaching practices, and the students interact with each
other. Clients of a therapist share the practice of the therapist but they usually cannot interact
with each other unless it is a group therapy setting. Subjects in experimental or control groups
may have little in common other than receiving the same intervention (if the randomisation
has been done thoughtfully). Thus, while the level of clustering might differ, clusters tend to
become differentiated, and the resulting dependencies ought to be considered in analysis.

Traditional single-level methodology, such as ordinary least squares (OLS) regression, does not
account for the dependencies in the data. This dependency gives rise to two core problems
which B. O. Muthén (1994) classifies into sampling and varying parameters. Hierarchical data
is obtained by cluster sampling such as selecting classrooms and then students within these
classrooms. Thus, the assumption of independent and identically distributed observations
does not hold. Ignoring the clustering and analysing the level-1 units leads to conflated effects
across levels and biased parameter estimates (e.g. Clarke, 2008; Julian, 2001). Evidence sug-
gests that this is even the case when there are as few as two observations in each cluster (Clarke,
2008). In addition, measurement models might suffer from upward biased (co)variance esti-
mates, such as factor (co)variances and residual variances (Julian, 2001). The overestimation
of level-1 (co)variances is plausible when considering its conflation with the unaccounted
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level-2 (co)variances. The standard errors of these level-1 coefficients, estimated by dividing
their variability through the sample size, are then underestimated. Appropriate analysis needs
to specify stochastic variation that accounts for the cluster sampling, such as formulating
a model that decomposes the variation of an outcome into variation within and between
clusters, commonly referred to as within-between decomposition. Combining the evidence,
when researchers are merely interested in level-1 (e.g. students) effects, the number of clusters
is sufficiently large and the cluster size is balanced, then correcting standard errors may suffice
to deal with the sampling problem (Angrist & Pischke, 2009; Kreft & Yoon, 1994; McNabb
& Murayama, 2021). Nevertheless, this cannot account for the second drawback, namely
that parameter variability across clusters (e.g., classrooms), or put differently, heterogeneity,
remains unmodeled. In certain research fields, however, acknowledging varying parameters
is fundamental. For instance, in educational effectiveness research, individual student-level
variables (e.g., motivation, cognitive ability) and contextual classroom-level variables (e.g.,
teaching practices, school resources) are considered when modeling outcomes of interest (e.g.,
academic success). It takes into account that “how much a student learns depends on the
identity of the classroom to which that student is assigned” (p. 320, Monk, 1992). To address
both problems simultaneously, multilevel modeling (MLM), also known as hierarchical linear
modeling (HLM), linear mixed-effect modeling (LMM) or random effects modeling, has been
developed in the context of educational research (see e.g., Aitkin & Longford, 1986; Goldstein
& McDonald, 1988; Goldstein et al., 1993).

Figure 1.1: Two-Level Data

Level-2 .
‘' number of clusters .-

(e=4)

total
sample size :
(V=8)

Although manifold levels of data are conceivable, the focus within the present thesis is on two
levels, because two-level models are the most frequently used multilevel models in practice
(Dedrick et al., 2009). In Figure 1.1, a conceptual example of two-level data is depicted. At
level-2, four units (e.g., classrooms) are sampled, g = 4. The units at this level are called cluster.
Atlevel-1, two units (e.g., students) are observed within each level-2 unit, n = 2. This is often
referred to as the cluster size. In total, eight level-1 units are observed, N = 8. Next, we will
consider how relations in this data can be modelled within the general multilevel modeling
framework.



1.1 The Multilevel Modeling Framework

1.1 The Multilevel Modeling Framework

To begin with, let us revisit a simple single-level linear regression model in which only level-1
is modelled. It reads:

Yi=po+p1X;+e; 1.1

where the outcome Y; of individual i is modelled as a function of the predictor X;, for which
Bo is the intercept and f; is the slope. The intercept is defined as the conditional mean of the
outcome when the value of the predictor is 0. The slope is the change in outcome depending
on the value of the predictor. e; denotes the residual error of individual i which is the deviation
between values in the outcome that are observed and those that are predicted by the model.
Residual errors are assumed to be normally distributed with a mean of zero and variance o,:
e~N(0,02,).

When taking into account that individuals are nested within clusters, then regression coeffi-
cients, such as intercept and slope, are allowed to vary by cluster. The single-level regression
model above becomes a random intercept and slope model with one level-1 predictor. The
equation at level-1 reads:

Yij=Poj+P1jXij+eij (1.2)

where Y;; is the outcome for individual i in cluster j, Bo; and f; ; are the intercept and slope of
predictor X;; in cluster j, respectively, and e;; is the residual error which is (still) assumed to
be normally distributed with a mean of zero and variance 0,,: e ~ N(0,02¢). As the intercept
and slope of the predictor vary by cluster at level-2, their equations are as follows:

Boj =Yoo+ Uoj (1.3)

where y is the average intercept across clusters (i.e., the grand mean of the scores of all
individuals across all clusters when the predictor equals 0) and uy; is the deviation from
cluster j to the average intercept. The latter is assumed to be normally distributed with a
mean of y,, and variance 02y,: ug;j ~ N(Uy,, 02y,). Similarly:

B1j="7Y10+us;j (1.4)

where where Y1 is the average slope across clusters (i.e., the grand mean of the scores of
all individuals across all clusters when the predictor equals 0) and u; ; is the deviation from
cluster j to the average slope. The deviation is assumed to be normally distributed with a
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mean of y,, and variance 02y,: urj ~ N(ty,,02y4,).

In many textbooks, the presented effects are differentiated as fixed and random effects. Both
Yoo and Y1 can be thought of as fixed effects because they remain constant across all clusters.
In contrast, u; and u, j vary from cluster to cluster. They are thus considered random effects.
A model which incorporates both types of effects is often called random coefficient or mixed
effects model. Note, however, that the terms fixed and random effects are neither solely tied to
MLMs nor unambiguous in definition. For instance, they also denote two classes of modeling
frameworks that encompass several approaches with different assumptions and methods,
respectively (for an overview see e.g., Townsend et al., 2013). I will use these terms throughout
the present work but only in relation to MLMs.

Whether is is necessary to use the MLM framework for analysis depends on the empirical level
of clustering. It is suggested to estimate a random intercept-only model (i.e., an unconditional
model without a predictor) in order to decompose the variance of the outcome into variance
“within” (i.e., level-1) and “between” (i.e., level-2) clusters!. By means of this within-between
framework, the level of clustering can be assessed empirically by the Intraclass Correlation
(ICC). The ICC is defined as the between variance (03,,) divided through the total variance
(i.e., sum of the between and within variance, 03,, + 02, J. J. Hox et al., 2017). ICC values range
from zero to one in which small values indicate that units within clusters are not very similar
to each other and large values claim that they are similar. In psychology and the education
sciences, ICCs between 0.05 and 0.25 are frequently observed (Adams et al., 2004; Gulliford
et al.,, 1999). Some researchers consider a non-zero ICC as sufficient evidence for a substantial
level of clustering which justifies the application of the MLM framework for analysis. Other
researchers argue that not only the ICC but the design effect, which is influenced by the ICC
and the cluster size and which quantifies the effect of independence violations on standard
error estimates, should be considered when deciding whether do use MLM (see Peugh, 2010).
Regardless of which guidelines are used to justify using or not using a MLM framework, the
level of clustering in hierarchical data ought always be examined empirically.

The general MLM framework of a two-level random intercept and slope model as presented
above (see Equation 1.2, Equation 1.3 and Equation 1.4) might be extended in several ways. To
name a few, firstly, cross-level interactions (see e.g., Snijders & Bosker, 2012) can be included.
The idea behind these is that the level-2 variation of intercept and slope of level-1 predictors
might be explained by level-2 variables. For instance, differences across classrooms in the
effect of motivation on academic success might be related to teacher characteristics. Relating
level-1 and level-2 parameters, instead of just modeling both simultaneously, is a core strength
of MLM. Secondly, more than two levels can be modelled. For instance, when students are
nested in classrooms nested within schools, then a three-level analysis might be considered
(see e.g., Raudenbush & Bryk, 2002). However, when the number of units or the variance at

IFor clarification, note that when referring to levels of parameters, the terms within- and between-cluster
variables may be used but not when levels of sample sizes are concerned. Here, the terms level-1 and level-2 units,
or cluster size and number of clusters, are prevalent.
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the higher level(s) (including level-2) is small, then convergence and accuracy of higher level
parameter estimates of the model are threatened (D. Hox & McNeish, 2020; J. J. Hox & Maas,
2001; Lidtke et al., 2008, 2011; Muthen & Satorra, 1995; Stegmueller, 2013; Zitzmann, 2018;
Zitzmann et al., 2015). Alternatively, level-3 (e.g., schools) can to be modelled as categorical
predictor in two-level model. P. W. Hill and Rowe (1996) provides an empirical review and
guidelines for more than two-level MLMs in the educational sciences. Thirdly, the application
of MLMs can been extended to model non-linear relationships between variables such as log
linear models for discrete outcomes (see e.g., Goldstein, 1991; Rabe-Hesketh & Skrondal, 2008).
For instance, one might be interested in whether students pass a test (or not) depending on
the motivation of the students and whether there are differences between classrooms. More
extensions, such as Bayesian estimation and latent class models, can be found, for instance in
Snijders and Bosker (2012).

Over the course of the last two decades, MLM has become a standard approach in the analysis
of hierarchical data (Goldstein, 2011). However, certain limitations of the general MLM
framework remain. Firstly, most MLMs are restricted to model univariate outcomes. Thus,
complex relations between variables, such as mediator and moderator relations, cannot
be modelled. Secondly, modeling of measurement error is confined to a subset of MLMs,
particularly Bayesian ones (for an overview see Goldstein et al., 2008). Within psychological
research, where most phenomena of interest are non-observable, latent variables that are
tied by complex relations, this, however, restricts the general application of MLMs and the
reliability of the results obtained. Fortunately, structural equation models (SEM) incorporate
structural and measurement models, and their combination, multilevel SEMs (see e.g. the
work of Bryk & Raudenbush, 1987; McDonald, 1993; McDonald & Goldstein, 1989; B. O.
Muthén, 1989, 1990, 1994), represent a considerable advance over conventional MLMs.

1.2 Multilevel Structural Equation Modeling

Let us consider the measurement models first. The outcome Y;; is modelled by latent variables
at the between- and within-cluster levels. A general formulation of a latent factor model for
two-level data reads:

Yij=v+Apnpj+epj+tAwnwij+€ewij (1.5)

Between-Cluster Within-Cluster

where a conventional factor analysis, A7 + ¢, is extended to both the between-cluster (B) and
within-cluster (W) level, respectively, where A denotes the factor loadings, n represents the
latent factors and € the measurement errors. The measurement intercepts v belong only to
the between part as these are modeled by the cluster means.

In the structural models relations can be modelled at the between- and within-cluster level
similarly, see Equation 1.6 and Equation 1.7:
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TIBj:a"‘BBnBj"'(Bj (1.6)

Nwij =Bwnwij+{wij (1.7)

where B are regression weights (with zero diagonals elements) and ¢ are the residual errors.
The factor means «, analogously to the measurement intercepts, are only present at the
between-cluster level. Extensions may include adding contextual variables z and allowing for
varying factor means a; and measurement intercepts v; across clusters (see e.g., B. O. Muthén,
1990; B. O. Muthén & Satorra, 1989). Moreover, complex relations, such as mediator and
moderator relationships, even across levels, may be modelled (see e.g., Preacher et al., 2016)
and models may be extended to three levels (see e.g., B. O. Muthén, 1994; Preacher, 2011).

To estimate the afore mentioned model parameters, the total variance of the outcome Y;; is
decomposed into between- and within-cluster components:

V(Vij)=2r=2p+Zw (1.8)

Traditionally, a multilevel SEM is analyzed in the ‘long format’ (LF) approach as described by
several authors (see e.g., Bryk & Raudenbush, 1987; McDonald, 1993; McDonald & Goldstein,
1989; B. O. Muthén, 1989, 1990, 1994). In LE level-1 units are represented by separate rows.
Thus, it is sometimes called ‘univariate’ approach. However, a multilevel SEM in the LF
approach can be estimated as a single-level restricted confirmatory factor analysis (CFA; see
Bryk & Raudenbush, 1987; Chou et al., 1998; MacCallum et al., 1997; McArdle & Epstein, 1987;
Mehta & Neale, 2005; Meredith & Tisak, 1990). In the ‘wide format’ (WF) or ‘multivariate’
approach, level-1 units are represented by separate columns. Each row is independent and
corresponds to level-2 unit (i.e., classroom). Each observed variable is split times the cluster
size, or as Mehta and Neale (2005) put it “people are variables, too”. This way, univariate
multilevel models (MLM) become multivariate single-level models (CFA). Relations between
these two classes of models have also been discussed in univariate and multivariate SEM
formulations of latent growth curve (MacCallum et al., 1997; Willett & Sayer, 1994), explicit
MLM models (Rovine & Molenaar, 2000), and even in more complex MLMs such as hierarchical
factor models (Bauer, 2003; Curran, 2003) and the non-linear MLMs mentioned earlier which
have been shown to be formally equivalent with item response theory models (Rijmen et al.,
2003). Barendse and Rosseel (2020) described a general SEM framework for using the WF
approach for both continuous and discrete data and gave an in-depth tutorial on how to apply
the approach in lavaan. Past research demonstrated analytical and empirical equivalence of
the LF and WF approaches with regard to convergence and estimation accuracy (Barendse
& Rosseel, 2020; Mehta & Neale, 2005). Moreover, the WF approach has been praised for
its versatility. For instance, it has been used to integrate out nuisance parameters, more
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specifically, level-1 parameters when level-2 parameters were of primary interest, in order
to save run time (Hecht et al., 2020). More recently, Barendse and Rosseel (2023) proposed
to fit multilevel models with many latent variables, whose estimation often fails with most
frequentist estimation methods, in the WF approach with pairwise maximum likelihood
estimation.

In the following, the differences between the LF and the WF approach with regard to data
matrix, covariance matrices, and model specification will be illustrated. For this, a small
example data set which consists of five clusters (g = 5), with two units in each cluster (n = 2) is
presented. For every unit two continuous variables (p = 2), x; and x,?, were observed, which
were aggregated in order to obtain between-cluster variables. These kind of variables are often
referred to as “contextual” variables (see e.g., Boyd & Iversen, 1979; Raudenbush & Bryk, 2002).

1.2.1 The Long and Wide Format Approaches

Data Matrix

When arranging the data set in long format (LF), the total data matrix (LF-T) contains p
columns and N = g - n rows. For the decomposition of the total variance of each contextual
variable into within and between parts, the total data matrix (LF-T) is split into the between-
cluster data matrix (LF-B) and the within-cluster data matrix (LF-W). To achieve this, the
cluster means are estimated and subtracted from the observed values. These cluster means
constitute the between-cluster data matrix LF-B with p columns and g rows. The deviations
from these cluster means constitute the within-cluster data matrix LF-W with p columns and
g-n = Nrows. All three LF data matrices can be found on the left side in Figure 1.2.

In contrast, when arranging the data set in the wide format (WF), the total data matrix (WF-T)
consists of p- n columns and g rows. No decomposition of the within and between parts of
the total variance of contextual variables is taking place. However, each observed variable
p is split into n new variables. In this respect, recall how Mehta and Neale (p.1, 2005) put it:
“people [n] are variables too”. Thus, WF-T is a single-level represented two-level data matrix,
which can be found to the right in Figure 1.2.

When contrasting the LF and WF data matrices further, one important distinction has to be
emphasized. Whereas every observed variable p in both LF-W and LF-B includes information
on all N units, the p-n “observed” variables in WF-T only contain information on specific
g units. Put differently, for instance, x; 1 is the observed variable x; for every 15 unit in the
cluster (i = 1) for which one unit from every cluster, and five units in total (g = 5), have been
observed. This is why, I refer to the former as all-units and to the latter as specific-units
variable. Note that Barendse and Rosseel (2020) used the term unit-specific with respect to the
WEF variables, but to avoid confusing the term with person-specific effects, I do not use their

2Note that in the following, a random intercept-only model for x1 and x; is discussed. The random intercept
and slope model for y and x in this section has been introduced for reasons of comprehensiveness.
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terminology.

Figure 1.2: Data Matrices in Long Format (LF) and Wide Format (WF)

Long Format (LF) Wide Format (WF)
l- ----- W f ---------- cols: p . »i 77777 cols:p-n
il x| x i ’ i X | X Joo| ¥ | X2 | X2a | %22
1 0 1 1 1 0 o 112 10
o 2 2 2 2 1 0 0 o 2 2 1 12
2 3 o o0 1 2 a1 0 23 o 1 a1 2
b
4 0 1 ff 2 2 1 0 4 - 0 2 1
Between-Cluster 13 a0 Total Data Matrix (WF-T)

Data Matrix (LF-B)

1 4 2 1

2 4 2 A

Total Data Matrix (LF-T) Within-Cluster
Data Matrix (LF-W)

g = number of clusters (where j =1,..., 8), n = cluster size (where i = 1,...,n), N = total sample
size, p = number of observed variables. Example data set with g =4, n=2, N=8,and p = 2.

There is one important difference in the applicability of the approaches in lavaan that has to
be noted. The implementation of traditional maximum likelihood estimation (MLE) requires
that the sample covariance matrix is positive definite (Hamaker et al., 2003; H. Singer, 2010;
Van Montfort et al., 2018; Voelkle et al., 2012). This, amongst other things, necessitates that
the number of columns is less than or equal to the number of rows in the supplied data
matrix (LF-T or WE-T, respectively). Otherwise, at least one sample eigenvalue would become
zero and the sample covariance matrix would turn non-positive definite (e.g., Duncan et al.,
1997; Gorsuch, 1983b; Wothke, 1993). For instance, the example data set used in the figures
throughout this chapter contains the minimal number of clusters required in WF-T given the
number of observed variables and the cluster size (or, in other words, the number of columns
equals the number of rows). Alternatively, the raw data formulation of MLE, full information
maximum likelihood (FIML), may be used, which circumvents the problem (Hamaker et al.,
2003; Trendafilov & Unkel, 2011; Unkel & Trendafilov, 2010; Voelkle et al., 2012). As the LF
data matrices are longer than the WF data matrix this implies that there are samples which
can only be used in the LF approach. As the number of columns increases substantially with
large cluster sizes in the WF approach (i.e., number of columns equals p - n), it is rather suited
for data sets with smaller cluster sizes. However, as we will later see, one advantage of the
WEF approach is that in single-level SEM, a sample covariance matrix instead of a data matrix
might be supplied. This cannot be done in multilevel SEM (i.e., the LF approach) so far in
lavaan version 0.6-15.
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1.2 Multilevel Structural Equation Modeling

Sample Covariance Matrix

In LE one sample covariance matrix is estimated for each level off LF-W and LF-B. The MLEs for
the sample covariance matrices of both levels, the between-cluster estimator in Equation 1.9
and the pooled within-cluster estimator in Equation 1.10, read:

g
n — —
Sp=——) X;-X)X;-X7, (1.9)
g-1io3
1 — —
Spw=—— X X)X -XnT, (1.10)
pw N_gj:”; 1] ] 1] ]

with j =1,..., g clusters and i = 1, ..., n units per cluster. The total data matrix LF-T) is denoted
by X; j, the between-cluster matrix, which contains the cluster means, is denoted by X j»and
the within-cluster data matrix LF-W, which contains the unit-wise deviations from these
cluster means, is denoted as (X;; — X;). Moreover, X designates a row vector with grand mean
estimates and 7 marks a matrix transpose.

Unfortunately, however, the sample covariance matrix does not always yield an unbiased
estimate of the population covariance matrix. For the within-cluster level, though, it holds
true. The pooled within-cluster sample covariance matrix S, is an unbiased MLE of the
population covariance matrix 2y . For the between-cluster level, the unbiased MLE of the
population covariance matrix Zp is a function of the sample covariance matrices of both levels
(B. O. Muthén, 1990, 1994):

< 1
ZB:Z(SB_Spw)y (1.11)

where ¢ denotes the common cluster size. In the case of balanced data (i.e., balanced cluster
sizes), ¢ = n. Otherwise:

_ 2_g 2
c=|N Zn

j=1

(N(g-D], (1.12)

When the data is unbalanced but consists of large numbers of clusters, the common cluster
size is close to the average of the cluster sizes. Both LF covariance matrices with their all-units
(co)variances, £ and 2y, can be found to the left in Figure 1.3. Note that, as the ‘genuine’
multilevel SEM is the LF approach, the indices r_p and ;r_y were simplified to g and w (or

pw in the case of the pooled within-cluster estimator) to ensure consistency with Equation 1.8.

In WE one sample covariance matrix is estimated off WF-T. Because WF-T is a single-level
represented two-level data matrix, the MLE for single-level data is used. The single-level
represented two-level sample covariance matrix reads:
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Chapter 1. Multilevel Modeling

1 E — —
Swr-T = p; Y X -XDXi;-XD7, (1.13)
j=1

where WE-T is designated by X.i and X.i denotes a row vector with grand mean estimates. The
sample covariance matrix is the population estimator, Sy r_1 = Swr-r. Note, however, that
in Equation 1.13 the so-called biased MLE, which has g in the denominator in its leftmost
term, is depicted. I focus on this estimator, and not the unbiased one, which has g —1 in the
denominator, because it is the default in single-level SEM in lavaan®. The WF covariance
matrix £y ¢_7 with its specific-units (co)variances can be found in Figure 1.3 to the right. Note
that in chapter 4, it will be illustrated how the elements of the p-n “specific-units” (co)variances
inSwr_r correspond to the p “all-units” (co)variances in Spand 2y, 0129 and o and 0%4,
and o for both variables x; and x,. This will be done by reformulating the “specific-units”
(co)variances to the parameters of a random intercept-only model (which will be introduced
in the next section).

Figure 1.3: Sample Covariance Matrices in Long Format (LF) and Wide Format (WF)

Long Format (LF) Wide Format (WF)
----- cols: p o cols: p o cols:p-n

x; | x Xy | x X1 | X1z | X2u | X22
| X [-025 029 a| x| 192 038 X1 935 -1.19 -149 4.05
2 X3 | 029 -0.18 =| x [-038 1.01 Bl x5 -1.19 350 -055 -1.46

Y

Between-Cluster R ‘Within-Cluster . 'g X31 -149 -0.55 492 -138
Covariance Matrix X Covariance Matrix Yy

X2 405 -1.46 -138 193

Total Covariance Matrix f}w T

Estimated from example data set with g=4, n =2, N=8,and p =2.

Model Specification

Next, the model specifications for an random intercept-only model (e.g., J. J. Hox et al., 2017;
Raudenbush & Bryk, 2002) in both approaches are presented. Put differently, the (co)variance
structure of the p observed variables for the within- and between cluster parts, 0% , 0%,, and
Ox, x, for both levels, are modelled. These are equivalent to the LF covariance matrices Zy,
and Xp.

In the LF approach, the same model specification for each level is applied to fit the ran-

dom intercept-only model. The (co)variances, afcl, af@, and oy, , for the within-cluster and

between-cluster level, are modelled as (co)variances of the p observed variables from ﬁw and

3See description of lav_matrix_cov() function in reference manual p.89, https://cran.r-project.org/web/
packages/lavaan/lavaan.pdf, accessed on 24 January 2025.
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1.2 Multilevel Structural Equation Modeling

3 3, respectively. The random intercept-only model in the LF approach is illustrated on the
left side in Figure 1.4. The within-between decomposition that is taking place, reads:

Xij=H+lj+E€ij, (1.14)

where p is the grand mean of x, po; are the cluster means, and ¢;; are the deviations of each
person in the cluster from the cluster mean. Note that a generic equation for x is shown and the
index for the number of the variable is dropped to increase readability (i.e., x;; instead of, for
instance, x1;; is used). The within and between components have the following distributions:

1j ~ N(u,03),€ij ~ N(0,0%,) (1.15)

where 0% is the between-cluster variance and ¢, is the within-cluster variance.
Figure 1.4: Model Specification in Long Format (LF) and Wide Format (WF)

Long Format (LF) Wide Format (WF)

(Level-2)
..... X2 e[ X b el X ol Xoq |- %22

‘Within
(Level-1) A A A A A A

O WO} OHOHONO
\%/ Lo
Between-cluster parameters are located above the dashed line; within-cluster parameters

below. At the within-cluster level, identical parameter labels indicate equality constrains.
Model specification is contingent on the data set with n =2 and p = 2.

In the WF approach, a restricted CFA is fit, where the multilevel random intercept-only
model becomes a multivariate single-level model. On the right side in Figure 1.4 the random
intercept-only model in the WF approach is presented. In contrast to the LF approach, all
parameters are modelled as (co)variances of latent factors of the observed p x n specific-units
variables from 2y r_7. To estimate the all-units (co)variances, several parameters are fixed or
equality constrained. The WF approach offers an intuitive perspective on the between-within
variance decomposition. The between-cluster part of every observed variable p is modelled by
one common factor of the n specific-units variables in the WF data matrix. All factor loadings
are set to 1. The within-cluster part of every observed variable p is modelled by unique factors.
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Chapter 1. Multilevel Modeling

The (co)variances of the n unique factors of each variable p are equality constrained. By the
equality constraints, homoscedasticity of (co)variances of specific-units variables is modelled.
The within-between decomposition in the single-level model reads:

x.ij=u+€j, (1.16)

where p are the grand means of x.i and €; are the deviations of each person from these grand
means. For instance, €3 is deviation of the person of the third cluster from each x.i. The
random intercept-only model in the WF approach, which is fit as restricted CFA, can be seen
on the right side in Figure 1.4.
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2 Small Samples

It is one of the most often repeated phrases in statistics classes that sample sizes have to
be large in order to obtain good estimates. More specifically, this holds true for traditional
maximum likelihood estimation (MLE), which is the most often used type of estimation in
psychology and the education sciences. As it relies on asymptotic theory, or in other words,
finitely large samples, MLE is at risk of yielding non-converging models or parameter estimates
with high sampling error in small samples (Hart & Clark, 1999; Jackson et al., 2013). Even more,
MLE might produce estimates that are skewed away from the population parameters even
if no other bias is present (Greenland et al., 2000); a problem which has been coined “small
sample bias”. This suggests that small samples are a severe hazard for empirical research.

In multilevel modelling, challenges arise when samples are small at any level. This causes MLE
either to fail to converge or produce highly inaccurate estimates of higher level parameters
(e.g., Finch & French, 2011; J. J. Hox & Maas, 2001; J. J. Hox et al., 2010a; Liidtke et al., 2008,
2011; D. McNeish & Stapleton, 2016; D. M. McNeish & Stapleton, 2016; Meuleman & Billiet,
2009; Shin & Raudenbush, 2010; Stegmueller, 2013; Zitzmann, 2018; Zitzmann et al., 2015).
Most often, these losses in accuracy have been found to concern bias in random effects, but
several studies also found bias in fixed effects, for instance, in observed cluster means (Shin &
Raudenbush, 2010; Zitzmann, 2018; Zitzmann et al., 2015), regression coefficients (D. McNeish
& Stapleton, 2016), factor loadings and residual variances in measurement models (Meule-
man & Billiet, 2009), contextual effects (Liidtke et al., 2008, 2011), or cross-level interaction
effects (Stegmueller, 2013). Moreover, these inaccuracies have been found to dependent more
strongly on the sample size at the higher level (i.e., the number of clusters; Afshartous, 1995;
Clarke, 2008; J. J. Hox & Maas, 2002; Kreft & Yoon, 1994; Maas & Hox, 2004b; Mok, 1995).
Usually, a study design with larger numbers of smaller clusters is preferred over a design with
smaller numbers of clusters with larger clusters (Mok, 1995). The cluster size appears to be
only detrimental when marginally small. For example, Clarke (2008) found that higher level
variance was overestimated when the cluster size equalled two, even when the number of
clusters was large (g = 200). However, when the cluster size was increased to five, the bias
disappeared. Thus, as other studies (J. J. Hox & Maas, 2001; Mok, 1995) confirmed, larger
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cluster sizes can benefit estimation accuracy, but this advantageous effect is limited. In sum,
evidence suggests that unless the cluster size is smaller than five, the number of clusters is
the more important sample size in multilevel modelling. Thus, the “small sample bias” in
multilevel analysis might be termed the “sparse clusters bias”.

Whereas research of past decades has culminated in a plethora of sample size recommen-
dations, the answer to the question of what is a sufficiently large sample size is ambiguous.
For example, multilevel literature offers highly varying recommendations, ranging from just
8 or 10, over 20 to 30, 40, 50, or even 100 clusters to obtain converging and accurate models
(Afshartous, 1995; J. J. Hox and Maas, 2001; J. J. Hox et al., 2010a; Kreft and De Leeuw, 1998;
Liidtke et al., 2008; Maas and Hox, 2004a; Meuleman and Billiet, 2009; Rabe-Hesketh and
Skrondal, 2008; for a review see also D. Hox and McNeish, 2020; D. M. McNeish and Stapleton,
2016). It is noteworthy, that it has been pointed out that one needs larger numbers of clusters
for obtaining accurate random effects than for fixed effects (see e.g., Afshartous, 1995; D. Hox
& McNeish, 2020; J. J. Hox & Maas, 2001). However, these ad hoc conjectures are mainly
based on simulation studies with varying magnitudes of sample sizes but small numbers of
observed variables solely. Thus, recommendations are not generalizable to conditions with
many observed variables (M. Yang et al., 2018). It has been shown that sample size recom-
mendations depend on the number of observed variables and the type (e.g., measurement or
structural model) and complexity (e.g., number of freely estimated parameters) of the model
(e.g., Marcoulides et al., 2023). Thus, the literature diverges on the conclusion of precisely
when the sample size becomes “too small”, as “small samples” are only half of the story.

In single-level data, there is general agreement that conditions with a small sample size N
paired with a large number of observed variables p, often abbreviated the other way around
by “large p, small N”, are troublesome. As a matter of fact, these conditions are frequently
encountered in psychology and the education sciences, which is why it has received a great
deal of attention in the literature (for an overview related to SEM, see, e.g., Deng et al., 2018;
Marcoulides et al., 2023). In the following, it will be first reviewed why considering the sample
size and the number of observed variables together has been found to be so important in
single-level analysis. Subsequently, implications for multilevel analysis are derived.

2.1 Large p,small N in Single-Level Analysis

The term “large p, small N” already suggests that the attributes “large” and “small” become
more tangible when these two magnitudes are related to each other. The number of observed
variables is “large” in relation to the “small” sample they are collected from. In adjacent re-
search field such as computational statistics and machine learning, the term high-dimensional,
in which “dimensionality” refers to the number of observed variables, is more prominently
used (Tibshirani & Hastie, 2007). Both terms have in common that they indicate that the
number of observed variables can be considered large in one of two regards: the number of
observed variables and the sample size could be of similar order, p ~ N, (see e.g., Ledoit &
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Wolf, 2018), or the number of observed variables could be larger than the sample size, p > N,
(see e.g., Pourahmadi, 2013; Sun, 2015; Tsukuma, 2016). While both scenarios have somewhat
differing implications, the common theme is that when the dimensionality increases, the
available data is likely to become sparse and estimation problems are the result.

Figure 2.1: Structural Equation Modeling: From Data Matrix to Sample Covariance Matrix to
Model

Data Matrix Sample Covariance Matrix Model

. cols: p
iy xn
— ' cols: p

12 1 = | =

1

2 |12 — —
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4 1 1

5 a1 2

Example data set with N =5 and p = 2. A simple random intercept-only model is depicted.

Especially in the context of covariance structure modeling approaches such as SEM the
ratio of the number of observed variables to the sample size, p : N, is of special relevance. To
understand why, we need to elaborate first on the estimation procedure in SEM (see Figure 2.1).
To estimate a specified model, first, the sample covariance matrix of the observed variables is
estimated off the data matrix. Then, the model parameters are estimated by applying a fitting
function, whose objective is to minimize the discrepancy between the sample covariance
matrix and the model-implied covariance matrix (i.e., the model parameter estimates). Hence,
the accuracy of the sample covariance matrix is important for the accuracy of the model
parameter estimates.

Guidelines for the accuracy of the sample covariance matrix have been expressed in terms of
p: N'. Minimum suggestions to properly estimate the sample covariance range from 1:5 to
1:10 (Allais, 1964; Everitt, 1975). However, these p : N guidelines could not be consistently
replicated in the context of covariance structure modeling. In factor analysis, there is mixed
evidence for the importance of p: N above N alone (e.g., Barrett & Kline, 1981; Cattell, 1978;
Everitt, 1975; Gorsuch, 1983a), but, for instance, Arrindell and Van Der Ende (1985) suggests
similar ratios than those for sample covariance matrices, more specifically a minimum of
1:10, to guarantee factor stability.

Algorithms that estimate the model parameters use matrix algebra. Hence, the properties of
involved matrices, such as those of the sample covariance matrix, are of crucial importance.
While there are many relevant matrix properties, all can be traced back to one: the eigenvalues.
Eigenvalues are a special set of scalars of a matrix. When at least one is zero, the matrix is

INote that some sources denote p : N the other way around as “subject-to-variables” ratio (SVT; see e.g., Beavers
etal., 2013).
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singular and thus, non-invertible. When at least one is zero or negative, the matrix is non-
positive definite. When at least one is close to zero or the extrema are spread out largely, the
matrix has a large condition number. When matrices are singular, non-positive definite or
have large condition numbers (which by definition co-occurs), they are said to have distorted
eigenstructures (compared to their population counterparts). Covariance matrices with
distorted eigenstructures have been linked to lower convergence rates and less accurate
parameter estimates in SEM (e.g., Arruda & Bentler, 2017; Depaoli & Clifton, 2015; Grilli &
Rampichini, 2011; W. G. Hill & Thompson, 1978; Y. Huang & Bentler, 2015; Kelley, 1995; Lange
etal., 1999; Liidtke et al., 2008; Yuan & Bentler, 2017; Zitzmann, 2018; Zitzmann et al., 2015).
Thus, the eigenvalues of the sample covariance matrix are important for the accuracy as well.

These sample eigenvalues have also been linked to p : N. Stein (1956) was the first to notice
that the sample covariance matrix has a biased eigenstructure in small samples. In the
context of eigenvalues, biased means that small eigenvalues are pushed downwards and
large eigenvalues are pushed upwards compared to their population counterpart. It has been
demonstrated, by analytical and empirical means, that the bias of the sample eigenvalues is
of the order p : N (Arruda & Bentler, 2017; Dempster, 1972; Hayashi et al., 2018; Schifer &
Strimmer, 2005; Stein, 1956, 1975). Thus, when p is large and N is small, p ~ N or p > N, the
ratio becomes close to 1 or even exceeds it which indicates a high level of eigenvalue bias. As
mentioned above, with distorted eigenstructure, non-convergence and inaccuracy are more
likely to occur. Moreover, as mentioned in the last chapter, the way that the traditional MLE is
implemented in lavaan requires a positive definite sample covariance matrix (Hamaker et al.,
2003; H. Singer, 2010; Van Montfort et al., 2018; Voelkle et al., 2012; Walther, Hecht, Nagengast,
& Zitzmann, 2024), which, amongst others, necessitates that the supplied data matrix has just
as many or less columns than rows, p < N. Otherwise, the model will not converge. However,
this software restriction can be circumvented by using another estimator, more specifically,
the full information maximum likelihood (FIML) estimator, which uses the raw data matrix
instead (Hamaker et al., 2003; Trendafilov & Unkel, 2011; Unkel & Trendafilov, 2010; Voelkle
etal., 2012). Thus, large p < N which comes close to 1 rather poses threats to model estimation
(and not convergence) by distorting the eigenstructure.

Finally, the combined effects of p : N on matrix properties of the sample covariance matrix
and on model estimation in SEM have been sparsely connected. In this regard, however, the
study of Yuan and Chan (2008) is standing out. They found that both convergence rate and
accuracy of model parameter estimates decrease with increasing p: N, and that altering the
sample covariance matrix by adding a constant of the size p: N, which alters the distorted
eigenstructure, convergence and estimation accuracy were improved. In summary, evidence
suggests that p : N is an important quantity for the sample covariance matrices and parameter
estimates in single-level SEM but their relation needs to be further addressed.
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2.2 Large p, small g in Multilevel Analysis

In two-level data, there is no unequivocal equivalent of the ratio of the number of observed
variables to the sample size, p: N. Instead, there are different numbers of observed variables
and sample sizes at both levels: at level-1 (within-cluster level), there are individual-level
variables (e.g., age, sex, gender, location, motivation) and the total sample size, which is
calculated as the numbers of cluster multiplied by the cluster size, g-n = N, and at level-2
(between-cluster level) there are contextual variables (e.g., classroom, teacher, school) and
aggregated individual-level variables (e.g., average age or motivation) and the number of
clusters g. For means of simplification, I consider only observed aggregated individual-level
variables at level-2 such that the number of observed variables is the same at both levels. Thus,
the p: N equivalents for each level are p: N atlevel-1 and p: g atlevel-2.

As mentioned earlier, in multilevel analysis, the major challenge is often posed by the sample
size at the higher level, the number of clusters g. Thus, the occurrence of the “sparse clusters
bias” might be narrowed down to “large p, small g” conditions in which p: g at level-2 is
of major importance. When scrutinizing the p: g of the empirical studies recommending
minimum cluster sizes earlier, we find that these range from 1 : 25 (0.04) to 1 : 8 (0.125).
It appears that one can minimize the range of the recommendations substantially (earlier
g = 8 to 100) by incorporating information on the number of observed variables. These
numbers might be more suited for advising a minimum amount of clusters in research designs.
However, generalization has to be cautious as the number of observed variables were set low
throughout all these studies. Moreover, another factor might help explain the range of the
recommendations: the variance at level-2 which is most often denoted by the ICC.

2.2.1 Large p,small g, small ICC

The ICC is suspected to have an impact on estimation accuracy as well. Some studies found
that smaller ICCs demand for larger cluster sizes in order to guarantee convergence and
accurate estimates of higher level parameters (Finch & French, 2011;J. J. Hox & Maas, 2001;
J.J. Hox et al., 2010b; Liidtke et al., 2011; Meuleman & Billiet, 2009; Muthen & Satorra, 1995;
Zitzmann, 2018; Zitzmann, Wagner, et al., 2022), others found no relation (J. J. Hox & Maas,
2001). However, similar to small sample issues, whether the ICC has an influence might also
depend on the type of parameter that one is scrutinizing. In a review, D. M. McNeish and
Stapleton (2016) found that fixed effects are unaffected whereas random effects, such as ICC
estimates, are influenced by the ICC in the population. Thus, evidence suggests that smaller
ICCs result in less accurate estimates of higher level (co)variance parameters.

Moreover, there is evidence for an interaction of the number of clusters and the ICC. For
instance, convergence issues have been found to be especially prevalent under conditions
with small ICC and small numbers of clusters (Liidtke et al., 2011). When coming back to
the cluster size recommendations earlier, Maas and Hox (2004a) noted that there was only
bias in parameter estimates when the ICC was small, or more particularly, the largest biased
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manifested under conditions with both small numbers of clusters and small ICC. Moreover,
Hedges and Hedberg (2013) advised to consider the expected ICC when planning studies
because it plays important role in convergence and estimation accuracy. In this regard, it
is useful to divide factors relevant in planning a study into sample and population charac-
teristics. Whereas sample characteristics can be modified by the study design, population
characteristics cannot. Referring to the large p, small g, small ICC conditions, the number of
observed variables p and the number of clusters g can be set by the researcher and the ICC
can only be accounted for by the sample characteristics, for instance, by using larger cluster

sizes?.

Evidence for an interplay of the number of clusters and the ICC is also given when exam-
ining matrix properties. With decreasing g and increasing p (thus, increasing p : g), and
decreasing ICC, the probability of non-positive definite between-cluster covariance matrices
increases (Bhargava & Disch, 1982; W. G. Hill & Thompson, 1978; Searle et al., 1992). This is
reasonable: when variances are small compared to covariances, then on-diagonal elements in
the sample covariance matrix are small compared to off-diagonal elements and this makes
non-positive definiteness more likely. In turn, between-cluster covariance matrices with
distorted eigenstructure (such as non-positive definiteness) have been related to less accurate
between-cluster parameter estimates (Depaoli & Clifton, 2015; Grilli & Rampichini, 2011; W. G.
Hill & Thompson, 1978; Liidtke et al., 2011; Zitzmann, 2018; Zitzmann et al., 2015).

In sum, the combined evidence suggests that larger p: g are required when random effects
are scrutinized in populations with low ICC. As a matter of fact, in the educational sciences,
one is often interested in estimating random effects and ICCs are usually at the lower end
(Adams et al., 2004; Gulliford et al., 1999). Thus, especially here, taking p: g instead of only g
into account may foster optimal study designs that yield accurate model estimations.

Another important factor has to be noted: the data format. In the studies reported so far,
both MLM and ML SEM have been utilised, and the former uses the data in WF whereas the
latter usually uses the data in LE When revisiting single-level SEM in Figure 2.1, we see that
p and N relate to the dimensions of the data matrix. The number of columns is indicated
by the number of observed variables p and the number of rows is indicated by the sample
size N. Thus, p: N can be expressed as cols: rows which gives a figural notion of the data
matrix by which the sample covariance matrix is estimated. The same data set results in data
matrices with different ratios in the two data formats: in LE p: (g-n= N) for LF-Wand p: g
for LF-B, an in WE (p-n): g for WE-T. In LE we see the p: N equivalents for level-1 (LF-W)
and level-2 (LF-B) noted earlier. In WE however, where “people are variables, too” (Mehta &
Neale, 2005), there is only one data matrix which has larger cols: rows than LF-B. While the
empirical equivalence of both the LF and WF approaches to ML SEM have been demonstrated
(Barendse & Rosseel, 2020; Mehta & Neale, 2005), only conditions with a small number of

2Note that in my first research project, I classified the number of observed variables p to the population
characteristics because they are set for a certain (population) model. However, from a practical perspective, when
models are too complex and do not converge, researchers may exclude certain observed variables from the analysis.
Thus, I changed allocating p to sample characteristics.
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observed variables and a large number of clusters at level-2 have been scrutinized, resulting in
cols < rows in both the LF and WF data matrices. In the last section, we discussed that larger
cols: rows are associated with larger eigenvalue bias, and smaller convergence rates and less
accurate parameter estimates in single-level analysis. This suggests, that under conditions in
which highly different cols: rows in the LF and WF data matrices are the result, performances
might differ. This might be especially true for the troublesome “large p, small g, small ICC”
conditions in which random effects are estimated. This is what my first research project
investigated.
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3 Research Project (1)
To be Long or to be Wide: How Data
Format Influences Convergence and
Estimation Accuracy in Multilevel
Structural Equation Modeling

Background

The main objective of my first research project was to scrutinize the equivalents of the p: N
(cols : rows) effects for multilevel data. Motivated by evidence for a p : N-sized bias in
eigenvalues in sample covariance matrices and larger p : N being associated with lower
convergence rates and less accurate estimates in single-level analysis, I was interested in
whether these findings generalize to multilevel analysis where equivalents have not been
investigated before. In multilevel data, one of two data formats, long format (LF) or wide
format (WF), has to be chosen from, and both result in differing cols: rows. For both data
formats approaches to multilevel SEM have been proposed and both can be utilised in lavaan
in R. Whereas evidence from single-level data implies that their performances differ, studies
comparing the performance of the LF and WF approach found no substantial differences.
However, these included only conditions with small numbers of observed variables p, small
cluster sizes n, and large numbers of clusters g, which resulted in small cols: rows in both
data formats. Thus, I investigated their performance under conditions of varying cols: rows
in both data formats. A special interest was in the “large p, small g, small ICC” conditions
in which multilevel modeling generally encounters trouble with estimation. The cols: rows
effects were divided into two intertwined effects: (a) the effect of the data format, because
the data format inherently leads to different cols: rows (given the same sample), and (b) the
effect of cols: rows in each data format (given different samples). Whereas the effect of the
data format answers which data format (approach) to use, the effect of cols: rows answers
which cols: rows to aim at with our study design.
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Chapter 3. Research Project (1)
To be Long or to be Wide: How Data Format Influences Convergence and Estimation
Accuracy in Multilevel Structural Equation Modeling

Method

To investigate the empirical equivalence of the matrix properties and model performances
of both the LF and WF approaches, a simulation study was implemented. Two-level ran-
dom intercept-only models for continuous, balanced data were scrutinized. Factors that
were varied within the simulation study design were either related to population character-
istics, the number of observed variables (p = 2,5,10,20) and the ICC (ICC = 0.05,0.25,0.50),
or sample characteristics, the cluster size (n = 2,5,10,20,100) and the number of clusters
(g =2,4,5,10,20,25,40,50,100, 200). This distinction was made to emphasize that population
characteristics cannot be changed (though one could drop observed variables from model-
ing but model missspecification was not of interest) whereas sample characteristics can be
changed. The number of observed variables p, the cluster size n and the number of clusters g
were varied in such a way that the data matrices in both data formats, LF-W and LF-B in LF and
WE-T in WE resulted in cols: rows with substantial differences. The ICC values were chosen
to reflect the lower and upper levels of frequently encountered ICCs in the social sciences. The
design of the simulation study was partially crossed and resulted in 240 conditions in which
1.000 data sets were replicated, respectively. Evaluation criteria for matrix properties, which
indirectly captured the eigenvalue bias, included singularity and definiteness. For model
performance, convergence rates, and relative root means squared error (RMSE), relative bias,
and relative variance of (co)variance parameter estimates (i.e., random effects) were scruti-
nized. For the three measures of estimation accuracy, aggregates across parameter types (i.e.,
variances and covariances) were reported.

Results

At first, I examined which cols: rows of the two data matrices in LF are determinative. The
within-cluster (level-1) data matrix LF-W corresponds to p: (g - n) and the between-cluster
(level-2) data matrix LF-B to p : g. Results suggested that the latter is more important for
model performance. This is in line with evidence suggesting that the sample size at the higher
level is the more important factor for the accuracy of higher level estimates (Afshartous, 1995;
Clarke, 2008; J. J. Hox & Maas, 2002; Kreft & Yoon, 1994; Maas & Hox, 2004b; Mok, 1995). Thus,
in the following, the crucial cols: rows in LF correspond to p : g (LF-B).

The findings suggested that there was an effect of data format on convergence, but not on
estimation accuracy (even when cols: rows in both approaches were substantially different;
see results of cols: rows effects in the next paragraph). Moreover, for estimation accuracy,
I found an interaction effect of g and ICC for the level-2 (co)variance parameter. The least
accurate, most biased, and inefficient parameter estimates were obtained when samples with
small numbers of clusters g and small ICC values co-occurred.

Concerning the cols: rows effects in both approaches, results indicated that these are differ-
ent. For convergence, cols < rowsin LF-B (p < g) and cols < rowsin WF-T ((p- n) < g) had
to be satisfied. For estimation accuracy, the cols: rows effect in the WF approach was less
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strong. Both findings are in line the the results of the effect of the data format. In addition,
evidence for an interaction of cols: rows and ICC emerged here as well. Larger cols: rows
combined with smaller ICC were most detrimental.

Results of the matrix properties did not offer substantial surplus value above the cols: rows
for both convergence and estimation accuracy. For instance, in cols < rows but also in
cols > rows non-positive definite ¥, r_p occurred, but only in the former case the models
did not converge. This suggests that non-definiteness of 2B may be a necessary but no
sufficient condition for non-convergence. Potentially, the underlying eigenvalue biases (which
were only approximated in this study by cols: rows) may be more informative than any other
matrix property.

To sum up, under (p - n) < g conditions, both approaches converged and the estimation
accuracy was very similar which is in line with both approaches exhibiting different cols: rows
effects.

Discussion

A two-level data set can be arranged in two different data formats, LF and WE and for both,
SEM approaches to estimate multilevel models are readily available. Although past research
demonstrated empirical evidence, only conditions with large sample sizes and small numbers
of observed variables were observed. In investigated convergence and estimation accuracy
under “large p, small g, small ICC” conditions with substantially different cols: rows in the
relevant data matrices in both approaches. Results suggested that as long as cols < rows in
the LF approach and cols < rows in the WF approach, models did converge and estimation
accuracy was very similar in both approaches even when cols: rows differed substantially.
however, these results have to be seen in perspective with certain limitations of the study.
Firstly, the cols : rows and matrix properties of the data matrices were only considered
as proxies of the eigenvalue bias of the LF and WF covariance matrices. Thus, the exact
sample eigenvalue biases are likely to differ and they might be more informative than the
matrix properties. Secondly, only simple random intercept-only models were considered and
thus, generalizability to more complex models is unclear. An especially promising venue for
future research is also how the improvement of the eigenvalue structure in the LF and WF
covariance matrices might improve model performance. This is what my second research
project investigated. Before coming to the very project, the overarching topic of regularization
is introduced.
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4 Regularization

In multilevel analysis, challenges arise when sample sizes are small compared to the number
of observed variables, especially at level-2. This is a condition that may cause MLE methods to
either fail to converge or produce highly inaccurate estimates of level-2 parameter estimates
(e.g.,].J. Hox & Maas, 2001; J. J. Hox et al., 2010a; Liidtke et al., 2008, 2011; D. M. McNeish
& Stapleton, 2016; Meuleman & Billiet, 2009; Shin & Raudenbush, 2010; Stegmueller, 2013;
Zitzmann, 2018; Zitzmann et al., 2015). Unfortunately, collecting larger samples can be costly,
time-consuming, or impractical for certain study designs, such as pilot studies with limited
resources or when populations are small. This is especially true for sampling at the higher
level in fields such as developmental psychology and the education sciences (see also D. Hox
& McNeish, 2020, who pointed this out). In cluster sampling, first the level-2 units (e.g.,
classrooms) and then the level-1 units (e.g., students within classrooms) are sampled. When
populations at level-2 are inherently small, such as school boards, then the issue becomes
even more severe. There is sparse research on and little consensus about how to handle data
analysis with very few clusters (see D. McNeish & Stapleton, 2016). Small ICCs, which are quite
common in psychology and the education sciences (Adams et al., 2004; Gulliford et al., 1999),
add to existing issues with non-convergence and accuracy of higher level parameter estimates
(J.7J. Hox & Maas, 2001; Liidtke et al., 2011; Muthen & Satorra, 1995; Zitzmann, 2018; Zitzmann,
Wagner, et al., 2022). Thus, under large p, small g, small ICC conditions, there is a need for an
alternative approach that is straightforward to implement and can mend both convergence
and accuracy issues. Regularization might be an appropriate candidate.

Regularization is a broad class of methods that encompasses several techniques which bias
an estimator, such as MLE, in order to give reasonable answers in unreasonable situations
(adapted from Bickel et al., 2006). The idea of regularization was originally developed by
Tikhonov (1943) to address stability issues in inverse matrix problems and soon adopted by the
statistical community. Thus, “unreasonable situations” refer to a variety of (overlapping) sce-
narios, among them non-convergence, inadmissible solutions, distorted eigenvalue structure
of matrices, inaccurate estimates, and overfitting. Similarly, “reasonable answers” can mean
differently, depending on the situation. It may mean to obtain a more well-behaved eigen-
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strucure (e.g., invertible matrices) required for certain calculations or to improve accuracy of
estimation in finite samples. As noted earlier, eigenstructure on one hand and convergence
and estimation accuracy on the other hand have been linked (e.g., Arruda & Bentler, 2017;
Depaoli & Clifton, 2015; Grilli & Rampichini, 2011; W. G. Hill & Thompson, 1978; Y. Huang
& Bentler, 2015; Kelley, 1995; Lange et al., 1999; Liidtke et al., 2008; Yuan & Bentler, 2017;
Zitzmann, 2018; Zitzmann et al., 2015).

The first one to apply regularization is statistics has been Stein. He found counter-intuitive
results when estimating independent means in multivariate models. Whereas estimating
three or more means from normal distributions independently may seem optimal, Stein
demonstrated that “shrinking” each individual estimate towards the overall mean yielded
more accurate estimates (see James & Stein, 1961; Stein, 1956). This finding is known as Stein’s
Paradox because it defies the intuition that independent estimates should minimize error
on their own. At this point it is noteworthy that several scholars suggested that shrinkage
estimation can be viewed as a form of Bayesian estimation, an estimation with priors such
as the overall mean. Whereas some relate it to Bayesian estimation with weakly informative
priors (e.g., Anderson, 2003; Ledoit & Wolf, 2004; Tibshirani, 1996; Yuan & Chan, 2008), others
emphasize parallels with empirical Bayes because of its data-driven nature (Greenland et al.,
2000).

Figure 4.1: Properties of Estimators: Bias and Variance

A B

A Three Estimators with Different Bias and Variance
B Bias-Variance Tradeoff Through Regularization

In statistical terms, regularization induces a so-called bias variance trade-off. Bias and variance
are two fundamental properties regarding the accuracy of estimators. Bias of an estimator is
the difference between the expected value of the estimator (i.e., the average estimate) and
the population value of the parameter being estimated (6). It tells us whether the estimator
consistently over- or underestimates the population value. Variance of an estimator measures
the spread or variability of the estimator’s sampling distribution around the expected value
(i.e., the average estimate) of the parameter being estimated (#). High variance indicates
that the estimator’s value fluctuates significantly given the sample drawn. Both properties

are illustrated in Figure 4.1. In Panel A, the estimator denoted by “+” has large bias and
small variance whereas “” has small bias and large variance. Traditionally, MLE tries to keep
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both bias and variance minimal (though in finite samples, small sample bias exists). This is
illustrated by the estimator denoted by “x”. However, if we let go of the unbiasedness criterion,
we can minimize the variance, thereby improving the accuracy of estimation. This is depicted
in Panel B. The unbiased but largely variant estimates “»” get biased towards a target (“T”)
which is distinct from the parameter being estimated (6). Thereby, a decrease in variance
is traded for an increase in bias, overall improving accuracy. This admittance of bias can be
viewed as adjustment for anticipated random error (that is, variance) in the estimate (Cole

etal., 2014).

Whereas Stein used a shrinkage technique to refine the traditional estimator (i.e., using a
conjugate estimate of a target and the traditional estimate), more modern approaches revolve
around techniques such as constraining, restricting or penalizing. Whereas mathematically
rather different, all have in common that they modify the parameter space to a certain degree.
Constraining refers to approaches which set parameters to certain admissible values. For
instance, Zitzmann, Walther, et al. (2022) suggested to set so-called Heywood cases (i.e.,
inadmissible variance estimates that are negative or zero) to zero and they justified this
procedure by the very definition of MLE. Similar but slightly different, restricting refers to
limiting the possible range of the parameter values'. For instance, Chen et al. (2001) gave
recommendations on when to deal with Heywood cases by restricting them to positive values.
In penalizing, a penalty term is added to the likelihood function such that more parsimonious
models yield higher likelihoods, such as in the work of Chung et al. (2013) in which negative
variances are avoided thereby. All these regularization techniques did not only deal with the
inadmissible solutions but convergence rates and estimation accuracies were improved as
well.

In several techniques, such as shrinkage and penalizing, the degree of regularization is con-
trolled by the regularization parameter (sometimes also named after the technique such as
shrinkage parameter). In Stein’s pioneering work on regularization, the parameter was not
defined explicitly as we commonly use it today. Instead, the traditional estimator of the mean
was shrunken towards the grand mean by accounting for the number of observed variables
(i.e., the number of means to be estimated) and their variances (James & Stein, 1961) which
might be understood implicitly as regularization parameter. In more recent techniques the
regularization parameter might be fixed, computed by closed-form solutions or estimated
otherwise from the data.

To this date, regularization has been applied to a variety of statistical methods. Starting out
with mean estimation (see James & Stein, 1961; Stein, 1956), it has been adapted to (co)variance
estimation as alternative to the traditional sample covariance matrix (James and Stein, 1961;
Stein, 1964; for an overview see e.g., Engel et al., 2017; Fan et al., 2016; Ledoit and Wolf, 2022;
Pourahmadi, 2013), regression analysis (e.g., Hoerl & Kennard, 1970; Tibshirani, 1996; Van Hoa,
1985; Zou & Hastie, 2005), factor analysis (e.g., Ahn & Horenstein, 2013; George & Oman, 1996;

INote that the terms “constraining” and “restricting” are sometimes used synonymously in the literature. The
definitions given here enable to tell both techniques apart.
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Jung & Takane, 2007; Zhao et al., 2020), and most recently SEM (e.g., Burghgraeve et al., 2021;
P-H. Huang et al., 2017; Jacobucci et al., 2016). In many research fields such as econometrics,
statistics, and machine learning, regularization is part of the standard tool box of data analysis.
In contrast, the application of or even awareness about regularization in psychology and the
education sciences is rather limited (see also D. M. McNeish, 2015, who pointed this out)?.
This is especially true for regularization in the context of SEM which we will turn to in the
following.

4.1 Regularization of Covariance Matrices in Structural Equation
Models

As discussed earlier, in SEM, first a sample covariance matrix is estimated from the data matrix,
and then the model parameters are estimated thereof (revisit Figure 2.1 in chapter 2). Thus,
there are two options for applying regularization: (1) to the sample covariance matrix (“input”)
or (2) to the model parameters (“output”). Under large p, small g, small ICC conditions, two
unreasonable situations, distorted eigenvalue structures and inaccurate estimations (in the
sample covariance matrices and the model matrices), often co-occur. Targeting the output
can only mend issues caused by model matrices. For instance, Zitzmann (2018) proposed
a shrinkage estimator for the between-cluster predictor matrix to deal with their distorted
eigenstructure and the obtained between-cluster parameter estimates have been found to
be more accurate than MLE. However, non-convergence cannot be dealt with by applying
regularization to the model parameters. This can only be done by targeting the input. It is also
noteworthy some authors even hypothesize that the distorted eigenstructure of the sample
covariance matrix might be the underlying problem of the inaccurate model estimates (Arruda
and Bentler, 2017; Y. Huang and Bentler, 2015; Yuan and Bentler, 2017; see also Zitzmann,
2018). Thus, targeting the sample covariance matrix is very promising as it has the potential to
mend both convergence and accuracy issues of the model at once. Note at this point that the
choice fell on the WF approach out of the two multilevel SEM approaches because it utilises
single-level SEM which is more enhanced in its development in lavaan (version 0.6-15). More
precisely, only here users may supply a sample covariance matrix instead of a data matrix
which is a prerequisite to apply regularization to the sample covariance matrix in SEM.

Possible approaches to the regularization of sample covariance matrices that have been shown
to improve eigenvalue structure (and thus, convergence) and estimation accuracy (of the
sample covariance matrix) include ridge and shrinkage approaches. Both have in common

2Note that there are other terms for regularization which are more commonly used in psychology and the
education sciences, such as “stabilization” (often used in the context of accuracy and model selection; see e.g.,
Ulitzsch et al., 2023; Zitzmann, 2018) and “smoothing” (prominent in the context of improving the eigenstructure
of covariance matrices; see e.g., Lorenzo-Seva & Ferrando, 2021; Wothke, 1993). More recently, “regularization”
found its way into the mainstream literature to denote matters concerned with improper solutions, model sparsity,
and overfitting (see e.g., Arruda & Bentler, 2017; Jacobucci et al., 2016; Jung & Takane, 2007; Liang & Jacobucci, 2020;
Orzek & Voelkle, 2023; Williams & Rodriguez, 2022). Whereas these terms partly refer to the differing regularization
techniques, there is neither a strict usage of these terms nor any consistent taxonomy.
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4.1 Regularization of Covariance Matrices in Structural Equation Models

that they impose a well-behaved eigenstructure on the sample covariance matrix but the
techniques to achieve this differ. Whereas ridge adds values, shrinkage pulls towards values.
Both approaches will be briefly reviewed in the following.

4.1.1 Ridge Approach

The initial ridge approach, the ridge regression, has been proposed by Hoerl and Kennard
(1970) to deal with non-orthogonal problems in regression analysis. More specifically, when
predictors are highly correlated (i.e., multicollinear), the predictor matrix has distorted eigen-
value structure which in turn may lead to unstable estimates with ordinary least squares (OLS)
estimation. Hoerl proposed a class of estimators that augment the on-diagonal (i.e., vari-
ances) of the predictor matrix by small positive quantities in order to obtain more favourable
eigenvalues and more stable estimates.

Eventually, the idea of the ridge regression was introduced in SEM to deal with distorted
eigenvalue structure of sample covariance matrices (Jéreskog & Sérbom, 1996). Beyond the
distorted eigenstructure and instable estimates, non-convergence might occur when iterative
algorithms require invertible matrices. As in the original work of Hoerl and Kennard (1970), the
initially proposed constant was fixed. Yuan and Chan (2008) extended the idea by suggesting
to determine the constant by p and N and to routinely fit a ridged sample covariance matrix
(instead of the traditional sample covariance matrix) in SEM. Various further extensions
have been proposed, for instance, determining the constant by more sophisticated formulas
which account for the data at hand (e.g., Bentler & Yuan, 2011; Kamada et al., 2014; Yuan
& Bentler, 2017; Yuan et al., 2011) or augment the off-diagonal (i.e., covariances) instead of
the on-diagonal (sometimes referred to as “anti-ridging” approaches; e.g., Bentler & Yuan,
2011; Kamada et al., 2014; Yuan & Bentler, 2017). These ridge approaches have been shown
to be effective in SEM as well: empirical findings suggest that ridging results in increased
convergence rates and more accurate model estimates (e.g., Kamada & Kano, 2012; Kamada
etal., 2014; Yuan & Chan, 2008).

4.1.2 Shrinkage Approach

In shrinkage estimation, born out of the work of James and Stein (1961) and Stein (1964), the
population covariance matrix X is estimated as a weighted average of the sample covariance
matrix and a pre-specified target matrix. The target matrix, similar to the population covari-
ance matrix, has a well-behaved eigenstructure. The amount of weighting is controlled by the
shrinkage parameter A € [0, 1]. Let us illustrate the concept of weighting using the extremes:
If 1 =0, no shrinkage is applied, and the sample covariance matrix will be kept. If 1 =1, we
obtain the target matrix as the estimate of X. To clarify, “shrinkage” does not necessarily imply
that the elements (of the sample covariance matrix) get smaller in absolute terms, but they are
shrunken towards a certain value (of the target matrix). For example, ifog=0.1andor =1,
then 0.1 is “shrunken” towards 1.
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Broadly speaking, there are two types of shrinkage estimators, linear and non-linear ones,
which differ (a) in the set of elements that are targeted and (b) the shrinkage intensity that is
applied to these. Linear shrinkage is a convex combination of the sample covariance matrix
and the target matrix. Put differently, the same shrinkage intensity is applied to each element
of the sample covariance matrix. To this day, various estimators that build on Stein’s idea
of linear shrinkage have been proposed, for instance, by Banerjee and Monni (e.g., 2021),
Fisher and Sun (2011), Gray et al. (2018), Ledoit and Wolf (2004), Schifer and Strimmer (2005),
Touloumis (2015), and Zhang (2022). However, because it might be disadvantageous to shrink
all elements equally, non-linear shrinkage approaches were introduced. Non-linear shrinkage
is a concave combination of the sample covariance matrix and the target matrix, that allows
for different regularization intensities of elements. Similarly, several estimators, such as those
by Dey and Srinivasan (e.g., 1985), James and Stein (1961), Ledoit and Wolf (2012, 2018), and
R. Yang and Berger (1994) have been proposed.

Shrinkage estimates are more likely to be positive definite, non-singular and well-conditioned,
and more accurate than the traditional sample covariance matrix, as demonstrated in studies
such as Ledoit and Wolf (2004, 2022). However, so far, limited research addressed shrinkage
of covariance matrices within SEM (e.g. Arruda & Bentler, 2017; Arruda, 2017; De Jonckere &
Rosseel, 2023). So far, results suggest that condition numbers in the shrinkage estimate are
more close to their population counterpart, and that models have higher convergence rates,
lower bias in parameter estimates, and more accurate standard errors, but more research is
needed.

Now that both ridge and shrinkage approaches have been introduced, it stands to reason
which one is more suited for application in multilevel SEM under large p, small g, small ICC
conditions. There is one main reasons why I focus on shrinkage and not on ridge approaches
within my research. Ridge approaches treat all targeted elements of the covariance matrix
equally. The same absolute quantity is added to each element in the on-diagonal (i.e., vari-
ances in the standard ridge approaches) or off-diagonal (i.e., covariances in the anti-ridge
approaches). In contrast, even in linear shrinkage approaches, in which the same regular-
ization parameter is applied to all targeted elements, the absolute differences between the
traditional sample covariance matrix and the shrinkage estimate are different. Put differently,
the same relative quantity is added to each element. Hence, shrinkage approaches target
extreme values more which is very reasonably given that sampling error is likely to differ for
each variable as well. The ridge and shrinkage approaches differ because of their objectives: in
ridge, a well-behaved sample covariance matrix is desired to prevent non-convergence and in
shrinkage, both a well-behaved and a more accurate sample covariance matrix are intended.

In the next section, the linear shrinkage estimator proposed by Touloumis (2015) will be
introduced, as it appears suited for application in the context of multilevel SEM and an
implementation in R is readily available.
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Covshrink: A Linear Shrinkage Estimator of the Covariance Matrix

The popular linear shrinkage estimator by Ledoit and Wolf (2004) was refined by Touloumis
(2015) through (1) expanding the set of target matrices, and (2) deriving consistent closed
form solutions of the shrinkage parameters under “small N, large p” conditions in single-
level data. The resulting, new estimators have been demonstrated to improve estimation
accuracy of covariance matrices in terms of MSE as compared with the traditional sample
covariance matrix under these conditions (Touloumis, 2015). The general equation for the
linear shrinkage estimator reads:

§ =(1-1)S+AT, (4.1)

in which S is the unbiased MLE of the p x p population covariance matrix, T is the target
matrix, and A is the shrinkage parameter. The target matrix is one of three diagonal matrices:
the equal target matrix 71, which contains the overall mean of the sample variances in the
on-diagonal (originally proposed by Ledoit & Wolf, 2004), the identity matrix I, which has
ones in the on-diagonal, or the unequal target matrix Dg which adopts the sample variances in
the on-diagonal. This implies that the on-diagonal elements (i.e., variances) of the shrinkage
estimate are pulled towards the mean of the sample variances (in case of the equal target
matrix vl,), one (in case of the identity matrix I,), or are left unaltered (in case of the unequal
target matrix Dg). Across all target matrices, off-diagonal elements (i.e., covariances) of the
shrinkage estimate are systematically pulled towards zero. For each target matrix, there is a
different formula for the shrinkage parameter. The closed form solution for the shrinkage
parameter of the equal matrix 01, in which 7 = Y1/, is:

2
A YZN + YIN 4.2)
E= 2 p—-N+1y,2 ' :
NYon + YlN + D YIN
for the shrinkage parameter of the identity matrix I ,:
~ Yon + YIZN
Ar= (4.3)

NYon+ Y2, - (N-D@Yin-p)

and for the shrinkage parameter of the unequal target matrix Dg:

N Yoy + Y2, -2V
Ay= oINS 4.4)
NYon+Yi, = (N-1)Yay

inwhich Yy, Y2, and Y3 are combinations of U-statistics (for their estimation, see pp. 5 and
12 in Touloumis, 2015). The optimal shrinkage intensity, which minimizes the MSE between
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the population covariance matrix and the respective shrinkage estimator, is approximated
by sample-based unbiased and ratio-consistent estimators (Touloumis, 2015). The resulting
biased shrinkage estimators of X are SZ (equal target matrix), S; (identity target matrix),
and §Z} (unequal target matrix). Because of the closed form of the shrinkage parameters, the
approach is computationally fast regardless of the number of observed variables p. In addition,
the obtained estimates have a more well-behaved eigenstructure, for instance, matrices are
non-singular and well-conditioned (Touloumis, 2015).

WFcovshrink: Shrinkage Estimation of the Covariance Matrix in the WF Approach

In the following, it will be outlined how WFcovshrink, or in other words, how plugging in
covshrink in the WF approach, alters elements of the sample covariance matrix and model
parameters. Here, the single-level represented two-level sample covariance matrix Sy p_7°
with its (co)variances of the p-n “specific-units” variables is replaced by the shrinkage estimate
Equation 4.1 for whose estimation N is replaced by g and p by p- n in Equation 4.2, Equa-
tion 4.3, and Equation 4.4. The mode of action of WFcovshrink is illustrated in more detail by
example of the equal target matrix and the resulting shrinkage estimate SZ in Figure 4.2. In
Panel A, the general framework of the WF approach, how  is modelled by £y 7_7, is outlined.
Panel B and C detail the WFcovshrink approach. In Panel B, the principal of how the shrinkage
estimate SE alters @ is shown, and in Panel C, an empirical example is given.

In Panel A, the general framework of the WF approach is outlined. To the left, the model specifi-
cation of the two-level random intercept-only model is depicted in which in the WF approach,
arestricted CFA is fitted on basis of the p - n “specific-units” variables in the data matrix WF-T.
In the middle, the original (co)variances of the respective sample covariance matrix Sy p_r
are shown. To the right, the reformulation of these (WF) p- n “specific-units” (co)variances as
(LF) p “all-units” (co)variances that are estimated thereof in the random intercept-only model
are illustrated. The (co)variances of x; ; and x; » (see upper left green block) are used to model
the variances of one common and two unique factors which correspond to the between- and
within-cluster variances of x;. Their variances contribute to the between- and within-cluster
variances, whereas their covariance contributes only to the between-cluster variance via the
common factor. Similarly, the (co)variances of x,; and x,» (see lower right green block) are
used to model between- and within-cluster variances of x,. The covariances of x; ; and x; »
with x» ; and x, », respectively (see lower left and upper right orange blocks), are used to model
the covariances of the two common factors and every n-th unique factor of each common
factor which correspond to between- and within-cluster covariances of x; and x;.

In Panel B, the principal of how the WFcovshrink approach operates is shown. To the left,

3Note that in the implementation of the linear shrinkage estimator by Touloumis (2015) in Rin the ShrinkCovMat
package only the unbiased MLE of the sample covariance matrix, can be used. In contrast to the normal theory
derived, biased MLE (see Equation 1.13 in chapter 1), the denominator changes from g to g — 1. Since the the
default of single-level SEM in lavaan (i.e., the WF approach) is the biased MLE, I did an empirical investigation
and found no differences for convergence and only slight differences for estimation accuracy (Walther, Hecht, &
Zitzmann, 2024).
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Swr—r contains (co)variances of p - n “specific-units” variables. In Panel A, these are reformu-
lated as (co)variances of p “all-units” variables modelled in the random intercept-only model.
Panel B introduces the principle of how the shrinkage estimate with the equal target matrix
alters estimates of the random intercept-only model. In Panel C, an empirical example with
number of clusters g = 50, cluster size n = 2, and number of observed variables p = 2 (sample
characteristics), and 0% = 0.05, U%/v =0.95, og = 0.015, and oy = 0.285 for both variables
x1 and x, (population characteristics), is given. The figure is taken from “Shrinking Small
Sample Problems in Multilevel Structural Equation Modeling via Regularization of the Sample
Covariance Matrix” by J.-K. Walther, M. Hecht, and S. Zitzmann, 2024, Structural Equation
Modeling Journal, 32(1), p. 45-65. https://doi.org/10.1080/10705511.2024.2380919. CC BY.
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the reformulated Sy r—r (as shown in Panel A rightmost) is depicted again. Its on-diagonal
elements (grey bar) are averaged () and used as the on-diagonal elements in the equal target
matrix 71, (“equal variances”). In reformulated terms, 0 equals the grand mean of the total
variances of both variables x; and x, (6% + 6%4,). The off-diagonal elements of 71, are set to
zero. To the right, an overview of the directions in which the sample (co)variances in Syyr_r
are pulled by shrinkage estimation are given. On-diagonal elements are shrunken towards
. In reformulated terms, this means that total variances (&% + &%V) are shrunken towards
the grand mean of the total variances (6123 +67,). Off-diagonal elements, or in reformulated
terms, between-cluster variances (&%), within-cluster covariances (6 ), and between-cluster
covariances (6 p), are pulled towards zero. When total variances are pulled towards the grand
mean and between-cluster variances are pulled towards zero, it follows that within-cluster
variances (6%4,) are pulled towards the grand mean of the total variances ((”7%g + 6%1,), too. The
biases that are expected from utilising the shrinkage estimate for the estimation of the model
parameters are depicted in the box in the right lower corner. Between-cluster variances and
between- and within-cluster covariances are expected to have downward biases, whereas
within-cluster variances are expected to show upward biases. Consequently, estimates of the
ICC are anticipated to be more conservative than those derived by the (unregularized) WF
approach.

In Panel C, an empirical example of shrinkage estimation is given. To the left, the sample
covariance matrix Syyr-r can be seen. In the middle, the equal target matrix 71, is depicted
in which the mean of the sample variances in Sy r_7 are ¥ = 0.99, or in reformulated terms,
the grand mean of the total variances 6129 + &%/\/ of x; and x,. The empirical data consists
of number of clusters g = 50, cluster size n = 2, and number of observed variables p = 2,
and thus, the cols: rows of the WF data matrix (WF-T), (p-n): g, are relatively small with
4 :50 = 0.08. and it lies within the minimum cols : rows recommendations, 0.04 — 0.125,
derived for single-level data earlier. In line with this, the shrinkage parameter is medium-sized,
A =0.59 and the shrinkage estimate is composited a bit more by the target matrix than the
sample covariance matrix. To the right, the resultant shrinkage estimate S}, is given. With the
aid of the reformulated Sy r_r (see Panel A rightmost or Panel B leftmost) and calculus, it can
be seen that the shrinkage estimates are for the most part closer to the population parameters
then those of the sample covariance matrix:

¢ for the between-cluster variance of x; U% =0.05, 0.06 in contrast to 0.15

¢ for the within-cluster variance of x; U%/V =0.95, 1.03 in contrast to 1.08

¢ for the between-cluster variance of x; O'% =0.05, —0.03 in contrast to —0.07
¢ for the within-cluster variance of x, U%/V =0.95,0.91 in contrast to 0.78

¢ for the between-cluster covariance of x; and x, og =0.015, —0.04 in contrast to —0.11.
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Only estimates of the within-cluster covariance of x; and x, oy = 0.285, are more far away in
the shrinkage estimate (0.13) than in the sample covariance matrix (0.32).

Next, the shrinkage estimate and sample covariance matrix can be used to estimate model
parameters in the WFcovshrink and the unregularized WF approach, respectively. These
can be seen in Table 4.1. For all except one estimate the WFcovshrink approach yielded
estimates which are closer to their population counterparts (and the one exception, the within-
cluster variance of x,, only differs on the second decimal to the estimate of the unregularized
WEF approach). Now the ICCs can be calculated thereof and compared with their population
counterparts (0.05 for both x; and xy). The estimates for x; are similarly off in both approaches,
0.06/(0.06 + 0.95) = 0.06 in the WFcovshrink approach, and 0.15/(0.15+ 0.88) = 0.14 in the
unregularized WF approach. Note that WFcovshrink approach underestimated whereas the
unregularized WF approach overestimated the ICC. For the estimate of x,, the WFcovshrink
approach was closer with —0.04/(—0.04 + 1.02) = —0.04 in contrast to —0.08/(—0.08 + 1.01) =
—0.08 in the unregularized WF approach. Here, both approaches underestimated the ICC
in the population. To sum up, with one exception the WFcovshrink yielded more accurate
estimates than the unregularized WF approach. Nonetheless, this was just singular evidence.
Whether this holds true for other sample sizes and target matrices remains to be put to test.
This is what my second research project addressed.

Table 4.1: Model Parameter Estimates of Random Intercept-Only Model for Example Data Set

Approach Between Within

02,=0.05 02,=0.05 0xx=0015 0% =095 02,=0.95 Oy =0.285

Owr 0.15 -0.08 -0.05 0.88 1.01 0.35

Ow Feovshrinks 0.06 -0.04 -0.02 0.95 1.02 0.15

Example data set with number of clusters g = 50, cluster size n = 2, and number of observed
variables p = 2. The table is taken from “Shrinking Small Sample Problems in Multilevel
Structural Equation Modeling via Regularization of the Sample Covariance Matrix” by J.-K.
Walther, M. Hecht, and S. Zitzmann, 2024, Structural Equation Modeling Journal, 32(1), p. 45-
65. https://doi.org/10.1080/10705511.2024.2380919. CC BY.
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5 Research Project (2)
Shrinking Small Sample Problems in
Multilevel Structural Equation Model-
ing via Regularization of the Sample
Covariance Matrix

Background

When the number of clusters is small in contrast to the number of observed variables at
the higher level, non-convergence and inaccuracy of model parameter estimates may result.
However, regularization approaches in the context of multilevel SEM, with the exception of
ridge, are most often applied to the model parameters ("output" of SEM) which is only able to
tackle accuracy issues. Even though particularly promising, sparse research has been done in
regularizing the sample covariance matrix ("input" of SEM) so far. My second research project
thoroughly examined the performance of linear shrinkage estimation of the covariance matrix
as a way of handling small sample sizes and low ICCs in multilevel SEMs. More precisely, the
shrinkage estimation was part of a two-stage SEM estimation approach in which the traditional
sample covariance matrix was replaced by a regularized covariance matrix. All three target
matrices that were proposed by Touloumis (2015) for their linear shrinkage estimator were
scrutinized. All were hypothesized to foster convergence and accuracy of between-cluster
parameter estimates. This two-stage approach was adopted to the WF approach to multilevel
SEM (Barendse & Rosseel, 2020; Mehta & Neale, 2005; Walther, Hecht, Nagengast, & Zitzmann,
2024). This was done for the pragmatic reason that single-level SEM (which the WF approach
uses) is more enhanced in its development in lavaan (version 0.6-15). More precisely, only
here users may supply a sample covariance matrix instead of a data matrix.

Method

In order to examine the performance of the proposed two-stage approach, WFcovshrink, as
compared with the standard LF and WF approaches, a simulation study was conducted. Two-
level random intercept-only models for continuous, balanced data under various conditions
were simulated. These conditions were varied by several factors in the simulation design
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that belonged to either sample or population characteristics. The sample characteristics,
factors which may be altered by the researcher, were comprised of the number of clusters
(g = 4,10,30,50,100, the cluster size (n = 2,5,10), and the number of observed variables
(p = 2,5,10). The following numbers of clusters were included: 4, 10, 30, 50 and 100. The
population characteristics, factors which cannot by altered by the research design, included
the between-cluster variance as indicated by the ICC (ICC = 0.05,0.25) and the correlation
at each level (o = pp = 0.10,0.30). From these, variances and covariances of the population
covariance matrix at both the between- and within-cluster level were calculated. Fully crossing
these factors, a simulation design with 360 conditions was yielded and for each 1.000 data sets
were replicated. Evaluation criteria for performance were convergence rates, and relative bias
and root mean squared error (RMSE) of (co)variance parameter estimates (i.e., random effects)
of between- and within-cluster level. For the latter two, values were investigated individually
for each parameter type (i.e., variances and covariances), aggregated across parameter types,
and the typical conjugate parameter, the ICC.

Results

Replicating the findings from the first research project, the operationalization of small samples
in combination with large numbers of observed variables (p : g in LF and (p- n) : g in WF
approaches) has only been shown to be determinative for convergence, but not for estimation
accuracy. As shown in my first research project, cols < rows in LF-B (p < g) on the LF
approach and cols < rows in WE-T ((p- n) < g) in the standard WF approach had to be
satisfied for models to converge. In contrast, all models, irrespective of the cols: rows in
WE-T, converged in the WFcovshrink approach with all three target matrices.

In line with the bias-variance tradeoff, the WFcovshrink approaches had increased biases
compared to the unregularized approaches. The observed direction of the biases of the
(co)variances at bot levels reflected the hypothesized ones: at the between-cluster level, both
variances and covariances exhibited a downward bias, whereas at the within-cluster level, a
downward bias in covariances and an upward bias in variances was found. As a consequence,
all regularized approaches yielded downward biased estimates of the ICC.

Similarly in line with the tradeoff, these biases came often with an improvement in accuracy.
The WFcovshrink approaches consistently yielded more accurate between-cluster estimates
across all simulated conditions, with the most significant improvements observed under
conditions of small g and small » or small ICC. In contrast, the results suggest that the effect
on the accuracy of the within-cluster parameter estimates depended on the cluster size n
and the correlations of the observed variables at the within-cluster levels. Unexpectedly,
more accurate estimates were obtained when the cluster size was very small (n = 2) or when
the correlations at the within cluster level was small (o = pp = 0.1). As the cluster size or
correlation at the within-cluster level increased, the estimates tended to be somewhat less
accurate than those of the traditional one-step approaches. The results showed that the ICC
estimates inherited advantages of both the between- and within-cluster level: in very small
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cluster sizes or when the population ICCs were marginal, estimates were more accurate than
the traditional methods. Overall, the accuracy gains of the WFcovshrink approaches were
largest under large p, small g, very small n, and small ICC conditions. The performance of all
three target matrices of WFcovshrink was very similar.

Discussion

Small sample sizes at any level, but especially at the higher level, often give rise to challenges
with convergence and accuracy of higher level parameter estimates in multilevel SEM. The
proposed two-stage approach, WFcovshrink, was quit effective in handling these challenges.
Models always converged and inaccurate parameter estimates at the between-cluster level,
and for very small cluster sizes even those at the within-cluster level, were shrunken signifi-
cantly. However, although the findings are encouraging, it is important to acknowledge certain
limitations. Concerning the set-up of the simulation study, the variances of all observed
variables at each level (and consequently, the ICCs) were identical, and only balanced cluster
sizes and simple random intercept-only models were considered. This might have lead to
overly optimistic results. Moreover, the application of the approach as it is, without worsening
estimates of within-cluster parameters and ICC, is limited to conditions with very small cluster
sizes (n = 2). The usage of other shrinkage estimators, or other ways of determining the
shrinkage parameter merit further attention in future research. Nevertheless, this study stands
out as one of the pioneering efforts to integrate shrinkage estimation of the covariance matrix
in the SEM framework, especially in the multilevel modeling context.
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6 Heterogeneous Variances

The assumption that data in psychology and the education sciences is homogeneous and
merely representing a single population is often unrealistic. Instead, heterogeneous popula-
tions ought to be expected. ‘Heterogeneous’ comes from the Greek ‘heterogenes’, composed of
‘heteros’ (different) and ‘genos’ (give birth), which translates to “diverse in kind or nature”. In a
statistical sense, populations may be heterogeneous in two regards. On one hand, heterogene-
ity may relate to variation in characteristics in one population. Individuals in a population
differ from one another on one or more variables of interest. For example, a population that
includes people of different ages, sexes and genders, income levels, or cultural backgrounds is
heterogeneous with respect to those characteristics. Variability of predictors and outcomes in
linear regression analysis is a necessary requirement to estimate statistical models properly.
When there is a lack of variance, non-convergence or biased estimates might result (J. J. Hox
& Maas, 2001; Liidtke et al., 2008, 2011; Muthen & Satorra, 1995; Zitzmann, 2018; Zitzmann
et al,, 2015). Thus, heterogeneity within a population may be seen as necessary requirement
for any kind of statistical modeling. On the other hand, heterogeneity may relate to variation
in distributional parameters across multiple populations. Every population has a mean and
a variance of a certain variable and these might differ across populations. For example, the
distributions of income levels differ across countries with respect to both mean and variability
(Anand & Segal, 2015). Statistical models have to account for these differences in order to
accurately estimate desired effects. With MLM, one accounts for (or is even interested in) the
differences in (between-cluster) means. However, the variability of populations is supposed
to be similar, or in other words, homogeneity of variances is assumed. This second kind of
heterogeneity is the one I am interested in.

Homogeneity of variance is a standard assumption in statistics. Within the general MLM frame-
work, it is assumed that (within-cluster) residual variances and random effects (co)variances
are constant across clusters. For instance, the variability of students’ performance in a math
test is supposed to be equal across all sampled classes. However, multiple scenarios might
be imagined in which this homogeneity assumption is likely to be violated. For example,
the type of school might be related to the variability of student’s performance in the math
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Figure 6.1: Two-Level Multigroup Data
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test: the performance of students from high schools might be less variable and more similar
than that of students from grammar schools. In this case, the grouping variable would be
at level-2 (see Figure 6.1), and the heterogeneous variances would be at level-1. Empirical
evidence supports the claim as heterogeneity of variance is a frequently observed phenomena
(Goldstein, 2005). To make this more tangible, Keselman et al. (1998) reviewed articles from
prominent educational and behavioral science journals and calculated variance ratios (VR) of
variables of interest. The VR indicates the ratio of the largest variance to that of the smallest
variance of groups. In the case of homogeneity, the VR would be close to 1. Values substantially
larger than 1 suggest heterogeneity. Keselman reported a median variance ratio (VR) of 2.25
which suggests that the group with the largest variance (e.g., grammar schools) showed vari-
ability more than twice the size compared to the group with the smallest variance (e.g., high
schools). Despite this findings, a recent evaluation of reporting practices in multilevel research
(Luo et al., 2021) showed that only 4.5% of studies checked the homogeneity assumption, for
instance, by calculating the VR. Thus, homogeneity of variances appears to be often assumed,
but less frequently observed and even checked in practice. Instead, heterogeneity of variances
ought to be considered.

Whether heterogeneity of variance is considered a nuisance or an avenue depends on our
research focus, but either way, it has to be accounted for. On one hand, if one is merely
interested in means (e.g., of heterogeneous variances), then one has to be aware of that
unaccounted heterogeneity may induce downward biases in standard errors of between-
cluster parameters (E L. Huang et al., 2022; Korendijk et al., 2008). Standard procedures to
deal with these are, for example, using robust standard errors (e.g., Huber, 1967; White, 1982;
see also Maas and Hox, 2004a), resampling techniques (e.g., Zitzmann et al., 2023; see also
Zitzmann et al., 2024), or applying non-linear transformations to the dependent variable (e.g.,
Hodges, 1998). When planning a study in which one expects variances to be heterogeneous,
calculating adequate sample sizes for the different populations a priori is suggested (Candel
& van Breukelen, 2015). On the other hand, heterogeneous variance components might be
of substantive interest in our research. For instance, analysing heterogeneous within-cluster
variances in students’ performance across schools can reveal differences in curricula, tracks or
teaching effectiveness. To quantify these heterogeneous (within-cluster) variances, Hedeker
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and Mermelstein (2007) and B. T. West et al. (2022) suggested to calculate group-specific ICCs
(e.g., one ICC for high schools and one for grammar schools). These may facilitate to decide
whether certain between-cluster variables (e.g., school type) are relevant for the variability of
a given outcome (e.g., students’ test performance) or not. These types of findings may offer
a valuable increment to mean tendencies alone, help limit potential variables that give rise
to heterogeneity of math achievement by exploring in which variables the two school types
differ, and they would have substantial implications on predictability across groups (i.e., larger
variances lead to lower predictability).

6.1 Modeling Heterogeneous Variances

Advanced statistical techniques have to be employed when heterogeneous variances are
sought to be modeled. Broadly speaking, there are two main frameworks (which we are al-
ready familiar with) that are suited to model heterogeneous variances for multilevel data:
multilevel models (MLM) with heterogeneous variances and multilevel multigroup SEM.
MLM with heterogeneous variances (also known as HET, dispersion models, or scale location
models; see e.g., Raudenbush & Bryk, 1987; Skrondal & Rabe-Hesketh, 2004) are prominent
in longitudinal research in which inter-individual differences in intra-individual change is
the subject of investigation. Although several approaches have been proposed, for instance,
(Hedeker et al., 2008) suggested to relax the constant level-1 variance assumption by modeling
the variance as a log-linear function of level-1 and level-2 predictors, (for a review see Leckie
et al., 2014), the main disadvantage of MLM with heterogeneous variances is (as with general
MLM) that one cannot model more than one dependent variable simultaneously and account
for measurement error. However, complex relations among latent variables are the main focus
of interest in the fields of psychology and the education sciences. In multilevel multigroup
SEMs (ML MG SEM,; see e.g., B. O. Muthén et al., 1997), one can do so. They are frequently em-
ployed to test for measurement invariance in CFAs across groups (e.g., school type, countries,
measurement occasions), which is, for instance a prerequisite for cross-group comparisons
such as group mean differences (Vandenberg & Lance, 2000). Multilevel multigroup SEM will
be introduced more thoroughly in the following.

6.1.1 Multilevel Multigroup Structural Equation Modeling

Multilevel multigroup SEM integrates multilevel modeling, multigroup analysis, and struc-
tural equation modeling which enables researchers to explore complex relationships among
variables at different levels while simultaneously comparing these relationships across mul-
tiple groups. For each group, a separate model is fitted or more precisely, the same model
is estimated in which certain parameters are estimated freely in each group. Often times,
this more complex, heterogeneous model is then compared with the simpler, homogeneous
model to assess which model fits the data better. For instance, to test measurement invariance
across groups, the fit of a model with freely estimated factor loadings is compared with that of
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a model with equality constrained measurement models across groups.

Group-specific heterogeneous variances can be modeled at the between- or the within-cluster

level. For this, the across-population invariance assumptions of Az and Bg, or A and By

(see Equation 1.5, Equation 1.6 and Equation 1.7 in chapter 1) are relaxed. In other words, the
models at the between- or the within cluster-level are allowed to differ by group. Similarly, the
grouping variable can be at any level. For instance, a between-cluster grouping variable might
be school type and a within-cluster grouping variable might be gender or socio-economic
status (SES). Note, however, that within-cluster grouping variables require more sophisticated
modeling techniques. Standard procedures, such as ML MG SEM, do not take into account
that the level-2 data is not independent between level-1 groups. Thus, the assumption of
independent level-2 units is violated. Moreover, the dependency between units of different
level-1 groups within the same cluster is not modelled. There may be intricate dependencies
that are specific to each cluster which can be modelled with more advanced approaches such
as the approach by Ryu (2014) who proposed an adapted model specification and fitting
function. Hence, and because I am more interested in contextual (i.e., between-cluster)
variables, my research is limited to between-cluster grouping variables. To come back to the
earlier example of the random intercept-only model, in Figure 6.2, to the left, the standard
multilevel multigroup SEM is illustrated, in which model parameters may vary in the two
groups. In contrast, in the standard multilevel SEM, one model would be fitted across groups.

Figure 6.2: Two-Level Multigroup Models in Long Format (LF) and Wide Format (WF)
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Between-cluster parameters are located above the dashed line; within-cluster parameters
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circles display the groups (k = 2). In this figure, both between- and within-cluster parameters
across groups are equality constrained. Model specification is contingent on the data set with
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Barendse and Rosseel (2020) and Mehta and Neale (2005) demonstrated that a multilevel
structural equation model can be fitted within a single-level framework (see chapter 1). I was
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6.1 Modeling Heterogeneous Variances

motivated by similar considerations: when a multilevel SEM can be estimated as a single-level
CFA, then a multilevel multigroup SEM may be estimated as a single-level multigroup CFA. In
my third research project, I extended the WF approach by multigroup modeling and altered
the model specification to allow for group-specific variances. Thus, a multilevel SEM for
each group is specified and certain equality constrains across groups are set, see the right
side in Figure 6.2. The focus of my third research project lays on models with heterogeneous
within-cluster (co)variances stratified by a between-cluster predictors. However, models
with different assumptions on heterogeneity at both levels as stratified by a between-cluster
variable can be estimated with the proposed approach as well.
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7 Research Project (3)
How to Estimate Multilevel Multi-
group Structural Equation Models In
A Single-Level Framework in R

Background

Heterogeneity of variance is more than a statistical nuisance when variability is a focal point
in research. In multilevel modeling, for instance, the inclusion of discrete variables at the
between-cluster level may lead to the detection of differences between variances at the within-
cluster level and these heterogeneous variances have the potential to inform research and
practice. For example, when students are nested within classes, modeling the school type
as group (i.e., assuming different populations for different school types) may reveal differ-
ences in variability in students’ performance in a test, such as lower variance for students
at high schools compared to grammar schools, which is crucial information in the field of
educational effectiveness. Along the lines of 'people are variables too’, the present research
article demonstrates how a single-level formulation of multilevel structural equation models,
the wide format approach (Barendse & Rosseel, 2020; Mehta & Neale, 2005), can be used
in combination with multigroup modeling in order to obtain heterogeneous (co)variance
estimates. Evidence for the proposed WFmultigroup approaches’ accuracy is given by means
of a simulation study and its application is showcased with an empirical illustration with the
lavaan package in R.

Method

Within the simulation study, the proposed WFmultigroup approaches’ accuracy and bias
was scrutinized under conditions of heterogeneous within-cluster (co)variances grouped by
discrete between-cluster variables. Within the simulation design, the number of clusters
(g = 200,500,1000), the cluster size (n = 2,10,30), the variance ratio (VR = 2,5), and the
variance at the between-cluster level (0% = 0.05,0.25) were varied. Only bivariate (p = 2)
relations were under investigation. In each condition, two-level random intercept-only models
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with heterogeneous within-cluster (co)variances for two groups (k = 2) were considered.

For reasons of reproducibility, a step-by-step illustration on how to estimate a multilevel
multigroup SEM as a single-level restricted multigroup CFA in lavaan using an open access
data set of the Programme for International Assessment of Student Assessment (PISA) was
provided. In accordance with the simulation study, the chosen example model was a bivariate
random intercept-only models with heterogeneous within-cluster (co)variances grouped by
the discrete between-cluster variable country in which two countries were compared. In the
main body of the article, only the code for the model specification was presented but the code
for all prior steps, such as data subsetting, inspection of missing data, and multiple imputation,
as well as model specifications of models with homogeneous within- and between-cluster
(co)variances, heterogeneous between-cluster (co)variances, and heterogeneous within- and
between-cluster (co)variances was given in the appendix.

Results

Generally, the accuracy of proposed WFmultigroup approach was good. All investigated
conditions resulted in biases within the acceptable range of |[10%|(L. K. Muthén & Muthén,
2002). Moreover, it is noteworthy conditions with larger VRs showed more accurate and less
biased between-cluster parameter estimates. This was especially true when cluster sizes were
small. For instance, when g = 200 and n = 2, under VR = 2 the relative RMSE was 150%,
whereas under VR =5 it dropped to half. At the within-cluster level, smaller numbers of
clusters and smaller cluster sizes were related to less accurate estimates as well, but accuracy
was better than at the between-cluster level and bias was close to zero (e.g., Depaoli & Clifton,
2015; Finch & French, 2011; J. J. Hox & Maas, 2001; J. J. Hox et al., 2010a; Liidtke et al., 2011;
Muthen & Satorra, 1995; Zitzmann et al., 2016). The ICC estimate, composed of the between-
and within-cluster variance estimates, inherited both their strengths and weaknesses: smaller
numbers of clusters, smaller cluster sizes, smaller between-cluster variances, and smaller
VRs resulted in less accurate and more negatively biased estimates (as the between-cluster
parameter estimates) but the magnitude of inaccuracy and bias was less strong (as for the
within-cluster parameter estimates). To obtain accurate and unbiased estimates in bivariate
random intercept-only models under the conditions observed, using a sample of g = 100 and
n = 10 for every group is recommended.

In the empirical illustration, a detailed account on how a bivariate random intercept-only
model of creative activities at school and growth mindset in Albania and Ireland can be
modeled with the WFmultigroup approach using lavaan was given. Empirical results unveiled
different variances but quite similar covariances: for creative activities at school 1.73 in Albania
and 0.57 in Ireland (VR = 3.04), for growth mindset 1.68 in Albania and 0.74 in Ireland (VR =
2.27), and for their covariances —0.02 in Albania and 0.04 in Ireland. Of special importance
for practitioners are two strategies employed in the data investigation and preparation phase.
Firstly, I suggested inspecting the univariate distributions of raw data and cluster means of
the observed data and of simulated data in order to aid in model specification. When the
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distributions of raw data and cluster means in the groups are congruent, then homogeneous
variances at both levels but also heterogeneous variances at level-2 might be the cause. When
one group has more clinched distributions in the raw and group mean data, this might indicate
heterogeneous level-1 variances. When these distributions are farther offset (i.e., they have
different modes), then heterogeneous variances at both levels are likely the reason. Secondly,
multiple imputation by chained equations was used to deal with the large amount of missings
which were to a large extent introduced by unbalanced cluster sizes when formatting to WE
Imputation was done in LF and separately for each group.

Discussion

Heterogeneous variances require advanced modeling techniques to be accounted for. My third
research project empirically evaluated and illustrated how heterogeneous (within-cluster)
(co)variances stratified by between-cluster grouping variables can be estimated with a single-
level multigroup restricted CFA. The simulation study brought evidence that the proposed WF-
multigroup approach yields accurate and unbiased estimates of a bivariate random intercept-
only model under conditions of moderately large numbers of clusters and cluster sizes. In the
empirical illustration its implementation in R with the package lavaan was demonstrated.

Nevertheless, the WFmultigroup (just as the standard WF) approach has limitations that
should be noted. Firstly, it might be inadequate when large cluster sizes and/or large numbers
of groups are concerned. The minimum requirement for convergence due to how MLE is
implemented in lavaanis (p - n;) < gx. This requirement may be circumvented, however, by
resorting to the “genuine” (LF) multilevel multigroup SEM with its less restrictive requirement,
p < (gk - ng), or to full information maximum likelihood (FIML) estimation which uses the
raw data instead of the sample covariance matrices (and thus, does not require certain matrix
properties as the implementation of MLE). Secondly, when the amount of missing values is
substantial and/or when the cluster sizes are highly unbalanced while the number of clusters
is small, then multiple imputation of the data might be questionable. In the utilised empirical
example data set, up to 72% of missing values were imputed which was justified by the large
existent data (N = 3,398 and g = 274), evidence for the data being MAR, and the results of
the sensitivity analysis. However, in other settings, this procedure may not be warranted.
Future research ought to investigate multiple imputation of a large sample of heterogeneous,
clustered data with unbalanced numbers of clusters, highly differing cluster sizes and large
amounts of missings.

For future research, two further avenues might be of special interest. Firstly, more complex
models that use heterogeneous within-cluster (co)variances as predictors or outcomes could
be explored. For instance, D. McNeish (2021) proposed a framework to estimate location scale
models as multilevel SEM in which different models for both mean (location) and variance
(scale) of outcomes can be specified. The WFmultigroup approach could extend these scale
location models by allowing for group-specific and time-specific heterogeneous variances.
Secondly, the effect of the VR could be investigated more thoroughly. In the simulation study,
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the accuracy of between-cluster parameter estimates was larger when the VR was larger which
might be related to the factor analytic modeling within the WF approach. More precisely,
between-cluster (co)variances are estimated as common factor (co)variances that are equality
constrained across groups. Thus, for larger VR, the ratio of common (i.e., between-cluster)
to unique (i.e., within-cluster) variances of the indicators (i.e., the p - n “observed” variables
in the WF data matrix) in the second group increased as well, and thereby, the amount of
communality of the indicators across both groups increased (MacCallum et al., 1999) found
that larger commonalities required smaller sample sizes for factor recovery. Hence, future
research could scrutinize this hypothesis and whether the effect is unique to the WFmultigroup
approach.
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In psychology and the education sciences, observational data is often of “hierarchical” nature
in which lower level units are nested within higher level units, such as students nested within
schools. This dependence in the data structure has to be accounted for to safeguard accurate
estimates at any level. Multilevel structural equation modeling (SEM) is a powerful tool which
not only enables to model the effects at the different levels, but also to model measurement
error and complex relations among variables simultaneously. Just as multilevel data can be
arranged in two data formats, long (LF) and wide (WF) format, there are two frameworks
to utilize multilevel SEM, the LF and the WF approach. The LF approach is the “genuine”
multilevel SEM approach and the WF approach uses a single-level restricted confirmatory
factor analysis (CFA) framework. In the current version of the SEM package lavaan (0.6-15;
Rosseel, 2012) in the free statistical software R, the WF approach has more options to be
modified because it uses a single-level framework that has undergone enhanced development
with regard to methodology and programming. Within the scope of the present thesis, I
suggested a (1) more precise definition of “small samples” for multilevel data and validated
the equivalent performance of the wide format (WF) approach to multilevel SEM here, and
I extended the WF approach under conditions of (2) small samples and (3) heterogeneous
variances with focus on convergence and estimation accuracy.

8.1 Summary

Within my first research project, I answered the questions “What are small samples in multi-
level data?” and “Is the performance of the LF and WF approaches equivalent in small samples?”.
For this, I built on research from single-level analysis. Several scholars expanded information
on samples sizes by information on the number of observed variables. This large p, small N
conditions in single-level analysis were transferred to large p, small g conditions in multilevel
analysis. Moreover, the significance of the variance at the between-cluster level, usually con-
ceptualized by the Intraclass Correlation (ICC), was taken into account. Smaller ICCs demand
for larger numbers of clusters g. Thus, small sample conditions in multilevel analysis have
been contoured as “large p, small g, small ICC” conditions. The number of observed variables
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p and the number of clusters g are sample characteristics that can be changed in the study
design whereas the ICC belongs to population characteristics that can only be compensated
for by the sample characteristics. I noted that p : N is equatable to cols: rows of the data
matrix in single-level data. In multilevel data, though, the cols: rows differs depending on
the data format, long format (LF) or wide format (WF), and in the former, it additionally differs
depending on the type of data matrix, within- or between-cluster. I found that in LE the
between-cluster data matrix with p : g is of primary relevance for convergence whereas in WE,
the relevant ratio is (p) : g. I extended existing empirical evidence and scrutinized whether
the LF and WF approaches are equivalent under “large p, small g, small ICC” conditions in
which these ratios differ substantially. Hence, the contributions of the first research project
are recommendations for minimum sample sizes for converging multilevel models given
certain numbers of observed variables, ICCs and the implementation of MLE in lavaan and to
know when the LF and WF approaches are applicable, p > g in LF and (p) < g in WE Under
conditions in which both approaches converge, namely (p) < g, their estimation accuracy has
been found to be comparably.

Within my second research project, I explored the question “How to deal with small samples?”.
For this, I adapted the WF approach by regularization of the covariance matrix in order to
obtain converging and more accurate models. More specifically, a two-stage estimation
approach, WFcovshrink, was proposed in which the traditional sample covariance matrix
was substituted by a shrinkage estimate. The linear shrinkage estimator by Touloumis (2015)
was utilised for this purpose. The performance of WFcovshrink in contrast to the traditional,
unregularized LF and WF approaches was explored under conditions of large p, small g, small
ICC and under less problematic conditions. The approach always achieved convergence by
overcoming the cols < rows restriction imposed by the implementation of MLE in lavaan.
Moreover, it resulted in more accurate between-cluster parameter estimates throughout,
and under conditions of small cluster sizes even in more accurate within-cluster parameter
estimates. However, as the within-cluster parameter estimates got less accurate when the
cluster sizes were increased, the proposed WFcovshrink approach is, so far, only advisable
for conditions with very small cluster sizes. Notwithstanding, the research project was a
pioneering success in applying regularization to covariance matrices in multilevel SEM to
mitigate estimation problems related to small sample sizes.

Within my third research project, the question “How to model heterogeneous variances?” was
investigated. I proposed an approach that enables to estimate heterogeneous variances in
multigroup multilevel SEM within a single-level framework. On that account, the single-
level restricted CFA (WF approach) was extended to a single-level multigroup restricted
CFA (WFmultigroup). The proposed approach was backed up by a simulation study and its
application in Rwith the package lavaanillustrated by means of an openly accessible empirical
example data set. The focus was on heterogeneous within-cluster (co)variances stratified by
between-cluster grouping variables. The simulation study yielded evidence for the approaches’
accuracy and unbiasedness under conditions of moderately large numbers of clusters and
cluster sizes. The empirical illustration included suggestions for model specification (i.e.,
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at which levels heterogeneity of variances ought to be modeled) by means of descriptive
statistics and handling of missing data by means of multiple imputation. The research project
provided new avenues for teaching staff and researchers when dealing with group-specific
heterogeneous within-cluster (co)variances in multilevel analysis.

Open Science principles such as replication, accessibility and transparency were adhered
to in all of my research projects. Throughout all three research endeavours, several existing
findings could be replicated: (a) the number of clusters g is the more crucial sample size
for convergence and estimation accuracy of between-cluster parameters in multilevel data
(Afshartous, 1995; Clarke, 2008; J. J. Hox & Maas, 2002; Kreft & Yoon, 1994; Maas & Hox,
2004b; Mok, 1995), (b) smaller ICCs are related to lower convergence rates and less accurate
estimates of random between-cluster parameters (Finch & French, 2011; J. J. Hox & Maas,
2001; J.J. Hox et al., 2010b; Liidtke et al., 2011; D. M. McNeish & Stapleton, 2016; Meuleman &
Billiet, 2009; Muthen & Satorra, 1995; Zitzmann, 2018; Zitzmann, Wagner, et al., 2022), and
(c) estimates of random between-cluster parameters are more affected by inaccuracy than
random within-cluster parameters (Finch & French, 2011; J. J. Hox & Maas, 2001; ]J. J. Hox et al.,
2010a; Liidtke et al., 2008, 2011; D. McNeish & Stapleton, 2016; D. M. McNeish & Stapleton,
2016; Meuleman & Billiet, 2009; Shin & Raudenbush, 2010; Stegmueller, 2013; Zitzmann, 2018;
Zitzmann et al., 2015). To guarantee accessibility and transparency of workflows, analysis was
done in the free and open-source software R, code snippets were appended in the articles
and the complete scripts for the simulation studies and related figures and tables uploaded
to Github (https://github.com/demian]K?tab=repositories), and open access data was used
for empirical illustration. Moreover, all three articles were published open access through
funding of the library of the University of Tiibingen.

8.2 Limitations

Now that the contributions of my research projects are summarised, their limitations have
to be acknowledged in a similar fashion. The following points of criticism mainly concern
the designs of the simulation studies. These were very similar throughout all three research
endeavours. Thus, generalization beyond the range of the conditions studied should be
undertaken with caution. Including new conditions and investigating open questions might
offer some interesting avenues for future research.

8.2.1 Random Intercept-Only Models

The most simple two-level models, namely random intercept-only models, were examined.
In these, the covariance structure of the sample covariance matrices at both levels in LE 25
and 2y, and the cluster means at the between-cluster level (i.e., random intercepts) were
estimated. While this is the standard model that is estimated to assess whether MLM is nec-
essary, more complex models that include directed paths among variables are commonly
utilised. More complex models and model misspecification, for instance, have been related
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to increased occurrence of non-convergence and non-positive definite covariance matrix
errors (see e.g., Peugh, 2010). It would be, for example, interesting to examine whether the
WFcovshrink approach can minimize these issues in more complex and misspecified models
as results from the standard model suggest. Moreover, it might be sensible to reconsider the
equivalence of the LF and WF approaches when more complex models and model misspecifi-
cation are concerned. For example, Barendse and Rosseel (2020) considered a factor model
which was either correctly specified or not and found that the WF approach yielded slightly
less biased between-cluster factor loadings (in balanced data) than the LF approach when the
model was misspecified (—-3% in contrast to —9% relative bias). The authors attribute this to
an disadvantage of the marginal maximum likelihood (MML) estimator in the LF approach
compared to the similarly performing diagonally weighted least squares (DWLS) and pairwise
maximum likelihood (PML) estimators in the WF approach. However, when contrasting the
DWLS estimator in both approaches, then a slight difference in relative bias of [1%]| in favour
of the WF approach hints at potential differences in estimation accuracy. While this difference
may seem trivial, it might become more substantial under conditions more problematic for
estimation, such as large p, small g, small ICC conditions. One may further hypothesize
potential reasons why the WF approach might have an advantage. For instance, models
specified in the WF approach have more degrees of freedom because the number of observed
parameters is higher than the number of freely estimated parameters (the latter is the same in
LF an WF model specifications). The sample covariance matrix S wr_71 has the dimensions
(p x n) x (p x n) and every observed variable p is modelled as common factor from the n
specific-units variables whose (co)variances are equality constrained. Thus, there might be
some kind of “model size effect” concerned when comparing the accuracy of the LF and WF
approaches. That the accuracy of the WF approach has not been found to be superior in my
research despite the differences in degrees of freedom might have been attributable to the
standard models employed. In the literature, the model size effect has been conceptualized in
different ways (see e.g., Shi et al., 2018), amongst others as the number of observed variables p,
the number of freely estimated parameters g, and a function of both, the degrees of freedom
df. However, as Shi et al. (2018) note, these factors covary: when the number of observed
variables in a model is changed, so do the number of freely estimated parameters and the
degrees of freedom. Thus, in future research, a sensible research design in which it can be
ruled out which factor is of importance, need to be constructed. An alternative explanation
for the less biased between-cluster factor loadings could be the single-level factor modeling of
multilevel parameters in the WF approach. In the misspecified condition, a non-zero effect
on the first item at the between-cluster level was left out in modeling. In the LF approach,
the item (i.e., observed variable) is manifest whereas it is modelled as common factor by n
specific-units variables in the WF approach. Thus, bias might be pushed into the unique
factors (i.e., within-cluster components) and related parameters. Unfortunately, Barendse and
Rosseel (2020) did not report bias of within-cluster parameter estimates in details and thus,
the hypothesis remains to be put to test by future research.
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8.2.2 Random Effects

Only random effects of the random intercept-only model, that is, variances and covariances of
observed variables at both levels, were investigated. Fixed effects, in the case of the model
under investigation, cluster means at the between-cluster level, were not examined. The focus
was on random parameter estimates because most evidence found small sample bias in these
(e.g., Finch & French, 2011; J.]. Hox & Maas, 2001; J. J. Hox et al., 2010a; Liidtke et al., 2008, 2011;
D. McNeish & Stapleton, 2016; D. M. McNeish & Stapleton, 2016; Meuleman & Billiet, 2009;
Shin & Raudenbush, 2010; Stegmueller, 2013; Zitzmann, 2018; Zitzmann et al., 2015). However,
some studies also reported biases in observed cluster means (Shin & Raudenbush, 2010;
Zitzmann, 2018; Zitzmann et al., 2015) and other fixed effect parameter estimates in more
complex models, such as regression coefficients, factor loadings and residual variances in
measurement models, contextual effects, and cross-level interaction effects (Liidtke et al., 2008,
2011; D. McNeish & Stapleton, 2016; Meuleman & Billiet, 2009; Stegmueller, 2013). Equivalence
of the LF and WF approaches with respect to fixed effects might deserve a closer look. As
outlined in the last subsection, slight differences in biases in factor loadings at the between-
cluster level have been found under conditions of large samples (Barendse & Rosseel, 2020).
Future research might consider exploring these under conditions less favourable for estimation
accuracy, such as large p, small g, small ICC conditions. Beyond that, a potential extension of
the WFcovshrink approach to fixed effects to improve accuracy might be conceivable. This
will be discussed later.

8.2.3 Balanced Data

Analysis was restricted to balanced data. This made for a more simple simulation design
at the price of neglecting an issue that many practitioners face when collecting data. It is
generally known that unbalanced data is costlier to deal with (see e.g., McDonald & Goldstein,
1989), and highly unbalanced data may be especially problematic in the WF approach (see
also Barendse & Rosseel, 2020, who pointed this out). For instance, as has been seen in the
empirical illustration in my third research project, a substantial spread of cluster sizes, varying
from 1 to 45, introduced a non-negligible amount of missing data in the WF data matrix
(WE-T). I dealt with this issue by means of multiple imputation after checking the data and the
missing mechanisms but this and other procedures have to be validated by future research.
Alternatively, one might deal with unbalanced data by case-varying parameters, for instance,
different factor loadings for every cluster as suggested by Bauer (2003). However, the major
drawback of this procedure is that one cannot formally test the fit of these models by using
conventional likelihood-ratio statistic because they are not summarized by a single covariance
matrix and mean vector (Raudenbush, 2001). Moreover, when unbalancedness is substantial,
models may not converge without compensating for the missings, as has been noted in my
third research project. Notably, even with smaller percentages of unbalanced data, undesirable
consequences might arise. For instance, Barendse and Rosseel (2020) found higher relative
bias (i.e., about 10%) in the standard errors of factor loadings for the WF approach in the
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conditions with cluster sizes varying from 3 to 9. However, my research focused on matters of
estimation problems such as convergence and accuracy but not on inference. Thus, future
research should scrutinize the effects of unbalanced data on different performance outcomes
and consider potential remedies to deal with these, especially for the WF approach.

8.2.4 Estimation Problems

The scope of all three research projects within my thesis was limited to estimation problems
such as non-convergence and inaccuracy of estimates. For reasons of practical applicability,
however, other performance measures, such as standard errors, would have to be validated
for the WF approach and its extensions as well. At least concerning the equivalence of the
LF and WF approaches, there is some evidence that their standard errors are comparable.
For instance, Barendse and Rosseel (2020), who inspected the performance of both the LF
and WF approaches for a one factor model, used robust standard errors (in Mplus) for both
approaches and found their biases to be similarly low across all conditions. However, the
investigated conditions did not include large p, small g, small ICC conditions, but only
moderately large samples and small numbers of observed variables in which the relevant data
matrices in both approaches (LF-B and WF-T) had cols << rows. Future research might put
these under investigation. More importantly, however, the accuracy of the standard errors of
the WFcovshrink approach need to be assessed. For instance, McQuitty (1997) scrutinized the
standard errors obtained when ridge, another type of regularization of the sample covariance
matrix similar to shrinkage estimation, was applied and found them to be biased upwards.
The author considered two possible (intertwined) explanations. Firstly, larger ridge constants
caused the on-diagonal elements (i.e., variances) to be relatively more important than the
off-diagonal elements (i.e., covariances). When the the ridged sample covariance matrix was
used to fit a CFA, the inter-item correlations were underestimated and standard errors of the
factor loadings were inflated. Secondly, as the on-diagonal elements (i.e., variances) were
increased by the (larger) ridge constants, this simultaneously increased the standard errors of
the variances of the observed variables. In the case of linear shrinkage estimation, it is not
necessarily the same case that variances are increased while covariances are decreased as the
direction of the shrinkage depends on the relation of the elements of the sample covariance
matrix and the target matrix. Nevertheless, it is unlikely that standard errors are unbiased
when elements of the sample covariance matrix are altered in the shrinkage estimate. Hence,
future research should scrutinize this matter and potentially propose corrections for standard
errors when shrinkage estimates are used in SEM.

8.3 Avenues for Future Research

In the following, further avenues for future research are suggested. These ideas build on the
most vital findings, questions, and hypothesis that emerged within the three research projects.
They are intended to challenge the reader and stir more questions than to provide ready-made
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instructions.

8.3.1 Cols:Rows Conceptualization

The generalization of the p : N effect from single-level to multilevel analysis, the cols: rows
conceptualization, which was studied within my first and second research project, indicated
that the ratio is of primary relevance for convergence in multilevel SEM with MLE as im-
plemented in lavaan. Effects on convergence deserve to be further studied in multilevel
analysis

Firstly, it might be of special interest for practitioners to explore minimum cols : rows re-
quirements for other implementations of MLE, such as full information likelihood (FIML)
estimation, and whether these are transferable to other statistical software, such as Mplus.
For instance, McCoach et al. (2018) compared five common software solutions for MLM and
found differences in terms of convergence rates. This suggest that substantial differences in
the implementation of multilevel SEM software might also exist.

Secondly, it remains to be answered whether the minimum cols: rows suggestions are valid
when more complex models, such as measurement models, are investigated. Multicollinearity
(i.e., large covariances/correlations among observed variables), but also the opposite direction,
weak factor loadings and communality (i.e., small covariances/correlations among observed
variables), as well as a small number of indicators for common factors have been shown to
make non-convergence more likely (Boomsma, 1985; MacCallum et al., 1999; Yuan & Chan,
2008). In addition, fitting large models is inherently more unstable (Breiman, 1996), and
an extended conceptualization that incorporates model complexity might prove useful. For
example, a large area of research in single-level analysis was dedicated to the “model size
effect” which, amongst others, has been conceptualized as the number of freely estimated
parameters g (Shi et al., 2018) and the number of participants per freely estimated parameter
N: q (Herzog et al., 2007; Jackson, 2001, 2003). In the context of SEM, where first a sample
covariance matrix and then model parameters are estimated, one could hypothesize that
p: N is more suited for the sample covariance matrix whereas p : g is more suited for model
parameters. However, these considerations remain to be put to test in the context of multilevel
SEM in future research.

Thirdly, including cols : rows in optimal design research might prove useful. Commonly,
optimization focuses on maximization of power but as Hecht et al. (2023) emphasized, in
very small samples, simulated power might be biased by estimation problems and non-
convergence. Including an optimization criterion that at least rules out non-convergence
due to software requirements, such as the cols < rows requirement in lavaan, might be of
practical significance. For instance, in the case of the LF approach, substituting or amending
the design parameters ‘number of observed variables’ and ‘number of clusters’ by p : g or
including p < g as constraint for the optimization may foster excluding research designs
that would give rise to non-converging models. For instance, the user-friendly Shiny App
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OptDynMo proposed by Hecht et al. (2023) for dynamic longitudinal models could be amended
by the ratio p < T (in which T are the number of time points). However, first, research would
need to address whether the requirement holds true for (software of) dynamic panel models
as well. In addition, as the optimal design calculation is based on the likelihood ratio statistics
proposed by Satorra and Saris (1985), it could be adapted for any SEM, including multilevel
SEM, in which p < g for the LF approach and (p-n) < g for the WF approach might be included.
Moreover, optimal design research could benefit from including the decomposition of the
between- and within-cluster variance, the ICC. My research replicated earlier findings that
smaller ICCs are related to larger percentages of non-convergence and inaccuracy of between-
cluster estimates of random parameters (Finch & French, 2011; J. J. Hox & Maas, 2001;J. J. Hox
etal., 2010b; Liidtke et al., 2011; D. M. McNeish & Stapleton, 2016; Meuleman & Billiet, 2009;
Muthen & Satorra, 1995; Zitzmann, 2018; Zitzmann, Wagner, et al., 2022), and thus, expected
ICC values should be taken into account when planning studies. This claim is supported by
other scholars who suggested to include the ICC in study planning because it is pivotal for
convergence and estimation accuracy (Hedges & Hedberg, 2013).

8.3.2 Further Application of the WF Approach

The empirical evidence for the equivalence of the LF and WF approaches has been extended
to large p, small g, small ICC conditions, and potential advantages of the WF approach have
been hypothesized. Thus, one might consider whether the WF approach might be utilised
for other kinds of hierarchical data. Just as clustered data, such as students nested within
classrooms, longitudinal data has a hierarchical structure. Here, time points (T, level-1 units)
are nested within individuals (IV, level-2 units). Thus, there is a large potential of applying
the WF approach to the analysis of longitudinal data. For instance, growth curve models
(GCM) can be estimated within a MLM or SEM framework (see e.g. Bryk & Raudenbush, 1987;
D. R. Rogosa & Willett, 1985; J. D. Singer, 2003; Steele, 2008), and these kind of models are
called multilevel growth models or MLM of change. Whereas GCM in a MLM framework
uses the data in WE in a SEM framework, the model uses the data in LF and thus, might
be reformulated into the WF approach. GCM in a MLM framework has the advantage that
individual variation in the timing of measurements, otherwise known as unequally spaced
measurements, unbalanced data, attrition or non-monotone patterns of missingness, can
be dealt with better (Steele, 2008). In a MLM framework, cluster sizes are not required to be
equal but in a SEM framework, the missing data must be dealt with, for instance, by using
full information maximum likelihood (FIML) estimation or multiple imputation. However,
when variables of interest are not directly observable, then GCM in a SEM framework has to
be employed and reformulating this traditional LF approach into the WF approach might be
beneficial for certain scenarios.

First some general introduction (see e.g., Bryk & Raudenbush, 1987): multilevel growth models
concern the analysis of change over time. As in the modeling of clustered data, variance is
decomposed into within and between parts. With longitudinal data, however, in which level-1
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units are time points and level-2 units are individuals, there is within- and between-individual
variation. The former concerns how individuals vary relative to their own average and the
latter concerns how individuals change compared to others. More specifically, at the within-
individual level, the outcome of individuals at time points are modeled as a function of a
systematic growth trajectory, which is often represented by polynomial terms, plus residual
error. The (co)variance structure assumed for the growth model depends on the functional
form assumed for the individual growth model and on the amount of variance and covariance
among the individual growth parameters. For the residual error (i.e., level-1), most often a
simple structure is assumed which puts that errors are independently and normally distributed
with a mean of zero and constant variance. At the between-individual level (i.e., level-2), the
variation of growth parameters is modeled.

Using the WF approach potentially offers another advantage for the modeling of the error
term. In traditional MLM, unaccounted heteroscedasticity in residual error (i.e., level-1)
variance may result in less efficient parameter estimates (for regression models cf. White, 1980).
To account for this, extensions of the traditional MLM, such as MLM with heterogeneous
variances (see e.g., Hoffman, 2007; Leckie et al., 2014; Raudenbush & Bryk, 1987) may be
employed. Alternatively, the WF approach might offer a feasible alternative for modeling
time-specific residual (co)variances. Here, equality constraints across time points can be
easily relaxed. The data matrix in WF (WF-T) has the dimensions g x (p - n) in the case of
clustered data in which g is the number of clusters and r is the cluster size and N x (p- T) in the
case of longitudinal data in which N is the number of individuals and T is the number of time
points. In the modeling of the WF approach, equality constraints across the n or respectively
T specific-units variables of each observed variable p are commonly set. These represent the
assumption of homoscedasticity of (co)variances of the p - n (clustered data) or respectively
p- T (longitudinal data) specific-units variables. Heteroscedasticity, in contrast, indicates that
the variance of a variable changes in dependence of another variable, such as the index in
a cluster (clustered data) or time (longitudinal data). For clustered data in WE in which, for
instance, x) 1 is the observed variable x; for every 1% unit in each cluster, the homoscedasticity
assumption is reasonable. The index (i.e., ordering) of the units in the clusters ought to be
arbitrary. Thus, there is no reason to assume heteroscedasticity. In contrast, for longitudinal
data, in which, for instance, x; ; is the observed variable x; for every 1% time point of each
individual, the homoscedasticity assumption may not be reasonable. Here, homoscedasticity
is a form of the standard stationarity assumption in longitudinal modeling which indicates
that statistical properties, such as mean and variance, of a variable do not change over time.
Heteroscedasticity, or in other words, non-stationarity of (co)variances, in contrast would
allow (co)variances at different time points to differ, which is reasonable in designs in which
interventions or environmental shocks are present. Future research ought to scrutinize the
utility of the WF approach for multilevel growth models and compare its performance with
existing methods for modeling time-specific (co)variances.
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8.3.3 Extensions and Further Applications of the WEcovshrink Approach
Extensions: Other Shrinkage Estimators and Regularization of Means

The WFcovshrink approach has been shown to be successful in improving convergence rates
and improving accuracy but still, it might be extended in two ways, by customizing the
regularization of the (co)variances and by including regularization of the cluster means, in
order to enhance accuracy properties even more. Both have been demonstrated to mitigate
inaccuracies in between-cluster parameter estimates. However, whereas the former only
affects estimates of random parameters, the latter has been shown to influence estimates of
both fixed and random parameters.

Although the WFcovshrink approach has proved to result in more accurate between- and even
within-cluster parameter estimates in large p, small g, small ICC conditions, evidence suggest
that regarding the within-cluster parameter estimates, effects hold true only for conditions
with very small cluster sizes. The employed linear shrinkage approach was designed for
single-level data and not for single-level representations of multilevel data. Thus, the target
matrix and its shrinkage parameter were not optimal under this conditions. Although several
target matrices have been proposed by scholars, it may be preferable to customize these
anew as single-level represented multilevel covariance matrices have not been considered
in the literature before. In the employed shrinkage estimator, for instance, on-diagonal
values (i.e., sum of between- and within-cluster variances) were shrunken towards a non-zero
value whereas off-diagonal values (i.e., between-cluster variances and within- and between-
cluster covariances) were shrunken towards zero which increased the risk of inflated, less
accurate within-cluster variances. Once could prevent this, for instance, by shrinking the
between-cluster variances less intensely than the between- and within-cluster covariances in
the off-diagonal. This would suggest a target matrix with different values in the off-diagonal.
It might be furthermore fruitful to consider non-linear shrinkage estimators in which different
shrinkage intensities are applied to the elements of the covariance matrix. This way, between-
cluster variances and between- and within-cluster covariances in the off-diagonal could
be shrunken differently. For example, when between-cluster variances are shrunken less
(compared to the other elements in the single-level represented multilevel covariance matrix),
then within-cluster variances might not be inflated severely (because these are estimated
by subtracting between-cluster variances in the off-diagonal from the between- and within-
cluster variances in the on-diagonal). Moreover, the closed-form solutions of the shrinkage
parameter ought to include information on the sample sizes at both levels. In the way the
shrinkage estimator was employed, only the sample size at the higher level, the number of
clusters, was considered but not the cluster size. This might have led to inflated shrinkage
parameters under conditions of smaller numbers of clusters but larger cluster sizes (although
the former has been shown to be the more important quantity in multilevel data when it comes
to estimation accuracy). Implementing these suggestions might yield estimators that are more
appropriate for small ICC but future research should similarly consider target matrices that
are more suited for diverse properties of multilevel population covariance matrices, such as
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larger ICCs. In other research areas of when other kinds of data, such as longitudinal data,
is concerned, the ratio of level-2 to total variance may increase, making a target matrix with
(close to) zero off-diagonal values inappropriate. Moreover, the conceptualization of level-2
may be important as findings from Gulliford et al. (1999) suggest. They investigated ICCs
of lifestyle risk factors and health outcomes and found their ICCs to be contingent on the
conceptualization of level-2. At the district health authority level, ICCs were found to be below
0.01, at the postal code sector level, below 0.05, and at the household level, they fell in the
range of 0.0 —0.3. This implies that the “lower” the chosen level-2 conceptualization, the larger
the ICC. This claim is supported by Hedges and Hedberg (2013) who found that the higher the
level, the less variability is expected. In sum, prior research on ICCs of the variables of interest
should also inform the choice of the target matrix.

Examining whether an extended WFcovshrink approach can minimize inaccuracies in fixed
effects might be another important avenue for future research. In the basic random-intercept
models employed throughout my research, fixed effects were only cluster means (which
were not scrutinized within my research) but in more complex models, this may include
parameters such as regression weights and factor loadings. It has been noted that unreliability
of cluster means yields biases in slopes and variance components, particularly contextual
effects, and this is especially true when ICCs are small (Grilli & Rampichini, 2011; Liidtke et al.,
2011). Regularization of the sample covariance matrix does not affect the cluster means, but
methods to attenuate the measurement error in the cluster means, such as the doubly latent
approach by Liidtke et al. (2011), have been proposed. This approach was designed to tackle
two sources of error, namely sampling (through sampling of items) and measurement error
(through sampling of persons). Observed variables are decomposed into different components,
indicator-specific means, within- and between-cluster factor loadings and indicator-specific
error sources at the within- and between-cluster level, respectively, which are modelled
separately. This correction has been shown to outperform traditional MLE when the number
of clusters is small. Thus, a combination of the doubly latent approach with regularization of
the covariance matrix might create substantial synergy in accuracies in large p, small g, small
ICC conditions which future research could look into.

Further Applications: Adaptation for Longitudinal Data

Just as the WF approach, the WFcovshrink approach might be borrowed for longitudinal data
analysis. One may either utilise the complete WFcovshrink approach, a single-level restricted
CFA with a two-stage estimation approach that replaces the sample covariance matrix by a
shrinkage estimate, or only supply the shrinkage estimate to another modeling approach that
uses the data in WE

The complete WFcovshrink approach may be adopted to the WF approach reformulation of
GCMs in a SEM framework suggested earlier. When the number of individuals (i.e., level-2
units) is sparse, then replacing the sample covariance matrix by a shrinkage estimate might
mitigate potential estimation problems. For instance, Laird et al. (1987) noted that when
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the model parameter matrix is not positive semi-definite (psd means that eigenvalues are
positive or zero), which may emerge because of sparse data, then models may not converge.
It would be interesting to scrutinize whether providing a shrunken covariance matrix with
a well-behaved eigenstructure may solve this issues. Moreover, the shrinkage estimate may
lead to more accurate model parameter estimates just as in multilevel modeling in my second
research project. For GCMs, evidence suggests that at least 50 level-2 units with traditional
MLE (Maas & Hox, 2005) or 20 level-2 units with Bayesian estimation (J. J. Hox et al., 2012)
ought to be used. Accuracy of these methods ought to be compared to those of the WFcov-
shrink approach. However, the results of my research also suggested that the linear shrinkage
estimator proposed by Touloumis (2015), which was plugged in the WFcovshrink approach,
may not be the best choice when more than a few time points are included. When T = 2,
residual (i.e., level-1) variances were more accurate. Although GCMs usually contain few time
points T (i.e., level-1 units), less accurate residual variances may result when T = 5. Reducing
the number of time points to two, though, is no viable option for many reasons, for instance,
as these provide an inadequate basis for modeling change (Bryk & Weisberg, 1977; D. Rogosa
et al., 1982). Moreover, we have to keep in mind that generalization from WFcovshrink used
for multilevel SEM to WFcovshrink used for GCM in a SEM framework has to be done with
caution as only the sample covariance matrix is the same but the modeling approaches differ.
More suitable shrinkage estimators for longitudinal data, such as the non-parametric one
proposed by Wu (2003), may be sought after.

Regularization of the WF sample covariance matrix may offer an avenue for other longitudinal
modeling approaches that use the data in WF (without necessarily using the WF approach
to multilevel SEM). Here, for instance, GCMs in the MLM framework might benefit from
substituting the sample covariance matrix by a shrinkage estimate when the number of
individuals (i.e., level-2 units) is small and the model parameter matrix is not psd. Another
avenue for the application of shrinkage estimation of the WF covariance matrix might be
dynamic panel models, such as autoregressive cross-lagged (ARCL) panel models. These
are prone to face problems with convergence under conditions of high autocorrelations (i.e.,
multicollinearity) and heteroscedasticity because a higher risk of distorted eigenstructure
is introduced (Dufour & King, 1991). For example, high autocorrelations mark high off-
diagonal values (i.e., variances) and when these are large compared to on-diagonal values (i.e.,
variances), then eigenvalues are spread out more widely making undesirable properties such
as non-positive definiteness more likely. To foster convergence, several procedures have been
suggested, for instance, setting equality constraints in autoregressive and cross-lagged effects
across time points (Orth et al., 2021) or using the heteroscedasticity- and autocorrelation-
consistent covariance matrix estimator proposed by K. D. West (1997). However, instead of
adapting the model side, we may adapt the sample side by means of regularization of the
sample covariance matrix. When applying the linear shrinkage estimator by Touloumis (2015),
on one hand, certain desirable shifts take place. Autoregressive equivalents in the sample
covariance matrix, such as the covariance of variable x; at time points one and two, xi
and x; », are in the off-diagonal and thus, are shrunken towards zero. Similarly, cross-lagged
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equivalents in the sample covariance matrix, such as the covariance of variable x; at time
point one and variable x, at time point two, x; ; and x », are in the off-diagonal and also are
shrunken towards zero. On the other hand, the same cautionary note as fin the paragraph
before applies here. The utilised shrinkage estimator may be rather advisable for very small
numbers of level-1 units (i.e., time points) which may restrict the application in ARCL models
and other shrinkage estimators for longitudinal data may be more advisable. In sum, the
application of shrinkage estimation of the covariance matrix in WF appears promising but the
proposed ideas remain to be assessed in future research.

8.4 Resumé

The research done in the present thesis validated and extended multilevel SEM in the WF
approach for the frequently occurring estimation problems non-convergence and inaccuracy
(especially of between-cluster parameter estimates) under conditions of small samples and
heterogeneous variances. Tribute to Open Science principles was paid: analysis was done
in the free and open-source software R and made public, and existing findings could be
replicated. In conclusion, the research contributed to providing sound methodology which
is amongst others needed for decision making in educational politics. May future research
harness the utility of the WF approach and its extensions even further.
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ABSTRACT

A two-level data set can be structured in either long format (LF) or wide format (WF), and both have
corresponding SEM approaches for estimating multilevel models. Intuitively, one might expect these
approaches to perform similarly. However, the two data formats yield data matrices with different num-
bers of columns and rows, and their cols : rows is related to the magnitude of eigenvalue bias in sam-
ple covariance matrices. Previous studies have shown similar performance for both approaches, but
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that converged in both, (2) the LF and WF approach yield similar estimation accuracy, which is related
to (3) differential cols : rows effects in both approaches, and (4) smaller ICC values lead to less accurate
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between-group parameter estimates.

Covariance matrices are an integral part of multivariate sta-
tistics (T. W. Anderson, 2003). In structural equation mod-
eling (SEM), the covariance matrix of the observed variables
can be expressed as a function of the model parameters. To
estimate a specified model, the sample covariance matrix of
the observed variables is estimated first. Then, the model
parameters are estimated by applying a fitting function,
whose objective is to minimize the discrepancy between the
sample covariance matrix and the model-implied covariance
matrix. The model parameters are estimated by algorithms
that use matrix algebra. Thus, the properties of involved
matrices, such as the sample covariance matrix, are of
importance.

Among matrix properties, eigenvalues appear to be the
most important ones. Eigenvalues are a special set of scalars
of a matrix and their characteristics inform us about other
important matrix properties. At least one zero eigenvalue
indicates singularity (which implies non-invertibility). At
least one non-positive eigenvalue shows non-positive defin-
iteness. At least one eigenvalue close to zero or largely
spread out extrema result in a large condition number
(which equals the ratio of the largest to the smallest eigen-
value; see Golub & Van Loan, 2013). These unfavorable
matrix properties, which can easily be detected by the

eigenvalues, are linked to lower convergence rates and less
accurate estimations (e.g., Boomsma, 1985; Golub & Van
Loan, 2013; Hill & Thompson, 1978; Kelley, 1995; Lange
et al., 1999; Zitzmann, 2018; Zitzmann et al., 2015).

Commonly, the sample covariance matrix is estimated by
the standard maximum likelihood (ML) estimator, which
yields biased eigenvalue estimates (Stein, 1956). It has been
shown analytically and empirically that the magnitude of
the bias of the sample eigenvalues is comparable to the ratio
of the number of observed variables to the sample size p : N
(Arruda & Bentler, 2017; Dempster, 1972; Hayashi et al,
2018; Schifer & Strimmer, 2005; Stein, 1956, 1975)'. More
precisely, “biased” means that small eigenvalues are pushed
downwards, and large eigenvalues are pushed upwards com-
pared to their population counterpart. As a consequence,
the ratio of the largest to the smallest eigenvalue gets larger,
and it is more likely that at least one is zero or negative
(even when all population eigenvalues are positive). As pre-
viously mentioned, this makes lower convergence rates and
less accurate estimations more likely.

As a matter of fact, large p, small N settings, are a fre-
quent state of affairs in the social sciences, which has
received much attention (for an overview related to SEM,
see, e.g., Deng et al., 2018; Marcoulides et al.,, 2023). Some
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research in this area focused on effects of p: N on various
outcomes.? For example, Yuan and Chan (2008) found that
both convergence rate and accuracy of estimation decrease
with increasing p : N. Further, they proposed the “ridge
method”, which adds a constant of size p : N to the on-diag-
onal of the sample covariance matrix to improve its eigen-
value structure. This resulted in higher convergence rates
and more efficient model parameter estimates. In the con-
text of model fit and inference, Yuan et al. (2018) found
that larger p : N led to more biased likelihood ratio statistic,
and Xing and Yuan (2017) proposed corrections for biased
model fits based on these statistics. Further, some research-
ers suggested that the fundamental problem with test statis-
tics in large p, small N settings might be the biased sample
eigenvalues (Arruda & Bentler, 2017; Huang & Bentler,
2015; Yuan & Bentler, 2017). In sum, previous research sup-
ports the notion that p : N is an important factor in conver-
gence, model estimation, model fit and inference, and that
the effect of p : N is connected to the eigenvalue bias.

It is interesting to note that in the investigated single
level settings, the number of observed variables p corre-
sponds to the number of columns, and the sample size N
corresponds to the number of rows of the data matrix by
which the sample covariance matrix is estimated. Thus, p :
N can be expressed as cols : rows. This emphasizes the rela-
tion between data matrix, sample covariance matrix, its
eigenvalues, and model performance. However, many data
sets in the social sciences have a hierarchical data structure.
With two-level data (e.g., students nested within classes, cli-
ents nested within therapists, employees nested within
teams), the number of observed variables and sample size
has no one-to-one relation to columns and rows. Firstly, the
two levels of data, level-1 (e.g., students, clients, employees)
and level-2 (e.g., classes, therapists, teams), have different
numbers of observed variables and sample sizes. Secondly,
the same data set can be arranged in two different formats,
long format (LF) and wide format (WF), that result in data
matrices with inherently different dimensions. LF leads to
longer data matrices (i.e., more rows), whereas WF leads to
wider data matrices (i.e., more columns). However, to the
best of our knowledge, possible equivalents of the p: N
(cols : rows) effect in multilevel settings have not been inves-
tigated before.

There are multiple approaches to estimate a multilevel
SEM. We focus on the multilevel SEM approach by Muthén
(1990, 1994) which uses the data in LF, and the single level
restricted CFA approach by Barendse and Rosseel (2020)
and Mehta and Neale (2005) which uses the data in WF.
Both approaches are readily available in the lavaan package
(Rosseel, 2012) for the statistical software R. Whereas past

Note that a large strain of research in large p, small N settings focused on
the “model size” effect, which has been conceptualized in many different
ways: as the effect of the number of observed variables p (Shi et al., 2018,
2019), the number of freely estimated parameters g (Shi et al., 2018), the
number of participants per (freely estimated) parameter N : g (Herzog et al.,
2007; Jackson, 2001, 2003), or a function of both p and g, the degrees of
freedom df (Herzog et al., 2007; Shi et al., 2018). Because it has not been
conceptualized as p : N, we do not go into detail about the model size effect
here.

research demonstrated the analytical and empirical equiva-
lence of both approaches (Barendse & Rosseel, 2020; Mehta
& Neale, 2005), the empirical evidence included only set-
tings with a small number of observed variables at both lev-
els, small level-1 sample sizes, and, most notably, large level-
2 sample size. In other words, the data matrices in both
data formats had cols < rows, implying small biases of the
eigenvalues. Little is known about how the approaches per-
form when cols : rows differs across data matrices of both
formats. We are interested in examining two (intertwined)
effects on convergence and model estimation here: (a) the
effect of the data format, because the data format inherently
leads to different cols : rows, and (b) the effect of cols : rows
in each data format. Whereas the effect of the data format
answers which data format (approach) to use, the effect of
cols : rows answers which cols: rows to aim at with our
study design. We conducted a Monte Carlo study to investi-
gate these matters. The present article is organized as fol-
lows. First, we introduce the data matrices and sample
covariance matrices in each data format. Second, we discuss
the two SEM approaches. Finally, we present the results of
the present study, discuss its implications, and provide sug-
gestions for future research.

1. How Data Format Influences the Representation
of Data Set and (Co)variances

We first clarify the terms data set, data format, data matri-
ces, and (sample) covariance matrices. To this end, we refer
to the example in Figure 1. The data set (see Panel A) speci-
fies the data that we collect in a given setting. Relevant
information are the sample sizes and the number of
observed variables at both levels. At level-2, we have the
number of groups g. At level-1, we have the group size n,
and the total sample size N = g - n. For means of simplifica-
tion, we restrict our example to the same observed variables
p at both levels. In other words, we only look at level-2 vari-
ables that are aggregates of level-1 variables. Models that
include the same variable at both levels are often referred to
as contextual analysis models (e.g., Boyd & Iversen, 1979;
Raudenbush & Bryk, 2002). In our example, we observed
two groups (g = 2) with two units each (n=2), resulting in
a total sample size of N = g - n = 4 units. For every level-1
unit we observed two variables (p =2), x; and x,, which we
aggregate to obtain level-2 variables. The data matrix (see
Panel B) specifies the data set in matrix form. It has two
dimensions, columns and rows. The dimensions of the data
matrix depend on the sample sizes and the number of
observed variables, and, importantly, on the data format.
We can arrange our data set either in LF or in WF. The
data format further determines which sample covariance
matrices are estimated. The sample covariance matrix con-
tains the variances and covariances of the observed variables
(i.e., of the columns of the respective data matrix). Note
that the sample covariance matrix (S) is not always the
unbiased population covariance matrix estimator (X). This
is why we refer to the entirety of covariance matrices of the
observed variables as covariance matrices (see Panel C).
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Figure 1. Representation of data set and (Co)variances. Example data set with number of groups g =2, group size n =2, and number of observed variables p = 2.
In the WF approach, p is split into n specific-units variables (e.g., 1, is x; for every ond unit in the group). We have coding variables for each unit (ID), units within
groups (i), and groups (j). The grey shades indicate different units. x = condition number. X;r_g in lavaan = X;r_g with negative variances and related covarian-

ces set to 0.

Next we consider the data matrices and covariance matrices
more closely. Note that the procedures we present in the
following correspond to the multilevel modeling approaches
by Muthén (1990, 1994) and Mehta and Neale (2005) and
their implementation in lavaan that we investigated in our
study, and may not generalize to other approaches.

1.1. Long Format: Multilevel Representation of Data Set
and (Co)variances

When we arrange the data set in long format (LF), the total
raw data matrix (LF-T) has p columns and N = g - n rows.
We decompose the total data matrix (LF-T) into the
between-group data matrix (LF-B) and the within-group
data matrix (LF-W), see the upper part of Panel B of Figure
1, to separate the total (co)variance of each variable(s) into
between-group and within-group components. For this, the
group means (on level-2) are estimated and subtracted from
the value of their respective level-1 units for every observed
variable. The group means constitute the data matrix LF-B
with p columns and g rows. The deviations from these
group means constitute the data matrix LF-W with p col-
umns and g - n rows. Both LF-W and LF-B include all units
for every p, resulting in all-units (co)variances’. One sample
covariance matrix for each level using LF-W and LF-B is
estimated.

The ML estimators for the sample covariance matrices of
the two levels, the pooled within-group estimator in
Equation (1) and the between-group estimator in Equation
(2) (Muthén, 1990, 1994), read:

3Barendse and Rosseel (2020) introduced the term unit-specific with regards to
the WF covariance matrix. To avoid confusion with within-group effects and
make the difference between LF and WF more succinct, we use the terms
specific-units (co)variances for the WF covariance matrix, and all-units
(co)variances for the LF covariance matrices instead.
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X;; denotes the raw data in LF (i.e., LF-T), )_(j denotes group
mean estimates (ie, LF-B), (X;—X;) denotes unit-wise
deviations from these group mean estimates (i.e., LF-W), X
denotes a row vector with grand mean estimates, and *
the matrix transpose.

For the within-group level, the unbiased ML estimator of
the population covariance matrix is the pooled within-group
sample covariance matrix, S;p_w = X w. However, for
the between-group level, the unbiased ML estimator of the
population covariance matrix is a function of the sample
covariance matrices of both levels (Muthén, 1990, 1994):

1

p (See—B — Srr-w)s (3)

z"LF—B =

where ¢ denotes the common group size, and in the case of
balanced data, c=n. The cols: rows implied biases in the
eigenvalues are p: (g-n) for Spp_w = Y e w and p:g for
S;r_p and X r_p. However, note that S;r_p and ¥r_p are
influenced by more factors than p and g, which we will dis-
cuss in the next section, and that in lavaan, negative varian-
ces and related covariances in Xjr_p are set to zero*. Thus,
the eigenvalues of these LF-B covariance matrices differ
from what we would expect from cols : rows alone. All LF
covariance matrices are shown in the upper part of Panel C
of Figure 1.

*We found no information on this procedure in the reference manual or
presentations but discovered it by chance. The potential reason is discussed
later.
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1.1.1. Why Between-Group Covariance Matrices Have
Even More Problems with Unfavorable Matrix Properties
As outlined, LF-B has larger cols: rows than LF-W, more
specifically, p:g in contrast to p:(g-n), which implies
larger bias in the eigenvalues of Spp_p than of Spp_y.
Hence, non-singularity, non-positive definiteness, and high
condition numbers are more likely. However, the eigenval-
ues of S;r_p and )iLF,B are likely not only influenced by the
cols : rows of LF-B. For example, the probability of being
non-positive definite increases not only with increasing p
and decreasing g (which links to the cols : rows) but also
with decreasing group sizes n and intraclass correlation’
(ICC; Bhargava & Disch, 1982; Hill & Thompson, 1978;
Searle et al., 1992). Further, Y r_p is estimated as the differ-
ence of S;p_p and S r_w, see Equation (3), and the subtrac-
tion often results in a non-positive definite covariance
matrix even when both sample covariance matrices are posi-
tive definite (Bhargava & Disch, 1982; Hill & Thompson,
1978). Non-positive definiteness indicates zero or negative
eigenvalues, which is related to singularity and high condi-
tion numbers. In sum, the fact that the occurrence of non-
positive definiteness is related to larger p, and smaller g, n,
and ICC, suggests that the exact bias term of S;p_p and
Y irp may be different than p : g. We will elaborate more
on this assumption shortly.

1.2. Wide Format: Single Level Representation of Data
Set and (Co)variances

When we arrange the data set in WF, the total raw data
matrix (WE-T) has p - n columns and g rows, see the lower
part of Panel B of Figure 1. Here we do not separate the
total (co)variance in within- and between-group compo-
nents. However, each variable p is split into n specific-units
variables, or as Mehta and Neale (2005, p.1) put it, “people
[n] are variables too.” One sample covariance matrix is esti-
mated from WE-T.

We estimate the sample covariance matrix with the
estimator for single level data. The single level represented
two-level sample covariance matrix with specific-units
(co)variances reads:

1¢ — —
Swp_r = §Z(X.ij -Xi)(Xi-Xi)", (4)
j=1

where X.i denotes the raw data in WF (i.e., WF-T) and X.i
denotes a row vector with grand mean estimates. Syr_r is
the so-called biased ML estimator® for yr_7. The cols :
rows implied bias in the eigenvalues of Syr_r is (p-n) : g.
We see Syr_r in the lower part of Panel C of Figure 1.

Hox et al. (2017) define the ICC as amount of between-group variance out of
the total variance (ie, sum of between- and within-group
variance), 62/(c2 + 6%,).

SIn the unbiased ML estimator, the denominator would be g — 1. However,
we focus on the biased estimator because it is the default in lavaan (see
Rosseel et al., 2023, reference manual p.81 accessed on 16 September 2023,
lav_matrix_cov function).

1.3. Summary and Comparison

All LF and WF covariance matrices are estimated by ML.
The cols : rows of LF-W, LF-B, and WF-T, are p: (g n),p:
g, and (p - n) : g. Thus, the order of the magnitude of cols :
rows is LF-W <LF-B<WF-T. However, it is unclear
whether the cols : rows bias in sample eigenvalues in single
level settings is directly applicable to multilevel settings. As
we pointed out earlier, evidence suggests that the between-
group covariance matrices are not only influenced by the
cols : rows of LF-B. However, no study investigated the exact
bias term of the eigenvalues of LF and WF covariance
matrices before. Within the scope of this study, we are not
interested in the exact term of the bias. Rather we use cols :
rows as a proxy of the eigenvalue bias, because we assume
that it is the main influence on the bias. Let us support this
assumption by looking at the other matrix properties of the
LF and WF covariance matrices, which are shown in Panel
C of Figure 1. ;5 y is non-singular, positive definite, and
has a small condition number. We see that X;r_p has only
negative variances. Thus, in lavaan all elements are set to
zero which results in a singular, positive-semi definite
matrix with an infinite condition number. 2WF_T is singu-
lar, indefinite, and has an infinite condition number. Note
that negative variances in Xyy_r are kept which might con-
tribute to inadmissible values (“Heywood cases”). In sum,
the LF covariance matrices are assumed to have a smaller
eigenvalue bias than the WF covariance matrix.

2. How Data Format Influences Multilevel SEM
Approaches

It has been shown that ML estimation in multilevel SEM
(Muthén, 1990, 1994) is analytically and in certain settings
empirically equivalent to single level restricted confirmatory
factor analysis (CFA) models (Barendse & Rosseel, 2020;
Mehta & Neale, 2005). The multilevel SEM approach uses the
data matrix in LF. The single level approach uses the data
matrix in WE. More specifically, Mehta and Neale (2005) dem-
onstrated analytical equivalence of the LF and WF approach
for continuous, unbalanced data with full information ML
(FIML) estimation, and provided an empirical example which
used the WF approach (in Mplus). Barendse and Rosseel
(2020) demonstrated empirical equivalence of the LF and WF
approach for discrete, balanced and unbalanced data with mar-
ginal ML (MML) and pairwise ML (PML) estimation in a
Monte Carlo study (in lavaan and Mplus). With very small
group sizes n = 3 (but large g) the WF approach even resulted
in somewhat less biased parameter estimates. However, all
empirical data sets contained only small p and n, and large g
(and thus large N), which resulted in cols < rows in all
involved data matrices, and no significant differences in the
cols : rows of the data matrices of both formats. In contrast,
different cols : rows imply different magnitudes of eigenvalue
bias. Thus, data sets that result in strongly different cols : rows
in both formats imply differences in convergence and estima-
tion accuracy. In lavaan, the multilevel SEM (LF) approach is
yet implemented only for continuous data. Thus, we restricted
our analysis to continuous, balanced data and standard
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Figure 2. Example model specification in the LF and WF approach for a contextual intercept-only model. Example data set with group size n =2, and number of
observed variables p = 2. In the WF approach, p is split into n specific-units variables (e.g., x; 5 is X; for every 2" unit in the group; see also Figure 1), and identical
parameter labels indicate equality constraints in the model. Across both approaches, the same parameters have the same color. Across both levels, matching
parameters have similar color. Affiliation of parameters to the between- and within-group level is indicated by location above and below the dashed line.

normal-theory ML estimation for both the LF and WF
approach’. We do not want to go into detail about the model
estimation and fitting functions here. The interested reader is
referred to Mehta and Neale (2005). Instead, we want to
underline how the data format influences the modeling
approaches, more specifically, the model specifications and
minimum data set requirements.

2.1. Model Specification

Whereas the same multilevel model can be estimated in the
LF and WF approaches, their model specifications differ. For
reasons of simplicity, we only consider so called “intercept-
only models” (e.g., Hox et al, 2017; Raudenbush & Bryk,
2002) of all-units (co)variances. In other words, we model the
p variables covariance structure for the within- and between-
group level which is equivalent to the LF covariance matrices.
In the LF approach, we have the same model specification at
each level. The (co)variances at both levels are modeled as
(Aco)variances of the p observed variables (from Y rw and

X p_p, respectively). In the WF approach, the model

"The default estimator in both single level and multilevel SEM in lavaan is the
standard normal-theory ML estimator (see Rosseel et al, 2023, reference
manual p.53f; see also https://lavaan.ugent.be/tutorial/est.html, accessed on
16 September 2023). Note also that both approaches use the quasi-Newton
algorithm (Jak et al., 2021).
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specification differs at both levels. In contrast to the LF
approach, all parameters are modeled as (co)variances of latent
factors of the observed p x n specific-units variables (from
Y wr_1). To estimate the all-units (co)variances, the between-
group parameters are modeled as common factors, with factor
loadings set to 1, and the within-group parameters are mod-
eled as unique factors, with equality constraints added to
(co)variances of the unique factors of the same variable p.
Note that with the equality constraints, homoscedasticity of
specific-units variables is modeled. Figure 2 depicts the model
specifications for a contextual intercept-only model for both
approaches, using the earlier example data set. Note that in
both approaches, the mean structure at the between-group
level has to be included in order to discern the total (co)vari-
ance into within- and between-group parts. In the “genuine”
multilevel approach (LF), this is done implicitly. In the
restricted single level CFA approach (WF), we have to add it.
Example R code for the specification and estimation of both
models is presented in the Online Supplemental Material.

2.2. Software Requirements

We want to consider two requirements of lavaan because
they are connected to the (sample) covariance matrices and
their matrix properties. The first requirement concerns both
approaches; the second concerns only the LF approach.
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2.2.1. Minimum Data Set

One requirement of lavaan is that the data matrices we give
as input, LF-T and WEF-T, respectively, need to have cols <
rows. This requirement is likely based in the fact that sam-
ple covariance matrices have undesirable matrix properties
in these settings. For example, when cols > rows, at least
one sample eigenvalue becomes zero and the sample covari-
ance matrix turns singular (e.g, Duncan et al, 1997
Gorsuch, 1983; Wothke, 1993). Whereas the ML estimators
in the LF and WF approach does not require the covariance
matrices to be non-singular (i.e., invertible), singular matri-
ces are non-positive definite and result in an infinite condi-
tion number, which might have a negative impact on
convergence and estimation accuracy. Due to the different
cols : rows of LF-T and WF-T, p: (g-n) and (p-n): g, the
minimum data set requirements for both approaches differ.
Two points are noteworthy here. Firstly, larger group sizes n
are advantageous for LF-T, but disadvantageous for WE-T.
Secondly, there are settings where we can only use the LF
approach because p < (g-n) (in LF-T) is more easily satis-
fied than (p-n) < g (in WF-T). Our example data set with
g=2,n=2,and p=2, would result in 2 : 4 in LF-T and 4 :
2 in WE-T. Thus, we could only use the LF approach to
analyze it. Note that the cols < rows requirement generally
supports the importance of considering cols : rows.

2.2.2. Definiteness of ¥;r_g

In the LF approach, there is one further requirement. Model
estimation with the quasi-Newton algorithm (the default)
fails with an error when X p_p is negative definite (i.e., has
only negative eigenvalues; see e.g., Rosseel, 2018). This
might be the reason why lavaan sets negative variances and
related covariances in )iLF_B to 0, because this seems to pre-
vent that all eigenvalues are negative. Thus, we do not have
to worry about this requirement, but keep in mind, that

Y r_p can be altered.

3. This Study

The aim of this study is to investigate the equivalent of the
p: N (cols: rows) effect on convergence and estimation
accuracy in multilevel SEM. To this end, we scrutinize the
LF and WF approach in settings which result in different
cols : rows of the data matrices of both data formats. We use
cols : rows as a proxy of the eigenvalue bias of the LF and
WF covariance matrices. Two (intertwined) effects are con-
sidered: (a) the effect of the data format, with its inherently
different cols : rows, and (b) the effect of cols : rows in each
data format. By investigating (a) the effect of the data for-
mat, we want to learn which data format (and related
approach) to prefer in a given setting. The same setting
results in inherently different cols : rows in the data matrices
of both approaches. For example, the setting g=10, n=2,
and p=2 results in 2:20 in LF-W, 2: 10 in LF-B, and 4 :
10 in WE-T. Unless all data matrices have cols < rows, we
assume that the LF approach, which has inherently smaller
cols : rows in its data matrices, outperforms the WF

approach. We are also interested in (b) the effect of cols :
rows in each data format, to gather insight into optimal
study design. On that account, different settings that result
in the same cols : rows in both data formats are investigated.
Out of the multiple data matrices in LF, we focus on LF-B.
We do so because LF-B does not have to satisfy cols < rows
in lavaan, which implies more possible variation in cols :
rows, and thus has the largest (i.e., most problematic) cols :
rows among the data matrices in LF. To continue the
example, to have 4:10 in LF-B (like in WF-T), we need
another setting, for example where p=4 (and g=10 and
n =2 stay the same).

3.1. Method

In the following, we outline the data generation and evalu-
ation criteria of the Monte Carlo study. As pointed out
earlier, we only considered intercept-only models at the
within- and between-group level. As a consequence, the
data-generating model equals the data analysis model. All
computations were performed on an AMD Ryzen
Threadripper PRO 3975WX 32-cores (3.50 GHz) CPU on a
Windows 10 (Version 20H2) platform. Data generation and
analysis was conducted using R version 4.3.1 (R Core Team,
2023)%. The R code for data, analysis, tables, and figures is
available at https://github.com/demianJK/LF_WF_SEM.

3.1.1. Data Generation

For the data generation, we drew from a multivariate nor-
mal distribution with population means fixed to zero and
varying population covariance matrices and sample charac-
teristics. Data generation was done in LF and separately for
level-1 and level-2 data (see also example LF model in
Figure 2). With respect to the population covariance matri-
ces, we varied the number of observed variables p and the
ICC. The range of the ICC was informed by common values
in the social sciences (Gulliford et al., 1999). The total vari-
ance of each observed variable, 63 + 63,, was constrained
to be 1. Hence, 63 = ICC and o3, = 1 — 3. The variances
for each level were then used to compute the covariances,
respectively, with a fixed correlation of .30. Note that these
variances and covariances are also the parameters in our
intercept-only models. Applying a fully-crossed design for p
and the ICC, we arrived at 12 different population condi-
tions. With respect to the sample characteristics, we varied
the total sample size N, the numbers of units per group n,
and the number of groups g. We first set N and n, com-
puted ¢ = N/n and then excluded all conditions where N >

8We used the following R packages: broom version 1.0.5 (Robinson et al.,
2023), car version 3.1-2 (Fox et al., 2023), cowplot version 1.1.1 (Wilke, 2020),
dplyr version 1.1.0 (Wickham, Chang, et al., 2023; Wickham, Francois, et al.,
2023), effectsize version 0.8.3 (Ben-Shachar et al,, 2023), ggbreak version 0.1.1
(Yu & Xu, 2022), ggplot2 version 3.4.1 (Wickham, Chang, et al, 2023;
Wickham, Francois, et al, 2023), gridExtra version 2.3 (Auguie & Antonov,
2017), huxtable version 5.5.2 (Hugh-Jones, 2022), lavaan version 0.6-14
(Rosseel et al., 2023), Isr version 0.5.2 (Navarro, 2021), MASS version 7.3-58.2
(Ripley et al., 2023), patchwork version 1.1.2 (Pedersen, 2022), stringr version
1.5.0 (Wickham & R Studio, 2022) tidyr version 1.3.0 (Wickham et al., 2022),
and xIsx version 0.6.5 (Dragulescu & Arendt, 2020).
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Figure 3. Simulation design.

n, g<2, and where ¢ was not an integer. Applying the
described partially crossed design for N, n, and g, we arrived
at 20 different sample conditions. Note that we chose the
variations of p, n, and g to create conditions where LF-T
has cols < rows (and thus, LF-B and WF-T have cols >
rows, cols = rows, or cols < rows). We have done this
because of the cols < rows requirement of lavaan for LF-T
and WF-T. When LF-T has cols > rows, then WEF-T has cols
> rows, too, and neither approach could be applied.
Moreover, we did this to investigate whether the LF
approach leads to good results in settings where it is applic-
able but the WF approach is not (i.e., LF-T has cols < rows,
but WE-T has cols > rows). Finally, we partially crossed the
population and sample conditions and arrived at a total of
240 simulation conditions. For each condition, we simulated
1000 data sets. The complete simulation design is shown in
Figure 3.

3.1.2. Evaluation Criteria

To assess model performance, we included convergence
rate, and for estimation accuracy, relative root mean squared
error (RMSE), relative bias, and relative variance’. The

We further investigated the aforementioned matrix properties, non-
singularity, definiteness, and the condition number. However, results
suggested that these matrix properties did not offer critical information above
cols : rows. Thus we do not report them in the main findings. Further
information can be found in Figure 1 in the Online Supplemental Material.
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RMSE assesses the overall accuracy of an estimator. It is
defined as the square root of the mean of the squared differ-
ences between the estimates and the population value. Bias
is a measure to assess the extent with which an estimator
targets the population value. It is defined as the mean of the
differences between the estimates and the population value.
Variance is a measure of the efficiency of an estimator. It is
defined as the mean of the differences between the estimates
and the mean of all estimates. We used the relative versions
of these parameters dividing them by the respective popula-
tion value (which is determined by the ICC). We further
multiplied them by 100 to arrive at percentages. We did this
to investigate potential differences in accuracy, bias, and
efficiency with respect to the ICC. For example, when
RMSE=0.1 for both 8 =ICC=0.5 and 6 =ICC=0.1,
this mounts to relative RMSE of 20% and 100%, respect-
ively, which suggests that the estimation of the smaller ICC
is less accurate. Note that we only consider estimation
accuracy of (co)variances but not of means of the intercept-
only models.

3.2. Results

In the following, we summarize the results of (a) the effect
of the data format, and (b) the effect of cols : rows on con-
vergence and estimation accuracy criteria in each data for-
mat. For this purpose, we plotted the results of the Monte
Carlo study aggregated (a) by the sample size at level-2, the



766 WALTHER ET AL.

number of groups g (same data set, different data formats),
and (b) by cols: rows of LF-B and WEF-T (different data
sets, same data format). Out of the sample sizes at the two
levels, level-1 group size n, and level-2 number of groups g,
we decided to plot the latter because it equals the number
of rows (i.e., observations) in both LF-B and WE-T. Table 1
shows descriptive statistics of the convergence and estima-
tion accuracy criteria. Note that for the latter, we used only
simulation conditions that resulted in 100% convergence in
both approaches to minimize differences in Monte Carlo
error in both approaches and thus, facilitate comparison of
both approaches. An overview of the results of the simula-
tion study clustered by the factors of the simulation design
(i.e., 240 simulation conditions for each approach) can be
found in Figure 2 in the Online Supplemental Material.

3.2.1. The Effect of Data Format

3.2.1.1. Convergence. In Figure 4, convergence rates aggre-
gated by sample size at level-2 g are depicted. It is evident
that with increasing g, average convergence rates increased
with a seemingly logarithmic trend in the LF and WF
approach. Nevertheless, there was an effect of data format
on convergence, as the LF approach was more likely to con-
verge in small and moderate sample sizes. For instance, the
average convergence rate in g=100 was 100% in the LF
approach, and 80% in the WF approach. Further, for the
WEF approach, we see that the convergence trend was non-
monotonous with g. Whereas g=25 had an average conver-
gence rate of 75%, g=40 and g=50 had lower ones. The

Table 1. Descriptive statistics of the model performance criteria.

Criterion M SD Median Min Max

Convergence rate® 49.28 49.33 49.25 0.00 100.00
Relative RMSE® 84.83 101.44 47.76 14.04 571.09
Relative bias” —4.12 1242 -1.27 —105.16 5.04
Relative variance® 10.36 20.33 3.10 0.48 144.17

Unit for all criteria is %.
9N =480 (all simulation conditions for both approaches).
bN =156 (all simulation conditions that converged 100% in both approaches).

non-monotonous trend of the WF approach suggests that
other terms than g might also be relevant for convergence.
We will scrutinize this matter in the following section when
investigating the cols : rows effects.

3.2.1.2. Estimation Accuracy. Results for the estimation
accuracy of between-group parameters are shown in Figure
5. The relative RMSE (Panel A), relative bias (Panel B), and
relative variance (Panel C) decreased with larger numbers of
groups g in a very similar fashion for both approaches.
Slight differences were only present for settings with small g
and small ICC where variability across simulation conditions
was large. Overall, this suggests that there was no substantial
effect of the data format on estimation accuracy of between-
group level parameters. However, the findings revealed a
connection between the estimation accuracy of between-
group level parameters and the magnitude of the ICC.
Specifically, the smaller the ICC, the more inaccurate,
biased, and inefficient were the between-group parameters.
Besides main effects of g and ICC, the results further imply
an interaction effect. The least accurate, most biased, and
inefficient results were obtained in settings with small g and
small ICC.

Similar patterns have been found for the estimation
accuracy of the within-group parameters that are depicted
in Figure 6. However, in contrast to the between-group
parameters, an effect of the ICC was only present for the
relative variance, as was an interaction effect of g and ICC.
Furthermore, the within-group parameters were overall
more accurate, less biased, and more efficient than the
between-group parameters.

3.2.1.3. Summary. Our findings suggest that there was an
effect of data format on convergence, but not on estimation
accuracy, despite the different cols : rows (and implied mag-
nitudes of eigenvalue biases) in both approaches. Further,
we found an interaction effect of g, ICC, and parameter level
on estimation accuracy. More specifically, the least accurate,
most biased, and inefficient parameter estimates were

LF WF
Al(l()
S
& 75
<
a4
Q) -
9 50| ®
(5]
en
—
2 25| @
o
o
O
0
v S ~9° e\\Q v RS ~'>\° a,QQ
g
ICC ® 005 0.25 0.50

Figure 4. Convergence aggregated by sample size at level-2. Points indicate means; lines indicate means + standard errors (i.e., variability across simulation condi-

tions). The sample size at level-2 g corresponds to the rows of both LF-B and WF-T.
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Figure 5. Estimation accuracy of between-group parameters aggregated by sample size at level-2. Points indicate means; lines indicate means + standard errors
(i.e., variability across simulation conditions). The sample size at level-2 g corresponds to the rows of both LF-B and WF-T.

obtained in samples with small numbers of groups, small
ICC values, and at the between-group level.

3.2.2. The Effect of Cols: Rows in Each Data Format

3.2.2.1. Convergence. In Figure 7, convergence rates aggre-
gated by cols : rows of LF-B and WF-T, p:gand (p-n):g,
are shown. For cols < rows, both approaches led to average
convergence rates of ~ 100%. For cols rows, however,
results for both approaches differed. In LF, this always led
to non-convergence. In WF, half of the models converged.
For the LF approach, this extends the minimum data set
requirements given by lavaan and informs about optimal
study design. We require cols < rows in the input data
matrix LE-T (p < (g - n)) to use lavaan, and our results sug-
gest that we additionally need to satisfy cols < rows in LF-B
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(p<g) to get a converging model in the LF approach. In
other words, we have to design our study in such a way
that the number of level-2 variables is smaller than the
number of groups. The reason why p < g is required might
be connected to the eigenvalue bias in ¥ r_p, which might
have been non-negligible when cols = rows'®. However, we
cannot confirm that because we used cols : rows only as a
proxy of the eigenvalue bias. Comparing convergence rates
aggregated by cols : rows and aggregated by sample size at
level-2 (i.e., rows; see Figure 4), it can be seen that the for-
mer exhibited smaller variability and thus, gave more reli-
able information on convergence. It further suggests that

Note that the matrix properties singularity and non-definiteness of £,r_g
were non-informative here (for more information see Figures 1, 3, and 4 in
the Online Supplemental Material).
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Figure 6. Estimation accuracy of within-group parameters aggregated by sample size at level-2. Points indicate means; lines indicate means + standard errors (i.e.,
variability across simulation conditions). The sample size at level-2 g corresponds to the rows of both LF-B and WF-T.

the effect of data format on convergence was attributable to
the differences in cols : rows in both approaches.

3.2.2.2. Estimation Accuracy. We saw in the last section that
there was no noticeable effect of data format on estimation
accuracy. Put differently, the estimation accuracy in both
approaches was very similar for a given number of groups g
(i.e., rows of LF-B and WEF-T) despite different cols, and
thus, cols : rows of LF-B and WEF-T. This suggests that there
must have been different effects for cols : rows in each data
format. In Figure 8, the relative RMSE (Panel A), relative
bias (Panel B), and relative variance (Panel C) by the cols :
rows in each data format are shown. We indeed see that the
cols : rows effect is less steep in the WF approach. For
example, similar relative RMSE, relative bias, and relative
variance where obtained with an cols : rows of 0.2 in LF-B

in the LF approach and 0.4 in WF-T in the WF approach.
Within each data format, larger cols : rows resulted in larger
relative RMSE, relative bias, and relative variance. Further,
there was an interaction with the ICC. Larger cols : rows and
smaller ICC values led to more inaccurate, biased, and inef-
ficient estimation, with the most problematic results in set-
tings with large cols:rows and small ICC values. To
continue the example from above, a cols : rows of 0.2 in LF-
B in combination with the smallest ICC 0.05 vyielded
approximately a six times higher relative RMSE than large
ICC values of 0.50 in the LF approach. Note however, that
these cols : rows effects, and interaction effects of cols : rows
and ICC were not strictly monotonous. We will take up the
issue in the discussion.

For the estimation accuracy of the within-group parame-
ters, which is depicted in Figure 9, there was a slightly
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increasing trend in relative RMSE (Panel A) and relative
variance (Panel C) with increasing cols : rows. For the rela-
tive bias (Panel B), there was no systematic trend. In add-
ition, the relative variance showed small effects of the ICC.
Smaller ICC resulted in somewhat larger relative variance.
Overall, as for the between-group parameters, the cols : rows
effect of the WF approach was less steep. Compared to the
between-group parameters, the effects of cols : rows and the
ICC on the estimation accuracy of the within-group parame-
ters were very small.

3.2.2.3. Summary. The results showed that there were differ-
ential effects of cols: rows on convergence and estimation
accuracy in both data formats (approaches). With regard to
convergence, we found that cols < rows in LF-B (p <g) and
cols < rows in WE-T ((p-n) < g) had to be satisfied which
expands the minimum data set requirements of lavaan. For
estimation accuracy, the effect in the WF approach was less
strong. For both approaches, increasing cols : rows and hav-
ing a smaller ICC was detrimental. These effects were more
pronounced for the between-group parameters and smaller
ICC values.

4, Discussion

One can arrange a two-level data set in two different data
formats, LF and WF. In the two data formats, the involved
data matrices, have inherently different cols : rows. The cols :
rows is the p : N equivalent, which depends on g n, and p
in multilevel settings, and implies a magnitude of bias in
the sample eigenvalues. For both data formats, SEM
approaches to estimate multilevel models with standard ML
exist. Past research has provided evidence for analytical and
empirical equivalence in settings with large samples sizes at
level-2 where cols < rows in all data matrices, and thus, the
assumed bias in eigenvalues was negligibly small. Using a
Monte Carlo study, we included settings with small sample
sizes at level-2 where cols : rows differs in all data matrices.
We investigated the effect of the data format (with the same
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data set in different data formats), and the effects of cols :
rows (with different data sets in the same data format).

Regarding the effect of the data format, we found only
an effect on convergence. In particular, the LF approach
with its inherently smaller cols: rows was more likely to
converge. The estimation accuracy of both approaches did
not differ substantially by the choice of the data format.
Thus, the results of our study extend the evidence of the
empirical equivalence of the LF and WF approaches to set-
tings where both the sample size at level-1 n, and the sam-
ple size at level-2 g, are small.

Regarding the cols : rows, we found differential effects on
convergence and estimation accuracy in both data formats
(approaches). Concerning the former, the LF approach
requires that the number of variables is smaller than the
number of groups (p<g), whereas the WF approach
requires that the number of variables multiplied by group
size is smaller than or equal to the number of groups
((p-n) < g; which is equivalent to the lavaan requirement).
Cols : rows (number of observed variables to sample size at
level-2) includes more information than rows alone (sample
size at level-2). It informs us about minimum requirements
on study design, and which data format (approach) to use
for converging models.

In accordance with the effect of data format, we found
differential cols : rows effects on estimation accuracy. Within
each data format (approach), smaller cols : rows resulted in
models that yield more accurate, less biased, and more effi-
cient parameter estimates. However, the WF approach had a
less steep effect. Thus, the difference in cols, and thus, in
cols : rows, in WE-T compared to LF-B (by the factor )
was not, as expected, detrimental for the estimation accur-
acy. Instead, the factor n was likely responsible for the less
steep effect. Apparently, n appears to simply operate dis-
tinctly in both data formats (approaches). In the LF
approach, the sample size at level-1 n influences the accur-
acy of the first and second-order moments at level-2. In the
WEF approach, the sample size at level-1 n (together with p)
determines the number of “observed variables”, but also the
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number of equality constrains between related model
parameters. Having more relations between “observed
variables” with equality constrains similarly yields more
accurate estimates. In sum, we assumed an effect of data
format on estimation accuracy, based on the same cols :
rows effect on estimation accuracy in both data formats
(approaches). However, we found no effect of data for-
mat on estimation accuracy, but different cols: rows
effects on estimation accuracy in both data formats
(approaches).

Besides the main effects of data format and cols : rows,
we found further noteworthy effects. Most notable is the
interaction between g (or cols : rows) and magnitude of the
ICC and parameter level on estimation accuracy. In particu-
lar, the smaller g or the larger the cols: rows, and the
smaller the ICC values, the more inaccurate, biased, and

inefficient are the between-group parameters. Again, these
findings reveal valuable insight into optimal study design.
When between-group parameters are of interest, and prior
studies found marginal ICC values, then future studies
should have relatively large g (or cols : rows).

4.1. Limitations and Directions for Future Research

Firstly, we used the cols: rows of a data matrix only as a
proxy of the eigenvalue bias of the LF and WF covariance
matrices. Our findings showed that within each data format,
larger cols : rows resulted in lower convergence rates, and
less accurate between-group parameter estimates in both
approaches, which suggests that eigenvalue biases might
have increased with increasing cols : rows. However, we did
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not investigate the exact term of the eigenvalue biases. For
example, as pointed out earlier, when level-2 variables are
aggregates of level-1 variables, the matrix properties of
Y. 5 are not only influenced by p and g (which constitute
cols : rows), but by n and the ICC (Bhargava & Disch, 1982;
Hill & Thompson, 1978; Searle et al., 1992). This suggests
that the bias term of its eigenvalues is influenced by these
factors. Further, the effect of cols : rows on convergence and
estimation accuracy was different for the LF and WF
approach. This might be related to different eigenvalue
biases. On the other hand, it could suggest that eigenvalue
biases exert minor influence on convergence and estimation
accuracy. Future research could investigate the exact term of
the eigenvalue biases of LF and WEF covariance matrices,
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g, are depicted.

and whether the difference in eigenvalue biases explains the
difference in convergence and estimation accuracy.
Secondly, because our study was the first to investigate
the p : N (cols : rows) equivalent within multilevel SEM, we
included only simple intercept-only models. The influence
in more complex models remains to be investigated. For
example, it has been shown that in measurement models,
convergence rates decreases with smaller numbers of indica-
tors per factor, and smaller magnitude of factor loadings
and factor correlations (J. C. Anderson & Gerbing, 1984;
Boomsma, 1985; Joreskog & Sorbom, 1984). Further, factor
correlations are depended on correlations of indicators (i.e.,
observed variables), which implies that larger correlations of
observed variables are desirable. In our study, correlations
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of all observed variables were fixed to 0.3, and covariances
of observed variables were computed by the correlation and
the respective variances. Differences in covariances did not
show any influence on convergence. However, covariances
(correlations) of observed variables have a bivariate nature,
whereas factor correlations have a multivariate nature. It
would be interesting to investigate how eigenvalue bias
influences convergence and estimation accuracy in factor
models. Further, level-2 predictors might be examined. We
included only level-2 variables that are aggregates of level-1
variables. In other words, we investigated contextual analysis
models. With level-2 predictors, the importance of larger n
for more accurate between parameters could be smaller. The
eigenvalue bias term of between-group covariance matrices
of predictor variables is assumed to differ from those of
between-group covariance matrices of level-1 aggregates. In
sum, future research should investigate the influence of the
eigenvalue bias in more complex multilevel SEM models
with measurement models and level-2 predictors.

Thirdly, future research could investigate whether improv-
ing the eigenvalue structure of LF and WF covariance matri-
ces can improve performance. In single level settings, it has
been shown that improving the eigenvalues of the sample
covariance matrix can result in increased convergence rates
and more accurate model estimates (e.g., Kamada & Kano,
2012; Kamada et al, 2014; Yuan & Bentler, 2017; Yuan &
Chan, 2008; Yuan et al, 2011). In multilevel settings, it has
been shown that improving the eigenvalues of the model-
implied between-group matrix results in more accurate
between-group parameters (e.g, Chung et al, 2015;
McNeish, 2016; Zitzmann, 2018). It seems promising to
investigate improving the eigenvalues of the LF and WEF
covariance matrices, more specifically, ﬁLF_B in the LF
approach and ﬁwp_T in the WF approach, and whether this
could increase the accuracy of between-group parameters.

Fourthly, future studies could examine the effect of the ICC on
the bias of the between-group parameters more closely. First, the
evidence for its existence is mixed. Whereas some studies found
no effect (e.g., Hox et al, 2010; McNeish & Stapleton, 2016;
Meuleman & Billiet, 2009; Stegmueller, 2013), other studies, ours
included, found that a smaller ICC leads to increased bias (e.g.,
Hox & Maas, 2001; Liidtke et al., 2008, 2011; Muthen & Satorra,
1995; Zitzmann et al., 2015). Second, within the studies that found
an effect, the direction of the bias differs. Most studies found a
downward bias. However, the bias was mostly aggregated over
parameters of different types. Hox and Maas (2001) classified
them by type and found upward bias in variances and downward
bias in factor loadings. Further, the type of parameter also
depends on the modeling approach. Liidtke et al. (2011) com-
pared manifest and latent approaches and found that only the
approach who had latent variables at both levels resulted in
upward bias. In our study, both approaches incorporated latent
variables at both levels, and both exhibited a downward bias.
However, we did not distinguish between different types of
parameters. Future research could explore how the presence and
direction of an ICC effect on the bias of between-group parame-
ters may vary depending on the parameter type.

4.2. Conclusion

Our study has demonstrated two important main results.
First, data format influences convergence but not estimation
accuracy. Second, the rows and cols : rows of data matrices,
which varies when conducting multilevel analysis in long
versus wide format, along with the ICC are critical factors
influencing the convergence and estimation accuracy of
multilevel SEM approaches. To conclude with some literary
advice: We aim for convergence all along, with accuracy
nothing going wrong, especially if the ICCs are not strong,
our data matrices should be comparatively long.
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ABSTRACT

Small sample sizes pose a severe threat to convergence and accuracy of between-group level param-
eter estimates in multilevel structural equation modeling (SEM). However, in certain situations, such as
pilot studies or when populations are inherently small, increasing samples sizes is not feasible. As a
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remedy, we propose a two-stage regularized estimation approach designed for scenarios with both a
small number of groups and small group sizes, and a low ICC. The method employs the wide format
approach to multilevel SEM, where, at first, the sample covariance matrix is replaced by a shrinkage
estimate, and then, this estimate is used to fit the SEM. By means of a simulation study, we evaluated
the effectiveness of our two-stage approach. Our findings demonstrate that this method consistently
ensures model convergence, provides more accurate between-level estimates, and even improves
accuracy of within-level estimates in cases of very small group sizes.

In psychology and the education sciences, observational
units are often nested within higher-level units, such as stu-
dents (level-1 units) within classes (level-2 units). Multilevel
structural equation modeling (SEM) is a powerful tool for
estimating parameters across these different levels. In the
within-between framework used by common statistical soft-
ware (e.g., Mplus and lavaan), parameters are decomposed
into within-group level (e.g., student) and between-group
level (e.g., class) components. Challenges arise when sample
sizes are small at any level, leading traditional maximum
likelihood estimation (MLE) methods to either fail to con-
verge or produce highly inaccurate estimates of between-
group level parameters (e.g., Hox et al,, 2010; Hox & Maas,
2001; Liidtke et al., 2008, 2011; McNeish & Stapleton, 2016;
Meuleman & Billiet, 2009; Shin & Raudenbush, 2010;
Stegmueller, 2013; Zitzmann, 2018; Zitzmann et al., 2015).
However, collecting larger samples can be costly, time-
consuming, or impractical for specific study designs, such as
pilot studies with limited classes and students, or for certain
populations, such as school boards. Moreover, small varian-
ces at the class (between-group) level, often expressed in
relation to large variances at the student (within-group)
level as low Intra Class Correlation (ICC), further lower
convergence rates (Lidtke et al., 2011; Zitzmann, 2018), and
accuracy of class (between-group) level parameter estimates
(Hox & Maas, 2001; Liidtke et al., 2011; Muthen & Satorra,

1995; Zitzmann et al., 2021). Therefore, in scenarios with
small samples and low ICCs, there is a need for an alterna-
tive approach that is straightforward to implement and can
mend both convergence and accuracy issues."

A broad category of methods, known as regularization
encompasses techniques aimed at enhancing convergence and
accuracy in statistical analyses. Originally developed by
Tikhonov (1943) to address stability issues in inverse matrix
problems, the concept of regularization was swiftly adopted
by the statistical community to adapt traditional MLE to pro-
duce “reasonable answers in unstable situations” (Bickel et al.,
2006, p. 272). “Unstable situations” cover a variety of scen-
arios, among them small sample sizes, where the goal is typic-
ally to minimize the chances of encountering degenerate
matrices, inadmissible solutions, and models that either do
not converge or yield highly inaccurate outcomes. Techniques
commonly used involve refining traditional maximum likeli-
hood estimation (MLE) by incorporating approaches such as
shrinkage, constraints, fixed parameters, or penalties. Overall,
the goals and techniques of regularization approaches differ
considerably fairly. For instance, shrinkage estimation of the
covariance matrix (e.g., Touloumis, 2015) aims at obtaining a
well-behaved eigenstructure and more accurate estimates,
whereas penalizing the objective function of estimators (e.g.,
P.-H. Huang et al.,, 2017; Jacobucci et al., 2016) is motivated
by the goal of achieving more parsimonious models. Despite

CONTACT Julia-Kim Walther @ julia-kim.walther@uni-tuebingen.de @ Hector Research Institute of Education Sciences and Psychology, University of Tibingen,

72072 Tibingen, Germany.

"Note that, when research questions concern only within-group variation, fixed effect approaches might be an alternative solution for handling small sample
settings. For example, one could dummy-code the groups such that one obtains fixed effects estimates for each group (see e.g., Allison, 2009; Muthen & Satorra,
1995; Snijders & Bosker, 2012). However, if one is interested in the variation of the between-group parameters, or if the number of groups is too large (given the
separate modeling of between-group parameters for any group), then mixed-effects modeling, such as multilevel SEM, might be a more sensible choice.
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their differences, all approaches share a common feature: they
introduce a moderate amount of bias into estimation. This is
driven by the principle of a “bias-variance tradeoff,” where
the strategy is to reduce variance by accepting increased bias,
thereby enhancing the overall accuracy of the estimation. We
understand regularization as umbrella term for biased estima-
tors that are employed in unstable situations.

Within the general SEM framework, several regulariza-
tion techniques have been employed to alleviate estimation
problems encountered with small sample sizes. For instance,
techniques such as constrained MLE and Bayesian estima-
tion introduce bias into MLE by either limiting the range of
possible parameter values, such as setting latent variances to
one, or using weakly informative priors. These methods,
which include contributions from Anderson and Gerbing
(1984), Chen et al. (2001), and Zitzmann et al. (2022) for
constrained MLE, and Depaoli and Clifton (2015),
Zitzmann et al. (2016), and Ulitzsch et al. (2023) for
Bayesian estimation, specifically target the calculation of
model parameters, essentially the “output” of a structural
equation model (SEM). However, in situations where non-
convergence and poor estimation accuracy is contingent on
a distorted eigenstructure of the sample covariance matrix’,
essentially the “input” of a SEM, simply adjusting model
parameters through regularization will not suffice.

In such cases, regularizing the sample covariance matrix
itself may prove to be a more effective solution. The ridge
method, widely used for addressing eigenstructure issues in
the sample covariance matrix (Kamada et al., 2014; Yuan
et al, 2011; Yuan & Chan, 2008), involves a subtle yet
impactful adjustment: it adds a small value to its diagonal
elements (i.e., variances of the observed variables). This
technique has been demonstrated to significantly improve
both the rate of convergence and, potentially, also the accur-
acy of estimations (Kamada et al., 2014; Kamada & Kano,
2012; Yuan & Bentler, 2017). However, employing techni-
ques beyond ridging, which primarily yields a well-behaved
eigenstructure in the sample covariance matrix, may
enhance the accuracy of estimation a fortiori.

A considerable number of methods has been developed
to regularize the sample covariance matrix in statistics, and
applied research fields such as portfolio selection in finance
and estimation of large covariance matrices in genomics.
Shrinkage estimation, a key approach among these, has its
origin in the work of Stein (1956), who highlighted the bias

“Note that in psychology and the educational sciences, we might be more
familiar with terms other than regularization. “Stabilization” is often used in
the context of accuracy and model selection (e.g., Breiman, 1996; Ulitzsch
et al.,, 2023; Zitzmann, 2018). “Smoothing” is a prominent term in the context
of improving the eigenstructure of covariance matrices (e.g., Lorenzo-Seva &
Ferrando, 2021; Wothke, 1993). More recently, “regularization” found its way
into the mainstream literature to denote matters related to improper
solutions, model sparsity, and overfitting (e.g., Arruda & Bentler, 2017;
Jacobucci et al., 2016; Jung & Takane, 2007; Liang & Jacobucci, 2020; Orzek &
Voelkle, 2023; Williams & Rodriguez, 2022). However, there is no strict usage
of the terms, and we are not aware of any consistent taxonomy.

3This means that the sample eigenvalues are more spread out compared to
their population counterparts which makes non-invertible (i.e., singular,
degenerate), non-positive definite matrices with large condition numbers
more likely.
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in eigenvalues of the sample covariance matrix in small sam-
ples. The Steinian (or Stein-type) shrinkage technique creates a
weighted average of the sample covariance matrix and a prede-
termined target matrix, which imposes a specific structure. For
instance, using the identity matrix as the target suggests that
variances are one, covariances are zero, and eigenvalues are
one. The weighting shrinks the sample covariance matrix and
their eigenvalues towards those of the target matrix. These
approaches vary by the choice of target matrix and how the
weighting (or shrinkage) parameter is calculated. In unstable
scenarios with small sample size paired with a large number of
observed variables (“small N, large p”), shrinkage estimation
has been shown to surpass traditional MLE in maintaining
eigenstructure and improving accuracy (e.g., Ledoit & Wolf,
2004; Touloumis, 2015). Ledoit and Wolf (2012) concluded
that without additional information on the true covariance
matrix’s structure, shrinkage estimation has been arguably the
most effective method so far (for an overview of shrinkage
estimation see, e.g., Ledoit & Wolf, 2020).

Even though particularly promising, shrinkage estimation
of the covariance matrix has been barely scrutinized in the
context of SEM. Notable exceptions include studies by
Arruda and Bentler (2017) and De Jonckere and Rosseel
(2023), who explored its application in single-level SEM,
and found it to enhance overall model evaluation, conver-
gence and accuracy without significant computational costs.
Despite these findings, evidence remains sparse, and in
multilevel SEM, it is even more so. Here, Zitzmann et al.
(2021) applied shrinkage (Bayesian) estimation to the
between-group variance of the predictor in a bivariate two-
level model which led to more accurate model parameters at
the between-group level in small samples. The present article
aims to examine the effectiveness of shrinkage estimation of
the covariance matrix for handling small sample sizes and low
ICCs in multilevel SEMs in a proof of concept manner. More
specifically, it scrutinizes whether integrating shrinkage estima-
tion into a two-stage SEM estimation approach improves
convergence rates and the accuracy of between-group level
parameter estimates. To explore this, we examine balanced,
continuous two-level data using two-level intercept-only mod-
els by means of a simulation study. The article is structured as
follows. Firstly, as we use the single-level CFA approach to
multilevel SEM (Barendse & Rosseel, 2020; Mehta & Neale,
2005; Walther et al., 2024), which utilises the data in wide for-
mat (WF), we offer a concise overview of this approach.
Secondly, we detail the shrinkage approach proposed by
Touloumis (2015) that we have adopted in this study, and we
elaborate on how it modifies the (co)variances at both levels
when applied in multilevel SEM. Thirdly, we present the out-
comes of our simulation study, discuss its implications, and
suggest directions for future research.

1. Multilevel Structural Equation Modeling

Suppose, we observed four classes (number of groups g = 4)
with two students within each class (balanced group size
n =2). This yields a total sample size of four students
(N=g-n=4). We investigate two observed variables
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(p = 2), namely, engagement during class (x;), and perform-
ance in a test (x;). The whole data set is depicted in Panel
A in Figure 1. We are interested in whether students within
the same class show more similar engagement during class
(x1) and performance in the test (x;) than students across
different classes. In other words, we scrutinize whether vari-
ance at the class (between-group) level is substantially large
compared to the student (within-group) level; that is,
whether ICC > 0. The population models are depicted to
the right in Panel A. For both variables, ICC = 0.05.

To analyze the data, we use a two-level intercept-only
model. This model can be estimated through two different
multilevel SEM approaches that mainly differ by their
required data format: the long format (LF) approach
(Muthén, 1990, 1994), and the wide format (WF) approach
(Barendse & Rosseel, 2020; Mehta & Neale, 2005). The ana-
Iytical and empirical equivalence of both approaches with
MLE in terms of estimation accuracy has been demonstrated
(Barendse & Rosseel, 2020; Mehta & Neale, 2005; Walther
et al,, 2024), and both methods can be implemented using
the SEM package lavaan in R. However, given that the
lesser-known WF approach is critical for our two-stage
approach, we will focus on this approach in the following,
highlighting the differences of the data format in terms of
data matrix, sample covariance matrix, and the model speci-
fication. Nevertheless, we will consider the unregularized,
standard LF approach in the simulation study. Details on
model estimation and fitting functions for continuous varia-
bles are available in existing literature (e.g., Mehta & Neale,
2005).

1.1. The Wide Format (WF) Approach

The wide format (WF) approach essentially uses a single-
level restricted CFA which is fitted to the total (two-level)
data matrix in WF (WF-T). In WE-T, every observed vari-
able p is split into every »™ unit (see Panel B), which we
call “specific-units” variables in contrast to the p “all-units”
variables in the LF approach. The rationale underneath is
that “people [n] are variables too” (Mehta & Neale, 2005, p.
1). For instance, x;, is engagement during class (x;) for
every 2nd student in class. The sample covariance matrix is
estimated by the MLE for single-level data. Thus, we obtain
a single-level represented two-level sample covariance matrix
Swr—r from the p - n “specific-units” variables in WE-T (see
Panel C).

In the model, class (between-group) level parameters are
modelled by common factors, and student (within-group)
level parameters are modelled by unique factors that are
equality constrained. The means and (co)variances of the
common factors are estimated freely to obtain the class
(between-group) level parameters. Variances of the unique
factors of each common factor are equality constrained to
estimate student (within-group) level variances. Covariances
among unique factor of every n-th observed variable of each
p are equality constrained to estimate student (within-
group) level covariances (see Panel D). The equality con-
straints represent the homoscedasticity assumption (of the

specific-units variables). For our example, we would have
two common factors (because of p =2 observed variables)
with two observed variables for each common factor
(because of p-n specific-units variables in WE-T). Thus,
two means, two variances, and one covariance of common
factors for the class (between-group) level, and two varian-
ces, and one covariance of unique factors for the student
(within-group) level are estimated freely.

The implementation of traditional MLE in SEM software
such as lavaan requires a positive definite sample covariance
matrix (Hamaker et al., 2003; Singer, 2010; Van Montfort
et al,, 2018; Voelkle et al., 2012). Amongst other things, this
necessitates a data matrix whose number of columns is less
than or equal to the number of rows because otherwise, at
least one sample eigenvalue becomes zero and the sample
covariance matrix turns non-positive definite (e.g., Duncan
et al, 1997; Gorsuch, 1983; Wothke, 1993). In the WF
approach, cols < rows translates to (p - n) < g. Alternatively,
the raw data formulation of MLE, full information max-
imum likelihood (FIML), may be used, which circumvents
the problem (Hamaker et al, 2003; Trendafilov & Unkel,
2011; Unkel & Trendafilov, 2010; Voelkle et al., 2012). In
lavaan, FIML estimation could be applied by setting
‘missing = “fiml”. However, since we aim to replace the
sample covariance matrix with a shrinkage estimate that has
an improved eigenstructure, we must use traditional MLE
instead of FIML. Moreover, we must use single-level SEM
(i.e., the WF approach), because in multilevel SEM, such as
implemented in lavaan version 0.6-15, we cannot provide a
covariance matrix instead of a data matrix. We will turn
towards shrinkage estimation in the subsequent section.

2. Shrinkage Estimation of the Covariance Matrix

In shrinkage estimation, the population covariance matrix X
is estimated as a weighted average of the sample covariance
matrix and a pre-specified target matrix. The amount of
weighting is controlled by the shrinkage parameter A €
[0,1]. If =0, no shrinkage is applied, and the sample
covariance matrix will be kept. If L = 1, we obtain the tar-
get matrix as the estimate of X. In linear shrinkage, which
we focus on, the same shrinkage intensity is applied to every
element of the covariance matrix. To avoid misunderstand-
ing: “shrinkage” does not necessarily mean that the elements
get smaller, but they are shrunken towards a certain value
(of the target matrix). For example, if 65 = 0.1 and 67 =1,
then 0.1 is “shrunken” towards 1. The target matrix is
chosen for its well-behaved eigenstructure, making shrink-
age estimates more likely to be positive definite, non-singu-
lar, and well-conditioned, often resulting in greater accuracy
compared to the traditional ML sample covariance matrix,
as demonstrated in studies such as Ledoit and Wolf (2004,
2020). Additionally, shrinkage estimation can be viewed as a
form of Bayesian estimation with weakly informative priors,
a perspective supported by Ledoit and Wolf (2004), and
others. In the next section, we will briefly review the linear
shrinkage estimator proposed by Touloumis (2015), which
we term covshrink for convenience.
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Figure 1. Data and model in the long format (LF) and wide format (WF) approach.
Note. Data set: the data collected in a given setting. Data Matrix: the data set in matrix form, where columns refer to observed variables and rows to observed units.
Data Format: one of two possible formats of the data matrix, long format (LF) or wide format (WF). In WF, every observed variable p is split for every unit in the
group n. For instance, x; 5 is x; for every 2" unit in the group. Sample Covariance Matrix: a symmetric matrix which contains (co)variances of the observed varia-
bles. Model Specification: representation of the model to be estimated, here, a two-level intercept-only model. Between-group parameters are located above the
dashed line; within-group parameters below. At the within-group level, identical parameters indicate equality constrains. Data matrix or sample covariance matrix,
and model specification are input to lavaan. Example data set with number of groups g = 4, group size n = 2, and number of observed variables p = 2. The R
code to generate data and model is available in Appendix A.
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2.1. Covshrink: A Linear Shrinkage Estimator of the
Covariance Matrix

Touloumis (2015) refined the popular linear shrinkage esti-
mator by Ledoit and Wolf (2004) through (1) extending the
set of target matrices, and (2) deriving consistent closed
form solutions of the shrinkage parameters in “small N,
large p” settings. This new family of estimators has demon-
strated improved estimation compared to preceding meth-
ods, indicated by the simulated percentage relative
improvement in average loss (SPRIAL), which compares the
MSE of the target estimator to that of a baseline estimator
(e.g., the sample covariance matrix), in such settings
(Touloumis, 2015). The general equation for the linear
shrinkage estimator is expressed as:

§ = (1-A)S+AT, (1)
where S is the unbiased MLE of the (single-level) p x p popu-
lation covariance matrix, T is the target matrix, and A is the
shrinkage parameter, which depends on the choice of the tar-
get matrix. The target matrix can be one of three diagonal
matrices: the equal target matrix ¥I, with the mean of the
sample variances in the diagonal (originally proposed by
Ledoit & Wolf, 2004), the identity matrix I, with ones in the
diagonal, or the unequal target matrix Dg with the sample
variances in the diagonal. Across all types of target matrices,
off-diagonal elements (i.e., covariances) of the shrinkage esti-
mate are systematically pulled towards zero. However, the
specific non-zero value to which on-diagonal elements (i.e.,
variances) are pulled varies depending on the target matrix
employed. When using the equal target matrix ¥1,, variances
are pulled towards the mean of the sample variances.
Meanwhile, the identity matrix I, pulls variances towards one,
while the unequal target matrix Dg leaves the variances
unchanged. The closed form solution of the shrinkage param-
eter of the equal matrix V1, where ¥ = Y}y, is:

. Yoy + Y7
he = e 2)
NYay + Vi + 25 ¥2,
for the shrinkage parameter of the identity matrix I,:
o Y. Y?
oN t+ IN (3)

A= ,
T NY + Y3, — (N-1)(2Yiy — p)

and for the shrinkage parameter of the unequal target
matrix Dyg:
- Y, Y%, —2Y.
iy = 2N +2 N 3N : (4)
NY,y + Y2 — (N = 1) Y3y

where Y1y, Yon, and Yzy are combinations of U-statistics
(for their estimation, see Touloumis, 2015, pp. 5, 12).
According to Touloumis (2015), the optimal shrinkage
intensity, which minimizes the MSE between the population
covariance matrix and the respective shrinkage estimator, is
approximated by sample-based unbiased and ratio-consist-
ent estimators. The resulting biasAe*d shrinkage estimators of
L are Sp (equal target matrix), S; (identity target matrix),
and S, (unequal target matrix). Because the shrinkage
parameters have a closed form, the approach is

computationally fast, regardless of the number of observed
variables p. Moreover, the obtained estimates are non-singu-
lar and well-conditioned. These are useful properties for
convergence (e.g., lavaan requires a positive definite sample
covariance matrix in single-level SEM), and estimation
accuracy (e.g., large condition numbers have been linked to
the less stable estimates; Y. Huang & Bentler, 2015; Kelley,
1995; Lange et al., 1999; Yuan & Bentler, 2017).

3. Shrinkage Estimation of the Covariance Matrix in
Multilevel Structural Equation Modeling

Shrinkage estimation of the covariance matrix is part of our
two-stage approach.” At the first stage, the sample covari-
ance matrix is replaced by a shrinkage estimate of X. At the
second stage, the model is estimated based on this refined
estimate. Touloumis (2015) shrinkage estimator was opti-
mized for “small N, large p” scenarios which, can be trans-
lated to “small g, small n, large p” configurations in the
context of multilevel analysis. While this two-stage approach
appears to be a resource-efficient strategy for addressing
issues such as non-convergence and inaccurate between-
group level parameter estimates resulting from small
samples or low ICCs, only a limited body of research has
investigated the performance of such methods within the
SEM framework (Arruda & Bentler, 2017; De Jonckere &
Rosseel, 2023; Zitzmann et al., 2021). Existing evidence sug-
gests that similar two-stage approaches can indeed enhance
convergence and estimation accuracy. However, such an
approach has not yet been proposed and investigated in the
context of multilevel SEM. In the subsequent section, we
will delve deeper into how the (co)variances in the shrink-
age estimate differ from those in the sample covariance
matrix, and elucidate the implications for model parameters.

3.1. WFcovshrink: Shrinkage Estimation of the
Covariance Matrix in the WF Approach

Recall that the WF approach is a single-level SEM approach
that utilises the single-level represented two-level sample
covariance matrix Syp_r where the (co)variances of p-n
“specific-units” variables are contained (revisit Figure 1 for
more details). The normal theory derived, biased MLE reads:

g
Swr_r = lZ(x.i,- -X3)(Xi-Xi)", (5)
g j=1
where X.i denotes the data matrix in WF (WF-T) and X.i
denotes a row vector with grand mean estimates. The sam-
ple covariance matrix is the estimate of the population
covariance matrix, Syp_r = )iWF_T. When shrinkage esti-
mation of the covariance matrix is applied, the (single-level)
p xp dimensioned S is replaced by the (single-level

“Note that in fact, every SEM is a two-stage approach as the sample
covariance matrix has to be estimated in order to estimate the model
parameters. Nonetheless, usually users supply the data matrix and the
software estimates the sample covariance matrix automatically. Thus, from a
user perspective, standard SEM can be considered a one-stage approach.
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represented two-level) (p-n) x (p-n) dimensioned Syr_r°
in Equation (1), and N by g, and p by p - n in Equations (2),
(3), and (4). Within the present study, we scrutinize all
three target matrices, resulting in the shrinkage estimators
Yv*ith the equal target matrix, §z, tl}g identity target matrix,
S,, and the unequal target matrix, S ;.

For an illustration of the effect of the shrinkage estimation
by Touloumis (2015) in the WF approach (WFcovshrink) in
the following, we focus on §2, see Figure 2. In Panel A, it is
highlighted how )f.WF_T is used to model 6. In Panel B, the
principle of how the shrinkage estimate §; alters 0 is
explained. In Panel C, a concrete example is presented.

In Panel A, leftmost, we see the (earlier introduced)
model specification of the two-level intercept-only model in
the WF approach. A restricted CFA is fitted to the p-n
“specific-units” variables in the data matrix in WF. In the
middle, the (co)variances of these p - n “specific-units” varia-
bles in Syr_r are shown. To the right, these p - n “specific-
units” (co)variances are reformulated as the p “all-units”
(co)variances that are modelled thereof. (Co)variances of
x11 and x;, (see upper left, green block) are used to model
the variances of one common and two unique factors which
correspond to the between-group and within-group level
variances of x;. Their variances contribute to the between-
group and within-group level variances, whereas their
covariance contributes only to the between-group level vari-
ance via the common factor. Similarly, (co)variances of x;;
and x,, (see lower right, green block) are used to model
between-group and within-group level variances of x,. The
covariances of x;; and x;, with x,; and x,,, respectively
(see lower left or upper right, orange block), are used to
model the covariances of the two common factors, and
every n-th unique factor of each common factor which cor-
respond to between-group and within-group level covarian-
ces of x; and x;.

This reformulation helps to understand the principle of
how shrinkage estimation with the equal target matrix alters
the estimates of the two-level intercept-only model (6),
which is illustrated in Panel B. To the left, the reformulated
Swr—r is shown again. The on-diagonal elements of Syp_r
(grey bar) are averaged (¥) and used as the on-diagonal ele-
ments (“equal variances”) in the equal target matrix ¥I;.,. In
reformulated terms, ¥ is the grand mean of the total varian-

ces of both variables x; and x, (6% + 63y)- The off-diagonal
elements of V1., are zero. To the right, we see an overview of
the directions in which the sample (co)variances in Sy_r are
pulled by shrinkage estimation. Generally, on-diagonal ele-
ments are pulled towards the mean of the diagonal elements,

*Note that in the implementation of the shrinkage estimation in R
(ShrinkCovMat package), only the unbiased MLE, which has g-1 in the
denominator, can be used. In contrast, the default of single-level SEM in
lavaan (i.e, WF approach) is the normal theory derived, biased MLE in
Equation 5 (Rosseel et al, 2023, reference manual p.81 accessed on 16
September 2023, lav_matrix_cov function). We run the unregularized WF
approach with both the unbiased and the biased MLE to check whether they
differ substantially. In Figure B1 in the Appendix we see that for convergence
there were no differences, and for estimation accuracy, there were negligible
differences in using the unbiased or biased estimator of the sample
covariance matrix.
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and off-diagonal elements are pulled towards zero. Using the
reformulation, this means that total variances (6123 + 6%,‘,) are
pulled towards the grand mean of the total variances

(6% +6€v), and between-group variances (6‘%) are pulled

towards zero. Consequently, within-group variances (63,) are
pulled towards the grand mean of the total variances

(6% + &2,), too. Between-group covariances (6) and within-
B w group
group covariances (Gy) are pulled towards zero. The

expected biases in 0 are depicted in the rightmost table. It is
expected that between-group level variances, and between-
group and within-group covariances, have downward biases,
whereas within-group variances have an upward biases.
Therefore, estimates of ICC will be more conservative than
those derived by the unregularized WF approach.

Let us consider this more concretely. In Panel C,
WEcovshrink is illustrated by means of an example data set
(in which ¢ =50 in contrast to the earlier example data
set). Leftmost, Syp_r (estimated by the unbiased MLE) is
depicted. The middle of the panel shows the equal target
matrix vI,, where ¥ = 0.99 (mean of the sample variances
in Syp_r, or reformulated, grand mean of the total varian-

ces 6§ + 6%,\, of x; and x;). In the present medium g, small

n, large p setting, the shrinkage parameter is A =0.59, and
thus, the shrinkage estimate is to a large extent influenced by
the target matrix. To the right, the resulting shrinkage esti-

mate Sy, is presented. To comprehend how Sj alters 0, we
compare the model parameter estimates retrieved from the
WE approach and the WFcovshrink approach (the R code is
available in the Appendix A). In this example, population
parameters are 65 = 0.05, 6%, = 0.95, thus ICC = 0.05, and
op = 0.015, and oy = 0.285 for both variables x; and x,.

It can be seen in Table 1 that for the between-group level,
over- and underestimation was decreased (by pulling the esti-
mates closer to zero). For the within-group level, underestima-
tion of the variance of x; was decreased but overestimation
slightly increased for x; (by pulling the estimates of the varian-
ces closer to their grand mean), and overestimation of their
covariance was decreased (by pulling the estimate closer to
Z€10).

In both approaches, one estimate of variances at the
between-group level was negative.” Concerning the resulting
ICCs, the estimates of the WFcovshrink approach
(0.06/(0.06 +0.95) = 0.06 and —0.04/(—0.04 + 1.02) =
—0.04) were more accurate than those of the unregularized

5The unregularized WF approach that uses the ML sample covariance matrix
has high variability and low bias in small samples, whereas the shrinkage
estimate in the WFcovshrink approach reduces variability by means of bias.
Thus, in other data sets, the unregularized WF approach may yield non-
negative, overestimated between-group level variances. There are different
procedures to deal with inadmissible, negative between-group level variances
(so called “Heywood cases”), that we would expect (and empirically found in
the present study) more often in the downwardly biased WFcovshrink
approach, for instance, setting them to zero (see e.g., Zitzmann et al,, 2022,
who justify the procedure by the very definition of MLE). However, non-
negative, overestimated between-group level variance, which we might
expect more often in the unregularized WF approach, are taken at face value.
Thus, the downward bias in the WFcovshrink approach might be dealt with
better (in addition to its estimates being more accurate).
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Figure 2. Shrinkage estimation of the covariance matrix in the WF approach.

Note. Sye_r contains (co)variances of p - n “specific-units” variables. In Panel A, these are reformulated as (co)variances of p “all-units” variables modelled in the
two-level intercept-only model. Panel B introduces the principle of how the shrinkage estimate with the equal target matrix alters estimates of the two-level inter-
cept-only model. In Panel C, a numeric example with the earlier data set (number of groups g = 50, group size n = 2, and number of observed variables p = 2) is
given. The R code to generate the (unbiased) sample covariance matrix and apply shrinkage estimation is available in Appendix A.

Table 1. Model parameter estimates of two-level intercept-only model for example data set.

Between Within
Approach
62, = 0.05 62, = 0.05 Gyix2 = 0.015 62, = 0.95 o2, = 0.95 Gyixa = 0.285
@WF 0.15 —0.08 —0.05 0.88 1.01 0.35
Owrcovshrinke 0.06 —0.04 —0.02 0.95 1.02 0.15

Note. Example data set with number of groups g = 50, group size n = 2, and number of observed variables p = 2. The R code to generate
data and estimate the models is available in Appendix A.

WF approach (0.15/(0.15+0.88) =0.14 and —0.08/
(—0.084 1.01) = —0.08). In sum, all but one estimate are
closer to their population counterparts in WFcovshrink com-
pared to the unregularized WF approach. Nevertheless, this was
just one example data set. Whether WFcovshrink yields empiric-

vI,.,, remains to be put to test. We addressed these questions
with a simulation study, which we will present next.

4. Simulation Study

ally reliable similar gains in performance in other settings, and
by means of other target matrices than the equal target matrix

With this simulation study, we aimed to investigate whether
applying shrinkage estimation, as part of the two-stage SEM
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estimation approach, would increase convergence and esti-
mation accuracy in multilevel SEM when small samples at
any level or small ICCs are present. The idea is to obtain a
biased but more precise estimate of the covariance matrix X
that yields more accurate model parameters 6 in turn.
Specifically, we applied the shrinkage estimator by
Touloumis (2015) to the WF approach in multilevel SEM.
In the following, we outline the method of our study before
presenting and discussing the main findings.

4.1. Method

The computations were conducted on an AMD Ryzen
Threadripper PRO 3975WX 32-cores (3.50 GHz) CPU on a
Windows 10 (Version 20H2) platform utilising R version
4.3.1 (R Core Team, 2023), along with several R packages:
cowplot version 1.1.1 (Wilke, 2020), DescTools version
0.99.50 (Signorell et al., 2024), dplyr version 1.1.2 (Wickham
et al, 2023), ggplot2 version 3.4.2 (Wickham et al., 2023),
huxtable version 5.5.6 (Hugh-Jones, 2022), lavaan version
0.6-15 (Rosseel et al., 2023), patchwork version 1.1.2
(Pedersen, 2022), ShrinkCovMat version 1.4.0 (Touloumis,
2019), tidyr version 1.3.0 (Wickham et al., 2022), and xlsx
version 0.6.5 (Dragulescu & Arendt, 2020). The R code for
data generation, analysis, table, and figures is available at
https://github.com/demian]K/WFcovshrink.

4.1.1. Data Generation

We varied different factors that we allocate to either sample
characteristics or population characteristics to facilitate inter-
pretation. We make this distinction to emphasize what we
can modify (by our study design) and what not. Sample
characteristics comprise the number of groups g, the group
size n, and the number of observed variables p. We included
the following numbers of groups: 4, 10, 30, 50, and 100.
The smallest number of groups is given by the minimum
sample size that the R function for shrinkage estimation can
deal with (which relates to g in the WF approach). The
maximum number of groups was chosen to see how the
WEFcovshrink approaches perform in samples large enough
to achieve good performance by the unregularized LF and
WEF approaches to multilevel SEM. The group size was var-
ied between 2, 5, and 10. We restrained the upper group
size to 10, because the WF approach is rather advised for
smaller n scenarios (Barendse & Rosseel, 2020; Walther
et al., 2024), because of larger computational costs, and pre-
liminary simulations supported that this holds true for
WEFcovshrink as well. As numbers of observed variables p,
we selected 2, 5, and 10. The population characteristics
encompass the variances and covariances of the population
covariance matrix at both the between- and within-group
level. The variance at both levels was determined by the
ICC, which is defined as the ratio of between-group vari-
ance to the total variance (Hox et al., 2017), 63/(c% + G3,).
Two levels of the ICC were included, 0.05 and 0.25, which
represent the lower and upper levels of realistic ICCs in the
social sciences (Adams et al., 2004; Gulliford et al., 1999).
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The total variances were set to 1, and thus, ICC = c%. The
covariances were determined by the correlation at each level.
Correlations of .10 and .30 were chosen, inspired by meta-
analytically derived small and large correlations in the social
sciences (Gignac & Szodorai, 2016). Covariances were calcu-
lated through the variance and the correlation. The combin-
ation of all factor levels in our simulation study resulted in
a fully-crossed design with 360 conditions. For each condi-
tion, 1000 data sets were simulated.

4.1.2. Data Analysis

Two-Level Intercept-Only Model: As pointed out earlier, we
considered only the two-level intercept-only model or, put
differently, a model that estimates the (co)variances of the p
all-units variables at the between-group and within-group
levels, and the means of the between-group level, freely. We
did so because various structured models (e.g., x; as pre-
dictor of x, or the other way around) have the same under-
lying covariance matrix, and we were primarily interested in
examining the effects of shrinkage estimation of the covari-
ance matrix on model performance.

Approaches: We compared the performance of the pro-
posed two-stage estimation WFcovshrink to the unregular-
ized WF approach, and the unregularized, standard LF
approach. For WFcovshrink, we scrutinized a consistent
usage of all target matrices: the equal target matrix in
WEcovshrink(E), the identity matrix in WFcovshrink(I), and
the unequal target matrix in WFcovshrink(U).

4.1.3. Evaluation Criteria

We conducted comparisons of model performance based on
convergence and estimation accuracy. A model was deemed
converged if the optimizer indicated that it had found a
solution. The convergence rate represents the percentage of
converged models out of the total number of estimated
models per condition. Estimation accuracy was evaluated in
terms of bias and overall accuracy (which incorporates both
bias and variance of an estimator). We considered the rela-

tive bias, (0 —0)/0-100%, and the relative root mean

squared error (RMSE), /3" (6 — 6)?/6 - 100%.

4.2. Results

Hereinafter, we will delve into the key findings of the simula-
tion study. We will commence by examining convergence, fol-
lowed by a discussion on estimation accuracy (bias and
overall accuracy). Readers interested in further results are
referred to the supplementary materials provided in the
Appendix. To summarize, we found evidence that the input
type (data or sample covariance matrix) and the type of MLE
of the sample covariance matrix (biased or unbiased) did not
influence the performance of the WF approach substantially
(Figure B1), that the WFcovshrink approaches had no severely
increased computation times in contrast to the WF approach
(Figure B2), and that the WFcovshrink approaches yielded
higher percentages of negatively estimated between-group level
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respectively.

variances and ICC (which we will link later to an increased
downward bias).

4.2.1. Convergence

In terms of sample characteristics, the sample size at level-2,
g proved to be the most influential factor affecting conver-
gence. As illustrated in Panel A of Figure 3, convergence
rates aggregated by g revealed a typical observation: for the
LF and WF approaches, convergence rates increased with
increasing sample size. In contrast, the WZFcovshrink
approach consistently converged across all sample sizes.
Previous research (Walther et al., 2024) has highlighted the
significance of the relationship between the columns and
rows of the data matrices in understanding convergence
rates, as depicted in Panel B. Replicating earlier findings, we
observed that cols < rows and cols < rows are required for
converging models in the LF and WF approaches, respect-
ively. Additionally, the LF approach tended to converge in
more diverse settings because satisfying p < g (in the long
format between-group data matrix LF-B) is easier than satis-
fying (p-n) < g (in the wide format total data matrix WF-
T) (Walther et al., 2024). Notably, this restriction did not
apply to the WEFcovshrink approaches, regardless of cols:-
rows of WE-T. It is interesting to note that convergence
rates did neither significantly differ by the number of
observed variables (p) nor the population characteristics.

4.2.2. Estimation Accuracy

In the following, we review the estimation accuracy of
parameters derived from the LF, WF, and WFcovshrink
approaches. Firstly, we examine the relative bias for the
model parameters, and secondly, the overall estimation
accuracy (relative RMSE) at the between- and within-group
levels and the thereof estimated ICCs. Note that for all esti-
mation accuracy parameters, we only considered settings
resulting in convergence rates greater than zero across all
approaches. Given the WF approach’s tendency to exhibit
the lowest convergence rates, this implies that we exclusively
considered settings where p-n < g. Otherwise, comparing
estimation accuracy measures aggregated by different

settings would lead to wunfair comparisons, as the
WEcovshrink approaches consistently converged, even in
practically unrealistic, highly inaccurate settings (e.g., g =4,
n =2, and p = 10).

Bias: We focused on four types of parameters of the ran-
dom-intercept models, variances and covariances at the
between- and within-group level, respectively, and the
thereof estimated ICCs. These are depicted in Figure 4.
Overall we see, as expected from the known bias-variance
tradeoff, that the WFcovshrink approaches had increased
biases in contrast to the unregularized approaches.
Moreover, when comparing the hypothesized direction of
biases in Panel B of Figure 2 with the actual empirical
observations, we found a match between our hypotheses
and the observed evidence. More specifically, at the
between-group level, both variances and covariances exhib-
ited a tendency towards underestimation. Conversely, at the
within-group level, the wunregularized approaches were
unbiased regardless of the sample size (number of groups
g), while the WFcovshrink approaches introduced an
upward bias in variances, and a downward bias in covarian-
ces. Following from this, all approaches exhibited a down-
ward bias in the estimates of the ICC, and the WFcovshrink
approaches consistently yielded a more conservative under-
estimation. This downward bias trend in the between-group
level variances and the estimates of the ICC was further evi-
denced by the significant proportion of negatively estimated
variances and ICCs in the WFcovshrink approach, as illus-
trated in Figure B3 in the Appendix.

Overall Estimation Accuracy: In the upper panel of
Figure 5, the relative RMSE of the between-group parame-
ters aggregated by number of groups g and group size n is
shown. Overall, smaller numbers of groups g and group
sizes n resulted in less accurate estimates. However, the
WFEcovshrink approaches consistently yielded more accurate
estimates, with the most significant improvements observed
in settings with small g and especially small n samples. For
example, in a more realistic scenario with a group size of 5
and 50 groups, the unregularized approaches produced rela-
tive RMSEs of approximately 200%, while the WFcovshrink
approaches reduced it by half. In the middle panel, which
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Figure 4. Relative bias of parameter estimates.
Note. g = number of groups; WFcovshrink(E) = equal target matrix; WFcovshrink(l) = identity target matrix; WFcovshrink(U) = unequal target matrix.

focuses on the within-group level, it can be seen that the
WFEcovshrink approaches were generally more accurate than
the unregularized approaches only when the group size was
very small (n = 2). However, as the group sizes increased,
the estimates from the WFcovshrink approaches tended to
be somewhat less accurate. Returning to the setting with a
group size of 5 and 50 groups, the unregularized approaches
exhibited an average relative RMSE of approximately 30%,
whereas the WFcovshrink approaches showed an average
relative RMSE of around 45%. The relative RMSE of the
ICC estimates are shown in the lower panel. They combine
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the results of the between- and within-group level: when the
group size was very small (n=2), the WFcovshrink
approaches were more accurate, particularly, the smaller the
number of groups g were, but when the group size n
became larger, the unregularized approaches became more
accurate. In the setting with a group size of 5 and 50
groups, the estimated ICCs showed an average relative
RMSE of approximately 75% in the WZFcovshrink
approaches, and approximately 65% in the unregularized
approaches. In sum, the benefit of the WFcovshrink
approaches appealed to the between-group parameters in all
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Note. g = number of groups; n = group size; p = number of observed variables; WFcovshrink(E) = equal target matrix; WFcovshrink(l) = identity target matrix;
WFcovshrink(U) = unequal target matrix.
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Figure 6. Overall estimation accuracy by population characteristics.

Note. ICC=Intraclass Correlation; pg; = correlation at between-group level; p,, = correlation at within-group level; WFcovshrink(E) = equal target matrix;
WFcovshrink(l) = identity target matrix; WFcovshrink(U) = unequal target matrix.

settings, including small group sizes (n < 10) for small to Figure 6 illustrates the estimation accuracy influenced by
moderate numbers of groups (g < 100), but to within-group the ICC and the correlations of variables in the population.
and ICC parameters only in very small group sizes settings The upper panel, which focuses on the between-group
(n = 2) for small to moderate number of groups (g < 100). parameters, shows that smaller ICC values (indicating
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smaller variances at the between-group level) led to less
accurate estimates across all approaches. Notably, the
WEFcovshrink approaches consistently yielded more accurate
estimates compared to the unregularized approaches here.
Furthermore, an interaction effect was evident between ICC
and correlation at both levels, impacting the overall estima-
tion accuracy of the between-group level parameters.
Settings with a low ICC and small correlations at the
between-group level resulted in the least accurate estimates
across all approaches (approximately 900% in the unregular-
ized approaches and approximately 400% in the
WEcovshrink approaches). Notably, in these settings, larger
correlations at the within-group level additionally decreased
the accuracy of the between-group level parameters.
Conversely, settings with a high ICC and large correlations
at the between-group level yielded the most accurate esti-
mates across all approaches (approximately 6% in the
unregularized approaches, slightly less in the WFcovshrink
approaches). Here, the correlations at the within-group level
had no substantial influence. Similar to scenarios with small
sample sizes, the WZFcovshrink approaches proved most
effective in addressing the more challenging settings. As
indicated in the middle panel, which shows the accuracy of
the within-group level parameters, we observed that smaller
correlations at the within-group level led to less accurate
estimates across all approaches. It appeared that the
WFcovshrink approaches resulted in more accurate esti-
mates at the within-group level when these correlations at
the within-group level were small but not when they were
large. Thus, once again, we observed that the WFcovshrink
approach was most effective in handling the more problem-
atic settings. In the lower panel, showing the estimates of
the ICCs, we found that the ICC in population had the
strongest influence. Small ICCs resulted in the least accurate
estimates throughout all approaches, but the WFcovshrink
approaches were the most effective here again.

5. Discussion

Small sample sizes, such as small group sizes (level-1 units)
and small numbers of groups (level-2 units), often pose
challenges to multilevel SEM, including difficulties in
achieving convergence and inaccuracies in estimating
between-group level parameters. To tackle these issues, our
research investigated the effectiveness of a two-stage estima-
tion approach, WFcovshrink, which replaces the sample
covariance matrix by an estimate of the linear shrinkage
estimator introduced by Touloumis (2015). Unlike the trad-
itional unregularized long format (LF) and wide format
(WF) approaches, the WFcovshrink methods consistently
achieved convergence, regardless of the sample size or the
ratio of columns to rows in the data matrix. In terms of
accuracy, WFcovshrink outperformed the other approaches
in estimating between-group level parameters across all sam-
ple sizes tested. Regarding within-group level accuracy,
WEFcovshrink proved superior only in scenarios with
extremely small group sizes (n =2), but even when the
number of groups reached up to 100. Our approach also

delivered more accurate ICC estimates by exhibiting a con-
servative downward bias compared to the typically overesti-
mated ICCs found in unregularized methods in cases with
small ICCs (0.05) and very small group sizes (n = 2). Given
that in psychology and the education sciences, the ICCs
commonly encountered are usually at the lower end (Adams
et al., 2004; Gulliford et al., 1999), the conservative nature
of WFcovshrink’s  estimates might be preferred.
WFcovshrink showed its greatest efficacy in the most chal-
lenging conditions: small samples at any level, low ICCs,
and minor correlations at the between- or within-group
level. The performance of the three target matrices within
WEcovshrink was largely similar. In sum, incorporating
shrinkage estimation of the sample covariance matrix into a
two-stage approach for multilevel SEM significantly miti-
gated the issues of non-convergence and inaccurate param-
eter estimates at the between-group level, and for very small
group sizes, it effectively shrunk the issue of imprecise
within-group level parameter estimates.

However, we must acknowledge that the proposed two-
stage approach is only a partial success at this time. While it
proves the concept, it remains limited in practical applica-
tion for two main reasons. Firstly, settings with very small
group sizes (n = 2) combined with small ICCs are relatively
rare. These may appear in pilot studies, but few other
research areas consider such settings. Secondly, and closely
related to the first point, more customized target matrices
need to be considered. The employed target matrices were
designed for single-level data, not for single-level representa-
tions of multilevel data. Thus, the multilevel nature of the
data was not adequately accounted for. Future research calls
for more customized target matrices, as without these, the
approach is rarely applicable in any realistic setting.

Further points that limit the generalizability of our find-
ings need to be addressed. Firstly, in each simulation scen-
ario, the variances of all observed variables at each level,
and consequently the ICCs, were identical. This uniformity
might have led to overly optimistic results when using the
equal target matrix for shrinkage estimation. Closely related,
the total variance of each observed variable was set to 1 in
the population. Thus, the results may be limited to situa-
tions with variables having unit variances and future
research is needed to investigate observed variables with
other metrics. However, when practitioners have data with
other than unit variance, two pragmatic ways to use our
approach may be (1) to first standardize the variances and
then use any target matrix or (2) to use the equal or
unequal target (but not the identity) target matrices.
Secondly, we limited the simulation study to balanced data
(i.e., equal group size), but unbalanced data is often the case
in practice. How our approach might be used with missing
data deserves further attention. Missing values can be
imputed ad hoc, for example, with multiple imputation
techniques such as MICE (Buuren & Groothuis-Oudshoorn,
2011), and the resulting complete data matrix can then be used
for regularization of the covariance matrix. Though, in small
sample scenarios, imputation ought to be carefully considered
as it might introduce bias (Grund et al.,, 2018). Another idea
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would be to use the pairwise complete data to estimate the
regularized covariance matrix. In any case, standard errors are
likely to be incorrect because of the varying sample sizes for
each (co)variance and we would have to account for this fact.
Moreover, these are just ideas that need to be empirically
studied. Till then, the application of our approach is limited to
balanced data (e.g., experimental data). Thirdly, we only inves-
tigated scenarios with small group sizes n because of larger
computational costs of the p - n “specific-units” variables in the
WE approach. The model size and syntax grows with both p
and n as well. To formulate the constraints in the WF approach
more efficiently one could use Kronecker product constraints
as suggested by Oort (2001, 2009). In this regard, however,
using (proprietary) software with more advanced support for
matrix algebra in SEM, such as openMX, is suggested. Fourthly,
our investigation focused exclusively on two-level intercept-
only models. It remains to be tested how regularized estimators
of unstructured covariance matrices perform with more struc-
tured models. Arruda and Bentler (2017) also used a regular-
ized estimator of unstructured covariance matrices, but, unlike
our approach, applied it to the weight matrix in generalized
least squares (GLS) estimation - which is commonly the sample
covariance matrix. They found that their approach improved
overall model evaluation (test statistics, rejection rates) in small
samples compared to standard GLS and MLE for a common
CFA in simulation studies, which includes three latent factors,
each with five manifest variable indicators and unique error
variances. Although these results suggest that the benefits of
regularized estimators of unstructured covariance matrices,
such as the one we employed by Touloumis (2015), could
extend to more structured models, a thorough exploration of
this possibility would be a valuable avenue for future research.
Lastly, the accuracy of standard errors produced by
WEFcovshrink and the development of potential corrections
warrant further investigation in order to to ensure the
approach’s broader reliability and applicability.

In conclusion, the application of shrinkage estimation to
the covariance matrix within multilevel structural equation
modeling (SEM) is a relatively new and evolving field. Our
study stands out as one of the pioneering efforts to integrate
this shrinkage estimation of covariance matrices in the SEM
framework, and, to the best of our knowledge, it is the first
to examine this method specifically in the multilevel model-
ing context. However, before the approach can be applied
broadly in practice, more research needs to be done. Still,
we believe this method merits consideration by the research
community, offering a valuable tool for enhancing the
accuracy and convergence of multilevel SEM analyses in
small sample size scenarios.

Disclosure statement

The authors report there are no competing interests to declare.

ORCID

Julia-Kim Walther ([) http://orcid.org/0000-0001-5758-1211
Martin Hecht ((s) http://orcid.org/0000-0002-5168-4911
Steffen Zitzmann (5) http://orcid.org/0000-0002-7595-4736

100

STRUCTURAL EQUATION MODELING: A MULTIDISCIPLINARY JOURNAL e 59

References

Adams, G., Gulliford, M. C., Ukoumunne, O. C., Eldridge, S., Chinn,
S., & Campbell, M. J. (2004). Patterns of intra-cluster correlation
from primary care research to inform study design and analysis.
Journal of Clinical Epidemiology, 57, 785-794. https://doi.org/10.
1016/j.jclinepi.2003.12.013

Allison, P. D. (2009). Fixed Effects Regression Models.
publications.

Anderson, J. C., & Gerbing, D. W. (1984). The effect of sampling error
on convergence, improper solutions, and goodness-of-fit indices for
maximum likelihood confirmatory factor analysis. Psychometrika,
49, 155-173. https://doi.org/10/cwnzr3

Arruda, E. H., & Bentler, P. M. (2017). A regularized GLS for struc-
tural equation modeling. Structural Equation Modeling: A
Multidisciplinary Journal, 24, 657-665. https://doi.org/10/gcmfh5

Barendse, M., & Rosseel, Y. (2020). Multilevel modeling in the ‘wide
format’ approach with discrete data: A solution for small cluster
sizes. Structural Equation Modeling: A Multidisciplinary Journal, 27,
696-721. https://doi.org/10.1080/10705511.2019.1689366

Bickel, P. J., Li, B., Tsybakov, A. B, Van De Geer, S. A, Yu, B,
Valdés, T., Rivero, C., Fan, J., & Van Der Vaart, A. (2006).
Regularization in statistics. Test, 15, 271-344. https://doi.org/10.
1007/BF02607055

Breiman, L. (1996). Heuristics of instability and stabilization in model
selection. The Annals of Statistics, 24, 2350-2383. https://doi.org/10.
1214/20s/1032181158

Buuren, S. v., & Groothuis-Oudshoorn, K. (2011). Mice: Multivariate
imputation by chained equations in R. Journal of Statistical
Software, 45, 1-67. https://doi.org/10.18637/jss.v045.i03

Chen, F., Bollen, K. A,, Paxton, P., Curran, P. J., & Kirby, J. B. (2001).
Improper solutions in structural equation models: Causes, conse-
quences, and strategies. Sociological Methods & Research, 29, 468-
508. https://doi.org/10/cs43xwZSCC:0000626

De Jonckere, J., & Rosseel, Y. (2023). A model-based shrinkage target
to avoid non-convergence in small sample SEM. Structural Equation
Modeling: A Multidisciplinary Journal, 30, 941-955. https://doi.org/
10.1080/10705511.2023.2171420

Depaoli, S., & Clifton, J. P. (2015). A Bayesian approach to multilevel
structural equation modeling with continuous and dichotomous
outcomes. Structural Equation Modeling: A  Multidisciplinary
Journal, 22, 327-351. https://doi.org/10.1080/10705511.2014.937849

Dragulescu, A., & Arendt, C. (2020). November 10). XIsx: Read, Write,
Format Excel 2007 and Excel 97/2000/XP/2003 Files (Version 0.6.5).
Retrieved March 3, 2023, from https://CRAN.R-project.org/pack-
age=xlsx

Duncan, T. E,, Duncan, S. C., Alpert, A., Hops, H., Stoolmiller, M., &
Muthen, B. (1997). Latent variable modeling of longitudinal and
multilevel substance use data. Multivariate Behavioral Research, 32,
275-318. https://doi.org/10.1207/s15327906mbr3203_3

Gignac, G. E., & Szodorai, E. T. (2016). Effect size guidelines for indi-
vidual differences researchers. Personality and Individual Differences,
102, 74-78. https://doi.org/10.1016/j.paid.2016.06.069

Gorsuch, R. L. (1983). Factor analysis. Lawrence Earlbaum Associates.

Grund, S., Ludtke, O., & Robitzsch, A. (2018). Multiple imputation of
missing data for multilevel models: simulations and recommenda-
tions. Organizational Research Methods, 21, 111-149. https://doi.org/
10.1177/1094428117703686

Gulliford, M. C., Ukoumunne, O. C., & Chinn, S. (1999). Components
of variance and intraclass correlations for the design of community-
based surveys and intervention studies: Data from the health survey
for England 1994. American Journal of Epidemiology, 149, 876-883.
https://doi.org/10/gn2gxn

Hamaker, E. L., Dolan, C. V., & Molenaar, P. C. M. (2003). ARMA-
based SEM when the number of time points T exceeds the number
of cases N: Raw data maximum likelihood. Structural Equation
Modeling: A Multidisciplinary Journal, 10, 352-379.ZSCC: 0000049.
https://doi.org/10/dkmnbp

Hox, J. J., & Maas, C. J. M. (2001). The accuracy of multilevel struc-
tural equation modeling with pseudobalanced groups and small

SAGE



60 WALTHER, HECHT, ZITZMANN

samples. Structural Equation Modeling: A Multidisciplinary Journal,
8, 157-174. https://doi.org/10.1207/S15328007SEM0802_1

Hox, J. J., Maas, C. J. M., & Brinkhuis, M. J. S. (2010). The effect of
estimation method and sample size in multilevel structural equation
modeling. Statistica Neerlandica, 64, 157-170. https://doi.org/10.
1111/§.1467-9574.2009.00445.x

Hox, J. J., Moerbeek, M., & Van de Schoot, R. (2017). Multilevel ana-
lysis: Techniques and applications. Routledge.

Huang, P.-H., Chen, H., & Weng, L.-J. (2017). A penalized likelihood
method for structural equation modeling. Psychometrika, 82, 329-354.
https://doi.org/10/gbm65j

Huang, Y., & Bentler, P. M. (2015). Behavior of asymptotically distri-
bution free test statistics in covariance versus correlation structure
analysis. Structural Equation Modeling: A Multidisciplinary Journal,
22, 489-503. https://doi.org/10/gcz6zp

Hugh-Jones, D. (2022). Huxtable: Easily Create and Style Tables for
LaTeX, HTML and Other Formats (Version 5.5.6). Retrieved March
3, 2023, from https://CRAN.R-project.org/package=huxtable

Jacobucci, R., Grimm, K. J., & McArdle, J. J. (2016). Regularized struc-
tural equation modeling. Structural Equation Modeling: a
Multidisciplinary Journal, 23, 555-566. https://doi.org/10/gcmfh8

Jung, S., & Takane, Y. (2007). Regularized common factor analysis. New
Trends in Psychometrics, 141-149. Retrieved February 14, 2022, from
https://www.semanticscholar.org/paper/Regularized-Common-Factor-
Analysis-Jung-Takane/2df36e88cacc510b1f900960b6e784df886{0fbb

Kamada, A., & Kano, Y. (2012, July 1-4). Statistical inference in struc-
tural equation modeling with a near singular covariance matrix
[Paper presentation]. 2nd Institute of Mathematical Statistics Asia
Pacific Rim Meeting, Tsukuba, Japan.

Kamada, A., Yanagihara, H., Wakaki, H., & Fukui, K. (2014). Selecting
a shrinkage parameter in structural equation modeling with a near
singular covariance matrix by the GIC minimization method.
Hiroshima Mathematical Journal, 44, 315-326. https://doi.org/10/
gpgn8b

Kelley, C. T. (1995). Iterative methods for linear and nonlinear equa-
tions. Society for Industrial and Applied Mathematics. Retrieved
June 9, 2022, from https://epubs.siam.org/doi/book/10.1137/1.
9781611970944

Lange, K., Chambers, J., & Eddy, W. (1999). Numerical analysis for sta-
tisticians (Vol. 2). Springer.

Ledoit, O., & Wolf, M. (2004). A well-conditioned estimator for large-
dimensional covariance matrices. Journal of Multivariate Analysis,
88, 365-411. https://doi.org/10.1016/S0047-259X(03)00096-4

Ledoit, O., & Wolf, M. (2012). Nonlinear shrinkage estimation of
large-dimensional covariance matrices. The Annals of Statistics, 40.
https://doi.org/10.1214/12-A0S989

Ledoit, O., & Wolf, M. (2020). The power of (non-)linear shrinking: A
review and guide to covariance matrix estimation. https://doi.org/10.
5167/UZH-170642

Liang, X., & Jacobucci, R. (2020). Regularized structural equation modeling
to detect measurement bias: Evaluation of lasso, adaptive lasso, and elas-
tic net. Structural Equation Modeling: A Multidisciplinary Journal, 27,
722-734.  ZSCC: 0000023. https://doi.org/10.1080/10705511.2019.
1693273

Lorenzo-Seva, U., & Ferrando, P. J. (2021). Not positive definite correl-
ation matrices in exploratory item factor analysis: Causes, conse-
quences and a proposed solution. Structural Equation Modeling: A
Multidisciplinary  Journal, 28, 138-147. https://doi.org/10.1080/
10705511.2020.1735393

Lidtke, O., Marsh, H. W., Robitzsch, A., & Trautwein, U. (2011). A 2 x 2
taxonomy of multilevel latent contextual models: Accuracy-bias trade-
offs in full and partial error correction models. Psychological Methods,
16, 444-467. https://doi.org/10.1037/a0024376

Liidtke, O., Marsh, H. W., Robitzsch, A., Trautwein, U., Asparouhov, T., &
Muthén, B. (2008). The multilevel latent covariate model: A new, more
reliable approach to group-level effects in contextual studies.
Psychological Methods, 13, 203-229. https://doi.org/10/c8qdh2

McNeish, D. M., & Stapleton, L. M. (2016). The effect of small sample
size on two-level model estimates: A review and illustration.

Educational Psychology Review, 28, 295-314. https://doi.org/10.1007/
510648-014-9287-x

Mehta, P. D., & Neale, M. C. (2005). People are variables too:
Multilevel structural equations modeling. Psychological Methods, 10,
259-284. https://doi.org/10.1037/1082-989X.10.3.259

Meuleman, B., & Billiet, J. (2009). A Monte Carlo sample size study:
How many countries are needed for accurate multilevel SEM?
Survey Research Methods, 3, 45-58.

Muthén, B. O. (1990). Mean and covariance structure analysis of hier-
archical data. Department of Statistics, UCLA.

Muthén, B. O. (1994). Multilevel covariance structure analysis.
Sociological Methods & Research, 22, 376-398. https://doi.org/10.
1177/0049124194022003006

Muthen, B. O., & Satorra, A. (1995). Complex sample data in struc-
tural equation modeling. Sociological Methodology, 25, 267. https://
doi.org/10.2307/271070

Oort, F. J. (2001). Three-mode models for multivariate longitudinal
data. The British Journal of Mathematical and Statistical Psychology,
54, 49-78. https://doi.org/10.1348/000711001159429

Oort, F. J. (2009). Three-mode models for multitrait-multimethod data.
Methodology, 5, 78-87. https://doi.org/10.1027/1614-2241.5.3.78

Orzek, J. H,, & Voelkle, M. C. (2023). Regularized continuous time
structural equation models: A network perspective. Psychological
Methods, 28, 1286-1320. https://doi.org/10.1037/met0000550

Pedersen, T. L. (2022). Patchwork: The composer of plots (Version
1.1.2). Retrieved March 3, 2023, from https://CRAN.R-project.org/
package=patchwork

R Core Team. (2023). R: A language and environment for statistical
computing. https://www.R-project.org/

Rosseel, Y., Jorgensen, T. D., Rockwood, N., Oberski, D., Byrnes, J.,
Vanbrabant, L., Savalei, V., Merkle, E., Hallquist, M., Rhemtulla, M.,
Katsikatsou, M., Barendse, M., Scharf, F., & Du, H. (2023). Lavaan:
Latent Variable Analysis (Version 0.6-15). Retrieved March 3, 2023,
from https://CRAN.R-project.org/package=lavaan

Shin, Y., & Raudenbush, S. W. (2010). A latent cluster-mean approach to
the contextual effects model with missing data. Journal of Educational
and Behavioral Statistics, 35, 26-53. https://doi.org/10/c63vdm

Signorell, A., Aho, K., Alfons, A., Anderegg, N., Aragon, T., Arachchige,
C., Arppe, A., Baddeley, A., Barton, K., Bolker, B., Borchers, H. W.,
Caeiro, F., Champely, S., Chessel, D., Chhay, L., Cooper, N., Cummins,
C., Dewey, M., Doran, H. C., & Zeileis, A. (2024). DescTools: Tools for
Descriptive Statistics (Version 0.99.50). Retrieved March 21, 2024, from
https://cran.r-project.org/web/packages/DescTools/index.html

Singer, H. (2010). SEM modeling with singular moment matrices Part I:
ML-estimation of time series. The Journal of Mathematical Sociology, 34,
301-320. https://doi.org/10.1080/0022250X.2010.509524

Snijders, T. A. B., & Bosker, R. J. (2012). Multilevel analysis: An intro-
duction to basic and advanced multilevel modeling (2. ed). SAGE.

Stegmueller, D. (2013). How many countries for multilevel modeling? A
comparison of frequentist and bayesian approaches. American Journal
of Political Science, 57, 748-761. https://doi.org/10.1111/ajps.12001

Stein, C. (1956). Some problems in multivariate analysis, Part I
Stanford Univ CA.

Tikhonov, A. N. (1943). On the stability of inverse problems. Doklady
Akademii Nauk SSSR, 39, 195-198.

Touloumis, A. (2015). Nonparametric Stein-type shrinkage covariance
matrix estimators in high-dimensional settings. Computational Statistics
& Data Analysis, 83, 251-261. https://doi.org/10.1016/j.csda.2014.10.018

Touloumis, A. (2019). ShrinkCovMat: Shrinkage Covariance Matrix
Estimators (Version 1.4.0). Retrieved March 21, 2024, from https://
cran.r-project.org/web/packages/ShrinkCovMat/index.html

Trendafilov, N. T., & Unkel, S. (2011). Exploratory factor analysis of
data matrices with more variables than observations. Journal of
Computational and Graphical Statistics, 20, 874-891. https://doi.org/
10.1198/jcgs.2011.09211

Ulitzsch, E., Liidtke, O., & Robitzsch, A. (2023). Alleviating estimation
problems in small sample structural equation modeling—A com-
parison of constrained maximum likelihood, Bayesian estimation,
and fixed reliability approaches. Psychological Methods, 28, 527-557.
https://doi.org/10.1037/met0000435.supp

101



Unkel, S., & Trendafilov, N. T. (2010). Simultaneous parameter estima-
tion in exploratory factor analysis: An expository review.
International Statistical Review, 78, 363-382. https://doi.org/10.1111/
j.1751-5823.2010.00120.x

Van Montfort, K., Oud, J. H., & Voelkle, M. C. (2018). Continuous
time modeling in the behavioral and related sciences. Springer.

Voelkle, M. C., Oud, J. H. L., von Oertzen, T., & Lindenberger, U.
(2012). Maximum likelihood dynamic factor modeling for arbitrary
N and T wusing SEM. Structural Equation Modeling: A
Multidisciplinary  Journal, 19, 329-350. https://doi.org/10.1080/
10705511.2012.687656

Walther, J.-K., Hecht, M., Nagengast, B., & Zitzmann, S. (2024). To be
long or to be wide: How data format influences convergence and
estimation accuracy in multilevel structural equation modeling.
Structural Equation Modeling: A Multidisciplinary Journal, 0, 1-16.
https://doi.org/10.1080/10705511.2024.2320050

Wickham, H., Chang, W., Henry, L., Pedersen, T. L., Takahashi, K,
Wilke, C., Woo, K., Yutani, H., & Dunnington, D, RStudio. (2023).
Ggplot2: Create Elegant Data Visualisations Using the Grammar of
Graphics (Version 3.4.2). Retrieved March 3, 2023, from https://
CRAN.R-project.org/package=ggplot2

Wickham, H., Frangois, R., Henry, L., Miiller, K., Vaughan, D., &
Posit, P. B. C. (2023). Dplyr: A Grammar of Data Manipulation
(Version 1.1.2). Retrieved March 3, 2023, from https://CRAN.R-pro-
ject.org/package=dplyr

Wickham, H., Girlich, M., & RStudio. (2022). Tidyr: Tidy Messy Data
(Version 1.3.0). Retrieved June 14, 2022, from https://CRAN.R-pro-
ject.org/package=tidyr

Wilke, C. O. (2020). Cowplot: Streamlined Plot Theme and Plot
Annotations for ‘ggplot2’ (Version 1.1.1). Retrieved May 19, 2023,
from https://cran.r-project.org/web/packages/cowplot/index.html

Williams, D. R., & Rodriguez, J. E. (2022). Why overfitting is not (usu-
ally) a problem in partial correlation networks. Psychological
Methods, 27, 822-840. https://doi.org/10/gqb2r6

Wothke, W. (1993). Nonpositive Definite Matrices in Structural
Modeling. In K. A. Bollen & J. S. Long (Eds.), Testing structural
equation models (pp. 256-293). Sage Publications.

Yuan, K.-H., & Bentler, P. M. (2017). Improving the convergence rate
and speed of Fisher-scoring algorithm: Ridge and anti-ridge

Appendices

Appendix A

R Code

### Example Code

STRUCTURAL EQUATION MODELING: A MULTIDISCIPLINARY JOURNAL e 61

methods in structural equation modeling. Annals of the Institute of
Statistical Mathematics, 69, 571-597. https://doi.org/10/gpgn83

Yuan, K.-H., & Chan, W. (2008). Structural equation modeling with
near singular covariance matrices. Computational Statistics & Data
Analysis, 52, 4842-4858. https://doi.org/10.1016/j.csda.2008.03.030

Yuan, K.-H., Wu, R, & Bentler, P. M. (2011). Ridge structural equa-
tion modelling with correlation matrices for ordinal and continuous
data: Ridge SEM with correlation matrices. The British Journal of
Mathematical and Statistical Psychology, 64, 107-133. https://doi.
org/10/cwd74t

Zitzmann, S. (2018). A computationally more efficient and more accur-
ate stepwise approach for correcting for sampling error and meas-
urement error. Multivariate Behavioral Research, 53, 612-632.
https://doi.org/10/gpgn86

Zitzmann, S., Liidtke, O., & Robitzsch, A. (2015). A Bayesian approach
to more stable estimates of group-level effects in contextual studies.
Multivariate Behavioral Research, 50, 688-705. https://doi.org/10/
gg5fg2

Zitzmann, S., Lidtke, O., Robitzsch, A., & Hecht, M. (2021). On the
performance of bayesian approaches in small samples: A comment
on Smid, McNeish, Miocevic, and van de Schoot (2020). Structural
Equation Modeling: A Multidisciplinary Journal, 28, 40-50. ZSCC:
0000027. https://doi.org/10.1080/10705511.2020.1752216

Zitzmann, S., Lidtke, O., Robitzsch, A., & Marsh, H. W. (2016). A
Bayesian approach for estimating multilevel latent contextual mod-
els. Structural Equation Modeling: A Multidisciplinary Journal, 23,
661-679. https://doi.org/10.1080/10705511.2016.1207179

Zitzmann, S., Wagner, W., Hecht, M., Helm, C., Fischer, C., Bardach,
L., & Gollner, R. (2021). How many classes and students should
ideally be sampled when assessing the role of classroom climate via
student ratings on a limited budget? An optimal design perspective.
Educational ~ Psychology ~ Review, 34,  511-536.  ZSCC:
NoCitationData[s0]. https://doi.org/10.1007/s10648-021-09635-4

Zitzmann, S., Walther, J.-K., Hecht, M., & Nagengast, B. (2022). What
is the maximum likelihood estimate when the initial solution to the
optimization problem is inadmissible? The case of negatively esti-
mated variances. Psych, 4, 343-356. https://doi.org/10.3390/

psych4030029

# - for data, sample covariance matrix, and two-level random-intercept model in Figure 1 (with g=4)
# - for shrinkage estimate of the sample covariance matrix, and two-level random-intercept model in Figure 2,

and estimates in Table 1 (with g=750)

# Note that the code only works for p=2 andn=2.

# If you want to examine other settings, check out the
# the code for the simulation study on Github:

# https://github.com/demianJK/WFcovshrink

## (0) preparation

# load required packages
library(lavaan) # for model estimation

library(tidyr) # for reformating LF to WF with pivot_wider ()

library (ShrinkCovMat) # for shrinkage estimation

# (code runs in ShrinkCovMat 1.4.0 which is the latest on CRAN, Feb 21st 2024)

# set random number seed to obtain example data

set.seed(4395)
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## (1) Population Characteristics

# We use the lavaan syntax to set the population models.

popModel B <- “xl~~0.05%x1; x2~~0.05%%2; x1~~0.015*%2" # between level
popModel W <- “xl~~0.95%x1; x2~~0.95%%2; x1~~0.285%x2" # within level
# means are zero by default

# We have two variables x1 and x2.

p<-2

# The variances for both variables are the same at each level.
# The variance at the between level is 0.05.

# The variance at the within level is 0.95.

# Thus, the ICC=0.25.

# The correlation of the two variables is the same at both levels (.3).
# The covariances differ.

# Transform the correlation formula to get the covariances.

# corr_x1x2=cov_x1x2 / (sd_x1 * var_x2)

#|* (sd_x1 * sd_x2) and sd_x1=sd_x2 thus | * var_x1

# corr_x1x2 * var_x1=cov_x1x2

## (2) Sample Characteristics HHBHHHHHHY

g <- 50 # number of groups (you may change this)
n <- 2 # group size (balanced data)
N <- g *n # total sample size

# the data sampling is done in long format (LF)
sample_B <- simulateData (popModel_B, sample.nobs=g,

model . type = “lavaan”) # between level
sample W <- simulateData (popModel W, sample.nobs =N, # within level
model. type = “lavaan”)

groups <- rep(l:g, each=n) # group numbers (“j” in Figure 1)
LF_T <- sample_W # create data frame with the same dimensions
LF_T[,] <- 0 #. and clear all entries
for (j in unique (groups)) { # merge the sampled data from both levels
for (i inmin(which(groups == j)) :max(which(groups == j)))
LF_T[i,] <- sample_WI[i,] + sample_BI[],]
}
LF_T$persons <- rep(l:n, g) # unit numbers (“i” in Figure 1)
LF_TS$groups <- as.factor (groups)
LF_T <- cbind(LF_T[, (p+1):(p+2)], LF_T[,1:p]) # rearrange columns
# LF-T is the total data matrix in long format (LF)..
round (LF_T[,3:(3+p-1)1, 0) # note that we round for Figure 1 and 2

#.. and the total covariance matrix is estimated by the unbiased estimator (see Muthén, 1994)

Sigma_LF_T <- cov(LF_T[,3:4])
round (Sigma_LF_T, 2)

# Now we reformat to wide format (WF) .

WF_T <- pivot_wider (LF_T, names_from = “persons”, values_from=3:4, names_sep = “.")
round (WF_T[,2: (2+ (p*n)-1)1, 0)

varnames <- colnames (WF_T[,2: (2+(p*n)-1)1)

# shrinkage estimate S*_E with equal target Matrix vI_p
#note that unbiased S is employed

WF_T_trans <- t (WF_T[,-1]) # transpose because ShrinkCovMat (data, .) expects
# that rows correspond to variables and columns to observations

# estimate S*_E (note that the approach uses unbiased S_WF-T)
WFcovshrink_E <- ShrinkCovMat: :shrinkcovmat.equal (data=WF_T_trans,
centered =FALSE)

round (WFcovshrink_E$Sigmasample, 2) # unbiased S, round for Figures 1 and 2
round (WFcovshrink E$Target, 2) # vI_p, round for Figure 2

round (WFcovshrink_ E$Sigmahat, 2) # S*_E, round for Figure 2

round (WFcovshrink_ E$lambdahat, 2) # lambda_E, round for Figure 2

# names of covariance matrix required for lavaan

colnames (WFcovshrink_ES$Sigmahat) <- varnames

rownames (WFcovshrink_ES$Sigmahat) <- varnames
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## (3) estimate models

model_WF <- pasteO (# Level: 1 (unique factors)
wx1.1l~~Vxl w¥xl.1l; x1.2~~Vxl w'x1.2; x2.1~v~Vx2_whx2.1;
X2 .2~ Vx2_WHx2.2; x1.1~v~Cx12_w¥x2.1; x1.2~~Cx12_whx2.2; ",
# these are the desired within variances and covariances
#Vx1l_w, Vx2_w, and Vx12_w are equality constraints
# Level: 2 (common factors)
“x1.1~0%1; x1.2~0%1; ; x2.1~0%1; x2.2~0%1;",
#1f level-2 variables are aggregates of level-1 variables,
# intercepts at level-1 have to be fixed to 0
“Exl=~1*x1.1+4+1%x1.2; fx2=~1*x2.1+1%x2.2;",
# measurement model with factor loadings set to 1
“fxl~~Exl; fx2~o~Ex2; Exl~o~Ex2; 7,
# these are the desired between variances and covariances
“fxl~1; fx2~1") # between means

fit_WF <- sem(model =model_WF,
data=WF_T)

summary (fit_WF)

fit_WFcovshrink_E <- sem(model_WF,
sample.cov=WFcovshrink_E$Sigmahat,
sample.cov.rescale=FALSE,
# rescale sample.cov with (g-1/g)°?
sample.nobs =g,
sample.mean =colMeans (WF_T[,-1]))
summary (fit_WFcovshrink_E)

## (4) estimate ICCs #
# ICC in population: 0.05 (see “Population Characteristics”)
# the ICCs are estimated by the parameters of the model-implied matrices

## WF
fit_ WFQFit@x[7]/ (fit_WFQFitQ@Qx[7]+fit_WFQFit@x[1]) # x1
fit_WFQFit@x[8]/ (fit WFQFit@x[8]+fit WFQFit@x[3]) # x2

## WFcovshrink (E)

fit_WFcovshrink EQFit@x[7]/ (fit_WFcovshrink EQFit@x[7]+fit_WFcovshrink_EQFit@Qx([1]) # x1
fit_WFcovshrink EQFit@x[8]/ (fit_WFcovshrink EQFit@x[8]+fit_WFcovshrink_EQFit@Qx[3]) # x2

Appendix B

Supplemental Analysis
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Figure B1. The WF approach and its different input and sample covariance matrix estimator possibilities.

Note. Data=input was data matrix; S=input was sample covariance matrix; biased =normal theory derived ML of sample covariance matrix used (default);
unbiased sample covariance matrix was used (“sample.cov.rescale = TRUE").
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We wanted to control for two differences in the WF and WFcovshrink approaches to check whether performance gains are solely attributable
to the proposed two-stage approach. Firstly, we wanted to make sure that convergence gains in the WFcovshrink approach are not due to the
input type, or more specifically, supplying a sample covariance matrix instead of a data matrix. The data matrix has to satisfy that the number of
columns (number of observed variables) is smaller than the number of rows (number of observations), which is rooted in the implementation of
traditional MLE in lavaan (see 1.1. The Wide Format (WF) Approach), and we wanted to check whether lavaan has similar constrains when sup-
plying a sample covariance matrix (without sweeping the whole source code). Secondly, we wanted to ensure that accuracy gains in the
WFcovshrink approach are not due to using different MLE of the sample covariance matrix; in particular, the unbiased one in WFcovshrink in
contrast to the biased one that is the default in the WF approach. Figure B1 depicts the results of the conjugate analysis. With regard to conver-
gence rate (Panel A), there were no differences. For overall estimation accuracy of between-group level (Panel B) and within-group level param-
eter estimates (Panel C), we found marginal differences. There seemed to have been some kind of interaction between the input and estimator.
More specifically, the most accurate estimations were derived by supplying the sample covariance estimated by unbiased MLE. In contrast, sup-
plying data and using the unbiased MLE as well yielded the least accurate estimations. However, overall these differences might be negligible.
Thus, convergence and estimation accuracy gains can be mostly attributed to replacing the sample covariance matrix by a shrinkage estimate in
the WFEcovshrink approaches.
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Figure B2. Computation time by sample characteristics.
Note. n = group size; p = number of observed variables; WFcovshrink(E) = equal target matrix; WFcovshrink(l) = identity target matrix; WFcovshrink(U) = unequal
target matrix.

The computation time of a model is the time the optimizer needed to find a solution. In the WFcovshrink approaches, the time for the
shrinkage estimation, which was marginally small for all three target matrices, was added. Figure B2 shows computation times for different aggre-
gation levels. Panel A depicts the overall average computation times, which were smallest in the LF approach (= 1s), but not substantially differ-
ent in the WF and WFcovshrink approaches (= 3s). In greater detail, Panel B and C depict that the computation time in all WF approaches
magnified fairly by the number of observed variables p and the group size n. Recall that both quantities determined the number of model param-
eters that are freely estimated (p) and equality constrained (). Again, there was no substantial difference in the WFcovshrink approaches com-
pared to the unregularized WF approach. In the LF approach, the number of freely estimated in the LF approach was only determined by the
number of observed variables p. Thus, the computation time of the LF approach was not influenced by the group size n, and its computation
times were on average smaller. This could be explained by smaller dimensions of the covariance matrix in LF (p-p) compared to the WF
approaches ((p-n) - (p-n)). Note that the population characteristics did not result in substantial differences in computation times. To put this
finding into practical context: the larger computation times of any WF approach might be of little consequence if we only estimate a small num-
ber of models.
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Figure B3. Negatively estimated variances at the between-group level and ICC.
Note. g = number of groups; n = group size; ICC=Intraclass Correlation; WFcovshrink(E) = equal target matrix; WFcovshrink(l) = identity target matrix;
WFcovshrink(U) = unequal target matrix. In Panel A, percentages of negative variance in any model are shown. Note that negative variances were only present at

the between-group level. In Panel B, percentages of negative estimates of the ICC of any observed variable are depicted. Thus, percentages depicted in Panel A are
larger than those in Panel B.

Two types of inadmissibly negative estimates are depicted in Figure B3: between-group level variances and ICCs (i.e., quotient of between-
group and total variances). Note that at the within-group level, no negative variances were encountered. The percentages of at least one negative
variances at the between-group level in a model are shown in Panel A. Across all approaches, the percentage was larger when the number of
groups g, the group size n, or the ICC was smaller. Overall, the WFcovshrink approaches yielded higher percentages of models with negative var-
iances at the between-group level than the unregularized approaches. In Panel B, percentages of negatively estimated ICC for every observed vari-
able in a model are shown. A similar picture emerged: percentages soared when the number of groups g, the group size n, or the ICC was
smaller, and the percentages of the WFcovshrink approaches were higher. The increase in these negative estimates in the WZFcovshrink
approaches is probably related to the amplification of downward bias of between-group level estimates (see Figure 4).
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ABSTRACT

Heterogeneity of variance is more than a statistical nuisance when variance parameters are of substan-
tial interest. In multilevel modeling (e.g. students within classes), for instance, the inclusion of discrete
variables at the between-cluster level (e.g. school type) may lead to the detection of differences
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between variances at the within-cluster level (e.g. students’ performance in a test). The resulting het-
erogeneous variances (e.g. lower variance for students at high schools compared to grammar schools)
have the potential to inform research and practice (e.g. on educational effectiveness). Along the lines
of ‘people are variables too’, we demonstrate how the single-level formulation of multilevel structural
equation models, the wide format approach (Barendse & Rosseel, 2020; Mehta & Neale, 2005), can be
used in combination with multigroup modeling in order to obtain heterogeneous variance estimates.
We provide evidence for the proposed WFmultigroup approaches’ accuracy by means of a simulation
study and showcase its application with an empirical illustration with the lavaan package in R.

Homogeneity of variances is a standard assumption in
multilevel analysis. When disentangling within-cluster (e.g.,
student) and between-cluster (e.g., class) effects, it is
assumed that within-cluster (residual) variances are equal
across clusters, for instance, that variability of students’ per-
formance in a test is equal across classes. However, we may
think of multiple scenarios where the homogeneity assump-
tion is likely to be violated. For example, the variability of
student’s performance in a test might be contingent on the
type of school they attend. The performance of students
from high schools might be less variable than that of stu-
dents from grammar schools. Indeed, empirical evidence
suggests that heterogeneity of variance is a frequently
observed phenomenon (Goldstein, 2005). Keselman et al.
(1998) reviewed articles from prominent educational and
behavioral science journals and reported a median variance
ratio (VR) of 2.25. In other words, the group with the lar-
gest variance (e.g., grammar schools) showed variability
more than twice the size of the group with the smallest vari-
ance (e.g., high schools). Nevertheless, a recent evaluation of
reporting practice in multilevel research (Luo et al, 2021)
showed that only 4.5% of studies checked the homogeneity
assumption. The heterogeneity of variances appears to be
less methodologically considered than empirically observed.
Whether heterogeneity of variances is considered a nui-
sance or an avenue depends on the research focus. Evidence
suggests that unaccounted heterogeneity biases standard
errors but not point estimates (Huang et al., 2023;

Korendijk et al., 2008; Rosopa et al., 2019). Thus, if one is
merely interested in means (e.g., of heterogeneous varian-
ces), then the standard post-hoc procedure is to correct the
standard errors. This can be done, for example, by using
robust standard errors (see Maas & Hox, 2004), resampling
techniques (e.g., Zitzmann et al., 2023; see also Zitzmann
et al., 2024), or by applying a non-linear transformation to
the dependent variable (e.g., Hodges, 1998). If one is plan-
ning a study where one expects variances to be heteroge-
neous, calculating adequate sample sizes for the
heterogeneous populations a priori is suggested (Candel &
van Breukelen, 2015).

On the other hand, heterogeneous variance components
might be of substantive interest. Analysing heterogeneous
within-cluster (co)variances in students’ performance can
reveal differences in teaching effectiveness or curriculum
impact within schools. These differences in variability might
offer a valuable increment to mean tendencies alone (i.e.,
the mean performance of students from high schools and
grammar schools). For instance, Raudenbush and Bryk
(1987) found that catholic schools had somewhat smaller
variability than public schools in math achievement. This
finding may help limit potential variables that give rise to
differential variances in math achievement by exploring in
which variables the two school types differ. To quantify the
heterogeneous within-cluster variances within the within-
between variance decomposition that takes place in multi-
level modeling in common statistical software, for instance,
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Mplus (L. Muthén & Muthén, 1998-2017) and lavaan
(Rosseel, 2012), Hedeker and Mermelstein (2007) and West
et al. (2022) suggested to calculate group-specific Intraclass
Correlations (ICCs are defined as the proportion of
between-cluster variance out of the sum of the between-
and within-cluster variances, ie., the total variance; Hox
et al., 2017), for instance, one ICC for high schools and one
for grammar schools. In Mplus, for instance, these are given
in the summary of the data. These may facilitate to decide
whether certain between-cluster variables (e.g., school type)
are relevant for the variability of a given outcome (e.g., stu-
dents’ test performance) or not.

To model heterogeneous variances, advanced statistical
techniques have to be employed. Broadly speaking, there
are two main frameworks that are suited to model hetero-
geneous variances for multilevel data: hierarchical models
with heterogeneous variances and multilevel multigroup
SEM. Hierarchical models with heterogeneous variances
(also known as HET or dispersion models; e.g.,
Raudenbush & Bryk, 1987) are prominent in longitudinal
research where inter-individual differences in intra-individ-
ual change is the subject of investigation. They are avail-
able in the nlme package in R. However, their main
disadvantage is that one can neither model more than one
dependent variable simultaneously nor measurement error.
Multilevel multigroup SEMs (ML MG SEM; e.g., B.
Muthén, 1997), however, are able to do so. Generally,
multigroup models are frequently employed to test for
measurement invariance in confirmatory factor analysis
(CFA) across groups (e.g., school type, countries, measure-
ment occasions), which is a prerequisite for cross-group
comparisons such as group mean differences. When the
data is hierarchical (e.g., schools in different countries,
classes on multiple measurement occasions in a cohort
study), then ML MG SEM allows to account for both the
multigroup and multilevel nature. While these modeling
approaches are available in common statistical software,
we demonstrate along the lines of ‘people are variables
too’ how they can be estimated in a single-level framework
using the wide format approach (Barendse & Rosseel,
2020; Mehta & Neale, 2005; Walther, Hecht, Nagengast,
et al., 2024). First, one needs to reformulate the multilevel
SEM as single-level restricted confirmatory factor analysis
(CFA) in the wide format (WF) approach. Then, one
applies the multigroup feature to estimate group-specific
(within-cluster) variances.

The present article has two objectives. Firstly, we will
introduce our proposed WFmultigroup approach, which
develops the notion of multilevel multigroup SEM as a sin-
gle-level restricted CFA for multiple groups, and illustrates
how to implement it in the lavaan package in R. Secondly,
we will make the point that multilevel multigroup SEMs,
which are usually used for testing for measurement invari-
ance across groups, can also be used to model heteroge-
neous within-cluster (co)variances of manifest variables that
are stratified by discrete between-cluster variables. The pro-
posed WFmultigroup approach is supported by a simulation
study and its application is demonstrated through an

empirical example. The restrictions and limitations of the
method will be addressed in the discussion.

1. The WFmultigroup Approach
1.1. Background

By the beginning of the century, hierarchical modeling and
structural equation modeling, which have been thought of
as two non-overlapping traditions for a considerable time,
have been shown to be equivalent (e.g., Bauer, 2003; Rovine
& Molenaar, 2000). Subsequently, Barendse and Rosseel
(2020) and Mehta and Neale (2005) demonstrated that a
multilevel structural equation can be fit by means of a sin-
gle-level measurement model (CFA). A crucial feature of
this reformulation is the data format. In the standard multi-
level SEM, the data matrix is used in long format (LF),
whereas in the single-level approach, the wide format (WF)
data matrix is subjected. These LF and WF approaches to
multilevel SEM have been shown to be empirically equiva-
lent under various conditions in terms of estimation accur-
acy (Barendse & Rosseel, 2020; Mehta & Neale, 2005;
Walther, Hecht, Nagengast, et al., 2024).

We were motivated by similar considerations about
equality: when a multilevel SEM can be estimated as a sin-
gle-level CFA, then a multilevel multigroup SEM may be
estimated as a single-level multigroup CFA. Therefore, we
suggest extending the WF approach by multigroup modeling
and altering the model specification to allow for group-spe-
cific variances. In the remainder of this article, we will illus-
trate how a model with heterogeneous within-cluster
(co)variances stratified by a between-cluster predictor can
be fitted. However, models with different assumptions on
heterogeneity at both levels as stratified by a between-cluster
variable can be estimated with the proposed approach as
well (see the complete code of the empirical illustration in
Appendix B).

1.2. How It Works

Figure 1 illustrates the differences of the standard LF, the
WEF, and the proposed WFmultigroup approach to multi-
level SEM. The depicted minimal example data set consists
of ten clusters (g = 10) with two units in each cluster
(n = 2). For every unit we observe two continuous variables
(p =2), x; and x,, which are aggregated in order to obtain
between-cluster variables. There is one further discrete
between-cluster variable with two levels (k = 2) that serves
as the grouping variable.

In Panel A, it can be seen that the WF approaches, in
contrast to the standard LF approach, split the p observed
variables into p - n variables in the data frame (“people are
variables too”, Mehta & Neale, 2005, p. 1). For instance, x;
is the observed variable x; for every 1% unit in the cluster
(i =1). Thus, rows in the WF data matrix correspond to
the numbers of clusters (g = 10; level-2 units) whereas in
the LF data matrix, they correspond to the total number of
units in all clusters (g - n = N = 20; level-1 units).
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Figure 1. The LF, WF, and WF multigroup approaches. Data set: the data collected in a given setting. Data Matrix: the data set in matrix form, where columns refer
to observed variables and rows to observed units. Data Format: one of two possible formats of the data matrix, long format (LF) or wide format (WF). In WF, every
observed variable p is split for every unit in the cluster (n). For instance, x 1 is x; for every first unit in each cluster. Sample Covariance Matrix: a symmetric matrix
that contains (co)variances of the observed variables. Model Specification: representation of the model to be estimated, here, this is a bivariate two-level intercept-
only model. Between-cluster parameter estimates are located above the dashed line; within-cluster parameter estimates are located below. At each level, identical
parameter estimates indicate equality constrains. The example data set has g = 10 clusters & n = 2 units, and p = 2 observed variables. Note that only the first
four clusters are depicted. The R code to generate the data and models is available on Github (https://github.com/demianJK/WFmultigroup). The figure is adapted
from “Shrinking Small Sample Problems in Multilevel Structural Equation Modeling via Regularization of the Sample Covariance Matrix” by J.-K. Walther, M. Hecht,
and S. Zitzmann, 2024, Structural Equation Modeling Journal, 1-20. https://doi.org/10.1080/10705511.2024.2380919.

From the data matrices, the respective sample covariance
matrices are estimated (see Panel B). Their dimensions are
obtained from the number of respective “observed” variables
(i.e., columns of the data matrix): p X p in the LF approach,
and (p-n) x (p-n) in the WF approaches. The standard
WF approach has one sample covariance matrix, whereas
the WFmultigroup approach has two (i.e., one per group).
Hence, the sample size for each sample covariance matrix
depends on the number of clusters and cluster sizes in each
group. In our example data set, there are balanced numbers
of clusters and cluster sizes. Thus, each matrix is estimated
by five clusters with two units each (g =5 and n=2)
whereas the one WF sample covariance matrix is estimated
by the full ten clusters with two units each (g =10
and n = 2).

Regarding the model specification in Panel C, the WF
approaches in contrast to the standard LF approach set equality
constrains across the n splits of each observed variable p.
Therewith, the within-cluster (co)variances of all i units within
a cluster are set to be homogeneous. The WFmultigroup
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approach relaxes these equality constrains by applying con-
strains only for each of the k groups. Thereby, within-cluster
(co)variances of all i units within a cluster are set to be homo-
geneous for each observed variable only per group. Put differ-
ently, within-cluster (co)variances are heterogeneous by group.
The between-cluster means, which are modelled as latent factor
intercepts, are also allowed to differ by group. In contrast,
between-cluster (co)variances are set to be equal across groups,
because we only assume the within-cluster (co)variances to be
heterogeneous (though we could model the between-cluster
(co)variances to be heterogeneous as well with this approach).
Thus, one simply fits a multilevel SEM for each group with cer-
tain equality constrains across groups, which can be conceived
as a multilevel multigroup SEM.

1.3. Sample Size Requirements

Whilst the WFmultigroup approach offers multiple possibil-
ities for estimating parameters constrained and freely across
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groups and levels, it has one noteworthy limitation due to
its data format, which concerns sample size and conver-
gence. The way the traditional maximum likelihood estima-
tor (MLE) is implemented in lavaan requires a positive
definite sample covariance matrix (Hamaker et al., 2003;
Singer, 2010; Van Montfort et al., 2018; Voelkle et al., 2012;
Walther, Hecht, Nagengast, et al, 2024), which, amongst
others, necessitates that the supplied data matrix has just as
many or less columns than rows. In the standard WF
approach, cols < rows translates to (p-n) <g (Walther,
Hecht, Nagengast, et al., 2024). However, as multiple sample
covariance matrices are estimated in the WFmultigroup
approach (i.e., one per group), (p - 1) < gk has to hold for
each group. When the number of clusters and cluster sizes
differ substantially across groups, traditional MLE, which is
based on the sample covariance matrix, might not be able to
fit the model. However, one might use full information
maximum likelihood (FIML) estimation, which uses the raw
data instead and, hence, circumvents the problem (Hamaker
et al, 2003; Trendafilov & Unkel, 2011; Unkel &
Trendafilov, 2010; Voelkle et al., 2012). However, when the
amount of missing data is too large, estimation might fail as
well. One way to deal with both problems is multiple imput-
ation, which we apply in the empirical example. However,
before that, we will describe results from a small simulation
study (without missing values) in which the performance of
the proposed WFmultigroup approach was examined.

2. Simulation Study

We conducted a simulation study to investigate whether the
proposed WFmultigroup approach is accurate and unbiased
in estimating heterogeneous within-cluster (co)variance
structures which are grouped by discrete between-cluster
variables. Empirical equivalence of WFmultigroup with the
“genuine” ML MG SEM for all homogeneous, heterogeneous
between-cluster (co)variances and heterogeneous within-
and between-cluster (co)variances models is demonstrated
in the complete code for the empirical illustration in
Appendix B.

2.1. Method

The computations were conducted on an AMD Ryzen
Threadripper PRO 3975WX 32-cores (3.50 GHz) CPU on a
Windows 10 (Version 20H2) platform utilising R version
4.4.0 (R Core Team, 2024), along with several R packages:
DescTools version 0.99.50 (Signorell et al., 2024), dplyr ver-
sion 1.1.4 (Wickham et al, 2023), ggplot2 version 3.5.1
(Wickham, Chang, et al, 2024), lavaan version 0.6-17
(Rosseel et al., 2024), patchwork version 1.2.0 (Pedersen,
2024), tidyr version 1.3.1 (Wickham, Vaughan et al., 2024).
The R code for data generation, analysis, and figures is
available at https://github.com/demian]K/WFmultigroup.

2.1.1. Data Generation
We varied the number of clusters (g = 200,500, 1000), the
cluster size (n = 2,10,30), the variance ratio (VR = 2,5),

and the variance at the between-cluster level
(6% = 0.05,0.25). This resulted in 2 X 2 x 3 X 3 = 36 simu-
lation conditions overall. The number of observed variables
was fixed to p =2, and two groups, as indicated by a dis-
crete between-cluster variable (k = 2), were considered. The
magnitudes of the between-cluster variances were informed
by the lower and upper limits of frequently observed ICCs
in the educational and behavioral sciences (Adams et al.,
2004; Gulliford et al., 1999). In the first group, the total
variance was set to 1, and the within-cluster variance was
computed by o3, =1-0% (and thus, o3 =ICC;). The
within-cluster variance in the second group was computed
by dividing through the VR. Note that the between-cluster
(co)variances were equal across both groups as we only
assumed the within-cluster (co)variances to be heteroge-
neous. The covariances at each level were determined by
multiplying the variance with the fixed correlation of p =
0.3 which reflects a large correlation (Gignac & Szodorai,
2016).

2.1.2 Data Analysis

We considered only one model, a bivariate two-level inter-
cept-only model with heterogeneous within-cluster (co)va-
riances, which we estimated as a multigroup single-level
CFA with lavaan. As Hedeker and Mermelstein (2007) and
West et al. (2022) suggested, we computed group-specific
ICCs by ICC, =o%/(c%+0%,1) and ICC, = c%/(o% +
0%2) for each variable.

2.1.3. Evaluation Criteria
We thoroughly investigated the estimation accuracy of the
(co)variance structure in terms of the relative root mean

squared error (RMSE), 1/ (0 — 0)2/0 - 100%, which is a
measure that combines both bias and variance of an estima-

tor, and the relative bias, > (6 — 0)/6 - 100%. Convergence
and coverage rates were also reported briefly. A model was
considered converged if the optimizer indicated that it had
found a solution. Convergence rates represent the percent-
age of converged models out of all estimated models.
Coverage rates indicate the percentage of confidence inter-
vals that encompass the population parameter. Note that for
estimation accuracy and coverage rates, we considered only
(co)variances (but not means) of the intercept-only models.

2.2. Results

Under every simulation condition, all models converged.
Moreover, all coverage rates fell between the acceptable
range of 91% to 98% (L. K. Muthén & Muthén, 2002). The
more interesting results for relative RMSE and bias are
depicted in Figure 2.

At the between-cluster level, previous findings could be
replicated: smaller numbers of clusters, smaller cluster
sizes, and smaller between-cluster variances (and thus,
smaller ICCs as well) were detrimental for overall accuracy
(see also Liidtke et al., 2011; Meuleman & Billiet, 2009;
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Figure 2. Estimation accuracy of between-cluster, within-cluster, and ICC parameter estimates. VR = variance ratio. Only (co)variance parameter estimates are con-
sidered. In a bivariate two-level intercept-only model with heterogeneous within-cluster (co)variances for two groups, this comprises three parameter estimates at
the between-cluster level (i.e. two variances and one covariance, ®;), six parameter estimates at the within-cluster level (i.e. two variances and one covariance for
both groups, ®y), and four ICC parameter estimates (i.e. one for each group per variable, p).

Stegmueller, 2013; Walther, Hecht, Nagengast, et al., 2024;
Zitzmann, 2018; Zitzmann et al., 2016). Combined, these
lead to a relative RMSE of up to 150%, even when the
minimum number of clusters was moderately large
(g = 200). Increasing the cluster size moderately (from
n=2 to n=10) reduced the relative RMSE by up to
40%. Smaller cluster sizes and smaller between-cluster var-
iances were associated with larger negative biases.
However, all sample sizes resulted in biases within the
acceptable limit of [10%| (L. K. Muthén & Muthén, 2002).
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It is interesting to note that larger VRs led to more accur-
ate and less biased between-cluster parameter estimates,
especially when the cluster size was small. Drawing on the
earlier example setting, when g =200 and n =2, when
VR =2, the relative RMSE was 150%, whereas when
VR =5, it dropped to half. We hypothesize that this
might be related to the factor analytic modeling: In the
single-level multigroup CFA framework, the between-clus-
ter (co)variances are estimated as a common factor (co)va-
riances that are equality constrained across groups. When
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the VR was larger, the ratio of common to unique vari-
ance of the indicators (ie., the p-n “observed” variables),
which might be though of as their ICCs (common as
between-cluster and unique as within-cluster variances),
got larger by design in the second group. Thus, the
amount of communality of the indicators across both
groups increased. Especially when the number of indica-
tors was small (i.e, small cluster sizes n), a larger VR
could have compensated for its negative effect. This argu-
mentation is in line with evidence suggesting that smaller
common factor variances (i.e., commonalities) are more
strongly influenced by sample size when it comes to factor
recovery (MacCallum et al., 1999).

At the within-cluster level, smaller numbers of clusters
and smaller cluster sizes were related to less accurate esti-
mates as well, but the relative RMSE was only up to 20% at
worst. Bias was close to zero. This replicates earlier findings
suggesting that parameter estimates of between-cluster varia-
bles are less accurate and more biased than those of within-
cluster parameter estimates (e.g., Depaoli & Clifton, 2015;
Finch & French, 2011; Hox & Maas, 2001; Hox et al., 2010;
Liidtke et al, 2011; Muthen & Satorra, 1995; Zitzmann
et al,, 2016). There was no effect of the VR on the accuracy
of the within-cluster parameter estimates.

The ICC estimates, as derived from the between- and
within-cluster variance estimates, inherited both their
strengths and weaknesses: smaller numbers of clusters,
smaller cluster sizes, smaller between-cluster variances, and
smaller VRs led to less accurate and more negatively biased
estimates (as the between-cluster parameter estimates) but
the magnitude of inaccuracy and bias was less strong (as for
the within-cluster parameter estimates).

Overall, the proposed WFmultigroup approach lead to
accurate and almost unbiased estimates and converging
models with accurate standard errors. We recommend using
at least a moderate number of clusters and cluster sizes to
guarantee good accuracy and unbiasedness. In the case of a
bivariate intercept-only model with two groups with bal-
anced numbers of clusters and cluster sizes, a sample of g =
200 and n = 10, or more precisely, g = 100 and n = 10 for
every group, satisfies this requirement.

3. An Empirical lllustration

In the following, we will work through a step-by-step guide
on how to estimate a multilevel multigroup SEM as a sin-
gle-level restricted multigroup CFA in lavaan using an
empirical illustration. Specifically, we will investigate the
heterogeneity of (co)variances of two observed variables,
creative activities at school and growth mindset, in Albania
and Ireland (ie., the between-cluster variable is country).
The analysis of their (co)variance structures can inform us
about differences in the countries which one could subse-
quently explore to gain insight into variables that influence
the variability of these outcomes. We will fit a model which
assumes heterogeneity of within-cluster (co)variances (and
homogeneity of between-cluster (co)variances) across groups
in the single-level multigroup framework (WFmultigroup).

In the main body of this article, only the code for the model
specification is presented. The code for all other prior steps,
such as data subsetting, inspection of missing data, and
multiple imputation, as well as model specifications of mod-
els with homogeneous within- and between-cluster (co)va-
riances, heterogeneous between-cluster (co)variances, and
heterogeneous within- and between-cluster (co)variances
with the WFmultigroup approach and the “genuine” ML
MG SEM approach in lavaan can be found in the complete
code in Appendix B. We draw on an open access data set of
the Programme for International Assessment of Student
Assessment (PISA) from 2022 which can be downloaded
from https://www.oecd.org/pisa/data/2022database/. Note
that the data set and variables were chosen by convenience
to provide readers with a reproducible example and illus-
trate the WFmultigroup approach and thus, the investigated
research question is not of substantive interest.

All computations of the empirical illustration were run
on a Macbook Pro (2021) with an M1 Pro CPU on the
Sonoma 14.5 platform utilising R version 4.4.0 (R Core
Team, 2024) with the following packages: dplyr version 1.1.4
(Wickham et al., 2023), foreign version 0.8-87 (R Core
Team et al., 2024), ggplot2 version 3.5.1 (Wickham, Chang,
et al., 2024), huxtable version 5.5.6 (Hugh-Jones, 2022), lav-
aan version 0.6-18 (Rosseel et al., 2024), Ime4 version 1.1-
35.5 (Bates et al., 2024), MICE version 3.16.0 (Buuren et al.,
2023), naniar version 1.1.0 (Tierney et al., 2024), patchwork
version 1.2.0 (Pedersen, 2024), psych version 2.4.6.26
(Revelle, 2024), and tidyr version 1.3.1 (Wickham, Vaughan
et al., 2024).

3.1. Data Set

3.1.1. The Sample

The complete PISA data set was collected within a stratified
two-stage sampling process. Firstly, schools in which 15-
year-old students (i.e., the target level-1 units) may be
enrolled, were sampled. The minimum number of schools
(i.e., level-2 units; clusters) for each country were 150.
Secondly, students within these schools were sampled. The
two observed variables that we consider are not part of the
PISA test but the background information.

For our empirical illustration, we selected two countries
from the pool of included countries: Albania and Ireland.
The choice fell on them because both variables had a large
VR in these countries and where thus well suited for the
kind of analysis we want to illustrate. The total subsample
consists of g = 444 schools with a total of N = 11,698 stu-
dents. The number of schools (i.e., clusters) and students in
each school (i.e., cluster sizes) for both countries are
depicted in Figure 3. As can be seen in panel A, 274 schools
are from Albania and 170 schools from Ireland, with a total
of  Nawania = 5,569 and  Npelana = 6,129  students.
Unfortunately, however, the school sizes differ substantially
from npp, =1 to nma = 45 with stark differences across
countries (see Panel B). This will introduce a considerable
amount of missing values later on when reformatting LF to
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bers refer to the LF data matrix with unbalanced cluster sizes (see Figure 3).

WF, where balanced cluster sizes are required, and thus, col-
umns change from p to p - fmax.

3.1.2. The Observed Variables

The two variables that we included in our analysis are cre-
ative activities at school (CREATAS) and growth mindset
(GROSAGR). According to the codebook and the plotted
data (see Figure 4), they are continuous, and even if their
distributions deviate from normality, see Panel A and B, the
large sample sizes should warrant inferential conclusions,
even in the presence of relatively large amounts of missing
data (28% and 20%).

By plotting the raw data (Panel A to C) and the cluster
means (Panel D to F) per group, one gets valuable informa-
tion on potential heterogeneity of (co)variances. In Panel A
and B, the univariate distributions of creative activities at
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school and growth mindset are depicted. The variability of
each variable differs group-wise. The same holds true for
the coherence of both variables in Panel C. This suggests
that (at least) the within-cluster (co)variances are heteroge-
neous. When inspecting the distributions of the cluster
means, the univariate distributions in Panel D and E and
the bivariate distribution in Panel F, one sees that they dif-
fer group-wise as well. Taken together, this suggests that
both the within- and the between-cluster (co)variances are
heterogeneous. We simulated data under differing homoge-
neous and heterogeneous conditions at both levels and
examined the variability of raw data and cluster means to
support this claim (see Figure Al in Appendix A). When
both the within- and between-cluster levels in both groups
were from different populations, then a pattern of group-
wise differing raw data and cluster means appeared. Note,
nevertheless, that in the main body of the article, only the
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“Imputed (data)": Negearas(atbania) = 8,932 and Negearas(ireiand) = 2599, Nerosac(atbania) = 8,460 and Nerosacrireland) = 2,201

model specification of the model with heterogeneous
within-cluster (co)variances is included. For the model spe-
cification of the other models, see the complete code in
Appendix B.

We investigated the missing patterns of the data in mul-
tiple ways: by plots, inferential statistics with Little (1988)’s
test of MCAR' for multivariate data, correlation tables, and
with logistic multilevel models that predicted missingness.
In sum, we found evidence that they are not MCAR but
MAR. Missing values could be predicted by the value or
missingness of the other variable and the country. Thus,
missing patterns seem to be largely contingent on the data
collection in the schools in both countries. Moreover, a con-
siderable amount of missing values for each variable, given
the stark differences in school sizes, is introduced when
reformatting to WF (where the data matrix is g X p - #imay)
as balanced school sizes are necessary. As Schafer (1997)
argued, an unbalanced design can be considered a missing
data problem. Multiple imputation has been applied to deal
with unbalanced designs in ANOVA before (Ginkel &
Kroonenberg, 2021). Thus, we imputed not only the
“genuine” missing values but the missing values that had to
be introduced by the balanced cluster sizes required for
reformatting. We used multiple imputation by chained
equations (MICE; Buuren & Groothuis-Oudshoorn, 2011) in
the LF data matrix. For each variable, we specified an
imputation model containing the other variable as predictor
and accounting for the clustering. Imputation was done sep-
arately for each country, such that we assumed homoge-
neous variances within each country. In total, for Albania,

There are different kinds of missing patterns. Missing Completely at Random
(MCAR): missings are completely independent of other variables and the
missing value itself. Missing at random (MAR): missings are dependent on
other variables but not on the missing itself. Missing Not at Random (MNAR):
missings are independent of the other variables but they are not random.

72% of values of creative activities at school and 69% of val-
ues of growth mindset, and for Ireland, 34% and 29%
of these values were imputed. Admittedly, these quantities
are very large but the data sets used for imputation were
considerably large as well: for Albania, Ncrgarasabania) =
3,398 and NGROSAGR(Albaniu) = 3,870, and for Ireland,
NecreaTAS(Irelands = 5,051 and Ngrosagr(ireland) = 2,201. The
existent and imputed data is depicted in Figure 5.
Moreover, sensitivity analysis revealed that the means and
standard deviations of the existent and imputed data sets
were very close (see Table 1). Note that we combined the
imputed data sets and run the model estimation on this
complete data set instead of running separate models for
each imputed data set and pooling the results, as suggested
by Rubin (2004) and Schafer and Olsen (1998), because our
kind of analysis was not supported in the multiple imput-
ation package MICE. After multiple imputation, the total
sample consisted of g =444 schools with n = 45 students,
which results in a total of N =19,980 students where
Natpania = 12,330 and Npjang = 7, 650.

Note that because of the nature of the data - a large sample
of heterogeneous, clustered data with unbalanced numbers of
clusters, highly differing cluster sizes and large amounts of
missings — empirical evidence on ways to deal with the miss-
ings was sparse. While there was literature on large data sets
with missing cases up to 99% per variable (Stuart et al., 2009),
moderate sized clustered data (g = 300, n =2 — 25; Huque
et al.,, 2020), multigroup data (of randomized control trials;
Jakobsen et al., 2017), unbalanced group sizes (Schafer, 1997),
heterogeneous variances (with k-nearest neighbours imput-
ation; Santos et al, 2022), and unbalanced group sizes
(Schafer, 1997), no study considered all these together. Thus,
we combined tested and untested advice in the reported way
of dealing with the missing values. Note further that we tried
several alternatives. Imputation in the WF data matrix did not
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Table 1. Mean and standard deviation of existent and imputed data by country.
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Creative activities at school

Growth mindset

Albania Ireland Albania Ireland
Data M SD M SD M SD M SD
Existent 1.08 1.34 0.09 0.77 —0.36 1.29 0.16 0.86
Imputed 1.13 1.36 0.07 0.77 -0.33 1.31 0.16 0.87

For sample sizes, see note under Figure 6.

work. A joint imputation model for both countries did not
yield plausible results. FIML estimation, doing nothing about
the missings, or only imputing the “genuine” missing values
(while still introducing a considerable amount of missings by
reformatting) did not result in converging models either. In
other contexts, however, these might be viable alternatives.

3.2. Model Specification

In the following, we will illustrate how to specify a model
with heterogeneous (co)variances at the within-cluster level
in the WFmultigroup approach in lavaan. There are p-n =
2-45=90 “observed” variables in the WF data matrix
which are related mostly by equality constrains. Writing the
lavaan model syntax manually would take an unnecessary
long time. Instead, we use loops for recurring relations. For
this, we need to create a vector with the names of the
observed variables (‘varName’), and one object that contains
the number of observed variables ‘p’.

varNames <- c("CREATAS",
p <- length(varNames)

"GROSAGR")

We will first create the model syntax for the within-cluster
part of the model. The within-cluster variances are estimated as
residual variances in a single-level CFA. Thus, we need to specify
DPu ~~ py for all 90 “observed” variables. The n splits of each
observed variable p have to be equality constrained in the WF
approach in order to estimate the within-cluster parameters.
This is achieved by using the same label for the variance param-
eters. Because we want the within-cluster variances to differ by
group, we have to use different labels for the parameters in both
groups. In sum, the variances are specified in the following
form: ‘CREATAS.1 ~ ~ ¢(CREATAS_albania, CREATAS_
ireland)*CREATAS.1’ where, for instance, ‘CREATAS_albania’
denotes the equality constrained variance parameter across all n
students in a school of group 1 (i.e., Albania). The whole set of
specifications can be done with the following loop:

tmp2 <- cQ)
> tmp3 <- ¢
» resid_var_w_hetero <- c()
+ for (j in 1:p){
for (i in l:n_max){
tmp2[i] <- paste®(varNames[j], ".", i)

tmp3[i] <- paste®(tmp2[i], "~~c(", varNames[j], "_albania, ",

varNames[j], "_ireland)*", tmp2[il)
i
resid_var_w_hetero[j] <- paste(tmp3, collapse="; ")
i i
> resid_var_w_hetero <- paste(resid_var_w_hetero, collapse="; ")

A similar is

specific

proceeding
covariances, for

required for the group-
instance, ‘CREATAS.1

~
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~ c(CREATAS_GROSAGR_albania, CREATAS_GROSAGR_
ireland) *GROSAGR.1’, where, for instance, ‘CREATAS_
GROSAGR _albania’ is the within-cluster covariance of
Albania, which can be created by another loop:

resid_cov_w_hetero <- cQ
> count <- 0
: for (i in l:n_max){
for(j in 1:p){

for(m in 1:p){

if(j !=m &m > j){

count <- count + 1

resid_cov_w_hetero[count] <-

paste®(varNames[j], ".", i,

varNames [m],

"~~c(", varNames[jl, "_",

"_albania, ", varNames[jl, "_",

varNames[m], "_ireland)*", varNames[m], ".", i)
}
}
+ )
i
resid_cov_w_hetero <- paste(resid_cov_w_hetero, collapse="; ")

Next we have to set the means of the p-n “observed”
variables to zero, as these are aggregated within-cluster vari-
ables whose group-specific mean-structure is specified at the
between-cluster level (which we will turn to later). We do
this in the form ‘CREATAS_1~ 0*1".

means_w <- cQ
tmp <- ¢
. count <- 0
+ for (j in 1:p){
for (i in 1:n_max){
count <- count + 1
tmp [count] <- paste®(varNames[j], ".", i,

}

0¥l

9o }
0 means_w <- paste(tmp, collapse = "; ")

Now that the model syntax for the (heterogeneous) within-
cluster parameters is complete, we can move on to those of
the (homogeneous) between-cluster parameters. Between-clus-
ter variables are modelled as latent factors by the p-n
“observed” variables. Firstly, we have to fix the factor loadings
to 1 as all “observed” variables contribute equally to the factor,
‘fCREATAS = ~ 1*CREATAS_1+ 1*CREATAS 2+ ... .

fac_load_b <- cO

tmp <- c()

for (j in 1:p){
for (i in l:n_max){
tmp[i] <- paste®@("1*",
}
fac_load_b[j] <- paste®("f",
)

varNames[j], ".", i)

varNames[j], " =~", paste(tmp, collapse="+")

}

fac_load_b <- paste(fac_load_b, collapse="; ")

Following, we will specify the factor variances and inter-
cepts, which constitute the between-cluster variances and
means, in the forms of fCREATAS ~ 1’ and fCREATAS ~
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~fCREATAS’, by way of example for the observed variable
creative activities at school (‘CREATAS’). Since both parame-
ters make use of the same loop, we create them in the
same run.

fac_var_b <- cQ

> fac_int_b <- cQ

s for (j in 1:p){
fac_var_b[j] <- paste®("f", varNames[j], "~~f",
fac_int_b[j] <- paste®("f", varNames[j], "~1")

}

fac_var_b <- paste(fac_var_b, collapse="; ")

« fac_int_b <- paste(fac_int_b, collapse="; ")

varNames[j])

Finally, the between-cluster covariance is set as
fCREATAS ~ ~fGROSAGR’ in the following way:

fac_cov_b <- cQ
> count <- O
s for(j in 1:p){
i+ for(m in 1:p){
if(j l=m&m> j){
count <- count + 1

fac_cov_b[count] <- paste®("f", varNames[j], "~~", "f", varNames[m])
§ i
o}
0}
+ fac_cov_b <- paste(fac_cov_b, collapse = "; ")
Because the factor (co)variances and means (i.e.,

between-cluster (co)variances and means) require relatively
sparse code, we may set them manually in models with
sparse observed variables. Now that we finished the model
syntax, we can estimate the model by:

model _WF_W_homo <- paste(resid_var_w_homo, resid_cov_w_homo, means_w,
2 sep = "; ")

; model_WF_B <- paste(fac_load_b, fac_var_b, fac_cov_b, fac_int_b, se
» model_WFmultigroup_homo <- paste(model_WF_W_homo, model_WF_B, sep="

o fit_WFmultigroup <- sem(model = model_WFmultigroup_hetero_B,
data = PISA_short_balanced_imp_WF,
group="CNT",
group.equal = c("lv.variances"”, "lv.covariances"))

where we combined all prior code snippets to our complete
model specification ‘model WFmultigroup’ and apply it to the

1

Model Fit

Means

imputed data set ‘PISA_short_balanced_imp_WF. The group-
ing variable country is handed over to ‘group=“CNT"”. We are
able to set the between-cluster (co)variance structure to be
equal across groups by  group.equal = c(“lv.variances”,
“Iv.covariances”), and thus, we do not have to use labels for the
(co)variance as for the within-cluster (co)variances.
Unfortunately, there is no appropriate shorthand function par-
ameter for equality constraining the manifest variables n-wise
(ie., the standard WF approach) per group. Thus, the within-
cluster part of the model has to be specified in the model syn-
tax (manually or by the loops we presented).

3.3. Model Parameter Estimates

In Figure 6, the model parameter estimates of the heteroge-
neous within-cluster (co)variances model are depicted. The
within-cluster variances of creative activities at school were
1.73 in Albania and 0.57 in Ireland, and those of growth
mindset were 1.68 in Albania and 0.74 in Ireland. In contrast
their covariances were quite similarly close to zero: —0.02 in
Albania and 0.04 in Ireland. Thus, overall, Albania had larger
within-cluster variances than Ireland. These stark differences in
variances in the heterogeneous model, VRcrgatas = 3.04 and
VRGrosagr = 2.27, also had an impact on the group-specific
ICC parameter estimates. Albania with its larger within-cluster
variances had smaller ICCs. Regarding creative activities at
school, the ICC was 0.04 in Albania and 0.11 in Ireland. For
growth mindset, estimates were 0.02 for Albania and 0.04 for
Ireland. The differences in within-cluster (co)variances in the
heterogeneous model, in combination with the differences in
between-cluster means, inform us about the substantial differ-
ences in the distributions of the observed variables between
both countries. Building on this, one might scrutinize differen-
ces in both countries in contextual variables such as educa-
tional policies, socio-economic status, and cultural programme
in order to explain these distributional differences. This might
be especially helpful when considering models in which school
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Figure 6. Models with heterogeneous and homogeneous variances. The figure was created manually with the free software draw.io (https://www.drawio.com/).
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success is predicted. For subsequent analysis, one could include
PISA test results as outcomes that are predicted by both cre-
ative activities at school and growth mindset.

4. General Discussion

Modeling heterogeneous within-cluster (co)variances extends
traditional within-between variance decomposition and offers
the potential to inform further research and educational policy
making. The present article has empirically evaluated and illus-
trated how multilevel multigroup (ML MG) SEMs can be esti-
mated as single-level multigroup restricted CFAs in which
grouping is brought about by a discrete between-cluster vari-
able. Within the small simulation study, we found evidence
that the proposed WFmultigroup approach can result in accur-
ate and unbiased estimates of a bivariate intercept-only model
in settings with moderately large numbers of clusters and clus-
ter sizes (g > 100 and # > 10 per group). Moreover, results
suggest that larger between-cluster variances 63 and larger VRs
(i.e., when variance heterogeneity was larger) can lower the
required sample sizes for accurate between-cluster and ICC pa-
rameter estimates (and vice versa, that smaller between-cluster
variances and smaller VRs require larger sample sizes). With
the empirical illustration, we demonstrated the WFmultigroup
approach’s implementation in R with the package lavaan.

Some limitations of the WFmultigroup approach should,
however, be noted. Firstly, the WFmultigroup approach might
be inadequate when large cluster sizes and/or large numbers
of groups are concerned. With the WF data matrix, (p - 1) <
gk is the minimum requirement for convergence due to the
implementation of MLE in lavaan. If this requirement is not
fulfilled, one may need to revert to Mplus or the “genuine”
ML MG SEM in lavaan, where the LF data matrix is sub-
jected, which imposes a less restrictive requirement, p <
(gk - ni). Alternatively, full information maximum likelihood
(FIML) estimation, which uses the raw data instead of the
sample covariance matrices, or Bayesian estimation, which
treats each missing value as random variable such that each
missing value’s uncertainty is accounted for by the uncertainty
in the other parameters, might be applied. Note, however,
that FIML might result in non-convergence when the amount
of missings is too large (as in the empirical data set used in
the present article) and that software options for Bayesian esti-
mation in ML MG SEM might be limited. Secondly, when the
amount of missing values is substantial and/or when the clus-
ter sizes are highly unbalanced while the number of groups is
small, then multiple imputation of the data might be ques-
tionable. In our empirical example data set, up to 72% of
missing values of a variable in one group were imputed, and
we justified the procedure by the large existent sample
(N = 3,398 and g = 274), evidence for the data being MAR,
and the results of the sensitivity analysis. However, in other
settings, this procedure may not be warranted. Then, one
might again resort to the alternatives discussed above. In any
case, future research could investigate multiple imputation in
the context of large sample, heterogeneous, clustered data
with unbalanced numbers of clusters, highly differing cluster
sizes and large amounts of missings. Lastly, to apply the
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WFmultigroup approach, one has to be aware of the grouping
variables that give rise to heterogeneous variances. When
there is a large quantity of possible between-cluster variables,
manual exploration might take a considerable amount of
time. An alternative strategy to identify heterogeneous within-
cluster (co)variances might be to use classification algorithms
such as SEM trees (e.g., Brandmaier et al., 2013). For instance,
after estimating a multilevel multigroup model in which each
cluster is considered a separate group, SEM trees might help
find similarities between clusters that lead to broader groups.
However, keep in mind that, depending on the number of
observed variables, this approach may require a large amount
of computational resources.

Next, possible extensions and applications of the pro-
posed approach are discussed. Firstly, when the data con-
tains a third level (e.g., schools, where level-1 units are
students, and level-2 units are classes), but its sample size is
scarce (e.g., less than ten units, see Asparouhov & Muthen,
2012), which reduces the chances of a converging model
(see e.g., Ludtke et al., 2011, who found this for level-2),
then our WFmultigroup approach might be an appropriate
alternative. This scenario is similar to our empirical illustra-
tion, where level-1 units were students, level-2 units were
schools, and level-3 units, or rather the grouping variable,
were countries (though we deliberately selected only two
level-3 units). However, notice that cross-level interactions
with level-3 variables cannot be modelled this way.
Secondly, in contrast to the “genuine” ML MG SEM the
WFmultigroup approach allows to free the equality con-
strains across units within a cluster (i.e., the equality con-
strains across the p-n “observed” variables of the data
matrix in WF can be relaxed). When longitudinal data is
concerned, this enables heterogeneous variances at different
measurement occasions. For example, in a pre-post-test
scenario, one might assume the variances to be smaller in
the post condition. Thus, one could have a model which
allows for group-specific (i.e., experimental and control con-
dition) as well as time-specific (i.e., pre and post measure-
ments) heterogeneous  within- and  between-cluster
(co)variances. With hierarchical modeling, such a model
might be estimated as well but here we could not fit mea-
surement models and multiple outcomes. Thirdly, it would
be interesting to explore more complex models that use het-
erogeneous within-cluster (co)variances as predictors or out-
Past research explored these possibilities. For
instance, Grohlich et al. (2009) examined whether homoge-
neous or heterogeneous ability groups are more suited for
predicting learning and students’ achievements and
McNeish (2021) demonstrated how to estimate location
scale models in general form as a multilevel SEM in Mplus.
In the latter, different models for both mean (location) and
variance (scale) of outcomes can be specified. Our
WFmultigroup approach could extend the scale location
models by modeling heterogeneous variances.

Another avenue for future research may be to investigate
the effect of the VR more thoroughly. Within our simulation
study, we found that the accuracy of between-cluster param-
eter estimates was larger when the VR was increased. We
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suggested that this would be related to the factor analytic
modeling within the WF approach. Specifically, between-clus-
ter (co)variances are estimated as common factor (co)varian-
ces that are equality constrained across groups. When the VR
increased, the ratio of common (i.e., between-cluster) to
unique (i.e., within-cluster) variances of the indicators (i.e.,
the p - n “observed” variables in the WF data matrix) in the
second group increased as well, and thereby, the amount of
communality of the indicators across both groups increased.
Prior research showed that larger commonalities required
smaller sample sizes for factor recovery (MacCallum et al,
1999). Future research could scrutinize this hypothesis and
validate whether this effect is unique to the WFmultigroup or
present in the “genuine” ML MG SEM as well.

The present article proposed a way to estimate heteroge-
neous within-cluster (co)variances, which are stratified by a
discrete between-cluster variable, as multilevel multigroup
SEMs in a single-level framework where a restricted CFA
for multiple groups is fitted. Moreover, we demonstrated
the application in detail with the lavaan package in R. We
hope that the proposed approach facilitates research and
teaching, and inspires new research endeavours that con-
sider and explore heterogeneity of variances.
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Figure A1. The distributions of raw data and cluster means under homogeneous and heterogeneous conditions. The upper row shows raw data and the lower
row cluster means of one observed variable. The simulated heterogeneous conditions have been adapted from the PISA data from the empirical illustration where
larger between- and within-cluster variances have been observed in the first group. Accordingly, in the heterogeneous conditions c3; = 0.10 and o, = 0.90
(Group 1), and Géz = 0.05 and cfm = 0.45 (Group 2). For homogeneous conditions, both groups have the same variances as the first group. For example, for het-
erogeneous level-1: 63, = 62, =0.10, o%; =0.90, and o%; = 0.45. The number of clusters (g = 3,000), cluster sizes (n =30), and VRs at both levels
(VRvetween—cluster = VRwithin—ciuster = 2) have been simplified. The code to generate the data and the figure can be found on Github (https://github.com/demianJK/

WFmultigroup)
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Appendix B
Complete R Code for empirical illustration

5

###### (0) Prerequisites

3 ## load required packages

v

-

library("dplyr") # select and filter data (version 1.1.4)

library("foreign") # read SPSS (version 0.8-87)

library("ggplot2") # figures (version 3.5.1)

library("huxtable") # APA table (version 5.5.6)

library("lavaan") # ML MG SEM (version 0.6-18)

# Note that this CRAN version of lavaan does not yield the same results in
the homogeneous model in the "genuine" ML MG SEM approach

# as the WFmultigroup approach does. However, the most recent version on
Github (0.6-19.2187) does so.

# install.packages("devtools")

# library("devtools")

3 # install_github("yrosseel/lavaan")

library("lme4") # logistic regression of missingness (version 1.1-35.5)
library("mice") # multiple imputation (version 3.16.0)
library("naniar") # MCAR test (version 1.1.0)

library("patchwork") # combining ggplots by + (version 1.2.0)
library("psych") # descriptive stats (version 2.4.6.26)
library("tidyr") # reformating (version 1.3.1)

## load data
# Go to https://www.oecd.org/pisa/data/2022database/

# Navigate to SPSS (TM) Data Files (compressed) >>> Student Questionnaire
data file and download the file

s PISA <- read.spss("../CYO8MSP_STU_QQQ.SAV", to.data.frame=TRUE, use.value.

labels = FALSE) # otherwise numerical vectors might be handled as
factors
# the data frame is in LF (i.e., each row corresponds to a student)

# If you don’t want to run the multiple imputation, simply load the final
data frame and continue in line 409.

PISA_short_balanced_imp <- read.csv(file = "/Users/julia/Documents/Arbeit/
Promotion/Forschung/Projects/03_WFmultigroup/numerical_ex/PISA_short_

balanced_imp.csv")

s ##### (1) Data Subsetting

## select relevant variables
PISA_short <- select(PISA,
CNTSTUID, # unique student ID (level-1)
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38 CNTSCHID, # school (level-2)

39 CNT, # CNT (group)

40 CREATAS, # Creative Activities at school
41 GROSAGR # Growth Mindset

42 D)

43 # PISA_short is "LF unbalanced"”

45 ## select relevant cases (Albania and Ireland) of between-cluster variable
country
PISA_short <- filter(PISA_short, CNT == "ALB" | CNT == "IRL")

FS

so ##### (2) Inspecting the Data I: Data Structure and Data Types

52 ## inspect data structure and data types
53 str (PISA_short)

ss # is it not necessary to factorise the discrete ID indicators CNTSTUID and

CNTSCHID . - -

56

s7 ## ... but we recode the grouping variable for the figures

ss PISA_short$CNT <- ifelse(PISA_short$CNT == "IRL", yes="Ireland", no="
Albania")

s9 # (we do not factorise bc otherwise we would introduce problems with data
subsetting and multiple imputation later on)

61
62

s ##### (3) Inspecting the Data II: Unbalanced Cluster Sizes

64

os ## get information on the selected subsample
o« N <- nrow(PISA_short)

7 schools <- unique(PISA_short$CNTSCHID)

s g <- length(schools)

© n <- as.vector(table(PISA_short$CNTSCHID))

0 n_mean <- mean(n)

71 n_min <- min(n)

7 n_max <- max(n)

74 country <- c()
75 for (j in 1:9){
76 country[j] <- unique(PISA_short$CNT[PISA_short$CNTSCHID == schools[j]])

7 nData <- data.frame(country = country,
80 school = schools,
81 n = n)
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3 a <- ggplot(nData, aes(x=g, fill=country)) +
84 geom_bar (data = transform(nData, country = NULL), fill = "grey85") +
85 geom_bar (show.legend = FALSE) + facet_grid(. ~ country) +

86 scale_y_continuous(name="Frequency", expand=c(0,0)) +

87 scale_x_discrete(name="Number of Schools (g)",) +

88 scale_fill_manual (values=c("#002654", "#ffce00")) +

89 theme_minimal () +

90 theme (text = element_text(family="serif"), panel.grid.minor = element_
blank (),

91 panel.border = element_rect(color = "grey", fill = NA, linewidth =

0.5)) +

92 labs(title="A")
93 # table(country)

s b <- ggplot(nData, aes(x=n, fill=country)) +

96 geom_histogram(data = transform(nData, country = NULL), fill = "grey85",
binwidth=1) +

97 geom_histogram(binwidth=1, show.legend = FALSE) + facet_grid(country ~ .)
+

98 scale_y_continuous (name="Number of Schools (g)", expand=c(0,0)) +

99 scale_x_continuous(name="School Size (n)", expand=c(0.01,0.01), limits=c
(0, NA)) +

100 scale_fill_manual (values=c("#002654", "#ffce00")) +

101 theme_minimal () +

102 theme (text = element_text(family="serif"), panel.grid.minor = element_
blank (),

103 panel.border = element_rect(color = "grey", fill = NA, linewidth =
0.5)) +

104 labs(title="B")

105

w6 a + b # Fig.3

107

10s # N=11.698 with g=444 and the distribution of cluster sizes (n) differs
sEEpliplley

100 # country-wise:

110 table (PISA_short$CNT) # N

11 table(nData$country) # ¢

s ##### (4) Inspecting the Data III: Distribution of Variables

116

7 ## Raw Data

118

19 # univariate

20 @ <- ggplot (PISA_short, aes(x=CREATAS, fill=CNT)) +

121 geom_histogram(show.legend = FALSE, position = "identity", alpha=0.5) +
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2 scale_x_continuous(name="Creative Activities at School (CREATAS)", expand
=c(0,0), limits=c(-6, 6)) +

123 scale_y_continuous(name="Frequency", expand=c(0, 0), limits=c(0, 2000)) +

124 scale_fill_manual (values=c("#002654", "#ffce00")) +

125 theme_minimal () +

126 theme (text = element_text(family="serif"), panel.grid.minor = element_
blank (),

127 panel.border = element_rect(color = "grey", fill = NA, linewidth =

0.5)) +
128 labs(title="Raw Data", subtitle="A")

30 b <- ggplot (PISA_short, aes(x=GROSAGR, fill=CNT)) +

131 geom_histogram(show.legend = FALSE, position = "identity", alpha=0.5) +
132 scale_x_continuous (name="Growth Mindset (GROSAGR)", expand=c(0,0), limits
=c(-6, 6)) +

133 scale_y_continuous(name="Frequency", expand=c(0, 0), limits=c(®, 2000)) +
134 scale_fill_manual (values=c("#002654", "#ffce00")) +
135 theme_minimal () +
136 theme (text = element_text(family="serif"), panel.grid.minor = element_
blank (),
panel.border = element_rect(color = "grey", fill = NA, linewidth =
0.5)) +
138 labs(subtitle="B")

40 # bivariate

111 € <- ggplot (PISA_short, aes(x=CREATAS, y=GROSAGR, col=CNT)) +

142 geom_point (show.legend = FALSE, alpha=0.3) +

143 scale_x_continuous(name="Creative Activities at School (CREATAS)", expand
=c(®, 0), limits=c(-6.5, 6.5)) +

144 scale_y_continuous (name="Growth Mindset (GROSAGR)", expand=c(0,0), limits

=c(-6, 6)) +
145 scale_color_manual (values=c("#002654", "#£ffce®0")) +
146 theme_minimal () +
147 theme (text = element_text(family="serif"), panel.grid.minor = element_
blank (),
148 panel.border = element_rect(color = "grey", £fill = NA, linewidth =
0.5)) +

149 labs(subtitle="C")
150

151 ## Cluster means

153 # estimate cluster means and create data frame

15+ CREATAS_cluster_means <- aggregate(PISA_short$CREATAS, 1list(PISA_short$
CNTSCHID), FUN=mean, na.rm=TRUE, na.action=NULL)

5 GROSAGR_cluster_means <- aggregate(PISA_short$GROSAGR, list(PISA_short$
CNTSCHID), FUN=mean, na.rm=TRUE, na.action=NULL)

7

156

157 PISA_short <- PISA_short[order (PISA_short$CNTSCHID),]
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j <= cO
country <- c()

v for (i in l:nrow(PISA_short)){

198

tmp_j <- PISA_short$CNTSCHID[i]
if (i==1){
country <- append(country, PISA_short$CNT[i])
j <- append(j, tmp_j)
} else {
if (tmp_j > tail(j, n=1)){
country <- append(country, PISA_short$CNT[i])
j <- append(j, tmp_j )

PISA_short_cluster_means <- data.frame(j=1:444, country=country, CREATAS=

CREATAS _cluster_means$x, GROSAGR=GROSAGR_cluster_means$x)

# univariate
77 d <- ggplot(PISA_short_cluster_means, aes(x=CREATAS, fill=country)) +

geom_histogram(show.legend = FALSE, position = "identity", alpha=0.5) +
scale_x_continuous(name="Creative Activities at School (CREATAS)", expand
=c(0, 0),
limits=c(-6, 6)) +
scale_y_continuous(name="Frequency", limits=c(0, 150), expand=c(®, 0),) +
scale_fill_manual (name="Country", values=c("#002654", "#ffce0®0")) +
theme_minimal () +
theme (text = element_text(family="serif"), panel.grid.minor = element_
blank (),
panel.border = element_rect(color = "grey", fill = NA, linewidth =
0.5)) +
guides(colour = guide_legend(override.aes = list(alpha = 1))) +
labs(title="Cluster Means", subtitle="D")

<- ggplot (PISA_short_cluster_means, aes(x=GROSAGR, fill=country)) +
geom_histogram(show.legend = FALSE, position = "identity", alpha=0.5) +
scale_x_continuous(name="Growth Mindset (GROSAGR)", expand=c(0,0),
limits=c(-6, 6)) +
scale_y_continuous(name="Frequency", limits=c(®, 150), expand=c(0, 0),) +
scale_fill_manual (name="Country", values=c("#002654", "#ffce®0")) +
theme_minimal () +
theme (text = element_text(family="serif"), panel.grid.minor = element_
blank (),
panel.border = element_rect(color = "grey", fill = NA, linewidth =
0.5)) +
guides(colour = guide_legend(override.aes = list(alpha = 1))) +
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200 labs(subtitle="E")

201

20 # bivariate

203 £ <- ggplot (PISA_short_cluster_means, aes(x=CREATAS, y=GROSAGR, col=country
)) +

204 geom_point (alpha=0.3) +

205 scale_x_continuous (name="Creative Activities at School (CREATAS)", expand

=c(0, 0,

206 limits=c(-6, 6)

207 ) +

208 scale_y_continuous (name="Growth Mindset (GROSAGR)", expand=c(0,0),

209 limits=c(-6, 6)

210 ) +

211 scale_color_manual (name="Country", values=c("#002654", "#ffce0®0")) +

212 theme_minimal () +

213 theme (text = element_text(family="serif"), panel.grid.minor = element_
blank (),

214 panel .border = element_rect(color = "grey", £fill = NA, linewidth =

0.5)) +
215 guides(colour = guide_legend(override.aes = list(alpha = 1))) +
216 guides(colour = guide_legend(override.aes = list(alpha = 1))) +

217 labs(subtitle="F")

2va +b+c+d+ e+ £+ plot_layout(nrow=2, guides=’collect’) & theme(text
= element_text("serif"), legend.position = "bottom") # Fig.4

»3 ##### (5) Inspecting the Data IV: Missing Data

25 ## What is the proportion of missingness?

26 vis_miss (PISA_short)

27 # 28% of CREATAS and 20% of GROSAGR missing

»s # for each country:

29 table(is.na(PISA_short$CREATAS), PISA_short$CNT)#/nrow(PISA_short)
>0 table(is.na(PISA_short$GROSAGR), PISA_short$CNT)#/nrow(PISA_short)
31 # numbers from footnote Fig.3

233 ## Is the missingness systematical?

234 # MCAR: missings are completely independent of other variables and the
missing value itself

235 # MAR: missings are dependent on other variables but not on the missing
itself

236 # MNAR: missings are independent of the other variables but they are not
random

23 ## Let’s check the missing patterns (= co-occurence of missings in multiple
variables).
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## (a) descriptive

# by figure with percentages

md.pattern(PISA_short, rotate.names = TRUE) # note this function is from
package mice but mcar_test is from package naniar

rows: missing patterns
numbers to left: cases for each missing pattern
number to right: number of missings in missing pattern

H OH H W

numbers at bottom: number of missing cases for each variable (column) -->
absolute numbers we got in figure before

# 4 patterns

# most often all variables existent (1. row),

8137 / (8137 + 1182 + 312 + 2067) # approx. 70% cases without any missings,
thus, 30% of cases with at least one missing!

> # then one missing in CREATAS (2. row),
3 (1182) / (8137 + 1182 + 312 + 2067) # approx 10% of only missing CREATAS

# then missings in CREATAS and GROSAGR (4. row),

(2067) / (8137 + 1182 + 312 + 2067) # approx 18% of missing CREATAS and
GROSAGR

# Note 10% + 18% add up to the 28% missing cases reported for CREATAS
before

# then one missing in GROSAGR (3. row)

(312) / (8137 + 1182 + 312 + 2067) # approx 3% of only missing GROSAGR

## (b) inferential

# by using Little’s (1988) test that compares patterns of missingness

# HO: MCAR

# H1: not MCAR

# Note CNT and CNTSCHID are perfectly correlated and can thus not be used

in the same test bc of multicollinearity (i.e., singularity)
# we drop CNT
mcar_test (PISA_short[, c("CNTSCHID", "CREATAS", "GROSAGR")])

# test is significant, thus evidence that MCAR does not hold

## explore MAR assumption

# create missing data indicators (missing=1, existent=0)

PISA_short$missing CREATAS <- ifelse(is.na(PISA_short$CREATAS), yes=1, no
=0)

PISA_short$missing_GROSAGR <- ifelse(is.na(PISA_short$GROSAGR), yes=1, no
=0)

## (a) descriptive
# by correlation table
cor_data <- PISA_short

129



STRUCTURAL EQUATION MODELING: A MULTIDISCIPLINARY JOURNAL 23

29 cor_data$CNT <- ifelse(cor_data$CNT == "Albania", yes=1, no=0) # recode to
numeric bc character does not work

230 cor <- cor(cor_data, use = "pairwise.complete.obs")

cor [upper.tri(cor)] <- NA

»» print (round(cor, 2), na.print="")

28

234 # missingness has large correlation with country (0.393 and 0.431)

285 # missingness has large correlation with cluster (-0.393 and -0.431)

26 # contingency of missingness (or presence) of both variables is quite large

(0.667), we see this in the missing patterns

237 # together, this suggest a design effect (i.e., questionnaires not
administered in certain clusters in countries)

%3 # missingness has small correlation with other variable (-0.065 and 0.120)

230 # most importantly, country has moderate to large correlation with the
other variable (0.425 and -0.235)

290

21 ## (b) inferential

200 # by fitting logistic mixed-effects models to predict missingness

293 # Note that a variable and their missingness indicator cannot be used in
the same model because of multicollinearity (e.g. GROSAGR and missing_
GROSAGR) .

24 # Thus, we consider one model for each.

295

296 # CREATAS

27 model _CREATAS <- glmer(missing_CREATAS ~ CNT * GROSAGR + (1 | CNTSCHID),
family = binomial, data = PISA_short)

203 summary (model _CREATAS)

299 # CNT and GROSAGR predict NA in CREATAS

500 model _CREATAS_mi <- glmer(missing_CREATAS ~ CNT * missing_GROSAGR + (1 |

CNTSCHID), family = binomial, data = PISA_short)
summary (model CREATAS _mi)
3o # CNT, NA in GROSAGR, and their interaction predict NA in CREATAS

30

303

504 # GROSAGR

505 model _GROSAGR <- glmer (missing_GROSAGR ~ CNT * CREATAS + (1 | CNTSCHID),

family = binomial, data = PISA_short)

500 summary (model_GROSAGR)

307 # CNT predicts NA in CREATAS

model _GROSAGR_mi <- glmer (missing_GROSAGR ~ CNT * missing_CREATAS + (1 |
CNTSCHID), family = binomial, data = PISA_short)

30 summary (model _GROSAGR_mi)

sl10 # CNT, NA in CREATAS, and their interaction predict NA in GROSAGR

311

30!

>

320 # evidence for MAR: missingness can be predicted by other variables (or

missingness of other variables) in data and country
33 # thus imputation is warranted, but first we inspect another source of
missingness and estimation problems
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w7 ##### (6) Reformating I: Balanced Cluster Sizes in LF
318 # necessary for imputing unbalanced data, and to reformat to WF later

20 ## create new data frame with balanced number of students
»1 PISA_short_balanced <- data.frame/(
322 j = rep(l:g, each=n_max),
i = rep(l:n_max, times=g),
324 CNTSCHID rep(NA, n_max*g) , # incomplete
25 CNTSTUID = rep(NA, n_max*g), # incomplete
326 CNT = rep(NA, n_max*g),
2 CREATAS = rep(NA, n_max*g),
328 GROSAGR = rep(NA, n_max*g),
329 missing_CREATAS = rep(l, n_max*g),
130  missing_GROSAGR rep(l, n_max*g)

133 # sort data by school
331 PISA_short <- PISA_short[with(PISA_short, order (CNTSCHID)), ]

36 # £ill in existing data

7 for (j in 1:g) {

338 school <- unique(PISA_short$CNTSCHID)[j]

339 students <- filter(PISA_short, CNTSCHID == school)$CNTSTUID

10 nSchool <- length(students)

341 PISA_short_balanced$CNTSCHID[((j - 1) * n_max + 1):((j - 1) * n_max +
nSchool)] <- school

342 PISA_short_balanced$CNTSTUID[((j - 1) * n_max + 1):((j - 1) * n_max +
nSchool)] <- students

PISA_short_balanced$CNT[((j - 1) * n_max + 1):((j - 1) * n_max + n_max)]
<- unique (PISA_short$CNT [which(PISA_short$CNTSCHID == school)])

344 PISA_short_balanced$CREATAS[((j - 1) * n_max + 1):((j - 1) * n_max +
nSchool)] <- PISA_short$CREATAS [which(PISA_short$CNTSCHID == school)]

345 PISA_short_balanced$GROSAGR[((j - 1) * n_max + 1):((j - 1) * n_max +
nSchool)] <- PISA_short$GROSAGR[which(PISA_short$CNTSCHID == school)]

346 PISA_short_balanced$missing CREATAS[((j - 1) * n_max + 1):((j - 1) * n_
max + nSchool)] <- PISA_short$missing_CREATAS[which(PISA_short$CNTSCHID
== school)]

07 PISA_short_balanced$missing_GROSAGR[((j - 1) * n_max + 1):((j - 1) * n_
max + nSchool)] <- PISA_short$missing_GROSAGR[which(PISA_short$CNTSCHID
== school)]

348 }

50 # Now N=n_max*g = 19980 level-1 units.
51 # Final subsample per country: g*n_max = N

> table(nData$country) *n_max
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15 # "genuine" missings and unbalanced data

55 table (PISA_short_balanced$missing_CREATAS, PISA_short_balanced$CNT)
356 table (PISA_short_balanced$missing_GROSAGR, PISA_short_balanced$CNT)
357 # numbers from footnote Fig.4

61 ##### (7) Multiple Imputation
32 # in LF and country-wise

s34 # set imputation method for CREATAS and GROSAGR

s meth <- mice(PISA_short_balanced, maxit = 0)$method

36 meth["CNTSCHID"] <- ""

367 meth[c("CREATAS", "GROSAGR")] <- "2l.pan" # homogeneous variances in each
group (i.e., country) assumed

0 # create imputation models for CREATAS and GROSAGR
70 pred <- make.predictorMatrix (PISA_short_balanced)

s pred[ , "j"] <- -2 # Set cluster variable

s pred[e("j", "i", "CNTSCHID", "CNTSTUID", "CNT", "missing_CREATAS", "missing
_GROSAGR"), ] <- ® # no models for these variables

373 pred[ , c("i", "CNTSCHID", "CNTSTUID", "CNT", "missing_CREATAS", "missing_

GROSAGR") ] <- ® # not used as predictors ###### no CNT
374

375 # impute

376 imp_Albania <- mice(filter (PISA_short_balanced, CNT == "Albania"),
predictorMatrix = pred, method = meth, seed = 123)
377 imp_Ireland <- mice(filter (PISA_short_balanced, CNT == "Ireland"),

predictorMatrix = pred, method = meth, seed = 123)

379 # inspect single imputed data sets

50 stripplot (imp_Albania, CREATAS, pch = 19, xlab = "Imputation number")
331 stripplot (imp_Ireland, CREATAS, pch = 19, xlab = "Imputation number™)
s stripplot(imp_Albania, GROSAGR, pch = 19, xlab = "Imputation number")
353 stripplot(imp_Ireland, GROSAGR, pch = 19, xlab = "Imputation number")

334 # Because the imputed data sets appear quite similar, we will combine them
instead of estimating models for each
35 # data set and pooled the results.

37 # compare descriptive stats of existent and imputed data (Tab.1)

338 ex_Alb <- describe(select (PISA_short_balanced[PISA_short_balanced$CNT == "
Albania",], CREATAS, GROSAGR))

330 imp_Alb <- describe(select(complete(imp_Albania), CREATAS, GROSAGR))

w0 ex_Ire <- describe(select(PISA_short_balanced[PISA_short_balanced$CNT == "
Ireland",], CREATAS, GROSAGR))

1 imp_Ire <- describe(select(complete(imp_Ireland), CREATAS, GROSAGR))

» # for both countries, mean and sd are quite similar in the existent and

imputed data
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402

403

404

405

406

408

409

410

411

5

4

413

4

4

415

416

124

425

426

427

# combine imputed data sets of both groups (i.e., countries)
s PISA_short_balanced_imp <- rbind(complete(imp_Albania), complete(imp_

Ireland))

7 # plot imputed data (Fig.5)
108 ggplot (PISA_short_balanced_imp, aes(x=CREATAS, y=GROSAGR, col=CNT)) +

geom_point (data = transform(PISA_short_balanced_imp, CNT = NULL), col="
grey85", alpha=0.5) +
geom_point (show.legend = FALSE, alpha=0.3) +
facet_grid(CNT ~ missing_CREATAS, margins=TRUE, # adds an additional
facet for all levels combined
labeller=as_labeller(c(’0’="Existent", ’1’="Imputed", ’(all)’=
"All", ’'Albania’="Albania", ’Ireland’="Ireland"))) +
scale_x_continuous(name="Creative Activities at School (CREATAS)", expand
=c(®, 0), limits=c(-6.5, 6.5)) +
scale_y_continuous (name="Growth Mindset (GROSAGR)", expand=c(0.05,0.05),
limits=c(-6, 6)) +
scale_color_manual (values=c("#002654", "#ffce®0", "black")) +
theme_minimal () +
theme (text = element_text(family="serif"), panel.grid.minor = element_
blank (),
panel.border = element_rect(color = "grey", £ill = NA, linewidth =
0.5))

##### (8) Reformating II: Format LF to WF
# where each row corresponds to a school
PISA_short_balanced_imp_WF <- select(PISA_short_balanced_imp, -c("CNTSCHID"

, "CNTSTUID", "missing_CREATAS", "missing_GROSAGR")) # drop variables,
otherwise formating faulty

PISA_short_balanced_imp_WF <- pivot_wider (PISA_short_balanced_imp_WF, names

_from = i, values_from = c("CREATAS", "GROSAGR"), names_sep = ".")

##### (9) Model Estimation

## Homogeneity/Heterogeneity is set differently for both levels:
> # Level-1: in model syntax (by using same or different parameter labels)
3 # Level-2: with function parameter group .equal = c("lv.variances", "lv.

covariances") (by setting it or leaving it out)

# Thus, the model syntax below is the same for all models.
# (Note that the variances at each level in the homogeneous models equal

the pooled variances in the heterogeneous models.)

varNames <- c("CREATAS", "GROSAGR") # variable names in vector required for
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loop
1»s p <- length(varNames)
429

10 ## within (p*n)

432 # means set to O

33 means_w <- c()

424 tmp <- Q)

45 count <- 0

16 for (j in 1:p){

137 for (i in 1:n_max){

438 count <- count + 1

139 tmp[count] <- paste®(varNames[j], ".", i, "~0%*1")

an }
4> means_w <- paste(tmp, collapse = "; ")
us ## between (p)

17 # factor loadings
us fac_load_b <- c(Q)

wo tmp <- ¢()

50 for (j in 1:p){

451 for (i in 1:n_max){

452 tmp[i] <- paste®("1*", varNames[j], ".", i)

w  }

454 fac_load_b[j] <- paste®("f", varNames[j], " =~", paste(tmp, collapse="+")
)

455 }

156 fac_load_b <- paste(fac_load_b, collapse="; ")

48 # variances and means

40 fac_var_b <- c(Q)

wo fac_int_b <- ¢

1w for (j in 1:p){

162 fac_var_b[j] <- paste®("f", varNames[j], "~~f", varNames[j])
163 fac_int_b[j] <- paste®("f", varNames[j], "~1")

464 }
w5 fac_var_b <- paste(fac_var_b, collapse="; ")
wo fac_int_b <- paste(fac_int_b, collapse="; ")

46

s # covariances

w fac_cov_b <- cQ)

470 count <- 0

41 for(j in 1:p){

72 for(m in 1:p){

473 if(j '=mé&m> j){
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510

511

count <- count + 1

fac_cov_b[count] <- paste®("f", varNames[j], "~~", "f", varNames[m])
I
}
3
fac_cov_b <- paste(fac_cov_b, collapse = "; ")
model_WF_B <- paste(fac_load_b, fac_var_b, fac_cov_b, fac_int_b, sep="; ")

### Model with Homogeneous Within- and Between-Cluster (Co)variances

## within (p*n)

# variances

tmp2 <- cQ)
resid_var_w_homo <- c()
tmp3 <- cQ)

> for (j in 1:p){

for (i in 1:n_max){

tmp2[i] <- paste®(varNames[j], ".", i)
tmp3[i] <- paste®(tmp2[i], "~~c(", varNames[j], "_both, ", varNames[j],
"_both)*", tmp2[i]) # same label for parameter ACROSS groups
}
resid_var_w_homo[j] <- paste(tmp3, collapse="; ")
}
o resid_var_w_homo <- paste(resid_var_w_homo, collapse="; ")

# covariances

» resid_cov_w_homo <- c()
; count <- 0

for (i in 1:n_max){
for(j in 1:p){
for(m in 1:p){
if(j l=m &m > j){
count <- count + 1

3 }

resid_cov_w_homo[count] <- paste®(varNames[j], ".", i, "~~c(",
varNames[j], "_", varNames[m], "_both, ", varNames[j], "_", varNames[m],
"_both)*", varNames[m], ".", i) # same label for parameter ACROSS
groups
i
i
}
resid_cov_w_homo <- paste(resid_cov_w_homo, collapse="; ")

model _WF_W_homo <- paste(resid_var_w_homo, resid_cov_w_homo, means_w, sep =

"5
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s model_WFmultigroup_homo <- paste(model_ WF_W_homo, model_WF_B, sep="; ")

w

519

50 fit_WFmultigroup_homo <- sem(model = model_WFmultigroup_homo,

521 data = PISA_short_balanced_imp_WF,
522 group="CNT",
523 group.equal = c("lv.variances", "lv.

covariances"))
52« summary (fit_WFmultigroup_homo)

527 ## the "genuine" lavaan ML MG SEM returns very similar estimates in the
most recent version on Github (0.6-19.2186).

53 # Note that here only the function parameter "group.equal" controls whether

a fully homogeneous/heterogeneous model is estimated.

529

53 model _MLMGSEM <- c(

532 Group: 1

533 Level: 1

534 CREATAS ~~ CREATAS

535 GROSAGR ~~ GROSAGR

536 CREATAS ~~ GROSAGR

537 Level: 2

538 CREATAS ~~ CREATAS

539 GROSAGR ~~ GROSAGR

540 CREATAS ~~ GROSAGR

542 Group: 2

543 Level: 1

544 CREATAS ~~ CREATAS

545 GROSAGR ~~ GROSAGR

546 CREATAS ~~ GROSAGR

547 Level: 2

548 CREATAS ~~ CREATAS

549 GROSAGR ~~ GROSAGR

550 CREATAS ~~ GROSAGR

ss2 ) # Note that the same model syntax is used for the fully heterogeneous
model later.

553 # Alternatively, one could use parameter labels to denote homogeneous (i.e
., same label in both groups) or heterogeneous (i.e., differen labels in
both groups) parameters

ss¢+ # (just as in the WFmultigroup approach; see also the models that are
heterogeneous at one level in the genuine ML MG SEM approach).

sso fit_MLMGSEM_homo <- sem(model = model_ MLMGSEM,
557 data = PISA_short_balanced_imp, # data in LF!
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559

560

561

563

564

565

566

567

568

569

570

589

590

591

599

cluster="j",
group="CNT",
group.equal = c("residuals", "residual.covariances")
# homogeneous
D)
summary (£it_MLMGSEM_homo)

### Model with Heterogeneous Within-Cluster (Co)variances
## within (p*n)
# variances (with n-wise equality constraints)

tmp2 <- c(Q)
tmp3 <- c()

» resid_var_w_hetero <- c()

for (j in 1:p){
for (i in 1l:n_max){

tmp2[i] <- paste®(varNames[j], ".", i)
tmp3[i] <- paste®@(tmp2[i], "~~c(", varNames[j], "_albania, ", varNames[
j1, "_ireland)*", tmp2[i]) # same label for parameter WITHIN groups
}
resid_var_w_hetero[j] <- paste(tmp3, collapse="; ")
}
resid_var_w_hetero <- paste(resid_var_w_hetero, collapse="; ")

3 # covariances (with n-wise equality constraints)

resid_cov_w_hetero <- c()

s count <- 0

for (i in 1:n_max){
for(j in 1:p){
for(m in 1:p){
if(j '=mé&m> j){
count <- count + 1

5 1

resid_cov_w_hetero[count] <- paste®(varNames[j], ".", i, "~~c(",
varNames[j], "_", varNames[m], "_albania, ", varNames[j], "_", varNames[
m], "_ireland)*", varNames[m], ".", i) # same label for parameter WITHIN
groups
}
3
}
resid_cov_w_hetero <- paste(resid_cov_w_hetero, collapse="; ")

model _WF_W_hetero <- paste(resid_var_w_hetero, resid_cov_w_hetero, means_w,

sep = "; ")
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646

647

648

649

650
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652

653
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655

656

657

658

659

660

661
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664

665
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668

669

670

676

677

678

679

680

681

682

683

684

685

686

687

688

689

690

model _WFmultigroup_hetero_B <- paste(model_WF_W_homo, model_WF_B,

fit_WFmultigroup_hetero_B <- sem(model =
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")

sep=";

model _WFmultigroup_hetero_B,

data = PISA_short_balanced_imp_WF,

group="CNT"#

#group.equal

covariances")

)

summary (fit_WFmultigroup_hetero_B)

= c¢("lv.variances", "lv.

## Here you have to use the most recent version on Github (0.6-19.2186)

again with its "genuine" ML MG SEM which yields very similar estimates.

model _MLMGSEM_hetero_B <- c(

fit_MLMGSEM_hetero_B <- sem(model =

)

Group: 1
Level: 1
CREATAS ~~
GROSAGR ~~
CREATAS ~~
Level: 2
CREATAS ~~
GROSAGR ~~
CREATAS ~~

Group: 2
Level: 1
CREATAS ~~
GROSAGR ~~
CREATAS ~~
Level: 2
CREATAS ~~
GROSAGR ~~
CREATAS ~~

CREATAS _both*CREATAS
GROSAGR_both*GROSAGR
CREATAS _GROSAGR_both*GROSAGR

CREATAS _albania*CREATAS
GROSAGR_albania*GROSAGR
CREATAS _GROSAGR_albania*GROSAGR

CREATAS _both*CREATAS
GROSAGR_both*GROSAGR
CREATAS _GROSAGR_both*GROSAGR

CREATAS_ireland*CREATAS
GROSAGR_ireland*GROSAGR
CREATAS_GROSAGR_ireland*GROSAGR

data = PISA_short_
cluster="j",
group="CNT"

summary (fit_MLMGSEM_hetero_B)

model _MLMGSEM_hetero_B,

balanced_imp,



32 WALTHER, HECHT, NAGENGAST, ZITZMANN

691

692

694

695

696

697

698

719

720

### Model with Heterogeneous Within and Between-Cluster (Co)variances

5> model_WFmultigroup_hetero_WB <- paste(model _WF_W_hetero, model_WF_B, sep=";

")

fit_WFmultigroup_hetero_WB <- sem(model = model_WFmultigroup_hetero_WB,
data = PISA_short_balanced_imp_WF,
group="CNT"#,
#group.equal = c("lv.variances", "lv.
covariances")
)
summary (fit_WFmultigroup_hetero_WB)

» ## the "genuine" lavaan ML MG SEM returns very similar estimates

fit_MLMGSEM_hetero_WB <- sem(model = model_MLMGSEM,
data = PISA_short_balanced_imp,
cluster="j",
group="CNT"#,

#group.equal = c("residuals", "residual.covariances

"
)
summary (fit _MLMGSEM_hetero_WB)

### Model Comparisons

anova(fit_WFmultigroup_homo, fit_WFmultigroup_hetero_W)

anova(fit_WFmultigroup_homo, fit_WFmultigroup_hetero_B)

anova(fit_WFmultigroup_homo, fit_WFmultigroup_hetero_WB)

anova(fit_WFmultigroup_hetero_B, fit_WFmultigroup_hetero_WB)

# the most complex model, that has heterogeneous within- and between-
cluster (co)variances, fits the data best
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