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Introduction

This thesis contributes to the classification of log del Pezzo surfaces with a
torus action.

By del Pezzo surface we mean a normal projective algebraic surface X over
an algebraically closed field of characteristic 0 that admits an ample an-
ticanonical divisor —KCx. The smooth del Pezzo surfaces can be classified
by classical methods. They are known to be: the product P; x Py of the
projective line with itself, the projective plane P, and the blow-ups of Ps in
up to eight points in general position. For a smooth del Pezzo surface X,
there is the relation
KX +p(X) = 10

by Noether’s formula. The self intersection number K% is called the degree
of X and p(X) denotes the Picard number of X. The del Pezzo surfaces
of degree at least 4 can be described as an intersection of quadrics in a
projective space. Those of degree 3 are given as cubics in P3, those of degree
2 as quartics in P11 12 and those of degree 1 as sextics in [Py 12 3.

Allowing for singularities on a del Pezzo surface X, a common measure
for their mildness arises from looking at some resolution 7: X’ — X of
singularities. The associated ramification formula is

’CXI = W*ICX+ZCL(E)E

Here, E runs through the exceptional prime divisors and the a(F) € Q are
the discrepancies of m. The surface X is called

log terminal, if a(E) > —1 for each F,

e-log terminal, if a(E) > —1 + ¢ for each E,
e-log canonical, if a(E) > —1 + ¢ for each E,
terminal, if it is 1-log terminal,

canonical, if it is 1-log canonical.

This does not depend on the choice of w. A log terminal del Pezzo surface
is also called a log del Pezzo surface. By |38, Prop. 3.6], log del Pezzo
surfaces are necessarily rational. Alexeev showed that for given € there are
only finitely many families of e-log terminal del Pezzo surfaces, see [1].

Another important invariant of a del Pezzo surface X is its Gorenstein index.
By definition this is the smallest positive integer ¢x such that (xKx is a
Cartier divisor. In this setting, the simplest class is given by the Gorenstein
del Pezzo surfaces X, i.e. those with tx = 1. Here, cones over elliptic curves
provide the only non-rational examples, see |32, Thm. 2.2]. The Gorenstein
del Pezzo surfaces X having only rational singularities are precisely the
ones admitting at most ADE singularities, i.e. rational double points. This
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6 INTRODUCTION

in turn is equivalent to X having at most canonical singularities. Their
minimal resolutions are precisely the weak del Pezzo surfaces, i.e. the smooth
rational surfaces with a big and nef anticanonical divisor. The weak del
Pezzo surfaces turn out to be precisely the iterated blow-ups of the projective
plane in up to eight points in almost general position. This finally leads to
the classification of the Gorenstein rational del Pezzo surfaces, see [17}/18|
32].

Alexeev and Nikulin provided all possible intersection graphs of a certain
resolution of singularities of log del Pezzo surfaces of Gorenstein index 2 in
[2]. This classifies them up to equisingular deformation. The theory of K3
surfaces played a substantial role in their work. Independently and using a
different approach, Nakayama also succeeded in classifying the log del Pezzo
surfaces of Gorenstein index 2, see [38]. Nakayama’s approach was adopted
by Fujita and Yasutake in [22] to cover the case of Gorenstein index 3.

In this dissertation we focus on log del Pezzo surfaces X that come with an
effective morphical action T x X — X of a non-trivial algebraic torus T.

If T 2 K* x K* we are in the setting of toric surfaces. These are particularly
accessible via their combinatorial description in terms of fans. All toric
surfaces have at most cyclic quotient singularities. In particular, they are
all log terminal. Moreover, the Gorenstein index can be explicitly read off
from the defining fan.

Toric (log) del Pezzo surfaces correspond to LDP-polygons, i.e. two-
dimensional convex polytopes in Q2 having the origin in its interior and
only primitive lattice points as vertices. This correspondence allowed ex-
plicit classifications up to Gorenstein index 17, see [10,35]. A toric del
Pezzo surface X is e-log canonical if and only if the associated LDP-polygon
Px satisfies
Py NZE = {0}

Using this criterion we develop methods for explicit classification and yield
the following results.

Theorem 1. We obtain the following statements on toric e-log canonical
del Pezzo surfaces.

e =1: Up to isomorphy there are exactly 16 toric canonical del Pezzo
surfaces. These are the well known Gorenstein toric del Pezzo
surfaces. The mazimum Picard number is 4, realized by exactly
one surface.

€= %: Up to isomorphy there are exactly 505 toric 1/2-log canonical del
Pezzo surfaces. The maximum Picard number is 6, realized by
exactly one surface.

€= %: Up to isomorphy there are exactly 48032 toric 1/3-log canonical
del Pezzo surfaces. The mazximum Picard number is 10, realized
by exactly one surface.

The other possible case for the acting torus is T = K*. This means we deal
with so-called K*-surfaces. Similarly to toric surfaces, the K*-surfaces have
been studied intensively for a long time, see for example [19-21}41-44].
It should be noted that all log terminal surface singularities are obtained
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as quotients of the affine plane K? by finite subgroups of the general lin-
ear group GL2(K) and thus come with a K*-action. This makes K*-surfaces
particularly interesting for the general study of log del Pezzo surfaces. More-
over, different combinatorial approaches developed in [3/5,27.[30] make K*-
surfaces a very accessible class. This was used by Huggenberger in [34] to
classify Gorenstein log del Pezzo K*-surfaces and by S8 for the case of
Picard number 1 and Gorenstein index at most 3, see [45].

To expand on these classifications, our combinatorial main tool is the an-
ticanonical complez, first presented in [6]. It is a polytopal complex that
generalizes the LDP-polygon from the toric case.

e 4

— | —\

Anticanonical complex.

As with toric surfaces and their associated LDP-polygons, all geometric
properties of a log del Pezzo K*-surface are encoded in its corresponding
anticanonical complex. We exclusively use this language to obtain the fol-
lowing result.

Theorem 2. There are exactly 154161 isomorphy classes of non-toric log
del Pezzo K*-surfaces of Picard number 1 and Gorenstein index ¢+ < 200.

A table with the specific numbers of isomorphy classes of given Gorenstein
index is presented in Proposition

We broaden our view to e-log canonical del Pezzo K*-surfaces. In this con-
text, there are characterizations analogous to the toric case. For a log del
Pezzo K*-surface X and its anticanonical complex Ax we have:

e X is e-log terminal if and only if 0 is the only lattice point in e Ax.
e X is e-log canonical if and only if 0 is the only lattice point in
eA%.
In order to obtain explicit classifications for these classes of surfaces we need
the notion of contractions and combinatorial minimality. A normal, com-
plete surface X is combinatorially minimal if every contraction X — Y is
an isomorphism. This can be expressed in terms of anticanonical complexes
and is used to get the following.

Theorem 3. We obtain the following statements on non-toric combinato-
rially minimal -log canonical del Pezzo K*-surfaces.

e = 1: There are exactly 13 sporadic and 2 one-parameter families of non-
toric combinatorially minimal canonical del Pezzo K*-surfaces.

€= %: There are exactly 62 sporadic and 5 one-parameter families of
non-toric combinatorially minimal 1/2-log canonical del Pezzo K*-
surfaces.



8 INTRODUCTION

€= %: There are exactly 318 sporadic and 14 one-parameter families of
non-toric combinatorially minimal 1/3-log canonical del Pezzo K*-
surfaces.

To make use of these results, we develop a process to systematically build up
anticanonical complexes of e-log canonical del Pezzo K*-surfaces from com-
plexes corresponding to combinatorially minimal surfaces and LDP-polygons
from the toric case. Algorithms have been implemented that yield these re-
sults:

Theorem 4. We obtain the following statements on non-toric e-log canon-
ical del Pezzo K*-surfaces.

e = 1: There are exactly 30 sporadic and 4 one-parameter families of
canonical non-toric del Pezzo K*-surfaces. The maximal Picard
number is 4, realized by 1 sporadic and 1 one-parameter family.

€= %: There are ezxactly 998 sporadic, 184 one-parameter families, 40
two-parameter families, 12 three-parameter families, 2 four-
parameter families and 1 five-parameter family of non-toric 1/2-
log canonical del Pezzo K*-surfaces. The mazximal Picard number
is 8, realized by the unique five-parameter family.

€= %: There are exactly 65022 sporadic, 12402 one-parameter families,
3190 two-parameter families, 917 three-parameter families, 254
four-parameter families, 64 five-parameter families, 14 six-
parameter families, 6 seven-parameter families, 2 eight-parameter
families and 1 nine-parameter family of non-toric 1/3-log canon-
ical del Pezzo K*-surfaces. The mazximal Picard number is 12,
realized by the unique nine-parameter family.

Since 1/k-log canonical del Pezzo surfaces contain all log del Pezzo surfaces
of Gorenstein index k, we can get the following by filtering the previous
classifications.

Corollary 5. We have the following statements on non-toric log del Pezzo
K*-surfaces of Gorenstein index t.

t = 1: There are exactly 30 sporadic and 4 one-parameter families of non-
toric log del Pezzo K*-surfaces of Gorenstein index 1. The maxi-
mal Picard number is 4, realized by 1 sporadic and 1 one-parameter
family.

t =2: There are exactly 53 sporadic, 17 one-parameter families, 7 two-
parameter families, 3 three-parameter families, 1 four-parameter
family and 1 five-parameter family of non-toric log del Pezzo K*-
surfaces of Gorenstein index 2. The mazimal Picard number is 8,
realized by the unique five-parameter family.

t = 3: There are exactly 268 sporadic, 123 one-parameter families, 67
two-parameter families, 36 three-parameter families, 18 four-
parameter families, 10 five-parameter families, 5 siz-parameter
families, 3 seven-parameter families, 1 eight-parameter family and
1 nine-parameter family of non-toric log del Pezzo K*-surfaces of
Gorenstein index 3. The maximal Picard number is 12, realized by
the unique nine-parameter family.
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The defining data of all classified log del Pezzo K*-surfaces from Theorems
and [4] together with basic invariants such as Picard number, degree, Goren-
stein index, number of singularities etc. will be made available in [25].

This dissertation is organized in the following way. The first chapter treats
two-dimensional lattice polytopes, particulary those who do not contain k-
fold lattice points, i.e. elements of kZ™. A description of a standard form
for such lattice triangles is presented. Furthermore, the Farey sequences are
used to classify these triangles. This view has found application in [11].
The second Chapter is dedicated to toric surfaces. We provide a quick re-
minder on toric varieties in general and present everything we need for the
surface case, especially the methods necessary for the classifications men-
tioned above. Chapter 3 provides all the basic background on K*-surfaces
in general and their combinatorial treatment. We show how to determine
invariants like divisor class group, Cox Ring, Picard group, anticanonical
divisor, singularities and the surface’s intersection theory from its defining
data. Moreover, we go into the details of the computation of resolutions
of singularities and the surface’s Gorenstein index. In the fourth Chapter
we specify to (non-toric) log del Pezzo K*-surfaces and the anticanonical
complex is introduced. We present algorithms to classify log del Pezzo K*-
surfaces without quasismooth elliptic fixed points and ones of Picard number
1. The fifth Chapter treats 1/k-log canonical del Pezzo K*-surfaces. First,
we discuss contractions and combinatorial minimality. Then, using these
concepts, the details of the classification for k = 1,2, 3 are presented. Fi-
nally, Chapter 6 treats K-polystability and Ricci-flat Kéhler cone metrics,
especially in the case of K*-surfaces. We will algorithmically test the classi-
fied surfaces from previous chapters for these properties.






CHAPTER 1

Lattice polygons

1.1. k-empty lattice triangles

The major part of this Section contributes to [11] as Section 3.1. We give a
description of a standard form of k-empty lattice triangles. Then, the Farey
sequences are used to classify those. Weset A := {(x,y) € 72 0<y< z}.
Members of kZ" for k € Z>1 are called k-fold lattice points.

Definition 1.1.1. Let n,k € Z>; and consider a convex rational polytope
P C Q™. The set of vertices of P is denoted by V(P), the relative interior
by P° and the boundary by dP. We call P
(i) a lattice polytope if V(P) C Z".
(ii) a lattice polygon if P is a lattice polytope and n = 2.
(iii) k-empty if P NKZ™ C V(P).
(iv) almost k-empty if P NkZ?> C V(P) U {(0,0)} and (0,0) € P°.
(v) k-hollow if P° N kZ? = 0.
(vi) almost k-hollow if P° N kZ? = {(0,0)}.

Definition 1.1.2. The group Aff}(Z) of k-affine unimodular transforma-
tions in Q" is defined by

AFY(Z) = {T:Q" — Q" T(v) = Av+w, A € GL,(Z),w € kZ"} .

It naturally acts on the set of lattice polytopes in Q™. Lattice polytopes P;
and Py are called k-equivalent, if Py € Aff(Z) - P;. Additionally, we call
1-equivalent polytopes lattice equivalent.

Remark 1.1.3. Let T' € Aff}}(Z) and P be a lattice polytope. Then the
following hold.

T(Z™) =7".

T(kZ"™) = kZ™.

T(V(P)) = V(T(P)).

T(0P) =0T (P).

T(P°)=T(P)°.

vol(P) = vol(T'(P)).

Therefore, the number of vertices, the number of (interior) lattice points and

the number of (interior) k-fold lattice points are invariant under the action
of Aff}(Z).

Note that k-equivalence of lattice polytopes indeed depends on the specific
value of k. Consider for example the following pair of lattice polygons. They
are l-equivalent but not 2- equivalent. The marked point is the origin.

11



12 1. LATTICE POLYGONS

Definition 1.1.4. Let k € Z>1 and P be a lattice polygon. We set
apy := min{number of lattice points in the relative interior of £} + 1,
where £ runs through the edges of P which have a vertex in kZ2.

Definition 1.1.5 (Standard form of k-empty lattice triangles). Let k € Z>;
and S be a k-empty lattice polygon with exactly three vertices such that
one of them is in kZ2. We refer to S as in standard form, if the following
conditions are satisfied.

(i) S has the vertices (0,0), (0,as ) and (z,y) where (z,y) € A.
(ii) If (z,y) ¢ kZ? and ged(x,y) = as, then for each z=1,...,y —1
we have as 1 z or as px 1 a?g,k — zy.
(iil) If (z,y) € kZ? and ged(z,y) = asy, then for each z=1,...,y — 1
we have as i { z or aspx {asi(z+y) — zy.
If S is in standard form, we write S = A(as x, x,y). The simplex S is called
minimal if asy = 1.

Remark 1.1.6. The last two conditions of Definition [LT.5 ensure that the
second coordinate of the vertex (z,y) € A is minimal. To illustrate this,
consider the 2-equivalent 2-empty polytopes

P1 = conv ((0,0),(0,1),(5,3)),
Py = conv ((07 0)? (O’ l)a (57 2)) .

We can see that P; does not fulfill Condition (ii) so it is not in standard form
whereas Py is. Therefore, these conditions make sure that the right value is
chosen for the second component of the third vertex. This is relevant in case
that there are several edges which attain the minimum of Definition [T.1.4]

Proposition 1.1.7. Let S be a k-empty lattice triangle with a vertexr z €
kZ?. Then there is a unique lattice triangle S’ in standard form that is
k-equivalent to S.

PROOF. There are three cases depending on the number of vertices of S in
kZ2.
Case 1. There is exactly one vertex z € kZ?. Let v; and vy be the other

two vertices and d; the number of lattice points in the relative interior of
the edge of S with vertices z and v;. We have as = min {di,d2} + 1.

Case 1.1. di # ds. We can assume, without loss of generality, that d; < ds.
So we have as = di + 1. Consider the k-affine unimodular transformation
Ty given by Ti1(v) = v — z. The coordinates of T(v1) have the greatest
common divisor as . Thus, there is a k-affine unimodular transforma-
tion T that leaves the origin fixed and takes Tj(v1) to (0,as). A third
transformation T3 sends T5(71(v2)) to a point (x,y) € A without changing
the coordinates of T5(71(v1)) and T5(71(z)). The k-empty lattice triangle
S’ := T3 0Ty o T1(S) satisfies the conditions of Definition Note that
ged(z,y) # as since di # do. The representation is obviously unique in this
case.

Case 1.2. dy = da. As before, let T1 be given by Ti(v) = v — z. Then,
let T be the k-affine unimodular transformation that leaves the origin fixed
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and sends T7(v1) to (0,asx). We choose a transformation T3 that takes
T5(T1(v2)) to a point (z,y) € A without changing the coordinates of (0, as 1)
and (0,0). Analogously, let T} be the k-affine unimodular transformation
that leaves the origin fixed and sends T (v2) to (0,as). We choose a trans-
formation T4 that takes T5(T%(v1)) to a point (z,y") € A without changing
the coordinates of (0,as ) and (0,0). Without loss of generality we have
y<y'. Set 8" :=T50Ty0Ti(S).

The lattice triangle S’ fulfills Condition (i) of Definition Suppose that
it does not satisfy Condition (ii). That means thereisa z with1 < z <y—1
such that as |z and a‘g,km]aék — zy. Consider the transformation T' given
by the matrix

__Y z
as,k as k
A = a?s,kfzy P € GLo (Z)
as kT as k

and apply it to §’. Since (z,2) € A is a vertex of T'(S’), we have z = ¢/. So
Yy = 2z < y <y which is a contradiction. Thus &’ is in standard form and
by construction unique.

Case 2. There are exactly two vertices z1,z9 € kZ2. Let v be the third
vertex and d; the number of lattice points in the relative interior of the edge
of & with vertices z; and v. As in Case 1 we have as ) = min {d,da} + 1.

Case 2.1. dy # da. Without loss of generality di < d2. So we have asj =
di + 1. Consider the k-affine unimodular transformation 7} which is given
by Ti(v') = v' — z1. Let Ty be such that T5(0) = 0 and Th(v — z1) =
(0,as,%). Then, choose a third transformation 73 which fixes (0,0) and
(0,as,,) and sends T5(T1(22)) to a point (z,y) € A. The lattice triangle
S’ := T3 0Ty 0 T1(S) satisfies the conditions of Definition As before,
note that ged(x,y) # as i, since di # da. The representation is unique.

Case 2.2. d; = dy. Let Ty be given by T} (v') = v — 21 and T» be the trans-
formation fixing the origin and T5(7% (v)) = (0, as k). Choose additionally T3
such that the origin and (0, as ) are fixed and (z,y) := T3(T2(T1(22))) € A.
Accordingly, let T] be defined by T7(v') = v' — 29 and T} fixing (0,0) and
T3(T7(v)) = (0,as ). Finally, choose a transformation 7% which fixes (0,0)
and (0,asy) and (z,vy") = T5(15(T7(22))) € A. Again, without loss of
generality, we have y < 3. We set &' := T3 0Ty o T1(S5).

Assume that Condition (iii) of Definition were not satisfied. Then
there is a z with 1 < z <y — 1 such that as |z and as pz|ask(z +y) — zy.
Consider the transformation 7" given by the matrix

_ Y z
as k as k
A = aspGHy)—zy 5 € GLy(Z)
as kT ask

and apply it to the lattice triangle

conv ((0,0), (z,y —ask)),(z,y))

which is k-equivalent to &’. The lattice triangle T'(S") has the vertex (z, 2)
and so we have z = 3. That means iy = z < y < ¥’ which is a contradiction.
Therefore S’ is in standard form and the uniqueness is clear by construction.
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Case 3. There are three vertices z1, 2o, z3 € kZ?. Since the number of lattice
points in the relative interior of each edge of S is k — 1, the only possible
standard form is the lattice triangle conv ((0,0), (0, k), (k,0)). O

Definition 1.1.8. Let k € Z>;. We define the k-th Farey sequence to be

Fk- = (2, ngl <f2 §k7 ng(f17f2) :1) .

Members of Fy, are called k-th Farey numbers. Let f = % be a k-th Farey
number. We define the k-th Farey strip corresponding to f to be the convex

set
513] . l—f 1
Yy f2
171 . [—f 1
Yy f2
Remark 1.1.9. By definition, the number of k-th Farey strips equals the

length of the k-th Farey sequence. That is, there are p(1)+- -+ ¢(k) many
k-th Farey strips where ¢ is the Euler totient function.

{(w,y); 0 <
Frr =

<k},iﬂﬁ:h

{(%y); 0 <

gk},iﬁﬁ#h

Definition 1.1.10. A spike attached to a k-th Farey strip Fj s is a 2-
dimensional convex polytope & with exactly three rational vertices satisfying
the following conditions.

(i) Two of the vertices of S are k-fold lattice points and lie the line

(ii) One vertex of S is above the line y = %m + f%
(iii) If (x,y) is a lattice point in S, then conv((0,0),(0,1), (x,y)) is
k-empty.

The following picture shows the k-th Farey strips and spikes attached to
them for k = 3. There, we can see the four strips F3o, F; 1, F; 1, F; 2 and
'3 2 '3

the only occurring spikes attached to F3 o and F37 1

309
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Proposition 1.1.11. Let k € Z>1 and f = % be a k-th Farey number. If

the lattice triangle S = conv((0,0),(0,1),(x,y)) is contained in the k- th
Farey strip Fy, ¢, it is k-empty.

PROOF. Assume that S is not k-empty. Then we find a,b € Z>; such that
(ka, kb) € S\ V(P) C Fy . By definition we have 0 < fakb — fika < k and
therefore 0 < fob — fia < 1. So fob — fia = 1. This means that (ka, kb)
cannot lie in the interior of Fy r. If fo = k, this is already a contradiction.
If on the other hand fs # k, the point (ka, kb) must be a vertex of S which
is again a contradiction. U

Definition 1.1.12. Let k € Z>;. A k-empty lattice triangle in standard
form which is not contained in a k-th Farey strip is called sporadic.

Proposition 1.1.13. Let k € Z>1. The number of minimal sporadic k-
empty lattice triangles in standard form is finite. Explicitly, the first coor-
dinate of the vertex in A is bounded by (k* — 1)k — 1.

PROOF. Let (x,y) € Z? such that conv((0,0),(0,1), (x,y)) is a sporadic k-
empty lattice triangle in standard form. Then there is a k-th Farey strip
Fj, s and there is a spike S attached to it, such that (z,y) is in the interior
of it.

We have fy # k. Otherwise S is empty. For some i > k — fo the spike has

the vertices
fl . fi,. k
( f2 f2) ((Z+f2)k’f2(z+f2)k+f2>7

(i + fo)ik G+ F)ik +if
<i—k+f2’ i—k+ fa )
Its area is therefore given by
1 ik?
A(S) = 2<i_k+h - /8).
Let I(S) be the number of interior integral points of S and B(S) the number
of integral points on the boundary of S. By Pick’s theorem we have

B
A(S)=1(S)+ (28) -1

Furthermore, it is A(S) < 1 if and only if
— fok? 4 2k — 2/,
5 .

Since B(S) > 1, if A(S) < 1 then I(S) < 1. So x is bounded from above by
(k? — 1)k — 1. a

T >

Corollary 1.1.14. Let k € Z>1. The number of sporadic k-empty lattice
triangles in standard form is finite.

PROOF. Let S = A(a,z,y) be a k-empty lattice triangle in standard form.
Then there is a minimal k-empty lattice triangle S’ = A(1, z,y) contained
in S. O



16 1. LATTICE POLYGONS

Remark 1.1.15. The proof of Proposition shows that we can list the
sporadic minimal k-empty lattice triangles in standard form explicitly for a
given k € Z>1. The following table lists the number of those simplices for
low values of k.

B Li]2]3]4]5]6
#10]2]7]32]96 279

Remark 1.1.16. It is possible to obtain the results of Propositions [1.1.11
and [L1.13l in a different manner. We choose d = 2 and s = k in Theorem
2.1 from [39] by Nill and Ziegler.

Remark 1.1.17. The terminology of Farey strips and spikes from this sec-
tion can be extended to cover the more general case of k-hollow polygons.
For this, we define the k-th extended Farey strip corresponding to a k-th
Farey number f = f—; to be

Fry = {(x,y); 0 < m : [_fﬂ < k:}

Then we get a natural analogue to Proposition [1.1.11] Using the same
definition for spikes attached to Farey strips as before, we also get a finiteness
statement analogous to Proposition |1.1.13

1.2. Classification of 2-empty lattice polygons

In the following, we explicitly classify the 2-empty lattice polygons with a
vertex v € 272 up to 2-affine unimodular transformation. First we need a
definition and some lemmas.

FIGURE 1. The 2-empty convex lattice polygons (with a vertex
v € 27Z2) up to equivalence with one representative per family. The
marked point is the origin.
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Definition 1.2.1. Let C C R? be a convex set and v € R%. The shadow
cast by C' at v is

S(C,v) = {weR?; veconv(C,w)} C R
The k-lattice shadow of C' is

Sk(C.Z2%) = |J S(Cwv) € R

vEKZ2\C°

A k-fold lattice point w € Sy (C,Z?) is called a vertex of S(C,Z?) if
w ¢ U S(C,v).
vEZA\C®
vFW

We denote the set of vertices of Si(C,Z?) by V(Sk(C,Z?)).
Remark 1.2.2. Let wy,...,wy,wrr1 € Z? and C := conv(wi,...,w).
Then conv(wy, ..., w,, wy+1) is k-empty if and only if

wri1 & Sk(CLZ%) \ V(Sk(C, Z%)).

Also note that if r = 2 the shadow cast by C at v € kZ? is explicitly given
by
S(C,v) = v + cone(v—w,v—wy) C R

Theorem 1.2.3. Up to 2-affine unimodular transformation, 2-empty lattice
polygons with a vertex in 272 are classified by the following list. It shows
that the maximal number of vertices of such a polygon is 6. A polygon is
represented by a matriz whose columns are its vertices.
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To prove the theorem we need some lemmas.

Lemma 1.2.4. Let P be a 2-empty lattice polygon with a vertex that is a
double lattice point. Then there exists a 2-affine unimodular transformation
T, such that T(P) satisfies one of the following.

(i) Each vertex is a double lattice point.
(ii) There is an edge given by the line segment from (0,0) to (0,1).

PROOF. By translating the polygon, we can assume that (0,0) is a vertex
of P. Let (z,y) € Z? be the clockwise adjacent vertex to (0,0) and a =
ged(z,y). Multiplication with a matrix A € GLg(Z) maps (z,y) to (0,a).
Because P is 2-empty, we have a < 2. If a = 2, we can repeat this process.
Again, the clockwise adjacent vertex to (0,a) is either double or primitive.
By iteration, each vertex is a double lattice point or we find a pair of adjacent
vertices, one of which can be assumed to be (0,0) and the other one (0,1).

O

Lemma 1.2.5. Let P be a 2-empty lattice polygon with adjacent vertices
(0,0) and (0,a), where a € {1,2}. Assume that P has no vertex on the line
x =1 and a vertex (z,y) with x > 3. Then there is a 2-affine unimodular



1.2. CLASSIFICATION OF 2-EMPTY LATTICE POLYGONS 19

transformation T' such that (0,0) and (0,a) are fized points and each vertex
(z,w) # (0,0),(0,a),(2,2) of T(P) satisfies 0 < w < z.

PROOF. Let B be the line segment from (0,0) to (0,a) and b € Z. Consider
the shadows S(B,(2,2b)). For each b, there cannot be a vertex of P in
S(B,(2,2b)) \ {(2,2b)}. That is, the vertices have to be between those
shadows. Therefore, the convexity and 2-emptiness of P yield a by € Z such
that each vertex different from (0, 0), (0, a) is in

<

{(w,y) ;>3 b < = < bo+1—9+% < b0+1}

2
(27 260) ) (27 260 + 1) ) (27 2bO + 2)}
(z,y) ; 2>2,0< y—bor < z} U {(2,200+2)}.

8

U {
< A{
Thus, after multiplying with a matrix A € GLg(Z) we have that each vertex
(z,w) # (0,0),(0,a), (2,2) satisfies 0 < w < z. O

PROOF OF THEOREM [[.2.3] Let P be a 2-empty lattice polygon with a
vertex that is a double lattice point. By Lemma there are two cases
that need to be considered.

Case 1. FEach vertex of P is a double lattice point. As seen in the proof of
Lemma we can assume that up to 2-affine unimodular transformation
(0,0) and (0,2) are adjacent vertices of P. Furthermore, by convexity we
can assume that additional points are located in the right half space given
by the vertical axis.

Case 1.1. There is a vertex (x,y) with x > 3. By Lemma we can
assume that each vertex (z,w) # (0,0), (0,2), (2,2) of P satisfies 0 < w < z.
That means that each such vertex lies in the horizontal strip as illustrated
in Figure Since x > 3 that’s not possible. Otherwise there would be
an edge of P with (2,2) or (2,0) in its relative interior and thus violating
2-emptiness.

Case 1.2. There is no vertex (x,y) with x > 3. The first coordinate of each
additional vertex has to be 2. The following possibilities remain.

conv ((0,0),(0,2),(2,0)), conv ((0,0),(0,2),(2,2),(2,0)).

Case 2. There is an edge of P given by the line segment B from (0,0) to
(0,1). Again, without loss of generality, additional points are located in the
right half space given by the vertical axis.

Case 2.1. There is no vertex on the line x = 1 and a vertex (x,y) with
x > 3. By Lemma each vertex (z,w) # (0,0),(0,1),(2,2) satisfies
0 < w < z. We find additional restrictions for the location of the vertices
by considering the shadows S(B, (2¢,2)), where ¢ € Z>;. The values ¢ = 1
and ¢ = 2 give shadows that leave a strip in between with possible vertices.
Its lattice points are given by

{(2$,.’E>,(2y—2,y),(22—1,2), z,Y,z Z 3}
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40

FIGURE 2. The shadows show forbidden areas for vertices of P.

Suppose that one of the vertices of P is in this strip. Then P is of one of
the following.

conv ((0,0),(0,1),(2z2—1,2)), z >3,
conv ((0,0),(0,1),(2,2),(22 —1,2)), z >3,
conv ((0,0),(0,1),(22 —1,2),(4,2)), z> 3.

Now let ¢ > 2. The shadows S(B, (2¢,2)) and S(B, (2(c + 1),2)) intersect
n (%, i—”l) If ¢ > 3, the second coordinate is strictly smaller than 3
and there can’t be any lattice point between those shadows. So we only
have to consider the cases ¢ = 2,3. Explicitly, one obtains the intersection
points (12,4) and (12, 3). The simplices forming the area between the shad-
ows are given by conv((4, 2), (6,2), (12,4)), conv((6, 2), (8, 3), (12, 3)), respec-
tively. We see that there can’t be a vertex of P with second coordinate
strictly bigger than 2 in these simplices because otherwise there would be a
double lattice point in the relative interior of an edge of P.

Consider the case that there are only vertices whose second coordinates are
< 2. One obtains the following possibilities for P.

conv ((0,0),(0,1),(z,2)), x >3

conv ((0,0),(0,1),(z,1)), = >3,

conv ((0,0),(0,1),(z,2),(z+1,2)), z>2

conv ((0,0),(0,1), (z,2),(z+2,2)), 2> 2, x even

conv ((0,0),(0,1),(z,2),(y,1)), 2y >z >2and (x >3 or y > 3)
conv ((0,0),(0,1), (z,2),(2,0)), x > 3,

conv ((0,0),(0,1), (z,1),(2,0)), = > 3,
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conv ((0,0),(0,1),(z,2),(x+1,2),(2,0)), o >2

conv ((0,0),(0,1),(x,2),(x+2,2),(2,0)), x > 2, x even

conv ((0,0),(0,1),(x,2),(y,1),(2,0)), 2y —2 >z > 2

conv ((0,0),(0,1),(x,2),(x+1,2),(y,1),(2,0)), 2y —3 >x > 2,

conv ((0,0),(0,1),(x,2),(x+2,2),(y,1),(2,0)), 2y —4 > x > 2, z even.

Case 2.2. There is no vertex on the line v = 1 and no verter (z,y) with
x > 3. Then P has 3 or 4 vertices and is, up to 2-affine unimodular trans-
formation, one of the following.

conv ((0,0),(0,1),(2,0)), conv ((0,0),(0,1),(2,1)),
conv ((0,0),(0,1),(2,1),(2,0)), conv ((0,0),(0,1),(2,2),(2,0)),
conv ((0,0),(0,1),(2,2),(2,1)).
Note that the first two polygons transform into each other by applying a
matrix A € GLy(Z) and a translation by a lattice point. Thus they are

1-equivalent and can be identified as lattice polygons. They are, however,
not 2-equivalent.

Case 2.3. There is a vertex (1,d) with d € Z and a vertex (x,y) with x > 3.
Up to unimodular transformation we have 0 < y < z. Considering the
shadows S(B, (2,2b)), where b € Z, we obtain 0 < d < 2. If d = 0 there are
the following possibilities for P.

conv ((0,0),0,1), (5,3),(1,0))
conv ((0,0), (0,1), (,2),, (1,0)), & > 3,

conv ((0,0),(0,1),(x,1),(1,0)), = > 3,

conv ((0,0),0,1),(2,2),(5,3),(1,0)),

conv ((0,0),0,1), (5,3, (4,2)(1,0)),

conv ((0,0),(0,1),(z,2),(x+1,2),(1,0)), z > 2,

conv ((0,0),(0,1),(x,2),(x+2,2),(1,0)), x > 2, x even,

conv ((0,0),(0,1),(x,2),(y,1),(1,0)), 2y —1 >z >1and (z >3 ory > 3),
conv ((0,0),(0,1),(x,2),(x+1,2),(y,1),(1,0)), 2y —2>x > 2,

conv ((0,0),(0,1),(x,2),(r+2,2),(y,1),(1,0)), 2y —3 > x > 2, z even.

The convexity and 2-emptiness of P rule out the case d =1. If d =2, P is
equal to
conv ((0,0),(0,1),(1,2), (x,1)), = > 3.

Case 2.3. There is a vertex (1,d) with d € Z and no vertex (z,y) with v > 3.
If there are no more vertices, P is up to 2-affine unimodular equivalence of
the shape

conv ((0,0), (0, 1), (1,0)).
Suppose that there is no vertex on the line z = 2. Then P is 2-equivalent to

conv ((0,0),(0,1),(1,d),(1,0)), d > 1.
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If on the other hand there is a vertex on the line x = 2, then P can be
transformed into one of the following.

conv ((0,0),(0,1),(1,d),(2,0)), d > 1,

conv ((0,0),(0,1),(1,d),(2,1)), d > 2,

conv ((0,0),(0,1),(1,d),(2,1),(2,0)), d > 2,

conv ((0,0),(0,1),(1,d),(2,2),(2,0)), d > 2,

conv ((0,0),(0,1),(1,d),(2,2),(2,1)), d > 2,

conv ((0,0),(0,1),(1,d),(2,0),(1,e)), d>1, e<0,

conv ((0,0),(0,1),(1,d),(2,1),(1,e)), d>2, e <0,

conv ((0,0),(0,1),(1,d),(2,1),(2,0),(1,e)), d>2, e<0,
conv ((0,0),(0,1),(1,d),(2,2),(2,0),(1,e)), d>2, e<0,
conv ((0,0),(0,1),(1,d),(2,2),(2,1),(1,e)), d>2, e<0

Putting together the results from the different cases (and removing polygons
such that there is only one representative per equivalence class) one obtains
the list from the Theorem. O



CHAPTER 2

Toric Surfaces

2.1. A quick reminder on toric geometry

We briefly gather general background from toric geometry that will be
used in the subsequent sections. As detailed introductory texts, we refer
to [15//16,,123]. Toric geometry, initiated by Demazure’s work [17] on the
Cremona group, connects algebraic geometry with combinatorics and has
rapidly become a rich and intensively studied interplay of these disciplines.

The objects on the side of algebraic geometry are the standard n-torus, i.e.
the n-fold direct product T™ = K* x ... x K*, and toric varieties, i.e. open
embeddings T™ C Z into normal varieties Z such that the multiplication on
T" x T™ — T™ extends to a morphical action T" x Z — Z. A toric morphism
between toric varieties T"* C Y and T" C Z is a morphism Y — Z that
restricts to a homomorphism T — T"™ of tori. Usually we just write Z, Y,
etc. for toric varieties and p: Y — Z, etc. for toric morphisms.

On the combinatorial side we use the following terminology. A lattice fan in
Z" is a finite collection ¥ of pointed, convex, polyhedral cones in Q™ such
that for any o € ¥ every face 7 < o belongs to ¥ and any two 0,0’ € ¥
intersect in a common face. A map of lattice fans from a fan ¥ in Z" to a fan
A in Z™ is a homomorphism F': Z™ — Z™ such that for every o € X there
isa7e A with F(o) C 7. We also write F' for the linear map Q" — Q™
extending the homomorphism Z" — Z™.

We present the basic construction of toric geometry, associating a toric va-
riety with an arbitrary lattice fan. This construction is functorial and the
fundamental theorem of toric geometry tells us that it even sets up a co-
variant equivalence between the category of lattice fans and the category of
toric varieties.

Construction 2.1.1. Let X be a lattice fan in Z™. For a cone o C Q™ of
Y denote the dual cone by ¢¥ C Q™ and consider the spectrum Z, of the
monoid algebra K[M,] of the additive monoid M, := ¢¥ N Z™:

Zy = SpecK[M,], K[M,] = P Kx*“
ueEM,
The acting torus T" = Spec K[Z"] embeds via K[M,] C K|Z"] canonically
into Z,, turning it into an affine toric variety. Similarly, we have open

embeddings Z, C Z, whenever 7 < ¢. This allows to glue together all the
Zs to a variety Z:

z = | Z, where Z, N Zy = Zynyr C Z.
gEY
23



24 2. TORIC SURFACES

The gluing respects the toric structures T" C Z, such that we obtain a
toric variety T" C Z, the toric variety associated with the fan 3 in Z™. Any
x" € K[Z"] yields a rational function on Z satisfying

x“(1,...,1) = 1, XU(t-z) = t7t - tinx"(2),
whenever defined at z € Z. In particular, the restrictions x*“: T — K* are

precisely the characters of T C Z. Given a map F of lattice fans ¥ in Z"
and A in Z™, we obtain algebra homomorphisms

KM, — K[M,],  x"~ x*F,

whenever o € ¥ and 7 € A satisfy F(o) C 7. Passing to the spectra, this
defines morphisms Z, — Y; which in turn glue together to a morphism
Z —'Y of the toric varieties associated with ¥ and A.

The task of toric geometry is to link geometric properties on the one side to
combinatorial ones on the other. We first indicate how to detect the orbit
decomposition and the invariant divisors of a toric variety from its defining
fan.

Summary 2.1.2. Let 3 be a lattice fan in Z"™ and Z the associated toric
variety. Every lattice vector v € Z" defines a one-parameter subgroup

A KY — T C Z, to— (.. t).

If v lies in the relative interior o° of a cone o € ¥, then A, extends to a
morphism A, : K — Z. The associated limit point is

= i =\ c Z.
2o %%/\”(t) M(0) € Z, C Z

Here, z, does not depend on the particular choice of v € ¢°. Note that the
zero cone {0} € ¥ yields the unit element zy € T™. The limit points set up
a bijection

¥ — {T"-orbits of Z}, o — T". z,.
The dimension of the orbit T" - z, is n — dim(c). In particular, the rays, i.e.
the one-dimensional cones g1, ..., o, of %, define invariant prime divisors

D; == Tz, C Z.

We have Z =T"UD; U...UD, and D; N D; # () if and only if g;,0; C o
for some cone o € .. Moreover, there is an isomorphism

zr — WDiv(2)™, a +— ayDy+...+a.D,.

In other words, the prime divisors D1,..., D, freely generate the group
WDiv(2)™ of invariant Weil divisors. Finally, we obtain an invariant anti-
canonical divisor

~Kz = Dy +---+D, € WDiv(Z)"".

Our next topic is the divisor class group. This is the group of Weil divisors
modulo the subgroup of principal divisors. We obtain an explicit description
in terms of the defining fan, which is also the key to other invariants. We
briefly recall the terminology. For a point z of a normal variety Z, the local
class group Cl(Z,z) is the group of Weil divisors modulo the subgroup of
divisors that are principal near z. A Cartier divisor is a Weil divisor that is
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locally principal. The Picard group is the group of Cartier divisors modulo
the subgroup of principal divisors. Moreover, in the rational vector space

Clg(Z) = Q& CI(Z)

associated with the divisor class group of a variety Z, there are the following
important subsets. The effective cone Eff(Z) is generated by the classes of
effective divisors. The mowving cone Mov(Z) is generated by the classes
of movable divisors, i.e. those with base locus of codimension one. The
semiample cone SAmple(Z) is generated by the classes of semiample divisors
and the ample cone Ample(Z) is generated by the classes of ample divisors.
By a cone, we always mean a convex cone.

Summary 2.1.3. Consider a lattice fan X in Z™ and its rays o1, ..., 0, with
corresponding unique primitive lattice vectors v; € g;. The generator matriz
of ¥ is

P = [vg,...,v).
Suppose that P is of rank n. We describe the divisor class group of the toric
variety Z associated with ¥ in terms of P. First recall the identification

7" — WDiV(Z)Tn, a — D(a):=a1D1+ ...+ a,D,.
The divisor of a character function x* € I'(T", O) C K(Z), where u € Z",
is given via the transpose P! of the generator matrix:
D(P'(u)) = {(u,v1)D1+ ...+ (u,v.)D, = div(x").

The divisor class group Cl(Z) of Z turns out to be the group of invariant
WEeil divisors modulo the group of invariant principal divisors and thus we
obtain

Cl(Z) = K := 7" /im(P").
Using the projection Q: Z" — K, we have [D;] = Q(e;) for the class of the
invariant prime divisor D; C Z. The local class group of 2z, € Z is given by

Cl(Z,2,) = K/K,, Ky, = (Q(e;); Ple;) & o).
Since Z is the union of the T"-orbits through the points z,, where o € ¥,
this determines all local class groups. The Picard group of Z is given by
Pic(Z) = ()| K, C Cl(2).
cEX
In the rational divisor class group Clg(Z) = Kg, we identify the cones of
effective and movable divisor classes as

Eff(Z) = Q(7), Mov(Z) = (] Q(),

0=
facet

where v = Q% denotes the positive orthant in Q". The cones of semiample

and ample divisor classes in Clg(Z) are given by

SAmple(Z) = ﬂ cone(Q(e;); Ple;) & o), Ample(Z) = SAmple(Z)°.
oceX

We want to look at smoothness and singularities. Recall that a point z € Z

of a normal variety Z is called Q-factorial if every Weil divisor admits a non-

zero multiple that is principal near z. A normal variety is called Q-factorial
if each of its points is Q-factorial.
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Summary 2.1.4. Let Z be the toric variety arising from a lattice fan ¥ in
Z"™. Consider the limit points 2z, € Z, where o € X.
(i) The point z, € Z is Q-factorial if and only if o is simplicial, i.e.
generated by part of a vector space basis of Q™.
(ii) The point z, € Z is smooth if and only if o is regular, i.e. generated
by part of a lattice basis of Z™.
(iii) The point 2z, € Z is Q-factorial (smooth) if and only if all points
of T" - z, are Q-factorial (smooth).
(iv) The variety Z is Q-factorial (smooth) if and only if all cones of the
lattice fan X are simplicial (regular).

A lattice fan X in Z" is called complete if its support, i.e. the union over all
its cones, equals Q™. Moreover, ¥ is called polytopal if it is spanned by an
n-dimensional convex polytope A C Q" containing the origin in its interior.
In this case the cones of ¥ are precisely the cones over the faces of A.

Summary 2.1.5. Let Z be the toric variety arising from a lattice fan ¥ in
Z"™. Then Z is complete if and only X is complete and Z is projective if and
only if ¥ is polytopal. If the latter holds, then, for any a € Z" representing
an ample divisor D(a) = a1 Dy + - - - + a, D,, the lattice fan ¥ is spanned by
the dual of the polytope

(P (Ba—a) € Q" B, = Q'(Q(a))Nr.
Here, as before, P is the generator matrix of ¥ and Q: Z" — K = Z" /im(P?)
the projection and v = Q% the positive orthant. In dimension one the only
complete toric variety is the projective line. Every complete toric surface is
projective. The first non-projective complete toric varieties occur in dimen-
sion three.

A Fano variety is a normal complete variety admitting an ample anticanon-
ical divisor. Observe that by this definition, Fano varieties are projective
and some non-zero multiple of the anticanonical divisor of a Fano variety is
Cartier.

Summary 2.1.6. Let X be a complete lattice fan in Z™ and A C Q" the
convex hull over the primitive generators vi,...,v, of 3. The following
statements are equivalent.

(i) The toric variety Z associated with 3 is a Fano variety.

(ii) The vector Q(e1) + - -+ + Q(e,) lies in the ample cone of Z.
(iii) For every o € ¥ thereis au € Q" with (u,v;) = 1 whenever v; € o.
(iv) The fan ¥ is spanned by the polytope .A.

We will make use of Cox’s quotient presentation, which generalizes the con-
struction of the projective space P, as the quotient of K"\ {0} by K*
acting via scalar multiplication. See [14], also |15 Sec. 5] and [4) Sec.
2.1.3] for more details.

Construction 2.1.7. Consider a lattice fan 3 in Z™ with generator matrix
P of rank n and let Z be the associated toric variety. The Cox ring of Z is
given by

R(Z) = P T(Z2,0p(2) = PKI[Ty,....T}]w = K[T1,...,T,].
DeCl(2) wekK
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The K-grading of the polynomial ring K[71, ..., 7] is defined by deg(T;) :=
[Di] = Q(ei). Consider the orthant v = QX its fan of faces ¥ and

S = {r=<7; P(r)Co for some o € X}.

Then ¥ is a subfan of the fan ¥ and P sends cones from 3 into cones of ¥.
For the associated toric varieties this leads to the picture

™ ¢ Z < Z = K"
/Hlp p|JH
™ < Z

Here, Z C Z is an open T"-invariant subvariety and p extends the homo-
morphism of tori having the rows of P = (p;;) as its exponent vectors:

P* Pn* PZ* Py 4 ir
™ — T", to— (), the = gt i

The morphism p is a so called good quotient for the action of the quasitorus
H =ker(p) CT" on Z. If ¥ is simplicial, then each fiber of p is an H-orbit.

Remark 2.1.8. Let Z be a toric variety with quotient presentation p: Z —
Z as in Constructionn [2.1.7, Then every p-fiber contains a unique closed
H-orbit. The presentation in Cozx coordinates of a point z € Z is

T = |21, 2, where z = (z1,...,2,) € p~*(x) with H-z C Z closed.

Thus, [z] and [2'] represent the same point = € Z if and only if z and 2’ lie
in the same closed H-orbit of Z. For instance, the points z, € Z, where
o € %, are given in Cox coordinates as

0, P (61) € o,

2o = [51,...,57"]7 € = {1’ P(el)gg

We conclude the section with an example from the surface case in order to
see how its (well known) geometric features are obtained from its defining
combinatorial data.

Example 2.1.9. Consider the weighted projective plane P 23. As a toric
variety it arises from the complete lattice fan ¥ in Z? with generator matrix

1 1 -1
P = [Ul,vg,vg] = {2 1 O]

In order to see that the toric variety Z associated with X indeed equals Py 2 3
we look at Cox’s quotient construction.

K3\ {0} = Z
| | »
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Note that the homomorphism of tori defined by the generator matrix P and
its kernel H are explicitly given by

tity 13
b: TS — ’]T27 (t17t27t3) = <127tl>7 H = {(t7t27t3); tEK*}
3 t2
Thus, H = K* acts with the weights 1, 2 and 3 in K3 and Z = IP1,2,3 is the

quotient of Z = K3\ {0} by this action. Let us look at the geometry of
P17273. We have

Cl(Z) = Z3/im(P") = Z

with the projection Q: Z* — Z sending (a1, a2,a3) to (a1, 2as,3a3). This
allows to recover the Picard group as

Pic(Z) = ZN2ZN37Z = 6Z C Z = Cl(Z).

As ¥ has three rays, there are three invariant prime divisors D1, D2 and Ds
on Z. In particular, the anticanonical class is given by

[—Kz] = [D1]+[D2]+[Ds] = 14+2+3 =6 € Z = Cl(Z).

Thus, —Kz is an ample Cartier divisor generating Pic(Z). Note that ¥
is spanned by A = conv(vy,ve,v3). There are two singularities, given in
Cox-coordinates by

[0,1,0], [0,0,1].

2.2. Geometry of toric surfaces

In this Section, the specific case of two-dimensional toric geometry is treated,
i.e. the case of toric surfaces. The combinatorial framework of lattice fans is
much simpler in dimension two, which yields a particularly grateful example
class. First we show how the general picture from the preceding Section boils
down in the surface case.

Summary 2.2.1. Consider the projective toric surface Z arising from a
complete lattice fan ¥ in Z2, the generator matrix P = [vy,...,v,] of ¥, the
rays o; = cone(v;) € ¥ and their limit points z; € Z. Then we have

Z = T?UD,U...UD,, D; = T2?. .

Each of the orbit closures D; is a smooth rational curve and D1U...UD, is a
cycle in the sense that D; N D; is nonempty if and only if the corresponding
rays o; and p; are adjacent. If two rays g; and o; are adjacent, we have

DiﬂDj = {Zij}, Zij = Zoyj, oij = Cone(vi,vj) € Y.

A one-parameter subgroup A,: K* — T2, t + (¢!, t%2) approaches z; or Zij
for t — 0 if and only if v = (v1,v2) lies in the relative interior of g; or oy,
respectively. Gathering derivatives of A, with common limit into cones we
recover X from Z:
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The orbits T? - 2y and T? - z; only contain smooth points of Z. The 2;j are
precisely the toric fixed points. Every toric fixed point z;; is Q-factorial.
Moreover, z;; is smooth if and only if det(v;, v;) = £1.

Being Q-factorial, any complete toric surface comes with a well-defined inter-
section product. Here is how to compute the intersection numbers explicitly
in terms of the defining fan.

Summary 2.2.2. Consider the toric surface Z arising from a complete
lattice fan ¥ in Z? with generator matrix

P = [v,...,v).

For any two distinct generators v;, v; in positive orientation, the intersection
number of the associated divisors D;, D; is given as

D; - Dj — {det(vi,vj)l, if cone(vi,vj) €y,

Moreover, we can compute the self intersection number of a divisor D;.
Taking adjacent generators v;, vj, vy in positive orientation, we have

0, else.

D2 _ det(vj, vg)
J det(vs, vj) det(vj, vg)

Remark 2.2.3. Let ¥ be a complete lattice fan in Z? with generator matrix
P = [v1,...,v;], where the v; are ordered counter-clockwise. We write
v; = (lj,d;) with [; #0 for t =1,...,r. Then

4 l; liv1 1

R Y (RN S U
Z ; liv1 l; ) det(vi,viy1) r

gives the self intersection number of any canonical divisor Xz on the toric
surface Z associated with 3.

We take a closer look at the singularities of toric surfaces. As observed, these
are necessarily fixed points. Thus, for the local study, we have to consider
affine toric surfaces defined by two-dimensional lattice cones.

Summary 2.2.4. Consider the affine toric surface Z, associated with a
two-dimensional lattice cone o in Z2. After applying a suitable unimodular
transformation, the generator matrix is of the shape

1 «a
P—[Ob}, 0<a<hb.

The cone o is therefore generated by the columns of P. The point z, € Z,
is singular if and only if b > 1 holds. Cox’s quotient presentation from [2.1.7]



30 2. TORIC SURFACES

yields a morphism p: K? — K2/H = Z,, where
H = ker(p) = {(t7%1t); t € T}, I, == {teK* t"=1}.

Thus, Z, is the quotient of K? by a diagonal action of a cyclic group of
order b. In particular, for b > 2, we see that the point z, = p(0,0) is a
two-dimensional cyclic quotient singularity.

We discuss the resolution of toric surface singularities. Recall that the
Hilbert basis H, of a pointed convex polyhedral cone o C Q" is the (finite)
set of indecomposable elements of the additive monoid o NZ". Here, a non-
zero element v € o NZ" is indecomposable if v = v' +v” with v/,v"” € o NZ"
is only possible for v = v’ or v = v".

Summary 2.2.5. Consider the affine toric surface Z, arising from a two-
dimensional lattice cone ¢ in Z2. Subdividing o by the members v1, ..., v, of
the Hilbert basis H,, gives a lattice fan ¥ in Z? with support ¢ and generator
matrix P = [v1,...,v,].

The toric surface Z associated with X is smooth and the canonical toric
morphism 7: Z — Z, is the minimal resolution of singularities. The excep-
tional curves of 7 are precisely the D; given by the Hilbert basis members
v; € 0°.

We say that a normal variety X with canonical divisor Kx is Q-Gorenstein
if some non-zero integral multiple of x is Cartier. If this is fulfilled, the
Gorenstein index of X is the smallest non-zero integer tx such that txKx
is Cartier. A variety is said to be Gorenstein if it is of Gorenstein index 1.

Summary 2.2.6. Consider a two-dimensional lattice cone ¢ in Z? with
primitive generators v; and ve. Then there is a primitive u, € Z? and an
iy € Z~q such that

<u07v1> = lo, <'LLU,1)2> = lo-

Moreover u, and t, are uniquely determined by this property. For the
associated affine toric surface Z, and its invariant canonical divisor, we
have

oKz, = teD1+ 1Dy = (uy,v1)D1 + (Uug,v2) Dy = div(x"").

Thus, ¢, is minimal with ¢, /Cz being Cartier and hence equals the Gorenstein
index of Z,. For a toric surface Z arising from a complete lattice fan ¥ in
72, we obtain

tz = lem(to; o0 € X, dim(o) = 2).

Remark 2.2.7. Consider two primitive vectors v; = (a,c) and vy = (b, d)
in Z? generating a two-dimensional cone o C Q2. The linear form u, and
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the number ¢, from Summary are given as
1<c—d b—a) lad — be|
, , lg = .
ad — bc’ ad — be ged(e—d, b—a)
In particular, this allows to compute the Gorenstein index ¢, of the affine

toric surface Z, in terms of the generator matrix P = [v1, v9]. Note that ¢,
equals the order of the class of Kz, in the local class group Cl(Zy, 2,).

Ug — —
lo

Proposition 2.2.8. In Z2, consider the vector e := (1,0), for a € Z>1 the
vectors vg == (1,a) and for 1,b € Z>2 the vectors

b—1
Ubp = (b, L

K
Set o, := cone(e,v,) C Q2 and Oupr = cone(e,v,p,) C Q2. Then the
following statements hold.

K

) s k=1,...,0—1, k| b—1, ged(b, 12=2) = ged(k, ) = 1.

(i) Up to isomorphy the Gorenstein affine toric surfaces with fized
point are precisely the Zs, .

(ii) Fiz v € Z>2. Up to isomorphy the affine toric surfaces with fixed
point being of Gorenstein index v are precisely the Z,

PR

PRrROOF. By Summary a toric surface Z, is of Gorenstein index ¢ if
there is a primitive v € Z? evaluating to ¢ on the primitive generators of o.
The linear forms

ug = (1,0), Wbk = (L, —K)

do so for Z,, and Z,, , .. Conversely, given an affine toric surface Z, with

fixed point of Gorenstein index ¢, we may assume that
o = cone(vy,v2), v = (1,0), v = (a,b), 0<a<hb.

Then we directly see that the existence of a primitive u € Z? evaluating to
¢ on vy and vy forces vy = v, Or V2 = VU, p 4. O

Example 2.2.9. We examine the minimal resolution of affine toric surfaces
of small Gorenstein index. For + = 1, we have to look at

o, = cone((1,0), (1,a)), a=1,2,3,... He, = {(1,7); 7=1,...,a}.

Moreover for « = 2, by Proposition we have to consider the cones oa 4, .,
where b > 2 must be odd and x = 1. Thus, we end up with

o251 = cone((1,0), (b,2b—2)), b=3,5,7,9,...

Besides the primitive generators, the Hilbert basis of o9 1 contains all inte-
rior lattice points of the line with slope 2 through (1,1), i.e.

o b-3
Honyy = {(1,0), (b,20—2)} U {(1 +7,1425); j=0,..., 2} )
Using Summary [2.2.5] we can compute resolution graphs, the vertices of
which represent the exceptional curves, labelled by their self intersection
number. Two vertices are connected by an edge if and only if the corre-

sponding curves intersect.
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Zy,: O—-O O— a=23/4,...,
Zoypy: b=3,
Zowsa’ OG-0 b=5,
Zogp’ G- -0 b=7,9,11,....

One calls the singularities of Z,, of type A,, with n = a—1 and those of Z,, , |
of type K, with n = (b —1)/2. Note that n is the number of exceptional
curves.

In the following, we dicuss toric del Pezzo surfaces. Recall that a del Pezzo
surface is a two-dimensional Fano variety, i.e. a normal projective surface
admitting an ample anticanonical divisor.

We give the combinatorial notions we need for the treatment of toric del
Pezzo surfaces. By a (lattice) polygon we mean a convex polytope in Q?
(having only integral vertices). An LDP-polygon is a polygon in Q? contain-
ing the origin (0,0) as an interior point and having only primitive vectors
from Z? as vertices. We call two polygons unimodularly equivalent if they
can be transformed into each other by a unimodular matriz, which is an
integral 2 x 2 matrix with determinant +1.

Summary 2.2.10. Any LDP-polygon A C Q? spans a complete lattice
fan ¥4 in Z2. The toric surface Z4 associated with ¥4 is a del Pezzo
surface. The assignment A — Z 4 yields a bijection between the unimodular
equivalence classes of LDP-polygons and the isomorphy classes of toric del
Pezzo surfaces.

Example 2.2.11. Up to isomorphy, there are only five smooth toric del
Pezzo surfaces. They are given by the following LDP-polygons.

a4

The surfaces are P; x IP;, the projective plane Py and the blowing-up of P
in up to three points in general position.

The situation gets much more lively if we look at singular del Pezzo surfaces.
Besides the case of a given Gorenstein index, we will also consider singu-
larities coming from the minimal model program. Let us briefly recall their
definition. Given any Q-Gorenstein variety X with canonical divisor Kx,
consider a resolution of singularities 7: X’ — X. Then there are canonical
divisors Kx on X and K’y on X' such that the ramification formula

Ky = mKx+>_ a(E)E,

holds. Here, E runs through the exceptional prime divisors and the a(F) €
Q are the discrepancies of m: X’ — X. For 0 < e < 1, the singularities
of X are called e-log terminal (e-log canonical) if a(E) > ¢ — 1 for each
E (a(E) > ¢ — 1 for each E). For ¢ = 0, one speaks of log terminal (log
canonical) singularities and for € = 1 of terminal (canonical) ones.
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Summary 2.2.12. Consider the toric del Pezzo surface Z 4 defined by an
LDP-polygon A and a toric resolution of singularities

w4 — Zy

given by a map of lattice fans ¥ and X 4. The discrepancy of an exceptional
divisor F, C Z corresponding to a ray o € ¥ is given by

A
a(E,) = -1,
‘ oAl

where v, € g is the primitive lattice vector and U; € p denotes the intersec-
tion point of ¢ and the boundary dA of A.

This shows in particular that toric del Pezzo surfaces are always log termi-
nal, hence the “L.” in LDP-polygon. Moreover, we directly obtain a simple
characterization of e-log canonicity for a toric del Pezzo surface via its defin-
ing polygon. Given k € Z>1, we call a polygon A almost k-hollow if the
origin (0,0) is the only point in A° N kZ2.

Proposition 2.2.13. Let A be an LDP-polygon and consider the associated
toric del Pezzo surface Z 4. Then, for any k € Z>1, the following statements
are equivalent.

(i) The polygon A is almost k-hollow.
(ii) The surface Z 4 has only 1/k-log canonical singularities.

2.3. Classifying toric del Pezzo surfaces

We give a classification of toric 1/k-log canonical del Pezzo surfaces. In com-
binatorial terms, this means to classify the almost k-hollow LDP-polygons.
In Theorem [2.3.10| we gather basic features of the polygon classification, the
full list will be available under [25]. The corresponding statements on the
del Pezzo surfaces is given in Corollary [2.3.11]

Definition 2.3.1. Given a polygon A and a vector v € Q?, we obtain new
polygons A} by expanding A at v and A, by collapsing A at v:

Al == conv(AU {v}), A; = conv(Z® N A\ {v}).

A polygon A having the origin (0, 0) as an interior point is minimal if (0,0) ¢
(A, )° holds for every vertex v of A.

Example 2.3.2. Consider the canonical basis vectors e; = (1,0) and ez =
(0,1) in Z2. Given k € Z>1, we have minimal almost k-hollow lattice poly-
gons

A, :=conv(ey, eg, —ae; —e3), a=1,...,2k, O := conv(+e;, *es).

Proposition 2.3.3. Let k € Z>1. Then, up to unimodular equivalence,
Aq,..., Ao and O are the only minimal almost k-hollow lattice polygons.

Lemma 2.3.4. Let A be a minimal polygon. Then A has at most four
vertices.
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PrOOF. We number the vertices v, ..., v, of A counter-clockwise. Assume
r > 5. Then we have

A° = conv(vy,v3,...,v,)° Uconv(vi,...,v.—1)° € (A,) U (A, )"

The origin lies in A° and thus in (A;,)° or in (A )°. This is a contradiction
to the minimality of A. O

ProOF OF ProPOSITION 2.3.3l Let A be a minimal almost k-hollow lattice
polygon. By Lemma [2.3.4] we know that A has either four or three vertices.

We first treat the case, that A has four vertices. Say wvi,va, vs, v4, ordered
counter-clockwise. We claim that the two diagonals of the quadrangle A
intersect in the origin. Indeed, minimality of A yields

(0,0) & conv(vi,v,v3)° C (A,,)° (0,0) & conv(vy,v3,v4)° C (A,,)°.

Since (0,0) € A°, we have (0,0) € conv(vi,v3). Analogously, (0,0) €
conv (v, v4). Using minimality of A again, we see that each vertex v; € Z?2
is primitive. Thus, after applying a suitable unimodular transformation of
72, we can assume

v = (1,0), ve = (a,b), a,beZ, 0<a<b, ged(a,b) =1.

By primitivity, we also have v3 = —v; and vy = —v2. Finally, we claim v =
(0,1). Otherwise (1,1) € A, which yields a contradiction to the minimality
of A, namely

(0,0) € conv(er, e1 +e2, —e1, —e1 —e2)° C (A,,)°.

Now assume that A has three vertices, say vi,ve,v3, numbered counter-
clockwise. As in the previous case, each of these vertices has to be primitive
by minimality. Consider the case that A has an interior lattice point v #
(0,0). Then we can write

A = conv(vy,va,v) U conv(ve, vs,v) U conv(vs, v, v).
By minimality, (0,0) lies on a line segment, say on conv(v,v;). Then we can
assume v = —v1. Applying a suitable unimodular transformation gives
v; = (1,0), vy = (a,b), a,b€Z, 0<a<b, ged(a,b) =1.
We show that A equals A, for some 1 < a < 2k. We claim a = 0. Otherwise,
(1,1) € A and, in contradiction to the minimality of .A we obtain
(0,0) € conv(vi, e1 + ez, —v1,v3)° € (A,)°.

Hence a = 0 and vy = e3. Moreover, vs = (¢, d) with integers ¢, d < 0. Since
—wvy is an interior point of A, the vertex wvs lies above the line through wvo
and —wvp. In particular, ¢ < —3. By minimality of .4, no point (e, —1) with
e € Z<o lies in A°. This yields d = —1.

Now assume that the origin is the only interior lattice point of A. As before,
we adjust by means of a suitable unimodular transformation to

v; = (1,0), vy = (a,b), a,beZ, 0<a<b, ged(a,b) =1.

Minimality implies a < 1. If a = 0, the only possibility is vo = ey and v3
being one of (—1,—1), (—=2,—1) or (—1,—2). If a = 1, we have vy = (2,1)
and v = (—1,—1). For each of these constellations, A is equivalent to a A,
fora =1,2. O
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We are ready to provide effective bounds for almost k-hollow lattice poly-
gons. Below, D, C R? denotes the disk of radius r centered around the
origin (0,0).

Proposition 2.3.5. Let A be an almost k-hollow lattice polygon. Then there
is a unimodular transformation ¢: R? — R? such that one of the following

holds.

(i) We have O C p(A) C D, forr = k?/y/2.
(ii) We have A, C p(A) C D, for 1 <« <2k and

r=2k*>vVa2 + 2a + 2.

Lemma 2.3.6. Let A be an almost k-hollow polygon and r € R with D, C A
and let v € R2. If the extension A} is almost k-hollow, then |Jv|| < k2/2r.

ProoOF. First consider the case £k = 1. Then the origin is the only interior
lattice point of A. Being contained in A}, the set conv(D, U {v}) has the
origin as its only interior lattice point. Thus, also B := conv(D, U{zv}) has
the origin as its only interior lattice point. Since B is a centrally symmetric
convex set, Minkowski’s Theorem yields vol(B) < 4. Moreover, we directly
see 2r||v|| < vol(B). This proves the assertion for k = 1. For the case of a
general k, apply the previous consideration to k' A and k= 1v. O

PROOF OF PROPOSITION 2.3.5] First observe that successively collapsing
A at vertices, we arrive at a minimal almost k-hollow lattice polygon A’.
Proposition provides a unimodular transformation ¢: R? — R? such
that p(A") is one of the polygons mentioned in (i) and (ii). It remains to
show that ¢(A) lies in the corresponding disks. For this, we have to bound
the length of any given vertex v € ¢(A) accordingly. Collapsing step by step
suitable vertices turns ¢(A) into ¢(A’);". Thus the assertion follows from
Lemma and the fact that we find a disk D, of radius r = 1/ V2 in O

and of radius r = 1/vVa? + 2a+ 2 in A,,. O

Corollary 2.3.7. Up to unimodular transformation every almost k-hollow
lattice polygon is obtained by stepwise extending almost k-hollow lattice poly-
gons inside Dg starting with O and A, for R := R(k) := k®>\/4k2 + 4k + 2.

In particular, this allows to construct all almost k-hollow lattice polygons up
to unimodular equivalence. A naive way is to extend [J and A, by lattice
points from the box conv(+Re; + £Rep) with R = k?v/4k2 + 4k + 2 and
check in each step for almost k-hollowness. The following principle allows
more target-oriented searching.

Remark 2.3.8. Consider a box B := conv(£Re;, +Rey) in R? and an al-
most k-hollow lattice polygon A C B. The shadow of w € kZ? with respect
to A is

S(w, A) := cone(w —u; u€ A)°+w C R
This is an open affine cone in R?. The lattice vectors v € B N Z? such that
A7 is almost k-hollow are all located in the star-shaped set

E:= () B\SwA C B

0AwekZ?



36 2. TORIC SURFACES

Each S(w,.A) is described by two inequalities. This leads to an explicit
description of the searching space Z and thus allows computational mem-
bership tests.

Example 2.3.9. Consider the case k = 2 and A = [J. Then the searching
space for possible v € Z? such that A is almost 2-hollow is the white area
in the figure below.

/)
=
w
S
\

With an ad hoc implementation using the bounds from Corollary [2.3.7 and

Remark we classified almost k-hollow lattice polygons computation-
ally. Below we present some key data.

Theorem 2.3.10. We obtain the following statements on almost k-hollow
LDP-polygons.

k = 1: There are up to unimodular equivalence exactly 16 almost 1-hollow
LDP-polygons. These are the well known reflexive polygons. The

maximum number of vertices is 6 and the maximum volume is %.

vertices 314|516

number 51711311
9 7

maz.vol. | 5 | 4|5 |3

k = 2: There are up to unimodular equivalence exactly 505 almost 2-hollow
LDP-polygons. The maximum number of vertices is 8, realized by
ezactly one polygon, and the mazimum volume is 17.

vertices 3 4 5 6 7
number | 42 | 181 | 202 | 74 | 5 1
maz.vol. | 16 | 16 | 17 [ 2 [ 14 ] 14

k = 3: There are up to unimodular equivalence exactly 48032 almost 3-
hollow LDP-polygons. The mazimum number of vertices is 12,
realized by exactly one polygon, and the maximum volume is 47.

vertices 3 4 5 6 7 8 9 10 11 12
number 355 3983 13454 17791 9653 2456 292 37 1 1
max.vol. 44 % 47 43 39 35 30 29 4—27 24

Here is the translation of Theorem [2.3.10] to the setting of toric del Pezzo
surfaces. Recall that for log del Pezzo surfaces, the concepts of Gorenstein,
ADE and canonical singularities coincide.



2.3. CLASSIFYING TORIC DEL PEZZO SURFACES 37

Corollary 2.3.11. We obtain the following statements on toric e-log canon-
ical del Pezzo surfaces.

e =1: Up to isomorphy there are exactly 16 toric canonical del Pezzo

[l

Wl

surfaces. These are the well known toric Gorenstein del Pezzo
surfaces. The mazximum Picard number is 4, realized by exactly

one surface.
1

: Up to isomorphy there are exactly 505 toric 5-log canonical del

Pezzo surfaces. The maximum Picard number is 6, realized by
exactly one surface.

: Up to isomorphy there are exactly 48032 toric %—log canonical del

Pezzo surfaces. The maximum Picard number is 10, realized by
exactly one surface.






CHAPTER 3

Basics on K*-surfaces

3.1. Rational T-varieties of complexity one

For the basics on toric varieties we refer the reader to Section 2.1 or to
[15//16.[23] for more in-depth treatments. Here, we only briefly recall Cox’s
quotient presentation of a toric variety from that area.

Construction 3.1.1. Let Z be the toric variety defined by a fan X in a
lattice NV such that the primitive generators vy, ..., v, of the rays of ¥ span
the rational vector space Ng = N ®z Q. We have a linear map

P:ZT—>N, e; — ;.

If N =7Z", we also speak of the generator matrix P = [vy,...,v,] of X. The
divisor class group and the Cox ring of Z are

QUZ) = K :==Z'fm(P"),  R(Z)=K[L\,....T,), deg(T}) = Qley),

where P* denotes the dual map of P and Q: Z" — K the projection. Finally,
we obtain a fan Y in Z" consisting of certain faces of the positive orthant,
namely

3 .= {00 2 Q%¢; P(do) C o for some o € X},

The toric variety Z associated with S is an open toric subset in Z := K.
As P is a map of the fans > and ¥, it defines a toric morphism p: Z — Z,
the good quotient for the action of the quasitorus H = ker(p) C T" on Z.

We briefly recall the Cox ring based approach to rational T-varieties X of
complexity one as provided in the projective case by |27,29]; see also |4} Sec.
3.4]. We need the slightly more general version presented in [30, Constr.
1.6, Type 2]. This also includes affine X with only constant T-invariant
functions.

Construction 3.1.2. Fix r € Z>1, a sequence ng,...,n, € Z>1, set n :=
ng + - -- + n,, and fix integers m € Z>g and 0 < s < n+m —r. The input
data consists of matrices

L 0

A = [ag, . ..,a;] € Mat(2,r+1; K), P— { Pl

} € Mat(r+s,n+m;7Z),
where A has pairwise linearly independent columns and P is built from an
(s x n)-block d, an (s x m)-block d’ and an (r x n)-block L of the form
=g 1 ... 0
—lp 0 ... I

39
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We require that the columns v;;, v;, of P are pairwise different primitive
vectors generating Q"% as a vector space. Consider the polynomial algebra
K[T”,Sk] = K[T%j,sk; 0<1< T, 1 S] §ni,1 < k < m]

Denote by J the set of all triples I = (i1,42,43) with 0 < i1 < iy < i3 <7r

and define for any I € J a trinomial
T?h Tli2 T,lis ‘|

91 = Girjigjis = detl i1 i2 is

Tho = T
Ay Ay 7

7 myg
Consider the factor group K := Z"* /im(P*) and the projection Q: Z" ™™ —
K. We define a K-grading on K[Tj;, S| by setting

deg(T3j) = wij = Qesj), deg(Sk) = w = Q(eg).

Then the trinomials ¢g; are K-homogeneous, all of the same degree. In
particular, we obtain a K-graded factor algebra

R(A, P) = K[TZJ’SIC] / gr; T €7).

The ring R(A, P) is a normal complete intersection ring and its ideal of
relations is, for example, generated by ¢; i+1,i4+2, where ¢ =0,...,r —2. The
varieties X with torus action of complexity one are constructed as quotients
of Spec R(A, P) by the quasitorus H = SpecK[K]. Each of them comes
embedded into a toric variety.

Construction 3.1.3. Situation as in Construction3.1.2l Consider the com-
mon zero set of the defining relations of R(A, P):
X = V(g;; 1€3) C Z := K",

Let ¥ be any fan in the lattice N = Z" ¢ having the columns of P as the
primitive generators of its rays. Construction leads to a commutative
diagram

X ¢ Z

ul ul

X—7

yalp ol
X—7

with a variety X = X (A, P,¥) embedded into the toric variety Z associated
with 3. Dimension, divisor class group and Cox ring of X are given by

dim(X)=s+1, CI(X) = K, TR(X) = R(A,P).

The subtorus T C T" "¢ of the acting torus of Z associated with the sublattice
75 C 7" "% leaves X invariant and the induced T-action on X is of complexity
one.

Remark 3.1.4. In Construction the group H = Spec K[Cl(X)] is the
characteristic quasitorus and X = Spec R(X) is the total coordinate space
of X. Moreover, p: X — X is the characteristic space over X.
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Remark 3.1.5. As in the toric case, Construction yields Coz coordi-
nates for the points of X = X (A, P,¥). Every x € X C Z can be written
as z = p(z), where z € X C Z is a point with closed H-orbit in X and this
presentation is unique up to multiplication by elements of H.

The results of [30] tell us in particular the following; see also 28] for a
generalization to higher complexity.

Theorem 3.1.6. Every normal semiprojective rational variety with a torus
action of complexity one having only constant invariant functions is equiv-
ariantly isomorphic to some X (A, P,Y).

Proposition 3.1.7. Consider a projective variety X defined by (A, P,X)
and an ample divisor class [D] € CI(X) given by

Cl(X) > [D] = Zaijwij—FZozkwk € K.
2,J k

Then the corresponding affine cone X' over X is given by the data (A, P, %)
with the stack matrix
N Y — e
P = |: a |’ o = (al]7ak)

obtained by adding a row to P listing the coefficients a;j;, g, and the fan of
faces X' of the cone generated by the columns of P’.

3.2. Rational K*-surfaces

A K*-surface is an irreducible, normal surface X endowed with an effective
morphical action K* x X — X of the multiplicative group K*. In this
section, we recall the basic background and present our working environment
for rational K*-surfaces, the Cox ring based approach from [27},29/30]. We
begin with a brief reminder on the raw geometric picture of projective K*-
surfaces, the major part of which has been drawn in the work of Orlik and
Wagreich, see [43].

Summary 3.2.1. Let X be a projective K*-surface. We discuss the basic
geometric properties of the K*-action. The possible isotropy groups K,
where z € X, are K* itself and the subgroups of order [ € Z>1 consisting of
the [-th roots of unity. Thus, the non-trivial orbits are locally closed curves
of the form
K-z 2 KK, = K"

There are three types of fixed points. A fixed point x € X is elliptic (hy-
perbolic, parabolic) if it lies in the closure of infinitely many (precisely two,
precisely one) non-trivial K*-orbit(s). Elliptic and hyperbolic fixed points
are isolated, whereas the parabolic fixed points form a curve in X. The limit
points g and T of an orbit K* -z are obtained by extending the orbit map
t — t-x to a morphism ¢, : P; — X and setting

To = }/g%tx = ¢(0), T = tlggot'x = pz(00).

These limit points xg, T~ are fixed points and together with K* -z they form
the closure of the orbit K* - x. Every projective K*-surface X has a source
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and a sink, i.e. irreducible components F*, F~ C X of the fixed point set
admitting open K*-invariant neighborhoods U+, U~ C X such that

xg € Ftforallz e U™, Too € F~ forallz e U.

The source and sink each consist of either a single elliptic fixed point or it is
a smooth irreducible curve of parabolic fixed points. Apart from the source
and the sink, we find at most hyperbolic fixed points. The raw geometric
picture of a projective K*-surface X is as follows.

F+

1 \
dor A
\ \ 1 1
\ \ / /
DM,V
s
1
g
N2
() ()

The general orbit K* - z C X has trivial isotropy group and connects the
source and the sink in the sense that its closure contains one fixed point
from FT and one from F~. Besides the general orbits, there are special
non-trivial orbits. Their closures are rational curves D;; C X forming the
arms

g = DﬂU"‘UDmi C X, 1=0,...,7.

The intersections F™ N D;; and D, N F~ each consist of a fixed point and
any two subsequent D;;, D;;41 intersect in a hyperbolic fixed point. Finally,
the field of invariant rational functions L. C K(X) yields a projective curve
C and a surjective rational map

X -—C.

It is defined everywhere except at possible elliptic fixed points. The K*-
surface X is rational if and only if C' = IP; holds. We willalsocall 7: X --» C
the (rational) quotient of X. The critical fibers of 7 are up to elliptic fixed
points precisely the arms containing two or more non-trivial orbits or an
orbit with non-trivial finite isotropy group.

Our working environment for a sufficently explicit treatment is the Cox ring
based approach to rational normal varieties with torus action of complexity
one from [27,/29]30]; see also [28] for torus actions of higher complexity.
The following is a play back of [30, Constr. 1.1, 1.4 and 1.6] adapted to the
surface case. The procedure starts with a pair (A, P) of matrices as defining
data and puts out a semiprojective rational K*-surface X (A, P) having only
constant invariant functions and coming embedded into a toric variety Z.
Here, semiprojective means projective over an affine variety. This comprises
for instance the projective and the affine varieties.

Construction 3.2.2. Fix integers r,ng,...,n, > 1 and 0 < m < 2. We
construct a rational semiprojective K*-surface X coming from a 2 x (r 4 1)
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matrix A over K and an integral (r 4+ 1) x (n 4+ m) matrix P, both given as
a list of columns

A = Jaog,...,a], P = [001,-+,U0ngs-«-sUrly«-yUpnpy ULy« -« U

Here r +1 <n+m for n = ng + --- + n,. The columns of A are pair-
wise linearly independent and those of P generate Q"t! as a vector space.
Moreover, the columns v;; of P are pairwise distinct and of the form

’U()j:(—loj,...,—loj,doj), v,»j:(0,...,O,Zij,o...,o,d,»j), i:1,...,T,

where [;; sits at the i-th place for i = 1,..., 7. We always have ged(l;;, d;;) =
1. The columns v are pairwise distinct as well and of the form

U+ = (0’“.70’1)’ ’U_ = (O,,O,—l)

The idea is to let X come embedded into a toric variety Z. The correspond-
ing defining fan 3 can be written down comfortably if P is slope-ordered,
i.e. p
mMs1 > -+ > Min,, mij::TlJa i:O,...,r,jzl,...7ni.
ij
This can always be achieved by suitable numbering. In this setting, > has
the columns of P as its rays and there are the maximal cones

Tij = cone(v,;j,vij+1) € X, 1=0,...,r, 7=1,...,n; — 1.

Depending on the existence of v and v~ and the values of 72" := mg; +
-+ my1 and 727 := mop, + - -+ + Myp,, we complement the collection of
maximal cones by

= cone(vt,v;1) for i =0,...,r if P has a column v,
~ = cone(v ™, vy,) for i = O, ...,r if P has a column v~
J+ := cone(vo, . .., vp1) if 727 > 0 and there is no v™,
o~ 1= cone(Vong, - - - Urn, ) if 727 < 0 and there is no v~
The toric variety Z associated with > will be the ambient variety for X.
Consider K" with the coordinate functions T;;, Sy and for t = 0,...,r—2
the trinomials
lL L+1 L+2
g, = det T L'H H_Q zg» ]»
a, Q1 Q42
where Tili = Til{'l . -TmZ Then, with X := V(go,...,gr—2) C K" =: Z,
we have a commutative dlagram
X ¢ Z
ul ul
X Z
X Z

Here p: Z — Z denotes Cox’s quotient presentation from We set
X := XNZ and X := p(X). Moreover, we look at the acting torus T+ of
Z and the homomorphism

K* — T to=(1,...,1,t).
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This defines a K*-action on Z which leaves X C Z invariant. Altogether,
we end up with a rational semiprojective K*-surface X with I'(X,0)X" =K
coming embedded into a toric variety Z. Furthermore,

e X is projective if and only if the columns of P generate Q"*! as a
cone,

e X is affine if and only if ng = --- = n, = 1 and P has neither v
nor v_.

Theorem 3.2.3. See [29,30|. FEvery rational, semiprojective K*-surface
having only constant invariant global functions is equivariantly isomorphic

to a K*-surface arising from Construction[3.2.3

Remark 3.2.4. For r = 1, Construction precisely gives the semipro-
jective toric surfaces with a K*-action. To be more specific, given r = 1, the
following holds for X = X (A, P).

(i) The fan ¥ in Z? has convex support and its one-dimensional cones
are the rays given by the columns of P.

(ii) The surface X coincides with the toric surface Z and K* acts via
the one-parameter subgroup K* — T2, t — (1,1).

Let us see how to extract the general raw geometric picture in the case of
a rational projective K*-surface X = X (A, P) from its defining matrices A
and P.

Summary 3.2.5. Consider a projective K*-surface X = X(A,P). Let
D7) C Z denote the toric prime divisor corresponding to the ray generated
by the column v;; of P. Then we have r + 1 arms in X:

o = DEu---uD¥ DY = DYnX.

The toric orbit of Z corresponding to a cone 7;; cuts out the hyperbolic fixed
point in DY N D%H. According to the possible constellations of v, v, 0™
and o~ source and sink look as follows.

(e-e) The fan 3 has the cones ot and o~. Then the associated toric
orbits are elliptic fixed points +, 2~ € X forming source and sink.

(e-p) The fan ¥ has ot as a cone and P has v~ as a column. The toric
orbit given by o7 is an elliptic fixed point 27 € X forming the
source. The toric divisor D, given by the ray through v~ cuts out
a curve DY of parabolic fixed points forming the sink.

(p-e) The matrix P has v* as a column and ¥ has 0~ as a cone. The
toric divisor DJZr given by the ray through v™ cuts out a curve D}
of parabolic fixed points forming the source. The toric orbit given
by o~ is an elliptic fixed point = € X forming the sink.

(p-p) The matrix P has v and v~ as columns. The toric divisors D},
D3, given by the rays through v*, v~ cut out curves D}, Dy of
parabolic fixed points forming source and sink.

The entry l;; of P equals the order of the isotropy group K} of a general

z € DY and the associated d;; yields the weight of the tangent representa-
tion of K¥. Moreover, we retrieve the quotient map 7: X --» P; from the
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commutative diagram

X < Z
I I
JK* | wl /K*
Y Y
P, ¢ P,.

In the lower row, the homogeneous coordinates [a;1, a;2] of the value m (<) €
P; of the i-th arm are given by the i-th column of the defining matrix A.
Additionally, P; C P, is cut out by the linear forms

UL UH— 1 UL+2

h, := det
a, Q41 A2

e K[Uo,...,U], t=0,...,7—2.

Remark 3.2.6 (Cox coordinates). Each € X is of the form x = p(z) with
a point

2 = (2zj,2) € X = XnZ C Z = K™,
Here, z = (zj, ) is unique up to multiplication by the quasitorus H. We

call = [z;;,2F] a presentation in Cox coordinates. For any x = [z, 2% €
X, we have

x general all z;j,z #0, x € DT
only 27 =0, x€ D~
only z© =0,

only Zij = 0, xe€ Dij N Dij+1
only z;; = zij+1 =0,

only zo1 =--=21=0, z=ux

SEERER

Only 0ng = " = Rrn, — 0.

By “general” we mean it is not contained in any arm of X. This collects all
possibilities of vanishing and non-vanishing of Cox coordinates of the points
of X.

Example 3.2.7. Given formatting data r = 2, ng = ny = 2,n9 = 1 and
m = 1 consider the following defining matrices A and P.

1 0 -1

01 -1

-3 =5 2 00
A= -

},PZ [00177)02,U11,U217U+] = -3 -5 0 2 0
-4 -8 1 1 1

For i = 0,1,2, the projection pr: Z3 — Z? onto the first two coordinates
sends the columns v;; of the matrix P into the rays o; C Q* spanned by the
vectors

(—=1,-1), (1,0), (0,1).

These are the primitive generators of the fan A of the projective plane Ps.
For the fan ¥ we obtain the picture



46 3. BASICS ON K*-SURFACES

In terms of Cox coordinates, the surface X = X (A, P) sitting in the toric
variety Z defined by ¥ is given as

X = V(I3 T+ Th+T3) € Z = K.
The rational toric morphism 7: Z --» Py given by pr: Z3 — Z? is defined
everywhere except at the point = € X C Z. Restricting to X gives the
map

X --» P = V(So—i—Sl—i-Sg) C P,
which is the rational quotient. The source D™ C X maps onto P; and the
critical values of m are cut out by S; =0 for ¢ = 0,1, 2.

We conclude the section by discussing how to decide if two pairs of defining
matrices give rise to isomorphic K*-surfaces.

Definition 3.2.8. Let P a defining matrix as in Construction

(i) We call P irredundant if l;yn; > 1 for i = 0,...,r. It is redundant
if it is not irredundant.

(ii) A column v;; of P is called erasable if i > 0,n; = 1,l;; = 1 and
di1 = 0.

Remark 3.2.9. Consider a K*-surface X = X (A, P) with an irredundant
P. Then we have the following.

(i) The surface X is isomorphic to a toric surface if and only if r = 1
holds.

(ii) The arms of X coincide with the critical fibers of the map 7: X --»
P;.

Now we introduce operations on a pair of defining matrices (A, P) that do
not change the isomorphy type of the resulting K*-surface X (A, P). As the
i-th block vj1, ..., vy, of columns of P reflects the ¢-th arm of X, we also
refer to v, ..., Vi, as the i-th arm of P.

Definition 3.2.10. Consider pair (A4, P) of defining matrices as in Con-
struction The admissible operations on (A, P) are the following ones.

(i) Add a multiple of one of the upper r rows to the last row of P.

(ii) Multiply the last row of P by —1.

(iii) Swap two columns v;j, and v;j, inside the i-th arm of P.

(iv) Swap the i-th and j-th column of A, the i-th and j-th arm of P
and rearrange the shape of P by elementary operations on the first

7 TOWS.
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(v) Swap two columns vg, and vy, of the d’-block.
(vi) Erase an erasable column v;; by removing the i-th row and the
11-th column from P and the i-th column of A.
(vii) Transform A into BAD with B € GL2(K) and diagonal D €
GL; 41 (K).
We say that two pairs (A, P) and (A’, P) of defining matrices are equivalent
if we can transform one of them into the other via admissible operations.
Also note that P is redundant if and only if there is a series of admissible
operations of type (i) and (iv) on P such that the resulting matrix has an
erasable column.

Recall that a morphism of K*-surfaces X and X' is a pair (p,) with a
morphism ¢: X — X’ of varieties and a homomorphism v : K* — K* of
algebraic groups such that we always have p(t-x) = ¢(t) - ¢(x). So, in this
setting, an equivariant morphism is a morphism (p,1) with ¢ being the
identity.

Example 3.2.11. Given a rational projective K*-surface X, consider the
automorphism j(t) = t~! of K*. Then (idx,) is a non-equivariant iso-
morphism X — X of K*-surfaces, swapping the source and the sink. For
X = X (A, P) the isomorphism (idy,7) is given by multiplying the last row
of P by —1.

Proposition 3.2.12. Consider defining pairs (A, P) and (A', P") of non-
toric projective K*-surfaces X and X'. Then the following statements are
equivalent.
(i) (A, P) and (A’, P") are equivalent.
(ii) X and X' are isomorphic as K*-surfaces.
(iii) X and X' are isomorphic as surfaces.

Note that the assumption of X and X’ being non-toric is essential. For in-
stance, on the projective plane Py the K*-actions [2q, tz1,t?22] and [zo, 21, t20]
give rise to non-isomorphic K*-surfaces.

Remark 3.2.13. As observed in Remark [3:2.5] the defining matrix A of the
K*-surface X (A, P) is directly related to the quotient map 7: X --» P;. By
suitable scaling of the variables in the defining equations from Construction
[3:2:2] we arrive at the simpler equations

~ l, le
g, = )\LTLl‘—i-TL_i_Jil—I—TJ;, t=0,...,7—2,

L
where Ag,..., A € K* with \g = 1 are pairwise distinct. These equa-
tions define up to equivariant isomorphisms the same K*-surfaces but leave
the framework of Construction 3.2.21 We see that for fixed P the surfaces
X (A, P) come in an (r — 2)-dimensional family.

3.3. Geometry of rational K*-surfaces

We show how to read off basic geometric properties of rational K*-surfaces
from their defining data. For a given X = X (A, P) we explicitly determine
divisor class group, Cox ring, Picard group, cones of effective, movable,
semiample and ample divisor classes, canonical divisor, singularities and its
intersection theory.
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The key observation is that we directly get from Construction of the
K*-surface X = X (A, P) its divisor class group Cl(X) and Cox ring
R(X) = @ I'(X,0(D)).
C1(X)
We refer to [4, Sec. 1.1.4] for the precise definition of the Cox ring and to
|4, Sec. 3.4.3] for details of the following.

Summary 3.3.1. Consider a K*-surface X = X (A, P) and the toric em-
bedding X C Z as in Construction [3.2.2] Recall that the columns v;; and
v* of P give prime divisors
g g N N
DY = XnD¥Y C X, DE = XnDf C X.

These are obtained by intersecting with the corresponding toric prime di-
visors of Z. Moreover, every character function y* € K(Z) restricts to a
rational function on X with divisor

div(x"*) = Z <u,vij>D§? + Z <u,vi)D§.
i, +,—

The terms of the second sum are understood to equal zero if there is no v™

or v~. The subvariety X C Z inherits its divisor class group from Z:

Cl(X) = CI(Z) = K := Z"™/im(P").

Let Q: Z"™™ — K be the projection and let e;;, e® be the canonical basis
vectors of Z™™  indexed in accordance with the variables T;j and S +. Then

deg(Ty;) := wij == Q(eij) = [D¥],  deg(S*) := w* := Q(e*) = [DY]
defines a K-grading on the polynomial ring K[T};, S¥] such that the trino-
mials gg, ..., gr—2 are homogeneous. We have isomorphisms

R(X) = K[Ej7sk]/<goa"'agr—2> = R(Z>/<gov"'797’—2>

of K-graded K-algebras. In particular, the Cox ring of X is a factor algebra
of the Cox ring of its ambient toric variety Z.

In particular, this will allow to apply the whole machinery around Cox rings
from [4]. Our first closer look focuses on data in the divisor class group; see
Summary [2.1.3] for corresponding statements in the toric case.

Summary 3.3.2. Let X = X(A, P) be a K*-surface and X C Z the asso-
ciated toric embedding. We take a look at various data in the divisor class
groups
Cl(X) = K = Cl(2).
For ¢ € ¥ define a subgroup of K by K, := <wij,wi; vij,vi ¢ o). Then
the local class group of x € X NT™ - 2z, is given by
Cl(X,z) = K/K, = Cl(Z,z,).

As a consequence, X also shares its Picard group with the ambient toric
variety Z. More precisely, we obtain
Pic(X) = () K, = Pic(2).
ocEX



3.3. GEOMETRY OF RATIONAL K*-SURFACES 49

The monoid of effective divisor classes is generated by the classes w;; of Dg
and w of D;. Thus, in Kg = Q ®z K, the effective cone of X is

Eff(X) = cone(w;j,w®) = Eff(Z),

For 0 € ¥ set o* = cone(wij,wi; vij,vi ¢ o). Then, for the cones of
movable and semiample divisor classes of X, we have

Mov(Z) = ﬂ Q(v0) = Mov(X) = SAmple(X) = n o* = SAmple(Z).

70 oen
facet

Furthermore, the ample cones are given by
Ample(X) = SAmple(X)° = SAmple(Z)° = Ample(Z).

For the common degree p € Cl(X) of the defining polynomials go,. .., gr—2
of X C Z, we have

T T
W= Z lijwi; € ﬂ cone(wy, . .., Win;) € SAmple(X).
j=0 i=0
Finally, for each ¢ = 0,...,7 we obtain an anticanonical divisor of X by the
following adjunction formula.

K% = Y. D¢+ Dk —(r—1)> 1;D%.
j=1

In particular, X is a del Pezzo surface if and only if the corresponding divisor
class —wy = —wz — (r — 1)p lies in the ample cone, which can be checked
explicitly.

Proposition 3.3.3. Every K*-surface X = X (A, P) is Q-factorial.

PROOF. We have to show that every Weil divisor has a non-zero Cartier
multiple. For this consider the associated toric embedding X C Z. The
defining fan of Z is simplicial and hence Z is Q-factorial by Summary
Thus Pic(Z) is of finite index in C1(X). Summary shows that Pic(X)
is of finite index in Cl(Z). Consequently X is Q-factorial. O

Let us emphasize that the descriptions of the Picard group and the cones of
(semi-)ample divisor classes essentially depend on the fact that we work with
the toric embedding X C Z provided by Construction 3.2.2] In contrast,
the descriptions of the cone of movable divisor classes and the anticanonical
divisors are more robust and allow going over to certain completions of Z
as presented below.

Summary 3.3.4. Consider a projective K*-surface X = X (A, P) and the
toric embedding X C Z as provided by Construction [3.2.2] In general, Z
is not complete and we have several choices of possible toric completions
Z C Z'. For instance, every divisor class w € Mov(Z)° yields a fan

E(w) = {P(1); 70 <7 weQ()}

Any such fan ¥(w) is polytopal, has the same generator matrix as ¥ and
contains all cones of ¥. The associated open embeddings Z C Z(w) are
precisely the projective toric completions such that Z(w) has the same Cox



50 3. BASICS ON K*-SURFACES

ring as Z. For a precise picture, one associates with w € Eff(Z) = Q(~) the
polyhedral cone
Aw) == (] Q)

Y07,
weQ(vg)

These A\(w) form a fan supported on Q(v) = Eff (Z), the so-called secondary
fan. For w,w" € Mov(Z)° we have A\(w) < A(w’) if and only if ¥(w’) refines
Y (w). In particular, all w’ € A(w)® share the same (w). A fan X(w) is
simplicial if and only if A\(w) is full-dimensional.

We come to the intersection theory of rational K*-surfaces X = X (A, P). As
just noted, X is Q-factorial and thus has indeed a well-defined intersection
product. The aim is to compute intersection numbers in terms of the defining
matrix P. As a preparation, we assign the following numbers to P, which
in fact turn out to be ubiquitous in all of the subsequent considerations.

Definition 3.3.5. With any slope-ordered defining matrix P in the sense
of Construction [3.2.2, we associate the numbers

1 1

l+Z=l01-~~lT1, er::mgl—i—---—i—mrl, er::f—i-'--—i-f—?“—i-l,
lo1 lr1

_ _ _ 1 1

U =long - lrn,, m :=mope+--+mpy,, € = +--+ —r+1.
l0n0 lrnr

Remark 3.3.6. Let P be a defining matrix as in Construction [3.2.2] Then
we always have 7 < 2 and £~ < 2. Moreover,

1

mT = Fdet(a+), det(a+) = (—1)Tdet(U017'~7UT1)v
1

mo = = det(o_), det(U_) = (*1)Tdet(U0nov"'va‘nr)‘

If X = X(A, P) has an elliptic fixed point 7 € X, then »* > 0 and if
there is = € X, then 72~ < 0.

We first explain the basic principles of intersecting the relevant invariant
curves on X = X (A, P). Then we list all their intersection numbers.

Summary 3.3.7. Consider a K*-surface X = X (A, P) with slope-ordered
P. The fact that X comes as a complete intersection in a Q-factorial pro-
jective ambient toric variety Z allows to perform intersections of curves via
intersecting suitable ambient toric divisors. For ¢ = 1,...,r, consider the
divisors

DYy = Y 1;;D7 € WDiv(Z).
j=1

The divisor class of D} equals the common degree the defining relations of
X C Z. Thus, by general intersection theory, the intersection number of any
two of the D% and Df( equals the intersection of the corresponding toric
prime divisors with r — 1 of the DY%. For instance, for DY and DY we can
write

01 . pll 01 pll . P2

DY .pY¥ = D% .DLt D%...DY.
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The toric intersection number expands into intersection numbers of pairwise
distinct toric prime divisors. These, if non-zero, are given by toric intersec-
tion theory as one over the determinant of the involved primitive generators.
If DY and DY intersect precisely in ™ € X, we obtain

lor -+l 1 1

DOl‘Dll :D01‘D11'D21"‘Dr1 — — )
X X z z z z det(a+) lorlyg 72t

Note that any two of the D% are linearly equivalent and that D% is linearly
equivalent to FY_ EY, with E}, = ZdijDiZj. This enables us to represent
any intersection between D% and D)i( as a linear combination of intersection
numbers of pairwise distinct toric prime divisors and hence to proceed as
above.

Summary 3.3.8. Let X = X (A, P) be a projective K*-surface with slope-
ordered P. For i =0,...,r, set

0, if there is D} C X,
7eio {—mlJr, if there is z7 € X,
mij = m, jzl,...,ni—l,
0, if there is Dy, C X,
ing {ml, if there is x~ € X.

Then the non-zero intersection numbers of (possible) curves D§ and the
curves DY in X are given by

1 . 1
75, DZ)?ZD)_( = —.

D-‘r . D’L'l —
* lijlij+1 Lin,

1 i
FEER] DZ] . D”Jr =
lil X X
Moreover, in case there is an elliptic fixed point 2T € X or 2= € X, for
1 # k we have the following intersections

. 1
1 1
D{-DY = — (77240 + 772in;), ning = 1,
linlia
: 1
DS} . Dg(l = ——77250, ning > 1,
Linlia
Dini Dkn;€ o 1
v Dx* = ———mp,, n;ng > 1.

Lastly, the self intersection numbers of the (possible) curves Di and the
curves DY in X are given by

1

DL-D} = —m™, Dyx-Dyx = m™, D%.DY = S
ij

(mij_ri—mij).
As the Dg and Df( generate the divisor class group of X = X (A, P), the
above computations determine the entire intersection theory of X. In partic-

ular, we can directly compute intersections of the anticanonical divisor with
the relevant curves and, subsequently, the anticanonical self intersection.
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Proposition 3.3.9. Consider a projective K*-surface X = X (A, P) with
slope-ordered P. Fori=0,...,r, set
00, if there is D} cC X,
Zio = . .
—¢%, if thereisxT € X,

1 1 o L
f” = E—m, j—l,...,nl 1,
) ) —oo, ifthereis Dy C X,
. =, if there is x~ € X.
Setting oo -0 = 1 and —oo - 0 = —1, we can write the intersections of an
anticanonical divisor —ICx with the D;J( and Df( as
—Kx-D¥ = ¢ —m™,
—Kx - Dé? = i (Cij—1mij—1 — Cijmij)
—Kx-Dy = ¢ +m".
PROOF. This is an explicit computation. Take the anticanonical divisor K%
from Summary and then apply Summary U
Proposition 3.3.10. Consider a projective K*-surface X = X (A, P) with
slope-ordered P. To any arm <;, where i =0,...,r, we attach the number
n;—1
=l oy L1 L
o = Al] ; Aij = lijpadij—lijdijra, Aij = 2—72# — o,
o1 B ij ij+1

where a; = 0 if n; = 1. Then, according to the possible constellations of
source and sink, the anticanonical self intersection number of X is given by

s (7)? (£7)?
(e-e) Ky = — +ag+ -+ oy — o
N -
(ep) Kk = —doaot ottt 2 4+,
572
() K% = 2f+—m++ao+--'+ar—(m_),
(p-p) ng( = 2" —mtTtag+ -t + 207 +m.

PRrROOF. Take again the anticanonical divisor £} from Summary and
use Proposition [3.3.9] O

Remark 3.3.11. In the case = 1 with two elliptic fixed points, Proposition
exactly reproduces Remark [2.2.3] Note that on every complete toric
surface, we find a K*-action with two elliptic fixed points.

3.4. Singularities

We can now take a close look at the singularities of a K*-surface X (A, P).
First, we explain how to detect them in terms of the defining matrix P.
Then we present the canonical resolution of singularities and give a detailed
discussion of the local Gorenstein index and log terminality.
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A point z € X is called quasismooth if x = p(&) holds with a smooth point
teX. A point x € X is called factorial if its local divisor class group is
trivial. The latter holds if and only if the local ring Ox , admits unique
factorization.

Summary 3.4.1. Let X = X(A, P) be a K*-surface X = X (A, P) where
P is slope-ordered. Consider the toric embedding X C Z from Construction
[3:2:2] First we note the following.

e As X is normal, its singularities are necessarily fixed points.
e The surface X inherits Q-factoriality from Z; see Proposition[3.3.3

Parabolic fixed points are always quasismooth and any parabolic fixed point
not contained in an arm of X is even smooth. For every point
zh € D}ﬁ;zfi, z; € Dyng

2 (2

we find a K*-invariant open neighborhood UijE C X isomorphic to a K*-
invariant open subset of the toric surface with generator matrix
0 I _ lin, O
+ il _ in;
b _[1 dﬂ]’ h _[dz’m —1]’

In particular, z; (z;) is smooth if and only if l;; = 1 (l;n;, = 1). We examine

the hyperbolic fixed points. The intersection point

Tij € D% N Dngl
is always quasismooth and it admits a K*-invariant open neighborhood iso-
morphic to a K*-invariant open subset of the toric surface with generator
matrix

Lii it
P = { ij  bij+
’ dij dij+1

In particular x;; is smooth if and only if det(P;;) = —1. For the possible
elliptic fixed points, we have the affine K*-invariant open neighborhoods

T eUt={reX;20=0"}CX, 27 €U ={z€X;r0=20}CX.
As K*-surfaces they are given by Ut = X(A, PT) and U~ = X (A, P™) with
the defining matrices
Pt = [Vo1, -+ Up1]s P~ = [vongs---Vrn, |-
The local class group of an elliptic fixed point xT equals the divisor class
group of U*. Moreover, zF (z7) is
e quasismooth if and only if l;; = 1 (l;p, = 1) for at least r — 1 of
1=0,...,7,
e factorial if and only if det(PT) =Tzt =1 (det(P™) =1"m~ =
-1),
e smooth if and only if it is factorial and quasismooth.

Note that z € X is factorial if and only if the Cox ring of the affine K*-
surface U coincides with its total coordinate ring.

We present the resolution of singularities of a K*-surface X = X (A4, P) in
terms of the defining matrix P. Note that the procedure yields in particular
the star-shaped resolution graphs observed in [41,42]44].
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Summary 3.4.2. See [4, Constr. 5.4.3.2]. The canonical resolution of
singularities X" — X of X = X (A, P) is obtained by the following two-step
procedure.

(i) Enlarge P to a matrix P’ by adding the columns v and v~ if not
already present. Then we have the surface X’ := X (A, P') and a
canonical morphism X’ — X.

(ii) Let P” be the defining matrix having the primitive generators of
the regular subdivision X" of ¥/ as its columns. Then X" :=
X (A, P") is smooth and there is a canonical morphism X" — X.

Both fans ¥’ and X" have the tropical variety of X C Z as their support.

With the canonical basis vectors ey, ..., e,41 € Z' ! and ey := —e; —+--—e,,
it is given by
trop(X) = AU---UA C Q Ai = cone(e;, te,41).

Contracting all (—1)-curves inside the smooth locus that lie over singularities
of X gives X" — X — X, where X(A4,P) = X — X is the minimal
resolution of X.
Example 3.4.3. Consider again the K*-surface X = X (A4, P) from Exam-
ple 3:2.7] given by the defining data

-3 =5 2 0 0

-3 -5 0 2 0 |.

A:[10—1]’ P
4 -8 1 11

01 -1
The four hyperbolic fixed points and the elliptic fixed point are singular. The
two resolution steps from Summary [3.4.2] schematically look as follows.

E El E”

Explicitly, the defining matrix P of the minimal resolution X = X (A, P) is
given by

R -1 -3 -2 -5 -3 -1 1210000 O
P = -1 -3 -2 -5 -3 -1 0001210 O
-1 4 -3 8 -5 -21101101 -1

Remark 3.4.4. Consider X = X (A, P) and the associated surface X’ from
Step (i) of Summary Then we have

m* = -D}, - D}, ¢t = DL, - DL — K% - DL,
m~ = Dy, - Dy, £~ = Dy, Dy, — K% - Dx..
Construction 3.4.5. Consider a rational projective K*-surface X, the quo-

tient 7: X --» Py, its domain of definition U C X and the closure of the
graph

X' =T C XxP, Tr = {(x7@);zeclU} C XxPi.
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Then X' comes with a K*-action given by ¢ * (z,2) = (¢t - x,2) and the
projection yields an equivariant birational morphism

X - X, (z,m(x)) — .
Furthermore, for every equivariant morphism ¢: X; — X9 of K*-surfaces
with rational quotients m;: X; --» IP1, we have an induced equivariant mor-
phism
X = Xy (2,m(a) = (e(2), ma(2).
Proposition 3.4.6. Consider X = X(A, P). Then the morphism X' — X
from C’onstmctz’onm equals the one presented in Summary (7).

Corollary 3.4.7. Let the K*-surfaces X1 and Xo arise from defining data
(A1, P1) and (Ag, P»). If there is an equivariant isomorphism X1 = Xo, then
we have

mi =ms, =05, mi=my, £ =0
In particular, for every rational projective K*-surface X, we can choose any
isomorphism X = X (A, P) and obtain well defined numbers

m} =m", f;'( =T, my =m, Cx i =0".
Recall that a normal variety X is Q-Gorenstein if some non-zero multiple
of a canonical divisor Kx is Cartier. Moreover, in this case, the Gorenstein
index of X is the smallest non-zero integer tx such that (x/Cx is Cartier
and the local Gorenstein index of x € X is the smallest non-zero integer ¢,

such that ¢, Kx is principal in some neighborhood of x. Note that ¢x is the
least common multiple of all ¢,, where x € X.

Proposition 3.4.8. Consider a K*-surface X = X (A, P) with slope-ordered
P and the (possible) parabolic and hyperbolic fized points of X .

(i) The local Gorenstein index of a parabolic fized point xj € D3 N
is given by

) = lia

o ng(dil — 1, lil) '

(ii) The local Gorenstein index of a parabolic fized point x; € Dy N
is given by

lin,

ged(din; + 1, lin;)

(iii) The local Gorenstein index of a hyperbolic fized point x;; € Dé? N
Dg“ s given by

vy = (z;) =

) = lij1dij — lijdijpa

Y ged(lij — lijy1, dij — dij11)
PROOF. A neighborhood of x;-'r, x; , T;; is isomorphic to a neighborhood of
the toric fixed point of the affine toric surface with generator matrix

0 In _ lin. O lii  liia
pt — [ v ], P = [ in; ]7 P = [ ij  bij+ ]’
! 1 da ' din, —1 ‘ dij dijt1

respectively. Consequently, Remark [2.2.7] provides the desired formulae for
the local Gorenstein indices. O

lij =
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Proposition 3.4.9. Consider a K*-surface X = X (A, P) with slope-ordered
P. We define linear forms u™ € Q"+ by

wtm () = (),

where uli € 7 1is given by

l+
uf = (r—1)d +Z il — l i i=1,...,m7
li1 i il ]1
- I~ ,
u; = ( zml +Z n; ]n] W, 121,...,7".
2 j#i mn;lin;

Then the linear forms u™ € Q"1 are uniquely determined by satisfying the
properties

<u+,v01> :1—(7'—1)101, <u+,vi1> = 1, iZl,...,T‘,

(U™, Vong) =1 = (r — Dlon,, (U v, ) =1, i=1,...,r
If there is an elliptic fived point x* € X, then the following holds for the
local Gorenstein index.

(i) «(z™) ds the unique positive integer with t(zT)u™ € Z™! being
primitive and it is explicitly given by

ITm™

ged(uyf, ..., ul, 1te+)

(ii) t(x™) is the unique positive integer with 1(x™)u~™ € Z' being
primitive and it is explicitly given by
[=m™

ged(uy .. up 17 67)

o= () = —

PRrROOF. The characterizing properties of the linear forms u* are a result of

direct computation. Near &, the characterizing properties of u® yield
T tKS = divd ™), Imm K% = div(y! 7 ).

Note that {Tzz*u® is an integral vector and thus [T72F is a multiple of the
local Gorenstein index ¢(z*). The remaining assertions follow. O

We characterize log terminality of rational K*-surfaces. Recall that for any
variety X with a Q-Cartier canonical divisor Kx one considers a resolution
of singularities 7: X — X’ and the associated ramification formula

Ky = 7Kx +Y_ a(E)E

Here, E runs through the exceptional prime divisors and the a(E) € Q
are the discrepancies of m: X’ — X. The singularities of X are called log
terminal if a(E) > —1 for each E.

Proposition 3.4.10. Consider a K*-surface X = X (A, P) and its canonical
resolution m: X" — X .
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(i) If there is an elliptic fived point x* € X, then the discrepancy of
D},/ is given by
s
a(D}//) = % — 1.
(ii) If there is an elliptic fixed point x= € X, then the discrepancy of
Dy is given by

a(Dy)) = ——— —1.

7

(iii) If £% > 0 holds for x* € X, then every exceptional divisor D C
71 (xF) has discrepancy strictly greater than —1.

(iv) Every exceptional divisor D C X"\n~1(2%) has discrepancy strictly
greater than —1.

+

In particular, all points x € X distinct from x* are log terminal and ™+ € X

is log terminal if and only if £+ > 0.

PRrOOF. For (i), we compute the discrepancy on the affine open subset U™ C
X containing all orbits that have 2™ € X in their closure. That means we
are in the case P = [vo1,...,v:1]. Let u € Q"F! represent IC())(. Then

<U,U01> = —1+(T—1)101, <U,Uﬂ> = -1, +=1,...,r.

Additionally, with the Gorenstein index ¢ = ¢x, we have 7* (K% ) = div(x*%).
Plugging this into the ramification formula we get

s
_D;’;’// - <U7U+>D}//+G(D}N)D}// == _ﬁp}//‘i_a(D}//)D}u‘

The evaluation of u at v™ is a direct computation. We conclude that the
discrepancy a(D},,) is as claimed in the assertion. The case of an elliptic
fixed point £~ € X is treated analogously.

We show (iii) and (iv). First look at the case that D comes from a column
v of P"” with v € cone(v™,v;1) for i = 1,...,7. Then v = bv™ + cv;; with
positive b, ¢ € Q. Using the linear form u from above, we compute

—D = {u,v)D + a(D) = (u,bvt + cvi)D + a(D)

s
Since #T > 0, we can conclude a(D) > —1. If v € cone(v",vp1) the same
reasoning works with the canonical divisor IC}(. Moreover, the arguments

adapt to the cases v € 0~ and v € 7. O

Remark 3.4.11. A tuple (qo,...,q ) of positive integers is called platonic
if
1

%'ttt > =1

If go > --- > g, holds, platonicity is equivalent to g3 = --- = ¢, = 1 and
(q07 q1, Q2) being one of

(q07QI71)7 (q07272)7 (57372)7 (47372)7 (37372)
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Consider X = X (A, P) with slope-ordered P and look at the tuples of
exponents associated with possible elliptic fixed points ™ and x~:

(lo1y-- - 11), (longs -« -5 lrm,.)-
We have £+ > 0, i.e. X is log terminal, if and and only if the corresponding

tuple is platonic.

Log terminal surface singularities have been studied intensively, see [12] for a
classical reference. They are known to be precisely the quotient singularities
K?/G, where G C GL(2,K) is a finite subgroup. Any such affine surface
K?/G comes with the K*-action induced by scalar multiplication, which
allows an easy treatment in terms of the defining matrices.

Summary 3.4.12. Consider a rational affine K*-surface X with an elliptic
fixed point 2% € X. Then there is a rational function f € K(X) with

diV(f) = LxlC)(,

where 1x = ((x™) is the Gorenstein index of X. The canonical multiplicity
(x of X is the weight of f with respect to the K*-action, hence

fta) = t°f(z),
whenever f is defined at z. If X = X (A, P), using the linear form u* from
Proposition [3.4.9] we can write

xKx = diV(XLX“i).

Keeping in mind that K* acts on X C Z as the subgroup of the acting torus
T7+! given by ¢t +— (1,...,1,t), we see

“)

+ £+
(x = ix(u™,epp1) = X%
Now we are able to describe the log terminal surface singularities in terms

of defining matrices. The case of a toric singularity is settled by Proposition
So we only have to examine the non-toric ones.

Proposition 3.4.13. Let X be a non-toric log terminal affine K*-surface
with an elliptic fived point x € X. Then X = X (A, P) with P being

Type D%‘: Type Eé’b:
[~y 2 0 [ -3 3 0]

—ly 0 2|, b 3 0 2|, 3

:tL—Clo 1 1 ng(%ClO)ZC- :l:L—5< 1 1 ng((iL,ﬁC):QC
L ¢ 2¢ _
Type E*: Type E§:
-4 3 0 . =5 3 0] .

4 0 2|, b 5 0 2|, <

£-10 | q ged(2+¢,12)=3. £-2 1 1 ged(5£¢,30)=6.
L 3 L 6 J

In all cases, v denotes the Gorenstein index and ¢ the canonical multiplicity

of X. Moreover, a “+.” in the defining matriz gives v = x+ and a “—¢
ges T =1x .



3.4. SINGULARITIES 59

PROOF. We may assume X = X(A, P). Then, as X is affine, ng = -+ =
n, = 1 holds. Since X is non-toric and log terminal, we have [;; > 1 exactly
three times. Thus, we arrive at defining 3 x 3 matrices P of the shape

—lp 2 0 —lp 3 0

—lo 0 2|, lh>2 —lp 0 2|, [p=3,4,5
dy 1 1 dy 1 1

by applying suitable admissible operations and removing erasable columns.

Now compute the linear forms u* from Proposition for these matrices.

Then ¢xu® being primitive, 1x dividing det(P) and (x72* = 1x¢7 lead to
the assertion. 0
Example 3.4.14. Look again at the log terminal elliptic fixed points of
given Gorenstein index ¢ from Proposition [3.4.13] Resolving the singularity
according to Summary and computing the self intersection numbers
with the aid of Summary we get for ¢ = 1 the classical resolution
graphs of type D, Eg, F7 and FEg:
SNy
DL — n € Z>1
iS00 e .

C
W:®®;®®

<
W:®®;®®®

©
Ey': @@@@@@

For Gorenstein index ¢ = 2, none of the types D and E can occur. In
Gorenstein indices ¢ = 3,4, the simplest examples are:

-2 2 07 @\

Dy P =|-20 2 D—0O

1 11

jan)

p*.  P=]-30 2
-1 11

©—0

@/
-3 2 0] @\
@/






CHAPTER 4

Log del Pezzo K*-surfaces

4.1. Log del Pezzo K*-surfaces

We discuss the impact of the del Pezzo property and log terminality on
rational projective K*-surfaces. Recall that a del Pezzo surface is a two-
dimensional Fano variety and a Fano variety is a normal projective variety
X admitting an ample anticanonical divisor —Cx. The following observation
links del Pezzo K*-surfaces to toric Fano varieties.

Proposition 4.1.1. Consider X = X (A, P) and the toric embedding X C Z
from Construction[3.2.2. If X is a del Pezzo surface the following holds.

(i) The anticanonical class w = —wz € K of Z yields a Fano toric
completion X C Z C Z(w).
(ii) The defining fan X(w) of Z(w) from (i) is spanned by the convex
hull A := conv(vy,...,v,) over the columns of P.
PROOF. By Summary the relation degree u lies in
Mov(Z) = SAmple(X).

The anticanonical divisor classes —wyx of X and —wy of Z are related via

—wy = —wyz — (r—1)u.
Since —wx is ample, we conclude that —wz lies in the interior of the moving
cone Mov(Z). Thus, Summary gives the desired completion. O

Given X = X (A, P), the Fano toric completion Z C Z(w) from Proposition
[4.17]is uniquely determined by the Cox ring of Z and hence by P. Although
there always exist Q-factorial toric completions Z C Z’, the Fano toric
completion Z C Z(w) need not be Q-factorial in general. We present a
concrete example.

Example 4.1.2. Consider the projective K*-surface X = X (A, P) and its
toric embedding X C Z for the defining matrix
-1 -1 1 1 0
P = -1 -1 0 0 2 ].
0 -1 1 0 1

Then X is a Gorenstein del Pezzo surface and in CI(X) = Z* = C1(Z) the
degrees w;; = deg(7j;) are located as follows.

wo1 wo2

61
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The anticanonical divisor classes of X and Z are —wx = (0,3) and —wz =
(0,5). With w := —w, the maximal cones of the fan ¥(w) are given by

cone(vo1, Vo2, v21),
cone(v(n, V11, 1)21), cone(vgl, V02, V11, ’1)12), COHG(U()Q, V12, U21)a

cone(v11, V12, V21).

In particular, the Fano toric completion Z C Z(w) is not Q-factorial. Refin-
ing the fan ¥ (w) by inserting into cone(vg1, vo2, v11, v12) one of the diagonals

CODQ(’UOl, Ulg), COHG(UH, Uog)

yields the two Q-factorial toric completions Z C Z’ and Z C Z” given by
the members cone(wpz, wa1) and cone(wsay, wi2) of the secondary fan.

We take another look at the del Pezzo property of a given X = X (A, P).
So far Summary tells us how to check explicitly whether or not the
class of an anticanonical divisor is ample. The following alternative relies
on Kleiman’s criterion for ampleness. It states that a divisor is ample if and
only if it has positive intersection with any effective curve.

Proposition 4.1.3. A projective K*-surface X = X (A, P) is a del Pezzo
surface if and only if the following inequalities are satisfied.

o ¢ > mt if there is D} C X,
o Cij_amij—1 > Cijmij, i =0,....r, 7 =1,...,n,
o /7 > —m" if thereis Dy C X.

PRroOF. By Kleiman’s criterion, X is del Pezzo if and only —Kx - D > 0
for all effective curves D on X. The latter is true if and only if —Ky has
positive intersection with all D% and Di. Due to Proposition m the
latter is equivalent to the inequalities of the assertion.

We will use this characterization to obtain basic geometric properties. The
first one is that a rational del Pezzo K*-surface admits at most one parabolic
fixed point curve. As a preparation we need the subsequent series of general
estimates.

Proposition 4.1.4. Let P be a defining matriz as in Construction [3.2.2
Assume that P is slope-ordered, irredundant and r > 2. Then we have the
following estimates.
(@) [mis] = 4= < my < |mil +
(i) [mal = [min,] > 1.
(i) r+1 < (m* =¢T)—(m™ +¢7)+4.
(iv) mt > 6% orm™ < —¢7.

lij—l
lij °

PrROOF. The first assertion is obvious. For the second one note that m;; >
My, holds due to slope-orderedness. Furthermore

[mzﬂ = {mmJ = M1 = Myp, € 7 = n;, = 1, lil =1.
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Thus, [m;1] = [Min,| cannot happen since P is irredundant with r» > 2.

The third assertion is now deduced from the first two:
I8

r+1 < Z[mzﬂ = [min, ]

i=0
T T

Iy —1 lin, — 1

< Ym0t S,

i=0 il i=0 in;

= (mT =)~ (m™ +7)+4
For the fourth assertion, assume 72" < #* and 72~ > —¢~. Then (iii) gives
the estimate
r+1 < (mt =N —(m™ +¢67)+4 < 4
So r + 1 = 3. Consequently, using (ii), we obtain
2 2

3 < Y [mal —lmin = D [mal =D min].
=0

i=0 i=0
This contradicts the subsequent two estimates, showing that the right hand
side equals at most two.

2
lih —1
2 > 24mtT —¢t = E mil‘i‘% > § [mi1],
i=0 i '

=0
2 Lin, — 1 2
P TRS o PLTI S o [
i=0 Lin; i=0

Proposition 4.1.5. Let X be a non-toric rational del Pezzo K*-surface.
Then X admits at most one parabolic fixed point curve.

PROOF. We may assume X = X(A, P) with slope-ordered, irredundant
P and r > 2. Suppose that there are D} and Dy. Then Proposition
yields T > 72+ and £~ > —~. This contradicts Proposition [4.1.4]
(iv). O

Let us explore the impact of the del Pezzo property on the possible singu-
larities of a rational projective K*-surface. Recall that at most elliptic fixed
points can be non log terminal and thus the number of non log terminal
singularities of any rational K*-surface is bounded by two.

Proposition 4.1.6. Let X be a rational del Pezzo K*-surface. Then X can
have at most one non log terminal singularity.

Proor. It suffices to treat the case that X is non-toric and comes with
zt € X and 2~ € X. Moreover, we may assume X = X (A, P) with slope-
ordered, irredundant P and r > 2. For any 7, Proposition [£.1.3 yields
+ —
% = Lpiomz’o > .. > finimini = %
Now, if #T > 0 then at most 2~ can be non log terminal and we are done.
If #F < 0, then 7~ < 0 and the above (strict) inequalities imply #~ > 0.

Thus, at most 2 can be non log terminal. O
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The following example gives an infinite series of rational del Pezzo K*-
surfaces of Gorenstein index two, each coming with a non log terminal sin-
gularity. It also shows that the class of del Pezzo surfaces of fixed Gorenstein
index is not finite.

Example 4.1.7. Consider the projective K*-surfaces X; = X (A, P;) given
by the defining data

Lo 1 1 20 0
A = ., P=| -l 06 1|, 5<le2Z+1.
0 1 —1 1+1
Bl 1 1 0

Then each X is a del Pezzo surface having T as its only singularity. The
corresponding discrepancy is —2, so T is not log terminal. The Gorenstein
index of X equals 2.

We introduce the main tool of our classification, the anticanonical complex
from [6}/33] in the setting of log del Pezzo K*-surfaces.

Definition 4.1.8. We call the defining matrix P of X = X (A, P) an LDP-
matriz if X is a del Pezzo surface with at most log terminal singularities.

Construction 4.1.9. Consider an LDP-matrix P. Define vectors o+ :=
dTvt and o7 := < v~ in R"H! by

m™ m
—_— a4 = —.

£t £-

We associate with P the two-dimensional simplicial complex Ap in R" !
having as its cells

at =

Rij = COHV(O,UZ‘j,Uij+1), i:O,...,T, jzl,...,ni—l
and, according to the possible cases (e-e), (e-p) and (p-e), for i = 0,...,r
the simplices
(p-e) & :=conv(0,v",v;1), k; :=conv(0,7,vin,),
(e-p) ki :=conv(0,0%,v;1), K; :=conv(0,v",vin,),
(e-e) ki :=conv(0,97,v;1), K; :=conv(0,77,vip,).

Observe that the support of the simplicial complex Ap is a subset of the
tropical variety trop(X) C Q"1

Remark 4.1.10. Corollary ensures that for any log del Pezzo K*-
surface X = X (A, P) we can set in accordance with Construction m

+ —
L' - my
X X

Moreover, using the properties of the surface X’ from Remark we have
the following descriptions in terms of intersection numbers.

+ .t - D=
DX’.DX/ DX/'DXI

4y = — : e e :
X D}/ : (-D;_(/ - ICO /) DX/ : (DX/ +IC(_)](/)

ady =
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Remark 4.1.11. Consider a del Pezzo surface X = X (A, P) with r = 1.
Then X is toric and thus log terminal. The support of the complex Ap
equals the LDP-polygon of X.

In the following we will see that the complex Ap of a K*-surface X (A, P)
naturally generalizes the LDP-polygon of a toric del Pezzo surface arising
from a fan.

Definition 4.1.12. Let P be an LDP-matrix and X = X (A, P) the corre-
sponding K*-surface. Consider the simplicial complex Ap associated with
P.

(i) The interior of Ap is the relative interior A% of its support with
respect to trop(X).
(ii) The outer vertices of Ap are the vertices of the complex Ap apart
from the origin.
(iii) Given k € Z>1, we say that the complex Ap is almost k-hollow if
A% NEZT T = {0}.

Example 4.1.13. Consider again the K*-surface X = X (A, P) from Ex-
ample [3.4.3] The defining matrix P and the complex Ap are given as

|
A~ w

|
oo Tt

|
= O N
=N O

= o O
| F— |

Ap

The outer vertices of Ap are the columns vg1, vo2, V11, V21, v of P and 9~ =
(0,0,3).

In [6] the anticanonical complex was introduced. For the case of rational
Fano varieties with a torus action of complexity one, it was established as
a tool for the treatment of log terminal singularities; see also [31,[33] for
further results.

Theorem 4.1.14. Consider an LDP-matriz P, its associated simplicial
complex Ap and the projective K*-surface X = X (A, P).

(i) According to the possible constellations of source and sink, the
outer vertices of the complex Ap are given by

(e-e) wvij fori=0,...,r,j=1,...,n; and 0T, o7,
(e-p) wij fori=0,....r,j=1,...,n; and 07, v,
(p-e) wij fori=0,...r,7=1,...,n; and v*, v~.

(ii) The simplicial complex Ap equals the anticanonical complex of the
log del Pezzo K*-surface X = X (A, P).

(iii) Foralli=0,...,r, the intersection ApN\; with the i-th arm \; C
trop(X) 4s a convex polygon. Regarding possible outer vertices o+
we have

ot & conv(0,v01,...,v1), 07 & conv(0,Uong, - -+ Vrn,)-
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(iv) The discrepancy along an exceptional divisor E, C X" of the
canonical resolution X" — X is given by

[0l
W) = g,
where v, € o is the primitive vector and v, € o is the intersection
point of o and the boundary OAp.
(v) The surface X has at most 1/k-log canonical singularities if and
only if the anticanonical complex Ax is almost k-hollow.

PROOF. Assertions (i), (ii) and (iv), (v) are covered by |6, Thm. 1.4, Prop.
2.3, Prop. 3.7 and Cor. 4.10]. We show (iii). The intersection points of the
boundary of Ap and the facet conv(vgr,...,v,1) with the ray through v
are given by
+ o 7+ m* ot

’ £t +r—1
Since X is log terminal we have £ > 0. Together with 72+ > 0, this gives
the assertion in case of the existence of an elliptic fixed point z*. The case
of an elliptic fixed point £~ is analogous. O

Proposition 4.1.15. For any non-toric rational 1/k-log canonical del Pezzo
K*-surface X, the number r + 1 of critical values of m: X --+ P is bounded
as follows.

(i) If X has two elliptic fized points, then r + 1 < 4k holds.
(ii) If X has a parabolic fized point curve, then r +1 < 2k + 1 holds.

PROOF. We may assume X = X (A, P) with slope-ordered and irredundant
P and r > 2. According to Theorem we have &7 < k and &~ > —k.
This gives

mT < ke, m- > =k,
Assume that X has two elliptic fixed points. Combining the above estimates
with Lemma (iii) and using £ + ¢~ < 4 as well as k > 1 leads to

r+1 < (mt =) —(m™ +67)+4 < (k-1 +¢7)+4 < 4k

Assume that X has a parabolic fixed point curve, say D}. Then —Kx -D} >
0 implies 772" < #*. Similarly as before we conclude

r+1 < (mt =T —(m™ +¢7)+4 < (k—1)¢" +4 < 2k+2.
O

We discuss bounds for the number of singularities of X in terms of the Picard
number p(X). First note that for a projective toric surface X the number
of singularities is at most the number of its fixed points and is therefore
bounded by p(X) + 2. For non-toric rational projective K*-surfaces, we
obtain bounds in the case that there is a log terminal elliptic fixed point.

Proposition 4.1.16. Let X = X (A, P) be a non-toric K*-surface with
trredundant P. If X has a log terminal elliptic fized point, then the number
r+ 1 of arms of X is bounded by

r+1 < p(X)+3—m.
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Moreover, according to the possible constellations of source and sink in X,
the number s(X) of singularities of X is bounded as follows:

(e-e): s(X) < p(X)+2,  (e-p), (p-e): s(X) <r+1+4p(X) <2p(X)+2.

PROOF. Since X is Q-factorial, p(X) coincides with the rank of the divisor
class group CI1(X) and hence equals n +m — r — 1; see Summary By
assumption, we have a log terminal elliptic fixed point. Using Remark [3.4.17]
and the irredundancy of P we see that there are at least » — 2 arms having
length greater or equal than 2. Therefore

,
p(X) = m+Z(ni—1) > m+r+1-3.
=0

This proves the first statement. To estimate the number of singularities we
use that each one is a fixed point. Note that in any case the number of
hyperbolic fixed points of X = X (A, P) is given by

(n = 1)+ + (1 = 1),
Thus, in the case (e-e), we have p(X) + 2 fixed points in total. For the
cases (e-p) and (p-e) recall from Summary that there are at most r+1

singular parabolic fixed points. Moreover, we have p(X)—1 hyperbolic fixed
points. ]

Remark 4.1.17. There are no bounds on the number of singularities in
terms of the Picard number if there are two parabolix fixed point curves.
Note that this case leaves the class of rational del Pezzo K*-surfaces. For
an example, let m =2 and ng = --- =n, = 1 with

lop = =1l1=2, dor = —1, dip = =dn =1.

This gives a defining matrix P and thus an X = X (A, P). We have p(X) = 2
and in each arm of X there are two singular parabolic fixed points. Thus X
has 2r + 2 singularities in total.

For a log del Pezzo surface of Picard number one, results of Keel/McKernan
[36] and Belousov [7] tell us that the number of singularities is sharply
bounded by four. In presence of a K*-action, we can extend this statement
to higher Picard numbers.

Corollary 4.1.18. Let X be a log del Pezzo K*-surface. Then X has at
most 2p(X) + 2 singularities.

PRrOOF. If X is a toric surface the assertion is clear as mentioned before.
For a non-toric X Corollary ensures the existence of an elliptic fixed
point and thus Proposition [4.1.16| applies. U

4.2. Log del Pezzo K*-surfaces without quasismooth elliptic fixed
points

In the following we present an algorithm to effectively classify non-toric
log del Pezzo K*-surfaces X = X (A, P) without quasismooth elliptic fixed
points of specified Gorenstein index. This is done by exclusively working
with defining P-matrices. First, we look at the case of X having two elliptic
fixed points.
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Definition 4.2.1. Let X = X (A, P) be a projective K*-surface. We use
the following terminology.
(i) P is irredundant if n;liy > 1 for i =0,...,r.
(ii) P is slope-ordered if mj; > -+ > myy, fori=0,...,r.
(iii) P is adapted to the source if 0 < d;; < lj for i = 1,...,r and
di=1ifm>1.
If additionally ng > --- > n, we call the defining matrix P adjusted.

Proposition 4.2.2. Consider a non-toric rational log terminal projective
K*-surface X with two elliptic fized points. Then X = X (A, P) where P is
irredundant, slope-ordered, adapted to the source and of type (e-e). More-
over, P satisifes the following: Removing all columns vi; with 1 < j < n;
and collapsing all arms with l;; = l;n, = 1 we arrive at one of the following
matrices P’.

—lo1 —lo2 lhin O
P = |—=lor —lo2 0 lo1 | .

d01 d02 dll d21

—lor  —lo2 lin 12 0
P = —lo1 —lo2 0 0 lo1 | .
do1 do2  di1 diz doy

—lor  —lo2 111 lLiz O 0
P = [-lor —lo2 O 0 l21 22| .
do1 do2  di1 diz da1  da2

-1 -1 11 0 0
—1 —1 0 l21 0
-1 -1 0 0 I31
dor do2 di1 d21  d3:

-1 —lo2 11 1 0 0
po— -1  —lpo 0 0 lo1 0
Tl -1 —loe 0 0 0 l31

do1  do2 di1 diz do1 d3

-1 —=lp2 I11 1 0 0 0
-1 —lp2 0 0 lo1 loo 0
-1  —lpo 0 0 0 0 I31
do1  do2z di1 di2 d21 d22  dsi

-1 —lp2 11 1 0 0 0 0
-1 —lp2 0 0 la1 oo 0 0
-1 —lp2 0 0 0 0 I31 32
dor  do2 di1 diz do1 do2 d31  d32
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(a) n=(2,2,2,2,1),

—1 —=lgp2 1 12 0 0 0 0 0
—1 —lp2 O 0 lo1 1 0 0 0
P = |-1 —lp2 0 0 0 0 I3 1 0
-1 —lp2 O 0 0 0 0 0 l41
do1  do2 0 diz do1 do2 d31 ds2  da1
(b) n= (2, 2,2,2, 2),
—1 —lp2 1 12 0 0 0 0 0 0
—1 —lp2 O 0 l21 1 0 0 0 0
P = -1 —lp2 O 0 0 0 I31 1 0 0
—1 —lp2 O 0 0 0 0 0 la1 ly2
dor  do2 O diz do1 do2 d3z1 dzz da1 dao
(iv) " = 1=4.
(a> n = (27 27 27 27 27 2)7
—1 —lp2 1 l12 O 0 0 0 0 0 0 0
—1 —lp2 O 0 1 oo 0 0 0 0 0 0
P —1 —=lp2 O 0 0 0 I31 1 0 0 0 0
-1 —lp2 O 0 0 0 0 0 I41 1 0 0
—1 —=lp2 O 0 0 0 0 0 0 0 I51 1
do1  doz O di2 O dao2 d31 d32 da1 daz ds1 ds2
PROOF. By log terminality, at most 3 entries of the tuples (loi,...,lr1),
(longs - - - 5 lrn, ) are different from 1. Hence, there are at most 6 arms that

satisfy l;1 # 1 or l;,, # 1. Going through the different possible constellations
and arm lengths (and swapping arms if necessary) we arrive at the shapes
from above. O

Remark 4.2.3. Note that the columns of the matrices P’ from Proposition
do not necessarily generate Q"' *! as a cone. Therefore, they are not
necessarily P-matrices in the sense of Construction [3.:2.2] Nonetheless, we
can look at the numbers m;,, 7 s E;S,, lp, defined in the same way as
before. We have

m;/ == 777/1—"; > 0, £+/ == e; > O, e;/ == E; > 07
but not necessarily 725, < 0.

Lemma 4.2.4. Consider a log terminal projective K*-surface X = X (A, P)
of Gorenstein index ¢ with adjusted P of type (e-e) and the corresponding
matriz P' from Proposition . The following assertions hold.

(i) Since P is slope-ordered and adapted to the source, its entries sat-
isfy drx+17nr,+1,...,dmr < 0. The condition < > —u therefore
gives

mp > mp > —t-Ap = —i-Lp.
This means we also have &p, > —t. Furthermore, the above in-
equality yields the following estimate for the d;y,, where 0 < i <7’.

din,
dini > lzm _L'Ei_z 28 )
g M
_ dj
> lin, -0 = =
S N o

j#i I
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(ii) Since P is slope-ordered and &5 > —u, for each i =1 +1,...,r,

we have

0 > dmi

v

>

n/+l+"'+drn,~
dO’I’LO . dr’n,_/
lOno lr’nT/
d dyr
_L.E__ﬂ_..._ Tl‘
l01 l’f‘ll

Hence, each entry of P is bounded as long as the entries of P’ are.

Proposition 4.2.5. Consider case (i)(a) from Proposition with X
having Gorenstein index 1. Suppose x* € X is of type Eg and x~ € X not
quasismooth. Then, up to admissible operations, P’ is one of the following.

-3 —lp2 3 O
(1) -3 —lp2 0 2
G5 g 11
L —5 02
r -3 —lp2 3 O
(11) -3 —lp2 0 2
7
L 3 do2 2 1
r -3 3 li2 07
(iii) -3 0 0 2
-5
| “5° 1 dia 1
[ -3 3 liz 07
(iv) -3 0 0 2
7
| “5Z 2 dia 1 |
-3 3 0 0
(v) -3 0 2 2
e
L 5 22 |
-3 3 0 0
(vi) -3 0 2 2
7
| 57 2 1 doo |
r -3 —lp2 3 0
(Vll) -3 —lp2 0 2
+_15
L L' —15 d02 1
r -3 —lp2 3 O
(Vlll) -3 —lp2 0 2
21
L =5 doz 2
r -3 3 lLis 07
(ix) -3 0 0 2
15 d 1
L 6 12 _
r -3 3 liz 07
(x) -3 0 2
21
L 2 dizg 1 |
r -3 3 0 0
(xi) -3 0 2 2
15
L —=— 1 1 d22 |
r -3 3 0 0
(xii) -3 2 2
+_21
[ 552 2 1 dy

e, 6t =1,
2 <lp2 <5,

log - 52 — ¢ < do2 < loz -

e, 6t =5,
2<lo2 <5,

+_
— 1< dpa < lo2 - T

=7

lo2 - =5

e, 6t =1,
2<1l12 <5,

_F
llQ'H—QTL*LSd12<l1T2.
e, 6/t =5,
2<hi2 <5,

.t .
llQ-MTL*LSd12<2l%.

e, 6t =1,
+
23— 1 <dyy <0

e, 6t =5,
+
% — 1< dgs 0.

e, 6t =3,
2 <lo2 <5,

-5 +_15
log - 452 — 1t < doz < loz - 55
e, 6t =3,
2 <lo2 <5,
_ +_g
log - 455 — 1 < doz < loz - “ 52+

e, 6t =3,
2 <li2 <5,
.t l
l12'%—L§d12<%.
e, 6t =3,
2 <l12 <5,
3412—.F 2112
lig - =55 — 1 < di2 < =52

e, 6t =3,
+
% — 1< das <0.

e, 6t =3,

_,t
Setd=t™ — 1 <dyy <0.
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Consider case (i)(a) from Proposition with X

having Gorenstein index v. Suppose x* € X is of type Er and x~ € X not
quasismooth. Then, up to admissible operations, P’ is one of the following.

[ —4 —lo2
(i) —4 —lo2

i % dos

[ —4 —lo2
ii -4 =l
( ) i 14 d0022

[ —4 3 I
(iii) -4 0 0

| % 1 dis

[ —4 3 li2
(jv) —4 0 0

L ﬁ,%M 2 dio

r —4 3 0
v -4 0 2
( ) L L+§10 1 1

r —4 3 0
(Vj) —4 0 2

+_14
= 21

Proposition 4.2.7.

3 0 e, 6t —1,
0o 2 |, 2 <lp2 <5,
_ +_
1 log - 552 — v < doz < log - =552
3 0 (e, 6t —5,
0 2 1, 2 <lp2 <5,
_ +_
2 1 loz - 5% — ¢ < do2 < loz - 52
0 7 e, 6t =1,
2 2 <112 <3,

_,t
lig - 3 ) < dip <0

0 ] e, 6t =5,
2 2<l;2 <3,

.t .
512'%—Lﬁd12<21712~

0
9 e, 6t =1,
I 5L+6—L+
dss | 2e—— — 1 <d22 <0.
(2] e, 6t —5,
’ 5L+67L+ _u<d <
das = —t<d22 <0.

Consider case (i)(a) from Proposition with X

having Gorenstein index v. Suppose x* € X is of type Eg and x~ € X not
quasismooth. Then, up to admissible operations, P’ is one of the following.

[ =5 —lo2
(i) -5 —lo2
i L+6—25 dos
[ -5 —lo2
(ii) —5 —lo2
| L+g35 dos
[ -5 3 2
(iif) =5 0 0
L ﬁ%% 1 dig
[ -5 3 2
(iv) -5 0 0
L ﬁ%% 2 dis
[ —5 3 0
v -5 0 2
( ) i ﬁ6—25 1 1
[ -5 3 0
(vi) -5 0 2

+-35
L= 21

30 e, 6t —1,
0o 2, 2 <lp2 <5,
_ +_
1 102'%—L§d02<102'L3025-
3 0 e, 6t —5,
2 2 <lp2 <5,

-7 T35
loz - 5~ — ¢ < do2 <loz - “35

—

0 e, 6t =1,
2|, 2<ha <3,
+
1] hz - 2 — < dip <0,
0 e, 6t =5,
21, 2 <li2 <3,
T .
1 ] l12 - 79L+23%_L —1<dis < 2hiz 312_
g e, 6t =1,
) Met15—t doo <
oo | 15 Lt < do2 <0.
0 1
9 e, 6t =5,
) Mo1s—t g o
oo | 15 Lt < do2 <0.

ProoF oF PROPOSITIONS [4.2.7], [4.2.6], [4.2.5] The shape of the columns
V01, V11, V21, is given in Proposition [3.4.13] The divisibility claims come
from the Gorenstein conditions in [3:4.9] Log terminality gives the bounds
on l;. Slope-orderedness and @5, > —¢ lead to the bounds for d;s. O
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Proposition 4.2.8. Consider case (i)(a) from Proposition with X
having Gorenstein index v. Suppose v+ € X is of type D, and z~ € X not
quasismooth. Then, up to admissible operations, P’ is one of the following.

—lor  —lo2 2 O e, 2t -1,
(1) —lo1 —lp2 0 2 y 2 <lo1,lo2 < 2L27+
L ot —lo1 do2 1 1 —lo2 —t < dgz <lp2 - l;llm .
[ —lpn 2 1 0 ey 2t — L
(ii) “lpp 0 0 2|, 2 <lo1 < 25—,
+ _ 1 1 1— 4.t 1—
L L l()l d12 2L _ LlOLl S d12 < 2[,4
[ =2 2 112 0 e, 2t =1,
(iii) -2 0 0 2|, 2 <liz <207,
[ t=2 1 dip 1 ho - 155 — < dip < b2
[ —l01 2 2 0 L+‘La 2‘L+ - ]-7
(iv) —lr 0 0 2|, 2< I < 422,
| T —lor 1 diz 1 % <dj2 <0.
[ —lo1 2 lLiz O
(V) —lo1 0 0 2 s
L - lo1 1 di2 1
e, 2t —1,
(l01, l12) S {(Z, 3) ) (3, Z) ‘ z=3,4, 5} s
1 1 1 -t 1 l
112'<_L'(H+E_5)_Tm_5> S diz <5
—l01 —l02 2 0 L+|L, 2|L_"7
(vi) —lo1 —lo2 0 2 | 2 <lo1,loz < 2.2,
i +_
L % doz2 1 1 —lp2 — ¢ < do2 < lp2- - 21021101 .
T —ln 2 1 0 otle, 2t .,
(vii) Tl 002, 2<lo1 < 255
LT —2lpq 1— 2.t 1—
L — 1 dig 1 2L— ;lob1 <dji2 < 2L.
[ -2 2 lis O e, 2t
(viii) -2 0 0 2|, 2 <lyo < 612,
+_ ¥
-L24 1 di2 112~24L —L§d12<l172.
[ =l 2 2 0 e, 2t
(ix) ~lot 0 0 2|, 2 <lp1 <42,
+
i L+722l01 dis 1 lm—l% <di2 <0.
[ —lo1 2 liz2 O
(X) +—101 0 0 ,
L L —22l01 d12 1

L+‘L7 2‘L+a
(1017112) S {(273) ’ (37 Z) | z = 37 47 5} )

+
(= (L 1) 2 1 L2
li2 ( v (A + s -3) - S 2)§d12< 12

PROOF. As before, the shape of the columns vgq, v11, vo1 is given in Propo-
sition The divisibility claims come from the Gorenstein conditions,
see Proposition Now note that @™ = T in each case. Furthermore,
in cases (i) and (vi) we have &, = lp2 + do2. Since &p — @, € Z, we also
have ¢ € Z. Therefore, by Minkowski’s Theorem, we get the bounds for
lp1 and lp2. The bounds for dgys in these cases are due to slope-orderedness
and the condition &5, > —.
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Cases (ii) to (v) go through the possible platonic tuples corresponding to the
exponents associated with the elliptic fixed point = € X. The respective
bounds for lp; and I3 either come from considering « 5 and using Minkowki’s
Theorem or using the condition ¢, > —¢. The cases (vii) to (x) are treated
analogously. O

We will only list the results for the rest of the formats from case (i) in
Proposition The proofs follow the same structure as before.

Proposition 4.2.9. Consider case (i)(b) from Proposition with X

having Gorenstein index 1. Suppose x* € X is of type Eg and x~ € X not

quasismooth. Then, up to admissible operations, P’ is one of the following.
-3 =2 3 h2 O

(1) -3 —lp2 O 0 2 ,

N
% doz 1 diz 1

e, 6t =1,
(log,llg) c {(2,3) s (3,Z) ‘ z = 3,4, 5}

102-(*L-($+i*%)*%)<d02<102 657
1 1 1 d l1o
o (—t-(; 7107~ 2 —#—5)31112 ==
_ e, 6t —1,
B *g *3 g 162 g 2 < lip < 442,
0 S5 gy 1 i 1] —RL =1 <dp < 2
L —2 02 12 - 112(d02+1) < diz <
_ - e, 6t —
3 2 320 2 < lpp < 42,
(iii) -3 —lz 0 0 2 .
+-5 ’ —— 102 <dpy < lpg - 55,
L LT_ d02 1 d12 1 2 — 6

- —L—doz—l02<d12<0

-3  —lo2 3 lLiz O
(1V) -3 —lp2 O 0 2 ,
L —5— do2 2 dio 1

e, 6t =5,
(log,llz) (S {(Z 3) (3 z)| z = 3,4, 5}

-
- (o (s~ 3) 1) <dor <
1 1 1 d 21
hoo (= (gt —3) — 72— 3) Sdi < 32
- L+|L7 6|L+_57
—g —3 g 162 g 2 < o < 442,
(V) L:—7 N ' 71*71<d02< - =,

d 2 d 1
02 12 112(d02+1) < dio < 2l12
- e, 6t —
. 2 <log < 442,
(vi) -3 =l 0 0 2|, . .
—t— % <do2 <lo2- 5,
. —1—dos — 12 <dip < 1.

[ -3 —lp2 3 O 0
(Vii) =3  —lo2 0 2 a2 |,
+_
L “52  doz 1 do2 |
L+\ 6/t — 1,

1)
loQ'(fL'(h)%JréiQ)*%g<d02<102

loz ' l22
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-3 —lp2 3 0 0
(viii) -3 —log 0 2 o |,
L 2_7 do2 2 1 da2
e, 6t =5,
(lo2,122) € {(#,2),(2,2) | 2 =2,3,4,5}, "
1 12 —7
102'(—L‘(@+§—g)—g) < do2 < loz2 - ¢
o+ (=t (r; + i —3) — 12 — ) Sde2 < B
-3 lio O 0
(ix) o8 0 2 I |,
. 275 diz 1 da2
e, 6t —1,
(l12,122) € {(2,2),(2,2) | z =2,3,4,5},
+_
1 1 2 t5 _d
e (-0 (s =) =45 —ﬁ) <dn < 'f
-3 lig O 0
(x) 3 0 2 o |,
- 2_7 diz 1 do2
e, 6t -5,
(l12,122) € {(2,2),(2,2) | 2=2,3,4,5},
+_
T7 _ dis l
e (—o (i + i - 3) - 5 71—) §d22<%.
-3 —lop2 3 li2 O
(xi) -3  —lpz2 0 0 2|,
ﬁ%w do2 1 di2 1
e, 6t =3,
(loz,llz)E{( 3),(3,2)| 2 =3,4,5}, .
loz - (7 (102 E o %1) d) < d02 <lo2-* 1178157
i
- 3 9 3 1 0 e, 6t =3,
. B B 12 2 <l <602,
(xii) 3oz 0 0 2, L2l <y e s
15 doe 1 dio l 3 a ’
- 6 _, _ ha( 02+1) < diz <
- - e, 6t =3
-3 -1 3 2 0 ’ ’
3 2y o 9 2 <oz < 612,
(xiii) - —lo2 : e -y <l -
15 dos dia 1 L= 5 s 02 < l02 g
- - 7L7d027 2 < djg <0.
r -3 —lp2 3 liz 07
(xiv) -3~z 0 0 2
+_21 ’
L “% doz 2 diz 1 |
e, 6t =3,
(lo2,112) € {(2,3),(3,2) | z=3,4,5}, L
1 1 1 7 —21
lo2 - (_L‘ (@ E_?) g) < dp2 <lo2 - 12§ s
hoe (= (g + 0 —3) — 70 —3) Sie < 2.
e, 6T =3,
_g _g 3 %2 g 2 <y <62,
(XV) +__21 B ’ 717 — 1 <dpo < L 1,
G doz 2 diz 1 - l12(d02+1) < dio < 2l12.

)
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- e, 6t — 3,
2 <lo2 <62,
+_
-t — 5072 <dgz <lp2 - 5= 1821,
- —L—d02—l°72Sd12§1-

-3 —lo2 3 2 0
(xvi) +—3 —lo2 0 0 2 |,
52 dop 2 diz 1

r -3 —lp2 3 O 0
(XVii) _:3 —loz2 0 2 la |,
L “58 doe 1 1 doo |

lOQ'(*L'( L +%*%)*%) <d02<l02-ﬁr1_8157

1 2 d, 1 l
o (= (g + 1y —5) — 12 —3) << B
-3 —lp2 3 O 0
(xviii) | =3 o2 0 2 ln |,
=21 dos 2 1 dao

e, 6t =3,
(log,lgz) S {(2,2) s (2,Z) ‘ z=2,3,4, 5},+
102'(—L-(L+ 12 —%)—%) <dg2 <lg2-* 1_821,

P T S S
-3 3 lLha2 O 0
(xix) s30 002 i, |,
% 1 di2 1 do2
e, 6t =3,

7(272:)' Z:2737475}7

K
2)
+_
e (=0 (5 ~3) - R ) can <ty
2
3)

li2 2

‘H w‘,..

n
_ o T—15 _ dio lag
18 112> S dyp < B

e, 6t =3,
(l127l22) S {(Z72) ’ (272) | z = 2737475}7

+_
llz.(,b.(;jLi,z),L 21,@) <dip < 22,

li2 l22 3 18 2
(o (L 2y 21 dip 2
l22 ( L (112 + l22 3) 18 li2 Sda2 < 2

Proposition 4.2.10. Consider case (i)(b) from Proposition with X
having Gorenstein index 1. Suppose x* € X is of type E7 and x~ € X not
quasismooth. Then, up to admissible operations, P’ is one of the following.

—4 —lp2 3 liz O
(i) -4~z 0 0 2|,
ﬁ,%m doo 1 di2 1

e, 6t =1,
(l027112) S {(Z, 3) ) (37 Z)l z = 37475}7
+_
[02.(7L.(L+L,%)7%) < dgy < lpa - 1210’

fop ~ hiz 20 G 1 i
02 12
o (= (gy + o5 —3) — 92— 3) Sdiz < B2
e, 6t —1,
-4 -2 3 hy O 2 < Iy < 4,2
ii 4 -2 2 =2 ="
(11) 0 0 ) 7%71 < dpa < ﬁng

12
[ do2+1 l
712(82 >Sd12<172-
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- e, 6t =1,

1 Tl 3200 2< lop < 42,
(iii) -4 —loz2 0 0 2|, , 10
S0y 1 d 1 —t— 22 <do2 <lo2 - 5,
- - v —1—doz — ' < di> <0.
[ —4 —lp2 3 lig 0]
(iv) -4 —lp2 0 0 2 |,
| S gy 2 d 1|

e, 6t — 5,
(lo2,112) € {(2,3),(3,2) | = = 3,4,5},

3),
loz - (—L- (ﬁ—i—é - %) f) < do2 < lo2 - +_147
1
2

l12-(—¢~(i+i_ )_@_,)<d <2112

lo2 lo2

e, 6t =5,

[ -4 -2 3 h2 O 2< 1o < 42,
(v) -4 -2 0 0 2|, 14
o1 g 2 dis 1 _7_1<d02<7’
L 3 02 12 - l12(d02+1) < dl < 2112
- - (e, 6t =5,
. —4  —le 320 2 <loy < 412,
(vi) -4l 0 0 2|, i 14
T O N S | t— "% <doz2 <loz2- 55—,
] - —t—do2 — 12 <dip < 1.
[ —4 —lp2 3 0 0
(Vll) —4 —lo2 0 2 a2 |,
L ﬁ%m do2 1 1 do2 |

1 1 2 5 S —10
102'(*L'(l()f2+@*§) H < dg2 < log2 - 5

1 12\ _d i
- (v gy + 15 — 5) — 12— §) Sd2 < B
—4 —loz2 3 0 O
(viii) +—4 =lo2 0 2 2 |,
£ §14 doz2 2 1 da2

e, 6t =5,
(l027l22) c {(Z ) (2,2)‘ z=2,3,4, 5} =
log - (—L~ (i-l-% %) ) < dp2 < lo2 - 714,

ZO% l21 2 d l
02 lag
lag - (—¢ (loz+l77§)7l()7277)<d22<
—4 3 li2 O 0

(ix) -4 0 0 2 lp

+_10 '

L g 1 di2 1 doo

e, 6t

(liz,l22) € {(3,2), ( ) (2,3)},
l12~(—L-(L+L_%)_ o 10_12)

l12 l22
1 1 3 +t_10  dio
l22 (‘L (+m 1)1 ?)Sd <
—4 3 li2 O 0
(x) -4 0 0 2 Il |,

+
% 2 dizg 1 da22

e, 6t =5,
(ll27 122) S {(37 2) ) (2) 2) ) (2) 3)} )

-, (A1 3 _L+*14_l272 2012
l12 ( L (112+122 4) 5 <diz < 532,

(o, (1 3\ _ 14 dio loo
l22 ( v (112+l22 4) 1z 112)Sd22<
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Proposition 4.2.11. Consider case (i)(b) from Proposition with X
having Gorenstein index v. Suppose x* € X is of type Es and x~ € X not
quasismooth. Then, up to admissible operations, P’ is one of the following.

=5 —lo2 3 l12 0
(i) —5 —lpz 0 0 2|,
ﬁ%% doz2 1 diz 1
(e, 6leT —1,
(lo2,112) € {(2,3),(3,2) | z=3,4,5}, .
1 1 1 5 _a5
lo2 (—L (@ @ - 51) %d) < dg2 < lp2 - e
ZIQ'(_L'(E+E_§)_%_§)§d12<£
I L+‘L7 6|L+ —1,
i _2 _g 3 ZBQ (2) 2 < Iy < 442,
(ii) - - , T +_25
Fo2s g1 d 1 hy =] 102 ,
- iy OISy
o _ L+|[, 6|L+ -1
-5 —l 3 2 0 ? ’
5 102 0 0 2 2 <loa < 402,
(111) - —to2 ) ol oy ! 95
S g 1 dyy 1 v — 82 < do2 < lo2 - 5572,
) ’ . _L_dOQ—@<d12<O
[ =5 —lo2 3 l12 0 7]
(iv) ;5 —lo2 0 0 2 |,
L T35 g 2 dis 1 |
L+|"7 6|L+ — 5,
(lo2,112) € {(2,3),(3,2) | z=3,4,5}, X
l02~(—L~(é+%—%)—%) <d02<l02~%
1 1 1 d 1 21
112'(_L'(E+E_§)_ﬁ_§) <dip < 2z,
I L+‘L7 6‘L+ — 5,
( ) _2 _g 0 ZEQ (2) 2<l12 < 41127
A% — — 7 o,
Fo35 g 9 g 1 — A — 1 <dpy < S5,
S s OSSR
- _ L+|L 6|[,+ _5
-5 —1 3 2 0 ’ s
(vi) 5 om0 0 2 2< gy < 422,
PRatrE R 9 4 ) ) - 1072 < d02 < log - 3—0357
] ’ " b ) 7L7d02*7<d12<1
] —lp2 3 0 0 T
(vii) ;5 —lo2 0 2 oo |,
L LT =25 dog 1 dgg |

e, 6t -1,
(log,lgg) S {(2,2) (2 Z)‘ z=2,3,4, 5} =
lo2 - (—L- (i-f- 12 —%) ) < dp2 < lo2 - 3_025,

fp T 300G 1
02 22
log - (—¢- E-ﬁ-f—g) 102—3)Sd22< 22,
-5 —lp2 3 0 0
(Vlll) +—5 —lo2 0 2 22 ,
% do2 2 1 da2

e, 6t =5,
(log,lgz) S {(Z 2) (2 Z) ‘ z=2,3,4, 5},
+_
oz (=t (13 + 7y = 3) = §) < doa <loz- 55",

L2
i i 2 d 1
l22 (*L'(E+f*§)7m%77) < dap <
-5 3 li2 O 0
(ix) -5 0 0 2 lp
+_25 '
& 1 diz2 1 da22
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e, 6t =1,
(hi2,122) € {(3,2),(2,2),(2,3)}
1 1 4 t_25 1
l12‘(—t‘(m+g—g)—LT—%) §d12§07

+_
122.(_L.<¢+¢_%)_L 3025_d12) <y < 122,

li2 l22 12 2
-5 3 li2 O 0
(x) -5 0 0 2 I |,
‘+g35 2 diz 1 da

e, 6t —5,
(l127 l22) € {(37 2) s (27 2) ’ (27 3)} )

+_
e (o (g s —4) - SR ) Sdhe < B
1 1 4 t-35 _d l
ba2 - (_L'(E+E_S)_ 30 _ﬁ) Sdap < H
Proposition 4.2.12. Consider case (i)(b) from Proposition with X

having Gorenstein index v. Suppose x+ € X is of type D, and 2~ € X not
quasismooth. Then, up to admissible operations, P’ is one of the following.

) —lo1 —lo2 2 lLiz O
(1) —lo1 —lp2 O 0 2 s
tF—lor do2 1 dia 1
e, 2t —1,
(l027 112) € {(Z7 3) ) (37 Z) | z = 3747 5} )
1 <lo1 < (2loz + 2012 — loal12 + 1) 42,
+_
log~(—b-( L +i—%)—%) <d02<l02~%,

loz ' iz 1
(o (4 1)~ 82 ) < < T
e, 2t =1,
—lo1 -2 2 li2 O 2 < loy,li2 < 442,
(11) —lo1 -2 0 2 s 2 < don < 2- Tt —lgy
F—lor dop 1 diz 1 2 112(11;2+1) < l01l127
—t— =5 <di2 < H.
- e, 2t =1,
—lo1 o2 220 2 < loi,loo < 412,
(iii) ~lor  —loz 0 0 2|,

= lo2 C=loy
t— =% <do2 <loz - —*,

ot —lor do2 1 diz 1 1
- —t—doz — "% < di2 <0.

—lo1 —lp2 2 O 0
(1V) —lo1 —lo2 0 2 2o |,
L o —lo1 do2 1 1 do2 |

e, 2t —1,
(l027l22) € {(Z7 3) 7(37 Z) ‘ z = 37475}7
1 <lo1 < (2loz + 2122 — lozlaz + 1) (2,
+_
102-(—L~( L +i—%)—1) < doz2 < loz2 - lor

log ' T2 01
1 1 d 1 L
baz - (e lo2 12275)7l0%7§)§d22<%'
e, 20t =1,
“lor =220 0 2 <lou,loa < 442,
- - +
(V) B lo1 2 0 2 I |, =22 g o9 K lor
ot —=lp1 do2 1 1 da2 l22 d 1 lo1 .
i —t—lop - 202EL <dpp < 122
e, 2t =1,
. —lox —l2 2 0 0 2 <lo1,loz < 402,
(Vl) —lo1 —lop2 0 2 2 s 2 < dos < log - T —lgy
P —lot doz 1 1 da 2 2d0s for 7
- To —1<de2 <0.
—lp1 2 li2 O 0
(vii) ~lor 0 0 2 I |,
| T —lor 1 diz 1 da




(xii)

(xiii)
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e, 2Lt —1,
(l017l127l22) € {(Z 3 2) (3 272)7(27Z73)| z = 37475}7

I —lgy 1 li2
hz- (_L (101 + l12 + 122 1) T T lon 2 <diz < 2

P d l
122.(_L.(101+l12+5_1) Tm_ﬁ)gd22<%'
- e, 20t =1,
—2 2 2 0 0 2 S l22 S 4L2,
+—2 0 0 2 l2a s —2;+l22 — ot < dio <o,
T —2 1 diz 1 do2 22

L +_o
7L7122~%§d22<l272

e, 2t =1,

—lo1 2 2 0 0 2<lo < 4L2,
—lo1 0 0 2 2 , M_1<d12<0
[ ¢F—lor 1 diz 1 da —2L—2Ll£+2z - T
et —di2 <dpa <0
B —l()1 —l()2 2 l12 0
—lo1 —lop2 0 O 2

+_
L ==0l 22l01 do2 1 diz 1

e, 21t
(lo2,112) € {(2,3),(3,2)| 2 =3,4,5},
2 < 101 < (2102 + 2112 — lo2l12 + 2) 2,
_ l) %) < d02 < l()2 ﬂ’

E
- % T1Y  dos 1 ?12
L (JZOQ l12 2) lo2 ) = di2 <
e, 2t
—lor -2 2 liz O 2<lo1,li2 <42 N
—loy 2 0 0 2 , =210y
o ———1<d02<2 T
= dox 1 diz 1 h2 (do2+1) 2
L —— 2202 < gy < U2
) ) e, 20,
—lo —lo2 2 2 0 2 <lo1,lo2 < 442,
—lo1 —lo2 0 0 2 | = l02 <dp2 <1 L 211
G2 g 1 4y, 1 ' Vi g T
L 5 02 12 i Loz
—L—d02—7 <d2 <0.
[ —lo1 —lo2 2 O 0
o1 —lo2 0 2 a2 |,
N
L # do2 1 1 da |
(e, 2t

(l027122) € {(z73) ) (37 Z) | z=3, 475} 5
2 <lo1r < (2lo2 + 2122 — lozlaz + 2) (2,

1 1 1 d ?
@Wﬂ(m+5*ﬂ*%*)<@<”
e, 2,
Tl 202000 2 < loy, Loz < 442,
+—l01 -2 0 2 I |, —2-2 _ g o =2l
T —2l01 doo 1 1 doo l22 02 lor
B 2 *L*IQQ'WTJFISd22<l272.
- e, 2@t
—lo1 —lo2 2 0 0 2 <lo1,lo2 < 4L2,
+—lgl1 —l02 0 2 2 s L l072 < d02 < l02 +2712101
s 1 1 d o’
L 2 02 22 72[, 2dg2 1 S d22 S 0.
lo2
[ =l 2 li2 O 0
~lo1 0 0 2 lm |,
+_
| S22 1 dip 1 dao

79
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e, 2t
(lo1, 12, l22) € {(z 3, 2)7(373,2)7(2,273)| z=3,4,5},
21 l
li2 - (—L (101 + 112 + E B 1) o1 7) <diz <%
o2 d l
122.(_L.<101+l12+5_1) Tlm_ﬁ)gd22<%'
_ oFle, 2t
3 ooy 2 < lpy < 442,
(xvii) 2 0o d22 , Sl v <y <o,
n
-2 12 22 *L7122~%§d22<l2—2
e, 21t
~lr 2 2 0 0 2 <lop < 42,
(xviii) :101 o 0 2 2 |, 2 L++2101 C1<dp <o,
sl 722l°1 1 di2 1 do2 fo

L —ou ol
% di2 < do2 <0.

Proposition 4.2.13. Consider case (i)(c) from Proposition with X

having Gorenstein index v. Suppose x* € X is of type Eg and x~ € X not

quasismooth. Then, up to admissible operations, P’ is one of the following.
-3 —lp2 3 liz O 0

(i) -3 —lpz2 0 0 2 Iy |,
52 doz 1 diz 1 dao

e, 6t =1,

(lo2,li2,122) € {(%,3,2),(%,2,3),(3,2,2),(3,2,2),(2,2,3),(2,3,2) | z=3,4,5},
1 s
102-(*L-(@+lﬁ2+§*1)*;)<d02<102 ? )
(11 q) _ do2 _ Lz
h2 ( g (102 + ilz + 522 1) dlo2 d2) Sdiz < Il') ?
o, (A 1 1 ) _ doz _ di2 lag
l2 ( L (102 + l12 + l22 1) lo2 112) Sd2 < 2
e, 6t =1,
-3 -2 3 2 0 0 2 <lgp <42,
G) | 8 20 0 2o | <
ﬁT_5 doz 1 di2 da2 %é”_l” <diz2 <0,
—t—log - 702;d12 < ds2 < 1272
e, 6t =1,
-3 =2 3 L 0 0 2< iy <42,
(iii) 320 0 2 2| iy 2 < d l
L ;5 do2 1 di2 1 doo —t— 112 - 02+ < dj2 é s
—2— d012l12—2d12 < dyy < 0.
e, 6t =1,
[ =3 —lpz 3 2 0 0 ] 2 <loz < 4%, L
(iv) -3 2 0 0 2 2 |, —1— 82 <oy <oy - L2,
L L+275 doe 1 di2 1 do2 | —2- 211102402 <di12 0,
—2— Zdl0022—d12l02 < dyy < 0.
r -3 —lp2 3 li2 O 0
(V) :3 —lp2 O 0 2 oo ,
| 2_7 doze 2 di2 1 do2 |

e, 6t =5,
2,3),(3,2,2),(3,2,2),(2,23),(2,3,2) | z=3,4,5},

7
Pl
lo2'(b- ﬁ+l12+5—1)—*)<d02<102 67,
(A oy 1 doa _ < 2b2
l2 ( ¢ (lloz + 12 + l122 1) dloz d2) < diz ? )
— - [ = . = _ _ %02 _ %12 22
l22 ( ¢ (102 + l12 + 22 1) lo2 112) < d22 <
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e, 6t =5,

-3 -2 3 2 0 0 2 <lpp <407
(vi) -3 =2 0 0 2 lxn |, S
ﬁ% doz 2 diz 1 doo m < dia < 1,

—— oo - 302+d12 < dos < 122

e, 6t =5,

-3 -2 3 l12 0 0 2<l12 < 4L
(vii) -3 -2 0 0 2 2 |, =52 < doy < 5,
L L+277 doz 2 diz 1 d2 —1—lyp - d02FL < gy < 2112
“2udgalis 22d
L— 0l21212 12 < d22 S 0
e, 6t =5,
T -3 —lpp 3 2 0 0 2 <lo2 <442, .
(Vlll) =3 —lo2 0 0 2 2 s —L— 5l02 < do2 < lo2 - 6_7’
L ﬁ% doo 2 diz 1 dao M <dis <1,
—2.-2dgs—dyal
l0022 1202 < d22 < 0
-3 —lp2 3 liz O 0
(ix) J3 2 00 2 Im |,
L ‘ (;15 d02 1 d12 1 d22

e, 6t -3,
(lo2,l12,122) € {(2,3,2),(2,2,3),(3,2,2),(3,2,2),(2,2,3),(2,3,2) | z=3,4,5},

o2 (1 (s + s s —1) ~ 8) S < o L,
N D
e (o (4 o+ - 1) - ) < < .
te, 6t =3,
-3 -2 3 2 0 0 2 <lap < 62,
(x) -3 -2 0 0 2 l» |, =08l < gy < L 15,
ﬁ%w do2 1 diz 1 da2 m <di2 < 0,
—t—lgo - 502+d12 < dos < 122.
e, 6t
[ -3 -2 3 Lz 0 O 2<li2 <62,
(xi) -3 -2 0 0 2 2 |, =0z < gy < L**15,
L L+6_15 do2 1 diz 1 d2 —u—lyp - d02tl < gy, < H2
—2,— dolgllgg—milz <dyy < 0
e, 6t —
[ =3 —lo2 3 2 0 0 ] 2 <lo2 < 6%,
(xii) 3 o 0 0 2 2 |, —1— 302 < gy < 1oy - L5
L ﬁ%w do2 1 diz 1 dao | % <di2 <0,
—2u— 2d10022—d12l02 < dyy <0,
r -3 —lp2 3 liz O 0 7
-3 —lp2 O 0 2 a2 ,
L L+g21 do2 2 diz 1 da2 |

e, 6t =3,

(lo2,l12,122) € {(#,3,2),(2,2,3),(3,2,2),(3,2,2),(2,2,3),(2,3,2) | z=3,4,5},
l02‘(—b'(ﬁ+é+é—l)—§)§d02<l02 %,
o o (BB ) << T
oo (—v- (S 5+ —1) — 922 - $2) <dyp < 122,

tte, 6t =3,

-3 -2 3 2 0 0 2 <l <62,
(XlV) -3 -2 0 0 2 ln |, Lf)lzz <dgy <t 21’
21 do2 2 diz 1 doo m < dis < 1,

——log - 502+d12 < dos < 122.
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e, 6t =3,

-3 -2 3 lLiz 0 O 2 <112 < 612,
(xv) -3 -2 0 0 2 2 |, =0-3h2 < gy < 152
—ﬁg” do2 2 diz 1 da2 —t—l12- d022+1 <diz < 213}2,

~2-doahin=2d12 < g <
li2 = =

e, 6t =3,

3 -l 3 2 0 0 2 <loz < 6%,
. o
(XV]) -3 —lo2 O 0 2 2 , —L— 5102 < dp2 < loz2 - 1821’
+ _ _
L == 621 do2 2 diz 1 da2o =222d5z—loy QZdOZ lo2 < djp <1,
—21— 2dlo0227d12102 < d22 < 0.

Proposition 4.2.14. Consider case (i)(c) from Proposition with X
having Gorenstein index 1. Suppose x* € X is of type E7 and x~ € X not
quasismooth. Then, up to admissible operations, P’ is one of the following.

—4 —lo2 3 12 0 0
(1) +—4 —lp2 O 0 2 oo ,
S doe 1 diz 1 da

e, 6t =1,
(lo2,li2,122) € {(#,3,2),(%,2,3),(3,2,2),(3,2,2),(2,%,3),(2,3,2) | z=3,4,5},

+_
oo (< (5 + 15+ —1) — 2) <doz <loz- “52,
l12~(—b~ ({O%-i-i%z-&-ié—l) —d% —d%) <di2 < 11?27
=y (A Ly 1) _do2 di2 2
l22 ( ¢ (102 + li2 + l22 1) lo2 112) Sdx2 < 2
e, 6t =1,
—4 —2 3 2 0 0 2 < l22 < 4L
(ii) -4 =2 0 0 2 l» |, =Olar < oy < LS00
Co10 oy 1 dip 1 dae —2aloa 12 fogl”*l% < diz <0,
—t—lag - 302?112 < dog < l222‘
e, 6t —
-4 =2 3 liz 0 O 2 <li2 <42 3
(iii) -4 -2 0 0 2 2 |, =52 <dgp < ST
4
¢ ;10 doz 1 di2 da2 —t—li2- d022+1 < di2 < 112
—21— d0l211272d12 < d22 < 0
e, 6t =1,
[ =4  —lp2 3 2 0 0 2 <lpg < 42, .
(iv) -4 =l 0 0 2 2 |, —— 202 < dgy < lgg - “520,
L —‘+51° do2 1 diz 1 daz | 202205 Iy QZdOZ_loz <di2 <0,
—21— leoozz—dlzloz < dy <0.
r —4 —lo2 3 li2 O 0 7
(V) +—4 —102 0 0 2 l22 s
| “5 doe 2 diz 1 do |

e, 6t =5,

(lo2, l12,122) € {(#,3,2),(2,2,3),(3,2,2),(3,2,2),(2,2,3),(2,3,2) | z=3,4,5},

102'(—L'(10%+é+$—1)—%)§d02<102'b+1_214,

oo (o) can< e

boo- (= (G + 75+ —1) — 922 — $12) <dpy < 122,

ey 6|L+—5,

—4 -2 3 2 0 0 2 < lgp < 442,

(vi) -4 =2 0 0 2 ln |, =0lan < gy, < L1
L+§14 doe 2 di2 1 do2 m<d12<1

—1 —lag - §o2+d12 < dos < 122
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e, 6t =5,

—4 -2 3 112 0 0 2 <lyp < 442,
(vii) -4 -2 0 0 2 2 |, =0e-3h2 < gy < 12U
LJFT*H do2 2 diz 1 do2 —t—lia- d022+1 <di2 < 213}2,

—2t—do2li2—=2d12 das <0
li2 = =

e, 6t =5,

—4 —lp2 3 2 0 0 . 2 <lpg < 442, o
(Vlll) —4 —lo2 0 0 2 2 s — =2 02 < dp2 < l02 714,
+_ — _
% do2 2 diz 1 dao w <diz <1,
—21— 2dlo0227d12102 <d22 < 0.

Proposition 4.2.15. Consider case (i)(c) from Proposition with X
having Gorenstein index 1. Suppose x* € X is of type Eg and x~ € X not
quasismooth. Then, up to admissible operations, P’ is one of the following.
-5 —log 3 L O O
(i) +—5 —lp2 0 0 2 oo |,
52 dop 1 dia 1 da

e, 6t =1,
(lo2,112,122) € {(2,3,2), (2,2 3) (3 2,2),(3,2,2),(2,23),(2,3,2)| z=3,4,5},

+ —25
loz - (7L ( iz + l12 + 12% - 1) - 7d) < do2 <loz - 310 ’
= —_ —_— L _ 402 __ 12
h ( L ({02 + ilz + 522 1) dlo2 d ) S diz < l
(. (A A U 1) _ do2 _ dip lag
l22 ( L (102 + l12 + l22 1) lo2 112) Sd2 < 2
e, 6t =1,
-5 -2 3 2 0 0 2<122 < 4L
(ii) P72 00002 | *67;122 < dg2 < £33,
% doo 1 di2 1 da2 %{?422 <dj2 <0,
—1— o9 - o2;d12 <dgy < l272
e, 6t —
-5 -2 3 Il 0 O 2<li2 < 4L2,+
(iii) 520 0 2 2 |, =52 <dgy < 55,
=B dgy 1 dia 1 da —t—l12 - d022+1 <dia < 1527
—21— d0l211272d12 <d22<0
e, 6t =1,
=5 —lp2 3 2 0 0 T 2 < log < 42, .
(iv) -5 <l 0 0 2 2 |, - Blo2 < gy < gy - 2B,
L ﬁ%% do2 1 di2 1 da2 | =222d05 1z QZdOZ_loz <di2 <0,
—21— leoozz—dlzloz <d22 <0
[ -5 —lp2 3 l12 0 0 7
(v) S5 e 00002 b |,
| =55 doe 2 diz 1 do |

e, 6t =5,

(lo2, l12,122) € {(#,3,2),(2,2,3),(3,2,2),(3,2,2),(2,2,3),(2,3,2) | z=3,4,5},

2

102. (_L. (102 + l12 +$_1) - %) §d02 <l02. L+3_0357

e (o (ot b -0 - 3 ) < < B

boo- (= (G + 75+ —1) — 922 — $12) <dpy < 122,

ey 6|L+—5,

-5 -2 3 2 0 0 2 <lpp < 442,

(vi) -5 -2 0 0 2 ln |, Z0blo < gy < L1235
ﬁ%‘% doz 2 diz 1 do2 m<d12<1

——log - 502+d12 < dos < 122
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e, 6t =5,

-5 -2 3 lh2 0 O 2 <lip < 442,
(vii) 5 -2 0 0 2 2 |, =6e-3h2 < gy < L1235
+
538 dyy 2 diz 1 do —t—li2- d022+1 <di2 < 21%,
_2L—d0l21l212—2d12 < dyy < 0.
e, 6t =5,
-5 —lg2 3 2 0 0 2 <lpa < 442,
ot
(V111) -5 —lp2 0 0 2 2 , - — 5102 < dp2 <lo2 - 3035,
+_35 - -
- 6730 doz 2 diz 1 da2 2= 2ld02 02 <dip <1,
-2 2d02*d12102 < das < 0.
log 22

Proposition 4.2.16. Consider case (i)(c) from Proposition with X
having Gorenstein index v. Suppose v+ € X is of type D, and z~ € X not
quasismooth. Then, up to admissible operations, P’ is one of the following.

—lo1 —lo2 2 lh2 0 O
(1) —lo1 —lp2 O 0 2 oo ,
F—lor do2 1 diz 1 da2

e, 2t -1,
(lo2,l12,122) € {(2,3 2) (2,2,3),(3,2,2),(3,2,2),(2,2,3),(2,3,2) | z=3,4,5},
2 <lo1 < (lo2li2 + lo2le2 + li2l22 — lo2li2l22 + 1)+L2
1 1 -1
l02~(—L~(f+§+E—1) )Sd02<102~L107101,

(o (e + e = 1)~ 82— ) <o <,

%, 1 1 a0y d 1
= (= — — — 202 __ 412 22
l2 ( L (loz + l12 + 22 1) lo2 l12 ) Sdp <
e, 2t -1,
—lo1 -2 2 2 0 0 ] , 221< lo1, la2 <24L+ 3
(ii) —lo1 2 0 0 2 I |, =222l < gy, < 220
L = lor do2 1 di2 1 d22 M <di2 <0,
—t =l - 302+d12 <dgs < l22.
e, 2t =1,
- - 2
—lo1 2 2 I1s 0 O , 22l§ lo1,l12 §24L+, .
(iif) —logr -2 0 0 2 2 |, Z2=2h2 < gy, < 2020
L ¢"—lor do2 1 diz 1 da2 | —t—1li2- dO?H < dia < b
—21—dgpal —2d
0l21212 12 < oy < O
e, 2t —
- - 2
—lo1 —lgo 2 2 0 0 2 <lo1,lo2 <4 ’+ )
(IV) —lo1 —lp2 O 0 2 2 s —t—lo2 < do2 < lo2 - 7 101 s

—
S
=
S
—
S
)
]

—21—2dg2—1
W<d12<0

—21— 2d02—d12l02 < <
lo2 d2 < 0.

=101 do2

[\
o~
=
1M
o
o

—lo1 —lo2
(V) +—l01 =lp2 0 0 2 o |,
== _22l01 doz2 1 diz2 1 da22

e, 2t
(lo2,112,122) € {(2,3,2),(2,2,3),(3,2,2),(3,2,2),(2,2,3),(2,3,2) | z=3,4,5},
2< l < (lo2li2 + lo2laz + li2laz — lo2li2l22 + 2) (2
1
To2

01

loo - (= (75 + 75 + 75 —1) —1) <doz < loa- %

o (o (o g+ e —1) ~ 58— 3) < < U,

e (o (i i+ 1)~ - ) Cam < B

e, 21t

—lo1 —92 92 2 0 0 2 < lo1,l22 < 612,
(vi) ~lor -2 0 0 2 Il» |, =22 < dgy <%,
7L+722l01 dos 1 di2 1 doo 772" d02122 l2a <dj2 <0,

—t —loo - 502;d12 < dog < 1222.
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e, 2t
—lp1 -2 2 li2 0 0 2 <lo1,l12 < 6L27
. _ _ —2,-2035 2151
(vii) ; lo1 2.0 0 2 2 |, I 2 Sdop <
% doo 1 diz2 1 do2 —t—li2- % <dj2 < 1172’

—2e=dgal1o=2d12 4. <
li2 =422 =4

e, 2t
2
o s 2 2 0 0 2 <lo1,lo2 <6 .
(Vlll) —lp1 —lp2 O 0 2 2 , —t—lp2 < do2 <loz-* 270101 )
+_ o _
% doo 1 diz 1 doo —2v—=2doa—lo2 < di2 <0,

lo2
—2t—2do2—di2lo2 daz <0
lo2 = =

Proposition 4.2.17. Consider case (ii)(a) from Proposz’tz’on with X
having Gorenstein index v. Then neither v+ € X nor = € X are quasi-
smooth and P’ is, up to admissible operations, one of the following.
-1 -1 I3 0 0
. -1 -1 0 3 0
() -1 -1 0 0 2
dor do2 di1 do1 1

3<11 <5, 1<din <lip—1

1<dz <2,
d d 1 1 5 d d 1
“H - o <dn<e (fred) - f - g -y
1 .5 1
—t (m+g)—ﬁ—%—§§d02§d01—l~
-1 -1 Ii1 0 0 2< i <22,
-1 -1 0 2 0 1<din <l —1,
(11) ) —dui-ly g0, < t=dii—ln
—1 —1 0 0 2 11 01 > 111 )
dor do2 din 1 1 ==di=hn < gy < doy — 1.

li1

PROOF. The bounds in the first case are obtained from log terminality,
slope-orderedness and the conditions

0 < df = df <, dp > -0

In the second case we can use Minkowski’s Theorem since &p — @5 € Z
and

a4t = dol +di + l,
1_3/ = dooli1 +di1 + 111 € Z.
O

Proposition 4.2.18. Consider case (ii)(b) from Proposition with X
having Gorenstein index v. Then neither x+ € X nor 2= € X are quasi-
smooth P’ is, up to admissible operations, one of the following.

-1 —lp2 11 1 0 0
(1) -1 7l02 0 0 l21 0
-1 —lp2 O 0 0 s |’

do1  doz di1 diz d21 d31
(l11,121,131) € {(#,3,2),

2

d d d 1
gt e (b
102-(LL-(L+L+i 1)*A*A)§d02<d01lo2,
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-1 —lpo 111 1 0 O
. 1 —lpx O 0 2 0
(i) 1 &y 0 0 0 2|
dor  doz di1 diz 1 1
2 <lga < 2.2,
3 <l <242,

1<di1 <li1—1,
—di1—li1 t—di1—li1
o <do= /g
—t —lo2 < do2 < do1loz,

—t=loa=doz < 41, <0
loz2 =d2 =5

-1 —lpo 2 1 0 0

ces -1 —=lp2 O 0 l21 0
(lll) -1 —lp2 O 0 0 2 ’

dor doz 1 diz dox 1

(1027l21) (S {(Z73) ) (37Z) I z = 37 47 5}7
1<do1 <l21 -1,
,dgll:lgl <d01 % L*d?;7l217
1 1 1 1
102-(*# (szJlrE *5) - A*;) < do2 < doiloz,

lo2 To1 lo2 lo1 2
_ 2 <l <442,
-1 -2 2 1 0 o 1<dy; <li1—-1,
. — — —do1—1 —do1—1
(lV) 1 2 0 0 lo1 O 2111 gy, < b ?1 21
1 -2 0 0 0 2| _Ju, 21
—52L — 1 < do2 < 2do1,
| do1 doz 1 diz dz1 1 S
T 5 <di2 L0
r—1 —lp 2 1 0 0 2 <lop < 2.7
(v) 1 -l 0 0 2 0 -1 < do1 < 52,
—1 —lg2 O 0 0o 2 | —t —lo2 < do2 < doiloz,
L dor  do2 1 dia 1 1 % < dis <O0.

ProoF. First note that we have lys,l11 > 1, otherwise we would be in
case (i)(a). The first case goes through the possibilities if the exponents
associated with ™ are of the form (z,3,2) with 3 < 2 < 5. As before,
the bounds for d; and «p, and slope-orderedness are used to obtain the
bounds for the d;;.

In the second case the exponents associated with the elliptic fixed point o
are (2,2,y) and lo; = l3; = 2. Then &, @ p € Z so we can use Minkowski’s
Theorem for the bounds on ly2 and [y7.

The third, fourth and fifth case treats the exponents associated with =™
being of type (2,2,y) and l1; = l31 = 2. Using the fact that (lp2,l21,2) is
platonic, we go through the different constellations and use the bounds on
d;g and & p, and then Minkowski’s Theorem to obtain the claimed bounds.

O

As before, we will only list the results for the rest of the cases as the proofs
proceed in a completely analogous manner as previously.

Proposition 4.2.19. Consider case (ii)(c) from Proposition with X
having Gorenstein index v. Then neither x+ € X nor x~ € X are quasi-
smooth and P’ is, up to admissible operations, one of the following.

-1 —lpg L1 1 0 0 0
(l) -1 —lop2 0 0 la1 a2 0

-1  —lp2 0 0 0 0 I31
do1  do2z di1 diz d21 d22  d3i
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(l117l217l31) S {(2,3,2),(272, 3)»(3»'272)7(37 2, Z),(2,273),(2,3,2)‘ z=3,4, 5}7
2 <lp2,l22 <5,
1<din <lipi—1,i>0,
S dn gy < (Lp gk 1) g dadu

li1 l21 i3 1 N 1111 d 31 l11 l21 [
= (= . =< _ 431 _
loz ( L (loz + la2 + 31 1) l31 ) < doz < do1loz,
_L.(L+L+L_1)_11072_@_1<d12<0’
1021 1221 1311 1(312 31 d =
(A ) —do2 g, ds1) < <
l22 L \Toz + l22 + 31 ) lo2 l31 ) < dz2 <0

—1 -2 i1 1 0 0 0
(11) -1 =2 0 0 lo1 log O
—1 -2 0 0 0 0 2
dor do2 di1 di2 d21 doz 1

(I11,121) € {(2,3),(3,2),| z = 3,4,5},
2 <lgg < (2111 + 221 — l11l21 + 2)i2,
1<din<lia—1,i>0,

1 1 1 di1 d21 1
777777<d012§“(HJrﬁfi)******
*ﬁ*3<d02<2d01,
-7 -zt 1 <dyp <0,
—%ﬂ—dm—LSdeO-

-1 —lp2 11 1 0 0 0

ees -1  —lpo 0 0 l21 2 0
(iif) 1 lpz 0 0 0 o0 2|°

do1  doz di1 diz d21 da2 1

(l11,121) € {(#,3),(3,2),| z = 3,4,5},
2 <lpa < (211 + 2l21 — l11l21 + 2)i2,
1<din <lia—1,i>0,

_din  dar 1 (L L_;)_m_m_;
2<d01§L 111+l21 2

—u— 202 < dyy < dorloa,
— o 1 <din <0,

lo2
—%—Qdm—lﬁdm <O0.

-1 -2 2 1 0 0 0
. -1 -2 0 0 2 2 0
(iv) 1 -2 0 0 0 0 Iy
dor doz 1 diz2 1 do22 ds31

2 <31 <442,

1<ds1 <ls1—1,
_da1 _ ttday _
15»1 2d1<do1 < Tor 1
—%—2<d02<2d017
_m_d%_1<d12§07

l31
—% —do2 — 2d12 < d22 < 0.

)

87

Proposition 4.2.20. Consider case (ii)(d) from Proposition [{.2.4 with X
having Gorenstein index v. Then neither x* € X nor x= € X are quasi-

smooth and P’ is, up to admissible operations, one of the following.

-1 —=lg2 11 1 0 0 0 0

(l) -1 —l()Q 0 0 l21 la2 0 0
-1 —lp2 0 0 0 0 I31 32 ’
do1  do2 di1 diz do1 d22 d31 ds2
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(I11,121,131) € {(2,3,2),(2,2,3),(3,2,2), (3,2, 2), (
(lo2,122,132) € {(2,3,2),(2,2,3),(3,2,2), (3,2, 2), (
1Sd11<l11717 i>07

d d d
du _da1 _ ds1 g0 '(111+12 +L_1)_A_A_A7

Tl T I l31

L
l02~(—b-( Loy 14 1L —2)<d02<d01l02,
1

loz 12 32
_L.(L_‘_L_,_ 1 _72_2<(112§07
1102 1122 1132 dloz
02
l22'(7b'(1072+1l;+1l'§7 )7{110727d127d1)<d22<0
1 02 _ﬂ
oz (=0 (5 + oy oy — 1) — 12 —diz = §2) <ds2 <0

—1 -2 i1 1 0 0 0 0

(11) -1 =2 0 0 l21 2 0 0
—1 -2 0 0 0 0 l31 l32 ’
dor do2 di1 di2 do1 doa  d3r  d32

(lllv l217 l31) € {(z737 2)7 (Z, 27 3)7 (37 Zs 2)7 (37 27 2)7 (27 Z, 3)1 (21 37 Z)‘ z = 3741 5} )
2 <l3g < (I11lo1 + l11ls1 + l21lz1 — l11l21l31 + 2)e2,
1<din <liz—1,1>0,

7%7%7%<d01<b'(l11+121+Eil)7%7%7%’
—l?)’f2—4<d02<2d017
e -2 —2<dip <,
—%—M—2d12—2<d22<0

- 132 (do2— 22d12*d22) < dsp <0.

-1 —=lp2 11 1 0 0 0 0
1 —lpp 0 0 Iy 2 0 0
(111) -1  —lp2 0 0 0 0 I31 2 ’
dor  doz di1 di2 do1 do2 d31 d32

(l117 l21, l31) S {(Z’ 37 2)7 (27 2, 3)’ (3» 2, 2)7 (37 2’ Z)7 (27 2, 3)7 (27 37 Z)‘ Z= 3’4’ 5} ’
2 <loz < (l11l21 + l11ls1 + lo1lzr — l11lo1lsy + 2)e2,
1<dyy <ljs—1,i>0,
d d d 1) — d11 _ d21 _ da1
b el el 311<d01<L (l11+121+a 1) ’
lo2 - (—¢ — 2lp2) < do2 < doiloz,
_L;;izo? —2<die <0,
_M—2d12—2<d22 <0,

0]
—% — 2d12 — d22 < d32 < 0.

-1 -2 2 1 0 0 0 0

(IV) -1 =2 0 0 2 2 0 0
1 =2 0 0 0 0 In g |’
do1 doz 1 diz 1 do2 d31 d32

2 <l3p,l30 < 442,
1<d31 <l31—1,

d31 _ L= 431 _
1371 1<do < 1,

713774<d02<2d01,
713427@72<d12<0
*E*d02*2d12*2<d22<0

l d, 2d d:
_, — lz2(doa— 2 12+d22) < ds2 <0.

-1 —lp2 2 1 0 0 0 0

(V) -1 —lp2 O 0 2 2 0 0
-1 —=lp2 O 0 0 0 I31 2 ’
dor doz2 1 diz2 1 da2 d31 d32
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2 <lpg,l31 < 42,
1<ds <l31 -1,
ds1 t—d3y
_E_1<dOIST_1’
—1 — 2lp2 < do2 < do1lo2,
—Ltﬂ —2< d12 S 07

02
— 2082402 94y, — 2 < dyy <0,

20422
7L+102 02 — 2d12 — d22 < d32 < 0.
-1 -2 11 1 0 0 0 0
(Vl) -1 -2 0 0 2 2 0 0
1 -2 0 0 0 0 2 Iy |’
do1 doz di1 diz 1 da2 1 d32
2 <li1,l32 < 442,
1<din <lin -1,
_dun _ t=din _
i 1 1 <dor < l11 1,
—Ll;; — 2 < dp2 < 2do1,
— - 92 —2<diz <0,
— L —doz — 2d12 — 2 < d22 <0,
— — w < dza <0.
-1 —lo2 11 1 0 0 0 0
33 -1 —lo2 0 0 2 2 0 0
(vid) -1 —lp2 O 0o 0 0 2 2 ’
dor  do2  di1 diz2 1 do2 1 d32

2 < loz,li1 < 442,
1<di <lin -1,
—t—2lo2 < doz2 < doiloz,
7%72<d12 <0,
—2ud2doy _ 9g,, — 2 < dyy <0,

20 57
—% —2d12 —d22 < d32 <0.

)

Proposition 4.2.21. Consider case (iii)(a) from Proposition with
X having Gorenstein index v. Then neither x+ € X nor 2= € X are
quasismooth and P’ is, up to admissible operations, one of the following.

-1 —=lp2 1 2 0 0 0 0 0
-1 —=lp2 O 0 l21 1 0 0 0
(1) -1 —lpz 0 0 0 0 Ilm 1 o0 [,
-1 —=lp2 O 0 0 0 0 0 la1
dor  do2 0 di2 do1 do2 d31 d32  dar

(l217l317l41) S {(2)372)7('272’ 3)»(3)272)7(37 2, Z),(2,273),(2,3,Z)‘ z = 3,4, 5}7
2 <loz,l12 <5,
1<din <lii—1, 1=2,3,4,
d d d 1 1 1 d d d
,A,A,#<d01§L.(7+E+771),A,A,$

21 31 ) | 1l21 d la1 l21 31 la1”’
41
log - (—¢- 1012—&-@4-@—1)—%71—d)<d02<d01l02,
2 41
112'(—L'(E+E+E—12‘@—@) <diz< -1,
1 1 1
(b ) - R <am <o
JER (e ST ST S _ %02 _ d12 _ _ dar
¢ (102 + l12 + la1 1) lo2 li2 da22 la1 <dsz <0.
-1 =2 1 2 0 0 0 0 0
-1 =2 0 0 l21 1 0 0 0
(ii) -1 -2 0 0 0 0 Iy 1 o0 |,
-1 -2 0 0 0 0 0 0 2
do1 doz O diz do1 de2 d31 d32 1
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(iii)

(vi)
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l

N

1,131) € {(#,3),(3,2)| z=3,4,5},
< lig < (2g1 + 231 — lails1 +2)e2,
1<din <lin —1, i=2,3,

N~

_d21 _da1 1 (L L_l)_@_dm_
2<d01<L —+

l21 l31 2

*% — 3 < dp2 < 2do1,

12
L l12(do2+1) <dip < —1,
1
_thdig d022+ < das <0,

l12
d d 1
*7”1:212 - % —da2 < d32 <0.

-1 -2 1 2 0 0 0 0 0
-1 -2 0 0 2 1 0 0 0
-1 -2 0 0 0 0 2 1 0 s
-1 -2 0 0 0 0 0 0 l41
do1 doz O diz2 1 da2 1 dz2 dn
2 <lg <442,
1<dy1 <lg1 -1,
% ;L1+2<d4dl01 < % - % -1,
T 2 < dp2 < 2do1,
*% —do2 <dj2 < -1,
_% _ d02;d12 < dae <0,
—% - 7d02;d12 —dg2 < d32 <0.
-1 -2 1 li2 O 0 0 0 0
-1 =2 0 0 2 1 0 0 0
-1 -2 0 0 0 0 2 1 0 s
-1 -2 0 0 0 0 0 0 2
do1 doz O di2 1 do2 1 d32 1
2 <lyp < 442,
—-% <do < 52,
—% — 3 < dp2 < 2dp1,
—t— % <di2 < -1,
— iz dogtl < dyp <0,
—%—%—d22<d32 <0
-1 -2 1 li2 O 0 0 0 0
-1 =2 0 0 2 1 0 0 0
-1 -2 0 0 0 0 I31 1 0 s
-1 -2 0 0 0 0 0 0 2
do1 doz O di2 1 da2 d31 dz2 1
2 <lyg,l31 < 442,
1<ds1 <31 —1,
—';’3%127 1<doy <538 -1,
—ie 3 < do2 < 2do1,
- l12(d32+1) <dip < —1,
— i gt < dyy <0,
—%—%—d22<d32 <0.
-1 —lp2 1 2 0 0 0 0 0
-1 —=lp2 O 0 2 1 0 0 0
-1 —lp2 O 0 0 0 I31 1 0 s
-1 —=lp2 O 0 0 0 0 0 2
do1  doz O diz 1 do2 d31 d32 1
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2 <loz,l31 < 442,
1<ds <lg1 -1,
_ds1 t—d31
31 3} <do1 < 31 1
—t— =2 <doz < doiloz,
— 222 1 <dip < -1,
_ttdo2 d122+1 < das <0,

lo2
d d 1
oz _ gt dyy < d32 <0

Proposition 4.2.22. Consider case (iii)(b) from Proposition with
X having Gorenstein index 1. Then neither = € X nor x= € X are
quasismooth and P’ is, up to admissible operations, one of the following.

-1 —=lp2 1 12 0 0 0 0 0 0
-1 —=lp2 O 0 l21 1 0 0 0 0
(i) ~1 <l 0 0 0O 0 Ium 1 0 0 |,
-1 —=lp2 O 0 0 0 0 0 la1 lg2
do1  doz O diz2 d21 do2 d31 dz2 da1 da

(l21,131,141) € {(2,3,2),(2,2,3),(3,2,2),(3,2,2),(2,2,3),(2,3,2)| z=3,4,5},
(lo2, 112, 142) € {(2,3,2),(2,2,3),(3,2,2),(3,2,2),(2,2,3),(2,3,2)| z=23,4,5},
1<din <lin—1, i=2,3,4,

)

_do1 _ d31 _ dar 1 _doy  dzi  da1
l21 31 o < CfOl = Ll (lgll+ I31 + 7 1 1) o1 31 a1’
lo2 - (—L (IE +1E +1E -1 —d 3 do2 < do1loz,
. p— . — —_ = _ _ ﬁ _
lz ( ¢ (l02 + l12 + ly2 1) 102 ) < di2 < -1,
_L'(%+%+%_1 — 2 12 < dyy <0,
~ (Lfirle),@,m?d 1< de <0
1021 1121 l421 1(212 lld2 22 32 S 0,
(A L4 L q) _do2_ d12 _ _
laz ( L \To2 + 1z T 1) To2 T2 d22 d32) < dg2 <0.
-1 -2 1 2 0 0 0 0 0 0
-1 -2 0 0 Ia 1 0 0 0 0
(H) -1 -2 0 0 0 0 I31 1 0 0 R
-1 -2 0 0 0 0 0 0 lan lao
do1 doz 0 di2 do1 dos d31 d3s  da1  dao

(l217 l317 l41) € {(Z) 37 2)7 (Z7 27 3)) (3) Z, 2)7 (37 27 Z), (27 Z, 3)3 (2’ 37 Z)‘ z = 3743 5} 5
2 < lag < (lo1ls1 + lo1lar + 131141 — lo1lzilar + 2)e2,
1§di1<l1—1 i72 3,4,

_der _ ds1 _ dar . 1 q) _d2r _ds1_ dar

l21 l31 la1 < do1 = Ld (l21 + l31 + l41 1) ’
7% 2 < dp2 < 2dp1,
—% —do2 <di2 < -1,
_LﬁlLd42 _ d02+d12 < dos <0,
L+d4242_ d02+d12 —das < d32 <0,

la2
142(d02+d12+2d22+2d32) < dsz <0.

-1 =2 1 2 0 0 0 0 0 0
-1 -2 0 0 l21 1 0 0 0 0
(iii) -1 -2 0 0 0 0 Im 1 o0 o |,
-1 -2 0 0 0 0 0 0 l41 2
dor do2 0 di2 doy1 doz d31 d3z2 d41  dao

(21,131, la1) € {(2,3,2),(#,2,3),(3,2,2),(3,2,2),(2,2,3),(2,3,2)| 2 =3,4,5},
2 <l < (lo1ls1 + lo1lar + Is1la1 — loalsilar +2)2,
1§di1<l1—1 i_2 3,4,

_do1 _ d31 _ day _d21 _ da1 _ day

l21 31 la1 < d()1 Se- (121 + l31 + l41 1) ’
—ﬁ — da2 — 2 < do2 < 2do1,
e 112(d0§+d42) <dia < —1,
_ttdio _ do2+tdao <dss <0
d 12 doo+d. 2 .
_ttdiz 022 42 _ oq < dzs <0,

12
_% — do2 — 2dgg — 2d3z < d42 < 0.
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-1 -2 1 2 0 0 0 0 0 0
-1 -2 0 0 2 1 0 0 0 0
(iv) -1 -2 0 0 0 0 2 1 0 o0 |,
-1 -2 0 0 0 0 0 0 1781 l42
dor doz O diz2 1 do2 1 d32 da1 da2

2 <lg1,l42 < 442,
1<dy1 <la1 -1,

—H 1 <dor < A,

2-(—L (ll) ?ﬁ—l)<d02<2d01,
4542 é02 < d12 S _]_7

L+d42 _ d02+d12 < dgs <0,

42
d d d

,LJlr 42 ,% doo < d3o <0,

_ l42(d02+d12+2d22+2d32) < dsz <0.

-1 -2 1 112 O 0 0 0 0 0
-1 -2 0 0 2 1 0 0 0 0
(v) -1 -2 0 0 0 0 2 1 0 0 |,
-1 -2 0 0 0 0 0 0 1781 2
dor doz2 0 diz2 1 do2 1 d32 da1 da2

2 <lig,lg1 < 442,
1<dy1 <lg1 -1,
—HL 1 <dor < A,
*T —di2 —2< d02 < 2do1,

112(d02+d42) <dip < -1,

i
,leﬁ _ d02+d42 <dz2 <0,
12
d do2+d
77}7;2,% do2 < d32 <0,
— 22412 gy — 2dgy — 2d3a < dya < 0.

l12
-1 -2 1 2 0 0 0 0 0 0
-1 =2 0 0 2 1 0 0 0 0
(vi) -1 -2 0 0 0 0 Iz 1 0 0 |,
-1 -2 0 0 0 0 0 0 2 2
do1 doz 0 di2 1 da2 d3z1 dzz 1 dg2
2 <lz1,lap <42,
1<ds; <l31 — 1,
dsl —1<dy < &= ds1 -1,
M 2< d02 < 2do1,
2L+§§42 do2 < d12 < -1,
Hl-d242 d02+d12 < dos <0,
_Hl-d42 d02+d12 — daa < dg2 <0,
- 142(d02+d12+2d22+2d32) < dys <0.
—1 -2 1 Il O 0 0 0 0 0
-1 -2 0 0 2 1 0 0 0 0
(vii) -1 -2 0 0 0 0 Iy 1 0 0 |,
-1 -2 0 0 0 0 0 0 2 2
dor doz 0 diz2 1 do2 d31 d32 1 da2

2 < la,l31 < 4.2,
1<ds1 <lsz1 — 1,
ds1 t—d31 _
_lé?_l<d01 < To1 1,
*ﬁ —d42 — 2 < do2 < 2dp1,
- M <dis < —1,
_ttdio d02+d42 < dgs <0,

li2
d do2+d.
_tFdiz 022 42 —doo < d32 <0,

12
,% — doz — 2daz — 2d33 < daz < 0.
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Proposition 4.2.23. Consider case (iv)(a) from Proposition with X
having Gorenstein index 1. Then neither v+ € X nor = € X are quasi-
smooth and P’ is, up to admissible operations, one of the following.

-1 —=lp2 1 Ilio2 O 0 0 0 0 0 0 0
-1 —lp2 O 0 1 oo 0 0 0 0 0 0
(1) -1 —=lp2 O 0 0 0 I31 1 0 0 0 0
-1 —lp2 O 0 0 0 0 0 I 1 0 0 ’
-1 —=lp2 O 0 0 0 0 0 0 0 I51 1
do1  doz O di2 O da2 d31 d3z2 da1 daz ds1 ds2

(l317l417l51) S {(Z7372)7(Za273)7(37372)7( ) 72)7( 3) (2 3 Z)‘ z = 37475}7
(a1, la1,l51) € {(2,3,2),(2,2,3), (3, 2,2), (3,2,2),(2,2,3), (2,3, 2)| 2 =3,4,5},
4

1<dy <l —1, i=3,4,5,
_dz1 _ da1 _ dsy 1 L 1 _q)_ 493 _du _ ds1
31 la1 I51 <do1 <t (131 + la1 +1 1 1) 31 la1 l51?
—lo2e - (102 + l1z + 122 - 1) < do2 < do1loz,
l12~(—L-(é+l12+é—l) dg§)<d12<—1
=y (A L 1 _ do2 _ di2 _
l22 ( L1 1021+ l121+ 122 12 10% 11%) <dz2 < -1,
2 12 22
(L'l(zozfznjzn)l)d Gz~ ha s <9250
—L- l7+17+1771 *lﬁ*#*lﬂ*d32<d42§07
(A AR D) e D D B g, gy <0
lo2 l12 l22 lo2 l12 l22 32 42 52 = U
-1 -2 1 2 0 0 0 0 0 0 0 0
-1 -2 0 0 1 oo 0 0 0 0 0 0
(ii) -1 -2 0 0 0 0 I31 1 0 0 0 0
-1 -2 0 0 0 0 0 0 751 1 0 0 ’
-1 -2 0 0 0 0 0 0 0 0 I51 1
do1 doz O diz2 O do2 d31 dz2 da1 daz ds1 ds2

(I31,141,151) € {(2,3,2),(2,2,3),(3,2,2),(3,2,2),(2,2,3),(2,3,2)| 2= 3,4,5},
2 <lag < (I31la1r + 131151 + larlsn — I31la1ls1 + 2)e2,

1§di1<l1—1 i =3,4,5,

_d31 _ dar _ ds1 1 _ 1) _931 _du _ ds1

: l51 <dop < ¢ (l31 + 141 l51 1) l31 la1 l51

122 < do2 < 2do1,
—lf —dp2 < dj2 < -1,

122(d02+d12) <doy < —1,

7L+d22 _ d02+d12 < dss <0,

l22
d d, d
_db+12222 d_ 0;; 12 —d3o < d4o <0,
—idez _ doatdiz gy — dyy < ds2 < 0.

l22
-1 -2 1 2 0 0 0 0 0 0 0 0
-1 -2 0 0 1 Il O 0 0 0 0 0
(111) -1 =2 0 0 0 0 2 1 0 0 0 0
-1 -2 0 0 0 0 0 0 2 1 0 0 ’
-1 -2 0 0 0 0 0 0 0 0 I51 1
dor doz O diz2 O do2 1 d3z2 1 daz ds1  ds2

2 <o, l51 < 402,
1 <ds1 <ls1 —1,
1<d01< L= d51 -1,
=L < dpa < 2d01,
f@ 7d02 <di2 < -1,
. 122('102+d12) <doo < —1,

_ttdoo d02+d12 < dgz <0,
rdel? dgatd
et dwsan gy, < dy <o,

22
—tddes _ doaddiz gy —dyy < ds2 <0

Now we will take a look at the less complicated case of X having a parabolic
fixed point curve. The following Proposition is obvious by Remark [3.4.11



94 4. LOG DEL PEZZO K*-SURFACES

Proposition 4.2.24. Consider a non-toric rational log terminal projective
K*-surface X with a parabolic fixed point curve. Then X = X (A, P) with
adjusted P of type (e-p). Removing all columns v;j with j > 1 and collapsing
all arms with l;; = 1 we arrive at one of the following matrices P'.

/ —lor i1 O / “lon o 000
e ) R N S TR B A
dor din do1 —1

If 27 € X is not quasismooth we are in the second case. If additionally X
has Gorenstein index ¢, then P’ is, up to admissible operations, one of the
following.

M) [ o

(ii) [_i 0 2 0

dor din 1 -1

2 <lpy < 22,
1—lp1 < do1 <t —lo1-

—= o N
)
oo

| I

z=3,4,5 di1 =1,2,

1—2d%<d01§L'(%+§)—2d%—1.

w
[e=]
[e=]
| ES—

For classifications we have to be able to reduce lists of P-matrices to lists
of pairwise non-equivalent ones. This is achieved by using a normal form
defined as follows.

Construction 4.2.25. Consider an adjusted P and denote by 0 < ¢; < r
the positions where the numbers n; decrease. That means that, setting
ko =0and k; =1+ 1 for I > 1, we have

NO=Mpy = o =My > Ny = oo =Ny > e > Ny, = o0 =Ny, = Ny

With this notation, let us list the slopes m;; of P according to the scheme

o1 = (m,ﬁol,...,mml) Mql = (mnql,...,mbql)
Hony, = (mnonm, . ,mbonm) o Hgng, = (mnqnﬁq, N ).
Observe that the numbers ko, ..., K, only depend on the equivalence class

of P. The slope vector of an adjusted P is the concatenated vector
S(P) = (S<P7 0)7 ) S(P7 q))7 S(Pa Z) = (,u/ilv cee nufin,%)-

Definition 4.2.26. A defining matrix P is in normal form if it is adjusted
and its slope vector S(P) is lexicographically maximal among the slope
vectors S(P’) of all adjusted P’ equivalent to P.

Proposition 4.2.27. Each pair (A, P) of defining matrices is equivalent
to some pair (A, P) of defining matrices, where P is in normal form and
uniquely determined by P.

PRrROOF. Let P be a defining matrix. Using admissible operations of type
(iv) in Deﬁnition we can order the arms of P according to length. Ad-
missible operations of type (iii) make sure that each arm is slope-ordered.
Moreover, admissible operations of type (i) lead to P being adapted to the
source. If m > 1 we can use admissible operations of type (ii) and (v) to
obtain dy = 1 if necessary. This shows that P can be transformed into an
adjusted matrix via admissible operations. Furthermore, choosing a lexico-
graphically maximal slope vector among the adjusted matrices equivalent to
P gives a matrix in normal form.
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To show that it is unique, consider matrices P; and P, that are in normal
form and equivalent to P. Note that the number of arms of P; and P,
and their respective lengths are equal. Since the matrices are in normal
form they are both adjusted and their slope vectors coincide. Therefore
mzlj = m?j forall 0 < ¢ <rand 1< j <mn; The columns of P, and P»
are primitive, hence this equality of fractions implies equality of the integers
ll-lj = li?j and dz-lj = d%j. So P = P,. O

The computation of the normal form can be directly implemented. In order
to obtain all non-toric log del Pezzo K*-surfaces without quasismooth elliptic
fixed points of Gorenstein index ¢, we have to build up the classified matrices
P’. This is done by using the following terminology.

Construction 4.2.28. Consider defining data (A, P) of a projective K*-
surface as in Construction [3.2.2]

(i) A redundant extension of (A, P) is the defining data (A’, P"), where

L 00
A = [Aa], P =1]010]|.
d 0 d

We will also call any defining data equivalent to (A’, P') a redun-
dant extension of (A, P).

(ii) A proper extension of (A, P) is the defining data (A’, P'), where
A = A" and P’ arises from P via inserting either a column vj,,+1
into the i-th arm or inserting a column of type v* at the end of
P.

Remark 4.2.29. Consider a projective K*-surface X arising from defining
data (A, P).
(i) Every redundant extension (A’, P’) of (A, P) defines a K*-surface
X' isomorphic to X.
(ii) For every proper extension (A, P') of (A, P), the associated K*-
surface X’ comes with a non-trivial contraction X’ — X.

Remark 4.2.30. As mentioned, the matrices P’ from Proposition m
don’t necessarily fulfill 725, < 0. By abuse of notation we will still talk about
redundant and proper extensions in this case. Then, every log del Pezzo K*-
surface X = X (A, P) can be obtained by using a series of redundant and
proper extensions on a matrix from Proposition or [£.2.24

We are now ready to formulate two algorithms that put together a way to
explicitly classifiy all non-toric log del Pezzo K*-surfaces of fixed Gorenstein
index ¢ and without quasismooth elliptic fixed points.

Algorithm 4.2.31. Let ¢ € Z>1. The input set &g consists of all matrices
P’ from Propositions to [4.2.23| having primitive columns. Set & :=
&1 := (. For each element of & do the following steps.

e For each ¢ with n; = 2 test the polygon
conv ((0,¢),(0,0), (i1, di1), (li2, di2))

for k-hollowness. If all tests are positive, proceed to the next step.
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e For each 0 < s < 4.—7"—1 do s redundant and subsequent proper
extensions with /;» = 1 in the corresponding arm and using the
bounds from Lemma for d;o. If the resulting matrix satisfies
m~ <0, ¢t~ divides ¢ and for each 7 the polygon

conv ((0, &%), (0,@7), (lia, dn), - (ling din,))

is k-hollow, add it to &.
e For each element P’ of &1 do:

— For each arm with n; > 2 successively add columns between
the second to last and last one starting from the left and
continuing descendingly by slopes. In each step, check if the
“upper” new hyperbolic fixed point’s Gorenstein index divides
t, see Proposition [3.4.9] Bounds for this process are given
by Minkowski’s Theorem and convexity of the arms. If the
above is fulfilled and additionally the Gorenstein index of the
“lowest” hyperbolic fixed point in that arm divides ¢, add the
corresponding matrix to &.

— Repeat the previous step with each matrix of & that was
added there.

e Test each element of & for the del Pezzo property using Proposi-
tion 1.3 and delete those from the list who fail.

e Bring the matrices of & into normal form and, in this way, remove
all entries of & that define the same surface.

The output set S consists of defining P-matrices of type (e-e) that deliver
all non-toric log del Pezzo K*-surfaces of Gorenstein index ¢ with two non-
quasismooth elliptic fixed points.

Algorithm 4.2.32. Let ¢ € Z>;. The input set &g consists of all matrices
P’ from (i) and (ii) in Proposition having primitive columns.

e For each 0 < s < 4.—7"—1 do s redundant and subsequent proper
extensions with /;» = 1 in the corresponding arm and using the
bounds from Lemma for d;p. If all ¢; in the resulting matrix
divide ¢ and for each ¢ the polygon

conv ((0, &%), (0, 1), (it dir), - - -, (b din,) )

is k-hollow, add it to &;.
e For each element P’ of &1 do:

— For each arm successively add columns at the end (while
maintaining slope-orderedness). In each step, check if the
“upper” new hyperbolic fixed point’s Gorenstein index di-
vides ¢, see Proposition [3.4.9] Bounds for this process are
given by Minkowski’s Theorem and convexity of the arms. If
the above is fulfilled and additionally the Gorenstein index of
the “lowest” hyperbolic fixed point in that arm divides ¢, add
the corresponding matrix to &.

— Repeat the previous step with each matrix of & that was just
added.

e Test each element of & for the del Pezzo property using Proposi-
tion 1.3 and delete those from the list who fail.
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e Bring the matrices of & into normal form and, in this way, remove
all entries of & that define the same surface.

The output set & consists of defining P-matrices of type (e-p) that deliver
all non-toric log del Pezzo K*-surfaces of Gorenstein index ¢ with a non-
quasismooth elliptic fixed point and a parabolic fixed point.

4.3. Log del Pezzo K*-surfaces of Picard number 1

We consider non-toric log del Pezzo K*-surfaces X of Picard number 1.
We present a classification strategy for given Gorenstein index and provide
results for Gorenstein indices up to 200. These have been published in [24].

A first step is to take a closer look at the quasismooth elliptic fixed points of
given local Gorenstein index. These are toric singularities and thus Proposi-
tion [2.2.8| gives a complete picture in terms of two-dimensional lattice cones.
The following description fits directly into the setting of K*-surfaces X (A, P)
and will be used frequently throughout the subsequent classifications.

Proposition 4.3.1. Let X be a quasismooth affine K*-surface of Gorenstein
index v having an elliptic fixed point v € X. Then X = X (A, P) with P of
the form

-1 l1 0 T 1<a, 1<b,
-1 0 ab— 11 l1+1 < ab < 21y,
v—cly v—cly putb L
L 0 =7+ ac+ =+ b7 < e <
r—1 l1 0 T —1>a, —-12>0b,
-1 0 ab — 1y Li+1 < ab < 21,

t—cl t—cl +b
L 0 Tl G,C+T1 ﬁSCS—IH—Lll

with primitive vectors of Z3 as columns and ged(b,c) = 1. Moreover, for
a>1, we have x = x+ € X and for a < —1, we have x =2~ € X.

PrOOF. We may assume X = X (A, P). As X is affine, np = ... =n, =1
holds and quasismoothness allows [;; > 1 at most twice. Thus, we have
b0 1< <1y,
P = -1 0 I |, 0<d <1
0 d1 d2 =% !

by applying suitable admissible operations and removing redundant columns.
Then the linear form u from Proposition [3.4.9|is given by

( dy — dy dy — do I+ 1o )
lody + lidy’ lody + lhde’ lady + 11ds )’
We have det(P) = at and wu € Z3 being primitive gives tuz = b and tu; = ¢

with suitable integers a, b, c. This allows us to express ls, dy, do as claimed.
O

lodi + l1de = det(P).

Using the description of the defining matrix P for the affine case, we can
systematically build up the defining matrices P in the projective case. Here
is the result for Picard number 1.
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Proposition 4.3.2. Let X be a non-toric rational quasismooth projective
K*-surface with p(X) = 1. Then X is log del Pezzo and we have X =
X (A, P) with

-1 -1 I 0
p— | -1 -1 0 ab— 1
o EG S ar g

where 17,1~ are the local Gorenstein indices of x*,2~ € X. The columns
of P are primitive vectors of 73, we have gcd(b,c¢) = 1 and qlab. Moreover,

t+b << b+L—b

1 h
Finally, in this setting, the (unique) hyperbolic fized point [0,0, 1,1] is Goren-
stein and the Gorenstein index of X is tx = lem(tt,017).

1 <a 1<0b LH+2 <ab < 2L, —b+

PROOF. We may assume that P is irredundant and slope-ordered with ng >
... > n,. We show that the number m of parabolic fixed points curves is
zero, meaning that there are 7,2~ € X, and that » = 2 holds. Recall that
r — 1 is the number of defining equations and that we have

no+...+n,+m—(r—1) = dim(X) 4+ p(X) = 3.

This immediately excludes m = 2. Moreover, m = 1 would force ng =
. = n, = 1. By quasismoothness, l;; # 1 holds at most twice, hence
irredundance of P implies r = 1. This is a contradiction to X being non-
toric. Thus, m = 0. So we have to consider the case that ng = 2 and ny =
... =n, = 1. Quasismoothness and irredundance give r = 2. Proposition
4.3 allows to write
-1 -1 I 0
P = -1 -1 0 ab — ll
0 d02 L+;Cll ac + L+;cl1

where ¢ is the local Gorenstein index of the elliptic fixed point z* sitting
in the affine open subest X+ C X defined by o™ = cone(vo1, v11,v21). Now
consider X~ C X defined by 0~ = cone(vgz, v11,v21). Then

det(Uog, V11, U21) = qL—

holds with local Gorenstein index ¢t~ of x= € X~ and an integer ¢ € Z. This
allows us to express the entry dgo as in the assertion.

Now the displayed bounds on the entries stem from Proposition In
order to see ged(b,c) = 1 and ¢ | ab, compute the linear form v~ associated
with £~ as in Proposition The fact that ¢+~u~ is a primitive vector in
73 gives the desired properties.

Finally, X is del Pezzo because —IC% = D}} + D%} is obviously ample.
Moreover, the (unique) hyperbolic fixed point is of local Gorenstein index 1
according to Proposition [3.4.8] O

Proposition [4:3.2]bounds in particular all entries of P in terms of the Goren-
stein index ¢ of X and the entry ;. Thus, the task is to find a sufficiently
tight bound for I;. The key is the following relation to the collection of
possible partitions of the unit fraction 1/¢ into sums of four unit fractions.
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Proposition 4.3.3. Consider X = X (A, P) with a defining matriz P as in
Proposition . Then X is of Gorenstein index v = lem(vF,07) and there
are integers 1 < a1 < ag such that with Iy and ly := ab — [ we have

1 1 1 1 1

¢ aly  asly  aily  asly’

PROOF. Let (wo1, wo2, w11, we;1) be the Z-parts of the classes of the divisors

D?{ Then wy1 + woy is the Z-part of the class of —ICg(. Moreover we have
the relations

a1we] = Lwiy + Lway, agwp2 = LWyl + LWy

reflecting the fact that —ng( is Cartier near z—, 2™ and hence on the affine
open subsets X*, X~ defined by o*,0~. Thus, we have

-1 -1 I; 0 wo1

-1 -1 0 I wo2
. = 0,

—aq 0 ) w11

0 —azx ¢ W21

where the first two rows of the matrix stem from P. Now the identity
displayed in the assertion just means that the above matrix has vanishing
determinant. 0

Remark 4.3.4. Given any rational number 0 < p < 1 and positive integer
k, the number of possible partitions of p into a sum of k£ unit fractions is
finite. The partitions fitting into the particular shape of Proposition [4.3.3]
form a considerably smaller collection than the general ones. Also the fact
that any three entries of the weight vector (wg1, wo2, w11, we;) from the proof
of Proposition [£.3.3] are coprime helps to reduce the amount of partitions
that need to be considered.

The next steps are to consider rational projective K*-surfaces X with a
quasismooth elliptic fixed point 27 € X and a non-quasismooth but log
terminal elliptic fixed point £~ € X. We begin with = being of type D,,.

Proposition 4.3.5. Let X be a non-toric rational projective K*-surface of
Picard number 1 with x* € X quasismooth and x— € X of type D,,. Then
X s log del Pezzo and we have X = X (A, P), specified as follows.

(i) The defining matriz P is of the shape

- b+,
1 N 2 0 a=1,2,4, b= —2 4,
L Lh —
LT 0 2 —gb— c<att —b™
0 —cup, at—-11 th

with o u™, 0" u™ and tyup given by
d4—art at—4 4 bL_72CLL++4 bu”—4 4 . —aL++bL7+4cLh
2a ° 2a ’a)’ 2b T 26 0 b )0 h> actT :

(ii) The defining matriz P is of the shape

-1 =92 j:bLf—Q(qu 0

2up

—1 -2 0 2 |,

+_ —

b=-2,—4,
l<a<2 —%F
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with «Tu™, 0" u™ and tyuy given by

+ (472G,L+)Lh —2a1t b~ (472aL+>Lh —2at+b”  £(be” —2art )+4ey,
4arp, »F 4arp, ’ 2atp, ’

+2up,+2 T —4 4
( Lg,, ) s b 73) ) (_Lhy_l) .

Here, 17, v~ and vj, are the local Gorenstein indices of x, = and the
hyperbolic fized point. The vectors Tut, . u~ € Z3 and wpuyn, € 7% are
primitive and we have

ix = lem(et, 0 0p).

PROOF. We may assume that P is irredundant. Proposition [3.4.13] and
p(X) = 1 ensure that we can bring the defining matrix P via suitable ad-
missible operations into one of the shapes

-1 =2 Iy 0

-1 -2 0 2.

-1 —lg2 2 O
1~y 0 2|,
0 do2 din 1 0 do2 di1 1
We show that X = X (A, P) is del Pezzo. According to the two possible

shapes, K-homogeneity of the defining relation of X C Z gives

1
w21 = W11, wa1 = §w01+w02~

Thus, again according to the two shapes, we see that the anticanonical class
—wx = w1 +wWo2 +wi1+wa21 —2we; in Kg = Q is positive and hence ample:

1
—wx = wo1 +woz > 0, —wx = §w01+w02 > 0.

Propositions and [3.4.9allow us to express lo2, d11, do2 in the first shape
and l11, di1, do2 in the second one in terms of integers a,b, ¢ by resolving
the equations

det(vm, 1)11,’021) = CLL+, det(vog, vn,vgl) = bL_, det [ _(1) _6302 } = Clp,.
02

Then 72" > 0 implies a > 0 and 72~ < 0 implies b < 0. The linear forms
u™, u”, up, as above locally represent —Kx. Their primitivity and the fact
that = has canonical multiplicity 1 or 2 yield the claimed conditions on
a,b,c. O

Using the same pattern of arguments, we treat the cases of a quasismooth
elliptic fixed point ™ coming together with an elliptic fixed point z~ of
type Fg, E7 or Eg. We restrict ourselves to listing the results.

Proposition 4.3.6. Let X be a non-toric rational projective K*-surface of
Picard number one with x* € X quasismooth and x~ € X of type Eg. Then
X is log del Pezzo and we have X = X (A, P), specified as follows.

(i) The defining matriz P is of the shape

-1 -3 3 0 6euy, = 3art — b,
-1 -3 0o 2], c=1,2, a=1,5,
0 b~ =3at  at-=3 1 b= _17 -3

6 2
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with «Tu™, 0" u™ and tpuy given by

5—art at—5 5 200" =3att4+9 b”—3 3 b —3at 2
2a 7 2a ’a)’ 6b > 20 Vb )0 6c rc)

(ii) The defining matriz P is of the shape

-1 -2 3 0 2a0T — b = Yy,
1 =2 0 3, a=1,2,3,6,
0 bL7—92aL+ aL+3—3 1 b= _1’ -3

with «Tut, 1" u” and wuy, given by

6—art at—6 6 bi”—att43 bu”—-3 3 b~ —2art 1
3a¢. > 3a ’a)’ 3b 7 3 b)) 9 )¢

(iii) The defining matriz P is of the shape

-1 -2 3 0 2a0T — b = 9y,
-1 -2 0o 3|, a=1,23,6,
0 [ —92aL+ aL+3—6 9 b= _1’ -3

with o™ ut, 1" u™ and wuy, given by

12—art at—12 6 b= —art4+6 b=—6 3 b —2art 1
3a ? 3a a)’ 3b > 3 b)) 9 ’ .

Proposition 4.3.7. Let X be a non-toric rational projective K*-surface of
Picard number 1 with x+ € X quasismooth and = € X of type E7;. Then
X is log del Pezzo and we have X = X (A, P), specified as follows.

(i) The defining matriz P is of the shape

-1 —4 3 0 20T + 217 = 3euy,
-1 —4 0 2, a=1,5,
0 _2aL-;+L_ aL“'273 1 c=1,3

with «Tu™, 0" u™ and tyuy given by
5—art aut-5 5 at+207-3 1 +1 -1 2wt 3
20’ 2a ’a)’? 6 ’2 00 ’ 3c ) :

(ii) The defining matriz P is of the shape

-1 -3 4 0 3art + 207 = 8cuy,
1 -3 0o 2, a=1,2,3,6,
0 _3aL+8+2L’ (IL+2—4 1 c=1,2.

with «Tut, 1" u™ and wuy, given by

6—art at—-6 6 at 42074 T +1 -1 _Bart42T 2
20 7 2a ’a)’? 8 v2 00 ’ 8c ? :

c

(iii) The defining matriz P is of the shape

-1 —2 4 0
1 _9 0 3 art + 17 = 6up,
0 _aﬂLg—L’ aD;)—4 1 ’ a= 17 7

with «tu™, 0" u™ and wuy, given by

T—at at-7 7 act+3m—4 141 1 _art 1
3a ' 3a ’a)? 12 v 3 0 ’ 6 ’ :
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(iv) The defining matriz P is of the shape

-1 -2 4 0
1 _9 0 3, art + 17 = 6up,
0 _aL*(%l—L’ aLJ;)—8 92 a=17

with «Tu™, 0" u™ and tyuy given by

(14—aL+ art—14 Z) (ab+-‘r3L7—8 42 _1) (_aﬁr—i—L’ 1)
? ) ) *

3a ? 3a ’a 12 ’ 3 6 ’

Proposition 4.3.8. Let X be a non-toric rational projective K*-surface of
Picard number one with x* € X quasismooth and x~ € X of type Eg. Then
X is log del Pezzo and we have X = X (A, P), specified as follows.

(i) The defining matriz P is of the shape

-1 -5 3 0 Sact + 17 = 6cup,
-1 -5 0o 21|, a=1,5,
0 _Emﬁ% aﬁ‘{3 1 c=1,2,4

with «Tut, 1" u” and wuy, given by

5—art at-5 5 at+207-5 1 =+1 1 _baut+im 4
20 7 2a ’a)’ o > 2> ’ 6c c)-

(ii) The defining matriz P is of the shape

-1 -3 5 0 3ar™ + 17 = 10cep,
—]. —3 O 2 s a = ]_, 77
0 _3aL+1—(})-2L* aL+2—5 1 c=1,2

with «Tu™, 0" u™ and t,uy given by

T—at at-7 7 art+2=—4 141 1 _Bart+20— 2
20 7 2a ’a)’? 8 v2 0 ’ :

(iii) The defining matriz P is of the shape

-1 -2 5 0
1 o 0 3 2aut + 17 = 15,
0 2ttt at-5 4 ’ a=1,2,4,8

15 3

with «Tu™, 0" u™ and tyup given by

(8—(1LJr at—8 8) (aL++3L’—5 L 41 _1) (_2aL++L’ 1)
3a ) ) ) ) ) ) *

3a 'a 15 3 15
(iv) The defining matriz P is of the shape

—1 —2 5 0
_1 o 0 3 2aut + 17 = 150,
0 - 2aL‘1*;—L_ aL+3—10 ) 7 a=1,2,4,8

with «Tu™, " u™ and wpuy, given by

16—art art—16 8 art+317—10 =42 -1 _ 2at 1
3a 7 3a ’a)’ 15 ’3 0 ’ 15 ) :

Now we treat the cases of non-quasismooth log terminal elliptic fixed points
x7 and z7, i.e. of type D, Eg, E7 or Eg. Again, the arguments being
analogous, we restrict ourselves to giving the results.
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Proposition 4.3.9. Let X be a non-toric rational projective K*-surface of
Picard number 1 with = € X and x~ € X of type D,,. Then X is log del
Pezzo and we have X = X (A, P), specified as follows.

(i) The defining matriz P is of the shape

—2 -2 altb g a=2,4, b=—-2 -4,
-2 =2 0 2, act — b >0,
1 —e—1 %5 1 <e<aighe

with «tu™, 0" u” and wuy, given by

(0,522, 2), (2.8570.4) . (-L0)

(ii) The defining matriz P is of the shape

a =24,
~lo1 ~btlopden, 9 g b= —2,—4,
o _ b lgy ey 0 2|, art — b >0,
at +_p,—
at —1 b~ b loit4e, 1 1 1<ce< %,
4 01 4 at

act—4cuy,
2 S 101 < b

with «Tu™, 0" u™ and tyuy given by

art—4 at—4 4 bl —4 b —4 é)
2a 7 2a ’a)’ 2b 0 26 b )
a?(tt)2—abtt1™ —4artlog +4be~ lo1 +16cty, attlor —bu" lg1—4cuy,
( 4dactt T actt ) :

(iii) The defining matriz P is of the shape

-1 -1 11 0 0

T | 0 2 0 ab =24,

T | 0 02| art b=

0 at4b”  at l 1 1 ZH‘ 4
T 4y, T4 Tt

with «Tut, 0" u™ and wuy, given by

4 art—4 at—4 4 art+be”—4ly; buT+4 bT+4 4 (_1 0)
a’ 2a ° 2a ’a)’ li1tdb 2 26 0 26 0 b)) y )

Here, 17, v~ and vj, are the local Gorenstein indices of x7, = and the
hyperbolic fized point. The vectors ttut, 1 u™ € Z"" and wpuy € Z2 are
primitive and we have

P

tx = lem(e™, 07, ep).

Proposition 4.3.10. Let X be a non-toric rational projective K*-surface of
Picard number 1 with x+ € X of type D,, and x~ € X of type Eg, E7 or Ex.
Then X s log del Pezzo and we have X = X (A, P), specified as follows.

(i) The defining matriz P is of the shape
—2 —102 3 0 lOQ = 37 47 57

—2 —102 0 2 di1 = o
-1 —% d11 1 C‘ZOQ —2
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with «Tu™, 0" u™ and tyuy given by
0 T (d11—-1) s
> 2di1 0 din )
(Lf(CLh—dnloz-i-an) v~ (Beep—2d11lo2—102+6) Li(log—ﬁ) )
ety —2d11lo2 ? 6cep, —4di1lo2 Y 3evp,—2d11lo2 ) 0
(2—CLh—l02 loa—2

2c ' ¢
(ii) The defining matriz P is of the shape

2 23 Iy 0 -
9 -3 0 2 a=24,

1 w3 at i =3,4,5
2 4
with «Tu™, 0" u™ and tyup given by
at—4 4
07 2¢ ’a )’
(et =) o (Bart =211 42011 -12) 207 (6-111)
6art —4upl1y ? 6act —4uply Y 3art—2upl11 ) 0

(-5%1).
Here, 1™, v~ and vy, are the local Gorenstein indices of x, = and the
hyperbolic fized point. The vectors (tut, .= u~ € Z3 and wpuy, € 7% are

primitive and we have

+

tx = lem(e™, 07, ).

Proposition 4.3.11. Let X be a non-toric rational projective K*-surface
of Picard number 1 with v~ € X and x~ € X of type Eg, E7 or Eg. Then
X is log del Pezzo and we have X = X (A, P), specified as follows.

(i) The defining matriz P is of the shape

li1 =3,4,5,
-2 -2 111 0 a>0, a\ﬁ—lll,
-2 -2 0 3 aut art 4+ (6-117)
1 —e_q wmFo2pdaisiy ’ 3i; <¢< 3 ’
¢ 6 21 act 4311 —3c-3 d act431y,-3
21112 <d21 < 20112
with «Tu™, 0" u™ and tyuy given by
avt —2dgqiy1+12do1+3111—18 artdoilyg —6doy 6-1i13
6a ’ 3a ’ a ’
v T (ary —2doylyy —18e+12do1 43111 -18) .~ (aut —3clyg+dogly —6day) T (6—117)
6art —18clyq ’ 3art —9clqy > avt—3clyy )7
(=1,0).
(ii) The defining matriz P is of the shape
-3 -3 111 0 l11 =4,5,
-3 -3 0 2 doy = —1,-2,
d —atibim42dgilyy act -ty @dg+s) 4 | a>0, b<0,
01 2011 6 a,b\Gflu

with «tu™, 0" u™ and g, given by

act —2dg111+12dgy =311 +18 arT+i31-6 6—i1, )
Ga ) ) )

2a a

2 - 2
art iy —2dg113; —6act 4660~ +12do1111 =312 +18111 b= 4191 -6 6-11
6611 ) 20 - )

(~4.0).

(iii) The defining matriz P is of the shape
—lo1 —lpo 3 lo1,lo2 = 3,4,5,
o o 0 ) (1;lo:blf’o
at — 3 LT = s a b b
1016(2d11+'3) 2 102é2d11+3) du 1 al6 —lo1, b6 — lp2

[\l
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with «Tu™, 0" u™ and tpuy given by

art4digigy—6dy; art4ig—6 6-1g1
3a ) Za a

i

be” 4dy1loga—6dyy b +lga—6 6-lgo
3b > 2b > T b

_ep(art —biT —2d13101+2d11102—3l01+3lg2) 6ty (lo2—lo1)
actlgg—bi—lg1 > artlgg—be—lg1 ) °

(iv) The defining matrixz P is of the shape

i =3,4,5

-1 -1 l 0 0 1 =345,

_1 _1 o 3 o 1<di <l —1,

-1 -1 0 o 2 |, dz1 =1,2,

0 act b= act—2157dy; =313 d 1 a,b>0, a,b|6 — 1,
— 6l 6 21 lu‘%

with tu™, 1" u™ and yuy, given by

art —2d9q1y1+12d9y =311 +18 arT+4doily1—6doy art4i37-6 6-i1g
6a ? 3a ? 2a ’ a ?

6arT+6b0 = +2do112 4312 —art 11 —12do1011 - 18111 b~ —doylyq +6day b —l1146 111 —6
Gl110 ) 35 ) 25 > )

(~1,0).
Here, 17, v~ and vj, are the local Gorenstein indices of x, x~ and the
hyperbolic fived point. The vectors ttut, 1 u™ € Z™" and wpuy € Z2 are
primitive and we have

tx = lem(et, 07, 0).

Lastly, we have to consider the case of the existence of a parabolic fixed
point curve.

Proposition 4.3.12. Let X be a non-toric rational projective K*-surface
of Picard number 1 with x™ € X of type D,,, Eg, E7 or Eg and a parabolic
fized point curve Dy. Then X is log del Pezzo and we have X = X (A, P),
specified as follows.

(i) The defining matriz P is of the shape

—lo1 20 0
—lo1 02 0

aL+

Sy 11 -1

a=2,4,
’ lo1] il (ab4++4)

)
. + + — — — — —_ —_ .
with v u™, tgug, t; Uy and Ly uy given by

atf—a atf-a 4 g @or—art —4) _ —
2a ' 2a ’a))’? 4101 ) 0 )

(1,-1), (1,-1).
(ii) The defining matriz P is of the shape

—lo1 3 0 0 lor = 3,4,5,
oy 0o 2 0 |, a>0, al6 —lo1,
al @ity g g g din = 1,2

. + + — — — —_ — —_ .
with c™u™, tgug, t; U] and Ly uy given by

art+di1lo1—6d11 art+lo1—6 6—lo1
3a ’ 2a ' a ’

Ly (2d11l01+3lo1 —art —6) _
) 7L0 )

6lo1

(“(déﬁ”a—@)’ (1,-1).
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Here, v*, 15, ¢ and 15 are the local Gorenstein indices of x+ and the
parabolic fized points x; € <f;. The vectors tTut € 73 and L u; € 72 are
primitive and we have

ix = lem(eT 0,00 ,05)-

Remark 4.3.13. Note that the preceding considerations show that rational
projective log terminal K*-surfaces of Picard number 1 are always del Pezzo.

Implementing Remark [£.3.4] and the bounds from Propositions [1.3.2]
[A.36, 437, [£.3.8 [£3.9, [£.3.70] [£.3.11] [.3.12] we can classify. Using the

normal form from Definition [£.2.20] to filter out equivalent matrices, we
obtain the following results.

Theorem 4.3.14. There are exactly 154161 isomorphy classes of non-toric
log del Pezzo K*-surfaces of Picard number 1 and Gorenstein indez ¢ < 200.
The numbers (1) of isomorphy classes corresponding to v are given in the
table on the next page.



L
2 10

5
6|
7] 100
8|
9|
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v(¢)
13

36
25
80
37

56
109

71

176

85

158

105

200

102
17| 226
18| 102

19
20
21

2/1
178
253

22| 150

23
24
25
26

27
28

29 |
30
31

32|
33

34|
35

36 |
37

38 |
39

40|
/1
12
13
44
45
46
47
48
49
50

312
176
269
149
336
224
395
192
309
216
381
207
592
230
336
239
197
312
181
266
105
348
526
270
549
317
197
277

v | () R0 v | ()
51 | 570 101 | 831 151 | 1047
52 | 354 102 535 152 | 931
53 | 532 103 | 880 153 | 146/
5/ | 334 104 | 786 15] | 963
55 | 776 105 | 1378 155 | 1693
56 | 427 106 | 449 156 | 108
57 | 516 107 | 1006 157 | 1002
58 | 328 108 | 693 158 | 709
59 | 846 109 | 844 159 | 1538
60 | 493 110 | 748 160 | 1062
61 | 459 111 | 988 161 | 1626
62 | 349 112 758 162 | 69/
65 | 730 113 | 866 163 | 1107
6/ | 364 117 | 530 164 | 1016
65 | 845 115 | 1250 165 | 1773
66 | 566 116 | 743 166 | 808
67 | 570 117 1115 167 | 1789
68 | 449 118 | 713 168 | 1185
69 | 770 119 | 1919 169 | 1171
70 | 556 120 | 914 170 | 922
71 | 797 121 | 838 171 | 1520
72 | 464 122 450 172 857
73 | 531 123 | 1021 173 [ 1240
74 | 365 12/ | 708 17] | 878
75 | 811 125 | 1531 175 | 2021
76 | 49 126 | 731 176 | 1159
77 | 1046 127 841 177 | 1402
78 | 482 128 | 706 178 | 833
79 | 734 129 | 1141 179 | 2095
80 | 592 130 | 750 180 | 1302
81 | 683 151 | 1220 181 | 1015
82 | 410 152 978 182 | 971
83 | 993 133 [ 1337 183 1260
84 | 640 13 | 619 18] | 974
85 | 881 135 | 1525 185 | 1611
86 | 383 136 | 823 186 | 848
87 | 899 157 1032 187 | 1808
88 | 613 138 695 188 | 121}
89 | 998 139 | 1251 189 | 205/
90 | 537 140 | 1242 190 | 1162
91 | 952 141 | 1011 191 | 1462
92 | 584 1742 7]9 192 [ 1047
93 | 750 143 | 1853 193 | 1145
95 | 549 144 | 836 19] | 805
95 | 1229 145 | 1371 195 | 229)
96 | 596 146 | 553 196 | 1092
97 | 716 147 1340 197 | 1538
98 | 522 148 | 787 198 | 1017
99 | 1105 149 | 1249 199 | 1387
100 | 599 150 | 802 200 | 1206
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CHAPTER 5

1/k-log canonical del Pezzo K*-surfaces

5.1. Contractions and combinatorial minimality

We discuss contractions and combinatorial minimality of K*-surfaces. In
particular, Proposition [5.1.14] provides an explicit description of contractions
in terms of defining matrices, Proposition tells about the effect of a
contraction on the anticanonical complex and Proposition presents
geometric properties of combinatorially minimal K*-surfaces.

Definition 5.1.1. A contraction is a proper, birational morphism ¢: X —
Y of normal varieties such that v : 1»~1(V) — V is an isomorphism for some
open subset V C 'Y with complement of codimension at least two in Y.

We gather basic general properties of contractions. Recall that for any
proper morphism : X — Y of normal varieties, we have the push forward
homomorphisms

Py WDiv(X) — WDiv(Y), Yy ClI(X) — CLY),

defined by sending a prime divisor D C X to (D) C Y if (D) is a prime
divisor in Y and to zero else.

Proposition 5.1.2. Let ¢v: X — Y be a contraction and consider the as-
sociated push forward homomorphisms on the Weil divisors and the divisor
classes.
(i) If Kx is a canonical divisor on X, then its push forward v.(Kx)
s a canonical divisor on'Y .
(ii) The homomorphisms ¢,: WDiv(X) — WDiv(Y) and ¢,: C1X —
CL(Y) are both surjective.
(iii) For the cones of effective and movable divisor classes in Clg(X)
and Clg(Y') we have

. (Eff (X)) = Eff(Y), Y« (Mov(X)) = Mov(Y).

PRrROOF. Take any open subset V' C Y with complement of codimension at
least two in Y such that ¢: ¥»~1 (V) — V is an isomorphism. Then canonical
(principal, effective, movable) divisors D on X restrict to canonical (prin-
cipal, effective, movable) divisors on ¢~1(V) = V and thus yield canonical
(principal, effective, movable) divisors ¢,(D) on Y. O

If a contraction ©¥: X — Y maps a prime divisor £ C X onto a subset of
codimension at least two in Y, then we say ¢ contracts E and call E an
exceptional divisor of ¢. Moreover, a prime divisor on a normal variety X
is called contractible if it gets contracted by some contraction X — Y.

Remark 5.1.3. For any contraction ¢: X — Y, there is a finite (possibly
empty) collection FEy, ..., E; C X of exceptional divisors.

109
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Remark 5.1.4. Consider normal complete varieties X, Y and let ¢: X — Y
be a contraction with the exceptional divisors F1, ..., Ey.

(i) If X comes with a morphical action of a connected algebraic group
G, then Fy,...,E, C X are invariant and Y admits a morphical
G-action making ¢: X — Y equivariant, see [9, Prop. 1.1].

(ii) Assume that X has finitely generated Cox ring R(X) and let f; €
R(X) represent the canonical section of E;. Then we have an
isomorpism

RX)/(1—fi i=1,...,1) = R(Y)

induced by sending homogeneous elements f € R(X) of degree
[D] to homogeneous elements ¢, f € R(Y) of degree [1.D], see
[4, Prop. 4.1.3.1].

We focus on the surface case. We also perform some basic general observa-
tions before entering the setting of surfaces with K*-action.

Remark 5.1.5. Let ¥: X — Y be a contraction of surfaces. Then the
exceptional divisors E1,...,E; C X map to points yi,...,y, € Y and X \
(E1U. ..U E,) maps isomorphically onto Y \ {y1,...,y4}

Proposition 5.1.6. Let ¢: X — Y be a contraction of surfaces, where X
has finitely generated Cox ring. ThenY has finitely generated Cox ring and
we have

Y« (SAmple(X)) = SAmple(Y'), 4« (Ample(X)) = Ample(Y')

for the cones of semiample and ample divisor classes. Moreover, if X is a
del Pezzo surface, then'Y is a del Pezzo surface.

PROOF. According to Remark (ii), Y also has a finitely generated Cox
ring. Thus, the movable and semiample cones coincide in Clg(X) and as well
in Clg(Y'), see [4, Thm. 4.3.3.5]. Thus, the first displayed equation follows
from Proposition (iii). Moreover, the respective ample cones are the
relative interiors of the semiample cones, see [4, Prop. 3.3.2.9]. Hence, the
second displayed equation follows from the first one and the fact that any
linear map sends the interior of a cone onto the interior of the image cone.
For the supplement, we use Proposition (i) to see that Y has an ample
anticanonical divisor. (]

We enter the setting of K*-surfaces. First we note an immediate consequence

of Remark and Propositions

Corollary 5.1.7. Any contraction of a toric del Pezzo surface is a toric del

Pezzo surface and any contraction of a del Pezzo K*-surface is a del Pezzo
K*-surface.

Proposition 5.1.8. For a contraction X — Y of K*-surfaces, every excep-
tional divisor E C X is either a parabolic fized point curve or it is an orbit
closure containing a hyperbolic fixed point.

PROOF. Otherwise, being invariant, F is an orbit closure containing a point
from the source and a point from the sink. Hence, source and sink of Y
would intersect in the image point of F, which is impossible. U
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Now we study contractions of K*-surfaces in terms of defining data. Observe
that the special case of defining matrices P with r = 1 provides a full
treatment of contractions of toric surfaces, see also Remark

Definition 5.1.9. Let P be a defining matrix as in Construction
We call a column of P contractible if it lies in the cone generated by the
remaining ones.

Remark 5.1.10. Consider a slope-ordered defining matrix P. Then, a
column v is contractible if and only if the matrix arising from P by deleting
v is a defining matrix as well. That means, v is contractible if and only if
one of the following conditions is satisfied.

(i) n; > 2,v =wv; and 72" — my + me > 0.

(i) v =v;; and 1 < j < n;.

(iii) n; > 2,v = vip, and 72~ — Mip, + Min,—1 < 0.

(iv) v =v" and 72" > 0.

(v) v=v" and 7~ > 0.
Note that we have

mT

-

T s, " s
mi1 — M2 Min; = Min;—1

in case (i) and (iii) respectively.

Construction 5.1.11. Consider a projective K*-surface X; = X (A, P;)
and assume that P; has a contractible column v. Then, erasing v from
Py yields a defining matrix P, of a projective K*-surface Xo = X (A, P»).
Moreover, we obtain a commutative diagram

X1*>21

N

Xo ——= 79

involving the K*-surfaces X; and their ambient toric varieties Z;. The down-
wards maps contract the prime divisors Dx, € X; and Dz C Z; corre-
sponding to the contracted column v of P;. In particular, the downward
maps are non-trivial contractions.

Remark 5.1.12. Consider a K*-surface X = X (A, P), where the matrix P
is slope-ordered.

(i) Assume that there is a curve D% C X. Then for every i =0,...,r
with n; > 2, each column v;; with j =1,...,n;_1 is contractible.
(ii) Assume that there is a curve Dy C X. Then for every i =0,...,r
with n; > 2, each column v;; with j = 2,...,n; is contractible.
(iii) Assume that X has two elliptic fixed points. Then for every
it = 0,...,r with n; > 3, each column v;; with j = 2,...,n;1
is contractible.
In particular, we obtain a contraction X — X’ onto a K*-surface X’ given
by defining data (A, P") such that

(iv) in the case that X has of two elliptic fixed points, we have n) < 2
fori=0,...,7,
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(v) in the case that X has a parabolic fixed point curve, we have n; = 1
fori=0,...,7.

Proposition 5.1.13. Let X = X (A, P) be projective, v a column of P and
D C X the corresponding prime divisor. Then the following statements are
equivalent.

(i) The column v is contractible.

(ii) The curve D C X is contractible.
(iii) We have D? < 0.
)

i
(iv) The divisor D is not movable.

Proor. If (i) holds, then we contract D by means of Construction
The implications from (ii) to (iii) and from (iii) to (iv) are standard surface
geometry. If D is not movable, then, in Clg(X), the ray through [D] in-
tersects the cone generated by the remaining w;; and w¥ in the origin. By
[4, Lemma 2.2.3.2], the column v lies in the interior of the cone generated
by the remaining columns of P and thus is contractible. O

Proposition 5.1.14. Every contraction X — Y of rational projective K*-
surfaces decomposes as X = Xo — ... = X, =Y with X; — X1 as in
Construction [5.1.11.

PrOOF. We may assume X = Xy with X arising from the defining data
(A, Py). As observed in Proposition the exceptional divisors

Ey,...,E,CX

are taken from the D)i( and the DY that contain a hyperbolic fixed point. In
particular, 7 correponds to a column of Py and Proposition provides
1 Xo = X1, as in Construction [5.1.11} contracting F1. Now observe that
none of ¢, (E2),...,9«(E,) are movable and hence by Proposition
they are all contractible. Iterating this consideration, we arrive at a sequence
Xo — ... = X, contracting Ey,...,E, stepwise. The remaining task is
to show that X — Y factors via an isomorphism through X — X,. By
construction, we obtain such a factorization apart from the respective image
points of Eq,..., E; in X, and Y. Being an isomorphism up to codimension
two, X, --» Y lifts to the total coordinate spaces and descends again to an
isomorphism of the surfaces X, and Y. O

We show that via contractions one does not leave the class of log del Pezzo
K*-surfaces. Moreover, we study their effect on the invariants «* defined
in Construction 4.1.9 and Remark [4.1.10)

Proposition 5.1.15. Let X be a log del Pezzo K*-surface and X — Y a
contraction of surfaces. ThenY 1is a log del Pezzo K*-surface and, according
to the constellations of source and sink, we have:
(i) Forz* € X and y* €Y, we have &% > 5.
(ii) For D% C X and y™ €Y, we have 1 > &% > 5.
(i) Forz~ € X andy~ €Y, we have &y > .
(iv) For Dy C X andy~ €Y, we have dy > o > —1.

PrOOF. Remark and Proposition tell us that Y is a del Pezzo
K*-surface such that X — Y is equivariant. By Proposition [5.1.14]it suffices
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to prove the assertion for X and Y arising from defining data (A, Px) and
(A, Py) with Px, Py slope-ordered and Py obtained by erasing a column v
from Px. The task is to show that elliptic fixed points of Y are at most log
terminal singularities.

Consider the case that we have elliptic fixed points 27 € X and y™ € Y.
Then only for v = v;; there is something to show. As v is erasable, we have
n; > 2. The tuples of exponents associated with ™ and y* differ only in
the ¢-th place and are given as

(l()la o ‘7li17 o 7lT1)7 (1017 te 7l’i27 .. ‘7l7‘1)-

For the first one, we have E} > 0 by log terminality. For the second one,
we have to show this property. For [;o < [;; this is obvious. So let l;o > [;1.
First observe

1 1

my = mEk +mig —ma, o =+ ——-—.

lizg  ln
Due to slope-orderedness of Px and m; > 0, we obtain 0 < my;;—mys < m}
Since X is del Pezzo, we have the positive intersection number

1 1
(mir — maz)lx — (H - g) my

Lir(mi1 — my2)

0 < —K% DY =

)

where we use Summary for the computation. Now E;S > () is an imme-
diate consequence of the estimates

11 ( 11 ) my n 11
L (- R L5 S Ay L
lin i liv  lin/) mir —mya X Y lao e

Knowing that Y is a log del Pezzo surface, the number d;i is defined and we
compare it with d}. Consider the difference

+ + +o0t gt
dt —gr = "™ _ My _ bymy — xmy
X Y Tt + = T o+

5% ty Uxty

For d} > d;} this fraction has to be non-negative. The denominator is
obviously positive and for the enumerator we compute

ot — tm = (ma —ma)t — (1 — 1)
ln g
which is also positive, as seen in the above computation of —IC())( D;% Thus,
we verified d} > d;}. The case of elliptic fixed points 2= € X and y~ € Y
is transformed in to the present one via swapping the action and needs no
extra treatment.

Now assume that we have a parabolic fixed point curve D;r( C X and an
elliptic fixed point y* € Y. Then v = v, holds and we obtain

0 < —(D§)? = mk, 0< —K% D} = —mi + 0%,
as D;r( is contracted and X del Pezzo. Thus, E; = E} > m} > 0 and

d;? = d} < 1. Again, for the case Dy C X and y~ € Y, we just swap the
action. O
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Proposition 5.1.16. Consider the defining matrices P and P> of log del
Pezzo K*-surfaces X1 and Xo, where Py arises from Py by removing a col-
umn.

(i) We have Ap, C Ap, for the associated anticanonical complexes.
(i) If X1 is 1/k-log canonical, then X is 1/k-log canonical.

PRrOOF. The first assertion is a consequence of Proposition [5.1.15( and the
description of the anticanonical complex provided by Proposition 4.1.14] (i)
and (ii). The second assertion follows from the first one and Proposition

11,14 (v). O

The notion of combinatorial minimality was introduced in [26]. The follow-
ing version is adapted to the setting of rational projective K*-surfaces.

Definition 5.1.17. We call a normal, complete surface X combinatorially
minimal if every contraction X — Y is an isomorphism.

Example 5.1.18. Up to isomorphy, the combinatorially minimal toric sur-
faces arise from fans with a generator matrix of the form [vi,ve,vs] or

[U]J V2, —V1, _/02] .

Remark 5.1.19. Consider a projective K*-surface X = X (A, P). Then the
following statements are equivalent.

(i) The surface X is combinatorially minimal.
(ii) The matrix P has no contractible column.
(iii) We have Eff(X) = Mov(X).
(iv) Each of the Dg, D%, Dy has non-negative self intersection.

Remark 5.1.20. For every rational, projective K*-surface X, there is a
sequence X = Xy — ... — X, with contractions as in Construction
such that X, is combinatorially minimal. The length of such a sequence is
bounded by the Picard number, i.e. we have ¢ < p(X).

Proposition 5.1.21. Let X = X (A, P) be non-toric, projective, and com-
binatorially minimal. Then the following statements hold.

(i) We have 1 < p(X) <2 for the Picard number p(X).
(ii) If X has two elliptic fized points, then 1 <n; <2 fori=0,...,r
and n; = 2 happens at most twice.
(iii) If X has a parabolic fixed point curve, thenn; =1 fori=0,...,r.

PRrROOF. Due to Remark [5.1.12| combinatorial minimality implies n; < 2 for
i =0,...,r in case of two elliptic fixed points and n; = 1 for ¢ = 0,...,r

if X admits a parabolic fixed point curve. In particular, the third assertion
holds.

We prove (i). Remark [5.1.19| gives Q(v) = Eff(X) = Mov(X). Thus, on
each extremal ray of the effective cone, we find at least two of the generator
degrees

wij = deg(Ti;),  wr = deg(Sk).

Assume p(X) > 3. Then dim(Eff(X)) > 3 and we find an extremal ray
o < Eff(X) hosting two generator degrees w;, ;, and w;,j,. We claim i1 # is.
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Otherwise n; < 2 for i := i1 = 4o implies that T;;, and Tjj, are the variables
of a monomial & of a defining relation g,. Consequently,

Lis o lis
u = deg(g,) = deg(h) = deg (Tijill“ijf) = lijwij, + lij,wij, € 0

with the exponents [;;, and [;;, of h. But then all generator degrees except
the wy, are located on p. This is a contradiction to m < 2 and Eff(X) being
of dimension at least three. Thus, i; # is and we find monomials

Ly gy lizs ligio lisiy
Til}ll Tisj'gs ) Tizjz2 Ti4j4
in the defining relations. Observe that wj, j,, wi,j, as well as wi,j,, Wiy,
generate two-dimensional cones, both containing ;1 € Mov(X)® in their rel-
ative interior. Hence the same holds for n = cone(w;,j,,w;,;,). Moreover,
the point z € X with

Ritj1 = Rigja = 1
and all other coordinates equal to zero belongs to X , see |4, Constr. 3.3.1.3].
This contradicts Remark 2.1.8] Thus, we verified the first assertion.

For the second assertion, note that we have dim(X)+ p(X) <4 and m = 0.
Thus, the claim follows from

n=mny+...+n, = dim(X)+p(X)+r—1 < r+3.

5.2. The combinatorially minimal case

In this section, we classify the non-toric combinatorially minimal 1/k-log
canonical del Pezzo K*-surfaces. The classification process runs entirely in
terms of the defining matrices P from Construction [3.2.2] Theorem
provides bounds for the entries of the defining matrices for arbitrary k£ and
in Theorem [5.2.5] the concrete classification for k = 1,2,3 is presented.

We denote by ¢(k) the maximum volume of almost k-hollow lattice simplices.
Due to Corollary [2.3.7] we always have

c(k) < 7R(k)? = 2nk*(2k* 4+ 2k +1).

Theorem 5.2.1. Every non-toric combinatorially minimal 1/k-log canon-
ical del Pezzo K*-surface is isomorphic to an X (A, P) with P from the
following list.

—lor lLin 0O O
(i) —lor 0 lan O |,
do1 di1 do1 1

2 < o1 < max(2k?,5), 2 <lp <5, 1<dyi <l —1,
2 < l11 < max(4k2,5), —k—2lo1 +1<don < -1, 1<do <la1 — 1.

B —lo1  —lo2 11 0
(11) —lp1  —lo2 0 lo1 s
do1  do2 di1  d21
1<l < 2k2, 2 <21 < max(6,4k2, c(k)),

1 <lo2 < 2k?, —2lp1 +1<doy <k—1,
2 <11 < max(6,4k2, c(k)), —2lp2 —k+1<dg < —1,

1<di; <l -1,
1 <dz <lo.
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-1 -1 11 0 0
-1 -1 0 Iy O
() | 0 4 9 o0 2|
do1  doz di1 do1 1
2 <11 < max(2k%,5), —2<dn < &, 1<din <lin—1,
2 <l <3, -k _3<dp<-1, 1<dg1 <lo1 — 1.
—lor  —lo2 111 li2 0
(IV) —lo1  —lo2 0 0 l21 s
do1 doz  di1 diz d21
1<lo1 < k3 + 3k2, —2(k + 3)k? < do1 < k4,
1<lga < 6k2, —25k5 — 15k? < doo < 5kS 4 15k3,
1 <111 <6k2, 0 <dn <,
1< 112 < 6k2, —5k6 — 3k < d1a < 125k7 + 75k*,
2 <lg < 6K?, 1<dp <l — 1.

-1 —lo2 11 li2 0 0
-1  —lp2 0 0 l21 0

(v) 1 —lpp O 0 0 Iz |°
do1  do2 di1 diz do1 da

_2§d01<k7
—k—3<do2<k-—-2
0<dy;1 <li1—1,
—20k3 < di2 <liz—1,
1<do1 <l21 -1,
1<ds1 <31 —1.

1<1lo2 <5,
1 <11 < 2K2,
1 <112 < max(2k?,5),
2 < g1 < max(2k2,5),
2 <l31 <o,

Lemma 5.2.2. Fiz k € Z>1. Let a,b,l,d € Z>1 and consider the polygon
B := conv((0,a/b), (I,d), (0,—a/b)) C R
If B is k-hollow, then | < 2bk?*/a.

PROOF. The set C := k~!(—BUB) is centrally symmetric and convex having
the origin as its only interior lattice point. The volume of C equals 2alb~ k2
and is due to Minkowski’s Theorem bounded by 4. O

Remark 5.2.3. We will use Lemma, to bound the entries [;; in P-
matrices. The polygon B takes the role of (part of) an arm of the correspond-
ing anticanonical complex Ap and a/b is a lower bound for min(&™*, —< ™).

Lemma 5.2.4. Let P be a defining matriz for a non-toric combinatorially
minimal log del Pezzo K*-surface of format (ng,...,n.;m). The following
assertions hold.

(i) If P has the format (2,2,1;0) the following equations hold.

(a) mo1 +miz +ma1 = 0,
(b) moz2 +m11 +ma1 = 0,
(c ) me1 — Mme2 = M1 — Mi2.
(ii) If P has the format (2,2,1,1;0) the following equations hold.
(a) mo1 +mi2 +mao1 +m31 = 0,
(b) mo2 +mi1 +mo1 +mz1 = 0,
(c) mo1 —mo2 = mi1 — mi2.
(iii) If P has the format (2,2,1,1,1;0) the followzng equations hold.
(a) mo1 +mi2 +mo1 +m31 +ma = 0,

(b) m02+m11+m21+m31—|—m41 = 0,
(c) mo1 —mo2 = mi1 — mia.
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PRrROOF. Exemplarily, we prove (i). The proofs of the other two assertions
are analogous. Since X = X (A, P) is combinatorially minimal, no column
of P is contractible. Applying Remark (i) and (iii) to the first four
columns gives the following inequalities.

moz +mi1 +ma1 < 0,
mo1 + miz +ma1 > 0,
mo1 +miz +ma1 < 0,
mo2 +mi11 +mo1 > 0.
These yield (a) and (b). Equality (c) is a direct consequence. O

ProOF OF THEOREM [5.2.9] Let X be a non-toric combinatorially minimal
1/k-log canonical del Pezzo K*-surface. We may assume X = X(A4, P),
where P is adjusted, see Definition By Proposition [5.1.21], combina-
torial minimality forces the format (ng,...,n,;m) to be one of

(1,...,1;1),  (2,1,...,1;0),  (2,2,1,...,1;0).

Moreover, X is log terminal and thus Summary leaves the following
six possibilities for (ng,...,n,;m), listed according to Case (i) to (vi):

(1,1,1;1), (2,1,1;0), (2,1,1,1;0), (2,2,1;0), (2,2,1,1;0), (2,2,1,1,1;0).
Case (i). The matrix P has the shape

—lor liu 0 O

—lo1 0 lo1 O] .

doi din dar 1

Since P is adjusted, we have I;; > 2 for ¢ = 0,1,2 and 1 < d;; < [l for
i = 1,2. Without loss of generality we can assume l1; > ls1. Consider the

vertex U~ = &~ v~ of the anticanonical complex Ap, where
a4 = e Mol + M+ M2y
= - T i1 q
lor +1ly 1y —1

Note that according to Remark [3.4.11] the denominator is positive because X
is log terminal. As the numerator 2~ is negative and di1,d2; > 1 we have
dp1 < 0. On the other hand X is 1/k-log canonical and therefore &~ > —k.
This gives

1 1 1
dor > lo1 (—k' <++—1> —m11—m21>
lon Il Iln

1 1
> —kloy < + > — k4 klo1 — 2l
lin o

> —klor — k4 klor — 2lop1

= —k-— 2[01.
That means we have
—k —2lpy < dp1 < O.
We go through the possible constellations of the platonic triple (lg1,l11,121)-

Case (i).1. At least two of the coordinates of (lo1,l11,121) are different from
2. Then lp1, 111,121 <5 and every entry of P is therefore bounded.
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Case (i).2. Two of the coordinates of (lp1,111,1l21) are equal to 2. Then
l11 = lo1 =2 or lgy = lp1 = 2. In the first case we have &~ = dp; + g1 € Z
and in the second &~ = dml“*gw € %Z. Lemma [5.2.2| gives the bounds

lor < 2k?, 111 < 4k? respectively. Hence, every entry of P is bounded.
Case (i1). The matrix P has the shape

—lo1 —lo2 111 O
P = | =lor —lp2 0 I
dor  doo  di1 dor

As P is adjusted, we have 1 < d;; < l;; for ¢ = 1,2. Consider the vertices

9t =& v" and 9 = & v~ of the anticanonical complex Ap, where
+ _ Mme1+mi1+mal g = o2 +my1 + may
= 01, 1,1’ = 01, -1, -1 g
loy +lp +ly —1 log +lp 1y —1

Again, according to Remark log terminality of X ensures that the
denominators are both positive. Using l11, 121 > 2, we obtain

0 < I+t +10 =1 < Igt, 0 < I+t +it —1 < I
Observe that the expressions T, mqg; and @, mgy are strictly increasing

in dg1 and dgo, respectively. Moreover, for any o € Q, we have

dt=a = mo1 = (lall + lil + l;ll — 1) o —mi1 — Mo,

4 =a < my = (loal + lﬁl + l;ll — 1) o —mip — moaj.
Since 0 € A% and X is 1/k-log canonical, we have 0 < adt <kand —k <
«~ < 0, see Proposition |4.1.14, For o = 0, k, £1, the above considerations
yield
—2lp1 < dog < k, adt <1 = do1 < 1,
—k —2lge < dp2 <0, a4~ > —1 = dopo > —1—2lpo.
We bound /17 and l; in terms of & = min(&*, —#~). For i = 1,2, consider
the polygons
Bi (= conv ((O,d+)> s (lih dzl) s (O,d_)) - R2.
Since Ap is almost k-hollow, both B; are k-hollow. Thus, Lemma
applies and we obtain
2
ln < “k
o}
One proceeds by going through all possible constellations of the platonic
triples (l()l, l11, 121) and (log, l11, 121).

Case (ii).1. lopy = lpo = 1. In this setting, there are no a priori constraints
on l11, lo1 and our task is to find suitable bounds. First we specify

_ do1 +mu1 +ma _ doz +mu1 + may do1 — do2

I+l I+l 0+l
In the case &1 > 1/2 and &~ < —1/2, we have [;; < 4k? for i = 1,2 as just
observed. Moreover, with 3 := & — @, we obtain

1 1
1 < do1t —do2 = [3( + )

o

< , 4 . dt—d =
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Then 5 < 3/2, implies l11,l2;1 < 6 and thus we are left with § > 3/2.
Suppose & < 1/2. Then dy; = —1 and & > 0 forces my; + mo; > 1.

Moreover,
(1 n 1) S 1 - 1
b i) — B k+ 1

dueto B=d" —ad <k+ % We conclude min(ly1,121) < 2k. We may
assume /11 < 2k. Then we can estimate

1 - < -1 i< <1
ok = M= T o M= b

The idea is to bound lo; via the volume of a suitable almost k-hollow lattice
simplex. Consider the prolongated second arm of the anticanonical complex:

» (I21,d21)

(=t11,d11—-111)

One directly checks that (—I11,d11 —I11) lies on the bounding line L through
(0, ™) and (l21, do1). Thus, we can indeed define the polygon C as indicated
above by

C = conv ((0,-1), (la1,do1) , (=l11,d11 — l11)) -
We check that C is almost k-hollow. As a subset of Ap, the r.h.s. part of
C° contains no k-fold lattice points except (0,0). Concerning the l.h.s. part,
we need

(—k,O) € Ca (_ka _k) g C.

Indeed, due to @t < 1 and l3; < 2k, this gives C° N kZ? = {(0,0)}. The
slopes of L and the bounding line G through (—I11,d11 — l11) and (0,—1)
satisfy
1 l17 —dy1 —1 2
— S .
2k ma In =Tk
Consequently, (—k,0) lies above L and (—k,—k) lies below G. Altogether,
C is almost k-hollow and we have lo; < 2vol(C). Thus the case & < 1/2
is settled. If &~ > —1/2, then we swap source and sink by multiplying the
last row by —1. After re-adjusting, we are again in the case &% < 1/2.

mp > mi1 >

Case (ii).2. lo1 = 1 and lpa > 1. In this case the bounds for dy; and dp are
k-1,
—1.

-1 < d()l

< <
1—k—2lpp < dp2 <

Case (ii).2.1. At least two of the coordinates of (lo2,l11,l21) are different
from 2. Then lgo, 111,121 < 5, so every entry of P is bounded.

Case (ii).2.2. Two of the coordinates of (lp2,l11,121) are equal to 2. We have
to consider the following two cases.
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Case (i1).2.2.1. (lp2,111,121) = (lo2,2,2). In this case
d+:d01+1>0, a4~ = dypo+1lpg < 0.

So T >1and & < —1. By Lemma we get lpp < 2k? and therefore
everything is bounded.

Case (i1).2.2.2. (lp2,111,121) = (2,111,2). Since (v. )3 < 0 we get
d02 < —2mp1—1 < -1

and thus dgo < —2. Equality cannot occur, because the columns of P are
primitive. That means dys < —3 = —1 — g2 and therefore &~ < —1. We
distinguish between the following two cases.

Case (ii).2.2.2.1. do; > 0. Then additionally % > 1 and again by Lemma
m we have [;; < 2k2. Therefore, every entry of P is bounded.

Case (i1).2.2.2.2. do1 < —1. Then dy; = —1. Consider the line L given by
d 1 —l 2d

L(z) = 11+ . 11 + 2dy;
i +2 i1 +2
We have L(0) = &* and L(—2) = —1. Therefore, since the polygon

conv ((0, d+) ,(0,-1), (-2, —1))
is k-hollow, ¢~ < —1 and X is 1/k-log canonical, the lattice simplex
P := conv ((llla d11) 5 (0, —1) y (—2, —1))

is almost k-hollow. Its volume vol(P) = dy; + 1 is bounded. Note that [1;
is also bounded as l11 < 2d1;1.

Case (ii).3. lo1 > 1 and (lo2,l11,121) = (1,111, 121). Multiplying the last row
by —1 and re-adjusting the resulting matrix yields

—do2 — 1 —do1 —lo1 li1 —di1 o1 —do
Since dga < mo1 the matrix is in standard form and appears therefore in one
of the cases above.
Case (ii).4. lor > 1 and lpg > 1.

Case (ii).4.1. At least two of the coordinates of (lp1,011,l21) are different
f’I"OTTL 2. Then l01, llla l21 S 5. Since lll 75 2 or l21 7& 2 the triple (lOQ, lll, lgl)
contains at most one 2. So, by platonicity, lpo < 5 as well. Taking into

account the general bounds for dy; and dye, we see that every entry of P is
bounded.

Case (ii).4.2. Two of the coordinates of (lp1,l11,121) are equal to 2. The
following two cases have to be considered.

Case (11)421 (lgl,lll,lgl) = (l01,2,2). We have
at = dor +1lor > 0, - = doo+1lpe < 0.

Hence <+ > 1 and ¢~ < —1 and thus o1, lgo < 2k> by Lemma and
every entry is bounded.
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Case (ii).4.2.2. (lo1,111,1l21) = (2,111,2). We distinguish between the fol-
lowing two cases.
Case (i1).4.2.2.1. lpg = 2. Then we have
dorlin + 2d11 + lia

dt = 5 > 0,
doal 2d l
a4 = 0211+211+ 11 < 0.

By Lemma we get 111 < 4k?, so every entry of P is bounded.

Case (ii).4.2.2.2. log > 2. Then (lp2,11,2) is one of the following platonic
triples.

(57 37 2)’ (3’ 5’ 2)7 (47 3’ 2)7 (37 47 2)7 (3? 37 2)'
Therefore, every entry is bounded.
Case (ii7). The matrix P has the shape
—lor —lo2 111 0 0
—lor —lo2 0 I O
—lor —lo2 0 0 31|’
do1  do2 di1 d21 d3
where we require without loss of generality l11 > ls1 > l31. Both of the
platonic tuples have to contain more than 2 entries different from 1 since P
is irredundant. That means lp; = lp2 = 1 and therefore dy; > dg2. Moreover,
Litlorlzidor + lailsidin + linlzider + lLitloidsy
lilor + lilz1 + 2131 — litlalsn
Litlorlzidog + lailsidin + linlzider + Litloidsy
lilor + lilz1 + l21l31 — litlailsn '
Since 4% > 0 and &~ < 0 we get do; > —2 and dpz < —1. Additionally,
the conditions (v] )3 < k and (v, )3 > —k yield

at =

«d_:

k
dpr < doz > —5—3.

57
Now we distinguish between the cases depending on the specific platonic
tuples.

Case (iii).1. At least two of the coordinates of (111, l21,131) are different from
2. Then each I;; is bounded by 5, the d;; are therefore bounded as well.

Case (iii).2. Two of the coordinates of (l11,l21,131) are equal to 2. Then
without loss of generality (I11,121,131) = (l11,2,2). We have

L,
~1.

4% = doil +di + i
a4~ = do2lin +dn + i
By Lemma there is the bound 117 < 2k2.
Case (iv). The matrix P has the following shape.

>
<

—lor —lo2 lin lLiz O
—lgl —log 0 0 l21 ’
dor  do2 din diz do
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where ly; > 2 since P is irredundant. The vertices 97 = «Tvt and o~ =
«~ v~ of the anticanonical complex Ap of X are determined by

li1lo1dor + lorl21dry + lo1li1das

loilin + loilor + Linlor — lorlinlar’

liala1doa + lp2lo1di2 + lo2l12d21

looli2 + lozlar + lialar — loglialar

The conditions 0 < &7 < k and —k < &~ < 0 yield

at =

a- =

—2lp1 +1 < dn <k3<l021+1),

l
—k (;2 + 1) — 2o < lyodpg + lgodia < —1.
As before, we go through the different possible constellations of the platonic
tuples.

Case (iv).1. (lo1,l11,121) and (lo2,l12,121) are platonic triples with at most
two coordinates different from 1. Since ly; # 1 we can assume (lp1,l11,021) =
(1,111,121) without loss of generality.

Case (iv).1.1. (lo2,112,121) = (1,112,121). Thus, the matrix P looks like

-1 =1 111 s 0
-1 -1 0 0 In
dor do2 di1 di2 do

First note that by Lemma (i)(b) we have

—mi1 —mo1 = dog € Z.
Since 0 < mq1,m91 < 1 we obtain dys = —1. The bounds from above
become
3
0 < dn < -k,
2
3
_ik_Q < dig—l1g < —1.
Hence

l12 (—3k’ — 1) < dio < 112 — 1.
If l1; = 1, we get di1 = 0. Again, by Lemma (i)(a) we see mg; = 1,
6]

which is a contradiction. If /12 = 1, Lemma (a) gives
ma1 = —doy —di2 € Z.

This is a contradiction as well. Therefore l11,l12 > 2. We have

S = linla1dor + lordin + lindoy
i+ 12 '
Since dp; > 0 we get &+ > 1. Using Lemma (i)(a) we also obtain
g - Mmtma-1 —dp—1
I N R N o
iz T I 12 Tl

Since l19,191 > 2 and dg; > 0 we have ¢~ < —1. Hence we can use Lemma
to conclude 11, l12, lo1 < 2k2, so every entry is bounded.
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Case (iv).1.2. (lo2,l12,121) = (lo2,1,121). Using Lemma (i)(a) we get
do1 +di2 = —ma.

That means mg; € Z. Since ged(ler,do;) = 1 this yields lo; = 1 which
contradicts the irredundancy of P. So this case cannot occur.

Case (iv).2. lo1,l11 > 1 and (lp2,l12,121) is a platonic triple with at most
two coordinates different from 1. Without loss of generality lgo = 1.

Case (i).2.1. (lo1,111,121) contains two 2’s.

Case (iv).2.1.1. lp1 = 131 = 2. That means the matrix P takes the form

-2 =1 2 I 0
-2 =1 0 0 91
dor do2 1 di2 do

By Lemma (i)(b) we have

2mo1 = —2d02 -1 € Z.
Since 0 < mg; < 1 this gives 2;1% = 1 and therefore do; = 1 and Iy = 2.
Looking at the above equation again, we see dgo = —1. The matrix P and

the values &1, @~ become

—2 —1 2 155 0 odn ]
P=1-2 -10 0 2, & =dn+2, d*:%.
doy —1 1 dg 1 12

So &t > 1 and dyy > —1. Also &~ < —1 if and only if dis < —1. We
examine the different possible cases.

Case (iv).2.1.1.1. diz < —1. In this case l;o < 2k? by Lemma Hence

3
——k < dip < —1.
of = di2

That means every entry of P is bounded.

Case (iv).2.1.1.2. di2 > 0. Again, by (i)(a) we have

do1 1
9 +miga = — 5"
So dg1 > 0 cannot occur in this case. Hence dg; = —1. Then di2 = 0 and

lio =1.
Case (iv).2.1.2. ly1 = l2; = 2. The matrix P is given by

-2 -1 111 112 0
P={(-2 -1 0 0 2

do1 do2 din diz 1
By Lemma (i)(b) we have
1

mi1 = —§—d02~

Since 0 < mq1 < 1 we obtain dyps = —1. In turn, we see my; = %,
and dy; = 1. That means we are in the setting of Case (iv).2.1.1.
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Case (iv).2.1.3. 111 = la; = 2. The matrix P is given by

*l[)l -1 2 l12 0
P=|-lp -1 0 0 2

dor do2 1 dio 1

Without loss of generality lp1 > 3 as lpg = 1 was covered in Case (iv).1.1
and lp; = 2 in Case (iv).2.1.1. By Lemma (i)(b) we have dpz = —1.
Therefore, we have

2dyo — l12

lig+2
Hence «/~ < —1 if and only if d1o < —1. In this case we have bounds for oy
and l12 by Lemma[5.2.2] So we consider the case that dj2 > 0. By convexity
of the 1. arm of the anticanonical complex Ap we conclude di2 = 0 and
therefore by k-hollowness l12 < k. This in turn allows us to use Lemma [5.2.2]

again and we obtain the bound lo; < (k + 3) - k2. Therefore, every entry of
P is bounded.

a4t = lo1 + do1, a4 =

Case (iv).2.2. (lo1,111,121) contains exactly one 2. Then lo1,111,1l21 < 5. By
Lemma (i)(b) we have

—do1l21 — da1lo1

mi2 = —Mo1 —M21 = loil
01621

Hence 115 < lp1lo1 < 20. Then the value of dy5 is bounded as well and so is
therefore every entry of P.

Case (v).3. (lo1,l11,121) is a platonic triple with at most two coordinates
different from 1 and lgo,l12 > 1. Without loss of generality lj1 = 1. The
matrix P is therefore given by

-1 —lp2 lin lLiz O
-1 —lp2 O 0 I91
dor do2 din di2 da

Swapping source and sink, i.e. multiplying the last row by —1, and re-
adjusting the matrix, we end up with

—lo2 -1 11 l12 0
—lpo -1 0 0 191 .
—do2 — 2l —do1 —2 i1 —di1 lig—diz la1 —dor

These matrices were classified in the previous case.

Case (iv).4. lo1,lo2, 11,112 > 1. We examine the following cases depending
on the type of the occurring platonic tuples.

Case (iv).4.1. (lo1,1l11,121) contains two 2’s. Without loss of generality
lop = 2.

Case (iv).4.1.1. l11 = 2.
Case (iv).4.1.1.1. (lo2,112,121) contains two 2’s.
Case (10)41111 ZOQ = 112 = 2. Then

-2 =2 2 2 0
-2 =2 0 0 I
dor do2 1 dio do
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By Lemma (i)(b) we get
2mo1 = —dpp—1 € Z.
So 2mo; = 1 and hence lo; = 2 and do; = 1. Therefore do; = —2 which
contradicts the primitivity of the columns of P.
Case (iv).4.1.1.1.2. lpo = lo; = 2. That means

-2 =2 2 lp 0]

P=|-2 -2 0 0 2

dor do2 1 dip 1

Using Lemma (i)(b) again we obtain dge = —2 which is a contradiction
to the primitivity of the columns.

Case (’L’U)41113 l12 = l21 = 2. Then
-2 —lpp 2 2 O]

P=1-2 =l 0 0 2

don  dog 1 dig 1
By Lemma (i)(b) we have mpa = —1. Therefore dps = —1 and lp2 = 1.
We get the bounds

-1 < dn

IN

0,

—;k—? < dig < 0.

Case (iv).4.1.1.2. (lp2,li2,121) contains exactly one 2. So there are the
bounds 2 < ly2, 12,121 < 5 and hence

l
-2 < dy < k (;1 + 1) s
=2k -7 < dypo < dpyp — 1,
—k—1 < dis < 2.

Case (1v).4.1.2. la; = 2. In this case we have

=2 —lp2 li1 lLiz O
P = 1-2 —lps O 0o 2

dor do2 din di2 1

Case (iv).4.1.2.1. (lo2,112,121) contains two 2’s. We examine the following
cases.

Case (iv).4.1.2.1.1. lp2 = 2. By Lemma (i)(b) we have
—2mi11 = dpo+1 € Z.

Since 0 < m1; < 1 we conclude

1
mi1 € {0,2}.

The case m11 = % cannot occur as it leads to dgs = —2 which contradicts

the primitivity of the columns of P. Hence l1; = 1,d1; = 0 and dgo = —1.

Therefore
do1 +1

dt =
2 )

4~ = dio.
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Using Lemma [5.2.2] we see that [15 is bounded. Moreover, we have
-3 < don < 2k—1,
—3k% =2k —1 < dyy < 6k*+ 2k + 3k>.

Hence, every entry of P is bounded.
Case (iv).4.1.2.1.2. l12 = 2. Then
do1l11 + 111 + 2d1s g - dy2lo2 + lo2 + 2do2
2 ’ 2 '
As before, by Lemma the values of [y and l1; are bounded. In the

same manner as above we get the bounds

at =

-3 < dn < 2k-—-1,
—4k* — 6k —k < dpp < doy — 1,
=3k -1 < dig <1.

Case (0).4.1.2.2. (L2, l12,121) contains exactly one 2. That is, 3 < lg2,l12 <
5. Then

dorli1 + i1 + 2d11 4 - 2doali2 + 2d12lo2 + lo2li2
2 ’ 202 + 2112 — loelia

The denominator of «~ is bounded by 3. Lemma says that therefore
l11 < 6k2. Furthermore

at =

-3 < dnn < 2k—-1,
—14k —8 < dy < do1 — 1,
—Tk—1 < dig < 4.

Case (iv).4.2. (lo1,111,121) contains exactly one 2.

Case (iv).4.2.1. lopy = 2 or 111 = 2. Without loss of generality lo; = 2. Then
3 <li1,la1 < 5. Since (lg2,l12,121) is also platonic with no entry equal to 1,
we have 2 < lyg,l12 < 5. As before we additionally obtain the bounds
-3 < dn < 2k-1,
14k —9 < dyp < doy — 1,

< dp <
—Tk+1 < dig <14k — 10.

Case (7,’0)422 l21 = 2. Then 3 S l01,l11 S 9.

Case (iv).4.2.2.1. (lo2,112,121) contains two 2’s. The following cases can
occur.

Case (iv).4.2.2.1.1. lpo = 2. We have

2do1l11 + 2d11lo1 + lo1lan g - do2l12 + li2 + 2d12
2001 + 201 — loalnn 2 :

The bounds for lp; and l1; show that the denominator of ™ is bounded by
3. Hence, by Lemma we see that l1o < 6k%. We additionally get the

at =
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bounds

9 < dy < 4k—1,
—5k3—k—5 < do do1 — 1,

—12k% +3k2 -2k —1 < dyp < 13k° +3k® + 13k% — 1.

IN
IN

A

Case (iv).4.2.2.1.2. 112 = 2. In this case

2do1l11 + 2d11lo1 + lo1lan g - d12lo2 + lo2 + 2do2
2001 + 201 — loalnn 2 :

That means, as before, that the denominator of @ is bounded by 3. There-
fore, by Lemma we see lgo < 6k2. Moreover

=9 < don < 4k -1,
—5k> —10k> —k+1 < doe < dy — 1,

—6k < dis < 5k3+ 10k> — 2.

at =

Every entry of P is bounded.

Case (iv).4.2.2.2. (lpa2,l12,1l21) contains exactly one 2. That means 3 <
lp2,l12 < 5. Hence we get the following bounds.

=9 < dopyp < 4k -1,
—14k -8 < do2 < do1 — 1,
-9k < dia <25k —10.

Case (v). The matrix P has the shape

—lo1 —loo lLin iz O O
—lor —lp2 O 0 Iy O
—lor —lp2 O 0O O 3|’
dor  do2 din diz do1 d3n

where we require without loss of generality l2; > l31. We look at the vertices

9t =& v" and 9~ = & v~ of the anticanonical complex Ap. Here
li1l21l31do1 + lo1l21l31d11 + lo1li1l31d21 + lo1l11l21d31

lonlilar + lorlialsr + lolailsy + lialailsr — 2lorlinlailsr’

— li2l21l31do2 + lo2la1ls1di2 + lo2li2l31da1 + lo2li2l21d31

at =

loalialor + loalials1 + loalailst + lialailsy — 2loalialorls:
Since 0 < " <k and —k <« < 0 we get the conditions
—3lor +1 < dn < k-1,
—loolia(k+2)+ 1 < liadog + loadiz < —1.

Log terminality of X yields the following cases.

Case (v).1. (lo1,l11,121,131) and (lo2,l12,121,131) are platonic tuples with at
most two coordinates different from 1. Since lo1,131 # 1 we have

lor = log = 11 = lip = L.
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Therefore di; = 0 and P is given by

-1 -1 1 1 0 0
-1 -1 0 0 Iyy O
-1 -1 0 O 0 31
dor do2 0 di2 do1 d3

By Lemma (ii)(b) we have

—dpa = mo1 +m3; € (0,2).

Hence dgo = —1. In this case, we obtain the bounds
0 < dOl < k— ]-a
-k < dig < —1.
We have
4+ dolotlzy +dgilor +dotlzr . (dig — 1)la1l3y + dailoy + doil3;
4T = ,d- = .
lo1 + 131 lo1 + 131

Since d01 Z 0 and dgl,dgl Z 1 this yields d+ Z 1. The condition d12 S 1
gives
dsila1 + doilzr — 2121131

lo1 +l31 '

The fraction on the right is smaller or equal to —1 if and only if

a4 <

d21—|—1+d31+1

< 2.
lo1 l31

This is obviously satisfied since do; < lo; and d3; < I3;. Hence & > 1 and
«~ < —1. By Lemma we have ly; < 2k? and so every entry of P is
bounded since l97 > I31.

Case (1))2 (l01,l11,l21,l31) = (]_, 1,l21,l31) and (loz >1 orlip > 1) With-
out loss of generality l15 > 1. Then

-1 -1 1 L1 O 0
-1 -1 0 0 In 0
-1 -1 0 O 0 31’
dor do2 0 diz do1 dai

where do; > do2, di2 < 0 and (ly2,121,131) is a platonic triple with each
component greater than 1. As before, Lemma [5.2.4] (ii)(b) gives doz =
—1. The conditions do; > 0 and dio < —1 yield 47 > 1 and &~ < —1,
respectively. By Lemma we have l19,lo1, 131 < 2k%. Only dq2 remains
to be bounded. The second inequality from the beginning of the case yields

dia > —lio(k+2)+ 14112
= —lip(k+1)+1.

Therefore every entry of P is bounded.
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Case (1})3 (101 >1 orly; > 1) and (102,112,l21,l31) = (1, 1,[21,[31). With-
out loss of generality {17 > 1. Then

-1 -1 I 1 0 0
-1 -1 0 0 o 0
-1 -1 0 0 0 31’
doyr do2 di1 diz do1 d3

where d01 > dog, d12l11 < d11 and (llla l21, l31) is a platonic triple with each
component greater than 1. The inequalities from the beginning of the case
become

-2 < dn < k-1,
—k—1 < dpp+di2 < —1
Keeping in mind dy; > dys, these give the bounds
—k—1 < dpp < k-2,
—2k+1 < dig £ 0.
We examine the following cases.

Case (v).3.1. The tuple (l11,121,131) contains exactly one 2. In this case
each entry of P is bounded since ;1 > d;; > 0 for ¢ > 1.

Case (v).3.2. The tuple (I11,121,131) contains two 2’s. Without loss of gen-
erality l3; = 2. Hence d3; = 1. We have the following two cases.

Case (v).3.2.1. 111 = 2. Then di; = 1 and

(2do2 + 2d12 + 1)l91 + 2d2y
lo1 +2 ’

a7 = dolor +dor + o1, a =

Therefore ¢+ > 1. Furthermore we have
dai+1

1.
lo1

" < —1 &= dop+di2 < —
That means
dop+dip < -2 = 4~ < —1.
Note that dgo + d12 < —1. If dogg + di2 < —2 the value of ly; is bounded
by Lemma [5.2.2] If dyps + di2 = —1 we consider the line passing through

(=2,—1) and (lo1,d21). It intersects the vertical axis in (0,«~). Hence,
there is the almost k-hollow lattice simplex

o om((2)-(2)-0)

vol(P) = log —do1 + 1
is bounded by c¢(k). Then la; < 2¢(k) — 3.
Case (v).3.2.2. la; = 2. Then dgo; = 1. We have
a4t = doil + di + i, d~ = doz +di2+ 1.
Therefore, the value of [1; is bounded by Lemma

Case (v).4. (lor > 1 orlyy > 1) and (lpg > 1 or lyo > 1). Without loss of
generality lg; = 1. We examine the following cases.

Its volume
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Case (v).4.1. lpg = 1. The bounds from the beginning of the case yield
-2 < dpp < k-1,

—(k+3) < dp2 < k-2,

—2klio+1 < dia < lio(k+3).

Case (v).4.1.1. The tuple (l11,121,131) contains exactly one 2. Then we have
l11,112, 121,131 < 5. Therefore every entry of P is bounded.

Case (v).4.1.2. The tuple (I11,121,131) contains two 2’s. Without loss of
generality I3; = 2. Hence d3; = 1.

Case (v).4.1.2.1. 11 = 2. Then dj; = 1. We distinguish between the
following cases.

Case (1}).4.1.2.].1. lig # 2 and lay # 2. Since (llg,lgl,l31) is a platonic
triple, we have l19,l27 < 5. Hence every entry of P is bounded.

Case (v).4.1.2.1.2. 113 = 2. Then

_ 2dpo + dio + 1)1
dT = dylo +dor + loy, a = (2do; 212 )21+d21-

By Lemma we get lo; < 4k%. Every entry of P is therefore bounded.
Case (v).4.1.2.1.3. log = 2. Then do; = 1. In this case
47 = 2dy +3, a4~ = dp2li2 + di2 + l12.
We can use Lemma again and we see that l19 < 2k2.
Case (v).4.1.2.2. lo; = 2. Then dy; = 1 and
(vH)a = dorlyy + diy + l,
(vz )a = do2lia + di2 + la.

Hence, 11 and ;o are bounded by 2k? by Lemma Therefore, every
entry of P is bounded.

Case (v).4.2. l12 = 1. We get the following bounds from the bounds of the
beginning of the case.

-2 < dn < k-1,
—lgg(k+3) < dps < k-2,
—2k+1 < dig < k+2.

Case (v).4.2.1. The tuple (l11,121,131) contains exactly one 2. Then
lit, 121,031 < 5.

Since (loz, l21,131) is a platonic triple we also have lpg < 5. Every entry of P
is therefore bounded.

Case (v).4.2.2. The tuple (l11,l21,l31) contains two 2’s. Without loss of
generality I3; = 2 and hence d3; = 1.

Case (v).4.2.2.1. 131 = 2. Then dy; = 1. Since (lp2,l21,2) has to be a
platonic triple, there are the following cases.
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Case (v).4.2.2.1.1. lpg = 2. Then

_ doo + 2d12 + 1)1
At = loydo +doy + o1, d” = (do 212 ) + da;.
Thus, using Lemma again, we see that ly; is bounded by 4k>.
Case (v).4.2.2.1.2. lpg > 2. In this case lp2,l21 < 5. So, every entry of P is
bounded.

Case (v).4.2.2.2. lo; = 2. Then dy; = 1 and

4% = dyly + diy + o, = = dizloz + doz + lo2-
By Lemma we have lpo, 111 < 2k?. So every entry of P is bounded.
Case (vi). The matrix P has the shape

—lor —lo2 111 lLis O 0 O
—lo1 —lge O 0 l91 0 0
—lpr —lp2 O O 0 I3 O,
—lpor —lge O 0 0 0 ln
dor  do2  din diz do1 d3z1 dg

where we require without loss of generality lo; > I3 > l41. Since P is
irredundant, we have lo1, 131,141 # 1 and therefore

lo1 = lpo = 111 = l1g = 1.
Hence di1 = 0 and the matrix becomes
-1 -1 1 1 0 0 0

-1 -1 0 0 9 0 0

-1 -1 0 O 0 I 0

-1 -1 0 O 0 0 Iy

dor do2 0 di2 do1 d31 da
By Lemma (iii)(b) we have

mo1 +m31 + My = —dogz € Z.

There are the following possible cases.
(1217 1317 141) S {(57 37 2)7 (47 3) 2)7 (37 37 2)7 (l217 27 2)} .

Depending on the specific values we get one of the following conditions.

dor  dz 1 doy  d3; 1
o B, - g B g
s 3 T €% Sty g es
dyy d31 1 dy 1 1
1 B, g 2L ¢y
3 + 3 + 2 €% 91 + 2 + 2 €%

where 1 < d;1 < l;1. The fourth condition yields a contradiction. The others
respectively lead to

30 | 6da1 + 10d31 + 15, 12 | 3do1 + 4d31 + 6, 6 | 2da1 + 2ds1 + 3.
The third condition cannot hold. For the other two we have respectively
6ds1 + 10d3; = 15, 3do1 +4d31 = 6.

Going through the cases we see that these equations lead to contradictions
as well. So this type of matrix cannot occur at all. O
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For each k, Theorem provides a finite list of defining matrices P that
deliver in particular all the non-toric combinatorially minimal 1/k-log canon-
ical del Pezzo K*-surfaces. For the final classification, we reduce the list by
checking the required properties computationally and using the normal form
from Definition Altogether we arrive at the following results.

Theorem 5.2.5. We obtain the following statements on non-toric combi-
natorially minimal e-log canonical del Pezzo K*-surfaces.

e = 1: There are exactly 13 sporadic and 2 one-parameter families of non-
toric combinatorially minimal canonical del Pezzo K*-surfaces.

€= %: There are exactly 62 sporadic and 5 one-parameter families of
non-toric combinatorially minimal 1/2-log canonical del Pezzo K*-
surfaces.

€= %: There are exactly 318 sporadic and 14 one-parameter families of
non-toric combinatorially minimal 1/3-log canonical del Pezzo K*-
surfaces.

5.3. Classifying 1/k-log canonical del Pezzo K*-surfaces

We are ready for the classification of non-toric 1/k-log canonical del Pezzo
K*-surfaces. Theorem [5.3.9] shows basic data of the classsification for k =
1,2,3. The full list of defining data will be made available in [25]. The idea
is to build up the defining P-matrices from the almost k-hollow polygons
classified in Theorem on the one hand and the defining data of the
non-toric combinatorially minimal 1/k-log canonical del Pezzo K*-surfaces
classified in Theorem [5.2.5 on the other.

Construction 5.3.1. Fix k € Z>;. With any almost k-hollow LDP-polygon
A C R?, we associate a defining matrix P4 with r = 1, having the vertices
of A as its columns:

- +
P.A - [UOla"'aUOn()lel?"'avlnpv ]7

where Vo; = (_ZOjadOj) and V15 = (lljvdlj) and, if present, ’U:t = (O,il)
Suitable numbering of the columns ensures that P, is slope-ordered. Con-
versely, setting

Ap := conv(v; v column of P)

for every slope-ordered defining matrix P with » = 1 of a toric 1/k-log
canonical del Pezzo K*-surface gives an almost k-hollow LDP-polygon.

Definition 5.3.2. Fix k € Z>1 and consider the lattice vectors v = (0,1)
and v~ = (0, —1).
(i) We denote by 2y the set of all almost k-hollow LDP-polygons A
such that conv(A U {v"}) or conv(A U {v™}) is almost k-hollow.
(ii) We write P = {Pa; A € i} for the set of defining matrices
associated with the polygons from 2A.

Remark 5.3.3. The set P, is invariant under admissible operations of types

(i), (ii), (iii), (iv) and (v).
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Proposition 5.3.4. Let X1 — X be a contraction of non-toric 1/k-log
canonical del Pezzo K*-surfaces as in Construction|5.1.11), where Xy is non-
toric and Xo is toric and combinatorially minimal. Then the defining matriz
Py stems from By,.

PRrROOF. Let (A;, P;) be the defining data of X;. Then P; has three arms,
at most six columns. We may assume that a column of the third arm of P;
is contracted. Then the arms of P, are the first two of P; and Proposition

(iv) guarantees that P belongs to . O

Construction 5.3.5. Let B be an almost k-hollow LDP-polygon with ¢ < 5
vertices. We obtain a finite set 2A(B) C 2, of almost k-hollow LDP-polygons
with at most 4 vertices via the following procedure.

e For each primitive lattice point v € B fix unimodular matrices
M,", M, such that

Mf-v = vf, det(M;") = 1,
M, v = v, det(M,) = —1.

v
e Start with 2(B) := 0. With each primitive vector v € B perform
the following steps.

— If4 < ¢ <5andwis a vertex of B but —v is not, then consider
the convex hull B, over all vertices of B except v. If B, is an
LDP-polygon, then add M.} - B, and M, - B, to 2A(B).

— If 3 < ¢ < 4 and neither v nor —wv is a vertex of B, then set
B, := B and add M, - B, and M, - B, to 2A(B).

Moreover, given any (finite) set B of almost k-hollow LDP-polygons with
at most 5 vertices, we obtain a (finite) set of almost k-hollow LDP-polygons
with at most 4 vertices by setting

AB) = | wWB).
BeB

Proposition 5.3.6. Let the set B represent all almost k-hollow LDP-polygons
with at most 5 vertices up to unimodular equivalence. Then every matriz
P € Py, with at most four columns arises via admissible operations of types
(i), (ii) and (iv) from some matriz Pe with C € A(*B).
PRrROOF. Given P € By, consider the associated LDP-polygon Ap € 2. By
definition of 2, one of the following holds.

vt € BT = conv(ApU {vt}), vT € BT := conv(ApU{v}).

In either case, by the choice of B, we find a unimodular matrix U with
U-B* €%B. Set v:=U-vt. Then, with Mf and BF from Construction
5.3.5] we have

Ct o= M} Bf € A, C™ = M By € ADB).

The matrix Pp+ associated with C* equals M- U - P. As M - U fixes v*
up to sign, P arises from Pp+ via admissible operations of types (i), (ii) and
(iv). O

The main result of [1] shows that for given £ > 0 there are up to deformation
only finitely many e-log terminal surfaces. Here is an effective version of this
statement for the case of non-toric 1/k-log canonical del Pezzo K*-surfaces.
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Theorem 5.3.7. Consider a non-toric 1/k-log canonical del Pezzo K*-
surface X (A, P), where P is irredundant, slope-ordered and adapted to the
source. Fiz o > 0 such that d; > a and dy < —a for any combinatorially
minimal 1/k-log canonical del Pezzo K*-surface Y and any toric surface Y
arising from Proposition[5.3.6. Set £ := 2a~1k2.

(i) The number r+1 of arms of P is bounded by 4k in the case of two
elliptic fixed points and by 2k + 2 in the case of only one elliptic
fixed point.

(ii)) We have n; < 20+ 1 fori =0,...,r. Moreover, the entries of P
are bounded by l;; < ¢ and —l;j(4k +r — 1) < di; < l;j.

PROOF. Assertion (i) is clear by Proposition We show (ii). Propo-
sition yields % > o and &~ < —a for any defining matrix P of
a 1/k-log canonical del Pezzo K-surface. Thus, Lemma provides the
desired common bound for all the /;;. Now, by convexity of the i-th arm of
Ap, there can be at most 2¢ + 1 columns in the i-th arm of P. That means
that we have n; < 2¢ + 1.

Finally, we have to bound the numbers d;;. From Theorem [4.1.14, we infer
4t <kand &~ > —k. As P is adapted to the source, we have 0 < m;; < 1
for i = 1,...,r. Remark says /T < 2 and £~ < 2. Altogether, this
yields

' T
mor <k - Zmﬂ < 2k, Mong = —kl{™ — mel > 2k —r.
i=1 i=1
Thus, besides d;1,...,d; also dog1 and dpy, are bounded as claimed. Due
to slope-orderedness, the remaining d;; are bounded once we have bounded
Mmjp, from below for ¢ =1,...,r. This is seen as follows.

Min, < =0 —Mopg — > Mgn, < —2k—2k—r+1 = —dk—r+1.
q#i,0
O

Algorithm 5.3.8. Let k € Z>;. The input is a finite set B representing up
to unimodular equivalence all almost k-hollow lattice polygons and a finite
set M containing up to isomorphism all defining matrices P of non-toric
combinatorially minimal 1/k-log canonical del Pezzo K*-surfaces.

e Compute the set A(B) of defining matrices P with » = 1 from
Construction

e Compute the set Gy of all irredundant defining matrices P with
r = 2 and entries bounded according to Theorem [5.3.7] that arise
from 2A(*B) via a redundant extension followed by a proper one.

e Compute the union & := &y UM, bring the matrices of &1 into
normal form and, this way, remove all doubled entries &;.

e Compute the set © of all irredundant defining matrices P with
data bounded according to Theorem that arise from &; via
a series of redundant and proper extensions.

e Bring the matrices of & into normal form and, in this way, remove
all entries of & that appear multiple times.
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The output set & contains precisely one member for each equivalence class
of defining matrices P of non-toric 1/k-log canonical del Pezzo K*-surfaces.

Theorem 5.3.9. We obtain the following statements on mnon-toric e-log
canonical del Pezzo K*-surfaces.

€ = 1: There are exactly 30 sporadic and 4 one-parameter families of non-
toric canonical del Pezzo K*-surfaces. The maximal Picard num-
ber is 4, realized by 1 sporadic and 1 one-parameter family.

€= %: There are exactly 998 sporadic, 184 one-parameter families, 40
two-parameter families, 12 three-parameter families, 2 four-
parameter families and 1 five-parameter family of non-toric 1/2-
canonical del Pezzo K*-surfaces. The maximal Picard number is
8, realized by the unique five-parameter family.

: There are exactly 65022 sporadic, 12402 one-parameter families,
3190 two-parameter families, 917 three-parameter families, 254
four-parameter families, 64 five-parameter families, 14 six-
parameter families, 6 seven-parameter families, 2 eight-parameter
families and 1 nine-parameter family of non-toric 1/3-canonical
del Pezzo K*-surfaces. The mazimal Picard number is 12, realized
by the unique nine-parameter family.

0)
I
W=

Proposition 5.3.10 ([34],5.4). Let X be a log del Pezzo K*-surface of
Gorenstein index t. Then X is 1/t-log canonical.

Note that for ¢« > 1, the converse is false in general. Now, using appropriate
algorithms we obtain classifications of non-toric log del Pezzo K*-surfaces of
Gorenstein index up to 3 from Theorem

Theorem 5.3.11. We have the following statements on non-toric log del
Pezzo K*-surfaces of Gorenstein index ¢.

v = 1: There are exactly 30 sporadic and 4 one-parameter families of non-
toric log del Pezzo K*-surfaces of Gorenstein index 1. The maxi-
mal Picard number is 4, realized by 1 sporadic and 1 one-parameter
family.

t = 2: There are exactly 53 sporadic, 17 one-parameter families, 7 two-
parameter families, 3 three-parameter families, 1 four-parameter
family and 1 five-parameter family of non-toric log del Pezzo K*-
surfaces of Gorenstein index 2. The maximal Picard number is 8,
realized by the unique five-parameter family.

t = 3: There are exactly 268 sporadic, 123 one-parameter families, 67
two-parameter families, 36 three-parameter families, 18 four-
parameter families, 10 five-parameter families, 5 siz-parameter
families, 3 seven-parameter families, 1 eight-parameter family and
1 nine-parameter family of non-toric log del Pezzo K*-surfaces of
Gorenstein index 3. The maximal Picard number is 12, realized by
the unique nine-parameter family.

Example 5.3.12. The unique family of non-toric e-log canonical del Pezzo
K*-surfaces having maximal number of relations and maximal Picard num-
ber listed in Theorem under € = 2,3 is part of the following example
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series. Let k € Z>1 and consider the defining matrix

—1 -1 1 1 ... 0 O
-1 -1 0 0 o
Pk: = : : : : 0 0 € Mat(4k,8k,Z)
-1 -1 0 0 1 1
2k 2k—-1 0 -1 ... 0 -1

Note that the corresponding K*-surface X} is del Pezzo by the Kleiman
conditions. Furthermore we have

. mt 2k _
ot dk—(4k—-2) 7
. m 2k —1— (4k — 1)
a4 = = = —k.
£ 4k — (4k — 2)

Hence, the relative interiors of the lineality part and the arms of Ax, do
not contain k-fold lattice points except 0. So X}, is 1/k-log canonical. This
shows that the bound for the number of relations from Proposition [{.1.15]is
sharp.

We take a look at the minimal resolution of singularities of X;. The first
step of the canonical resolution from Summary yields a matrix Pj,
by adding the vectors v and v~ to Py. The corresponding surface X, is
smooth. The self intersection numbers of the corresponding parabolic fixed
point curves are

(Dj%)2 = —mt = 2k, (D;%)2 =m = -2k

That means, they are not contractible and thus the canonical morphism
X, — X}, is the minimal resolution. Since D;, and Dy, do not intersect,
k k

there are precisely 2 singularities. The respective resolution graphs each
consist of exactly one smooth rational curve having self intersection number
—2k.

Using Proposition [3.4.9] we see that X has Gorenstein index k. Hence,
the maximal number of relations in the Cox Ring of 1/k-log canonical K*-
surfaces is attained by ones of Gorenstein index k. This is notable since by
Proposition the class of log terminal K*-surfaces of Gorenstein index
k forms a proper subclass of 1/k-log canonical K*-surfaces.



CHAPTER 6

K-polystability and Ricci-flat Kahler cone metrics

6.1. Toric degenerations and K-polystability

Given a rational variety X with torus action of complexity one, we discuss
certain families X, — K having general fiber X and a not necessarily normal
toric variety as a special fiber. Each family itself also comes with a torus
action of complexity one and the map X, — K is equivariant. The precise
construction is performed in terms of defining data.

Construction 6.1.1. Consider defining data (A, P,X). Given an integer
k with 0 < k < r, we obtain new defining data (A4, P,, ¥,) with an (r +
s+ 1) x (n + 1+ m) matrix P; and a fan ¥, in Z"! via the following
procedure.

(i) The matrix P, arises from P by first appending a zero row at the
bottom and then inserting (v, ,1) as a new column at the place
ij with i = k and j = n, + 1.

(ii) The fan ¥ in Z"t**! has the maximal cones (o x 0) + 0un,.+1,
where o runs through the maximal cones of ¥ and g, +1 denotes
the ray through the new column.

We will denote by Z the toric variety defined by > and by X C Z the T*-
variety arising from (A, P,Y). Similarly, Z, is the toric variety defined by
Y. and X, C Z, the T*Tl-variety arising from (A, Py, X,).

We take a look at the geometry of the Construction. First, let us see in
detail how the involved ambient toric varieties Z,, and Z interact.

Remark 6.1.2. In the setting of Construction let F,: Zrtstl —
775+l be the linear isomorphism keeping e; fixed for i = 1,...,7 + s
and sending e,;s4+1 to the vector (—vyp,.,1). Then we have a commuta-
tive diagram, where both downward arrows represent the projection onto
the (r + s+ 1)-th coordinate:

Z'I‘+S+1 Zr+s+1

The map F}; is an isomorphism of fans from X, in Z" 5! to the fan product
of ¥ in Z"* and the fan of faces of Q> in Z. Accordingly, we have a com-
mutative diagram of the associated toric morphisms, involving the ambient

137
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toric varieties Z, of X and Z of X:

Observe that U, is given in Cox coordinates by [2;;, 2x| = Zgn,.+1. Moreover,
in terms of the acting tori T"t**! of Z,, and K* of K, the map ¥, sends an
element t = (t1,...,t,4s41) to its last coordinate ¢,44+1. Consequently, for
all points z € Z, and all t € T"t*+1, we have

\I/,{(t Z) = tr+s+1\1/n(z)-

Finally, the fiber ¥-1(0) equals the toric prime divisor of Z, defined by the
ray through vy, +1 and thus, being a toric orbit closure, it comes with the
structure of a toric variety. We will identify the toric variety W_1(0) with
Z via the toric morphism given by

275 Tvn i1 — T, U+ ZVkn, +1 + Przr+s o Fi(v).

Now we examine the family X, — K. The first of the subsequent two
Remarks relates the Cox ring of X,; to that of X. In the second one, we take
a look at the fibers and at the equivariance properties of the family.

Remark 6.1.3. Consider the T*-variety X defined by (A, P, ¥) with a com-
plete fan ¥. Recall that we have C1(X) = K for the divisor class group and
that the Cox ring is given by

TZL TlL+1 TlL+2
R(X) - K[E]) Sk]/<90, CIEaE ;gr—2>7 g, = det ¢ v+l t+2
a, a,41 a2

where the K-degrees of the T;; and Sy, are the classes of the basis vectors e;;

and e; in K = Z™"" /im(P*), respectively. Now consider the T*"!-variety

X, arising from the data (A, P, X,) as in Construction Then we have

Cl(XI{) = K7 R(XI{) = K[E‘]a Sk‘]/<gl€,07 s 7gI€,T‘72>7

where the new variable T}, 11 is of K-degree zero and all other variables T;;
and Sy have the same K-degree in R(X}) as they have in R(X). Moreover,
the defining relations g, , are related to the g, via

TineTeng+1, @ =K, J =Ny,

9o, =0.(Tij; 0<i<r, 1<j<ny), Tj:= {T-- else
55 ’

Remark 6.1.4. Consider X C Z and &,, C Z, as in Construction
Restricting ¥, : Z, — K from Remark [6.1.2) gives a morphism v, : X, — K.
The vanishing ideal of the fiber over ¢ € K in Cox coordinates is given as

1(1/};1(()) = <gn,07 e 79&,7‘—2) + <chn,§+1 - <>

Moreover, the morphism v, : X, — K is compatible with the T**!-action
on X, and the multiplication on K in the sense that for every point z € X,
and every element t = (t1,...,ts11) € TST! we have

¢n(t' Z) = ts-‘rlwn(z)'
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In particular, for any v € Z*t! of the form v = (vy,...,vs, 1), the corre-
sponding one parameter subgroup \,: K* — T**! gives a K*-action on X},
such that for all z € X,, and t € K* we have

Ur(Ao(t) - 2) = thu(2).

Proposition 6.1.5. Consider X = X (A, P, X) with complete ¥ and 1, : X, —
K as provided by Remark|6.1.. For ¢ € K write X,, ¢ := ;' ((). Then, the
following assertions hold.

(i) The variety X is irreducible and normal and the morphism ,;: X, —
K is a proper flat family.
(i) For ¢ # 0, we have X, = X. The fiber X is the closure of a
Ts*t-orbit in X, and hence an irreducible toric variety.
(iii) The special fiber X, o is normal if and only if at most one of the

monomials Tili, where © # K, has exponents l;; strictly bigger than
1.

Remark 6.1.6. Note that the normality condition from Proposition [6.1.5
(ii) implies quasismoothness of X.

Lemma 6.1.7. Consider V,.: Z, — K and its restriction ¢.: X, — K.
Then we have X9 = ¥;2(0) C ¥ 10) = Z. Moreover, with suitable
bi € K* the vanishing ideal L. o of X in Cox coordinates of Z is the K-
prime binomial ideal

Too = (TVi4+0,TH i=2,...,1), if k=0,

Teo = (TP 4+b6Th; i=1,...,r, i#k), ifx#0.

PROOF. The first statement is clear by construction. Moreover using the
specific nature of the defining trinomial relations g, , we obtain the shape of
Z,0, see also the proof of [27, Prop. 10.7]. Finally, K-primeness is ensured
by [27, Prop. 10.7]. O

PROOF OF PROPOSITION [6.1.5l Assertion (i) is clear by construction. We
prove (ii). From Remarks and we infer X ;1 = X. Using equivari-
ance of 1y, we see X, o = X for all ¢ € K*. The fiber X o is the intersection
of X; with the toric divisor of Z, given by the ray through vy, 4+1. Thus,
X, is the closure of a T*Tl-orbit in X,. Assertion (iii) is an application
of the Jacobian criterion for normality of complete intersections. Take the
Jacobian .J of the binomial generator system from Lemma [6.1.7]and see that
J is of full rank outside a closed subset of codimension at least two in X, if
and only if at most one of the monomials Tili, where i # Kk, has exponents
l;j strictly bigger than 1. O

Corollary 6.1.8. Let X arise from (A, P,X) with polytopal ¥ and let L be
an ample line bundle on the ambient toric variety Z defined by 3. Then we
have the following.
(i) The line bundle L extends to an ample line bundle L on the am-
bient toric variety Z,, = Z x K of Xj.
(ii) Any K*-action X\, as in Remark turns (X, L) into a test
configuration in the sense of [13, Def. 1.1].
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(iii) A test configuration as in (ii) is special if and only if at most one

of the monomials T(l)o, ..., T has exponents l;j strictly bigger than

1.
Construction 6.1.9. Consider defining data (A, P, X), where the fan X is

complete. The leaves of the associated tropical variety are
7; = cone(e;) +lin(epq1,...,€r45), i =0,...,m,
where eq,...,e,11 € Q"' are the canonical basis vectors and ey = —e; —
-+« —ep. Then, for k = 0,...,r, we obtain lattice fans (X,, Ny) by setting
Vi = lin(7x), N, == Z"NV,, Y = {onNVg; o€ X}
Proposition 6.1.10. Consider X = X (A, P,X) with complete ¥ and a
family vy X, — K as provided by Remark[6.1.7)

(i) The toric degeneration X, o of X has (X, Ny) as its convergency
fan.

(ii) The toric variety X, associated with (X, Ny) is the normalization
Of XK,O'

ProOF. We look at X, o = 1,,1(0) C U, -1(0) = Z. Moreover, the coordinate
functions x1,..., X, and 71, ...,7ns on the acting torus T ™% C Z satisfy
T}

P (xi) = =1,...,r p*(nj) = S5, j=1,...,s.

2
T
Using Lemma we conclude that X, o := X, o NT" " is described by
binomials of the form x1 + b;x; if K = 0 and 1 + b;x; for k # 0. Thus,
applying a suitable element t(x) € T"%, we obtain

tk) - Xeo = Vixa—xa 1=2,...,7),

tk) - Xeo = Vii—Li=1,...,r i#K),
according to kK = 0 and k # 0. For every k = 0,...,r, this gives a subtorus
T, C T"** corresponding to the sublattice N, NZ""5 C Z™*5. By construc-
tion,
Xeo = t(k) 1T, = t(k)™"- T, C Z

O

Definition 6.1.11. Consider X = X (A, P,X), the family ¢,: X, — K and
the lattice N, as in Construction [6.1.9]

(i) The antitropical coordinates on N, are given by the isomorphism
1=1,...,s,

s er+‘
7]/-@2 Z 1 — NK; ei v -
—€k, 1=S + ]_

(ii) The antitropical half space in Q5t1 is H,, := {v € Q**!; vy 1 > 0},
Remark 6.1.12. Consider 9,.: X, — K. Let A\: K* — T*t! be a one-

parameter subgroup acting on X such that 1, (A\(t) - 2) = t),(2).

(i) On ¥_1(0) = Z, the one-parameter subgroup A is given by v’ —
Upn, € Z'F with o € {0} x Z°.

(ii) On X.o = ¢;'(0), the one-parameter subgroup is given by

(di,...,ds,lun, ) in antitropical coordinates.
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Conversely, every (dy, ..., ds, lxn,) € Z5T1 is the antitropical coordinate vec-
tor of a one-parameter subgroup A: K* — T**! acting on X, such that

Yi(A(t) - 2) = the(2).

We remind the reader of the definition of the Donaldson-Futaki invariant
from [§].

Definition 6.1.13. Let X = X (A, P,¥) with complete ¥ such that X is
Fano. Suppose (Xx, L) is a test configuration as in Corollary with
L = O(—Kx) and associated K*-action \,. Consider ¢,: &,; — K from
Remark and the special toric fiber X, ¢ (with acting torus 77). We
call x walid, if X is normal. Let ¢ € Z>; be minimal such that —(Ky, ,
is Cartier. We denote by M’ and N’ the lattices of characters and one-
parameter subgroups of T, respectively. Consider the canonical lineariza-
tion for L0 = O(—(Kx, ,) and write I, = dim(H°(X, £LZ})). We set

wi(v) = Z (u,v) - dim(HO(X, E?’B))u
ueM’

and define the linear form

DF(X,,£) i= Fx,(v) = — lim kwkliv)ﬂ € Nj.

It is called the Donaldson-Futaki invariant of the test configuration (X, £).
Furthermore, the variety X is called K -polystable if DF (X}, £) > 0 for each
valid &.

Construction 6.1.14. Consider a Fano variety X arising from the data
(A, P,Y), where ¥ is polytopal. Fix (a;j, oy) such that

Zaijwij—i—Zakwk e K = CI(X)

is an anticanonical class of X. For instance ag; = (1 + lo; — rlpj)wo; and
@jj = ap = 1 in the remaining cases. As in Proposition [3.1.7} let

P
P = {a ], a = (a5, 04).

For k = 0,...,r consider P} and X/ from Construction where the
latter hosts the faces of the cone o/, over the columns of P.. Set
T = g (o)) S QT

and denote by w/, C Q™2 the dual cone of ¢/,. Then we obtain the moment
polytope of X,  as

Be = w.N(Q@ x{1} xQ) C Q°x {1} xQ = Q.
Under the latter identification, the antitropical half space is again given as
He={ve Qs+1§ Vsy1 > 0},

Remark 6.1.15. Consider a Fano variety X arising from (A, P,¥) with
polytopal ¥, the family v, : X, — K and the lattice N, as in Construction
If X, o is normal, then the moment polytope B,, C Qs+l of X0 is the
dual polytope of the fan polytope

Ay = conv(n;t(v,);0€ BV) C QL
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6.2. K-polystability and Ricci-flat Kédhler cone metrics in the
surface case

We take a look at the notions of K-polystability and Ricci-flat Ké&hler cone
metrics in the surface case. Implementing corresponding algorithms and
applying them to the classified surfaces from previous chapters, we obtain
the results listed in Theorems [6.2.3] and

First, we present a combinatorial characterization for K-polystability using
the moment polytope from Construction |6.1.14]

Proposition 6.2.1. Consider a del Pezzo K*-surface X = X (A, P), the
moment polytopes By from Construction and their barycenters b, €
Q2. The surface X is
(i) K-polystable if and only if b1 =0 and b, 2 > 0 for each valid k.
(ii) K-semistable if and only if b1 =0, be2 > 0 for each valid k and
bi2 =0 for at least one k among them.

Remark 6.2.2. For a Gorenstein log del Pezzo K*-surface X, the condition
of K-polystability is equivalent to X admitting a so-called Kdhler-FEinstein
metric, see Corollary 6.1 in [40]. In higher Gorenstein indices this no longer
holds true.

We are able to algorithmically test del Pezzo K*-surfaces coming from defin-
ing data (A, P) for K-poly- and -semistability. The following results are
obtained for the classified surfaces from Theorems [£.3.14] [5.3.9 and [5.3.11]

Theorem 6.2.3. We have the following statements on K -polystability of
non-toric log del Pezzo K*-surfaces.

e There are exactly 231 sporadic and 33 one-parameter families of
non-toric log del Pezzo K*-surfaces of Picard number 1 and Goren-
stein index ¢+ < 60 that are K-polystable.

e There are exactly 1 sporadic and 3 one-parameter families of non-
toric canonical del Pezzo K*-surfaces that are K -polystable.

e There are exactly 25 sporadic, 23 one-parameter families, 5 two-
parameter families, 4 three-parameter families, 1 four-parameter
family and 1 five-parameter family of non-toric 1/2-log canonical
del Pezzo K*-surfaces that are K-polystable.

e There are exactly 227 sporadic, 177 one-parameter families, 56
two-parameter families, 33 three-parameter families, 12 four-
parameter families, 9 five-parameter families, 4 sixz-parameter fam-
ilies, 3 seven-parameter families, 1 eight-parameter family and 1
nine-parameter family of non-toric 1/3-log canonical del Pezzo K*-
surfaces that are K-polystable.

o There are exactly 3 sporadic, 3 one-parameter families, 2 two-
parameter families, 2 three-parameter families, 1 four-parameter
family and 1 five-parameter family of non-toric log del Pezzo K*-
surfaces of Gorenstein index 2 that are K-polystable.

e There are exactly 6 sporadic, 13 one-parameter families, 14 two-
parameter families, 13 three-parameter families, 7 four-parameter
families, 6 five-parameter families, 3 siz-parameter families, 2
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seven-parameter families, 1 eight-parameter family and 1 nine-
parameter family of non-toric log del Pezzo K*-surfaces of Goren-
stein index 3 that are K-polystable.

Remark 6.2.4. According to their Gorenstein indices on the horizontal
axis, the numbers of surfaces from the first bullet point in Theorem [6.2.3
are distributed as follows.

151

104

D L] L] L] L] L] 1
0 10 20 30 40 50 60

Now we look at Ricci-flat Kdhler cone metrics. They are defined on the affine
cone over a Fano variety and exist if the solvability of certain equations is
guaranteed, see [37]. We explain how to explicitly determine if they exist
in the special case of del Pezzo K*-surfaces X = X (A, P).

Algorithm 6.2.5. The input is a defining matrix of a del Pezzo K*-surface
X =X(A,P). Let

K = {Hl,...,‘il}
be the set of valid k. Do the following steps starting with ¢ = 1.

e Lift the moment polytope B, from Construction to height
1 in R? by adding a 1 at the end of each of its vertices and let o
be the cone whose rays pass through these vertices.

e Denote by vol = vol(c(§)) the volume function of the truncation
of o at height 1, where ¢ = (x1,22,1) € R? is a generic choice.

e Regard f := %VTT‘IFO as a function of x;. Let z be its unique root
satisfying (2,0,1) € oV.

e Go to the first step with s = i+1if i <l and 2% (2,0) < 0. Return

Ox2
true if i = [ and %VT(;I (2,0) < 0. Return false if %VTZI (2,0) > 0.
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The affine cone over X from Proposition admits a Ricci-flat Kéhler
cone metric if and only if the output is true.

Remark 6.2.6. Based on experimental evidence, it seems that the affine
cone over a K-polystable del Pezzo surface always admits a Ricci-flat Kéhler
cone metric.

Theorem 6.2.7. We have the following statements on the existence of Ricci-
flat Kahler cone metrics on the affine cones over non-toric log del Pezzo
K*-surfaces.

e There are exactly 5138 sporadic and 283 one-parameter families
of non-toric log del Pezzo K*-surfaces of Picard number 1 and
Gorenstein inder ¢ < 50 whose affine cone admits a Ricci-flat
Kahler cone metric.

e There are exactly 23 sporadic and 3 one-parameter families of non-
toric canonical del Pezzo K*-surfaces whose affine cone admits a
Ricci-flat Kdhler cone metric.

o There are exactly 460 sporadic, 76 one-parameter families, 14 two-
parameter families, 6 three-parameter families, 2 four-parameter
family and 1 five-parameter family of non-toric 1/2-log canonical
del Pezzo K*-surfaces whose affine cone admits a Ricci-flat Kdhler
cone metric.

o There are exactly 20247 sporadic, 3041 one-parameter families,
473 two-parameter families, 111 three-parameter families, 34 four-
parameter families, 18 five-parameter families, 9 sixz-parameter
families, 5 seven-parameter families, 2 eight-parameter family and
1 nine-parameter family of non-toric 1/3-log canonical del Pezzo
K*-surfaces whose affine cone admits a Ricci-flat Kdhler cone met-
ric.

e There are exactly 22 sporadic, 8 one-parameter families, 5 two-
parameter families, 3 three-parameter families, 1 four-parameter
family and 1 five-parameter family of non-toric log del Pezzo K*-
surfaces of Gorenstein index 2 whose affine cone admits a Ricci-
flat Kdhler cone metric.

o There are exactly 105 sporadic, 49 one-parameter families, 34 two-
parameter families, 22 three-parameter families, 12 four-parameter
families, 8 five-parameter families, 4 siz-parameter families, 2
seven-parameter families, 1 eight-parameter family and 1 nine-
parameter family of non-toric log del Pezzo K*-surfaces of Goren-
stein index 3 whose affine cone admits a Ricci-flat Kdhler cone
metric.

Remark 6.2.8. According to their Gorenstein indices on the horizontal
axis, the numbers of surfaces from the first bullet point in Theorem [6.2.7]
are distributed as follows.
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Deutsche Zusammenfassung

Die vorliegende Arbeit tragt zur Klassifikation von log del Pezzo Flachen
mit Toruswirkung bei.

Eine del Pezzo Flache ist eine normale projektive algebraische Fléche X iiber
einem algebraisch abgeschlossenen Koérper von Charakteristik 0 mit einem
amplen antikanonischen Divisor —x. Die glatten del Pezzo Fléchen kénnen
mittels klassischer Methoden klassifiziert werden. Diese sind die folgenden:
das Produkt P; x P; der projektiven Gerade mit sich selbst, die projektive
Ebene Py und die Blow-ups von Py in bis zu acht Punkten in allgemeiner
Lage. Ist X eine glatte del Pezzo Fliche, so besteht nach Noether’s Formel
die Relation

K3 + p(X) = 10.

Die Selbstschnittzahl K3 ist der Grad von X und p(X) ist die Picardzahl von
X. Die del Pezzo Fliachen von mindestens Grad 4 kénnen als Durchschnitte
von Quadriken in einem projektiven Raum beschrieben werden. Diejenigen
von Grad 3 sind Kubiken in IP3, solche von Grad 2 Quartiken in Py 1 12 und
jene von Grad 1 Sextiken in [P 12 3.

Erlaubt man Singularitdten auf einer del Pezzo Fliache X, so erhélt man ein
iibliches Ma8 fiir deren Mildheit durch Betrachten einer Auflésung 7: X’ —
X von Singularitdten. Die zugehorige Verzweigungsformel ist

Kx = 7Kx + ZQ(E)E

Dabei durchlauft E die exzeptionellen Primdivisoren und die a(E) sind die
Diskrepanzen von w. Die Flache X nennt man

log terminal, falls a(E) > —1 fur jedes E,

e-log terminal, falls a(E) > —1 + ¢ fiir jedes E,
e-log kanonisch, falls a(E) > —1 + ¢ fir jedes F,
terminal, falls sie 1-log terminal ist,

kanonisch, falls sie 1-log kanonisch ist.

Dies héangt nicht von der Wahl von 7 ab. Eine log terminale del Pezzo
Flache nennt man auch log del Pezzo Fliche. Nach |38, Prop. 3.6] sind log
del Pezzo Fléchen stets rational. Alexeev zeigte, dass zu gegebenem e nur
endlich viele Familien e-log terminaler del Pezzo Flichen existieren, siehe
1.

Eine weitere wichtige Invariante einer del Pezzo Flache ist ihr Gorensteinin-
dex. Dieser ist definiert durch die kleinste positive ganze Zahl tx mit der
Figenschaft, dass tx/x ein Cartierdivisor ist. In diesem Zusammenhang
bilden Gorenstein del Pezzo Flichen X, d.h. diejenigen mit tx = 1, die
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einfachste Klasse. Dabei liefern Kegel tiber elliptischen Kurven die einzi-
gen nichtrationalen Beispiele, siche [32, Thm. 2.2]. Die Gorenstein del
Pezzo Flachen X mit hochstens rationalen Singularitdten sind genau diejeni-
gen, welche hochstens ADE-Singularititen, d.h. rationale Doppelpunkte,
erlauben. Dies ist wiederum &quivalent dazu, dass X nur kanonische Singu-
laritdten besitzt. Die minimalen Auflésungen dieser Flichen liefern genau
die schwachen del Pezzo Flichen, d.h. die glatten rationalen Flachen mit
big und nef antikanonischem Divisor. Die schwachen del Pezzo Fléchen sind
genau die iterierten Blow-ups der projektiven Ebene in bis zu acht Punkten
in fast allgemeiner Lage. Dies fiihrt letztlich zur Klassifikation der rationalen
Gorenstein del Pezzo Flichen, siehe [1718,32].

Alexeev und Nikulin présentierten alle moglichen Schnittgraphen einer gewis-
sen Auflésung von Singularitdten von log del Pezzo Flichen von Goren-
steinindex 2 in [2]. Dadurch werden diese bis auf dquisingulére Deformation
klassifiziert. Die Theorie von K3 Flachen spielte dabei eine wesentliche Rolle.
Nakayama gelang es ebenfalls, unabhéngig davon und mittels eines anderen
Ansatzes, log del Pezzo Flichen von Gorensteinindex 2 zu klassifizieren,
siehe [38]. Fujita und Yasutake nutzten Nakayamas Herangehensweise, um
die entsprechenden Flachen von Gorensteinindex 3 zu klassifizieren.

In der vorliegenden Dissertation konzentrieren wir uns auf log del Pezzo
Fliachen X, die eine effektive Wirkung T x X — X eines nichttrivialen
algebraischen Torus T erlauben, die durch einen Morphismus gegeben ist.

Ist T = K* x K*, so befinden wir uns in der Theorie der torischen Fldchen.
Nutzt man deren kombinatorische Beschreibung mittels Fachern, sind diese
besonders zugénglich. Jede torische Fléache besitzt hochstens zyklische Quo-
tientensingularitdten. Insbesondere sind diese stets log terminal. Auflerdem
kann der Gorensteinindex am definierenden Fécher explizit abgelesen wer-
den.

Torische (log) del Pezzo Flachen korrespondieren zu LDP-Polygonen, d.h. zu
zwei-dimensionalen konvexen Polygonen in Q?, die den Ursprung als einzi-
gen inneren Gitterpunkt und nur primitive Gitterpunkte als Ecken besitzen.
Diese Korrespondenz erlaubte explizite Klassifikationen bis zu Gorensteinin-
dex 17, siehe |[10,[35]. Eine torische del Pezzo Fliache X ist e-log kanonisch,
falls das zugehorige LDP-Polygon Px die Bedingung

ePYNZ? = {0}

erfiillt. Unter Verwendung dieses Kriteriums entwickeln wir Methoden zur
expliziten Klassifikation und erhalten die folgenden Ergebnisse.

Theorem 1. Wir erhalten die folgenden Aussagen zu torischen e-log kanon-
ischen del Pezzo Flichen.

€ = 1: Bis auf Isomorphie existieren genau 16 torische kanonische del
Pezzo Flichen. Dies sind die wohlbekannten torischen Gorenstein
del Pezzo Flichen. Die mazimale Picardzahl ist 4, realisiert durch
genau eine Fldiche.

€= %: Bis auf Isomorphie existieren genau 505 torische 1/2-log kanonis-
che del Pezzo Flichen. Die maximale Picardzahl ist 6, realisiert
durch genau eine Fldche.
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€= %: Bis auf Isomorphie existieren genau 48032 torische 1/3-log kanon-
ische del Pezzo Flichen. Die maximale Picardzahl ist 10, realisiert
durch genau eine Fldche.

Die andere Moglichkeit fiir den operierenden Torus ist T = K*. Das heifit,
wir betrachten sogenannte K*-Fliachen. Ahnlich wie torische Flichen wer-
den K*-Flachen seit langer Zeit intensiv untersucht, siehe beispielsweise
[19}-21,41}44]. Man beachte, dass alle log terminalen Fléchensingularitaten
als Quotienten der affinen Ebene K? und einer endlichen Untergruppe der all-
gemeinen linearen Gruppe GL2(K) entstehen und daher auf natiirliche Weise
mit einer K*-Wirkung ausgestattet sind. Dies macht K*-Flachen besonders
interessant fiir das allgemeine Studium von log del Pezzo Fliachen. Dariiber
hinaus wird die Klasse der K*-Fldchen durch verschiedene kombinatorische
Zuginge aus [3}/5,27,/30] sehr zugénglich. Dies wurde von Huggenberger in
[34] fiir die Klassifikation der Gorenstein log del Pezzo K*-Fléchen und von
Sif} fiir den Fall von Picardzahl 1 und héchstens Gorensteinindex 3 genutzt,
siehe [45].

Um diese Klassifikationsergebnisse auszubauen, werden wir das kombina-
torische Werkzeug des antikanonischen Kompleres nutzen. Dieser wurde
erstmals in [6] présentiert. Es handelt sich um einen polytopalen Komplex,
der das LDP-Polygon aus der torischen Situation verallgemeinert.

~ 7
C 1

Antikanonischer Komplex.

Wie bei torischen Flachen und deren zugehorigen LDP-Polygonen sind alle
geometrischen Eigenschaften einer log del Pezzo K*-Fléiche im entsprechen-
den antikanonischen Komplex kodiert. Wir nutzen ausschliefSlich diese
Sprache, um das folgende Resultat zu erhalten.

Theorem 2. Es gibt genau 154161 Isomorphieklassen nichttorischer log del
Pezzo K*-Fldchen von Picardzahl 1 und Gorensteinindex ¢ < 200.

Fine Tabelle mit den spezifischen Anzahlen von Isomorphieklassen zu
gegebenem Gorensteinindex ist in Proposition [4.3.14] zu finden.

Wir weiten unseren Blick auf e-log kanonische del Pezzo K*-Flédchen. In
diesem Kontext gibt es Charakterisierungen analog zum torischen Fall. Fiir
eine log del Pezzo K*-Flache X und ihrem zugehorigen antikanonischen
Komplex Ax gilt:

e X ist genau dann e-log terminal, wenn 0 der einzige Gitterpunkt
in eAdy ist.

e X ist genau dann e-log kanonisch, wenn 0 der einzige Gitterpunkt
in e A% ist.
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Um explizite Klassifikationen fiir diese Klassen von Flachen zu erhalten,
benodtigen wir die Begriffe der Kontraktion und kombinatorischer
Minimalitat. Eine normale vollstdndige Flache X ist kombinatorisch min-
imal, wenn jede Kontraktion X — Y ein Isomorphismus ist. Dies kann
mithilfe von antikanonischen Komplexen ausgedriickt werden und liefert das
folgende Theorem.

Theorem 3. Wir erhalten die folgenden Aussagen zu michttorischen kom-
binatorisch minimalen e-log kanonischen del Pezzo K*-Fldchen.

e = 1: Es gibt genau 13 sporadische und 2 FEin-Parameterfamilien nicht-
torischer kombinatorisch minimaler kanonischer del Pezzo
K*-Fldchen.

. Es gibt genau 62 sporadische und 5 Fin-Parameterfamilien nicht-
torischer kombinatorisch minimaler 1/2-log kanonischer del Pezzo
K*-Fldchen.

: Es gibt genau 318 sporadische und 14 Fin-Parameterfamilien nicht-
torischer kombinatorisch minimaler 1/3-log kanonischer del Pezzo
K*-Fldchen.

0)
|
DO

O
Il
Wl

Wir entwickeln einen Prozess, antikanonische Komplexe e-log kanonischer
del Pezzo K*-Flachen aus Komplexen kombinatorisch minimaler Flachen
und LDP-Polygonen systematisch aufzubauen. Es wurden Algorithmen im-
plementiert, welche die folgenden Resultate liefern:

Theorem 4. Wir erhalten die folgenden Aussagen zu nichttorischen e-log
kanonischen del Pezzo K*-Fldchen.

e = 1: Es gibt genau 30 sporadische und 4 FEin-Parameterfamilien nicht-
torischer kanonischer del Pezzo K*-Fldchen. Die mazimale Pi-
cardzahl ist 4, realisiert durch genau eine Flache.

€= %: FEs gibt genau 998 sporadische, 184 FEin-Parameterfamilien, 40
Zwei-Parameterfamilien, 12 Drei-Parameterfamilien, 2 Vier-
Parameterfamilien und 1 Fiinf-Parameterfamilie nichttorischer

1/2-log kanonischer del Pezzo K*-Fldchen.  Die mazimale
Picardzahl ist 8, realisiert durch die eindeutige Fiinf-
Parameterfamilie.

€= %: Es gibt genau 65022 sporadische, 12402 FEin-Parameterfamilien,
3190 Zwei-Parameterfamilien, 917 Drei-Parameterfamilien, 254
Vier-Parameterfamilien, 64 Finf-Parameterfamilien, 14 Sechs-
Parameterfamilien, 6  Sieben-Parameterfamilien, 2  Acht-
Parameterfamilien und 1 Neun-Parameterfamilien nichttorischer

1/3-log kanonischer del Pezzo K*-Fldchen. Die mazximale
Picardzahl ist 12, realisiert durch die eindeutige Neun-
Parameterfamilie.

Da 1/k-log kanonische del Pezzo Flichen samtliche log del Pezzo Fliachen
von Gorensteinindex k enthalten, erhalten wir das folgende Ergebnis durch
Filtern der vorangegangenen Klassifikationen.

Korollar 5. Wir erhalten die folgenden Aussagen zu nichttorischen log del
Pezzo K*-Fldchen von Gorensteinindez .
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t=1: Es gibt genau 30 sporadische und 4 Ein-Parameterfamilien nicht-
torischer log del Pezzo K*-Fldchen von Gorensteinindex 1. Die
maximale Picardzahl ist 4, realisiert durch eine sporadische und
eine Ein-Parameterfamilie.

t=2: Es gibt genau 53 sporadische, 17 Ein-Parameterfamilien, 7 Zwei-
Parameterfamilien, 3 Drei-Parameterfamilien, 1 Vier-
Parameterfamilie und 1 Finf-Paramterfamilie nichttorischer log
del Pezzo K*-Fldchen von Gorensteinindex 2. Die maximale Pi-
cardzahl st 8, realisiert durch die eindeutige Finf-
Parameterfamilie.

t=3: Es gibt genau 268 sporadische, 123 FEin-Parameterfamilien, 67
Zwei-Paramterfamilien, 36 Drei-Parameterfamilien, 18 Vier-
Parameterfamilien, 10  Finf-Paramterfamilien, 5  Sechs-
Parameterfamilien, 3  Sieben-Parameterfamilien, 1  Acht-
Parameterfamilie und 1 Neun-Parameterfamilie nichttorischer log
del Pezzo K*-Flichen von Gorensteinindex 3. Die mazimale Pi-
cardzahl st 12, realisiert durch die eindeutige Neun-
Parameterfamilie.

Die definierenden Daten aller klassifizierten log del Pezzo K*-Flichen aus
den Theoremen [2] und [] werden in einer Datenbank zugénglich gemacht,
siehe [25]. Zugehorige Invarianten wie Picardzahl, Grad, Gorensteinindex,
Anzahl der Singularitdten etc. werden dort ebenfalls zu finden sein.

Die vorliegende Dissertation ist auf folgende Weise organisiert. Das erste
Kapitel behandelt zweidimensionale Gitterpolytope. Insbesondere solche,
die keine k-fachen Gitterpunkte, d.h. Elemente aus kZ", enthalten. Es wird
eine Standardform fiir derartige Gitterdreiecke présentiert. Desweiteren
werden Fareyfolgen verwendet, um diese Dreiecke zu klassifizieren. Dieser
Zugang fand Anwendung in [11]. Das zweite Kapitel ist torischen Flachen
gewidmet. Wir geben einen kurzen Uberblick zu torischen Varietéiten im
Allgemeinen und présentieren alles Notwendige fiir den Flachenfall. Ins-
besondere die Methoden, die fiir obig erwéhnte Klassifikationen nétig sind.
Kapitel 3 stellt den allgemeinen Hintergrund zu K*-Flachen und deren kom-
binatorischer Behandlung bereit. Wir zeigen, wie man Invarianten wie Divi-
sorenklassengruppe, Cox Ring, Picardgruppe, antikanonischen Divisor, Sin-
gularitdten und die Schnitttheorie der Fliche anhand definierender Daten
erhélt. Auflerdem behandeln wir Details der Berechnung von Auflésungen
von Singularitdten sowie des Gorensteinindexes. Im vierten Kapitel spez-
ifizieren wir auf (nichttorische) log del Pezzo K*-Flachen und fithren den
antikanonischen Komplex ein. Wir prasentieren Algorithmen zur Klassifika-
tion von log del Pezzo K*-Flichen ohne quasiglatte elliptische Fixpunkte
und solcher von Picardzahl 1. Das fiinfte Kapitel hat 1/k-log kanonische
del Pezzo K*-Flachen zum Gegenstand. Zunéchst werden Kontraktionen
und kombinatorische Minimalitat diskutiert. Darauf werden mithilfe dieser
Konzepte Details der Klassifikation fiir £k = 1,2,3 présentiert. Letztlich
werden im sechsten Kapitel K-Polystabilitdt und Ricci-flache Kéhler Kegel-
metriken behandelt, allgemein im Hinblick auf Varietdten mit Toruswirkung
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sowie insbesondere auf K*-Fliachen. Die in den vorigen Kapiteln klassi-
fizierten Flachen werden algorithmisch auf diese Eigenschaften gepriift.
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