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Chapter 1

Introduction

‘ This thesis is about answering enumerative questions using tropical geometry.

Tropical geometry, a toolbox for enumerative questions. Tropical geometry is a rather
young field of mathematics that is intimately connected to algebraic geometry, non-Archimedean
analytic geometry and combinatorics. It can be viewed as a degeneration of classical algebraic
geometry. An important property of this tropicalization is that it usually is compatible with
combinatorial structures. Which means that combinatorial structures of algebraic varieties are
not only preserved when this degeneration is applied, but they are rather carved out and thus
become visible in the tropical world.

In the past, tropical geometry turned out to provide powerful methods to answer enu-
merative questions. To apply methods from tropical geometry to an enumerative problem, a
so-called correspondence theorem is required. A correspondence theorem states that an enu-
merative number equals its tropical counterpart, where in tropical geometry we have to count
each tropical object with a suitable multiplicity reflecting the number of classical objects in our
counting problem that tropicalize to the given tropical object. Thus tropical geometry hands
us a new approach to enumerative problems:

(1) Find a suitable correspondence theorem, then

(2) use combinatorics to enumerate the tropical objects in question.

In many situations such correspondence theorems are known, which enables us to work on the
tropical side for the largest parts of this thesis.

Mikhalkin [Mik05] pioneered the use of tropical methods in enumerative geometry by prov-
ing a correspondence theorem for counts of curves in toric surfaces satisfying point conditions.
Later, other correspondence theorems were proven.

The tools: Tropical moduli spaces and intersection theory. (Tropical) moduli spaces
and (tropical) intersection theory therein play — as in enumerative algebraic geometry — an im-
portant role in enumerative tropical geometry. Often, an enumerative problem can be expressed
as an intersection product on the moduli space parametrizing the objects to be counted. Gath-
mann and Markwig [GMO8| started to use these tropical moduli space techniques to answer an
enumerative question.

Moduli spaces of abstract rational tropical curves were studied in [Mik07]. They also
show up in the study of the tropical Grassmannian as the space of trees [AK06, SS06]. It
turns out that these tropical moduli spaces are tropicalizations of the corresponding mod-
uli spaces in algebraic geometry in a suitable embedding [Tev07, GM10]. Tropicalizations of
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2 1. Introduction

moduli spaces of curves of higher genus (in a toroidal and non-Archimedean setting) were
studied by Abramovich, Caporaso and Payne [ACP15]. The theory of rational tropical stable
maps was introduced by Gathmann, Kerber and Markwig in [GKMO09]. Ranganathan [Ran17]
tropicalized the moduli space of rational stable maps to toric surfaces using logarithmic and
non-Archimedean geometry.

A coherent tropical intersection theory was initiated by Mikhalkin [Mik06] and established
by Allermann and Rau [AR10, Raul6]. Katz [Kat12] related tropical intersection theory to
intersection theory on toric varieties studied by Fulton and Sturmfels in [FS97]. For matroidal
fans (i.e. tropicalizations of linear spaces) Shaw offers in [Shal3] a framework of tropical
intersection theory.

1.1 Topics

The present thesis consists of two main parts, which are to a great extend independent.

Part I  is about counting rational tropical curves in R? and R? with so-called cross-ratio
conditions. It is based on the published papers [Gol20a, Gol20c] and the preprint
[Gol20b], which are written by the author of this thesis.

Part IT is about counting tropical covers and counting tropical curves on a cylinder sur-
face, using and extending tropical mirror symmetry techniques. It is based on
the published paper [BGM20] and the preprint [BGM18], which are joint work
with Janko Béhm and Hannah Markwig.

Figure 1.1 outlines the general structure of the thesis. On the left side, it shows Part I, which
breaks down into three parts, that are different approaches to (almost) the same counting
problem. Each of these approaches yields deeper insights into the original counting problem.
As Figure 1.1 indicates, the combinatorial approach generalizes to rational tropical curves in
R3. On the right side, the two subparts of Part II, their relation and the dimensions of their
counting problems are shown.

Part I Part 11
Tropical Tropical mirror
cross-ratios symmetry dimension
Covers of elliptic 1
curves F
Y ] ] ]
Recursive Constructive Combinatorial Curves in 2
approach approach approach E x P!
Y ]
Combinatorial 5
approach
T

Figure 1.1: The overall structure of the present thesis.

1.1.1 Part I: Tropical cross-ratios

Consider the following enumerative problem: Determine the number Ny of rational degree d
curves in ]P’(QC passing through 3d — 1 general positioned points. For small d, this question can be
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answered using methods from classical algebraic geometry. It took until 94 when Kontsevich,
inspired from developments in physics, presented a recursive formula to calculate the numbers
Ny for all degrees. This recursion is known as Kontsevich’s formula.

Theorem (Kontsevich’s formula, [KM94]). The numbers Nq are determined by the recursion

3d—4 3d—4

N, = Ej dd? - — d3ds - Ny, N,

d <1 2 <3d1—2> 172 (3d1—1)> di
di+do=d

dy,d2>0
with initial value N1 = 1.

Tropical geometry, which is efficient when it comes to enumerative problems, provides a
tropical proof of Kontsevich’s formula. Recall that tropical geometry is applied in two steps:

(1) Find a suitable correspondence theorem. Mikhalkin’s correspondence theorem [Mik05]
states that the numbers N, equal their tropical counterparts, i.e. they can be obtained
from the weighted! count of rational tropical degree d curves in R? passing through 3d — 1
general positioned points. Hence Kontsevich’s formula translates into a recursion on the
tropical side called tropical Kontsevich’s formula and vice versa.

(2) Use combinatorics to enumerate the tropical objects in question. Gathmann and Mark-
wig demonstrated the efficiency of tropical methods by giving a purely tropical proof
of tropical Kontsevich’s formula [GMO08]|. Applying Mikhalkin’s correspondence theorem
then yields Kontsevich’s formula.

In the tropical proof — similar to the classical one — rational tropical degree d curves that
satisfy point conditions, two line conditions and one tropical cross-ratio condition are consid-
ered. In fact, a byproduct of the proof of (tropical) Kontsevich’s formula is a recursive formula
for the number of rational (tropical) plane degree d curves that satisfy point conditions, two
line conditions and one (tropical) cross-ratio condition in general position.

(Tropical) cross-ratios. A cross-ratio is the element

(g3 — q1)(q4 — q2)
(g3 — 2)(q4a — q1)

associated to four ordered points q1, g2, g3, g4 on a line. It encodes the relative position of these
four points to each other. It is well-known that it is invariant under projective transformations
and is therefore well-defined when four points on the projective line are considered. If a cross-
ratio is given, then the positions of the points subject to that cross-ratio are restricted. Hence
a cross-ratio can be seen as a condition that can be imposed on elements of the moduli space
of n-pointed rational stable maps to a toric variety.

The tropical counterpart of a cross-ratio, a tropical cross-ratio, was first introduced by
Mikhalkin in [Mik07] under the name “tropical double ratio” and can be thought of as paths
of fixed lengths in a tropical curve. More precisely: A plane rational tropical curve is a 1-
dimensional polyhedral complex in R? whose unbounded polyhedra are uniquely labeled. Let
(q1,92, 93, q4) be a quadruple of labels of unbounded polyhedra. Mikhalkin defined the tropical
double ratio as signed length of the intersection of the geodesic paths q1¢z and §3qy, where the
sign is positive if and only if the orientations of those paths are compatible.

!Tropical curves are always counted with multiplicities.
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Correspondence theorem. Tyomkin [Tyol7] provides a correspondence theorem that in-
volves tropical cross-ratios. It states that the number of rational algebraic curves in a toric
variety over an algebraically closed field of characteristic zero that satisfy general positioned
point and cross-ratio conditions equals its tropical counterpart.

Counting problems. The idea of the proof of Kontsevich’s formula raises the following
enumerative question, which serves as a starting point of a whole list of enumerative questions.

Q1) How many rational plane degree d curves are there that satisfy any appropriate?number
of general positioned point and cross-ratio conditions?

Inspired from Kontsevich’s recursive formula, we specialize (Q1) to the following question:

Is there a general version of Kontsevich’s formula that recursively calculates the number
(Q2) . §
from Question (Q1)?

Further questions we may ask are:

(Q3) ‘ Can the rational (tropical) plane degree d curves from Question (Q1) be constructed? ‘

What about rational curves in other toric surfaces? What is the number of rational
curves of a given degree in a toric surface that satisfy conditions as in Question (Q1)?

(Q4)

What about rational curves in higher dimensional spaces? What is, for example, the
number of rational degree d space curves that satisfy conditions as in Question (Q1)?

(Q5)

In order to find answers to questions (Q1)—(Q5), we use Tyomkin’s correspondence theorem
[Tyol7] for cross-ratios such that tropical geometry can be applied. It turns out that questions
(Q2)—(QbH) require different approaches within tropical geometry. Each of the three approaches,
which we call recursive, constructive and combinatorial approach, sheds light on different as-
pects of tropical curves that satisfy tropical cross-ratio conditions.

Recursive approach. In Chapter 4, Question (Q2) is answered by proving a general tropical
Kontsevich’s formula (Theorem 4.3.4) that recursively calculates the weighted number of ratio-
nal plane tropical curves of degree d that satisfy point conditions, curve conditions and tropical
cross-ratio conditions. In order to obtain a classical general Kontsevich’s formula (Corollary
4.3.5), Tyomkin’s correspondence theorem [Tyol7] is applied.

Notice that Tyomkin’s correspondence theorem only holds for point and cross-ratio condi-
tions. There is no correspondence theorem that relates the tropical numbers that also involve
curve conditions to their classical counterparts, yet. That is, the general tropical Kontsevich’s
formula we obtain is capable of not only computing the algebro-geometric numbers we are
looking for in Question (Q1), but also of computing further tropical numbers for which there
is no correspondence theorem, yet.

The general Kontsevich’s formula we derive allows us to recover Kontsevich’s formula, see
Corollary 4.3.7. The initial values of the general Kontsevich’s formula are the numbers provided
by the original Kontsevich’s formula and so-called cross-ratio multiplicities, which are purely
combinatorial (Definition 3.2.16).

2«Appropriate” means that there are enough conditions such that the numbers obtained from counting are
finite.
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We remark that Kontsevich’s formula was generalized in different ways before, e.g. Ern-
strom and Kennedy took tangency conditions into account [EK98, EK99] and Di Francesco
and Ttzykson [DFI95] generalized it among others to ]P)(lC X ]P’(lc. We are not aware of any gener-
alization that involves multiple cross-ratios.

Constructive approach. There is a well-known combinatorial tool tropical geometry pro-
vides to explicitly construct tropical curves, the so-called lattice path algorithm. In Chapter
5, the tropical version of Question (Q3) is answered, i.e. all rational tropical plane degree d
curves that satisfy an appropriate number of general positioned point conditions and tropical
cross-ratio conditions are constructed. For that, the lattice path algorithm is extended such
that it involves tropical cross-ratios. The resulting generalized lattice path algorithm is called
cross-ratio lattice path algorithm. It is capable of explicitly constructing the tropical curves we
want and thus gives an alternative answer to Question (Q1) using Tyomkin’s correspondence
theorem [Tyol7]. Moreover, our algorithm also works in arbitrary compact toric surfaces and
thus answers Question (Q4).

Lattice paths were used in [Mik03, Mik05] to construct tropical curves that satisfy point
conditions. Besides our generalization to tropical cross-ratios, there are other generalizations
(in particular [MRO09]) of lattice paths that inspired our approach. The lattice path algorithm
can also be extended to determine invariants connected to counts of real curves as well, see
[Shu06].

Combinatorial approach. In Chapter 6, the concept of so-called floor diagrams is gener-
alized in order to answer question (Q5). Floor diagrams are graphs that arise from so-called
floor-decomposed tropical curves by forgetting some information. Floor diagrams were in-
troduced by Mikhalkin and Brugallé in [BM07, BM08] to give a combinatorial description of
Gromov-Witten invariants of Hirzebruch surfaces. Floor diagrams have also been used to es-
tablish polynomiality of the node polynomials [FM10] and to give an algorithm to compute
these polynomials in special cases — see [Blol1]. Moreover, floor diagrams have been general-
ized, for example in case of Psi-conditions, see [BGM12], or for counts of curves relative to a
conic [Brulb].

We extend the concept of floor diagrams to involve tropical cross-ratios, and call the result-
ing combinatorial objects cross-ratio floor diagrams. Each of these cross-ratio floor diagrams
is counted with a suitable multiplicity which reflects how many tropical curves degenerate to
that cross-ratio floor diagram. Hence a weighted count of cross-ratio floor diagrams offers an
alternative way of answering Question (Q1) using Tyomkin’s correspondence theorem [Tyol7].

However, the main benefit of the combinatorial cross-ratio floor diagram approach is that
it generalizes to higher dimension. Floor diagrams (resp. floor-diagram-like approaches) have
been used in higher dimensions before, see [BM] (resp. [Torl4]). Using cross-ratio floor dia-
grams in higher dimension, we are able to provide an answer for the second part of Question
(Q5), i.e. in case of space curves.

1.1.2 Part II: Tropical mirror symmetry

Mirror symmetry. Mirror symmetry is a duality relation that originated from string theory,
where it relates 3-dimensional Calabi-Yau manifolds. Beyond that, mirror symmetry is at the
base of many interesting developments in mathematics. For example, it appears in enumerative
contexts which makes it particularly interesting for us. More precisely, enumerative results
relate Gromov-Witten invariants to so-called Feynman integrals, where a Feynman integral is
a formal expression that can be calculated using a computer algebra system.
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Hurwitz numbers. Hurwitz numbers are counts of simply ramified covers with fixed genus
and degree. It is known from Okounkov-Pandharipande’s Gromov-Witten/Hurwitz correspon-
dence [OP06] that Hurwitz numbers are a special case of descendant Gromov-Witten invariants.
So some results of enumerative mirror symmetry are stated for Hurwitz numbers, like Dijk-
graaf’s famous mirror symmetry theorem for elliptic curves. For that, let Ny, denote a Hurwitz
number of an elliptic curve, i.e. a count of simply ramified genus g covers of degree d of an
elliptic curve with 2g — 2 fixed branch points.

Theorem (Dijkgraaf’s mirror symmetry theorem for elliptic curves, [Dij95]). For fized g > 2,
the equation

1
zd: Nd,qu = zr: mIF(Q)

of formal power series holds, where the sum on the right goes over all 3-valent connected graphs
of genus g and Ir(q) denotes a Feynman integral.

Quasimodularity. Dijkgraaf’s mirror symmetry theorem was used in [Dij95, KZ95] to prove
that the generating series of Hurwitz numbers is a quasimodular form of weight 6g — 6. Quasi-
modularity behavior is desirable because it controls the asymptotic of the generating series.

Tropical mirror symmetry. Batyrev [Bat94] and Batyrev-Borisov [BB96] used combina-
torics and toric geometry to study mirror symmetry. Their constructions influenced the well-
known Gross-Siebert program for mirror symmetry, which aims at constructing new mirror pairs
and providing an algebraic framework for SYZ-mirror symmetry [SYZ96, GS03, GS06, GS10].
The Gross-Siebert program established tropical geometry as a tool to prove such mirror sym-
metry relations [Groll]. The philosophy how tropical geometry can be exploited is illustrated
in the following triangle?:

Gromov-Witten Mirror symmetry Feynman

invariants integrals

tropical
Gromov-Witten
invariants

Figure 1.2: Tropical geometry and mirror symmetry.

In many situations, correspondence theorems relating Gromov-Witten invariants resp. enumer-
ative invariants to their tropical counterparts are known [Mik05, NS06, CJM10, BBM11]. If we
can relate the generating series of tropical invariants to Feynman integrals, we obtain a proof
of the desired mirror symmetry relation using a detour via tropical geometry [Grol0, Ovel5].

3 A similar version of this triangle can be found in [Grol1].



1.1. Topics 7

Tropical mirror symmetry for elliptic curves

The tropical mirror symmetry part of the current thesis contains two subparts, see Figure 1.1.
The first of these subparts (Chapter 8) is about tropical mirror symmetry for elliptic curves.

Dijkgraaf’s mirror symmetry theorem via tropical geometry. Boéhm, Bringmann,
Buchholz and Markwig [BBBM17] investigated the triangle of Figure 1.2 for the case of Hurwitz
numbers of an elliptic curve and Feynman integrals. They proved a tropical mirror symmetry
relation, i.e. they provided the right arrow of the triangle of Figure 1.2 in this situation. Cor-
respondence theorems for Hurwitz numbers existed already [CJM10, BBM11], where tropical
Hurwitz numbers essentially count certain decorated graphs. Thus Dijkgraaf’s mirror sym-
metry theorem follows as a corollary from [BBBM17] and a suitable correspondence theorem.
Interestingly, the tropical approach of [BBBM17] revealed that the tropical mirror symmetry
relation holds on an even finer level. Tropically, Feynman integrals and generating series of
(labeled) tropical covers can be related graph by graph and order by order. As a consequence,
one obtains interesting new quasimodularity statements for graph generating series [GM20].

The tropical mirror symmetry theorem for Hurwitz numbers of an elliptic curve can be
viewed as a support for the strategy of the Gross-Siebert program, or more generally for the
philosophy of using tropical geometry as a tool in mirror symmetry.

Fock space. The traditional approach to mirror symmetry of an elliptic curve involves op-
erators on Fock spaces. There are two Fock spaces, a fermionic and a bosonic Fock space,
and an isomorphism between them called the Boson-Fermion correspondence. The latter is
usually viewed as the essence of mirror symmetry for elliptic curves. The generating series
of Gromov-Witten invariants can be interpreted on the fermionic side. The Boson-Fermion
correspondence expresses them in terms of matrix elements on the bosonic Fock space, which
can be related to Feynman integrals [KR87, OP06, Lilla, Lil1lb]. Thus mathematical physics
provides a proof of Dijkgraaf’s theorem that involves operators on Fock spaces.

Generalizing tropical mirror symmetry of elliptic curves. The previous results about
tropical mirror symmetry of elliptic curves yield the following question (we continue the num-
bering of the questions from above):

Can the tropical mirror symmetry relation of tropical Hurwitz numbers of an elliptic
curve be extended to tropical descendant Gromov-Witten invariants of an elliptic curve?

(Q6)

As it turns out in Chapter 8, the answer to Question (Q6) is positive. Therefore previous
results involving the Fock space suggest the next question:

Is there a relation between tropical descendant Gromov-Witten invariants of an elliptic
curve and the Fock space?

(Q7)

It is also shown in Chapter 8 that the answer to Question (Q7) is positive as well. Again, we
want to emphasize that Chapter 8 is based on [BGM18], which is joint work of the author of
the present thesis with Janko Béhm and Hannah Markwig.

Methodology. The most important new tool of [BBBM17] in the study of mirror symmetry
for elliptic curves was a bijection between tropical covers (i.e. decorated graphs) satisfying
fixed discrete data and sets of monomials contributing to a coefficient in a Feynman integral
(Theorem 2.30, [BBBM17]). To answer Question (Q6), it is generalized in two directions, both
involving the source curves of the tropical covers in question:
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(a) we need to allow vertices of valence different from 3, and
(b) we need to allow genus at vertices.

The task in (a) is a major extension of the bijection. The task in (b) involves the multiplicities
with which covers are counted. In case of tropical Hurwitz numbers the multiplicity of a
tropical cover is simply the product of expansion factors of its edges. In the case of descendant
Gromov-Witten invariants, we also obtain local vertex contributions which are 1-point relative
descendant Gromov-Witten invariants. In dimension one, the generating series of 1-point
relative descendant Gromov-Witten invariants has a nice form and can be given in terms of
sinus hyperbolicus [OP09]. This nice form enables us to single out vertex contributions in
Feynman integrals and to prove a tropical version of Dijkgraaf’s mirror symmetry theorem
that involves descendant Gromov-Witten invariants.

To answer Question (Q7), we restrict to the case of tropical Hurwitz numbers since the
general case of tropical descendant Gromov-Witten invariants could be treated similarly but
the amount of notation required would increase largely. The main ingredient to link tropical
Hurwitz numbers to the Fock space is a version of Wick’s Theorem [Wic50] which encodes
matrix elements in a bosonic Fock space as weighted sums of graphs, which can then directly
be related to tropical Hurwitz covers.

Tropical mirror symmetry for E x P!

The second subpart of tropical mirror symmetry (see Figure 1.1) is Chapter 9 in which the
tropical mirror symmetry relation between tropical Gromov-Witten invariants of an elliptic
curve E and Feynman integrals (Figure 1.2) is utilized to study generating series of Gromov-
Witten invariants of E x P

Relating Gromov-Witten invariants of F x P! to Feynman integrals. Gromov-Witten
invariants of £ x P! can be viewed as counts of curves in E x P! of fixed bidegree (d1, ds) and
genus g that satisfy generic point conditions. Such a number is denoted by N4, 4, 4)- A main
result of Chapter 9 states that, for fixed do and g, the generating series » & N(dl,dw)qdl equals
a sum of Feynman integrals (see Corollary 9.3.5):

1
d
ZN(dl,dg,g)q b= Z mIP(Q)7 (1.1)
dy P

where the sum on the right goes over particular graphs P which we call pearl chains (see
Definition 9.2.1) of type (d2, g). For fixed d2 and g, there is a finite list of pearl chains of type
(d2,g). Equation (1.1) and, more generally, Chapter 9 is based on [BGM20], which is joint
work of the author of the present thesis with Janko B6hm and Hannah Markwig.

Obviously, Dijkgraaf’s mirror symmetry theorem for elliptic curves inspired equation (1.1).
It is interesting that our generating series of Gromov-Witten invariants of E x P! can be
expressed as a sum over the same kind of Feynman integrals that appear in Dijkgraaf’s mirror
symmetry theorem. Only the graphs over which we sum change when comparing Dijkgraaf’s
mirror symmetry theorem which involves Hurwitz numbers of an elliptic curve to Equation
(1.1) which involves Gromov-Witten invariants of E x P!

Floor diagrams and curled pearl chains. In order to obtain (1.1), tropical geometry is
used. To do so, we prove a correspondence theorem that states the equality of the Gromov-
Witten invariant N4, 4,4) to its tropical counterpart. As in Part I (see “combinatorial ap-
proach” there), floor diagram techniques are then utilized. They allow us to reduce the counting
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problem of the tropical curves in tropical E x P! to certain tropical covers of a tropical elliptic
curve. More precisely, floor diagrams are used to relate counts of tropical curves to counts of
curled pearl chains, which can essentially be viewed as (combinatorial types of) tropical covers
of a tropical elliptic curve with a particular source graph, namely a pearl chain. Thus results
of Chapter 8 can be applied to deduce (1.1).

Further generalization and limitations. For our study of generating series of Gromov-
Witten invariants of E x P!, we restrict to invariants evaluating point conditions. This puts
us within the scope of current techniques for correspondence theorems. It is also possible to
evaluate points and insert Psi-conditions, i.e. study stationary descendant Gromov-Witten in-
variants. Preliminary work on correspondences exists for this case [MR20, CJMR21]. However,
it is more complicated to relate the generating series of descendant Gromov-Witten invariants
to Feynman integrals. The difficulty that arises can be expressed in terms of the multiplicity
with which tropical objects are counted. In case of descendant Gromov-Witten invariants,
local vertex contributions appear, which are one-point relative descendant Gromov-Witten in-
variants. Recall (b): in dimension one, the generating series of one-point relative descendant
Gromov-Witten invariants has a nice form and can be given in terms of sinus hyperbolicus
[OP09]. To count descendant Gromov-Witten invariants of E x P! tropically, we need one-
point relative descendant Gromov-Witten invariants of P! x P!. We are not aware of a nice
form of their generating series. This momentarily limits our possibilities to generalize Equation
(1.1) to descendant Gromov-Witten invariants.

1.2 Overview of the results

Each of the parts I and II contains a preliminary chapter, namely chapters 2 and 7. The
preliminary chapters contain no new results of this thesis. The results of Part I can be found
in chapters 3 to 6, whereas the results of Part II can be found in chapters 8 and 9.

1.2.1 Part 1

The results of Part I involve a description of tropical cross-ratios via tropical intersection
theory on tropical moduli spaces, a generalized Kontsevich’s formula, an algorithm to construct
rational tropical curves that satisfy cross-ratio conditions and a combinatorial tool that enables
us to determine the number of rational tropical curves in R? that satisfy point and cross-ratio
conditions.

Results of Chapter 3: Tropical cross-ratios and their degenerations

Most of the results of this chapter can be found in the paper [Gol20a] of the author that is
published in Mathematische Zeitschrift.

A novel approach to tropical cross-ratios that uses tropical intersection theory on tropical
moduli spaces is introduced (Definition 3.1.1, Remark 3.1.2). It is shown that the arising zero-
dimensional cycles tropical intersection theory produces are enumerative. That means, on the
one hand, that it is shown that the tropical curves that contribute to such zero-dimensional
cycles are precisely the ones we expect according to the definition of tropical cross-ratios of
Mikhalkin [Mik07] (Corollary 3.1.17). On the other hand, it means that it is shown that the
multiplicities of tropical curves that the tropical intersection theoretic framework provides co-
incides with the multiplicities used in Tyomkin’s correspondence theorem [Tyol7] (Proposition
3.1.19). Therefore our novel approach to tropical cross-ratios goes well with existing results.
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In particular, it provides tools to determine the numbers of algebraic curves that satisfy point
and cross-ratio conditions (Corollary 3.1.20).

Tropical intersection theory allows us to define degenerated tropical cross-ratios (Definition
3.2.1). We show that zero-dimensional cycles that are associated to such degenerated tropical
cross-ratios are also enumerative (in the sense that they yield the desired numbers of Tyomkin’s
correspondence theorem), see Corollary 3.2.10. Compared to non-degenerated tropical cross-
ratios, degenerated ones allow a simple combinatorial description of tropical curves that satisfy
them (Corollary 3.2.12). This advantage of degenerated tropical cross-ratios comes with a
minor trade-off: To determine the multiplicity of a tropical curve that satisfies degenerated
tropical cross-ratios, an additional factor, called cross-ratio multiplicity, is required (Definition
3.2.16). It is shown that cross-ratio multiplicities are well-behaved: they are local and purely
combinatorial (Corollary 3.2.22). Moreover, the well-known evaluation-multiplicity of tropical
curves in R? is generalized in order to describe multiplicities of tropical curves in R? that satisfy
degenerated tropical cross-ratios (Lemma 3.2.32).

Results of Chapter 4: General Kontsevich’s formula

The results of this chapter can be found in the paper [Gol20c] of the author that was accepted
for publication in the Electronic Journal of Combinatorics.

A general tropical Kontsevich’s formula is established (Theorem 4.3.4) which is an answer
to leading questions (Q1), (Q2), see Corollary 4.3.5. Moreover, it is shown that it implies
the well-known original Kontsevich’s formula (Corollary 4.3.7). We remark, that the general
tropical Kontsevich’s formula (Theorem 4.3.4) is not only capable of computing the numbers
of rational algebraic curves that satisfy point and cross-ratio conditions we are interested in,
but it also computes tropical numbers that involve tropical curve conditions for which there is
no correspondence theorem, yet.

To prove the general tropical Kontsevich’s formula, new methods in tropical geometry are
developed. One of the new concepts arises in the context of movements of tropical curves. More
precisely, if there are not enough conditions given, then rational tropical curves satisfying them
may be moved and thus give rise to families of rational tropical curves. Such movements are
described in special cases using the concept of chains inside the so-called movable component
of a rational tropical curve, see the proof of Proposition 4.1.1. Another new method is used
to describe multiplicities of rational tropical curves which have a so-called contracted bounded
edge and thus split into two “smaller” rational tropical curves. Our approach is based on
considering additional “artificial” degenerated tropical line conditions to the smaller rational
tropical curves (Notation 4.2.1, Proposition 4.2.3).

Results of Chapter 5: Constructing tropical curves algorithmically

The results of this chapter can be found in the paper [Gol20a] of the author that is published
in Mathematische Zeitschrift.

An algorithm, called cross-ratio lattice path algorithm, is presented. It calculates the
numbers from leading question (Q1) by explicitly constructing all rational tropical curves that
contribute to these numbers for a specific configuration of the point conditions (Theorem 5.2.4,
Corollary 5.2.6). The cross-ratio lattice path algorithm therefore answers the leading question
(Q3). Moreover, the cross-ratio lattice path algorithm works in arbitrary compact toric surfaces,
i.e. it provides an answer to question (Q4).

Results of Chapter 6: Counting curves via cross-ratio floor diagrams

The results of this chapter can be found in the preprint [Gol20b] of the author.
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Cross-ratio floor diagrams in R? and R? are introduced. We show that they are useful
combinatorial tools to determine the numbers we are interested in. Cross-ratio floor diagrams
in R? provide an alternative answer to Question (Q1) when the tropical cross-ratios satisfy a
simple additional condition, see Theorem 6.2.13. To define cross-ratio floor diagrams in R3
the concept of so-called condition flows on rational tropical curves is introduced? (Subsection
6.3.1). It is shown that cross-ratio floor diagrams in R? are capable of determining the numbers
of rational tropical curves in R? that satisfy point conditions and tropical cross-ratio conditions
if the tropical cross-ratios satisfy a simple additional condition (Theorem 6.3.34). As a result,
the second part of Question (Q5) is answered (Corollary 6.3.37). Interestingly, the “artificial”
degenerated tropical line conditions introduced in Chapter 4 also play an important role in the
proof of Theorem 6.3.34.

1.2.2 Part I1

The results of Part II involve a tropical mirror symmetry relation for generating series of
tropical descendant Gromov-Witten invariants of an elliptic curve F, its interpretation in terms
of operators on the Fock space, a mirror symmetry theorem for E x P! and results about
quasimodularity of certain generating series of invariants of E and E x P!

Results of Chapter 8: Tropical mirror symmetry for elliptic curves

The results of this chapter can be found in the preprint [BGM18] which is joint work of the
author with Janko Bohm and Hannah Markwig.

Question (Q6) is answered, i.e. the tropical mirror symmetry relation of tropical Hurwitz
numbers of tropical elliptic curves is extended to tropical descendant Gromov-Witten invari-
ants, see Theorem 8.1.9. It is remarkable that tropical mirror symmetry naturally holds on a
finer level (Theorem 8.1.9, Theorem 8.1.14). Using a correspondence theorem, we show that
the tropical mirror symmetry relation implies the mirror symmetry relation for descendant
Gromov-Witten invariants of elliptic curves (Theorem 8.1.4). Moreover, the finer level on
which the tropical mirror symmetry relation holds allows us to deduce quasimodularity results
for generating functions of tropical covers (resp. for sums contributing to Feynman integrals),
see Corollary 8.1.20.

We also show that in case of Hurwitz numbers there is a connection between the Fock
space approach to mirror symmetry of elliptic curves and the tropical approach (Theorem
8.2.10). More precisely, we shown that tropical Hurwitz numbers of elliptic curves can directly
be linked to matrix elements on the bosonic Fock space. Figure 1.3 illustrates the philosophy
of how tropical geometry acts as a shortcut to the bosonic Fock space, which supports the
slogan “tropicalization is bosonification” from [CJMRI18], and the intuition underlying the
Gross-Siebert program that tropical geometry is a natural language in the context of mirror
Symimetry.

4We want to remark that a similar construction was independently introduced by Mandel and Ruddat [MR19]
to study multiplicities of tropical curves.
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Figure 1.3: Boson-Fermion correspondence and tropical geometry as a shortcut.

Results of Chapter 9: Tropical mirror symmetry for E x P!

The results of this chapter can be found in the paper [BGM20] which will appear in Annales
de I'Institut Henri Poincaré D: Combinatorics Physics and their Interactions. It is joint work
of the author with Janko Bo6hm and Hannah Markwig.

The main results of Chapter 9 are Theorem 9.3.1 and its refined version which is Theorem
9.3.11. Both theorems are stated using so-called pearl chains which we introduce in Definition
9.2.1. We show that pearl chains are an effective tool to count tropical curves since counting
them leads to the same numbers as counting tropical curves in tropical E x P! (Theorem 9.2.8).

Theorem 9.3.1 yields a tropical mirror symmetry statement which relates generating series
of tropical curves in tropical E x P! to sums of Feynman integrals (Corollary 9.3.4). Using
the correspondence theorem 9.1.16, a mirror symmetry statement for £ x P! is established, see
Corollary 9.3.5. It relates generating series of Gromov-Witten invariants of E x P! to sums of
Feynman integrals.

Moreover, Theorem 9.3.1 as well as Theorem 9.3.11 is stated for tropical curves of so-called
leaky degree. This is done with a view towards further generalizations involving tangency con-
ditions. Most natural, and most important for our main application, which is Corollary 9.3.5,
is the case where the leaky degree is zero. Equation (1.1) of Corollary 9.3.5 and Theorem 7.3.7
is the equality of the very left side with the very right side of Figure 1.4. For the intermedi-
ate equalities, we prove more general versions involving tropical curve counts of leaky degree,
curled pearl chains with leaking and Feynman integrals which are (non-constant) coefficients
of power series (see theorems 9.3.1, 9.3.11 and Corollary 9.3.12). These generalizations can
be obtained essentially with the same effort and have potentially further applications in the
theory of tropical curve counts.

As in the case of an elliptic curve, the relation of Gromov-Witten invariants of £ x P! and
Feynman integrals can be used to obtain new quasimodularity statements: the quasimodularity
of a summand Ip(q) of Equation 1.1 for a fixed graph P can be deduced from [OP18], see
Theorem 9.4.5.
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Figure 1.4: A chart partially summing up results of Chapter 9.
1.3 Outlook and open questions

The approaches and results of the current thesis raise further questions. We briefly gather
them in this section and make suggestions for further research.

Tropical curves and tropical cross-ratios.

(1)

The multiplicity of a rational tropical curve that satisfies degenerated tropical cross-
ratios depends on a cross-ratio multiplicity, which is a combinatorial factor that can be
calculated locally at vertices (Definition 3.2.16). Although this cross-ratio multiplicity
can be calculated by distinguishing all finitely many cases, it raises the question whether
there is a more efficient way of calculating it, see 3.2.27.

The floor decomposition technique that is used in Chapter 6 generalizes to higher di-
mension (Proposition 6.1.6). In order to use this technique for counting rational tropical
curves that satisfy general positioned point conditions and degenerated tropical cross-
ratio conditions, a sufficiently local description of the multiplicity of a floor decomposed
rational tropical curve is required, see sections 3.2.2, 6.3.2. Currently, no such description
is available for floor decomposed rational tropical curves in R™ for n > 3. This prevents
us from extending our combinatorial cross-ratio floor diagram approach to higher dimen-
sions.

Tropical geometry can be used to deduce results for real enumerative problems like
Welschinger invariants [IKS03, IKS09]. It would be interesting to see whether tropical
cross-ratios could be incorporated into such real enumerative problems.

Tropical mirror symmetry.

(4)

Our approach to tropical mirror symmetry for E x P! involves point conditions only,
whereas our results for tropical mirror symmetry for £ involve point conditions as well as
Psi-conditions. Thus the question is raised whether Psi-conditions can be incorporated
into our tropical mirror symmetry theorem 9.3.1 for £ x P'. Again, multiplicities of
tropical curves prevent us from doing so: When considering Psi-conditions (i.e. in case of
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descendant Gromov-Witten invariants) local vertex contributions appear, which are one-
point relative descendant Gromov-Witten invariants. In case of tropical mirror symmetry
for F the generating series of one-point relative descendant Gromov-Witten invariants has
a nice form and can be given in terms of sinus hyperbolicus [OP09]. To count descendant
Gromov-Witten invariants of E x P! tropically, we need one-point relative descendant
Gromov-Witten invariants of P! x P'. We are not aware of a nice form of their generating
series. This momentarily prevents us from incorporating Psi-conditions into our results
for tropical mirror symmetry for E x P

(5) There is a proof of tropical mirror symmetry for E in case of Hurwitz numbers via
the bosonic Fock space (Section 8.2). Thus the question whether there is a Fock space
approach to tropical mirror symmetry for £ x P! comes up. Intuitively, we expect that
there is such an approach since tropical geometry usually acts as a shortcut to the bosonic
Fock space, see Figure 1.3. Indeed, the only difficulties we anticipate are of technical
nature and arise due to the amount of notation. More precisely, we expect that one
can define black and white labeled cut-join operators similar to the labeled cut-joint
operators used for proving tropical mirror symmetry for E (Definition 8.2.9). Once
suitable operators are found, proofs of Section 8.2 can be imitated to yield the desired
bosonic Fock space approach to tropical mirror symmetry for E x P!,
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Chapter 2

Preliminaries

In the preliminary section, we first give a brief overview of the necessary tropical intersection
theory. After that, standard notations and definitions from tropical geometry (e.g. moduli
spaces of rational tropical stable maps) are recalled, see [Mik07, GM08, GKMO09]. It is pointed
out that tropical intersection theory can be applied to the moduli spaces of interest. Besides
this, we try to make notations used as clear as possible by introducing them in separate blocks
to which we refer later.

Notation 2.0.1. We write [m] := {1,...,m} if 0 # m € N, and if m = 0, then define [m] := 0.
Underlined symbols indicate a set of symbols, e.g. n C [m] is a subset of {1,...,m}. We may
also use sets S of symbols as an index, e.g. pg, to refer to the set of all symbols p with indices
taken from S, i.e. pg := {p; | i € S}. The #-symbol is used to indicate the number of elements
in a set, for example #[m] = m.

2.1 Tropical intersection theory

This section collects intersection theoretic background. For more details about tropical inter-
section theory, see [FS97, Rau09, All10, AR10, Kat12, Shal3, AHR16, Raul6].

2.1.1 Affine tropical cycles

Definition 2.1.1 (Normal vectors and balanced fans). Let V := I'®@zR be the real vector space
associated to a given lattice I" and let X be a fan in V. The lattice generated by span(x) N T,
where k is a cone of X, is denoted by I'y,. Let o be a cone of X and 7 be a face of o of
dimension dim(7) = dim(o) — 1 (we write 7 < ). A vector u, € I'; that generates I'; /T"; such
that u, +7 C o defines a class u,/, = [us] € 'y /T that does not depend on the choice of u,.
This class is called normal vector of o relative to .

X is a weighted fan of dimension k if X is of pure dimension k£ and there are weights on
its facets (i.e. its k-dimensional faces), that is there is a map wx : X*) — Z. The number
wx (o) is called weight of the facet o of X. To simplify notation, we write w(o) if X is clear.
Moreover, a weighted fan (X,wx) of dimension k is called a balanced fan of dimension & if

Z w(o) Uy =0
ceXk) r<o
holds in V/(7)r for all faces 7 of dimension dim(7) = dim(o) — 1.

Definition 2.1.2 (Affine cycles). Let V := I'®zR be the real vector space associated to a given
lattice I'. A tropical fan X (of dimension k) is a balanced fan of dimension k in V and [(X, wx)]

17
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denotes the refinement class of X with weights wx (see Definition 2.8 and Construction 2.10
of [AR10]). Such a class is also called an affine (tropical) k-cycle in V. Denote the set of all
affine k-cycles in V' by Z,jff(V). For a fan X in V, we may also define an affine k-cycle in
X as an element [(Y,wy)] of Z2(V) such that the support of ¥ with nonzero weights lies in
the support of X (see Definition 2.15 of [AR10]). Define |[(X,wx)]| as the support of X with
nonzero weights.

The set Z2(V) (resp. ZM([(X,wx)])) can be turned into an abelian group by taking unions
while refining appropriately.

Example 2.1.3. Consider the vector space R? with its standard lattice Z2. Let e, es be the
vectors of the standard basis of R?. Let X be the 1-dimensional fan whose rays are given by
—e1, —eg,e1 + eg. Define all weights of X to be 1. Hence (X,wx) is a balanced fan and its
refinement class [(X,wx)] is an affine (tropical) 1-cycle.

Definition 2.1.4 (Rational functions). Let [(X,wx)] be an affine k-cycle. A (nonzero) rational
function on [(X,wx)] is a continuous piecewise linear function

¢ (X wx)]| = R,

i.e. there exists a representative (X,wx) of [(X,wx)] such that on each cone o € X the map
¢ is the restriction of an integer affine linear function. The set of (nonzero) rational functions
of [(X,wx)] is denoted by K*([(X,wx)]).

Define

K([(X, wx)]) = K ([(X, wx)]) U {—o0}

such that (IC([(X,wx)]), max, +) is a semifield, where the constant function —oo is the “zero”
function.

Definition 2.1.5 (Divisor associated to a rational function). Let [(X,wx)] be an affine k-
cyclein V: =T ®z R and ¢ € £*([(X,wx)]) a rational function on [(X,wx)]. Let (X,w) be a
representative of [(X,wx)] on whose cones ¢ is affine linear and denote these linear pieces by
¢o. We denote by X the set of all i-dimensional cones of X. We define

k—1

div(p) = ¢ - [(X,wx)] = ([ XP,wp)] € 22 ([(X, w0x)]),
1=0

where
wy: XEY 57
T Y pe(w(0)veyr) — er > w(o)vy,
ceX k) r<o ceXk) r<o

and the v, /, are arbitrary representatives of the normal vectors u, /.. If [(Y,wy)] is an affine
k-cycle in [(X,wx)], we define o - [(Y,wy)] := @ |||y (Y, wy)]-

Example 2.1.6. Let [(X,wx)] be the affine 1-cycle with representative (X, wx) whose weights
are all 1 and whose 1-dimensional rays are given by —ej, —es, e1 +e2 as in Example 2.1.3. Then

p: X =R
(z,y) = max(z,y,0)
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is a rational function on [(X,wyx)] and (X,wx) is a representative such that ¢ is integer linear
affine on each cone. The divisor associated to ¢, namely ¢ - X, is given by the codimension-
I-skeleton of X which is just one point (namely 0 € R?) and that point has weight 1. We
calculate this weight as an example: Let 7 = 0 € R?, 0y = cone (—e1),02 = cone (—es) and
o3 = cone (e1 + e2) be cones of X. Applying Definition 2.1.5 yields

We(T) = ¢oy (W(01)V0, /r) + Pos (W(02)Vay /1) + Pog (W(3)Vgy/7)
— r (W(01) Vg, /7 + W(02) Vg, /7 + W(03) U0y 1)
= ¢os (W(03)V0y/7)
= @0y (1(e1 +e2)) =1

because Qo , Yoy, pr = 0 and ¢4, (€1 + e2) = max(1,1,0).

Definition 2.1.7 (Affine intersection product). Let [(X,wx)] be an affine k-cycle. The sub-
group of globally linear functions in *([(X, wx)]) with respect to + is denoted by O*([(X, wx)]).
We define the group of affine divisors of [(X,wx)] to be the quotient group

Div([(X, wx)]) := K*([(X, wx)])/O* (X, wx))).

Let [¢] € Div([(X,wx)]) be a divisor. The divisor associated to this function is denoted by
div([¢]) := div(p) and is well-defined. The following bilinear map is called affine intersection
product

+: Div([(X, wx)]) x ZEH([(X, wx)]) = ZR251 ([(X, wx)])
([P] [(Yiwr)]) = o] - [(Yiwy)] i= o - [(V,wy )]

Definition 2.1.8 (Morphisms of affine cycles). Let X be a fan in V =T ®z R and Y a fan
in V' =TV®zR. A morphism f : X — Y is a Z-linear map from |[X| C V to |[Y| C V'
induced by a Z-linear map on the lattices. A morphism of weighted fans is a morphism of
fans. A morphism of affine cycles f: [(X,wx)] = [(Y,wy)] is a morphism of weighted fans f :
I[(X,wx)]| = |[(Y,wy)]| that is independent of the choice of representatives, where |[(X,wx)]|
(resp. |[(Y,wy)]|) denotes the support of X (resp. Y) with nonzero weights.

Example 2.1.9. Let e, e2 be the vectors of the standard basis of R2. Let [(X,wx)] be the affine
1-cycle from Example 2.1.3. Let [(Y,wy)] be another affine 1-cycle in R? with representative

(Y, wy) whose weights are all 1 and whose two 1-dimensional rays are given by —e; —ea, €1 +€3.
Then

fAl(X wx)l = [[(Y; wy )]
—€e1 — —e1 — €2

—€2 —~ —€1 — €9

is a morphism of affine cycles which is illustrated in Figure 2.1.
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(X,wx) (Y,wy)

Figure 2.1: A morphism of affine cycles. The colors indicate where lattice points of | X| are
mapped to.

Definition 2.1.10 (Push-forward of affine cycles). Let V =T ®z R and V' = I" @z R. Let
(X, wx)] € Z2(V) and [(Y,wy)] € Z2 (V') be cycles with representatives (X, wx) and (Y, wy ).
Let f: X — Y be a morphism. Choosing a refinement of (X,wx), the set of cones

f+X :=={f(0) | 0 € X contained in a maximal cone of X on which f is injective}

is a tropical fan in V' of dimension m with weights

wr,x(0') = > wx (o) - L5/ f(Tq)]|

oeX(m): f(o)=0"

for all o/ € f,X™. The equivalence class of (f.X,wy,x) is uniquely determined by the
equivalence class of (X,wx). For [(Z,wz)] € ZM([(X,wx)]), we define

£l(Z,wz)] = [(f(1(Z, 0))), w1 zwa))] € ZEN((Yowy)])

The map

ZA([(X,wx)]) = ZEN(Yswv)]), [(Z,w2)] = fl(Z,w2)]
is well-defined, Z-linear and f.[(Z,wz)] is called push-forward of [(Z,wz)] along f.

Example 2.1.11. Let f be the morphism of Example 2.1.9. Notice that no ray of X is
mapped to a point under f. Therefore f,X =Y. Let 0’ (resp. o’) be the ray of (Y,wy) that
is generated by —ej; — es (resp. e + e3). There are two rays of X that are mapped onto o’
under f (indicated by blue dots in Figure 2.1) such that primitive direction vectors are mapped
to a primitive direction vector again. Hence

/

On the other hand, there is exactly one ray of (X,wx) that is mapped to ¢’_. As indicated by
the green dots in Figure 2.1, a primitive direction vector is stretched to twice its length. Thus

So in total

ful(Xwx)] = (Y, 2- wy)].
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Definition 2.1.12 (Pull-back of divisors). Let [(X,wx)] € Z2(V) and [(Y,wy)] € Z2H(V') be
cyclessin V =T®z R and V' =T"®z R. Let f: [(X,wx)] = [(Y,wy)] be a morphism. The
map

Div([(Y, wy)]) = Div([(X,wx)])
[h] = f¥[h] == [ho f]
is well-defined, Z-linear and f*[h] is called pull-back of [h] along f.

Proposition 2.1.13 (Projection formula). Let [(X,wx)] € Z (V) and [(Y,wy)] € Z2E (V")
be cycles in V=T @zR and V' =T" @z R. Let f: [(X,wx)] = [(Y,wy)] be a morphism. Let
[(Z,wz)] € ZM([(X,wx)]) be a cycle and let p € Div ([(Y,wy)]). Then the equality

o (f[(Z,w2)]) = f+ (Fo - [(Z,w2)]) € 225, ([(V, wy)))
holds.

2.1.2 Abstract tropical cycles

So far, we introducted affine cycles only. Affine cycles are building blocks of abstract cycles.
Since the whole “affine-to-abstract”-procedure is quite technical, we omit it here and refer
to section 5 of [AR10] instead. We want to remark that concepts like pull-backs and push-
forwards carry over to abstract cycles. In particular, the projection formula (Proposition 2.1.13)
also holds for abstract cycles. For our purposes, the following definition of abstract cycles is
sufficient:

Definition 2.1.14 (Abstract cycles). An abstract k-cycle C is a class under a refinement
relation of a balanced polyhedral complex of pure dimension k£ which is locally isomorphic to
tropical fans.

Remark 2.1.15 (Rational functions on abstract cycles). In the same way rational functions
on affine cycles led to an affine intersection product, one can also consider rational functions
on abstract cycles to obtain an intersection product. Again, we want to omit technicalities and
refer to Definition 6.1 of [AR10] instead. The main point of considering rational functions on
abstract cycles is that they are no longer piecewise linear but piecewise affine linear.

As we see below, it happens that we start with an affine cycle [(X,wx)] and want to intersect
it with a rational function f that is piecewise affine linear. In order to do so, we need to refine
[(X,wx)] in such a way that f is a rational function on the affine cycle locally around each
codimension one face. Hence [(X,wx )| becomes a polyhedral complex which is a representative
of an abstract cycle C. Then we can intersect f with C.

In the following we want to restrict to tropical intersection theory on R".

Remark 2.1.16 (Rational equivalence of abstract cycles). There is a concept of rational equiv-
alence of abstract cycles (section 8 of [AR10]). When we consider abstract cycles, we usually
consider them up to this equivalence relation.

Definition 2.1.17 (Degree map). Let Ap(R™) denote the set of abstract O-cycles in R™ up to
rational equivalence. The map

is a well-defined morphism and for D € Ay(R™) the number deg(D) is called the degree of D.
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2.2 Tropical curves and their moduli spaces

In this section moduli spaces of tropical abstract curves and moduli spaces of tropical stable
maps are recalled. For more background on these moduli spaces see [Mik07, GM08, GKMO09].

Definition 2.2.1 (Moduli space of abstract rational tropical curves). Notation 2.0.1 is used.
An abstract rational tropical curve is a metric tree I' with unbounded edges called ends and
with val(v) > 3 for all vertices v € I'. Tt is called M-marked abstract tropical curve (I, z[py) if
I' has exactly M ends that are labeled with pairwise different x1,...,z3 € N. Two M-marked
tropical curves (I',x[y) and (f,a?[M]) are isomorphic if there is a homeomorphism I' — T
mapping x; to Z; for ¢ € [M] and each edge of I is mapped onto an edge of r by an affine linear
map of slope £1. The set Mg ps of all M-marked tropical curves up to isomorphism is called
moduli space of M-marked abstract tropical curves. Forgetting all lengths of an M-marked
abstract tropical curve gives us its combinatorial type.

r1
Ts
T3 g I3
T2
lo T6
T4

Figure 2.2: An example of a 6-marked abstract tropical curve (I',z(g). The lengths of the
bounded edges of I' are denoted by Ij3).

Theorem 2.2.2 (M )/ is a tropical fan, [SS06, Mik07, GKMO09, GM10]). The moduli space
Mo.n can explicitly be embedded into a R' such that Mo is a fan of pure dimension M — 3
with its fan structure given by combinatorial types. Equip R! with a lattice which arises from
considering integer edge lengths of abstract tropical curves in Mo ar and let all weights of Mo
be one. Then Moy C RY is a tropical fan, i.e. Moy represents an affine cycle in RY. This
allows us to use tropical intersection theory on Mg ar. For an example, see Figure 2.3.

Figure 2.3: One way of embedding the moduli space Mj 4 into R? centered at the origin of
R2. The length of a bounded edge of an abstract tropical curve depicted above is given by
the distance of the point in My 4 corresponding to this curve from the origin of R2. The ends
of My 4 correspond to different distributions of labels on ends of abstract tropical curves with
four ends. We refer to these ends as (12]34), (13]24), (14/23).
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Definition 2.2.3 (Degree). A tuple (A,l) is called a degree in R™ if A is a nonempty finite
multiset, [ : A < N is an injective map and each entry v of A is a nonzero element of Z™ such
that

ZU:O and (v|veA)=R"
vEA

Thus each entry of A is equipped with a unique natural number called label. Let A =
A1U...UA, be a decomposition of A into multisets such that each A; consists of copies of
av; € A and #4; is maximal for i € [r]. The number of bijective maps [ : A — [#A] with
Ia,: Ay — [#Aﬁ—Zi: #A] is called the number of ways to label A. Let v = (v1,...,v,) € A,
then ged(vy,...,vy,) is called weight of v. Most of the time the map [ is suppressed in the
notation, i.e. we usually write A and assume that elements of A are labeled. If we refer to
a degree to be partially labeled, then we mean that [ is restricted to a subset of A, i.e. some
entries of A are labeled and some are not. In particular, a degree is called unlabeled if all
entries of A are not labeled.

Notation 2.2.4 (Standard directions and certain degrees). Let e; := (04;)sc|m) for i € [m] de-
note the vectors of the standard basis of R™, and define eg := >, | ¢;. We call eg, —e1,..., —€m,
standard directions of R™. The following degrees are used often:

(a) For m € Nyg and d € N, we define the degree A}’ to be the multiset consisting of d copies
of ep and d copies of each —e; for i € [m].

(b) Let o := (aj)ien and B := (B;)ien be two sequences with «a;, 3; € N such that
la] := Zai and |B] = Zﬁz
€N 1€EN
are finite. Let d € N such that d — Y, i - + Y,y - Bi = 0 and define
AT (e, B) i= AP\ {~em, ..., —em} U {i(=em), .. yi(—em) Y U {i- €m0 em),

i€N o; many €N B; many

d many

where unions are actually unions of multisets. We write o!* (resp. 3'3P) to refer to the
set of labels associated to ends in « (resp. ). Notice that by definition

™ AT((0,...), (0,...)).
If a degree A is given and we refer to o/*® (resp. B2P), we mean that o' = glab = ( if
A # Al (a, B) for suitable d,m, a, .

Remark 2.2.5 (Degree associated to a polytope). Notice that each degree of Notation 2.2.4
arises as outer normal fan of a lattice polytope (e.g. each degree Afl(a, B) is associated to a
polytope that defines a Hirzebruch surface). Whenever a given degree appears as such a normal
fan, then we denote its associated lattice polytope by ¥ (A). Note also that each degree in R?
corresponds to a lattice polytope.

Example 2.2.6. Let A?((1,1,0,...),(0,1,0,...)) be a degree as in Notation 2.2.4. Then
A?((1,1,0,...),(0,1,0,...)) = {eo, —e1, —€2,2 - (—e3),2 - 2}
holds by definition, where the equality is an equality of multisets. Notice that

{60, —€1, —62,2 . (—62), 2- 62} = {60} U {—61} U {—62} U {—262} U {262}
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is a decomposition as in Definition 2.2.3. Hence there is one way to label, namely

vector H €o ‘ —e1 ‘ —e9 ‘ —2e9 ‘ 2e9
label [[1] 2 [ 3 | 4 [5

Figure 2.4 shows the polytope associated to A ((1,1,0,...),(0,1,0,...)), see Remark 2.2.5.

@ —ey
= T_, J—el
" @

Figure 2.4: On the left, the degree A?((1,1,0,...),(0,1,0,...)) of Example 2.2.6 is shown.
The circled numbers indicate the labels. On the right, its associated lattice polytope
b (A% ((1,1,0,...),(0,1,0,... ))) that defines a Hirzebruch surface is shown.

Definition 2.2.7 (Moduli space of rational tropical stable maps to R™). Let (A, 1) be a degree
in R™ as in Definition 2.2.3 and let N € N. A rational tropical stable map of degree (A,l) to
R™ with N contracted ends is a tuple (I, x5, h), where (I',z(pz) is an M-marked abstract
tropical curve with M = N + #A, x5 ¢ I[(A), and a map h : I' — R™ that satisfies the
following:

(a) Let e € T' be an edge with length |e] € [0,00], identify e with [0, |e|]] and denote the
vertex of e that is identified with 0 € [0, |e|] by V. The map h is integer affine linear, i.e.
hle: t — tv + a with a € R™ and v(e, V) := v € Z™, where v(e,V) is called direction
vector of e at V and the weight of an edge (denoted by w(e)) is the ged of the entries of
v(e, V) if v(e, V) # 0 and zero otherwise. The vector ﬁe) -v(e, V) is called the primitive
direction vector of e at V. If e = x; € I" is an end, then v(x;) denotes the direction vector
of z; pointing away from its one vertex it is adjacent to.

(b) The direction vector v(z;) of an end labeled with x; is 0 € R™ if ¢ € [N]. Otherwise,
v(x;) equals the unique v € A with I(v) = x; € N. Ends with direction vector zero are
called contracted ends.

(¢) The balancing condition

Z v(e,V) =0

e€l’ an edge,
V vertex of e

holds for every vertex V € I.

The combinatorial type of a rational tropical stable map (I, z(yz, h) is the combinatorial type
of its underlying M-marked abstract tropical curve (I',z5;). Two rational tropical stable
maps of degree A (the map [ of (A, 1) is usually suppressed in the notation) with N contracted
ends, namely (T, x5, h) and (I, x'[ M)’ h'), are isomorphic if there is an isomorphism ¢ of their
underlying M-marked tropical curves such that h'op = h. The set Mg y (R™, A) of all rational
tropical stable maps of degree A to R™ with N contracted ends up to isomorphism is called
moduli space of rational tropical stable maps of degree A to R™ (with N contracted ends).
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Example 2.2.8. Figure 2.5 provides an example of a rational tropical stable map (T, T(g] h)
of degree A?((0,1,0,...),(1,0,...)) to R%. The weights and the directions of ends of I" in R?
are prescribed by its degree. The lengths of bounded edges are given by the lengths I3 of T'.
The directions of the bounded edges of I' in R? are determined by the balancing condition.

RQ
T
Z5
z3 l I3 h
Z2
l2 Te
T4 Te6

Figure 2.5: Left: The 6-marked abstract tropical curve from Figure 2.2. Right: The image of
I" under h, where the ends x1, z9 are contracted to points which is indicated by drawing them
dotted.

Notation 2.2.9. See Notation 2.2.4 for the following: The projection
7:R™ 5 R (2, .. 2m) = (T1,. .., Tne1)
induces a map
7 Mog (R™, A7 (a, B)) = Mo 14jaj+js (R™ AT,

where ends in AT («, )\ (A7\{—em,...,—em}) are contracted. So 7 induces labels on con-
tracted ends by contracting labeled ends of direction parallel to +e,,. To emphasize how
non-contracted ends are labeled, we write Mg 11 |o|+/g] (R™ 1, 7 (AT (e, 8))) instead of writing

Mo viaf+ip) (R™H AT,
Theorem 2.2.10 (Mg y (R™, A) is a fan, [GKMO09]). The map

Moy (R, A) = Momr x R™
(F, $[M], h) — ((F, x[M]) s h(ml))

with M = N +#A is bijective and Moy (R™, A) is a tropical fan of dimension #A+N —3+m
(notice that h(x1) is an arbitrary choice of a base point). Hence Mo n (R™, A) represents an
affine cycle in a R'. This allows us to use tropical intersection theory on Mo n (R™, A).

Definition 2.2.11 (Local coordinates on Mg s and Mg n (R™,A)). The bounded edges’
lengths of M-marked abstract tropical curves parametrized by Mg ys give rise to local coor-
dinates on My ps. Consequently, the identification of Theorem 2.2.10 yields local coordinates
on Mo n (R™,A) as well. They are given by the bounded edges’ lengths and the position of a
vertex in R™ to which we refer as base point.

Definition 2.2.12 (Combinatorial types of cells). Since Mg s (resp. Mo n (R™,A)) are
in particular polyhedral complexes (see Theorem 2.2.2, Theorem 2.2.10) we often refer to
their cones as cells. Let o be a cell of Mgy (resp. of Moy (R™,A)). Let (I',z5) be an
abstract rational tropical curve (resp. let (I', x5, h) be a rational tropical stable map) in o
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such that (T, x[py) (vesp. (I, z(pg, h)) is in the interior of o if o is not 0-dimensional. Then
the cell o is determined by the combinatorial type of (I',z(pz) (vesp. (T',x[as,h)) because
combinatorial types are constant on the interior of ¢ if ¢ is not zero-dimensional. Thus defining
the combinatorial type ¢(c) of o to be equal to the combinatorial type of (I',zy) (resp.
(T z(pr), b)) makes sense.

Definition 2.2.13 (Evaluation maps I). Define the map

ev; : Moy (R™, A) = R™
(I 2y, h) = h(w;)

for i € [M]. Typically, ev; is used for contracted ends. That is, if ¢ € [N], then the map ev; is
called i-th evaluation map. Under the identification from Theorem 2.2.10, the i-th evaluation
map is a morphism of fans ev; : Moy x R™ — R™. Let ¢, € Div ([(R™, wgm)]) for r € N5g.
Consider the cycle C := ¢1--- ¢, - [(R™,wgm)] and define the pull-back of C' along the i-th
evaluation map ev; as

evi (C) :=evi(p1) - -evi(er) - Moy (R™, A).

This is well-defined because of Proposition 1.12 of [Raul6] and allows us to pull-back cycles
like C' via the i-th evaluation map.

If follows from [Raul6] that the support of ev}(C) for a cycle C is the set of all rational
tropical stable maps in Mg y (R™, A) whose contracted end z; is mapped to C' C R™. We may
therefore refer to ev}(C) as rational tropical stable maps on which a condition is imposed. If
C is a point, then the imposed condition is called point condition.

In the following, we shorten notation by writing R™ instead of [(R™, wgm )] if all weights
are one.

Example 2.2.14 (Pull-back of a point). A point p = (p1,...,pm) € R™ is an intersection
product of m rational functions, e.g.

m
p= H max{p;,z;} - R™,
j=1

where [, are the standard coordinates of R™. The pull-back of the point p along the i-th
evaluation map ev; is

—:

evi (p) = | ] evi(max{p;,z;}) - Mo.n (R™, A)

<
I
—_

=T

max{pj, (evi(x));} - Mo (R™, A)

<.
I
—

according to Definitions 2.2.13 and 2.1.12.

Example 2.2.15. Let (I', zg), h) be the rational tropical stable map of Example 2.2.8. Denote
the vertex of I' that is adjacent to x; by v; for i = 1,2. Let p1,p2 € R? be two non-collinear
points. Then (T, T(6], h) € evi(p1)-evi(p2) - Mo 2 (]RQ, A% ((0,1,0,...),(1,0,... ))) if h(v;) = ps
fori=1,2.
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Definition 2.2.16 (Evaluation maps II). Let A%'(«, §) be a degree in R™ as in Notation 2.2.4.
Let m be the projection from Notation 2.2.9 that forgets the last canonical coordinate of R™.
For k € a!*P U 812" the map

86Vk : MO,N (Rma A:in(aaﬁ)) — Rm_l
(T @y, h) = ((A(k))i)izq e

is by abuse of notation also called k-th evaluation map since it evaluates the position of certain
non-contracted ends under the projection 7. Equivalently, we may write

devy =moevy.

To see that pull-backs of cycles along devy, which are defined analogously to pull-backs of
cycles along ev;, make sense, consider the map

Mon (R™, AT (e, B)) — R™ 1 x Mo x R

which is similar to the one of Theorem 2.2.10, where the vertex v, adjacent to the end labeled
with k is the base point, i.e. the first m — 1 coordinates of vy, in R™ are in the R™~!-factor and
the last coordinate of v is in the R-factor. Thus Proposition 1.12 of [Raul6] can be applied
and yields that pull-backs of cycles like C' in Definition 2.2.13 along 0 evy, are well-defined.

Similar to pull-backs of cycles via evaluation maps, the support of pull-backs along devj (C')
for a cycle C' is the set of all rational tropical stable maps in Mg x (R™, A%} («, 8)) whose end
x), has its first m — 1 coordinates in C. We may refer to devy(C) as rational tropical stable
maps on which a tangency condition is imposed.

Definition 2.2.17 (Forgetful maps). For M > 4 the map
: Mor = Mo -1

(T, zp) = (T 2p0-1)),s

fty,

M—1]

where I' is the stabilization (straighten 2-valent vertices) of I' after removing its end marked by
xs is called the M-th forgetful map. Applied recursively, it can be used to forget several ends
with markings in I¢ C z[p, denoted by ft7, where [ € is the complement of I C z[py). With
the identification from Theorem 2.2.10, and additionally forgetting the map h to the plane, we
can also consider

ftr : Mon (R™, A) = My
(T, h) v (D, | € D).

Any forgetful map is a morphism of fans. This allows us to pull-back cycles via the forgetful
map.

Before proceeding with the next section, we want to briefly recall facts about rational
equivalence that are then frequently used in the following chapters.

Remark 2.2.18 (Rational equivalence). Throughout Part I of this thesis, we consider inter-
section products of the form ¢} (Z1) - -- 5 (Z,) - Moy (R™, A), where ; is either an evaluation
map ev; (resp. devy) from Definition 2.2.13 (resp. 2.2.16) or a forgetful map ft; to M4 from
Definition 2.2.17, and Z; is a cycle we want to pull-back via ¢; for i € [r]. When considering
such cycles Z; that are conditions we impose on tropical stable maps, then we usually want to
ensure that a 0-dimensional cycle ¢7(Z7) - - ¢;(Zy) - Mo n (R™, A) is independent of the exact
positions of the conditions Z; for ¢ € [r]. This is where rational equivalence comes into play.
We usually consider cycles like Z; up to a rational equivalence relation (cf. Remark 2.1.16).
The most important facts about this relation are the following:



28 2. Preliminaries

(a) Two cycles Z, Z" in R™ that only differ by a translation are rationally equivalent.
(b) Pull-backs ¢*(Z),p*(Z’) of rationally equivalent cycles Z, Z' are rationally equivalent.

(c) The degree of a 0-dimensional cycle (see Definition 2.1.17) is compatible with rational
equivalence, i.e. if two 0-dimensional cycles are rationally equivalent, then their degrees
are the same.

Notice that (a)-(c) allows us to “move” all conditions we consider slightly without affecting
counts of tropical stable maps we are interested in.

Definition 2.2.19 (Tropical curves and multi-lines). A tropical curve C of degree A is the
abstract 1-dimensional cycle a rational tropical stable map of degree A gives rise to, i.e. C is
a weighted embedded 1-dimensional polyhedral complex in R™. A (tropical) multi-line L is a
rational tropical curve in R™ with m + 1 ends such that the primitive direction of each of this
ends is one of the standard directions of R™, see Notation 2.2.4. The weight with which an
end of L appears is denoted by w(L).

Another well-known fact about rational equivalence is the following;:

Theorem 2.2.20 (Recession fan, [AHR16]). Notation 2.2.4 is used. Each tropical curve C' of
degree A} is rationally equivalent to a multi-line Lo with weights w(L¢c) = d. Hence pull-backs
of C and L¢ along the evaluation maps are rationally equivalent. The multi-line Lo is also
called recession fan of C.

It was shown in Example 2.1.6 that a multi-line L which is centered at the origin of R? and
that has weight w(L) = 1 is cut out by the rational function max(, ,)cg2 (7, y,0). Analogously,
one can show that a multi-line centered at 0 € R? of weight w is cut out by the rational function
max, ,\er2(w - ,w - y,0). This gives rise to the following definition.

Definition 2.2.21 (Degenerated multi-lines in R?). Let w € N-q. The following tropical in-
tersections max, ,yepz (w - ,0) - R?, max, ,)er2 (w-y,0) - R* and max, )epz2(w - (x —y),0) - R?
and any translations thereof are called degenerated (tropical) multi-lines of weight w. In par-
ticular, degenerated multi-lines with w = 1 are called degenerated lines. They (and transla-
tions of them) are denoted by Lig := max, ,)er2(z,0) ‘R% Loy = max, ,yer2 (Y, 0) - R? and
Ly := max(g y)cr2 (2, —Y) -R?, see Figure 2.6.

(1)1 S

Figure 2.6: Degenerated tropical lines (from left to right) L1g, Lo1 and Li.; in R? with ends of
weight one.
2.3 Tyomkin’s correspondence theorem

The tropical counterpart to classical cross-ratios was first introduced by Mikhalkin under the
name tropical double ratio in [Mik07]. Tyomkin’s correspondence theorem [Tyol7] states that
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the number of classical curves satisfying point and cross-ratio conditions and the number of
tropical curves satisfying point and tropical double ratio conditions are equal. Since different
classical curves may tropicalize to the same tropical curve, each tropical curve has to be counted
with a multiplicity. We recall the definition of these multiplicities. For that, we stick to the
notation used in [Tyol7]. For more details, see (4.1) of [Tyol7].

Definition 2.3.1 (Tropical double ratios defined by [Mik07, Tyol7]). Let (I',z(ps) € Mo -
Let {Bi,, Bis } and {Bi,, Bi, } be two sets of labels of ends of I" such that j;,, ..., £, are pairwise
different. A bounded edge v of I' separates f3;,, Bi, from Bi,, B;, if Bi,, Bi, belong to one of the
two connected components of I'\{~v} and f;,, 8;, to another.

The tropical double ratio A\P® of {8;,, Bi,} and {Bi,, Bi, } is given by

AP =Y e b,

Y

where the sum goes over all bounded edges of T and |v| is the length of a bounded edge and

1, if v separates the ends f3;,, 5i, from B;,, Bi,,
€(v,4) := ¢ —1, if v separates the ends f3;,, 3;, from B;,, Bi,,

0, otherwise.

Notice that by abuse of notation the ;’s are not incorporated into the notation of a tropical
double ratio /\PR. Moreover, the definition of tropical double ratios also applies to tropical

stable maps (I, z(pg, k) € Mo n (R™, A).
: 5 :@'z

ﬁil /Bil

: N :/Big : y :52'2

/Big 6i4 624 IBiS /Bi3 57:4

Figure 2.7: Schematic picture of the three cases of €(v,) for A, as in Definition 2.3.1 for a
4-marked abstract rational tropical curve. From left to right: e(v,i) =1,—1,0.

Remark 2.3.2 (Tropical double ratios and tropicalizations). Tropical double ratios are indeed
tropicalizations of classical cross-ratios (see Lemma 3.1 of [Tyol7]), i.e. given an algebraic
curve over a valued field that satisfies a classical cross-ratio, then its tropicalization satisfies a
tropical double ratio which is given by applying the valuation map of the ground field to the
classical cross-ratio.

Example 2.3.3. Let p;,p2 € R? be two non-collinear points. Let APR be a tropical double
ratio of {71, 22} and {5, ¢} with length [ > 0. The rational tropical stable map (T', x(g}, h) of
Example 2.2.8 satisfies the point conditions and the tropical double ratio condition AP if its
lengths [[3] are chosen appropriately. In particular, we need to set I3 = [. Notice that (T, Z[g] h)
is fixed by these conditions, i.e. the position of (I, z], h) in R? and the lengths of its bounded
edges are completely determined by the conditions py, pa, APR.

Definition 2.3.4 (Correspondence theorem’s multiplicities). Let C' = (T, x5, h) be a trop-
ical stable map in € Mo (R™,A) that satisfies given point conditions py, (i.e. prescribed
contracted ends are mapped to prescribed points) and that satisfies tropical double ratios )\E]R.

Let 1 be the end of I that is contracted to p; under h. We refer to the vertex adjacent
to 1 in I' as root vertex and orient all edges of I' away from the root vertex. The head of a
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bounded edge 7 is denoted by h(y) and its tail by t(). Let V(I') be the set of vertices of I and
let E°(T") be the set of bounded edges of I'. We refer to a vertex of I' as v and to a bounded
edge of I' as y for now. The vertices adjacent to ends z[y) are denoted by vy and do not need
to be different. Define the complex

P e Pz P Zm@@zm@@z (2.1)

veV (T) ~EED(T) ~yEE(T

/

M1 M2

given by the maps (that are defined copywise)

!
17b—>n«,+Ze(’y,i) and av»—>z é(y,v av+z5vvzav,

i=1 i=1

where a, is the coordinate vector of h(v) and where (see Definition 2.2.7 for the notation

v(7, (7))
1, ifvo=t(y)
é(v,v) =41, ifv=h(y) and ny:=v(y,47))
0, otherwise
and

1, ifv=u
T P

0, otherwise.

Let 67 be the map from above in the complex (2.1) ®7Z. Finally, we can define the multiplicity
of C' by

mc (T, h) := # coker 07,
which is equal to | det(B)]|.

Example 2.3.5. Let (I', x5, h) be the rational tropical stable map of Example 2.3.3 that
satisfies point conditions py,ps and a tropical double ratio AP®. Let 4; denote the bounded
edge of T" which is of length I; for i € [3] (see Figure 2.5). The matrix Mp associated to the
map B of (2.1) is given by

V1 V2 V3 V4 Yo Y2 Y3

10 0 0 -1 0 0 0 2 0 0

n 01 0 0 0 -1 0 0 0 0 0
00 -1 0 1 0 0 0 0 1 0

" 00 0 -1 0 1 0 0 0 1 0
Mp= 00 0 0O 1 0 -1 0 0 0 1
00 0 0O 0 1 0 -1 0 0 —1

10 0 O O O O 0O 0 0 O

b 01 0 0 0O O 0O 0 0 0 O
00 1 0 0 0 0 0 0 0 0

b 00 0 1 0 O 0 0 0 0 O
APR 00 0 O 0O 0 0 0 0 0 1
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Laplace expansion yields
me (D, h) = |det (Mp) | = 2.

Theorem 2.3.6 (Tyomkin’s correspondence theorem — Theorem 5.1 of [Tyol7]). Notation
2.0.1 is used. Let A be a degree as in Definition 2.2.3 that arises from a lattice polytope X(A)
as in Remark 2.2.5. Let Xsa) be the toric variety associated to ¥(A). Let g, be points in
Xs(a)y and let ppy be classical cross-ratios. If the conditions gy, py) are in general position,
i.e. there is only a finite number of rational algebraic curves in Xs(a) over an algebraically
closed field of characteristic zero that fulfill them, then denote this number by Nzlg (qﬂ,um).
Let py, )\E]R be the tropicalizations (see Remark 2.3.2) of the conditions above. Then

N}® (4ns ) = Na (p@, Aﬁf”)

holds, where Na (pﬂ, /\b)]R) is the weighted number of rational tropical stable maps of degree A

that satisfy the point conditions p,, and the tropical double ratio conditions )\][?R. The multi-
plicity with which each rational tropical stable map is counted is the one of Def%m’tz’on 2.8.4.

The numbers Nzlg (qﬂ, “[l}) (resp. Na (pﬁ, )\][?]R>) are independent of the exact positions of

the points ¢, (resp. p,) as long as all conditions are in general position (see Corollary 3.1.20
and Remark 3.1.10). Incorporating the point conditions explicitly in the notation allows us to
directly access them which simplifies notation later.






Chapter 3

Tropical cross-ratios and their
degenerations

Tyomkin’s correspondence theorem 2.3.6 shows that enumerative problems that involve cross-
ratios can be formulated tropically. An approach to enumerative questions that proved to be
fruitful in the past is using intersection theory on moduli spaces. Thus a tropical intersection
theoretic description of tropical stable maps that satisfy tropical double ratios is required. In
this chapter, tropical cross-ratios are introduced in such a way that they provide a tropical
intersection theoretic description we are looking for. The main advantage of tropical cross-
ratios over tropical double ratios is that they allow a degeneration that yields degenerated
tropical cross-ratios. This degenerated version of tropical cross-ratios yields a local description
of so-called cross-ratio multiplicities from which we profit from in chapters 4, 5, 6.

3.1 Tropical cross-ratios

In this section, tropical cross-ratios are introduced. The tropical intersection theoretic frame-
work provides multiplicities for tropical stable maps satisfying tropical cross-ratios. It turns
out that these multiplicities have an enumerative meaning.

3.1.1 Tropical cross-ratios via intersection products

Definition 3.1.1 (Tropical cross-ratios). A tropical cross-ratio \' is an unordered pair of
pairs of unordered numbers (f382|83084) together with an element in Rs( denoted by |N|,
where fi,...,34 are pairwise distinct labels of ends of an abstract tropical curve in Mgy
(resp. of a tropical stable map in Moy (R™,A)). We say that C € Mg (resp. C €
Mo (R™, A)) satisfies the tropical cross-ratio condition A if C' € ft}, (|N]) - Mo ar (resp.
C e ft3, (|N])-Mo,n (R™, A)), where |X] is the canonical local coordinate of the end (51 32|5304)
of Mo, see Figure 2.3.

Remark 3.1.2. Definition 3.1.1 expresses the definition of tropical double ratios 2.3.1 used by
Mikhalkin and Tyomkin in terms of tropical intersection theory. This can be seen by applying
a suitable projection my : Mp4 — R shrinking one end to zero, sending another one to R-q
and the last one to Ry such that my: o fty/ coincides with Definition 2.3.1.

33
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R

i

Figure 3.1: As in Theorem 2.2.2, one way of embedding My 4 into R? is shown. A projection
that maps the shown rational tropical stable map with an edge of length [ to —I € R is indicated.

Definition 3.1.3 (General position I). Notation 2.0.1 is used. Let m, N € Nyg. Let n,x be
disjoint subsets of the set [N]. Let p, be points in R™ and let L, be tropical multi-lines in R™.
Let A be a degree as in Definition 2.2.3 and let )‘[l] be tropical cross-ratios for some [ € N. Let

n’ C 2band k7 C 2P for 4 = a, B be pairwise disjoint sets of labels as in Notation 2.2.4.
Let Py be points in R™~! for v = a, B. Let Ly» be tropical multi-lines in R™~! for v = a,
such that in total

#A—3+N+m:m'#ﬂ+(m—1)~#(@UQ"‘UQB)+(m—2)-#<@°‘U@f8>+l (3.1)

holds. The conditions py, Ly, Lo, Lys, Py, Pys, )\’m are in general position if

Z (Pus L Lses Lo, Py Py Ny ) =
IT oevitw)- JI oevi®@s) - TLevi(Zn)-[[evi (vi) Hft/\, (IX1) - Mo (R™, A)

ker*UkP fenaunh hek ien
(3.2)

is a zero-dimensional that is not rationally equivalent to a zero cycle and it lies inside top-
dimensional cells of My n (R™, A).

Usually, we refer to p, as point conditions and to L, as multi-line conditions. Moreover,
we refer to Fayys and Lyay.s as tangency conditions, where, in particular, P s are called
codimension one tangency conditions and L, s are called codimension two tangency condi-
tions.

Remark 3.1.4. Notice that if there are tangency conditions in a set of general positioned
conditions, then A = AT'(«, B) for some m, d, «, 3, see Notation 2.2.4.

Notation 3.1.5. A convention is used in Definition 3.1.3 to which we stick from now on:
Given a degree A and general positioned conditions, we know which conditions we expect to
be satisfied by which labeled ends as we use the same index for conditions and ev (resp. dev)
maps. In particular, we may e.g. consider a submultiset of A'(c, ) which contains all ends
satisfying the tangency conditions Lo U L, s

Remark 3.1.6. Given an intersection product as in Definition 3.1.3, where Lj is a rational
tropical curve in R™ of degree A™ (resp. a rational tropical curve in R™~! of degree Ag”fl),
we can pass to its recession fan and obtain an intersection product that is rationally equivalent
to the one we started with, see Remark 2.2.18 and Theorem 2.2.20. Therefore we can always
assume that Ly is in fact a tropical multi-line in R™ (resp. in R™~1).
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Remark 3.1.7. We assume in the following that all given sets of conditions are in general
position. If we refer to a set of conditions to be in general condition although it has not enough
elements, then we mean that there are some conditions that we can add to this set such that
all together these conditions are in general position.

Definition 3.1.8. Remark 3.1.4 is used. Let Za (pﬂ, L,, Lﬁa,Lﬁﬁ,Pﬁa,Pnﬂ,)\/[l]> be the zero-
dimensional cycle associated to general positioned conditions ppn, Ly, Lye, Ls, Pyer, Py, )\’[l] as
in Definition 3.1.3. Define the number N

Na (Pus Liss Lses Ly Py Py Ny ) = e (2 (s Lo Lses Lo, P Py Ny ) )

where deg is the degree map of Definition 2.1.17. If we write Na (pﬂ, /\,[l]>’ we mean that there

are no multi-line and tangency conditions in the set of given conditions.

Remark 3.1.9. Recall Remark 2.2.18: for ¢t € N translated cycles in R? are rationally equiv-
alent. Hence embedding M, 4 into R? as in Theorem 2.2.2 implies that all points of Mo 4 are
rationally equivalent. Thus pulling-back different points of My 4 yields rationally equivalent
cycles, see Remark 2.2.18. Therefore the numbers of Definition 3.1.8 are independent of the
exact lengths |\}| of the tropical cross-ratios A} for j € [I]. Additionally, the numbers do not
depend on the partition of the four entries of each tropical cross-ratio into pairs. Moreover, the
numbers of Definition 3.1.8 are also independent of the exact positions of the point, multi-line
and tangency conditions involved.

Remark 3.1.10. Given conditions as in Definition 3.1.8, then the set of positions where these
conditions can be moved as in Remark 3.1.9 while remaining in general position is open and
dense in the space of all possible positions of conditions. To see this, consider the map

pi= X Odevpx X 8evf><><evh><><evi><><ft/\;_;

kex*UrP fenunf hek i€n JE[l]
Moy (R™, A) = R x (Moa)',

where t is a suitable natural number. The map ¢ is a morphism of fans. The first part of
Corollary 3.1.17 does not require general positioned conditions and thus yields that pull-backs
along ¢ lie in the intersections of the preimages of the evaluation and forgetful maps involved in
. Hence the set where general positioned conditions can be moved while remaining in general
position is the complement of a codimension one skeleton of a pure dimensional fan and thus
it is open and dense.

3.1.2 Multiplicities of rational tropical stable maps.

The intersection theoretic definition of tropical cross-ratios automatically assigns a multiplicity
to each tropical stable map that satisfies given point, multi-lines, tangency and tropical cross-
ratio conditions. We now recall how to calculate such multiplicities.

Definition 3.1.11 (ev-ft-matrix). Let pp, Ly, Lo, L5, Pypa, P, X[l} be general positioned con-
ditions in the sense of Remark 3.1.7, i.e. the cycle Za (pﬂ, Ly, Ly, Lys, Ppe, Py, XU]) associ-

ated to these conditions as in Definition 3.1.8 is not necessary zero-dimensional. Let C' be a
rational tropical stable map in a top-dimensional cell o of Za (pﬂ, Ly, Lyo, Ly, Pﬂa,Pﬂﬁ, /[l]>
such that C' lies in the interior of o if o is not zero-dimensional. Let ¢; for i € [r| for a suitable
r € N denote the pull-backs that appear in (3.2), i.e.

ZA <pﬂ7 Lﬁa L§a7Lﬁ37PﬁO‘7PQ57 /[l]> =1 Pr 'MO,N (]Rva) .
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Locally (around C) each pull-back ¢; is of the form max{h;,0} for an integer linear map h;.
Thus the map

H: Moy (R™ A) — R x R
T = (hl(x)a e 7h7‘(‘r))

with d ;== m-#n+ (m —1) - #(kUn*Un®) + (m — 2) - #(x* U £°) is linear locally around
C as well. Tt gives rise to a matrix with respect to the local coordinates of Definition 2.2.11.
This matrix is called ev-ft-matriz and is denoted by M (C'). If there are no tropical cross-ratio
condition, then M (C) is also called ev-matriz. Notice that the entries of M (C) are in Z and
define

mlﬂtev,ft(c) = | ind (M(C)) |’

where ind is the index of M(C), i.e. the product of elementary divisors that appear in its
Smith normal form over Z. If there are no tropical cross-ratio conditions, then define multe, ()
analogously for the ev-matrix M (C) of C.

Lemma 1.2.9 of [Rau09] states that multey (C') (resp. multe,(C)) equals the weight w(o) of
the top-dimensional cell o of Za <pﬂ, Ly, Lo, Ly, Ppe, P, XU]) (resp. of the top-dimensional

cell o of Za (pm Ly, LEQ)LE/BVPQQ’PWB))'

Remark 3.1.12. If the cycle Za (pﬂ, Ly, Lo, Lyp, Pype, P, Am) appearing in Definition 3.1.11
is zero-dimensional, then multey (C') equals the absolute value of the determinant of the ev-ft-

matrix M (C). In particular, the multiplicity with which a rational tropical stable map C'in the
cycle Za (p@, L,, Lﬁa,Lﬁﬁ,Pﬂa7Pnﬁ,)\/[l]> contributes to Na (pﬂ, Ly, Ly, Lys, Ppe, P, /\’m) is
precisely |det(M (C))|.

Remark 3.1.13. The absolute value of the index of an ev-ft-matrix (resp. ev-matrix) equals
a weight of a top-dimensional cell in an intersection product. Thus it does not depend on the
base point of the local coordinates, see Definition 2.2.11.

Example 3.1.14. Consider the rational tropical stable maps C' whose image in R? is shown
in Figure 3.2. The ends of C' are labeled by 1,...,6. The labels are indicated with circled
numbers in Figure 3.2. The direction vectors of edges and ends of C are shown in Figure
3.2. Moreover, the lengths of the three bounded edges of C' are denoted by [1,ls,13. The end
labeled with 1 which is drawn dotted indicates a contracted end. The degree of C is A$ (a, ),
where e = (0,1,0,...) and g = (1,0,...) (see Notation 2.2.4), i.e. C has one end of primitive
direction —e3 whose weight is 2 and C has one end of primitive direction es whose weight is 1.

The rational tropical stable map C satisfies the following conditions by which it is fixed: pq
is a point condition to which the end labeled with 1 is contracted to. The end labeled with 3
satisfies a codimension two tangency condition L3, where Lg is a multi-line with ends of weight
1 which is indicated by a dashed line in Figure 3.2. Moreover, the end labeled with 6 satisfies
a codimension one tangency condition Fg. Notice that Notation 3.1.5 was used.
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-2
Figure 3.2: The tropical stable map C that is fixed by a point p; and two tangency conditions
L3, Ps. The arrows indicate the direction vectors of the edges.

Then the ev-matrix M (C') with respect to the base point p; of C reads as

Basepr 11 o I3

evy 1 0 00 0 O

010 0 0 O

M(C) = 001 0 0O
Oevs 1 0 01 0 O

devg 1 00 1 1 1

01 0 0 0 1

The first 3 rows describe the position of p;. The fourth row describes the position of Lg and
the last two rows describe the position of Py using the coordinates 1, l2, [3.

Example 3.1.15. Let C be the rational tropical stable map whose image in R? is shown
in Figure 3.3. The ends of C' are labeled by 1,...,6. The labels are indicated with circled
numbers in Figure 3.3. The lengths of the three bounded edges of C' are denoted by 1, o, 3.
The rational tropical stable map C satisfies two point conditions py, po with its contracted ends
1,2 and a tropical cross-ratio A} = (12|56) of length |\|| = 5.

Figure 3.3: The tropical stable map C that is fixed the points p1, p2 and a tropical cross-ratio
A]. The arrows indicate the direction vectors of the edges.
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The ev-ft-matrix M (C') of C' with respect to the base point p; is

~
w

Basep1 11 2

evi 1 0 0 0 0

0 1 0 0 0

M(C)_ eva ]. 0 2 ]. O
0O 1 0 1 0

i, \O 0 0 0 1

Therefore
mUItev,ft(C) = |det (M(C)) | =2.

The rational tropical stable map C' is actually the one of Example 2.3.5. There, its multiplicity
used in Tyomkin’s correspondence theorem was computed. Notice that both multiplicities
coincide. This observation holds in general since Proposition 3.1.19 states that these two
multiplicities are indeed always the same.

3.1.3 Enumerative properties of tropical cross-ratios

Often, tropical intersection theory yields multiplicities needed for correspondence theorems,
which enables us to count tropical stable maps by means of tropical intersection theory on
tropical moduli spaces. The same holds true for the counts of tropical stable maps satisfying
tropical cross-ratio conditions we consider here. More precisely, our next aim is to show that
the set of rational tropical stable maps that appears in Tyomkin’s correspondence theorem
2.3.6 equals the set of rational tropical stable maps contributing to suitable numbers from
Definition 3.1.8. Each rational tropical stable map in such a set has two multiplicities, namely
the one used in Tyomkin’s correspondence theorem 2.3.6 and the one assigned to it via tropical
intersection theory (Remark 3.1.12). Showing that these multiplicities coincide yields that the
numbers Na (pﬂ , )\El] of Definition 3.1.8 are indeed enumerative in the sense that Tyomkin’s

correspondence theorem can be applied.

Lemma 3.1.16. Let A be a degree in R™ and let )\’m be tropical cross-ratios which are not
necessary in general position. Then

LT (R51) - Mo (R™, 8) [ < (1) £3 (1X5]) (3.3)
Jjell] Jjell]

holds, where | x| denotes the support of T[;cp fty (|)\;|) - Mo.n (R™, A) with nonzero weights.
J

Moreover, if the tropical cross-ratios )\’m are in general position (in the sense of Remark

3.1.7), then [ ;e fty (WD Mo,y (R™, A) equals the polyhedral set [y fty; (|A;y) with the
J

additional data of weights such that some of them might be zero. ’

Proof. To show (3.3), induction on the number [ of tropical cross-ratios is used. Let [ = 1 and

denote \| = (B152|6364). The map fty; takes rational tropical stable maps to Mo, which
can without loss of generality be embedded into R? such that the direction vector of its end

(B1B21B3P4) is €g, see Theorem 2.2.2, Figure 2.3 and Notation 2.2.4. Thus P := (|||, |\]]) € R?
is the point which is pulled-back along ft N Therefore P is cut out by
max{*, x, |\|} : Mos — R
(z,y) = max{z,y, X}
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Hence

i, (1) = max{ (i 0) . (fag 00) . 4 (3.4)

)
x

is affine linear on each connected component of the complement of ft;,l (|A1]). Hence the left-
1

hand side of (3.3) is a subset of the right-hand side of (3.3) for I = 1 according to Definition
2.1.5.
For [ > 1, observe again that

ity (1X]) = max{ (fi () - (fag(=)) NI}
can only be locally nonlinear at ft;/1 (JA7]) and use the induction hypothesis.
l
To show the second part of Lemma 3.1.16, recall that ],y ft, (!)\;D - Moy (R™,A) is
J

a polyhedral complex of pure codimension [. We just proved that its nonzero part is con-
tained in ;¢ ft;,} (|)\;\) Thus the second part of Lemma 3.1.16 holds if the claim that
J

Njep ft;; <|)\;|> is of codimension [ is true. For each map ft X with j € [I], consider a suitable

projection my, as in Remark 3.1.2 such that oY oftA; maps ft)\; (\)\;|> to |A;| € R. Notice that
for j € [i]

fey, (X51) = (may o fexg) " (IX5)

holds, where by abuse of notation [\’| denotes a point in My 4 on the left-hand side and it also
denotes the corresponding point in R on the right-hand side. Thus

TT tt5, (1) - Mo (R, 8) = T (g ooy ) (1X]) - Moy (R™, )

€l Jell]

holds. If we take Remark 3.1.10 into account, then Proposition 1.15 of [Raul6] can be applied
to prove the claim and hence finishes the proof. O

The analogous statement of Lemma 3.1.16 that involves evaluation maps instead of forgetful
maps is well-known, see for example Remark 1.16 of [Raul6]. Thus combining Lemma 3.1.16
with its ev-analogue immediately yields the following corollary.

Corollary 3.1.17. Let A be a degree in R™. Let py, Ly, Lﬁa,Lﬁﬁ,Pna7Pn5,)\,[l] be conditions
with the usual notation from Definition 3.1.3 that are not necessary in general position. Then

[Za (pﬂ, Ly, Lﬁa’L@BvPQ"’PﬂB’XUO |
N oevi'myn () devi P evy" L0 evi )0 () it (x51) )

kEr*UrpP fenauns hek i€n J€(l

holds, where |x| denotes the support of Za (pﬂ, Ly, Ly, Lys, Py, P, )\’m) with nonzero weights.
Moreover, if all conditions are in general positioned (in the sense of Remark 3.1.7), then
ZA <pﬂ, L,, Lﬁa,Lﬁg,Pﬂa,Prlﬁ,)\/{l]) equals the polyhedral set on the right-hand side of (3.5)

with the additional data of @eights such that some of them might be zero.
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Remark 3.1.18. Let Na (pn, )\H ) be a tropical number as in Theorem 2.3.6. Let )\’ be the
tropical cross-ratio that is associated to the tropical double ratio )\?R for j € [I] by Remark

3.1.2. Notice that Na (pn, )\HR) is by definition the weighted number of rational tropical stable
maps C' with C € ), L) n Mjep <|)\;]>, where the multiplicity mc (I, h) of C' is

the one of Definition 2.3.4 Wthh appears in Tyomkin’s correspondence theorem 2.3.6. On the

167’1

other hand, Corollary 3.1.17 shows that Na <pn, )\[ ]) is the weighted number of rational tropical

stable maps C' with C' € (), ev L) NN, e fou X, <\)\’ ]), where the multiplicity with which

C' is counted is given by |det(M (C))| as in Remark 3.1.12. The two multiplicities associated
to C' are compared in the next proposition which we prove using methods well-known to the
experts in the area.

Proposition 3.1.19. Let A be a degree. Let p[n],)\’[] be general positioned condition as in

Definition 3.1.3. Let C' € ;¢ €v “Lp)n Njen ft)\, (|)\ |> be a rational tropical stable map.

Then the intersection theoretic multzplzczty | det (M ( )| of C coincides with mc(T', h) used in
Tyomkin’s correspondence theorem 2.3.6.

Proof. Let (I', zpg), h) be a rational tropical stable map in (¢, ev; (i) NNjep f‘c;,_1 <|)\;\> In
J

terms of tropical intersection theory the multiplicity of (', z(y, h) is given by |det(A)|, where
A is the ev-ft-matrix of (T, T[M) h), see Definition 3.1.11. We want to sketch how to prove that
| det(A)| and |det(B)| (from Definition 2.3.4) are equal. For that, we start with the following
complex

® P ZH@Zm@@Z

YEEL(T)

N1 Na

where the first summand on the left belongs to the root vertex defined in 2.3.4. There are maps
between the complex above and the complex (2.1) in the following way: Let g : No — Mj be
the canonical embedding and let

ay: Ny — My, (a,e) — (a,a+ Z:l:eiuei,g)

be a map where a is the coordinate of the root vertex, e; is the length of the edge v; and wu,
is the primitive direction vector of ;. Moreover, we choose a + Y £e;ue, in such a way that it
is the shortest path between the root vertex and the vertex associated to the j-th contracted
end depending on which entry of the vector in the image we are considering (the choice of +
should be consistent with the orientation on I'). Note that aj, ay are both injective and that
the diagram given by the maps A, B, a1, as commutes. This commutative diagram extends to
the commutative diagram shown below. By definition
coker avr; (Zm)#v(r) ' and  cokeras = (Zm)#Eb(F)

Considering the definitions of B, (2, we can see that (s o B is surjective. Hence C' is surjective.
Since C' is a surjective morphism of free modules of the same rank it is an isomorphism.
Therefore coker aes vanishes which guarantees that «sg is surjective. The map 0 which we
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obtain from applying the snake lemma yields that G vanishes. Therefore a3 is an isomorphism.
Thus

| det(A)| = [det(B)]

follows.
0 0 G
0
A
0 N Ny coker A ——— 0
aq &%) a3
B
0 M, Mo coker B ——— 0
G G2
C
L coker &y — coker aig — coker ag

O]

The following corollary is an immediate consequence of Remark 3.1.18 and Proposition
3.1.19. It gives an enumerative meaning to the numbers Na <pﬂ, )\’[l]> in the sense that Ty-
omkin’s correspondence theorem 2.3.6 can be applied to them.

Corollary 3.1.20. Let A be a degree. Let py, )\][?}R be general positioned conditions as in Theo-

rem 2.3.6. Let )\;- be the tropical cross-ratio that is associated to the tropical double ratio )\})R for

j € [l] by Remark 3.1.2. Each rational tropical stable map C' that contributes to Na (pﬂ, AﬁR)
with multiplicity mult(C') also contributes to Na (pﬂ, )\E”) with multiplicity mult(C') and vice
versa. In particular, Tyomkin’s correspondence theorem 2.3.6 can be applied to N (pﬂ, Ab])'

Hence the numbers N (pﬂ, Ah]) we compute via tropical intersection theory are equal to the

corresponding algebro-geometric counts of curves that satisfy point and cross-ratio conditions.

3.2 Degenerated tropical cross-ratios

An advantage of our intersection theoretic definition of tropical cross-ratios is that it allows us
to degenerate tropical cross-ratios easily. It was indicated in Remark 3.1.9 that — up to rational
equivalence — it does not matter which points of Mg 4 are pulled-back to describe the cycle

Z (Pas L Lses Lo, Py Py Ny ) (resp. the numbers Na (pu, Les Lgas Lss Py Py Ny )):
In particular, the 3-valent vertex identified with 0 € R? of My 4 might be pulled-back. In other

words, we could allow the lengths of tropical cross-ratios to become zero, which gives rise to
the notion of degenerated tropical cross-ratios.
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Definition 3.2.1 (Degenerated tropical cross-ratios). A degenerated (tropical) cross-ratio X is
a set {f1,...,04}, where (1,..., 4 are pairwise distinct labels of ends of an abstract tropical
curve in Mg s (resp. of a tropical stable map in Mo n (R™,A)). We say that C' € Mg
(resp. C € Mon (R™,A)) satisfies the degenerated tropical cross-ratio condition A if C' €
ftj (0) . MO,M (resp. C € fti\ (0) - MO,N (R™, A))

Another way of thinking about a degenerated cross-ratio A is that A is the degeneration of
a tropical cross-ratio A" when |\'| becomes zero in the process of taking a limit.

Notation 3.2.2. In the following we stick to the convention to denote a non-degenerated
tropical cross-ratio by A’ and to denote its degeneration by .

Definition 3.2.3 (Tropical cross-ratios on contracted ends). A tropical cross-ratio X given
by X = (B182|83B4) (resp. a degenerated tropical cross-ratio A = {f1,...,0584}) is called
(degenerated) tropical cross-ratio on contracted ends if f; is the label of a contracted end for
i € [4]. Let )‘/[l’] be tropical cross-ratios and let A be degenerated tropical cross-ratios. The
set /\[l’}’ Ay is called on contracted ends if each (degenerated) tropical cross-ratio therein is a
(degenerated) tropical cross-ratio on contracted ends.

The notation used in the following definition is consistent with the one of Definition 3.1.3.
In particular, Remark 3.1.4 also holds for Definition 3.2.4.

Definition 3.2.4 (General position II). Notation 2.0.1 is used. Let m, N € Ns. Let n,k be
disjoint subsets of the set [N]. Let p, be points in R™ and let L, be tropical multi-lines in R™.
Let A be a degree as in Definition 2.2.3. Let 5\’[1,] be tropical cross-ratios for some I’ € N and
let /\m be degenerated cross-ratios for some [ € N. Let 17 C 718> and k¥ C 412 for v = a, B be
pairwise disjoint sets of labels as in Notation 2.2.4. Let Py be points in R™™ Lfor v = o, B.
Let L.~ be tropical multi-lines in R™~ I for v = «, B such that in total

#A—3—|—N+m:’m-#ﬂ+(m—1)-#(@UnO‘U77’B>—l—(m—?)-#(@O‘Uﬁ’B)—i—l—i—l/

(3.6)
holds. The conditions py, Ly, Lxe, Ls, Py, P, Ok )‘[l']v Ap) are in general position if
Za <pﬂ, Ly, Lo, Lo, Py na,A[l/],)\m) —
H devi(Ly) - H devi(Py) - Hevh Ly) Hev Pi) H ft/\, <|)\’> Hft/\
kex*UrP fen~unf hek i€n JEN e[l
- Mo n (R™,A)
(3.7)

is a zero-dimensional cycle that is not rationally equivalent to a zero cycle and it lies inside
top-dimensional cells of

=] ft3, (0)- Mon (R™, A).

JEl]

Remark 3.1.7 also applies to 3.2.4, i.e. if we refer to a set of conditions to be in general
position according to Definition 3.2.4, then we mean that some conditions can be added to this
set such that all together these conditions are in general position.
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Definition 3.2.5. Remark 3.1.4 is used. Let Za (pﬁ, Ly, Lyo, Lys, Ppo, Pps )‘[1’17/\[}> be the

zero-dimensional cycle associated to general positioned conditions as in Deﬁmtlon 3.2.4. Define
the number

Na (Pas Liss Lses Ly Py Py Ny Ay ) = e (2 (s Lo Lses Lo, P Py Moo Ay ) )

where deg is the degree map of Definition 2.1.17. If we write Na (pﬂ, )\m), we mean that there
are no multi-line and tangency conditions in the set of given conditions.

Remark 3.2.6. Given conditions as in Definition 3.2.5, then the set of positions where these
conditions can be moved as in Remark 3.1.9 while remaining in general position is open and
dense in the space of all possible positions of conditions. This follows analogously to Remark
3.1.10 with the morphism

X devpx X aer x X evy x Xev; x X ftX (A[l]) — R x (M[)A)l/

kerUKP fenxunbf hek i€n jew)
for a suitable ¢t € N.

The following proposition ensures that the numbers Na (pﬂ, /\[l]) are enumerative in the
sense that Tyomkin’s correspondence theorem can be applied.

Proposition 3.2.7. Let pn, Ly, Lge, Lys, Py, 775, )‘[l/]’ )\m be general positioned conditions as
in Definition 3.1.8. Let \; denote the degeneration of)\ forj € [l]. Then there is an open dense
subset in the set of all positions where pp, Ly, Ly, Lys, Pye, P, 5’)‘/[1'] )‘/[l] can be moved (see
Remark 3.1.10) such that the conditions pp, Ly, Lya, Lys, Py, P, g,)\[l,], /H and the conditions
Pns L, Lger, Ly, Py, P, e )‘[l']’ Ap are simultaneously in general position.

In particular, if the cycle Za <pn,L,i,L,.§a,LNg,P77 nﬁ,)\[l,], ) of Definition 3.1.8 and
the cycle Z (pﬂ, Ly, Lye, Ly, Py P )\[l,], A1 ) of Definition 3.2.4 are zero-dimensional, then

N (s s L, Ly Py Py, Ny, Xy ) = Nas (s Liss L, L, P, Py My, Mgy

holds on an open dense subset in the set of all positions of conditions. In particular, Tyomkin’s
correspondence theorem 2.53.6 can be applied to Na (pﬂ, )\[l]).

Proof. By Remark 3.1.9 the cycles Za <pﬂ, Ly, L, Lys, Py, Py, Ny Ny

and Za <pﬂ, Ly, Lo, Lys, Py, Pps )\[l/], )\[l]> of Definition 3.2.4 are rationally equivalent. Hence

) of Definition 3.1.3

none of them is rationally equlvalent to a zero cycle if either
S/ = {p@7 Lﬁ? Lﬁa7 Lﬁﬁ, Pﬂa y Pﬂ67 S\I[Z/], )\/m} or S = {pﬂ7 Lﬁ) Lﬁa, LEB’ Pﬂa7 Pﬂﬁ, S\I[l/}, )\[l]}

are in general position. Moreover, there are open dense sets U, U’ associated to S, S’ by remarks
3.1.10, 3.2.6. Since U N U’ is again open dense, it is the desired open dense set. Thus

N (Pus Liss L L, Pyes Pyss Moo Mg ) = Nas (s Ly Lses L Py Py Ny Mg ) -+ (38)
Therefore, in particular,

Na (pﬂ7 )‘/[l]) = Na (pﬂ7 )‘[l}) (39)
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in the special case of only point and (degenerated) tropical cross-ratio conditions. Notice that
the equalities (3.8), (3.9) hold on an open dense subset of positions of conditions as we defined

the mumbers N (o, L, Lies Lo Pys Py Nyys My ) s Na (P L L L P Py X Ay

(resp. the numbers Na (pﬂ, XU]) , Na (pﬂ, )\[l])) for general positioned conditions only. Ty-
omkin’s correspondence theorem can be applied due to Corollary 3.1.20. ]

Remark 3.2.8. One could define the numbers Na (pn, Ly, Lyo, Ly, Pye, P, e X[l/]’ )\[ O (resp.

the numbers Na (pﬂ, Ly, Ly, Lyp, Py, P, 5,)\[1,],)\[[])) as degree of a zero-dimensional cycle

where the conditions are not necessarily in general position. Then (3.8) would still hold using
Remark 2.2.18. However, it is easier to restrict to general positioned conditions since tropical
curves satisfying them are combinatorially more intuitive (corollaries 3.1.17, 3.2.10) and their
weights can be calculated via indices of matrices, see Definition 3.1.11.

Lemma 3.2.9. Let A be a degree in R™. Let S‘El'] be tropical cross-ratios and let Ay be

degenerated tropical cross-ratios such that 5\’[1/], Ay are in general position. Then Hje[l] ftjj 0)-
Mo, n (R™, A) is contained in the codimension-l skeleton of Mo n (R™,A). Additionally, the

cycle [ T5ep 65, (|)\’ ‘>'Hj€[l] ft3, (0)-Mo,n (R™, A) equals the polyhedral set (Y5 ft; <|5\’3]>ﬁ
j
nje[l} ft)_\j (0) wzth the additional data of weights such that some of them might be zero.

Proof. Notice that analogously to the proof of Lemma 3.1.16
ft, (0) = max{(fty; (x)), , (fts, (*))y ,0} (3.10)

holds for all j € [I]. To see that J[ ¢y ft}, (0)- Mo,n (R™, A) is contained in the codimension-]
skeleton of Mg n (R™, A), 1nduct10n onlisused. If [ = 1, then ft} (0) is because of (3.10) affine
linear on each top-dimensional cell of Mg x (R™, A). Thus no refinement of Mg y (R™, A) is
necessary when intersecting with ft} (0). Therefore ft3, (0) - Mo n (R™,A) is contained in
the codimension-1 skeleton of Mo n (R™,A). If I > 1, then [[;cy_q 3, (0) - Mon (R™, A)
is contained in the codimension-(l — 1) skeleton of Mg n (R™,A) by the induction hypoth-
esis. Equation (3.10) implies that ft} (0) is affine linear on each top-dimensional cell of
[Licp—y fta, (0) - Moy (R™, A). Therefore [];cpft3, (0) - Mon (R™, A) is contained in the
codimension-I skeleton of Mg n (R™, A).

In the same way (3.10) was used above, we can use it (and (3.4)) to inductively deduce —
like in Lemma 3.1.16 — that

11 fiy (\A’) [T 15, (0) - Mo (R™, A)| € ) f55, (|X§|)m Nl (311

JEW] jell] I g el

holds, where | x | denotes the support of J[ ;. ft} . (0) - Mo,n (R™, A) with nonzero weights.

Before showing the general statement, we want to see that [y tta, (0) - Mon (R™, A)
equals the polyhedral set (¢ ft 1 (0) with the additional data of welghts For that, induction
on [ is again utilized. If [ =1, then ft}, (0) is of codimension-1 in Mg v (R™, A) such that the
statement follows from (3.11) since ft3, (0)- Moy (R™, A) is of pure codimension-1. Let [ > 1.
There are two cases. First, the dimensions of [T ft3, (0) - Moy (R™, A) and ¢y ft)_\jl (0)
coincide. Thus induction and (3.11) yield the desired statement repeating the arguments from
the initial step [ = 1. In the second case,

dim [ ) ft3 (0) | = dim ﬂft (3.12)

je[i-1] Jel]
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holds by induction and (3.11). Hence, by (3.11) and (3.12), [T;cq ft3, (0) - Mon (R™, A)
is a codimension-1 complex in ﬂ e[l ftA (0) with respect to a suitable refinement. Since
ITep 83, (0) - Mo,n (R™, A) is contained in the codimension-I skeleton of Moy (R™, A) there
is no need to refine (;y ft_l( ) further. Notice that ft} (0) is locally linear around the

codimension-1 skeleton of ﬂ]e[l ft)_\jl (0). Hence J[cp fty, (0) - Mon (R™, A) is a zero cycle
which contradicts that Aj are in general position.

To show that the cycle [ ;¢ ft5, (])\’ |> [Lep ft3, (0)-Mo,n (R™, A) equals the polyhedral

jell
set (Viep ft;\; (|/~\;~\) N Njey ft)_\j1 (0) with the additional data of weights, apply Proposition

1.15 of [Raul6] as in the proof of Lemma 3.1.16 to [Ty ft3, (0) - Mo,n (R™, A) instead of
M()’N (]Rm, A) O

Analogously to Corollary 3.1.17, which follows from Lemma 3.1.16, the following corollary
is a direct consequence of Lemma 3.2.9.

Corollary 3.2.10. Let A be a degree in R™. Let py, Ly, Lﬁa,Lﬁﬁ,Pﬂ o, P ﬁ,/\m Aqy be condi-
tions with the usual notation from Definition 3.2.4 that are in general position. Then the cycle
ZA <p@, Ly, Lo, Ly, Pﬂa, Ps, 5\’[1,], /\[l]> equals the polyhedral set

ﬂ dev, H(Ly) N ﬂ Gev (Pr)N ﬂ ev, ' (L)

ker~UkP fen*unf her

N()evi (i) () £ (|X ) N ) (

i€n Jeln i J€E[
with the additional data of weights such that some of them might be zero.

Given a tropical stable map C that satisfies a tropical cross-ratio condition )\, we can think
of this condition as a path of fixed length inside this stable map, see Lemma 3.1.16. Given a
degenerated tropical cross-ratio condition A instead, we it can be thought of as a path of length
zero inside a tropical tropical stable map, see Lemma 3.2.9. Hence there is a vertex of valence
> 3 in a tropical stable map satisfying a degenerated tropical cross-ratio.

Definition 3.2.11. Let X be a degenerated tropical cross-ratio. Let C' be a tropical stable
map. If there is a vertex v € C such that the image of v under ft) is 4-valent, then we say
that A is satisfied at v. We define the set A, of tropical cross-ratios associated to a vertex v
that consists of all given degenerated tropical cross-ratios whose images of v using the forgetful
maps associated to the degenerated cross-ratios are 4-valent.

A direct consequence of Lemma 3.2.9 is the following criterion to decide whether a tropical
stable map satisfies a degenerated tropical cross-ratio.

Corollary 3.2.12 (Path criterion). Let C be a rational tropical stable map and let X =
{B1,...,Pa} be a degenerated tropical cross-ratio. Then C' satisfies X if and only if there is
a vertex v of C that satisfies A. To check whether X\ is satisfied at v the so-called path criterion
can be used: A pair (Bi, Bj) with different i,j € [4] induces a unique path in C. If the paths
associated to (Biy, Biy) and (Big, Bi,) intersect in exactly one vertez v of C for all pairwise differ-
ent choices of i1,...,14 such that {i1,...,is} = [4], then and only then the tropical cross-ratio
A is satisfied at v.

Remark 3.2.13. Note that “for all choices” in Corollary 3.2.12 above is equivalent to “for one
choice”.
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3.2.1 Cross-ratio multiplicities

Compared to non-degenerated tropical cross-ratios, degenerated ones allow a simple combi-
natorial description of the rational tropical stable maps satisfying them, see Corollary 3.2.12.
This advantage of degenerated tropical cross-ratios comes with a trade-off. To determine the
multiplicity of a rational tropical stable map C' that satisfies given degenerated tropical cross-
ratio conditions Apj, a combinatorial factor, the so-called cross-ratio multiplicity, needs to be
considered. Let )‘/[l] be non-degenerated tropical cross-ratios that degenerate to Ay. Then the

cross-ratio multiplicity reflects how many rational tropical stable maps that satisfy )\’[l] degener-

ate to C when the tropical cross-ratios A7, degenerate to Ay The advantage we take from this
situation is that the cross-ratio multiplicities can be described locally on the level of vertices
of rational tropical stable maps.

Definition 3.2.14 (Resolutions of vertices). Let v be a vertex of an abstract rational tropical
curve and let val(v) denote the valance of v. Let A\; € A, be a degenerated tropical cross-ratio
that is satisfied at v as in Definition 3.2.11. Let )\;- denote a tropical cross-ratio that degenerates
to Aj. We say that v is resolved according to )\9 if the following conditions are satisfied:

(1) The following equality holds:
val(v) = 3+ #A\,.

(2) The vertex v is replaced by two vertices v, ve that are connected by a new edge such
that A} is satisfied. In particular, the length [e| of e equals |].

(3) The following equality holds for k = 1, 2:
val(vg) = 3 + #Ay,-

(4) The set A, decomposes according to the vertices vy, vg, i.e.
Ap = {Aj FUA,, Uy,

is a union of pairwise disjoint sets.

V1 V9

4 )

Figure 3.4: Let \; :={1,2,3,4} and Ay := {1,2,3,5} be two degenerated tropical cross-ratios.
On the left there is a 5-valent vertex v with A\, = {A1, A2}. On the right v is resolved according
to A} := (12|34). Notice that the resolution is unique in this case.

Example 3.2.15. Resolving a vertex according to a tropical cross-ratio is not unique. It is
neither unique in the sense (A) that the edges adjacent to v1,ve are uniquely determined nor
in the (weaker) sense (B) that the sets \,, are uniquely determined. Let I' be an abstract
rational curve consisting of a single vertex v to which all six ends are adjacent to. Define the
following degenerated tropical cross-ratios:

A ={1,2,3,4}, Ao = {3,4,5,6}, A3 = {1,2,5,6}
such that A\, = {\1, A2, As}.
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(A) If v is resolved according to A5 = (12|56), then there are at least two ways of doing so
which are shown in the Figure below.

1 4 1 3
B Y
3 6 4 6

(B) If another non-degenerated tropical cross-ratio A5 = (15]26) is chosen, then there are at
least two resolutions shown in the Figure below.

Ut = s W
S o =

Definition 3.2.16 (Cross-ratio multiplicity). Let v be a vertex of an abstract rational tropical
curve with

Ao ={Nj1,..., A} and  val(v) =3+

Let X}, be tropical cross-ratios that degenerate to \j, for t € [r] such that [X; | > --- > |} [isa
total order. A total resolution of v is a 3-valent labeled rational abstract tropical curve on r+ 1
vertices that arises from v by resolving v according to the following recursion. First, resolve
v according to )\;1. The two new vertices are denoted by vi,ve. Choose vy, with Aj, € Ay,
and resolve it according to )\;-2 (this may not be unique, pick one resolution). Now we have 3
vertices vi, v, v3 from which we pick the one with \;, € /\”15’ resolve it and so on. We define
the cross-ratio multiplicity multe(v) of v to be the number of total resolution of v. Notice
that in the special case of #)\, = 0 the cross-ratio multiplicity of v equals one. The cross-
ratio multiplicity of a vertex v of a rational tropical stable map is defined to be the cross-ratio
multiplicity of v in its underlying abstract tropical curve. For an abstract rational tropical curve
C (resp. a rational tropical stable map) that satisfies given degenerated cross-ratio conditions,
the cross-ratio multiplicity multe,(C) of C is defined as

multe, (C) = H multe, (v),
vel

where the product goes over all vertices of C.

Example 3.2.17. Let v be a 6-valent vertex such that A\, = {A1, A2, A3} and the non-
degenerated tropical cross-ratios are given by A := (12[56),\, := (34/|56),\; = (12|34).
The following two 3-valent trees schematically show all total resolutions of v with respect
to [AT] > [A] > [Ag].

1 1
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Construction 3.2.18. Let Ay be general positioned degenerated tropical cross-ratios. To
each \; with j € [l], we want to associate a non-degenerated tropical cross-ratio )\;. For that,
recall that )\"j consists of two information, namely a split of /\;- into a pair of pairs and a lengths
denoted by [A}[. Let A} (by abuse of notation) be some split of A; into a pair of pairs for all
J € [l]. If Mg 4 is given such that the four appearing labels of ends of rational abstract tropical
curves it parametrizes are in \;, then let EA/ denote the end of M4 which is associated to

the split A’ for j € [I]. A length |\}| is associated to A} via the following recursive procedure.
Let i € [] and assume that the lengths A} for j € [z — 1] are already defined. Consider the
map

1—1
0 =Tty : Hlftj;_ (IX;) tl‘Lf% -Mon (R™,A) = M. (3.13)
= )

It induces a subdivision S; on Mo on the right-hand side of (3.13). Let 7y be the top-
dimensional cell of S; |g,, that is adjacent to the vertex 0 € Mo (see Figure 2.3). Choose a

point |\;| (expressed in the local coordinates of E); as in Definition 2.2.11) in the interior of
7y, such that [X;_;| > [A].

Remark 3.2.19. It can be assumed that the tropical cross-ratios /\[l} of Construction 3.2.18
are in general position, see Proposition 3.2.7.

Construction 3.2.18 associates tropical cross-ratios XU] to degenerated tropical cross-ratios
Ap)- The lengths of the tropical cross-ratios )\’[l] are chosen in such a way that A},...,\] can be
degenerated one by one while tropical stable maps that satisfy them are in a particular nice
form. More precisely, if \| is degenerated to A1, then all tropical stable maps that satisfy )\’m
have exactly one edge e that contributes to A}, see Lemma 3.2.9 and Construction 3.2.18. Thus
degenerating \| means to shrink exactly the edge e in each of those tropical stable maps. We
then may proceed with Aj,..., )\ in the same way. Such degeneration arguments are useful
to prove the following lemma which describes the weights of the cycle Xa (/\[l]) of Definition
3.2.4.

Lemma 3.2.20 (Weights of Xz (Am)). Notation of Definition 2.2.12 is used. Let A be a degree.
Let Ay degenerated tropical cross-ratios in general position. Let )\; be tropical cross-ratios that
degenerate to \; for j € [I] such that [N}| > --- > |X]|. Let

A (A\g) = H ft}, (0) - Mon (R™, A)

be the intersection product of Definition 3.2.4. Let T be a top-dimensional cell of X ()\[l])
and let ¢(1) denote the combinatorial type of 7. Then T equals a top-dimensional cell of the
codimension-l skeleton of Mo n (R™, A) such that for all vertices v of ¢(7)

val(v) = 34+ #\,
holds. Let v € ¢(7) be a vertex such that \y € A\y. The weight of T is recursively given by

w(T):{l Cifl=1

Y.ow(o) , otherwise

where the sum goes over all top-dimensional cells of HéZQ ft3, (0) - Moy (R™, A) such that
their combinatorial types ¢(o) are given by resolving the vertex © € ¢(T) according to N;. In
particular, all weights of Xa (/\[l]) are non-negative.
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Remark 3.2.21. The intersection product Xa ()\[l]) in Lemma 3.2.20 does not depend on the
non-degenerated tropical cross-ratios )\’[l]. In particular, the weights of XA ()‘[l}) are independent

of the exact choice of the X[l] in Lemma 3.2.20.

Proof of Lemma 3.2.20. According to Remark 3.2.21, we may assume that the non-degenerated
tropical cross-ratios associated to Aj are given by Construction 3.2.18.
To prove the lemma, identify

Moy (R™,A) = Mg pr x R™ (3.14)

as in Theorem 2.2.10 such that it is sufficient to prove the statement for My s because tropical
cross-ratio conditions do not interact with the R™-factor in (3.14). Let M € Ns3. Induction
on the number [ of degenerated tropical cross-ratios is used.

Let I =1 and let A\; = {f1,..., B4} be the degenerated cross-ratio. A top-dimensional cell
7 of ft}, (0) - Mo, is a top-dimensional cell of the codimension-1 skeleton of Mg s such that
there is exactly one 4-valent vertex v in the combinatorial type ¢(7) of 7 such that

val(v) = 3+ #X\,

holds, see Lemma 3.2.9 and Corollary 3.2.12. The codimension-1 cell 7 is adjacent to three
top-dimensional cells of M s that arise form resolving v according to (5152|8364), (813]5254)
or (81/4|82/33). Denote these top-dimensional cells by o, 3,(858.)> T (81 8]8284)1 T (81 84|82 3)> that
is 0(3, 8,,|8:,8:,) denotes the cell where in o(g, g | BiyBi,) & newly inserted edge separates {3;, Bi, }
from {5;,5i,)}. Recall (3.10), that is ft} (0) equals max{(fty, (x)), , (ftr, (x)), , 0}. Observe that
on two of the cells O (8182183B4)1 O (B1B3]8284) 1 T (81 Ba|B2B3) the map max{(ft)\l (*))m , (ft)\l (*))y ,0} is
the zero function and on one of them it maps tropical stable maps to the length of the edge
that was obtained from resolving the vertex v. Which of the cells o g, 5,18,8.)s 7(8:85|8281) OF
0(8,84828;) are mapped to zero depends on the choice of how to embed My 4 into R®.

Let V(81 B2|B354) denote the direction vector in My ps associated to an abstract tropical curve
that has only one bounded edge of length one that separates the ends (1, f2 from f3, 54 (see
the following Figure) and define v(g, g,|8,8,) V(3 84|82 85) analogously.

a
a
ﬂl ﬁg 51
B1 B B3 o
ﬁ4 b /' ﬁ3
P a
B2 b B2 Ba
b
Figure 3.5: From left to right: an arbitrary 7 with its o(g, g,3,5,) and the curve associated to
U(B1B3]B284)

We assume without loss of generality that o(g, g,|s,5,) 18 not mapped to zero under the map
max{(ft, (x)), , (ftr, (x)), , 0}. Therefore v(g, 5,|5,5,) is mapped to 1 and v(g, g;)8,84)+ V(81 54]5255)
are mapped to zero. To shorten notation, write ¢ := max{(fty, (x)), , (ftr, (x)), , 0}. The weight
wy(T) is (see Definition 2.1.5)

ww(T) = § Po (w(o-) : UO'/T) - $r E W(U) “Vo/r |
0=0(81B2|B3B4)" 0=0(8182|B384)°
9(B18316284)2 9 (51B4152683) 9(B18316284)2 9 (5184152683)

(3.15)



50 3. Tropical cross-ratios and their degenerations

where ., p; denote the linear parts of ¢ on 0,7, and w(c) = 1 denotes the weight of a
top-dimensional cell o in My p. Moreover, v,/ denotes an arbitrary representative of the
normal vector u, /-. Therefore set Vas, 18385/ = V(B1LB21B3B4) and Vo5, 8318950/ V(51 811 5) /T
respectively. Note that the second sum of the right-hand side of (3.15) is in 7 as Mg
is balanced. Hence it vanishes under ¢, since 7 C ft)_\ll (0). As discussed above, only one
summand of the first sum of (3.15) is nonzero, namely the one with o = 0(g, 3,/8,3,)- Hence
we(T) = 1.

Next, the induction step from [ — 1 to [ is performed. Denote the elements of A as above,
that is Ay = {B1,..., 84} with [\1| = 0. We use that

l l
[T, (0) - Moar = £65, (0) - | T 853, (0) - Mous
j=1 j=2

and then apply the induction hypothesis to Hé-:Q ft}‘\j (0)-Mo,n. A top-dimensional polyhedron
7 of ft, (0) - (H;:Q ft3, (0) - M07M> is a top-dimensional polyhedron of the codimension-I
skeleton of My ps such that there is a vertex v of ¢(7) with A; € A,, see Lemma 3.2.9 and
Corollary 3.2.12. Since the interior of 7 is in the codimension-1-boundary of Hé.:Q ft3, (0) -
Mo ar and the lengths of the tropical cross-ratios are given by Construction 3.2.18, the vertex
v is obtained by shrinking an edge connecting two vertices vy, v in the combinatorial type
neighboring top-dimensional cells of Hé’:Q ft3, (0) - Mo,n such that

val(v) = 3+ #Ay, + 3+ #Ap, — 2
=44+ # (A, Udy,)
=3+ # (Ao Uy U{A1})
=3+ #\,

where the first equality holds by induction. Again, there are three types of resolutions of
v concerning A\; and Mg C R? is embedded in such a way that the top-dimensional cells
of Hé’:g ft;j (0) - Mo ar given by resolving the vertex v according to the pairs of unordered
numbers of A} are not mapped to zero. Analogously to the start of the induction, the weight
wy(T) is

o

WSO(T) = Z Po (W(U) ’ /UO'/T) - $r (ZW(U) ’ UO’/T) ) (316)

where the sums goes over all top-dimensional cells of Hé’:g ft3, (0) - Mo, that have 7 in their
boundaries. Since Hé‘:z ft3, (0) - Mo,n is balanced, the second sum of (3.16) is in 7 and

vanishes. Moreover, the arguments from the start of the induction yield that ¢, (UU /T) is zero
if and only if v is not resolved according to A\j. By definition ¢, (va /T) = 1 otherwise. O

An immediate consequence of Lemma 3.2.20 is the following corollary.

Corollary 3.2.22 (Weighs of Xa (/\m) via resolutions). Make the same assumption as in
Lemma 3.2.20. In particular, let 7 be a top-dimensional cell of XA ()\[l])- Let C be a rational
tropical stable map in T such that C lies in the interior of T if T is not zero-dimensional. Then
the weight w(T) of T is given by

w(r) = H multe, (v), (3.17)

veC
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where the product goes over all vertices of C and multe,(v) is the cross-ratio multiplicity of v,
see Definition 3.2.16.

Remark 3.2.23. Let mult.;(v) be a cross-ratio multiplicity of a vertex v. By Definition 3.2.16,
mult., (v) depends on a choice of non-degenerated cross-ratios )\91, e )\;T whose degenerations
are {\j,...,\j,} = Ay. Moreover, it also depends on an order of lengths [} | > --- > |\, |.
The left-hand side of (3.17) is independent of such choices. Hence multc,(v) does in fact not
depend on the choice of non-degenerated cross-ratios /\;.1, .. .,)\;»T, in particular, it does not
depend on their order [\ | > .- > [ |.

Corollary 3.2.22 allows us to deduce the following nice property which is extensively used
later.

Corollary 3.2.24. Let Xa ()\m) be the cycle from Definition 3.2.4. Let T be a top-dimensional
cell of Xa (A[l]) such that its weight w(T) is nonzero. Let C' be a rational tropical stable map
in T such that C' lies in the interior of T if T is not zero-dimensional. Let v € C' be a vertex
of C with val(v) > 3. Then for every edge e adjacent to v in C there is a [3; in some \j € A,
such that e is in the shortest path from v to the end labeled with 5;.

Proof. Assume that there is a vertex v of C' with val(v) > 3 and that there is an edge e of v
such that e does not appear in some shortest path to some f; in some \; € A,. Then a total
resolution of v cannot have 3-valent vertices only since each 3-valent vertex that arises from
resolving v according to a tropical cross-ratio cannot be adjacent to e. Thus Corollary 3.2.22
implies that the cell 7 in which C' lives has weight zero which is a contradiction. O

Proposition 3.2.25. Let A be a degree in R™. Let pp, Ly, Lo, Lys, Pﬂa,Pﬂﬁ, X[l’}’ Aqy be con-
ditions with the usual notation from Definition 3.2.4 that are in general position. Let o be a
top-dimensional cell of the cycle Za (pﬂ, L, Lﬁa,Lﬁﬂ,Pﬂa,Pﬂﬁ,S\'M,)\[lo which is cut out by
the given conditions. Let C' be a rational tropical stable map in o such that C lies in the interior
of o if o is not zero-dimensional. Associate an ev-ft-matriz M (C') to C as in Definition 3.1.11
(i.e. replace Moy (R™,A) by Xa ()\[l]))- Then the weight w(o) of o equals the multiplicity
mult(C) of C' which is defined by

mult(C) := multey, (C) - multe(C),

where multe, (C) is the product of the cross-ratio multiplicities over all vertices of C' (see Defi-
nition 3.2.16), and multe, (C) equals the absolute value of the index of the ev-ft-matriz M(C)
associated to C'.

Proof. The proposition follows from Corollary 3.2.22 and Lemma 1.2.9 of [Rau09]. O

Remark 3.2.26. If the cycle Za (pﬂ, Ly, Ly, Lys, Ppe, Py, S‘I[l’}’ )\[l]> appearing in Proposition
3.2.25 is zero-dimensional, then multey  (C') equals the absolute value of the determinant of the
ev-ft-matrix M (C'). In particular, a rational tropical stable map C' in the zero-dimensional cycle

ZA (pﬂ, Ly, Lo, Lyp, Pyoy Py 5\’[1,], AU]) contributes with multiplicity |det(M(C))|- multe, (C')
1o (pﬂ’ Ly, Lo, Lys Py, Py )‘fz’]’ Am)

Future research 3.2.27. The numbers mult.,(v), which are the local multiplicities of degen-
erated tropical cross-ratios, are not well understood. Of course, one can calculate them by
considering all trees with an appropriate number of labeled ends and pick the ones that are
total resolutions of v with respect to the given tropical cross-ratios. This approach is neither
fast nor pleasing. So a question for future research naturally comes up: is there another,
more efficient way to calculate the cross-ratio multiplicity multe,(v) of a vertex v satisfying
degenerated tropical cross-ratios?
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3.2.2 Special case: Multiplicities of rational tropical stable maps to R2.

Proposition 3.2.25 implies that the multiplicity of a rational tropical stable map C' that con-
tributes to the number Na (pﬂ s Py Ps, )‘[l]) equals a product multey, (C)-multe, (C') of two mul-

tiplicities (see Definition 3.1.11 for the definition of multe, (C)). The cross-ratio factor multe, (C')
of this product is local, that is, it can be calculated as a product over cross-ratio multiplicities
of each vertex of C'. The evaluation factor multe, (C) of the product multe, (C) - multe, (C) does
not need to be local in the sense that it cannot be calculated via a product of multiplicities on
the level of vertices of C.

If C is a rational tropical stable map to R? with 3-valent vertices only, then it is well-known
[Mik05, GMO8| that multiplicities of evaluation maps are local, i.e. they can be calculated
on the level of vertices of C. Degenerated tropical cross-ratios lead to vertices of valence
> 3. It turns out that the well-known local evaluation-multiplicities can be generalized to this
situation. Thus multiplicities of rational tropical stable maps to R? that satisfy (degenerated)
tropical cross-ratio conditions are completely local.

Definition 3.2.28 (Free and fixed components). For conditions, the usual notation from Defi-
nition 3.2.4 is used. Let A be a degree in R2. Let C be a rational tropical stable map (possibly
with vertices of higher valence) of degree A that is fixed by general positioned conditions py,, Any-
Let v be an r-valent vertex of C. Denote adjacent bounded edges of v by ef,. Fix i € [r], cut
the edge e; and stretch it to infinity. Now there are two rational tropical stable maps, namely
one that contains v and one that does not. The rational tropical stable map C; that does not
contain v is called a component of v. A component of v is called a fized component of v if it
is fixed by the conditions on it. If this component is only a line, then it is considered fixed
if there is a vertex on it that is adjacent to a contracted end that satisfies a point condition.
Otherwise, a component is called a free component of v.

Note that if a vertex v as in Definition 3.2.28 is not adjacent to a contracted end that satisfies
a point condition, then it has exactly two fixed components: It is clear that v has at least two
fixed components, otherwise its position in R? would not be fixed. On the other hand, general
positioned conditions py, Ay do not allow the number of fixed components to be greater than
two (move the point conditions slightly, see Remark 3.2.6). Hence the following multiplicities
that generalize the well-known local ev-multiplicities for 3-valent vertices are well-defined.

Definition 3.2.29 (Local ev-multiplicities). The usual notation from Definition 3.2.4 is used
for given conditions. Let A be a degree in R2. Let C be a rational tropical stable map (possibly
with vertices of higher valence) of degree A that is fixed by general positioned conditions py, A
Let v be a vertex of C'. Two cases are distinguished:

(a) If v is not adjacent to a contracted end that satisfies a point condition, then there are
exactly two fixed components Cp,Cy of v associated to different edges e;,es that are
adjacent to v. Let v(e;, v) denote the direction vectors of e; at v for i = 1,2, see Definition
2.2.7. Define the multiplicity of v by

multey, (v) := | det (v(e1,v),v(e,v)) |.

(b) If v is adjacent to a contracted end that satisfies a point condition, then define the
multiplicity of v by

multey (v) := 1.
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Remark 3.2.30. If v of part (a) of Definition 3.2.29 is 3-valent, i.e. there are exactly three
edges eq, ez, e3 adjacent to v, then, by the balancing conditions, |det (v(e;,v),v(ej,v))| does
not depend on the choice of 4,j € [3] such that ¢ # j. Thus Definition 3.2.29 generalizes the
well-known local ev-multiplicities from [Mik05, GMOS|.

Remark 3.2.31. Another way to think about the local ev-multiplicity of a higher-valent vertex
is to add up edges of free components, to be more precise, consider the following example:

On the left there is a 4-valent vertex whose black edges belong to fixed components and its red
edges belong to free components. The multiplicity of this vertex is completely determined by
its black edges. If we “add” these red edges (add their direction vectors), we obtain the 3-valent
vertex on the right whose multiplicity is again completely determined by its black edges. Notice
that the multiplicity of the right vertex equals the well-known local ev-multiplicity.

Lemma 3.2.32. Let A be a degree in R?. Let Pn, A be general positioned conditions. Let C
be a rational tropical stable map in the zero-dimensional cycle Za (pﬂ, )‘[l}) of Definition 3.2.4.
Then

multe, (C) = H multey (v)

v|v vertex of C

hold, where multe, (C') equals the absolute value of the determinant of the ev-matriz of C' as in
Remark 3.2.26.

Proof. The following prove uses ideas from Proposition 3.8 of [GMO0S]. Let vy, vy be two vertices
of C' that are connected by an edge e. Cut e into ey, ea, stretch the loose edges ey, e2 to infinity
to obtain two rational tropical stable maps C7,Cy with v; € C; such that v; is adjacent to the
end e; for i = 1,2. Let A; be the degree of C;. Moreover, splitting C' into C1, Cy also splits py,
into py,, and [{] into {; for ¢ = 1,2. Additionally, the total number N of contracted ends of C'
equalsithe sum of the numbers N; of contracted ends of C; for i = 1,2. Since the conditions
Pn, Ay are in general position, (3.6) yields

(#A1 + #A5 —2) =3+ (N1 + No) +2 =2 (#m + #n2) + (#h + #1o) - (3.18)

Notice that pp,, A, are in general position as well. Hence

HA] — 3+ Ny +2> 2 #ny + #1 (3.19)
LAy — 3+ Ny +2> 2 #ny + #ly (3.20)

hold. Adding (3.19) and (3.20) leads to
(F#AL +#00 —2) =3+ (N1 + No) + 2+ 1> 2 (401 + #n2) + (F + #o). (3.21)

Compare (3.21) to (3.18) to deduce that not both of the inequalities (3.19), (3.20) can be
strict. Thus assume without loss of generality that (3.19) is an equality. Therefore C is a fixed
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component of va. Hence the ev-matrix M (C') of C is of the following form if v; is chosen as
base point, see Remark 3.1.13:

Base v1 lengths in C1  lengths in Cs

conditions in C4
A 0
M(C) =
conditions in Cs
* B
Since we assumed that (3.19) is an equality
#A1 — 3+ N1+ 2 = 2-#n1+#h
—~ —_———
# of lengths in C1 # of columns # of rows associated

of the base point to conditions in Cy

holds. Thus the upper left matrix A in M (C) is square. Moreover, A equals M (C7). Therefore
multey (C) = | det (M (C)) |
= |det (M(C1)) |- [det (4) ]
= multe, (C1) - | det (A) |.

Add a new 3-valent vertex v’ to Cs such that v’ is adjacent to the end es, the vertex vy and
a new contracted end that satisfies a new point condition. Denote this new rational tropical
stable map by C). The ev-matrix M (C}) of C4 with respect to the base point v fulfills

(120

* A

M(Cy) =

Hence
multey (C) = multey (C) - multe, (C5).
Applying this procedure recursively yields two final cases:

(1) A free component gives rise to C’ that consists of exactly one vertex v’ that is not adjacent
to a contracted end which satisfies a point conditions plus n other vertices that are 3-
valent and each of them is adjacent to a contracted end that satisfies a point condition.
Let N’ be the number of contracted ends adjacent to v’. Since C’ is fixed by the conditions
it satisfies, equation (3.6) yields that

(val(v') = N') =3+ (n+ N') + 2 = 2n + #\,.
Lemma 3.2.20 implies that #\,, = val(v’) — 3, hence
(val(v') = N') =3+ (n+ N') + 2 = 2n + val(v') — 3.

Thus n = 2, i.e. there are two vertices v}, v} that are adjacent to v’ via €/, e, and that
are adjacent to contracted bounded edges such that each of these contracted bounded
edges satisfies a point condition. Therefore

M(C,) = (U(ellvvg)av(e/%vé)) ,
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where v(e;, v) denotes the direction vector of e} at v, for i = 1,2, see Definition 2.2.7.
Thus

multe, (C') = multey (v').

(2) A fixed component C” consists of a single vertex v” adjacent to a contracted end that
satisfies a point condition. Thus

multe, (C”) = 1 = multey (v”)
since M (C") equals the 2 x 2 identity matrix.
O

Construction 3.2.33. Let py, Py, Ps, Ay be general positioned conditions such that the

cycle Za (pﬂ s Py Ps, )\m) is zero-dimensional. For each rational tropical stable map C' in the

cycle Za (pﬂ, Py, P, A[l]) let ef(C) for f € n:=n* UQB denote its end that satisfies P;. Let
é¢(C) denote the interior of ef(C). Let ps € R? be a point such that

pr €()é(C)
C

for f € n, where the intersection goes over all C' in Za (pﬁ, Pﬂa,Png,)\m). We can assume

that pp, py, Ay are in general position with respect to A, see Remark 3.2.6. To each rational
tropical stable map C'in Za (pﬂ, Pyo, P, )\[l]>, a rational tropical stable map C), is associated

the following way: Given C as above, subdivide its end e; C R? by adding a new 3-valent
vertex to it that is adjacent to a new contracted end such that this contracted end satisfies py.
Doing this for all f € n gives us C), see Figure 3.6. Notice that C), is in Za (pﬂ, Py )\[”) by
Corollary 3.2.10.

Figure 3.6: Left: A rational tropical stable map C to R? of degree A? with one contracted
end (dotted) that satisfies a point condition and C' satisfies one codimension one tangency
condition (left black dot). Right: The rational tropical stable map C), of Construction 3.2.33
that satisfies two point conditions.

Proposition 3.2.34. Notation from Definition 8.2.4 is used. Let A be a degree in R?. Let
Pn, Ppe, Py, Ay be general positioned conditions. Let C be a rational tropical stable map in the

zero-dimensional cycle Za (pﬂ, Pﬁa,Pn/a,)\[l]) of Definition 3.2.4. Let C, denote the rational

tropical stable map that is associated to C by Construction 3.2.33. Then

multey (C) = H multey (v) - H .

wle
v|v vertex of Cp fen~unf ( f)

holds, where multe, (C) equals the absolute value of the determinant of the ev-matriz of C' as
in Remark 3.2.26, and where w(ey) denotes the weight of the end labeled by ef.
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Proof. Let v be a vertex of C. Notice that v is also a vertex of (), by Construction 3.2.33.
Consider the ev-matrix M (C,) of C, with respect to the base point v. Let l; denote the
column of M(C),) that is associated to the length which appeared in C), due to subdividing the
end ey of C as in construction 3.2.33. Notice that there is exactly one nonzero entry, namely
+w(ey), in each Ig-column of M(Cyp) for f € n®Un”. Laplace expanding each [-column yields

multe, (C) - erﬁauﬂg w(ef). Thus

multey (Cp) = multe, (C) - H w(er)
fen*un?

holds. Applying Lemma 3.2.32 proves the proposition. O

Corollary 3.2.35. Let C be a rational tropical stable map as in Proposition 3.2.34. Then the
ev-multiplicity multe, (C) of C' can be calculated locally at vertices.

Proof. Let C), be the rational tropical stable map associated to C' by Construction 3.2.33. Let
vy denote the vertex of C) that satisfies py for f € n® U ﬂﬁ as in Construction 3.2.33. Then,
by Definition 3.2.29,

multey (vy) =1

for each f € n*U Qﬁ. Therefore

H multey, (v) = H multey (v)

v|v vertex of Cy v|v vertex of Cyp
and vertex of C

since the remaining vertices of (), are precisely the vertices of C' by construction. This finishes
the proof since the factor [ Fenaun? ﬁef) of Proposition 3.2.34 is already known considering A

and the labels ga U Qﬁ. O



Chapter 4

Recursive approach: General
Kontsevich’s formula

By the end of this chapter, a general Kontsevich’s formula 4.3.4 is established. It answers the
leading question (Q2), which asks whether there is a recursion that calculates rational plane
degree d curves that satisfy general positioned point and cross-ratio conditions. Our approach
to a general Kontsevich’s formula is inspired by the one of Gathmann and Markwig in [GMO0S|.
Let us sum up the (for our purposes) most relevant ideas and techniques used in [GMO8]:

1 Splitting rational tropical stable maps
An important observation is that a count of rational tropical stable maps that satisfy a
tropical cross-ratio condition )\ is independent of the length ). In particular, one can
choose a large length for M. An even more important observation, which, at the end of
the day, gives rise to a recursion is the following: If the length of )’ is large enough, then
all rational tropical stable maps that satisfy A’ have a contracted bounded edge. Hence
they can be split into two rational tropical stable maps.

2 Splitting multiplicities
Rational tropical stable maps are counted with multiplicities. So splitting them using a
large length for a tropical cross-ratio only yields a recursion if their multiplicities split
accordingly.

3 Using rational equivalence
A tropical cross-ratio condition appears as a pull-back of a point of Mg 4 and pull-backs
of different point of Mg 4 are rationally equivalent (Remark 2.2.18). Hence the number
of rational tropical stable maps that satisfy a tropical cross-ratio X' = (12|8384) does
not depend on how the labels f1,..., 84 are grouped together — we could also consider
the cross-ratio N’ = (3133]82/4) and obtain the same number. This yields an equation.

As a result, we obtain a general tropical Kontsevich’s formula (Theorem 4.3.4) that recur-
sively calculates the weighted number of rational tropical stable maps to R? of degree Afl that
satisfy point conditions, curve conditions and tropical cross-ratio conditions which are on con-
tracted ends, see Definition 3.2.3. In order to obtain a classical general Kontsevich’s formula
(Corollary 4.3.5), Tyomkin’s correspondence theorem 2.3.6 is applied (cf. Corollary 3.1.20).
Notice that Tyomkin’s correspondence theorem only holds for point and tropical cross-ratio

conditions, i.e. for Na <pﬂ, X[l])' There is no correspondence theorem that relates the tropical

numbers Na (p@ s Ly, X[l}) that also involve multi-line conditions to their classical counterparts,
yet.

57
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The general Kontsevich’s formula allows us to recover Kontsevich’s formula, see Corollary
4.3.7. The initial values of the general Kontsevich’s formula are the numbers provided by the
original Kontsevich’s formula and the cross-ratio multiplicities, which are purely combinatorial
(Definition 3.2.16).

To deduce the general Kontsevich’s formula, it is necessary to assume throughout the
current chapter that all degenerated and non-degenerated tropical cross-ratios are on contracted
ends only, i.e. that no entry of a tropical cross-ratio is a non-contracted end, see Definition
3.2.3.

4.1 Splitting rational tropical stable maps

A first step towards a recursion that calculates the numbers N A2 (pﬂ, Ly, XU]) of Definition

3.1.8 (resp. NA§ (pﬂ, Ly, )\[l]) of Definition 3.2.5) is to split rational tropical stable maps into
“smaller” ones. One way of doing so is to force the existence of a contracted bounded edge
which can be cut to obtain two rational tropical stable maps (Subsection 4.1.1). In order to
glue two such rational tropical stable maps back together, a description of the movement of
the new loose ends is required, see Subsection 4.1.2.

4.1.1 Existence of contracted bounded edges

The aim of this subsection is to prove Propositions 4.1.1, 4.1.25, which are crucial for the
recursion we aim for. They guarantee that the tropical stable maps we are dealing with have a
contracted bounded edge at which we can split them. Proposition 4.1.1 covers the case when
there is at least one point condition. Proposition 4.1.25 covers the case of no point conditions.

Proposition 4.1.1. Notation from Definition 3.2.4 is used. Let C be a rational tropical stable
map that contributes to NAZ (pﬂ, L,, )\[171}7)\2): where X, is a non-degenerated tropical cross-
ratio (Notation 3.2.2) and \j_y}, \j are on contracted ends (Definition 3.2.3). If #n > 1 and
|\)| is large, then there is exactly one contracted bounded edge in C.

To keep track of the overall structure of the proof of Proposition 4.1.1, important steps are
briefly outlined:

e Definition 4.1.2: Forget A, to obtain a 1-dimensional cycle YA?l (pﬂ, Ly, /\[Z,I]).

e Definition 4.1.2, Remark 4.1.4, Example 4.1.5: Consider the ends of YA3 (pﬂ, Ly, )\[171])-
They correspond to rational tropical stable maps D that satisfy pp, Ly, Aj—1) such that
D admits a movement which gives rise to an unbounded 1-dimensional family of rational
tropical stable maps of the same combinatorial type as D. Hence we should study rational
tropical stable maps D that have a movable component (i.e. a subgraph) B which can
be moved unboundedly without changing the combinatorial type of D.

e Definition 4.1.9, Corollary 4.1.22: Show that B contains a single vertex. For this, chains
of vertices in B are defined and it is shown that no chain has more than one element.

e Proof of Proposition 4.1.1: Conclude that there must be a contracted bounded edge.

Definition 4.1.2 (Movable component). Notation from Definition 3.2.4 is used and it is as-
sumed that all degenerated tropical cross-ratios are on contracted ends only. Let C' be a rational
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tropical stable map that has no contracted bounded edge and that lies in the 1-dimensional
cycle

Yz (Pos L Ai—) o= [ [ eviZa) - [T evia) - T] 85, (0) - Mon (R?, A7)

kek i€n jeli-1]

such that C gives rise to a 1-dimensional family of rational tropical stable maps by moving some
of its vertices. Since the family obtained by moving vertices of C is 1-dimensional, no vertex
can be moved freely, i.e. in each possible direction. Hence each vertex of C is either fized, i.e.
it can not be moved at all, or movable in a direction b(v) given by a vector in R? which is called
direction of movement of v. Directions of movements of vertices are indicated in Figure 4.1
of Example 4.1.5. Since each movable vertex v cannot move freely, its movement is restricted
by a condition imposed to it via an edge adjacent to v. More precisely, v either needs to be
adjacent to a fixed vertex or to a contracted end which satisfies a multi-line condition. The
connected component of C' which consists of all movable vertices of C' (and edges connecting
movable vertices) is called the movable component B(C') of C. Notice that there is exactly one
movable component since C' gives rise to a 1-dimensional family only. A connected component
of C\B(C) is called fized component. We say that a movable component allows an unbounded
movement, if the movement of the movable component gives rise to a family of rational tropical
stable maps of the same combinatorial type as C' that is unbounded.

Remark 4.1.3. Showing that the movable component B(C') contains a single vertex is non-
trivial. However, the difficulties arise primarily due to the degenerated tropical cross-ratios. If
there are no degenerated tropical cross-ratios, then every vertex in a rational tropical stable
map in question is 3-valent and the B(C') boils down to a string as introduced in [GMOS§],
which can be thought of as a single chain.

Remark 4.1.4. Consider a 1-dimensional family of rational tropical stable maps of the same
combinatorial type that is unbounded, and consider a movable component B(C) within a
rational tropical stable map C of this family that allows an unbounded movement. Notice that
the direction of movement b(v) of a vertex v in B(C') might change as moving the component
B(C) generates the family. Since v is either adjacent to a fixed vertex or adjacent to an
end satisfying a multi-line condition, b(v) can only change, when v is adjacent to an end that
satisfies a multi-line condition L. Thus b(v) can only change if v passes over the vertex of L, see
FExample 4.1.5. Hence the direction of movement of a vertex in the movable component cannot
change if we already moved the movable component enough. In the following, we focus on
movable components that allow an unbounded movement and that already have been moved
sufficiently such that it can assumed that the direction of movement of each vertex therein
does not change anymore when moving. In particular, we may assume that the direction of
movement of a vertex satisfying a multi-line condition is parallel to (—1,0), (0, —1) or (1,1).

Example 4.1.5. Figure 4.1 provides an example of a rational tropical stable maps C' to R?
whose contracted ends labeled with 1,2,4,5 satisfy point conditions and the contracted end
labeled with 3 satisfies a multi-line condition (the dashed line). The vertex v adjacent to the
end labeled with 3 is in the movable component of C' and the direction of movement b(v)
(indicated by an arrow) of v might changes as v is moved. The movement shown in Figure 4.1
is bounded.
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Figure 4.1: A rational tropical stable maps satisfying point conditions and one multi-line
condition. The movable component is drawn in red. The arrows indicate the directions of
movement. The movement shown is bounded.

Classification 4.1.6 (Types of movable vertices). Let C be a rational tropical stable map as
in Definition 4.1.2. If there is a vertex v in the movable component of C' that is adjacent to a
fixed component and all of its adjacent edges and ends which are non-contracted are parallel,
then the movable component of C' has exactly one vertex, namely v. Otherwise C' would not
give rise to a 1-dimensional family only.

Hence the following classification is complete if we assume that the movable component of
C has more than 1 vertex (if it has exactly 1 vertex, then we can directly jump to the proof of
Proposition 4.1.1): We distinguish 4 types of vertices in the movable component.

Type (I) vertices are adjacent to a fixed component and not all adjacent edges
and non-contracted ends are parallel.
Type (II) vertices are not 3-valent and adjacent to a contracted end which satisfies

a multi-line condition.
Type (IIIa) vertices are 3-valent, adjacent to two bounded edges and adjacent to a
contracted end which satisfies a multi-line condition
Type (IIIb) vertices are 3-valent, adjacent to one bounded edge, a contracted end
which satisfies a multi-line condition and an end in standard direction.
Throughout this section the assumption that the movable component of C' has more than 1
vertex is used whenever we refer to this classification of vertices.

Construction 4.1.7. In the following we often forget the vertices of type (Illa) and type
(ITIb) in C' by gluing the non-contracted edges adjacent to a vertex of type (IIIa) (resp. type
(I1Th)) together and obtain a rational tropical stable map denoted by C. This notation of C
18 fixed throughout this section.

If C allows no 1-dimensional movement, then the only vertices in the movable component
B(C) of C are of type (IIla) or (IIIb). Hence there is no type (I) vertex in B(C'). Thus C
has no fixed component. In particular, p,, = 0, but this case is treated separately in Lemma
4.1.23, Lemma 4.1.24 and Proposition 4.1.25. Therefore it can be assumed that C allows an
unbounded 1-dimensional movement.
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Figure 4.2: The cone o,,(b(v1), e) in which the direction of movement of vy lies. The slope of
the edge connecting vy, vy is fixed during the movement. Hence the translation b(vy) + vy of
the direction of movement b(vq) of vy is contained in the open half-plane H whose boundary
is (e) + v and whose interior contains b(v1) + vj.

Lemma 4.1.8 (Angle Lemma). Let C be a rational tropical stable map to R? as in Construction
4.1.7 that allows an unbounded 1-dimensional movement. Let vi,vs be adjacent vertices in
the movable component B(C). Let b(v1) # 0 be the direction of movement of vy and let
v(e,v1) # b(vy) be the direction vector at vy of the edge e that connects vi and va. Then the

direction of movement b(vy) of v lies in the half-open cone
0uy (b(v1),€) == {x € R? | & = vy + Mw(e,v1) + Xab(v1), A\ € Rsp, A2 € Rogl

centered at vy that is spanned by b(v1) and v(e,v1), where half-open means that the boundary
of 0w, (b(v1), €) that is generated by b(vy) is part of the cone and the boundary that is generated
by v(e,v1) is not part of the cone, while vy itself is also not part of the cone.

Proof. This is true since the length of the edge ¢’ that connects vy and vy cannot shrink when
moving v; and vy, otherwise the movement would be bounded. Therefore the (affine) lines
(b(v1)) +v1 and (b(v2)) + vo must either be parallel or their point of intersection does not lie
in H. O

Definition 4.1.9 (Partial order). Notation from Construction 4.1.7 is used. Let C' be a rational
tropical stable map to R? that allows an unbounded 1-dimensional movement and let H be an
open half-plane. If we translate H to a vertex v € C, i.e. v is contained in the boundary of H,
then the translated half-plane is denoted by H,. Let M be the set of all vertices of the movable
component of C, i.e. M consists of all type (I) and type (II) vertices of the movable component
of C. The half-plane H induces a partial order Q(H) on M as follows: For vy,vy € M define

> V1 = Vg, Or
V1 Z U2 . .
vy is adjacent to vy and vy € Hy,.

Here, we only use open half-planes H such that b(v1) + v; € H,,. Therefore if v; > -+ > v, is
a maximal chain and b(v;) is the direction of movement of v; for ¢ € [r], then b; + v; € H,, for
i € [r] by inductively applying Lemma 4.1.8.

Notation 4.1.10. Given a chain v; > - > v, in the movable component of C , the direction
of movement of v; is denoted by b(v;) for i € [r] throughout this section. If such a chain is
maximal, then an edge connecting v; and v;11 is usually denoted by e; for i € [r —1]. by abuse
of notation, we often write e; instead of the direction vector v(e;, v;) at v; from Definition 2.2.7.
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Figure 4.3: This is an example of the partial order Q(H) for H C R? which is an open half-
plane as shown on the left (the boundary of the half-plane is darkened). On the right there is

a sketch of a tropical curve in R? such that v; > v3 > v4 and vy > v3 > v4 with respect to the
order Q(H).

Lemma 4.1.11 (Maximal chains). Notation 4.1.10 is used. Let C be a rational tropical stable
map to R? as in Construction 4.1.7 that allows an unbounded 1-dimensional movement. Let
vy > -+ > v be a maximal chain with r > 1 and b(vy) + v1 € Hy, in C with respect to Q(H)
as in Definition 4.1.9. Then there is no verter vy41 € C adjacent to v, such that v, € Hy,..

Proof. Notation 4.1.10 is used. By definition, v, b(v,—1) + v,—1 € H,,_, and there is an edge
er—1 connecting v,—1 to v.. If (b(v,—1)) = (e,—1), then b(v,_1) and b(v,) are parallel. Thus we
have a 2-dimensional movement which yields a contradiction since we just allow a 1-dimensional
movement. In total, the requirements of Lemma 4.1.8 are fulfilled such that b(v,) + v, € H,,
follows. Since there is an edge e, that connects v, to v,41 and v,41 € H,,., Definition 4.1.9
yields v, > v,41 with respect to Q(H). This contradicts our maximality assumption. O

Definition 4.1.12 (Special half-planes). Let e € R? be a vector of standard direction, see
Notation 2.2.4. An open half-plane is called special half-plane if the affine subspace (e)+v C R?
for some v € R? that is generated by e is the boundary of H. There are six special half-planes
up to translation, see Figure 4.4.

Figure 4.4: All six special half-planes up to translation. The boundary of each is darkened.

Definition 4.1.13. An open half-plane H is called 1-ray (resp. 2-ray) half-plane if it contains
exactly one (resp. two) rays of standard direction. Notice that special half-planes are 1-ray
half-planes.
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Lemma 4.1.14. Let C be a rational tropical stable map to R? as in Construction 4.1.7 that
allows an unbounded 1-dimensional movement. Let vi be a verter of the movable component
of C. Let H be a 1-ray half-plane that contains a ray of standard direction D. If vy > --- > v,
is a mazimal chain starting at vy with respect to Q(H) such that r > 1 and b(vi) + vy € Hy,,
then there is an end e of C adjacent to v, which is parallel to D.

Proof. Notation 4.1.10 is used. Notice that v,—1 > v,. Hence e,_1 + v, ¢ FUT, where FUT
denotes the closure of H,, . Thus by balancing, there is an edge e € C adjacent to v, such
that e € H, . If e connects v, to a fixed component, then b(v,) + v, ¢ H, because the
movement of v, should be unbounded, i.e. b(v,) moves v, away from that fixed component
while (e) + v, = (b(vy)) + v,, which contradicts that b(v,) + v, € H,, by Lemma 4.1.8. Hence
e is an end of C' by Lemma 4.1.11. Since H,, is a 1-ray half-plane containing exactly 1 ray of
standard direction D, the direction of e is D. O

Lemma 4.1.15 (About maximal chains, weak version). Let C be a rational tropical stable map
to R? as in Construction 4.1.7 that allows an unbounded 1-dimensional movement. Let vy be a
vertez of the movable component of C. If there is a 1-ray half-plane H and vy > -+ > v, is a
mazximal chain starting at vy with respect to Q(H) such that r > 1 and b(vy) + v1 € Hy,, then
vy is a 3-valent type (1) vertex.

Proof. Notation 4.1.10 is used. By Lemma 4.1.14, there is an end e of C' adjacent to v,.
Moreover, since H is a 1-ray half-plane containing exactly 1 ray of standard direction D, the
direction of e is D. Assume that the valence of v, is greater than 3, i.e. there is a degenerated
tropical cross-ratio in A,,.. Since we assumed in Classification 4.1.6 that all degenerated tropical
cross-ratios are on contracted ends only (see Definition 3.2.3), Corollary 3.2.24 can be applied.
Therefore there is a vertex v € C connected to v, via e such that v is of type (Illa) or type
(ITIb) such that v satisfies a multi-line condition. Since the movement of v is unbounded, its
direction of movement, denoted by b(v), is parallel to e (cf. Remark 4.1.4). Therefore the
movable component of C allows a 2-dimensional movement, which is a contradiction.

In total, v, can only be a 3-valent type (I) vertex since the other cases were ruled out. [

Corollary 4.1.16. If we make the same assumptions as in Lemma 4.1.15 and additionally
require that H is a special half-plane (see Definition 4.1.12), then there exists no chain vy >
-+« > v, with respect to Q(H) such that r > 1 and b(vy) + v1 € Hy, .

Proof. Notation 4.1.10 is used. It is sufficient to show the statement for maximal chains
v1 > - -+ > v, starting at v1. So we assume that our chain is maximal. The vertex v, is 3-valent
of type (I) by Lemma 4.1.15. Let D denote the ray of standard direction that is contained in
H. By Lemma 4.1.14, there is an end e adjacent to v, of standard direction D. Denote the
edge that connects v, to a fixed component by f, and because (f) +v, = (b(v,.)) + v, we know
that f +v, ¢ H, . Since all non-contracted ends determined by A?l are of weight 1, the end
e is also of weight 1. Using balancing and the definition of special half-planes, we conclude
that the edge e,_; that connects v,_1 to v, lies in the boundary of H,, , which contradicts
Vp_1 = Up. ]

Observation 4.1.17. Let vy, v be two vertices of the movable component of C. Let e be an
edge that connects v1 and vy and let b(v1) be the direction of movement of v1. Corollary 4.1.16
shows that there cannot be an open half-plane H such that b(vy) 4+ v1,e +v; € Hy,, and such
that H,, is a special half-plane. Note that (b(v1)) # (e), otherwise our movable component
would move in a 2-dimensional way. Therefore, for each pair of directions of b(v;) and e, there
are open half-planes that contain b(v1) and e. But each of these open half-planes is not a
special half-plane. This observation gives rise to the following classification.
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Classification 4.1.18 (Dependence of b(v;) and e). Let C' be as in Construction 4.1.7. In
particular, we assume that C has more than one vertex. Use the notation of Observation 4.1.17,
i.e. let v; € C be a vertex with direction of movement b(vy). If b(vy)+v1 is in one of the dashed
red cones of Figure 4.5, then e + v1 has to lie in the opposite cone. Otherwise, there would be
a special half-plane H such that b(vy) +v1,e+v1 € H,,, which contradicts Observation 4.1.17.
The 3 cases depicted in Figure 4.5 are distinguished: If b(v;) + v; and e + v; lie in the red
cones depicted on the left, then v; is said to be of type Fj. The other two cases can be seen in
Figure 4.5.

Type F} Type Fy : Type F3

Figure 4.5: A vertex v with its cones in which b(v;) +v; and e+ vy can lie. From left to right:
A vertex vy of type Fi, Fy and F3.

The other way round, given a vertex v, € C and its type Fj, the positions of b(v1) + v and
e + v1 can be estimated. See Figure 4.5 for the following: If vy is of type Fj, then b(v1) + v;
and e + v; need to lie in the red cones depicted in Figure 4.5 in such a way that b(v1) + vy and
e + v1 lie in opposite cones.

Remark 4.1.19. If there is a maximal chain v; > --- > v, in C with respect to Q(H) such
that b(vi) +v1 € Hy, and vy is of type Fj, then v; is also of type F; for j =2,... 7.

Proof. Notation 4.1.10 is used. By induction, is is sufficient to show the statement for vy > vs.
Let e; be the edge adjacent to vy, v2. Let Fj be the type of v such that o, +v; and Tp(vy) T V1
are its two opposing cones, where e; + v; € Oe¢; + V1 and b(vl) + v € Ob(vy) + v1. Hence
—e1 + V2 € Oy(y,) + v2. By Observation 4.1.17, we obtain b(va) + vo € 0¢, + V. O

Lemma 4.1.20. Notation 4.1.10 is used. Let C be a rational tropical stable map to R? as in
Construction 4.1.7 that allows an unbounded 1-dimensional movement. Let vy be a verter of
the movable component of C. Let H be an open half-plane. Let vi > --- > v, be a maximal
chain with respect to Q(H) such that v > 1 and b(vy) +v1 € Hy,. If by is of non-standard
direction, then v, is adjacent to two ends of C of different standard directions. If b, is of
standard direction, then v, is adjacent to one end of C of standard direction parallel to b,.

Proof. Assume that v, is of type F; for an i € [3] and that b, is of non-standard direction. Thus,
by Classification 4.1.18, b(v,) 4+ v, lies in the interior of one of the dashed red cones of Figure
4.5 and all bounded edges adjacent to v, lie in the opposite cone. Therefore, by the balancing
condition, v, needs to be adjacent to at least two ends of different standard directions.

Next, assume that b, is of standard direction. Hence b(v,) + v, appears in the boundary
of two of the red cones o1, 09 of Classification 4.1.18. Therefore all edges which are no ends
adjacent to v, € C are in the union o1 Ud}, of the opposing cones a;- of o for j = 1,2. Therefore

balancing guarantees that there is an end adjacent to v, € C which is parallel to b(vy). O

The following lemma generalizes Lemma 4.1.15 from 1-ray half-planes to arbitrary half-
planes.
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Lemma 4.1.21 (About maximal chains, strong version). Let C' be a rational tropical stable
map to R? as in Construction 4.1.7 that allows an unbounded 1-dimensional movement. Let
vy be a vertex of the movable component of C. If there is an open half-plane H such that
vy > -+ > vp 18 a mazimal chain starting at vy with respect to Q(H) such that v > 1 and
b(vi) +v1 € Hy,, then v, is a 3-valent type (1) vertex.

Proof. We use Notation 4.1.10, assume that val(v,) > 3, that v, is of type F; for an i € [3]
and that b, is of non-standard direction. By Lemma 4.1.20, v, needs to be adjacent to at least
two ends E, Es of different standard directions. By Corollary 3.2.24, a vertex of type (IIIb)
can be reached via each of the edges E1, Fs in C'. The direction of movement of such a type
(ITIb) vertex cannot be parallel to the end of standard direction it is connected to, otherwise
we would have a 2-dimensional movement. Recall that type (IIIb) vertices can only move in
standard direction since their contracted ends satisfy multi-line conditions. See Figure 4.6 for
the following: If i = 1, i.e. v, is of type F1, we consider the cone in which b(v,) + v, lies and
go through all different directions of movements of the type (IIIb) vertices. In each case a
contradiction to the unbounded movement occurs.

We still get a contradiction if b(v,) + v, would lie in the other red cone of Figure 4.6. More
generally, the same arguments and conclusion of the case ¢ = 1 are true for ¢ = 2,3 and lead
to contradictions as well.

e e ! !

Figure 4.6: A vertex v, of type F} connected to two type (IIIb) vertices which move along the
directions of the arrows.

Next, we assume that b(v,) is of standard direction. By Lemma 4.1.20, there is an end E;
adjacent to v, € C' which is parallel to b(v,). Since we assumed that val(v,) > 3, there must,
again, be a type (IIIb) vertex adjacent to v, via E;. Notice that this vertex can only move
unboundedly in the direction of b(v,), which is a contradiction because our movement is only
1-dimensional.

In total, v, can only be a type (I) vertex that is 3-valent. O

Corollary 4.1.22. Let v1,b(v1) and H be as in Lemma 4.1.21. Then there is no chain vy >
<o > v, with r > 1 and b(vy) + v1 € Hy, in the movable component of C.

Proof. We use Notation 4.1.10 and assume that there is a maximal chain v; > - -+ > v, starting
at v1. Hence v, must be a 3-valent type (I) vertex by Lemma 4.1.21. By Lemma 4.1.20, there
is an end E of C adjacent to v,.. Moreover, denote the direction vector at v, of the edge that
connects v, to a fixed component by f. Therefore the direction of movement of v,, denoted by
b(vy), is given by — f since v, moves unboundedly, i.e. it moves away from the fixed component
it is adjacent to. All cases of Classification 4.1.18 are distinguished for v,: Let the type of
the vertex v, be F; for an i € [3] (see Figure 4.5). Since b(v,) = —f, the edges e,_; and f
adjacent to v, lie in the same cone. Then there exists no end E such that v, is balanced (for
each possible end E we find a half-plane P such that E + v, f + v,, —e,—1 + v, € B,.) which
is a contradiction. ]
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The following proof builds on ideas of Proposition 5.1 in [GMO8].

Proof of Proposition 4.1.1. Consider the 1-dimensional cycle

Yaz (pus Ly Au-1y) = [T eviLw) - [T evi o) - T ft3, (0)- Mo (R A7)

kek icn jel-1]
from Definition 4.1.2. We need to show that
{ftn (C) | C € Yaz (Pns L, )\[l_l}) has no contracted bounded edge}

is bounded in My 4. If it is unbounded, then there is a rational tropical stable map C in
the cycle YAZ (pﬂ, L, )\[171]) without a contracted bounded edge which allows an unbounded
movement. Hence the movable component of C' has exactly one vertex v by Corollary 4.1.22
which is not of type (Illa) or (IIIb) as in Classification 4.1.6. Notice that C' has at least one
fixed component as well since we assume that there is at least one point condition that C
satisfies.

Lo,
.

Y.
Y.

Y

\ 4

Figure 4.7: The movable vertex v and its movement away from the fixed component.

We distinguish different cases for v.

(1) Assume that val(v) = 3 and that v is adjacent to two edges Ei, E5 which are parallel to
two ends of different direction. The edges FE1, Fo lead to other vertices in the movable
component since moving v varies ftA;(C). There are 3 cases (choose 2 different direc-
tions for Eq, Fy from the 3 standard directions) that we need to distinguish. Moving v
unboundedly, we obtain an end adjacent to v. More precisely, Figure 4.7 shows one of
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the 3 case where the directions are (1,1) and (0, —1) (the other two cases are analogous).
Hence moving v further in its direction of movement eventually produces a combinatorial
type that does not allow ft )\;(C’) to become larger as v is moved.

(2) Assume that val(v) = 3 and that all edges adjacent to v are parallel. Since all ends of C'
are of weight 1 (the degree of C' is Aé), the two edges E1, F» adjacent to v, which lead to
other vertices in the movable component, are on the same side of v. Therefore moving v
as before (analogous to Figure 4.7 but with vy, vy lying on parallel ends) does not make
the coordinate fty (C) larger.

(3) Assume that val(v) > 3, then there are edges E1, E2 adjacent to v (by Corollary 3.2.24)
which connect v to vertices v1,vo of the movable component that satisfy line conditions
Ly, L,,. The same movement as in the case of val(v) = 3 yields a combinatorial type
where there is an end adjacent to v which contradicts Corollary 3.2.24 since val(v) > 3,
see again Figure 4.7.

In total, choosing a large value for |)\j| implies that only rational tropical stable maps with a
contracted bounded edge can contribute to N A2 (pﬂ, L, A1y, )\;) Moreover, there is exactly
one contracted bounded edge. Otherwise, a rational tropical stable map C' contributing to
the number N A2 (pﬁ, Lﬁ,)\[l_l],)\f) would give rise to a 1-dimensional family of stable maps

contributing to NV A2 (pﬂ, Ly, A1y, A;) which is a contradiction. ]

Notice that it was assumed in Proposition 4.1.1 that #n > 1, i.e. that there is at least one
point condition. However, even without point conditions we can still assume that there is a
contracted bounded edge, see Proposition 4.1.25.

Lemma 4.1.23. Let C be a rational tropical stable map that contributes to NA§ (Lﬁ,)\[l]),
where all degenerated tropical cross-ratios are on contracted ends only. Then there is a vertex v
of C which is adjacent to two contracted ends ey, es such that e1 satisfies a multi-line condition
L, and es satisfies a multi-line condition Ly with a,b € k.

Proof. Assume that each vertex of C' is at most adjacent to one contracted end that satisfies
a multi-line condition. Hence each vertex of the rational tropical stable map associated to C'
allows a 1-dimensional movement since its movement is only restricted by at most one multi-
line condition (there are no point conditions). Thus C give rise to a 1-dimensional family which
is a contradiction. O

Lemma 4.1.24. Let v be the vertex adjacent to ey, ey from Lemma 4.1.23. Then val(v) > 3
and there is a degenerated tropical cross-ratio \ € /\[l] such that A = {e1, e, B3, B4}

Proof. Notation from Lemma 4.1.23 is used. If val(v) = 3, then, by Lemma 4.1.23, there is a
contracted bounded edge adjacent to v. Hence C cannot be fixed by the set of given conditions
which is a contradiction. Thus val(v) > 3.

By Corollary 3.2.24, there is a degenerated tropical cross-ratio A\ as desired or there are
degenerated tropical cross-ratios \; = {e1,...} and Ao = {eg,...} such that e ¢ A\ and
e1 ¢ Xa. Assume that there is no degenerated tropical cross-ratio A as desired. Then v can be
resolved by adding a contracted bounded edge e to C that is adjacent to v and a new 3-valent
vertex v’/ which is adjacent to ej, ea. Notice that this resolution of v is compatible with Aq, Ao
but gives rise to a 1-dimensional family of rational tropical stable maps satisfying Ly, A;) which
is a contradiction. O
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Proposition 4.1.25. We use notation from Lemma 4.1.23 and Lemma 4.1.24 and assume
without loss of generality that ey, ea are entries of the degenerated tropical cross-ratio \;. Let
A, be a non-degenerated cross-ratio that degenerates to \;, where ey, ez are grouped together.
Then every rational tropical stable map C’ that contributes to NAi (Lﬁ,)\[l_l],)\f) (where all
(degenerated) tropical cross-ratios are on contracted ends only) arises from a rational tropical
stable map C' that contributes to NA% (Lﬁ, )‘[l}) by adding a contracted bounded edge e to C' that

is adjacent to v and a new vertex v’ which is in turn adjacent to eq,es.

Proof. Let C be a rational tropical stable map that contributes to IV A2 (Lﬁ, )\m) and let v be
the vertex from Lemma 4.1.23 at which ); is satisfied. Assume that the edge ¢ we add by
resolving v according to Aj is not contracted. Denote the rational tropical stable map obtained
this way by C”. Denote the vertex adjacent to ¢ and ey, e3 by v. Consider C” as a point in the
cycle that arises from dropping the tropical cross-ratio condition A} (cf. Definition 4.1.2). Then
C” is in the boundary of a 2-dimensional cell of the same cycle that arises from C” by adding a
contracted bounded edge e to C” that separates © from ey, es. Hence there is a 2-dimensional
cell inside a 1-dimensional cycle, which is a contradiction.

Fach rational tropical stable map C that contributes to IV, A2 (Lﬁ, )\[l]) yields a contribution
to N A2 (Lﬁ, -1 )\2) if the vertex v at which \; is satisfied is resolved according to A} and each
resolution of v according to A} produces a contracted bounded edge e. Hence Proposition 3.2.7
and the description of mult(C) via resolutions of vertices (see Proposition 3.2.25) guarantees
that there cannot be more stable maps C’ contributing to NAg (Lﬁ, All-1]s /\;) than the ones
obtained from adding a contracted bounded edge e to tropical stable maps C. O

4.1.2 Behavior of cut contracted bounded edges

After a contracted bounded edge e was identified in Propositions 4.1.1, 4.1.25, we can cut this
edge which yields a split of the original rational tropical stable map into two new ones. The
aim of this subsection is to prove Corollary 4.1.31, in which the behavior of the two new ends
that arise from cutting e is described.

Construction 4.1.26 (Cutting the contracted bounded edge). Let C' be a rational tropical
stable map that contributes to N A2 (pﬂ, Ly, Nj—1s )\2), where )] is a non-degenerated tropical
cross-ratio such that |)\j| is large and all (degenerated) tropical cross-ratios are on contracted
ends. Assume that C has a contracted bounded edge e.

If e is cut, we obtain two rational tropical stable maps Cy and Cy with contracted ends
e1 and es that come from e. By abuse of notation, the label of e; is also ¢; for i = 1,2. We
usually denote the vertices adjacent to the ends e1,es by v1,v9. Notice that C; is of degree
A?li for i = 1,2 such that AZI U A22 = Afl as a union of multisets since C' is balanced and of
degree AZ. Recall that we assume that all degrees are labeled (see Definition 2.2.3). Thus the
notation Afll U A?lQ = Afl implies that the labels [ of (Afl, l) are distributed among (A?Il,ll)
and (Ai, l3), i.e. Im(l) = Im(l1) U Im(lz) by abuse of notation.

If a contracted bounded edge e is cut, the degenerated tropical cross-ratios can be adapted
the following way: If \; is a degenerated tropical cross-ratio that is satisfied at some vertex
v € C; for an i € [2], then, by the path criterion (Corollary 3.2.12), either all entries of \; are
labels of contracted ends of C; or 3 entries of A\; are labels of contracted ends of C; and one
entry 3 is a label of a contracted end of C; for t # 4. In the first case, we do not change \; and
in the latter case, we replace the entry 5 of A; by e;. A degenerated tropical cross-ratio that is
adapted to e; is denoted by )\761}

Let f denote the set of labels of contracted ends of C' that satisfy no point or line condition,
ie. (K n, f) is a partition of [N] using the usual notation (see Definition 3.2.4). Each C; of
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degree AZ,L- for ¢ = 1, 2 satisfies point conditions p,,,, multi-line conditions L, and degenerated
tropical cross-ratio conditions )\:ei such that n;Ung = n, k1Uky = K, f1Ufp = f and [jUly =
[l — 1] hold, where all degenerated tropical cross-ratios were adapted to the cut edge e.

We say that C splits into the two rational tropical stable maps C and C5 and the splitting
type of C is defined as (A?ll’ﬂ7ﬂvﬁvﬁ | A?b,@,@,lg,é).

Definition 4.1.27 (1/1 and 2/0 splits). Let A2 be a degree, let py,, Ly, Aji—1) be given conditions
and let f be labels of contracted ends that satisfy no conditions as in Construction 4.1.26. We
refer to

2 2
(Adlvﬂ’ ﬂ7li7ﬁ ’ Adg?@’@JQv é)

as a split (of conditions) if Agl U A?lz = A2 as a union of multisets, n1Uny = n, k1Uks = K,
LUl = [l = 1], fiUfe = f hold and each degenerated tropical cross-ratio in );, has at least 3
of its entries in n; U r; U fi. If we write )\Zei, we mean that each entry of each cross-ratio in

A; that is not in n; U k; U f; is replaced by the label e;. Such a split is called a 1 /1 split if

3d; = #ni +#l —#[fi +1 (4.1)

holds for ¢ = 1,2. If

3d; = #n; + #l; — #/i and 3d; = Hny + H#l — #f1 + 2 (4.2)

holds for ¢ = 1,2 with ¢ # ¢ for some choice of i,t € {1,2}, then we refer to the split
(AZ, n1, k1,1, f1 | AF, 02, k2,12, f2) as a 2/0 split.

Definition 4.1.28 (1/1 and 2/0 edges). Let (A?ll,nl,m,ll,ﬁ | A?b,ng,/{z,lg,é) be a split

of conditions as in Definition 4.1.27. Define for the (adapted) conditions Pnis L )\Zei and for
1 = 1,2 the cycles B

Y= eveu | [Jevi(@n) - [] evi (pt)-Hft;j%i (0) - Moy, (R%,AZ) | CR?,

kk; ten; JeEl;

where N; := #n; + #k; + #f; + 1. Notice that (Azl,m,@,h,ﬁ | A?lg7@>@>l£’é) isal/l
split if and only if Y7, Y are 1-dimensional. It is a 2/0 split if and only if Y; is O-dimensional
and Y; is 2-dimensional (see (4.2) in Definition 4.1.27).

Let C be a rational tropical stable map with a contracted bounded edge e such that C is
of splitting type (Agl,m, k1,1, f1 ] Azz,@, k2,13, f2). Then N; is the number of contracted
ends of C; and the cycle Y; is the condition C; imposes on C; for i # i via e. For example, if Y7
is O-dimensional, then the position of ve (for notation, see Construction 4.1.26) is completely
determined by Y7 since vs is connected to vy via e in C and C is fixed by the given conditions
Pns L, Ai—1), Ai- Since all given conditions are in general position, the dimension of Y3 is 2 in
this case, i.e. v9 cannot impose a condition via e to v1. In general, there are two cases for C":

(1) One of the cycles Y; is 0-dimensional and the other one is 2-dimensional. We then refer
to e as a 2/0 edge.

(2) Both of the cycles Y; are 1-dimensional. We then refer to e as a 1/1 edge.

Which case occurs depends only on d;, #ni, #ki, #li, # fi for i = 1,2.
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Example 4.1.29. An example of a 1/1 split is provided below, see Example 4.2.2. An ex-
ample of a 2/0 split is the following: Let C' be a degree A2 rational tropical stable map
that satisfies point conditions ppy, multi-line conditions L)\ (2, degenerated tropical cross-
ratios \y = {p1, L3, L4, L5}, Ao = {p1,p2, L3, L4} and a non-degenerated tropical cross-ratio
N5 = (p1Ls|p2Le) whose length is large enough such that C has a contracted bounded edge e.
Construction 4.1.26 yields a split of C' into Cy and C, where the vertices adjacent to the split
edge e are denoted by v; € C; for ¢ = 1,2. Figure 4.8 shows C1 and Cy, where we shifted Cs in
order to get a better picture (in fact v; and vy are the same point in R?).

Ly E b2

Figure 4.8: The rational tropical stable map C; satisfying p1, L5\ (2], Aj2) is shown on the left,
the rational tropical stable map Cy satisfying po, Lg is shown on the right. Notice that the
length of e in C' is given by \j, i.e. C' is fixed by the given conditions.

Remark 4.1.30. Fix a degree A% point conditions p,, multi-line conditions L, and degener-
ated tropical cross-ratio conditions Ay_yj. Let (Ail,@, k1,0, f1 Afb,@, k2,12, f2) be a split
of these conditions. Consider degree A?li rational tropical stable maps C; for ¢ = 1,2 with
#n; +#nK; +# f; +1 contracted ends that satisfy the point conditions p,,, the multi-line condi-
tions L, and the degenerated tropical cross-ratio conditions )\:ei. The cycles Y; for i = 1,2 of
Definition 4.1.28 tell us how to glue the end e; of C to the end ey of Cy to form a contracted
bounded edge e such that the new rational tropical stable map C' satisfies all given conditions.

If Y7 is O-dimensional and pe, is a point in Yj, then considering rational tropical stable
maps Cy that satisfy pny, Ly, )\Zjez and that satisfy p., with the end ey allows us to glue C

to Cq, where the contracted bounded edge is contracted to p., € R2.
If both Y; are 1-dimensional, then we can consider tropical stable maps Cs that satisfy the
conditions pry, Ly, )\262 and Y7. Since eve,(Co) € Y, i.e. Cq satisfies Yo, the position of the

contracted end ey of Cy in R? is a point p contributing to the 0-dimensional cycle Y7 - Ys. On
the other hand, there is a rational tropical stable map C) that satisfies pp,, Ly,, )\Eel and Y»
such that its end e is contracted to p. Thus e; of C; and ey of Cy can be glued to form a
bounded edge e that is contracted to p.

Corollary 4.1.31 (of Proposition 4.1.1). If C' is a rational tropical stable map as in Proposition
4.1.1 whose contracted bounded edge is a 1/1 edge, then the 1-dimensional cycles Y; from
Definition 4.1.28 have ends of primitive directions (1,1),(—1,0) and (0,—1) € R? only. In
other words, the 1-dimensional conditions that a contracted bounded 1/1 edge passes from one
vertex to the other has ends of standard directions.

Proof. Proposition 4.1.25 implies that each contracted bounded edge that appears in the no-
point-conditions case is a 2/0 edge. Hence we may assume that at least one point condition is
given.
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Let C be a rational tropical stable map in Y; whose movement is unbounded, i.e. that
gives rise to an end of Y;. Corollary 4.1.22 yields that the movable component of C' consists of
exactly one vertex v; of type (I) or (II). Thus v; is of type (I) since we assumed that there is at
least one point condition. If there is a cross-ratio A; € Ay_1j such that )\j_’e" is satisfied at v;,
ie. )\76" € )y, then Corollary 3.2.24 guarantees that v; is not adjacent to unbounded edges.
This yields a contradiction when v; moves unboundedly as the proof of Proposition 4.1.1 shows.
Hence v; is a 3-valent type (I) vertex which is adjacent to e; and an end E of C. Therefore, v;
moves parallel to E. O

Corollary 4.1.32. Notation from Construction 4.1.26 is used, i.e. denote the vertex adjacent
to the end e; of C; by v;. Under the same assumptions as in Corollary 4.1.31, it follows that
v; 1s 3-valent and adjacent to an end of C; foriv=1,2.

Proof. This follows immediately from the proof of Corollary 4.1.31. O

4.2 Multiplicities of splits

In order to obtain a recursion, splitting a rational tropical stable map C into C1,Cs as in
Construction 4.1.26 is not enough. It is also necessary that the multiplicity of C splits as well.
However, it is observed in this subsection that the multiplicity of C' does not have to be equal
to mult(Cy) - mult(Cy). We have to deal with this problem later.

Notation 4.2.1 (Replacing 1/1 edge conditions). Let C' be a rational tropical stable map that
contributes to N A2 (pﬂ, Ly, A1), )\;) such that C' has a contracted bounded edge e that is a
1/1 edge (see Definition 4.1.28). Split e as in Construction 4.1.26 to obtain Cy,Cy and let Y;
denote the 1-dimensional condition C; satisfies for i # i as in Definition 4.1.28. Let v; be the
vertex of C; that is adjacent to e; (e; is the contracted end of C; that came from cutting e)
which satisfies Y;. Let st € {01,10,1-1} and let Ly be a degenerated line as in Definition 2.2.21
such that its vertex is translated to v;. Let C; s denote the rational tropical stable map that
equals Cj, but where we replaced the Y; condition with L, i.e. C; 4 satisfies Ly instead of Y;.

Notice that only the multiplicities of C; and C; s may differ. In particular, the multiplicity
of C; &+ may be zero, whereas the multiplicity of C; can be nonzero.

We fix the convention that if the ev-matrix M (C; ) is considered, then the replaced con-
dition appears in the first row of M (Cj ).

Figure 4.9: The rational tropical stable map C of Example 4.2.2 satisfying D) Lg, A1 is shown
on the left, the rational tropical stable map Co satisfying ps, L7, Lg, A2 is shown on the right.
Notice that the length of e in C is given by Aj, i.e. C is fixed by the given conditions.
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Example 4.2.2. Let C' be a rational tropical stable map of degree Ag that satisfies point
conditions py5), multi-line conditions Lig)\[5], degenerated tropical cross-ratio conditions Ay =
{p1,p2,p5, L6}, A2 = {p1,ps, L7, Lg} and a non-degenerated tropical cross-ratio condition
N5 = (p1p2|L7Ls) whose length is large enough such that C' has a contracted bounded edge e.
Construction 4.1.26 yields a split of C' into C and C, where the vertices adjacent to the split
edge e are denoted by v; € C; for i = 1,2. Figure 4.9 shows C7 and (5, where we shifted Cs in
order to get a better picture (in fact v; and vo are the same point in R? as in Example 4.1.29).

Notice that e is a 1/1 edge, so we use Notation 4.2.1 to replace conditions. For example,
Cs,10 equals Ca, where the end ep adjacent to vy satisfies the degenerated line condition Lig.
Figure 4.9 shows that C5 19 is not fixed by its conditions, i.e. mult(Cs19) = 0. If we consider
C01 instead, then its multiplicity is 1 since it is the absolute value of the determinant the

matrix
Baseps 11 Ilo 3
Lo1 O 1 1 0 O
1 0 0 0 O
M(C201) = 01 0 0 0
L- 1 0 0 -1 0
Lg 1 0 0 0 1

of Remark 3.2.26, where p5 is chosen as base point and the first row is associated to Lg; satisfied
by es.

Proposition 4.2.3. Let C be a rational tropical stable map such that it contributes to the num-
ber NA?z (pﬂ, Ly, A1y, )\;) and such that it has a contracted bounded edge e. The components
arising from cutting e as in Construction 4.1.26 are denoted by Cq,Cs.

(a) If e is a 2/0 edge, then
mult(C) = mult(C1) - mult(Cs).

(b) If e is a 1/1 edge, then
mult(C) = | det (M(C1,10)) - det (M (C201)) — det (M (Ch,01)) - det (M (C2,10)) |,

where C; g s defined in Notation 4.2.1. In particular, if det (M (C4 1)) or det (M (C2.10))
vanishes, then

mult(C) = mult(C1,10) - mult(C201).

Proof. 1t is sufficient to prove (a), (b) for ev-multiplicities only since the cross-ratio multi-
plicities can be expressed locally at vertices, see Proposition 3.2.25. Thus contributions from
vertices to cross-ratio multiplicities do not depend on cutting edges.

(a) If e is a 2/0 edge, then the situation is similar to Lemma 3.2.32 as the following proof
shows. Denote the vertices adjacent to e by vi,ve such that vy € C; and vo € (s
and assume without loss of generality that Y; (notation from Definition 4.1.28) is 0-
dimensional. Consider the ev-matrix M (C) of C' of Definition 3.1.11 with base point vy,
ie.

Base v1  lengths in C; lengths in C>

conditions in C4
* * 0

conditions in Cs
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Let y1 be the number of rows that belong to the conditions in C', let 1 be the number
of columns belonging to the base point and the lengths in €. Using notation from
Definition 4.1.28, we obtain

w1 =2+ 3ds — 3+ #ng + #r1 — #0F#H A+,
Y1 =2 #ny + #K1.

On the other hand, C is fixed by its set of conditions since Y7 is 0-dimensional, i.e. we
can apply (3.6) for N = #n1 + #r1 + (#/f1 + 1) to obtain 1 = y;. Thus the bold red
lines in M (C') above divide M (C) into squares, hence

[ det(M(C))| = mult(Cy) - | det (M),
where M is the square matrix on the bottom right. Define the matrix

Base v2

M(Ca.y,) == (é (1)| ’ \

)

* M

where the first two columns are chosen in such a way that M(Cs,,) is the ev-matrix of
C5 with respect to the base point vo. Notice that

| det(M)] = [det(M(Cy,,))]
and
| det(M (Ca,,))| = mult(Ca)
hold, where Cs satisfies the additional point condition imposed on ey by Y;.

We assume that the weight of each multi-line w(Ly) (see Definition 2.2.19) for k£ € &
equals 1 since we can pull out the factor w(Ly) from each row of the ev-matrix, apply all
the following arguments and multiply with w(Ly) later.

Denote the vertex of C adjacent to the cut edge e by v; and the other vertex adjacent
to e by vy. The ev-matrix M (C') of C' with respect to the base point v; is given by

Base v1 lengths in C; lengths in Cs
conditions in C} *
* * . 0

M(C) = )

conditions in Cs 0
* 0 : *
0

The bold red lines divide M (C') into square pieces at the upper left and the lower right.
This follows from similar arguments as used in the proof of part (a). Let M be the matrix
consisting of the lower right block of M (C) whose entries (see above) are indicated by
* and its columns are associated to lengths in Cy. Let A = (a;5);; be the submatrix of
M (C) given by the rows that belong to conditions of Cj and by the base point’s columns
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and the columns that are associated to lengths in C1, i.e. A consists of all the x-entries
above the bold red line in M(C).

Consider the Laplace expansion of the rightmost column of A. Recursively, use Laplace
expansion on every column that belongs to the lengths in C starting with the rightmost
column. Eventually, we end up with a sum in which each summand contains a factor
det(Mag,,q,,) for a matrix M, ,q4,,, which is one of the following three matrices, namely

lenghts in Cs
/ Ar1  Qp2 0o ... 0 \

M, =

QAr1ar2 )

where (a,1,ar2) = (1,0), (ar1,ar2) = (0,1) or (ar1,a,2) = (1,—1) are the remaining
entries of A in its r-th row after the recursive procedure. Notice that in each of the three
cases the entries of the first two columns are of such a form that Mg for st = 10,01, 1-1
is the ev-matrix of Cy 4 (see Notation 4.2.1) with base point v;. We can group the
summands according to the values a,1,a,2 and obtain in total

‘ det(M(C))| = ‘Fl() . det(Mlo) + Fo - det(Mm) + Fiq - det(Ml_l)], (4.3)

where Fg; € R for st = 10,01, 1-1 are factors occurring due to the recursive Laplace
expansion. More precisely, let b be the number of bounded edges in C1, i.e. the number
of Laplace expansions we applied. Then

3+b

Fy = Z Z sgn(o) H Ao (5)5> (4.4)

ri(ar1,ar2)=(s,t) j=3

where the second sum goes over all bijections o : {3,...,3+b} — {1,...,r—1,r+1,...,b+
1}, i.e. it goes over all possibilities of choosing for each column Laplace expansion was
used on an entry in a row of A which is not the r-th row.

Let Aig, Ap1, A1.1 be the square matrices obtained from A by adding the new first row
(1,0,0,...,0), (0,1,0...,0) or (1,-1,0,...,0) to A. Again, notice that Ay for st =
10,01, 1-1 is the ev-matrix of C; 4 (see Notation 4.2.1, Definition 3.1.11) with base point
v1. We claim that

det(Alo) = Fy — Fi1 (4.5)

holds. Let N be the number of columns and rows of Ag. Denote the entries of the
ev-matrix M (C) by m(C);;. Define

Sst :={r € [N =1] | m(C)r1 = s, m(C)r2 = t}
for (s,t) = (1,0),(0,1),(1,—1) and notice that #S19 + #S01 + #S51.1 = N — 1. Denote

the entries of Ajg by ago) and apply Leibniz’ determinant formula to obtain
N
det(Aqg) = Z sgn(o) H agl((j].))j

ocESN j=1

N N

10 10
= Z sgn(o) H ag(j))j + Z sgn(o) H ag(j))j = Fo1 — F11,
0ESN Jj=1 oeSN j=1

o(2)€So1 0'(2)651_1
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where the second equality holds by definition of Ss and the third equality holds by

considering how contributions of Fj; and Fj_q arise as choices of entries of A, see (4.4).
(10)

The minus sign comes from the factor Up2),2 = —1 in each product in the last sum. Thus
(4.5) holds.
It can be shown in a similar way that
det(Ao1) = — (Fio + F1.1) = —Fio — F1.1, (4.6)
det(A11) = Fio + Fi1 + For — Fi.1 = Fio + Fou (4.7)

hold. Solving the system of linear equations (4.5), (4.6), (4.7) for Fio, Fo1, Fi-1 yields

Fig — det(A[)l) —1
Fn S det(A10> + < 1 >, (4.8)
Fiq 0 1

where the 1-dimensional part appears because of the relation
— det(Mlo) + det(Mgl) + det(Ml_l) =0.

Combining (4.3) with (4.8) proves part (b), where Ay = C1 ¢ and My = Cy . In
particular,

mult(C) = ’ det M(Cl 10)) - det (M(Cg,gl)) — det (M(Cl,m)) - det (M(CQJO)) ’

)

= ]det M(Cl,lo)) - det (M(CQ,(n)) ’

(
(
= [det (M(C1,10)) | - | det (M (C2,01)) |
= mult(C1 10) - mult(Ca,01)

holds if det (M (C1,01)) or det (M (C2,10)) vanishes.

4.3 General Kontsevich’s formula

Results from Section 4.1 and Section 4.2 are now combined. In particular, we deduce that it
can be assumed that one summand in part (b) of Proposition 4.2.3 always vanishes. Hence
multiplicities split in a way which is desirable when aiming for a recursion. Indeed, a general
tropical Kontsevich’s formula is established by the end of this section. Applying Tyomkin’s
correspondence theorem 2.3.6 then yields a general (classical) Kontsevich’s formula. It is also
shown that the original Kontsevich’s formula [KM94] is a consequence of our general version.

Definition 4.3.1. Given a split (Azl,nl,m,ll,ﬁ | AZQ,TZQ,HQ,ZQ,E) and a tropical non-

degenerated cross-ratio \; = (31/52|B364) with entries in ny Uk U fi Ung Uk U fo and f; =
min}_, (3;) (the labels of ends of abstract tropical curves are natural numbers), we say that

2 2
(AGma, k1l fi | A, na, K, b, fo)

is a split respecting X\ if B1, 82 € n1 Uk U f1 and B3, 84 € np U s U fo. Using the minimum
here prevents a factor of % later, which would come from renaming Cy to Cs and vice versa.
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Lemma 4.3.2. Notation of Construction 4.1.26 is used. Fiz a 2/0 split of general positioned
conditions as in Remark 4.1.30 and Definition 4.1.27 (Ad 1, K1, f1 Ad , N2, K2, l2, f2) that
respects \; such that additionally

3dy = #nm +#h — # A1
holds. Then

Z mult(o) = NA31 (pnip Lﬂ) )‘:61) : NA%Q <p@7 Deys Lfi27 )‘_>62>
C L2

(4.9)

holds, where the sum goes over all rational tropical stable maps C with a contracted bounded
edge e such that C contributes to NA§ (pﬂ, L, A1y, )\;), where \] is the large non-degenerated
cross-ratio C satisfies such that C has a contracted bounded edge, and C' is of splitting type
(Afll,ﬂjﬂ,ﬁ,ﬁ | Azz,@, K2, lg,é), and pe, 18 a point condition imposed on eg.

Proof. Each rational tropical stable map C' on the left-hand side of (4.9) can be cut at its
contracted bounded edge as in Construction 4.1.26 to obtain a rational tropical stable map C

that contributes to N A2 <pm s Ly s )\_”31) and a rational tropical stable map C5 that contributes
1

)\4)62

to NA%Q (pnl’pewL@? Iy
The other way around, each pair of rational tropical stable maps C7,Cy such that C4
contributes to NAz (pm,Lm,)\_’el) and Cy contributes to NAz (pnl, Pegs Ly, )\l_;eQ) can be

glued to a ratlonal troplcal stable map C using Remark 4.1.30.
Proposition 4.2.3 states that

mult(C) = mult(Ct) - mult(Cs)
and thus proves the lemma. O

Lemma 4.3.3. Notation of Construction 4.1.26 is used. Fix a 1/1 split of general positioned
conditions as in Remark 4.1.30 and Definition 4.1.27 (Adl,nl,/ﬂ,ll, fil Ad , N2, K, l2, f2) that
respects N;. Then

3 mult(C) = N (pm,Lm, Le,, A;el).NAg (pm,Lm,L%p@)
1 - - - 2

(A, n1m1,la, [1lAF) n2,k2,02,f2)

(4.10)

holds, where the sum goes over all rational tropical stable maps C with a contracted bounded
edge e such that C contributes to NA% (pﬂ, Ly, A1y, /\2), where \) is the large non-degenerated
tropical cross-ratio C' satisfies such that C' has a contracted bounded edge and all (degener-
ated) tropical cross-ratios are on contracted ends only. Additionally, C is of splitting type
(A¢2117@7ﬂvli’ﬂ | Ai,@, k2,12, f2), and L, for i = 1,2 is a multi-line condition with ends
of weight one that is imposed on e;, see Definition 2.2.19.

Proof. The ends of Y7 and Y> (see Definition 4.1.28) are of standard directions, i.e. of direction
(1,1),(=1,0) and (0, —1) by Corollary 4.1.31. The position of ¥; and Y5 in R? depends only on
the position of the given conditions. In particular, moving the given conditions (while keeping
the property of being in general position, see Remark 3.2.6) moves Y7 and Y5 as well.
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Assume that the given conditions are positioned in such a way that Y7 and Y5 intersect
only in their ends as shown in Figure 4.10. Define the multi-line conditions L., and L., with
weights one as in Figure 4.10 and consider a rational tropical stable map C7 that contributes

to NA(% (pm,L,mLel,)\:el) and a rational tropical stable map C5 that contributes to the
1 — e —_—

number NN, A2 <pn2, L., Le,, AZ”). The contracted end of C; for ¢ = 1,2 that satisfies L., is
2 — e =

e;. Let v; denote the vertex adjacent to e; for ¢ = 1,2. Notice that ev,,(C;) € Y;, i.e. C;
satisfies Y; by definition. Hence v; is a point in Y; - L., for i = 1,2. Each pair of points (v1, v2)
is uniquely associated to a point p in Y] - Ys, see Figure 4.10. By Corollary 4.1.32 each of
the vertices v; is 3-valent and adjacent to an end of C; for i = 1,2. Hence (by moving vy, vy
along those ends) each pair of rational tropical stable maps (C1, C3) as above can be glued to a
rational tropical stable map C' as in Remark 4.1.30 such that the ends e, es are glued to form
a bounded edge that is contracted to p. On the other hand, each rational tropical stable map
C on the left-hand side of (4.10) can be split into a pair (Cj,C2) of rational tropical stable
maps as above using Construction 4.1.26. Moreover,

mult(C') = mult(Cy) - mult(Cs)

holds by Proposition 4.2.3 since det (M (C11)) and det (M (C2,10)) both vanish by our choice
of positions of Y7 and Y5.

Yy

e

%1 p

| Lea

Figure 4.10: The 1-dimensional conditions Y7 and Ys after movement, together with the (multi)
line conditions L., and L.,, where p € Y] - Y5 is the point associated to V; € Y - L., and
VoeYs- Leg.

To finish the proof, we need to see that we can always assume that Y; and Y5 intersect
as shown in Figure 4.10, i.e. we want to show that the left-hand side of (4.10) does not
depend on the position of Y7 and Y5. Let C be a rational tropical stable map contribut-

ing to NAZ » <pn1,pn2,LN1,LH2,All,>\12,)\2> as in Proposition 4.1.1. Notice that n > 1
1 2 - - - - -

by Proposition 4.1.25 since we have a 1/1 edge. The tropical cross-ratio’s length |X| is
so large such that there is a contracted bounded edge e in C, and C is of splitting type
(Agl’ﬂ’ k1,0, f1 ] Afb,@, k2,12, fo). Consider the cycle Z; that arises from forgetting the
point conditions p,, and the line conditions L, for ¢ = 1,2 imposed on C. Hence C' gives rise
to a top-dimensional cell of Z;, where points in that cell correspond to C' together with some
movement of the conditions py,, L,. The proof of Proposition 4.1.1 implies that if |\] is large
enough, then the given conditions can be moved in a bounded area B (say B C R? is a rectan-

gular box) and all rational tropical stable maps that satisfy this moved conditions still have a
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contracted bounded edge. Moreover, the splitting type of those rational tropical stable maps
cannot change since that would require two contracted bounded edges which would contradict
that our given conditions are in general position. Since Z;, Zy are balanced, we might choose
different positions for our point and line conditions for every splitting type without effecting
the overall count. Let B;, By C B be disjoint small rectangular boxes such that B lies in
the lower right corner of B and By lies in the upper left corner of B. Move the conditions
Dnys Lk, s Ay into By and the conditions py,, Lk, , A;, into Be while maintaining their property
of being in general position, see Remark 3.2.6. By choosing B; and B, small enough, we can
bring Y7 and Y3 in the desired position from Figure 4.10. Therefore (4.10) follows. O

Theorem 4.3.4 (General tropical Kontsevich’s formula). Notation from Notation 2.0.1, Def-
inition 4.1.28, 4.3.1, 3.2.3 and Remark 4.1.30 is used. Fiz a degree A%, point conditions py,
multi-line conditions Ly, and degenerated tropical cross-ratios Ay on contracted ends only such
that these conditions are in general position. Let X; denote a cross-ratio that degenerates to \;.

(a) If there is at least one point condition, i.e. p, # 0, then the equation
Naz (Pn; L, )‘[l}) =

> Nz (Pus Luns Lers ) - Nz (s g Leas Ay )
1 - - -+ 2 \' —  — =

(AF, mam1l, f1|AG 2 k2 2, f2)
is a 1/1 split respecting X

+ Z NA?il (pﬂv Lﬂv )‘zel) 'NA(QlQ (p@ap627L@7 AECQ)

(AZ, n1k1,ln, f1lAF) n2 ko l2,f2)
is a 2/0 split respecting X and
3di=#n1+#h—#f1

+ Z NA31 (pﬂ7pel7Lﬂ7 )\Eﬁ) ‘NAle (pnia LQ7 )\Eez)

(AZ, n1k1ln f1lAF) n2 ko l2, f2)
is a 2/0 split respecting )\2 and
3do=#na+#lo—#[f2

(4.11)
holds.
(b) If there are no point conditions, i.e. p, =0, then the equation
Nz (Lu ) = 3 Nz (Las Lo A7) - Nag (b Ls\{Las Lo} )
(I, f1l2,f2)
is a 2/0 split respecting X]
(4.12)

holds, where the line conditions Ly, Ly are the ones of Lemma 4.1.23.

Moreover, (4.11) and (4.12) give rise to a recursion with two types of initial values:

(1) The numbers NAZ (pﬂ) which tropical Kontsevich’s formula (Corollary 4.3.7) provides.

(2) The numbers NAg (La,Lb7 )\l—l>€> which satisfy

Naz (La, Lo, Az(f) = w(Ly) - w(Lp) - multe (v/), (4.13)
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where v' denotes the only vertex of the only rational tropical stable map contributing
to NA% (La, Ly, )\;6) and multe, (v') is its cross-ratio multiplicity, see Definition 3.2.16.

Notice that in the special case of N/ = 0 we have
Naz (Lo, Ly) = w(Ly) - w(Ly). (4.14)

Using Tyomkin’s correspondence theorem 2.3.6 (more precisely, Corollary 3.1.20 and Propo-
sition 3.2.7), Theorem 4.3.4 immediately yields the following corollary.

Corollary 4.3.5 (Algebro-geometric general Kontsevich’s formula). Let Nzl?f (pﬂ, u[l]) denote

the number of plane rational degree d curves over an algebraically closed field of characteristic
zero that satisfy point conditions and classical cross-ratios ) as in Theorem 2.3.6 such that
all conditions are in general position. If the tropicalizations of up) are on contracted ends only,
then Theorem 4.3.4 provides a recursive formula to calculate these numbers with initial values
as in Theorem 4.3.4.

Example 4.3.6. We want to give an example of how to compute numbers we are looking for
using our general tropical Kontsevich’s formula. Say we want to compute IV, A2 (p[g], Ly, Ls, )\[2}).
For degenerated tropical cross-ratios

A i={1,2,3,4} and Xy :={1,2,3,5}.

Notice that (3.6) is satisfied so your input data makes sense. Recall the conventions we used for
labeling ends: in this example, we want to count rational tropical stable maps C of degree A%
in R? that have 5 contracted ends. A contracted end labeled with 4 satisfies the point condition
p; for i = 1,2, 3 and satisfies the multi-line condition L; for ¢ = 4,5. There is no non-contracted
end which satisfies no condition. To use Theorem 4.3.4, we need to fix a tropical cross-ratio A5
that degenerates to A\2. We choose

L= (12/35).

If C splits into C1, C, then by Definition 4.3.1 ends 1,2 are contracted ends of Ci, i.e. p1,po
are satisfied in Cq, and 3,5 are contracted ends of C5, i.e. p3, Ls are satisfied in C5. Therefore
A1 is satisfied in C; such that 4 is a contracted end of C that satisfies L4. Going through the
three cases of different types of splits using (4.1) and (4.2), we see that the only possible splits
are the 2/0 splits

(A%, p1,p2, L, M1 | AL, ps, Ls).

Since they only differ in the distribution of the labels I of (A%, l) among the two degrees (A%, l1)

and (A%, 1y) there are (?)3 = 8 of them (for notation, see Construction 4.1.26). Hence part (a)
of Theorem 4.3.4 yields

NA% (p[3]7L47 L57 )\[2}) =38- NA% <p17p27L47 /\1_>81) : NA% (p37p€27L5> )

where the rightmost factor can be written as

Npz (P3; Pey, L) = w(Ls) - Naz (p3; Pey)

|
=1

by tropical Bézout’s Theorem [AR10].
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So it remains to calculate NA§ (p1,p2, La, ATY). For that, we want to use Theorem 4.3.4
again. A rational tropical stable map C' contributing to N A2 (p1,p2, La, ATY) has 4 contracted
ends. A contracted end labeled with ¢ satisfies p; for ¢ = 1,2 and L; for ¢ = 4. The remaining
contracted end is labeled with e; and satisfies no point condition. To stick to our convention of

labeling ends with natural numbers, we relabel e; by 6. Again, fix a tropical cross-ratio Xfcl

that degenerates to A\{"** = {1,2,6,4}. We choose
N7 = (12(46).

If C splits into C1, Cy then 1,2 are contracted ends of C1, i.e. p1, ps are satisfied in Cq, and 4,6
are contracted ends of Co, i.e. Ly is satisfied by Cs and there is one contracted end, labeled 6,
in C5 that satisfies no condition. As before, we can go through all splits and notice that

(A%, p1,p2 | A3, L4, 6)

is the only possible split. Hence part (a) of Theorem 4.3.4 yields

Nz (p192, L AT) = Nz (p1opo Ly ) - Nag (L4 Ly )
where

NA% (pbp?aLe’l) = w(Le’l) NA% (p1>p2)
=1 1

holds by tropical Bézout’s Theorem and by definition of L. Moreover,

Naz (L4,L6,2> = w(Ly)

by Theorem 4.3.4.
In total, we calculated

Npz (P> Las Ls, M) = 8- w(La) - w(Ls)
for A1, Ao defined as above.

We now prove Theorem 4.3.4, discuss the initial values of the recursion Theorem 4.3.4
provides and then proceed with tropical Kontsevich’s formula which is a corollary of part (a)
of Theorem 4.3.4.

Proof of part (a) of Theorem 4.3.4. Proposition 3.2.7 yields that
NA% (pﬁ, LE7 )‘[l]) = NA% (pﬂ, Lﬁ, )\[171], )\;)

for a tropical cross-ratio A, that degenerates to );. Since NA3 (pﬂ, Lﬁ,)\[l,l],/\g) does not
depend on |)]| (see Remark 3.1.9), choose it to be large as in Proposition 4.1.1. Hence each
rational tropical stable map contributing to N, A2 (pﬂ s L, Ai—1) )\E) has a contracted bounded
edge e which can be cut using Construction 4.1.26 and thus gives rise to some splitting type
(A?ll’ﬂv k1,0, fi Azz,ng, K2, l2, f2) that respects \j. Therefore

A
NA3 (pﬂv Lﬁ7)‘[lfl]7Al) - Z Zmult(C), (415)
(A7, nam1la, filAG) n2 k2)le,f2) ©

is a split respecting A

where the second sum goes over all rational tropical stable maps C' that give rise to the split
(Agl’ﬂvﬂvﬁ’ﬁ | Afb,@,@,lg,é). Reordering the first sum of (4.15) as in (4.11) and
applying Lemmas 4.3.2, 4.3.3 proves part (a) of Theorem 4.3.4. O
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Proof of part (b) of Theorem 4.3.4. We use notation from lemmas 4.1.23, 4.1.24 and Proposi-
tion 4.1.25. Proposition 3.2.7 yields that

NAZ (Lﬁv A[l]) = NA?I (Lﬁ¢ )\[l—l]a A;) ) (416)

holds. Conclude with Proposition 4.1.25 that each rational tropical stable map contributing to
the right-hand side of (4.16) has a contracted bounded edge e which is adjacent to a vertex v’
which is in turn adjacent to ej, eo. Notice that cutting e yields a 2/0 split. Thus Lemma 4.3.2
gives us equation (4.13). O

Proof of the initial values part of Theorem 4.3.4. Notice that equations (4.11) and (4.12) of
Theorem 4.3.4 allow us to successively reduce the number of point, multi-line or degenerated
tropical cross-ratio conditions. There are three cases:

(1) We run out of degenerated tropical cross-ratio conditions. Then, if there are point con-
ditions left, tropical Bézout’s Theorem [AR10] can be applied to reduce the initial value
problem to the numbers Nz (pn) which tropical Kontsevich’s formula (Corollary 4.3.7)
provides. If there are no point conditions left, then

NAZ (Lx) =0

for all d # 0 applies. Otherwise d = 0, #x = #{a,b} = 2 and #f = 1 (for notation, see
Construction 4.1.26) such that

Nag (L) = w(La) - w(Ly)
holds.

(2) We run out of point conditions. Then (4.12) reduces the initial value problem to calcu-
lating Nz (La, Ly, A;e). This can be done via (4.13).

For equation (4.13), notice that each edge of a rational tropical stable map of degree A%
must be contracted. Thus there cannot be a bounded edge since all tropical cross-ratios
are degenerated. Hence there is exactly one vertex v’ in such a rational tropical stable map
whose position is determined by the unique point of intersection of L, and L. Therefore

there is exactly one rational tropical stable map contributing to N A2 (La, Ly, )\ﬁe> whose
multiplicity is w(Lg) - w(Lyp) - multe (v') by Proposition 3.2.25.

(3) We run out of multi-line conditions. Then (4.11) can still be applied, so cases (1) and
(2) apply-
O

Gathmann and Markwig proved the following tropical Kontsevich’s formula [GMOS8] in
order to give a tropical proof of Kontsevich’s original formula via Mikhalkin’s correspondence
theorem [Mik05]. Here, it is a consequence of certain special cases of our general Kontsevich’s
formula 4.3.4.

Corollary 4.3.7 (Tropical Kontsevich’s formula, [GMO08]). For #n = 3d —1 > 0 general
positioned point conditions the equality

Naz (Pu) 5 (d‘{dg-<3d_4>_d§d2.<3d_4>>NAZl(pM).NA32(pM)

@y, 3dy — 2 3di—1)) (@) (do))?
dy,d2>0

holds and provides a recursion to calculate NAi (pﬂ) from the initial value NA% (p1,p2) = 1.
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Remark 4.3.8. The factors ﬁ, (dl%)g, ﬁ in Corollary 4.3.7 appear since ends of our ra-

tional tropical stable maps are labeled. Let Afl’unlab denote the unlabeled degree associated

to AZ. For each rational tropical stable map to R? of degree A2 there are (d!)? ways to label

NA% (P
(dh)?

R? of degree Az’unlab that satisfy the point conditions p,. Often tropical Kontsevich’s for-

mula is stated for rational tropical stable maps of unlabeled degrees such that the factors

ﬁa ﬁ, @ disappear.

its non-contracted ends. Thus equals the number of rational tropical stable maps to

Notice that the following proof of tropical Kontsevich’s formula that we present here is
inspired by the one given by Gathmann and Markwig in [GMOS|.

Proof of Corollary 4.3.7. Let p, be point conditions, let L,, L be line conditions, i.e. multi-
lines with weights w(L,) = w(Lp) = 1 and let A = {Lq, Ly, pc, pa} be a degenerated tropical
cross-ratio, where p.,pq € p, are points and the labels are chosen in such a way that a < b <
c <d.

Consider the tropical cross-ratio X' := (Lgp.|Lppg) that degenerates to A\. We claim that
(4.11) reduces to

NA% (pﬂv Lavaa)\) — Z NAzl (pﬂa La7L€1) 'NA§2 (pniza LbaLeg)
(AF, m1|AZ, n2) (4.17)
is a 1/1 split respecting \

in our case. Since we only have two line conditions and no contracted ends without point or
line conditions, each split we deal with can be written as (A?ll, ny | AQQ,@) since X' determines
the distribution of L, and L; in each possible split respecting \'. To show the claim, it remains
to show that the last two sums of (4.11) vanish. For that, it is because of symmetry sufficient
to show that the second sum vanishes. Let NAZl (Pny» La) ~NA32 (Pny» Pey, L) be a factor of the

second sum. Let C be a rational tropical stable map that contributes to NN, A2 (Pn., La) and
L W

let Cs be a rational tropical stable map that contributes to N A2 (an, peQ,Lb). Using Remark
, 2

4.1.30, C and C can be glued to form a rational tropical stable map C' which has a contracted
bounded edge e. Since our split was a 2/0 split, the 3-valent vertex v; of C that is adjacent to
e is fixed. Hence there is a contracted end satisfying a point condition that is adjacent to v;.
Thus there is another contracted end adjacent to v; which needs to satisfy either a point or a
line condition which is a contradiction since all conditions are in general position.

Now consider the tropical cross-ratio X = (Lo Lp|pepg) that degenerates to A. We claim
that (4.11) reduces to

NA% (pﬂv Lavaa)\) — Z NAzl (pﬂa LaaLbaLel) NA%Q (pnla Leg)
(83, 11|83, n2)

is a 1/1 split respecting X
+ NA% (La, Lb) : NA?Z (p@a p62>

(4.18)

in this case. As before, splits can be written as (A?ll’ﬂ | Ai,@). The last sum of (4.11)
vanishes with the same arguments from before. It remains to see that the second sum of
(4.11) equals the product NAS (Lq, Lyp) - NA?; (pﬂ, peQ). If di > 0 and we consider a product
contributing to the last sum, then the same arguments from before show that this product
vanishes. Hence the only remaining contribution from the second sum that is possible is

NA% (LayLb) : NA% (pﬂ7p€2)'
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Notice that there are no degenerated tropical cross-ratios on the right-hand sides of (4.17)
and (4.18) such that tropical Bézout’s Theorem [AR10] yields

Z d%NAZI (Pnil) 'dgNAgz (p@)
(83, I3, o)
is a 1/1 split respecting N\’
= Z d?NA?il (pﬂ) : dQNAZQ (pnig) + NA(Q) (La, Ly) - NAZ (pﬂ7 p62)
(A7, m|A7, n2)

is a 1/1 split respecting N

since w(La) = w(Ly) = w(Le,) = w(Le,) = 1. Using Naz (La, Ly) = w(La)w(Ls) = 1, we obtain

NA3 (pﬂva) =
2 didyNaz, (Pos) Naz, (o)

(AF, m|AZ, n2)
a 1/1 split respecting \’
3
- E : dld2NA?l1 (Pn1) NA§2 (Pnz) -
(AF, m1|AF, na)

is a 1/1 split respecting X

-
%)

Since all conditions we started with are in general position
3d=#n+1+1

holds, i.e. each choice of n1,n2 in a split for fixed d1, ds is a choice of distributing the remaining
3d — 4 points. There are (33d(1{1:42) choices if p. € ny and (;i:ﬁ) choices if p.,pq € no. Using
3d; = #n; + 1 provides the following index for the sum (notation from Construction 4.1.26 is
used), namely

3d —4 3d —4
— 2 72 3
Ny = X (B (5 L) —ates (g 1)) Nag, (ow) Ny, ()
(A3,142):
AZ=AZ UAZ,
dy,d2>0

For each choice of dy,ds > 0 there are

d\? dr3 a3
<d1> T B d—d)B i dyl3

summands (A2 | A2 ) with A2 = A2 UA? associated to it. Hence
1 2 1 2

3d—4 3d—4 d!3
Mg () = 2 d <d%d§ ' <3d1 - 2> ~dida- <3d1 - 1>> dy3 - dylB Moz, (Pns) Nag, (Pn)

di+do=
d1,d2>0

holds, which yields the desired formula. O

Further generalizations The same methods Gathmann and Markwig used to prove tropical
Kontsevich’s formula [GMO8] also yield a recursive formula for counting rational tropical stable
maps of bidegree (dy,ds) (i.e. with ends of directions (41,0), (0,£1)) to R? that satisfy point
conditions, see [FM11]. Analogously, the methods developed here yield a recursive formula for
rational tropical stable maps to R? of bidegree (dy, d2) that satisfy point conditions, degenerated
multi-line conditions and degenerated tropical cross-ratio conditions.






Chapter 5

Constructive approach:
Constructing tropical curves
algorithmically

In this chapter, a cross-ratio lattice path algorithm is presented. It calculates Na (pﬂ, )‘[l}) which
is the number of rational tropical stable maps that satisfy point conditions and degenerated
tropical cross-ratio conditions, when A is a degree in R?. Notice that these numbers can also be
calculated recursively using the general tropical Kontsevich’s formula 4.3.4 if all degenerated
tropical cross-ratios are on contracted ends only. The benefits that the cross-ratio lattice path
algorithm offers are that it takes degenerated tropical cross-ratios into account that are not on
contracted ends only and that it is constructive. That is, it allows us to explicitly construct all
rational tropical stable maps to R? that contribute to Na (pﬂ, )‘[l]) for a specific configuration
of the points p,. The cross-ratio lattice path algorithm therefore answers the leading question
(Q3) which asks whether contributions to Na (pﬂ,)\[l]) can be constructed. Moreover, the
cross-ratio lattice path algorithm works in arbitrary compact toric surfaces, i.e. it provides an
answer to question (Q4).

Dual subdivision. Let C be a rational tropical stable map of degree A to R2. Let ¥ (A)
denote the lattice polytope associated to A (see Remark 2.2.5). If C' is simple (which we can
always assume, see Remark 5.2.2), then C induces a subdivision of ¥ (A) into lattice polytopes
the following way: edges locally around a vertex v; of C give rise to a local degree A; which
corresponds to a lattice polytope X (A;). Gluing these polytopes together with respect to the
structure of C, which is a polyhedral complex, yields a a subdivision of ¥ (A). It is called dual
subdivision of C' and is denoted by S¢. See Figure 5.1 for an example of a dual subdivision.
For more details about dual subdivision, we refer to [Mik03, Mik05].

Original lattice path algorithm. Before diving into technical details, we shortly recall the
original lattice path algorithm introduced by Mikhalkin in [Mik03, Mik05]. The original lattice
path algorithm determines the number Na (p[n]) of rational tropical stable maps of a degree A
in R? that satisfy general positioned point conditions P[n)- It does so by explicitly constructing
the images of these rational tropical stable maps in R? for a specific configuration of points.
To obtain a suitable point configuration, pick points py, in general position linearly ordered
on a line # with a small negative slope such that distances of consecutive points grow, i.e.

|pi — pi—1| << |pit1 — pil-

85
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< [ ] or—eO

Figure 5.1: From left to right: A rational tropical stable map of degree A3 satisfying the
point conditions pjg), its associated dual subdivision and its associated lattice path in bold red.
Although ppg) are not lying on a line with small negative slope, they can be moved into this
position without effecting the combinatorial type (resp. the dual subdivision) of the rational
tropical stable map drawn. We just draw the points this way to get a better picture.

Let C be a rational tropical stable map of degree A to R? that satisfies these point conditions
and let S¢ be its dual subdivision of the polytope ¥ (A) (see Remark 2.2.5). Using that the
point conditions are in general position, it can be achieved that S¢ consists only of triangles
and parallelograms since C' is 3-valent (see Remark 5.2.2). Hence each contracted end z; of C
that satisfies a point condition p; is dual to an edge a; of S¢. A crucial observation is that the
set A := {a; | i € [n]} forms a path in S¢, a so-called lattice path with respect to the chosen
line 6 on which py, lie. Figure 5.1 provides an example of a rational tropical stable map of
degree A% that satisfies eight point conditions, its dual subdivision and its associated lattice
path.

The idea of the original lattice path algorithm is to go the other way round: start with
a lattice path A inside ¥ (A) and reconstruct all rational tropical stable maps C' that satisfy
Pn) and yield the given lattice path A. To do so, construct all possible dual subdivisions of
Y (A) by starting with the lattice path A and then recursively fill in missing polytopes. The
original lattice path algorithm provides the necessary set of rules which govern how triangles
and parallelograms can be filled in. For more details about the original lattice path algorithm,
we refer to [Mik03, Mik05].

5.1 Cross-ratio lattice path algorithm

We now want to generalize the original lattice path algorithm to rational tropical stable maps
to R? that satisfy point conditions and degenerated tropical cross-ratio conditions. Notice that
degenerated tropical cross-ratios lead to vertices of valence > 3, which means that nor there
are only triangles and parallelograms in our subdivisions, neither A needs to be a path (i.e. a
collection of connected edges). We overcome these technical problems by considering a wider
range of polytopes and carefully adapting the rules of filling them in when completing a path-
like A to an appropriate subdivision. Moreover, a consequence of having vertices of valence
> 3 is that edges of a rational tropical stable map may be mapped onto vertices in R?. To deal
with this problem, our polytopes are equipped with additional discrete data, see Figure 5.4.
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5.1.1 Building blocks

The building blocks which form subdivisions later on are now introduced. Notice that all
additional data polytopes are equipped with is discrete. Notice that the following definition
of edge is only used in the current chapter and is different from the definition of an edge of a
rational tropical stable map.

Definition 5.1.1 (Segments and labeled polytopes). Notation 2.0.1 is used.

e An edge E is a 1-dimensional lattice polytope in R? consisting of one 1-dimensional face
and two O-dimensional faces. A labeled edge is a tuple (E ,TF ), where 7F is a multiset of
m > 0 elements denoted by 7, ..., 7. in Nyg such that Y, 7 = |E|, where |E| denotes
the lattice length of E. We refer to 77 as labeling of E and to 7'[,%;] as labels of E.

e In particular, a labeled edge (E, TE) with 7€ = {n} for some n € Ny is called a segment.

e Let P be a lattice polytope in R? where each of its e facets is a labeled edge. Denote the
labeling of an edge E7 of P by 77. Then (P,7) with 7 = (7!,...,7¢) is called a labeled

polytope.

Definition 5.1.2 (Minkowski labeled polytopes). Notation 2.0.1 is used. Let P be the
Minkowski sum of a labeled polytope P C R? that is either O-dimensional or 2-dimensional and
segments Si, ..., S, such that each segment is parallel to an edge of P and P is 2-dimensional.
Note that if P is a point, then every segment is by definition parallel to it. Moreover, we
require that if P is O-dimensional, then there are two segments Siy, Siy € S}y such that all
other Minkowski summands of P are parallel to S;, or S;,. Let EZ be an edge of P and denote
by Fj;; edges of the Minkowski summands P, S|y that contribute to E. If 7 is the labeling of

F;, then we define 7% to be the multiset
P =Ry Ot

A pair (P, 1) of such a polytope P with e edges Elel and a tuple of multisets 7 = (TEl, e ,TE€>,
where 72" is defined above, together with maps that match labels to the summands they come
from

fP ‘E:TE%{P7SL°"’ST}

such that if fp |g (t) = A € {P,Sy,...,5,}, then t € 75 for F; C A, is called a Minkowski
labeled polytope.

{1}

{11
{1}I [\ {1}
)

{1 {1}
Sy P P
Figure 5.2: From left to right: A Segment S; and a 2-dimensional labeled polytope P whose
Minkowski sum forms the labeled polytope P on the right. The colors indicate the matching
of labelings of P;, P» to their Minkowski summands.
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Notation 5.1.3. The non-segment Minkowski summand of a Minkowski labeled polytope P
is always denoted by P as in Definition 5.1.2.

Definition 5.1.4 (Valid Polytopes and pointed segments). Notation 5.1.3 is used.

e A Minkowski labeled polytope P is called k-marked if P has e edges E’ with labelings
79 such that 25:1 #7J = 3 4 k holds, where #77 € N-q is the number of entries of 77.

If k = 0 or P is O-dimensional, then P is called unmarked.

¢ A Minkowski labeled polytope is called valid polytope if it is either unmarked or k-marked.
Two valid polytopes that share an edge E are compatible if their labelings of E coincide.

e Let P be a 1-dimensional polytope where each side of its edge E is equipped with a
labeling. The Minkowski sum of P with segments Si,...,.5, parallel to it, where each
summand contributes a label to the two labelings of E as in Definition 5.1.2 is called a
pointed segment. If Pis 0-dimensional, then it is called a non-pointed segment (all S; are
then parallel). The notion of compatibility extends to (non-)pointed segments as well: If
a valid polytope and a (non-)pointed segment share an edge, then they are compatible
if their labelings on this (side of the) edge coincide. We can refer to a (non-)pointed
segment as k-marked as above.

5.1.2 Coloring

The building blocks introduced in the last section are now enhanced with colors. Later, they
help us decide whether a rational tropical stable map which we constructed is fixed by the
given conditions or not.

Definition 5.1.5 (Coloring). Notation 5.1.3 is used. A coloring of a labeled polytope P is
a 2-coloring of all of its labels on each of its edges. The two colors are called fixed and free.
A colored polytope is called free (or fized) if it is monochromatic of the color free (or fixed).
Given a colored Minkowski labeled polytope P, we say that exactly P is fixed if all labels
associated to P are colored fixed and the rest is colored free.

Algorithm 5.1.6 (Adjusting colors of two compatible polytopes.). Notation 5.1.3 is used. Let
P, P, be two colored polytopes that are compatible and denote their shared edge by E with
labelings 7'51,7'52. Let fp, |E, fp, |z be maps as in Definition 5.1.2 and let g : 7']?1 — T}% be a
bijective map such that g(t) =t for all t € 7% N Nyg. Let ¢ € Tgl be a colored label of E in
Py and let g(t) be its image under ¢ in TEQ . When comparing and adjusting the colors of ¢ and

g(t), we follow the slogan “fixed wins”:
(1) If ¢ is colored fixed and g(t) is colored fixed, we leave the colors the way they are.

(2) If t is colored fixed and g(t) is colored free, we change g(t) to fixed. When changing g(t)
to fixed, we check whether all other labels coming from fp, | (g(t)) are fixed. If this is
not the case, then change them to fixed if fp, |g (g(t)) is a segment. If fp, |p associates

g(t) to Py, then change the labels associated to P, to fixed if exactly two of the labels
associated to P, are fixed (where g(t) is one of them).

(3) If t is colored free and g¢(t) is colored fixed, then do the same as in (2) but with the roles
of t,g(t) and P;, P> exchanged.

(4) If t is colored free and so is g(t), then do nothing.
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We repeat this procedure using different labels in 7'};31 until no color of labels of P, P, can be

changed according to the rules above. Note that this algorithm terminates since colors can
only be changed from free to fixed.

Algorithm 5.1.7 (Adjusting colors of a set of polytopes). Let P, be a finite set of colored
polytopes, where two polytopes are compatible if they share an edge. Go through all pairs of
compatible polytopes of P} and adjust their colors according to Algorithm 5.1.6. Repeat this
procedure until no colors can be changed. This algorithm terminates because we only allow
changing a color from free to fixed, following the slogan that fixed wins.

Note that the notion of coloring and adjusting colors extends to (non-)pointed segments.

5.1.3 Cross-ratio lattice paths and subdivisions

We are now ready to define cross-ratio lattice paths. The following two definitions are similar
to definitions of lattice paths in [Mik03] and [MR09]. Having these lattice paths, Construction
5.1.11 can then be used to construct subdivisions from lattice paths. It turns out, however,
that this gives us too many subdivisions such that some of them have to be sorted out.

Definition 5.1.8 (Lattice path). Fix 6 to be a linear map of the form
6:R?> >R, (z,y) — x — ey,

where ¢ is a small irrational number. A path 7 : [0,n] — R? is called a lattice path if v lli-1.4]
for j € [n] is an affine-linear map and v(j) € Z? for all j = 0,...,n. For j € [n], we call
Y lij—145 ([J —1,7]) a step (the j-th step) of the lattice path 7. A lattice path is called 6-
increasing if 6 o~y is strictly increasing. If every step in a lattice path is a labeled edge, the
lattice path is called labeled lattice path.

Definition 5.1.9 (Cross-ratio lattice path). Notation 5.1.3 is used. Let A be a degree in R?
and let ¥ (A) be its associated polytope (Remark 2.2.5). Let n € N5g. Let A be an ordered
set P, . of colored polytopes in ¥ (A) such that there are polytopes {F;,,..., P;, } C A such
that P;; is a pointed segment or a valid polytope such that ]5Z7 is fixed and not 0-dimensional
for j € [n]. The other polytopes in A\{F;,, ..., P;, } are non-pointed segments that are colored
free. The set A is called a cross-ratio lattice path if the following conditions are satisfied:

(1) Two polytopes P;, P; € A intersect in at most one point.

(2) If an edge E of a polytope P; € A lies in the boundary 0% (A) of ¥ (A), then it is labeled
by 7F = (1,...,1).

(3) Let 7, denote the projection of R? onto the x-axis. There are sets v,,v_ of edges of
Py, ..., Py, such that v,,v_ form f-increasing labeled lattice paths, vy U y_ is the set
of all edges of Pi,..., P4, and for all z € 7, (¥ (A)) and all Ey € vy, E_ € v_ such
that there are points (z,y,) € E, C R?, (z,y_) € E_ C R? the inequality y; > y_ holds
(see Figure 5.3).

(4) The order of the polytopes P,y ;) agrees with the obvious order given by 4 and ~—,
respectively.

(5) Let p and g be the points in ¥ (A) where 0 |5;(a) reaches its minimum (resp. maximum),
then p = 74+(0) = 7-(0) and ¢ = y4(ny) = 7-(n-), where v4 : [0,n4] — R? and
v- :[0,n_] — R? are defined as above.
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P, o\

O O O

o o
Py
o o

Figure 5.3: Consider the polytope X (Ai) which is a 2-simplex stretched to side length 4. From
left to right: A ={P1,...,P5},74,7- in ¥ (Ai).

Convention 5.1.10. Throughout the rest of this section, we fix a degree A in R? such that
all vectors in A are of weight one, see Definition 2.2.3. Moreover, fix point conditions py,; and
degenerated tropical cross-ratio conditions A in general position such that

H#HA—-1=n+1
holds, see Definition 3.2.4. That is, each contracted end satisfies a point condition.

Construction 5.1.11 (Constructing subdivisions of ¥ (A) from A). Let A be a cross-ratio lat-
tice path in the polytope 3 (A) with #.A4 = n+ z for some z € N such that z < # (Z (A)N ZQ).
Let v+ be the associated labeled lattice path from Definition 5.1.9.

Let 74+ () and v4(j + 1) be the j-th and the (j 4+ 1)-th labeled edge of 4 that form the
first left turn. Fill up this left turn with a valid polytope P C ¥ (A) that is colored free, whose
edges that equal v (j) and v (j + 1) are compatible with 74 (j) and 74 (j + 1) and if P shares
other edges with our polytopes, it should there be compatible, too. Whenever two compatible
labeled edges with labelings 7F come together, we choose a bijective map ¢ : 7¥ — 7% such
that g(t) = t for all t € 7% N Nyg. Moreover, we use Algorithm 5.1.7 to adjust the colors of
the set of polytopes we have so far. If P shares an edge F with the boundary 9% (A), then we
require 7% = (1,...,1) and we choose a bijective map ¢’ : 7¥ — M, where M is a submultiset
of the labels of the degree A that are associated to vectors orthogonal (and pointing away from
Y (A)) to E. When another polytope P’ shares an edge with 93 (A), then we choose M’ in
the set of labels of A minus M. In the same way the right turns of v_ can be filled up.

Repeating these steps (i.e. fill up the first left (resp. right) turn), a subdivisions of ¥ (A)
is obtained if and only if

2(a) = Au| (P},
P

where the union runs over all valid polytopes P used to fill up turns during the process described
above. The cells of such a subdivision are valid polytopes which are compatible and connected
via maps called g above. Such a subdivision is called a lattice path subdivision of A if all
polytopes are colored fixed. The set of all lattice path subdivisions of A is denoted by Sy(.A).
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Figure 5.4: On the left is the Minkowski labeled polytope P introduced in Figure 5.2 and on
the right is its dual rational tropical stable map.

Construction 5.1.12 (Dual tropical curve). Notation 5.1.3 is used. Let S € Sp(A) be a
lattice path subdivision. We want to construct the dual tropical stable map Cs to S. For that,
draw a k-valent vertex v for every k-marked (k > 0) polytope P in & and an edge passing
through this vertex for every segment of P (the edge is orthogonal to the segment). An edge
e adjacent to v is dual (and orthogonal) to an edge E of P, that is, the weight of e is given
by an entry of the labeling 7% of E. The weight of an edge passing through v is given by
the label of its associated segment that is dual to this edge. If two polytopes P,Q € Sp(A)
share an edge F with labeling 7F, we connect the edge associated to TiE in P with the edge
associated to g (TZ-E) in @ for all 7, where g is a map as in Construction 5.1.11. Moreover, if
P € A and P is neither a pointed segment nor a non-pointed segment, then add a contracted
end (which has to satisfy a point condition) to the vertex dual to P. If P € A and P is a
pointed segment, then the edges dual to the labelings associated to P meet in one vertex which
is in addition adjacent to a contracted end (which has to satisfy a point condition). In this
way, a combinatorial type Cgs is obtained. The general construction of tropical stable maps
dual to lattice paths (see [Mik05]) and the fact that all polytopes are fixed implies that for
given points py,) in general position linearly ordered on a line with a small negative slope such
that distances grow (|p; — pi—1] << |pi+1 — pi|) there is exactly one tropical stable map whose
combinatorial type equals C's. Moreover, this tropical stable map satisfies the point conditions
ppn)- Hence Cs can uniquely be turned into a tropical stable map.

Since we are only interested in rational tropical stable maps, we need to remove subdivisions
whose dual tropical stable maps are reducible. The set of lattice path subdivisions for a given
cross-ratio lattice path A which are dual to irreducible tropical stable maps is denoted by

S1(A).

Definition 5.1.13. Notation 5.1.3 is used. Let A denote the union of all given degenerated
tropical cross-ratio conditions Ay, i.e.

A= U )‘j‘

JE]

Let S be a lattice path subdivision in Sj(A) and let P be a valid polytope or a pointed segment
in S. Consider the summand P of P and define for all entries 71, . .., 7, of labelings of edges of
P associated to P the sets A(P,i) C A of points and ends appearing in the tropical cross-ratios
Ay that can be reached from P via 7;. That is, the elements of A(P,4) are obtained with the
following procedure:

e If the edge E of P where 7; appears is contained in the boundary 0% (A), then its dual
edge is a labeled end determined by g(7;) (Construction 5.1.11), and we add it to A(P,1).
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e If there is a non-pointed segment S in A such that P and S share an edge F such that
7; appears in 7F, then there is exactly one 7/ on the other side of the edge of S that is
mapped to the same segment of S as 7;. Continue with 7/.

e Else, there is a valid polytope (or a pointed segment) @ in S such that @ # P and P, Q
share an edge E such that 7; appears in 7%. Then either:

— 7; is mapped to Q (via the map fq |g from Definition 5.1.2) and Q ¢ A, then
continue with all other labels mapped to () instead of 7;.

— 7; is mapped to Q and Q = Py, € {Py,...,P,} C A (where {PF,,..., P} are all
valid polytopes and pointed segments in A), then add the label of the contracted
end z¢, to A(P,4) and continue with all other labels mapped to @ instead of 7;

— 7; is mapped to a segment of @, then there is exactly one 7/ in another edge E’ of
@ that is mapped to the same segment. We continue with 7;.

In each case, we follow all appearing edges until either ends associated to 9% (A) are
reached (for which we add the labels of such an end to A(P,)) or contracted ends are
reached.

Let {P,..., P, } denote the set of all valid polytopes and pointed segments in A. If P

equals Py, € {Py,..., P, }, then set

A(P,0) := {z;},

where z; is the label of the j-th contracted end. Otherwise, set

A(P,0) :=0.
Moreover, define

A(P) = {)\j = {ij .. .,ﬁj4} S )‘[l] | 5j2. S A(P, k‘,) for i € [4] and k; # ky if ¢ #£ i,}.

We say that the lattice path subdivision § fits the degenerated tropical cross-ratios A if

D #HAP) =1,
=

where the sum goes over all valid polytopes and pointed segments in & and

k ,if P is k-marked

0 , otherwise.

-}

For a cross-ratio lattice path A4, the subset of S;(A) of subdivisions which fit the given

degenerated tropical cross-ratios is denoted by Sz(A).

5.1.4 Multiplicities of subdivisions

The algorithm of the last section which yields a set of subdivisions S3(.A) is now enriched such
that is also yields a multiplicity with which each subdivision in S2(.A) can be counted. The
overall algorithm which then constructs subdivisions and their multiplicities is called cross-ratio
lattice path algorithm.
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Definition 5.1.14 (Multiplicity of a subdivision). Notation 5.1.3 is used. In order to associate
a multiplicity to a lattice path subdivision S € Sa(.A), define the ev-multiplicity of S by

multe, (S) = HmulteV(P),
P

where the product goes over all valid polytopes and pointed segments in S, and mult(P) is
defined as follows: If P is 0-dimensional or P € A, then mult(P) := 1. Otherwise, let 71,..., 7,
denote the entries of labelings of edges of P associated to P, let & be the number of ends that
can be reached from P via 7; and let C; be the number of constraints that can be reached from
P via 7; (using the procedure from Definition 5.1.13), that is

C; = Ci(pOthS) + Ci(cross—ratios)

Ci(cross-ratios) — Z #A(P/),
P/

i

where the sum goes over all valid polytopes and pointed segments in S that can be reached

from P via 7;, A(P') is defined in 5.1.13 and Ci(pomts) is the number of contracted ends that can
be reached from P via 7;. We either have

Ei—lz(fi or gi—QZCi.

In the first case, the edge dual to 7; in the associated rational tropical stable map Cs (Con-
struction 5.1.12) leads to a fixed component, in the second case it leads to a free component
(see Definition 3.2.28). Every vertex of the dual rational tropical stable map has exactly two
fixed components, we use the indices ig and i1 for those labels corresponding to edges Cs that
lead to a fixed component. Then we set

multey (P) := | det (74, - vo, iy - v1) |,

where vy (resp. v1) is the primitive vector of the edge Ey (resp. Ej) of P that belongs to 7,
(resp. Ti,).

Let P ¢ A be a valid polytope or a pointed segment in S. Again, let 71,. .., 7, denote the
entries of labelings of edges of P associated to P. Let Aj € A(P) with = {B;,,..., 5}, then
(by Definition 5.1.13) there are pairwise different k; for ¢ € [4] such that 3, € A(P, k;). Define
the degenerated tropical cross-ratio that is adapted to P by

N R
and define
ATP(P) = {\7T | N e A(P)}.
Consider a vertex v of valence m that is adjacent to only ends which are labeled by 7, ..., Tm.
Define

multe, (P) := multe, (v),

where mult, (v) is the cross-ratio multiplicity of v with respect to A7*(P). If P is the t-th of
the n pointed segments or valid polytopes in A, then define mult.,(P) analogously to above
with

/\_>P = {Tkl,... ,Tk4} U {xt},
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where z; is the label to which the ¢-th point condition p; € py, is associated to. Define the
cross-ratio multiplicity of S by

multe(S) = [ [ multe:(P),
P

where the product goes over all valid polytopes and pointed segments in S. The multiplicity
mult(S) of the subdivision S is defined as

mult(S) := multey (S) - multe, (S).

Definition 5.1.15 (Output cross-ratio lattice path algorithm). Let A be a degree in R? and
let pp,, Ay be general positioned conditions as in Convention 5.1.10. Define

Nga (p[n], )\m) = Z mult(S),
S

where the sum goes over all S € S3(\A) for all cross-ratio lattice paths A with respect to A and
with n + z steps for all z.

Remark 5.1.16 (Arbitrary degree). In Convention 5.1.10 we restricted to degrees A such that
all vectors in A are of weight one. This was done to keep notation simple. Indeed, the whole
cross-ratio lattice path algorithm can be extended to arbitrary degrees in R2.

Example 5.1.17. We want to give an example of the cross-ratio lattice path algorithm. Fix
the degree Ag, see Notation 2.2.4. We choose points p7] and a degenerated tropical cross-ratio
A = {1,2,14,15}. It turns out that all cross-ratio lattice paths we need to consider have 7
steps. The top row of Figure 5.5 shows these cross-ratio lattice paths. There are no labels on
polytopes and colors in Figure 5.5 because all labels are 1 and all labels are colored fixed. The
column under each of these cross-ratio lattice paths shows the subdivisions arising from these
cross-ratio lattice paths. The maps that glue together the polytopes in a subdivision (maps
like ¢ from Construction 5.1.11) are not mentioned in Figure 5.5 since they are the obvious
ones. However, the gluing maps that connect the polytopes in the subdivsion to the boundary
of As are not unique since we labeled ends of rational tropical stable maps (we come back to
this later). The grey polytopes are 1-marked, that is A leads to a vertex of valence four that
is dual to these polytopes. Note that all subdivisions fit the degenerated tropical cross-ratio A
for an appropriate choice of gluing the polytopes to the boundary.

The numbers in the rightmost column correspond to subdivisions shown on the left. Each of
these numbers is a product, where the first factor is the multiplicity mult(S) of its associated
subdivision S. Note that mult.(S) = 1 for all subdivisions since there is only one way of
resolving the 4-valent vertex dual to each 1-marked polytope according to some )’ degenerating
to A. The second factor comes from different gluings of polytopes to the boundary of A3 and
can easily be seen from an example, see Figure 5.6.

The total sum of the numbers in the right column is 40, which is the number of ratio-
nal tropical stable maps of an partially labeled degree such that they satisfy the given point
conditions and the degenerated tropical cross-ratio condition. Since the second factor of each
product in the rightmost column equals the number of ways to label ends with direction vec-
tor (1,1) € R?, we obtain the number of rational tropical stable maps of a labeled degree by
multiplying 40 with (3!)%, which is 1440.
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Figure 5.5: A complete example of cross-ratio lattice paths, subdivisions and their multiplici-
ties.
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Figure 5.6: The subdivision in the right top corner of Figure 5.5 and the four different choices
of labels of ends that appear in A such that the subdivision still fits A.

5.2 Duality: Tropical curves and subdivisions

In this section, Theorem 5.2.4 is proved. It relates the numbers obtained from the cross-ratio
lattice path algorithm to the numbers Na (pﬂ,)\[l]) of rational tropical stable maps we are
interested in (where A is a degree in R?).

The general tropical Kontsevich’s formula 4.3.4 allows us to determine some of these num-
bers Na (pﬂ, )\[l]) already. Notice, however, that it does not allow to compute the numbers
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Na (pﬂ, )\m) if A is an arbitrary degree in R? and if not all degenerated tropical cross-ratios
are on contracted ends only. The cross-ratio lattice path algorithm determines these numbers
for arbitrary degrees in R? and arbitrary degenerated tropical cross-ratios instead. Moreover,
it is constructive allowing us to explicitly construct all rational tropical stable maps that con-
tribute to such a number Na (pﬂ, )‘[l})'

As a consequence, the corresponding algebraic numbers (via Tyomkin’s correspondence
theorem 2.3.6) become computable too.

Definition 5.2.1 (Simple rational tropical stable maps). A rational tropical stable map
(F, e h) in Mo n (RQ, A) is called simple if is satisfies:

e The map h that embeds I' in R? is injective on vertices of T.

e If h(v) € h(e) for a vertex v and an edge e, then there is an edge €’ adjacent to v such that
h(e) and h(e) intersect in infinitely many points. Additionally, there is a finite sequence
(ei)iefr) of edges of T' with e; := €’ and e, := ¢’ such that h(e;) is contained in the affine
span of h(e) for all i € [r] and such that two consecutive elements of the sequence are
incident in T

e If there is a point p € R? through which more than two edges pass, then divide these
edges into equivalence classes depending on the slope of the affine line they are mapped
to. Then there are at most two equivalence classes.

Remark 5.2.2. Consider point conditions p, and degenerated tropical cross-ratio conditions
Ay in general position and a rational tropical stable map C' that satisfies them such that C'is not
simple. Since the position of every vertex of C depends on the positions of the point conditions
only, it follows that moving the point conditions slightly (see Remark 3.2.6) deforms C' into a
simple rational tropical stable map C’ that satisfies the moved conditions. By definition, the
multiplicity mult(C”) equals mult(C). Moreover, the set of positions where the conditions can
be moved such that all rational tropical stable maps that satisfy them are simple is open and
dense in the space of all possible positions of conditions.

Remark 5.2.3. Given a rational tropical stable map (T, T, h) to R2, two graph structures
can be associated to h(T') in R2. The first graph structure is the one coming from I'. The
second graph structure is the one of h(I') C R?, i.e. whenever edges of h(T") in R? intersect,
this intersection is considered a vertex, see Figure 5.7. Notice that Minkowski labeled polytopes
as in Figure 5.4 help to keep track of the graph structures.

h(T)

Figure 5.7: Left: A local picture of I' and its graph structure. Middle: A local picture of a
vertex of h(I"), where the two edges on the left are mapped on top of each other, we shifted them
slightly to get a better picture. Right: The graph structure of A(T") induced from intersections
of edges.
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Theorem 5.2.4. For notation, see Notation 2.0.1, Definition 3.2.5 and Definition 5.1.15. Let
A be a degree in R%. Let Pn be point conditions and let Ay be degenerated tropical cross-

ratio conditions such that these conditions are in general position with respect to A such that
#A —1=#n+1. Then the equality

Na (pps M) = N2 (P )

holds. Moreover, the lattice path algorithm explicitly constructs all rational tropical stable maps
that contribute to Na (p[n], A[l]) if the position of the conditions is chosen appropriately.

Proof. Remark 3.2.6 and Remark 5.2.2 allow us to assume that the point conditions p,, are
linearly ordered on a line with a small negative slope such that distances grow, i.e.

|pi — pi—1| << |pi+1 — pils

and that all rational tropical stable maps that contribute to Na (pﬂ, /\[l]) are simple.

Let Sa (pﬂ, )\[l]) denote the set of elements that contribute to Nga (pﬂ, )\m). Denote the
set of rational tropical stable maps that contribute to Na (pﬂ, )\[l]) by Ra (pﬂ, /\m). Consider
the map

¢ : SA (pﬂ, )\[l]) — Ra (pﬂ, )\m)
S— Cg

that maps a lattice path subdivision S to its dual rational tropical stable map Cs given by
Construction 5.1.12. This map is obviously well-defined because in all subdivisions all polytopes
are colored fixed, i.e. each rational tropical stable map Cg is fixed by the given conditions.
Moreover, the map is injective because rational tropical stable maps of different combinatorial
types are different. To see that ¢ is surjective, we need to construct a preimage for a given
rational tropical stable map C := (T, T[N h)in Ra (pﬂ , )\[l])' For that, the two graph structures
of C' of Remark 5.2.3 are used: if we refer to a vertex in h(I'), we mean the graph structure
induced by h and if we refer to a vertex in I', we mean the graph structure of I'.

First of all, associate a valid polytope (resp. a pointed segment) to every vertex v € h(I'):
Let v be a vertex of h(I") and consider its dual polytope P,. The polytope P, can be turned into
a labeled polytope (resp. a pointed segment) if we label its edges E; with weights of its dual
edges €;,,...,e;, € I'. Moreover, denote by P, the dual polytope of v € T' and label its edges
as before. Note that P, is a Minkowski sum of P, and segments S1,...,.5, that correspond
to edges of v € h(I") that are no edges of v € I'. Since C' is simple it follows that edges of
v € h(I") that are no edges of v € I' can only be parallel to edges of v € I. Furthermore, if
P, is O-dimensional, then there are two segments S;,,.S;, € S|;) such that all other Minkowski
summands of P, are parallel to S;, or S;,. Note also that there are mappings of entries of
labeled edges of P, to its Minkowski summands. In addition, P, is unique because permuting
parallel edges of v € h(I") leads to the same dual polytope. In this way, a valid polytope (resp.
pointed segment) is associated to every vertex v € h(I').

The second step is to associate a subdivision S¢ € Sa (pﬂ, A[l]) to C: The rational tropical
stable map C' determines how to glue the polytopes P, (via maps called ¢ in Construction
5.1.11) for all vertices v € h(T") together. Notice that if two vertices v,v" € h(I") are adjacent,
then their dual valid polytopes P,, P, are compatible. Denote the subdivision obtained this
way by Sc. The dual polytopes resp. segments associated to the vertices and edges of h(T")
meeting the points p, and non-pointed segment (we associate in the obvious way to the edges
of C that intersect the line the points p, lie on) form a cross-ratio lattice path A. Hence S¢
is a lattice path subdivision whose dual tropical stable map is C, the genus of C' is zero, all
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polytopes of S¢ are fixed and S¢ fits to the given degenerated tropical cross-ratios by the path
criterion (Corollary 3.2.12). Therefore S¢ € S2(.A) for a cross-ratio lattice path A. Thus ¢ is
bijective.

Comparing Definition 5.1.14 with Lemma 3.2.32 yields that

mult(S) = mult(4(S))
holds for all § € Sa (pﬂ, )‘[l])' Hence Theorem 5.2.4 follows. O

Example 5.2.5. To illustrate the proof of Theorem 5.2.4, consider the subdivision of Example
5.1.17 given be the entry (4,2) of Figure 5.5, where matrix notation is used. Figure 5.8 shows
this entry on the left and its associated rational tropical stable map on the right. The degen-
erated tropical cross-ratio A of Example 5.1.17 is satisfied at the vertex v which corresponds to

the gray square in the subdivision.
p1 /
-—

D2 v /

P3 D4
Y2

DPe

» D7

Figure 5.8: Left: Entry (4,2) of Figure 5.5 with its lattice path colored red. Right: Its
associated rational tropical stable map that satisfies the point conditions pj;. Moreover, it
satisfies a degenerated tropical cross-ratio A at the vertex v. Labels of ends are not shown here.

Using Tyomkin’s correspondence theorem 2.3.6 (more precisely, Corollary 3.1.20 and Propo-
sition 3.2.7), Theorem 5.2.4 immediately yields the following corollary.

Corollary 5.2.6 (Algebro-geometric count via cross-ratio lattice path algorithm). Notation
2.0.1 is used. Let A be a degree in R? as in Definition 2.2.8 and let ©(A) be its associated
lattice polytope, see Remark 2.2.5. Let Xx(a) be the toric variety associated to Y(A). Then the
number of rational algebraic curves in Xx,a) over an algebraically closed field of characteristic
zero that satisfy point conditions and classical cross-ratio conditions in general position can be
calculated via the cross-ratio lattice path algorithm.



Chapter 6

Combinatorial approach: Counting
curves via cross-ratio floor diagrams

In this chapter, cross-ratio floor diagrams are presented. They are combinatorial objects that
arise as degenerations of rational tropical stable maps. Each such cross-ratio floor diagram is
equipped with a multiplicity that reflects how many rational tropical stable maps degenerate
to it. Counting cross-ratio floor diagrams with their multiplicities then yields numbers of
interest, namely the counts of rational tropical stable maps that involve degenerated tropical
cross-ratio conditions. In case of rational tropical stable maps to R? these numbers are known
thanks to the lattice path algorithm from Chapter 5 and general tropical Kontsevich’s formula
4.3.4 of Chapter 4. Here, cross-ratio floor diagrams provide another — combinatorial — way
to calculate those numbers. The benefit of this combinatorial approach is that it can be
generalized to rational tropical stable maps of degree A3(«, 8) (Notation 2.2.4) to R® which is
done in Theorem 6.3.34. Thus cross-ratio floor diagrams provide (partial) answers to leading
questions (Q1) and (Q5). We remark that almost all techniques presented in this chapter
extend to even higher dimensions. What prevents us from extending the cross-ratio floor
diagram approach to rational tropical stable maps to R™ with m > 3 is the currently unknown
behavior of multiplicities of so-called floor-decomposed rational tropical stable maps to R™ if
degenerated tropical cross-ratios are involved.

Original floor diagrams. The original concept of floor diagrams was introduced by Brugallé
and Mikhalkin in [BMO7, BMO8] to describe, among other things, the numbers N A2 (p[n])
(Definition 3.1.8). More floor diagram techniques were then elaborated in [FM10]. Recall
that the numbers N A2 (p[n]) are independent of the exact positions of the general positioned
point conditions pp,;. Moreover, by Remark 3.1.10, the set of all positions of point conditions
that are in general position is open and dense in the set of all possible positions for the point
conditions. Hence it can be assumed that the given point conditions are in a so-called stretched
configuration, which means that they lie in a thin stripe (—¢,¢) x R C R? with large distances
between them. A crucial observation is that all rational tropical stable maps that contribute to
N A2 (p[n]) (where the point conditions py,| are in a stretched configuration) are of a particularly
nice form. This form is referred to as floor-decomposed.

Figure 6.1 provides an example of a floor-decomposed rational tropical stable map C' of
degree A3 satisfying eight point conditions ppg)- Notice that the distances between the given
point conditions are not large. However, stretching the point conditions further apart yields
a rational tropical stable map of the same combinatorial type as C. Notice that the floor-
decomposed rational tropical stable map C can easily be degenerated to a graph. In Figure
6.1 it is indicated with dotted lines which parts of C' are contracted to vertices of the graph
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Figure 6.1: Top: A floor-decomposed rational tropical stable map C of degree A% that satisfies
eight point conditions pjg. Its so-called floors are indicated by dotted lines. Bottom: Its
associated floor diagram, where larger floors are shrunk to white vertices.

downstairs. Such a graph is called floor diagram.

Each such floor diagram is then counted with a suitable multiplicity that reflects how many
rational tropical stable maps degenerate to it such that the overall count equals N, A2 (p[n]).
Thus determining the numbers N A2 (p[n]) boils down to a purely combinatorial counting prob-
lem.

6.1 Floor decomposition

To incorporate degenerated tropical cross-ratios into the floor diagram approach, it is essential
to show that rational tropical stable maps that satisfy given degenerated tropical cross-ratio
conditions are floor-decomposed (see also Figure 6.1). For that, it is necessary that we restrict
to (degenerated) tropical cross-ratios whose entries are contracted ends or ends of certain
directions only.

Definition 6.1.1 (Stretched configuration). Let Al'(a, 5) be a degree as in Notation 2.2.4.
Let pp), Lo, Lys s Py, Pys, Ay be general positioned conditions with respect to A (a, B) as in
Definition 3.2.4. Let 7 : R™ — R™! be the projection that forgets the z,,-coordinate as in
Notation 2.2.9. Let € > 0 be a real number, and define for the open interval (—¢,e) C R the
open box B! := (—¢,e)! C R'. The conditions Pln]s Ly Lygs s Py, P, A are said to be in a
stretched configuration if the following properties are satisfied. S

(1) © (PT) c B™ L for v = a, B.

(2) L;CO) € B™ ! for k € k* U kP, where L,(CO) denotes the 0-skeleton of Ly.

(3) m(ppy) € B! and the distances of the x,,-coordinates pj ., of the points p; for i € [n]
are large compared to the size of the box B! i.e. |, —Pjzn| >> € for alli # j € [n].

(4) Each entry of each degenerated tropical cross-ratio \; € Ap is either the label of a
contracted end or the label of and end of primitive direction +e,, (see Notation 2.2.4).

Remark 6.1.2. Stretched configurations exist, because the set of all positions of general po-
sitioned conditions is open and dense in the set of all possible positions of conditions (Remark
3.2.6), i.e. the property of being in general position can be preserved when stretching the points
P[n] I Zpp-direction.
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Definition 6.1.3 (Floor-decomposed). Notation 2.2.4 is used. An elevator of a rational tropi-
cal stable map C of degree A" (v, 5) is an edge whose primitive direction is fe,,. A connected
component C; of C' that remains if the interiors of the elevators are removed is called floor of
the rational tropical stable map C'. The number s; € N of ends of C; that are of direction ey is
called the size of the floor C;. A rational tropical stable map that is fixed by general positioned
conditions as in Definition 3.2.4 is called floor-decomposed if each of the points py, lies on its
own floor. Notice that floors can be of size zero, i.e. a floor can have exactly one vertex.

Later, we equip floors with additional ends by cutting elevators (Construction 6.3.16) and
stretching them to infinity. By abuse of notation we refer to these rational tropical stable maps
as floors as well when no confusion can occur.

Example 6.1.4. The top part of Figure 6.1 shows a floor-decomposed rational tropical stable
map to R2. Its horizontal edges are the elevators and its floors are indicated by dotted lines.

Example 6.1.5. Figure 6.2 shows a floor-decomposed rational tropical stable map C. The
labels of some of its ends are indicated with circled numbers. The ends labeled with 1 and 2
are drawn dotted which indicates that these ends are contracted. The other labeled ends are of
primitive direction +e3 € R? using Notation 2.2.4. The end labeled with 8 is of weight two while
all other ends are of weight one such that the degree of C is A3 ((4,1,0,...),(2,0,...)), see
Notation 2.2.4. The general positioned conditions C satisfies are the following: The end labeled
with 1 (resp. 2) satisfies a point condition p; (resp. p2). The ends labeled with f € [9]\[2]
satisfy codimension one tangency conditions Py for f € [9]\[2]. Moreover, C satisfies the
degenerated tropical cross-ratio A\; = {1,2,3,7} at its only 4-valent vertex.

The elevator of C' has weight two and is drawn dashed. Thus C has two floors C; for
1 = 1,2, where the point p; lies on C; for i = 1, 2.

®

X

Figure 6.2: The rational tropical stable map C' from Example 6.1.5 which is floor-decomposed.
It has two floors C; for i = 1,2, where C is of size s;1 = 3 and Cs is of size sy = 1. The dashed
edge is the elevator of weight two of C.

Proposition 6.1.6. Notation of Definition 3.2.4 is used. Let pj, Ly, Lyp, Py, Pps, Ay be
conditions in a stretched configuration as in Definition 6.1.1. Then every rational tropical
stable map that contributes to NA:in(a”g) <p[n], Lo, Lys, Ppe, Py, )‘[l]> 18 floor-decomposed.

Proof. We follow arguments used in [BM, Torl4], where an analogous statement is proved
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for the case without degenerated tropical cross-ratios. To incorporate degenerated tropical
cross-ratios, Corollary 3.2.24 is used.

Let C be a rational tropical stable contributing to NA;”(a,/B) (p[n], Lyo, Ly, Pﬁa,Pﬂﬁ, A[l]).
The set of all possible bounded edges’ directions of C' is finite because of the balancing condition
and the fixed directions of ends. If € from Definition 6.1.1 is sufficiently small compared to the
distances between the points p,; and all vertices of C' lie inside the stripe BM™~! x R, then C
decomposes into parts that are connected by edges of primitive direction +e,, (see Notation
2.2.4). So it is sufficient to show that all vertices of C lie inside B™ ! x R from Definition
6.1.1.

Assume that a vertex v € C' whose r1-coordinate is maximal lies outside of B™~! x R.
Since the x1-coordinate of v is maximal, there is an end e of direction ey adjacent to v. If v is
not 3-valent, then there is a j € [I] such that A\; € A, and the label of e appears as an entry
in A; because of Corollary 3.2.24. Due to our assumptions on the tropical cross-ratios Ay, the
end e cannot be an entry of any of these, which is a contradiction. Hence v must be 3-valent.
Denote the edges adjacent to v by eq, €5, €, where e is, as before, an end of direction ey. If e, is
an end of primitive direction *e,,, then v allows a 1-dimensional movement in the direction of
ep, since e, either satisfies no condition or satisfies a codimension two tangency condition Ly
for some k with m(ep), m(e) C Lg. This is a contradiction. If e, is a contracted end or an end
whose direction vector at v is ey, ..., en,—1, then v can (since e, cannot satisfy any condition)
be moved in the direction of €. This is a contradiction. Thus e,, e, are bounded edges.

Since e is an end of direction ey and thus of weight 1, and v is maximal with respect to
its x1-coordinate, it follows (without loss of generality) that the z1-coordinate of the direction
vector of e, is 0 and the xi-coordinate of the direction vector of e, is —1. Denote the vertex
adjacent to v via e, by v'. Notice that v’ is also 3-valent, adjacent to an end €’ parallel to e
and a bounded edge é # e,. By balancing, e, e, e,, €/, € lie in the affine hyperplane (e,,€) + v
of R™. Thus v allows a 1-dimensional movement in the direction of e, which is a contradiction.

Notice that similar arguments hold if v is chosen in such a way that its x;-coordinate (for
i = 2,...,m — 1) is maximal or its zj-coordinate for j € [m — 1] is minimal. So in any
case a 1-dimensional movement leads to a contradiction. Hence all vertices of C' lie inside the
stripe B™~! x R. Moreover, each floor of C satisfies exactly one point condition. Otherwise,
a floor would give rise to a 1-dimensional movement parallel to +e,,. Therefore C is floor-
decomposed. ]

6.2 Cross-ratio floor diagrams for R

Cross-ratio floor diagrams for R? are now introduced. Additional discrete data encodes which
floor-decomposed rational tropical stable maps degenerate to a cross-ratio floor diagram.

Definition 6.2.1 (Cross-ratio floor diagrams for R?). Notations 2.0.1 and 2.2.4 are used. Let
(Afl(a,ﬁ),l) be a degree as in Definition 2.2.3. Let F be a tree without ends on a totally
ordered set of vertices vy, then F is called a cross-ratio floor diagram of degree A?l(a, B) if it
satisfies the following:

(1) Each edge of F consists of two half-edges. There are two types of half-edges, thin and
thick ones. A thin half-edge can only be completed to an edge with a thick half-edge and
vice versa.

(2) Each vertex v is equipped with s,, #\, € N and a set &, of labels that appear in A2(a, 3),
where #\, is called the number of degenerated tropical cross-ratios of v and s, is called
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the size of v such that
sv=#{z €8y |1 () = er} = #{x €8, | 17 (2) = e}
and 0 = §, N &, for all v # v’ and |, 0, is the set of all labels appearing in A?(a, ).
(3) For v = «, 3, define
67 := {x € §, | primitive direction of I~ !(x) is +es},

where —es is considered if v = a and +e9 is considered otherwise. The total order of the
vertices induces an orientation of the edges in the following way: we order the vertices on
a line starting with the smallest vertex v; on the left and orient the edges from smaller
to larger vertices. Each edge e of the graph is equipped with a weight w(e) € N such that
the balancing condition

0=s,+ Z +w(e) + Z w (7N z)) - Z w (171 (2))

IE(SS TENY

holds for all vertices v of F, where 4 is 4+ for outgoing edges and — for incoming edges
of v.

Example 6.2.2. The figure below shows a cross-ratio floor diagram of degree A3, where all
weights on the edges are 1 and where thick edges are drawn thick.

i 2 3 4 5 6 7

S, 0 0 0 1 1 0 1

H#,, 0 0 0 0 1 0 0
S, {1} {2} {3} {4,9} {5,8} 0 {6,7}

6.2.1 Multiplicities

Recall that cross-ratio multiplicities are local and that ev-multiplicities are also local in case
of R? due to Corollary 3.2.35. Thus multiplicities of floor-decomposed rational tropical stable
maps to R? can be calculated locally at floors. Therefore we define the multiplicity of a cross-
ratio floor diagram locally at its vertices such that each local multiplicity of a vertex reflects
the multiplicities of floors degenerating to it.

Definition 6.2.3 (Path criterion for cross-ratio floor diagrams). Let F be a cross-ratio floor
diagram of degree Ag(a,ﬂ) on n vertices. Let A\ = {f1,...,84} be a degenerated tropical
cross-ratio with respect to Moy, (R2, Ag(a, B)) Each element 3; of X is associated to a vertex
of F the following way:

(1) If B; is the label of an end in AZ(OJ, B), then B; is associated to the unique vertex v € F
such that 3; € d,.

(2) If B; is the label of a contracted end, i.e. 3; = j € [n], then f; is associated to v;.
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Hence a pair {f;, 5;} induces a unique path in F. If the paths associated to {f;,, 5i,} and
{Bis, Bi, } intersect in exactly one vertex v of F for all pairwise different choices of if4] such that
{i1,...,i4} equal {1,...,4}, then the degenerated tropical cross-ratio \ is satisfied at v.

Remark 6.2.4. In Definition 6.2.3, similar to Remark 3.2.13, “all pairwise different choices
of ify” is equivalent to “one choice of pairwise different ijy)”. This makes it easier to check

whether F satisfies a degenerated tropical cross-ratio.

)

Example 6.2.5. The cross-ratio floor diagram of Example 6.2.2 satisfies the degenerated
tropical cross-ratio A = {1,4,5,6} at its vertex vs.

Definition 6.2.6 (Conditions satisfied by F). Let A2(a, 8) be a degree. Let Pn)s Pyes Pyss A

be in a stretched configuration with respect to A?i(oz, B). A cross-ratio floor diagram F satisfies
Pln)» Pyes Pys, A if the following properties are fulfilled.

(1) The number of vertices of F equals n. The total order of the vertices v, of F is induced
by the total order of the point conditions py, (they are ordered according to their last
coordinate), where the point p; is identified with the vertex v;.

(2) For each degenerated tropical cross-ratio A; € A there is a vertex of F that satisfies
it and for each vertex v of F the number #\, equals the total number of degenerated
tropical cross-ratios that are satisfied at v. For a vertex of a cross-ratio floor diagram
that satisfies degenerated tropical cross-ratios Ajyj, denote the set of all A; € A that are
satisfied at v by A,.

(3) The number of thick half-edges e that are adjacent to a vertex v of F is given by
thick _ a8 2 a B
e, —#)\U+2—2sv—#((5vU(Sv)\{aﬁeAd(a,B)]l(aﬁ)eﬂ un }), (6.1)

where [(x) denotes the label of x in A2(a, 3).

Definition 6.2.7 (Cutting F into pieces). Notation of Definition 6.2.1 is used. Let F be a
cross-ratio floor diagram of degree Afl(oa, B) such that F satisfies given degenerated tropical
cross-ratios Ay. Denote the ordered set of vertices of F by vy,. For i € [n], define the i-th
piece (E, Ou; s Svgs F A, 5 )\Z) of F the following way:

Cut all edges that connect the vertex v; to other vertices of F into (thick or thin) half-edges.
Denote the connected component that contains v; by JF;. Equip each cut edges e adjacent to
v; with the label

le :={j € [n] | e is in the shortest path connecting v; and v;}.

Similar to Construction 4.1.26, we adapt the degenerated tropical cross-ratios A,, to the cut
edges. If {B1,...,84} = \j € Apy is a degenerated tropical cross-ratio which is satisfied at v;
(i.e. A\j € A\y,;), then the paths associated to A; in F (see Definition 6.2.3) might have been cut
by cutting the edges connecting v; to the rest of 7. Let 8; € A; be such that the path from the
vertex associated to 3 to v; is cut. If the path used to contain the edge e adjacent to v;, then
replace [3; by l.. Notice that notation is abused here since [. is not a natural number!. Denote
the resulting degenerated tropical cross-ratio by )\7. Moreover, let A7 denote the set \,, of
degenerated tropical cross-ratios that are satisfied at v; where each of them is adapted to the
cut edges. To shorten notation, JF; is used to refer to the i-th piece (}'i,évi, Su;s FEA; s )\v_;) of
F if the additional data 6,,, sv;, #Av;, Ay, is obvious from context.

'However, one can encode the information l. contains into a unique natural number N,. If [, = {z1,...,2:} C
[n], then define ¢ := ming{10¥ > n} and consider (in the decimal system) N, := 10...0z;...0...0z,.
—— ——

t digits t digits
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Definition 6.2.8 (Multiplicities of cross-ratio floor diagrams in R?). Let A%(a, 8) be a degree.
Let ppn), Pye, Pps, Ay be in a stretched configuration with respect to Ag(a, B), see Definition

6.1.1. Let F be a cross-ratio floor diagram of degree AZ(«,3) that satisfies these conditions.
Let F; be the i-th piece of F as in Definition 6.2.7.

Weights associated to dy, (Definition 6.2.1) and weights of incoming edges of v; induce a
partition o of the sum of all weights associated to dy. and all weights of incoming edges of
v;. Analogously, a partition 8¢ is induced. By abuse of notation, we can consider the degree
Agvi (af, B%). Define

(53““ :={l. | e is an edge of F such that its thin half-edge is adjacent to v;},

where, for an edge e of F, the label [ is the one of Definition 6.2.7. Define
A= ((95 08) N { e A3, B) | (@) € 1 Un’})
and

B = ((05,062) \ {z € A3(a, B) | Ux) € n” U}

such that AU B is a decomposition of ¢ U 651..
The multiplicity mult(F;) of the i-th piece F; of F is defined as the degree of the cycle

Zi=evi(p)- [[0evi (P - T] oevi(Xy)- [t~ (0) Mog (RZ,AEUZ_ (ai,ﬁi)),

feA gesihin AT EN

where X, are codimension one tangency conditions such that p;, Pa, Xgwmin, A’ are in general
Uy

position. Notice that mult(F;) does not depend on the choice of the X, by Remark 2.2.18.
The multiplicity of F is defined by

mult(F) := Hw(e) . H mult(F;),
e ]

i€[n
where the first product goes over all edges of F and w(e) is the weight of an edge e.

Proof. We need to show that the cycle Z; of Definition 6.2.8 is indeed zero-dimensional, i.e. we
need to check whether (3.6) holds. Since F satisfies the given conditions (6.1) yields

ethick — YN\ +2 — 25, — #B.
Thus

25y, + #B + etk — 2 = g
holds and therefore

sy, + HA+HB + #50" + €p"N — 2 = H5 + HA+ HN] (6.2)
holds. Notice that
#AZ, (o, B') = 250, + #HA+ #B + #6174 1K,

which together with (6.2) yields

#A2 (0 B) —34+14+2=2-1+1- (#55?in+#A)+#A;.

Sv,;
v

This equation is the desired one, namely (3.6). O
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6.2.2 Enumeration in R? using cross-ratio floor diagrams

Cross-ratio floor diagrams of degree Ag(a, B) are now related to counts of rational tropical
stable maps of degree Ag(a, B). This is done in two steps. First, floor-decomposed rational
tropical stable maps are degenerated to cross-ratio floor diagrams. Second, it is shown that the
multiplicity of a cross-ratio floor diagram reflects how many floor-decomposed rational tropical
stable maps degenerate to it.

Construction 6.2.9 (Floor-decomposed rational tropical stable map + cross-ratio floor dia-
gram). Let A%(a, 8) be a degree. Let Pln)s Ly Lys, Pper, Pys, A be conditions in a stretched
configuration with respect to A2(a, 3) (Definition 6.1.1). Let C be a floor-decomposed ratio-
nal tropical stable map of degree Afl(a, B) that satisfies these conditions. A cross-ratio floor
diagram F¢ of degree Az(a, B) is associated to C' the following way: Cut all elevators of C,
i.e. cut all bounded edges of C' whose primitive direction equals (0,1) € R2 Notice that
each remaining component contains exactly one contracted end which satisfies one of the point
conditions py,;. Shrink the component C; associated to p; to a vertex called v; for i € [n]. The
set of vertices vy, inherits the order of the point conditions py,) which is given by comparing
xo-coordinates. The set U[p) are the vertices of F¢. Two different vertices v;, v; are connected
by an edge if and only if the floors of C' that are associated to p;,p; € [n] are connected by
an elevator. Draw half-edges thin if they lead to a fixed component, and thick if they lead to
a free component (Definition 3.2.28). Moreover, equip each vertex v; of F¢ with the following
data: Record which non-contracted ends are adjacent to the component C; by collecting their
labels in a set d,,. Set

Hho = > #h,

where the sum goes over all vertices u of the component C;. Finally, the balancing condition
of C turns F¢ into a cross-ratio floor diagram of degree A?(«, 3).

Lemma 6.2.10. The cross-ratio floor diagram F¢ associated to C by Construction 6.2.9 sat-
isfies the conditions pi), Lo, Lys, Pyo, Py, Ay if C does.

Proof. This follows directly from Definition 6.2.6 and the calculations of the proof after Defi-
nition 6.2.8. ]

Example 6.2.11. In order to illustrate Construction 6.2.9, a floor-decomposed rational tropical
stable map C (see Figure 6.3) of degree A3 is given. It satisfies the point conditions p[r and
the degenerated tropical cross-ratio A\ = {1,4,5,6}. The cross-ratio floor diagram F¢ is the
one of Example 6.2.2. The floors of C' are indicated by dotted lines.

Figure 6.3: A floor-decomposed rational tropical stable map C of degree A%.
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Lemma 6.2.12. Let G be a tree without ends such that each edge of G consists of two half-
edges and there are two types of half-edges, thin and thick ones. A thin half-edge can only be
completed to an edge with a thick half-edge and vice versa. Then there is a vertex of G that is
only adjacent to thick half-edges.

Proof. Induction over the number n of vertices of G is used. For n = 2 it is obviously true.
If n > 2, then there is a 1-valent vertex v of G since G is a tree. There are two cases: either
v is adjacent to a thick half-edge, then we are done or v is adjacent to a thin half-edge. If v
is adjacent to a thin half-edge, then remove this edge and v from G. The graph G’ obtained
this way has one vertex less than G such that there is a vertex v' € G’ that is by the induction
hypothesis only adjacent to thick half-edges. Again, there are two cases: if v is not connected
to v in G, then we are done. Otherwise, the edge connecting v’ to v in G is thick at v’ since it
is thin at v. O

Theorem 6.2.13. Notation from Notation 2.0.1, 2.2.4 and Definition 3.2.4 is used. Let
A?I(a,ﬁ) be a degree. Let pp), Py, Pps, Ay be conditions in a stretched configuration with

respect to A%(«, B), see Definition 6.1.1. Then the equality

Naz(a,) (p[nb Py, Pys, Am) = mult(F) (6.3)
]:

holds, where the sum goes over all cross-ratio floor diagrams F of degree AZ(a, B) that F satisfy
the conditions pp), Ppe, Pys, Ay

Proof. Let RAZ(a,ﬁ) (p[n}, Py, Pys, A[l]) denote the set of rational tropical stable maps that con-
tribute to NAg(a,ﬂ) (p[n} s Ppa, P, A[l])- Proposition 6.1.6 yields that all rational tropical stable

maps in RAﬁ(a,ﬁ) (p[n],Pga,Pn,@, )‘[l}) are floor-decomposed. Let fAﬁ(aﬁ) <p[n],Pﬂa,Pn5,)\[l])
denote the set of cross-ratio floor diagrams that contribute to the right-hand side of (6.3).
Define the map

¢ Raz(a,p) (p[n1= Py, By Am) = Fa2(a,) (P[nla Py, By Am)
C— .7:0

which maps a floor-decomposed rational tropical stable map to the cross-ratio floor diagram
Construction 6.2.9 associates to it. For each elevator e of C, take its z1-coordinate m(e) € R
(Notation 2.2.9) as codimension one tangency condition X, of Z; in the definition of mult(F¢)
(Definition 6.2.8). Hence if mult(C) is nonzero, then Proposition 3.2.25 and Corollary 3.2.35
yield that mult(F¢;) is also nonzero for all pieces Fc; of Fo. Thus mult(F¢) is nonzero.
Therefore, by Lemma 6.2.10, the map ¢ is well-defined.

We want to show that ¢ is onto by constructing preimages. Let F be a cross-ratio floor
diagram in ]:Aﬁ(a:ﬁ) (p[n],Pga, Pﬂg, )\m). Using Lemma 6.2.12, there is a vertex v; of F such
that v; is only adjacent to thick half-edges. Let (]:i,évi,svi,#/\vi,/\z ) be the piece of F
that contains the vertex v;. As in Definition 6.2.8 its associated degree is Agvi (af, 8%). Since
mult(F;) is nonzero there is a rational tropical stable map C; corresponding to a point of Z;
(see Definition 6.2.8). Remove v; and its adjacent edges from F. The resulting graph might be
disconnected. Let K be a component of this graph. Using Lemma 6.2.12, there is a vertex v;
of K such that v; is only adjacent to thick half-edges. There are two cases:

(1) If v; € F is only adjacent to thick half-edges, then associate a rational tropical stable
map Cj to v; like we did before for v;.
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(2) There is an edge e in F that connects v; and v; such that the thick half-edge of e is
adjacent to v;. Let 7(e) € R be the xi-coordinate of the end associated to e in C;. We

argue like above: Let <]-'j, Ovjs Sujy #H ;s )\U_j’ ) be the piece of F that contains v;. Since
mult(F;) is nonzero there is a rational tropical stable map C; corresponding to a point

in Z;, where for Z; the only additional codimension one tangency condition is given by
m(e) (cf. Definition 6.2.8).

Iterating this procedure yields rational tropical stable maps CYy for each piece F; of F such that
Ci,...,Cp can be glued together by construction. Denote the rational tropical stable map
obtained from this gluing by C. The multiplicity of C' is given by

mult(C) = ﬁ mult(Cy)
t=1

because of Proposition 3.2.25 and Corollary 3.2.35. Therefore C' € ¢—1(F).
Note that the procedure above does not depend on the choice of C; we associated to each
Fi. Hence applying Proposition 3.2.34 yields

mult(F) = Z mult(C)
Cep=1(F)

such that in total Theorem 6.2.13 follows. O]

Using Tyomkin’s correspondence theorem 2.3.6 (more precisely, Corollary 3.1.20 and Propo-
sition 3.2.7), Theorem 6.2.13 immediately yields the following corollary.

Corollary 6.2.14 (Algebro-geometric count via cross-ratio floor diagrams for R?). Notation
2.0.1 is used. Let AZ(&,B) be a degree in R? as in Notation 2.2.4 and let ¥ (A?l(a,ﬁ)) be its
associated lattice polytope, see Remark 2.2.5. Let XE(Ag(a 5)) be the toric variety associated to

by (Az(a, ,6’)) Then the number of rational algebraic curves in XZ(Ag(a g)) over an algebraically

closed field of characteristic zero that satisfy point conditions and classical cross-ratio conditions
i general position can be calculated by via a weighted count of cross-ratio floor diagrams of
degree A?l(oz, B) that satisfy point conditions and degenerated tropical cross-ratio conditions if
each entry of each degenerated tropical cross-ratio is either the label of a contracted end or the
label of and end of primitive direction +es (see Notation 2.2.4).

Remark 6.2.15. The results of this section are not restricted to rational tropical stable maps
of degree Ag(a, B), or in other words, the results are not restricted to stable maps to Hirzebruch
surfaces. One can replace the degree A%(a, 3) by another degree A whose associated polytope
Y(A) is h-transverse. That is, the results can be extended to stable maps to toric varieties of
h-transverse polytopes. Cross-ratio floor diagram techniques can be extended to these degrees
A in a straightforward way. For more about h-transverse polytopes and floor diagrams, see
[AB13].

Example 6.2.16. Consider the degree A3. Let P[7) be point conditions and let A = {1,2,3,4}
be a degenerated tropical cross-ratio such that these conditions are in a stretched configuration.
We want to determine the number N A2 (pm, )\) using cross-ratio floor diagrams. For that, draw
all floor diagrams of degree A% on the 7 vertices v; < --- < vy that satisfy the point conditions
p7] and the degenerated tropical cross-ratio A. Since we have seven point conditions, no floors
of size 3 or 2 in floor-decomposed rational tropical stable maps that satisfy the conditions
pr)s A- Figure 6.4 shows all possible cross-ratio floor diagrams. Note that in this example we
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do not need all discrete data a cross-ratio floor diagram is equipped with, i.e. floors of size 1
are drawn white and floors of size 0 are drawn black (instead of specifying s,, for each floor).
The number of degenerated tropical cross-ratios satisfied at each floor is obvious (we only have
one degenerated tropical cross-ratio). The labels of ends adjacent to each floor are dropped
here, so we need to add a factor of (d!) to the final count. Moreover, all weights of edges
are one. By considering the multiplicities of each piece F; of a cross-ratio floor diagram F in
Figure 6.4, we end up with multiplicity 1 for all cross-ratio floor diagrams shown in Figure 6.4.
Hence

Naz (ppr), A) = 4% (3!)° = 864.

G ——

\%

¢ — X b e o

Figure 6.4: Cross-ratio floor diagrams with floors of size 0 (black) and 1 (white). The vertices
v[7) are ordered from left to right such that the smallest vertex v; is left. Notice that #A,, =1
for #\,, of the three cross-ratio floor diagrams on the top and that #\,, = 1 for the cross-ratio
floor diagram on the bottom.

6.3 Cross-ratio floor diagrams for R?

Cross-ratio floor diagrams for R? are now introduced. They extend the degeneration technique
of the last section to higher dimension. As a result, the algebro-geometric numbers of Tyomkin’s
correspondence theorem 2.3.6 can be calculated for certain 3-dimensional toric varieties.

6.3.1 Condition flows

In this subsection, condition flows on rational tropical stable maps are defined. They help
us generalizing the “thin” and “thick” edges of cross-ratio floor diagrams of Section 6.2 which
made sure that rational tropical stable maps that degenerate to a given cross-ratio floor diagram
are fixed by given conditions. In other words, the motivation behind conditions flows is the
following: In case of a rational tropical stable map C to R? and some set S of general positioned
conditions, the following implication holds (see for example [GMO8]): If C satisfies all given
conditions S and C has a string?, then C is not fixed by the given conditions. Now that we

2A string is defined as a path between two non-contracted ends such that no contracted end that satisfies a
point condition lies on it.
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are in higher dimension (i.e. let C' be a rational tropical stable map to R™), we aim for a
generalization, namely the implication: If C satisfies all given conditions S and there is no
conditions flow of type m on C, then C is not fixed by the given conditions. We remark, that
condition flows are defined for rational tropical stable maps to R for arbitrary m € Nsg.
A similar construction was independetly introduced by Mandel and Ruddat [MR19] to study
multiplicities of tropical curves.

Definition 6.3.1 (Leaky). A graph G together with a function leak : V(G) — N that assigns
a natural number to each vertex of the graph is called leaky.

Definition 6.3.2 (Flow). Let G be a tree, where we allow ends, i.e. edges that are adjacent
to a single vertex only without forming a loop. Each edge e that is adjacent to two vertices
consists of two half-edges ej,es. If v is a vertex of G that is adjacent to e, then we refer to
the half-edge e; (1 = 1,2) of e that is adjacent to v as outgoing edge of v and to the other
half-edge of e as incoming edge of v. If e is an edge that is adjacent to a single vertex v, then
e is considered to be an incoming edge of v. A flow structure on G is given by a map R that
assigns to each half-edge and to each end of G an element of N. We refer to the image R(e;)
of an end or a half-edge e¢; under the flow structure map R as flow on e;. Moreover, the flow
of a vertex v is defined by

flow(v) := Z R(e).

e incoming edge of v

Figure 6.5: An example of a flow structure, where each half-edge and if it is considered incoming
or outgoing is indicated by an arrow. The numbers on the arrows are the numbers associated to
the half-edges by the flow structure. The vertices are denoted by v; for i € [4] and flow(v;) = 3
for i € [4].

Definition 6.3.3 (Condition flow). Let G be a leaky graph with a flow as defined in 6.3.2.
The flow structure on G is called condition flow of type m if it satisfies the following properties:

(P1) If e is an edge of G that consists of the two half-edges ej, e, then

R(e1) + R(ez) =m — 1.

(P2) The flow is balanced on each vertex, that is
flow(v) — leak(v) =0
holds for all vertices v of G.

Example 6.3.4. Figure 6.5 provides an example of a condition flow of type 3, where leak(v;) =
3 for i € [4].
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Remark 6.3.5. A condition flow of type 2 is a flow structure on a graph G such that for
each edge consisting of two half-edges there is exactly one half-edge e; with R(e;) = 1 and
another half-edge ez with R(e2) = 0. There are different ways of encoding this condition flow
of type 2 into a graph G. In [GMS13] orientations on G where used to indicate half-edges e;
with R(e1) = 1, and in [CJMR21] “thick” half-edges were used. Notice that we also used thick
half-edges for cross-ratio floor diagrams for R?. One advantage of condition flows over these
ad hoc constructions is that they are applicable in higher dimensions.

Lemma 6.3.6. A condition flow of type m on a tree is uniquely determined by its leak function
and the flow on its ends.

Proof. Assume there are two condition flows of type m with the same leak function on a tree
G. First, note that the leak function determines the flows on the vertices by (P2). Assume
there is at least one half-edge e; on which the flows differ. Since we assumed that the flows
on the ends are equal, there is another half-edge eo adjacent to e;. Thus the flows also differ
on ey because of (P1). So there is an edge e of G on which the flows differ. Denote a vertex
to which e is adjacent by v. If v is only adjacent to one bounded edge, namely e, then (P2)
yields a contradiction. Hence there is another edge ¢/ # e adjacent to v on which the flows
differ because of (P2). Since G is a tree, there is a vertex v’ of G which is only adjacent to one
bounded edge such that the flows on this edge differ, which leads to the same contradiction as
above. O

Construction 6.3.7. Let G be a tree with fixed flows on its ends. We construct a flow
structure on G the following way. Note that we can think of each bounded edge of G as being
glued from two half-edges (by cutting it into two halves). Set all flows on all half-edges that
are no ends to be zero. We use the following procedure to spread the flows of the ends to all
half-edges: Choose a vertex v of G. Now spread the flows on G according to the following rule.
If a vertex v has r outgoing edges €out,[r] and 7 incoming edges €inc, [f] such that ejnc; and eout
form an edge for i € [r], then

flow(v) — R(einc,i) —1 , if low(v) — R(einc,i) > 0

. (6.4)
0 , if flow(v) — R(€inc,s) = 0 and flow(v) # 0

R(eout,i) = {

fori=1,...,7.
Repeat with another vertex v' of G. Notice that flows on half-edges can at most increase.
Stop when the flows on all edges stay the same. This construction yields a unique flow on G.

Example 6.3.8. We want to illustrate Construction 6.3.7. Figure 6.6 provides an example of
a tree G on the four vertices v; for ¢ € [4]. The flows on ends of G are indicated in Figure
6.6. Before starting with the procedure, all flows of non-end half-edges are set to be zero as in
Figure 6.6.

Figure 6.6: The graph G to which Construction 6.3.7 should be applied.
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See Figure 6.7 for the following: In the first step, Construction 6.3.7 is applied to determine the
flow on the outgoing half-edges of v;. After that, Construction 6.3.7 is applied to determine
the flows on the outgoing half-edges of vo. If Construction 6.3.7 is then applied to v4 and after
that to vs, then the procedure terminates. The fourth step in Figure 6.7 shows the resulting
flow structure on G' which is the same as the one in Figure 6.5.

Figure 6.7: The progress of Construction 6.3.7 applied to G and the condition flow of type 3
it yields on G.

Proof that Construction 6.3.7 terminates uniquely. We use induction on the number N of ver-
tices of G. If N = 1, then there is nothing to show. So let N = 2. Then the procedure of
Construction 6.3.7 stops uniquely after at most 2 steps. For the induction step notice that G
is a tree, i.e. there is a vertex v that is adjacent to exactly one edge e that is no end. The flows
on the ends of GG are given and thus

0 if all ends adjacent to v are of flow zero,

flow(v) — 1 else

R(eout,v) = {

is uniquely determined. Let v’ be the vertex adjacent to v via e. Consider the tree G’ that
arises from G the following way: forget e,v and all ends adjacent to v, then attach a new end
¢’ to v’ and assign the flow R(eout,») to €. Now run the procedure of Construction 6.3.7 on G’.
By induction, this procedure terminates uniquely. Notice that the missing flow on e associated
to the outgoing half-edge eqy, of v’ is determined by (6.4). Moreover, the flow on eqy; v does
not affect the other flows on G which the procedure generated on G’. Thus Construction 6.3.7
terminates uniquely. O

Definition 6.3.9 (Induced flows). Consider a rational tropical stable map C' that contributes
to the number Nam(a,5) (p[n], Ly, Ly, Py, Ps, )\[l]). Associate flows R(e) to ends e of C the
following way: If e is a non-contracted end of C' that satisfies a codimension two tangency
condition Ly, for some k € K7, v € {a, §}, then R(e) := m — 2. If e satisfies a codimension one
tangency condition Py for some f € 17, v € {a, B}, then R(e) := m — 1. If e is a contracted
end of C satisfying a point condition, then R(e) := m. Otherwise, set R(e) := 0. We refer to
these flows on the ends as induced flows from the tangency and point conditions.

Example 6.3.10. Let C' be the rational tropical stable map depicted in Figure 3.2 that con-
tributes to the number Nas((0,1,0,...),(1,0....)) (p1, L3, Ps) as in Example 3.1.14. Step 1 in Figure
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6.7 shows the flows conditions induce on ends of C'. Example 6.3.8 shows the flow structure
Construction 6.3.7 assigns so C'. Notice that the resulting flow structure is a condition flow of
type 3 and that the constructed flow structure does not depend on the order of the vertices
from which the flows were spread.

Proposition 6.3.11. Let C' be a rational tropical stable map that contributes to the number
NAT(a,,B) (p[n],Lﬁa,Lﬁg,Pﬂa,Pnﬂ,)\m) such that flows on its ends are induced from the point
and tangency conditions as in Definition 6.5.9. Then Construction 6.3.7 associates the unique
condition flow of type m to C, where the leak function is given by leak(v) = m for all vertices

v of C.

Proof. Given a rational tropical stable map C' as in Proposition 6.3.11, we give another inter-
pretation of the flow constructed in 6.3.7, namely in terms of spatial restrictions the vertices of
C impose on their neighbors. By restrictions we mean the following: Let I" be the combinatorial
type of C, i.e. C without its metric structure. Since C fulfills all given conditions, we are able
to re-embed I' into R™, i.e. we are able to reconstruct the lengths of all edges of C. To do so,
we proceed in the following way: Let v € C be a vertex adjacent to a contracted end satisfying
a point condition p; for some i, then choose I' — R™ in such a way that v — p;. Let e be a
bounded edge adjacent to v and some other vertex v’. Since I" knows the direction of e in R™,
fixing v imposes an (m — 1)-dimensional restriction on the position of v’. In other word, v’ can
only move along the direction of e. We encode this restriction from v to v’ into ' by interpret-
ing e as two glued half-edges ej, ea, where the half-edge e; adjacent to v is equipped with a
number R(e;) = m — 1. We refer to this half-edge as outgoing edge of v or as incoming edge of
v'. Tteratively, the restrictions spread along I, i.e. let €’ be another bounded edge adjacent to
v’ and some other vertex v” # v. Since we know the direction of ¢’ in R™, the 1-dimensional
movement of v/ allows v to only move along two directions. More precisely, we may vary the
length of e and the length of ¢’. Said differently, v' imposes at least an (m — 2)-dimensional
restriction on v”.

Obviously, we could also have started with a tangency condition, i.e. some other restriction
incoming to a vertex via an end.

We claim that the flow structure constructed from restrictions passing from a vertex to
another via half-edges fulfills the procedure equation (6.4) describes in Construction 6.3.7.

Denote the equations of (6.4) by I and II, from top to bottom.

e Let v be a vertex that is adjacent to another vertex v’ via an edge e such that v gains all its
spatial restrictions via the incoming half-edge e, of e. Then v does not impose a spatial
restriction to v’ via its outgoing half-edge ey of e. Hence II holds. Said differently, a
vertex cannot pass spatial directions back to an adjacent vertex from which they came.

e I holds since repeating the argument of II yields the summand R(einc,;) of (6.4), and as
we saw before, passing over a vertex lowers the number of restrictions in general by 1,
where in general means that edges e, e’ adjacent to the same vertex v are usually not
parallel — if they are parallel, then there is (because C' is fixed by the general positioned
conditions) a end adjacent to v that either satisfies a point condition or some tangency
condition. Notice that in both of these two special cases I holds.

Hence our flow structure on I' defined as restrictions passing from one vertex to another is
governed by the same equations as the flow structure assigned to I' by Construction 6.3.7.
Hence these two flow structures on I' coincide. Next, we claim that the flow structure on I'
interpreted as spatial restrictions is a condition flow of type m, i.e. it satisfies (P1) and (P2) of
Definition 6.3.3. Given a bounded edge e of C, cut it and stretch it to infinity. Denote the two



114 6. Combinatorial approach

components of C' obtained that way by C4, Cy, where e; is the end of C; that used to be e and
eo is the analogous end of Cy. We use the following notation: Let A; be the degree of Cj, let
n; C [n] be the point conditions satisfied by Cj, let I; C [I] be the degenerated tropical cross-
ratios satisfied by Cj, let k; C K% U £? be the codimension two tangency conditions satisfied by
C; and let 1; C n®Un? be the codimension one tangency conditions satisfied by C; for i = 1, 2.
Let N; be the number of contracted ends of C; for i = 1,2. Then

#HFAL+ #Ay — 2 = H#A7 (o, B) (6.5)
and
#A; =34+ Ni+m=m-#n; +#l; +(m — 1) - #ni + (m — 2) - #r; + R(e;) (6.6)

hold for i = 1,2. Adding both equations from (6.6), using (6.5) and applying (3.6) yields (P1).
Moreover, (P2) can be satisfied by defining the leak function this way. Then the leak function
coincides with the one given in Proposition 6.3.11 since all conditions are in general position.
Moreover, this condition flow is unique due to Lemma 6.3.6. ]

Proposition 6.3.11 allows us to think about condition flows the way we think about strings in
rational tropical stable maps to R?: Proposition 6.3.11 is an exclusion criterion for stable maps

that are not contributing to IV, AT (0, 8) (p[n], Lo, Ly, Ppe, Py, AU]) on the level of combinatorial

types. If C is the combinatorial type of a tropical stable map C’ and Construction 6.3.7 does
not lead to a condition flow of type m with the leak function given in Proposition 6.3.11, then

C' cannot contribute to NA?(Q,B) (p[n}, Ly, Ly, Ppe, P, A[l]).

Remark 6.3.12. Another way to think about flows is the following: each vertex v of a rational
tropical stable map to R™ is a point in R™, i.e. the minimal number of affine linear equations
needed to cut out v is m. The flow of v is the number of equations v needs to satisfy. These
equations arise from imposing conditions to our rational tropical stable map as in the proof of
Proposition 6.3.11, and these equations are affine linear since rational tropical stable maps are
piecewise linear. Choosing all conditions in general conditions means to choose the minimal
number of conditions needed to fix our rational tropical stable map, i.e. the matrix of affine
linear equations associated to each vertex needs to have full rank, or in other words, the flow
of each vertex needs to be m if each vertex should be fixed.

If there are not enough conditions to fix a rational tropical stable map, then parts of it are
movable. These movable parts are encoded in the flow structure since all vertices with flow less
than m are movable. The special case of one missing condition and one movable component for
rational tropical stable maps to R? was studied in Subsection 4.1.1 in order to deduce a general
tropical Kontsevich’s formula. We remark here, that we also could have used flows there to
describe which parts of a rational tropical stable map are movable.

6.3.2 Multiplicities of floor-decomposed rational tropical stable maps to R3

Multiplicities of floor-decomposed rational tropical stable maps to R3 can not be calculated
locally at vertices (see also Example 3.1.14). On the other hand, we would like to see that
multiplicities of cross-ratio floor diagrams for R? are local at vertices of such diagrams. Inter-
estingly, the techniques we developed to prove the general tropical Kontsevich’s formula 4.3.4
come in handy. They provide a way of expressing multiplicities of floor-decomposed rational
tropical stable maps to R? in terms of multiplicities of their floors.
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Notation 6.3.13 (1/1 and 2/0 edges). Let C be a floor-decomposed rational tropical stable
map that contributes to Nag(a,/a) (p[n], Lye, Lyp, Ppo, Py, )‘[l})' Whenever we refer to the con-

dition flow of C, we mean that C' is equipped with the condition flow of type 3 associated to
it using Construction 6.3.7. In particular, given a bounded edge e of C' that consists of two
half-edges e, e, we refer to e as 1/1 edge if R(e;) = R(e2) = 1, and we refer to e as 2/0 edge
if either R(e1) =2 and R(e2) =0 or R(e;) =0 and R(eq2) = 2.

Definition 6.3.14 (Floor graph). Notation 2.2.4 is used. Let Pln)s Lo, Lygs s Pyory P, Ay be

conditions in a stretched configuration with respect to the degree Ag(a, B) as in Definition 6.1.1.
Let C be a rational tropical stable map of degree Az(a, B) that is fixed by these conditions.
Then C' is floor-decomposed by Proposition 6.1.6. We associate a so-called floor graph I'c, i.e.
a weighted graph on an ordered set of vertices with a flow structure, to C' the following way:
each vertex of I'c corresponds to a floor of C, an edge of I'c corresponds to an elevator of
C and connects the vertices of I'c that correspond to the floors the elevator connects in C.
Weights on the edges of I'c are induced by weights on the elevators of C'. The given point
conditions py, are totally ordered according to their z3-coordinates. Thus the floors of the
floor-decomposed rational tropical stable map C' are also totally ordered, i.e. the vertices of
I'c are totally ordered as well. Moreover, a flow structure on I'c is induced by the flows on
the elevators of C' (see Notation 6.3.13), i.e. if an elevator is a 1/1 (resp. 2/0) elevator, then
its associated edge in I'c is a 1/1 (resp. 2/0) edge.

Example 6.3.15. Figure 6.8 shows the floor graph I'c associated to the floor-decomposed
rational tropical stable map C of Example 6.1.5. Notice that the elevator of C'is a 1/1 elevator.
1 1

® > < L J

U1 2 V2

Figure 6.8: The floor graph I'¢ associated to the floor-decomposed rational tropical stable map
C of Example 6.1.5. The vertex v; of I'c corresponds to the floor C; of C' for i =1, 2.

The following construction is similar to Definition 6.2.7. It allows us to break floor-
decomposed rational tropical stable map to R? into parts by cutting elevators.

Construction 6.3.16 (Cutting elevators). Notation of Definition 3.2.4 is used. Let A3(a, 3)
be a degree and let pp), L, Ls, Pye, Pys, Ay be conditions in a stretched configuration with

respect to A3(a, 3) as in Definition 6.1.1. Let C be a floor-decomposed rational tropical stable
map of degree Ag(a, B) that is fixed by these conditions. If e is an elevator of C, then we
construct two rational tropical stable maps C1,Csy from C by cutting e. The loose ends of e
are stretched to infinity. These ends (with their induced weights) are denoted by e; € C; for
1 = 1,2 and the vertex adjacent to e; is denoted by v; for i« = 1,2. By abuse of notation we
also refer to the label of e; by e;.

The condition flow on C' induces flow structures on Cj, where the flow on e; is given by the
flow on e that is incoming to v; for ¢ = 1, 2.

As in Definition 6.2.7 the degenerated tropical cross-ratios are adapted to the cutting.
Denote a degenerated tropical cross-ratio A; for j € [I] that is adapted to e; by )\j_}ei.

If e is a 2/0 elevator, then the component C; to which 2 is the incoming flow along e satisfies
the codimension one tangency condition P,, given by m(v;) for i # ¢ € {1,2}, where 7 is the
projection from Notation 2.2.9. If e is a 1/1 elevator, then each C; satisfies a codimension two
condition L., for ¢ = 1,2, given by the projection 7 of the movement of the vertices v;. Notice
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that ends of L., are a priori not of standard direction. However, as we see with Corollary
6.3.23, we can assume that L, for ¢ = 1,2 are — like Lo, L, s — tropical multi-lines.

Denote the new sets of general positioned conditions each rational tropical stable map C;
for i« = 1,2 satisfies by py,, Lg,e, Ly 8, Pye, Py s, )\:ei. Moreover, denote the degree of C; by

A;”i (ai,ﬁi) for i = 1,2 as in Notation 2.2.4.

Notation 6.3.17. If Construction 6.3.16 is used to cut more than one elevator, then it can
be necessary to adapt the degenerated tropical cross-ratios Ay to more than one cut. This is
denoted by A" for A; € Ay

Notation 6.3.18 (Replacing tangency conditions on 1/1 edges). Let C be a floor-decomposed
rational tropical stable map as in Construction 6.3.16 and let e be a 1/1 elevator. See Con-
struction 6.3.16 for the following: cut e and obtain two new tangency conditions L., (resp.
L.,) that Cy (resp. Cy) satisfy. Let v; be the vertex of C; that is adjacent to the end e; which
satisfies L.,. Let m(v;) € R? denote the projection of v; under 7 along the elevator direction
(see also Notation 2.2.9) for i = 1,2. Let Ly be a degenerated line (Definition 2.2.21) such that
its vertex is translated to m(v1) (resp. m(v2)). Let C; o denote the rational tropical stable map
that equals C;, but where the L., tangency condition is replaced with Ly, i.e. Cj g satisfies
Ly instead of L, for ¢ =1, 2.

Analogously to Notation 4.2.1 the multiplicities of C; and C; s may differ. In particular, the
multiplicity of C; s may be zero, whereas the multiplicity of C; can be nonzero, see Example
6.3.19.

Example 6.3.19. Consider the floor Cs of C' from Example 6.1.5. The ev-multiplicity of C5 19
equals 1 since it is the absolute value of the determinant of the ev-Matrix of Example 3.1.14.
The ev-multiplicity of C5 01 is 0 since Ca ;1 is not fixed by its conditions.

Proposition 6.3.20. Let C be a floor-decomposed rational tropical stable map that contributes
to NAg(a,ﬂ) (p[n],Lﬁa, L, Pﬂa,Pﬂg, )‘U])‘ Let e be an elevator of weight w(e) and cut C along
e as in Construction 6.3.16 to obtain Cq,Cs.

(a) If e is a 2/0 elevator, then

mult(C) = w(e) - mult(Cy) - mult(Cy).

(b) If e is a 1/1 elevator, then
mult(C) = w(e) . ‘ det (M(CLlQ)) - det (M(CQ,Ol)) — det (M(Cl,[)l)) - det (M(CQJO)) ‘,

where M(-) denotes an ev-matriz and tangency conditions are replaced as in Notation
6.3.18. In particular, if det (M (Ci01)) or det (M (C210)) vanishes, then

mult(C) = w(e) - mult(C} 10) - mult(Ca01).

Proof. 1t is sufficient to prove (a), (b) for ev-multiplicities only since the cross-ratio multi-
plicities can be expressed locally at vertices, see Proposition 3.2.25. Thus contributions from
vertices to cross-ratio multiplicities do not depend on cutting edges.

(a) Denote the vertices adjacent to the elevator e by vi, vy such that v; € C; and ve € Co
and assume without loss of generality that the half-edge e; of e incoming to v has zero
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flow, i.e. R(e1) = 0. Consider the ev-matrix M (C) (Definition 3.1.11) of C' with base
point vy, i.e.

Base v1  lengths in C;1 lengths in Cy> [

conditions in C4 0
* * O

conditions in Cs
* 0 * :
*

where [, is the length-coordinate associated to e. Let y; (resp. y2) be the number of
rows that belong to the conditions in C; (resp. C3). Let x1 be the number of columns
that belong to the base point and the lengths in C. Let x5 be the number of columns
that belong to the lengths in Cs. Using notation from Definition 3.2.4 and Construction
6.3.16 with K; := Kk;* Uﬁﬁ and 7; := n;* Un;? for i = 1,2, we obtain

M(C) =

*

Z1 :#A:; (alvﬁl) +#ﬂ_#ha
Y1 =3 - #n1 +2- #n1 + #k1.

On the other hand, C] is fixed by its set of conditions since the incoming flow at v along
e is zero, i.e. (3.6) can be applied to obtain

#A2 (o, BY) =2 Hny + 2 # + #r + H#D

which yields

$1:3'#m+2'#m+#ﬂ
Thus the bold red lines in M (C) above divide M (C') into squares, hence
[det(M(C))] = muls(Cy) - | det(M)],

where M is the square matrix on the bottom right. Let M’ denote the matrix M without
its lo-column. Define the matrix

Base P le

1 0 010

01 0]: 0
M(Cyp)= | 0 0 1

0
*

* Y
*

where the first three columns are chosen in such a way that M (Cy p) is the ev-matrix of
Cy with respect to an additional point called P that we added to the end es, i.e. there is
an additional 3-valent vertex of Cy that is adjacent to eo and a contracted bounded end
P. Notice that

|det(M)| = | det(M(Cy,p))|
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holds. Since |det(M (Cs, p))| is independent of the choice of the base point of Cy p (chang-
ing the base point can be achieved performing column operations), we can choose the
new base point to be vg, i.e. we obtain the matrix M (Cs,,) with

| det(M(Co,p))| = | det(M(Ca,p,))|-

The l.-column of M (C3,,) has exactly one nonzero entry, namely w(e) that is associated
to evaluating the x3-coordinate of P, where w(e) is the weight of the cut elevator edge e.
Thus, using Laplace expansion on the l.-column, we obtain

| det (M (Ca,,))| = w(e) - [ det(M(C2))],

where C satisfies a codimension one tangency condition P, as in Construction 6.3.16.
Putting everything together yields part (a) of Proposition 6.3.20.

It can be assumed that the weight w(Ly) of each multi-line Lj (Definition 2.2.19) for
k € kK* UK® equals 1 since we can pull out the factor w(Ly) from each row of the ev-
matrix, apply all the following arguments and multiply with w(Ly) later.

Notation from Construction 6.3.16 is used, i.e. we denote the vertex of Cy adjacent to
the cut elevator e by v; and the other vertex adjacent to e by ve. The ev-matrix M (C)
of C' with respect to the base point v; is given by

Base v1  lengths in C; lengths in C2 [

conditions in C4 * 0

* * . O .

M(C) = * 0
conditions in Cs 0 *

0 *

The bold red lines divide M (C') into square pieces at the upper left and the lower right.
This follows from similar arguments used in the proof of part (a). Let M be the matrix
consisting of the lower right block of M (C') whose entries (see above) are indicated by
* and its columns are associated to lengths in Cy. Let A = (a;j);; be the submatrix of
M (C') given by the rows that belong to conditions of C; and by the base point’s columns
and the columns that are associated to lengths in C1, i.e. A consists of all the x-entries
above the bold red line in M(C).

Consider the Laplace expansion of the rightmost column of A. Recursively, use Laplace
expansion on every column that belongs to the lengths in C starting with the rightmost
column. Eventually, we end up with a sum in which each summand contains a factor
det(NV;) for a matrix N;, which is one of the following two matrices, namely

Base v le Base 11 le
« x|0]0 * x| b |0
( * |00 0 \| { x x| by |0 0 \
Ny = * | ok and Ny = * | ok
=l M M
* |k x| %

Since the [, column of Nj equals w(e) times the third column of Nj, the determinant
det(N7) is zero and thus does not occur in the Laplace expansion from above. In case
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of matrix No, at least one of the entries by, by is 1. Moreover, if b; or by equals 1, then
this 1 is the only nonzero entry in the whole row. Thus Laplace expanding this row and
dividing the I, column by w(e) to obtain the column . (which gives the global factor of
w(e) in part (b) of Proposition 6.3.20) yields the following 3 cases.

l~e lenghts in Cs
/arl (079 0|0 ... 0 \

ariGre * ’

where (ar1,ar2) = (1,0), (ar1,ar2) = (0,1) or (ar1,ar2) = (1,—1) are the remaining
entries of A in its r-th row after the recursive procedure. Notice that in each case the
entries of the first 3 columns are of such a from that Mg for st = 10,01,1-1 is the
ev-matrix of Cy 4 (see Notation 6.3.18) with base point vs.

We can group the summands according to the values a,1, a2 and obtain in total
| det(M(C))| = w(e) . |F10 . det(Mw) + Fo1 - det(Mgl) + Fiq - det(M1_1)|, (67)

where Fs; € R for st = 10,01, 1-1 are factors occurring due to the recursive Laplace
expansion. More precisely, let b’ be the number of bounded edges in C; and define
b:=1b +1,ie. bis the total number of Laplace expansions we applied. Then

3+b

Fy = Z Z sgn(o) H Ao ()5 (6.8)

ri(ar1,ar2)=(s,t) © 7j=3

where the second sum goes over all bijections
o:{3,....,3+b} > {1,...;,r—=1r+1,...,0+1},

i.e. it goes over all possibilities of choosing for each column Laplace expansion was used
on an entry in a row of A which is not the r-th row.

Let Ajg, Ag1, A1.1 be the square matrices obtained from A by adding the new first row
(1,0,0,...,0), (0,1,0...,0) or (1,-1,0,...,0) to A. Again, notice that Ay for st =
10,01, 1-1 is the ev-matrix of C} 4 (Definition 3.1.11, Notation 6.3.18) with base point
V1.

We claim that
det(Alo) == F01 - F1_1 (69)

holds. Let N be the number of columns and rows of Ag. Denote the entries of the
ev-matrix M (C) by m(C);;. Define

Se :={r e [N —-1] | m(C)1 = s, m(C)pa =t}

for (s,t) = (1,0),(0,1),(1,—1) and notice that #S19 + #S01 + #S51.1 = N — 1. Denote
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(10)
ij

N
det(Ayp) = Z sgn(o) H agl(g.))j

the entries of A9 by a and apply Leibniz’ determinant formula to obtain

ocESN 7j=1
N N
10 10
= > se@ [[al0),+ >0 sen(o) [Jal), = For — Fia,
gES N j=1 oESN j=1
o(2)€So1 o(2)€S1-1

where the second equality holds by definition of Ss and the third equality holds by

considering how contributions of Fpy; and F_; arise as choices of entries of A, see (6.8).

(10 _

The minus sign comes from the factor Uy(9) o = —1 in each product in the last sum. Thus

(6.9) holds.

We can show in a similar way that

det(Ao1) = — (Fio + Fi-1) = —Fio — Fi1, (6.10)
det(A1.1) = Fio + Fi.1 + Fo1 — Fi.1 = Fio + Fon (6.11)

hold. Solving the system of linear equations (6.9), (6.10), (6.11) for Fig, Fo1, F1-1 yields

F10 — det(AOl) -1
Fiyp € det(Alo) + < 1 >, (6.12)
Fia 0

where the 1-dimensional part appears because of the relation
— det(Mlo) + det(M01) + det(Ml_l) =0.

Combining (6.7) with (6.12) proves part (b) of Proposition 6.3.20, where Ay = C o and
Mgy = C &. In particular,

mult(C’) = w(e) : | det (M(CI,IO)) - det (M(Cz,m)) — det (M(Cl,OI)) - det (M(CQJO)) |
= w(e) - |det (M (C1,10)) - det (M (C2,01)) |
= w(e) - |det (M(Ch,10)) | - | det (M(Co01)) |
= w(e) . mult(CLlo) . mult(Cgm)
holds if det (M (C1,01)) or det (M (Cs,10)) vanishes.

O]

Notice that Proposition 6.3.20 and its proof is similar to Proposition 4.2.3. Moreover,
notice that proof of part (b) of Proposition 6.3.20 actually gives rise to slightly different ways
of expressing mult(C') by considering other special solutions to the system of linear equations,
see (6.12). We now want to present an alternative proof of part (b) of Proposition 6.3.20 that
was suggested to us by an anonymous referee. It is shorter and uses general Laplace expansion
instead of a recursive procedure. However, it does not yield the different ways of expressing
mult(C).

Alternative proof of part (b) of Proposition 6.3.20. We assume that the weights of each multi-
line w(Ly) (see Definition 2.2.19) for k € k® U K equals 1 since we can pull out the factor
w(Lg) frome each row of the ev-matrix, apply all the following arguments and multiply with
w(Ly) later.
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We denote the vertex of C7 adjacent to the cut edge e by v; and the other vertex adjacent
to e by ve. Moreover, let M; denote the (non-square) evaluation matrix of C; with respect to
the base point v; for ¢ = 1,2. Similar arguments as in the proof of part (a) of Proposition
6.3.20 using (3.6) yield that

Base v1  lengths in C Base v2 lengths in Cy le
1 0 0 -1 0 0 0
010 0 0O -1 0 0 0
0 0 1 0 0 -1 w(e)
conditions in C4 0
M = Ml 0 .
0
conditions in Cs 0
0 My :
0

is a square matrix. Subtract the first three rows of M from the rows of M; in M to obtain a
matrix of the form

Base v1  lengths in C} Base v2 lengths in Cs le
1 00 -1 0 0 0
010 0 0 -1 0 0 0
00 1 0 0 -1 w(e)
conditions in C1 *
*
conditions in Cs 0
0 My :
0

Notice that there is a 3 x 3 block matrix in the upper left and that its associated other block
in the lower right is precisely the ev-matrix of C' with base point vy. Therefore

mult(C) = | det(M)]. (6.13)

On the other hand, general Laplace expansion with respect to the first three rows of M can
be used to determine |det(M)|: Denote the number of rows (resp. columns) of M by ¢ and let
M(ai,...,ay | by,...b.) denote the r x r minor of M that is given by the columns ai,...,a,
and rows by,...,b. of M. Then

[det(M)[ =] > e(kn, ko, ks) - M(ky, ko, ks | 1,2,3)- M(Iy,..., g | 4,...,t)], (6.14)

1<k <ko<ks<t
where {ll, ey lt_3} U {kl, ko, ks} = [t] and

1 2 3 4 ... t
iy by, og) 1= . .
€k koo k) Sgn<k¢1 ke ks g1 ... ]t3>

where j; < --- < jy—3 such that {ki, ko, ks} U {j1,...,jt—3} = [t]. Notice that in (6.14) a
summand can only be nonzero if each k; does not correspond to a zero-column in the first three
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rows of M. Moreover, k3 = t must be satisfied since otherwise M (l1,...,l;—3|4,...,t) is zero
due to a zero-column (the l.-column). Hence

[det(M)| =] > elkr ko, t)- M(ky kot | 1,2,3)- M(ly, ..., L3 [ 4,...,1)[,  (6.15)
1<k <ko<t

where k1, k2 are columns associated to the base point v; or vg. Therefore (6.15) breaks down
to four summands. Let M, 5 denote the matrix M; without its j-th column. The four relevant
summands of (6.15) are

10 0
M ;5|0] 0
det{ 01 0 det( 10172*|MA>,
0 0 w(e) [ My
-1 0 0
det{ 0 -1 0 .det<Ag1|;M0M>7
0 0 we) 107 Mz,
0 -1 0
M| o
det| 1 0 0 det(—&LMA>,
0 0 wle) 2,1
1 0 0 M| o
det] 0 —1 0 - det TM .
0 0 wle) 2,2

The bold red lines indicate square boxes in the matrices. Notice that the first two listed
summands vanish. Using Notation 6.3.18 yields that

o

-1 0

M, ; 0
det 1 0 0 - det < 62 T > = —w(e) - det (M(CI,OI)) - det (M(CQJO))
0 0 w(e) 2.1
and
1 0 0 M 0
1,1
det| 0 -1 0 - det < R YA ) = w(e) - det (M (Ch,10)) - det (M (C2,01)) -
0 0 wle) 2,2

The signs €(ki, ko, k3) appearing in (6.15) are all the same as one can see from a case-by-case
analysis distinguishing if the numbers of columns of M; (resp. M) are even or odd. Thus
(6.15) yields

|det(M)| = w(e) - |det (M(Ci10)) - det (M (C201)) — det (M (Ci01)) - det (M (C2,10)) |
The desired equation now follows from (6.13). O

Future research 6.3.21. Proposition 4.2.3 states how the multiplicity of a rational tropical
stable map to R? can be expressed when a contracted bounded edge is cut. Notice that
Proposition 4.2.3 and its proof is similar to Proposition 6.3.20. Thus, in terms of multiplicities,
a contracted bounded edge of a rational tropical stable map to R? behaves like an elevator of
a floor-decomposed rational tropical stable map to R3. This may be a hint on how to express
multiplicities of floor-decomposed rational tropical stable maps to R™ for m > 3 in terms of
multiplicities of their floors.
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6.3.3 Pushing forward conditions along elevators

The aim of this subsection is to prove the following proposition, which determines how the
1-dimensional conditions a floor-decomposed rational tropical stable map exchanges via its 1/1
elevators look like. More precisely, cutting a 1/1 elevator ¢ adjacent to the floors C;, C; leads
to loose edges that can move in a 1-dimensional way, i.e. the floor C; adjacent to q gives rise to
a 1-dimensional cycle Y; , that can be pushed forward to R? using dev,. The cycle devg (Vi)
is the 1-dimensional restriction C; imposes on C; via the elevator q.

Proposition 6.3.22. Notation from Theorem 2.2.20, Definition 3.2.4, notations 2.0.1, 6.5.17
and Construction 6.3.16 is used. Let C; be a floor of a floor-decomposed rational tropical
stable map C' € Mo, (R3,A§l(a,6)) which satisfies general positioned conditions, namely
Pin)s Les Lygp s Ppor, Pos, Ay Let Ai (O/,Bi) be the degree of C; and let q € Aiz, (ai,ﬁi) be

the label of an end whose primitive direction is (0,0,£1). The cycle

Yigr=[] 0evittn)- ][] aev}(Pf).Hft;?(0).ev;(pi)-Mo,1(R3,A§i (o, 8Y))

k€ki*UkP feniun® Jel
has the following properties.

(1) The recession fan of the push-forward 0evy.(Y;4) does only contain ends of standard
directions.

(2) Each unbounded cell o € Y; 4 that is mapped to an end of the recession fan of 0evy (Y q)
under the push-forward 0evgy. satisfies the following: If Cy € o is a rational tropical
stable map in the interior of o, then q is adjacent to a 3-valent vertex, which is adjacent
to another end E # q such that 7n(E) C R? is an end of standard direction.

An immediate consequence of Proposition 6.3.22 is the following corollary, which yields that
all restrictions exchanged via a 1/1 elevator are in fact rational tropical stable maps to R? with
ends of standard direction.

Corollary 6.3.23. Let C be a floor-decomposed rational tropical stable map that contributes to
NAz(a’ﬁ) (p[n], Lyo, L5, Pﬂa,Pﬂg, )\[Z]>. Then the codimension two tangency conditions each 1/1
elevator passes on to its neighbors have ends of standard direction only. In particular, we can
assume that if we cut all elevators as in Construction 6.5.16, then the appearing codimension
two tangency conditions have ends of standard directions.

Proof. Apply part (1) of Proposition 6.3.22 inductively by cutting one 1/1 elevator after an-
other. O

Remark 6.3.24. Notice that Proposition 6.3.22 can also be shown the way Corollary 4.1.31
was shown, i.e. by using Proposition 4.1.1. Since Proposition 4.1.1 is actually a stronger
statement than Proposition 6.3.22 there is is no need to evoke the machinery developed in
Chapter 4.

Proof of Proposition 6.3.22. Let Lip be a degenerated tropical line in R? which is parallel to
the y-axis as in Definition 2.2.21. The projection formula (Proposition 2.1.13 in case of abstract
cycles) yields

L10 . aev%*(YLq) = 8qu7* (8 eVZ(Llo) . Xﬁq) . (616)

Assume that the degenerated line Liq is shifted in the direction (—1,0) € R? such that Lo
intersects dev,y.(Y;,) C R? only in 1-dimensional ends of dev, .(Y; ).
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Let 7 : R? — R? be the projection that forgets the z-coordinate and let
s Moa (R, A (o, 8)) = Mo 1sjaijg) (B2 (A, (o, 5)))

be its induced map 7 on the moduli spaces as in Notation 2.2.9.

Each tropical stable map corresponding to a point of 7.(Y;,) can be lifted uniquely to a
tropical stable map corresponding to a point in Y; ; as in the proof of Proposition 6.3.31. Thus
for

Yeig:= [] evi(Zw)

keri*Ur;#

[T i@ T] 1650 (0) - ev (m(pi)) - Moajartrjer (B2 7 (A5, (o, 87)))

feni*un® Jjel
the equality
T«(Yig) = Yriq (6.17)

holds on the level of sets. To see that (6.17) also holds on the level of cycles, multiplicities are
compared. Notice that each multiplicity of a top-dimensional cell of 7,(Y; ;) (resp. Yz q) arises
as a product of a cross-ratio multiplicity and an index of an ev-matrix, see Definition 3.1.11.
The lifting of the proof of Proposition 6.3.31 guarantees that the cross-ratio multiplicity part
coincides. Let o be a top-dimension cell of Y;, the ev-multiplicity part of o is given by the
absolute value of the index of the ev-Matrix M (o) associated to o, see Definition 3.1.11. We
choose p; as base point for the local coordinates used for M (o). Then

Base p;
1 0 0]0 0
01 010 0
M@= |00 1[0 ... 0
*
* *
*

The ev-matrix M(7(c)) is obtained from M (o) by erasing the third column and row which
intersect in the z-coordinate of the base point, which is 1. Recall that dev is by definition
evor, i.e. the indices of M(o) and M (m(c)) are equal. Therefore (6.17) holds on the level of
cycles.

By definition of 0 ev, and the arguments from before, the right-hand side of (6.16) is equal
to evg« (evi(Lio) - Yr,iq), which is, by the projection formula, equal to Lig - evg« (Yriq). By
shifting L1o to the left as before, we can assume that Lqo intersects evy . (Yri,) only in ends
of evg s (Yriq)-

We claim that each tropical stable map C that contributes to the 0-dimensional cycle
evy(L1o) - Yr,iq has an end of direction (—1,0) € R? that is adjacent to a 3-valent vertex v
which in turn is adjacent to the contracted end g. To prove the claim, it is sufficient to show
that C' has no vertex that is not adjacent to ¢ whose z-coordinate is smaller or equal to the one
of L1p. Assume that there is a vertex v of C' that is not adjacent to ¢ and that the x-coordinate
of v is minimal. Assume also that v is adjacent to an end e of direction (—1,0) € R2. Since
each entry of a given tropical cross-ratio is a contracted end, Corollary 3.2.24 yields that v
is 3-valent. If v is adjacent to a contracted end e, then this end needs to satisfy a condition,
otherwise v allows a 1-dimensional movement which is a contradiction. Since Liy was moved
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sufficiently into the direction of (—1,0) in R%, we know that the condition e satisfies can only
be a multi-line condition that locally around v is parallel to the z-axis of R%2. Hence v allows
again a l-dimensional movement which is a contradiction. In total, v is 3-valent, adjacent to
an end of direction (—1,0) and is not adjacent to a contracted end.

Assume additionally that the y-coordinate of v is minimal among the vertices with minimal
x-coordinate that are not adjacent to ¢ and that are adjacent to an end of direction (—1,0).
We distinguish two cases:

e In the fist case, the z-coordinate of v is strictly smaller than the one of L. Hence v
is by balancing (all ends have weight 1) adjacent to an edge of direction (0, —1). If this
edge is an end, then v gives rise to a 1-dimensional movement which is a contradiction.
If this edge leads to a vertex v’ that is adjacent to a contracted end ¢, then ¢ can only
satisfy a multi-line condition that locally around ¢ is parallel to the z-axis of R?. By our
assumption, there is no vertex with the same z-coordinate as v’ below v’ that is adjacent
to an end of direction (0,—1). Hence v allows a 1-dimensional movement which is a
contradiction.

e In the second case, the z-coordinate of v equals the z-coordinate of Lig and v is adjacent
to a vertex v’ that is in turn adjacent to the contracted end ¢ such that the y-coordinate
of v’ is smaller than the one of v (if there is no such vertex v, then we end up with
the same contradiction as in case one). By Corollary 3.2.24, v' cannot be adjacent to
an end of direction (—1,0) and by minimality of the y-coordinate of v, there is an end
e’ of direction (0,—1) € R? adjacent to v’ which is parallel to Lip. Thus v’ allows a
1-dimensional movement which is a contradiction.

Thus the claim is true.

Since the z-coordinate of Lig is so small that Lo intersects evg . (Yr,iq) in ends only, we
can use the claim from above to determine the directions of those ends: Consider a point C
in ev;(Lio) - Yriq- Then C is also a point of Yz ;,. Our claim tells us that the contracted
end g of C is adjacent to a 3-valent vertex which in turn is adjacent to an end of direction
(—1,0) € R% Thus C gives rise to a ray of Yy ;, whose direction under ev, is (—1,0) € R?
which is a standard direction. Since we shifted Lo sufficiently to the left, all rays of evy . (Yr,iq)
whose direction vector’s z-coordinates are negative occur this way. Notice that by definition of
Yr.iq this implies that all ends of Jev, .(Y; ) whose direction vector’s z-coordinate is negative
(i.e. such ends that intersect a shifted line parallel to the y-axis) are actually of the standard
direction (—1,0) € R2.

We can use similar arguments for Ly if the z-coordinate of L1 is so large that it intersects
Jevgy«(Yiq) in ends only, and we can use similar arguments for Lo; with small (resp. large)
y-coordinate. In total, it follows that ends of Jev,.(Y;,) are of standard direction and that
their weights are given as in Proposition 6.3.22. O

6.3.4 Cross-ratio floor diagrams for R? and their multiplicities

Cross-ratio floor diagrams for R? are now introduced. Similar to the R?-case additional discrete
data is used to encode which floor-decomposed rational tropical stable maps degenerate to a
cross-ratio floor diagram. Multiplicities of cross-ratio floor diagrams are then defined. We want
to point out that these multiplicities can be obtained from enumerating rational tropical stable
maps to R? such that results of previous chapters can be used.

Definition 6.3.25 (Cross-ratio floor diagrams for R3). Notation of Definition 3.2.4 is used.
Let Ag(a, ) be a degree. Let F be a tree without ends on a totally ordered set of vertices vy,
then F is called cross-ratio floor diagram of degree A3(a, B) if it satisfies the following:
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(1)
(2)

(3)

The graph F is equipped with a flow structure that is a condition flow of type 3.

Each vertex v; is equipped with a (possibly empty) set of labels that appear in A‘Z(a, B)
such that d,, N d,;, = 0 for all 7 # j and Ui, 0u, is the set of all labels appearing in
Ai(a, B). Moreover, each vertex v; is equipped with an integer #\,, € N.

Each edge e of F (consisting of two half-edges) is equipped with a weight w(e) € Ny
such that vertices v; of F are balanced with respect to these weights, i.e.

ol 4 Z w(e) + Z w(e) — Z w(e) — Z w(e) =0

6’6651. e an edge 6’6631, e an edge
between v; < v; between v; < v;

holds for all i € [n], where 85"
of primitive direction (1,1, 1), 552. is the subset of J,, that contains all labels of ends of
primitive direction (0,0, 1) and d;; is the subset of d,, that contains all labels of ends of
direction (0,0, —1).

is the subset of §,, that contains all labels of ends

Remark 6.3.26. The path criterion for cross-ratio floor diagrams (Definition 6.2.3) can be
defined analogously for cross-ratio floor diagrams in case of R3 by replacing AZ(«a,8) with
A3(a, B). This is used in the following definition.

Definition 6.3.27 (Conditions satisfied by F). Let A3(a, 3) be a degree as in Notation 2.2.4.
Let pp, Lo Lys, Py, Pys, Ay be ina stretched configuration with respect to Ag(a,ﬁ). A

cross-ratio floor diagram F satisfies P> Lo, Lys, Pﬁa, w8s A if the following properties are
fulfilled. B

(1)

(2)

The number of vertices of F equals n. The total order of the vertices v, of F is induced
by the total order of the point conditions py, (they are ordered according to their last
coordinate), where the point p; is identified with the vertex v;.

For each degenerated tropical cross-ratio A; € A there is a vertex of F that satisfies it
(Remark 6.3.26) and for each vertex v of F the number #X\, equals the total number of
degenerated tropical cross-ratios that are satisfied at v. For a vertex of a cross-ratio floor
diagram that satisfies degenerated tropical cross-ratios A, denote the set of all A; € Ay
that are satisfied at v by A,.

Define

A(UZ) =

305, )+ #00, + 40, + val(v) — 2 — Fh, — 208057 + #057) — 00" — #05"
for every vertex v;, where val(v;) is the valence of v; in F and 43, 55, 60F s T sol §o L
are subsets of d,, such that

e 0y (resp. 651) are the ends that are associated to « (resp. ),

o 507 C oy, (resp. 55T < 65 are the ends that satisfy some codimension one
tangency conditions (see Notation 3.1.5),

o 510,‘1,’L C dy. (resp. 65{L - (551) are the ends that satisfy some codimension two tangency
conditions (see Notation 3.1.5).
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The leak function of F is given by

0 if 6D —

leak(v;) = {A(v-) else

Notice that the leak function determines the condition flow of type 3 on F uniquely by
Lemma 6.3.6.
Example 6.3.28. Let A3 ((4,1,0,...),(2,0,...)) denote a degree as in Notation 2.2.4 whose

labeling is:

Ends of primitive direction. .. ‘ es ‘ —e3 ‘ —eq ‘ —e9 ‘ €o
its associated labels 13,9 ]4,5,6,7,8[10,11,12,19 | 13,14,15,20 | 16,17,18,21 ’

such that the end of weight two is labeled by 8. Let pjg), Plgj\2), A1 = {1,2,3,7} be conditions
in a stretched configuration with notation from Definition 3.2.4. Recall the floor graph from
Example 6.3.15. Equipping it with discrete data as below turns it into a cross-ratio floor
diagram F of degree A3 ((4,1,0,...),(2,0,...)) that satisfies P2)> Prop\[2]5 A1-

1 1
[ : - L ]
U1 2 V2
i 1 2
8o, [18]\{2, 9} {2,9,19,20,21}
st {16,17,18} {21}
32 {4,5,6,7,8} 0
5 {3} {9}
)\’Ui {)\1} @
5oF {4,5,6,7,8} 0
Rlisel {3} {9}
5ot 0 0
st ] 0

Definition 6.3.29 (Multiplicity of a cross-ratio floor diagrams in R?). Let A3(a,3) be a
degree as in Notation 2.2.4. Let p[n],Lﬁa,Lﬁﬁ,Pﬂa,Pnﬁ,)\[l] be in a stretched configuration
with respect to Ag’l(a, B). Let F be a cross-ratio floor d;agram of degree Ag(a, B) that satisfies
these conditions. Let vf,) denote the totally ordered set of vertices of F. For v = «, 8, define the
following: Let 2/0,” be the 2/0 edges adjacent to v; and v; (with j # i) in F such that v; < v;
if v =a and v; < v; if v = 4. Let 1/1,” be the 1/1 edges adjacent to v;, where v € {a, 8} is
defined analogously. For a vertex v; of the cross-ratio floor diagram F, its multiplicity mult(v;)




128 6. Combinatorial approach

is defined as
, N —
mult(v;) := NA3 e 1y (@87 (p“LzSﬁi’LUl/lia’Léfi’l‘ul/liﬂ’ Pa{j‘fuz/oﬁ’ Paffuz/oiﬁ’ /\vz) ’

with the notation from Definition 6.3.25 and Notation 2.0.1, where o’ (resp. ) of the degree

FERY (o, B") arises from 45 (resp. 551) and edges contributing to val(v;) in F, and where
) are collections of tropical multi-line conditions with ends of weight 1.

MoTreover, the cross-ratios \,, are adapted to cutting the edges adjacent to v; similar to Con-
struction 6.3.16 and Notation 6.3.17. The multiplicity of the entire cross-ratio floor diagram F
is defined to be the product of the vertices’ multiplicities times the edges’ weights, i.e.

mult(F) := H w(e) - Hmult(vi).
i=1

e edge
of F

Example 6.3.30. Let F be the cross-ratio floor diagram of Example 6.3.28. Label its edge of
weight two by 22. The multiplicities of the vertices vy, v9 of F are

mult(v1) = Nag((4,1,0,...),(1,1,0,..)) (21 L2z, Ppgz), AT )
mult(v2) = Naz((0,1,0,...),(1,0,...)) (P2, L22, Po) ,

where )\1_’22 ={1,22,3,7} and Ly is a tropical multi-line with ends of weight 1 (Notation 3.1.5
is used).

The following Proposition reduces the calculation of the multiplicity of a cross-ratio floor
diagram in R3 to the enumeration of rational tropical stable maps to R? satisfying point,
multi-line and degenerated tropical cross-ratio conditions.

Proposition 6.3.31. For notation, see Notation 2.0.1, 2.2.9 and Definition 6.3.29. Let F be a
cross-ratio floor diagram of degree Ag’l(a, B) that satisfies conditions Pln)s Loy Lygs s Pper, P, w8 Any-
The multiplicity mult(v;) of a vertex v; of F equals the degree of the cycle

IT evito)- ] evi®@o)- ] ft5-> (0) - evy (m(pi))
k€k;i*Uk;# feni®unf Aj €Ay,
- Mo 14487 (RQW (Aiég,m (a’?ﬁi)» :

(6.18)

where k7 == 63" U1/1,7 and n, == 6,7 U2/0,7 fory = a, B.

Proof. Notice that since the given conditions p;, Ly, L, s, Py, Pys, A,; are in general position

with respect to A; S (ozi, ,Bi) and there is only one point condition p;, we can assume that

the conditions 7(p;), Lo, L, 8, Py, o, Py s Ay,

v, are also in general position with respect to the

degree 7 <Ai§(171’1) (oﬂ', ﬁ’)) Using (3.6), we see that the cycle (6.18) is indeed 0-dimensional.

Thus considering its degree makes sense.

Let C be a rational tropical stable map that contributes to mult(v;). Applying the map 7
from Notation 2.2.9 induced by the projection 7 : R3 — R? that forgets the x3-coordinate leads
to a rational tropical stable map 7(C') that contributes to (6.18) by Corollary 3.2.10. The other
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way round, a rational tropical stable map C’ that contributes to (6.18) can be lifted uniquely
to a rational tropical stable map C' that contributes to mult(v;), because the x3-coordinates of
the directions of the edges can be recovered from the balancing condition and the overall xs-
position of C' is fixed by the x3-coordinate of p;. Hence w induces a bijection between rational
tropical stable maps C' that contribute to mult(v;) and rational tropical stable maps 7(C) that
contribute to (6.18).

It remains to show that the multiplicities of C' and 7(C') coincide. For that, notice that
the cross-ratio multiplicities of every vertex v € C' and its image m(v;) in 7(C) coincide. Thus
is remains to show that the ev-multiplicities coincide as well. The ev-multiplicity of C' (resp.
7(C)) is given by the absolute value of the determinant of the ev-Matrix M (C) (resp. the
ev-matrix M (7(C))) associated to C (resp. 7(C')), see Definition 3.1.11. We choose p; as base
point for the local coordinates used for M (C') (resp. m(p;) as base point for M (7(C'))) which
are the lengths of the edges of C' (resp. 7(C)). The matrix M (7(C)) is obtained from M (C)
by erasing the third column and row which intersect in the x3-coordinate of the base point,
which is 1 (see below). The matrices M (C) and M (7(C)) look like follows

Base p;
10000 ... 0 ]fas”épi) . .
0100 0 (0 L 1o . \
M) = [ oo 10 0 and  M(7(C)) =
*
. Y B M
*

Recall that dev equals ev om, i.e. the submatrices B, M marked above are equal. Therefore
| det(M(C))| = [det(M(7(C))]
follows from using Laplace expansion on the third row of M (C). O

The general tropical Kontsevich’s formula 4.3.4 recursively calculates the weighted number
of rational tropical stable maps to R? that satisfy point, multi-line and degenerated tropical
cross-ratio conditions. As a consequence, the multiplicity of a cross-ratio floor diagram in R3
can be determined recursively.

Corollary 6.3.32. The multiplicity mult(v;) of a vertex v; of a cross-ratio floor diagram of
degree Af’l(a,ﬁ) can be calculated recursively using the gemeral tropical Kontsevich’s formula

4.3.4.

Example 6.3.33. Let F be the cross-ratio floor diagram of Example 6.3.28. Using Proposition
6.3.31 to express mult(v1), mult(ve) of Example 6.3.30 yields

mult(v1) = Nz (7(p1), 7 (P j2)) > Loz, A7)
mult(vg) = NA% (7‘[‘(p2), T (Pg) ,L22) .

This allows us to use Corollary 6.3.32, resp. general tropical Kontsevich’s formula 4.3.4. Hence

mult(v;)

9,
mult(ve) = 1.

Therefore mult(F) = 10.
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6.3.5 Enumeration in R? using cross-ratio floor diagrams

Cross-ratio floor diagrams of degree Az(a, B) are now related to counts of rational tropical
stable maps of degree Ag(a, B). This is done in two steps. First, floor-decomposed rational
tropical stable maps are degenerated to cross-ratio floor diagrams. Second, it is shown that the
multiplicity of a cross-ratio floor diagram reflects how many floor-decomposed rational tropical
stable maps degenerate to it.

Theorem 6.3.34. Notation of Definition 3.2.5, 6.1.1, 6.3.25 and Notation 2.2.4 is used. Let
Afl(a, B) be a degree. Let ppy), Lo, Ly, Py, Pys, Ay be in a stretched configuration with respect

to A3(a, B). Then -

Na(a,p) (p[n]7Lﬁo‘vLﬂﬁaPﬂo‘ypﬂﬁy)\[[]> = Zmult(]—") (6.19)
F

holds, where the sum goes over all cross-ratio floor diagrams of degree Az(a, B) that satisfy the
given conditions.

Construction 6.3.35 (Floor-decomposed rational tropical stable map — cross-ratio floor di-
agram). Let C be a floor-decomposed rational tropical stable map that contributes to the
number NAg(a,ﬂ) (p[n],Lﬁa, Ls, Pﬂa,Pﬂg, AU])' We want to construct a cross-ratio floor dia-
gram JF that satisfies the given conditions py,, Lxe, L, Po, Pus, Ap)-

Let F denote the floor graph associated to C, see Definition 6.3.14. To turn F into a
cross-ratio floor diagram of degree A3(a, 3), define d,, (notation of Definition 6.3.25 is used)
as the set of labels of ends adjacent to the floor C; of C' which satisfies the point condition p;.
Moreover, F is balanced in the sense of Definition 6.3.25 since C' is balanced. Thus F is indeed
a cross-ratio floor diagram of degree Afi(oz, B) if its flow structure is a conditions flow of type
3. The flow structure of F is discussed below.

We now check whether F satisfies the given conditions, i.e. we need to check if properties
(1), (2) and (3) of Definition 6.2.6 are satisfied. Property (1) is satisfied by definition of the
floor graph from which F was constructed. For (2), define \,, as the union over all \,; (the set
of cross-ratios satisfied at uj), where u; is a vertex of the floor Cj, and use the path criterion
(Corollary 3.2.12) to verify that F satisfies the degenerated tropical cross-ratios Ap it € does.
Property (3) is more technical: If the floor C; does not contain an end of direction (1,1,1) (i.e.
if 51(,3’1’1) = () with the notation from Definition 6.3.27), then flow(v;) = 0 since C; consists of a
single vertex satisfying the point condition p; that gains all its flow in C; via a contracted end
which is not contained in F. Let now 51(,}’1’1) # () and let the elevator flow flowelevator(Ci) of
C; be the total flow incoming to vertices of C; via elevators. Let the end flow flowe,q(C;) of
C; be the total flow incoming to vertices of C; via non-contracted ends (notice that notation is
abused here as indicated in Definition 6.1.3). Since Cj, that is of degree A2 (o, ) (notation
of Construction 6.3.16), is fixed by all restrictions imposed to it via its ends and edges, we can
use Equation (3.6) and the notation of Definition 6.3.27 to obtain

#AZ, () 87) =2 = #Ao, — fowend(Ci) = flowelevator (C),
where —2 comes from the point condition p; that is satisfied by C;. Using
#A3 (af, B) =3 #0455 + #65 + val(vy)
and

AoWena(Ci) = 2 - #65T +2- 46D 4 o0 4 #507
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turns the induced flow on F into a condition flow of type 3 if the leak function is defined as
leak(v;) := flowelevator (Ci) for all i € [n]. Notice that this leak function coincides with the one
of Definition 6.3.27. In this case, the condition flow is uniquely determined by its leak function
(see Lemma 6.3.6). Hence F is a cross-ratio floor diagram that satisfies the given conditions.
We say that C' degenerates to F and denote it by C — F.

Example 6.3.36. Let F be the cross-ratio floor diagram of Example 6.3.28. Observe that
the floor-decomposed rational tropical stable map C of Example 6.1.5 degenerates to F if the
labels of ends that are not shown in Figure 6.2 are chosen appropriately, i.e. to fit Example
6.3.28.

Figure 6.9 shows another floor-decomposed rational tropical stable map D. It satisfies the
degenerated tropical cross-ratio A\; = {1,2,3,7}. Moreover, we claim that it is possible to
assign lengths to the bounded edges of D in its schematic representation in Figure 6.9 in such a
way that D satisfies the same conditions as C. The conditions in question are point conditions
p1,p2 and the codimension one tangency conditions Pgj\[g. Cut the elevators of C' and D,
project the floors to R? using 7 as in the proof of Proposition 6.3.31. Notice that it is sufficient
to check whether the projections of the floors C7 and D, satisfy the same conditions. For that,
use the cross-ratio lattice path algorithm of Chapter 5 with the degenerated tropical cross-
ratio A\; to obtain the projections w(C7) and 7(D;) that then satisfy = (p[g]) and T (P[g]\m).
Lifting 7(C1) and 7(D;) yields the desired lengths. The lattice path calculation can be found
in Example 5.1.17 and Figure 5.5. More precisely, m(C}) corresponds to the entry (read as a
matrix) (6,2), and 7(D;) corresponds to the entry (4,2) of Figure 5.5 (see also Example 5.2.5).

Thus D degenerates to F as well if the missing labels in Figure 6.9 are chosen appropriately.

2 | -
\(‘
X

Figure 6.9: The floor-decomposed rational tropical stable map D of Example 6.3.36. It has
two floors D; for i = 1,2. The dashed edge is the elevator of weight two of D.

Proof of Theorem 6.3.34. By Proposition 6.1.6 every rational tropical stable map that con-
tributes to the left-hand side of (6.19) is floor-decomposed. Hence Construction 6.3.35 as-
sociates a cross-ratio floor diagram that contributes to the right-hand side of (6.19) to each
such rational tropical stable map. Therefore it is sufficient to show for a fixed cross-ratio floor
diagram F of degree Ag(a, B) which satisfies the given conditions that

mult(F) = Y mult(C) (6.20)
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holds, where the sum goes over all C degenerating to F. In other words, we need to show
that the multiplicity with which a cross-ratio floor diagram F is counted equals the sum of
the multiplicities of all rational tropical stable maps C that contribute to the left-hand side of
(6.19) such that C' degenerates to F. So fix a cross-ratio floor diagram F that contributes to
the right-hand side of (6.19).

To shorten notation, let B := {pp), Lye, Lys, Pye, Pys, Ay} be the set of conditions that F

satisfies, and let N(B) (resp. Nf°°"(B)) denote the number on the left-hand side (resp. the
right-hand side) of (6.19). Assume that F has more than 1 vertex, because otherwise there is
nothing to show. Since F is a tree, there is a 1-valent vertex v; of F adjacent to a vertex v; via
an edge ¢ such that v; < vj. There are two cases: ¢ is either a 1/1 edge or a 2/0 edge. First,
assume that ¢ is a 1/1 edge. Let LU (resp. L(i)) be the codimension two tangency condition of
Corollary 6.3.23 which v; passes to v; via ¢ (resp. v; passes to v;). Notice that the conditions
LU) (resp. L®) are cycles in R? as in Proposition 6.3.22 that do not depend on the tropical
stable maps that degenerate to F.

Similar to the proof of Lemma 4.3.3, we follow the idea of recursively moving conditions in
such a way that mult(C') can be calculated as a product in which each factor is associated to
a floor. Cut ¢ to obtain two new cross-ratio floor diagrams F; and F;, where JF; consists of a
single vertex v; and Fj is given by F without v;. Decomposing F into F; and F; decomposes B
into B; and B; as well, more precisely, let B; C B (resp. B; C B) be the subset of conditions
Fi C F (resp. Fj) satisfies. Notice that the set of all conditions F; (resp. Fj) satisfies is
B; ULY (resp. B; U LW)).

If we change the x1- and z3-coordinates of the conditions in B; and B; in such a way that
all conditions are still in a stretched configuration, then any rational tropical stable map C
with C' — F is still floor-decomposed and still degenerates to F. Notice that moving conditions
as above moves L and L) accordingly. More precisely, we are allowed to move the z;- and
x9-coordinates of the conditions in B; and B; inside a box, which is small compared to the
stretching of the conditions in x3-direction. Notice that moving conditions as above moves L(?)
and L) accordingly. Hence we can achieve (by bringing the x, ze-positions of conditions in
B; (resp. B;) arbitrarily close together) that L") and LU) intersect in the following way: all
points of the intersection of L(® and L) are on the ends of L) that are of primitive direction
(0,—1) € R?, and on the ends of LU) that are of primitive direction (—1,0) € R?, see Figure
6.10. Thus, using part (b) of Proposition 6.3.20 and Notation 6.3.18, we have

Z mult(C) = w(q) Z mult(Cj 10) mult(Cj 1),
C—F C—F

where w(q) is the weight of the cut edge ¢ and Cj, C; are the pieces obtained from C' by cutting
the elevator that corresponds to g.
We claim that

> mult(Ci10) mult(Cj1) = N(B; U{EW}) >~ mult(Cy), (6.21)
C—F C’j-)]'—]'

where F; is understood as a cross-ratio floor diagram that satisfies the conditions B; U {EU)},
and where E®) and EY) are codimension two tangency conditions that are tropical multi-lines
in R? with ends of weight 1. To see this, let E®W and EY be two tropical lines with ends of
weight 1 whose positions are chosen according to Figure 6.10, i.e. choose E® (resp. E(j)) in
such a way that it intersects LU) (resp. L®) only in its ends of primitive direction (—1,0)
(resp. (0,—1)) and such that each point of intersection locally looks like the z; and x5 axes’
intersection.
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E@) v

=

(V)
| pG)

Figure 6.10: Codimension two tangency conditions L(®) and LU) after movement, together
with the codimension two tangency conditions E @) and EG), where p € L) 0 LU is the point
associated to 7(V;) and 7 (V).

Each rational tropical stable map C; that contributes to N(B;U{E®}) has an end ¢ parallel
to the x3-axis whose adjacent vertex Vj is 3-valent and satisfies 7(V;) € LU) N E®) | where 7 is
the natural projection that forgets the x3-coordinate. This is true due to Proposition 6.3.22 and
since C; satisfies LU) by definition of LU). Analogously, by definition of L) and Proposition
6.3.22, each rational tropical stable map C; from the right-hand side of (6.21) has an end ¢
parallel to the x3-axis whose adjacent vertex Vj is 3-valent and satisfies m(V}) € LO n EO),
Since V; (resp. Vj) is by Proposition 6.3.22 adjacent to an end of C; (resp. Cj), we can move
V; and Vj as in Figure 6.10 to the corresponding point of intersection of LW N L such that
the combinatorial types of C; and C; do not change and such that the multiplicities of C;
and C understood as rational tropical stable maps that contribute to the right-hand side of
(6.21) do not change. Since we moved V; and V; to one point, C; and C; can be glued to
obtain a rational tropical stable map C such that C' — F and the multiplicities of C; and Cj}
(understood as rational tropical stable maps that contribute to the right-hand side of (6.21))
are equal to mult(Cj 10) and mult(Cj 1) by our special choice of the positions of L® and LU).
Reversing the process of gluing yields a bijection between factors of the left and factors of the
right-hand side of (6.21).

The multiplicity of the vertex v; of F equals N (B; U{E®}) by Definition 6.3.29. Moreover,
if ¢ is a 2/0 edge instead, then part (a) of Proposition 6.3.20 guarantees that multiplicities split
nicely if edges are cut. So in total (6.21) gives rise to a recursion that eventually yields

Z mult(C’iylo) mult(ijol) == Hmult(vi)
C—F 1=1

since F is a tree. Hence (6.20) holds.
Notice that L® and LU depend on the choice of the floor diagram F. So we should
use the notation Lgf-) and Lg—) instead. It remains to show that we can bring Lg%-) and

Lg) in a position as above for each choice of floor diagram F without effecting the overall
weighted count of cross-ratio floor diagrams of degree Az(a,ﬁ) that satisfy the given con-
ditions pp,), Lie, Lys, Pper, Pps, Ap. - Moving conditions as above does not lead to a rational

tropical stable map that degenerates to another cross-ratio floor diagram then it initially did,
and the cycle obtained by moving conditions (i.e. by relaxing some of the initially given condi-

tions) as above is balanced. Therefore we can assume that LS@ and Lg) are always in a position
as shown in Figure 6.10. d
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Using Tyomkin’s correspondence theorem 2.3.6 (more precisely, Corollary 3.1.20 and Propo-
sition 3.2.7), Theorem 6.3.34 immediately yields the following corollary.

Corollary 6.3.37 (Algebro-geometric count via cross-ratio floor diagrams for R?). Notation

2.0.1 is used. Let A3(c, B) be a degree in R® as in Notation 2.2.4 and let (Ag(a,ﬂ)) be its

associated lattice polytope, see Remark 2.2.5. Let XE(Ag(a 8)) be the toric variety associated to
d\s

by (Az(a, 5)) Then the number of rational algebraic curves in XZ(Ag(a g)) over an algebraically

closed field of characteristic zero that satisfy point conditions and classical cross-ratio conditions
in general position can be calculated via a weighted count of cross-ratio floor diagrams of degree
Afl(a,ﬁ) that satisfy point conditions and degenerated tropical cross-ratio conditions if each
entry of each degenerated tropical cross-ratio is either the label of a contracted end or the label
of and end of primitive direction +e3 (see Notation 2.2.4).

Notice that Corollary 6.3.37 indeed provides a way of explicitly calculating the numbers in
question since there are only finitely many cross-ratio floor diagrams of degree Ag(a, B) which
can be found when going through all possible cases.

Remark 6.3.38. As in Section 6.2 the results of the current section are not restricted to
rational tropical stable maps of degree Ag(a, B). They can be extended to a slightly larger
class of degrees similar to the ones of Remark 6.2.15.
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Chapter 7

Preliminaries

In this preliminary section, we give a brief overview of the necessary Gromov-Witten invariants
and Feynman integrals. The part about Gromov-Witten invariants is split into two parts,
namely Gromov-Witten invariants of an elliptic curve E and Gromov-Witten invariants of
E x P!. The part about Gromov-Witten invariants of E provides preliminaries necessary for
Chapter 8. The part about Gromov-Witten invariants of E x P! is for Chapter 9. Feynman
integrals are important for both, Chapter 8 and Chapter 9.

7.1 Covers of an elliptic curve E

Descendant Gromov-Witten invariants of E (i.e. Gromov-Witten invariants which involve psi-
conditions) are recalled. Moreover, relative Gromov-Witten invariants of P! are recalled as well
since they turn out to be useful later. Then, the tropical counterparts to such invariants are
defined and correspondence theorems are recalled.

7.1.1 Descendant Gromov-Witten invariants

Gromov-Witten invariants are virtual enumerative intersection numbers on moduli spaces of
stable maps. Let E be an elliptic curve. Gromov-Witten invariants of £ do not depend on its
complex structure. A stable map of degree d from a curve of genus g to F with n markings is a
map f: C — E, where C' is a connected projective curve with at worst nodal singularities, and
with n distinct nonsingular marked points 1, ..., z, € C, such that f.([C]) = d[F] and f has
a finite group of automorphism. The moduli space of stable maps, denoted M, ,,(E,d), is a
proper Deligne-Mumford stack of virtual dimension 2g—2-+n [Beh97, BF97]. The ith evaluation
morphism is the map ev; : My, (E,d) — E that sends a point [C,x1, ..., Ty, f] to f(z;) € E.
The ith cotangent line bundle L; — M, ,,(E, d) is defined by a canonical identification of its
fiber over a moduli point (C, 1, ..., 2y, f) with the cotangent space T} (C). The first Chern
class of the cotangent line bundle is called a psi class (¢; = ¢1(LL;)).

Definition 7.1.1 (Stationary descendant Gromov-Witten invariants of E). Let E be an elliptic
curve. Fix g,n,d and let kq,...,k, be non-negative integers with

ki+...+k,=29—2.

The stationary descendant Gromov-Witten invariant (ty, (pt) . . . Tk, (pt)>£;fl is defined by:
n

evf (ptyul, (7.1)

(Mg n(E,d)]vir 25

(0 00) o () = [

where pt denotes the class of a point in E.
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Remark 7.1.2. It follows from the Gromov-Witten/Hurwitz correspondence in [OP06] that
a stationary descendant Gromov-Witten invariant with k; = 1 for all 7 is a Hurwitz number
which counts covers of the given degree and genus and with n fixed simple branch points.

Similarly to Definition 7.1.1, relative Gromov- Witten inviariants of P! can be defined. For
that, let M, (P!, i, v, d) denote the moduli spaces of relative stable maps, where part of the
data specified are the ramification profiles ¢ and v which we fix over 0 resp. co € P!. The
preimages of 0 and oo are marked. A detailed discussion of spaces of relative stable maps to
P! and their boundary is not necessary for our purpose, but can be found in [Vak08]. Relative
Gromov-Witten invariants of P! are useful to study descendant Gromov-Witten invariants of
FE as we see later.

Definition 7.1.3 (Relative descendant Gromov-Witten inviariants of P!). Fix g,n,d and let
ki,...,k, be non-negative integers with

k1+...+kn:2g—2.

The relative descendant Gromov- Witten invariant (u|mg, (pt) ... 7%, (pt)\u)ﬂ;,lﬁd is defined by:

n

ki
eV;k (pt)wz }

1
Ul (pF) .7, () ) B = / |
[Mg’n([Pﬂ,u,y’d)]Vlr =1

where pt denotes the class of a point in P?.

Notation 7.1.4. One can allow source curves to be disconnected, and introduce disconnected
Gromov- Witten invariants. We add the superscript e anytime we wish to refer to the discon-
nected theory.

Definition 7.1.5 (S-function). Let sinh denote the sinus hyperbolicus. Define the formal
series

sinh(z/2)

S(z) := 22

in the variable z and call it S-function. Note that the S-function is an even function (i.e.
S(—z) = 8(z)), since sinh is an odd function and quotients of odd functions are even.

The following theorem provides a nice form for the generating series of relative one-point
descendant Gromov-Witten invariants.

Theorem 7.1.6 (Okounkov-Pandharipande’s one-point series, Theorem 2 of [OP06]). The
generating series of relative one-point descendant Gromov-Witten invariants with respect to g
can be expressed in terms of the S-function. More precisely, the equation

S lrag-astysa Gl - 2 = 11502 115(0) (72
920

holds, where the product goes over all entries p; (resp. v;) of the fixed partition u (resp. v).

7.1.2 Tropical descendant Gromov-Witten invariants

The following definition generalizes Definition 2.2.1 of abstract rational tropical curves to ab-
stract tropical curves of any genus.
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Definition 7.1.7 (Abstract tropical curves). An abstract tropical curve is a connected metric
graph I' together with a genus function g : I' = Zx, such that I can have unbounded non-loop
edges adjacent to only one vertex called ends which have infinite length, and the genus function
g has finite support. Locally around a point p, the metric graph I' is homeomorphic to a star
with r halfrays. The number r is called the valence of the point p and is denoted by val(p).
The vertex set of I' is identified with the points where the genus function is nonzero, together
with points of valence different from 2. Besides edges, the notion of flags of I" is introduced.
A flag is a pair (V,e) of a vertex V and an edge e incident to it (V € de). Edges that are not
ends are required to have finite length and are referred to as bounded edges.

A marked tropical curve is an abstract tropical curve whose leaves are labeled. An isomor-
phism of abstract tropical curves is an isometry that respects the leaf markings and the genus
function. The genus of an abstract tropical curve I' is defined as

g(T) ==b1(T) + Y g(p),

pel

where b1 (") denotes the first Betti number of I'. An abstract tropical curve of genus zero
is called rational and an abstract tropical curve that satisfies g(v) = 0 for all v is called
explicit. The combinatorial type of an abstract tropical curve is the equivalence class of abstract
tropical curves obtained by identifying any two abstract tropical curves which differ only by
edge lengths.

Example 7.1.8. We denote the tropical numbers R U {—oo} by T. The tropical projective
line, }P’Tlr, equals R U {+oo}. As in algebraic geometry, it is glued from two copies of the affine
line T using the tropicalization of the identification map, i.e. using x — —z on R.

A (nondegenerate) tropical elliptic curve Er is a circle with a fixed length.

Definition 7.1.9 (Tropical covers). A tropical cover w:I';1 — I'y is a surjective balanced map
of abstract tropical curves. The map 7 is piecewise integer affine linear on each edge, the slope
of  on a flag or edge e is a non-negative integer called the expansion factor w(e) € N.

The expansion factor of e can be zero only if e is an end. We fix the convention that the
ends marked 1,...,n are the ones with expansion factor 0. These ends are called contracted
ends.

For a point v € I'y, the local degree d, of m at v is defined as follows. Choose a flag f
adjacent to m(v), and add the expansion factors of all flags f adjacent to v that map to f’, i.e.

dy = Z w(f). (7.3)
f=f

We define the balancing condition (or harmonicity condition, see [ABBR15]) to be the fact that
for each point v € 'y, the local degree at v is well defined (i.e. independent of the choice of
f). The map 7 is called balanced if it satisfies the balancing condition.

The degree d of a tropical cover is the sum over all local degrees of preimages of a point a,
ie.

d:i=Y " d,.

p—a

By the balancing condition, this definition does not depend on the choice of a € I's. For a flag
f of I'a, let iy be the partition of expansion factors of the flags of I'y mapping onto f. We call
py the ramification profile above f.
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Definition 7.1.10 (Psi- and point conditions). We say that a tropical cover 7 : I'y — I'y with
a marked end ¢ satisfies a psi-condition with power k at i, if the vertex V to which the marked
end ¢ is adjacent has valence k + 3 — 2¢g(V). We say « : I'1 — I'y satisfies the point conditions
Ply .-y Pn € Lo if

{mr(1),...,7(n)} ={p1,...,pn},
where 1,...,n are the labels of the contracted ends of I';.

In our case, the abstract tropical curve I'y is either a tropical elliptic curve Et or a tropical
projective line PL as in Example 7.1.8. If I's is a tropical elliptic curve such that all ends of a
tropical cover of Ep are contracted ends with image points the points p; we fix as conditions
in ET, then it is easy to count the vertices of the tropical source curve:

Lemma 7.1.11. Fiz g,n,d € Nsg and let k1, ..., k, be non-negative integers with
ki+...+k,=2g—2.

Let w: ' = E7 be a tropical cover of degree d such that I' is of genus g and has n marked ends.
Fiz n distinct points p1,...,pn € Er. If at the marked end i, a psi-condition with power k; is
satisfied, and the point conditions are satisfied, then I' has exactly n vertices, each adjacent to
one marked end.

Proof. Let Vri be the set of vertices of I' such that each vertex in Vli is adjacent to one marked
end. Notice that the marked ends must be adjacent to different vertices, since they satisfy
different point conditions. Thus |Vfi| = n. Let Vi be the set of vertices of I' and let Vi be the
complement of Vi in Vp. Denote a := |V{|. The Euler characteristic x(T') of the graph I' (as a
simplicial complex) is by definition

x(T) = =[Vr| + |Er],

where ET is the set of edges of I'. There can not be a non-contracted end in I since the degree
d is finite. Therefore

X(0) = ~(nta)t o (nt [ 3 (it 3-20) | + [ 3 (valle!) +200) — 29(0")

v; GVIZ; U’GVIL

holds by the handshaking lemma. Using k; + ...+ k, = 2g — 2 and the definition of g(I"), we
obtain

xI)=—-n+a)+2n—g+h()+9g—-1+ % Z (val(v') +2g(v"))
v' eV
-t (D) —1+4 % S (val(v!) + 29(v"))
v eV

On the other hand, removing all n ends of I" and b; (I') additional edges yields a tree which has
|Vr| — 1 edges. Thus

X(T) = =1+ n+ by (). (7.5)
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Combining (7.4) and (7.5) yields

Vi =a= % Z (Val(v’) + 29(1/))

!
v eVh

By definition of vertices of I it holds that 2g(v") > 1 or val(v’) > 2. This yields a contradiction
unless V= 0. O

Definition 7.1.12 (Local vertex multiplicities). Let 7 : I' — I be a tropical cover of degree
d, where I' = Et or IV = ]P’qlr (see Example 7.1.8) such that I" is of genus g and satisfies given
point conditions and psi-conditions as in Definition 7.1.10. Locally at the marked end ¢, the
cover sends the vertex to an interval consisting of two flags f and f’. Define the local vertex
multiplicity mult;(7) to be a one-point relative descendant Gromov-Witten invariant, i.e.

mlty () 1= (uglm, () )y 4 (7.6)

where g; denotes the genus of the vertex adjacent to the marked end i, d; its local degree, and
oy resp. pyp the ramification profiles above the two flags of the image interval.
Define the multiplicity of the cover 7 to be

TAut()] Aut H mult; H w (7.7)

where the last product goes over the bounded edges e of I'.

Definition 7.1.13 (Tropical stationary descendant Gromov-Witten invariant of Er). Fix
g,n,d € Nyg and let ki,...,k, be non-negative integers with

ki+...+k,=29—2.

Define the tropical stationary descendant Gromov-Witten invariant
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to be the weighted count of tropical genus g degree d covers of Et1 with n distinct marked points
such that each such tropical cover satisfies point and psi-conditions as above and is counted
with its multiplicity as defined in (7.7).

Remark 7.1.14. The metric structure of the source curves of covers contributing to a tropical
descendant Gromov-Witten invariant is implicit in the metric data of Ep and the chosen point
conditions. We can thus neglect length data in the source curve.

Example 7.1.15. Fix three different points p1,p2,p3 on Er and let d = 3, g = 2, k1 = 2,
ko = 0, k3 = 0. Notice that >, k; = 2¢g — 2 is satisfied. We list all covers that contribute to
(T2 (pt)To(pt)To(pt)>E P in) Figure 7.1 below. Figure 7.1 shows schematic representations of
the source curves of all covers contributing, where we assume that the top vertex of each such
representation is mapped to pi, the right vertex is mapped to ps and the left one is mapped to
p3. This convention gives us one choice out of 3! choices of an order of labeled vertices of the
source curve mapping to pi,ps,p3 on Er. A circled number indicates that there is a nonzero
genus g; at a vertex i. The other numbers are the weights of the edges that are greater than
1. Notice that the valence of a vertex i is given by k; + 3 — 2¢g; when taking the contracted
ends into account. When neglecting marked ends, the underlying graph is either a figure 8 or
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a loop (see Example 7.3.4). In each case, every loop is mapped to Ep. When drawing a curl in
an edge, it means that the edge is mapped once around Er.

AN A LN
PN NN
AN o A D3 DN
[N [N O Do AN
N NZEN

Figure 7.1: Schematic representations of source curves.

The multiplicity with which each curve contributes is given by (7.7). The local multiplicities
mult; (7), which are one-point relative descendant Gromov-Witten invariants, can be calculated
explicitly using the one-point series (7.2). Each entry of the tabular below corresponds to one
source curve of Figure 7.1 in the obvious way. An entry is the multiplicity of the corresponding

cover m, where the first factor equals | Aut(r)| ™!, the second factor equals [, mult;(7) and the
third factor equals [], w(e).

1-1-2 1-1-8 1-1-1 1-1-1 1-1-1

1-1-1 1-4T.27 1571 IR 1-gp-1
1 1 1

121 1.1 1o 1-1-4 1-1-4
1 1 1

141 1.1 1.1 1-1-1 1-1-1

1-1-1 1-1-1 1-1-1

Summing over all entries and considering the factor 3! yields

r 93
(7'2(pt)ro(pt)To(pt)>§é3,t op _ 3. =

=279.

Notation 7.1.16. For a partition pu, let £(u) denote its length, i.e. its number of entries.
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Definition 7.1.17 (Tropical relative stationary descendant Gromov-Witten invariant of PL).
Let g,d € N. Let u, v be two partitions of the degree d. Let ki, ..., k, be non-negative integers
with

ki+ ...+ kp=29+p)+L(v) -2,

where Notation 7.1.16 is used. Consider tropical covers of IF’%]- such that the ramification profile
over —oo equals p and the ramification profile over co equals v. That is, in addition to the
contracted ends that we use to impose point conditions, the source curve I' has ¢(u) + £(v)
marked ends which map to oo with expansion factors imposed by p and v. Define the tropical
relative stationary descendant Gromov-Witten invariant

1

(i, (pt) - - 7 (1)) g 7P
to be the weighted count of tropical genus g degree d covers of }P’qlr with n marked points such
that each of these tropical covers satisfies point and psi-conditions (Definition 7.1.10), and such
that the expansion factors of the unmarked ends are imposed by p and v. The multiplicity
with which each such tropical cover is counted is given by (7.7).

For more details about tropical relative stationary descendant Gromov-Witten invariant of
PL, see Definition 3.1.1 of [CJMR18].

Example 7.1.18. Choose three different points p1,p2,p3 on Er and let d = 3, g = 2, k1 = 2,
ko = 0, k3 = 0 be as in Example 7.1.15. Let pg be a base point on Et such that pg, p1, p2, ps3
are pairwise different and ordered this way on Erp. Consider the source curve of a cover m of
E7 depicted in the upper left corner of Figure 7.1 and cut it along 7~ !(pg). Stretching the cut
edges to infinity yields the cover shown below (we let ¢ be mapped to p;). Note that this is a

cover ' of P4 that contributes to {((2,1)|72(pt)m0(pt)m0(pt)|(2, 1))15713’3’“01:’.

2 2
O, |

. 4
1 2 3
71—/
° ° ° IP’%T
b1 D2 b3

7.1.3 Correspondence theorems for descendant Gromov-Witten invariants

The following correspondence theorems relate descendant Gromov-Witten invariants of £ and
relative descendant Gromov-Witten invariants of P! to their tropical counterparts, and thus
establish tropical geometry as a tool to study such Gromov-Witten invariants.

Theorem 7.1.19 (Stationary correspondence theorem, Theorem 3.2.1 of [CJMRI18]). A sta-
tionary descendant Gromov-Witten invariant of E from Definition 7.1.1 coincides with its
tropical counterpart from Definition 7.1.13, i.e.

(Tka (PE) - - - Tk, (pt))i;f = (1, (pt) .. . T, (pt)>£;§l’tr0p.

Theorem 7.1.20 (Relative correspondence theorem, Theorem 3.1.2 of [CJMRI18]). A relative
stationary descendant Gromov- Witten invariant of P* from Definition 7.1.8 coincides with its
tropical counterpart from Definition 7.1.17, i.e.

1 1 r
(Ll (01) - T, () V) g i = (il (PE) - - T, () [ g 7P
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Notation 7.1.21. As in Notation 7.1.4, a superscript e is added to the notation to refer to
the disconnected theory, where it is allowed for tropical source curves to be disconnected.

Remark 7.1.22 (Leaking). We can tweak the definition of tropical covers of Er (resp. PL)
that satisfy point and psi-conditions as follows: fix a direction for the target curve and specify
for each end 7 of the source curve an integer /;. Change the balancing condition in such a way
that for the two flags fi and fo adjacent to 7(i) € {p1,...,pn} (Where we chose the notation
to match the direction), the local degrees are not equal but differ by I;:

doowl) =Y W) -l

fl=f1 [ f2

We call such covers leaky tropical covers. Leaky tropical covers show up as floor diagrams
representing counts of tropical curves in toric surfaces (see e.g. [BM08, FM10, AB17]). They
are of interest here, since they can be treated in terms of Feynman integrals analogously to
their balanced versions.

7.2 Curves in E x P!

Let E be an elliptic curve. We recall Gromov-Witten invariants of E x P'. A stable map of
bidegree (dp,ds) from a curve of genus g to F x P! with n markings is a map f : C — F,
where C is a connected projective curve with at worst nodal singularities, and with n distinct
nonsingular marked points x1, ..., z, € C, such that f,([C]) is of class (d1,d2) and f has a finite
group of automorphism. The moduli space of stable maps, denoted M, ,(E x P!, (dy,dy)), is
a proper Deligne-Mumford stack of virtual dimension 2dy + g — 1 + n [Beh97, BF97]. The
ith evaluation morphism is the map ev; : My ,(E x P!, (d1,d2)) — E x P! that sends a point

[Co21,... 20, f] to f(z;) € E x PL.

Definition 7.2.1 (Gromov-Witten invariants of ExP!). Let g,n € Nyg and let (d1, d2) € NxN
such that n = 2ds + g — 1 holds. Define the Gromouv- Witten invariant

n

(o (pt)") EX P () / vt (pt),

[Mg,n(ExP,(d1,d2))]"*" 4

where pt denotes the class of a point in E x P!. In order to shorten notation, we also write

1
N(dl,dg,g) = <To(pt)n>§,rXLP (d1,d3)

In order to relate Gromov-Witten invariants of £ x P! to their tropical counterparts (see
Theorem 9.1.16), relative Gromov- Witten invariants of P* x P! are required. For that, let ™,
¢T, p~ and ¢~ be partitions such that the sum d; of the parts in ™ and ¢* equals the sum
of the parts in = and ¢~. Let

nyi=L0¢T) +L(¢7) and ngi=L(uT)+L(u),
where Notation 7.1.16 is used. Consider the moduli space of relative stable maps to Pt x P

Mgn (Pt x P (ut,¢1), (u™,07), (d1,d2)),

where part of the data specified are the partitions of contact orders (u*,¢™") resp. (u=,¢7)
which we fix over the 0- resp. oo-section in P! x P!. The points of contact with the 0- and oo-
section are marked. We want to fix the points with contact orders given by ¢+ and ¢, the ones
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with contact orders given by p* and p~ are allowed to move. A detailed discussion of spaces
of relative stable maps and their boundary can be found e.g. in [Vak08]. This moduli space is
a Deligne-Mumford stack of virtual dimension (¢ — 1) +2dy +n +ny +ng. Fori =1,...,n,
the ith evaluation morphism is the map

€v; :Mg,n(]P)1 X IP)1> (N’+a ¢+)> (,u_7d)_)7 (dlad2)) — P! x P!

that sends a point [C, 1, ..., %y, f] to f(z;) € P! x PL. The points marking the contact points
with the 0- and oo-section give rise to evaluation morphisms

éi’v\i : ﬂg,n([P>1 X Plv (,Ll,+, ¢+)7 (,u_, ¢_)a (d17d2)) — Pl)
where the target P! is the 0-section for ¢~ and x~, and the oco-section for ¢+ and u™.

Definition 7.2.2 (Relative Gromov-Witten invariants of P! x P1). A relative Gromov—Witten
invariant is defined as the following intersection number on the moduli space of relative stable
maps Mg,n(Pl X Plv (:U’+7 ¢+)7 (N_v ¢_)7 (dla dZ)):

n+ni

(6 1) o (pt)| (6" prt)) PP () — / Hev w) [ &, (78)

1=n+1

Notation 7.2.3. Again, one can allow curves to be disconnected. Whenever we refer to the
disconnected Gromov-Witten invariants, a superscript e is added.

The following statement is a consequence of the degeneration formula [Li01, Li02], see also
Theorem 2.3.2 in [CJMRI18]:

Proposition 7.2.4. A Gromov- Witten invariant of E x P! equals a weighted sum of relative
Gromov-Witten invariants of P* x P! :

. [T i I1; 95 PLxPL,(dy,dz),e
Nty do9) = (“%;d |Aut(u)||A]ut(¢)|<('u’ o)|ro(pt)" (¢, 1 )>g o) —L($),n

Here, the sum goes over all tuples of partitions which together form a partition (u, @) of di.

7.3 Feynman integrals

Feynman integrals are now defined as coefficients of a formal series as in [BBBM17]. Notice
that such coefficients can be computed using a computer algebra system. They are called
“integrals” because in a special case there is an interpretation of Feynman integrals in terms
of path integrals using complex analysis.

Definition 7.3.1 (Propagator). Define the propagator as a (formal) series in z and g:

Zw v +Z Z 2 +x7") | ¢

wla

Definition 7.3.2 (Feynman graphs). Fix n > 1. A Feynman graph is a (non-metrized) graph
I" without ends with n vertices which are labeled z1,...,x, and with labeled edges q1,...,g,.

Notation 7.3.3. We do not fix the number of edges for a Feynman graph, the index r can vary
from graph to graph. The letter r is always used for the number of edges in a fixed Feynman
graph I'. For k > s, denote the vertices adjacent to the (non-loop) edge g by =1 and xj2,
where we assume xj1 < 22 in .
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Example 7.3.4. Recall Example 7.1.15, where we provided all covers contributing to the num-
ber (T2(pt)T0(pt)T0 (pt))E 3P - We can label their source curves, turning them into Feynman
graphs, see Figure 7.2.

q1
T ) T3 q4
. q1 T g3
q2 q2 qs
q3 T3 %
T3

Figure 7.2: Examples of Feynman graphs with three vertices.

Definition 7.3.5 (Feynman integrals). Let I' be a Feynman graph without loops. Let 2 be
an order of the n vertices of I'. Denote the vertices adjacent to the edge qr by z;1 and x;2 as
in Notation 7.3.3

For integers 1, ..., l,, define the Feynman integral for I' and 2 to be

Iﬁ’d”l (q) := Coef ol ol I_IP(H:IC1 q)

T2

and the refined Feynman integral to be
. x
sl o KL
IF1,Q (q17 ce 7QT’) := Coef :Elllxln"] H P<«T7k27 Qk> .
k=1

Finally, we set

l 5 , l ) 7

r Z ey (a),
where the sum goes over all n! orders of the vertices of I', and

11 yeeisln 1,00,
It (q1y---5qr) : ZIFIQ (q1y--,qr).

If the superscript [y, ..., [, in the notations above is dropped, then this stands for [; = 0 for all
i.

Complex analysis and Feynman integrals Often, Feynman integrals are defined as path
integrals using complex analysis. The advantage of our definition of Feynman integrals is that
it is more general. That is, Feynman integrals can be viewed as path integrals in case of [; =0
for all . Our general definition allows us to also relate counts of leaky tropical covers (Remark
7.1.22) to Feynman integrals.

To recall how Feynman integrals and path integrals are related, define

p(Z,q) = _ﬁp(’%Q) %EQ( )

in terms of the Weierstraf3-P-function p and the Eisenstein series

o0
Es(q) :=1— 2420 a
a=1
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where o denotes the sum-of-divisors function o(a) = >_,, w. A coordinate change = = el
yields that p has the following nice form (see Theorem 2.22 [BBBM17)):

Zw x" +Z Z v +z7") | ¢, (7.9)

wla

where |z| < 1 is assumed in order to use a geometric series expansion (see Lemma 2.23
[BBBM17]). Notice that (7.9) is precisely the propagator from Definition 7.3.1.

Definition 7.3.6 (Feynman integrals in complex analysis). Let I" be a Feynman graph without
loops and let §2 be an order as in Definition 7.3.5. Pick starting points of the form iy, ..., iy,
in the complex plane, where the y; are pairwise different small real numbers. Define integration

paths v1,..., 7 by
v 0 [0,1] = C:t — dy; +t,

such that the order of the real coordinates y; of the starting points of the paths equals 2. We
then define the integral

It alg / p(zp — 212,9)) (7.10)
ZJE’Y] k= 1

and the refined version
IFQ(ql,...,qT : / (p(zp1 — 212, qk)) -
Zj E’YJ k= 1

Here, as in Definition 7.3.5, ;1 and z;2 are the two vertices adjacent to an edge gx. Finally,
we set

)= Itgle) and Iq,...,q:) = Irqla ... q).
Q Q

Since p is an even function in z (because p(z,q) is by definition an even function in z), it
is not important here in which way the vertices z;1 and x,2 of ¢ are ordered. The order 2 is
only important for the arrangement of the integration paths.

The following theorem is a consequence of Lemma 2.24 and Lemma 2.25 of [BBBM17].

Theorem 7.3.7. The complex analysis version of Feynman integrals agrees with the version
from Definition 7.3.5 that used constant coefficients of formal series. More precisely:

Ira(q) =Irolg)  and  Ivala--a) =Irala. .- a)-






Chapter 8

(Tropical) mirror symmetry for
elliptic curves

In this chapter, which is based on joint work with Janko B6hm and Hannah Markwig [BGM18],
the tropical mirror symmetry relation for tropical elliptic curves is extended to tropical descen-
dant Gromov-Witten invariants (Theorem 8.1.9). For that, a bijection as in [BBBM17] is used.
Thus leading question (Q6), which asks whether the tropical mirror symmetry relation of Hur-
witz numbers of an elliptic curve can be extended, is answered. As a consequence, statements
about quasimodularity of generating functions of certain tropical covers of a tropical elliptic
curve are obtained, see Corollary 8.1.20.

Moreover, another approach to mirror symmetry of an elliptic curve is studied. For that,
tropical Hurwitz numbers are directly linked to matrix elements on the bosonic Fock space.
To do so, a version of Wick’s Theorem (similar to [CJMR18]) is used, which encodes matrix
elements in a bosonic Fock space as weighted sums of graphs, which can then directly be related
to tropical Hurwitz covers. Notice that this partially answers leading question (Q7). To answer
Question (Q7) completely (i.e. to relate tropical descendant Gromov-Witten invariants to the
Fock space), only the amount of notation has to be increased, which we omit here.

8.1 Generating series and Feynman integrals

The aim of this section is to prove Theorem 8.1.9, which is a tropical mirror symmetry the-
orem for tropical elliptic curves that involves tropical descendant Gromov-Witten invariants.
Theorem 8.1.9 then yields a classical analogue, namely Theorem 8.1.4 for elliptic curves which
generalizes Dijkgraaf’s mirror symmetry theorem.

8.1.1 Generalizing Feynman integrals

Feynman integrals are now generalized to take loop-edges and genus at vertices of the underlying
Feynman graphs into account.

Notation 8.1.1. Let I" be a Feynman graph with labeled edges q1, ..., ¢, as in Definition 7.3.2.
By convention, we assume that ¢, ..., qs are loop edges and ¢s41, ..., g are non-loop edges.

Definition 8.1.2 (Loop Propagator and refined Feynman integrals). In addition to the prop-
agator P(x,q) from Definition 7.3.1, we introduce another formal series in ¢, namely

Ploop(q) — Z (Z w) qa‘

a=1 \wl|a

149
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PP (¢) is called loop-propagator and it should be viewed as the propagator for loop-edges of a
Feynman graph, i.e. use Notation 8.1.1 and define the refined Feynman integral for a Feynman
graph I' with loop-edges as

T
g™ (ar, - qr) = Coef iy zn]HPbOp G kHHP(‘Ek an)
S

ll: 7

Analogously to Definition 7.3.5, we also define I (qi,...,q,;) for Feynman graphs with

loop-edges.

Definition 8.1.3 (Feynman integrals with vertex contributions). Let I" be a Feynman graph,
and equip it with an additional genus function g that associates a nonnegative integer g; to every
vertex z; of I'. Let Q be an order of the n vertices of I'. We adapt our notion of propagators
from definitions 7.3.1, 8.1.2 and 7.3.5 to include vertex contributions. For non-loop-edges, we
set

ac = o\ "
1 1
Zk ZS wzp )S(wzyz2) - w - <k>

=1 T2

zp\" 2\ a
@(M e ((22) " (32)7) ) o
a=1

where Notation 7.3.3 is used and S denotes the S-function (Definition 7.1.5). For loop-edges
connecting the vertex z 1 to itself, we set

PlOOp Z (ZS wzp1) -w)
a=1 \ wla
We define the Feynman integral with vertex contributions for I', g and €2 to be
S

[17°"@ T ﬁ(i—?q)

k=1 k=s+1

Ill{é’.éln( ) = Coef[ 201 20m) Coef @Y alr) H S( 3

and the refined Feynman integral with vertexr contributions

.
~ Tl
S HPIOOP(%) 11 P(?;,Qk)-
k=1 k=s+1

llv-“vln

IF@Q (q1y---,qr) = Coef[zfglmzign] Coef At H

Moreover, we set

I1,005ln 11, ln
IFl,g (a) := le,gﬂ (),

Q

where the sum goes over all n! orders of the vertices, and

l, , la ’
Il (Q1a-~7Q7’) = Ir‘ng (q17"'7Q’r’)'
Q

The superscript l1,...,[, is dropped in case of [; = 0 for all i.
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8.1.2 Mirror symmetry for (tropical) elliptic curves

We now state theorems 8.1.4 and 8.1.9. The latter is a a tropical mirror symmetry theorem for
Er and is one of the main results of Chapter 8. It expresses generating series of so-called labeled
tropical descendant Gromov-Witten invariants in terms of Feynman integrals. Moreover, we
shown that it implies the classical mirror symmetry theorem 8.1.4, which is a generalization of
Dijkgraaf’s mirror symmetry theorem for elliptic curves.

Theorem 8.1.4 (Mirror symmetry for E). Fiz g > 2, n>1 and ky,...,k, > 1 such that
ki+...+k,=29—2

holds. The generating series of descendant Gromov-Witten invariants of E can be expressed in
terms of Feynman integrals:

1
Z<Tk1 (pt) ... 7k, (pt)>f,;flqd = Z m—ﬁ‘,g(@a (8.1)

d>1 (ft(1),9)

where I' is a Feynman graph (see Definition 7.5.2) with a genus function g, such that the vertex
x; has genus g; and valence k; + 2 — 2g;, and such that

(@) +> g =g,

where by (T') denotes the first Betti number of I'. Moreover, in (8.1) automorphisms of unlabeled
graphs are considered (ft is the forgetful map that forgets all labels of a Feynman graph T', see
Definition 8.1.7) that are required to respect the genus function.

A version of Theorem 8.1.4 is proved in [Lillb], Proposition 6.7 (resp. [Lilla], Proposition
3.4) using the Fock space approach common in mathematical physics to which we relate the
tropical approach in Section 8.2. In our approach, Theorem 8.1.4 becomes an easy corollary
obtained by combining our tropical mirror symmetry Theorem 8.1.9 with the Correspondence
Theorem 7.1.19.

Example 8.1.5 (Automorphisms). Consider the middle Feynman graph of Example 7.3.4,
denote it by I' and let its genus function be g = 0, i.e. there is no genus at the vertices.
The automorphisms appearing in Theorem 8.1.4 are automorphisms respecting the underlying
graph structure and the genus function of (I', g). In other words, we forget the labels of I" before
determining its automorphisms. In case of I' as above, the automorphism group is Zo X Za X Z2,
because we can exchange the edges ¢; and ¢a (see Example 7.3.4) which gives a factor of Zs,
we can exchange the edges g3 and ¢4 and we can exchange the vertices xo and x3 in such a way
that the edge ¢ maps to g3 and the edge g2 maps to gy, see also the left side of Figure 8.1.

In Section 8.1.4, we deal with unlabeled tropical covers, but with fixed order. That is, we
fix which end ¢ maps to which point p; on the elliptic curve. In such a case, on the Feynman
integral side, we deal with automorphisms of the underlying Feynman graph with vertex labels
(see Corollary 8.1.18). If we choose (I, g) as above, then the automorphism group of the graph
with vertex labels is Zy x Zso since we cannot exchange the vertices x5 and z3 anymore, they
are now distinguishable (see also the right side of Figure 8.1).

Z1

Figure 8.1: A non-labeled and a partially labeled graph.
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Remark 8.1.6. If k; = 1 for all ¢, then the condition for the valences implies that the genus
at each vertex is 0 and the vertices are 3-valent. When forming the integral, the in the z;
constant coefficient is just 1, so we can neglect the z; and obtain Feynman integrals without
vertex contributions in this case.

By Remarks 7.1.2 and 8.1.6, the equality in Theorem 8.1.4 specializes to the well-known
relation involving the generating series of Hurwitz numbers and Feynman graphs, see e.g. the
mirror symmetry theorem for elliptic curves of Dijkgraaf [Dij95] and Theorem 2.6 of [BBBM17].

Using the Correspondence Theorem 7.1.19, we can formulate a version of the mirror symmetry
relation in Theorem 8.1.4, where instead of the generating function of descendant Gromov-
Witten invariants the generating function of tropical descendant Gromov-Witten invariants
are used. It turns out however that a finer version of a mirror symmetry relation naturally
holds in the tropical world, which uses labeled tropical covers, multidegrees and refined Feyn-
man integrals:

Definition 8.1.7 (Labeled tropical cover). Let 7 be a tropical cover that satisfies given psi-
conditions with powers ki, ..., k, and denote the genus of a vertex of the source curve which
is adjacent to end i by g;, where g; is given by k; via the psi-conditions (see Definition 7.1.10).
We can shrink the ends of the source curve and label the vertex that used to be adjacent
to end 7 with z;. The cover 7 is called labeled tropical cover if there is an isomorphism of
multigraphs sending a Feynman graph (T, ¢’) with a genus function (see Definition 7.3.2) to
the combinatorial type of the source curve of 7, where the ends of the source curve are shrunk,
such that g/ = g; for all vertices. We say that 7 is of type T.

Shortly, a labeled tropical cover is a tropical cover for which we label the vertices and edges
of the source (vertices of different genus are distinguishable) according to a Feynman graph.

Definition 8.1.8 (Multidegree and labeled descendant invariants). Fix a point pg € ET on a
tropical elliptic curve. For a labeled tropical cover of Er of type I', we define its multidegree
as the vector @ in N” with k-th entry

ar = |7 (po) Nai| - wlgr),

where w(gy) denotes the expansion factor of the edge g;. We define a labeled tropical descendant
Gromov- Witten invariant

E777
(T (P) . .. T, (pt) ) 27OP

as a count of labeled tropical covers of type I' and with multidegree a satisfying the prescribed
point- and psi-conditions, again counted with multiplicity as in Equation (7.7). (Note that
there are no nontrivial automorphism for a labeled tropical cover since all edges and vertices
are distinguishable by their labeling.)

The following Theorem is a main result of this chapter. Using Correspondence Theorem
7.1.19, we show below that it indeed implies the classical mirror symmetry theorem 8.1.4.

Theorem 8.1.9 (Tropical mirror symmetry for Et). Fiz g > 2, n>1 and ky,...,ky, > 1 such
that

ki+...+k,=29—2

holds. Let T" be a Feynman graph (Definition 7.3.2) such that vertex x; has valence k; +2 — 2g;,
and record the numbers g; in a genus vector g. Then generating series of labeled descendant
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Gromov-Witten invariants of Et of type I' (Definition 8.1.8) can be expressed in terms of a
Feynman integral with vertex contributions (Definition 8.1.3):

E,
> T 0t) T, (P PG g = Tnglan, )
aeN"

Theorem 8.1.9 is proved in Section 8.1.3 using Theorem 8.1.14, which establishes a bijection
between labeled tropical covers contributing to a labeled tropical descendant Gromov-Witten
invariant and monomials contributing to a term of the series used for the Feynman integrals.

Proof of Theorem 8.1.4 using Theorem 8.1.9. In order to deduce Theorem 8.1.4 from Theorem
8.1.9, we follow the ”Proof of Theorem 2.14 using Theorem 2.20“ in [BBBM17].

Fix a Feynman graph (I',g) with a genus function g. Let (7, (pt)... 7, (pt
the number of (unlabeled) tropical covers of degree d (satlsfymg the conditions), where the
combinatorial type of the source curve C'is I' and the genus function of C is given by g. Each
cover 7 : C'— Er is counted with multiplicity \Auii(ﬂ'” T mult;(m) - [T, w(e) (see (7.7)).

There is a forgetful map ft from the set of labeled tropical covers satisfying the conditions
to the set of unlabeled covers by forgetting labels of edges and vertices. Let m : C'— Er be an
unlabeled cover as above. The automorphism group Aut(ft(I")) (by abuse of notations ft(I") is
the forgetful map that forgets all labels of the Feynman graph T') acts transitively on ft~!(x)
by relabeling edges and vertices while respecting the genus function. Since the stabilizer of this
action is Aut(r), the size of the orbit ft~'(r) is

)>E ,d,trop be

| Aut(ft(D))|

—1 T —

Each labeled cover 7 in ft™1(7) is counted with multiplicity AR Aut - [T, mult;(7) - T, w(e),
where | Aut(7)| = 1 since 7 is labeled. Hence

S (e pt) T, ) E 2P = 3T T w(e) [ multi(r)
=1

a: #C—Ep e
Sai=d

= Z Z Hw Z1:[1110111‘0()

WCHETTI'CHET €

f(7)=r

Aut(ft(
SO e
i=1

m:C—Er
= | Aut(f6(T))] - (7, (pt) - - - 7, (01 g0

where the second sum goes over all labeled covers with fixed multidegree a, genus function g
and combinatorial type I'. The third sum goes over all unlabeled covers that satisfy the given
conditions.

Summing over all degrees d and using Theorem 8.1.9 with ¢; = --- = ¢, = ¢ gives us
S TAUt(E(D)] - (7, (1) - 7, (P - 07 = Iy (@)
d>1

for a fixed Feynman graph I' with genus function g. If we sum over all Feynman graphs I" with
a genus function g and use Theorem 7.1.19, then Theorem 8.1.4 follows. O
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Example 8.1.10. Fix ¢ = 2. We want to use Theorem 8.1.9 to calculate contributions to
(T2(pt)T0 (pt)m(pt))f”f’tmp for two cases, where in the first case the covers contributing have a
source curve with a nonzero genus function and in the second case the source curves have a
loop.

First case: we choose a = (0,0,3) and I as the left Feynman graph of Example 7.3.4. So
Theorem 8.1.9 tells us that we need to calculate the q?ngg’—coefﬁcien‘c of It 4(q1,q2,¢3) with
g = (1,0,0). We fix an order 2, namely the identity as we did in Example 7.1.15. That is,
we require that end 7 is mapped to the point p; on Ep. Notice that the covers contributing to
<7'2(1075)70(pt)v'o(pt))g’ggg"(]’())’trOp for Q as above are the ones corresponding to the entries® (2,2)
and (3,1) in the table given in Example 7.1.15. So we expect

1 i 17-27 115
24 24 6
as the contribution. We start by calculating terms of the propagators that contribute to the

4¢3 g3-coefficient (we first let w = 1 for a3) in the product of the propagators such that their

product is constant in the x;, i.e. 1 =1y =13 =0,

. /1 4 sinh (%1) sinh (%3) (ﬂ + %) g3°
P<77q3) —

(8.2)

3

+...,

€T3 Z1%3
- rx 4sinh (2 ) sinh (2) x4
p<£7q2>: (%) (%) 4o
xs3 222323

]3<x1 ) 4sinh (%) sinh (%) 2, n

—q1
zy’ 21222

Therefore,
P2, q3)P(2,q2) P(£,q1)  8sinh (2)sinh (%) sinh (%)
S(Z3)S(ZQ)S(Z1) N 212973
1 4 1 2.2 1 2_2 4 1 2_2
102071 T 5767 2 T 767 B T 102072 T pre™r

T R L P
192073 T 9"t Ty Tyt
0 1

and, hence, the Z%ZQZg-coefﬁcient is 57, which is precisely the first summand of (8.2). The
second summand is obtained by letting w = 3 for a3 such that

4 sinh (3%) sinh (3%) (% + Lé) q3*

Coef[q?ngg’]

P(%’Q?’) B 32123 x3x1 e
]5(2,@) _ 4 sinh (3%) sinh (3%) 3 o

z3 3222333%
ﬁ?(ﬂ’ Q1> _ 4 sinh (3%) sin}; (3%) x:{’ L

T2 321225

and therefore
P2 a9) (2,20 P22, 1) _ 8 (sinh (35)° (sinh (%)) (snh (%))

Coef : -
O abaBa S(23)8(22)S(21) 27sinh (%) sinh (%) sinh (%) 212223
3369 4 86T 4 o 867 o o 3369 , 867 o ,
eap N T Y g gt
3360 , 153 , 153 , 153 ,
Ot 222 20,2 1002 oy
+64023+8Z1+822+823+ ,

LGiven a table, matrix notation is used to refer to its entries.
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where the 2%2929-coefficient is 122 which equals the second summand of (8.2).

Second case: we choose a = (2,0,0,1) and I" as the right Feynman graph of Example 7.3.4.
By Theorem 8.1.9, we need to calculate the q%nggqi coefficient of Ip,g(ql, 92, q3,q4) with g = 0.
Again, we pick ) as the order given by the identity. As before, we calculate the terms of the
propagators that contribute to the q1 q2 q3q4 -coefficient in the product of the propagators such

that their product is constant in the x;, i.e. [y =ly =13 =14 =0, and let w = 2 for aq, then

= 2 (sinh 2 2
PIOOP(Ql) - (sin Z(le)) a1 ’
( ¢ ) 4smh ) sinh (%2) x1

2 2122162 v
( . ) _ 4smh )smh (73) x9 N

' 22233 o

4smh ) sinh (%3) (% + %) Qu
( 7(14) -
Z1%3

and

}ﬂoop( ) (x 7Q4) (137Q3) (127QQ)
S(23)8(22)S(21)
16 (sinh (z1))” sinh (% ) sinh (%) sinh (%)

Coefg2 0040411

2132223
—2+321 +i22 —l—i +g 21 +iz12222
4 12 12 960 32
I 5 1 2 1 4
+3—2z3 zl —}—% +%z 22 +%z + ...,

where the constant coefficient in the z; is 2. If we let w = 1 for a1, we get 1. This makes 3 in

total, which is the number we expect when using the table from Example 7.1.15 again (entries
(1,1) and (2,1)).

8.1.3 The bijection

In this section, the tropical mirror symmetry theorem 8.1.9 is proved. The main ingredient is a
bijection of graph covers and monomials that contribute to a Feynman integral. It generalizes
the bijective approach used in [BBBM17] to graph covers with loop-edges. For an overview of
the bijective method, see also Figure 8.3.

Definition 8.1.11 (Graph covers of fixed order). Let I' be a Feynman graph (see Definition
7.3.2). Fix a multidegree ¢ € N" and an order . The order Q can be viewed as an element
in the symmetric group on n elements, associating to ¢ the place (i) that the vertex z; of T’
takes in the order §2. Moreover, fix an orientation of Er and points pg, p1, ..., pn ordered in
this way when going around FEr in the fixed orientation starting at po.

A graph cover of type T', order © and multidegree a is a (possibly leaky w.r.t. (I1,...,1,),
see Remark 7.1.22) tropical cover 7 : I — Ep, where I is a metrization of I, such that the
multidegree of 7 at pg is @ and such that Wﬁl(pg(i)) contains x;. Notice that since there are n
point conditions and n vertices, it follows from Lemma 7.1.11 that there is precisely one vertex
of I' in each preimage 7~ '(p;).

Define NIZJ’ (’zl” to be the weighted count of (11, ...,[,)-leaky graph covers of type I, order €2
and multldegree a, where each such (ly,...,1,)-leaky graph cover is counted with the product
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of the expansion factors of its edges. If there is no mentioning of [y, ..., [,, then we refer to the
case of no leaking as usual.

Lemma 8.1.12 (Graph covers and labeled tropical covers). Letg > 2, n > 1 andky, ... k, > 1
be natural numbers such that

ki+...+k,=29—2

is satisfied. Let T be a Feynman graph such that for each vertex x; of T', the number k;+val(x;)
is even. Fiz a multidegree a and an order ).

Then there is a bijection between graph covers of type I', order Q and multidegree a (Defi-
nition 8.1.11) and labeled tropical covers w: 1" — Er (definitions 8.1.7, 8.1.8) that contribute
(possibly with weight zero) to

FE.at
(Tha (D)« T, (PO

and satisfy 7(i) = po)-

Proof. Let m : IV — Er be such a labeled tropical cover. We can describe the bijection as
the map sending 7 to a graph cover 7 by shrinking marked ends of I, labeling the vertex
that used to be adjacent to end ¢ by x;, and forgetting the genus at vertices. By definition of
(T, (pt) . .. T, (pt))fﬁ’tmp, the graph cover is of type I'. The multidegree is the same for the
tropical cover and the graph cover. The set ﬂ_l(pg(i)) contains z;, since the marked end ¢ is
mapped to po(;) by 7. The inverse map associates the genus IHZ%WI(%) to the vertex x; (which
is an integer by our assumption), and attaches the end marked with i. Then the valence is

k; + 3 — 2g; and the psi-condition is satisfied according to Definition 7.1.10. O

Remark 8.1.13. Let (7, (pt) ... 7%, (pt)){lJ ,7%7;;013 denote the weighted count of tropical covers

that contribute to (g, (pt) ... 7%, (pt))lg’rajtmp such that 7(i) = po(;) for a fixed order Q. Then

Lemma 8.1.12 establishes a one-to-one correspondence between contributions (possibly with

weight zero) to (13, (pt) ... 7%, (pt)>1§7’57’30p and graph covers that possibly contribute to Nr 40

from Definition 8.1.11. Notice that this does not imply that (7, (pt)... 7%, (pt))f’s’g()p and

Nr 4,0 are the same number since the weight of an element contributing to Nr 4 q is a product
of expansion factors, whereas the weight of an element contributing to (7%, (pt) . . . 7, (pt))ffg P

is given by (7.7).

Theorem 8.1.14 (Bijection of graph covers and tuples in Feynman integrals). Notations 7.3.3,
8.1.1 are used. Let I' be a Feynman graph as in Definition 7.5.2. Fix a multidegree o € N”
with ag > 0 for all k < s, an order 2, and integers ly, ..., 1.

There is a bijection between (11, .. .,l,)-leaky graph covers of type T', order 2 and multidegree
a (Definition 8.1.11), and tuples

(O | s

where i =1 and j = 2 if a = 0, and {i,j} = {1,2} otherwise, where wy, divides ay, if a # 0,
and where the product of the fractions has exponent l; in x;.

Moreover, the weighted count of graph covers equals the q7* ... g%~ -coefficient of the refined
Feynman integral (Definition 7.3.5):

el Iyl
Npao" = Coefyar ary Ing™ " (g1, qr)- (8.4)
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Remark 8.1.15 (Tuples and Feynman integrals). Note that the products of second entries for
k > s of a tuple as in (8.3) are precisely the contributions showing up in the series

r r S [eS)
Tl Tp1\W Tp1\W Tp1\ W
(o) = v (35) w((Gh) + (o) g
k=s+1 k=s+1 \w=1 a=1 \ wla

with the exponents of the z; given by the [;, and the exponents of the ¢; given by the a;. By
definition of the refined Feynman integral (see Definition 8.1.2), adding a choice of summand
wy, for each loop-edge qi, k < s, each tuple contributes exactly wy - ... - w, to the ¢ ...qg%"-

coefficient of the refined Feynman integral I?ﬁ"l”(ql, cesQr)-

In particular, if a = 0 for some k < s, the ¢{* ... g% -coefficient of the refined Feynman
integral Illﬂl’s'i"l” (q1,--.,qr) is zero, and there are no tuples.

Proof of Theorem 8.1.14. Given a tuple as in (8.3), we construct a graph cover as follows. We
keep track of the cover by drawing the vertices and edges projecting onto their images. To ease
the drawing, we think of Ep as being cut off at py (see Example 7.1.18).

We start by drawing vertices x; above the points pq;) in Ef.

For k > s and for an entry wy- ( %)wk, we draw an edge with expansion factor wy connecting
k.

vertex xi to vertex x;. If ap = 0, we draw this edge in our cut picture direct, without passing
over pg. If ar > 0, we "curl it”, passing over py exactly g—’; times before it reaches its end
vertex. We assume in our tuple that ¢ = 1 and j = 2 if a;, = 0. By Notation 7.3.3, ;1 < 22 in
Q, which implies that in our picture, the vertex z;1 is drawn before z;2 (in the orientation of
Er), which makes it possible to draw the edge g directly without passing pg. Since wy, divides
ag, it is possible to ”curl” the edges ¢i with a; > 0 as required.

For k < s and an entry wyg, we draw a loop-edge of weight w; connecting the vertex of g
to itself, ”curled” over py exactly g—’; times.

In the drawing we created for the tuple (8.3), we have obviously drawn a graph cover
with source curve of type I', since we connected the vertices x;1 and x> with the edge g.
Furthermore, the multidegree is a because of our curling requirement. The order {2 is respected
by the way we have drawn the vertices. It remains to show that the graph cover is (I1,...,0,)-
leaky. To see this, notice that the edges adjacent to vertex x; correspond to tuples whose
fraction contains a power of x;, and that the exponent equals £ the expansion factor of the
edge, where the sign is positive if the edge leaves z; and negative if it enters z; (w.r.t. the
orientation of Er). Since we require the total power in x; to be l;, the cover leaks l; at vertex
T

Clearly, the process can be reversed associating a tuple to a graph cover, and using the
same arguments as before, the tuple satisfies the requirements from above. In particular, the
entry ay, of the multidegree of a cover with a loop-edge ¢ is nonzero. Thus, we have a bijection
between graph covers and tuples.

Equality 8.4 follows from Remark 8.1.15, taking into account that a graph cover is counted
with multiplicity the product of its expansion factors (which are the w;) in Nlilg"(’zl". O
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q2
q2 / q2
T1 q3 ° q4
X2 xs3
q1 q1
® ® @ @ ®
Po b1 P2 b3 Po

Figure 8.2: The graph cover constructed from (8.5). Notice that this graph cover arises from
cutting (and labeling) the upper right source curve in Figure 7.1 along the preimages of a point
po (see also Example 7.1.18).

Example 8.1.16. We illustrate the proof of Theorem 8.1.14 by constructing a graph cover
from a given tuple as in (8.3). We let I be the right graph of Example 7.3.4, 2 the identity,
and [; = 0 for all 7. Consider the tuple

@) @) @) e

Notice that it is not leaky. See Figure 8.2 for the following: We start by drawing the vertices
x1, T2, T3 above p1, p2, p3. Then we add the non-curled edges ¢3, g4 which are given by the third
and fourth entry of our tuple above. The edge ¢2 is obtained by starting at z; and going left
(we have a negative exponent in the second entry of our tuple), curling once (we want to pass
po twice with ¢2) and ending at x3. There is also one loop edge (the first entry of the tuple)
adjacent to 1 which does not curl. Since all weights of edges are 1, we can also see from the
graph that it is not leaky as we expected. The upper graph in Figure 8.2 inherits a metrization
from downstairs. Thus a graph cover is obtained.

Figure 8.3 illustrates the structure of the proof of Theorem 8.1.9. In particular, it sums up
the idea behind the bijective method, namely to establish bijections (the double sided arrows in
Figure 8.3) and then, in a second step, to compare the weights of the elements that are identified
under the concatenation of the bijections. Lemma 8.1.12 states that graph covers are closely
related to tropical covers that show up in a tropical descendant Gromov-Witten invariant.
However, the multiplicity of a tropical cover contains, besides the expansion factors for edges
which already appear in the bijection in Theorem 8.1.14, also factors for each vertex which can
be viewed as local descendant Gromov-Witten invariants (see Equation (7.6)). By Theorem
7.1.6, such contributions of local descendant Gromov-Witten invariants can be computed using
the S-function. Thus we need to consider Feynman integrals with vertex contributions (see
Definition 8.1.3) instead of refined Feynman integrals (Definition 7.3.5) as we did in Theorem
8.1.14
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o Theorem e
NF,é,dn 5114 ‘ COef[q?I._.qgr] IF,Q (Q1, ey QT)H

incorporate
S-function, g
Compare weights of O=lL=---=1, 2 =
possible contributions E“ —
é".

JE— ‘ Coef[qflmq;}r] IF,Q,Q(qu o 7Q’!’) H
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Q@ .o i
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8.1.9

E
>0l (pt) - - . Tk, (Pt)>r,’s:gop ‘ Coefpyor gar) 2oqIrg0(qr, - qr)

Figure 8.3: Overview of the structure of the proof of Theorem 8.1.9. The black dots indicate
contributions (possibly with weight zero) to the box they are connected to. For example, the
arrow in the upper right indicates that Remark 8.1.15 establishes a one-to-one correspondence
between certain tuples and elements that contribute to Coef[q‘lllmqg'r] Ill“i’g'i"l" (@1 ar).

Proof of Theorem 8.1.9. We prove the equality by restricting to the ¢f* ... g% -Coefficient on
each side. It follows from Lemma 8.1.12 that we can expand the left side as a sum over orders
), which we can do by definition of Feynman integral also on the right. We thus have to show
that the weighted count of labeled tropical covers contributing to (7, (pt)...Tx, (pt))ﬁf’tmp

and satisfying 7(i) = po(;) equals Coef[q?mqgr] Irgolq, .-, qr)-

To see this, note that by Remark 8.1.15 we deal with tuples as in Theorem 8.1.14 when
computing Coef[qin“_ ] Ira(qi, ..., qr), however since we compute a Feynman integral with

W,

vertex contributions (see Definition 8.1.3) now each second entry wy, - (%) showing up in a
J

tuple meets S(wgzp1)S(wgzy2) first. By Theorem 8.1.14, the tuples are in bijection with graph
covers. For a fixed graph cover corresponding to a fixed tuple, the vertex contributions in the
Feynman integral thus produce factors of S(wgzp1)S(wizy2) for an edge of expansion factor
wy, connecting the vertices z;1 and x,2. Collecting those factors, sorting by z;, and adding in
the factor % we have in the definition of Feynman integral with vertex contributions (see
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Definition 8.1.3), we obtain for each vertex x; a contribution of

[1S(wjzi) - [1S8(v;2)
S(zi)
Here, the notation is set up as follows: we collect the expansion factors of all incoming edges

adjacent to x; in the partition p and those of all outgoing edges in the partition v. Taking the
22-2 Yi_coefficient, we obtain a local vertex contribution of

2

(ki () V), 1"

by the one-point series from Equation (7.2). By Equation (7.6), this is exactly the local vertex
multiplicity we need to take into account for the labeled tropical cover. O

Remark 8.1.17. Let us compare the Tropical mirror symmetry Theorem 8.1.9 for tropical
descendant invariants with the version for Hurwitz numbers (Theorem 2.20 [BBBM17]). As we
saw in remarks 7.1.2 and 8.1.6, in the version for Hurwitz numbers, we only have to take 3-valent
graphs into account such that all vertices have genus zero. Adding in descendants requires us
to generalize in two ways: we need to include graphs whose vertices have other valencies, and
whose vertices have genus. The main ingredient in our proof of tropical mirror symmetry is
the bijection between graph covers and monomials contributing to a Feynman integral, see
Theorem 8.1.14 or the upper triangle in Figure 8.3. Graphs with vertices of valence bigger 3
fit into this context. The genus at vertices requires us to use local vertex multiplicities for the
tropical covers, which are hard to translate to the Feynman integral world. The fact that the
one-point series (7.2) can be expressed in a way separating contributions for the edges adjacent
to a vertex makes it possible to incorporate these multiplicities in a Feynman integral with
vertex contributions as in Definition 8.1.3.

8.1.4 Quasimodularity

Quasimodularity of a generating function is desirable because it controls its asymptotic. A
series in ¢ is quasimodular if and only if it is in the polynomial ring C[Es, Ey, Eg| generated by
the three Eisenstein series Eo, Fy and Eg [KZ95]. The weight of a quasimodular form refers to
its degree when viewed as a polynomial in the Eisenstein series. A series is called a quasimodular
form of weight w if it is a homogeneous polynomial of degree w in the Eisenstein series, and
it is called a quasimodular form of mixed weight if it is a non-homogeneous polynomial in the
FEisenstein series.

In case that all k; = 1, the mirror symmetry theorem 8.1.4 specializes to the well-known
relation involving the generating series of Hurwitz numbers and Feynman integrals for 3-valent
graphs without vertex contributions (see Remark 8.1.6). This special case of the mirror sym-
metry relation was used in [Dij95, KZ95] to prove that the generating function of Hurwitz
numbers for g > 2 is a quasimodular form of weight 6g — 6. Note that quasimodularity of
generating functions of covers is a phenomenon that was studied beyond the case considered
here, see e.g. [EO06, EOP0S].

From the tropical mirror symmetry theorem 8.1.9, the generating function of descendant
Gromov-Witten invariants of an elliptic curve obtains a natural stratification as sum over
Feynman graphs, and, even finer, as sum over orders {2 for each Feynman graph (see Corollary
8.1.18). If we fix a Feynman graph I'" and a suitable genus function g (if k; = 1 for all ¢,
this means that we fix a 3-valent graph with genus 0 at each Vertexj, then we can study
quasimodularity of individual summands. We can consider summands It 4(g), or we can even
break the sum into finer contributions by considering Ir 40(q) for a fixed order Q.
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For the case that k; = 1 for all 4, this study was initiated in [BBBM17]|, where it is
conjectured that It 4(q) is quasimodular of weight 6g — 6. In [GM20], Goujard and Moller
provide tools to study quasimodularity of generating series depending on Feynman graphs, and
they prove that if k; = 1 for all 4, each summand It 40(q) is a quasimodular form of mixed
weight, where the highest appearing weight is 6g — 6. They also compute examples where lower
weights appear. Since the whole sum (over all graphs, and over all orders) is quasimodular of
weight 6g — 6, the contributions of lower weights must cancel in the sum. It remains an open
question whether they already cancel in a summand It 4(g), i.e. when we sum over all orders
Q, but for a fixed graph T -

In case of arbitrary k;, quasimodularity (of mixed weight) of the whole generating series
(the sum over all graphs, and all orders) was studied before [Lil16].

We now deduce from [GM20] that It g a(q) is a quasimodular form of mixed weight even
in case of arbitrary k;. For that, we start with interpreting It 40(¢) as a generating function
of tropical covers:

Corollary 8.1.18. Let g > 2, n>1 and k1,...,k, > 1 be natural numbers such that
k1+...+kn:2g—2

is satisfied. Fix a Feynman graph I' such that the vertex x; has valence k; +2 — 2g; with g; € N.
Record the numbers g; in the genus function g. Fiz an order Q. For d € N, let

Ed,
(Thy (DE) - - T, (D) P

denote the number of (unlabeled) tropical covers (counted with multiplicity) that contribute to
E.d trop
(Thy (D) - - T, (PL) g,
the ends and satzsfymg (i) = Po) -
Then we can express the generating function of these invariants in terms of the Feynman
integral

, for which the source curve has combinatorial type I' after shrinking

1

FE.d,trop d _

Ty (DY) - - - Tk, (DU q It g0(q),

%< 1( ) ( )>FnQ |AUt(ftedge(F)7g)| 9 ( )

where fteqge is the map that forgets the edge labels of a Feynman graph, and automorphisms
respect the remaining vertez labels and the genus function (see Example 8.1.5).

Proof. Consider Theorem 8.1.9 and let ¢ = --- = ¢, = ¢. With a similar argument as we use
to deduce Theorem 8.1.4 from Theorem 8.1.9, we also obtain an automorphism factor here.
Fixing the order leads to labels on the vertices of the source curves, i.e. we need to consider
automorphisms which respect partially labeled graphs as in Example 8.1.5. O

Example 8.1.19. We want to express It 40(q) as polynomial in the Eisenstein series, where
Q is the identity, g = (0,0,0) or g = (1,0,0) and I is any Feynman graph as shown in Example
7.3.4. So this example is a continuation of Examples 7.1.15 and 8.1.10.

First, let I'y be the left Feynman graph of Example 7.3.4 and let g, = (1,0,0). We calculate
that

1 1 1 . 1
I =——F — ——Fy(q)E L —— _F?
— ———F5(q)E ——FE3(q)F
10368 2(q)Ee(q) + 20736 2( )E4(q)
1 55 39 . 278 /! 1025 . 4165 - 8
24q+ q+2 3 + 1 + 738¢° + 3 ——q' +3080¢° + ...
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Notice that If‘l’gl,Q is of of mixed weight since Eg and FEsFEg are of different weights. Recall

that we calculated 1—é5 as contribution to the g3-coefficient in Example 8.1.10. The other covers
contributing are shown in Figure 7.1 of Example 7.1.15 and are the ones corresponding to the
following entries of the table of Example 7.1.15 (read as a matrix): (2,3), (2,4), (2,5), (3,2),
(3,3), (4,1), (4,2), (4,3). Each of these covers contributes with 5; such that in total we expect
(see Corollary 8.1.18)

115 8 39
Coef[qs] IF17g179(Q) = ? + ﬂ — ?,
which matches our calculation.
Second, we choose I's to be the right Feynman graph of Example 7.3.4 and let g, =0. We
calculate that

1 1 1 1

- E —— _Fy(q)Eulq) — ——F ——_Fy(q)E
50736 6(q)+13824 2(¢)E4(q) 11472 2(q)+20736 2(q)E6(q)
1

1
- E2(q)E L )
13801 5(q) 4(q)+41472 2(q)

= ¢* + 15¢% + 76¢* + 275¢° 4+ 720¢° + 1666¢" + 34404 + 6129¢° + . ..

IF2,QQ,Q (¢) =

Notice that, again, IFQ,QTQ is of mixed weight, but Ipl’gl,g +Ip2,22,9 is homogeneous. As above,
we can verify the ¢3-coefficient using Example 7.1.15.
Third, we choose I's to be the middle Feynman graph of Example 7.3.4 and let g, = 0. In
this case, we obtain the homogeneous expression
— L B}g) - ——B3(@)Ealg) + ——FE3(q)
207364\ T 10368 2 VD T 9a736 2\
= 4¢® + 48¢° + 240¢* + 800¢° + 21604° + 4704¢" + 9920¢° + 17280¢° + . ..

=4 (q* +12¢° + 60g* + 200¢° + 540¢° + 11764" + 2480¢% + 4320¢° + ... ),

IF3,23,Q(Q)

where the factor 4 in the last row is due to the automorphisms of the underlying Feynman
graph, see Corollary 8.1.18. Again, we can verify the ¢3-coefficient using Example 7.1.15.

Corollary 8.1.20. Let g > 2, n>1 and ky, ..., ky, > 1 be natural numbers such that
ki+...+k,=29g—2

is satisfied. Let I be a Feynman graph with r edges (see Definition 7.5.2) and let g be a genus
function that satisfies

)+ 6=y
=1

where b1 (') denotes the first Betti number of I'. Fiz an order ).

Then the Feynman integral IRQ,Q(Q) — i.e. the generating function counting tropical covers

for the tropical descendant Gromov-Witten invariant (1, (pt) ... Tk, (pt))lg’;f’tmp of type T' and

order ), see Corollary 8.1.18 — is a quasimodular form of mized weight, with highest occurring
weight 2- (r + Y11 gi).

Proof. This follows from Theorem 6.1 of [GM20], since the local vertex contributions we have
to take into account for a vertex x; are polynomial of even degree 2g; in the expansion factors
of the adjacent edges by Theorem 4.1 in [GM20] (see [OP06], [SSZ12]). O
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This statement is essentially a byproduct of Corollary 6.2 of [GM20] which states that
the generating series of tropical covers with fixed ramification profiles (see [CJMR21], Defini-
tion 2.1.3) and with fixed underlying graph I' and order §2 is a quasimodular form of mixed
weight. The proof in [GM20] detours by deducing the quasimodularity of the function above
from the quasimodularity of our It 40(q) (without explicitely stating this). The descendant
Gromov-Witten invariants we focus on here are called Hurwitz numbers with completed cy-
cles in [GM20], which is explained by the Okounkov-Pandharipande GW/H correspondence in
[OP06], see also [SSZ12].

8.2 Tropical mirror symmetry and Boson-Fermion correspon-
dence

The purpose of this section is to reveal the close relation between the proof of Theorem 8.1.4 in
mathematical physics, using Fock spaces, and our tropical approach. Since the tropical setting
requires a labeling of the underlying Feynman graphs and the use of the variables q1, ..., ¢, to
distinguish degree contributions from the different edges, we enrich the Fock space approach by
incorporating adequate labelings. This enlarges the set of operators, but makes it easier to dis-
tinguish contributions for a fixed Feynman graph to a matrix element. In this way, we extend
the Fock space approach so that it gives an alternative proof of the tropical mirror symmetry
Theorem 8.1.9, which holds on a finer level. Our main ingredient is Theorem 8.2.10, proving
the equality of the number of labeled tropical covers with fixed underlying source graph, fixed
multidegree and order and a sum of matrix elements in a bosonic Fock space.

For the sake of explicitness, we limit our considerations to the case of Hurwitz numbers, i.e.
k; = 1 for all 4, and we do not have vertex contributions for Feynman integrals (see remarks
7.1.2 and 8.1.6). In particular, all our graphs are 3-valent, have no loops and genus 0 at vertices.
Higher descendants resp. vertex contributions can be incorporated into our discussion also, but
would increase the amount of notation largely — we would have to consider more summands
for a bosonic vertex operator, and the tropical local vertex multiplicities would have to show
up as coefficients of the bosonic vertex operator [CJMR18].

As shown in Figure 1.3, tropical geometry hands us a short-cut in the Fock space setting:
we can relate the generating series of Hurwitz numbers directly to operators on the bosonic
Fock space and do not need to evoke the fermionic Fock space and the Boson-Fermion Corre-
spondence, which is often viewed as the essence of mirror symmetry for elliptic curves.

8.2.1 Hurwitz numbers as matrix elements

We shortly review the bosonic Fock space approach for generating series of Hurwitz numbers:
The bosonic Heisenberg algebra H is the Lie algebra with basis a,, for n € Z such that for
n # 0 the following commutator relations are satisfied:

[ana am] = (‘n‘ : 5n,7m) «,
where 9, _y, is the Kronecker symbol and
[any am} = iy — QpQip

The bosonic Fock space F' is a representation of H. It is generated by a single “vacuum vector”
vg. The positive generators annihilate vy: a, -vg = 0 for n > 0, ag acts as the identity and the
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negative operators act freely. That is, I has a basis b, indexed by partitions, where
by=0a_p ...y, -y

We define an inner product on F' by declaring (vg|lvg) = 1 and «, to be the adjoint of a_,.

We write (v|A|w) for (v|Aw), where v,w € F' and the operator A is a product of elements
in H, and we write (A) for (vy|A|vg). The first is called a matriz element, the second a vacuum
expectation.

Example 8.2.1. To get used to the inner product on F', two easy examples are calculated.
First,

(a—3 - vpla—s - vp) = (vglaga—s - vy) =0

since a3 and a_5 commute such that az meets vy and therefore vanishes. We observe from this
example that if we want to obtain not zero from our inner product, we need to have for each
operator on the left of the inner product one on the right with the same index. For example:

(a_ga_p - vpla_sa_s - vp) = (vglasaga_sa_s - vg)
= (vp|lasa_saza_z - vy)

(vg|5 - 3 - vp)

15,

where the commutator relation was used once for the second equation and it was used twice
for the third equation.

Definition 8.2.2. The cut-join operator is defined by:

1
M = 5 Z Z A jO O + QOGO (8.6)
k>0 0<i,j
itj=k
The relative invariants of P! can be interpreted as a matrix element involving M (notice that
the invariants in questions are equal to double Hurwitz numbers by Okounkov-Pandharipande’s
GW/H correspondence [OP06]):

Proposition 8.2.3. Notation 7.1.4 is used. A relative Gromouv-Witten invariant of P*, resp.
a double Hurwitz number, equals a matriz element on the bosonic Fock space:

n Plde _ n!

<,u|7'1 (pt) |V>g,n Hz L - Hj vj

This statement follows by combining Wick’s Theorem with the Correspondence Theorem
7.1.20: Wick’s Theorem ([Wic50], Proposition 5.2 [BG16], Theorem 5.4.3 [CJMR18]) expresses
a matrix element as a weighted count of graphs that are obtained by completing local pictures.
It turns out that the graphs in question are exactly the tropical covers we enumerate to obtain
<u]7'1(pt)”|1/)]}gp,lﬁd’tr0p, where n! arises from fixing a set of points to which labeled ends are
mapped to (rather than prescribing a point a labeled end should map to, see Definition 7.1.10).

Notice that we have to use the disconnected theory here (e), since the matrix element
encodes all graphs completing the local pictures and cannot distinguish connected and discon-
nected graphs.

The local pictures are built as follows: we draw one vertex for each cut-join operator. For
an o, with n > 0, we draw an edge germ of weight n pointing to the right. If n < 0, we draw

(b M"|by).
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an edge germ of weight n pointing to the left. For the two Fock space elements b, and b,, we
draw germs of ends: of weights p; on the left pointing to the right, of weights v; on the right
pointing to the left. Wick’s Theorem states that the matrix element (b,|M"|b,) equals a sum
of graphs completing all possible local pictures, where each graph contributes the product of
the weights of all its edges (including the ends). A completion of the local pictures can be
interpreted as a tropical cover of PL (with suitable metrization).

The cut-join operator sums over all the possibilities of the local pictures for the graphs, i.e.
it sums over all possibilities how a vertex of a tropical cover can look like (see Figure 8.4).

Figure 8.4: Local pictures of graphs with weights on the edges.

Example 8.2.4. Consider the local pieces shown below. There are three ways of completing
them to a graph with local pictures like in Figure 8.4.

2— —2
11— —1
The completed graphs are shown in Figure 8.5. The product of the upper graph’s edge weights

(including the ends) is 12, 4 for the middle graph and 4 for the lower graph. Hence Wick’s
Theorem and Proposition 8.2.3 yield

(2 Dl (pt)?] (2, )55 =21 (3 f1g ;) o,

where we have to divide the last summand by two because there is an automorphism exchanging
the two edges that connect the vertices in the lower graph of Figure 8.5.

1 ___ —1

1

2 L e 2
1

1 1

Figure 8.5: Completions of the local pieces above. Note that there is an automorphism ex-
changing the two bounded edges in the lower graph.

Combining Proposition 8.2.3 with a degeneration argument, we can express Gromov-Witten
invariants, resp. Hurwitz numbers of the elliptic curve in terms of matrix elements:
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Proposition 8.2.5. A Hurwitz number of the elliptic curve equals a weighted sum of double
Hurwitz numbers of P:

(it e Z|Aut ()" )

Here, the sum goes over all partitions p of d, p; denotes their entries, and {(u) the length.

Proposition 8.2.3 which relates relative Gromov-Witten invariants to matrix elements yields
the following corollary.

Corollary 8.2.6. A Hurwitz number of the elliptic curve E equals a sum of matriz elements
on the bosonic Fock space:

<T1 pt Ed. Z ‘Aut < M‘Mn‘b,u>

Z

Proposition 8.2.5 is a corollary from the two Correspondence Theorems 7.1.19 and 7.1.20:
given a tropical cover of Er, let u be the partition encoding the weights of the edges mapping
to the base point pg. We mark the preimages of pg, for which we have | Aut(u)| choices. For
each choice, we cut off Er at py and the covering curve at the preimages of pg, obtaining a
cover of P4 with ramification profiles ;1 and p above +oo. The cut off tropical cover contributes

to (| (pt)"| ,u>]P 2BtOP b its multiplicity differs from the multiplicity of the cover of Er by
a factor of [] us, since the edges we cut off are no longer bounded.

Example 8.2.7. We want to calculate (71 (pt)? ) 2 using Corollary 8.2.6 and Wick’s Theorem.
The partitions of 3 are (1,1,1), (2,1) and (3). The summand of (2,1) follows from Example
8.2.4, namely 9-2 = 18. The figure below shows how to complete the local pieces given by the
partitions (1,1,1) and (3).

1 1

1 N 2 ’ 1

1 1
2

3 < > 3
1

Figure 8.6: More completions of local pieces. Note that there are automorphisms of the upper
graph that exchange the edges of weight one adjacent to a 3-valent vertex.

Note that there are in fact 9 choices of how to complete the local pieces of (1,1,1) since we

can choose which ends (in the upper graph) the straight line should connect. Thus the upper

graphs contribute (9 of them) 2! - 22 . % = 2 and the lower graph contributes 2! -2 -3 = 12.

Therefore (11 (pt)? >E 3, =8
8.2.2 Labeled matrix elements for labeled tropical covers

Now we would like to link this Fock space language for Gromov-Witten invariants resp. Hur-
witz numbers with tropical mirror symmetry. Recall that tropical mirror symmetry holds
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naturally on a fine level, giving an equality of the ¢;" ... g¢ -coefficient of a Feynman integral
Ira(qi,...,qr) and the number Nt ,q, which counts labeled tropical covers of type I', with
multidegree a and such that the order € is satisfied, i.e. (in case of Hurwitz numbers) the
contribution to (7 (pt)”)fﬁ’tmp

8.1.14 and Theorem 8.1.9).

of covers  satisfying 7 (i) = pq(;) (see Lemma 8.1.12, Theorem

Fix a Feynman graph I', a multidegree a and an order 2. Remember that I is a 3-valent
connected graph with first Betti number g, because of our restriction that k; = 1 for all 7. In
particular, I' has no loops.

Notation 8.2.8. Our expression for Ny, in terms of matrix elements (see Theorem 8.2.10
below) involves a sum over all tuples (wg)p:q,>0 With wg|ay for all k& with a; > 0, since we
incorporate the degeneration idea from Proposition 8.2.5.

For a fixed choice of (wg)k, let I be the graph obtained from I' by cutting the edge g
exactly g—’; times. We introduce the following labels for the (cut) edges of I": we denote the
pieces by gk 1,...,q; @ . There are at most ay + 1 pieces, depending on wy. For an edge

,wk
which is not cut, i.e. a = 0, we call it g ; to consistently have two indices for the edge labels

in TV.

We enlarge our set of operators in a way that allows to distinguish the edges of the cut
graph I': Let the alﬁ’;’], foreach k =1,...,r, j=1,...;ax + 1, and n € Z \ {0}, satisfy the
commutator relations

kg Li

[ o] += (I - Ok~ 5 Onmm) 0.

As before, we let the bosonic Fock space F' be generated by vy, following the rules from before:
alﬁ’] ~vp = 0 for n > 0, ap acts as identity, and the operators with negative subscript act freely.

We let (vglvg) =1 and let o9 be the adjoint of o .

1

Definition 8.2.9. Let I', a and (wg)x be as in Notation 8.2.8. Let x; be a vertex of I'. We
denote its three adjacent edges by ¢;,, ¢;, and ¢;;. For 1 =1,2,3 set ¢; = Z—Z +1ifa; >0 and
c; = 1 else. We also set d,,,, = ¢; if m; > 0 and d,,,, = 1 otherwise. Define the labeled cut-join
operator for the vertex x; as

. ihdml i?vdmg 7:37dm3

M; = E O Qmy S Oms ©.
m1,ma,m3€Z\{0}
m1+mo+m3z=0

Since the first superscript differs for the a-operators in a summand, the commutator relations
imply that these factors can be permuted within a summand without changing the cut-join
operator.

This operator sums over all possibilities of how, locally, a vertex with its adjacent edge
germs can be arranged, as shown in Figure 8.7.
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iy, N1
> l qis, M3

iy, M1
qisz, M3 l <

Qiq, 102 Qiy, M2
S —_——

iy, M1 qiy, M1
>R Qins M2 iy, M2 H<

qis, M3 l l qisz, M3
—_—— —_——

Qig, T2 Qig, M2

>' qiy, My qiy, M1 _‘<

iz, M3 I I qisz, M3

—_—— ——

Figure 8.7: Local pictures of graphs with weights m1, ms, m3 on the labeled edges g;,, ¢, Gis-

Notice that, compared to the (unlabeled) cut-join operator, we do not need a factor of
% which had to be there to take automorphisms into account resp. to undo overcounting by
distinguishing edges which are not distinguishable. Here, all edges are labeled and thus distin-

guishable.

Theorem 8.2.10. For a fized 3-valent Feynman graph I' without loops, multidegree a and an
order ), the count of labeled tropical covers of Er of type I' and of the right multidegree and
order (see Lemma 8.1.12, Theorem 8.1.14 and Theorem 8.1.9) equals a sum of matriz elements:

[

=1

H H a_wkv@> (8.7)

k=1 [=2

Nrao = ZH( ) '<HHa—wk

(wi)p k=1 k=11=1

wy|ag
Proof. We use Wick’s Theorem: the right hand side is a sum over all possible ways to combine
the local pictures given by the cut-join operators to a graph I' that covers }P’qlr. Our local
pictures are now vertices with labels xg-1(;). For each ol , we have an adjacent edge germ
with label g ; of weight |n|, pointing to the right if n is positive and to the left otherwise.
Fix a graph I which is a completion of such local pictures. The preimages of —oco are leaf
vertices of IV whose adjacent edges are labeled gy 1, . .. s G, 2k and are of weight wy, (for all k).

The preimages of oo are leaf vertices whose adjacent edges have labels g 2, ..., q; ax 4, also of
,wk)

weight wy. Since the a-operators in the cut-join operator only have the values 1 or %Z +1 as
their second superscript, the commutator relation guarantees that the leaves of qx2...,q; ax

over —oo have to be connected to the leaves with the corresponding label over oco. The leaf
adjacent to g1 over —oo is merged with an interior vertex adjacent to g, by definition of the
labeled cut-join operator which depends on I'. The same holds for the leaf adjacent to qk a kg1

To produce a tropical cover of ET, we glue I'V as follows: for all k and fori =1,..., w , the
leaf of i ; over —oo is attached to the leaf of gx ;1 over co. Identifying the edges gk, , ..., q; @
I wk;

(which are subdivided by 2-valent vertices obtained from gluing) to one edge gx, we obtain a
graph cover of Et of type I which is of the right order and multidegree: the order is imposed by
the order in which we multiply the cut-join operators, the multidegree is given by the ”curls”
of the edge gi, which has weight wy and which is curled Z)—’Z times by our way of gluing.
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Obviously, each tropical cover of type I' and multidegree a with order {2 can be obtained
by gluing a graph I that arises with Wick’s Theorem from the right hand side.
On the right hand side, a graph I that we produce with Wick’s Theorem contributes with

the product of the weights of all edges which are connected, including the ends. For an edge
9k 4q 9k 4q

i (which is cut into w,'*  pieces in I") with a; > 0, we thus obtain a factor of w,* , where
we actually only want wj for the tropical multiplicity. This is taken care of by the pre-factor
before the summands on the right. O

Example 8.2.11. Fix the multidegree a = (2, 1,0), an order 2 on the vertices x1, 2 such that
x1 < x3 and the following Feynman graph:

Zy

q1
€2

Fix points p1, p2 on Er. We obtain a labeled tropical cover of }P’qlr that can be glued to a cover
of Er of type I' by choosing local pieces (see Figure 8.7).

Notice that there are two choices of the expansion factor wy, namely w; = 1 or w; = 2. We
start with w; = 2 and obtain the following source curve of a tropical cover to qur, where the
local pieces are indicated by boxes.

1,2
5 q1,1 aq, 9
q1,1 7.2
2,1 T 3 T2 q2,2 1
1 92,1 q3,1 g3,1 q2,2
9 q1,1 42,1 q1,2 9
1 q1,2
g31 T2
1 — P 20 T 1
q2,1 ‘ q2,2

In case of w; = 2, there are no other choices of local pieces that fit I' than the ones shown
above. If we choose wy = 1, then another valid choice of local pieces is shown below.

2,2
1 42,1 q2, 1
g2 q2,2
qi1,1 4! 2 T2 q1,3 1
1 1,1 431 43,1 q1,3
q1,2 ;
1 q1,2 1
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Note that these two graphs are labeled version of the middle and upper graph of Figure 8.5
and the upper graph of Figure 8.6. However, we do not get all graphs of examples 8.2.4 and
8.2.7 since we fixed I" and a.

8.2.3 From matrix elements to Feynman integrals

Finally, we link the matrix elements on the right of (8.7) in Theorem 8.2.10 with Feynman
integrals. To do so, we introduce formal variables for vertices in the labeled cut-join operators:

Definition 8.2.12. Let I', @ and (wg)x be as in Notation 8.2.8. For [ = 1,2,3 set ¢; = Z)i +1
“

if a;; > 0 and ¢; = 1 otherwise. We also set d,,,, = ¢; if m; > 0 and d,,, = 1 otherwise. Define
the labeled cut-join operator for the vertex x; as

A il,dml m1 i27dm2 mo ZS:dmg ms3
M(x;) == E O e VA e T

m1,mz2,m3EZ\{0}

Here, the labeled cut-join operators are treated as formal series in x1,...,z,. With this,
we can rewrite equation (8.7) of Theorem 8.2.10, namely

n

[[ Mo

i=1

I H oy >

k=1 1=2

—_
Nrg0 = Coefjyo_ 40 Z H <wk) <H Hoa_’wk
( Ilc)k k=1 k=11=1
wi|ak

(8.8)
Each matrix element on the right-hand side of (8.8) is now a series in 21, . . ., x,, when evaluated.

Lemma 8.2.13. Fiz T', a and Q as in Notation 8.2.8. The right-hand side of Equation (8.8),
satisfies the following:

+1

St

[

=1

ot X 11 (5)" -<H Lot

k=11=1

wk|ak

= Coefpyo o1 [ we- (C:Z)wk + @Z)wk) ' k{%( Zowk ' (Zz)wk)

k:ap>0 wg >

Here, x31 and x,2 denote the vertices adjacent to the edge qi, where in the order € we have
Tp1 < xp2 as in Notation 7.3.3.

Proof. Let g, be an edge with ap = 0. Since ax = 0, an « with first superscript £ does not show
up in the vectors of the matrix element, only in the labeled cut-join operators. Also, the second
superscript must be 1, and it appears for exactly two cut-join operators, namely the one for x;1
and the one for x2. Thus, we draw an edge germ labeled g 1 at x;1 and an edge germ labeled
qr1 at xp2. These are the only edge germs with this label. To obtain a nonzero contribution to
the matrix element, the edge germ at x;1 must point to the right and the one at z;2 must point
to the left. Furthermore, they must have the same weight wyg. There is no restriction on the
weight wy,. (The balancing condition is imposed only after we take the . ..x0-coefficient.)
So, for any wy > 0, we have nonzero contributions to the matrix elements above with an aﬁ;kl in

the cut-join operator M (z;1) and an o™l in the cut-join operator M (xj2). Combining those

— Wk

a-operators with the respective power of the variable, we obtain ak ! -x;:l’“ -a’i’}vk -xl; which,

after applying the commutator relation and simplifying becomes wy, - (%)
k
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We have treated the sum of matrix elements as a weighted sum of graphs. Any nonzero
summand must have an edge connecting the edge germs above, and it can be of any weight.
More precisely, if we have a graph with such an edge of a certain weight, we also have all
summands that correspond to the same graph, but with the weight of the edge varying. Thus,

we can pull out a factor
Tp1\ Wk
3wy (i)
T2

wi >0
for the edge qy.

Let us now consider an edge ¢x with ap > 0. The matrix elements on the left are summed
over all wg|ag. For the local pictures, we draw end germs of weight wy on the left pointing
to the right, with labels gk 1,...,q; ax, and on the right, pointing to the left, with labels

’wkj
Qk2s - Qp ok - We use the commutator relations for the a in charge of connecting the
7wk
"curls” qg2,...,q; o, they produce a factor of wy, which is cancelled by the pre-factor. The
v

end germ g1 must be connected to an edge germ appearing in a cut-join operator, that can
be either M (zj1) or M(xy2). The end germ g . ; must also be connected to an edge germ
7wk

of a cut-join operator, necessarily the other on in the choice of M (z41) or M(xzj2). Thus, we
either have

Ak Ak
k1 k1 —wy, k’wk +1 wye k, o, +1
Qg * Qg " Tpr o Oy “Tyg QL Or
ak af
k1 k1w Ruptl o Ryl
Qg * Qg " Tp2 v Oy T Qg

(notice the subscript changes sign when we let factors jump in the scalar product, by convention
of the adjoints). Taking the commutator relations into account, and realizing that one factor
of wy, is again cancelled by the pre-factor, we obtain either wy, - (%)wk or Wy, - (%)wk Also,
wy was imposed by the summand we picked on the left hand side. But for a givenlC graph with
an edge of weight wy, we also have the analogous graph (with fewer or more curls) where the
edge has another weight which divides a;. Thus, for the edge g, we obtain a total factor of
S ((G2)"+ (G2)")
T2 Tl
w|ag

Taking the 27 ... 22-coefficient on the right-hand side of our desired equation ensures that there
are no vertices (in the graph associated to a factor of the right-hand side) whose three adjacent
edge germs are pointing in the same direction. Thus Lemma 8.2.13 follows. ]

Having this, we can give an alternative proof of Theorem 8.1.9 (in the case k; = 1 for all
i), which follows the more traditional Fock space approach, now with a larger set of operators
in charge of the labels. Thus using tropical geometry, we can take a shortcut that avoids the
fermionic Fock space and relies on Wick’s Theorem instead, see Figure 1.3.

Proof of Theorem 8.1.9 in the case k; =1 for all i. We prove the equality by restricting to the
qi* ... g -Coefficient on each side. It follows from Lemma 8.1.12 that we can expand the left
side as a sum over orders {2, which we can do by definition of Feynman integral also on the right.
We thus have to show that the weighted count Nr , o of labeled tropical covers contributing to
(11 (pt)")ﬁ’s’tmp and satisfying 7 (i) = pq) equals Coefjgor gary Ir g0(q1, - - -, qr). By Definition
7.3.5 of a Feynman integral, the 29 ..., 29-Coefficient on the right-hand side of Lemma 8.2.13
equals the ¢f* ... ¢l -Coeflicient of It o(q1,...,¢r). Using Lemma 8.2.13 and Equation (8.8)
(which follows from Theorem 8.2.10 relying on Wick’s Theorem), it follows that it also equals
Nr g.0. Thus the statement is proved. ]






Chapter 9

Tropical mirror symmetry for E x P!

In this chapter, which is based on joint work with Janko B6hm and Hannah Markwig [BGM20],
a mirror symmetry relation for £ x P! involving counts of curves and Feynman integrals is
established, see Corollary 9.3.5. To do so, a correspondence theorem 9.1.16 is used to count
tropical stable map to tropical E x P! instead. The floor decomposition techniques (see Chapter
6) of tropical stable maps allow us to pass from tropical stable maps to tropical E xP! to certain
tropical covers of a tropical elliptic curve called curled pearl chains. Hence results of Chapter 8
can be applied, which yield a tropical mirror symmetry relation that relates generating series
of curled pearl chains to sums of Feynman integrals, see Theorem 9.3.1.

As in Chapter 8, an even finer version of the tropical mirror symmetry relation holds
naturally (Theorem 9.3.11). Moreover, our tropical approach again allows us to deduce quasi-
modularity results for certain generating series of tropical stable maps to tropical E x P!, see
theorems 9.4.2, 9.4.5.

9.1 Tropical stable maps to tropical E x P!

For an elliptic curve E, denote the tropical analogue of the surface E x P! by Er x ]P’qlr. We
define it as an infinite cylinder surface arising from Eg and IP)%T, see 9.1. It is a tropical surface
in the sense of Definition 3.1 [Shal5]. Correspondence theorem 9.1.16 shows that Er x Pk
should indeed be viewed as the tropical analogue of E x P

O

Er

Figure 9.1: An illustration of Ep X IP’rJl]-.

9.1.1 Tropical stable maps to Er x P1 via cut open ones

To define tropical stable maps to Ep x Pk, we consider tropical stable maps to R? of a degree
that allows us to glue some of its ends together such that the resulting tropical curve winds
around an infinite cylinder. For that, notice that a nice feature of tropical geometry is that
often, we do not have to use compactifications to get sufficient geometric information. This
holds true for our counts of curves. Therefore, we can consider tropical versions of stable maps
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as maps to R%2. The compactification is implicit in the choice of directions of the ends, resp. in
the way they glue.

In Definition 9.1.1, we recall the basic concept of a tropical stable map to R? (cf. Definition
2.2.7 for rational tropical stable maps). Next, in 9.1.2; this concept is specified in such a way
that the tropical stable maps in question can be interpreted as (building blocks of) maps to
FEr x IP’%T by gluing opposite ends appropriately. In this definition, we introduce the concept
of a leaky degree first. We do this with a view towards further generalizations. Most natural,
and most important for our main applications here, is the case where the leaky degree is zero.
The general case of leaky degrees is included for the sake of completeness.

Definition 9.1.1. A tropical stable map to R? is a tuple (T, f) where I is an explicit (i.e. there
is no genus function) and not necessarily connected abstract tropical curve (see Definition 7.1.7)
with n marked ends denoted 1, ...,z, and f: ' — R? is a map satisfying:

1. Integer affine on each edge: On each edge e of I'; the map f is of the form
t—a+t-vwith v e Z?

where we parametrize e as an interval of size the length [(e) of e. The vector v, called the
direction, arising in this equation is defined up to sign, depending on the starting vertex
of the parametrization of the edge. We sometimes speak of the direction of a flag v(V,e)
at a vertex V. If e is an end we use the notation v(e) for the direction of its unique flag.

2. Balancing condition: At every vertex, we have

Z v(V,e) = 0.

Veoe

For an edge with direction v = (vi,v9) € Z?\{0}, we call w := ged(vy,v2) the expansion
factor and % - v the primitive direction of e. If v = 0, then we set w := 0 as expansion factor.

An isomorphism of tropical stable maps is an isomorphism of the underlying tropical curves
respecting the map. The combinatorial type of a tropical stable map is the data obtained when
dropping the metric of the underlying graph. More explicitly, it consists of the data of a finite
graph I', and for each edge e of I', the direction of e.

Definition 9.1.2. A (cut, open) tropical stable map to Et X IP’%I- of leaky degree
A={L1,...,L4,}
is a tropical stable map to R?, with N marked ends satisfying:
1. A is a multiset containing elements of Z such that Zfil L;=0.
2. End directions: The directions of the ends are given as follows:

e The marked ends z;, i =1,...,n < N, are contracted: v(z;) = 0.

e There are dy ends of direction (0, —1). All these ends are unmarked.
e There are dy (unmarked) ends of direction (L;,1).

e The remaining ends are marked and of primitive direction (+1,0).

3. Gluing: The ends of primitive direction (£1,0) come in pairs, one of direction (1,0) and
one of direction (—1,0), with the same expansion factor and the same y-coordinate.
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When L; = 0 for all ¢+ = 1,...,ds, we refer to these tropical stable maps as maps without
leaking or of leaky degree zero.

Construction 9.1.3. In two steps, we can produce a tropical stable map to Et X }P’qlr from a
cut, open tropical stable map:

1. We glue the pairs of ends in (2) of Definition 9.1.2 and partially compactify by adding
1-valent vertices at infinity for the ends of direction (0, —1). The markings for the ends
which we glued are forgotten. The graph obtained this way is denoted by I''. The map
f extends to I and the image f(I"”) is a non-compact tropical stable map to Et x PL.

2. To produce a tropical stable map to Fr X IP)%T, we need to mark the ends of directions
(L;i, 1) and fix the following additional data:

(a) A partition of A into subsets A; = {L;,, ..., L;, } satisfying Z?i:l L;i; =0 for all i.
(b) For each subset A; a 3-valent tree T; that satisfies the following.

i. The tree T; has k; + 1 leaves, where each Li; for j =1,...,k; appears as a label
of a leaf and exactly one leaf, called the root vertez, is unlabeled.

ii. The tree T; is balanced in the following sense: Equip 7; with the orientation
that is induced by the root vertex such that the edge adjacent to the root
vertex points towards the root vertex (notice that every non-leaf vertex of T;
has precisely 2 incoming edges and 1 outgoing edge). Equip each edge adjacent
to a leaf labeled by L;; with the weight L;; € Z. For every non-leaf vertex V'
of T;, define the adjacent edges’ weights by balancing, i.e. the outgoing edge’s
weight of V' is the sum of the two incoming edges’ weights. We do not allow a
vertex V of T; to have two incoming edges of the same weight .

(c) Each non-leaf vertex V of T; is decorated with a number ny € Ns.

With this additional data, we can produce a (compact) tropical curve in Bt x PL from the
non-compact one: If two leaves L1 and Lo are adjacent to a vertex V in T; (in particular,
Ly # Ls by condition (2b)), the two open ends of direction (Lj,1) and (Lg,1) meet in
FEr x IP’%T. At their ny-th meeting point, we let them merge to a 3-valent vertex and start
a new open end at that vertex whose direction is determined by the balancing condition.
We cut the cherry corresponding to L and Ly from the tree T; and continue recursively
with the new tree. Finally, we end up with the edge adjacent to the root vertex that
produces an end of vertical direction (0, k;), which we compactify by adding a vertex at
infinity.

In this way, we produce a tropical stable map to Et X IP’%T whose upper vertical ends may
have non-trivial expansion factors.

Here, we focus on the non-compact tropical stable maps we obtain using step (1) above. In
particular, we provide methods to count such non-compact tropical curves and study their
generating functions. We believe that our methods can be used in future research focusing on
counts of curves in Ep X ]P’qlr with ends of non-trivial expansion factors, i.e. tropicalizations of
curves in E x P! satisfying tangency conditions with the co-section.

Note that for tropical stable maps without leaking, step (2) of Construction 9.1.3 is trivial:
we only compactify by adding vertices at infinity for the vertical ends of direction (0,1). We
also neglect markings for these upper vertical ends. These curves, providing counts of curves
satisfying point conditions in F x P!, play the main role in this chapter.



176 9. Tropical mirror symmetry for E x P!

Figure 9.2: Left: A cut tropical stable map (T, f) to Er x PL of bidegree (di,ds) = (1,2)
and genus 1. Right: A non-cut picture, where step 1 of Construction 9.1.3 is used. The leaky
degree is {—1,1}.

~—
root ‘
vertex
Ty
%4
L2 = 1 Ll == —1

Figure 9.3: Left: An example of a tree 77 as in step 2 of Construction 9.1.3 with its orientation
and labels. Right: A glued picture that is produced by Construction 9.1.3 by taking the cut
tropical stable map on the left of Figure 9.2, the tree 71 and ny = 2. The two arrows mark
the intersections which we need to take into account for ny = 2.

Definition 9.1.4. Two tropical stable maps are equivalent, if they differ only in the markings
for the ends of primitive direction (+1,0), i.e. the glued graph and the map to Ep x PL from
Construction 9.1.3(1) coincide. By abuse of notation, we consider tropical stable maps only up
to equivalence.

Depending on the image of their end vertices, an end of direction (Lq,1) and an end of
direction (Lg,1) of a cut tropical stable map can intersect. In the dual subdivision for f(I),
such an intersection corresponds to a parallelogram. Consider the dual subdivision without
these parallelograms, and let d; be the minimal distance of its vertices to its base line (see
Chapter 5 for more about dual subdivisions). Let da be the number of ends of direction (0, —1)
which equals the number of ends of direction (L;, 1) for all i. We call (dy, d2) the bidegree (see
Figure 9.2) of the tropical stable map (T, f) for leaky degree A to E x PA.

We define the genus of a tropical stable map (T, f) to E1 x PL to be the genus of the graph
I obtained by gluing pairs of ends of T' as in Construction 9.1.3(1). We say that a tropical
stable map to Ep X IP’%T is connected if " is connected. If v I d; is the partition of expansion
factors of the ends of T" of direction (1,0) (equivalently, (—1,0)) and the genus of (T, f) is g,
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then I" has genus g — ¢(v), where ¢(v) denotes the length of the partition v.

Definition 9.1.5 (Point conditions). For points py, ..., p, € R?, a tropical stable map (T, f)
to Bt x PL satisfies the point conditions (p1,...,pr) if the point f(z;) to which the end marked
x; is contracted equals p;.

Remark 9.1.6. Notice that a tropical stable map to Ep x IP’%F satisfying point conditions can
be viewed as a tropical stable map to the R? that satisfies end and point conditions, where the
end conditions are imposed by gluing (see Definition 9.1.11). In particular, the theory of counts
of plane tropical curves applies, see [Mik05, GM07a, GM07b, GMO08]. The end conditions that
are imposed by gluing are not necessarily in general position, for example there can be an
edge of the glued graph I" in Construction 9.1.3(1) that is "curled” several times. In T, this
edge is cut into several connected components which are all mapped to the same horizontal
line. If we shift the end conditions slightly, we have a tropical stable map to R? satisfying
general conditions, and thus it is 3-valent and, away from the contracted marked ends, locally
an embedding.

Example 9.1.7. Let p,...,ps € R? be general positioned points. Figure 9.4 shows a tropical
stable map to Er X IP)%T of leaky degree A = {—1,1} with a curled edge such that the point
conditions are satisfied. Note that we need to fix pairs of ends with the same y-coordinate to
make the gluing unique.

L 3

Figure 9.4: A (cut) tropical stable map satisfying point conditions. Note that one edge is
curled once. The different pairs of end markings tell us how to glue, but note that we shifted
the y-coordinates of glued ends a bit in order to get a better picture (in fact their y-coordinates
are the same).

For n := 2dy + g — 1 points py, . ..,p, € R? in (tropical) general position, there are finitely
many tropical stable maps (T, f) to Ep x PL of bidegree (dy,d2) and genus g satisfying the
point conditions. Furthermore, each I' is 3-valent, and f is an embedding locally around the
vertices which are not adjacent to contracted ends. In particular, the multiplicity of a tropical
stable map can be defined as in the original count of plane tropical curves [Mik05]:

Definition 9.1.8. Let (I, f) be a tropical stable map to Er x PL such that I' is 3-valent,
and f is an embedding locally around the vertices which are not adjacent to marked ends.
For a vertex V of I' which is not adjacent to a marked contracted end, we define its vertex
multiplicity multy (T, f) to be | det(v1,v2)|, where v; and ve denote the direction vectors of two
of its adjacent edges.

We define the multiplicity of (T, f) to be the product of its vertex multiplicities, i.e.

mult(T, f) = [ [ multy (T, f),
\%4

where the product goes over all vertices not adjacent to marked contracted ends.
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Definition 9.1.9. Fix positive integers dy, ds and ¢. Fix n = 2dy+g¢—1 points p1, ..., p, € R?
in (tropical) general position. Let N&O’zh da.g) be the number of connected tropical stable maps
to Ep X ]P’r]lr of leaky degree A, bidegree (dy,ds2) and genus g satisfying the point conditions
D1, - - -, Pn, counted with multiplicity as in Definition 9.1.8. If we only list 3 subscripts, then

this refers to the case without leaking, i.e.

trop L Ntrop
(d17d27g) T ({07"'70}7d17d27g)'

As usual, the analogous count of not necessarily connected tropical stable maps is denoted
b Ntrop,o res Ntmp’.
Y V(A dy da,g) TP Y (dy da.g)°
Remark 9.1.10. The numbers of Definition 9.1.9 are independent of the exact positions of
the point conditions by Remark 9.1.6.

9.1.2 Relative tropical stable maps

The correspondence theorem we prove in Subsection 9.1.3 relies on cutting open the infinite
cylinder and obtaining from the tropical stable maps within tropical stable maps to R? with
tangency conditions on the cut line. The latter are known to produce relative Gromov-Witten
invariants. We introduce these tropical stable maps in Definition 9.1.11, and relate them to
tropical stable maps to Et X IE"%F in Proposition 9.1.14.

Definition 9.1.11 (Relative tropical stable map). Fix partitions pu*, ¢*, u= and ¢~ such
that the sum d; of the parts in ™ and ¢ equals the sum of the parts in = and ¢~. Let
ny = 0(¢p)+0(¢7) and ng := (u")+€(p~). Fixn € N5g and a leaky degree A = {Ly,..., Lg,}
which is a multiset containing elements of Z such that Zfil L; =0.

A relative tropical stable map matching the discrete data above is a (not necessarily con-
nected) tropical stable map to R? of leaky degree A, with n + ny + ns marked ends satisfying:

1. The direction of the ends are imposed as follows:

e The marked ends z; for i = 1,...,n are contracted, i.e. v(x;) = 0.
e The other marked ends are of primitive direction (£1,0).

e There are dy ends of direction (0, —1).

e There is an end of direction (L;, 1) for each i =1,...,ds.

e The partition of expansion factors of the marked ends with primitive direction (1,0)
is (ut, ¢").
e The partition of expansion factors of the marked ends with primitive direction

(~1,0) is (4, ¢).

The genus of a relative tropical stable map (I, f) is defined to be the genus of I'. We say
(T, f) is connected if T is.

For relative tropical stable maps, end conditions can be imposed by requiring that the
y-coordinate of the horizontal line to which f(x;) is mapped equals a fixed value y; for the
end marked i. By convention, we fix y-coordinates for the ends corresponding to ¢ and ¢~.
For points and end conditions in general position, every relative tropical stable map satisfying
the conditions has a 3-valent source graph and is locally an embedding. We can define its
multiplicity similar to Definition 9.1.8:
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Definition 9.1.12. Let u*, ¢, p~ and ¢—, A, d1, da, n, n1 and ny be as in Definition 9.1.11.
Fix n points in general position and n; y-coordinates for ends. For a relative tropical stable
map (I, f) satisfying the point and end conditions, we define its multiplicity as

mult(F, f) = ! HmultV(F7 f)7

[T 1167

where the last product goes over all vertices V not adjacent to contracted ends and multy (T, f)
is defined in 9.1.8.

Definition 9.1.13. Fix u™, ¢, p~ and ¢, A, dy, do, n, n1 and no as in Definition 9.1.11,
and a genus ¢g. Fix n := ng + 2dy + g — 1 points in general position and n; y-coordinates for
ends. For the invariant

(&, 1 )lmo(pt)" (¢ F, ) yrop- 2 (),

we count connected relative tropical stable maps of genus g, matching the data and satisfying
the conditions with their multiplicity as defined in 9.1.12. The invariant

(6717 ) ot (6 g )

denotes the analogous count of not necessarily connected relative tropical stable maps. For the
case A = {0,...,0}, we drop the superscript A from the notation above.

Proposition 9.1.14. The number N&OZ’;@ 9) of tropical stable maps to Ep % ]P’qlr of leaky degree

A, bidegree (di,ds) and genus g satisfying general point conditions equals a sum of counts of
relative tropical stable maps:

trop,e . Hz Hi Hj ¢j n trop,A,(d1,d2),e
N(A,d1,dz,g) o ( %—d | Aut(p)|| Aut(o)| (1, )70 (p2) ’(@57#»9_4(“)_4(@,” .
H, 1

Here, the sum goes over all pairs of partitions (u, ¢) of di.

In particular, the corresponding equality holds for the case A = {0,...,0}, for which the

superscript A is dropped from the notation above.
Proof. Fix a tropical stable map (I, f) to Ep x PL contributing to N(tX),Ic)l’l.,dg,g)' Consider T’
minus the closures of the contracted ends. Since the point conditions are in general position,
each connected component contains at least one end. There can be connected components of
I which just consist of a single unbounded edge of primitive direction (41, 0), we consider the
left and the right part as an end. Such connected components arise from edges of the glued
graph I from Construction 9.1.3(1) which are curled multiple times. Let us first consider ends
which are not part of such connected components.

An end is fixed by the point conditions if it is the unique end in its connected component.
The other ends are moving: we can form a 1-parameter family of tropical stable maps of the
same combinatorial type that still meet the point conditions by shifting one of the moving ends
slightly and letting the other edges follow.

We treat one end of a component consisting of a single unbounded edge as a fixed end, and
the other as a moving end, opposite to the assignment of the end they glue to.

Let ¢ be the partition of expansion factors of ends of primitive direction (—1,0) which are
fixed by the point conditions, and p the partition of expansion factors of ends of primitive
direction (—1,0) which are moving. Then (u,¢) is a partition of d;. Furthermore, the gluing
condition implies that the expansion factors of the ends of primitive direction (1,0) are also



180 9. Tropical mirror symmetry for E x P!

given by (u, ¢), however, the ones corresponding to ¢ must be moving, since the gluing already
imposes a condition on them. Vice versa, the ones corresponding to g must be fixed, since they
impose conditions by gluing.

In this way, we can interpret each tropical stable map to Ep x PL as a relative tropical
stable map.

The factors of [[, p; [ | j ¢; show up because the multiplicity of the relative tropical stable
maps differs from the multiplicity of the tropical stable map to Er x PL by factors of % for
each expansion factor w of fixed ends, and the ends with expansion factors ¢; are fixed on the
left while the ones with expansion factors u; are fixed on the right.

The factors of m show up because the relative tropical stable maps have marked
ends of primitive direction (£1,0), and we forget such markings for tropical stable maps to
Er x PL. O

9.1.3 Correspondence theorems

Correspondence Theorems for relative Gromov-Witten invariants of Hirzebruch surfaces have
been studied before [GM07a, CJMR18]:

Theorem 9.1.15. Relative Gromov-Witten invariants of P x P! are equal to their tropical
counterparts. This holds both for the connected and the disconnected theory:

(1, )70 (Pt)™ (¢, 1)) B 142 = (11, ) o ()] (@, ) L1003 (drd2)
(11, ) 170 ()" (@, 1)) 5 X (dd2)s® — (11, )| (pt)"|(, ) ErPA0+ O (e,

Using the degeneration formula in Proposition 7.2.4 together with the tropical relation of
counts of stable maps to Ep x IP’%T and relative tropical stable maps, Proposition 9.1.14, we can
deduce:

Theorem 9.1.16 (Correspondence theorem for E x P'). Notation of definitions 7.2.1, 9.1.9
is used. Gromov-Witten invariants of E x P! agree with the corresponding tropical counts of
stable maps to Er X qur without leaking:
r [ ]
N(.d17d279) - (td?})ciz,g)'
Since connectedness can be read off the dual graph of a degeneration, we can also deduce
the version for connected numbers:

_ trop
N(d17d279) T 7 (d1,d2,9)"

9.2 Pearl chains

Using a floor diagram technique as in Chapter 6, we introduce a finite method to list all tropical
stable maps of genus g, leaky degree A and bidegree (di,ds) to Er x P — we count curled
pearl chains.

A floor diagram technique relies on picking particular point conditions for which a further
degeneration for the tropical stable maps is achieved: as in Figure 9.7, each tropical stable
map satisfying the particular point conditions can be split into its horizontal edges (of which
each meets a point) and its so-called floors. These remaining parts, the floors, each contain
one downward- and one upward-pointing end and meet precisely one point condition also. By
shrinking the floors to white vertices, we obtain a bipartite graph, which, due to its embedding
in Fp x IP%T, comes with a natural projection to Ep. This projection is what we call a curled
pearl chain, the source is what we call a pearl chain. The process how to obtain a curled pearl
chain from a tropical stable map to Ep x qur is described in Construction 9.2.6.
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9.2.1 Pearl chains and curled pearl chains

Definition 9.2.1 (Pearl chain). Let d2 and g be positive integers. A pearl chain of type (dz, g)
is a (non-metric) connected graph P of genus g. It has dy white and dy + g — 1 black vertices.
Edges can only connect a white with a black vertex, but not vertices of the same color. Black
vertices must be 2-valent, white vertices can have any valence. There are no cycles of length
two.

v v X

Figure 9.5: Some examples of pearl chains of type (3,2) and a non-example (the right picture
contains a cycle of length 2).

To define curled pearl chains, leaky tropical covers are recalled and their degree is defined:

Definition 9.2.2 (Leaky tropical covers). Consider a tropical cover m : I' — Er of a tropical
elliptic curve as in Definition 7.1.9, and assume that the images of the vertices of I' are distinct.
Let p € Er be the image of the vertex v. Fix an orientation of Ft. Let f; and f2 be the two
flags of Em adjacent to p, ordered such that the orientation is respected. We say that there is
a leaking of L € 7 at p (resp. at v) if

dvafl - dvva - L

holds for the local degrees of m at v with respect to f; for ¢ = 1,2. If not all vertices of a
tropical cover 7w : I' — E7 satisfy balancing, but some have leaking, we say that it is a leaky
tropical cover.

For a leaky tropical cover 7 : I' — FEr, define the degree d to be the minimum of all sums
over all local degrees of preimages of a point a with respect to an adjacent flag f’, i.e.

d:= Z dp,f/

pa

Definition 9.2.3 (Curled pearl chains). Fix ds,g € Nsg. Fix a multiset A = {L;,...,Lg,}
that contains elements of Z such that their sum vanishes, i.e. foil L;=0. Let n :=2dy+g—1,
and let E7 be a tropical elliptic curve on which we fix n+ 1 points py, .. ., p, ordered this way.
Notice that this choice fixes an orientation of Ep. Let P be a pearl chain of type (dsg,g).
A curled pearl chain of type (A, ds, g) is a leaky tropical cover m : P’ — Er, where P’ is a
metrization of P, such that each 7=!(p;) contains one vertex for i = 1,...,n, and such that

(1) each element L of A corresponds to a white vertex with leaking L (in particular, there
are dp white vertices), and

(2) the black vertices are balanced.

Definition 9.2.4. Let N(pAcai 4 g) De the weighted count of curled pearl chains of type (A, ds, g)

and degree di. Each curled pearl chain is counted with multiplicity [], we, the product goes
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over all expansion factors of edges. If we write N (Izieiai ;)» this refers to the case without leaking

A ={0,...,0}, ie.

pearl L Npearl
(d17d27g) T {07"'70}(d17d27g)'

Example 9.2.5. We want to determine N(p;;ri) We list curled pearl chains of type (2,1)
and degree 2 below, where we suppress Fr and the map 7 and fix the upper white vertex as
preimage of p; instead (the numbers i of the vertices in Figure 9.6 indicate to which point p;
on Er the vertices are mapped to). One curled pearl chain has multiplicity 2* = 16 and the
rest has multiplicity 1. So Figure 9.6 yields 16 + 14 = 30 curled pearl chains counted with
multiplicity. Since all vertices are 2-valent, we can exchange the colors (i.e. fix a black vertex

as preimage of p;) and obtain a factor 2. Therefore

earl
N&QJ) = 60.
1 1 1 1
3 3 3 3
1 1 1 1
O
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(27271) ’

Figure 9.6: Curled pearl chains contributing to IV

9.2.2 Floor-decomposed tropical stable maps to Er x P4

Since the images of tropical stable maps to Ep x IP’%T can be viewed as tropical plane curves, we
can also make use of the floor diagram technique [BM08, FM10] as in Chapter 6 by picking a
horizontally stretched set of point conditions (similar to Definition 6.1.1).
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N

L 4
[
4

Figure 9.7: Left: The tropical stable map to Et x PL of leaky degree {—1,1} with a curled edge
from Example 9.1.7, where we indicated the floors. Right: The curled pearl chain Construction
9.2.6 associates to this tropical stable map (we suppressed the map ).

Every tropical stable map (T, f) of leaky degree A = {Ly,...,Lg,} satisfying these con-
ditions is floor-decomposed, i.e. every connected component of I' minus the edges of primitive
direction (£1,0) (called a floor) contains exactly one marked end which satisfies a point con-
dition, one end of direction (0, —1) and one end of some direction (L;,1). Furthermore, each
edge of primitive direction (+1,0) (called an elevator), except for n; ends whose y-coordinates
are imposed by the gluing condition, is adjacent to precisely one marked end that satisfies a
point condition.

Construction 9.2.6 (Tropical stable map + curled pearl chain). Given a floor-decomposed
tropical stable map (I, f) to B x PL of bidegree (d1,ds) and genus g satisfying n = 2ds +g—1
horizontally stretched point conditions, a curled pearl chain 7 : P’ — Er can can be associated
to it as follows:

As in Construction 9.1.3(1), let I be the graph obtained from I" by gluing the pairs of ends
of primitive direction (£1,0). Shrink each floor in I to a white vertex. Shrink the marked
points on elevators to black vertices. The graph obtained this way is P’. Its edges correspond
to elevator edges of IV, see Figure 9.7.

Let pr denote the vertical projection of Er x IF’%T to a tropical elliptic curve and let py,...,pn
be the images of the horizontally stretched point conditions. The map 7 can be viewed as the
composition of (the extension of) f with pr. It maps the white vertex arising from the floor
containing x; to p; in F, and the black vertex arising from x; to p;. The edge of P arising from
an elevator edge of I is mapped as the projection of the elevator edge. The expansion factors
w, of the edges of P are given as the expansion factors of the corresponding elevator edges of
I". Note that the leaky degree of the tropical stable map and the leaking of the associated
curled pearl chain coincide.

Lemma 9.2.7. Construction 9.2.6 associates a curled pearl chain w : P’ — Er of type (A, ds, g)
and degree dy to a floor-decomposed connected tropical stable map (T, f) to Et X IP’%T of leaky
degree A, bidegree (dy,ds) and genus g.

Proof. Denote A = {Lj,...,Lg,}. The tropical stable map has da ends of direction (0,—1)
and exactly one end of directions (L;, 1) for each i = 1,...,ds. Each floor of its floors contains
one end of direction (0, —1) and one of direction (L;, 1) for some 7. The white vertices of P’
come from the da floors. The black vertices come from the remaining ds + g — 1 points. Every
elevator edge of I'” must be fixed by a point, so the corresponding edge in P must be adjacent
to a black vertex. An edge cannot connect two black vertices since this would correspond to
an elevator edge adjacent to two contracted ends, which would then be mapped to the same
horizontal line. Since the point conditions are general, two contracted ends cannot be mapped
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to the same horizontal line. It follows that each edge of P’ is adjacent to one black and one
white vertex. A black vertex comes from a contracted end and its two adjacent elevator edges,
thus it must be 2-valent. The graph P’ arises from the glued graph I'” of Construction 9.1.3(1)
by shrinking floors resp. ends, hence it has the same genus. Assume P’ had a cycle of length 2,
which necessarily connects a white with a black vertex. This would correspond to an elevator
edge of I, starting at the floor corresponding to the white vertex and returning to the same
floor with the same y-coordinate. The balancing condition implies that the floor cannot have a
3-valent vertex adjacent to those two edges, the elevator loop would form a separate connected
component, which we excluded. Thus P’ has no cycles of length 2. It follows that P, which
equals P’ after forgetting metric data, is a pearl chain of type (dz, g). From the construction of
the map 7, it is clear that the preimage of each p; contains exactly one vertex. Also, the two
flags adjacent to a black vertex are mapped to the two flags in F adjacent to the image vertex,
and their expansion factors agree: they correspond to the two elevator edges adjacent to a
contracted end, which by the balancing condition must have direction (we,0) resp. (—we,0).
For a white vertex, which represents a floor of (T, f), note that it has two non-contracted ends
of direction (0, —1) and (L;, 1) for some i. The other edges leaving the floor are the elevators,
they are of primitive direction (£1,0). It follows from the balancing condition that there is
leaking of A at the white vertices. Thus, 7 : P’ — Er is a curled pearl chain of type (A, ds, g).
For a floor-decomposed tropical stable map, the first entry of the bidegree (di,ds) equals the
minimum of the sums of expansion factors of all elevators passing a fixed vertical line. This
equals the degree of the curled pearl chain constructed from (T'; f). O

9.2.3 Counts of leaky tropical stable maps to Er x Pl and pearl chains

Theorem 9.2.8. The count of curled pearl chains of type (A, da,g) and degree dy from Defi-
nition 9.2.4 equals the number of connected tropical stable maps to Er X IP’rJlT of leaky degree A,
genus g and bidegree (dy,dy) (see Definition 9.1.2):

Npearl _ trop
(A7d17d27g) (A7d17d279)'

In particular, for the case without leaking, we have

pearl __ artrop
(di,d2,9) — ~ " (d1,d2,9)"

Proof. Given a tropical stable map contributing to N&O,Ic)h, da.g

9.2.6 and Lemma 9.2.7 how to construct a curled pearl chain contributing to
we want to show that Construction 9.2.6 yields a bijection between the set of tropical stable
maps contributing to N &OEIL da.g) and the set of curled pearl chains contributing to N (p Aeai da.g)’
and that each tropical stable map is counted with the same weight as its associated curled
pearl chain.

Pick general positioned horizontally stretched points pf,...,p), in R2. Given a curled pearl
chain 7w : P’ — Er, each vertex of P corresponds to a point p1,...,p, € ET via its image under
the map 7. We construct a tropical stable map (T, f) satisfying the point conditions pi, ..., pl,
starting from local pieces of the image f(I') C R2.

For a black vertex mapping to p; € Et, we draw germs of elevator edges adjacent to p.
Each elevator edge of the glued graph I" must be fixed by a unique point. We draw end
germs for elevator edges of I' which are moving ends, but whose y-coordinate is imposed by the
gluing conditions. If an edge of P curls multiple times, this corresponds to multiple connected
components of I' consisting of a single edge which is mapped to a horizontal line.

Consider a white vertex mapping to p; € Er. It corresponds to a floor which satisfies

the point condition p;-. In T', a floor can be viewed as a path connecting an end of direction

) we know from Construction

pearl
NéA,dhd;,g)' Here,
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(0,—1) with an end of direction (L;,1) — the choice of ¢ here depends on the leaking of the
corresponding white vertex. The edges adjacent to this path in I" are elevator edges, and they
correspond to the edges of P adjacent to the white vertex. There is a unique way to connect
the corresponding elevator edges (for which the horizontal line to which they map is already
fixed) via a path, and to map this floor with f, such that it meets the point p;». In this way, we
have constructed a floor-decomposed stable map (I", f). This construction is obviously inverse
to Construction 9.2.6, and so it follows in particular that the discrete data matches.

The multiplicity of (T', f) is given by the product of its local vertex multiplicities (see
Definition 9.1.8). Each 3-valent vertex V' which is not adjacent to a contracted end is contained
in a floor. Thus each such vertex V is adjacent to an elevator e. Hence the multiplicity
multy (T, f) of V' is given by

We ok B
multy (T, f) = |det ( 0 41 >| = We,

where the first column is the direction of the elevator e and the second column is the direction
of another edge adjacent to V. From the directions of the non-contracted ends that belong to
the floor — (0, —1) and (L;, 1) — and the balancing condition, it follows that the y-coordinate
of this direction vector must be £1. Thus every such vertex V contributes a factor of the
expansion factor of its adjacent elevator edge. Vice versa, every elevator edge is adjacent to
one contracted end and one such vertex V. It follows that mult(T", f) equals the product of
the expansion factors of its elevators, which equals the weight with which the associated curled

pearl chain contributes to N(pAeai da.g) by Construction 9.2.6 and Definition 9.2.4. O

9.3 Generating series and Feynman integrals

A pearl chain P of type (dz, g) can be turned into a Feynman graph by labeling its vertices by
x1,...,T, and by labeling its edges by qi,. .., ¢, see Definition 7.3.2. Therefore we can form
a Feynman integral I;;,’é"l" (q) for a total order €2 of the n vertices of P, see Notation 7.3.3 and
Definition 7.3.5. Thus results of Chapter 8 can be applied to study generating series of the

trop . .
numbers NV, (Audsda,g) 11 terms of Feynman integrals.

9.3.1 The tropical mirror symmetry theorem for E x P!

We now state the main mirror symmetry theorem of this chapter and its corollaries involving
generating series of counts of curled pearl chains, tropical stable maps of leaky degree, and
Gromov-Witten invariants.

Theorem 9.3.1. Fiz positive integers da,g and a multiset A = {L1,...,Lq4,} containing ele-
ments of Z such that Zglil L; = 0. The generating series of counts of curled pearl chains of
type (A, ds, g) (see Definition 9.2.4) equals a sum of Feynman integrals:

ear. 1 v
%: MK 00" = ; TAu(P)] Ev: %: Ip o(a).

The first sum on the right hand side goes over all pearl chains P of type (da,g) (see Definition
9.2.1), the second sum goes over all vectors v which associate the leakings Li,...,Lg, to the
white vertices of P, and 0 to the black vertices.

Definition 9.3.2. We call the vectors v over which we sum in Theorem 9.3.1 the suitable
leaking vectors.
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Remark 9.3.3. Notice that the generating series on the left of the equality in Theorem 9.3.1
can be stratified into summands for pearl chains also — counting only those curled pearl chains
7w : P’ — Er for a fixed pearl chain P. The equality holds for each summand indexed by a
pearl chain P.

Using Theorem 9.2.8 and, for A = {0, ...,0}, the Correspondence Theorem 7.1.19, we can
interpret the generating series on the left as generating series of counts of tropical stable maps
to B X IP’%T of some leaky degree A, and, for A = {0,...,0}, also as the generating series of
Gromov-Witten invariants of E x P

Corollary 9.3.4 (Tropical mirror symmetry for Eg X IP’%F). Fix positive integers do,g and a
leaky degree A. The generating series of counts of connected tropical stable maps to Er X ]P’qlr
of leaky degree, genus g and bidegree (di,ds) (see Definition 9.1.9) equals a sum of Feynman
integrals:

ro 1 )
D NN )" = g TAw(P)| Z XQ: Ip 0(9)-

di

The first sum on the right hand side goes over all pearl chains of type (da,g) (see Definition
9.2.1), the second over all suitable leaking vectors.

Proof. This follows from Theorem 9.2.8 and Theorem 9.3.1 since the generating series on the
left are equal. O

Also here, the left hand side can be stratified into sums corresponding to a fixed pearl
chain, where we sum only over those tropical stable maps (T, f) whose glued graph I (see
Construction 9.1.3(1)) equals P after shrinking floors and contracted ends and forgetting the

metric. We denote those counts by N;XDZ’IP@ 0 For each pearl chain P, we have

1
trop,P di __ v
ZN(A7d17d2ag)q = | Aut(P)| ZZIP,Q(Q)’
d1 v Q

where the sum goes over all suitable leaking vectors.

Corollary 9.3.5 (Mirror symmetry for E x P1). Fiz positive integers do and g. The generating

series of Gromov-Witten invariants of E x P! of genus g and bidegree (dy,ds) (see Definition
7.2.1) equals a sum of Feynman integrals:

1

d

ZN(dlzd%g)q t= Z m ZIP,Q(Q)‘
di P Q

The first sum on the right-hand side goes over all pearl chains P of type (dz, g) (see Definition
9.2.1).

Proof. This follows from Corollary 9.3.4 using the correspondence theorem 9.1.16 and taking
into account that the sum over all suitable leaking vectors v in Corollary 9.3.4 becomes trivial
for A ={0,...,0}. O

Using tropical geometry, we can stratify the generating series on the left again into sum-
mands corresponding to a pearl chain: close to the tropical limit, we can take those stable
maps which degenerate to a tropical stable map with a fixed underlying pearl chain. If we
denote these numbers by N, (7?11, da.g)’ then we have

1
P di __
> Narangd™ = TAw(P)| %:IP,Q(Q)- (9.1)

dy
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Remark 9.3.6. Notice that the Feynman integrals that appear on the right-hand side of the
equation of Corollary 9.3.5 and in Equation (9.1) are equal to the complex analysis version of
Feynman integrals, see Theorem 7.3.7.

9.3.2 Labeled curled pearl chains and the proof of Theorem 9.3.1

The proof of Theorem 9.3.1 relies on methods developed in [BBBM17] and Chapter 8. The
main ingredient is a bijection between certain covers of graphs and monomials contributing
to a Feynman integral, see Theorem 8.1.14. We can apply this here to our case of curled
pearl chains, but to do this we need to introduce labeled curled pearl chains whose underlying
tropical cover is labeled.

Definition 9.3.7 (Labeled curled pearl chain). A labeled curled pearl chain 7 : P' — Er is a
curled pearl chain (Definition 9.2.3) for which we fix labels x1, ..., z, for the vertices of P and
qi,---,qr for the edges.

Remark 9.3.8. By definition, a labeled curled pearl chain is a graph cover with a particular
source graph, namely a pearl chain, for which only suitable leaking vectors v are allowed, see
definitions 9.2.3, 9.3.2.

Definition 9.3.9. See definitions 8.1.8, 8.1.11, 9.2.1, 9.3.2 for the following. Let P be a pearl
chain of type (da,g), © and order and a a multidegree. Let v be a suitable leaking vector for
A.

We define Np ,q to be the number of labeled curled pearl chains whose source curve is
a metrization of P, of order 2 and multidegree a, where the leaking is imposed by v. Each
labeled curled pearl chain is counted with the product of the expansion factors w, of the edges
e of P.

Remark 9.3.10. Notice that N ,  is a count of graph covers with fixed order and multidegree
as in Definition 8.1.11, for which we chose a particular source graph (namely a pearl chain)
and a suitable leaking vector.

Theorem 9.3.11. Fix positive integers ds,g and a leaky degree A. Fiz a labeled pearl chain
P, an order Q) and a multidegree a. Let v be a suitable leaking vector.

The numbers Np .0 of labeled curled pearl chains of Definition 9.8.7 are coefficients of a
refined Feynman integral:

N:/U)@ﬂ = Coef[qil...qgr] I’}U),Q((hv cee 7QT)-
Proof. This follows from Theorem 8.1.14 using Remark 9.3.10. O
The following is an immediate corollary of Theorem 9.3.11.

Corollary 9.3.12. Fiz positive integers do, g and a leaky degree A. Fix a labeled pearl chain
P, an order Q and a multidegree a. Let v be a suitable leaking vector.

The generating series of the numbers of labeled curled pearl chains (see Definition 9.3.7)
equals a refined Feynman integral:

Z NB Q™ oo g = Ih (g, ar).
a€eN"

Proof of Theorem 9.3.1. The equality of the generating series and the sum of Feynman integrals
now follows from Corollary 9.3.12 by summing over all pearl chains P of type (d2, g) and leaking
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A, and over all suitable leaking vectors v, setting the ¢ equal to ¢ again for all k£ and keeping
track of automorphisms as in the proof of Theorem 8.1.4 using Theorem 8.1.9:

Fix a pearl chain, a leaking vector v, an order €2 and a degree d;. Let N7”37Q,d1 be the
number of curled pearl chains of degree dj, order 2 and with underlying pearl chain P. Each
curled pearl chain 7 : P’ — Er is counted with multiplicity [], w(e). There is a forgetful map
ft from the set of labeled curled pearl chains (with P, dy, v, 2) to the set of curled pearl chains
by forgetting labels of edges and vertices.

Let w : P’ — Er be a curled pearl chain as above. The automorphism group Aut(P) acts
transitively on ft 7! () by relabeling edges and vertices. Since the stabilizer of this action is
Aut(7), the size of the orbit ft~1(7) is

_ [Aut(P)|

 JAut(m)]

Note that | Aut(m)| = 1 since € is fixed and there are no multiple edges. Each labeled curled
pearl chain 7 in ft 7 (7) is counted with multiplicity [, w(e). Hence

Z N%,Q,Q = Z Hw(e)

ad a;=dr TP'—Er e

=2 2 1«

mP'—=Er 7P’ —Eq: ¢
ft(7)=m

= > [Aut(P)JJwle)
m:P'—Er e
= |Aut(P)|- Np 4,5
where the second sum goes over all labeled curled pearl chains with fixed multidegree a and
underlying pearl chain P.

| £~ ()|

Summing over all degrees d; and using Corollary 9.3.12 with ¢ = --- = ¢, = ¢ gives us
> [Aut(P)| - Np y0d™ = Ip a(q)
di1>1

for a fixed pearl chain P of type (A, ds, g) such that v is a suitable leaking vector. If we sum
over all P, all Q and all v of type A, then Theorem 9.3.1 follows. O

Example 9.3.13. Let a = (1,0,0, 1) be a multidegree and let v be zero, i.e. there is no leaking.
Fix points pg, ..., ps on E7 and let 2 be the order associated to the identity in the permutation
group of 4 elements. We want to determine N%, aQ where P and its labels are depicted on
the left in Figure 9.8. Using Figure 9.6 from Example 9.2.5, we can see that the only labeled
curled pearl chain of multidegree (1,0,0,1) and order € is the one shown on the right below.
The gray dots indicate the preimages of pg € Ep. Since this labeled curled pearl chain has
multiplicity 1, we have Np 4,0 = 1. This count can be verified using Theorem 9.3.11.

1 T

qa q 94 q1

T4 9 L4 T2

x3 z3

Figure 9.8: Left: A pearl chain P with labels. Right: A labeled curled pearl chain.
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3 3
2
2 2
36¢4q2 4giq 4g393
q495 4496 4345
2 2 2 | @ @
4q4q? 4449596 4q3q5 4439495

Figure 9.10: Curled pearl chains and their contributions to the refined Feynman integral.

Example 9.3.14. We want to provide a larger example illustrating Theorem 9.3.11. First of
all, fix the following data: we consider no leaking, the pearl chain P (which is of genus 2) is
shown in Figure 9.9, the order §2 corresponds to the identical permutation and the total degree
d should be 3. First, we want to determine the left hand side of Theorem 9.3.11 for the given
input data, i.e. ) Np g0, where the sum goes over all a contributing to a total degree of 3.
After that, we calculate the refined Feynman integral on the right-hand side and compare its
coefficients to the combinatorial count of labeled pearl chains from before.

T2
q 12
T1Q) & T3
q4 q3
T4

Figure 9.9: Left: A pearl chain P. Right: P with labels.

Since we fixed an order €2, we should label the pearl chain’s vertices and edges (see Figure
9.9) before curling them. Using Figure 9.10, we determine ) Np,qo. Figure 9.10 shows
schematic representations of labeled curled pearl chains: we suppress the elliptic curve Ft and
only show the source curve of each cover. The labels of the source curve are also suppressed,
but can easily be seen from comparing Figure 9.10 to Figure 9.9. Each curled pearl chain
contributes with the product of its source curve’s edge expansion factors (the edge expansion
factors not equal to 1 are shown in Figure 9.10), thus

> Npga =96

The sum of the refined Feynman integral’s terms that are of degree 3 is

40q3 g5 + 40q4q? + 4q4q5q6 + 4q3qag5 + 4937 + 4436,
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which makes 96¢3 if we set q; = --- = q4 = q, i.e. we obtained exactly the coefficient which we
expected from our combinatorial count. The contributions of each term can directly be seen
from our curled pearl chains. These contributions can be found under each curled pearl chain
in Figure 9.10.

9.4 Quasimodularity

Following the study of quasimodularity for generating series of Gromov-Witten invariants of an
elliptic curve, Oberdieck and Pixton conjectured a quasimodularity statement for cycle-valued
generating series of Gromov-Witten invariants of elliptic fibrations (Conjecture A [OP18]),
which they prove for the case of certain products involving an elliptic curve (Corollary 2).

As in Section 8.1.4 of Chapter 8, our tropical mirror symmetry results (see Theorem 9.3.1,
Corollary 9.3.4 and Corollary 9.3.5) hand us a new way to study quasimodularity by making
use of Feynman integrals. The quasimodularity (of mixed weight) of a summand Ip(q) for a
fixed pearl chain P can be deduced from the recent study of quasimodularity for graph sums
in [GM20].

When passing to the tropical limit, the summands I'p(g) obtain a meaning as summands
of the generating series corresponding to a fixed pearl chain:

Remark 9.4.1. Fix positive integers ds, g, and a pearl chain P of type (da,g).
Then the following generating series coincide (see also Figure 1.4):

e generating series of Gromov-Witten invariants of E'xP* of bidegree (d1, d2) and genus
1) th ti ies of G Witten invariants of E x P! of bid dy,ds) and
g which correspond to a fixed pearl chain P close to the tropical limit,

(2) the generating series of tropical stable maps to Et x P4 of bidegree (d1,ds) and genus g
with fixed underlying pearl chain P,

(3) the generating series of curled pearl chains of type (dg,g) without leaking with fixed
underlying pearl chain P.

In other words,
P d trop,P  d; __ pear,P d
ZN(d17d219)q L= ZN(d17d27g)q L= Z N(dlvd%Q)q . (9-2)
di1 di dy
) (2) 3)

By Theorem 9.3.1, the series in Equation (9.2) equal a sum of Feynman integrals, namely

1
m gIP,Q(Q)-

Theorem 9.4.2. Fix positive integers do, g and a pearl chain P of type (d2,g). FEach summand
Ip a(q) corresponding to an order Q in the generating series (9.2) is a quasimodular forms of
mized weight at most 4(ds + g — 1).

This follows from Theorem 1.1 resp. Theorem 6.1 in [GM20]. These results imply that each
summand Ip o(q) corresponding to an order (2 is a quasimodular form of mixed weight at most
2r, where r is the number of edges of P. Note that r equals two times the number of black
vertices of P (which is by definition da 4+ g — 1) because black vertices are 2-valent and no black
vertex is adjacent to a black vertex.

As a consequence, the generating series which is the sum of the ones in Equation (9.2),
summing over all pearl chains P, is a quasimodular form:
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Corollary 9.4.3. Let da, g be positive integers. Then the generating series of Gromov-Witten
invariants of E x P! (resp. of tropical stable maps to Et x IPlJl]- of bidegree (d1,d2) and genus g,
resp. of curled pearl chains of type (da, g))

di trop di pearl d
ZN(dlyd%g)q t= ZN(d1,d2,g)q ' = ZN(dl,dQ,g)q !

dl dl dl
is a quasimodular form of mized weight at most 4(dy +¢g —1).

Proof. This follows from the quasimodularity of each summand corresponding to a pearl chain
P and an order (2 as considered in Theorem 9.4.2. The maximal weight arises because a pearl
chain of type (da, g) has 2(ds+g—1) edges, where ds 4+ g—1 is the number of black vertices. [

In the following, we give an example illustrating Corollary 9.4.3 which states that the series
> d, N&eﬁfilw)qdl is a quasimodular form.. Rec.all that >, N(f;ejillg’g)qm is stratified as a suim
over orders 2. We observe that for a choice of input data ds, g each of these strata contributes
with a summand that is a quasimodular form of mixed weight, but the sum over all orders
yields a homogeneous quasimodular form.

This is in accordance with the situation of generating series of Hurwitz numbers, where

each summand is quasimodular of mixed weight, but the whole sum is homogeneous [GM20].

Example 9.4.4. Let dy = 2 and g = 1. Hence there is only one pearl chain P contributing

to Zdl N(paiazllQ g)qdl, namely the one shown in Example 9.3.13. Using Corollary 9.3.12, we

can calculate the generating series for our pearl chain P and any order €2 in terms of refined
Feynman integrals. We observe that there are 8 orders €2 that are the elements of the symmetry

group
D4 = {()7 (17 27 3’ 4)7 (17 3)(27 4)7 (17 47 37 2)7 (27 4)7 (]‘7 3)7 (17 2)(37 4)7 (17 4)(27 3)}
of the square, which all lead to the same generating series

g1 = ...15092¢"" + 1356040 + 7701¢° + 5680¢° + 2520¢" + 1872¢° + 670¢°
+ 344¢* + 92¢° + 20¢% + ¢.

The series g1 is a quasimodular form of mixed weight since it can be expressed in Eisenstein
series as

=~ Toz0% B2 () E ——F3(q) — === Ea(q) E
91 =~ 7950 76(9) + 1950 P2 (D Ba(9) + 5515 Fi(a) — 5555 F2(@) Eo(a)
1 1
7E2 E _7E4 .
T 31562 (D E) ~ g 2 (0)

Moreover, we observe that the remaining 16 orders all lead to the same generating series

g = ...440¢" + 22204 + 888¢° + 1000¢® + 112¢" + 360¢° + 40¢° + 52¢*
+8¢° + 2¢7,
which is also a quasimodular form of mixed weight since it can be expressed in Eisenstein series
as
1 1 1, 1

= _FEslq) — ——Fy(q)E — E2(q) — ——
92 =576 6(q) 5160 2(q) 4(q)+6912 1(q) 5500

1 1
— _E2(q)E4(q) — ——FE4(q).
+ 3156 5(q0)E4(q) 50736 2(q)

Es(q)Es(q)



192 9. Tropical mirror symmetry for E x P!

Taking the sum, we obtain that the generating series

SN =S+ 16
dy
1 E2 1 1

1
= %88 4(Q)—T%EQ(Q)E6(Q)+ 114 Yy

E3(q)Ea(q)
is a homogeneous quasimodular form of weight 8.

The observations from Example 9.4.4 are true in general, which follows from the study of
Oberdieck and Pixton (Theorem 7, Appendix A, [OP18]):

Theorem 9.4.5. Fix positive integers d2, g and a pearl chain P of type (d2,g). Then the gen-

erating series Zdl Ngfrji’fg)qdl obtained for a fized pearl chain as the sum of the contributions

over all orders is a homogeneous quasimodular form of weight 4(d2 + g — 1).
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