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Chapter 1

INTRODUCTION

Behavioral economics offers a framework for understanding human decision-making by incor-
porating psychological insights to explain systematic deviations from rationality. Unlike tradi-
tional economic models that assume fully rational agents, behavioral economics acknowledges
that human behavior is often constrained by cognitive limitations, influenced by emotions, and
shaped by social contexts (Chen 2024). This perspective enables the study of phenomena such
as loss aversion, reference dependent preferences, and non-Bayesian judgment—the perception
that the intuitive probability assessments of people may diverge from statistical principles like
Bayes’ rule. These topics have attracted significant empirical attention across fields like eco-
nomics, psychology, and sociology, contributing to a more realistic understanding of decision-
making processes (Camerer, Loewenstein, and Rabin 2006; Chen, Lakshminarayanan, and San-
tos 2006).

Particular focus has been placed on reference dependence and loss aversion, biases which
have been explored in both experimental and real-world settings (e.g., Abdellaoui, Bleichrodt,
and Paraschiv 2007; Marzilli Ericson and Fuster 2011; Pope and Schweitzer 2011). The prospect
theory of Kahneman and Tversky (1979) has become a cornerstone for understanding how ref-
erence dependence and loss aversion influence decision-making under uncertainty. It suggests
that people evaluate outcomes based on potential gains or losses relative to a reference point.
A key insight from this theory is that individuals are generally loss averse, indicating that they
experience losses more intensely than equivalent gains.

Building on this, Kahneman, Knetsch, and Thaler (1990) report that individuals tend to as-
sign a higher value to objects they own. This phenomenon is known as the endowment effect
and can be explained by emotional attachment, sentimental value, or symbolic importance. The
implications are far-reaching. For instance, loss aversion in the context of the endowment ef-
fect can help explain systematic differences between selling and buying prices. In the real estate
market, Genesove and Mayer (2001) show that sellers facing potential losses tend to set 25-35%
higher asking prices than expected selling prices and achieve 3-18% higher final selling prices
than if they were not subject to such losses.

Deviations from rationality are also evident in financial stock markets, where market par-
ticipants often respond inconsistently to new information. Over- and underreactions serve as
prominent behavioral mechanisms in the asset pricing literature. For instance, Barberis, Shleifer,
and Vishny (1998) develop an investor sentiment model based on psychological evidence to ex-
plain stock price over- and underreactions to both positive and negative news. Similarly, Daniel,
Hirshleifer, and Subrahmanyam (1998) argue that investors incline to overreact to private infor-

mation and underreact to public news, explaining market anomalies such as long-term reversals,



momentum, excessive volatility, and return predictability following public events. This behavior
is linked to two psychological biases: overconfidence in the reliability of private information and
self-attribution bias, which inconsistently impacts investor confidence based on investment out-
comes. Behavioral economics, therefore, enhances our understanding of why decision-makers
often diverge from rational economic predictions, with significant implications for fields such as
consumer behavior, public policy, and financial decision-making.

This dissertation builds on existing literature respecting the core principles outlined by
Camerer, Loewenstein, and Rabin (2006), who emphasize the importance of incorporating
empirically-driven models that account for real-world psychological influences on economic
decision-making. The primary objective of this thesis is to quantify the short-term behavioral
responses of the average market participant to new information and contribute robust empirical
evidence through the application of advanced statistical methods. To achieve this, this present
work uses sports betting markets as a controlled laboratory, which offer a unique setting charac-
terized by exogenous terminal values, short and predetermined contract expiration dates based
on event outcomes that are independent of participants’ actions', and rich longitudinal data
(Moskowitz 2021). This controlled environment provides a robust foundation for generalizing
the findings to broader financial and economic markets.

Sporting events have sparked significant research interest due to several distinct advantages
(Moskowitz 2021; Palacios-Huerta 2023). First, they enable the identification of effects, which
is often challenging in other settings where direct physical or financial consequences confound
the relationships being studied. Sports bets are isolated from systematic economic risks and
have exogenous terminal values, allowing for a clearer analysis of investor behavior and pricing
anomalies without the confounding effects of broader market risks. Second, sports are a regular
part of everyday life for many people and evoke intense but “normal” emotions. Third, bet-
ting markets provide valuable data that facilitate the measurement of reference point-dependent
emotions, which form a central focus of this dissertation. Additionally, this thesis highlights the
importance of advanced statistical models—particularly new Bayesian regularization methods,
for effectively managing large datasets and addressing complex, high-dimensional models—and
emphasizes the critical role of sophisticated methods in extracting meaningful insights from
data.

Chapter 2? examines the impact of immediate emotions on human behavior, by exploring
whether and how experienced surprise and suspense are related to alcohol use as a mass phe-

nomenon. Empirical research on how emotions affect behavior is scarce. Most existing studies

!'This statement focuses on legitimate market behavior, explicitly excluding any illegal activities within betting mar-
kets, such as corruption, match-fixing, or bribery. For example, Wolfers (2006) highlights point-shaving in Na-
tional Collegiate Athletic Association (NCAA) Division I basketball, where players intentionally limit their team’s
margin of victory to manipulate betting outcomes. The findings suggest that approximately 6% of strong favorites

engage in such practices, affecting around 1% of all games.
2Chapter 2 is based on Fischer et al. (2024), available at SSRN.



rely on lab experiments that struggle to induce or control intense emotions (Tymula and Glim-
cher 2018). Unlike previous work, which often examines post-match behavior with significant
time lags between the emotional trigger and the observed actions, the study focuses on the im-
mediate behavioral responses to the reference point-dependent emotions surprise and suspense,
as formalized by Ely, Frankel, and Kamenica (2015). Through an in-depth analysis of emotional
drinking, the study provides the first field evidence, ensuring high external validity.

To explore the connection between emotions and alcohol use, the analysis employs a random
intercept model, estimated using Bayesian methods with regularization. The dataset consists of
high-frequency transaction data on beer sales from nearly 100 matches played by a top-division
soccer team in Germany and detailed in-play event data and betting odds. The evaluation ac-
counts for both negative and positive emotional states during the match—a critical distinction,
as prior research suggests that individuals experiencing positive emotions tend to be more risk
averse than those experiencing negative emotions (Isen 2008). The findings provide robust evi-
dence of emotional drinking, with stable net effects, indicating that surprise leads to increased
beer sales. This is in line with psychological theories (e.g., Cooper et al. 1995; Greeley and Oei
1999) that people turn to alcohol in emotionally charged situations and might help explain exist-
ing evidence on sporting event-related violence or traffic fatalities, for instance. Additionally, the
results show that individuals tend to respond more quickly to negative emotional signals than to
positive ones.

Chapter 3° builds on the previous chapter by addressing the challenges associated with esti-
mating complex, high-dimensional models like those discussed earlier. In these contexts, tradi-
tional estimation methods like ordinary least squares often produce biased parameter estimates
with low accuracy due to overfitting, overparameterization, or the failure of asymptotic assump-
tions when the number of predictors (D) exceeds the number of observations (V). Dimension-
ality reduction becomes especially important when the design matrix is sparse or the data exhibit
high multicollinearity.

In Bayesian frameworks, regularization can be achieved through shrinkage priors. However,
existing shrinkage priors come with limitations. For example, spike-and-slab priors, traditionally
regarded as the gold standard in sparse Bayesian estimation, become computationally intensive
in high-dimensional settings due to slow mixing and convergence (Mitchell and Beauchamp
1988; Bhadra et al. 2017). The Bayesian lasso, on the other hand, struggles to sufficiently shrink
small coeflicients (representing noise) while excessively shrinking large coeflicients due to its
relatively light-tailed distribution, making it less robust to outliers (Carvalho, Polson, and Scott
2008; Armagan, Dunson, and Lee 2013). Similarly, the horseshoe prior has practical limitations.
As noted by Piironen and Vehtari (2017), it lacks a mechanism for incorporating prior knowledge
about sparsity levels in the parameter vector, often leaving too many parameters unshrunk.

These limitations, along with the need for greater precision and adaptability, motivated the

3Chapter 3 is based on Nagel et al. (2024), published in Structural Equation Modeling: A Multidisciplinary Journal.



development of the Dirichlet-horseshoe prior, a novel approach that combines and extends the
principles of the regularized horseshoe (Piironen and Vehtari 2017) and Dirichlet-Laplace pri-
ors (Bhattacharya et al. 2015) to overcome the shortcomings of existing methods. Compared
to the regularized horseshoe, the Dirichlet-horseshoe applies stronger shrinkage to predictors
that are less important than the average, while applying less shrinkage to those that are more
important. As the explanatory power of the predictor variables becomes more uniform, the
Dirichlet-horseshoe gradually approximates the regularized horseshoe, encompassing it as a spe-
cial case when all predictors have equal importance. This adaptive approach allows the Dirichlet-
horseshoe to act as a regularizer with enhanced selectivity, effectively distinguishing between
significant and insignificant signals.

A series of simulations and empirical applications show that this new prior outperforms stan-
dard alternatives in terms of accuracy and precision, while also providing competitive coverage
ratios. This approach offers a robust and highly accurate solution for high-dimensional estima-
tion in finite samples across various sparsity levels, including both N < D and N > D scenarios,
and under different levels of predictor correlation.

Chapter 4* addresses the dissertation’s overarching research question by investigating how
the average market participant and market makers behave and respond to new information—
particularly when initial prices display biases and are imprecise—and quantifies how rapidly the
market reacts to this information. Understanding the mechanisms behind price discovery and
equilibrium dynamics is crucial in financial market research. The concept of tatonnement, intro-
duced by Walras (1889), describes a process in which agents continuously adjust their offers until
supply and demand reach equilibrium—a key aspect of price discovery. Biais, Hillion, and Spatt
(1999) apply this concept to the preopening period in the Paris Bourse, demonstrating that early
preopening prices are noisy, but become more informative as the market approaches opening.
This convergence towards equilibrium serves as a fundamental component for understanding
price formation.

Research in this area is often constrained by the absence of a fundamental or terminal value
for assets, necessitating the use of proxies—typically the last available price—which can intro-
duce bias. To address this limitation, the study investigates the sports betting market as a setting
where terminal values are known. Previous studies in sports settings often rely on in-play data or
assess aggregated effects from opening to closing using cross-sectional data from a single book-
maker. In contrast, this analysis employs time series data from multiple bookmakers across the
entire betting period, marking the first investigation of pre-match learning behavior in the sports
betting market with such comprehensive data.

The findings offer new insights into price discovery and learning. While opening prices are
often noisy and biased, they become more accurate as the market approaches closure, indicat-

ing significant learning primarily driven by the average bettor, who continuously updates their

*Chapter 4 is based on Nagel (2024), available at SSRN.



beliefs based on new information. Notably, evidence of learning emerges not immediately at
the start of the betting period but increases toward the middle, continuing almost until closing.
Learning rates, estimated using both the Generalized Method of Moments (GMM) and Baye-
sian methods, show substantial variation across bookmakers and market segments. Higher ini-
tial prices exhibit faster learning, and learning rates differ according to competition levels, with
quicker adjustments observed in prominent, high-stakes matches. This heterogeneity suggests
that the market’s ability to incorporate information and correct mispricings varies with the level
of competition, match prominence, and price ranges.

The final chapter synthesizes and integrates the key aspects from each study. It examines
their implications for behavioral economics, economic decision-making, and broader financial
contexts, while also discusses the limitations of the research. Additionally, it proposes poten-
tial avenues for future investigation, including applications in fields such as finance and labor
economics, areas where cognitive biases and emotional reactions can also significantly influence
decision-making. Investigations within these frameworks could contribute to further exploring
key questions in behavioral economics and strengthen the understanding of economic behavior

and decision-making processes.



Chapter 2

EMOTIONAL DRINKING: SURPRISE, SUSPENSE, AND ALCOHOL

Use DURING SOCCER MATCHES”

2.1 Motivation

Surprise and Suspense, as formalized by Ely, Frankel, and Kamenica (2015), are reference point-
dependent emotions® that can explain why people seek non-instrumental information by watch-
ing a sporting event live or following political news before presidential elections, for example.
Consequently, Surprise and Suspense might explain demand in the entertainment industry but
also inform the analysis of broader social issues like voting. In this paper, we explore whether
and how experienced Surprise and Suspense are related to alcohol use as a mass phenomenon.”

For many years, economic research has extensively addressed the emotions that people might
experience after making a decision, such as regret (Loomes and Sugden 1982, for example), but it
has rarely considered the effects of immediate emotions on human behavior. More recent studies
explicitly incorporate cues, such as the smell of alcohol, into models of human behavior though
(e.g., Laibson 2001). Likewise, Loewenstein (2000) elaborates on the theoretical relevance of
immediate emotions and the consequences of a wide range of visceral factors, such as anger
or fear, for bargaining behavior, decision-making under risk and uncertainty, or intertemporal
choice. He concludes that “visceral factors play an essential (probably the dominant) role in
human behavior” (p. 427).

The anecdotic evidence for such a claim is manifold. This includes, for example, couples
failing to work out prenuptial agreements in happy times, politicians entangling in sex scan-
dals ruining their careers, as well as violent and risky compensatory behavior like emotional
eating or drinking. Robust empirical evidence on how emotions influence behavior, however,
is scarce. Moreover, existing studies have commonly relied on lab experiments, which by their
very nature cannot induce (or control) intense emotions (Tymula and Glimcher 2018). Con-

sequently, researchers have started to leverage settings that induce strong emotional responses,

>This chapter is a revised version of Fischer et al. (2024), available at SSRN.

®In detail, Surprise is a backward-looking emotion that relates events, such as goals scored during a soccer match,
to anterior beliefs about the final outcome of a match, for instance. Suspense instead is an anticipatory forward-
looking emotion attributed to the variance in the next period’s beliefs.

"Previous studies explore the effects of Surprise and Suspense on sports demand, in the context of Wimbledon ten-
nis (Bizzozero, Flepp, and Franck 2016), Premier League soccer (Buraimo et al. 2020), UEFA Champions League
matches (Richardson, Nalbantis, and Pawlowski 2023), or eSports events (Simonov, Ursu, and Zheng 2023), as well
as on social media use (Pawlowski et al. 2024). Kessler et al. (2022) examine how short-term fluctuations in inci-
dental happiness affect economic behavior by conducting a series of experiments in a sports bar, but the authors

consider self-reported measures of surprise and excitement.

6



such as weather extremes, terrorist attacks, political conflicts, or sporting events.

In recent years, especially sporting events have become an area of interest because they typi-
cally have some key advantages over the other mentioned settings (Palacios-Huerta 2023). First,
the effect of emotions can be clearly identified, which is much more difficult (if not impossible)
in the other settings, where direct physical or financial consequences confound the relation of
interest. Second, sporting events in general, and regular league games in particular, are present
in many peoples’ everyday life. Therefore, they are associated with an intense but more “nor-
mal” set of emotions. Third, betting markets provide useful information to accurately measure
reference point-dependent emotions which are in the focus of this research.

Opverall, focused on post-match behavior, these studies exploit settings in which the temporal
lag between the emotional trigger and observed behavior is comparably large.® This is different
in our paper, in which we explore the immediate behavioral response to the reference point-
related emotions Surprise and Suspense. We propose extending the framework by Ely, Frankel,
and Kamenica (2015) to support our attempt to provide the first field evidence of the effects of
immediate emotions on alcohol use.

Alcohol use in general is deeply rooted in society, widely recognized as a leading risk factor
for death and disability (e.g., Griswold et al. 2018), and a major contributor to criminal behavior
such as family violence (Klostermann and Fals-Stewart 2006). However, even though “virtually
all major theories of drinking behavior and alcohol problems include an important role for emo-
tional factors” (Lang, Patrick, and Stritzke 1999, p. 3281f.), field evidence of the immediate effects
of emotions on alcohol use as a mass phenomenon is largely missing.

In this regard, sporting events are a particularly relevant setting to explore, given the propen-
sity for increased alcohol consumption by spectators® and the established links between sporting
events and traffic fatalities (Wood, McInnes, and Norton 2011), family violence (Card and Dahl
2011), and other forms of criminal behavior (Munyo and Rossi 2013). Due to data limitations,
these studies are not able to comprehensively explore the role of alcohol directly. However, Klick
and MacDonald (2021), for instance, provide some indirect evidence for the impact of game-
related alcohol consumption on crime near the stadium by exploiting variation in Major League
Baseball (MLB) match duration between the last alcohol call at the end of the seventh inning
and the end of the match. Moreover, there is some survey evidence suggesting that a disturbing

number of spectators with comparably high levels of blood alcohol levels claims to be driving

$Edmans, Garcia, and Norli (2007), identifying negative domestic stock market reactions following losses of national
soccer teams, were among the first to investigate the effects of sports sentiment. Others have more explicitly focused
on reference point-based behavior by exploiting upsets. For instance, upset losses in the National Football League
(NFL) (Card and Dahl 2011) or the National Basketball Association (NBA) (Cardazzi et al. 2022) increase family
violence, and those in college football leagues apparently increase the sentence lengths imposed by juvenile court
judges (Eren and Mocan 2018), while upset wins in colleague football increase excessive partying and reports of
rape (Lindo, Siminski, and Swensen 2018). In contrast, neither upset wins nor upset losses are associated with

football-related violence in Germany (Andres, Fabel, and Rainer 2023).
9See https://adf.org.au/insights/alcohol-and-sport- potent-mix/, for example (retrieved on April 3, 2024).
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home after a sporting event (Wolfe, Martinez, and Scott 1998).

To investigate the link between emotions and alcohol use, we combine high-fre-quency trans-
action data on beer sales during almost 100 matches played by a first division soccer team in Ger-
many with the corresponding in-play event information and betting odds. These data allow us
to measure Surprise and Suspense and to account for potential negative and positive emotional
states during a match. Theoretically, this differentiation seems important because people expe-
riencing positive (rather than negative) affect were found to be more risk averse (Isen 2008). As
aresult, a home team fan is likely to make different consumption decisions after a goal scored by
the home team than after a goal scored by the away team, for example. Moreover, in contrast to
North American sports where there are rules related to cutting of alcohol sales during the game,
there are no such constraints on alcohol sales in our setting. If alcoholic beverages are forbidden,
their sale in the stadium is prohibited before, during, and after the entire match. This is a rare
occurrence in our sample, however, and we consider it in the analysis.

Our proposed random intercept model is estimated by means of Hamiltonian Monte Carlo
and has two levels. Level 1 (within-level) consists of match minute-specific information. Level
2 (between-level) contains match-specific data to control for differences in alcohol sales across
matches. This empirical design may help to justify the conditional independence assumption.
However, it raises concerns about issues of reverse causality. In principle, if alcohol use in-
fluences fan behavior, it also might affect relevant match events. Home advantage is a well-
established phenomenon in sports, and it can be attributed, at least partly, to crowd noise and so-
cial pressure on referees (Garicano, Palacios-Huerta, and Prendergast 2005). Fan support tends
to be dynamic during a match, and some of that dynamism might reflect the alcohol level con-
sumed by the crowd, such that alcohol use at time t might influence the style of play, for instance,
which could ultimately affect match outcome. However, the likelihood of alcohol-induced en-
thusiastic cheering altering key events during the match seems negligible, given the average of
88.5 beers sold per minute during the match in our sample.

Opverall, our findings provide some robust evidence for emotional drinking. First, we find sta-
ble net effects for Surprise increasing beer sales suggesting—in line with psychological theories
(e.g., Cooper et al. 1995; Greeley and Oei 1999)—that people turn specifically to alcohol in emo-
tionally charged situations. Second, the revealed temporal pattern of the effects of Suspense on
beer sales—which are initially negative and then positive—can be attributed to the fear of missing
important plays when Suspense increases and the desire to alleviate boredom by drinking alco-
hol when Suspense is low (Patrick and Schulenberg 2011). This finding lends some credibility
to the claim by Wood, McInnes, and Norton (2011) that sporting event-related traffic fatalities
after close matches are due to aggressive driving caused by high levels of testosterone rather than
excessive drinking during the match. Finally, while we find that people seem to respond more
quickly to negative (rather than positive) signals, our findings do not differ significantly between

positive and negative emotional states.



2.2 Data and Measures

The underlying data consist of three pools. The first pool gathers transaction data (second-
by-second sales of beer, water, hot wine punch, and so on) from VfB Stuttgart, a German
first division soccer club. For the second pool, we obtain data regarding the sports betting
market and basic match facts (e.g., minute-by-minute in-play and closing odds, date of the
match, kickoft time) from NowGoal and OddsPortal. The third pool includes key match
events, match day information, and further information on the teams (e.g., goals, red cards,
ten minute-by-ten minute weather) from OptaSports, kicker.de, transfermarkt.de, Deutscher
Wetterdienst (German weather service), Google Maps, kalender-online.com, schulferien.org,
and cannsatter-volksfest.de. For more details and exact sources see appendix Tables A.3 and A.4,

respectively.

2.2.1 Setting

We observe spectator behavior in the MHP (former Mercedes-Benz) Arena, where the first di-
vision (Bundesliga) soccer club VB Stuttgart plays its home matches. Exploiting real in-play
match events and using rarely accessed in-play transaction data (excluding sales during halftime,
pre- and post-match) from the Mercedes-Benz Arena offers a promising approach, for several
reasons. First, VB Stuttgart’s home matches draw some of the highest average attendances in Eu-
rope (e.g., 51.983 in season 2015/16'?), so our analysis should be resilient, due to the high number
of transactions. To track transactions, the club uses TCPOS'! (point-of-sell technology), which
documents every transaction taking place at any cash point in the stadium in a fully coherent,
self-contained system.

Second, during the observed seasons, no stadium construction projects were taking place.
Thus, no selection effects arise due to the unavailability of certain stands, for example. Moreover,
no unexplained heterogeneity can arise as the result of changing beer vendors; for the entire
sample, the vendor is the same, namely, Krombacher.

Third, this stadium imposes a strict segregation of spectators in sectors, surrounded by fences,
during all matches, which is unlike the situation in many other stadiums in the Bundesliga.
Across five areas, spectators cannot flow easily'?, though they can enter the catacombs in their
section, which feature screens that allow them to watch the match and its key evens even if they

are not in the stands, such that in-play information could affect their consumption decisions even

10See https://www.worldfootball.net/attendance/bundesliga-2015-2016/1/, for example (retrieved on July 19,
2024).

'TCPOS is one of the global leading providers in the point-of-sell technology sector for hospitality and retail in-
dustries and is the official service provider in the Mercedes-Benz Arena. We can rule out inaccuracy due to the
absence of real-time information. We are able to perfectly match real time with the match minute, such that
delayed kickoffs do not lead to mismatched data points.

12For some matches, the away fan area is extended by seats in the Untertiirkheimer Kurve (opposite of the Cannstat-

ter Kurve). We address this anomaly in the data preparation stage.
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when they are waiting in line to make their purchases. This segregation enables us to estimate
effects for different stands and isolate home team versus away team fans, who likely experience
diametrically opposed emotions for the same match events.

Fourth, cashpoints in the stadium are located close to every stand, but it takes some time to
reach them. Still, contemporaneous or shortly delayed effects, such as in the same minute of or
shortly after a signal (e.g., a goal or a red card), could occur if people who are already at a cash-
point impulsively decide to purchase. The same holds true for spectators on their way, such that
they are in closer proximity to a cashpoint. Beer sales also might decrease in the short time span
surrounding an event if consumers and salespeople spontaneously turn their attention to a moni-
tor to see a replay. To explore such temporal patterns in behavior, we estimate contemporaneous
effects, as well as effects up to 9 minutes lagged.

Fifth, though we cannot draw conclusions at the individual level, the investigation of alcohol
use as a mass phenomenon is beneficial, especially as a form of reference point behavior. Ac-
cording to wisdom-of-the-crowd effects, the real expectations of people in aggregate should be
closer to rationally expected reference points than individual appraisals, which tend to be highly
biased. Research analyzing the individual effect of emotional cues must consider this deviation,

which can be challenging.

2.2.2 Beverage Sales

We operationalize alcohol consumption first in relation to beer sales, as the main dependent
variable. Subsequently, we also consider shandy and soft drinks to test for the relevance of alco-
holic strength. Water and hot wine punch sales provide controls for baseline consumption and

substitution effects, respectively. Table 2.1 summarizes beverage sales on a per minute basis.

Table 2.1
Descriptive Statistics: Beverage Sales Per Minute
count mean std min 25% 50% 75% max
Beer 8,820 88.5 57.4 0 44 76 123 320
Hot Wine 8,820 2.19 6.28 0 0 0 1 69
Shandy 8,820 8.64 8.35 0 3 12 68
Soft Drinks 8,820 16.7 17.1 0 5 11 23 130
Water 8,820 2.89 5.24 0 0 1 3 68

This table presents basic summary statistics of beverage sales on a per minute basis. The count variable is calculated by the
number of matches (98 in the main specification) times 90 match minutes (halftime break excluded). On average there are 88.5
beer sales per minute in our sample. The number of beer sales serves as the dependent variable in the main specification and
is substituted by shandy and soft drink sales in two alternative specifications. Water and hot wine (punch) control for baseline
consumption and substitution effects, respectively. Percentages of 25%, 50%, and 75% denote the respective quantiles.

Clearly, beer accounts for the most transactions, with an average of 88.5 per minute. The
corresponding, relatively high standard deviation of 57.4 give rise to the question of why beer
sales vary so much during matches. For all beverages, we also observe match minutes with no

sales. However, taking the lags, all observed minutes in the main specification actually exhibit
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beer sales; the zero sales minutes occur at the very beginning of the match. A typical match in
our sample exhibits 76 beer, 0 hot wine punch, 6 shandy, 11 soft drink, and 1 water sale(s) per
minute (see 50% quantile in Table 2.1). The fewest transactions actually involve water, taking
into account that hot wine punch is only sold in winter months.

Figure 2.1 illustrates the numbers in Table 2.1 by depicting the time series of beer and water
sold in the whole stadium, except for the away fan areas, for all matches in the sample (left) and
during a match between VB Stuttgart and SC Freiburg on Sunday, February 3, 2019, at 6:00 PM
(right), which ended in a draw (in stoppage time, which we do not consider in our analysis).

For beer, we identify a third-degree polynomial sales pattern over time (sales during the break

Figure 2.1
Beer and Water Sales, Full Sample and Exemplary Match
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This figure shows the development of beer and water sales over time for all matches in the sample (left) and for an exemplary
German first division soccer match between V{B Stuttgart and SC Freiburg on February 3, 2019 at 6:00 PM (right). The underlying
data reflect the whole stadium, except for away fan areas. Sales during the break are excluded. We do not consider stoppage time.
The figure depicts a typical movement of beer sales, which first decrease, then peak around the half-time break, and decrease
towards the end of the match.

excluded). Immediately after kickoft, beer sales begin to decrease signifying that fans who have
paid to see live sports leave the cashpoint areas where they can buy alcohol. The observed delay
likely reflects the queues at the cashpoints due to a high demand before kickoff. Also, fans arriving
too late or just before kickoft and not wanting to forgo a beer can contribute to this pattern.
Then, just before halfway through the first half, beer sales reach their local minimum be-
fore they rise and find a maximum right after halftime break. Obviously, there is nothing to
miss during the break in terms of live sports; halftime shows are either not presented or rather
unattractive in German soccer (cf. many U.S. sports) and the vast majority of fans do not have
access to convenience rooms. Directly after halftime (right next to the 45th minute), sales remain
at their overall maximum, again likely due to delay effects. We attribute the increase in the first

half to anticipation effects, such that consumers likely expect high demand and long lines during
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the break. Economically speaking, people with lower opportunity costs of missing out go to buy
early.

In the second half, beer sales drop considerably. Recall, there are no rules related to cutting
off alcohol sales like in the NBA. Therefore, this overall decline in sales in the second half might
occur because fans leave before the end of the match to avoid crowds or traffic jams (congestion).
An unfinished beer extends time in the stadium, because there is a deposit for returned cups.
Especially in cold winter months, people could substitute a drink in the second half with one
after the match in a bar near the stadium or at home, which arguably is more comfortable than
in the stadium.

All in all, water sales do exhibit a less clear pattern than beer sales. However, we can see
a typical increase at the beginning of the match and decreasing volume towards the end. More
relevant for our research, we do not find the distinct local maximum at the start across all matches,
for example, and the dynamics of beer and water sales show systematically different dynamics
on a per-match basis. By explaining beer sales, we are not summarizing transactions in general

but alcohol sales in particular.

2.2.3 Reference Point-dependent Emotions

Emotional cues, as we construct and calculate them for this research, refer implicitly to refer-
ence point-based behavior. In this regard, we complement recent papers that use professional
sports data in empirical tests of the theoretical prediction by Készegi and Rabin (2006) that util-
ity from deviations between rationally expected references points and actual outcomes influence
behavior under uncertainty (e.g., Card and Dahl 2011; Eren and Mocan 2018; Lindo, Siminski,
and Swensen 2018). Whereas these prior studies focus on post-match sentiment, we explore the
effects of emotional cues during a match.

As noted, we focus on the emotional cues Surprise and Suspense, theoretically introduced by
Ely, Frankel, and Kamenica (2015). With respect to their formulation for a soccer context, we

follow Buraimo et al. (2020). Our key explanatory variables are

Surprise, = u ( Z P} _P?JQ) and (2.1)

meH,D,A

Suspense, = u ( STpES [y | pES) — 0]+ p2S (o | 91S) —pl"]2> (2.2)
meH,D,A

with u (-) = v/ (2.3)

in which variable p represents a probability. The match minute is given by t. The path m €
{H, D, A} can refer to home (H), draw (D), or away (A). Superscript HG indicates a “Home
Goal’, such that p?, | | pf§ is the conditional probability in minute ¢ 4 1 of the match ending in

a draw given the home team scores in minute ¢ + 1, for example. The equivalent AG indicates an

12



“Away Goal”

As Equation (2.1) specifies, Surprise is a backward-looking measure. It is based on the path-
specific difference between the current outcome probability and the outcome probability in the
period just before the current one, which serves as reference point. To capture the entire move-
ment of changes, we can square and sum the differences between probabilities over all possible
outcomes. Squaring the components within the sum prevents the path-specific parts from cancel-
ing each other out and also weights large deviations more heavily. Surprise is high if the current
match situation does not align with former expectations, such as when an underdog scores an
opening goal just before the end of the match.

In contrast, Suspense is a forward-looking measure, suggesting a what-if scenario that reflects
the difference between the current outcome probability and the outcome probability in the next
minute, given that teams score in the next minute. Very unlikely goals might influence the out-
come probabilities strongly, which is why deviations from the reference points are weighted by
the probability of the event happening. Summing over the weighted probability space (home
win, draw, and away win) shows the expected value character of Suspense. Finally, Suspense is
high if the variance of potential outcomes for the next period is large. For example, toward the
end of the match, the two teams might equally likely score with a high probability in the next
period, and the current score indicates a draw.

The underlying utility function in Equation (2.3) controls for the curvature, reflecting the
relative valuation of low versus high values. If u (-) is equal to the identity function, it implies that
low cue portions are of similar importance to high portions. Root functions with low exponents
near 0 instead denote strongly diminishing utility.

Both cues are based on match outcome probabilities, for which we use transformed in-play
betting odds. However, both the unconditional probabilities and the conditional probabilities
specify hypothetical scenarios we cannot directly derive from bookmaker odds. For the un-
conditional probabilities p/’§ and p;'G, as well as the conditional probabilities p}; | p/S and
Py | pS in Suspense (Equation (2.2)) we follow and refine the simulation approach proposed
by Buraimo et al. (2020). For the exact procedure of calculating the cues, see Section A.1.

Endogeneity seemingly might be a concern, because emotions could trigger odds and there-
fore emotional cues. But we obtain the odds from the Asian bookmaker Crown, which should be
irrelevant for the typical fan of VB Stuttgart (in contrast with a regionally popular bookmaker
like tipico). Therefore, even when liquidity is low, emotionally involved people are unlikely to
account for significant betting volume. Instead, betting odds generally are likely to stem from
the high stakes of professional bettors (or syndicates) that use statistical models to determine
underpriced odds.

Outcome probabilities based on in-play betting odds inherently exhibit missing values, be-
cause the market closes around important match events like goals when the odds are updated.
Another reason for missing odds is the low liquidity that occurs when a match is practically de-

cided before the end. For the imputation of these values, we use a gated recurrent unit (GRU)
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network via TensorFlow (Abadi et al. 2015), which includes goals, red cards, and previous out-
come probabilities as features. In Appendix A.1.2.1, we describe this imputation procedure in
detail.

2.2.3.1 Emotional States

We distinguish between negative and positive emotional states, according to the perspective of
home fans. To be precise, we employ endogenous state switching (indicated by s) according to
the definitions in Table 2.2, where Ap; = p; — p;_1 and the current state is maintained when at
least one of the probabilities did not change, such that for any path sgn Ap, = 0. Irrespective
of numerical fluctuations, a change in the probability of one path should imply changes in the

probabilities of the other paths.

Table 2.2
Definition of State Switches
sgn Apl? sgn Ap? sgn Apf s
-1 1 1 0
-1 -1 1 0
1 -1 -1 1
1 1 1 1
-1 1 ! 0,if Ap? < Ap
1 3 I 1,if ApH > Ap

This table presents the criterions used to define emotional states. For example, when the sign of Ap; is negative (i.e., the home
probability decreased) and the sign of A for the other two paths is positive, we assume the home fans to be in negative state
S = 0. For all other combinations that are not part of the table, the system stays in the current state (e.g., when at least one of
the As is 0). Hence, we do not switch to the positive state S = 1 if the home probability has increased, the draw probability has
stayed the same, and the away probability has decreased. This is because a change in the home and away probability should go
along with a change in the probability for a draw. Contradicting cases of all signs being equal to 1 or -1 (probabilities need to
sum up to 1) are not shown.

Related to that, if we are unable to define a state for ¢ = 1, we choose the starting state at
random, and both states have the same probability to be selected (p denotes the pre-match out-
come probability for a home win, for example). Cases in which the sign is 1 or -1 for all three
paths are contradicting, because the probabilities need to sum up to 1. Appendix Table A.5 pro-
vides descriptive statistics pertaining to how the states are represented in the sample; appendix
Figure A.5 illustrates the distribution of the states during matches.

The state switching criteria in Table 2.2 based on changes in outcome probabilities are closely
related to Surprise, as defined in Equation (2.1). Although the sign of Surprise is strictly positive,
we can think of S = 0 and S = 1 as negative and positive Surprise, respectively, because the
marginal effect is free to switch signs, depending on the best fit.

We do not explicitly distinguish between negative and positive Suspense. Instead, we assume
that people are affected by Suspense regardless of the match event and the team they support,
because it is a phenomenon referring to an outcome that is yet to happen, and thus partisanship

should not create asymmetric responses. This implies that, independent of any preferences about
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the timing of the resolution of uncertainty during the match (Palacios-Huerta 1999; Dillenberger
2010), realized relief after a tension phase is likely important for defining the emotional direction
(i.e., negative or positive) rather than the expectation. Consequently, the emotional state in which

people experience Suspense in ¢ depends on the terminated and non-stochastic cue Surprise.

2.2.3.2 Visualization

In this section, we explicitly consider the entire stadium, excluding away fan areas. This sample
is the largest possible block of data, accounting for emotional direction, and therefore smooths
potential idiosyncrasies. Figure 2.2 reveals how cues reflect key match events like goals (HG and
AG), which change the outcome probability of the match. The data depicted by Figure 2.2 refers
to the same match between VfB Stuttgart and SC Freiburg in Figure 2.1.

Figure 2.2
Emotional Cues for Exemplary Match
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This figure shows the development of emotional cues over time for an exemplary German first division soccer match between VfB
Stuttgart and SC Freiburg on February 3, 2019 at 6:00 PM. Although V1B Stuttgart is the favorite, both cues exhibit a smaller jump
when the away team scores at the beginning of the match (denoted AG) compared with the home team goals at the end (denoted
HG). Key events like goals are more decisive when less time remains. Goals by the away team evoke the negative emotional state
0, from the perspective of home fans.

As we can see, Surprise as an adaptive variable returns to its pre-goal level very quickly after
Freiburg scores in the first half, due to the varying reference point p;_;. A goal for SC Freiburg
(away) leads to the negative state 0 for home team fans. Stuttgart was favored in the match, so an
away goal changes the match situation considerably. However, with a lot of time remaining, the
jumps are higher when Stuttgart first equalizes and then breaks the tie deep in the second half.

For Suspense, the obvious pattern is its characteristic upward trend over time. The less time
that remains, and the more information that is revealed, the greater the effect of a large variance
of potential events in the next period; every goal becomes more crucial with respect to the final

result.
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2.3 Model

2.3.1 Formulae and Dimensions

To deal with the longitudinal multilevel data, we follow Asparouhov, Hamaker, and Muthén
(2017) in determining
Yie = Yiie + Yo (2.4)

where i is the match index, and the match minute is captured by ¢. That is, Equation (2.4) rep-
resents the orthogonal decomposition of the dependent variable Y}; into two components, in
which Y5; (between-level) is the time average of Y;;, and Y}, (within-level) is oscillating around
Ys;, such that Yy, = Y, — Y5;. The explained variable Y is a matrix that comprises the number
of beverage sales across matches in its N rows and the number of units sold over time, i.e., during
the matches in it’s T columns. The same applies to Y;. In contrast, Yz isa IV x 1 vector, reflecting
the lack of time specificity at level 2.

Having introduced the main components of the model, we can establish the within-level

equation as

L L
[Yii | Sip = 8] = v1; + Z Yiie-nora + Z (X1i(t—1)Bist + Zrict—1yY1st) 2.5)
1=1 1=0 .

+ Whiithies + €13t -

Then at the between-level, we set up
vip = ZziY2 + V2

which is a random intercept model. In other words, mean sales vary between matches, which we
explain with a fixed-effects vector (Z2;) and a random component (vs;).

We choose hierarchical modeling over a classical fixed-effects estimator because it offers a
higher number of degrees of freedom and thus increased model precision. The slope parameters
are more flexible, in the sense that they are not tied to a single intercept. The first-difference
estimator, as common alternative, is not suitable, due to the trend-stationary dependent variable;
to use it, we would have to take multiple differences to obtain a stationary time series, and data
are costly in our rather small sample. Instead, we introduce match minute dummies, using W3,
to capture general sales patterns, unrelated to events in the match (see Section 2.2.2).

Intercept /1 and random term v are NV x 1 vectors; the match minute dummy vector W7 is
N xT and its coeflicient vector 101 is 1 X T". Cues collected in X; (N x7T"x (G ;) share a marginal
effect object 31 with dimensions G;; x 1. The fixed-effects in Z; and Z3 are N X T' x G 9
and G2 x N objects, such that G 5 and G5 are the number of covariates in Z; and Z,. The

marginal effect objects ¢, 71, and «, have corresponding dimensions: 1 x 1, G » x 1, and
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(3 X 1, respectively. Finally, the residual € isa N x T" matrix".
As Equation (2.5) illustrates, the whole model is conditional on the state S;; = s. Lagged
marginal effects thus apply to sales in ¢, given a certain state s, irrespective of whether the system

was in a different state in the previous period.

2.3.2 Main Specification

For the main model specification, we use 98 matches from 6 seasons, spanning from 2013/14 to
2018/19."* We limit the set to league matches (i.e., Bundesliga and 2. Bundesliga, which are Ger-
many’s first and second divisions) to keep the sample homogeneous with respect to length and
point in time at which the match outcome is determined. Cup matches, with potential overtime
and penalty shootouts, thus are excluded. In addition, we do not consider stoppage time, so each
time series lasts 90 minutes and has the exact same length for all matches. Next, we eliminate
4 high risk matches, for which the league decided that no alcohol, or only light beer, would be
sold. The dependent variable includes beer sales and this main model specification refers to the

entire stadium except for away fan areas.

2.3.2.1 Covariates

We control for weather conditions and substitutions at the within-level. For example, rain could
simultaneously alter both the relative strength between teams and drinking behavior. Also, ex-
cept for the potentially negligible effect of the entering player, there can be no updates to outcome
probabilities during substitutions. That is, the systematic absence of match key events like goals
and red cards during substitutions clearly affects outcome probabilities and simultaneously of-
fers fans an opportunity to go for a drink. Therefore, we add substitutions as covariates. Other
theoretically relevant variables at the between-level include the total number of spectators and
the price of beverages, which can improve model precision. For a summary of all variables, see
appendix Table A.3.

2.3.2.2 Priors

For the main specification, we use several prior distributions. Without any theoretical guidance
related to most of the parameters, and considering that the level-1 sample size which is not ex-

tremely small, we apply weakly informative priors in most cases. First, we choose

e ~ N (0,0%) witho ~ C*(0,1) ,

BThroughout this paper, we represent vectors, matrices, and higher dimensional objects with bold letters to distin-
guish them from scalars.
A regular season consists of 34 matches or 17 home matches per season. Subtracting the 4 high risk matches we

exclude thus yields 98 matches.
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where C'* denotes the Half-Cauchy distribution. Second, we specify
V2 NN(N(O, 1) 7N+ (07 1)) )

where N is the truncated normal distribution. Third, we use a continuous version of the spike-
and-slab prior (Mitchell and Beauchamp 1988; George and McCulloch 1993; Ishwaran and Rao
2005), such that

0, Aj,c ~N (0702)\]') where 0; € {b15, B1s, V15, Y15, V2}
such that A\; ~ Beta(0.5,0.5) forj =1,...,.J,and (2.6)
A ~T713,1).

Except for 11 (no lags) and ~y» (no states), all vectors affected by the spike-and-slab design con-
tain lagged values and are state-dependent. The feature space is comparably large, and it is dif-
ficult to foresee which variables explain variation in the dependent variable, so we choose to
regularize all parameters, which also helps prevent overfitting.

The spike-and-slab prior uses a binary indicator variable A that determines whether the co-
efficient is zero (i.e., it comes from a “spike’, A — 0) or non-zero (“slab, A — 1). The slab
width is denoted by the parameter c. It is generally not flexible to fix ¢, so a common practice
entails placing a hyperprior on c to allow for heavy-tailed slabs. The sparsity information of the

coefficient vector can be controlled with the parameters of the Beta prior in Equation (2.6).

2.4 Empirical Results

2.4.1 Main Specification

Figure 2.3 depicts the main model posterior distributions of marginal effects 311 (Surprise) and
B2 (Suspense) separately for negative (0) and positive (1) states. In addition to the contempora-
neous effects (I = 0), we present all effects up to nine minutes lagged (L = 9).

The statistically and economically significant effects for Surprise and Suspense on the number
of beer sales are most pronounced for [ = 3. We use the median (dashed line) of the | = 3
marginal effect in positive state 1 for Surprise (upper panel) as an example; it is equal to 0.0190.
A one standard deviation increase in positive Surprise then increases the conditional mean of
the number of beers sold during minute 3 after by approximately 1.9%, ceteris paribus. If we
take the average value of 85.5 from Table 2.1 as a basis, this increase corresponds to roughly two
additional beers. At first glance, this effect might not seem notable, except that—as the exemplary
match between ViB Stuttgart and SC Freiburg in Figure 2.2 reveals—the leading goal for Stuttgart
increases Surprise more than 0.8. Considering the standard deviation of 0.07 for Surprise in state
1 (see appendix Table A.7), the marginal effect in this numerical example increases by a factor of

approximately 10, such that 17 additional beers are sold (20% of 85.5).
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Figure 2.3
Main Model Posterior Distributions
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This figure shows the posterior distributions of the coefficients for Surprise and Suspense, based on the main specification. The
posteriors are depicted for all lags in both states (negative state 0 and positive state 1). For example, a positive effect for Surprise
appears in both states 3 minutes lagged (see distributions for the third lag in the upper panel). The median depicted by the dashed
line, equal to 0.0190 for positive state 1, implies that a one standard deviation increase in Surprise in positive state 1 increases the
conditional mean of the number of beers sold during minute 3 after a key match event by approximately 1.9%, ceteris paribus.

This effect for [ = 3 corresponds to just a single minute; the total effect is longer lasting. For
example, we find clearly positive posterior distributions for Surprisewhen! = 2,1l = 4,andl = 5
as well. Besides, not all people in the stadium drink alcohol (e.g., children, teetotalers, pregnant
women).

The coeflicients for Suspense (lower panel) follow the same reasoning, but the main effect
when | = 3 is clearly larger than that of Surprise for both states. However, due to the lower
relative increase of Suspense for the second home goal though (Figure 2.2), we calculate that
approximately 10 beers less are sold in [ = 3 at state 1, if we follow the same procedure described
for Surprise. Also, the posteriors are wider (less precise), so our conclusions with respect to
Suspense reflect greater uncertainty. Overall though, we yield several notable findings.

First, both Surprise and Suspense initially decrease beer sales. While this pattern is imme-
diately evident for Surprise and longer lasting in the positive state 1 (i.e., for /| = O and [ = 1)

compared to the negative state 0 (only for [ = 0), it occurs later for Suspense and is mainly evident
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for [ = 3 in both states.

Second, in the longer run, both Surprise and Suspense unfold positive effects at decreasing
margins. Again, the switch from negative to positive posteriors occurs earlier for Surprise com-
pared to Suspense. Likewise, we observe this switch for the negative state 0 earlier compared to
the positive state 1. Overall, and even though this pattern is less clear for Suspense compared
to Surprise, it might suggest that people respond more quickly to negative (rather than positive)
signals in our setting.

Third, when aggregating all effects over [ = 0 to [ = 9, we do observe a clear positive net
effect for Surprise in both states. For Suspense, however, the positive effects in the longer run can
hardly compensate for the strong negative effects we observe for | = 3, thus suggesting rather a
small negative net impact (if any).

Appendix Table A.8 contains the posteriors of all variables used in the main specification.
The most important covariates for both states at the within-level are the first half dummy and the
lagged dependent variable, which both control general time series pattern. The first half dummy
is contemporaneously negatively associated with beer sales. The coefficients for the lagged de-
pendent variable are positive and mostly decreasing in size with higher-order lags. Furthermore,
we identify some isolated non-zero posterior distributions across lags in positive state 1 like the
coefficients related to the number of hot wine punch units sold (positive) and the dummy for
home substitutions (negative). Alcohol consumption in negative state 0 seems rather unaffected
by covariates other than the away substitutions (one isolated negative effect across lags)'°.

At the between-level, the number of spectators (positive), the dummy for a first division
match (negative), some dummies for kickoff times (positive), and the pre-match probability that
the joint score exceeds 4.5 (positive) offer relatively great explanatory power with regard to the
number of beer sales. In addition, the prices for beer and hot wine punch (both positive), the pre-
match probability that the joint score exceeds 0.5 (negative), the dummies for the match taking
place on Saturday (positive) or Sunday (negative), and the number of active cashpoints (positive)
exhibit non-zero but more moderate coeflicients. For a visualization of between-match variation

in the number of beer sales, please see appendix Figure A.6'°.

15 Apparently, when people are willing to buy beer, they also turn to hot wine punch, or else hot wine punch drinkers
drive excess demand. Furthermore, substitutions of players during the match do not seem to serve as opportunities
to go for a drink. In contrast, the negative association of home substitutions suggests fans are interested in who is
being substituted or that substitutions are systematically conducted at crucial points of the match.

16We explain the positive coefficients of prices (beer and hot wine punch) with a combination of inflation and in-
creasing sales figures over the years. Moreover, the negative association for first division matches might suggest
that the prestige of matches (if relevant at all) is outweighed by more positive experiences in the second division,

in which the average winning probability for VB Stuttgart is significantly higher.
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2.4.2 Alternative Specifications

We start assessing the robustness of our main findings by exploring alternative priors and extend-

ing the number of seasons under consideration.

2.4.2.1 Priors

Prior distributions can strongly determine the empirical results in Bayesian estimation, which
may be a particular concern in relation to our comparably small sample setting with a lot of
weakly informative priors. Therefore, we test different distributions to determine if the results
change. In particular, we replace the spike-and-slab prior of the main specification with another
regularization prior, namely, the regularized horseshoe prior (Piironen and Vehtari 2017). In

turn, the definitions become

49] | Aj,T,C NN (0,72X§> Where 0] S {¢13,B13,7137¢13,’)’2} )

vy AN
Wlth)\j_m’
N ~CH0,1)forj=1,...,J, (2.7)
7 0

T ~ CH(0,73) using 7 =
@ ~T71(3,1)

relative to Equation (2.6). The regularized horseshoe shrinks large signals (coeflicients far from
zero) and therefore prevents flat posterior distributions. The largest parameters are regularized
according to AV (0, ¢?). For small coefficients (in absolute value), the horseshoe estimator applies
(Carvalho, Polson, and Scott 2009), because 5\32 — /\5. Generally, we follow Piironen and Vehtari
(2017) with respect to distributional choices and their values. We assume a share of 50% of all
features to be relevant (cf. ./ /2 in Equation (2.7), in which J denotes the size of the feature space).

Moreover, to investigate the effect of regularization, we also run a model with unregularized

prior distributions, such that we consider

o1, B1, 71, Y1s, Y2 NN(N(Oa 1) >N+ (0> 1))

in contrast with the main specification. Overall, we confirm our three main findings (appendix
Figures A.7 and A.8).

2.4.2.2 Seasons

Most of our data cover two additional seasons, that is, 2011/12 and 2012/13. Unfortunately, we
lack bookmaker in-play odds for these two seasons (to the best of our knowledge). As a robust-
ness check, we leverage these two seasons and predict the in-play odds for 2011/12 and 2012/13,
using a feedforward neural network (appendix Table A.2) in TensorFlow (Abadi et al. 2015),
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which entails an added set of 34 league matches. We describe the exact imputation procedure
in Appendix A.1.2.2. With this larger sample, we reaffirm our three main findings (appendix
Figure A.9).

2.4.3 Are Updating Beliefs Important?

Buraimo et al. (2020) propose another cue, Shock, which is similar to Surprise but applies to a

different reference point. In concrete terms, the reference point in

0.5
Shock, = ( >y —pgnf) (2.8)

meH,D,A

is po, which refers to the fixed pre-match outcome probability at the start of the match before
any in-play information is revealed. Therefore, Shock is backward looking like Surprise but per-
sistently affected by key match events. Often, Shock exhibits a long-term upward or downward
trend, reflecting the low scores that characterize soccer. The more time that goes by, the lower
the likelihood for changes, which reinforces the direction in which Shock already moves. When
including Shock as regressor, our main findings hold. Moreover, Shock does not appear relevant
for explaining the number of beer sales, across all combinations of states and lags (appendix
Figure A.10).

2.4.4 Does Involvement Matter?

Including the whole stadium (cf. away fan areas) creates a trade-off between sample size and
accuracy. Most transactions considered in the main specification involve home fans, but there is
a margin for diffusion, because in some stands, away fans can mingle with home fans. To gain
greater accuracy with respect to the direction of the effect of emotional cues on beer sales, we
thus focus on the Cannstatter Kurve only, which represents a smaller but more homogeneous
sample of home fans. We adjust variables related to the target stand accordingly. For example,
the number of cashpoints is limited to those in the Cannstatter Kurve only, rather than the whole
stadium. Apart from the slightly weaker effects for Surprise and the less clear temporal pattern

for the negative state 0 and Surprise, our main findings remain (appendix Figure A.11).

2.4.5 Isit About Alcohol Use?
2.4.5.1 Shandy

In the main specification, we do not combine beer and shandy, due to their distinct alcoholic con-
tent and taste. If we take shandy as dependent variable, we can test if people consciously turn to
alcohol to deal with sport-related emotions during the match, such that we expect smaller effects
(in absolute terms) or generally less clear signals for the cues in this analysis. With the exception

of Surprise when [ = 4 (positive) in negative state 0, no effects differ unambiguously from zero
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(appendix Figure A.12). Therefore, we do not find evidence for any of our main findings with

this alternative dependent variable.

2.4.5.2 Soft Drinks

We also consider soft drinks as dependent variable, using aggregated sales of Coca-Cola, Coca-
Cola Zero, Fanta, Mezzo Mix, Sprite, and Lift Apfelschorle (apple spritzer). Again, we seek to
determine if people specifically turn to alcohol in emotional situations during the match or in-
stead buy beverages in general when the match is not suspenseful, for example. In positive state
1, no effects unambiguously differ from zero. Furthermore, we only find a similar pattern to beer
sales for Surprise in negative state 0. However, when aggregating all effects over { = 0to [ = 9,

the net increase (if any) in soft drink sales is small (appendix Figure A.13).

2.5 Discussion

2.5.1 Observed Behavior

In conclusion, we find Surprise and Suspense to initially decrease beer sales while unfolding some
positive effects at decreasing margins in the longer run. Overall, these patterns seem intuitively
plausible. For Surprise, the immediate decrease in beer sales can result from tumult or distraction
in the stands and at the cashpoints. After a key match event, people need time to stand up, go to
the cashpoint, maybe wait in the line, and finish the transaction. For Suspense, the (compared to
Surprise) slightly delayed decrease in beer sales might suggest that fans postpone consumption
in suspenseful phases, then react to match key events when the suspense gets resolved. Likewise,
saturation effects might explain why the positive effects we find in the longer run get smaller
toward the end of the observation period: Once a fan has bought a beer, they are not likely to
buy another one immediately.

When aggregating all effects over [ = 0 to [ = 9, we do observe a positive net effect for Sur-
prise in both states. Because we find almost no effects when we replace beer by shandy and much
weaker effects on soft drink purchases as the dependent variable, we conclude that people might
turn specifically to alcohol in emotionally charged situations'’. Overall, this interpretation is
in line with psychological theories. Greeley and Oei (1999) provide an overview of the tension

reduction theory (TRT), according to which negative (emotional) stress/tension increases alco-

17One might argue that the (mainly) zero-centered posteriors for Surprise and Suspense when analyzing shandy and
soft drink sales may be related to differences in consumers. If, for instance a larger share of women prefer shandy
or a larger share of children prefer soft drinks, and they would respond differently to emotional cues, selection
effects might confound our results. Despite the heterogeneity in consumer groups between beer, shandy, and soft
drink buyers, we should observe similar effects for all beverages if there is just a general pattern of opportunity
(e.g., spectators believe that it would be a good time to get a drink immediately after a key match event because
there is less likelihood of another event immediately following). However, we do not find such similarities across

beverages.
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hol use, because individuals consume alcohol for its stress-response dampening effects. Cooper
et al. (1995) emphasize the importance of considering different psychological motives for drink-
ing. While TRT focuses on alcohol as a potential moderator of negative affective states, they find
alcohol to be used to regulate (and facilitate) positive emotions as well.

Moreover, the weaker effects for Surprise in the die-hard fans specification likely reflects their
greater emotional involvement. A kind of emotional threshold may need to be surpassed to
spark a consumption decision. This threshold could depend on the composition of the group of
consumers. If the average die-hard fan is more involved than other fans and imposes a higher
emotional threshold to be passed, because their opportunity costs of not watching are higher, a
certain amount of Surprise would lead to comparably fewer beer sales. Furthermore, the die-hard
fans in the standing room might systematically turn to mobile beer runners; due to the higher op-
portunity costs and in response to the poorer accessibility of cashpoints. This behavioral choice
decreases the observed number of beer sales. As a consequence, the effects of the cues would be
underestimated for die-hard fans.

In contrast to Surprise, we observe a small yet rather negative net effect for Suspense when
aggregating all effects over [ = 0 to [ = 9. In principle, this can be attributed to the fear of miss-
ing important plays when Suspense increases and is in line with Liu, Shum, and Uetake (2020)
who find that viewers of baseball games are much more attentive even to commercials in more
suspenseful phases. Because, we do not find such effects when we replace beer with shandy or
soft drinks, it could also well reflect the desire to alleviate boredom by drinking alcohol when
Suspense is low. In other words, fans might systematically turn to alcohol (social drinking) when
they are bored to make the experience more entertaining (Patrick and Schulenberg 2011). Inde-
pendently of the concrete underlying mechanism for the (small) negative net effect of Suspense
which we observe, it lends some credibility to the claim by Wood, McInnes, and Norton (2011),
who relate traffic fatalities after close matches to aggressive driving due to an increased testos-

terone level rather than drinking during the match.

2.5.2 Identification

Identification of the aforementioned effects relies on the assumption that we are not missing
variables violating strict exogeneity at the within-level, i.e., systematically changing both match
outcome probabilities (i.e., the cues) and the number of beverage (alcohol) sales. At level 1, the
missing control for different numbers of spectators during a match could be a source of endo-
geneity. If a very unbalanced outflow of either home or away team fans occurs, fan support for
each team changes, relative to the other team, over the course of the match. The number of spec-
tators at level 1 thus is an omitted variable that changes both the cues (outcome probabilities) and
the number of beer sales. However, we assume that dynamic fan support from non-die-hard fans
(die-hard fans will stay until the end of the match anyway), is responsive to the match, not the

other way around.
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Moreover, toward the end of a match, a systematic, not beverage-related difference might
arise, such as more purchases of bottled water instead of beer. A bottle is easier to take home
than a cup. In this case, water consumption would not be an appropriate control variable for base-
line consumption. However, we consider this issue largely irrelevant, because all nonalcoholic
beverages are poured into cups in our sample.

In addition to fixed cashpoints, mobile cashpoints and beer runners are available, whose loca-
tions and numbers vary across matches. Beer runners (exclusively) sell beer in the stands. After
the match, they clear their transactions at a single master cashpoint. Before the 2017/18 sea-
son, mobile cashpoints deposited their cumulative transactions with the master cashpoint too,
but after this season, each of them was equipped with their own cash register systems. Because
sales through mobile cashpoints are labeled though, we can segregate them. Our main depen-
dent variable does not refer to any sales through mobile cashpoints or beer runners. Although
we lack minute-by-minute data about beer runner sales, the club indicated that they could be
quite substantial. Because we can only control for the availability of beer runners, which reflects
heterogeneity in supply, we assume that the null aggregated post-match numbers imply their
absence.

Furthermore, adding beer runner sales at level 1 seems unlike to systematically adjust dif-
ferently to emotional cues and thus alter our main results substantially, but the estimates could
change. That is, we might identify stronger immediate effects, because fans do not have to walk
to the cashpoint; the opportunity costs for buying from a runner also are lower. A longer wait
time also could shift observed consumption back in time. Thus, our findings represent lower
bound estimates, because they exclude transactions by people with higher opportunity costs.

Finally, goals change the match outcome and could also affect alcohol use, whether emotion-
ally or indirectly due to the occasion, for example. Consequently, one might wonder whether
additionally controlling for goal dummies is relevant in our setting. We argue, that Surprise and
Suspense better reflect the match situation (probabilities rather than each goal treated equally)
and are more fine-tuned. For example, if we assume that the effect of a goal reflects both the
occasion and an emotion, and they both lead to alcohol use, the occasion part (long versus short
lines) and the level of emotion depend on the match situation, such that they still can be better
captured by Surprise and Suspense rather than a rough goal dummy, which exists irrespective of
the score. Also, a specification additionally including goal dummies likely undermines the effect
sizes of the coefficients for Surprise and Suspense due to multicollinearity. As a result, we refrain
from controlling goal dummies in our models.

In summary and to emphasize missing concerns regarding both reverse causality issues or
omitted variable bias at the within-level, we use the term “effect” instead of “association” for our
key regressors. For further discussions and comprehensive details on the covariates, data engi-
neering, and the algorithm used for estimation, please see Appendix A.1.3 to A.1.5 and appendix
Table A.3.
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2.6 Summary of Findings

We investigate the effects of emotional cues on alcohol sales during soccer matches, using real
data pertaining to both emotional cues and alcohol use. Overall, our findings provide some ro-
bust evidence for emotional drinking. First, we find stable net effects for Surprise increasing beer
sales. Because we find almost no effects when we replace beer by shandy and much weaker ef-
fects on soft drink purchases as the dependent variable, we conclude that people seem to turn
specifically to alcohol in emotionally charged situations. This is in line with psychological theo-
ries suggesting that alcohol may facilitate positive emotional experiences and reduce tension or
stress. Second, the revealed temporal pattern of the effects of Suspense on beer sales (which are
initially negative and then positive) can be attributed to the fear of missing important plays when
Suspense increases. Because we do not find this pattern when we replace beer with shandy or soft
drinks, it could also reflect the desire to alleviate boredom by drinking alcohol when Suspense
is low. Finally, while we find that people tend to respond more quickly to negative (rather than
positive) signals, our findings do not differ significantly between positive and negative emotional
states.

Broadly speaking, by providing empirical evidence for the influences of emotions experi-
enced during the decision-making process for consumption decisions, we highlight the impor-
tance of short-term emotions in determining economic behavior. More specifically, we con-
tribute to the sparse empirical literature on emotions and alcohol use as a mass phenomenon.

While one might be inclined to view the chosen setting of this study as not providing rep-
resentative evidence, it is important to note that the key issue for any such choice should be
the ability to observe and isolate the effects of interest (Falk and Heckman 2009). Furthermore,
“Angrist and Pischke (2010) remind us that empirical evidence on any causal effect is always
local” (Palacios-Huerta 2023, p. 5). We thus hope to encourage economists and psychologists
to model utility as a function of both preferences and emotions and to further test reference

point-dependent constructs of emotions in sports settings in the future.
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A Appendix

A.1 Additional Information on Estimation
A.1.1 Calculation of Emotional Cues

To calculate the emotional cues Shock, Surprise, and Suspense, we need match outcome probabili-
ties, because all three emotional cues reflect in-play probabilities for the three potential outcomes
H (home win), D (draw), and A (away win) in each minute of the match. Furthermore, Shock
and Surprise call for pre-match outcome probabilities, again for H, D, and A, in that the refer-
ence point for Shock is po (Equation (2.8)) and that for Surprise in match minute 1 requires pg as
reference point as well; Suspense also needs a starting point to simulate different potential match
outcomes, as we clarify subsequently. The simulation for Suspense needs pre-match probabilities
for the combined score to exceed a certain amount of goals.

We use betting odds to approximate these probabilities. In particular, we apply in-play odds
from NowGoal (bookmaker Crown) and pre-match closing 1X2 (H, D, A) odds, as well as pre-
match closing over/under odds'® from OddsPortal (the sources are detailed in Table A.4). Our
use of in-play odds diverges from the approach of Buraimo et al. (2020), who estimate outcome
probabilities based on the time remaining, the current score, and the number of red cards. That
is, they simulate different match outcomes by using historic goal distributions for the respective
league and use the relative frequencies for H, D, and A from the scorelines at the end of the match
as outcome probabilities. In contrast, we obtain the implied probabilities by taking the reciprocal
of the odds, which usually add up to a value greater than 1, called the over-round. Then, we
remove the difference between this over-round and 1 (considered the bookmaker commission
or margin) that is inversely proportional to the size of the odds so that the resulting pseudo-
probabilities, which we call normalized odds, sum up to 1.

The unconditional and conditional probabilities in Suspense (Equation (2.2)) outline hypo-
thetical scenarios that cannot be directly obtained from bookmaker odds. We adopt the simu-
lation method suggested by Buraimo et al. (2020) to calculate p} | | pfS, and p}, | pii9, but
refine their approach.

Buraimo et al. (2020) estimate the scoreline of each encounter by exploiting a priori informa-
tion about the teams’ strengths, past performances, coaches, venue, and all other factors that have
predictive power for the score. This information is embedded in pre-match odds. We use the
last odds quoted before the match starts, referred to as closing odds. Closing odds most precisely
reflect the market’s assessment of the match outcome by accommodating more information than
any other, previously quoted odds. Then we take the average across multiple bookmaker odds,
to avoid possible idiosyncrasies linked to individual bookmakers. Thus, the data contain closing

odds from up to 36 bookmakers and over/under odds from up to 34 bookmakers. To increase

"Over/under odds work as follows: If a bettor thinks there will be one or more goals for a given match, they will
bet on over 0.5 and win the wager if at least one team scores. If they anticipate that there will be not more than

two goals, they place their money on under 2.5.
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the number of over/under odds, we also collect data about the combined score to exceed/subceed
the statistics £0.5, £1.5, £2.5, £3.5, £4.5, and £5.5 goals.

Although Buraimo et al. (2020) proposes independent Poisson distributions to estimate the
number of goals scored by each team, we use a bivariate Poisson distribution to estimate the
scoreline and thereby relax the harsh independence assumption. Consequently, we assume that
the number of goals scored by the home team, denoted by the random variable R;, and the
number of goals scored by the away team, denoted by the random variable R», are jointly Poisson
distributed such that

5k1 5k2 min(k1,k2) L L 5. k
P(Ry = ki, Ry = k) = exp (=01 — 02 — 3) ;{%ﬂé Z k;l ]j & (ng)
e k=0

in which k; and £, are realizations of R, and R», respectively. Moreover, ¢; and 5 refer to the
scoring rates of the teams and
COU(Rl, RQ) = 53 .

If 93 = 0, we end up at the independent Poisson distributions.

We use this in-play model to generate the probabilities for every scoreline of a given match.
In addition, we calculate the probabilities for the match outcomes H, D, and A by summing the
scoreline probabilities. Note that we restrict k; and k5 to a maximum of 10, so we estimate the
joint probabilities of all reasonable hypothetical scorelines for which the number of goals of each
team does not exceed 10, such that P(R; = 10, Ry = 10) is the last probability estimated.

To estimate the scoring rates d;, d2, and 3, we minimize the squared difference between
the transformed bookmaker odds and our estimated probabilities from the in-play model. The

function we minimize is

F= 3 (dw—Pw),

meH,D,A
where p,, is a vector of probabilities obtained from our model, and g,,, denotes the vector of
normalized pre-match match win and over/under bookmaker odds. The match win odds provide
information about which scoring rate should be larger; the over/under odds help reveal the exact
size of the scoring rates when minimizing. For a match in which V1B Stuttgart is the clear favorite,
for example, their scoring rate is naturally higher. However, the information on who is expected
to win does not suffice to determine the magnitude of 41, d2, and 9.

In a next step, we distribute the estimated scoring rates d; + 03 and d, + 03 across minutes
of the match. With the assumption that goals are uniformly distributed throughout a match, we
could evenly split up the scoring rates, resulting in 6 /90 for each minute. However, scoring rates
are not constant; more goals are scored toward the end and fewer goals at the beginning. Buraimo
et al. (2020) propose spreading the scoring rates in proportion to the empirical distribution of
goals per minute, which they generate by gathering the timing of goals scored by many teams in

the past.
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Although this empirical distribution better captures the average scoring patterns, it gener-
ally fails to represent the scoring patterns of an individual team adequately, which depend on
the team’s individual strength, its way of playing, and its coach’s philosophy. The teams at the
tails of the distribution can reveal scoring behaviors far away from the average. Therefore, we pro-
pose team-specific empirical goal distributions to distribute the scoring rates across the minutes,
reflecting all goals scored by a given team during all games played before the current encounter.

To guarantee a smooth distribution, we use a 10-minute moving average and linearly extrap-
olate missing values at the beginning of the time series. The underlying data for the empirical
goal distributions come from kicker (see Table A.4) and cover seasons 2013/14 to 2018/19 (inclu-
sive). That is, the goal distribution for V{B Stuttgart consists of all league goals scored during that
period (considering league affiliation due to relegations and promotions). The same is true for
all opponents, such that each team takes its own weighting for the individual scoring rate. The
squad and the way teams play can change significantly over the years, so it would be preferable
to use goal data from the last few matches but due to the limited number of matches per season,
we need to extend the observation period. Otherwise, we end up with a very sparse empirical
goal distribution, with no observed goals for many match minutes.

With the per minute scoring rates, we can simulate the number of goals occurring in each
minute of the match. We draw from a Bernoulli distribution with success probability equal to
the per minute scoring rate in ¢ and sum the final scoreline that thus results. To account for red
cards, we rely on Vecer, Kopriva, and Ichiba (2009) who find that a red card decreases the affected
team’s scoring rate by 2/3, while the opposite team’s scoring rate increases by a factor of 1.2. For
each match, we repeat this simulation 100,000 times so that there are 90 x 100, 000 = 9, 000, 000
simulations per match. Then we can determine the probabilities required for the calculation of
Suspense in t by evaluating the probabilities for the match outcome, given that the home or the
away team, respectively, scores in the next minute. Without any next minute in regular match
time in the 90th minute, we cannot calculate Suspense for it, such that we drop observations for

this time point from the sample.

A.1.2 Imputation of In-Play Probabilities
A.1.2.1 Seasons 2013/14 to 2018/19

The betting market is closed when odds are updated or liquidity is low, so data on in-play odds
exhibit missing values by nature, which in turn lead to missing in-play outcome probabilities.
For the affected time points, we cannot transform the odds to obtain the outcome probabilities.

We handle the missing in-play outcome probabilities for seasons 2013/14 to 2018/19, as used
in the main specification, by predicting their values using gated recurrent units (GRUs) and a
separate training sample of approximately 4000 matches, played during the seasons 2013/14 to
2019/20 in the German first and second division. These GRUs represent an extension to recur-

rent neural networks (RNNs) that can account for dynamic behavior in the data by processing
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sequences of inputs.

As introduced by Cho et al. (2014), a GRU consists of two gates, an update gate and a reset
gate. The update gate determines which new information is added and which is discarded, similar
to the forget and input gate of a long-short-term-memory (LSTM); the reset gate determines
how much past information to forget. Because the GRU lacks the LSTM’s output gate, there
are fewer parameters to train, which promises less computational effort with similar or better
performance than LSTMs. Our GRU networks consist of an input layer, 4 hidden GRU layers,
a hidden dense layer, and an output layer. Moreover, we make use of bias nodes and alternate
activation functions in the hidden layers between rectified linear unit (ReLU) and hyperbolic

tangent (tanh). Table A.1 displays the model configuration.

Table A.1
Gated Recurrent Unit Network Model Configuration
Layer Input Units Bias Kernel Init. Bias Init. Activation L2 Kernel
input_layer (None, 10, 7) NaN NaN NaN NaN NaN NaN
gru_l NaN 128 1 GlorotUniform Zeros relu NaN
gru_2 NaN 96 1 GlorotUniform Zeros tanh NaN
gru_3 NaN 64 1 HeUniform Zeros relu NaN
gru_4 NaN 32 1 GlorotUniform Zeros tanh NaN
dense NaN 32 1 HeUniform Zeros relu NaN
output NaN 3 1 GlorotUniform Zeros softmax 0.0010

This table presents the configuration for the GRU network used to impute missing in-play outcome probabilities for seasons
2013/14 to 2018/19. The separate training sample consists of approximately 4000 matches from seasons 2013/14 to 2019/20 in
the German first and second division. For each minute we, train 1 GRU network. The GRU networks include an input layer,
4 hidden GRU layers, a hidden dense layer, and an output layer. *‘Init." in columns 5 and 6 is short for *‘Initialization", and
NaN (" 'Not a Number") labels unspecified parameters. As the first entry in the second column **(None, 10, 7)" shows, we use
a full batch approach with a time series length of 10 and 7 features, namely, number of goals scored and red cards received by
each team in ¢, as well as transformed in-play odds for the match outcome. Furthermore, the activation functions for the hidden
layers are ReLU and tanh, alternating (column 7). The output layer squeezes the data between 0 and 1, according to the softmax
function and is regularized by an L2 penalty term (last column).

For each minute, we train one GRU network, separately. The features (see “7” in “(None, 10,
7)” - second column of Table A.1) include the number of goals scored and red cards received by
each team in ¢, as well as transformed in-play odds for the match outcome prior to ¢ (for ¢t = 1,
transformed pre-match odds are used). The input sequences comprise this information in the
last 10 minutes (see “10” in “(None, 10, 7)” - second column of Table A.1). Consequently, we use
the information in ¢ — 10 to ¢ to predict the probabilities in ¢. For the periods prior to the 10th
minute, this sequence reduces to ¢, to . Note that there are no betting odds for stoppage time,
and NaN (“Not a Number”) denotes parameters that are not specified.

In-play odds are available to us on a minute-by-minute basis. However, these odds are ob-
viously not synchronized with the match minutes. If multiple odds updates occur per match
minute, we use the most recent update. Should there be a goal or a red card in a certain minute
but the odds remain unchanged, because they were placed before the match event, we replace
the odds by NaN and predict it using a GRU network. The underlying assumption is that goals

or red cards must change outcome probabilities and odds. For the whole match, the last updated
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odds are also the last usable odds. We replace all odds after them by NaN, because we do not
know whether the odds do not change due to the course of the match or because the markets are
closed because the match is almost decided, for example.

We standardize all features so that they are on the same scale, such that each feature has
zero mean and unit variance. Specifically, we standardize the data by fitting parameters on the
training set, then reuse them to transform the test data. In this way, we ensure there is no test set
information in the training process, and, assuming training and test data come from the same
distribution, we obtain more precise estimates for the mean and variance in the test set, because
of the larger sample size of the training set. We carry out this transformation for each minute,
separately. The targets are a vector of normalized odds, such that they give rise to a regression
problem. Therefore, and because we want to penalize large deviations more strongly, we choose
the mean squared error (MSE) as the objective loss function that needs to be minimized during
the training process.

For the optimization, we use the AMSGrad variant (Reddi, Kale, and Kumar 2019) of Adam
(Adaptive Moment) Estimation (Kingma and Ba 2014), which features stochastic gradient de-
scent, based on the adaptive estimation of first-order and second-order moments. It thus is ap-
propriate for settings with a relatively large number of parameters.

The number of epochs depends on the current match minute and is evenly spaced over the
interval [250, 500], rounded to the nearest integer, so that the network for minute 1 uses 250
epochs, and the network for minute 90 uses 500 epochs, because the higher the match minute,
the more missing values there are, creating inaccuracies in prediction that stack over time. The
batch size is equal to the size of the training data, such that the full data set is processed as one
chunk (see “None” in “(None, 10, 7)” - second column of Table A.1). To prevent overfitting, we
impose an L2 penalty of size 0.001 on the weights of the output layer.

Figure A.1 displays the number of matches available to train the GRU networks for each
minute.

The number of matches available decreases over time, because the betting market is often
closed toward the end of a match, especially if the winner is clear before the very end but not
if scorelines are close. As matches with close scorelines at the end tend to result in a draw,
we confront a self-selection problem regarding missing in-play odds. Therefore, we randomly
over-sample underrepresented scorelines (e.g., 4-0, 4-1, 0-4, or 1-4) by drawing samples with
replacement from these minority classes until their relative frequencies are equal to the relative
frequencies of the occurrence of the cases in the training sample in each minute. Analogously, we
randomly over-sample the underrepresented red cards, to ensure the algorithm does not ignore
red cards as feature.

To evaluate the accuracy of the predictions, we randomly split the data set into 5 folds and
apply cross-validation. Figure A.2 displays various performance metrics, along with their 95%
confidence intervals.

The solid line depicts the metric, averaged across the five folds; the shaded area illustrates the
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Figure A.1
Gated Recurrent Unit Network Available Observations
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This figure shows the available number of observations (matches) in the training sample for the GRU network. We clearly observe
a decrease in the number of matches the higher the match minute.

associated confidence bounds. The upper left and right panel belong to loss and MSE, respectively.
The lower left panel depicts the mean absolute error (MAE), and the lower right panel indicates
the root mean squared error (RMSE). All metrics exhibit a general increasing trend over time. We
offer three reasons for this pattern. First, the number of matches in the training set decreases over
time. Second, prediction errors increase over time, because closing odds offer lower predictive
power the more time goes by. Third, the number of key events (goals and red cards) increases
toward the end of the match, which extends the directions a match can develop. All three aspects
make the prediction more difficult.

Because the targets are probabilities, we can focus on the MAE. However, similar deduction
applies to the other performance metrics. The MAE can be interpreted as the mean absolute
deviation between actual and predicted targets in percentage points. Consequently, predicted
probabilities differ between 0.54 (minute 3) and 1.25 (minute 90) percentage points from the
actual probabilities, with standard deviations of 0.03 (in minute 3) and 0.14 (in minute 90) per-
centage points. The MAE averaged across all minutes is 0.0077 (0.77 percentage points deviant

from actual probabilities) with an average standard deviation of 0.0009 (0.09 percentage points).

A.1.2.2 Seasons 2011/12 and 2012/13
We find no in-play bookmaker odds available for seasons 2011/12 and 2012/13, from which prob-

abilities could be derived. Therefore, we train a feedforward neural network (FFNN) for each
minute to impute the missing probabilities. The training data are the same as for the GRU net-
works (Appendix A.1.2.1). Our predictors are normalized pre-match closing odds on the result
(see Appendix A.1.1 on normalization) and in-play key events goals and red cards.

The FFNN s consist of an input layer, 4 hidden layers, and an output layer. The number of units

in each layer declines from 128 to 32. The output layer contains 3 units, reflecting the number of
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Figure A.2
Gated Recurrent Unit Network Performance Metrics
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This figure shows GRU network performance metrics loss (top left), mean squared error (top right), mean absolute error (bottom
left), and root mean squared error (bottom right) with their associated 95% confidence intervals (CI), based on 5-fold cross
validation with the training set.

desired outcomes. We use a bias vector in each layer. The activations are alternately ReLU and
tanh, as well as a softmax in the output layer to get results between 0 and 1, which then sum to
1. Generally, we initialize the weights using a Xavier uniform initialization (Glorot and Bengio
2010). For the hidden ReLU layers, however, we use He uniform to initialize, as proposed by He
et al. (2015). To prevent overfitting, we impose an L2 penalty of size 0.001 on the weights of the
output layer. As for the GRU networks, the number of epochs depends on the current match
minute; the value is evenly spaced over the interval [250, 500], rounded to the nearest integer, so
that the network for minute 1 uses 250 epochs, and the network for minute 90 uses 500 epochs.
Furthermore, we use full batch learning here.

We standardize the features to have zero mean and unit variance, analogous to Appendix
A.1.2.1. Again, we apply this transformation for each minute, separately. The targets are a vector
of normalized in-play probabilities for the potential outcomes H, D, and A, such that we face a
regression problem. To minimize the MSE, we again use the AMSGrad variant of Adam Esti-
mation. Moreover, we oversample underrepresented scores and red cards, as described for the
GRU networks in Appendix A.1.2.1.

Table A.2 displays the complete architecture. Figure A.3 reveals the number of matches avail-
able to train the FENN for each minute. Figure A.4 depicts several performance metrics and their
associated 95% confidence intervals, which we obtain from 5-fold cross-validation.

According to the MAE, the predicted probabilities on average differ between 0.73 (minute 1)
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Table A.2
Feedforward Neural Network Model Configuration

Layer Input Units Bias Kernel Init. Bias Init. Activation L2 Kernel
input_layer (None, 7) NaN NaN NaN NaN NaN NaN
dense_1 NaN 128 1 GlorotUniform Zeros relu NaN
dense_2 NaN 64 1 GlorotUniform Zeros tanh NaN
dense_3 NaN 32 1 HeUniform Zeros relu NaN
dense_4 NaN 16 1 GlorotUniform Zeros tanh NaN
output NaN 3 1 GlorotUniform Zeros softmax 0.0010

Equivalent description as for Table A.1, but using a feedforward neural network and transformed pre-match odds instead of
in-play odds as features to predict transformed in-play odds for seasons 2011/12 and 2012/13.

Figure A.3
Feedforward Neural Network Available Observations
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Equivalent description as for Figure A.3, but using a feedforward neural network.

and 1.99 (minute 46) percentage points from the actual probabilities, with standard deviations
0f 0.05 (minute 1) and 0.03 (minute 46) percentage points. The MAE averaged across all minutes
is 1.67 percentage points deviance from actual probabilities, with an average standard deviation

of 0.05 percentage points.

A.1.3 Covariates

In addition to the cues, we add variables for air pressure, precipitation (dummy), relative humid-
ity, temperature, and wind speed at level 1. These covariates aim to capture weather conditions
around the stadium, which we consider relevant for drinking behavior and match outcome. For
example, Ventura-Cots et al. (2019) find a positive association between alcohol consumption
and colder weather, as well as fewer sunlight hours. Rao and Mohan (2021) provide evidence
that injuries occur mostly when the weather conditions are hot and humid, cold, and/or wet and
rainy. Adverse weather conditions also create opportunities to consume, because people tend to
retreat further into the catacombs, where the cashpoints are.

Weather data are measured in 10 minute steps, instead of a minute-by-minute basis. There-
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Figure A.4
Feedforward Neural Network Performance Metrics
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Equivalent description as for Figure A.2, but using a feedforward neural network.

fore, we linearly interpolate air pressure, temperature, relative humidity, and wind speed. The
precipitation dummy uses information on precipitation duration. Whenever the 10-minute pre-
cipitation duration is 0 or 10, the precipitation dummy is 0 or 1, respectively. If precipitation
duration lies between 0 and 10 minutes (e.g., 8 minutes), we split the dummy into two blocks,
comprised of one block with zero values and another block with ones, such that the order of the
blocks is assigned at random. For example, for 8 minutes of rain, for the first minutes of a 10-
minute interval, the precipitation dummy equals 1, and then for the last 2 minutes the dummy
takes a value of 0.

In winter months, spectators can buy hot wine punch in addition to the other drinks, so we
include hot wine punch sales to control for substitution effects. Furthermore, a dummy vari-
able separating the first and second half of each match is necessary, because the two halves are
structurally different, as Figure 2.1 depicts."

In addition to the substitutions discussed in Section 2.3.2.1, water sales at level 1 control
for baseline consumption, such that any effect on beer sales is more clearly attributable to the
conscious decision to buy alcohol. That is, the effects on alcohol sales become cleaner when we
also measure the sales of fans who are “just thirsty”. Model precision increases too, such that

baseline consumption reflects any global trend of variation on beverage sales.

1 Analyzing both halves completely separate from each other would be interesting. Due to the restricted length of

the time series though, this approach is not feasible.

35



Atlevel 2, we include several probability estimates based on average closing over/under odds
(normalized over/under odds). By adding the variables adapted from over/under odds, we seek
to cover different spectator sentiments across matches. Pre-match sales and sales at the beginning
of the match (due to delay effects) likely exhibit heterogeneity, reflecting the different levels of
excitement in expectation of high versus low scoring matches.

We calculate pre-match outcome probability estimates using average closing odds for away
team wins and draws (we drop home team wins due to multicollinearity). A match with a clear
favorite is fundamentally different from a match with an uncertain outcome. These variables aim
to account for the fan’s basic state of mind. For example, fans who usually buy one beer might
skip it when they anticipate a very close match, if their fear of missing important events exceeds
the loss of a beer not consumed, which results in a systematic difference in mean sales between
matches.

Beer prices also could be an important driver for demand and are therefore included at match
level, to refine the (sports) seasonal dummies. Beer prices are stable within each season, but there
is some variation between seasons over time.

The geodesic distance, defined as the shortest path between two points on a surface (the
earth), between the away team’s stadium and the home stadium of ViB Stuttgart (latitude-
longitude data) can affect match relevance, due to its strong correlation with local rivalries
(derbies). Neal and Fromme (2007) and Barry et al. (2014) find that the importance of a match
(e.g., due to a rivalry) increases alcohol consumption by college football fans. We control for
seasonal patterns beyond weather by using monthly dummies. For example, match relevance
likely varies between the start of the season in autumn and its end in spring, which is not
perfectly reflected by weather (e.g., snow in April). Pre-match team rankings and the round
further contribute to match relevance. In general, matches between similarly ranked teams
toward the end of the season are more important, because they can be decisive for how the
teams will be ranked.

A dummy indicates whether the match is a first or second division match. During the obser-
vation period, VIB Stuttgart played in both divisions. The second division holds less prestigious
matches, which might lead to systematic heterogeneity. For example, important first division
matches might prompt additional consumption, due to perceptions that the event is special.

Two further dummies indicate whether the day after the match is a public holiday and if the
match takes place during school holidays. Public holidays likely lead to disparities in drinking
behavior. People might alter their drinking habits when the following day is a public holiday,
during which excursions and festivities are popular pastimes. Zonda et al. (2009) identify a sig-
nificant increase in alcohol consumption during holidays. Furthermore, people do not have to
work on holidays, or on Sundays, so the public holiday dummy only refers to weekdays in this
regard. School holidays likely change the composition of spectators, because family vacations
typically take place during school holidays, which might alter per capita alcohol use.

Another potential factor influencing in-play consumption is the pre-match alcohol level, so
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we add a dummy denoting when the Cannstatter Volksfest and the Stuttgart Spring Festival take
place. These festivals, hosted by the Cannstatter Wasen, a 35 hectare area near the stadium, are of
great regional importance. With more than four million visitors (pre COVID-19), the Cannstat-
ter Volksfest is considered the second largest beer festival in the world (after the Oktoberfest in
Munich). We also control for systematic substitution effects when people forgo their beer in the
stadium to drink later at the festival.

Drinking behavior also depends on the time of day (Room et al. 2013), such that across cul-
tures, it is more common after 5:00 p.m. Therefore, we include the kickoff time. Another poten-
tial source of significant differences might be the interval between meals.

With the recognition that supply potentially drives demand, we control for the number of
cashpoints where people can buy drinks and food. Wait times likely are longer if fewer cashpoints
are open, ceteris paribus, which might decrease transactions due to higher opportunity costs.
Variance in the number of cashpoints mainly occurs when single cashpoints open or close only
for certain matches, rather than due to newly constructed cashpoints, for which the seasonal
dummies would be sufficient, assuming the construction occurs between seasons.

In any case, the number of spectators relates to alcohol sales (assuming enough variation).
We add the information at level 2, because VIB Stuttgart does not collect this data at level 1.

Next, we add (sports) seasonal dummies to deal with several sources of heterogeneity over
years. Rule changes across seasons, such as shifting definitions of accidental handballs, can lead
to more or less controversial referee decisions. According to Meij et al. (2015), fans exhibit more
aggressive behavior when they perceive the match as unfair. Another source of heterogeneity
over seasons involves payment options, such that during the 2011/12 season, fans could only pay
with a so-called fan card. In 2012/13, cash was added as an option. From 2013/14 onward, people
could pay cash or with a credit card.

We use weekday dummies to account for the structural difference between a match on Sat-
urday versus Friday, for example. Playing simultaneously with a lot of other teams on Saturday
probably evokes a different excitement level, because the consequences (e.g., rankings) of simul-
taneous scores can be incorporated immediately into consumption decisions. Moreover, people
tend to drink more on weekends (Room et al. 2013).

Tables A.3 and A.4 present the entire feature space of the main specification (including fur-

ther variables) with descriptions, sources, and additional remarks.

A.1.4 Data Engineering

We standardize all explanatory variables (including the lagged dependent variable and all dummy
variables). Standardization is highly recommended when using Markov chain Monte Carlo meth-
ods. Especially in a regularization context, it is important that large-scale features do not over-
whelm features of smaller scales. For our data, varying scales are very prominent (e.g., air pres-
sure in hPa versus emotional cues). The dependent variable is demeaned (following the basic

idea of the decomposition described in Section 2.3.1) and transformed by the inverse hyperbolic
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sine (IHS) to allow a ceteris paribus comparison between the different specifications®. We do
not log-transform, because for the alternative specifications Die-Hard Fans, Shandy, Soft Drinks,
and Seasons in Section 2.4.2 we observe match minutes with no sales even after taking the lags.
Yet we obtain marginal effects in %. Finally, we drop the first match minute dummy, due to
perfect multicollinearity, resulting in a total of 7" — 1 minute dummies for which coefficient 1,

serves as reference group.

A.1.5 Algorithm
We estimate the model using the probabilistic programming package PyMC (Salvatier, Wiecki,

and Fonnesbeck 2016), which relies on PyTensor in its computational backend. In particular, we
apply the No-U-Turn (NUTS) sampler (Hoffman and Gelman 2014), a recursive algorithm for
continuous variables based on Hamiltonian mechanics that extends Hamiltonian Monte Carlo
(HMC) by eliminating the need to set a number of steps through the inbuilt automatic stoppage
once the sampler starts to make a U-turn. We set a comparably large acceptance probability of
0.9, which is associated with a small step size, so that we can achieve non-diverged trajectories for
the samples. We run 3 chains with 2500 iterations each and an additional 1000 burn-in samples
per chain that we discard. The Gelman-Rubin statistic R (Gelman and Rubin 1992; Brooks and

Gelman 1998) monitors convergence.

2The slope of sinh ™' () = In (y2 + VY2 + 1) is approximately equal to that of In (y) for y > 2, so we interpret
the coeflicients as for a log-transformed dependent variable, because the scale of our dependent variable is large

enough.
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A.2 Data Overview

Table A.3
Variable Summary
Name Description Comment Source
Shock Shock Generated from in-play odds and closing odds 7
Surprise Surprise Generated from in-play odds and closing odds 7
Suspense Suspense Generated from in-play odds, closing odds, historical scoring rates, timing 5,6,7,and 8
of goals, and red cards
BeerSls Number of beverage units sold Dependent variable; considered are the sales of a certain drink (beer, shandy 11
or soft drinks depending on the specification) within the target stand(s) (e.g.,
whole stadium except for the away fan area)
AirPress Air pressure (in hPa) Linearly interpolated, because the measuring station (5km away from the 2
stadium) records in 10-minute steps
HotWineSls Number of hot wine punch units sold Considered are only the sales within the target stand 11
Is1stHalf Dummy for first half Generated from match data
IsPrecip Dummy for precipitation Derived from precipitation duration on a 10-minute basis with the measur-
ing station (5km away from the stadium) recording in 10 minute steps
IsSubAway Dummy for an away substitution 8
IsSubHome Dummy for a home substitution
RelHumid Relative humidity (in %) Linearly interpolated, because the measuring station (5km away from the
stadium) records in 10-minute steps
Temp Temperature (in Celsius) Linearly interpolated, because the measuring station (5km away from the 2
stadium) records in 10-minute steps
WaterSls Number of water units sold 11
Wind Wind speed (in m/s) Linearly interpolated, because the measuring station (5km away from the 2
stadium) records in 10-minute steps
AvgClsOver05Prob  Pre-match probability that joint score exceeds 0.5 Uses average closing odds (multiple bookmakers) 7
AvgClsOver15Prob  Pre-match probability that joint score exceeds 1.5 Uses average closing odds (multiple bookmakers)

AvgClsOver25Prob

Pre-match probability that joint score exceeds 2.5

Uses average closing odds (multiple bookmakers)



AvgClsOver35Prob  Pre-match probability that joint score exceeds 3.5 Uses average closing odds (multiple bookmakers)

AvgClsOver45Prob  Pre-match probability that joint score exceeds 4.5 Uses average closing odds (multiple bookmakers)

AvgClsOver55Prob  Pre-match probability that joint score exceeds 5.5 Uses average closing odds (multiple bookmakers)

NN NN NN

(Ui

AvgClsProbAway Pre-match probability that away team wins Uses average closing odds (multiple bookmakers)

AvgClsProbHome Pre-match probability that home team wins Uses average closing odds (multiple bookmakers)

BeerPrice Price of beverage (in Euro) The corresponding beverage is beer, shandy or soft drink depending on
which one is set as dependent variable in the underlying specification

GeoDist Geodesic distance between home and away team’s stadium (in km) Generated using latitude and longitude of each team’s stadium

HotWinePrice Price of hot wine punch (in Euro)

IslstDiv Dummy for a first division match

IsMobCpoint Dummy for the availability of mobile cashpoints Generated from the number of units sold by mobile cashpoints; considered
are the mobile cashpoints within the target stand(s) (e.g., whole stadium
except for the away fan area) using the assumption that no sales imply no
availability

IsPromoAway Dummy for the away team promoted last season

IsPromoHome Dummy for the home team promoted last season

IsPubHoliday Dummy for a legal or church holiday at the day after the match

IsRelegAway Dummy for the away team relegated last season

IsRelegHome Dummy for the home team relegated last season

IsRunner Dummy for the availability of mobile salesmen Generated from the number of units sold by mobile salesmen (beer run-
ners) who sell beer and softdrinks only (no shandy, for example); consid-
ered are the sales in the whole stadium (due to the data at hand) using the
assumptions that no sales imply no availability and non-zero sales indicate
availability in every stand

IsSchlHoliday Dummy for school holidays at the match day

IsSoldOut Dummy for a sold-out match

IsVar Dummy for the presence of a video assistant referee

IsWasen Dummy for Wasen - a local festival

Kickoff15:30 Dummy for kickoff time 15:30

Kickoff15:45 Dummy for kickoff time 15:45

Kickoff17:30 Dummy for kickoff time 17:30

—
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Kickoff18:00
Kickoft18:30
Kickoff20:00
Kickoff20:15
Kickoft20:30
MonthAug
MonthDec
MonthFeb
MonthJan
MonthMar
MonthMay
MonthNov
MonthOct
MonthSep
NumCpoints

NumSpects
RankAwayLast
RankAwayPre
RankHomeLast
RankHomePre
Round
Season2014/15
Season2015/16
Season2016/17
Season2017/18
Season2018/19
WkdayMo
WkdaySa
WkdaySu
WkdayTu

Dummy for kickoff time 18:00

Dummy for kickoff time 18:30

Dummy for kickoff time 20:00

Dummy for kickoff time 20:15

Dummy for kickoff time 20:30

Dummy for the match taking place in August
Dummy for the match taking place in December
Dummy for the match taking place in February
Dummy for the match taking place in January
Dummy for the match taking place in March
Dummy for the match taking place in May
Dummy for the match taking place in November
Dummy for the match taking place in October
Dummy for the match taking place in September

Number of active cashpoints

Number of spectators

Final rank of the away team last season

Rank of the away team before the match

Final rank of the home team last season

Rank of the home team before the match

Round of the season

Dummy for season 2014/2015

Dummy for season 2015/2016

Dummy for season 2016/2017

Dummy for season 2017/2018

Dummy for season 2018/2019

Dummy for the match taking place on a Monday
Dummy for the match taking place on a Saturday
Dummy for the match taking place on a Sunday

Dummy for the match taking place on a Tuesday

Considered are the cashpoints within the target stand(s) (e.g., whole sta-
dium except for the away fan area)

Refers always to all spectators in the whole stadium
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(44

WkdayWe

Dummy for the match taking place on a Wednesday

8

This table presents details on dependent and independent variables, used in the main specification, excluding the match minute dummies. Note that, depending on the specification, isolated variables
may be discarded due to multicollinearity. Also, the set of variables might differ slightly in specifications where the sample changes, such as in the Seasons specification (e.g., additional kickoff time
or season dummies). We code all binary indicators 0: false and 1: true. The reference groups for kickoff time, month, season, and weekday are 13:30, Apr, 2013/14, and Fr, respectively. Table A.4

particularizes the numbered data sources in the last column.

Table A.4
Data Sources
Source Name URL Retrieved On
1 cannstatter-volksfest.de https://www.cannstatter-volksfest.de/de/landing- page/ October 02, 2019
2 Deutscher Wetterdienst https://www.dwd.de/ November 9, 2021 at 11:50:34 AM
3 Google Maps https://www.google.de/maps/ September 26, 2019
4 kalender-online.com https://kalender-online.com/ November 12, 2021 at 8:43:36 PM
5 kicker https://www kicker.de/ October 21, 2020 at 8:08:46 PM
6 NowGoal https://www.nowgoal.com/ September 8, 2020 at 10:55:08 to October 21, 2020 12:03:04 PM
7 OddsPortal https://www.oddsportal.com/ October 22, 2020 4:34:22 PM
8 OptaSports August 16, 2021 12:45:28 PM
9 schulferien.org https://www.schulferien.org/ November 13, 2021 5:14:34 PM
10 transfermarkt.de https://www.transfermarkt.de/ September 26, 2019
11 VIB Stuttgart November 7, 2018 and July 12, 2019

This table presents information on the data sources specified in Table A.3.
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https://www.transfermarkt.de/

Table A.5
Descriptive Statistics: States

count sum mean std min 25% 50% 75% max
State 0 98 4,559 46.5 17.5 16 33.0 44.5 60.8 82
State 1 98 4,261 43.5 17.5 8 29.2 45.5 57.0 74

This table presents basic summary statistics for the negative and the positive state 0 and 1, respectively. Overall, we observe the
positive state 1 4,261 times (sum) in 98 matches (count). There is at least 1 match in which we record the negative state 0 only
16 times; 25%, 50%, and 75% denote the respective quantiles.

Figure A.5
In-Play Distribution of States

State
I 0
Il 1

Share

1 15 30 45 60 75
Minute

90

This figure shows shares of both negative state 0 and positive state 1 during matches. Overall, the states are very consistently
observed over time. If at all, the positive state 1 exhibits a slight positive trend, whereas the occurences of the negative state 0

slightly decrease.
Table A.6
Descriptive Statistics: Explanatory Variables Per Minute in State 0

count mean std min 25% 50% 75% max
Shock X0 4,559 03034 02338  0.0011 00755 02949 04704  0.9319
Surprise Xy 4,559 00157  0.0633 0 0 00042 00115 09422
Suspense X1 4511 00701  0.0410  0.0100  0.0496  0.0603  0.0818  0.2544
AirPress Z1o 4,559 979 9.25 948 976 981 986 998
HotWineSls Zia 4,559 2.48 6.90 0 0 0 1 69
Is1stHalf Zio 4,559 05183  0.4997 0 0 1 1 1
IsPrecip Zi3 4,559 0.1000  0.3001 0 0 0 0 1
IsSubAway Zia 4,559 0.0235  0.1599 0 0 0 0 2
IsSubHome Zis 4,559  0.0327  0.1874 0 0 0 0 2
RelHumid Zis 4,559 68.3 17.3 24.7 57.2 67.1 82.8 99.2
Temp Ziq 4,559 10.8 7.17 -3.04 5.01 10.3 15.3 31
WaterSls Zig 4,559 2.78 4.80 0 0 1 3 61
Wind Zig 4,559 3.17 147 0.2000 2.20 2.96 4.02 8.47
AvgClsOver05Prob  Zs g 4,559 09181  0.0145  0.8787 09085 09193 09278  0.9513
AvgClsOver15Prob  Za, 4,559 07691  0.0364  0.6706  0.7465 07730  0.7958  0.8450
AvgClsOver25Prob ~ Zs o 4,559 05481  0.0531 04165 05144 05471 05835  0.6682
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AvgClsOver35Prob Zs.3 4,559 0.3402 0.0512 0.2285 0.3068 0.3397 0.3706 0.4672

AvgClsOver45Prob om 4,559 0.1879 0.0373 0.1145 0.1605 0.1888 0.2099 0.2851
AvgClsOver55Prob Za5 4,559 0.0993 0.0230 0.0541 0.0843 0.0983 0.1112 0.1605
AvgClsProbAway Za.6 4,559 0.3142 0.1345 0.1376 0.2237 0.2768 0.3668 0.7721
AvgClsProbHome Zo 4,559 0.4264 0.1281 0.0772 0.3466 0.4495 0.5156 0.6481
BeerPrice Za g 4,559 418 0.0907 4 4.20 4.20 4.20 4.30
GeoDist Za9 4,559 294 140 55.6 152 326 398 536
HotWinePrice Z210 4,559 3.93 0.2841 3.50 3.50 4 4.20 4.30
Is1stDiv Za11 4,559 0.8596 0.3474 0 1 1 1 1
IsMobCpoint Z2 12 4,559 0.4431 0.4968 0 0 0 1 1
IsPubHoliday Z2,13 4,559 0.0180 0.1329 0 0 0 0 1
IsRelegAway Z2,14 4,559 0.0121 0.1092 0 0 0 0 1
IsRunner Z2 15 4,559 0.6080 0.4882 0 0 1 1 1
IsSchlHoliday Z2.16 4,559 0.1450 0.3521 0 0 0 0 1
IsSoldOut Zo17 4,559 0.2288 0.4201 0 0 0 0 1
IsWasen Z218 4,559 0.1535 0.3605 0 0 0 0 1
Kickoff15:30 Za19 4,559 0.6319 0.4823 0 0 1 1 1
Kickoft15:45 Z2 20 4,559 0.0118 0.1082 0 0 0 0 1
Kickoff17:30 Za21 4,559 0.0660 0.2483 0 0 0 0 1
Kickoff18:00 Z2,22 4,559 0.0254 0.1575 0 0 0 0 1
Kickoff18:30 Z2 23 4,559 0.0770 0.2666 0 0 0 0 1
Kickoff20:30 Z2,24 4,559 0.0980 0.2974 0 0 0 0 1
MonthAug Z2,25 4,559 0.0726 0.2595 0 0 0 0 1
MonthDec Z2 26 4,559 0.1132 0.3169 0 0 0 0 1
MonthFeb Za27 4,559 0.1222 0.3275 0 0 0 0 1
MonthJan Z2 28 4,559 0.0818 0.2741 0 0 0 0 1
MonthMar Z3,29 4,559 0.1141 0.3179 0 0 0 0 1
MonthMay Z2 30 4,559 0.0660 0.2483 0 0 0 0 1
MonthNov Z> 31 4,559 0.0805 0.2721 0 0 0 0 1
MonthOct Z2,32 4,559 0.0919 0.2889 0 0 0 0 1
MonthSep Z3,33 4,559 0.1507 0.3578 0 0 0 0 1
NumCpoints Z2 34 4,559 157 20.5 113 135 157 178 188
NumSpects Z2 35 4,559 52,214 6,180 36,800 47,125 54,068 58,000 60,000
RankAwayLast Z2 36 4,559 7.63 4.85 1 3 7 12 18
RankAwayPre Za,37 4,559 9.51 5.04 1 5 9 14 18
RankHomePre Z2 38 4,559 13 4.90 1 11 15 16.5 18
Round Z2 39 4,559 16.8 9.66 1 8 17 24 34
Season2014/15 Z2 .40 4,559 0.1807 0.3848 0 0 0 0 1
Season2015/16 Z,41 4,559 0.1895 0.3920 0 0 0 0 1
Season2017/18 Z2 42 4,559 0.1542 0.3612 0 0 0 0 1
Season2018/19 Z2,43 4,559 0.1660 0.3722 0 0 0 0 1
WkdayMo Z2 44 4,559 0.0511 0.2202 0 0 0 0 1
WkdaySa Z2,45 4,559 0.5863 0.4925 0 0 1 1 1
WkdaySu Z2,46 4,559 0.2165 0.4119 0 0 0 0 1
WkdayTu Zo a7 4,559 0.0066 0.0809 0 0 0 0 1
WkdayWe Z2 48 4,559 0.0035 0.0591 0 0 0 0 1

This table presents basic summary statistics of explanatory variables (Table A.3), excluding the lagged dependent variable and
match minute dummies, on a per minute basis in negative state 0. For example, the minimum value of Surprise (X1,1) per minute
in state 0 is 0. Note that 25%, 50%, and 75% denote the respective quantiles.
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Table A.7
Descriptive Statistics: Explanatory Variables Per Minute in State 1

count mean std min 25% 50% 75% max
Shock Xi0 4,261 0.3035 0.2056 0.0023 0.1207 0.3054 0.4361 0.9617
Surprise Xia 4,261 0.0162 0.0660 0 0 0.0034 0.0109 1.04
Suspense X2 4,211 0.0669 0.0377 0.0083 0.0470 0.0599 0.0807 0.2439
AirPress Z1,0 4,261 980 9.16 948 975 981 986 998
HotWineSls AR 4,261 1.87 5.53 0 0 0 1 62
IsIstHalf Z1,2 4,261 0.4804 0.4997 0 0 0 1 1
IsPrecip Z1,3 4,261 0.1251 0.3309 0 0 0 0 1
IsSubAway Z1,4 4,261 0.0390 0.2098 0 0 0 0
IsSubHome Z15 4,261 0.0275 0.1677 0 0 0 0 2
RelHumid Z1,6 4,261 68 19.1 24.9 54.4 69.3 84.8 100
Temp ARG 4,261 10.6 7.18 -3.16 4.68 10.1 15.2 30.9
WaterSls Z1,8 4,261 3.00 5.68 0 0 1 3 68
Wind Z1,9 4,261 3.09 1.43 0 2.10 3 3.99 8.50
AvgClsOver05Prob Za,0 4,261 0.9201 0.0144 0.8787 0.9100 0.9201 0.9299 0.9513
AvgClsOver15Prob Za1 4,261 0.7739 0.0361 0.6706 0.7510 0.7790 0.7983 0.8450
AvgClsOver25Prob Za2 4,261 0.5554 0.0531 0.4165 0.5209 0.5547 0.5882 0.6682
AvgClsOver35Prob Za3 4,261 0.3469 0.0511 0.2285 0.3121 0.3430 0.3716 0.4672
AvgClsOver45Prob Zo 4 4,261 0.1928 0.0378 0.1145 0.1657 0.1905 0.2106 0.2851
AvgClsOver55Prob Za5 4,261 0.1023 0.0232 0.0541 0.0872 0.0985 0.1143 0.1605
AvgClsProbAway Za 6 4,261 0.3361 0.1543 0.1376 0.2237 0.2788 0.4031 0.7721
AvgClsProbHome Zan 4,261 0.4087 0.1409 0.0772 0.3238 0.4459 0.5221 0.6481
BeerPrice Za g 4,261 4.18 0.0915 4 4.20 4.20 4.20 4.30
GeoDist Zag 4,261 289 143 55.6 152 326 398 536
HotWinePrice Z2,10 4,261 3.96 0.2732 3.50 3.99 4 4.20 4.30
Is1stDiv Za11 4,261 0.8334 0.3727 0 1 1 1 1
IsMobCpoint Z212 4,261 0.4130 0.4924 0 0 0 1 1
IsPubHoliday Z2.13 4,261 0.0019 0.0433 0 0 0 0 1
IsRelegAway Z214 4,261 0.0082 0.0903 0 0 0 0 1
IsRunner Z2 15 4,261 0.6801 0.4665 0 0 1 1 1
IsSchlHoliday Z2,16 4,261 0.1195 0.3244 0 0 0 0 1
IsSoldOut Zo 7 4,261 0.2621 0.4399 0 0 0 1 1
IsWasen Z2,18 4,261 0.1948 0.3961 0 0 0 0 1
Kickoff15:30 Z2,19 4,261 0.6123 0.4873 0 0 1 1 1
Kickoff15:45 Z2 20 4,261 0.0084 0.0915 0 0 0 0 1
Kickoff17:30 Zao 4,261 0.0772 0.2670 0 0 0 0 1
Kickoft18:00 Z2,22 4,261 0.0150 0.1216 0 0 0 0 1
Kickoff18:30 Z2 23 4,261 0.0866 0.2813 0 0 0 0 1
Kickoff20:30 Z2 24 4,261 0.0641 0.2449 0 0 0 0 1
MonthAug Z2 25 4,261 0.0490 0.2160 0 0 0 0 1
MonthDec Z2,26 4,261 0.1112 0.3145 0 0 0 0 1
MonthFeb Zo o7 4,261 0.1439 0.3510 0 0 0 0 1
MonthJan Z2 28 4,261 0.0603 0.2381 0 0 0 0 1
MonthMar Z2,29 4,261 0.1103 0.3133 0 0 0 0 1
MonthMay Z3,30 4,261 0.0983 0.2978 0 0 0 0 1
MonthNov Z2 31 4,261 0.0828 0.2757 0 0 0 0 1
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MonthOct Z2 32 4,261 0.0918 0.2887 0 0 0 0 1
MonthSep Z2 33 4,261 0.1134 0.3171 0 0 0 0 1
NumCpoints Z2,34 4,261 158 20.2 113 140 155 178 188
NumSpects Z2,35 4,261 52,332 6,725 36,800 46,600 54,300 58,569 60,000
RankAwayLast Z2 36 4261 7.85 4.88 1 3 8 12 18
RankAwayPre Za,37 4,261 8.98 5.07 1 4 9 13 18
RankHomePre Z3,38 4,261 12.7 5.17 1 11 14 17 18
Round Z2 39 4,261 18.5 9.67 1 10 19 28 34
Season2014/15 Z2,40 4,261 0.1446 0.3517 0 0 0 0 1
Season2015/16 Z2,41 4,261 0.1563 0.3632 0 0 0 0 1
Season2017/18 Z2,42 4,261 0.1941 0.3955 0 0 0 0 1
Season2018/19 Z2.43 4,261 0.1603 0.3669 0 0 0 0 1
WkdayMo Z2 44 4,261 0.0720 0.2586 0 0 0 0 1
WkdaySa Z2,45 4,261 0.5766 0.4942 0 0 1 1 1
WkdaySu Z2,46 4,261 0.2330 0.4228 0 0 0 0 1
WkdayTu Zo a7 4,261 0.0141 0.1178 0 0 0 0 1
WkdayWe Z2,48 4,261 0.0174 0.1306 0 0 0 0 1
Equivalent description as for Table A.6, but given positive state 1.
A.3 Further Results
A.3.1 Main Specification
Table A.8
Main Model Results
mean std median hdi®* hdi?®” R
Surprise State 0 B1,1,0,0 -0.0170 0.0040 -0.0170 -0.0240 -0.0100 1
31,1,0,1 0.0040 0.0040 0.0040 -0.0020 0.0110 1
Bi10,2 0.0080 0.0050 0.0080 -0.0010 0.0140 1
Bl,l,o,s 0.0160 0.0050 0.0160 0.0090 0.0230 1
31,1,0,4 0.0160 0.0040 0.0160 0.0090 0.0230 1
Bi10.5 0.0120 0.0050 0.0120 0.0040 0.0190 1
61,1,0,6 0.0020 0.0030 0.0010 -0.0030 0.0080 1
31,1,0,7 -0.0010 0.0030 0.0000 -0.0060 0.0050 1
31,1,078 -0.0020 0.0040 -0.0010 -0.0080 0.0030 1
31,1,0,9 -0.0100 0.0050 -0.0100 -0.0160 0.0000 1
State 1 Bi110 -0.0140 0.0040 -0.0140 -0.0210 -0.0070 1
Bl,l,l,l -0.0240 0.0040 -0.0240 -0.0310 -0.0170 1
31,1,1,2 0.0180 0.0040 0.0180 0.0100 0.0250 1
Bris 0.0190 0.0040 0.0190 0.0110 0.0250 1
Bl,l,l,4 0.0170 0.0040 0.0170 0.0100 0.0240 1
31,1,1,5 0.0060 0.0040 0.0060 -0.0010 0.0130 1
Bri1e 0.0070 0.0050 0.0070 0.0000 0.0140 1
31,1,1,7 0.0050 0.0040 0.0050 -0.0010 0.0120 1
Bris 0.0010 0.0030 0.0000 -0.0040 0.0070 1
Bl,l,l,g 0.0000 0.0030 0.0000 -0.0060 0.0040 1
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Suspense

AirPress

HotWineSls

State 0

State 1

State 0

State 1

State 0

B1,2,0,0
Bi,2.01
B1,2,0.2
Bi,2,0.3
B1,2,0.4
B12.0,5
Bi,2,0.6
Bi2.07
Bi,2,0.8
B1,2,0,9
B1,2.1,0
Bi211
Bi2.1,2
Bi2.1,3
Bioia
Bi215
Bi21.6
Bioar
B2
Bi21.0
41,0,0,0
41,0,0,1
1,0,0,2
41,0,0,3
41,0,0,4
41,0,0,5
41,0,0,6
41,0,0,7
41,0,0,8
41,0,0,9
41,0,1,0
41,0,1,1
1,0,1,2
41,0,1,3
1,0,1,4
41,0,1,5
41,0,1,6
41,0,1,7
41,0,1,8
41,0,1,9
~1,1,0,0
Y1,1,0,1
1,1,0,2
41,1,0,3
Y1,1,0,4
1,1,0,5
41,1,0,6
A1,1,0,7

Y1,1,0,8

0.0040
0.0020
-0.0040
-0.0720
0.0210
0.0040
0.0160
0.0100
-0.0010
0.0030
-0.0040
0.0040
-0.0200
-0.0600
0.0160
0.0030
-0.0070
0.0340
0.0020
0.0040
0.0000
0.0000
0.0030
-0.0030
0.0030
-0.0050
-0.0010
0.0010
-0.0010
0.0020
0.0020
0.0010
-0.0020
0.0020
-0.0030
0.0050
0.0010
-0.0010
0.0020
-0.0020
-0.0010
-0.0030
0.0000
0.0010
-0.0030
0.0050
0.0010
0.0000
-0.0010
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0.0080
0.0100
0.0150
0.0230
0.0200
0.0110
0.0140
0.0150
0.0090
0.0080
0.0080
0.0100
0.0160
0.0230
0.0200
0.0110
0.0140
0.0160
0.0090
0.0080
0.0170
0.0170
0.0180
0.0180
0.0190
0.0190
0.0170
0.0180
0.0180
0.0170
0.0170
0.0170
0.0180
0.0180
0.0190
0.0190
0.0170
0.0180
0.0180
0.0170
0.0060
0.0060
0.0060
0.0060
0.0070
0.0070
0.0060
0.0060
0.0060

0.0020
0.0000
0.0000
-0.0710
0.0160
0.0010
0.0160
0.0060
0.0000
0.0010
-0.0020
0.0010
-0.0190
-0.0600
0.0090
0.0000
-0.0040
0.0320
0.0000
0.0020
0.0000
0.0000
0.0010
-0.0010
0.0010
-0.0030
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
-0.0010
0.0010
-0.0010
0.0030
0.0000
0.0000
0.0010
0.0000
0.0000
-0.0010
0.0000
0.0000
-0.0010
0.0040
0.0000
0.0000
0.0000

-0.0080
-0.0130
-0.0300
-0.1120
-0.0050
-0.0110
-0.0040
-0.0110
-0.0150
-0.0090
-0.0190
-0.0090
-0.0450
-0.1010
-0.0090
-0.0120
-0.0320

0.0090
-0.0120
-0.0080
-0.0250
-0.0250
-0.0230
-0.0350
-0.0250
-0.0360
-0.0270
-0.0230
-0.0280
-0.0230
-0.0220
-0.0230
-0.0310
-0.0230
-0.0320
-0.0190
-0.0220
-0.0260
-0.0240
-0.0270
-0.0110
-0.0150
-0.0100
-0.0090
-0.0160
-0.0040
-0.0080
-0.0120
-0.0120

0.0180
0.0180
0.0200
-0.0370
0.0550
0.0240
0.0390
0.0370
0.0130
0.0170
0.0080
0.0220
0.0040
-0.0260
0.0500
0.0230
0.0130
0.0620
0.0160
0.0190
0.0250
0.0260
0.0290
0.0200
0.0310
0.0230
0.0230
0.0310
0.0230
0.0280
0.0280
0.0270
0.0230
0.0300
0.0240
0.0400
0.0280
0.0290
0.0280
0.0240
0.0090
0.0060
0.0110
0.0110
0.0070
0.0190
0.0130
0.0090
0.0080
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Is1stHalf

IsPrecip

State 1

State 0

State 1

State 0

State 1

~1,1,0,9
Y1,1,1,0
A1,1,1,1
A1,1,1,2
Y1,1,1,3
Y1,1,1,4
A1,1,1,5
A1,1,1,6
A1,1,1,7
Y1,1,1,8
Y1,1,1,9
1,2,0,0
A1,2,0,1
1,2,0,2
41,2,0,3
A1,2,0,4
41,2,0,5
41,2,0,6
1,2,0,7
41,2,0,8
41,2,0,9
A1,2,1,0
A1,2,1,1
Y1,2,1,2
Y1,2,1,3
Y1,2,1,4
Y1,2,1,5
1,2,1,6
Y1,2,1,7
1,2,1,8
1,2,1,9
A1,3,0,0
A1,3,0,1
1,3,0,2
41,3,0,3
41,3,0,4
1,3,0,5
41,3,0,6
41,3,0,7
1,3,0,8
41,3,0,9
41,3,1,0
Y1,3,1,1
A1,3,1,2
41,3,1,3
1,3,1,4
Y1,3,1,5
41,3,1,6

Y1,3,1,7

0.0010
0.0140
0.0040
0.0020
0.0030
-0.0080
0.0010
-0.0040
-0.0050
-0.0030
0.0000
-0.1270
-0.0040
0.0020
0.0010
0.0180
0.0160
0.0110
0.0280
0.0200
0.0230
-0.0760
-0.0100
0.0020
0.0090
0.0160
0.0170
0.0110
0.0190
0.0190
0.0270
0.0030
0.0060
-0.0090
0.0060
-0.0050
0.0000
0.0020
0.0050
0.0020
-0.0010
-0.0010
-0.0020
0.0010
-0.0040
0.0010
-0.0010
0.0020
-0.0030
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0.0050
0.0090
0.0070
0.0060
0.0070
0.0090
0.0070
0.0070
0.0080
0.0070
0.0060
0.0370
0.0260
0.0150
0.0150
0.0230
0.0230
0.0200
0.0280
0.0260
0.0230
0.0360
0.0260
0.0150
0.0160
0.0230
0.0230
0.0200
0.0270
0.0260
0.0240
0.0060
0.0080
0.0090
0.0080
0.0070
0.0060
0.0060
0.0070
0.0060
0.0050
0.0050
0.0060
0.0070
0.0070
0.0060
0.0060
0.0070
0.0070

0.0000
0.0140
0.0020
0.0000
0.0010
-0.0070
0.0000
-0.0010
-0.0040
-0.0010
0.0000
-0.1320
0.0000
0.0000
0.0000
0.0110
0.0070
0.0030
0.0210
0.0100
0.0200
-0.0800
-0.0020
0.0000
0.0040
0.0070
0.0080
0.0030
0.0100
0.0090
0.0250
0.0010
0.0040
-0.0080
0.0030
-0.0030
0.0000
0.0000
0.0030
0.0000
0.0000
0.0000
0.0000
0.0000
-0.0020
0.0000
0.0000
0.0010
-0.0010

-0.0080
-0.0010
-0.0060
-0.0080
-0.0070
-0.0230
-0.0100
-0.0170
-0.0190
-0.0140
-0.0110
-0.1880
-0.0370
-0.0170
-0.0230
-0.0100
-0.0110
-0.0130
-0.0050
-0.0100
-0.0070
-0.1230
-0.0450
-0.0190
-0.0140
-0.0130
-0.0110
-0.0150
-0.0160
-0.0110
-0.0040
-0.0060
-0.0040
-0.0230
-0.0050
-0.0190
-0.0110
-0.0070
-0.0050
-0.0080
-0.0110
-0.0100
-0.0140
-0.0110
-0.0170
-0.0100
-0.0110
-0.0070
-0.0160

0.0100
0.0270
0.0180
0.0130
0.0160
0.0040
0.0130
0.0070
0.0050
0.0080
0.0090
-0.0670
0.0400
0.0280
0.0260
0.0580
0.0560
0.0480
0.0740
0.0640
0.0610
0.0010
0.0320
0.0260
0.0340
0.0560
0.0580
0.0460
0.0640
0.0650
0.0630
0.0120
0.0190
0.0030
0.0200
0.0040
0.0100
0.0130
0.0170
0.0130
0.0070
0.0070
0.0080
0.0120
0.0050
0.0120
0.0100
0.0150
0.0070

— = = = e e e e e e e e e e e e e e e e e e e e e e e e e e e ek e e e e e e e e e e e e e b e e



IsSubAway

IsSubHome

RelHumid

State 0

State 1

State 0

State 1

State 0

1,3,1,8
41,3,1,9
1,4,0,0
A1,4,0,1
1,4,0,2
~1,4,0,3
A1,4,0,4
41,4,0,5
~1,4,0,6
Y1,4,0,7
1,4,0,8
1,4,0,9
A1,4,1,0
A1,4,1,1
A1,4,1,2
Y1,4,1,3
Y1,4,1,4
Y1,4,1,5
Y1,4,1,6
A1,4,1,7
A1,4,1,8
1,4,1,9
1,5,0,0
A1,5,0,1
A1,5,0,2
1,5,0,3
1,5,0,4
41,5,0,5
41,5,0,6
A1,5,0,7
1,5,0,8
1,5,0,9
A1,5,1,0
Y1,5,1,1
1,5,1,2
Y1,5,1,3
Y1,5,1,4
A1,5,1,5
41,5,1,6
A1,5,1,7
1,5,1,8
41,5,1,9
41,6,0,0
1,6,0,1
1,6,0,2
41,6,0,3
1,6,0,4
1,6,0,5

Y1,6,0,6

0.0030
0.0010
0.0010
0.0060
-0.0120
0.0000
0.0020
-0.0010
-0.0060
-0.0040
-0.0040
0.0030
0.0000
-0.0010
0.0010
0.0000
0.0010
0.0010
-0.0050
0.0000
0.0000
0.0000
-0.0030
0.0020
-0.0020
0.0010
0.0000
0.0000
-0.0040
-0.0090
-0.0020
0.0000
0.0000
0.0040
-0.0030
0.0020
-0.0090
-0.0140
-0.0010
0.0100
-0.0040
-0.0010
0.0020
0.0000
0.0090
-0.0040
-0.0010
-0.0050
-0.0020
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0.0070
0.0050
0.0040
0.0050
0.0050
0.0030
0.0040
0.0030
0.0050
0.0050
0.0050
0.0040
0.0030
0.0030
0.0030
0.0030
0.0030
0.0030
0.0040
0.0030
0.0030
0.0030
0.0040
0.0030
0.0030
0.0030
0.0030
0.0030
0.0040
0.0040
0.0030
0.0030
0.0030
0.0040
0.0040
0.0040
0.0050
0.0050
0.0040
0.0050
0.0040
0.0030
0.0170
0.0180
0.0210
0.0180
0.0180
0.0200
0.0180

0.0010
0.0000
0.0000
0.0050
-0.0130
0.0000
0.0010
0.0000
-0.0060
-0.0040
-0.0030
0.0020
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
-0.0050
0.0000
0.0000
0.0000
-0.0030
0.0010
-0.0010
0.0000
0.0000
0.0000
-0.0030
-0.0090
-0.0010
0.0000
0.0000
0.0030
-0.0020
0.0010
-0.0100
-0.0140
0.0000
0.0100
-0.0030
0.0000
0.0000
0.0000
0.0050
-0.0010
0.0000
-0.0020
0.0000

-0.0060
-0.0070
-0.0040
-0.0010
-0.0210
-0.0060
-0.0030
-0.0070
-0.0140
-0.0120
-0.0120
-0.0030
-0.0050
-0.0070
-0.0040
-0.0040
-0.0040
-0.0040
-0.0110
-0.0050
-0.0040
-0.0050
-0.0100
-0.0030
-0.0070
-0.0040
-0.0040
-0.0040
-0.0100
-0.0160
-0.0080
-0.0050
-0.0050
-0.0020
-0.0100
-0.0040
-0.0170
-0.0220
-0.0080

0.0000
-0.0120
-0.0070
-0.0240
-0.0270
-0.0220
-0.0320
-0.0280
-0.0350
-0.0290

0.0150
0.0110
0.0080
0.0140
-0.0030
0.0060
0.0090
0.0050
0.0010
0.0020
0.0020
0.0100
0.0050
0.0030
0.0050
0.0050
0.0060
0.0060
0.0010
0.0040
0.0050
0.0040
0.0020
0.0070
0.0030
0.0060
0.0060
0.0050
0.0020
-0.0020
0.0030
0.0050
0.0070
0.0110
0.0020
0.0080
0.0000
-0.0060
0.0040
0.0170
0.0020
0.0050
0.0280
0.0280
0.0400
0.0230
0.0270
0.0230
0.0240
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Temp

WaterSls

State 1

State 0

State 1

State 0

State 1

41,6,0,7
41,6,0,8
41,6,0,9
1,6,1,0
A1,6,1,1
1,6,1,2
41,6,1,3
A1,6,1,4
1,6,1,5
1,6,1,6
Y1,6,1,7
41,6,1,8
1,6,1,9
~1,7,0,0
A1,7,0,1
A1,7,0,2
41,7,0,3
Y1,7,0,4
1,7,0,5
41,7,0,6
A1,7,0,7
~1,7,0,8
41,7,0,9
A1,7,1,0
A1,7,1,1
Y1,7,1,2
Y1,7,1,3
A1,7.1,4
Y1,7,1,5
A1,7.1,6
Y1,7,1,7
A1,7,1,8
Y1,7,1,9
1,8,0,0
41,8,0,1
1,8,0,2
1,8,0,3
41,8,0,4
1,8,0,5
1,8,0,6
41,8,0,7
41,8,0,8
41,8,0,9
41,8,1,0
A1,8,1,1
1,8,1,2
41,8,1,3
A1,8,1,4

Y1,8,1,5

-0.0080
0.0030
0.0020
0.0040
0.0060

-0.0040
0.0030

-0.0010
0.0040
0.0010
0.0060

-0.0040
0.0000

-0.0070

-0.0020
0.0010

-0.0060
0.0040
0.0070
0.0010

-0.0010
0.0020
0.0010
0.0050
0.0010
0.0000
0.0080
0.0000

-0.0040
0.0030
0.0050
0.0010
0.0010
0.0080
0.0000
0.0030

-0.0010

-0.0030

-0.0010
0.0010
0.0100
0.0020
0.0000
0.0060
0.0030
0.0000

-0.0020
0.0010
0.0030
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0.0200
0.0170
0.0160
0.0170
0.0180
0.0200
0.0180
0.0180
0.0200
0.0180
0.0200
0.0170
0.0160
0.0210
0.0190
0.0200
0.0220
0.0200
0.0200
0.0190
0.0200
0.0190
0.0180
0.0210
0.0190
0.0190
0.0220
0.0200
0.0200
0.0190
0.0200
0.0190
0.0180
0.0080
0.0060
0.0060
0.0060
0.0060
0.0060
0.0060
0.0080
0.0060
0.0050
0.0070
0.0060
0.0060
0.0060
0.0060
0.0060

-0.0050
0.0010
0.0000
0.0000
0.0020

-0.0020
0.0010
0.0000
0.0010
0.0000
0.0030

-0.0010
0.0000

-0.0040
0.0000
0.0000

-0.0030
0.0000
0.0030
0.0000
0.0000
0.0000
0.0000
0.0030
0.0000
0.0000
0.0040
0.0000

-0.0010
0.0000
0.0020
0.0000
0.0000
0.0070
0.0000
0.0010
0.0000

-0.0010
0.0000
0.0000
0.0100
0.0010
0.0000
0.0050
0.0010
0.0000

-0.0010
0.0000
0.0010

-0.0410
-0.0240
-0.0210
-0.0200
-0.0190
-0.0340
-0.0200
-0.0270
-0.0230
-0.0260
-0.0200
-0.0320
-0.0240
-0.0420
-0.0290
-0.0250
-0.0410
-0.0240
-0.0200
-0.0280
-0.0310
-0.0250
-0.0300
-0.0250
-0.0250
-0.0270
-0.0230
-0.0290
-0.0370
-0.0270
-0.0220
-0.0300
-0.0250
-0.0030
-0.0090
-0.0060
-0.0110
-0.0140
-0.0110
-0.0090
-0.0020
-0.0060
-0.0090
-0.0030
-0.0060
-0.0100
-0.0140
-0.0090
-0.0060

0.0210
0.0290
0.0280
0.0330
0.0350
0.0290
0.0340
0.0280
0.0360
0.0280
0.0420
0.0210
0.0250
0.0230
0.0290
0.0340
0.0250
0.0350
0.0420
0.0320
0.0310
0.0330
0.0270
0.0400
0.0320
0.0310
0.0440
0.0300
0.0260
0.0330
0.0390
0.0280
0.0310
0.0210
0.0100
0.0140
0.0080
0.0070
0.0090
0.0110
0.0230
0.0140
0.0090
0.0190
0.0140
0.0100
0.0060
0.0110
0.0150
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Wind

AvgClsOver05Prob
AvgClsOver15Prob
AvgClsOver25Prob
AvgClsOver35Prob
AvgClsOver45Prob
AvgClsOver55Prob
AvgClsProbAway
AvgClsProbHome
BeerPrice

GeoDist
HotWinePrice
Is1stDiv
IsMobCpoint
IsPubHoliday
IsRelegAway
IsRunner
IsSchlHoliday
IsSoldOut

IsWasen
Kickoft15:30
Kickoft15:45
Kickoff17:30
Kickoff18:00
Kickoff18:30
Kickoff20:30

State 0

State 1

1,8,1,6
Y1,8,1,7
1,8,1,8
41,8,1,9
41,9,0,0
41,9,0,1
1,9,0,2
1,9,0,3
41,9,0,4
41,9,0,5
41,9,0,6
41,9,0,7
1,9,0,8
41,9,0,9
41,9,1,0
Y1,9,1,1
A1,9,1,2
41,9,1,3
Y1,0,1,4
41,9,1,5
41,9,1,6
Y1,0,1,7
41,9,1,8
¥1,9,1,9
2,0
Y2,1
2,2
2,3
2,4
2,5
2,6
Yo,7
2,8
2,9
2,10
2,11
2,12
2,13
2,14
Y2,15
2,16
Y2,17
2,18
2,19
2,20
2,21
2,22
2,23

2,24

-0.0010
0.0050
0.0010

-0.0040

-0.0070
0.0010
0.0010

-0.0030
0.0000
0.0120

-0.0010
0.0060

-0.0100

-0.0050
0.0000

-0.0070

-0.0020
0.0060
0.0030
0.0020
0.0200

-0.0090
0.0000

-0.0110

-0.0200

-0.0110

-0.0160
0.0060
0.0340
0.0050

-0.0030
0.0070
0.0180
0.0080
0.0170

-0.0450

-0.0010
0.0020
0.0020
0.0010
0.0010
0.0020

-0.0020
0.0290
0.0100
0.0110
0.0070
0.0300
0.0430
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0.0060
0.0070
0.0060
0.0070
0.0110
0.0120
0.0120
0.0140
0.0130
0.0180
0.0200
0.0160
0.0160
0.0140
0.0110
0.0130
0.0120
0.0140
0.0140
0.0170
0.0210
0.0170
0.0150
0.0150
0.0300
0.0340
0.0420
0.0440
0.0460
0.0330
0.0190
0.0190
0.0170
0.0070
0.0170
0.0240
0.0100
0.0050
0.0050
0.0080
0.0060
0.0060
0.0050
0.0250
0.0090
0.0150
0.0090
0.0150
0.0250

0.0000
0.0030
0.0000
-0.0030
-0.0040
0.0000
0.0000
-0.0010
0.0000
0.0080
-0.0010
0.0040
-0.0060
0.0000
0.0000
-0.0030
0.0000
0.0020
0.0000
0.0000
0.0180
-0.0070
0.0000
-0.0070
-0.0120
-0.0030
-0.0050
0.0010
0.0240
0.0010
-0.0020
0.0030
0.0170
0.0080
0.0160
-0.0430
0.0000
0.0000
0.0010
0.0000
0.0000
0.0010
-0.0010
0.0240
0.0090
0.0070
0.0040
0.0300
0.0410

-0.0110
-0.0050
-0.0090
-0.0160
-0.0260
-0.0180
-0.0170
-0.0260
-0.0220
-0.0110
-0.0340
-0.0170
-0.0370
-0.0290
-0.0160
-0.0280
-0.0210
-0.0150
-0.0170
-0.0250
-0.0070
-0.0360
-0.0250
-0.0350
-0.0760
-0.0700
-0.0900
-0.0640
-0.0270
-0.0440
-0.0350
-0.0200
-0.0060
-0.0010
-0.0060
-0.0780
-0.0180
-0.0060
-0.0050
-0.0120
-0.0090
-0.0060
-0.0120
-0.0070
-0.0020
-0.0070
-0.0050

0.0070
-0.0010

0.0090
0.0180
0.0110
0.0040
0.0090
0.0210
0.0210
0.0170
0.0200
0.0430
0.0300
0.0340
0.0110
0.0160
0.0180
0.0090
0.0160
0.0270
0.0250
0.0310
0.0550
0.0150
0.0240
0.0080
0.0190
0.0440
0.0480
0.0860
0.1130
0.0660
0.0260
0.0370
0.0470
0.0180
0.0450
0.0010
0.0170
0.0100
0.0110
0.0160
0.0110
0.0150
0.0060
0.0700
0.0240
0.0370
0.0240
0.0550
0.0800
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MonthAug - 2,25 0.0040 0.0080 0.0010 -0.0080 0.0170 1
MonthDec - 2,26 0.0020 0.0060 0.0010 -0.0060 0.0120 1
MonthFeb - Y2,27 0.0000 0.0060 0.0000 -0.0090 0.0100 1
MonthJan - 2,28 -0.0050 0.0060 -0.0040 -0.0160 0.0040 1
MonthMar - 2,29 0.0000 0.0050 0.0000 -0.0090 0.0070 1
MonthMay - 2,30 0.0030 0.0060 0.0010 -0.0050 0.0130 1
MonthNov - A2,31 -0.0040 0.0060 -0.0030 -0.0150 0.0050 1
MonthOct - 2,32 0.0030 0.0060 0.0010 -0.0060 0.0130 1
MonthSep - 2,33 0.0030 0.0080 0.0010 -0.0080 0.0160 1
NumCpoints - 2,34 0.0130 0.0170 0.0100 -0.0090 0.0430 1
NumSpects - 2,35 0.0510 0.0110 0.0510 0.0320 0.0690 1
RankAwayLast - 2,36 0.0000 0.0040 0.0000 -0.0080 0.0070 1
RankAwayPre - 2,37 -0.0010 0.0060 0.0000 -0.0130 0.0080 1
RankHomePre - 2,38 -0.0010 0.0080 0.0000 -0.0150 0.0130 1
Round - 2,39 0.0020 0.0090 0.0000 -0.0130 0.0160 1
Season2014/15 - 2,40 0.0000 0.0090 0.0000 -0.0140 0.0170 1
Season2015/16 - 2,41 0.0000 0.0100 0.0000 -0.0180 0.0140 1
Season2017/18 - 2,42 0.0040 0.0120 0.0010 -0.0130 0.0260 1
Season2018/19 - 2,43 0.0090 0.0150 0.0040 -0.0100 0.0360 1
WkdayMo - 2,44 -0.0100 0.0130 -0.0070 -0.0310 0.0070 1
WkdaySa - 2,45 0.0170 0.0230 0.0150 -0.0130 0.0570 1
WkdaySu - 2,46 -0.0180 0.0190 -0.0170 -0.0480 0.0090 1
WkdayTu - 2,47 -0.0040 0.0060 -0.0020 -0.0160 0.0050 1
WkdayWe - 2,48 0.0040 0.0090 0.0010 -0.0090 0.0220 1
BeerSls State 0 (231,0,1 0.1930 0.0100 0.1930 0.1770 0.2080 1
le,o,2 0.1730 0.0100 0.1730 0.1570 0.1890 1

9231,0,3 0.0580 0.0100 0.0580 0.0420 0.0740 1

(271,0,4 0.0270 0.0110 0.0280 0.0100 0.0450 1

él,o,s 0.0340 0.0110 0.0340 0.0170 0.0520 1

(2)1,0,6 0.0100 0.0100 0.0090 -0.0030 0.0270 1

¢A71,0,7 0.0210 0.0100 0.0210 0.0040 0.0380 1

le,o,s -0.0140 0.0090 -0.0140 -0.0280 0.0010 1

¢31,0,9 -0.0040 0.0070 -0.0020 -0.0170 0.0070 1

State 1 le,l,l 0.1820 0.0100 0.1820 0.1660 0.1980 1

9231,1,2 0.1760 0.0100 0.1760 0.1600 0.1930 1

fi’l,l,s 0.0660 0.0100 0.0660 0.0500 0.0830 1

$1,1,4 0.0240 0.0110 0.0250 0.0060 0.0430 1

92)1,1,5 0.0170 0.0110 0.0170 -0.0010 0.0330 1

¢A71,1,6 0.0250 0.0100 0.0250 0.0080 0.0420 1

¢31,1,7 0.0090 0.0090 0.0070 -0.0040 0.0250 1

le,l,s 0.0060 0.0080 0.0040 -0.0040 0.0220 1

le,l,9 -0.0100 0.0090 -0.0100 -0.0240 0.0020 1

Noise - & 0.2560 0.0020 0.2560 0.2530 0.2600 1
SlabWitdh - ? 0.0110 0.0010 0.0110 0.0090 0.0130 1

This table presents summary statistics on the posterior distributions of the coeflicients, estimated in the main specification. We
exclude the match minute dummies for presentation reasons. Columns 7 and 8 include the 10% and 9% quantiles of the highest
density interval, respectively. The last column provides the Gelman-Rubin statistic. Indices of coeflicients denote the level, the
variable, the state, and the lag. For ¢, we drop the variable index, because it is redundant. The median for 51,1,1,3 equal to 0.0190

implies: a one standard deviation increase of Surprise in positive state 1 increases the conditional mean of beer sales during
minute 3 after a key match event by approximately 1.9%, ceteris paribus.
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Figure A.6
Main Model Forest Plot

==
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This figure shows posterior distributions of the intercept 1 for each match. The matches are sorted chronologically from top to
bottom (seasons 2013/14 to 2018/19).

A.3.2 Extended Specifications and Robustness Checks

Figure A.7
Regularized Horseshoe Posterior Distributions
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Equivalent description as for Figure 2.3, but for the regularized horseshoe specification.
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Figure A.8
Normal Prior Posterior Distributions
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Equivalent description as for Figure 2.3, but for the normal prior specification.
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Figure A.9
Seasons Posterior Distributions
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Equivalent description as for Figure 2.3, but for the seasons specification.
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Figure A.10
Shock Posterior Distributions
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Equivalent description as for Figure 2.3, but for the shock specification.
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Figure A.11
Die-Hard Fans Posterior Distributions

Surprise
0.10 -
0.05 -
€
@ 0.00 1
S
e
@ —0.05 -
o
)
—0.10 1 State
-0.15 | Em 0
s 1
-0.20 - , , , , , , , , , :
Suspense
0.10 -
0.05 -
=
@ 0.00 A
9
% —0.05 -
o
O
—-0.10 1 State
-0.15 | - 0
s 1
-0.20 - . . , , , , , , , :
0 1 2 3 4 5 6 7 8 9
Lag

Equivalent description as for Figure 2.3, but for the die-hard fans specification.
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Figure A.12
Shandy Posterior Distributions
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Equivalent description as for Figure 2.3, but for the shandy specification.
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Figure A.13
Soft Drinks Posterior Distributions
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Equivalent description as for Figure 2.3, but for the soft drinks specification.
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Chapter 3

AN ALTERNATIVE PRIOR FOR ESTIMATION IN

HiGH-DIMENSIONAL SETTINGS?!

3.1 Motivation

Applied research in both natural and social sciences, such as genetics, psychology, and eco-
nomics, often deals with intricate models using high-dimensional parameter spaces that incorpo-
rate several interactions, splines, and quadratic effects (e.g., Watt 2004; Engle and Rangel 2008;
Brandt, Cambria, and Kelava 2018). In such settings, estimation techniques such as ordinary
least squares tend to provide biased parameter estimates with low accuracy, because asymptotic
theories do not hold when the number of predictors D is greater than the number of observations
N. When the design matrix is sparse or the data feature high multicollinearity, dimensionality
reduction is of particular importance.

To address problems associated with overfitting and overparametrization (Williams and Ro-
driguez 2022), frequentist approaches apply penalized regression methods such as L1 or L2 regu-
larization (Marquardt and Snee 1975; Tibshirani 1996). In Bayesian frameworks, regularization
can be induced through the specification of prior distributions, which allocate substantial prob-
ability mass around 0 to shrink small coefficients toward 0. The heavy tails of these distributions
create a means to accommodate large coefficients. Renowned examples of such approaches in-
clude the spike-and-slab prior (Mitchell and Beauchamp 1988; George and McCulloch 1993; Ish-
waran and Rao 2005) and the Bayesian lasso (Park and Casella 2008). Although these approaches
serve as good starting points, various issues emerge, related to their practical use.

Specifically, spike-and-slab priors were considered the gold standard in sparse Bayesian esti-
mation for a long time because of their well-understood theoretical properties and good perfor-
mance in a variety of settings related to sparsity. However, they become computationally inten-
sive, particularly when used in high-dimensional spaces, because posterior sampling requires a
stochastic search over a tremendous space, leading to slow mixing and convergence (Mitchell
and Beauchamp 1988; Bhadra et al. 2017). As noted by Piironen and Vehtari (2017), their results
also can be sensitive to prior choices (i.e., slab width and prior inclusion probability), which can
be difficult to determine (Ishwaran and Rao 2005). Moreover, Mitchell and Beauchamp (1988)
point out challenges in modeling correlated predictors and class variables with more than two
levels.

The popularity of the Bayesian lasso stems largely from its simplicity and computational effi-

ciency (Piironen and Vehtari 2017). As Park and Casella (2008) note, the Bayesian lasso ensures a

2I'This chapter is a revised version of Nagel et al. (2024), published in Structural Equation Modeling: A Multidisci-
plinary Journal. A replication package is available at https://github.com/michael-nagel/dhs
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unimodal posterior, which facilitates fast convergence and produces meaningful estimates. How-
ever, Carvalho, Polson, and Scott (2008) and Armagan, Dunson, and Lee (2013) caution that it
also insufficiently shrinks small coefficients (representing noise) while overshrinking large coef-
ficients due to its relatively light tails, such that it is less robust to outliers—a notable drawback.

Carvalho, Polson, and Scott (2009) also identify two other factors that hamper the perfor-
mance of the Bayesian lasso method: overestimation of the signal share in the parameter vector
and underestimation of the presence of large coefficients. Finally, due to its reliance on a single
hyperparameter in the double exponential (Laplace) prior, the Bayesian lasso suffers restricted
flexibility and adaptivity to different problems (Brown and Griffin 2010).

Some more recently developed priors include, for example, continuous shrinkage priors,
which sometimes are expressed as one-group global-local scale mixtures of Gaussians, like the
horseshoe (Carvalho, Polson, and Scott 2010). These priors achieve good performance in high-
dimensional settings with regard to sparsity (Van Der Pas, Kleijn, and Van Der Vaart 2014),
exhibit adaptivity to unknown sparsity and signal-to-noise ratios (Carvalho, Polson, and Scott
2008), and offer computational efficiency, in the sense that their complexity depends on the
sparsity ratio rather than the number of observations (Van Der Pas, Kleijn, and Van Der Vaart
2014).

Despite its popularity, some shortcomings of the horseshoe limit its practical use. In particu-
lar, Piironen and Vehtari (2017) highlight the lack of a possibility to incorporate prior knowledge
about the sparsity level in the parameter vector for the global shrinkage hyperparameter. They as-
sert that the default choices encourage solutions in which too many parameters remain unshrunk.
Van Der Pas, Kleijn, and Van Der Vaart (2014) also report both over- and underestimation of
the sparsity ratio when applying full Bayes implementation with a Cauchy prior on the global
hyperparameter. Notably, the horseshoe’s shrinkage profile keeps large coefficients unshrunk,
which can be a favorable property, but it also can deteriorate performance when the parameters
are only weakly identified by the data, such as when dealing with flat likelihoods emerging in
logistic regressions with data separation (Piironen and Vehtari 2017).

In addition, it can cause the means of the posteriors to vanish, as observed for the Cauchy
prior (Ghosh, Li, and Mitra 2018). Another concern stems from the multimodality of the pos-
terior, caused by correlated predictors, which can raise sampling and convergence issues for the
inference algorithms (Piironen and Vehtari 2017). Noticeable convergence issues have also been
reported by Piironen and Vehtari (2015), even for simple regression problems.

More advanced priors include the regularized horseshoe (Piironen and Vehtari 2017) and
Dirichlet-Laplace priors (Bhattacharya et al. 2015). The former is a generalization of the horse-
shoe and nests the horseshoe as a special case. Accordingly, the regularized horseshoe is com-
monly applied to high-dimensional regression problems in which the number of predictors is
much greater than the number of observations, due to its strong performance in such settings.
Furthermore, it can incorporate prior knowledge about the degree of sparsity in the global hy-

perparameter.
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By adding a small degree of regularization to the large coeflicients, the regularized horseshoe
yields more reasonable parameter estimates, ensures that the posterior mean exists, and avoids
sampling issues related to divergent transitions (Piironen and Vehtari 2017). Although these
improvements lead to improved performance and applicability of the horseshoe, as Piironen and
Vehtari (2017) emphasize, the issues related to multimodality due to correlated predictors still
persist. Furthermore, as they demonstrate, a misspecification of the hyperparameters can result
in overly strong regularization.

Dirichlet-Laplace priors unify Dirichlet and Laplace priors to induce sparsity in models.
Whereas the Laplacian part controls the overall amount of shrinkage, concentrating the Dirichlet
elements constrains the number of non-zero coefficients. Thus, Dirichlet-Laplace priors are the-
oretically sound; they provide a closed-form representation that is appealing theoretically and
also allows for an exact representation of the posterior.

According to Bhattacharya et al. (2015), Dirichlet-Laplace priors yield efficient posterior
computations, with an appropriate chosen concentration rate, such that they offer an optimal
posterior concentration (minimax rate of convergence). Nevertheless, their practical use is lim-
ited, because the results depend powerfully on the commonly unknown, hard-to-determine con-
centration parameter, which can exert substantial effects on the results, as demonstrated by Bhat-

tacharya et al. (2015). In Table 3.1, we provide an overview of the properties of these priors.

Table 3.1
Comparison of Properties of Prior Distributions

Spike-and-Slab

Bayesian (Adaptive) Lasso

« discrete (point-mass mixture) prior; continuous versions exist
« strong sparsity-inducing performance in many settings

o well-understood theoretical properties

« computationally intensive in high-dimensional settings

« highly sensitive to hyperprior choices

« struggles with modeling correlated predictors

« challenges handling class variables with more than two levels

« continuous shrinkage prior

« simple and computationally efficient

« guarantees unimodal posterior distributions

« limited flexibility, less adaptive to varying signal strengths

« tends to undershrink noise and overshrink large coefficients
« may overestimate signal density

Horseshoe

Dirichlet-Laplace

« continuous shrinkage prior

« strong performance in high-dimensional, sparse problems
« adapts to unknown sparsity and signal-to-noise ratios

« performance not dependent on the number of observations
« does not allow inclusion of prior knowledge about sparsity
« over- and underestimation of sparsity ratios possible

« large coeflicients left unshrunk

« correlated predictors may result in multimodal posteriors

« potential convergence and sampling issues

« continuous shrinkage prior with closed-form representation
« efficient posterior computation

« optimal posterior concentration

« strong sensitivity to unknown concentration parameter

Regularized Horseshoe

« continuous shrinkage prior

« strong performance in high-dimensional settings
« improved sampling stability

« some sensitivity to hyperparameter choices

« generalization of the horseshoe that encompasses it
« allows incorporation of prior knowledge about sparsity levels
« correlated predictors may still lead to multimodal posteriors

This table summarizes the key properties of various prior distributions used in high-dimensional models.
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3.2 Article Aims

To overcome some of these limitations, we suggest a novel prior approach, which we call
Dirichlet-horseshoe, that combines and expands on the principles of the regularized horseshoe
and the Dirichlet-Laplace priors. We test its performance by conducting two replicated
simulation studies, along with a real-data example. In the first simulation study, which reflects
the normal means problem (see Bhattacharya et al. 2015), Gaussian white noise gets added to
a high-dimensional vector of signals with varying signal strengths and different sparsity ratios.
Then the second simulation study features a multiple regression setting, such that we draw
predictor variables from a multivariate normal distribution with varying correlation strengths
and generate a sparse vector of regression coeflicients from a log-normal distribution.

In the real-data example, we replicate the estimation procedure implemented by Fischer et al.
(2023) but apply our proposed Dirichlet-horseshoe prior. Fischer et al. (2023) estimate the effects
of emotional cues on minute-by-minute, aggregated alcohol consumption in a soccer stadium, on
the basis of intensive longitudinal data and by employing a random intercept regime-switching
model. The data set consists of 8,820 observations, with 10 predictors at the within-level and 49
predictors at the between-level.

These illustrative studies confirm that the Dirichlet-horseshoe can deal with different sparsity
ratios, handle high multicollinearity, and cope well with small NV, large D settings. In all setups,
its performance, measured in terms of loss, is either superior or similar to that of competing
regularization priors. The results suggest that our proposed prior is best suited for sparse, small
sample settings (e.g., 100 observations with 5% relevant predictors) that require precise estimates

and a high probability of isolating important predictors from less important ones.

3.3 Common Priors

To distinguish the Dirichlet-horseshoe prior from existing ones, we briefly introduce five well-
established approaches, in chronological publication order. More precisely, we introduce three
central concepts (“baseline priors”), which are prone to the issues we outlined previously. Then,
we present two more recent (“advanced”) priors, on which we build to construct the Dirichlet-
horseshoe.

Throughout this article, we use N to denote the number of observations, with¢ = 1,..., NV,
and D to indicate dimensionality, equal to the number of predictor variables in a regression,
where j = 1,..., D. The vector of regression coefficients to be estimated is signified by 3, and

o? represents the noise variance. Vectors and matrices are highlighted in bold.
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3.3.1 Baseline Priors
3.3.1.1 Spike-and-Slab
The spike-and-slab prior (Mitchell and Beauchamp 1988; George and McCulloch 1993; Ishwaran

and Rao 2005) belongs to the class of discrete mixture priors and is based on a binary decision.
Either the point mass for 3; is at 0 (i.e., it comes from a spike), or the coefficient is drawn from
a diffuse uniform distribution (i.e., it comes from a slab).

This prior is often written as a two-component mixture of Gaussian functions (Piironen and
Vehtari 2017) such that

Bj | )\j,C,E N/\]N (0,02) + (]. — )\j)N(O,E2) s
Aj ~Ber () ,

in which the hyperparameter c controls the shape of the distribution (slab width), and 7 is the
prior inclusion probability. This prior establishes an ideal theoretical benchmark, due to its no-
table properties. First, it fully reflects the concept of regularization, because coeflicients can
become exactly 0. Second, there exists a closed-form solution for the posterior distribution. By
choosing ¢ = 0 and replacing the discrete Bernoulli distribution with a continuous Beta, the

prior can be expressed as

Bj | /\j,C N)\]N (0,62) s
A; ~Beta (a, ) .

For example, Beta (.5, .5) would be an uninformative Jeffrey’s prior.

3.3.1.2 Bayesian (Adaptive) Lasso
Park and Casella (2008) introduce the Bayesian lasso,

=
7 (8]0 = H e ABINVGE

i1 2Vo?

for which the shape of the coefficient’s distribution is governed by o2 and the fixed shrinkage pa-
rameter \. According to Park and Casella (2008), estimates have both lasso and ridge regression
properties, and the posterior mode is equivalent to the frequentist lasso estimator introduced by
Tibshirani (1996). In an attempt to allow for different shrinkage for different coefficients, while

maintaining parsimony, Leng, Tran, and Nott (2014) propose the Bayesian adaptive lasso,

D
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which also ensures that the posterior is unimodal, given any choice of \; (Park and Casella 2008;
Leng, Tran, and Nott 2014).

3.3.1.3 Horseshoe
Carvalho, Polson, and Scott (2010) propose the horseshoe,

5j | )\j,T NN(O,/\§7‘2> s
>‘j ~ C+ (O, ].) 5

a prior distribution with a global (7) and alocal ()\;) shrinkage parameter. The general degree of
regularization 7 (often referred to as the global regularization component) shrinks all coefficients
toward 0; the local regularization component \; allows large coeflicients to escape shrinkage.
The horseshoe’s heavy tails, resulting from the half-Chauchy distribution, allows the prior to

accommodate even the largest coefficients.

3.3.2 Advanced Priors
3.3.2.1 Dirichlet-Laplace

Dirichlet-Laplace priors (Bhattacharya et al. 2015) are another class of shrinkage priors that ex-
tend the global-local approach by introducing relative predictor importance according to a con-

centration parameter a, as in

ﬁj | ¢]7TNDE(O7¢,]T> )
¢ ~ Dir(a,...,a) ,
7 ~ Gamma (Da, 0.5) .

The components of the Dirichlet distribution ¢; add up to 1 (i.e., the Dirichlet is a multivariate
generalization of the Beta distribution). In these equations, DE refers to the double exponential
(Laplace) distribution. The concentration parameter a guides the sparsity allocation of the prob-
ability mass, such that the larger a is, the more mass gets concentrated on one component, and

the smaller a is, the sparser the resulting distribution.
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3.3.2.2 Regularized Horseshoe

The regularized horseshoe, as proposed by Piironen and Vehtari (2017), is a generalization of the

horseshoe, expressed as:

By | Ao~ N (o, TQX]?) , (3.1)
2 CZ)‘?
T2 —|—T2>\? '

)‘j NC+ (0,1) .

If 72\2 < 2, such that 3; is close to 0, then A2 - A3, and Equation (3.1) approaches the original

horseshoe. But if 72A\7 > ¢?, such that j; is far from 0, then S\JQ — j—z, and Equation (3.1)
p

approaches A/ (0, ¢?), which is equivalent to the spike-and-slab estimator for the case in which
the coefficient comes from a slab.
The regularized version enhances the horseshoe in several ways. First, the global shrinkage

parameter 7 depends on prior information about the sparsity ratio in the design matrix, because

T~Ct (O, Tg) ,
Po o

_D—pO\/N7

where py denotes the number of relevant predictor variables. On the basis of the dimensionality

To

of the data set and an assumed number of relevant predictors, the global shrinkage parameter
can be defined systematically. Second, sparsity information enters the reformulated local shrink-
age parameter ij through 7, which prevents the vanishing mean problem that arises with the

horseshoe, as well as the aforementioned issues attributed to weakly identified parameters.

3.4 The Dirichlet-Horseshoe Prior

To enhance precision and offer more adaptivity, we combine the Dirichlet-Laplace with the regu-
larized horseshoe, such that we integrate the notion of relative levels of predictor importance and

local shrinkage, using information on the overall sparsity. The implied hierarchical structure of
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the Dirichlet-horseshoe then can be expressed as:

6] | Aj7¢jaT7CNN<O7T25‘?(ZB?> )
T~C*t (0,73) ;

212
J

¢ = oD,
Aj~CH(0,7),

¢ ~ Dir(a,...,a) .

The proposed Dirichlet-horseshoe unifies global (7), local (\;), and joint (¢) regularization. The
global and local regularization trade off in \;, with the objective of also shrinking large coeffi-
cients when they are weakly identified, to prevent flat posteriors.

The peculiarity of the Dirichlet distribution maps all components in ¢ between 0 and 1; it
guarantees that the sum of these components is equal to 1. Rescaling the components by D
allows the Dirichlet-horseshoe to nest the regularized horseshoe estimator as a special case, as
long as the posterior for ¢ = 1. In practice, this special case is unlikely; it implies equally
important predictor variables. However, the Dirichlet-horseshoe might increasingly come to
resemble the regularized horseshoe when the predictor variables grow more homogeneous in
their explanatory power for the target variable.

For ¢ # 1, the Dirichlet-horseshoe shrinks all predictors that are less important than an
average to be stronger than the regularized horseshoe does, such that for éj < 1, it holds that
72242 < 7). Analogously, any predictor of greater importance than the average is subjected
to a smaller degree of shrinkage. In turn, the Dirichlet-horseshoe functions as a regularizer with
greater selectivity capacity between important and unimportant signals.

The slab width can be adjusted by means of c. In line with Piironen and Vehtari (2017), we
suggest establishing a weakly informative prior for c. A reasonable choice is the inverse-Gamma
distribution,

¢ ~ InvGamma(a, ) ,

which has a heavy right and light left tail, so it does not concentrate excessive probability mass
near 0, a feature that is desirable for coefficients that already are considered far from 0 (Piironen
and Vehtari 2017). Incorporating global parameters in the model, estimated from available data,
also provides a high degree of adaptivity to different sparsity patterns and can control for Type I
errors (Berry 1987; Scott and Berger 2006).

The local regularization component )\;, drawn from a half-Cauchy distribution, enables our
prior to accommodate even the largest coefficients. The components impact on the estimator

can be controlled by the scale parameter . For the optimal choice of 7y, we follow Piironen and
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Vehtari (2017) and use:
Po 9

:D—pO\/N'

Then we define hyperpriors for both the concentration parameter @ and the number of relevant

To

predictors pg to reduce the dependence of the results on these parameters when little or no prior
information is available. To induce sparsity through ¢, the concentration rates must lie between
0 and 1. To increase the degree of sparsity, modelers should choose smaller values. The number
of relevant predictors py controls the scale 7 of the half-Cauchy distribution from which the
global hyperparameter 7 is drawn; p, is inversely related to the degree of global regularization.
In practice, py is often unknown and needs to be sampled.

For statistical reasons, we recommend drawing the fraction of relevant predictors 7 rather

than the number of relevant predictors p,, according to

po=nD,

because 7 is a continuous quantity bounded between 0 and 1, which makes it more convenient
to sample using numerical methods, such as Markov chain Monte Carlo or Hamiltonian Monte
Carlo.

On the basis of empirical experience, Bhattacharya et al. (2015) determine that choosing
a = 1/D may induce over-shrinkage if some relatively small coefficients exist. They also empha-
size that @ = 1/D can create numerical issues when D is large. In addition to fixing a = 0.5,
they use a uniform prior for the concentration rate a, but uniform distributions can lead to slow
convergence and high autocorrelation in the chain.

Therefore, we recommend drawing a and 7 from informative Beta distributions, skewed to-
ward 0 (relative to the presumed sparsity ratio), to allocate more prior probability near 0 than
near 1. This effort can help the sampler explore the posterior distribution more efficiently. For
example, Beta(2, 8) has a mean equal to 0.2, which may be appropriate if the researcher assumes
around 20% of the predictors are relevant, a priori. According to our findings, and in an ef-
fort to restrain computational expense, it may be reasonable to define one joint parameter v for
both the concentration a and the fraction of relevant predictors 7, such that n = a = v, with
v ~ Beta(a, ).

Figure 3.1 shows the marginal density of the Dirichlet-horseshoe compared with the other
priors. We use the double exponential prior in place of the Bayesian adaptive lasso, because in
a Bayesian lasso regression, each regression coefficient follows a conditional double exponential
prior (i.e., Laplace prior) (Tibshirani 1996; Park and Casella 2008). We observe that the Dirichlet-
horseshoe allocates substantial probability mass close to 0 and has a relatively light tail. The
tails are large enough to accommodate large coefficients though, and they are more pronounced
than those of the double exponential prior. These key features enable the Dirichlet-horseshoe to

perform well in relation to the problems of sparse Bayesian regularization and prediction (Polson
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Figure 3.1
Marginal Densities
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Marginal density of the Dirichlet-horseshoe (DHS) in comparison with those of the double exponential (DE), horseshoe (HS),
Dirichlet-Laplace (DL), and regularized horseshoe (RHS) priors.

and Scott 2010).

The density functions provided by horseshoe, regularized horseshoe, and Dirichlet-
horseshoe all lack a closed-form representation. We approximate the horseshoe density using
the elementary functions, as detailed in Theorem 1 offered by Carvalho, Polson, and Scott
(2010). The density functions for the latter two priors are sampled using 10,000,000 draws. We
assume N = 100, D = 100, a = 0.5, 7 = 0.5, and ¢ = 1, and we smooth the tails of the

regularized and Dirichlet horseshoes by scaling the kernel bandwidth, for illustration.

3.5 Simulation Studies

We illustrate the finite sample performance of the proposed Dirichlet-horseshoe prior, compared
with the other priors, using the normal means problem (Van Der Pas, Kleijn, and Van Der Vaart
2014; Bhattacharya et al. 2015), and then a multiple regression problem with correlated predic-

tors under sparsity.

3.5.1 Simulation Study I: Normal Means Problem

In the normal means problem, we strive to estimate a [D-dimensional mean 6, based on a D-

dimensional vector of observations y corrupted with Gaussian white noise,

yj=0;+ej,
EjNN(O,l),
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for various sparsity ratios ¢p and mean sizes defined by the signal strength A. Particularly, we
sample (2 = 100 replicates of a D = 400 dimensional vector y from a N (89, Ip) distribution,
where 6, has gp € {0.05, 0.1} nonzero entries, all set to a constant value A € {4,5,6}. In turn,
we conduct six simulation settings per prior candidate in each replication, for 3,600 simulations
in total. Note that A = \/m ~ 3.5 is the “universal” threshold for this problem (John-
stone and Silverman 2004; Van Der Pas, Kleijn, and Van Der Vaart 2014). Below this threshold,
the nonzero components in 6 are too small to be detected (Piironen and Vehtari 2017). There-
fore, we expect the most imprecise estimates to manifest for A = 4.

We also seek to illustrate the impact of the hyperparameter choice v, which controls both the
concentration rate and the fraction of relevant parameters in the Dirichlet-horseshoe prior, by
presenting the results for different hyperparameter selections in the simulation study: D = 400,
gp = 0.05, and A varying over A € {4,5,6}. The hyperprior choices include v ~ Beta(2,8),
v=0.01,r=0.1,and v = 0.5.

3.5.2 Simulation Study II: Multiple Regression Problem

In the multiple regression problem, we aim to estimate a D-dimensional parameter vector 3
drawn from a log-normal distribution based on a NV x D dimensional design matrix X, which

in turn is drawn from a multivariate normal distribution, such that

Yi = Bo + Bjzi; +ei
Bo ~N(0,1),

B; ~ LN(0,0.5) ,
X ~Np(0,X%),

g ~N(0,1) .

The variance-covariance matrix ¥ contains unit standard deviation on its main diagonal and
varying, pairwise correlations p on its off-diagonals. We set the number of predictors D = 100,
let the sample size be N € {80,200} (N < D, N > D), and vary the correlations p over
p € {0.25,0.5,0.75} (weak, moderate, strong). The parameter vector 3 has a sparsity ratio of
20%, such that we set 80 of the 100 predictors to 0. Again, we conduct {2 = 100 replications per

setting and prior candidate, which yields a total of 3,600 simulations.

3.5.3 Estimation

For the estimation, we use the probabilistic programming package PyMC (Salvatier, Wiecki, and
Fonnesbeck 2016). In particular, we apply the No-U-Turn (NUTS) sampler (Hoffman and Gel-
man 2014), a recursive algorithm for continuous variables based on Hamiltonian mechanics.
It extends the Hamiltonian Monte Carlo by eliminating the need to set a number of steps, be-

cause an automatic stoppage occurs once the sampler starts to make a U-turn. We set a large
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acceptance probability of 0.99 (the default value is 0.8), which implies a small step size, so that
we can achieve non-divergent trajectories for the samples. For each specification, we run three
chains with 3,000 iterations and an additional 1,000 burn-in samples that we discard. We monitor
convergence with the Gelman-Rubin statistic R (Gelman and Rubin 1992; Brooks and Gelman
1998).

3.6 Results

This section presents the results of both simulation studies. We illustrate the performance of the
Dirichlet-horseshoe compared with the alternative priors. Figures 3.2 and 3.4 depict the squared
error loss corresponding to the posterior median. Tables B.1 to B.4 in the appendix present
these results in tabular form, along with several additional measures, such as coverage based
on the 95% highest density intervals (HDIs), standard deviation of loss, standard deviation of
the median, Type I error, 2, runtime, and number of divergences. These measures are averaged
across replications, and all values converge. We present the detailed hierarchical structure of all

priors, together with the parameter values used in the simulation studies, in Section B.2.

3.6.1 Simulation Study I: Normal Means Problem

Figure 3.2 depicts the loss for varying signal strengths A € {4,5,6} based on sparsity ratios of
gp = 5% (left panel) and ¢p = 10% (right panel) for the normal means problem with dimen-
sionality D = 400. Specifically, for a sparsity ratio of 5% and a signal strength of 4, the lowest

Figure 3.2
Results of Simulation Study I
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Squared error loss corresponding to the posterior median derived from the normal means problem (Simulation Study I), with
a D = 400 dimensional parameter vector for varying signal strengths A € {4, 5,6} and sparsity ratios ¢gp = 5% (left panel)
and gp = 10% (right panel). We abbreviate the considered priors SPSL (spike-and-slab), BAL (Bayesian adaptive lasso), HS
(horseshoe), DL (Dirichlet-Laplace), RHS (regularized horseshoe), and DHS (Dirichlet-horseshoe).
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loss occurs for the regularized horseshoe (69.3), followed closely by Dirichlet-horseshoe (69.5),
Dirichlet-Laplace (70.6), and horseshoe (73.8) priors. Bayesian adaptive lasso and spike-and-slab
priors reveal the most imprecise results (97.1 and 96.6), which persists at larger signal strengths
too. As the signals strengthen, the losses associated with all priors except spike-and-slab decrease,
as is to be expected, because the signal-to-noise ratio grows.

For A = 5 and A = 6, the Dirichlet-horseshoe achieves the lowest loss (41.8 and 34.0), fol-
lowed by the horseshoe (43.9 and 34.6) and regularized horseshoe (44.8 and 35.8). The Dirichlet-
Laplace prior performance deteriorates (59.9 and 55.8). At a sparsity ratio of 10%, we find similar
patterns. For A = 4, the loss for the Dirichlet-horseshoe (110.0) is slightly higher than that for
the Dirichlet-Laplace (108.0) but considerably lower than those of the regularized horseshoe
(114.0), horseshoe (118.0), Bayesian adaptive lasso (127.0), and spike-and-slab (137.0).

For the signal strengths A = 5 and A = 6, the loss of the Dirichlet-horseshoe (81.9 and
66.7) is lowest, and the differences with the other priors grow more pronounced. That is, the
horseshoe (89.4 and 73.1) comes second, closely followed by the Dirichlet-Laplace (91.3 and
80.8) and regularized horseshoe (92.6 and 76.7). Overall, the proposed, novel prior consistently
demonstrates superior or competitive accuracy on all tested specifications.

Figure 3.3 illustrates the sensitivity of the Dirichlet-horseshoe to a selection of hyperparam-
eters that constitute the proposed hyperprior v ~ Beta(2,8), together with fixed values of

v = 0.01, v = 0.1, and ¥ = 0.5. We evaluate the results on the basis of the loss calculated

Figure 3.3
Results of Hyperparameter Sensitivity Analysis
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Squared error loss corresponding to the posterior median for different hyperparameter choices v, derived from the normal means
problem with a D = 400 dimensional parameter vector, sparsity ratio gp = 5%, and varying signal strengths A € {4,5,6}.

from the normal means problem with dimensionality D = 400, sparsity ratio gp = 5%, and
varying signal strengths A € {4,5,6}.
For the smallest signal strength A = 4, we observe minor differences in losses across the hy-

perprior choices v ~ Beta(2,8), v = 0.1, and v = 0.5, but the largest loss emerges for v = 0.01.
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As Bhattacharya et al. (2015) point out, choosing overly small values for the concentration param-
eter can lead to overshrinkage and poor performance in the presence of relatively small signals.
For A = 5 and A = 6, we note the weak sensitivity of the Dirichlet-horseshoe to the hyperprior
choice. The differences in loss are rather small, indicating that the choice of hyperparameter has

only a minor impact in these settings.

3.6.2 Simulation Study II: Multiple Regression Problem

Figure 3.4 depicts the loss estimated from the multiple regression problem with D = 100 predic-
tors for varying correlation strengths p € {0.25,0.5,0.75} (weak, moderate, strong) in samples
with N = 80 observations (left panel) and N = 200 observations (right panel). For the small
sample size of 80 and weak to moderate predictor correlations, the Dirichlet-horseshoe achieves
the lowest loss (1.11 and 1.85), followed by the regularized horseshoe (1.35 and 2.12), horseshoe
(1.37 and 2.13), and Dirichlet-Laplace (1.44 and 2.21).

Figure 3.4
Results of Simulation Study II
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Squared error loss corresponding to the posterior median derived from the multiple regression setting (Simulation Study II) with
a D = 100 dimensional parameter vector drawn from a log-normal distribution for varying correlations p € {0.25,0.5,0.75}
and observations N = 80 (left panel) and N = 200 (right panel). The design matrix is generated by a multivariate normal
distribution with correlated predictors. The parameter vector 3 has a sparsity ratio of 20%, such that we set 80 of the 100
predictors to 0. We abbreviate the priors SPSL (spike-and-slab), BAL (Bayesian adaptive lasso), HS (horseshoe), DL (Dirichlet-
Laplace), RHS (regularized horseshoe), and DHS (Dirichlet-horseshoe).

Similar to the normal means problem in Simulation Study I, the Bayesian adaptive lasso
and spike-and-slab priors produce the most imprecise results, as is true for all the predictor
correlations we examine. With strong correlations, the Dirichlet-horseshoe reveals a loss of
4.49—slightly larger than the values for the regularized horseshoe (4.41) and slightly lower
than the horseshoe (4.50), and Dirichlet-Laplace (4.66). With a larger sample size (200), our

proposed Dirichlet-horseshoe prior exhibits the smallest loss for all predictor correlations
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p € {0.25,0.5,0.75}, with values equal to 0.21, 0.33, and 0.76, respectively. Thus, it also
achieves the best outcome for strong correlations, followed by regularized horseshoe (0.28, 0.42,
0.90), horseshoe (0.29, 0.43, 0.91), and Dirichlet-Laplace (0.35, 0.51, 1.00).

Generally, the loss of all priors diminishes with the larger sample size but grows with in-
creasing predictor correlations, which is reasonable, in that it becomes more challenging for the
algorithms to disentangle predictor variables. As in the normal means problem, our proposed
Dirichlet-horseshoe prior achieves superior or highly competitive accuracy for all the tested spec-

ifications.

3.7 Real-Data Example: Alcohol Use and Emotional Cues

In this section, we extend the performance illustration with a real-data example. Similar to Fis-
cher etal. (2023), we estimate the effect of the reference point-dependent emotional cues Surprise
and Suspense (Ely, Frankel, and Kamenica 2015), with the same data set and using their proposed
hierarchical state-switching model. However, we apply the Dirichlet-horseshoe instead of the
spike-and-slab prior used by those authors. The data set consists of minute-by-minute recorded
beer sales in a soccer stadium, as well as data related to in-play betting odds, in-play match events,
and match-day information. The design matrix contains 10 predictors at the within-level and 49
predictors at the between-level. All data are observed over six soccer seasons, from 2013/14 to
2018/19, which entail 98 matches, leading to 98 x 90 = 8, 820 observations in total (a match
lasts 90 minutes). Away-team stands are excluded from this sample.

Fischer et al. (2023) follow Buraimo et al. (2020) and use betting odds to estimate outcome
probabilities p for all potential outcomes of the match, namely, home win (#), draw (D), or
away win (A), in each match minute ¢. Using these estimated probabilities, they calculate the
constructs Surprise and Suspense. Fischer et al. (2023) also determine (emotional) states S = 0

and S = 1 on basis of these estimates, such that Surprise, calculated as,

Surprise, = u ( Z [Pgn - p?hf) )
meH,D,A

is high if the current outcome probabilities contradict the anterior beliefs (backward-looking).

In contrast, Suspense,

HG HG 2 | AG AG 2

Suspense, = u [ Z Piia {(pﬁl ’ pt+1) - p;n} + Pi (p?ll ‘ pt+1) - p;n} ] )
meH,D,A

is a forward-looking measure that increases when the variance related to possible outcomes in the

next minute is high. Here, ;1§ is the probability that the home team scores in the next minute.

The superscript “AG” instead refers to the away team’s probability of scoring. The utility function

isu (-) = /- for both measures.
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The two emotional states then are given as

pl<pf, = S=0,and

pf>ptj—£l = S:17

where S = 0 denotes the negative state, because the outcome probabilities for the home team
have decreased from the last period to the current period. The positive state is indicated by S' = 1.
These states are well-justified, because consumption by home and away team fans is separated by
stands. This model also allows for a random intercept at the between-level.

The within-level is given by,

Mh

n (Yii) | Sie = 8| = v + In (Yu(t—l)) D14l

—
1l

1

_I_

Mh

(X1i(t—l)51sz + Zli(t—l)'}'lsl)
!

+ Vits + it

Il
o

where,

v = ZaiY2 + Vo

at the between-level. Beer sales are collected in Y, and X1;(;—;) contains the key regressors, Sur-
prise and Suspense. Covariates in Zy;(;—i), capturing weather conditions and match key events,
among other variables, control for potential confounds at the within-level. Covariates related to
match-specific information, like the number of spectators, beer price, weekday, and so on, and
gathered by Zj;, control for confounds at the between-level. We use the estimation procedure
described for Simulation Studies I and II.

Figure 3.5 presents the results based on Dirichlet-horseshoe. The regressors are standardized,
and the dependent variable contains inverse hyperbolic sine-transformed sales. Therefore, the
marginal effects can be interpreted in terms of a one standard deviation increase. Our results
resonate with the main findings of Fischer et al. (2023). We find predominantly positive effects
for Surprise and negative effects for Suspense on the number of beer sales in both states. Moreover,
the effects are stronger for the positive state S = 1 overall.

We observe a greater level of decisiveness (sharpness) for the Dirichlet-horseshoe compared
with the spike-and-slab prior when it comes to variable selection. Accordingly, we observe a
higher density allocated around 0 for small-coefficient posteriors exposed at lags 6-8, for exam-
ple, as well as slightly weaker effects for Suspense when [ = 3. For some nonzero posteriors, the
probability mass locally peaks close to 0 though. The resulting tendency for multimodal posteri-

ors is typical of horseshoe priors, due to the global and local shrinkage aspects.
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Figure 3.5
Results of Real-Data Example
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Posterior distributions of the effects of the emotional cues Surprise and Suspense on beer sales, derived from the real-data example.
The figure shows posteriors for all lags in both states (negative S = 0 and positive S = 1). The dotted lines indicate the estimated
median effect.

3.8 Discussion

We present the Dirichlet-horseshoe, a novel prior designed for sparse estimations in high-
dimensional settings, which integrates the concept of Dirichlet-Laplace priors with the
regularized horseshoe. In two simulation studies and a real-data example, we demonstrate
that the proposed prior yields more accurate estimates than both well-established and recently
developed methods, namely, the spike-and-slab prior, Bayesian adaptive lasso, horseshoe,
Dirichlet-Laplace, and regularized horseshoe. Our approach offers a reliable default choice for
addressing problems related to varied levels of sparsity (i.e., identifying needles and straws in
haystacks), and it exhibits favorable convergence properties.

Considering the normal means problem with sparsity ratios of 5% and 10%, our proposed
prior achieves significantly better performance than the spike-and-slab and Bayesian adaptive
lasso; it performs similarly to the horseshoe, Dirichlet-Laplace, and regularized horseshoe priors
at a signal strength of 4. At higher signal strengths (5 or 6), the proposed Dirichlet-horseshoe

exhibits a slight advantage over all these priors, showcasing its superior performance.
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The Dirichlet-horseshoe also is well suited for small V, large D problems, and it can deal with
correlated predictor variables. Specifically, for weak to moderate correlations (i.e., 0.25 to 0.5),
the Dirichlet-horseshoe provides more accurate estimates than competing priors. Furthermore,
even in the presence of strong correlations, the prior continues to be more accurate, as long as
the sample sizes are sufficiently large.

Our novel prior further offers a significant degree of flexibility, allowing for easy customiza-
tion to accommodate specific settings, as demonstrated in the real-data example. Therefore, we
consider the Dirichlet-horseshoe prior relevant for a wide range of application fields. It also can
address various common challenges in modern statistics, including high-parametric, complex
settings, such as network models (Epskamp, Rhemtulla, and Borsboom 2017) or dynamic latent
variable models (Kelava and Brandt 2019), as well as common regression and classification tasks,
function estimation, and covariance matrix regularization.

Unless substantial knowledge about the hyperpriors of the Dirichlet-horseshoe exists, we
advocate for using the parameters in Appendix B.2.6 as a good starting point. Furthermore, we
emphasize that this novel approach extends beyond this particular option; it may be possible
to test alternative hyperpriors as well. We use full Bayesian inference for the hyperpriors since
opting for empirical Bayes estimation of hyperparameters (as highlighted in the advantages of the
empirical Bayes method by Petrone, Rousseau, and Scricciolo (2014)) or using cross-validation
would pose computational difficulties and would not allow accounting for the characteristics of
the posterior distributions.

When using numerical methods for posterior estimation, such as Markov chain Monte Carlo,
Hamiltonian Monte Carlo, or NUTS, we recommend a noncentered representation of the den-
sities, combined with small step sizes, to achieve fewer divergences in the trajectories for the
samples. Continued research might investigate reducing the computational expense required
for Dirichlet-horseshoe, without sacrificing its performance. Tests of the prior in various appli-
cations also are required to confirm its robustness and further specify both its strengths and its

weaknesses.
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B Appendix

B.1 Further Results

Table B.1
Results (I) of Simulation Study I

qp = 0.05 qp = 0.1

Loss StdLoss StdMedian Coverage Loss StdLoss StdMedian Coverage

SPSL 96.6 0.1431 0.6510 0.9812 137.0 0.1348 0.7284 0.9747
BAL 97.1 0.1689 0.7146 0.9923 127.0 0.1496 0.7334 0.9857
HS 73.8 0.2784 0.4539 0.9892 118.0 0.1957 0.5862 0.9815
A=4 DL 70.6 0.2244 0.6309 0.9919 108.0 0.1840 0.6546 0.9845
RHS 69.3 0.2673 0.5014 0.9889 114.0 0.1822 0.6330 0.9814
DHS 69.5 0.2939 0.4494 0.9900 110.0 0.2057 0.5875 0.9826
SPSL 102.0 0.1411 0.6951 0.9852 141.0 0.1273 0.7587 0.9859
BAL 90.0 0.1739 0.7137 0.9955 117.0 0.1581 0.7310 0.9913
HS 43.9 0.3480 0.4728 0.9935 89.4 0.2312 0.5997 0.9889
A=5 DL 59.9 0.2387 0.6292 0.9956 91.3 0.2032 0.6510 0.9909
RHS 44.8 0.3369 0.5020 0.9931 92.6 0.2126 0.6310 0.9905
DHS 41.8 0.3582 0.4535 0.9938 81.9 0.2471 0.5772 0.9893
SPSL 110.0 0.1436 0.7243 0.9878 144.0 0.1187 0.7788 0.9871
BAL 86.8 0.1711 0.7128 0.9957 109.0 0.1431 0.7295 0.9922
A—6 HS 34.6 0.3198 0.4743 0.9971 73.1 0.1925 0.6025 0.9927
DL 55.8 0.2292 0.6277 0.9962 80.8 0.1732 0.6490 0.9922
RHS 35.8 0.3181 0.4934 0.9968 76.7 0.1892 0.6239 0.9925
DHS 34.0 0.3303 0.4470 0.9971 66.7 0.2099 0.5653 0.9931

This table presents performance metrics based on 95% HDIs, averaged across simulation replicates. The measures are derived
from the normal means problem (Simulation Study I) with a D = 400 dimensional parameter vector. We perform €2 = 100
replications for all combinations of signals strengths A € {4,5,6} and sparsity ratios gp € {0.05,0.1}. We consider the
spike-and-slab (SPSL), Bayesian adaptive lasso (BAL), horseshoe (HS), Dirichlet-Laplace (DL), regularized horseshoe (RHS),
and Dirichlet-horseshoe (DHS) priors.
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Table B.2
Results (II) of Simulation Study I

qp = 0.05 qp = 0.1

TypelErr Rhat Minutes Divergences TypelErr Rhat Minutes Divergences

SPSL 0.0004 1.00 0.4216 0 0.0012 1.00 0.4864 0

BAL 0.0012 1.00 2.00 21 0.0015 1.00 1.90 31

HS 0.0001 1.00 0.9389 118 0.0002 1.00 1.11 105

A=4 DL 0.0005 1.00 2.54 0 0.0005 1.00 2.42 0
RHS 0.0001 1.00 0.4583 0 0.0005 1.00 0.4244 0

DHS 0.0001 1.00 4.68 7.49 0.0003 1.00 4.29 3.38

SPSL 0.0009 1.00 0.5204 0 0.0017 1.00 0.4934 0

BAL 0.0014 1.00 1.97 25.4 0.0012 1.00 1.88 30.9

HS 0.0001 1.00 0.9861 131 0.0003 1.00 1.34 95

A=5 DL 0.0006 1.00 2.40 0 0.0006 1.00 2.42 0
RHS 0.0001 1.00 0.4315 0.0400 0.0005 1.00 0.4438 0

DHS 0.0002 1.01 4.47 4.60 0.0003 1.00 444 1.83

SPSL 0.0014 1.00 0.4924 0 0.0024 1.00 0.5030 0

BAL 0.0014 1.00 1.89 23 0.0013 1.00 1.88 31.8

A—6 HS 0.0001 1.00 1.09 116 0.0003 1.00 1.36 109
DL 0.0005 1.00 2.42 0 0.0005 1.00 2.41 0

RHS 0.0002 1.00 0.4359 0 0.0005 1.00 0.4540 0

DHS 0.0001 1.00 4.45 1.40 0.0003 1.00 4.47 1.25

See the descriptive notes to Table B.1.
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Results (I) of Simulation Study II

Table B.3

N =80 N =200

Loss StdLoss StdMedian Coverage Loss StdLoss StdMedian Coverage

SPSL 1.92 0.4223 0.2256 0.9948 0.4456 0.2645 0.0869 0.9885

BAL 2.42 0.4099 0.2744 0.9972 0.6116 0.2233 0.0946 0.9841

HS 1.37 0.4449 0.1579 0.9878 0.2860 0.3186 0.0721 0.9884

p=0.25 DL 1.44 0.4377 0.1917 0.9939 0.3525 0.2883 0.0804 0.9898
RHS 1.35 0.4422 0.1586 0.9884 0.2791 0.3235 0.0715 0.9879

DHS 1.11 0.5348 0.1280 0.9868 0.2121 0.3872 0.0594 0.9881

SPSL 2.76 0.3267 0.2600 0.9946 0.6471 0.2536 0.1057 0.9898

BAL 3.21 0.2827 0.3114 0.9981 0.8737 0.2278 0.1144 0.9870

HS 2.13 0.3693 0.1903 0.9864 0.4316 0.2859 0.0879 0.9887

p =0.50 DL 2.21 0.3544 0.2291 0.9939 0.5116 0.2752 0.0977 0.9907
RHS 2.12 0.3599 0.1944 0.9868 0.4198 0.2910 0.0868 0.9885

DHS 1.85 0.4337 0.1624 0.9850 0.3291 0.3506 0.0741 0.9888

SPSL 5.22 0.3433 0.3254 0.9904 1.23 0.2698 0.1467 0.9885

BAL 5.77 0.3284 0.3875 0.9954 1.58 0.2455 0.1574 0.9866

p=0.75 HS 4.50 0.3840 0.2512 0.9805 0.9078 0.2818 0.1221 0.9860
DL 4.66 0.4054 0.3030 0.9903 1.00 0.2915 0.1356 0.9884

RHS 441 0.3748 0.2590 0.9826 0.8957 0.2844 0.1216 0.9856

DHS 4.49 0.4476 0.2254 0.9768 0.7623 0.3345 0.1064 0.9857

This table presents performance metrics based on 95% HDIs, averaged across simulation replicates. The measures are derived
from the multiple regression setting (Simulation Study IT) with a D = 100 dimensional parameter vector drawn from a log-
normal distribution. The design matrix is generated by a multivariate normal distribution with correlated predictors. We perform
Q = 100 replications for all combinations of observations N € {80,200} and correlations p € {0.25,0.5,0.75}. We consider
the spike-and-slab (SPSL), Bayesian adaptive lasso (BAL), horseshoe (HS), Dirichlet-Laplace (DL), regularized horseshoe (RHS),
and Dirichlet-horseshoe (DHS) priors.
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Table B.4
Results (II) of Simulation Study II

N =80 N =200

TypelErr Rhat Minutes Divergences TypelErr Rhat Minutes Divergences

SPSL 0.0000 1.00 0.3974 0 0.0025 1.00 0.5614 0

BAL 0.0000 1.00 0.8220 120 0.0076 1.00 0.9750 94.5

HS 0.0003 1.00 0.7104 64.9 0.0005 1.00 0.9305 76.8

p=0.25 DL 0.0001 1.00 0.9277 0.3800 0.0014 1.00 1.06 2.99
RHS 0.0003 1.00 0.5096 0.1500 0.0005 1.01 0.6999 0.4700

DHS 0.0003 1.00 1.58 11 0.0003 1.01 1.66 24.7

SPSL 0.0004 1.00 0.5328 0 0.0022 1.00 0.6584 0

BAL 0.0001 1.00 0.8209 82.4 0.0063 1.00 0.9727 79.8

HS 0.0003 1.00 0.7402 69.1 0.0006 1.00 0.9357 58.6

p=10.50 DL 0.0001 1.00 0.9274 1.17 0.0011 1.00 1.06 6.06
RHS 0.0003 1.01 0.5613 0.0700 0.0005 1.00 0.9318 0.3900

DHS 0.0001 1.00 1.58 134 0.0003 1.00 1.66 23

SPSL 0.0006 1.00 0.6019 0 0.0022 1.00 0.8126 0

BAL 0.0004 1.00 0.8207 68.8 0.0046 1.00 0.9755 88

p =075 HS 0.0006 1.00 0.7695 71.2 0.0004 1.00 0.9376 79.6
DL 0.0006 1.00 0.9262 1.36 0.0013 1.00 1.06 6.39

RHS 0.0009 1.00 0.6668 0.0400 0.0006 1.00 1.07 0.1300

DHS 0.0009 1.00 1.58 10.5 0.0004 1.00 1.66 16.3

See the descriptions for Table B.3.
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B.2 Priors Simulation Studies

B.2.1 Spike-and-Slab

ﬁj | )\j, C, ~ )\j./\/' (O, 02)
A;j ~ Beta (.5,.5)

¢ ~ InvGamma(1, 4)

B.2.2 Bayesian Adaptive Lasso

ﬂj | /\j, NDE O,

=
~

Aj, ~ Ct(0,1)
B.2.3 Horseshoe

Bi | Ajom ~ N (0, A377)
)‘j ~ C+ (0, ].)
T ~C*(0,1)

B.2.4 Dirichlet-Laplace

Bj | ¢j,7 ~ DE(0, ¢;7)
¢ ~ Dir (.5,...,.5)

G D1
7~ Gamma | —, —
a a 55
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B.2.5 Regularized Horseshoe

B | Aj, e~ N (O,T25\?>
T~C* (0, 7'02)
o N
T4
Aj~CH(0,1)
¢* ~ InvGamma (1, 4)
_ _Po a
D —po/N
po =D,
n ~ Beta(2, 8)

To

B.2.6 Dirichlet-Horseshoe

ﬁj ’ )\j,’(ﬂj,T,C NN (07725\3(%?>
T ~C"(0,75)

el OAN
72 72)\?
¢ = @D

)\j ~ C+ (O, 1)

¢ ~ Dir(v,...,v)

¢* ~ InvGamma (1, 4)
_ _Po 4
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po =vD
v ~ Beta(2, 8)
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Chapter 4

PriCcE FORMATION DYNAMICS AND LEARNING IN THE TENNIS

SPORTS BETTING M ARKET?

4.1 Motivation

Understanding the mechanisms behind price formation and equilibrium dynamics is a central
concern in financial markets research. The concept of taitonnement, introduced by Walras (1889),
describes a process where agents adjust their buy and sell offers until supply and demand reach
equilibrium—a fundamental aspect of price discovery. Biais, Hillion, and Spatt (1999) apply
this concept to the preopening period in the Paris Bourse, revealing that while early preopening
prices are noisy, they become more informative and efficient as the market nears opening. This
convergence towards an equilibrium valuation is key to understanding price formation.

Although the existing literature extensively explores learning behavior in broader financial
markets, studies focusing on this process during the pre-match phase of sports betting markets
remain notably scarce. This paper addresses this gap by investigating the information content of
pre-match price movements in the tennis betting market, focusing on understanding the price
formation process, identifying potential mispricing, and evaluating the market’s learning rate.

Research on betting market efficiency consistently finds evidence that betting markets may
not be efficient, revealing inefficiencies in how new information is incorporated into prices, i.e.,
learning. In an efficient market, the price at any given time ¢ reflects the conditional expectation
of a betting contract, thereby eliminating opportunities for profitable strategies based on mis-
pricing. Early work by Thaler and Ziemba (1988) highlights market inefficiencies in the horse
racing market, where the expected returns from betting on favorites significantly exceed those
from betting on underdogs—a phenomenon known as the favorite-longshot bias.

Subsequent studies uncover similar inefficiencies in other sports betting contexts. For exam-
ple, Gray and Gray (1997) find that simple strategies like betting on home-team underdogs in
the NFL can yield positive returns, often driven by market overreactions to recent team perfor-
mances. Forrest and Simmons (2008) show that sentiment biases odds in Spanish and Scottish
soccer matches, with bookmakers exploiting bettors’ preferences by pricing popular bets higher.

In contrast, Croxson and James Reade (2014) analyze goal arrivals in soccer using high-
frequency in-play data from the betting exchange Betfair and find that prices respond swiftly
and fully to new information related to goals scored. However, the focus on goals scored near
half-time limits the generalizability of their findings to events occurring during regular play. A

more recent study by Hegarty and Whelan (2024) finds that betting markets for soccer and tennis

22This chapter is a revised version of Nagel (2024), available at SSRN.
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do not fully adhere to the strong-form definition of market efficiency, as expected returns on fa-
vorites tend to be higher than those on underdogs, exhibiting a favorite-longshot bias. However,
they argue that this bias does not lead to consistently profitable betting strategies, suggesting that
weak-form market efficiency cannot be entirely rejected.

Further exploring the betting market, Gandar et al. (1998) investigate how changes in betting
lines from opening to closing reflect the information content of these lines and improve the accu-
racy of game outcome forecasts. Their findings suggest that informed traders play a significant
role in the market, as the shifts in betting lines tend to enhance predictive accuracy, indicating
that the market assimilates new information effectively as it becomes available.

Moskowitz (2021) reveals significant evidence of momentum by analyzing a wide array of
betting contracts, aligning with the idea of delayed overreaction and contradicting the theories
of underreaction and rational pricing. Ramirez, Reade, and Singleton (2023) analyze the rela-
tionship between Wikipedia page views of professional tennis players and bookmakers’ pricing,
finding that a “buzz factor”—measured by the difference in pre-match page views relative to the
previous year—significantly predicts mispricing. They demonstrate that betting on players with
higher pre-match buzz generates substantial profits, suggesting that sportsbooks could improve
pricing efficiency by considering this buzz factor.

Most existing studies that investigate the pre-match phase focus on aggregated effects from
the opening to the closing using cross-sectional data, often from a single bookmaker (e.g., Gan-
dar et al. 1998). This approach overlooks the learning dynamics within the market and the valu-
able insights embedded in intermediate price changes. To capture these dynamics, it is crucial to
analyze the entire time series of prices throughout the market’s betting period (i.e., from opening
to closing) across multiple bookmakers. To the best of our knowledge, this paper is the first to
explore these pre-match learning dynamics within the sports betting market using these longi-
tudinal data®.

Moskowitz (2021) highlights the complexity of financial markets as empirical laboratories,
which are influenced by various factors. The joint hypothesis problem, as described by Fama
(1970), complicates hypothesis testing because it simultaneously evaluates both the hypothesis
and the validity of the underlying model. This interdependence makes it challenging to distin-
guish between flawed hypotheses and incorrect models. However, the sports betting market
offers a unique setting for research compared to traditional financial market securities. Sports
bets are isolated from systematic economic risks and have exogenous terminal values, allowing
for a clearer analysis of bettor behavior and pricing anomalies without the confounding effects
of broader market risks (Moskowitz 2021; Palacios-Huerta 2023).

Additionally, Moskowitz (2021) emphasizes that the short, predetermined termination dates

of sports betting contracts, determined by the outcomes of events independent of investor ac-

Z*We specifically refer to learning during the pre-match phase, defined by the first and last prices set by bookmakers
before kickoff. In contrast, in-play learning, such as market responses to major events like goals during a match,

has been more frequently studied (e.g., Croxson and James Reade 2014; Angelini, De Angelis, and Singleton 2022).
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tions, provide a clean basis for identitying mispricing and testing theories about price corrections.
Using the sports betting market as a controlled laboratory allows for the testing of theories and hy-
potheses that could be extrapolated and generalized to broader financial markets. Both markets
share parallels, including high transaction volumes, liquidity, and the availability of information,
all of which influence decisions and outcomes. Market makers provide liquidity and facilitate
trades or bets, while professional analysts and bettors engage in arbitrage, mirroring financial
market activities.

Behavioral patterns, such as those explained by psychological theories (e.g., Krieger, Davis,
and Strode 2021; Goodell et al. 2023), are observed in both markets and indicate similar un-
derlying decision-making processes. While entertainment motives are more apparent in sports
betting, they are also present in financial markets, where investors often derive non-monetary
satisfaction from their investments (Gao and Lin 2015).

Thus, the findings of this study may not only have significant implications for understand-
ing price discovery and learning in the sports betting market, but also for providing potentially

relevant insights for the broader financial market.

4.1.1 Market Structure

Tennis is either played between two players (singles) or between two teams of two players each
(doubles). To ensure a homogeneous sample, we focus exclusively on singles matches. Unlike
many team sports, tennis has fewer variables that can influence match outcomes right before the
start, such as lineup changes in soccer. Additionally, there are only two potential match out-
comes: a player can either win or lose. With only one player per side, the number of uncontrol-
lable exogenous factors is minimized, making singles tennis an attractive choice for professional
bettors.

In this paper, we focus on the fixed-odds market for tennis, a popular betting format in which
odds are fixed at the time bets are placed, regardless of subsequent changes. Specifically, we
examine moneyline betting, where bettors wager on which player will win the match. The fixed
odds we consider are expressed as decimal odds, also known as European odds, and presented
as a decimal number (e.g., 2.50). This decimal number represents the total payout a bettor will
receive for a winning bet per unit staked. Therefore, the total amount returned for a winning bet,
including the initial stake, is the product of the stake and the odds. If a bettor loses a bet, they
lose their stake.

While odds represent the potential payout of a bet, their reciprocals—known as implied
probabilities, which can be viewed as the price p of taking the bet—reflect the likelihood of win-
ning. For example, if the decimal odds for Player 1 to win are 2.50, the implied probability is
1/2.50 = 0.40. Higher implied probabilities imply lower odds and a lower potential payout, re-
flecting a lower risk and thus a higher price. Conversely, lower implied probabilities indicate

higher odds and a higher payout, reflecting a higher risk and thus a lower price.
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Implied probabilities reflect the sum of the estimated probabilities and the margin the book-
maker incorporates to make profit. As the outcome is binary and the probabilities sum to 1,
the implied probability for Player 2 is the difference between 1 and the implied probabilities for
Player 1, deducting the margin. Therefore, the implied probabilities for Player 1 and Player 2 are
almost perfectly negatively correlated: an increase in Player 1’s implied probabilities by a certain
amount necessitates an equal decrease in Player 2’s implied probabilities, if the margin remains
constant. However, since the margin may vary, the correlation is not perfectly negative. In ten-
nis, the assignment of a particular player to Player 1 or Player 2 is not systematically related to
their winning prospects.

Bookmakers dynamically place and adjust their prices for both potential match outcomes
from the market open to the market close. According to Gandar et al. (1998) and Moskowitz
(2021), bookmakers set an initial price on each contract at the open with the goal of maximizing
risk-adjusted profits. By trying to either balance the total stakes on both sides of the contract
or its outcome probabilities, bookmakers ensure that they receive the margin with minimal risk
exposure. If the bookmaker’s predictions are more accurate than the bettors’ predictions, they

might also decide to take some risk exposure to earn higher profits.

Figure 4.1
Timeline of a Betting Contract

Po P1 P2 Pt Pr w

(opening price) (closing price) (match outcome)

This figure presents the typical timeline of a betting contract, showing the price series from the initial opening price (po) to the
final closing price (pr), along with the terminal value, representing the match outcome (w).

Figure 4.1 depicts the timeline of a betting contract, showing the prices from the opening to
the closing, along with the terminal value. Once a bookmaker sets the opening price p, for a
given match, bettors can place their bets until the start of the match. During this period, betting
can change the price (p1, p2, . . ., pr) as bookmakers attempt to balance the betting volume on
both sides of the contract. Prices can also shift without changes in volume if new information,

such as a player’s injury, becomes available (Moskowitz 2021).

4.2 Methods

We begin our analysis by examining the cross-section of opening and closing prices before pro-
ceeding to the total time series. Throughout this article, we use N to denote the number of
matches, with¢ = 1,..., N, and K to specify the number of bookmakers, where j = 1,..., K.
Time runs from ¢t = 1,...,7. We represent the match outcome by w, where w = 0 if Player 1

loses and w = 1 if Player 1 wins the match. Vectors and matrices are highlighted in bold.
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4.2.1 Forecast Accuracy of Individual Bookmakers

To assess the effectiveness of bookmakers in predicting match outcomes, we calculate the root
mean squared error (RMSE) for each bookmaker. This metric measures the forecast error of
their opening prices in predicting match results. By analyzing these RMSE values, we evaluate
the forecast accuracy of each bookmaker’s opening prices.

It is important to note that accuracy alone does not necessarily imply well-calibrated prob-
abilities. For example, if a model predicts a probability of 0.8, it should be correct 80% of the
time when making such predictions. Evaluating the overall reliability of predicted probabilities
requires considering metrics like the expected calibration error, which is not the primary focus

of this analysis.

4.2.2 Price Change Mechanisms: Reasons and Implications

Price movements from the open to the close convert bookmakers’ forecasts of match outcomes
into market forecasts (Gandar et al. 1998). Since the terminal values of the contracts (i.e., ac-
tual match outcomes) are observable, we can examine whether these price movements contain
information relevant to predict the match outcome.

Figure 4.2 presents the distribution of the open to close returns, calculated as 7 = pr/py —

1, for all matches and bookmakers. The returns are approximately normally distributed and,

Figure 4.2
Distribution of Open-to-Close Returns
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This figure presents the distribution of open-to-close returns based on all bookmakers and matches. The open-to-close returns
are calculated as 7 = py/p, — 1. The distribution is approximately normal and ranges from -0.5 to 0.5, with some outliers.

excluding some outliers, range from -0.5 to 0.5 with an interquartile range of 0.1237. Note that,
unlike in the stock market, these returns are not realizable through strategies such as going short
at the opening and long at the closing, as it is not possible to sell odds at the current price and
later back them at a different price.

Gandar et al. (1998) offer three explanations for betting imbalances at the opening stages

that give rise to price changes: the release of new information, randomness of order flow, and
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prediction errors by the bookmakers. Given the relatively short betting windows with a median
of 19.57 hours, the arrival of new information is unlikely to be responsible for all price changes.

For the NFL betting market, Gandar et al. (1988) show that the release of new information
during short betting periods can explain only a small fraction of all price movements. Further-
more, in singles tennis, there are no short-term changes in lineups that can distort expectations,
as often happens in team sports like soccer. While randomness of order flow could explain some
of the smaller price changes, it is an unlikely explanation for the medium-sized and larger-sized

price changes depicted in Figure 4.2.

4.2.3 Price Movements on New Information

If prices move based on information (e.g., relevant information about the winning prospects is
announced after the open but before the match starts) and the market reacts rationally to the
news, the closing price should better predict the match outcome than the opening price (Mosko-
witz 2021). In this scenario, the closing price becomes the conditional expectation of the match
outcome, meaning there is no return predictability from the close to the end of the match, and
changes from the open to the close have no explanatory power for the return from the close to
the end of the match.

To analyze the response to information, we adjust the linear regression proposed by Mosko-
witz (2021) by incorporating bookmaker random effects and controlling for a vector of covariates.

The hierarchical model is specified as follows:

Tijw = V0j + ViTigT + GXU + 5ij7
Voj = Vo + Uoj, (4.1)

v = v+ Uy,

where r;j, represents the match and bookmaker-specific close-to-end return, calculated as
Tijw = wi/pijr — 1. The fixed effects matrix X comprises the time from open to close and
competition indicators (ATP, WTA, ...), with 0 representing the corresponding coefficients. We
denote the bookmaker random effects for the intercept and slope by u¢; and w;;, respectively,
and ¢;; is a Gaussian white noise innovation term.

Moskowitz (2021) demonstrate that v; = 0 if prices move based on information and markets
respond rationally. If prices move for non-informational reasons, such as investor sentiment or
noise, v; = —1 because biased closing prices are corrected by the exogenous match outcomes.
Finally, prices can move based on information, but markets may respond irrationally. For exam-
ple, there could be over- or underreactions to information, which are two of the leading behav-
ioral mechanisms in the asset pricing literature (see, e.g., Barberis, Shleifer, and Vishny (1998),
Daniel, Hirshleifer, and Subrahmanyam (1998), and Moskowitz (2021)). In these cases, 1, > 0

if the market underreacts and v; < 0 if the market overreacts to information.
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4.2.4 Relative Forecast Accuracy of Opening and Closing Prices

If bookmakers introduce bias into initial prices, we can consider two scenarios (Gandar et al.
1998). In the first, opening prices are biased, either intentionally or due to prediction errors,
while subsequent price movements result from noise. Bookmakers may intentionally bias open-
ing prices to maximize profits or achieve a balanced book, as observed by Dare and MacDonald
(1996) in the wagering market on Super Bowl games. The “hot hand” phenomenon explored by
Camerer (1989) and Brown and Sauer (1993) illustrates irrational betting behavior that bookmak-
ers might account for when setting initial prices. If biased opening prices remain uncorrected by
the bettors, closing prices would have equal or less predictive power for match outcomes com-
pared to opening prices. In the second scenario, bettors identify and exploit the biased opening
prices. This would lead to closing prices becoming superior predictors of match outcomes.

To investigate the statistical difference between the relative predictive abilities of the two fore-
casts, we use the AGS test as applied by Gandar et al. (1998) and developed by Ashley, Granger,
and Schmalensee (1980). The test procedure involves calculating the forecast errors implied by

both the opening and closing prices:

€ij0 = ’Wi —Pijol and fijT = ’Wi - pijT‘;

v "'
forecast error opening forecast error closing

where ¢;jo and e;;7 are the match and bookmaker-specific forecast errors of the opening and

closing prices, respectively. Letting
Ajj = eo —eyr  and Ny = e + ey,

with A;; being the difference and J;; the sum of the forecast errors, we can estimate the regres-
sion implied by the AGS test. As before, we use a random effects model to account for the nested

data structure and control by a vector of fixed effects:

Ajj = Aoy + A1y (B — X) + X5 + &35,
)\Oj = )\0 + Uoy, (42)
)\1]' = )\1 + Uiy,

with 3J; being the mean forecast error of bookmaker j. The individual estimates for the intercept
and slope allow us to draw conclusions about the relative forecast accuracy of opening and closing
prices: the intercept \( provides information about the difference in the mean absolute forecast
errors, while the slope \; tests for a significant difference in the forecast error variances (Gandar
et al. 1998). Specifically, an intercept estimate significantly larger (smaller) than zero indicates
a smaller (larger) mean forecast error for closing prices. Similarly, a slope estimate significantly
larger (smaller) than zero indicates a smaller (larger) mean forecast error variance for closing

prices.
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4.2.5 Magnitude and Direction of Price Movements

If price movements from the open to the close indicate that the market perceives a mispricing
at the open, this suggests that a player is either undervalued or overvalued. For instance, an in-
creasing price implies that the market believes a player was initially undervalued, leading bettors
to strategically place their bets on that player to exploit the mispricing.

When rational bettors dominate irrational bettors in the market in terms of aggregated bet-
ting volume, the undervalued player attracts higher stakes relative to their initial price. As a
result, bookmakers need to adjust the price upward to balance the book by the closing. The mag-
nitude of the price change can also indicate the market’s confidence in how much a player was
over- or undervalued at the opening (Gandar et al. 1998). Furthermore, the winning rate of play-
ers who become more favored during betting (i.e., those experiencing positive price changes)
should exceed 0.5. Conversely, the winning rate of players who become less favored (i.e., those
experiencing negative price changes) should fall below 0.5. These winning rates are expected
to deviate more significantly from 0.5 for larger price changes, with the magnitude of winning
rates increasing (or decreasing) proportionately with the extent of the positive (or negative) price
changes.

If we organize the matches by the extent of price changes from opening to closing, using inter-
vals A(pr, po) that capture different magnitudes of price changes, and then sort these intervals
from the largest negative to the largest positive changes, we would expect to observe winning
rates w within these bins that reflect the price movements. Specifically, winning rates should
be significantly lower than 0.5 for intervals indicating negative price changes and significantly
higher than 0.5 for intervals with positive price changes, with a monotonic increase in winning
rates as we move from negative to positive intervals.

We further examine this pattern by regressing the winning rates on the intervals’ average
price change magnitudes Z(pT, po) (Gandar et al. 1998). We use a random effects model to

incorporate bookmaker-specific effects and control for the number of price changes:

w = 10 + M Aj(pr, po) + KC + &5,
Noj = Mo + Uoy, (4.3)
mj = T + Uy,

where x is the coeflicient on the number of price changes.

Since we estimate a regression model with a generated regressor and dependent variable,
A|(pr, po) and @, where we replace expected values with sample averages, we must adjust the
standard error of the associated regression coefficient. This adjustment is necessary because the
generated variables are estimated rather than directly observed, and their variability affects the
precision of the coefficient estimates. To address this, we use 1,000 bootstrap samples to ap-
proximate the regressor coefficient’s distribution and calculate its standard error and confidence

intervals from the bootstrap distribution.
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If price changes are noise or irrational betting moves prices, the magnitude and direction
of price changes cannot explain actual winning rates. In this case, 79 = 0.5 and 7, = 0. On
the other hand, if rational bettors dominate irrational bettors in the market, price changes are

proportionately related to winning rates. In this case, 770 = 0.5 and 1; > 0 (Gandar et al. 1998).

4.2.6 Alternative Hypotheses

Not all price changes are equally informative; instead, we expect to observe a visible learning
process. To examine this learning process, we formulate the following two alternative hypothe-
ses, adapted from Biais, Hillion, and Spatt (1999) using the information content embedded in
intermediate price changes (i.e., price changes between opening and closing). These hypotheses
describe the two extreme cases: price changes being only noisy and price changes being com-
pletely informative.

Under the noise hypothesis,
Hy @ pije = Efwi | To] + &ijt,

where E [w; | Iy] is the expected match outcome conditional on an information set at t = 0, the
price at time ¢ does not reflect any information learned or processed since the market open. In
this case, the placed bets are not informative about the match outcome; their explanatory power
is no greater than that of the bookmakers’ initial expectations. The information set at ¢ = 0
includes all the information available up to and including the market open that bookmakers use
to make predictions.

Contrary, under the learning hypothesis,
Hy :pijp =E[w; | L], (4.4)

where E [w; | I;] is the expected match outcome conditional on an information set at time ¢, bet-
tors act competitively and drive the price to the conditional expectation of the match outcome
by exploiting immediate betting opportunities that the pricing offers. Consequently, the price at
time ¢ reflects the conditional expectation for the match outcome, implying that the predictive
power of these prices increases over the period from the open to the close.

To test the alternative hypotheses, we need to regress the returns of the prices from the open
to the end onto the returns of the prices from the open to each time ¢. Following Hodrick (1987)
and Biais, Hillion, and Spatt (1999), we employ so-called unbiasedness regressions to control
for a potentially time-varying distribution of the price series, which may be induced through
the learning process itself. Specifically, we estimate one unbiasedness regression across matches
for each ¢ between the beginning and the end of the betting window, controlling for bookmaker

random effects. Thus, we analyze the distribution of prices for each point in time ¢.
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Under the learning hypothesis, the slope coeflicient /3, in the regression

wi — Elw; | Io] = Boje + Bije (Pije — Elwi [ To]) + €4t
Bojt = Bor + uojt, (4.5)
Brjt = Pt + U,

is equal to one for all £. Additionally, the residual variances measuring the remaining uncertainty
in the predictions should decrease as the kickoft gets closer. Under the noise hypothesis, the
slope coefficient 3 is equal to zero for all ¢ because intermediate price changes at ¢ have no
informational content and do not help to predict the deviation between the actual match outcome

and its ex ante expectation, such that
Ccov (wi —E [wi ’ [0] apijt —E [wi | Io]) = COV (wi —E [wi ’ [0] 7€ijt) =0.

Additionally, the residual variances of the regressions should remain at the same level.

Positive slope coefficients that deviate from zero indicate improving, yet still biased, interme-
diate prices, with the bias increasing as the coefficient diverges further from one. In such cases,
the learning hypothesis remains rejected. Conversely, coefficients smaller than zero imply that
intermediate price changes not only lack informational value but also deteriorate the accuracy

of forecasts.

4.2.7 Learning Rate

To examine how fast information is processed into prices, we estimate the learning rate using
the methodology outlined by Biais, Hillion, and Spatt (1999) for financial market securities. The
procedure builds on the work of Vives (1995), who characterizes the asymptotic speed of learning
by

7 (py — w) 4N (0,02) , t— 00, (4.6)

where 7 is the convergence, or learning rate, and o represents the standard deviation of a normal
distribution. Because Equation (4.6) only holds asymptotically, we consider large values of ¢ (i.e.,

the end of the period) and approximate the equation by

9
—wW = —0
Pt t,YJ

where ¢ is normally distributed with zero conditional mean E [¢ | I;] = 0 and unit conditional

variance var (e | I;) = 1. Taking squares and expectations, we get:

2

E[(p—w)’ | 1] = . (4.7)
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Repeating the procedure for ¢ — 1 yields:
E[(pr-1 —w)? | L] = (4.8)

Dividing Equation (4.7) by Equation (4.8), we get:

E“ﬁ‘@“h}:zc:if7

E[(pro1 — w)* | Ty ¢

Implementing the same steps for the comparison between p,_; and p;_,, we obtain the two mo-

ment conditions

B |(p—w) = (517 (s — ) | 1] =0

; (4.9)
E [(ptfl - w)2 - (75:_2)27 (Pt—2 — W)2 | It,Q] =0

m (p,7) =

with 7 being the learning rate parameter to be estimated. Biais, Hillion, and Spatt (1999) point
out the following two convenient statistical properties of the moment conditions. First, they are
robust to heteroscedasticity reflected by changes in o across time and matches because % cancels
out. Second, the moment conditions are robust to temporal aggregation. If the true learning rate

is not ¢ but scaled by a constant nt, Equation (4.7) becomes:

E[(p—w)’|L] = G (4.10)

and Equation (4.8) becomes:

0.2

E[(po1 —w)? | L] = ———— (4.11)

[n(t = )]

which still yields the same moment conditions, because n is eliminated when we divide Equa-
tion (4.10) by Equation (4.11).

4.2.7.1 Generalized Methods of Moments Estimation

To estimate the learning rate, we utilize the Generalized Methods of Moments (GMM) as pro-
posed by Hansen (1982). The GMM estimator is consistent, asymptotically normal, and efficient.

The estimation process involves solving the minimization problem

1N ! 1 X

where g (p, ) is the vector of moment conditions, and W y is the weighting matrix.

Despite the system already being overidentified (2 moment conditions, 1 parameter), the
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inclusion of instruments can enhance the precision of the estimates. An instrument 2z needs to
be any variable that belongs to the information setat ¢ — 2, i.e., z € I;_5. Following Biais, Hillion,

and Spatt (1999), we employ the following seven instruments:

1
Pt—2 — Pt-3
(Pi—2 — pt—3)2
z = Dt—3 — DPi—4
(pe—3 — pt74>2
pr-a — Efw [ Io]
| (pra —E[w [ To])* |

Including these instruments increases the number of moment conditions to 14, such that
gy (p,7) is of dimension (14 x 1).

First, we derive the estimates by minimizing the objective function (4.12) using first-stage
GMM. Next, we apply the continuous-updating estimator (CUE), as proposed by Hansen,
Heaton, and Yaron (1996), to improve the precision of our estimates. In the CUE approach,
the weighting matrix Wy is replaced by the optimal weighting matrix W (), which is
continuously updated during the minimization process. This involves re-estimating the matrix
at each iteration based on the current parameter estimates.

The optimal weighting matrix W is a consistent estimator of the inverse of the variance-
covariance matrix of the moment conditions, denoted as W = S§~!'. It assigns greater weight
to more precise moment conditions (i.e., those with lower variance) and less weight to moment
conditions with higher variance, thus improving the efficiency of the estimator.

For the choice of times ¢, t—1, . .., t—4, we follow the recommendation of Biais, Hillion, and
Spatt (1999) by selecting every fifth time increment to mitigate numerical instability. Specifically,
we consider the final observation for ¢, the fifth last observation for t—1, and so on. This approach
balances the need for these times to be close to the end of the period with the goal of reducing
instability in parameter estimation.

The GMM estimator requires specifying a starting value for the parameter to be estimated.
We use v = 0.01. However, the starting value can significantly impact the estimates. Thus, we
perform the estimation for nine additional randomly selected starting values (drawn from a uni-
form distribution with intervals v € [0, 1]) to verify that the estimates are not highly sensitive
to the choice of starting values. We conduct the estimation separately for each bookmaker. To
evaluate the validity of the model’s moment conditions, we use the Hansen J-test. This test is
asymptotically x?-distributed with degrees of freedom equal to the number of moment condi-

tions (14) minus the number of parameters (1). The J-statistic is computed as:

—_— +
Jv = Ngn(p,7)" |Avar(gy(p, %))] gn(p.9) — x> (13)
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4.2.7.2 Bayesian Estimation

We use GMM to estimate bookmaker-specific learning rates by analyzing each bookmaker’s data
separately. However, our comprehensive dataset, which includes longitudinal data across mul-
tiple bookmakers, also enables us to estimate the overall average learning rate and specific de-
viations for each bookmaker using the entire dataset, including all bookmakers, through the
moment conditions (4.9). This approach effectively accounts for the nested structure of the data
and enhances the accuracy and precision of our estimates.

Bayesian estimation is advantageous in this context, as it facilitates the formulation of such
models while also providing the full posterior distribution of the estimated parameters. Further-
more, this estimation procedure helps confirm the reliability of the results.

Using our prior knowledge about the domain and distribution of the parameters—for exam-
ple, recognizing that the learning rate, as a measure of convergence, should be non-negative—we

apply the following weakly informative prior distributions:

3y~ N (1,0%:0,00)
fy ~ NT(0,1;0,00)
o, ~ Exp (2.5),
o.~C"(0,0.01).

Here, N7 (Uw 03; 0, oo) denotes a truncated normal distribution with a lower bound of zero.
We use the truncated normal distribution for the bookmaker-specific learning rates to maintain
the shape of the normal distribution while ensuring non-negativity. For the mean /., we use a
truncated standard normal distribution to model the average learning rate of all bookmakers in
the sample, and an exponential distribution for standard deviation o,. For the noise variance
0., we use the more heavily-tailed half-Cauchy distribution. These priors provide some struc-
ture and regularization to the model without being too restrictive, thereby enabling the data to
effectively guide the shaping of the posterior distributions.

Furthermore, we estimate the average learning rates for favorites and longshots. Matches
where Player 1’s opening price is higher than Player 2’s opening price are categorized as favorites,
while the remaining matches are classified as longshots. If the opening prices are equal, the
classification is determined by comparing the closing prices using the same logic. Differences in
learning rates between these groups could provide valuable insights into the mechanisms driving
the favorite-longshot bias.

We extend and refine this analysis by dividing the matches into 10 opening price percentile
intervals: 0-10, 10-20, ..., 90-100. This approach allows us to differentiate between more extreme
favorites and longshots and their less extreme counterparts, providing insights into how learning
rates vary across different price ranges.

Additionally, we investigate whether learning rates vary based on the level of competition.
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To do this, we classify all matches in the sample as either professional or amateur, designating
ATP and WTA competitions as professional and Challenger and ITF competitions as amateur.
The share of professionals is equal to 0.3672, while the share of amateurs is 0.6328. This compar-
ison allows us to observe the differences in the estimated parameters between the two groups,
providing insights into how learning is driven by the level of competition.

We estimate the parameters using the No-U-Turn sampler (NUTS) and using automatic dif-
ferentiation variational inference (ADVI). For detailed information on these algorithms and the

procedures used, please refer to Appendix C.5.

4.3 Data

Our dataset comprises 39,955 tennis matches, totaling 2,952,877 observations, web-scraped from
Oddsportal** using Selenium in Python. The data collection spanned approximately 38 weeks,
from March 2023 to November 2023, with the scraper running continuously, aside from occa-
sional interruptions due to server and technical issues. Figure 4.3 illustrates the density of the

crawling process, highlighting the relative frequency of matches crawled per day.

Figure 4.3
Probability Distribution of Crawled Matches Over Time
0.0175
0.0150

Crawling Date

This figure presents the relative frequencies of crawled matches per day over the total cralwing period from March 2023 to
November 2023. Zero probability mass indicate either that no matches were available at this date or that the crawling process
was interrupted due to server or other technical errors.

The dataset comprises detailed information about each match, including match ID, involved
players, the country in which the match took place, name of the competition or tour, tournament
name, list of bookmakers that offered odds on the match, match outcome, and final score of the
match. Most importantly, the dataset includes comprehensive odds information provided by up
to 31 bookmakers per match. These odds cover both opening and closing odds (i.e., the first and

last odds for a given match) and updates to the odds from open to close of the market.

*https://www.oddsportal.com/
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4.3.1 Data Preparation

Because the odds for Player 1 are nearly perfectly negatively correlated with those for Player 2,
we consider only the odds for Player 1. We exclude matches where the winner is determined
by withdrawal, walkover, retirement, default, or disqualification. Including these matches could
introduce selection bias, as such incidents may be systematically related to a player’s winning
prospects and odds. Only if bookmakers correctly account for such cases, the conditional expec-
tation of the match outcome, given the opening odds, would be unbiased.

To eliminate idiosyncrasies related to very small bookmakers, we calculate the number of
observations each bookmaker contributes to the sample and discard those in the lowest 25%
quantile. This increases the stability, reliability, and interpretability of the estimates, particularly
as it removes groups that are too small to provide meaningful estimates or that might introduce
excessive noise or bias into the analysis. Additionally, we discard observations with implausible
margins, specifically those that are negative or greater than 15%, as well as time series with zero
variance.

The timing of when bookmakers first offer their odds varies, meaning that not all bookmak-
ers place and update their odds simultaneously. Likewise, the betting periods varies by match,
ranging from several hours to up to a few days. To obtain a homogeneous sample, we remove
time series with lengths shorter than 12 hours and longer than 72 hours. Note that Oddsportal
provides only the opening odds and the last 20 updates before kickoff. Hence, there are at most
21 observations per match and bookmaker.

Moreover, we use implied probabilities because they have better statistical properties than
odds. For example, they range between zero and one if no-arbitrage conditions hold, and their
empirical distribution is approximately normal (see Figure C.1 in the appendix).

For the time series analysis, we generate homogeneous time intervals for each match, deter-
mined by the timestamp of the first opening odds of all bookmakers and the kickoft time of each
match. We resample the data into 1-minute intervals and impute the missing values caused by
irregular time intervals using last tick interpolation: for each missing data point, we use the most
recent available data point to fill the gap, because the last known observation remains valid until
a new observation is available.

Then, we read out the implied probabilities (i.e., prices) at every second time percentile in-
crement of the series, such that each time series has a length of 51 observations (i.e., 50 plus the
opening price). This choice is driven by the objective of finding the optimal balance between the
length of the time series and their variability, which inherently involves a trade-off.

Subsequently, we impute the remaining missing observations at the beginning of some time
series resulting from different opening timestamps using a multivariate imputation strategy. This
strategy employs a Bayesian Ridge regression model that incorporates prior distributions over
the parameters to predict missing values by accounting for the relationships between multiple

features. A detailed description of the imputation strategy is provided in Appendix C.3.
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We investigate the statistical properties of the data by applying various time series analyses,
testing for a unit root, autocorrelation, and heterogeneity. Appendix C.4 presents the detailed

results from these tests.

4.3.2 Descriptive Statistics

Table 4.1 provides a detailed summary of the numerical variables used in this study. Match out-

Table 4.1
Descriptive Statistics for Numerical Variables
count (in mil.) mean std min 25% 50% 75% max
Match Outcome 1.65 0.5094 0.4999 0 0 1 1 1
Price 1.65 0.5438 0.1925 0.0272 0.4000 0.5435 0.6849 0.9901
Op. Price 1.65 0.5441 0.1896 0.0307 0.4065 0.5405 0.6803 0.9901
Cl. Price 1.65 0.5434 0.1947 0.0292 0.4000 0.5464 0.6897 0.9901
Time 1.65 26.7 14.8 12 15.1 19.6 374 72
No. Price Changes 1.65 11.2 5.58 1 7 11 16 20

This table presents descriptive statistics for the numerical variables used in the study. The columns display the number of obser-
vations (count) in millions, sample mean (mean), standard deviation (std), minimum value (min), first quartile (25%), median
(50%), third quartile (75%), and maximum value (max).

come averages 0.5094, implying that the players assigned to position 1 have an unconditional
winning rate of 50.94%, demonstrating a nearly equal distribution of match outcomes between
Player 1 and Player 2.

Prices range from 0.0272 and 0.9901, with an average price across matches and time of 0.5438.
This number is slightly larger than 0.5 due to the margin bookmakers add to the fair prices to
make a profit. The corresponding standard deviation is 0.1925, reflecting moderate variability
in the prices. The opening and closing prices average 0.5441 and 0.5434, respectively, with stan-
dard deviations of 0.1896 and 0.1947. These values indicate that the distribution of prices does
not change strongly from the opening to the closing stages of betting. For a comparison, see
Figure C.2 in the appendix.

On average, matches are available for betting for 26.7 hours, with a standard deviation of 14.8
hours. Figure C.3 in the appendix illustrates the distribution of the betting periods in hours from
the opening prices to the kickoff for all bookmakers and matches in the sample.

The number of price changes per match and bookmaker averages 11.2, with a standard devia-
tion of 5.58, suggesting active adjustment of prices over time. Figure C.4 in the appendix displays
the distribution of the number of price movements.

Table 4.2 provides a detailed summary of the categorical variables. There are 24 different
bookmakers left in the dataset (unique), with Marathonbet being the most frequently represented
bookmaker (fop), appearing 130,432 times (freq). Figure C.5 in the appendix illustrates the num-
ber of matches offered by each bookmaker. The data covers matches played in 81 different coun-

tries, with France being the most common. The most frequent competition is the Challenger
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Men. The dataset also includes a wide range of tournaments, with the ATP French Open being

the most represented.

Table 4.2
Descriptive Statistics for Categorical Variables
count (in mil.) unique top freq
Bookmaker 1.65 24 Marathonbet 130,432
Country 1.65 81 France 166,203
Competition 1.65 5 Challenger Men 527,542
Tournament 1.65 1,781 ATP French Open 30,090

This table presents descriptive statistics for the categorical variables used in the study. The columns display the number of obser-
vations (count) in millions, number of unique values (unique), the most frequent value (fop), and the number of occurrences of
the most frequent value (freq).

4.4 Results

4.4.1 Forecast Accuracy of Individual Bookmakers

Figure 4.4 illustrates the bookmaker-specific RMSE, assessing the effectiveness of each book-

maker’s opening prices in predicting match outcomes. The bookmakers Vulkan Bet, 10Bet, and

Figure 4.4
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This figure presents the RMSE of opening prices for predicting match outcomes for each bookmaker.

GGBET demonstrate the best performance, with the lowest RMSE values. In contrast, Pinnacle,
BetInAsia, and NordicBet exhibit the highest RMSE values, indicating less accurate predictions.
Opverall, all bookmakers show similar prediction accuracy based on opening prices, with RMSE
values clustering around 0.45. These values suggest that the bookmakers’ models make fairly

accurate predictions. For context, if the predicted probabilities align exactly with the true class
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labels, the RMSE would be 0. In contrast, random predictions (e.g., 50/50 probabilities in binary
classification) result in an RMSE of 0.5.

Importantly, these individual-specific forecast errors do not account for differences in the
time stamps of opening prices. For instance, some bookmakers may post their initial prices later
than others, potentially leading to higher accuracy if their prices benefit from a learning process

and thus better capture information relevant to predicting match outcomes.

4.4.2 Price Movements on New Information

Table 4.3 presents the regression results implied by Equation (4.1), where we regress close-to-
end returns on open-to-close returns to evaluate the market’s response to new information that

emerges between the opening and closing stages of betting.

Table 4.3

Predictability of Close to End Returns

Coef. Std.Err. z P> |z| [0.025 0.975]
Intercept -0.050 0.006 -7.989 0.000 -0.063 -0.038
RtrnOpnCls 0.023 0.019 1.188 0.235 -0.015 0.061
TsDur -0.006 0.003 -1.831 0.067 -0.012 0.000
Compet_Challenger_Men -0.024 0.008 -3.126 0.002 -0.039 -0.009
Compet_ITF_Men -0.072 0.008 -8.820 0.000 -0.088 -0.056
Compet_Misc 0.005 0.047 0.104 0.917 -0.088 0.097
Compet_ WTA -0.047 0.009 -5.106 0.000 -0.064 -0.029
Bookies Var 0.000 0.000
Bookies x RtrnOpnCls Cov 0.000
RtrnOpnCls Var 0.000

This table presents the results from the mixed linear regression model of the close-to-end returns on open-to-close returns. The
fixed effects slope parameter RtrnOpnCls is not statistically different from zero, providing evidence for rational price movements
based on new information. We estimate the regression model using maximum likelihood and the optimizer fully converged.

The results suggest that the null hypothesis—that prices move based on information and
markets respond rationally—cannot be rejected at conventional significance levels. The 95%
confidence interval for the slope of RtrnOpnCls ranges from -0.015 to 0.061, suggesting that the
closing prices represent the conditional expectation of the match outcome. The constant term
(Intercept) indicates the estimate for the average bookmaker margin allocated to Player 1, which
is expected to be equal to that of Player 2, given that the assignment of players to 1 or 2 is not
systematic. In contrast, separating the sample into favorites and longshots is expected to yield
a non-uniform allocation, as suggested by the favorite-longshot bias, providing an avenue for
turther exploration of this topic.

The inter-group variation in the intercepts and slopes (Bookies Var and RtrnOpnCls Var) is
very small, indicating that the results do not differ strongly among bookmakers. These results
contradict those of Moskowitz (2021), who identifies a tendency for overreactions in the market

based on a different dataset covering various kinds of sports and betting contracts.
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4.4.3 Relative Forecast Accuracy of Opening and Closing Prices

Table 4.4 presents the regression results from the AGS test Equation (4.2), which examines the
statistical difference between the relative predictive abilities of opening and closing prices in fore-
casting match outcomes. This test investigates whether price movements from the open to the
close correct biased opening prices or are merely noise. Table C.1 in the appendix provides the

AGS test results evaluated separately for each bookmaker.

Table 4.4
Relative Forecast Accuracy of Opening and Closing Prices

Coef. Std.Err. z P> || [0.025 0.975]
Intercept 0.003 0.000 5.376 0.000 0.002 0.003
Exog -0.004 0.001 -7.062 0.000 -0.005 -0.003
TsDur 0.001 0.000 4.015 0.000 0.000 0.001
Compet_Challenger_Men 0.002 0.000 4.385 0.000 0.001 0.003
Compet_ITF_Men 0.003 0.000 7.719 0.000 0.003 0.004
Compet_Misc -0.008 0.003 -3.320 0.001 -0.013 -0.003
Compet_WTA 0.003 0.000 6.168 0.000 0.002 0.004
Bookies Var 0.000 0.000
Bookies x Exog Cov -0.000 0.000
Exog Var 0.000 0.000

This table presents the results from the mixed linear regression model implied by the AGS test to estimate the predictive abilities
of the opening and closing price forecasts on match outcomes. We estimate the regression model using restricted maximum
likelihood and the optimizer fully converged. The intercept 8o (Intercept) indicates a smaller mean forecast error for closing
prices, while the slope 31 (Exog) suggests a larger forecast error variance for closing prices.

The results indicate that the mean forecast error of the closing prices is significantly smaller
than the mean forecast errors of the opening prices because 3 (Intercept) is significantly larger
than zero, with confidence intervals ranging from 0.002 to 0.003. However, the slope /3, (Exog)
is significantly smaller than zero, with confidence intervals ranging from -0.005 to -0.003, sug-
gesting a larger forecast error variance for closing prices.

These findings suggest that price movements from the open to the close, driven by aggre-
gated bettors, reduce bias in the betting process. However, this process also increases variance.
The inter-group variation in the intercepts and slopes (Bookies Var and Exog Var) is very small,

indicating that the results do not differ significantly across bookmakers.

4.4.4 Magnitude and Direction of Price Movements

Table 4.5 presents the winning rates at different price change intervals, ordered by the magnitude
of the change. The interval with the largest negative price changes from the open to the close,
ranging from -1 to -0.15, has an average price change of -0.192 calculated from 1,484 matches.
This bin exhibits a winning rate of 0.3369, which is significantly smaller than 0.5. The winning
rates monotonically increase with the magnitude of prices changes. For the interval with the
largest positive price changes, ranging from 0.15 to 1, with an average change 0of 0.1927 calculated

from 1,554 matches, the winning rate is 0.6345, which is significantly larger than 0.5.
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Table 4.5
Winning Rates at Different Price Change Magnitudes

Interval Avg. Change Avg. Moves No. Matches Winning Rate 7Z-statistic p-value

] —1, 70.15] -0.1920 13 1,484 0.3369 -13.3 0.0000

} —0.15, —0.12} -0.1322 11.6 2,165 0.4125 -8.27 0.0000
} —0.12, —0‘09} -0.1028 10.8 5,089 0.4429 -8.20 0.0000
} —0.09, 70.06} -0.0730 9.43 11,422 0.4520 -10.3 0.0000
] — 0.06, —0.03] -0.0434 8.31 24,443 0.4780 -6.88 0.0000
] —0.03, 0[ -0.0153 6.87 41,330 0.4853 -5.99 0.0000
10,0.03] 0.0152 6.89 40,595 0.5279 11.2 0.0000
[0.037 0.06[ 0.0434 8.37 23,742 0.5462 14.3 0.0000
[0.067 0.09[ 0.0727 9.63 11,062 0.5629 13.3 0.0000
[0.097 0.12[ 0.1026 10.7 4,644 0.5896 12.4 0.0000
[0.127 0.15[ 0.1330 11.5 2,044 0.5866 7.95 0.0000
[0.157 1[ 0.1927 13.1 1,554 0.6345 11 0.0000

This table presents winning rates for different price changes sorted by magnitudes. Specifically, we illustrate the price change
interval, the average change within an interval, the average number of price movements, and the number of matches that fall
in each interval. Further, we present the winning rates, the test-statistic testing if the winning rate is equal to 0.5, and the
corresponding p-value.

Table 4.6 presents the results of the regression of the winning rates on average price change
magnitudes per interval Equation (4.3). The intercept estimate /3, (Intercept) is not significantly
different from one-half, suggesting that the unconditional winning rate is around 50% and con-
sistent with the expectation that bets are placed on equally likely outcomes. The slope estimate
B1 (AvgChange) is significantly greater than zero, indicating a positive relationship between the

magnitude of price changes and actual winning rates.

Table 4.6
Relationship Between Winning Rates and Price Change Magnitudes

Coef. Std.Err. z P> |z| [0.025 0.975]
Intercept 0.505 0.003 159.179 0.000 0.499 0.511
AvgChange 0.741 0.026 28.106 0.000 0.691 0.792
NumMatches 0.000 0.000 0.478 0.632 -0.000 0.000
Bookies Var 0.000
Bookies x AvgChange Cov -0.000
AvgChange Var 0.006 0.060

This table presents the results of the mixed linear regression model of actual winning rates on average price change magnitudes
per interval. We estimate the model using restricted maximum likelihood and the optimizer fully converged.

Figure 4.5 graphically illustrates the estimated random intercepts and slopes for the book-
makers, highlighting the common intercept around 0.5 and similar, yet slightly varying, slopes.
These results imply that larger price changes from the open to the close are associated with higher
winning rates for players whose prices increase, and lower winning rates for players whose prices
decrease. If prices do not change, winning rates are approximately 0.5. The slight variations in
slopes across bookmakers suggest that the price movements of some bookmakers are more infor-

mative for explaining match outcomes, with steeper slopes indicating greater explanatory power.
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Figure 4.5
Estimated Random Intercepts and Slopes
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This figure presents the estimated random intercepts and slopes of the bookmakers from the regression of actual winning rates
on average price changes magnitudes from the market open to close.

It appears that the market identifies both under- and overvalued players, as well as the degree
of the incorrect assessment. The market corrects this mispricing by forcing the bookmakers to
adjust their prices in the appropriate direction and magnitude. These findings indicate that the
influence of informed, strategic bettors is substantial and significantly influences market move-

ments while reducing the impact of less informed and casual bettors.

4.4.5 Alternative Hypotheses: Unbiasedness Regressions

So far, we solely focus on opening and closing prices. For the following analyses, we examine
the entire price series from opening to closing. This allows us to examine how information is
incorporated into prices over time and to identify a learning process. For this analysis, we include
only groups with time series featuring fewer than 20 price changes, as Oddsportal provides only
the opening price and the last 20 updates before kickoff. For time series with 20 updates, we
cannot be certain whether additional price changes occurred between the opening price and the
first displayed update.

Figure 4.6 presents the results of the unbiasedness regressions (Equation (4.5)), where we
regress the difference in prices from the opening to the end onto the difference from the open to
each time ¢, in order to examine the learning process throughout the betting period. The upper
panel of the figure displays the slope estimates, with the blue-shaded area representing the 95%
confidence intervals, while the lower panel illustrates the RMSE of the regressions over time.

Right after the open, the slope coefficients are significantly larger than 1, suggesting that there
is neither evidence for learning, nor for noise. At this time, intermediate prices start improving
forecast accuracy but still exhibit bias, such that the learning hypothesis remains rejected. Then,
the slope starts to approximate 1. At the 4th percentile time increment, the confidence bounds

begin overlapping with the value of 1, providing evidence of learning up to the 12th percentile.
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Figure 4.6
Unbiasedness Regression Results
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This figure presents the results of the unbiasedness regressions. The upper panel depicts the slope estimates over time, with the
blue-shaded area displaying the 95% confidence intervals. The lower panel depicts the RMSE for each point in time.

Between the 12th and 30th percentile time increments, the confidence bounds no longer overlap
with the value of 1, indicating a pause in learning. However, from the 30th to the 90th percentile,
the confidence bounds once again overlap with 1, suggesting a resumption of learning. Just be-
fore the closing, the slope coefficients slightly dip below the threshold. Furthermore, the RMSE

continuously declines from the open to the close, supporting the learning hypothesis.

4.4.6 Learning Rate
4.4.6.1 Generalized Methods of Moments Estimation

Figure 4.7 presents the bookmaker-specific GMM estimates of the learning rate v, with the up-
per panel showing estimates based on first-stage GMM and the lower panel based on the CUE.
Figures C.6 and C.7 in the appendix illustrate the J-statistics and the corresponding p-values for
first-stage GMM and the CUE, respectively. The estimated learning rates (CUE) for the individ-
ual bookmakers range between 0.0029 (GGBET) and 0.0741 (Dafabet), with an average learning

rate across bookmakers of 0.0332. The standard error for some bookmakers is relatively large,
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Figure 4.7
GMM Parameter Estimates
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This figure presents the bookmaker-specific GMM estimates of the learning rate, with the upper panel showing estimates based
on first-stage GMM and the lower panel based on the CUE.

resulting in confidence intervals that overlap with zero.

Our estimated learning rates for the tennis sports betting market are inconsistent with the the-
oretical prediction of 0.5 by Vives (1995), who examine how quickly private information about
the value of a risky financial asset is incorporated into prices, and with the extension to 1.5 by Ger-
main, Meddahi, and Renault (1996), who consider a scenario where agents continuously receive
new private signals. Furthermore, Biais, Hillion, and Spatt (1999) find an even higher learning
rate of 2.7 with a relatively large standard error of 0.86 during the preopening period of the Paris
Bourse. However, these studies are constrained by the lack of a fundamental or terminal value
for their assets, requiring the use of proxies—often the last available price—which could intro-
duce bias. Disregarding this limitation, the findings suggest that financial markets may process
information significantly faster than sports betting markets, likely because they are more strongly
driven by institutional traders, such as large firms, banks, and hedge funds, which diminishes the
cumulative impact of noise traders. However, direct comparisons remain challenging due to the

differing contexts and settings of the two markets.
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4.4.6.2 Bayesian Estimation

Figure 4.8 presents the posterior distributions for the overall average learning rate across book-

makers /i, obtained from the estimation procedures NUTS (left panel) and ADVI (right panel).

Figure 4.8
Posterior for the Average Learning Rate
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This figure presents the posterior distributions for the average learning rate /1, obtained from NUTS (left panel) and ADVI (right
panel). The black bar indicates the 95% highest density intervals (HDI).

The posterior distributions closely resemble each other and align with the estimates obtained
from GMM, supporting the validity of these results. Based on NUTS, the median is 0.0494, and
the 95% highest density intervals (HDI) range from 0.0324 to 0.0624. We monitor convergence
and stability using trace and density plots for NUTS (Figures C.8 and C.9 in the appendix) and
track the mean, standard deviation, and ELBO for ADVI (Figure C.10 in the appendix).

Figure C.11 in the appendix displays the bookmaker-specific posterior distributions for the
learning rate -, obtained from NUTS, while Figure C.12 in the appendix depicts them based
on ADVL In line with the GMM results, the bookmaker-specific posterior distributions indi-
cate significant heterogeneity, indicating that the individual bookmakers process information at
different rates. We find a negative correlation (-0.2414) between bookmaker-specific learning
rates and their RMSE for predicting match outcomes based on opening prices. This suggests that
bookmakers with more accurate opening prices tend to have higher learning rates, indicating
they also adapt more quickly to information released by the market between the open and the
close of the market.

Figure 4.9 visually demonstrates this relationship in a regression plot, where we regress these
individual learning rates on the RMSE. It is important to emphasize that we do not intend to
suggest a structural relationship between these two metrics, as such an analysis would exceed
the scope of this study. Figure 4.10 illustrates the average learning rates’ posterior distributions

for favorites and longshots. The orange vertical bar displays the median learning rate estimated
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Figure 4.9
Regression Plot Learning Rates and RMSE
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This figure presents the relationship between bookmaker-specific learning rates and their RMSE for predicting match outcomes
based on opening prices.

based on the total sample (NUTS) and shows the percentage below and above this reference value.
The results reveal a distinct difference in learning rates between these two groups, with favorites
showing a significantly higher median learning rate (0.0608) compared to longshots (0.0215).
The difference may be attributed to the favorite-longshot bias, where bettors inherently prefer
long-shot bets and overestimate the chances of longshots. This behavioral tendency can slow the

adjustment of prices for longshots compared to favorites.

Figure 4.10
Posteriors for Learning Rates of Favorites vs. Longshots
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This figure shows the posterior distributions for the learning rates of favorites (left panel) and longshots (right panel). The
horizontal black bar indicates the 95% highest density intervals (HDI), while the vertical orange bar shows the reference value
represented by the median learning rate estimated from the total sample. Additionally, the percentage below and above this
reference value is displayed.
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Figure 4.11 presents a further refinement of this analysis by dividing the matches into ten
opening price percentile intervals: 0-10, 10-20, ..., 90-100, with the dotted line showing the retf-

erence value represented by the median learning rate estimated from the total sample (NUTS).

Figure 4.11
Posteriors for Average Learning Rates Across Different Price Percentile Intervals
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This figure presents the posterior distributions of learning rates across ten opening price percentile intervals: 0-10, 10-20, ...,
90-100. The dotted line shows the reference value represented by the median learning rate estimated from the total sample.

The results indicate that learning rates are very low and similar across the lower price per-
centile intervals (0-10 to 50-60), which rather represent the longshots. However, beyond these
percentiles (i.e., those rather representing favorites), learning rates increase significantly, with
the highest rates observed in the top percentile interval (90-100).

Learning rates appear to vary across different price ranges, with significantly lower rates ob-
served for longshots, regardless of the extent of their longshot status. In contrast, for favorites,
the intensity of their status appears to have a more pronounced impact, with stronger favorites
tending to exhibit higher learning rates.

Finally, Figure 4.12 displays the posterior distributions for the average learning rates obtained
from separate estimations for the two competition levels: professionals and amateurs. The me-
dian learning rate for professionals (0.0389) is slightly higher than that for amateurs (0.0354),
who exhibit greater dispersion. This suggests that bookmakers may integrate information more
quickly and precisely in professional-level matches, which could be attributed to the higher un-
predictability, lower availability of information, and smaller betting volumes in amateur matches.
Another reason for the deviating learning rates might be a different share of rational bettors in

each market.
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Figure 4.12
Posterior for Average Learning Rates by Competition Level

Professionals Amateurs

99.1% <0.05< 0.9% 78.6% <0.05< 21.4%

95% HDI

0.05 le-05
T T T T T T T T T T T T
0.00 0.02 0.04 0.06 0.08 0.10 0.00 0.02 0.04 0.06 0.08 0.10
Average Learning Rate Average Learning Rate

This figure presents the bookmaker-specific posteriors for ji, using professionals (left panel) and amateurs (right panel). The
horizontal black bar indicates the 95% highest density intervals (HDI), while the vertical orange bar shows the reference value
represented by the median learning rate estimated from the total sample. Additionally, the percentage below and above this
reference value is displayed.

4.5 Discussion

The findings of this study provide a comprehensive view of the learning dynamics within the
tennis sports betting market, revealing how prices evolve from opening to closing and the factors
that influence this process. Learning, in this context, refers to how the market assimilates new
information over time, gradually correcting initial biases and moving towards more accurate
pricing.

One of the central contributions of this study is the detailed examination of pre-match learn-
ing throughout the betting period using longitudinal data. The results indicate that while prices
at market opening are often noisy and biased, they become more accurate as the market ap-
proaches closing. By the closing, the market identifies and corrects both undervalued and over-
valued players, appropriately adjusting for the magnitude of mispricing. This pattern suggests
that the market undergoes a significant learning process, driven primarily by the actions of ra-
tional bettors who identify and exploit mispricings. These bettors force bookmakers to adjust
their prices, thereby reducing biases and improving the accuracy of closing prices as unbiased
estimates of match outcomes.

The rate of learning observed in this market is slower compared to traditional financial mar-
kets, likely due to the nature of the sports betting market, where information flow is less con-
tinuous and more event-driven. In contrast, financial markets are more heavily influenced by
institutional traders, such as large firms, banks, and hedge funds, which contributes to faster in-

formation processing and a reduced impact from noise traders. However, direct comparisons
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are challenging. Learning rates in financial markets are often estimated using proxies, such as
the last available price, due to the absence of a clear fundamental or terminal value for assets,
which can introduce bias.

An important aspect of the learning process is the heterogeneity in learning rates across dif-
ferent market segments. The results show that favorites exhibit significantly higher learning rates
compared to longshots, suggesting that the market assimilates information about favorites more
quickly, likely due to the higher volume of stakes and greater attention these players receive. In
contrast, longshots, experience much slower learning rates, indicating that the market is less re-
sponsive to new information about these players.

Taking a more granular perspective, we find that these varying learning rates differ not only
between favorites and longshots but also across different price ranges. Learning rates are signif-
icantly lower for longshots, as indicated by their lower prices, irrespective of the degree of their
longshot status. Conversely, for favorites, the intensity of their status (i.e., the level of prices)
has a more pronounced effect on learning rates, with stronger favorites tending to exhibit higher
learning rates.

Finally, the observed differences in learning also extends to the competition among book-
makers. Bookmakers operating in more competitive environments tend to adjust their prices
more rapidly, reflecting faster learning processes. This variation suggests that the market’s abil-
ity to learn and correct mispricings also depends on factors such as the level of competition.

For market participants, the implications of this research are manifold. For bookmakers,
understanding the learning dynamics in the market can offer strategic advantages. For instance,
reducing the implementation of large corrections as well as improving their risk management
and their profitability. For bettors, the insights can enhance their betting strategies, enabling
them to make more informed decisions.

However, we also acknowledge certain limitations. The focus on the tennis betting market,
while providing a clear and controlled setting, may limit the generalizability of the findings to
other markets with different structures and patterns. While our study focuses on the tennis bet-
ting market, which offers a controlled and individualized setting, it is important to reflect on
whether these findings can be generalized to other sports, particularly team sports like soccer, or
even broader financial markets. While generalization is possible and expected to some extent, it
ultimately depends on various underlying conditions.

A key factor influencing the generalizability to other sports is popularity. Soccer, for instance,
is far more globally popular than tennis, drawing a larger and more diverse audience of both
casual and professional bettors. This diversity could lead to different patterns of learning and
information processing. For higher proportions of rational bettors, we expect bookmakers to
adjust their opening prices more rapidly and accurately, resulting in faster convergence between
opening and closing prices compared to tennis.

Another critical driver is the role of chance in determining match outcomes. Tennis is an

individual sport, where the outcome largely depends on the skill level and performance of two
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players. There are fewer external factors that can affect the match, leading to a more predictable
outcome based on rankings, form, and head-to-head records. While chance still plays a role (e.g.,
injuries, unforced errors), the better player tends to win more often.

In contrast, team sports like soccer inherently introduces more variability, where a multi-
tude of variables—team strategies, lineup, weather conditions, and more—can aftect outcomes.
In low-scoring sports like soccer, where the outcome is more influenced by chance, we may ob-
serve lower learning rates, as bookmakers are less able to rely on past patterns to adjust their
prices. This increased uncertainty might lead to divergences from the patterns observed in ten-
nis. Future research could expand this analysis to include other betting formats or team sports

to validate and extend the insights gained.

4.6 Summary of Findings

This study examines price formation and learning dynamics in the pre-match phase of the tennis
sports betting market using longitudinal data from various bookmakers. The findings reveal that
the market undergoes a significant learning process from opening to closing, driven by the ac-
tions of rational bettors and influenced by competition among bookmakers. Learning emerges
not immediately at the beginning of the betting period but increases toward the middle, con-
tinuing almost until closing. Learning rates show substantial variation across bookmakers and
market segments. This heterogeneity suggests that the market’s ability to assimilate information
and correct mispricings varies depending on the level of competition, match prominence, and
price ranges. While learning occurs more slowly in this market compared to traditional financial
markets, the mechanisms by which prices adjust and biases are corrected are nonetheless eftec-
tive. These insights not only enhance our understanding of price formation in sports betting but
also offer broader implications for the study of learning and information assimilation in other

markets.
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C Appendix

C.1 Figures

Figure C.1
Distribution of Implied Probabilities
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This figure presents the distribution of implied probabilities across all matches, bookmakers, and time points.

Figure C.2
Distribution of Opening and Closing Implied Probabilities
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This figure presents the distribution of opening (blue) and closing (orange) prices across matches and bookmakers. The dashed
lines indicate the first quartile, median, and third quartile, respectively.
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Figure C.3
Distribution of Betting Periods (Open to Close)
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This figure presents the distribution of the betting periods from open to close based on all matches and bookmakers. Note that

we only consider periods between 12 and 72 hours.

Figure C.4
Distribution of Number of Price Movements
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This figure presents the number of price changes per match and bookmaker. Note that Oddsportal provides only the opening
prices and the last 20 updates before kickoff. Hence, there are at most 21 observations per bookmaker. The limitation of 20 price

changes at most explains the heaping at 20.
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Figure C.5
Number of Matches Offered by Each Bookmaker
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This figure presents the number of matches offered by each bookmaker, indicating how frequently each bookmaker provides

odds.

Figure C.6
Bookmaker-Specific J-Statistics
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This figure presents the bookmaker-specific J-statisitc from first-stage GMM (upper panel) and the CUE (lower panel).
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Figure C.7
Bookmaker-Specific p-Values of ]-Statistics
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This figure presents the p-values of the individual J-statisitcs from first-stage GMM (upper panel) and the CUE (lower panel).
The dotted line intersects the y-axis at 0.05 to highlight the rejection area. For all bookmakers except Interwetten, the model
(moment conditions) cannot be rejected at the 5% significance level.
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Figure C.8

Bookmaker-Specific Densities and Traces (I)
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This figure presents the first half of the bookmaker-specific posterior distributions (left panel) and traces (right panel) to monitor

convergence and stability. Each color represents an individual chain.
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Figure C.9
Bookmaker-Specific Densities and Traces (II)
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This figure presents the second half of the bookmaker-specific posterior distributions (left panel) and traces (right panel) to
monitor convergence and stability. Each color represents an individual chain.
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Figure C.10
ADVI Tracker for the Variational Parameters
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This figure presents the ADVT tracker tracking the variational parameters to gain insights into the convergence and stability of
the variational inference process.
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Bookmaker-Specific Posteriors for Learning Rates (NUTS)

Figure C.11

This figure presents the bookmaker-specific posteriors for the learning rate obtained from NUTS.
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Bookmaker-Specific Posteriors for Learning Rates (ADVI)

Figure C.12
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This figure presents the bookmaker-specific posteriors for the learning rate obtained from ADVI.
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C.2 Tables

Table C.1
Bookmaker-Specific Relative Forecast Accuracy of Opening and Closing Prices

N RMSE(eo) RMSE(er) Bo b1 p(Bo) p(B1)
10Bet 5,129 0.4499 0.4466 0.0009 0.0020 0.5732 0.0040
10x10bet 10,238 0.4557 0.4529 0.0035 -0.0042 0.0103 0.0000
1xBet 12,515 0.4501 0.4462 0.0038 -0.0064 0.0150 0.0000
888sport 4,792 0.4605 0.4579 0.0018 -0.0067 0.2750 0.0000
Alphabet 10,647 0.4562 0.4537 0.0034 -0.0044 0.0098 0.0000
BetInAsia 6,124 0.4645 0.4630 0.0013 0.0002 0.3838 0.7426
BetVictor 4,789 0.4645 0.4632 0.0025 -0.0050 0.1028 0.0000
Betfair 3,093 0.4589 0.4574 -0.0008 -0.0011 0.6493 0.2040
Betfred 4,083 0.4597 0.4549 0.0048 -0.0069 0.0064 0.0000
Betsafe 4,078 0.4607 0.4580 0.0032 -0.0047 0.0348 0.0000
Betsson 4,072 0.4607 0.4581 0.0034 -0.0048 0.0319 0.0000
Betway 6,787 0.4599 0.4563 0.0022 -0.0035 0.1449 0.0000
ComeOn 7,375 0.4520 0.4490 -0.0006 0.0016 0.6688 0.0055
Curebet 6,775 0.4552 0.4520 0.0041 -0.0043 0.0074 0.0000
Dafabet 3,372 0.4547 0.4526 0.0048 -0.0029 0.0050 0.0000
GGBET 10,940 0.4492 0.4466 0.0010 -0.0044 0.4614 0.0000
Interwetten 4,928 0.4590 0.4546 0.0037 -0.0051 0.1275 0.0000
Lasbet 10,550 0.4560 0.4534 0.0031 -0.0045 0.0194 0.0000
Marathonbet 11,496 0.4511 0.4479 0.0055 -0.0070 0.0002 0.0000
NordicBet 4,077 0.4617 0.4591 0.0036 -0.0048 0.0206 0.0000
Pinnacle 8,357 0.4656 0.4640 0.0011 0.0009 0.3362 0.0639
Suprabets 10,425 0.4565 0.4537 0.0025 -0.0041 0.0558 0.0000
VOBET 10,711 0.4553 0.4529 0.0029 -0.0043 0.0267 0.0000
Vulkan Bet 4221 0.4508 0.4494 -0.0014 -0.0016 0.2786 0.0093
All 169,574 0.4561 0.4534 0.0025 -0.0036 0.0000 0.0000

This table presents the results from the mixed linear regression model implied by the AGS test for each bookmaker, separately,
to estimate the predictive abilities of the opening and closing price forecasts for match outcomes. We estimate the model using
restricted maximum likelihood and the optimizer fully converged.
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Table C.2
Results of Bayesian Estimation of the Learning Rate

mean std_mean median std_median HDI?-%% HDI®7-5% R
flry 0.0482 0.0081 0.0494 0.0082 0.0324 0.0624 1.00
0~ 0.0268 0.0071 0.0253 0.0072 0.0161 0.0407 1.00
Y1z Bet 0.0426 0.0031 0.0426 0.0031 0.0365 0.0486 1.00
A888sport 0.0506 0.0047 0.0506 0.0047 0.0414 0.0598 1.00
YBetsafe 0.0525 0.0052 0.0524 0.0052 0.0425 0.0629 1.00
ABetsson 0.0504 0.0051 0.0505 0.0051 0.0406 0.0607 1.00
ABetway 0.0611 0.0039 0.0611 0.0039 0.0534 0.0685 1.00
AInterwetten 0.0579 0.0046 0.0579 0.0046 0.0490 0.0670 1.00
AMarathonbet 0.0559 0.0032 0.0560 0.0032 0.0498 0.0624 1.00
ANordicBet 0.0585 0.0052 0.0586 0.0052 0.0482 0.0683 1.00
Y10Bet 0.1172 0.0048 0.1172 0.0048 0.1079 0.1265 1.00
Y10x10bet 0.0471 0.0033 0.0471 0.0033 0.0407 0.0537 1.00
Y Alphabet 0.0437 0.0033 0.0437 0.0033 0.0372 0.0504 1.00
AComeOn 0.0855 0.0039 0.0855 0.0039 0.0780 0.0932 1.00
ACurebet 0.0400 0.0041 0.0401 0.0041 0.0320 0.0482 1.00
YLasbet 0.0440 0.0033 0.0440 0.0033 0.0375 0.0503 1.00
YSuprabets 0.0412 0.0033 0.0412 0.0033 0.0347 0.0478 1.00
AVOBET 0.0396 0.0033 0.0396 0.0033 0.0330 0.0459 1.00
YBetVictor 0.0121 0.0046 0.0120 0.0046 0.0032 0.0210 1.00
YBet fair 0.0900 0.0058 0.0900 0.0058 0.0785 0.1009 1.00
YPinnacle 0.0502 0.0037 0.0502 0.0037 0.0429 0.0575 1.00
YeGBET 0.0318 0.0033 0.0318 0.0033 0.0255 0.0383 1.00
YBetInAsia 0.0467 0.0043 0.0467 0.0043 0.0384 0.0551 1.00
ADafabet 0.0557 0.0058 0.0557 0.0058 0.0445 0.0669 1.00
YBetfred 0.0436 0.0050 0.0436 0.0050 0.0339 0.0533 1.00
AV uthanBet 0.0177 0.0052 0.0177 0.0052 0.0079 0.0282 1.00
o 0.0053 0.0000 0.0053 0.0000 0.0053 0.0053 1.00

This table presents the results from the Bayesian estimation of the learning rate parameters based on NUTS.

C.3 Imputation of Initial Prices

For each match, we observe multiple bookmakers offering odds on the outcome, which we con-
vert to implied probabilities, or prices. However, not all bookmakers provide their initial prices
at the same time, resulting in different opening price timestamps and thus time series of varying
lengths. While the end of the time series is defined by the kickoff time and is consistent across all
bookmakers, the start varies. To create homogenous time series, we align the beginning with the
earliest opening price timestamp across all bookmakers for that match. This process generates
missing values for X' — 1 bookmakers prior to their initial price offering.

Since a simple backward-filling approach would ignore the dynamic patterns of the data, we
impute these missing values—representing a fraction of 0.0784 of the total sample—using a mul-
tivariate imputation strategy*. The procedure employs a Bayesian Ridge regression model that

incorporates prior distributions over the parameters to predict missing values by accounting for

Z>We use scikit-learn’s iterative imputer. This strategy assumes that the non-existing values can be consistently esti-
mated based on time series patterns across matches and bookmakers in the dataset. The documentation is available

at https://scikit-learn.org/stable/modules/impute.html#iterative-imputer
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the relationships between multiple features. These features include the affected bookmaker’s im-
plied probabilities for other matches and the implied probabilities of other bookmakers for the
same and different matches. In accordance with no-arbitrage conditions, we restrict the algo-
rithm to ensure that the imputed values remain within the range between 0 and 1.

To evaluate the accuracy of the imputed values, we compare the performance of the proposed
strategy against two other imputation methods—median imputation and linear extrapolation.

We use a simulation design in which a comparable proportion of observations at the start of

Figure C.13
RMSE Implied by Different Imputation Strategies
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This figure presents the RMSE implied by different imputation strategies, including median imputation, linear extrapolation, and
the proposed multiple imputation.

randomly selected time series are artificially set to None. These missing values are then imputed
using each of the imputation strategies. During the simulations, we vary the minimum number
of price movements in the affected time series, setting thresholds at the 25th, 50th, and 75th
percentiles of the total number of price movements in the dataset. This serves as a proxy for the
level of variation within the time series. For each simulation, we compute the RMSE, as shown
in Figure C.13.

We observe that across all evaluated percentiles, the median imputation strategy consistently
produces the highest RMSE, followed by the linear extrapolation strategy. The proposed multiple
imputation strategy yields the lowest RMSE for all percentiles.

C.4 Statistical Properties of Time Series Data

To investigate the time series properties of our data, we calculate the returns and the square
returns based on the cross-sectional mean from the first observation to the last. This approach
avoids the need to test each time series separately and allows us to assess the general temporal
pattern while minimizing idiosyncratic effects.

Figure C.14 depicts the cross-sectional mean returns and the squared cross-sectional mean

returns from the first percentile time increment to the last. The cross-sectional mean returns
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Figure C.14

Cross-sectional Mean Returns and Square Returns Over Time
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This figure presents the cross-sectional mean returns and the squared cross-sectional mean returns of the time series. The mean
at a specific time ¢ is calculated as the average value across all matches and bookmakers at that particular time point.

exhibit a sharp decline immediately after the opening, followed by a gradual upward trend that
declines but persists until the end. The squared cross-sectional mean returns also show high
initial variability, which smooths out in the later periods, indicating that the market is stabilizing
over time. Using these return series, we perform a variety of time series tests to thoroughly

analyze the data’s statistical properties.

C.4.1 Augmented Dickey-Fuller Test

First, we test the time series for a unit root by applying an augmented Dickey-Fuller test (Dickey
and Fuller 1979), which includes a constant, a linear trend, and a quadratic trend. This involves

running the following regression:

P
Ayp = a+ Got + Gt + ¢yp 1 + Z 0iAY—i + e,
i=1
where y; represents the cross-sectional mean return at time ¢, « is a constant term (drift), (y
is the coeflicient on the linear time trend, (; is the coefficient on the quadratic trend, ¢ is the
coeflicient of the lagged level of the time series (i.e., the process root), d; are the coefficients
on the lagged differences Ay;_;, which account for higher-order autocorrelation, and P is the
number of lagged difference terms included in the model. We determine the number of lags P
by using the Bayes-Schwarz information criterion (BIC) as proposed by Schwarz (1978).
The null hypothesis is that the time series has a unit root, while the alternative hypothesis is
that the time series is (weakly) stationary. We obtain a test-statistic value of -5.35 and a corre-
sponding p-value of 0.0002, suggesting that we can reject the null hypothesis that the time series

contains a unit root on conventional significance levels.
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C.4.2 Partial Autocorrelation Function

Second, we investigate the autocorrelation of the time series using the partial autocorrelation
function (PACF). The PACF measures the correlation between two values in the time series while
controlling for the influence of intermediate lags, allowing us to identify the direct effect of a past
value on the current value.

Figure C.15 illustrates the PACF of the cross-sectional return series (left panel) and squared

return series (right panel) for multiple lags. The PACF exhibits a significant effect of past values

Figure C.15
Partial Autocorrelation Function
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This figure depicts the PACF of the cross-sectional return series (left panel) and squared return series (right panel) for multiple
lags. The blue-shaded area displays the 95% confidence intervals.

on current values up to the first lag for both time series. Moreover, the effect of past values decays
over time and becomes non-significant after the first lag, indicating a low degree of persistence
in the data.

C.4.3 EGARCH Model

Third, we examine the volatility pattern of the squared return time series. Similar to asset re-
turns in financial markets, price returns in the sports betting market may exhibit time-varying
volatility and volatility clustering effects. To estimate the conditional volatility, we employ an
exponential generalized autoregressive conditional heteroskedasticity (EGARCH) model, as in-
troduced by Nelson (1991). This model is particularly suited for capturing nonlinearities and
asymmetries, allowing it to effectively model scenarios where negative shocks have a different
impact on volatility than positive shocks.

For modeling the mean, we use an autoregressive process with a constant term. We determine

the number of lags using the significant lags indicated by the PACF for the square returns, which
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equals 1. This yields the following EGARCH model:

Y=+ QY1+ &

Et = O¢Uyg
In(0}) =p+ ,0< ::11 - \/2/71’) +7'Z:11 +¢ln (0} ),

where y; is the square return series, « is the constant term of the autoregressive process, ¢ is
the autoregressive parameter, ¢; the residual composed of the conditional standard deviation
(volatility) o, and ani.i.d. process u; with zero mean and unit variance. The intercept 1 represents
the average long-term volatility, p measures the sensitivity of past shocks on current volatility, 7
provides insights whether the time series has symmetrical or asymmetrical volatility behavior
(7 > 0 indicates that positive shocks bring on increased volatility, while 7 < 0 indicates that
negative shocks bring on increased volatility), and v describes the persistence of volatility over
time, with higher values suggesting that past volatility has a lasting effect on current volatility.

Table C.3 presents the estimated parameters of the constant mean EGARCH model. The

Table C.3
Constant Mean EGARCH Model
coef std err t P> |t 95.0% Conf. Int.
a 0.0664 1.640e-02 4.049 5.148e-05 [3.426€-02,9.856e-02]
é 0.7111 6.661e-02 10.676 1.315e-26 [0.581,0.842]
m -0.4515 0.162 22.790 5.277e-03 [-0.769, -0.134]
P) 0.9344 0.490 1.909 5.628e-02 [-2.502¢-02, 1.894]
T 0.4006 0.188 2.136 3.269e-02 [3.299e-02, 0.768]
" 0.8434 5.364e-02 15.724 1.041e-55 [0.738, 0.949]

This table presents the estimated parameters of the EGARCH model. The constant term « represents the predicted average
return over the period, while ¢ is the autoregressive parameter estimate. The volatility model intercept ;1 represents the average
long-term volatility, p measures the sensitivity of past shocks on current volatility, 7 accounts for the asymmetry in the impact
of past shocks on volatility, and 1) describes the persistence of volatility over time.

results confirm the presence of conditional heteroscedasticity, suggesting that past volatility has
a positive lasting effect on current volatility (» = 0.8434). Additionally, the results provide
evidence for asymmetry in the impact of past shocks on volatility, indicating that positive log

returns or shocks may bring on increased volatility (7 = 0.4006).

C.5 Bayesian Estimation - Algorithms and Procedures

The No-U-Turn sampler (NUTS), as proposed by Hoffman and Gelman (2014), is a recursive
algorithm for continuous variables based on Hamiltonian mechanics, offering greater compu-
tational efficiency compared to other samplers like the Gibbs sampler. We utilize the Rust im-
plementation, Nutpie, which is integrated into the PyMC probabilistic programming package

leveraging Numba as its computational backend.
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For the NUTS estimations, we increase the acceptance probability slightly to 0.85 from the
default 0.8, ensuring smaller step sizes and reducing the likelihood of divergent trajectories in
the samples. We run 4 chains with 5,000 iterations each, discarding an additional 2,000 burn-in
samples per chain. To monitor convergence, we use the Gelman-Rubin statistic R (Gelman and
Rubin 1992; Brooks and Gelman 1998) and dispay trace plots for the individual chains.

Automatic differentiation variational inference (ADVI) is a deterministic approximation
method that optimizes parameters—typically the mean and standard deviation—by iteratively
updating them to minimize the difference between the variational distribution and the posterior.
In ADVI, our goal is to find the parameters of the variational distribution that best approximate
the posterior distribution by minimizing the Kullback-Leibler (KL) divergence between the true
posterior and the variational approximation.

For ADVI estimation, we use 25,000 iterations and 10,000 draws. The number of iterations
reflects how many times the optimization algorithm updates the variational parameters during
inference, while the number of draws indicates how many samples are taken from the variational
distribution during each iteration to estimate the gradients of the objective function. We monitor
the convergence of this process using a tracker that records changes in the objective function,
such as the evidence lower bound (ELBO).
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Chapter 5

CONCLUSIONS

This dissertation examines the immediate behavioral responses of the average market participant
to new information, providing empirical evidence on consumer behavior and economic decision-
making shaped by psychological influences through advanced statistical methods. The present
work contributes to the field of behavioral economics by expanding on established theories like
Kahneman and Tversky’s prospect theory and other key frameworks, which focus on biases such
as reference dependence and loss aversion, to enhance our understanding of decision-making
processes in economics, particularly in explaining deviations from rational behavior.

The studies in this dissertation leverage sporting events and sports betting markets as a
unique setting where economic behavior can be investigated in a natural, real-world envi-
ronment, yet with controlled conditions characterized by the presence of terminal values and
isolation from broader economic market risks. This combination provides a robust foundation
for generalizing findings to other markets. Furthermore, this thesis introduces a novel statistical
method for regularization within Bayesian frameworks, addressing the challenges of complex,
high-dimensional models with sparse data, which are commonly encountered in sports settings.

The first contribution of this dissertation focuses on emotional drinking, specifically exam-
ining how the immediate emotions surprise and suspense, as formulized by Ely, Frankel, and
Kamenica (2015), that are experienced during soccer matches influence aggregated alcohol con-
sumption as a mass phenomenon. The research contributes to the behavioral economics litera-
ture by providing the first field evidence of real-time emotional reactions linked to alcohol use,
offering high external validity.

Alcohol use is deeply embedded in society, recognized as a leading risk factor for death and
disability (e.g., Griswold et al. 2018) and a major contributor to criminal behaviors such as family
violence (Klostermann and Fals-Stewart 2006). However, while most existing studies rely on lab
experiments that inherently cannot induce or control intense emotions (Tymula and Glimcher
2018), field evidence on the immediate effects of emotions on alcohol use as a mass phenomenon
is largely missing. Unlike previous studies that analyze post-match behavior (e.g., Edmans, Gar-
cia, and Norli 2007; Eren and Mocan 2018; Lindo, Siminski, and Swensen 2018; Cardazzi et al.
2022) or rely on lab experiments, this study utilizes high-frequency transaction data from nearly
100 matches played by a top-division soccer team in Germany, capturing how emotions directly
impact decisions during the match.

The findings reveal that surprise leads to increased beer sales, consistent with psychological
theories suggesting that people turn to alcohol in emotionally charged situations (e.g., Cooper
etal. 1995; Greeley and Oei 1999). Further, the study reveals differences in how positive and neg-

ative emotions influence consumption. Although the effects of positive and negative emotional
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states are not significantly different, the findings indicate faster responses to negative signals.
This suggests that immediate emotional reactions substantially shape consumer behavior. By of-
fering empirical evidence on the impact of emotions during the decision-making process, this
study underscores the importance of short-term emotions in driving economic behavior. Addi-
tionally, it contributes to the limited empirical research on emotions and alcohol use as a mass
phenomenon.

It is crucial to highlight that this study examines both emotions and alcohol consumption
at an aggregated level, focusing on the average effects among fans present in the stadium, with-
out drawing conclusions at the individual level. Additionally, from a psychological perspective,
it's important to note that these mathematically derived emotions, based on expected match out-
comes, may not directly correspond to fans’ actual experiences during the match. Another limita-
tion of this study is related to the specific setting chosen. Although it allows for clear observation
and isolation of the effects, it may not be fully representative. While it offers a solid foundation
for extending findings to other markets, these results should be applied to other contexts with
caution. Future research could explore these effects in different sports settings or countries. For
instance, soccer, as a low-scoring game, naturally involves fewer moments of surprise but more
suspense. Examining how these emotional dynamics affect behavior in high-scoring sports like
basketball, where surprises are more frequent, would provide valuable insights.

The second contribution of this thesis builds on the first by addressing methodological chal-
lenges in estimating complex, high-dimensional models with sparsity in Bayesian frameworks,
including overfitting, effective parameter shrinkage, and multicollinearity. It introduces the
Dirichlet-horseshoe, a new Bayesian prior designed to improve the estimation of these com-
plex, sparse models. Traditional methods, like the Bayesian lasso and spike-and-slab priors,
often struggle with high-dimensional data, leading to issues like overfitting or inefficient coeffi-
cient shrinkage. The Dirichlet-horseshoe prior overcomes these limitations by applying stronger
shrinkage to less important predictors and lighter shrinkage to more significant ones, adjusting
to varying signal strengths. This approach outperforms existing methods in both simulated and
real-world applications, demonstrating its robustness and accuracy across different sparsity lev-
els.

The key contribution lies in this methodological innovation, offering researchers an alterna-
tive shrinkage prior for estimating increasingly complex models. However, the broader appli-
cability of this prior outside the case studies presented requires further investigation. Testing
this prior across different domains and model structures could reveal additional strengths and
limitations, guiding refinements for use in different high-dimensional settings with sparsity.

The third contribution of this thesis examines pre-match price movements in tennis betting
contracts to investigate the behavioral responses of average market participants and market mak-
ers to new information, particularly when initial prices are biased or imprecise. It further quan-
tifies the speed of price adjustments driven by their actions. By analyzing time series data from

multiple bookmakers and matches, this study estimates learning rate parameters to assess the
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speed at which information is incorporated, offering empirical insights into price formation pro-
cesses and equilibrium dynamics within the sports betting market.

Initial prices are often noisy and biased but become more accurate as the market approaches
closure, driven primarily by rational bettors who update their beliefs in response to new infor-
mation. Learning does not occur immediately but intensifies as the betting period progresses.
Learning rates are smaller compared to those observed in financial stock markets, with signifi-
cant heterogeneity across bookmakers and market segments, and faster learning in higher-stakes
matches. By using sports betting contracts with known terminal values, the study contributes to
understanding price discovery while avoiding biases introduced by proxy values.

However, these findings are specific to the tennis betting market and may not fully gener-
alize to other sports or financial markets with different structures and participants. Similarly,
comparisons of estimated learning rates in sports betting market and stock markets should be
approached carefully. Further research could expand the analysis to other betting formats or
team sports to validate and extend these insights.

In conclusion, this dissertation contributes to the understanding of behavioral economics by
offering empirical evidence on how immediate emotional responses and new information influ-
ence market behavior. The findings highlight how emotions like surprise and suspense affect
consumer decisions, such as alcohol consumption, in real-time, and how bettors drive price dis-
covery and learning in sports betting markets. Additionally, this work presents methodological
advancements for regularizing high-dimensional models in Bayesian frameworks, providing a
novel shrinkage prior to address complex, sparsity-related issues in contexts where traditional
methods fall short.

While the studies provide valuable insights, their context-specific nature limits their gen-
eralizability to other markets and domains. Future research could build on these findings to
explore similar dynamics in different settings, including broader financial markets, where cog-
nitive biases and emotional reactions also play a crucial role in decision-making. As Camerer,
Loewenstein, and Rabin (2006) point out, the “ ‘franchising’ of ideas to application areas (such
as finance and labor economics), development of theoretical models, field studies, and including
new types of psychology (such as attention, attribution, categorization, and limited memory)” (p.
33) aims to explore key questions in behavioral economics about the implications of bounded
rationality, limited willpower, and self-interest. Hopefully, this work encourages further explo-
ration of these topics and contributes to a more nuanced understanding of how emotions and

stimuli shape economic behavior in real-world settings.
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