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Abstract

We study deformations of hypersurfaces with normal velocity given by a smooth
symmetric increasing function of the principal curvatures. Specifically we study flows
where the speed is a nonlinear concave function, so that at the coordinate level the
evolution is governed by a fully nonlinear parabolic PDE. For each k > 3 we construct
the first flows of this kind which smoothly deform any compact k-convex hypersurface
of Euclidean space through a family of hypersurfaces which are also k-convex, before
forming finite-time singularities which are necessarily convex (by k-convexity we mean
that the sum of the smallest k principal curvatures is everywhere positive). That
is, we show that k-convexity is preserved and establish an analogue of the Huisken-
Sinestrari convexity estimate, which implies convexity of singularities for mean-convex
mean curvature flow.

In contrast to the mean curvature flow, the fully nonlinear flows constructed here
also preserve k-convexity in a Riemannian background, and we show that the convex-
ity estimate carries over to this setting as long as the ambient curvature is suitably
pinched.

We then employ our convexity estimate to prove Harnack and derivative estimates
for the second fundamental form of solutions which are embedded. These results
imply for example that sequences of rescalings about a singularity satisfy universal
bounds for the second fundamental form and all of its higher derivatives on compact
subsets of spacetime. The estimates are obtained by generalising an induction on
scales technique introduced by Brendle-Huisken for two-convex flows to the k-convex
setting. Our arguments apply to a general class of flows including mean-convex mean
curvature flow, and in this case we recover the influential global Harnack inequality
of Haslhofer-Kleiner, but without using Huisken’s monotonicity formula.






Zusammenfassung

Wir untersuchen Deformationen von Hyperflachen, wobei die Geschwindigkeit in
Richtung der Normalen durch eine glatte, symmetrische und monoton wachsende
Funktion der Hauptkriimmungen gegeben ist. Insbesondere werden nichtlineare,
konkave Geschwindigkeiten betrachtet, wodurch nach der Wahl von Koordinaten die
Evolutionsgleichung der Hyperflache zu einer voll nichtlinearen partiellen Differen-
tialgleichung wird. Zu jedem k > 3 konstuieren wir erstmals Fliisse dieser Art, die
eine k-konvexe Hyperfliche im Euklidischen Raum durch eine Familie k-konvexer Hy-
perflachen glatt deformiert, bis zu der Entstehung von Singularitaten, die wiederum
zwingend konvex sind (mit k-Konvexitét ist gemeint, dass die summe der kleinsten k
Hauptkriimmungen iiberall positiv ist). Das heifit, wir zeigen dass die k-Konvexitét
der Anfangsfliache erhalten bleibt, und leiten eine Konvexitats-Abschatzung her. Let-
ztere verallgemeinert die Konvexitats-Abschatzung, die fiir Losungen des mittleren
Kriimmungsflusses mit positiver mittleren Kriimmung von Huisken-Sinestrari be-
wiesen wurde.

Im Gegensatz zum mittleren Kriimmungsfluss erhalten die hier konstruierten voll
nichtlinearen Fliisse k-Konvexitat auch dann, wenn als Anfangswert eine Hyperflache
einer Riemannschen Mannigfaltigkeit genommen wird. Auch in diesem Fall gilt unsere
Konvexitats-Abschatzung, solange der Kriimmungstensor des umgebenden Raumes
bestimmte Bedingungen erfiillt.

Die Konvexitats-Abschatzung wird verwendet, um Harnack-Ungleichungen sowie
Gradienten-Abschatzungen fiir eingebettete Losungen zu zeigen. Aus diesen Resul-
taten folgt, zum Beispiel, dass die zweiten Fundamentalformen von Aufblasungen
einer Singularitat auf kompakten Untermengen gleichméflig beschrankter Ableitungen
aller Ordnungen besitzen. Fiir die Beweise wird eine Methode, mit welcher Brendle-
Huisken schon Gradienten-Abschatzungen fiir zwei-konvexe Losungen zeigen konnten,
so weiterentwickelt, dass sie auch unter der schwacheren Annahme von k-Konvexitat
anwendbar ist. Wegen der Allgemeinheit der Argumente erhalten wir Abschatzungen
fiir eine grofle Klasse von Fliissen, die insbesondere den mittleren Kriimmungsfluss
enthélt. In diesem Fall finden wir einen neuen Beweis fiir die einflussreiche Harnack-
Ungleichung von Haslhofer-Kleiner, und zwar ohne Huiskens Monotonie-Formel zu
verwenden.
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CHAPTER 1

Introduction

A geometric evolution equation is a rule for deforming geometric objects where the
infinitesimal change at any given time is determined by the geometry at that instant.
When the evolving object is a Riemannian manifold or submanifold, the infinitesimal
change or velocity at each point might be determined by the intrinsic or extrinsic
curvature, and there are in fact many interesting equations of this form. Since cur-
vature can be expressed in terms of the second derivatives of a parameterisation, at
the coordinate level, deformations by curvature are governed by partial differential
equations.

We will be concerned with geometric flows, that is evolution problems for which the
underlying PDE is parabolic. The canonical parabolic equation is the heat equation
of classical physics, which models the diffusion of heat in physical objects. Intuitively,
we understand that in an otherwise isolated system, unevenly distributed heat will
rapidly average itself out, and this is reflected in the strong regularity properties of
the heat equation and of parabolic equations more generally. At the geometric level,
the effects of diffusion manifest in many interesting ways; parabolic flows tend to
exhibit strong regularising properties, yet preserve important aspects of the under-
lying geometric structure. For these reasons, apart from arising naturally in areas
of physics and applied mathematics, parabolic geometric flows have led to striking
solutions of difficult problems in pure mathematics.

Eells and Sampson introduced the harmonic map heat flow [ES64], which evolves
mappings between Riemannian manifolds with pointwise velocity given by the Laplace-
Beltrami operator applied to the map. Using this flow, they were able to prove the ex-
istence of a harmonic representative in every homotopy class of smooth maps between
compact manifolds where the target has nonnegative sectional curvature. Inspired by
this work, Hamilton was led to define the Ricci flow [Ham82], which is a rule for de-
forming Riemannian manifolds. At each point on a solution, the infinitesimal change
in the metric tensor is a negative multiple of the Ricci curvature. In local normal
coordinates, the highest-order part of the Ricci tensor is the coordinate Laplacian of
the metric, so the Ricci flow is a direct analogue of the heat equation for Riemannian
manifolds. In a certain sense, just as the heat equation attempts to average temper-
ature, the Ricci flow attempts to average out the curvature of the manifold. Unlike
the heat equation, however, the equations governing the Ricci flow are nonlinear, and
alongside diffusion, the curvature is subject to complicated dynamical effects. This
can result in the curvature of a solution becoming unbounded as it evolves, in which
case we say the solution encounters a singularity.

Understanding how singularities form, and how a solution can be continued past
singularities, are fundamental problems in the study of geometric flows in general. For
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12 1. INTRODUCTION

three-dimensional Ricci flow, Perelman was able to complete Hamilton’s ‘surgery’ pro-
cedure for extending the flow past singularities, and in doing so proved Thurston’s
geometrisation conjecture [Per02], [Per03]. Perelman’s results have been generalised
to a natural class of solutions in higher dimensions by Brendle [Brel8|. A further ex-
ample of a deep geometric result obtained using Ricci flow is the differentiable sphere
theorem due to Brendle and Schoen [BS09], [BS08]. This rules out the existence
of exotic smooth structures on Riemannian spheres whose sectional curvatures are
pointwise 1/4-pinched.

The mean curvature flow is the canonical example of a parabolic flow of submani-
folds in a Riemannian background space. The extrinsic curvature of a submanifold is
encoded in the second fundamental form (this is a vector-valued bilinear form defined
on the tangent space at each point), and the mean curvature vector is the trace of this
form. A one-parameter family of submanifolds is said to solve mean curvature flow if
the normal velocity at every point is equal to the mean curvature vector. The second
fundamental form can be found by computing the Hessian of the position vector of
the submanifold and projecting onto the normal bundle, so in normal coordinates, the
mean curvature vector is equal to the Laplacian of the position vector. The behaviour
of submanifolds moving by their mean curvature vector can vary greatly depending on
the structure of the ambient space and the codimension, but even in the simplest case
of a hypersurface evolving in Euclidean space, many interesting phenomena occur.

For a smooth orientable hypersurface the normal bundle is trivial, and given a
choice of global unit normal (we take the outward normal when this makes sense),
the mean curvature vector is captured by a scalar quantity, which we call the mean
curvature. If we write the hypersurface locally as the graph of a function, then the
mean curvature is given by a second-order quasilinear elliptic operator applied to
this function, and in this sense, mean curvature flow is governed by a quasilinear
parabolic equation. As with the Ricci flow, the geometric nature of mean curvature
flow can lead to solutions forming singularities. It is not difficult to see an example of
this: one can compute explicitly that a round sphere in Euclidean space shrinks to a
point in finite time under the flow, and if one compact solution sits inside another at
some time, a maximum principle argument shows that this remains true while both
solutions are smooth. Any compact solution can be surrounded by a shrinking round
sphere, so we see that every compact solution must form a singularity no later than
when the surrounding sphere vanishes.

Mean curvature flow also arises naturally as the flow of steepest descent for the
area functional, so it is clear that understanding the formation of singularities, and
continuing the flow past them, are fundamental problems. Generally speaking, it is
common in the study of PDE to handle singularities by introducing notions of weak
solution, which allow for objects of low regularity to be interpreted as solutions. This
was the original approach to mean curvature flow taken by Brakke [Bra78|, who
worked with varifold solutions and tools from geometric measure theory. Another
approach, known as level-set flow, was introduced independently by Evans and Spruck
in [ES91], and by Chen, Giga, and Goto in [CGG91]. These authors view a family
of embedded hypersurfaces evolving by mean curvature flow as the level sets of a
scalar function solving (in the sense of viscosities) a nonlinear degenerate elliptic
equation. The level sets of a differentiable function need not be differentiable, or
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of fixed topology, so the level-set formulation encodes the onset of singularities very
efficiently.

Both the level-set flow and Brakke flow are important tools in the study of mean
curvature flow, but in this work we adopt the viewpoint first taken by Huisken in
[Hui84|. Here, smooth solutions are studied in a parameterisation, allowing for the
use of powerful PDE methods to extract precise quantitative estimates controlling
the geometry. By the combined work of Huisken and others, for certain classes of
solutions, it is now possible to give an essentially complete description of the forma-
tion of singularities and consequently to continue the flow past them. For example,
for embedded solutions in R* with two-positive second fundamental form, Huisken
and Sinestrari [HS09] were able to implement a surgery procedure like the one de-
veloped by Hamilton and Perelman for Ricci flow. In this way they confirmed that
the Schoenflies conjecture, which asks whether every embedded three-sphere in R*
bounds a smooth four-ball, holds true if the embedding has positive scalar curvature.

Apart from the mean curvature, there are many other scalar geometric quantities
which can be computed from the second fundamental form of a hypersurface. In fact,
inserting the principal curvatures (eigenvalues of the second fundamental form) into
any symmetric function yields a scalar quantity which captures information about the
curvature and is invariant under isometries of the ambient space. For example, the
Gauss curvature and scalar curvature of a hypersurface can be obtained in this way.
Such curvature quantities then give rise to geometric flows, where the inward normal
velocity of an evolving hypersurface is given by a symmetric ‘speed’ function of the
principal curvatures. If the speed is increasing in each of the principal curvatures,
then the flow is parabolic. The mean curvature flow is the only quasilinear equation
of this kind - all others are fully nonlinear.

These kinds of fully nonlinear hypersurface flows may exhibit behaviour similar
to the mean curvature flow, or have different properties, depending on the chosen
speed function and ambient manifold. In particular, different speed functions give
rise to flows which preserve different classes of hypersurfaces. This fact has been
applied in interesting ways, for example, by Andrews in [And03] and [And94b],
and Brendle-Huisken [BH17]. In each of these works, a fully nonlinear flow is used
to prove statements about hypersurfaces in a curved background space which could
not have been obtained using mean curvature flow.

In the present work, we make new contributions to the theory of fully nonlinear
parabolic hypersurface flows, with emphasis placed on speed functions which are one-
homogeneous and concave in the principal curvatures. Our new results include a
general pinching theorem (Theorem 2.6), a convexity estimate for certain flows of
k-convex hypersurfaces (Theorem 3.1), and a Harnack inequality for the curvature
of embedded solutions (Theorem 4.17).

Let us describe these results in more detail before placing them in context by
surveying the earlier works on which we build. Readers to whom the terminology
used in the following outline is unfamiliar may prefer to first read Section 2 of the
introduction and then return here.
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1. Main results and outline

In this work we establish new curvature pinching and regularity results for fully
nonlinear hypersurface flows. Specifically, we study flows where the normal velocity
at each point is given by a smooth symmetric function of the principal curvatures
which is also positive, one-homogeneous and concave.

In Chapter 2 we describe the proof of a cylindrical estimate which is essentially due
to Brendle-Huisken [BH17][Theorem 3.1]. As it is written, their result only applies
to uniformly two-convex solutions, but the same approach works in the k-convex case
as well, and we state and prove the result at this level of generality. In summary, the
estimate says that as the curvature of a compact uniformly k-convex solution becomes
unbounded, the second fundamental form either becomes strictly (k£ — 1)-convex, or
approaches the second fundamental form of a cylinder of the form RF~! x Sn—#+!
(for the precise statement see Theorem 2.4). There are different quantities which
one can estimate to reach this conclusion, but here we work with the ratio of the
mean curvature to the speed. For this quantity to contain useful information, we
need to assume that the speed function is strictly concave (in off-radial directions -
its Hessian vanishes in radial directions by the one-homogeneity). A more general
cylindrical estimate, which also works for speeds that are only weakly concave, can
be found in work of Langford and the author [LL].

The proof of the cylindrical estimate is by Stampacchia iteration and follows the
general scheme pioneered by Huisken in [Hui84]. Since Huisken’s work, this technique
has been expanded upon and used to prove convexity and cylindrical estimates for
the mean curvature flow, and other flows where the speed is one-homogeneous. What
is perhaps interesting about the discussion in Chapter 2 is that (using ideas from
[BH17]) we carry out the Stampacchia iteration for a general function satisfying
some structural conditions, and recover in one go all of the convexity and cylindrical
estimates previously established using this method (this is Theorem 2.6).

In Chapter 3 we turn to the problem of establishing convexity estimates for families
of k-convex hypersurfaces moving by a concave curvature function. In the £ = 2 case
considered by Brendle-Huisken, such an estimate already follows from the cylindrical
estimate, but this is no longer the case if £ > 3. The methods used to prove convexity
estimates for the mean curvature flow and for flows by other convex speeds do not
seem to work either. The reason is that when the speed is concave, the evolution
of the smallest principal curvature contains a nonpositive gradient term which is
difficult to overcome. It remains an interesting open problem to determine exactly
which algebraic property of the speed ensures that a convexity estimate holds, but
we provide here the first examples of flows where the speed is a nonlinear concave
function supported on the k-positive cone, and for which compact solutions satisfy a
convexity estimate.

To be more specific, for each n > 4 and 3 < k < n — 1 we look at the family of

speeds
~1
p 1—p
A= +
( Z )\i1+"'+)\ik )\1+...+)\n>

1<ig < <ip<n

for p € (0, 1], and show that if p is sufficiently small depending on n and k, compact
solutions satisfy a convexity estimate (see Theorem 3.1 for the precise statement).
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This family of functions constitutes a nonlinear interpolation between the k-harmonic
mean and the sum of the entries. We choose p with the a priori cylindrical estimate
from Chapter 2 in mind, so that at points where the curvature is very large, the
speed is approximately equal to the mean curvature. We present detailed arguments
for solutions in a Fuclidean background, but the same techniques also work in certain
curved background spaces, as discussed in Section 5.

In Chapter 4 we adapt a technique introduced in [BH17] to prove a global Harnack
inequality for the curvature of embedded k-convex solutions (Theorem 4.17). Com-
bining this estimate with the regularity theory for fully nonlinear parabolic PDE, we
establish pointwise scaling-invariant estimates for all of the derivatives of the second
fundamental form (Corollary 4.18). These results apply to any flow where the speed
is inverse-concave on the positive cone (we define what this means just below), and for
which compact solutions satisfy a convexity estimate. This class includes the speeds
constructed in Chapter 3, the two-harmonic mean, and the mean curvature. In this
last case, we essentially recover the global convergence theorem of Haslhofer-Kleiner
[HK17a][Theorem 1.12], but our proof has the advantage of not needing Huisken’s
monotonicity formula or exterior noncollapsing (neither of which is available for con-
cave nonlinear speeds). We note that the results of this chapter use in a crucial
way the interior noncollapsing estimate due to Andrews-Langford-McCoy [ALM13].
Another important ingredient is a new strong maximum principle for the smallest
principal curvature established in Corollary 3.8.

Further discussion of these main results can be found at the beginning of the
chapters in which they are contained.

2. Background

Our results build on a host of earlier works for both the mean curvature flow
and fully nonlinear flows more generally, which we now survey. We cannot hope to
describe all of the important contributions made in these areas, so the focus will be on
results that directly relate to the contents of the thesis. We begin with a discussion of
preserved curvature conditions and the phenomenon of curvature blow-up. We then
discuss the theory of convex and mean-convex solutions of mean curvature flow and
other flows, with particular attention given to two-convex solutions and noncollapsing
estimates.

2.1. Preserved curvature cones. For scalar parabolic equations, the maxi-
mum principle provides a mechanism for identifying properties of solutions that are
preserved over the course of their evolution. For a family of hypersurfaces moving by
a parabolic curvature flow, the second fundamental form satisfies a parabolic equa-
tion, so maximum principle arguments can be used to identify curvature conditions
which are preserved by the flow.

A family of compact hypersurfaces which is evolving by its mean curvature can
be parameterised by a family of immersions

F:Mx[0,T)— R"!

which satisfy
O F(x,t) = —H(z,t)v(z,t)
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for each (z,t) € M x [0,T). Here M is a compact smooth n-manifold. Writing g;;
for the induced metric and ¢“ for its inverse, the second fundamental form A;; and
mean curvature are given by

where D is the Euclidean connection on R"*!. The mean curvature can also be
expressed as the sum of the principal curvatures,

H(z,t) = M(z,t)+ -+ M\ (z, ).
In [Hui84| Huisken demonstrated that under the above parameterisation, the Wein-

garten map (obtained from A by raising an index) satisfies the following reaction
diffusion equation:

R

where A is the Laplace-Beltrami operator of the induced metric on M. Since the
cubic reaction term is just a nonnegative multiple of A, a version of the maximum
principle for tensors due to Hamilton [Ham82] implies that every convex curvature
cone is preserved by the flow. To be precise, by this we mean that if the principal
curvatures initially sit inside some convex symmetric cone in R”, then they cannot
exit this cone for as long as the solution is evolving smoothly. This result provides
us with a wealth of curvature conditions which are preserved by the flow, some first
examples being convexity (A > 0), and mean-convexity (H > 0). More generally, if
we label principal curvatures so that A\; < --- < ), then each of the conditions

M+ + XA >0

is preserved. A hypersurface satisfying this condition at every point is said to be
k-convex.

For speeds other than the mean curvature, the evolution of the second fundamental
form is more complicated, and identifying preserved curvature conditions becomes
more subtle. If v is a smooth symmetric function of the principal curvatures (or
equivalently of the second fundamental form), and the family of immersions F' now
satisfies

O F(x,t) = —y(A(z,t))v(x,t),
then there holds

(9 38,7074 = A g, T e

The operator on the left-hand side is weakly parabolic if v is increasing in A, and
the cubic curvature term on the right points in the direction of A. If 7 is convex in
A then the gradient term is favourable, and it is easy to find preserved cones - for
example, the flow will preserve k-convexity for each 1 < k < n. If v is instead concave
in A, then the Hessian of 7 seems to have the wrong sign, and roughly speaking, a
curvature cone will only be preserved if its boundary is convex enough to counteract
the effect of the nonpositive gradient term. It is always true however that positivity of
the speed is preserved: if we set G(z,t) := v(A(z,t)), then in an orthonormal frame
there holds

oy Oy
(at — quvpvq) G = anqu,,«Aqu,
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and we see that the right-hand side is positive as long as G > 0.

This last observation makes it possible to design speeds which preserve a given
curvature condition, even in a curved background space. If the solution sits inside
a Riemannian manifold (N, g), then the speed satisfies the same equation as before,
with an extra term involving the curvature tensor of N, which we denote by R. In a
local orthonormal frame,

0 0 _
<at - aT”pqvpvq)G = aTZquTATqG + OTLR(%, v, eq,v)G.
If the first derivatives of v and the curvature of N are bounded, then the maximum
principle implies that G can decay at most exponentially in time. In particular, if
G is positive initially, then it cannot become zero in finite-time, so to construct a
flow which preserves a given curvature cone, we only need to choose a speed ~ which
vanishes at its boundary. For example, taking the speed to be the k-harmonic mean,

1 -1

1< <<, <n

one obtains a flow which preserves k-convexity in any curved ambient space with
bounded curvature. The mean curvature flow does not have this property. The k =1
case was studied by Andrews in [And94b], and the k = 2 case by Brendle-Huisken
[BH17]. We elaborate on their results further below.

We note that for the k-harmonic means (and many other interesting speeds) the
matrix of first derivatives of v becomes degenerate as the second fundamental form
approaches the boundary of the cone where 7 is positive. Hence the parabolic operator
appearing in the evolution of A can also become degenerate, unless we can establish
that A remains at a controlled distance from the boundary. It is clear then that the
identification of preserved curvature cones is often also essential for establishing that
a flow has good analytic properties.

2.2. Curvature blow-up. Like solutions of scalar parabolic PDE, solutions of
parabolic hypersurface flows tend to have very strong regularity properties. For ex-
ample, if F: M x [0,T) — R™"! is a compact solution of mean curvature flow, and
|A| is uniformly bounded over M x [0,7"), then all of the higher covariant derivatives
of A are bounded as well (see for example [EH91]). From the curvature derivative
bounds it is possible to prove uniform bounds for all of the derivatives of F' over
M % [0,T), so no singularity can be forming as t — 7. Conversely, singularity forma-
tion is characterised in terms of blow-up of the quantity |A|. If the velocity is instead
given by a nonlinear function v of A, then this result only holds under conditions on
. Typically, unless M is two-dimensional (see [And04]), one assumes v is concave
or convex in the second fundamental form. The reason is that for fully nonlinear
parabolic operators which are concave or convex in the Hessian, there is a well de-
veloped regularity theory due to Krylov [Kry82] and Evans [Eva82|. In particular,
for such equations, it is possible to pass from a C*-estimate to a C**-estimate (at
which point the Schauder estimates can be used to bootstrap and get higher regular-
ity). Identifying further classes of operators with this property remains a major open
problem.
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When it is possible to characterise singularity formation in terms of curvature
blow-up, understanding how singularities form largely reduces to determining the
structure of those regions of the solution where |A| is extremely large (relative to the
initial hypersurface). This in turn is facilitated by the scaling properties of the flow -
particularly interesting is the case where 7 is one-homogeneous in A. Then the first
derivatives of v are scaling-invariant, and at the level of the curvature, the diffusive
effects of the flow act equally at all curvature scales. Also, the space of solutions is
closed under parabolic rescaling: if a family of hypersurfaces {M; : t € [-T,0]} is
moving with inward normal velocity v(A(x,t)), then so is the family of hypersurfaces

{rM,—z :t € [—TQT, 0]},

where r can be any positive number.

The scaling-invariance gives us a way of magnifying solutions to better understand
their properties at different curvature scales. In particular, if {M; : t € [0,T)} is a
solution and (z;,t;) any sequence of spacetime points, then we can shift in space
and time to send (z;,t;) to the spacetime origin, and rescale by r; = |A|(x;,t;) to
normalise the curvature at this point:

Mtj = Tj(Mrj_Qt-i—tj — .Tj), t e [—T’?t],O]

If r; — oo we call the sequence of solutions M; a blow-up sequence. If r; is comparable
to the maximum of |A| up to time ¢;, then the curvature of the rescaled solution is
uniformly bounded over all of spacetime, and by parabolic regularity and the Arzela-
Ascoli theorem, it is possible to extract a smooth limiting solution. Since 7“]2-15]- — 00,
this limiting flow is defined for all negative times. Such solutions are called ancient
solutions, and are much more rigid than solutions on finite time intervals - this should
be likened to the situation for elliptic equations, where entire solutions are often also
very rigid.

This is an indication that the regions of a solution where the curvature is extremely
large might have special geometric and regularity properties. On the other hand, a
priori, the curvature might be blowing up at drastically different rates even at nearby
points on the solution, so a general blow-up sequence may not even converge locally
about the spacetime origin. Understanding when blow-up sequences converge locally
and globally, and the possible geometries of limits thus obtained, is an important
and difficult problem. The geometry is controlled by proving curvature pinching
estimates, which control the position of the second fundamental in curvature space
at high curvature scales, and compactness is established by proving scaling-invariant
estimates for the derivatives of A. These two tasks are intimately related - often
pinching implies regularity, and vice versa. For the mean curvature flow, the first
results of this kind were established for convex solutions by Huisken in [Hui84].

2.3. Convex solutions. In [Hui84]|, Huisken considered the evolution of com-
pact convex hypersurfaces of dimension at least two under the mean curvature flow.
This work introduced fundamental tools which have continued to be applied to the
study of hypersurface flows, also for solutions which are not convex. As mentioned
above, the maximum principle implies that convexity is preserved, and this implies
that

AP < B2,
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so as the maximal time is approached, H blows up at the same rate as |A|. However,
as Huisken observes, not all scalar functions of the second fundamental form have this
property, and indeed, the traceless second fundamental form satisfies the following a
priori estimate:

1
|A|2 . _|H|2 S 611_12—07
n

where C' and o € (0,2) depend only on the solution at the initial time. The right-hand
side can be written as
Z()‘i - >‘j)27

1<j

so this estimate says that at points where H is very large, the difference between
the principal curvatures is extremely small relative to H. In particular, if a blow-up
sequence converges smoothly on some spacetime neighbourhood, the limit must be
totally umbilic (A\; = --- = \,), and hence a piece of a shrinking sphere solution.

The pinching estimate is proven using a Stampacchia iteration scheme, which
takes as inputs a novel Poincaré inequality derived from Simons’ identity, and the
Michael-Simon Sobolev inequality. This procedure has since been used to prove var-
ious curvature pinching estimates for the mean curvature flow and fully-nonlinear
flows where the speed is one-homogeneous, also for solutions which are not convex.
It lies at the heart of this work, and is discussed in detail in Chapter 1 (see in par-
ticular Theorem 2.6). We note that the ideas underlying Stampacchia iteration were
introduced by De Giorgi to solve Hilbert’s 19th problem in [DG60] (Nash solved the
same problem independently in [Nas58]).

Using the pinching estimate and the maximum principle, Huisken then derives a
pointwise gradient estimate for the mean curvature and combines this with Myers’s
theorem to prove a global Harnack inequality for the curvature, which says that

max H < Cmin H
Mt Mt

on every timeslice where the maximum of H is sufficiently large. The constant C'
depends only on the initial data, so this estimate ensures that the curvature blows up
at the same rate over the whole solution. Combined with the pinching estimate, this
shows that the whole solution is simultaneously becoming spherical as the maximal
time is approached. Another way to say this is that every blow-up sequence converges
to a shrinking sphere solution. Colloquially, the solution is said to shrink to a round
point.

There are also fully nonlinear flows for which convex solutions behave in this way:.
Chow [Cho85] considered the flow by the n-th root of the Gauss curvature, and
adapted Huisken’s arguments to show that the flow contracts strictly convex initial
hypersurfaces to a round point. Andrews later showed that for any smooth speed
~ which is one-homogeneous and convex, convex solutions shrink to a round point
[And94a]. The same holds if 7 is instead concave and the flow preserves uniform
convexity (A > eHg with € > 0), which is for example the case when v vanishes
at the boundary of the positive cone. In [And94b], Andrews then showed that
in a Riemannian ambient space with curvature bounded from above, and sectional
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curvature bounded below by —x2, the concave speed

Y(A) = (Zkl_%>

gives rise to a flow which contracts any compact initial hypersurface satisfying A\; > &
to a round point.

We note that Andrews uses convexity in a more crucial way than Huisken, ap-
pealing in particular to the fact that a compact convex n-dimensional hypersurface
admits special parameterisations over the unit n-sphere. This gives the space of so-
lutions good compactness properties, which is important since in the fully nonlinear
case, it does not seem to be possible to establish gradient estimates for the curvature
via the maximum principle alone.

So far we have only discussed flows of convex hypersurfaces where the singular
behaviour is very well understood. Flows of non-convex hypersurfaces may exhibit
much more complicated behaviour, but it is still possible to make general statements
about mean-convex solutions, some of which we will now survey.

2.4. Mean-convex solutions. A remarkable result (of the combined efforts of
Gage [Gag84], Gage-Hamilton [GH86] and Grayson [Gra87]) says that whenn = 1,
every compact embedded solution of mean curvature flow (in this case commonly
called curve-shortening flow) becomes convex in finite time, and shrinks to a round
point. In contrast, when n > 2 a compact solution of mean curvature flow which
is non-convex can form local singularities, where the curvature blows up in some
regions, and remains bounded elsewhere. An instructive example is the dumbbell,
which is a surface of rotation constructed by attaching two large spheres in R? by a
long thin cylinder. If this is done correctly, then the mean curvature of the cylinder
or ‘neck” will be much larger than that of the spherical regions, forcing it to shrink
much more quickly and become singular whilst the curvature of the spherical regions
remains bounded. If the initial dumbbell is mean-convex, then this remains true by
the maximum principle, and blowing up the singularity, one sees a homothetically
shrinking cylinder of the form R x S?.

In higher dimensions, it is possible to construct compact mean-convex solutions
which form singularities modeled on any cylinder of the form R"* x S* with k& > 1.
Other singularity models also occur, such as the bowl soliton, which is a noncompact
convex solution with rotational symmetry that moves by translation. Each spatial
slice of the bowl soliton is asymptotic to a paraboloid, and so contains arbitrarily
large regions modeled on a cylinder of the form R x S™~1. In general, it is believed
that for mean-convex solutions, many more complicated models can also occur (the
exception to this is the two-convex case, discussed further below). We note that the
class of mean-convex hypersurfaces in R"*! can be quite complicated. Indeed, if ¥ is
any compact embedded k-dimensional submanifold in R"*! with k& < n — 1, then the
set

Y. = {z € R"" : dist(z,X) = ¢}

is a mean-convex hypersurface, provided that ¢ is small enough.
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On the other hand, under the assumption of mean-convexity, powerful curvature
pinching and regularity results have been established, and these place marked restric-
tions on the geometric properties of singularity models. We now survey some these
results, and discuss also generalisations to fully nonlinear flows.

2.4.1. Converity estimates. In [HS99b] and [HS99a], Huisken and Sinestrari es-
tablished what is referred to as the convexity estimate for mean-convex mean curva-
ture flow. This says that the negative part of the second fundamental form blows up
at a strictly slower rate than the full curvature: for each € > 0,

A > —eH - C,

where C' > 0 depends only on € and the solution at the initial time. Like Huisken’s
pinching estimate for convex solutions, the proof is by Stampacchia iteration, but
contains many new ideas needed to go beyond the convex case. A consequence of
this estimate is that any solution obtained by blowing up a singularity must have
nonnegative second fundamental form. We note that convexity of blow-up limits was
established independently by White in [Whi03], but his methods do not seem to
generalise to the fully nonlinear case.

Convexity estimates have also been established for flows where the speed is one-
homogeneous and convex in dimension n > 3 [ALM14], or simply one-homogeneous
in case n = 2 [ALM15]. For uniformly two-convex solutions moving by concave
nonlinear speed functions, a convexity estimate follows from the cylindrical estimate
in [BH17], which is further discussed just below. All of these results are established
using Stampacchia iteration, as in [HS99b] - the hard work always lies in identifying
an appropriate function to which this can be applied.

2.4.2. Cylindrical estimates. The cylindrical estimate for mean curvature flow is
a generalisation of Huisken’s pinching estimate for convex solutions to the k-convex
case. The statement is that, on a compact k-convex solution, for each € > 0 there
holds

1
n—k+1
where the C' depends only on € and the solution at the initial time. To say this in
words, as the curvature blows up, the quantity |A|*/H? improves towards the value
it takes on a cylinder R¥~! x S"=%*1  In general, one cannot expect any further
improvement, since there are k-convex solutions which form singularities modeled on
RF-1 5 gn—k+1_

From the cylindrical estimate we conclude that the second fundamental form of
any solution obtain by blowing up a singularity satisfies

1
———H*<0.
n—k+1 —
This inequality implies that the sum of the smallest k& — 1 principle curvatures is
nonnegative, and vanishes if and only if

A== N\g =0, e == \,.

|A]? — H?<eH+C,

A" -

Note that if n = 2 and k£ = 2, then the cylindrical estimate is simply the convexity
estimate. If n > 3 and k& = 2, then the cylindrical estimate is significantly stronger
than the convexity estimate.
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The cylindrical estimate was first established in Huisken-Sinestrari [HS09] (see
[Theorem 5.3]). To be precise, they only consider the case of two-convex solutions, but
it is clear that their method also applies in the k-convex case. Their work was then
generalised to the case of convex one-homogeneous speeds by Andrews-Langford-
McCoy [ALM14]. Rather than comparing |A|*> with H?, Andrews and Langford
consider a different quantity which is adapted to the speed, but their estimate contains
roughly the same information - the second fundamental form either approaches that
of an RF¥~! x S"=*+1 or becomes strictly (k — 1)-positive, as |A| blows up.

The proofs of Huisken-Sinestrari and Andrews-Langford both make use of a con-
vexity estimate, but with some more careful analysis, Brendle-Huisken show that this
is not necessary in [BH17]. With this observation they are able to prove a cylindrical
estimate for a large class of flows by concave speed functions, without having to first
prove a convexity estimate. They only write down a proof in the two-convex case,
but again, only minor modifications are required to get the analogous estimate for
k-convex flows by concave speed functions - the details can be found in the literature
in [LL|[Theorem 1.1], or in Chapter 2 of this thesis.

In the case of two-convex mean curvature flow, the cylindrical estimate has lead
to a fairly complete picture of the kinds of singularities which can form.

2.4.3. Two-convex solutions. Using their cylindrical estimate, Huisken and Sines-
trari were able to derive an extremely detailed picture of the singular behaviour of
two-convex solutions of mean curvature flow, at least for solutions of dimension at
least three. A further key ingredient in their work is a pointwise gradient estimate
for the curvature:

IVA? < CH* +C,

where C' depends only on the initial data. This is proven by a delicate maximum
principle argument, applied to a quantity built from |V A|? and the quantity appearing
in the cylindrical estimate. The same kind of argument is also used to prove higher
derivative estimates of the form

‘VkAP S CH2k+2 + C,

which can be integrated over a small spacetime neighbourhood to prove a local Har-
nack inequality for the curvature, valid at points where the curvature is sufficiently
large.

With these estimates in hand, Huisken and Sinestrari are able to show that if
the curvature is sufficiently large at (xg, %), then there are only a few possibilites for
the geometry of the solution near this point. Either: the whole solution is convex
at time tp; the point z( sits in a convex cap attached to an extremely long neck
region modeled on R x S™!: or the point (zg, ) sits itself inside an extremely long
neck. With further analysis, they determine exactly how these local pieces can fit
together, and so obtain an extremely precise picture of the entire high-curvature
region of a solution. They then show that the high-curvature region can actually
be excised and replaced by finitely many smooth disks of controlled curvature. This
procedure is known as surgery, and allows for the flow to be continued until, after
a bounded number of surgeries, the hypersurface has been decomposed into finitely
many recognisable pieces. The flow with surgeries produces a classification of two-
convex immersions up to diffeomorphism, and as mentioned above, this proves the
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famous Schoenflies conjecture in the special case that the embedding is two-convex
(when n = 3, every hypersurface which has positive scalar curvature is two-convex).

A particular consequence of the analysis in [HS09] is that the local Harnack
inequality becomes valid over larger and larger spacetime regions about (z,ty) as
the curvature at (zg, %) increases. Another way of saying this is that for a blow-up
sequence, rescaled to make the curvature bounded at the spacetime origin, the curva-
ture is universally bounded on compact subsets of spacetime. Hence an Arzela-Ascoli
argument shows that any such sequence subconverges smoothly to a convex ancient
solution. The picture of the high-curvature regions drawn by Huisken-Sinestrari has
since been reinforced by Brendle-Choi [BC19], [BC18], who show that the only pos-
sible limits that can be obtain in this way are shrinking spheres or cylinders of the
form R x S"7!, and the bowl soliton (see also [ADS18]).

It is natural to ask whether the surgery procedure can also be carried out for mean
convex solutions in R3. Here the cylindrical estimate contains less information, and
for immersed solutions, counterexamples show that the pointwise gradient estimate
cannot hold in general. It turns out that this behaviour is ruled out if the solution is
embedded, and in this case, it is also possible to define a flow with surgeries.

2.4.4. Non-collapsing. Compact solutions of mean curvature flow which are em-
bedded at the initial time remain embedded up to their maximal time of existence.
It is not difficult to see why this is true - if two nonequal points on the solution touch
for the first time, then the mean curvature vectors at these two points are pointing
in opposite directions, so the two points are moving away from each other. This of
course means that any rescaled version of the solution is also embedded, but along
a blow-up sequence, where the scaling factor tends to infinity, the region inside the
solution at time zero may be ‘collapsing’ onto a set of lower-dimension.

Huisken gave an interesting proof that this kind of behaviour cannot occur for
embedded solutions of curve-shortening flow [Hui98]. He used a maximum principle
argument to show that the intrinsic and extrinsic distance between any two points
on the solution remain uniformly comparable along the flow. The first noncollapsing
result in higher dimensions was established by White [Whi00], [Whi03], who uses
in a crucial way Huisken’s monotonicity formula [Hui90]. White’s result says that
on an embedded solution, if the mean curvature is normalised at a point, then there
is a nearby ball of controlled radius which is contained in the region bounded by the
solution. Sheng and Wang [SWO09] later gave a different proof of the same result.
The results of White and Sheng-Wang both make use of blow-up arguments and the
convexity estimate.

Andrews later established a noncollapsing estimate for embedded mean-convex
solutions using a direct maximum principle argument [And12]. The argument draws
inspiration from Huisken’s work on curve-shortening flow, in that the maximum prin-
ciple is applied to a ‘two-point’ function, which is defined on the product of the
solution with itself. The conclusion is the following: for any point (z,¢) on an embed-
ded solution, the radius 7(z,t) of the largest ball which makes interior contact with
the solution at (z,t) is bounded from below in terms of the initial hypersurface and
H(z,t). To be precise,

7(z,t)H (xz,t) > min7(-,0)H(-,0).
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We call this the interior noncollapsing estimate. There is a similar exterior noncol-
lapsing estimate, which says that

r(z, t)H(2,t) > minr(-,0)H(-,0),

where r(x,t) denotes the largest ball making exterior contact with (x,t). Andrews’
arguments have been carried over to the fully nonlinear case by Andrews-Langford-
McCoy [ALM13]: they show using the maximum principle that one-homogeneous
concave speeds admit interior noncollapsing, whilst convex speeds exhibit exterior
noncollapsing. If the solution is convex and the speed is both concave and has an
additional property known as inverse-concavity, then both the interior and exterior
noncollapsing estimates are true [AL16].

The noncollapsing estimates have significantly advanced the study of embed-
ded solutions of hypersurface flows. For the mean curvature flow, Haslhofer-Kleiner
[HK17a] combined the noncollapsing with White’s e-regularity theorem [Whi05] to
derive a new gradient estimate for embedded mean-convex solutions. Taking inspira-
tion from Perelman’s work on three-dimensional Ricci flow, they then combine their
gradient estimate with the convexity estimate to prove a powerful global Harnack in-
equality. In particular, this says that for a compact embedded solution, any blow-up
sequence satisfies universal curvature bounds on compact subsets of spacetime, and
hence subconverges to a convex ancient solution. In another important advancement,
Brendle [Brel5] used Stampacchia iteration to show that the noncollapsing estimates
become optimal, in an appropriate sense, at a singularity. In particular, this improv-
ing noncollapsing estimate can be used as a subsitute for the cylindrical estimate in
two dimensions, allowing Brendle-Huisken [BH16]| to carry out surgery for embedded
mean convex solutions in R3, and later in three-manifolds more generally [BH18].
The result in Euclidean space was obtained independently by Haslhofer-Kleiner in
[HK17b].

The interior non-collapsing also plays a role in [BH17], where Brendle and Huisken
use a fully nonlinear flow to study two-convex embeddings in a Riemannian back-
ground space. If the ambient space satisfies the curvature condition

Rjiji + Rpiri > —2K%,

then they define a flow with surgeries for the concave speed

1 -1
A T —— .
'—>< Z )\i+>\j—21€)

1<i<j<n

In an important step the authors carry out an induction on scales argument, com-
bining their cylindrical estimate with the interior non-collapsing property, to prove a
pointwise gradient estimate for the curvature. The surgery construction then proceeds
in much the same way as for two-convex mean curvature flow.

This brings us to the present work, where we generalise some of the results in
[BH17] to flows of k-convex hypersurfaces. We hope that the new estimates obtained
here will play a role in future work on the geometric and topological structure of
interesting classes of hypersurfaces in Riemannian background spaces.
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3. Notation and preliminary results

In the rest of the introduction we lay down some basic definitions, notation and
results which will be used frequently in the rest of the thesis.

3.1. Notation for solutions. We will be concerned with smooth one-parameter
families of immersions F': M x I — R™"! which evolve according to

(CF) O F (z,t) = —G(x, t)v(x,t),

where M is a smooth n-manifold, I C R is an interval, and v is a globally defined unit
normal vector. The function G(z,t) is given by applying a smooth symmetric speed
function 7 to the n-tuple of principal curvatures A(x,t). The principal curvatures will
always be labeled so that

Az, t) < - < Al t).
We define the class of speed functions v under consideration just below. The principal
curvatures are the eigenvalues of the second fundamental form A with respect to the

induced metric g. To be precise, g(x,t) is the pullback of the Euclidean metric by
F(-,t) at =, and A is defined as follows:

Az, t) : T,M x T,M — R
(v, w) = (Dyv, w),

where D denotes the Euclidean connection. With this convention, a round sphere
equipped with the outward pointing unit normal has positive principal curvatures.

At times, it will be convenient to work with a slightly more general definition of
solution:

(1) (O F (2,1))" = =G(a,1).

If F solves (CF), then composing F' with any time-dependent diffeomorphism of M
yields a solution of (1). If M is compact and [ is bounded from below, as will typi-
cally be the case, then every solution of (1) can be composed with a time-dependent
diffeomorphism of M to get a solution of (CF) (see for example Chapter 1 in [Eck12]).

When considering embedded solutions, we write M, for the smooth hypersurface
F(M,t), and also use the notation

M := {(2,t) e R"™ x [ : 2 € M,}.
When M, bounds an open region in R™™!, we denote this region by €2, and write also
Q= {(,t) eR"™ x [ :2 € O}

3.2. Admissible speed functions. Throughout this work, v : I' — R will
always denote a smooth symmetric function, and I' an open, convex cone in R"™ which
is also symmetric (closed under permutations on n-elements). We say that ~ is an
admissible speed if in addition to these properties, the following hold:

(1) Positivity - for each A € T', y(\) > 0;
(2) Ellipticity - the first derivatives %(A) are all positive for each A € IT';
(3) Symmetry - the value of y(A) does not change if the entries of A are permuted;
(4) One-homogeneity - for each positive r and each A € I'; there holds
Y(rA) = ry(A).
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One consequence of these properties is that the ray parallel to (1,...,1) isin I". The
simplest example of an admissible speed is the mean, which we denote by

tr : R* - R
A= A 4+ Ay,

restricted to its support. Of course, the function tr is smooth and satisfies conditions
(2)-(4) on all of R™, but other key examples which we study, such as the harmonic

mean 1
1 1Y)
A= —+... 4 —

do not admit smooth extensions beyond the cone on which they are positive. The
ellipticity condition is so named because, in local coordinates, this is precisely the
property which makes (CF) weakly parabolic. Symmetry is necessary to make sure
that () is geometric, and the one-homogeneity ensures that the space of solutions is
closed under parabolic rescaling. We note however that there are interesting geometric
flows by speeds with other scaling properties, such as the one used in [And03].

We discussed in the introduction the necessity of imposing some kind of concav-
ity on the speed, and the differences between flows by concave and convex speed
functions. Our discussion will focus on concave speeds.

In addition to these properties, we will often assume one or more of the following
additional conditions on the speed:

(1) Zero at the boundary - we say ~ vanishes at the boundary if it admits a
continuous extension to I' which vanishes identically on 0T
(2) Strict concavity in off-radial directions - For each £ € R™ and A € T, there
holds 52
g
A A < 07

with equality if and only if £ is a multiple of .

Finally, we say that an admissible speed defined on the positive cone,
Iy :={AeR": min \; > 0},

1<i<n
is inverse-concave if the function
o 1 —1y—1
Y A) =M, A
is concave in A on I',.

3.3. Smooth symmetric functions. For each 1 < k < n, let 0, : R - R
denote the elementary symmetric polynomial

or(A) == Z D YHEIID Vi

1<iy <--<ig<n
and let S : R" — R" be the mapping
S A= (01(A)y ..o o0 (N)).

Newton proved that every symmetric polynomial in the entries of A can be expressed
as a symmetric polynomial in o1(A),...,0,(A). In [Gla63], Glaeser proved a far-
reaching generalisation of this result: if U C R" is a symmetric open set and ¢ : U —
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R is a smooth symmetric function, then there is a smooth function ¢ defined on S(U)
such that

p(A) = (S(A))
holds for each A € U.

This gives us a way of viewing ¢ as a smooth function on the set of symmetric
matrices with eigenvalues in U. For an open symmetric set U in R™ we write

OU :={0diag(\)O" : A € U, O € O(n)},

where diag(\) is the diagonal matrix with entries A on the diagonal, and O(n) is the
orthogonal group. This is equivalent to saying that

OU = {A € Sym(n) : \(A) € U},

where )\ is the map taking A to its eigenvalues (labeled so that A\; < --- < A,). The
characteristic polynomial of a diagonalisable matrix admits the expansion

det(A—t)= J[ t=x)= Y (Do,

and from this we see that ox(\) can be expressed as a smooth function &5 of A by
defining

! a det(A —tI)
(—1)k(n — k)! dtr—* o
Therefore, the function ¢ defined on O U by

D(A) == §(61(A), ... 6a(A))

is smooth in A, and agrees with ¢ applied to A(A).
Going the other way, Schwarz [Sch75] showed that given a smooth function &
defined on O U which satisfies

®(OAO™ ) =dB(A) VAeOU OeO(n),

there is a smooth function ¢ : U — R such that
p(A(A)) = (A).

In practice, if ¢ is a smooth symmetric function, we view it as either a function
of eigenvalues or of matrix entries as is convenient. If we write p(\), where A € R",
then it is understood that we are viewing ¢ as a function of eigenvalues, whereas if
we write p(A) and A is a matrix, then we are viewing ¢ as a function of the entries
of the matrix. Also, to ease notation, we often write

X L Dip —ij ,_ 8290
and )
i -ij,kl 0°p
¥ — 7, —
¢ (A) oA, (A4),  @¥(A): EYREY (A).

If A is diagonal then
$7(A) = ¢"(A)dY,
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and if in addition the eigenvalues of A satisfy A\ < --- < \,, then

PHANT, T = T + 23 T B

1<J

holds for every symmetric T'. For proofs of these identities we refer to [And07]|[Theorem
5.1]. With these formulae we can show that concavity with respect to eigenvalue and
matrix variables are equivalent when U is convex:

LEMMA 1.1. Let U C R" be open, convex and symmetric, and let ¢ : U — R be a
smooth symmetric function. Then the conditions

FINEE <0, VYAeU EeR
and
GIHAT; Ty <0 YA€OU, T € Sym(n)

are equivalent.

PrOOF. That the second inequality implies the first is clear - one only has to
apply the second derivative identity above with A = diag(\) and B = diag(§). To get
the second implication, note that since ¢ is smooth, it suffices to show that the second
inequality is true for all A with distinct eigenvalues, since the general case then follows
by approximation. In this case, choosing O € O(n) so that OAOT = A = diag()\),
and writing also T = OBOT, we compute

2

dat? 0

GV T =~ | p(OAOT +10TOT) = FHH (AT Ty,

Now we can invoke the identity above to get
G AT T = $T(NTTy +2) a )l Ty,
= )\ — )\

We are assuming that the first term is nonpositive, and nonpositivity of the second
term follows if we can show that

PN~ ) _

N =V

whenever \; > A;. To this end, we let s denote the permutation which swaps the i-th
and j-th entries and note that by symmetry and convexity, (1 — )\ + ts(A) is in U
for each t € [0, 1]. Thus the function

tis o((1— A+ ts(\)

is even and concave, and consequently there holds

0< % 7090((1 — A+ ts(N) = S (NN = X) + &7 (N = M),

which we can rearrange to get the desired inequality. U
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3.4. Evolution equations. Fix an admissible speed v : I' — (0,00) and let
F : M — R"™ be a smooth immersed hypersurface such that A(z) € T for each x € M.
Given a a smooth symmetric function ¢ defined on I', we define a smooth function
® on M by setting ®(x) := ¢(A(x)). In a smooth local orthonormal frame, we can
view A as a smooth map from M into OT', and write ®(x) = p(A(x)). Since the
coefficients of A are smooth, this shows that G(z) := v(A(x)) is smooth as a function
of x, and we have

0

va - aTLVpAl]

and 5 52
i g
V,V,G = A V,V Ai; + DADA,
In a slight abuse of notation, we will write ¢(A) to mean the quantity returned when
an orthonormal basis is chosen and ¢ is evaluated on the coefficient matrix of A.
In the same vein, we will write ;TZ]_(A) or just 47(A) for the (2,0) tensor whose
coefficient matrix has these entries with respect to any orthonormal basis, and the

analogous convention applies to the second derivatives.

We state here the evolution equations for various geometric quantities along a
solution of (CF). Huisken derived these identities for the mean curvature flow in
[Hui84|[Section 3], and only minor modifications are necessary to cover more general
speed functions. With respect to a local frame for the tangent bundle of M, the

induced metric g and outward pointing unit normal v satisfy
Orgij = —2G Ay
@l/ = VG

vaijqukl .

The speed G satisfies

(8t — aiVivj>G = Oy gklAikAlev

0A;; N 0A;;
and for the Weingarten map (this is just the name given to " A,,) we have
Dy N %y
O — ——V,;V,;, |AL = ——g¢"" Ay A AP + ————— VP ALV A
( Y J) Ny By, y W A
To ease notation, we will write
0 0
A, = ——V,V, AP = —gM AL AL
v 0A;; s | "y (9Aijg kg

If ¢ is a smooth symmetric function on I', and is o-homogeneous (meaning that
©(rA) = r7p(A) for every r > 0), then for ®(z,t) := p(A(x,t)) there holds

do 0%y oy 0%
0A,, 0AKOA;;  0A,, 0AROA,;;
Notice that if v is the mean, then the term involving its Hessian vanishes, and the
gradient term has a sign as long as ¢ is convex or concave. This fact is extremely
useful in the study of k-convex solutions of mean curvature flow, since there are

many interesting concave functions defined on the k-positive cone. In contrast, when
v is nonlinear, it is much more difficult to find curvature functions for which the

(at - A,y)q) = U|A|?/(I> + ( )vaijqukl-
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two gradient terms combine to give something with a sign or otherwise favourable
structure. Of course, as well as the speed itself, the mean curvature clearly always
satisfies a nice equation.

3.5. Pinching and uniform parabolicity. For many of the speeds we consider,
the first derivatives with respect to the principal curvatures are not uniformly positive
on I'. This means that the parabolic operator appearing in the evolution of the
second fundamental form and other curvature quantities can become degenerate if
A approaches JI' somewhere on a solution. To rule out this behaviour, we usually
impose a uniform parabolicity assumption on solutions, by requiring that

Nz, t) e T, V (z,t) € M x [0,T),
where I is a symmetric cone which is compactly contained in I'. By this we mean
that I"NOB(0, 1) is a compact subset of I, and as a shorthand, if I has this property
then we write [V € I'.

In fact, if A € IV € I', then we get bounds for all of the derivatives of v at A, as
follows.

LEMMA 1.2. Let v : I' — (0,00) be an admissible speed, and suppose I'" € T'.
Then there is a constant C' = C(n,~,I") such that if A € OT”, there holds
C710;; <AY(A) < Coy,
and
A7 (A)TTu| < C|TP
for each symmetric T. More generally, if k is an (n x n)-matriz with entries in N
and |k| == 3, ; kij then we have

OlFl~

k—1
tr(4) DAy, OmmA

< C(n,k,~,T").

ProoFr. Differentiation of the one-homogeneity condition yields

| 0 |
MY (A) = M) = M7 (AA
7 (A) aAiﬂ( ) = A77(AA),
so the first derivatives of v are scaling-invariant. By assumption, the set
['NoB(0,1)

is a compact subset of I'. It follows that
OI"N{A € Sym(n) : |A| =1}
is a compact subset of OT', so since 7 is smooth and elliptic, the following quantity
is positive: B
co :=Inf{47(A)§E : Ae O, |[Al =1, £ e R"}.
Then because of the scale-invariance of 4%, for every non-zero A € OT” there holds
P7(A) =47 (AT A) = codiy.

The remaining estimates are proven using the same kind of argument - differ-
entiating the homogeneity condition k£ times shows that k-th derivatives scale like
|A|LF. O
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In all of the cases we are interested in, uniform parabolicity is guaranteed by the
maximum principle. Taking ¢ to be the trace in the evolution equation for curvature
quantities stated above, and defining H(x,t) := tr(A(z,t)), we get

2

— A)H = |A2H + g™ AV, A
(6t ’Y) | |'y +9g aAm@AU V zyv kl-
Combining this with the equation for GG sated above, we get
H 1 0%y H
o, — A G’ ———F—V,A;;V,A V—, VG
O =26 = G gagan, Vi Vedu + G< G >7

where we have also introduced the notation (v,w), := 9vw;. If v is concave,
applying the maximum principle to this equation gives:

LEMMA 1.3. Let F : M x [0,T) — R™" be a solution of (CF), where v is a
concave admissible speed. Then for each (x,t) € M x [0,T) there holds
il S AP _
Gz ) = " G(,0)

For each a € (0, 00) we define a cone as follows:
Fo:={ el :tr(\) <ay(\)}.

With this notation, the lemma says that if A\(M x{0}) C 'y, then A(M x[0,T")) C [',.
Since « is concave and tr is linear, the sublevel sets of A — (\)~!tr()\) are convex,
so each of the cones I', is convex. If v vanishes at the boundary of I' and is strictly

concave in off-radial directions, then for every o > 0 such that I, is nonempty, there
holds

r,erl.

Hence the lemma guarantees uniform parabolicity of the flow with I' = T', and «
depending only on F'(-,0).

3.6. Short- and long-time existence. Supposey: ' — (0, 00) is an admissible
speed, and let
Fy: M — R

be a compact immersed hypersurface such that A(z) € I" for every x € M. Then there
is certainly a symmetric convex cone IV € I" such that A(z) € I” for each = € M.
Suppose we know a priori that, if F: M x[0,T) — R"™ solves (CF), then \(z,t) € T’
remains true for every (x,t) € M x [0,7). Then in particular, we have an a priori
estimate of the form
|A|(z,t) > ¢(n,~,T")G(z,t)
with ¢ > 0 which is valid on all of M x [0,T"). Furthermore, by the evolution equation
for G stated above,
G(z,t) > mj\}n G(-,0)

for each (z,t) € M x [0,T), so we have a positive a priori lower bound for |A].
Combining this with Lemma 1.2, we obtain a positive upper and lower bounds for
the first derivatives of the speed, and uniform upper and lower bounds for all of its
higher derivatives, all of which are valid on M x [0,7") and depend only on Fp.
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With these bounds and the evolution of G, one can establish an a priori upper

bound for the growth rate of
max A1)

as t increases. Since |A| controls the rate of change of the normal, this means that
there is a uniformly positive time up to which any potential solution remains a graph
over the initial hypersurface. With this fact, and the a priori estimates for the deriva-
tives of the speed, the problem of solving (CF) on a short time interval starting from
Fy reduces to a uniformly parabolic scalar PDE problem for the graph representation.
This problem always has a short-time solution - we refer to Section 3.5 of [Lan14]
for further details.

If in addition to admitting a preserved cone I" € T, the speed is convex or concave,
then the solution remains smooth while the curvature is bounded. To be precise, if
F: M x[0,T) — R""! solves (CF) and

sup |A|(z,t) < C,
Mx[0,T)

then all of the derivatives of I are bounded in terms of C on M x[0,T"). To sketch the
argument, the curvature bound means the solution is locally a graph over spacetime
sets of controlled size, and each local graph representation solves a uniformly parabolic
fully nonlinear equation, where the parabolic operator is concave or convex in the
Hessian. The bound on |A| implies a C? estimate for the graph representation, and
from this it is possible to deduce a C*® estimate (this fact is due independently to
Evans [Eva82] and Krylov [Kry82]). Schauder theory then implies higher regularity.
The technical results required to make this argument rigourous are contained in the
appendix, but we do not give the details, and refer instead to Section 4.3 of [Lan14]. If
n = 2, then all of this works even if v is not convex or concave, since the Evans-Krylov
theory can be replaced by a C*%-estimate for fully nonlinear parabolic equations due
to Andrews [And04].



CHAPTER 2

Cylindrical estimates

Our goal in this chapter is to prove a cylindrical estimate for immersed hypersur-
faces moving by an admissible speed v which is strictly concave in off-radial directions.
The statement of the estimate can be summarised as follows: on any compact uni-
formly k-convex solution moving with inward normal velocity G(z,t) = vy(A(z,t)),
there holds

H S (ak_l + E)G + CE,

where ayj,_; is the value taken by G~'H on a cylinder R¥~! x S"~*+1 and ¢ can be any
positive number. The constant C. depends only on ¢, the quality of the k-convexity,
and the solution at the initial time. The proof we give is directly adapted from
Brendle-Huisken [BH17|[Theorem 3.1]. Analogous estimates for the mean curvature
flow and other convex admissible speed functions were established in [HS09][Theorem
5.3] and [AL14], respectively. A cylindrical estimate for speeds which are only weakly
concave is established in [LL][Theorem 1.1].

The cylindrical estimate implies that, as G blows up, the principal curvatures of
the solution must approach the cone

Lo, ={reT:tr(N\) <ar_17v(N) 1},
which is the smallest sub-level set of the function
A= y(A) ()

which contains the principal curvatures of every cylinder of the form RF~! x §n=k+1,
Since it is possible to construct uniformly k-convex solutions which form singularities
modeled on a homothetically shrinking R*=! x S"=%*! the constant aj_; is sharp.
We note that the assumption that ~ is strictly concave in off-radial directions ensures
that the cone I',, _, sits inside the (k — 1)-nonnegative cone (see Lemma 2.1 below),
so the cylindrical estimate implies that the second fundamental form is becoming
(k — 1)-nonnegative at a singularity.
To establish the cylindrical estimate we prove an a priori supremum estimate for
the pinching quantity
H — (Oék_l +e )G
Uy = Cio ,
where o is chosen to be small depending on ¢ and the initial data. Let us sketch
how this works. Since u, scales like G?, its evolution equation contains a positive
zeroth-order term:

(O — A))u, = 0|A|3ua +...
We can try to combat this term using the gradient of curvature term in the evolution

of H, which is nonpositive by the concavity of v, but this cannot work pointwise.
Hence a direct maximum principle argument does not seem to be viable.

33
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The idea, introduced by Huisken in [Hui84], is to instead use integral estimates
and an iteration argument to get the desired supremum bound. One of the key
observations is that, by integrating some form of Simons’ identity, it is possible to
bound integrals of certain curvature quantities in terms of integrals of gradients of
the curvature. There are different ways of implementing this idea, but a particularly
simple route is taken by Brendle-Huisken in [BH17]. They take the square of a
symmetrised version of Simons’ identity, and so obtain an identity of the following
form:

ZA2A2 M) =Ax Ax Ax V2A,

where the x denotes some contraction. The quantity on the left vanishes precisely
when the principal curvatures take the form

>\1:"':)\m:07 )\erl:"':)\n

for some m, but the uniform k-convexity and definition of ayz_; imply that this cannot
occur over the support of u,. This crucial property of u, means that, on its support,
the norm of the second fundamental form can be controlled by some term of the
form A x A x A x V2A, and an integration by parts argument then allows us to
estimate integrals of |A|*u, in terms of integrals of Vu, and VA (this is all made
precise in Proposition 2.9). These terms can then be controlled using the diffusion
term and good gradient-of-curvature term in the evolution of u,, leading to powerful
LP-estimates. Along with the Michael-Simon Sobolev inequality, these are the key
ingredient needed to carry out Huisken’s Stampacchia iteration argument.

The chapter is divided into two halves. First we establish some basic properties
of the cones T',, and then state the cylindrical estimate precisely (see Theorem 2.4)
before discussing some of its consequences. We then analyse the terms in the evolu-
tion equation of the quantity H G and reduce the proof of the cylindrical estimate
to an application of the Stampacchia procedure. In the second half the Stampacchia
argument is presented in a general form (this is Theorem 2.6) which implies a supre-
mum estimate for a general function uG?, where o is small and u satisfies certain
structural conditions. Crucially, u© must be a bounded subsolution of a certain par-
abolic equation where the right-hand side contains a negative gradient-of-curvature
term, and at no point on the support of u can the second fundamental form equal
that of a cylinder.

With this general supremum estimate established, in order to prove a pinching
estimate, one only needs to identify an appropriate quantity u satisfying the structural
conditions. Hence Theorem 2.6 can be used to recover the cylindrical and convexity
estimates for mean curvature flow, and the analogous estimates for fully nonlinear
flows mentioned above. We also use it to prove the convexity estimate in the next
chapter.

1. Curvature cones
In this section we establish some elementary properties of the cones
a={AeR": tr(\) < ay(N)},

where v : I' — (0,00) is an admissible speed function which is strictly concave in
off-radial directions and vanishes at OI'. These assumptions imply that for every
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a € (0,00) there holds
r,er.
For each 0 < k <n — 1, we write

Cyl, ={A-(es; +---+e, )i A>0,1<id; <--- <ipp <n},

where the e; are the standard basis vectors in R™. This is the set of possible eigenvalue
n-tuples of a cylinder R¥ x S"~* We then write

Cyl := U Cyl,, .

0<k<n—1

Observe that if Cyl, C T then the value of y(A)~' tr()) is constant for A € Cyl,, so
we may define

ag = y(A) "t tr(\), A e Cyl,.

The cones I',, will play an important role. We record some of their key properties in
the following lemma.

LEMMA 2.1. Let y be strictly concave in off-radial directions and fix 0 < k < n—2.
Then the following statements are true:
(1) The set Cyl,, is in the convex hull of Cyl, ,;
(2) Suppose k> 1 and Cyl, CI'. Then for each 0 <1 <k, Cyl, CintT',, ;
(3) If Cyl, C I' and | > k then Cyl, is in the complement of T',, .

PRrROOF. (1) Since Cyl,,; consists of rays, its convex hull is a cone. A convex
cone contains every positive linear combination of any finite subset of its elements,
so we only need to show that each point in Cyl, can be expressed as a positive linear
combination of points in Cyl, ;. By symmetry, it suffices to check this for one element
of Cyly, so let us take

For each j € {k+1,...,n} the vector
)\j = 5\ — ej

is an element of Cyl, ;, and summing over j we get

n

Y (A=e)=n—kA-A={n—-k-1A\

j=k+1

We have n — k — 1 > 1 by assumption, so

n

. 1 .
A= 2 (e,

j=h+1

which is the required decomposition of A
(2) Note that since I',, is convex and contains Cyl,, it also contains the convex
hull of Cyl,. Claim (1) thus implies that, since | < k, Cyl, C I',,. Suppose now that

A e Cyl,Nar,,,
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and relabel indices and rescale so that

Let \; := A — e; for each [ +1 < j < n, and write X for the set of positive linear
combinations of the vectors A;. Then X is an open cone of dimension n -1 -1 <n
which, as we showed in (1), has ) in its interior. Since X € I',,, and the smooth
hypersurface ¥ := 9T, \ {0} contains A, the dimension of ker(Ay) must therefore
have dimension at least n—[—1 at A. On the other hand | < m < n— 1,s0l <n—2,
and the dimension of ker(Ay) is therefore at least two at the point A Since 7 is
strictly concave in off-radial directions, the second fundamental form of ¥ vanishes
precisely in the radial direction at each point, so its kernel is one-dimensional. We
have thus a reached a contradiction, so the original assumption must have been false.
That is, A € int T, .

(3) We know by claim (2) that if Cyl, C I' and k& < [ then Cyl, C intI',,. The
interior of I',, consists precisely of those points A where tr(\) < ayy()), so we have

tr
ap = — < oy,

v Cyly,

which implies I',, C intI',,. Since Cyl, is a subset of the boundary of I, this implies
that Cyl, is in the complement of I',, . O

LEMMA 2.2. Fix k > 1 and suppose Cyl, C I'. Then for each A € T, satisfying
A < - <\, there holds

AL+ A >0,

with equality if and only if
Al == A\

PRrROOF. Fix a nonzero vector A € I',,, normalise so that tr(A) = 1, and relabel
the entries so that \; <--- < \,. We first prove that

A+ A > 0.

If A\; > 0 then there is nothing to prove, so let m be the largest natural number such
that 6 := A +---+ A\, <O.

Since I',, is a symmetric convex cone, we can take any permutation of the entries
of A, add the result to A, and get back an element of I',,. In particular, cycling over
the first m entries and taking the average gives

5 n
E(el =+ - +€m) + Z )‘iei € Fak~
i=m+1
Similarly, we have

) 1-9
Ai=—(e1+ - +em)+
m

(em+1 + o +€n) € Fak-

Appealing again to convexity, we find that for each s € (0, 1],
(1—s)A+s(es+---+e,) €intly,.
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Since § < 0 by assumption, we can choose sy € (0,1] so that (1 — so)d/m + so = 0,
and so find that

<(1 — 50)(1 —9)

n—m

+ 50> (émi1+ -+ +en) €intly,,

so we have found an element common to Cyl,, and intT'y,. Since I, is a cone, and
Cyl,, consists of individual rays, it follows that Cyl,, C intI',,. Appealing then to
part (3) of Lemma 2.1, we find that m < k. By the definition of m, we therefore have

A4+ A > 0.

Next we consider the equality case. Suppose A € I',, satisfies A\; +--- 4+ A = 0.

Then if we set

N o= Z €,
i=k+1
the line segment AN lies in the hyperplane Py, where
P.:={MNeR": A\ +---+ A\ =¢}.
We have just shown that F. is disjoint from I',, for all ¢ < 0, so any points which are
common to Fy and I',, must lie in OI',,. In particular,

AN C OL,,.

Since the boundary of I',, is strictly convex in off-radial directions, AN must therefore
lie in a ray emanating from the origin. Since X’ is in Cyl,, this implies that A is also
in Cyl,. O

As an easy corollary, we get the following:

COROLLARY 2.3. Fiz1 <k <n—1 and suppose Cyl,, C I'. Then for everyn > 0,
there is a constant € > 0 depending on n such that if X € 'y, 4o and Ay < --- < A\,
then

A+ A > —ntr(A).

In addition, for each 0 < k < n — 1 with Cyl, C T, there is a constant €' depending
on n such that if X € Uy, 1o satisfies \y < -+ < X\, and Ay + - - -+ A\, < €'tr(N), then

i — ;r(_)\]l‘ < ntr(A).

n

PREEY

1<i<k i=k+1

PROOF. If the first claim is false, then there is a positive number 7 and a sequence
of points AU for j € N such that

A9 € Loty
but . '
AD A > (WD),
Let us normalise so that tr(A()) = 1 for each j € N. Since

tr(AL)) - 1
HO0) =G
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and the sets I', N {A € R : tr(\) = 1} are compact, we can extract a subsequence
converging to some limit A € I',,. The lemma then implies that
Mt A >0,

contradicting our assumption. The proof of the second claim proceeds in a very
similar way. 0

2. The cylindrical estimate and consequences

We now give a precise statement of the cylindrical estimate. The conditions on the
cone [ are stated quite generally, but the key case to keep in mind is when I' is the
(k + 1)-positive cone, and I'" = I',, for some o < co. Then the condition A(z,t) € IV
is guaranteed by Lemma 1.3.

THEOREM 2.4. Fizn > 2 and let v:I' — (0,00) be an admissible speed function
which is strictly concave in off-radial directions and vanishes at OU. Let

F:Mx[0,T)— R""!
be a compact evolving immersion satisfying
O F(x,t) = —G(z, t)v(z,t),

where G(x,t) := v(A(z,t)). Suppose there is a closed symmetric conver cone I' € T
such that

M, t) eT” V¥V (x,t) € M x[0,T),
and let

k:=max{0 <l <n-1:Cyl,CcI'}.
Then, for each € > 0, there is a constant

CE = Ce(na Y, Fla sup G(7 0)7 M0<M>7 T)
M

such that the inequality
H(z,t) < (o +¢)G(x,t) + C-
holds for each (z,t) € M x [0,T).
Before proving the theorem, let us draw some consequences by comparing with

Corollary 2.3. Given any € > 0, the theorem says that if G(z,t) is sufficiently large
depending on ¢ and the initial data, then

(2) H(z,t) < (o +¢)G(x,t).

Suppose first that £ = 0, in which case the assumptions imply that the solution is
uniformly convex. Then (2) and Corollary 2.3 tell us that there is an 7(e) such that

n

D

i=1

1
)‘Z(xat> - EH<x7t) < nH(xat)a

and n(e) — 0 as ¢ — 0. That is, points where the curvature is extremely large are
approximately umbilic.



2. THE CYLINDRICAL ESTIMATE AND CONSEQUENCES 39

If £ > 1, then (2) and Corollary 2.3 tell us that A(z,t) is close to being k-positive:
there is an 7(e) such that
Mz, t) + - 4+ Ae(x, t) > —n(e)G(x, 1),
and n(e) — 0 as ¢ — 0. In particular, if £ = 1 then A(z,t) is approximately non-
negative - this property is what allowed Brendle-Huisken to establish their convexity
estimate in [BH17|. In addition to this, there is an 7/(¢) such that if
)\1<$,t> T+t )\k(.ﬁU,t) < ?7/<€)H<Zlf,t),

then A is extremely close to Cyl,:

n

LD nikH(:B,t) < n(6)G(,b).

1<i<k 1=k+1

The value of 7'(e) also tends to zero as € — 0.

A key step in the proof of the cylindrical estimate involves extracting a uniform
gradient of curvature term from the term involving the Hessian of v appearing in the
evolution of H. This argument is contained in the following lemma.

LEMMA 2.5. Let I be a closed symmetric cone such that
el \Cyl, 4,
and consider a symmetric (n X n)-matric A which is diagonal and has eigenvalues
A € I, Then there is a positive constant ¢ = c(n,~,I") such that
||

SPaTS (A) T T < —
;7 ( ) kpgtkrs = CtI‘(A)

for every totally symmetric T.

PROOF. Let S be any n x n-matrix. Since 7 is one-homogeneous there holds
AP (A) ApyArs = 0, so for any symmetric S we have

APETS(A) Sy Syg = AP (A) (S ra %A’”q) (S” - géi; A”)

tI‘(S) 2 Dq,TS
2o (A)SpgAys.

The last term on the right vanishes, since f(t) := FP9"*(tSy, + Apg)(tSrs + Ays) 18
nonpositive and vanishes at t = 0, giving
0= f(0) = 29777 S A
Now let
co = min{—=AP¥"(A)Sp,Srs : A € O, tr(A) =1, tr(S) =0, |S| = 1},

which is strictly positive, since v is strictly concave in off-radial directions and the
conditions tr(A) = 1 and tr(S) = 0 prevent S from being proportional to A over this
compact set. By scaling, we have

o 15E

=pas (A <
Y ( )SPQST‘S = COtl”(A)
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for all A € OT", as long as S is traceless. In particular, for every symmetric S we

have
- ) (s ) -l

Collecting these facts, we obtain

CO(”; e F,)

tr(.S)
tr(A) 5= Al

tr(A)

VP (A)SpgSrs < —

Next we observe that since

() , \° tr(Ty) tr(7,) , \°
42 <Tkpq - ﬁqu) 2 Z <Tkpq - ﬁqu — Tpig + tr(A) Akq) )

k,p,q k.p,q

and A is diagonal, if T' is totally symmetric then there holds
tr(T},) 2 tr(T},) tr (7)) 2
4 T, —A > - —A —PLA
2 ( T () ) > ( w(A) T a(a)

— 22 |)\|2 k tr(Ty)%
Let us define
cp i=min{|A\? = AL el tr(A\) =1, 1 <k <n}.

Since [A|? — A7 only vanishes if A =0 or A € Cyl
ensures that ¢; > 0. It follows that

T 2
CIZ|ter |2<22<Tkpq —Ak))Aq> .

k.p,q

the assumption IV € T"\ Cyl,,_,

n—1»

On the other hand,

- tr(T},) tr(T},) 2
‘Tl - Z <Tkpq - MAPQ + tr(A) APQ)

k,p,q
tr(7T,) 2 | A|2 )
< _
—2kzpq(T’“Pq tr(A) A”q) " aay Zk s

so by setting
Co := max{|A|*: A € OT’, tr(A) = 1},

we obtain
- tr(Ty) tr(Ty) 2
> (Tom = 50 A i
~ tr(T,) 2
<2(1 —l—cllCO)];I (Tkm A qu) .

Combining this with the bound from the previous paragraph completes the proof. [
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With this lemma in place, we can now establish the cylindrical estimate by ap-
plying Huisken’s Stampacchia procedure. It will be convenient to give the arguments
out of order - we establish the key supremum estimate in Theorem 2.6 just below,
and in the meantime demonstrate that Theorem 2.6 implies Theorem 2.4.

PROOF OF THEOREM 2.4 ASSUMING THEOREM 2.6. Recall that we are assum-
ing
Nz, t) e T”
for each (x,t) € M x [0,T), where I € I'. Also, Cyl, C I if and only if [ < k. Fix a
small constant € > 0 and consider the function
H(z,t)
= G
We claim that on the support of u, the principal curvatures of the solution are com-

pactly contained away from Cyl. To see this, observe that if u(zg,ty) > 0, there
holds

R — €.

)\($0,t0) el \ Fak—&-a =TI
By Lemma 2.1, we know that Cyl, € 'y, 4. for every [ < k. If k <[ < n -1

and Cyl, C T', then by the definition of k there holds Cyl, € I" \ IV. Putting these
statements together, we get

I"eT)\ Cyl.
We saw in the proof of Lemma 1.3 that u satisfies the equation
1
(O —Ay)u = Yeld MAparssy) Ay Vi + G(Vu VG),.

In light of the previous paragraph, we can choose an orthonormal basis of principal
directions and apply Lemma 2.5 at each point in sp(u ) to obtain

VAP

G? G
Here we have also used the fact that v and tr are comparable on IV. We now make
use of Young’s inequality to estimate the remaining gradient term, and so arrive at

IVAI2 !VGI
G? G?
where r can be taken to be any positive number. By setting
Co:=max{#'(N\): e, tr(\) =1, 1 <i < n},
and computing in an orthonormal basis of eigenvectors for A, we get
IVGE = 4""4"ViApViAg < Ci(n, 7, T')| VAP

Therefore, by setting r = ¢q/2C) we ensure that
’2

(at - A’}’)u < —C0<Tl, v Fla ) <V VG>

(at - A'y)u S _CO(nv% F/7€> |v |

(0 — A)u < — Gl VP,

where ¢; and Cy depend only on n, v, IV and e. Since u < Cs3(n,v,I"), we can pass
to the weaker estimate

VAP
G2

2
+C203|vu|

(0 — Ay)u < —0103_1
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on sp(u). Applying Theorem 2.6 (with ko = 0), we obtain the estimate
u(z,t) < e+ C.G(x, 1)

where C. = C.(n,v,1",e,sup G(-,0), uo(M),T), and since £ can be taken to be any
positive number, this proves the claim. 0

3. Huisken’s Stampacchia procedure

In this section we prove a general pinching estimate for hypersurface flows by ad-
missible speed functions. Consequences of this result include the cylindrical estimate
stated in the previous section and the convexity estimate of the next chapter. The
result can also be used to recover the analogous cylindrical and convexity estimates
for mean curvature flow, and other flows as well.

THEOREM 2.6. Fizn > 2 and let v : I — (0,00) be an admissible speed. Let
F: M x[0,T) = R" be compact evolving immersion which satisfies

O F (z,t) = —G(x,t)v(x,t)

for every (z,t) € M x [0,T), where G(x,t) := y(N(x,t)). Let u: M x[0,T) — R be
a smooth function satisfying u < Cy, set

R :=supG(-,0),
M

and suppose there is a constant kg > 0 and a symmetric cone I € I' \ Cyl such that
Mz,t) €eI” VY (w,t) €sp(u) Nsp(G — kgR7).

Assume also that there are positive constants Cy, Co, C3, Cy and § € (0,2] such that
[Vul> 1 VAP
U C’Q G2
holds at every point in sp(u) Nsp(G — kgR™1). Set C' := (Cy, Cy, Cy, C3,Cy). Then

for every € > 0 there is a constant

KE = Ka(n7 7, F/a kOa Cla 57 R’ MO(M)7 T)

(3) (8 — Au < Oy —— + C3|A*° 4 ¢y

such that
u(z,t) < e+ K.G(x,t)!
for each (z,t) € M x [0,T).

REMARK 2.7. Suppose T is the maximal time of smooth existence. By scaling,
the constant K. can be written as K. = K. R™', where

K. = K.(n,v,T" ko, C", 5,6y, 65,065)
and

0, = i Oy i = —— 1L 03 = G(-,0)" - puo(M).
! mOT) G2 ’ > supy, G(-,0) A (- 0)" - 110 (M)

Here we have appealed to the fact that T can be bounded from above in terms of 0y,
0y and R~'. This is a consequence of the evolution equation

(0, — A)G = |A]PG.



3. HUISKEN’S STAMPACCHIA PROCEDURE 43

If the derivatives of v are bounded from above then 6y is automatically bounded from
below by the Cauchy-Schwarz inequality.

REMARK 2.8. The conclusion of the theorem remains true if, rather than being
smooth, u is only locally Lipschitz and satisfies the differential inequality in the fol-
lowing weak sense: for every nonnegative Lipschitz function ¢ : M x [0,T) — R
supported in sp(u) Nsp(G — koR™Y), the inequality

2
/ goatudutg—/ <Vu,Vg0>7dut—/ gpvj’quiquVjud,ut—i—Cl/ g0| | dpg
M M M M
1 VAJ? _
(4) oA / g0u| G2| dut—l—C’g/ |AJ? 5<pd,ut+C'4/ o duy
2 M M

holds for almost every t € [0,T). If u is smooth and satisfies (3) then this inequality
18 a consequence of the divergence theorem. In the proof of the theorem, we will take
care to only use this weaker assumption. This will be important in the next chapter,
where we need to apply the theorem to \i, which may not be smooth.

3.1. Poincaré and Sobolev inequalities. The following Poincaré-type inequal-
ity first appeared in the form used here in [BH17] (see the proof of Theorem 3.1).
Earlier incarnations were used to prove pinching estimates in [Hui84| and [HS09].

PROPOSITION 2.9. Let M be a smooth hypersurface in R"™ satisfying |A| > 0
and consider a compactly supported Lipschitz function v : M — R. Suppose that u is
nonnegative, and that there is a symmetric cone

I"e{reR":tr(\) >0} )\ Cyl

such that
Mz)eT” V z € sp(u).
Then there is a positive constant ¢ = c(n,I") with the property that for every r > 0,

1 Al?
c/ u2|A|2du§—/ ]Vu|2d,u+(1+7“)/ u2|v 2| du,
M rJm M A

where p s the induced measure on M.

PRrROOF. Simons’ identity implies that the second fundamental form of M satisfies
ViV;Au +V;V; Ay — ViViA;; — ViV Ay = 20558,
where C' is defined to be
C=AA?-A*® A.

In a principal frame for A, the only non-zero components of C are Cj;j; = \A;j(Ai— ;)
for i # 7, so

(5) CIP= ) AN =)

1<i,5<n

Let I' = {A € R™ : tr(\) > 0} and consider the function i : I' — [0, co) defined by

B\ = Z AT (A = Ap)?

— |Al°
1<i<j<n
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The norm is positive on I', so the right-hand side is well defined. We then define ¢ to
be the constant

c:=1inf{h(A) : X e T’, |\ = 1},
which is guaranteed to be positive, since h vanishes precisely on Cyl, but by assump-
tion I'" € T'\ Cyl. By the scaling-invariance, we then have

h(A) = h(M|A]) = ¢
for each A € I, which is to say that
DN =) = A

1<i<j<n
This means that at each point in sp(u),
C? > Al
We thus have
c/ u2|A|2dp,§/ u?| Al O dp.
M M
Using Simons’ identity and the symmetry of A, we obtain
C/ u2]A|2 du S 8/ uzlA\*‘lCijkl(ViVjAkl - Vkleij) d,u
M M
Consider the first Hessian term on the right (the remaining term can be handled in
the same way). Setting T := u?|A|~*C7MV; Ay, we may write
| A|TECMN VA = VT — 2uVu| AT CRN Ay
— 4P| ATV AN Ay — wP ATV, CHRN S Ay

The divergence term vanishes upon integration, and there is a constant K = K(n)
such that

ICI < KIAP, VI < K|VA],  |[VC| < KIAP|VA]

so we can bound

/ UZ‘AFZLO”MV@‘VJ'AM d/L
M

<K [ (@lVall Al +2A 29 A] VA d
M
where K is a larger constant, still depending only on n. The claim now follows from
Young’s inequality. 0
We will also make use of the Michael-Simon Sobolev inequality [MS73].

PROPOSITION 2.10. Let u be a compactly supported Lipschitz function on a smooth
hypersurface M. Then there holds

( / |u|n"1du) <) [ [Vl +|Hlful dn
M M

Let us record here a straightforward consequence of the Sobolev inequality for
later use:
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COROLLARY 2.11. Let u be a compactly supported nonnegative Lipschitz function
on a smooth hypersurface M. Then the inequality

</Mu2qdﬂ)é < C<n)/M|VU|2dM+O(n)(/Sp(U) ’H’ndlﬁ)i(Au%duy

holds with q = -5 if n > 3. If n =2, then for every q > 1,

(/ u2qdu>q SCqQ;L(M)«lz/ |Vu|2dp+0/ |H|2du(/ u2qdu>q.
M M sp(u) M

PROOF. Let 3 > 1 be a real number to be determined later. Then v is a Lipschitz
function, so the Michael-Simon Sobolev inequality and Holder’s inequality give

n—1

(/ unnﬁld,u> ' SC’/ BuP V| + |H|u” du
M M
SCB(/ u2<51)du> </ |Vu\2du)
M M
—i—C’(/ ]H|"du)n(/ unnﬁld,u>n.
sp(u) M

Suppose for now that n > 2 Let us square both sides and choose g = 22—:;. This

ensures that 2(8 — 1) = ==, so we obtain
2(n—1)

(/ uﬂdu) Do P [ Dupdy
M M M
2 2(n—=1)
o o) (o)™
sp(u) M

which gives the desired estimate after canceling.
When n = 2 we proceed as before, but use the Holder inequality again to get

/uwd,uSCBQ/ uz(ﬂl)d,w/ \Vul? dp + C |H|2d,u~/ u®® du
M sp(u) M

M
<cpuon( [ m) ( RO
+C’/ |H|2d,u-/ u® dy,
sp(u) M
]

and then simply rearrange to obtain the desired estimate

= u(z,t)G(x,1)°.

We want to estimate the

3.2. Modifying u. Let u,(x,t)
. For v positive there

quantity (0 — A, )u,, assuming u is smooth and satisfies (3)

holds
A +v(0 — Ay)u — 2(Vu, Vu),

(O — Ay)(uv) = u(d, — A,
2
= (@ = A,)v + v — Ay)u— = (V(uv), Vo), + 2%|W|3,
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and
(0, —A))G = 0|A|§G” —o(oc— 1)G”‘2|VG|3/.
Combining these formulae, we arrive at
(0 — A)ue = u(o] ARG — o(0 — 1)G"*|VG[2) + G7(9, — Ay)u
_ 2 (Y, VG, + Q%WG”EY

GO‘
IVG|? VG
= o|APu, + o0 + 1)u, e 1 — 20<VU0, ?>7
+ G7(0, — A,)u.
If the inequality
Vul|? VA2
(0, — A)u<01‘ ;l o ‘G| + Cs] AP0 + Oy,
2

holds on sp(u) Nsp(G — kgR™!), then on this same set,

IVG|? VG
(0 — Ayus < ol Al2ug + o(0 + 1)u, o2 1 — 20<VUJ> ?>7
VAP

[Vul?
U G2

+CG° — Oy G 4 G| APTOGE + CLGE

Recall that in Theorem 2.6 we assume
Mz, t) € I” V(w,t) €sp(u) Nsp(G — kgR™),

where I" € T\ Cyl. Under this assumption there is a C5 = C5(n,~,I”,C}) such that
on sp(u) Nsp(G — kgR™1) there holds

N IVual2 VG VG2
5
u

< C G°— U T 2050'<VUU, ?> + C5O'QUOWV,
a ¥

2
ClGU |V'LL‘
u

and consequently, the inequality

|V, |2 VG2
- 1 +o((1+ C5)o + 1)u, o2 !

2
—2(1+C5)0<Vug,v—G> o, VAL | e 1 oue
Y

(O — Ay)uy < 0|A|3u0 +Cs

G G?

holds on sp(u) Nsp(G —koR™'). By Young’s inequality there is a Cs = Cg(n,~, ", C})
such that on sp(u) Nsp(G — kyR™1),

Vo3 IVAJ?

—(Cy = Co0)uy
Uy (G 5o G?
Here we have used the fact that at points where A € IV we have a bound of the form

(0 — Ay < ol APPu, + C + O3] APOGT + C4G-.
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If u is only Lipschitz and satisfies (4), then similar considerations show that for
every Lipschitz test function ¢ supported in sp(u) Nsp(G — koR™!') there holds

/ WOy djty < — / (Vu,, Vo), du; — / OYIPIN Ay V g dpig
M M

Vu, VA|?
+ Cﬁ/ | |7 dpy — (O — Cso) / goug| | dyu
M Uy M G

(6) —l—a/ |A|3ugg0dut+03/ |A|2_5G”<pd,ut—|—(]4/ G dyuy.
M M M

3.3. The LP-estimate. We are now ready to prove the crucial LP-estimate for
the function

Ugj -= max{u, — k,0}.

PROPOSITION 2.12. Let F' and u satisfy the assumptions of Theorem 2.6. Then
there are positive constants py and Ly which depend only n, v, I, C'" and §, and a
positive constant ky = ki(Co, ko, R), with the following property. For all k, o and p
satisfying

D=

k Z CO : maX{l, kOR_1}7 p 2 Do, o S gOp_ )

sup </ Uﬁ,k d,ut) <(C
tefo, 1) \ Jm

C= C(nv s Fl? kO? Cl? 67 R? MO(M>7 T7 k; va)'
The same inequality also holds if u is only a Lipschitz function satisfying (4).

there holds

for some

PRrOOF. Consider constants ¢ € (0,1) and k£ > 0. Observe that, on sp(u,), we
have

k <uG® < CyG?,
so by assuming k > k; := Cy - max{1, koR™'}, we ensure that
G > max{1, koR’l}% > max{1,kgR™'}
holds on sp(u,x). By assumption, we then have that A(z,t) € I' holds for every
(x,t) € sp(usk), and in addition to this, the function u,y is a valid test function to

which we can apply (4) (or more precisely (6)). For p > 2 the function puf_jkl is also
a valid test function, and inserting this choice into (6) gives

s o
M

M

u£7€2|vualf2y d,ut — D /]\4 Ug;cl"}./ij’pqviquVjua d/JJt

Al?

d
G e

+ Cﬁp/ 1]Vug\2 dpy — (Cy1 — Cw)p/ uﬂjklua|
M
+ O’p/ |A|2ua Ly + C’gp/ |A|2_5Gau£;€1 dpg

+C4p/ G"u{,”_k dpiy
M
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for almost every ¢ € [0,7"). For p > 2 and

1

<
fo< 20,C5’

1

the condition o < {yp~2 ensures that

_ V Al? VA|?
—(Cyt — Cﬁa)p/ uak ua| | dp; < —cop/ u? | | dpiy
M M

G o,k G2

where ¢q := (2C5)~". Using

d _
ai / Ug i dpie = p / ug,klatua dpi — / HGug dpy
M M M

and estimating
C6p/ 1|Vuc,|2 dpy < C’ﬁp/ f\Vuoﬁ dyu

we obtain

d _
7 / gy dpe < —(p(p — 1) — Cep) / up IVl dps
M M

1. VAP?
_p/ ug,klfyj’pqviquvjua d,ut—Cop/ a'k;| G2| d Lt
M M
—|—Jp/ |Alupul, dut—i—Cg,p/ |APPGou? ! dpy
+ C’4p/ G”uﬁ_kl djiy.
M b
Choose C7(n,~,I") so large that
597 (A)] < Coy(A)
holds for all combinations of indices and every A € OI”. Then, working in an
orthonormal frame at any point in sp(us), and using Young’s inequality, we can

bound

pugk ’y” "ViAViu, < Crp Z ugle i\ Ars| |V jus|

’]77‘5
2
3 1 VA
5 p—2 2 1 P | i41rs
< Oz Y unIVsuel* + Crp2 Y Yor™—gz
i7j7r78 i7j7r’8

< Cgp2u % |Vu(,|2 +C’p2u
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Here Cy depends only on n, v and [". Hence there holds

% Muﬁ,k dpe < —(p(p — 1) — Csp — Cop) /M Ul 2 V|2 dp
— (cop — Cspl)/ 07k|VGf21|2 dp
+Up/ |A|§ gkluo dﬂt+C3p/ (AP Goul dpy
(7) +Cup /M Goul dpy

Next we set
Co(n,y,I") :=sup{y'(N) : A € I, 1 <i < n}

so that we have [A[2 < Cy|AJ* on sp(ues). Using this we bound

o [ ARG e due = op [ AR ) di
< Cgap/ |A|2ug7k d/lt‘f'CQk’O'p/ |A|2u£;€1 dy,
M M

so that for almost every ¢ € [0,T) there holds

d : ~
— | Wl du < —(p(p— 1) — Csp2 — Cep) / ul Vg |2 dpy
M M

dt
1 [VA®
— (cop — Csp?) /M Ug,k G2

+ Cgap/ APl dpy + C’gkap/ |A[2u§;€1 dyug
M M

dpuy

+ C’gp/ |APP° Gl dpy + C4p/ Goul ! dyy.
M ’ M ’
Let us restrict ¢y further so that
ly < mi 1 0
min{ ———, — p.
0= 2C,Cq 2

Then o < Eop_% ensures that o < /2. Since we have arranged that G > 1 on sp(uy )
we can estimate

Cip / | AP G7ul dpy + Cap / Goul ! dp
M M
< ng/ |A|2—5G5/2u§;€1 d,ut + 04]?/ GU?_;CI d,ut
M M

< ClOp/ ’A|2—5/2u§;€1 d,Ut + Cl[)p/ ‘A’u];’_kl dﬂt
M M
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where Cg depends on n, v, IV, C3, Cy and 0. Using Young’s inequality we obtain
C’gp/ ]A|2’5G"u£jk1 dp; + C’4p/ G"ugjkl dpiy
M M

< Up/ [Pl dpy + Cnp/ by duy,
M ’ M
where C1; depends only on Cjg, § and o. Hence for almost every ¢ € [0,T) we have
d 3 _
- | ugdim < =(p(p—1) - Csp? — Cop) / Ul Vgl dp
M M
L » VAP
— (cop — Cgp2) [ ul, —az -~ e+ Coyop IA\ oedi
M
+ (Cok + l)ap/ |A|2u§7_k d,ut+C'11p/ ug_k djis.
M M

We now use Young’s inequality,
p—1
p

ab <

ar T+ lb”,
p
to estimate

(Cok + 1)019/ |APuy ! dpy < o(p - 1)/ | APug y dp
M M

+ (Cok + 1Yo / AR dp,

sp(Uo,k)

and
Cllp/ Ug;cl dﬂt S CH/ (p — 1)u57k + 1 dut § Cllp/ ui,k + 1 dﬂt
M M M

Hence for almost every t € [0,7) we have
d p 3 p—2 2
7 [ Gewdi < —(pp = 1) = Csp? = Cop) | gy’ [Vuol, dp
M M
1

1 \%
—(Cop—08p2)/ Uk| G2| dps + (Co + 1 ap/ | AP ok e
M

+ (Cok + 1)%/ |AJ? i + Cllp/ ub .+ Ldpy.
Sp(uo' k) M

The two zeroth-order terms on the last line are of lower order and will be dealt
with later. The remaining zeroth-order term can be absorbed by the good gradient
terms via the Poincaré inequality, as follows. Since IV € I' \ Cyl and A € T" holds

p
on sp(uy ), we can apply Proposition 2.9 with v = u; ;.. This provides us with a
constant ¢; = ¢1(n,y,I") such that

v [ VAP i < sipf2 =1 [ Vol d
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where s can be any positive number. From this we obtain

(Co + 1)ap/ |A\W O_kdut < ;' (Cy + 1)sap3/ ug’_,€2|Vug]i dpig
M

+cf (C’g+1)(1+s_1)0p/ P
M

where to ease notation we have used p > 2 to estimate (p/2 — 1)* < p?. Setting
s = P_% and Cpy := ¢ *(Cy + 1), we therefore have

; s s _
dt MUZ,k dpe < ~(p(p — 1) = Cio0p* — Cip? — Cop) /Mu{')"’ﬂvual3 i
s . V Al?
_ (Cop — C’12ap§ — C12UP - 08]72)/ u§k| G2| dut
M

+ (Cok + 1)?0/

Sp(ua,k)

|A|2d#t+011p/ gk+1dﬂt~

1

We now insert the assumption ¢ < fyp~2 and make ¢, a bit smaller so that

(0 < mi 1 ) 1 Co
11 — .
0= 20,05 27 201" 2C5

This ensures that for almost every ¢ € [0,7),

d _
7 | uerdne < —(0*/2—p - Csp2 — Cop) / ub Vgl dpy
M M
1 1 VA|?
— (cop/2 — Chalop? — Cspé)/ ak| G2| dyy
M

+ (Cok + 1)%/

sp(Uo,k)

|A]? dpy + Cllp/ Ug,k + Ldpu.
M
We now take py so large that the inequalities

—(p?)2 —p — Csp? — Csp) < —p*/4
and
—(cop/2 — Cialop? — Csp%) < —cop/4

both hold for every p > py. The constants ¢, Cg, Cs, C12 and £y depend only on n, -,
IV, C" and §, so we can choose py having only these same dependencies. In particular,
with this choice of parameters, for almost every ¢ € [0,T) we have

d
d_ U(pjk d,ut < (Cgk + 1)p0_/
tJu

sp(Uo,k)

|A|2 d,ut + Cnp/ U{‘)’k + 1d/JJt
M
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Let Ci3 := Ci3(n,7,T") be such that |A]> < Ci3HG holds on sp(u). Then by the
last inequality, for almost every t € [0, T) we have

—_ ng —f- 1 + 013(09]{7 + 1)]20. d,ut
at |y

< (Cok + 1)%/

Sp(ua,k)

|A|? dpy + Cnp/ uy o+ Ldpy

M

— (14 Cis(Cok + 1)70) / HG dp,
M

< Cllp/ up  + 1dpy
M

< Cn])/ uy 14 Ci3(Cok + 1)Po dpuy.
M

In short, the function

Clt) = / W+ 1+ Cra(Cok + 10 dpu,
M
which is Lipschitz-continuous, satisfies

¢'(t) < Cupd(t)
for almost every ¢ € [0,7"). Hence

[ i< <0 < CO) exp(Cup)
M
for each ¢t € [0,7"), and this gives the desired estimate. O

3.4. The supremum estimate. With the LP-estimate in hand, we are ready
to carry out the Stampacchia iteration procedure to derive a supremum estimate for
the function u,. The argument closely follows the proof of Theorem 5.1 in [Hui84].

PROPOSITION 2.13. Let F' and u be as in the statement of Theorem 2.6. Then
there are constants p1 and {1, each of which may depend only onn, v, I'', C" and J,
with the following property. Suppose p > p1 and o < €1p’%, and define

T
A(R) = sp(ug ), AR = / / dyuedt.
0 Sp(ua,k)

Then there is a constant C' = C(n,v,I", ko, C", 9, R, uo(M), T, 0, p) such that
C
AW < ————|A(kK)|?
A < G A
for all h > k > ko, where ky = ko(n,v,[", ko, C", 0, R, io(M), T, 0,p) and 6 > 1
depends only on n.
PROOF. Suppose

P1 = Do, 6 < ly,
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where py and /£y are the constants from Proposition 2.12. Then the assumptions
k> ki, p>p and o < f1p~ 2 ensure that (7) holds: for almost every t € [0,T),

d —
ug . dpy < —(p(p — 1) — Csp? — Oﬁp)/ ul 2 Vug)? dpy
M M

dt
1 VAl?
— (cop — Cgp? )/ Uk| G2| d s

+0p/ |A3 ’;,jua dut—i-C'gp/ |AI*~ 5G" dut

+ C’4p/ Gguf:_k djiy.
M b
By our choice of py, we can estimate

d
% Uk dus < ——/ |Vu(,]2 dut—i—ap/ \A[,7 Ukugdut

+ C'3]?/ |A|2_6GUU§;€1 dpi + 04]7/ GUU};,_kl dpit,
M M
and as before

Cip / ARG dyay + Ciap / Gout s dpy
M M

< Up/ |APul ) dpg + Cnp/ b duy,
M M
hence

d 2
d—/ Ufikduté—p—/ FIVuel2 dut+0p/ |Afub ) o dpy
t @

+0p/ |APul ! dy +Cup/ ul ) dpy

for almost every t € [0,7"). Let A(k,t) := sp(usx(-,t)). Without loss of generality we
may assume k > 1 so that

O'p/ A2 gkluo dut+ap/ \A|2ug;€1 duy < C’(n,v,F’)ap/ G*uP dyy.
M Alk,t)

We chose k; to ensure that G > 1 on sp(u,y) for all k > ky, so we can also bound
Cllp/ UI:;: dpy < Cnp/ G*ul dyy.
M A(k,t)

We chose C1; depending only on n, v, IV, § and o, and may therefore conclude that
there is a constant

BO = Bo(n, e Fla Cla 57 g, p)
such that for almost every ¢ € [0, 7)),

d

1 p? _
— [ b du < P u12k2|Vu0|2 dpu —I—Bo/ G*uP dyy.
dt M ) M )

By 4 )
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b
Let vy = u? ;. We then compute that

P
[Vul? = Zuﬁlflwal%
which upon substitution into the previous inequality yields
d 1
() pr vZ dpy + E/ |Vl dpy < Bo/ GuP dyu.
M 0Jm A(k,t)
Define

a = sup{y(\)"'tr(\) : A € T'}.

Then since vy € I holds on sp(u,x) (as a consequence of k > k;), we have

H"dpy < a”/ G" dpy

Ak,t) Ak,t)
<L G™Mi? dy,
K2 J gk
a” »
= T uo” d;utv
kP J Ak,

where ¢’ := 0 + n/p. From this it follows that

or—lgn
H" dpy < / (tor — ko) + K dpy
Alk,t) ke S age

a™ (2\? a™ 2k \?
<[z P bl il ,
<3 (k) /Mua,kldumt 5 ( - ) fro(M)

We can apply Proposition 2.12 to to the first term as long as o’ < Eop’%. To arrange
this, we choose p; and ¢; a bit smaller so that

> { 4n2 } / go
P1 Z mMax < Po, 5 (> 1 :
2 2

Then for p > p; and o < Elp’% we have

IA
|

Invoking Proposition 2.12 we get

H" d,U/t S Blk_p
A(k,t)

for some By = By(n,7, ", ko, C", 6, R, o(M), T, o, p).
The Sobolev inequality from Corollary 2.11 tells us that

1 2 1
(/ v d/h) < K / |Vl dus + Ky < H" dut> </ v dﬂt) ,
M M A(k,t) M
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where K; = K;(n) and ¢ = -2 if n > 3. If n = 2, the same estimate holds for ¢ = 2

n—2
(this is an arbitrary choice) but K, picks up an additional dependence and po(M).
Inserting

H"dy, < Bk
A(k,t)

gives

1 1

B 2 2p q

(/ 0! dﬂt) < Ko/ \Vur? dpy + Ky By k™= (/ v d,ut) .
M M M

We increase p; if necessary so that

P 2> max Po, —2,71 .

{5
Then p > p; ensures that
2 2

K\By k™ < KBy k>

and for every
11
k > max{k,2K2 B}

there holds ,
K\Bi k™ <1/4,

(/ vzqdut)q §4K0/ |V |* dpss.
M M

Inserting this into (8) gives

1

d 1 q
9 — [ vidp +—(/ v2qd,u) §B/ G*uP dy
©) dt Jo FTT T AKGBy\ Sy B ’ A(k,t) '

for almost every ¢ € [0, 7).
Observe that

and consequently

Uy < CoG7 < Cymax{l, R}
on M. Therefore, by choosing k a bit larger so that

k> max{ki, 2K2 BF, Co, CoR™} = ks,

we ensure u, , = v? =0 on M. Integrating (9) in time then gives

1 T % T
V2 dp, + / </ v dp ) dt < Bo/ / G*uP. dy,dt
/M g 4KoBy Jo w F 0 JA® '

for each 7 € [0,T). Throwing away terms on the left yields

T
sup / Vi dpy < BO/ / G*uP dy, dt
tel0,7) J M 0 JA(kt)

T : T
/ < / viqdﬂt) dt < 4K,B? / / G2uP. dy, dt,
0 M 0 A(k,t)

and
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which we recombine to get

T : T
sup / vz dyy +/ </ Uzq dut> dt < Bl/ G*uP dy, dt,
tefo,7) J M 0 M 0 JAK

where By := By + 4K,B2.
Fix a constant gy € (1,q). To exploit the second term on the left above, we use
the following interpolation inequality for LP spaces:

1£lla < W01 NG,
where ¢ € (0,1) and - = 2 + 18 Weset r=1and 6 = o+ This gives

90—

1 1 1
</ v 20 d,ut) B < (/ 3 d,ut) " (/ v dﬂt) "
M M M

Raising both sides to qq, integrating in time and using Young’s inequality we have

T T qo—1 .
/0 /Mviqo d,utdtg/o (/Mv,zdut) (/Mvzqduo dt
qQo—1 ,T %
(sup / v,%dutdt> / (/ vzqdut) dt
te[0,T) J M 0 M
-1 q0 1 T % 90
1o ( sup / Vi d,ut) + —(/ (/ v d,ut) dt)
do tef0,7) J M qo 0 M
1
- 2d T 2qd qd q0
< | sup Vj, @fty + Uy dflg L2
te[0,T) J M 0 M

T % T
( / / v d,utdt) < B / / G2uP dyu, dt.
0o JM 0 JA(kz)

Turning now to the right-hand side, let r be a large constant depending only on
n whose value we will fix later. By Hoélder’s inequality,

T T L
B / / G2u? dyy dt < BlyA(k)\li( / / GPrubr d,ut) .
0 JAkt) 0 JA(kt)

We estimate the integral on the right-hand side by

/ Gl dyy = / wyo, diie
A(k,t) A(k.t)

= / (Uor2/p — k1 + k)" dp
A(k,t)

IN

IN

hence

< orr—t / U oy At A 277 o (MR
M



3. HUISKEN’S STAMPACCHIA PROCEDURE

We would like to bound the first term on the last line using Proposition 2.12.
this to work, we need

2 14
o+ <

P (pr)z
which can be achieved by further restricting p; and ¢; as follows:

An? 16r Eo
p1 = max Po: 3~ l < .
0o ‘o

)

27“%
Then by Proposition 2.12 there holds

/ Gzrugr d,ut S BQ
A(k,t)

for some
B2 - B2(”7 v, Fl) k07 0/7 6a R7 II'O(M)7 Ta ag,p, 7”).

Substituting back in, we obtain

(10) (/ / 240 dptdt>q < BiTH By |A(K)[=F =: Byl AR+

For every h > k > ky there holds

g (h — k)P
= [ | Ul

0 Jsplugn(ty (h—K)P
T vz

< Yk gy, dt

/0 /sp(ua,h(-,t)) (h — k)P '
< 1 /T/ 2 Ay dt
~ (h=Ek)P Jq ka p €

T
/ /vkdpt dt < |A(k) (/ /vkqodu dt)
0

Combining these two estimates with (10), we now arrive at

and

Bg 91 _1
Ah)| < ———|A(k)|" w0 .
AW < A
Fixing r = r(n) large enough so that
9::2—l—l>1,
4G T

the proof is complete.
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For

U

The iteration inequality just proven implies that |A(k)| = 0 for large k, by Stam-

pacchia’s lemma (for a proof see Lemma B.1. in [KS80a]).

LEMMA 2.14. Let ¢ : [k, 00) — [0,00) be a nonincreasing function such that

p(h) < ¢

mﬂ@e
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for all h > k >k, where C,a > 0 and 6 > 1 are constants. Then o(k-+d) = 0, where
d* = C@(E)Q%.

PROOF OF THEOREM 2.6. Fix p = p; and 0 = Elpl_% and set p(k) = |A(k)].

Then by Proposition 2.13 there is a
C= C(Tl, Y5 F/7 k07 Cl? 57 R7 MO(M)a T)
such that o
h) < ———(k)?
p(h) < (h_k)plso( )
for every h > k > k, where k = k(n,v,I", ko, C", 8, R, io(M),T). Since 6 > 1,
Stampacchia’s Lemma now implies that
ok +d) =0,
— op1 _ _

where d” = Cp(k)27-1. Since p(k) = |A(k)| < Tpo(M), and 0 = 6(n), the constant

k' :=k + d depends only on n, C, p1, po(M) and T. Unpacking the dependencies of
C and p;, we see that

K= kl(”? e Fla kOa Cla 57 R7 ,LLO(M>7 T)
By the definition of A(k), the inequality

u< kG
holds on all of M x [0,T). Appealing to Young’s inequality, we obtain
k/ =01\ o7
u§5+0< ? ) ' = e+ K.G™L.
gl=o1

The constant K. only depends on k', o7 and ¢, so the theorem is proven. 0



CHAPTER 3

A convexity estimate

Our goal in this chapter is to establish a convexity estimate for certain fully
nonlinear flows of k-convex hypersurfaces. The first result of this kind was established
by Huisken and Sinestrari for mean-convex mean curvature flow in [HS99b| and
[HS99a]. They use Stampacchia iteration and induction to prove that on a compact
mean-convex solution of dimension n > 2, for each 2 < k < n, the elementary
symmetric polynomial Sy of degree k applied to A satisfies an estimate of the form

Su(Mx, 1)) > —eH(z,t)F — Cop.

Here ¢ can be any positive constant, and C; ; depends only on ¢, k, and the solution
at the initial time. Hence this estimate implies that, at points where the curvature is
sufficiently large, the quantity Sk()) is almost positive.

Combining these estimates one concludes that the smallest principal curvature
satisfies an estimate of the same form:

M(z,t) > —eH(z,t) — C..

In particular, the rescaled second fundamental form H~'A is approximately nonneg-
ative at points of extremely large curvature, and the limit of any smoothly converging
blow-up sequence must have nonnegative second fundamental form. We note that the
Huisken-Sinestrari convexity estimate plays the same role in the study of mean curva-
ture flow as the Hamilton-Ivey estimate (see [Ham93|[Theorem 24.4] and [Ive93]) in
three-dimensional Ricci flow, which in turn was an essential ingredient in Perelman’s
proof of the geometrisation conjecture.

Andrews, Langford and McCoy generalised the convexity estimate to flows by
convex admissible speed functions in [ALM14]. Rather than working with elemen-
tary symmetric polynomials, the authors apply the Stampacchia procedure to a single
cleverly chosen curvature quantity, which is in a sense a smooth approximation of the
smallest principal curvature. In this way, their proof is technically simpler than that
of Huisken-Sinestrari, even in the mean curvature flow case. Using an idea of Bren-
dle [Brel5], Langford then gave another proof of the convexity estimate for mean
curvature flow in [Lanl17] by applying the Stampacchia procedure directly to the
nonsmooth quantity A;.

For flows where the speed function is instead concave in the curvature, the evolu-
tion of the second fundamental form picks up a nonpositive gradient term, which in
general makes it much more difficult to control the second fundamental form ‘from
below’. It is possible that for certain concave speeds with some special algebraic struc-
ture, the pinching quantities utilised by Huisken-Sinestrari and Andrews-Langford-
McCoy could be used to prove a convexity estimate, but this approach will not work
for concave speeds in general. Despite these new hurdles in the concave case, it is
possible to prove a convexity estimate if the speed is supported in the two-positive

59
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cone. Then, as we saw in the last chapter, one can prove a cylindrical estimate which
implies a convexity estimate (see the discussion following the statement of Theorem
2.4).

This is no longer the case if we look at flows even of three-convex hypersurfaces.
The problem is that, in general, a uniformly k-convex solution can form singularities
modeled on a shrinking R¥~! x S"%*1 This means that if we want to prove an a
priori estimate showing that the principal curvatures pinch onto some convex cone
[ C T, at a singularity, this cone must contain the convex hull of Cyl, ,. When
k = 2, the convex hull of Cyl,_; = Cyl, intersected with dI'; is a set of finitely many
rays, so IV needs to contain these rays, but this is not very restrictive. In particular,
the boundary of I'” can have this property and still be strictly convex. The general
case is not so favourable, since the convex hull of Cyl,_; intersects OI'; in a set of
finitely many cones of dimension k& — 1. This means that, in order for I to sit in
I, and contain the convex hull of Cyl,_,, its boundary must contain regions with at
least k — 1 flat directions. On the other hand, we need the boundary of I to have
a certain amount of convexity in order to overcome the nonpositive gradient term
appearing in the evolution of A. This is essentially the reason why, at present, we are
only able to establish a convexity estimate for some very special speeds.

We note that similar issues arise when one tries to identify which speed functions
give rise to a flow that preserves convexity. It turns out that concavity of the speed
is not enough to ensure this, and in fact, the speed needs to satisfy a weak kind of
convexity condition known as inverse-concavity. Andrews proved that inverse-concave
speeds preserve convexity in [And07] (see also Corollary 3.7 below) and in [AMZ13]
the authors construct compact solutions moving by a concave admissible speed which
start off convex and become non-convex in finite time.

We introduce here the first examples of nonlinear concave speed functions which
are defined on the k-positive cone in R™ for n > 4 and k£ > 3, and for which it is
possible to prove a convexity estimate. For each £ > 3 we work with a family of
speeds that interpolates (in a nonlinear fashion) between the k-harmonic mean and
the mean:

-1
P I—p
A) =
’Yp() ( Z /\i1+"'+/\ik+)\l+"'+>‘n> ’

1<i1 << <n

where p € (0, 1]. For every p > 0 the function v, is an admissible speed which vanishes
at the boundary of the k-positive cone and is strictly concave in off-radial directions.
As p goes to zero, 7, becomes steeper and more concave near the boundary, but
approaches the trace function on the interior of the k-positive cone. This gives us
very precise control over the size of the Hessian of +,, and hence over the size of the
troublesome term in the evolution of A, over a large region in curvature space. It is
this property and the cylindrical estimate of Chapter 2 that allow us to prove the
convexity estimate:

THEOREM 3.1. Fizxn > 4 and k € {3,...,n — 1}. Let " denote the k-positive
cone 1 R”,

Di={AeR": N+ + X, >0V 1<y < <ip <n},
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and let v, : T' — (0,00) be defined as above. Consider a compact evolving immersion
F: M x[0,T) — R" which satisfies

O F(x,t) = =G (z,t)v(x,t)

for each (z,t) € M x [0,T), where G,(z,t) := v,(A(x,t)). Then there is a positive
constant py = po(n, k) with the property that if p € (0, po|, for every e > 0,

)\1($,t) Z _ng(xyt) - CE
holds for every (z,t) € M x [0,T). The constant C. has the dependencies
CE = C&?(na ka P R7 MU(M)7 T)a

where
& = max A(,0)
M GP(WO)’

The outline of the chapter is as follows. We first derive an evolution equation
for the smallest principal curvature (interpreted in an appropriate weak sense) which
holds for a general hypersurface flow by an admissible speed. Following this we
discuss the inverse-concavity condition and some of its implications, which include
a strong maximum principle for the smallest principal curvature. This result plays
a key role in Chapter 4. We then establish some algebraic properties of the family
of speeds v, and begin studying compact immersions moving with inward normal
velocity v,(A(z,t)). By applying the cylindrical estimate from Chapter 2 we show that
the gradient terms in the evolution of A; have a favourable structure at high curvature
scales, provided p is small. This allows us to apply the Stampacchia principle to (a
modified quantity built from) A\; and prove the estimate. Following [Brel5] and
[Lan17], we estimate the nonsmooth function A; directly, rather than working with
a smooth approximation.

The arguments are structured so that little extra work is needed to prove an
analogous theorem when the background space is a Riemannian manifold satisfying
a certain curvature condition. In the final section of the chapter we sketch the extra
arguments needed to prove the convexity estimate in this more general setting.

Let us remark here that our construction also works for curvature conditions other
than k-convexity. Indeed, given any convex curvature cone I and a concave admissible
speed 7 : I' = (0,00) which vanishes at OI', compact hypersurfaces moving by the
speed

R~ :=supG(-,0).
M

A (py(N) T+ (L= p) (M)

satisfy a convexity estimate provided that p > 0 is sufficiently small.

1. An equation for )\;

For the next result we consider a general admissible speed 7 : I' — (0,00). Let
F: M x[0,T) — R"! be a smooth immersion evolving by (CF). We first recall the
evolution equation for the second fundamental form: choosing a basis at any point in
spacetime, we have

(0, — A A = |A|§Aij — 2G M A Ayj + APV A VA,
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For each (z,t) € M x [0,T), let A\; denote the smallest principal curvature of A(z, ).
This is a Lipschitz function on M x [0,T), which can be written as
Mi(z,t) = i 2 A(x,t :
l(xv ) veTrjll\lfi{O} |U| (l‘7 )(U7 ’U)
In the following proposition, we use the evolution of the second fundamental form to
derive an evolution equation for \;, which holds in the sense of viscosities. This kind of
computation was first carried out by Andrews in [And07] (see Theorem 3.2) to prove
a stronger version of Hamilton’s tensor maximum principle. Further refinements were
made by Langford in [Lan14] (see Theorem 4.18). We use the following terminology:

DEFINITION 3.2. Consider a function f: M x [0,T) — R and a point (xg,to) €
M x (0,T). We call p a lower support for f at (xg,to) if there is a positive constant
r such that

p e Cz(Bg(tO)(JJO, 7”) X [—7“2 =+ 1o, tg])
and there holds
p(x,t) < fla,1)

on By (z0,7) X [—12 +to, to], with equality at (xo,to). If the inequality is reversed ¢
is called an upper support for f at (xg,to).

For any point (zg,t) € M x [0,T), we say that {e;}.; C T,,M is a principal
frame at (zo, o) if the e; are unit-length eigenvectors of A(zo,y) such that

Ao, to) (e, €:) = Ny A< <

PROPOSITION 3.3. Fiz a point (xg,ty) € M x (0,T) and let ¢ be a lower support
for A1 at (xo,to). Then, in a principal frame at (xo,to), there holds
Apl‘2

- DQ,TS 3 —v
(0 — Ay)p > ‘Aﬁ@ + APV ApgViArs + 24 Z Vi ’
T Ap — A1

PROOF. Let us choose coordinates {z'} on M in a neighbourhood of x5 and denote
the corresponding coordinate tangent vectors by {e;}. We may assume that at (z, to),
the {e;} form a principal frame satisfying

A(Bi, 62') == )\i7 )\1 S e S )‘m

and that V;e, = 0 for all 7 and k. These coordinates give rise to a local system of 2n
coordinates for the tangent bundle T'M, since we can write any smooth vectorfield v
defined near z, as v'e;.

Define Z(x,t,v) := |v|2A(z,t)(v,v) for all (z,t) € M x [0,T) and nonzero v €
T, M. This is a smooth function on TM x [0,T) with the property that

Z(x,t,v) — M (z,t) >0,

and this holds with equality at (zo,tp, e1). Since ¢ is a lower support for \;, we get
that Z(x,t,v) —¢(x,t) > 0 with equality at (zo, to, €1). This means that all 2n of the
first-order coordinate derivatives of Z(x,t,v) — ¢(x,t) vanish at (zo, to, €1), and

(7 — ¢)(xg,t) <0.

In addition, the second-order coordinate derivatives form a nonnegative 2n x 2n-
matrix. We will use these facts to derive the desired inequality for ¢.
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With respect to coordinates, we have
Z(x,t,0) = (gpg(z, t)0Pv0) "L Apy (2, 1) 0P07.
Therefore, at the point (zg, to, €1) there holds

0 07
af(x())tO) at ($07t7€1)
dg 0A
= —E(el,el)An + = BN (e1,€1)

= 2GA%1 + A’yAll + |A|3A11 — 2GA%1 + ;)-/pq,rslepqlers
= A’YAH + |A|’2YA11 + ;%pq,rslepqlers'

The remaining first derivatives of Z are given by:

0z _ 0 0Ap,
99pa, iy . ol T A(v, v) + Ju| TSPy,

drl ~  dal ol
0z _ _
ol —20pqu? [0] T A (v, v) + 2Jv[ 2 Apgr?,
and the second derivatives of Z at (zg, to, v) are:
0Z 9 gpq —4 _y OPAy,
orFozl _(%ké?:vlvpvq oA, v) ol 8xk8xlvpvq’

07 _LOA,, e 94
Durgur — 2ol G e 2o

YA B o
Goraus =~ 29palvl A0, 0) + 8giqv' g0 \v| A(v,0)

— 4gi ' |v| A" — gt o] THA " 4 2| T2 A,

Evaluating at (xg, to, e1) gives

%(%t) gZZ(xo,to,el) Vi,
and
622 N 82911 A 82A11 )
Oxkoxl —  Oxkoxl M * Oxkozt’
97 04y 0A,
dxkowr P gk 2 oxk !
0*Z
Jordel —20pqA11 + 89p191gA11 — 4gp1 A1y — 49144 + 24,

= —25qu11 + 2qu.

Since the Hessian of Z — ¢ is nonnegative at (o, to, €;), for every n x n-matrix I'! we
have

0% 927 927 527 527
< e T e
D2k0x = 9rkorl T ooer Tl ogkaus Tk L ggmya
52/111 0? g1 aAll 0Ap,
_ _ A, — ort orr O
Dek0rl  Drhol L T AR g Tk g

10A, 0An
—2r} o + 2T} 8‘5{

— 26, [T9 Ay + 2T0T0A,,.
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From this it follows that at (xo, to, €1),

(9214 829
.kl .kl 11 -kl 11
\VARAV/ <

Y EVIP =Y 9 A

Kl
ozl | 9rkorl Aut 47 Z LVidn
p>1
+ 29 TTRTT (A, — M),
p>1
Next we observe that
PAn  OTL . 0*An 9Pgu

e - _ _ A
Vle 11 Oxrkor! or! 1 Oxkox! Oxkox! H

and so obtain
PV Vi < AV VAL + 298 S (zrglepl +TPIP (N, — Al)).
p>1

Combining this last inequality with the time-derivative condition above, we find
that at (xg,to) there holds

(at - A’Y)(p > |A"2y§0 + ;}'/pq,rslepqlem
S (2r§lep1 +TPTP(N, — )\1)>.

p>1

Let us choose I'f = 0 for all indices p such that A\, = Ay, and

I° = — ViAp
D VY
whenever A, > \;. Using the fact that in a principal frame 4" = 4*§* this gives
2 - pq,T5 -k ’vapl ‘2
(O = Ay)p = [Affp + 477"V Apg Vi Ars + 27 Z ﬂ-

Ap>A1

O

The useful output of these careful computations is the nonnegative gradient term
on the right-hand side. When exploiting this term, we use the following elementary
lemma.

LEMMA 3.4. Fiz (xg,tg) € M x (0,T) and suppose A1 admits a lower support p at
(xo,t0). Then if ey and ey are two orthonormal vectors in T, M which are such that

A(wo,to)(e1,e1) = A(zo, o) (€2, €2) = A1 (o, to),
there holds V A(ey,es) =0 at (xo,t).
PROOF. Extend e; and es to an orthonormal basis {e;}, and then to a local

orthonormal frame on a spatial neighbourhood of x(, using parallel transport with
respect to the Levi-Civita connection. Then, computing at x(, we have

ViA(er,ea) = ex(Ar)

1
= Zek(A(Gl + €9, €1 + 82) — A(61 — €2,€1 — 62)).
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On the other hand, since |e; + €3] = v/2, there holds

A(@l + €9, €1 + 62) 2 \/5)\1 Z \/ig@,

and by assumption, this inequality becomes an equality at xy. From this we conclude
that, at zg,

6]€<A(€1 + €9, €1 + 62)) == \/EkaO,

but the same argument shows that
en(Ale; — eg,e1 — €3)) = V2V,

also holds at xg. Combining these two equalities with the computation above gives
the result. ]

One easy consequence of the lemma just proven is that our choice of I'} in the
proof of Proposition 3.3 was optimal. Indeed, in light of the lemma, at (zq,t) we
have

~25M 7 (2URViA, + TRTT (Y, — M)
p>1

= =24 37 (Vi + TUTT(, = M) )

Ap>A1

Using the fact that in a principal frame 4 = 4*§* pulling out a factor of A, — A
and completing the square, we obtain

~25M 7 (2ARViA + TRTT (Y, = A))
p>1

. ViAp |2 Vidn \?
-9 k . | 14 o Fp /4
v Z (>\P Al){(}\p_)\l)Q k+ A _>\1 ’

Ap>A1
In order to maximise the right-hand side, it is clear that we should choose I'} so that

I — _ vapl
F A — Ay
for each p such that \,(xg,%9) > A1 (2o, to)-

1.1. Inverse-concavity. If the speed v is inverse-concave on the positive cone,
meaning the function 7.(A) := y(A™!)~! is concave in A, then the gradient terms
appearing in the equation for \; have a favourable structure at points where \; > 0.
This observation seems to have been made by Huisken, and communicated to Urbas
[Urb91] and Andrews [And07]. In particular, one finds that for flows by inverse-
concave speeds, if a compact solution is strictly convex at the initial time, then this
remains true up to the maximal time of smooth existence. The proof of this fact uses
the following characterisation of inverse-concavity in terms of second derivatives.
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LEMMA 3.5. Letv: OT'y — (0,00) be a smooth symmetric function, and for each
matriz A € OT, define v.(A) = v(A™Y)"!. Then there holds

_;)-/fq,rs (Afl)T* T*

pg-—rs

= s (3717 + 2 A -

. pq TS
W(A)V (A)y )quTrs,

where
T;q = (A_1>pk (A_l)qlTkl.

In particular, v is inverse-concave if and only if

P (A) 4+ 297 (A) (A7) gs —

A 2 0

for every A > 0.

PROOF. Fix a matrix B € OT',, and let A denote B~!. The first derivatives of
V4« at B are given by

WI(B) = _’V(A)Q;Ykl(A)ApkAqlv
and differentiating again gives
FLT(B) = 29(A) A (A)FY (A) Ay Aig Air Ajs — 7 (A) 7279 (A) Ay A Aiv Ay
+y(A) P A) A A A+ 7(A) M (A) A Agi Aji.

Contracting this against T;‘q = By ByTi gives
AL (B)T T = 2v(A) AR (AT (A) T Ty — y(A) 259 (AT Ty

+ 2y(A) 24 (A) By T Ty

o f i gy 2
= —(4) 2(7 7’“(A)+2fy k(A)Bj — kl

A ) Ty
U

Combining this computation with the evolution of \; gives the following inequality.
Crucially, the right-hand side is nonnegative except for terms which contain |Vy| as a
factor and thus vanish at a spatial minimum of A;. We note that the analysis carried
out here is slightly more detailed than in [And07], where Andrews computes only
at a nonnegative spacetime minimum of A\;. The main difference here is that we use
Lemma 3.4 to get an equation for A\; which holds everywhere. This will allow us to
apply the strong maximum principle to prove Corollary 3.8 below.

PROPOSITION 3.6. Let v : I' — (0,00) be such that T'y C T' and suppose the
restriction of vy to T'y is inverse-concave. Fix a point (xq,ty) € M x (0,T) and let ¢
be a lower support for Ay at (zo,to). Then if M\i(xo,t0) € I'NTy for some " €T, in
a principal frame at (xo,to) there holds

Vel _ oIVellVid] | [ViGP

where C'= C(n,~,I").
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PROOF. At the point (zo, ), we have the decomposition
VlA - S + T,
where

S = V1A1161 X 61 + Z lep1€p & 61 —+ Z V1A1q61 & ed

p>2 q=>2
= E ViAyel @ el
P,q>2

Suppose that the dimension of the eigenspace of A\, at (zg, %) is m. By Lemma 3.4,
if 1 < p < m, then V, A, (x0,t) = 0 for all indices ¢q. Therefore, by the Codazzi
equations, at (xg,t) we have

Z ViApef @ el

p,qzm+1

We may write
APITIN 1 Apg V1 As = AP12S,,Srs + 291725, T + P15 Ty 1.
Recall that at (zg, o) there holds

TS ’va 1|
(0= )¢ = AR + V1 A V1A, + 240 30 LA

Ap>A1 p

Since we are assuming that Ai(xg,fp) > 0, we can use the Codazzi equations to

estimate
ViAp? Vi Api |°
2 k ‘ Y rR-pIL 2 k L
> Tl gy 5 el

Ap>A1 p>m—+1
_os1 |v Ap1| k|VkAp1|
=2y Z /\_)\1+22 )\_)\1
p>m+1 P kp>m+1
|Tk: |
> 9 Z K ”
k,p>m+1

and putting this all together we find that at (zo,to),
(O — Ay)p > |A|790 + AL S, Sps A+ 2P S T
S AT T,
p,q,rs2m+1
If B is any positive diagonal matrix with eigenvalues u, we can write

Y GP(B) + 237 (B)py 6% ) Ty T

p,q,r,s>m~+1
= (4777*(B) + 29" (B)(B™")*) T Trs,
and conclude using the inverse-concavity and Lemma 3.5 that

ST (P (B) + 257 (B)py 6 Ty Ty > %WP%B)W-

p,q,r,8>m+1
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Since T,y = 0 if p < m or ¢ < m, by approximation, the same inequality also holds
in the case that

O:M1:"':[Lm, 0<Nm+1§§,una

as long as 7y is smooth in a neighbourhood of p. Therefore, at the point (xg,ty), we
have

Yo A + 257 (AN 6T T

p,q,r,s>m—+1

2 .

> Z (AT,
2 )

= a(le - /qu(A)Spq)z
2 2 4 1 pq 2 2 pq 2

- 5|V1G| - 5V1G(7 (A)Spq) + 5(7 (A)Spq) )

and consequently,
(0r — Ay)p > |ALR @ + 4P27 800 Sps + 25797 ST
2 4 . 2 .
+ ZIVIGE = ZVIGE(A)S)) + = (7(A)Sp)*

To estimate the remaining terms, we note that since A(xg,to) € I”,

S|? S||T
§pq7rsqu5’rs + 2§pq’rsquTrs > _C(”a% F,) <% + | g |)7

and
—AV1G(71(A)Spq) + 2(371(A)Sp)* = —C(n, 7, T')(IV1 AI[S| + [S]?).
By the Codazzi equations,
S = [ViAul> +2)  [Vidul* < 2/VAuP,

p=>2
and VPAH(I(), to) = VPQO(.fo, to), so we have
|S]* < 2|Vel*.
Also, |T|? < |[V1 A% so at the point (zg,t) there holds
[Vel? Vel [Vi4] V.G?
-C 2

G ¢ e

where C' = C(n,~,I"). O

(0 —A))p > |AfRp — C

Now we can apply the maximum principle to draw some important conclusions
from these computations. First, by an elementary argument we have:

COROLLARY 3.7. Let v : I' — (0,00) be an admissible speed with 'y C T' and
suppose the restriction of v to T'y is inverse-concave. Let F: M x [0,T) — R™*1 pe
a compact solution of (CF) which is such that

N, t) e T” V(x,t) e M x[0,T),
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where I'" € T is a symmetric cone, and

min A\ (z,0) > 0.
xeM

Then \p is positive on M x [0,T).

Next, by the strong maximum principle for viscosity solutions of parabolic equa-
tions (see for example [DL04]), we can conclude that if \; is nonnegative and vanishes
at an interior point, then it vanishes everywhere backwards in time. This result will
play a key role when we derive curvature derivative estimates in the next chapter (see
Step 5 of the proof of Theorem 4.11). Note that we do not require M to be complete.

A similar result for two-convex solutions can be found in [BL16][Theorem A.1].
The two-convex case is made somewhat simpler by the fact that no zero eigenvalue
of A can occur with multiplicity.

COROLLARY 3.8. Lety:T' — (0,00) be an admissible speed such that 'y C T" and
suppose the restriction of v to I'y is inverse-concave. Let M be a connected smooth
manifold and consider an evolving immersion F : M x [=T + to, to] — R™ which
solves (CF). Suppose there is a symmetric cone I € I' such that A(z,t) € I' N T,
for each (x,t) € M x [=T + to,to]. If in addition \(xo,to) = 0 for some xo € M,
then Ay =0 on M x [T + to,to]. Furthermore, if v € T, M s in ker(A(x,t)) then
there holds

V.,G(z,t) =0.

PrOOF. The fact that A\; vanishes identically follows from Proposition 3.6 and
the strong maximum principle in [DL04]. If v € T, M is as in the kernel of A(z,1),
then we can normalise so that |[v| = 1 and extend v to a principal frame at (z,t).
Since the constant function ¢ = 0 is a lower support for A\; at (z,t), Proposition 3.6
implies that

0 = |V,G|*(z,1).

2. A speed for k-convex hypersurfaces

We consider a fixed dimension n > 4, and a fixed 3 < k <n — 1. Let

. -1
71()\):< Z /\i1+"'+>\ik> ;

1<iy<--<ip<n

for each A in the cone
Fi={AeR": N\ +--4+ XN, >0V 1<i; <--- <ip <n}.
For the rest of this chapter we will be concerned with the following family of speed
functions: for each p € (0, 1], we define 7, : I' — (0, 00) by
%o(A) = (o ()™ + (1= p)tr(N) 717N

As the parameter p ranges over (0, 1], v, interpolates between ; and the trace, and
for each A € T" there holds

) )\il + .+ >‘ik

min

1<i1 < <ip<n p

> Yp(A)-
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This property ensures that a family of hypersurfaces evolving with inward normal
velocity given by 7, applied to the principal curvatures will remain strictly k-convex
for all time, even in a curved background space (we elaborate on this in Section 5
below). If p is small, then v, is approximately linear away from OI', and it is essentially
this property that will allow us to prove the convexity estimate (Theorem 3.1).

For now, we observe that v, is concave for every p € (0,1], is strictly concave
in off-radial directions, and is also inverse-concave on the positive cone. Indeed, for
A € I'y, there holds

V(AT AT

1 1\ 1 1\
= ST 1— 4=
Py (A4—+ +5 > + ( ;ﬁ(A1+» -+An> ,

1<ig <-<ip<n “ k

and each of the summands on the right is a concave function of \.

2.1. Estimates for the derivatives of 7,. As the parameter p tends to zero,
7, converges smoothly to the trace function on I', but since 7, always vanishes at
the boundary of I', this convergence clearly cannot be uniform. Our aim now is to
establish estimates which control how the first and second derivatives of v, differ from
those of the trace at a fixed distance from OTI'.

Let us define

1 1\!
h(zy,xq) = (— + —) , YV 1, 9 >0,

T T2

so that we may write

Using the fact that

] 2
() = 2L
ZL’p
we compute
7o(A)? - pq 7!)()‘>2(5pq'

: pa — _
PYp ( ) p71<)\)271 ( )+( p)tr()\)Q
Furthermore, since for each ¢ € R?, the Hessian of h acts by
7 h(z)’ (& & ?
jpa — 9 _
(x)fpgq T1To (331 To )
for A€ OT we have

A T = 2L (AT
LR (T (D)’
1(A) tr(A)\ n(4) tr(A)
LEMMA 3.9. For each p € (0,1] and X € T, there holds
nA) < 7\ < minftr(h), )~ (V)]

(11) —2p(1 - p)
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Proor. We first observe that

PN =N (L= p) (V)T > (V)7
which is one of the desired upper bounds. Also, since

1A < min iy + o+ Ay, < tr(A),

1<ii << <n
there holds
tr(A) " < pyn(A) T+ (1= p)tr(N) T <A

Inverting this gives the remaining two inequalities. 0

Inserting these estimates into the expression for the derivatives of «, from above,
we immediately obtain the following:

LEMMA 3.10. For each p € (0,1] and A € OT, there holds:

40 < min {1, st 4 o,

3HA) > P (A) + (1 - p) j({’j; .

For the second derivatives, we have:
LEMMA 3.11. For each p € (0,1] and symmetric A € OT, there holds
’Yﬁq (AT T < P TS(A)quTrm
and

'Y,I;)q m(A)quTrs

oy tr(A)? pars (A9T,e)%  tr(T)?
< min {P 7/)%(14)3 } < =N (A)TpgTrs + 4 tr(A) +4 tr(A4) )

PROOF. The first estimate follows immediately from (11) and Lemma 3.9. To
obtain the second, we first bound

SO (AT, ()Y
2p(1 —p) Y1 (\) tr(A) ( Y1 (A) B tr()‘))
’Yp()\)3 ("qu A)qu)Q tr(T)Q
S CNEVEBY ( WO tr(A)z)
BN (GRUAT, | 6(T)?
< 4P%()\)3 tr(\) tr(A)

Using the fact that v, > 1, we obtain

. Pq,TS PYP()\)3 _xpg,rs (’quT )2 tr<T)2
AT < o0 (5 10 T )

and the claim then follows from Lemma 3.9. O
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At points which are at a controlled distance from the boundary of I', we can say
more. We introduce the notation

o ={AeR":tr(\) < am(N)},
and observe that since 7, is strictly concave in off-radial directions and vanishes at
Jl', the set
FoN{AeR": tr(\) =1}
is a compact subset of I'.

LEMMA 3.12. For every a < oo, there is a positive constant C = C(n, k, ) with
the following properties. If A € OT', then

C™16" < 47(A) < Co¥,

and | |2

_'.j/gqms(A)quTTS < Cptr(A)'

Proor. Counsider the set
S:={AeO0Tl,  :tr(A) =1}.

As noted above, S is a compact subset of OI'. Therefore, since %j is smooth and
positive-definite on I', the quantity

co :=min{AY(A)&& - A€ S, £ R €] =1}

is strictly positive, and depends only on n, k, and a. If A € OT,, and £ € R", then
since 4, is scaling-invariant there holds

W (A& =4 (tr(A) T AGE > colél.
For A € OT,, Lemma 3.10 tells us that
P (A) + (1= p)a™26Y < 47(A) < 0?37 (A) + 67,

We also have 47 < C(n, k)6, so appealing to the lower bound just derived, we find
that

min{co, o *}6" < 47(A) < (a*C(n, k) +1)5".
Next we define Cy = Cy(n, k, ) by
Co = max{—W""(A)T,T,s : A€ S, T € Sym(n), |T| =1},

and observe that Cj is nonnegative by the concavity of, since 7;. Then if A is any
matrix in O, and T' € Sym(n), there holds

A (A) Ty Trs = — tr(A) AT (00(A) T A) T Ths < Co tr(A) 7T
Combining this inequality with the second bound in Lemma 3.11, we obtain
_qu’TS(A)quTrs

T (T
< 3 _ xpgrs A T T 4(’}/1 rq 4
=S pa ( M ( ) pg-rs + tr(A) + tr(A)

< C(n,k,a)ptr(A) T
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3. Consequences of the cylindrical estimate

We continue to consider a fixed n > 4 and k € {3,...,n — 1}. Let M be a
compact smooth n-manifold and suppose F' : M x [0,T) — R"*! is an evolving
immersion satisfying the equation

O F(x,t) = =G (z, t)v(zx, t),

where G,(z,t) := 7v,(x,t) and p > 0. It follows from Lemma 1.3 that since v, is
concave, we have the estimate

Ht) _  H(0)
Gp(mﬁt) - M GP('vo)

for all (x,t) € M x [0,T). Inserting the definition of ~,, we find that

H(:L‘,t) H(70)

A
Py PG

which we may simplify to

+1_p7

H(zt) _  H(-0)
Gi(z,t) = M Gi(-,0)

Interestingly, this estimate no longer contains the parameter p.

This same algebraic property lets us draw a powerful consequence from the cylin-
drical estimate derived in the previous chapter. Let us define ag-p ) to be the value
attained by the function A — ~,(A) 7! tr()\) on a cylinder of the form R7 x S*~J. Then,
applied to the speed 7,, the cylindrical estimate can be stated as follows.

THEOREM 3.13. Fiz p > 0, consider F': M x [0,T) — R""! as above, and define
3 H(-,0)
R i=supGy(-,0),  @:=max %
sup G,(-,0), @ = max G 0)

Then, for each € > 0, there is a positive C. = C.(n,k, p,a, R, po(M),T) with the
property that

H(z,t) (p) -1
<
G, 1) a’ +e+C.Gy(x,t)

for each (z,t) € M x [0,T).

Using the definition of v, as before, we can simplify the statement of the estimate.
The parameter p does not completely disappear, but in the end, appears only in the
lower-order term.

COROLLARY 3.14. For eache > 0, there is a positive C. = C.(n, k, p, &, R, puo(M), T)
with the property that

H(I, t) 1)
<L
Gila,1) ~

for each (x,t) € M x [0,T).

L +e+ C.G ()
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PRroOF. Inserting the definition of 7, into the cylindrical estimate, we find that
for each ¢ > 0,

H(z,t) (1) -1
pm+1—pépak,1+1—p+€+Cng(m,t) ,
which we rearrange to obtain
H(z,1) (1) -1 -1 -1
m Sakfl%—p E+p CaGp({L',t> .
Since € was arbitrary, this implies the desired estimate. l

As a consequence of this estimate, we see that for any positive p, if G,(z,t) is
sufficiently large, then A(z,t) is extremely close to the cone I' ) . The smaller p is,
k—1

the larger G,(x,t) will need to be to ensure that this is the case, but the conclusion
on the position of A in curvature space is independent of p.

4. Proof of the convexity estimate

The proof of Theorem 3.1 will proceed by an application the Stampacchia principle
from Chapter 2 to a certain curvature quantity, which we now construct and analyse.
Throughout this section, n > 4 and k € {3,...,n — 1} are fixed, M is a smooth
compact n-manifold, and F : M x [0,T) — R is an evolving immersion satisfying

O F(x,t) = —G,(x, t)v(z, 1),
with p € (0,1]. We define

R7!.= HIJ\%XGP(', 0), @ 1= max
LEMMA 3.15. Fiz a spacetime point (xg,tg) € M x (0,T), and suppose that

Mz, to) € Ty, where a > 0. Then if ¢ is a lower support for A\ at (xg,to), in a
principal frame at (zo,to) there holds

Vil _ VA,
(01— A, )p > |AR o — Cp }f| +(C =0p) Y Vaddpl” al"| ,
p+q>2

where C'= C(n, k,a).

PROOF. We let m be the dimension of the kernel of A(xg,t) — A1 (2o, to)g(z0, to),
so that A\, > A; if and only if p > m+ 1. By Proposition 3.3, we know that at (xo, o)
there holds

e DaTS i ViA ?
(0 — Avp)@ > |A‘3p90 + 'V;Iajq’ ViAp Vi + 29, Z | al

Ay — A1
Ap>A1 P 1

and since A(zo,ty) € T'o, by Lemma 3.12 we can estimate +}(A(zo,t0)) > co(n, k, a)

and so obtain
i ’viApl|2 |ViApl|2
24! — >2 _—.
B 2 =M W), D X — M
Since Ay + -+ + A > 0 and k <n — 1 we have A\, < tr()\), and consequently
Ap = A <A+ X4+ A < ktr())
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for each p > m + 1. Substituting this in, we find that at (zg,¢y) there holds

VA
(O — Ay > \A[Q S+ V1A VA + 2¢0k™ Z Z | pl‘

i p>m—+1
By Lemma 3.4, the definition of m, and the Codazzi equations, the tensor VA
has the following structure at (o, to):

V1A=V A el @el + Z ViA,e? @ el + Z VlAlqel ® el
p>m+1 g>m—+1
Z Vi1A,.ef ® el
p,q>m—+1

Using the Codazzi equations again, we find that at (xg, o),

DT VAU =)0 D IViAL

i p>m—+1 i p>m—+1
= > IVidulP+ D VAl
p>m~+1 i,p>m41
1 1
=3 > |V1Ap1|2+§ Y IViAlP+ ) IViA”
p>m+1 g>m+1 p,q>m+1

1
§(|V1A|2 IV1Au]?).

Hence at (xg,t9) we have

e pars L (IViAP VAL P
(0 —Ay))p > |A\,2yp<p + ANV Apg Vi Ars + ok 1( A
A _ V1 A,)°
= [AZ 0 + 457"V 1 A V1A + cok ™ ) qu
p+q>2
To finish the proof, we use Lemma 3.12 and the assumption A(zg, o) € T', to conclude

that at (xo, o),

V1A
P97, AL A > —Cln, b)) u |
Vgl V14,2
—C(n, k,a)p i Cln k,a)p e
p+q>2
Here we have also used V1 A1(xg,t0) = Vip(zo,to)- 0

Next we rearrange the version of the cylindrical estimate from Corollary 3.14 to
find that

1 CE Gl(x7t)
O e N )
o, t¢ a;’y + el

for each (x,t) € M x [0,T). We (somewhat arbitrarily) set the parameter ¢ equal

0 < Gl(a:,t)

to g9 := 100~ a(l) in this estimate, and use G;(z,t) < G,(x,t) (this was proven in
Lemma 3.9) to obtain
0 <Gp(x,t) —2pH(z,t) + K,
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where

1 Ceo

2(1+100-1)aM,’ C (141007Y)al,
We will make use of the function h(z,t) := G,(x,t) — pH(x,t) + K, which by con-
struction satisfies

pH(x,t) < h(z,t) < Gp(z,t) + K
for every (x,t) € M x [0,T). The constant p depends only on n and k, and
K =K(n,k,p,a, R, uo(M),T).
The function h evolves according to
(0 — Ay )b = A2 (h = K) — pg" 37"V Apg Vi A,

We are going to make use of the good gradient term on the right to control the
gradient terms appearing in the evolution of ;. Here it will be crucial that the
coefficient p depends only on n and k, since we will have to choose p small depending
on p. In principle, we could carry out the entire construction of this section with g
taken to be any positive value larger than a,(clzl, so our choice of p is not canonical.
For each n € (0, 1], we define
—A1i (Iv t) — nGP(xv t)

falw,t) = Bz t)

This is the function to which we are eventually going to apply the Stampacchia pro-
cedure. Our immediate goal is to derive an evolution equation for f, and analyse the
gradient terms appearing on the right-hand side. To do so, we employ the following
elementary lemma.

LEMMA 3.16. Let I' C R™ be an open convex symmetric cone containing (1,...,1),
and let v : T' — R be a smooth symmetric function which is one-homogeneous, con-
cave, and satisfies

~v(1,...,1) > 0.
Then if X € T is such that A\; < --- < \,, there holds 4*(\) > 0.

Proor. Fix A € T satisfying \; < --- < \,. Since v is concave, the super-level
set
S:={zel :9(2) >v(\)}
is convex, and since 7 is symmetric, each of the vectors
()\m7 ct )\n—17 >\n7 Al? R )\m—l)
is in S. Taking the average, we get A\ € S, where

A::tr(TA)(L...J).

Since I' is open, convex, symmetric, and contains (1,...,1),
I'c{z € R":tr(z) > 0},

so all of the entries of A are positive. Therefore, since v(1,...,1) > 0, for every s > 1
there holds
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which means s\ € S. Appealing again to the convexity of S, we find that for each
s > 1, the line segment connecting A with s\ is contained in S. It follows that

{A+s\:s€[0,00)}CS.
Another way to say this is that 7(A) < (A + sA) for all s > 0, so we have

d _ o
< = — A
0<— S:OV(A +5A) =7\

Without loss of generality, we may assume that \; < --- < \,, since the general
case then follows by approximation. Then since v is concave, 47 (\) < 4%(\) is true
whenever i < j. Substituting this fact into the inequality above, we get

0 < tr(A)FH(N),
and the claim follows. O

With the lemma in hand, we can establish the following estimate for the gradient
terms in the evolution of f,.

PROPOSITION 3.17. Let (z9,ty) € M x (0,T) be such that N xo,ty) € I, where
a >0, and let ¢ be an upper support function for f, at the point (zo,to). Suppose in
addition that f,(xo,t0) > 0. Then at the point (xo,ty) there holds

@ — A, )¢<K|A| +uigwgmvﬂ4 VA + =49V, h

hfy
V
+Cp "\l (O P> A2 pql

p+q>2

where C'= C(n, k,a).
Proor. We first observe that the smooth function

O(z,t) .= —h(x, t)p(z,t) —nG,(z,t).

is a lower support for \; at (xg,to), and

—@(l’, t) - nGP(xv t)
h(z,t)

For smooth functions u and v, with v > 0, there holds

p(z,t) =

u

1 U 2 u
(at — Afy); = ;(at — AW)U — ﬁ(ﬁt — A’Y)U + ;’}/ ]VZ- (;) Vj’U,

so we have
(0= Ao = —7 (0~ 8,)(B +0Gy) + 217 A2 (- )
_ G tLZGp gHApe “VkquVzArs - }QLWWDVJL
= KIARZ + 1A, £~ —(0,- )

h

2
+uflg” PV AN A v+ S35 ViV
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Applying Lemma 3.15 to ¢, we find that at the point (xg, to),

0= 2,05 > 1R, @ - oy (o1 ) 37 Tl

p+g>2

where C' = C(n, k, ), and therefore,
2.
(0 — Aw)@ < K|A|3p% + ('Zg”%q "ViAp VA + Evpjvz’s@vjh

1 |V195|2 (-1 |V1qu|2
—l—h(C'p o (™ =Cp) > 7 )

pt+q>2
We are going to decompose and then absorb part of the term Vi@, At (xg,to)
there holds
V1g5 = —thgo — Lleh — nlep
= —hVip — (3, — 1) Vidi — 0, V1A

= —hVie — (07 + e(3p — m)V1e = > _ (s + o(¥) — 1)) Vida,

i>2
which we rearrange to obtain

n

(L+n9p + () — W)V1@ = —hVie = > (13 + o(¥) — 1)) V1 Asi.

i>2
The function
A 7, (N) — ()
is concave and one-homogeneous, and positive for each
Ae€intl,-

Recalling that g~ := 2(1+ 100~ )ak )1, we see that Cyl,_; C I',-1 and consequently
Cyly Cint I, (see Lemma 2.1), so there holds
Yo(1,..., 1) — ptr(l,...,1) > 0.

We may therefore apply Lemma 4 to conclude that the quantity 4} (A(zo,t0)) — p is
nonnegative. We are assuming that

(w0, to) = (20, t0) =0,
so we have
L+, + e, —p) = 1.
In particular, at the point (xg, ) there holds
1 n

Vie = \ S —hVip — Ve 4+ (3 — VAii>.
v 1+777,§+90(7;—u)( g ;(77% e(, — 1) Vi

Let us introduce the abbreviation & := 77% + go(ﬁ; — ), so that we may write the
last identity as

V.p=——" IV (Q_E SV, A
' 1+¢ ! i221+§1 '
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Then since &' > 0 we can bound

IV1@|? < 202|Vigl? + C(n Z €12V, Aui .

i>2
There holds

€17 < 20° |51 + 4% (191 + %),
and 7 € (0,1] by definition. Since A(xo,ty) € T, we can bound 4/ (A(xo, t)) purely
in terms of n, k and a using Lemma 3.12, and at (xo, ),

D W Te D VI
< = <
O=¢ h = h =

Putting these facts together, we can bound |¢!| purely in terms of n, k and «, hence
V1@ < 21°|Vipl + Cn k) Y [ViAql
i>2

Substituting this estimate back in, we find that at (z¢,%y) there holds

2
(at _ A )90 < K’A Mgljgz]fypqrsviquVjArs + Efypjvlgpvjh
V1A V1A, |?
+Op—|V ol + (C Z' i —(C' =Cp) Vi 1HM| )
i>2 p+q>2
which completes the proof. O

Applying the proposition with @ = (1 4+ 100~ )0412 )1, we obtain the following

corollary.

COROLLARY 3.18. There is a positive constant

po = po(n, k)

with the following property. Fix (xo,to) € M x (0,T), let ¢ be an upper support
function for f, at the point (xg,ty), and suppose that

Mo, to) € F(1+100_1)a}(€1317 fo(T0,t0) > 0.

Then at the point (xq,to) there holds

2
(8t—A7p)go<K|A] —ﬂﬁp TP ALV A +

ij )
Y9 hv VipV;h

+Cp IVipl?,

where C = C(n, k).
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4.1. Applying Stampacchia. We need to carry out a few more steps before
the Stampacchia procedure can be applied to prove the convexity estimate. Let us
introduce the notation

r_
M= F(1+100*1)oz,(j_)1'
LEMMA 3.19. Suppose p < po. Then if (xg,ty) € M x (0,T) is such that
A(Imto) € F/) fn(x(%t()) > 07

and ¢ is an upper support for f, at (xo,to), at (xg,to) there holds
_ VAJ? _ V2
(0, A)p < CK| Al — Cppl Al 4 oot 4 eV EL
hH %

where C' = C(n, k).

ProoOF. By Corollary 3.18 we have that at (xo, ),
¥ ¥ K] 2 g
(@ — A,yp)QO S K|A|2 - + hg J’qu ViquVjArs + E’ijviQOth

+Crg; |V190|2

where C' = C(n, k). Since )\(xo, to) € IV, by Lemma 3.12 we can estimate
hHAR < C(n, k)u™ H AP < C(n, k)|Al,
so at (xo, o),
K;Aﬁp% < C(n, k) K| Alp.
Next, by Lemma 3.12, we know that
G Apg Vi Arg < pg AtV 1 Apg Vi Ay

Therefore, since v, is strictly concave in off-radial directions, we can invoke Lemma
2.5 to bound
VAP
P
which holds since Cyl,,_;

gV AV jArs < —coln, k)p

This estimate also relies on the fact that I” € T\ Cyl
lies outside of the k-positive cone for each &k > n — 1.

Since @(xo,t0) > 0 and 3/ (A(zo,t0)) < C(n, k), at the point (zo,t9) we can use
Young’s inequality to estimate

n—1»

H |Vl

h e

where s can be any positive number. Since at (xg,ty) we have
IVh|? < 2|VG, >+ 2u2| VA2 < C(n, k)| VAP,

[VA|*
hH

IVipV,h < 5710 (n, k) — + 50(n, k)

h%

this leads to

2 H |Vg0|2 VA
1 h < s 'Cy(n, k sCo(n, k .
705 VigVih < 57 Coln, k) ——= ot o(n, k)p——r
Setting s = Co”p and putting all of this together, we get
_ Cop VAP le |V90‘2 h 2
o —A, )p <CK|A Cp +Cp— :
(0 = Ay, )p < OK|Alp — —=pprr + h 71 V1¢l
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Now, using Lemma 3.9 to estimate

H_ ., ok

S

==

<14

=&
| =

and using
e(z0,t0) < folzo, to) < kp,

we find that at (xg, o),
L H |Vl
h

V]?
@

h
Cp + Cpr Vil < Cln, k) (p™! + KH™Y)

O

Next we need to translate the viscosity inequality for f,, into an integral inequality.
Following [Brel5], we verify that f,, is a locally semiconvex function. By this we mean
that around any point in spacetime there is a small neighbourhood where f, can be
written as the sum of a smooth function and a convex function. It suffices to show
that:

LEMMA 3.20. Let F : M x [0,T) — R be a smooth family of smooth immer-
sions. Then Ay is locally semiconcave on M x (0,T).

PRrROOF. Fix a point (zg,ty) € M x (0,T). It suffices to show that A; is the sum
of a smooth and a concave function on a small neighbourhood of the form
Q(QZQ, to, 7") = Bg(to)(xo, 7") X [—7“2 + to, to + 7"2].
Observe that if r is sufficiently small, the function

l%(x, t) == dyw (x, 9(:0)2

satisfies Vz-le;; > g;; on each spatial slice of Q(zo, to,r). Hence the function
1 -
k(z,t) := 5752 + k(z,t)

is uniformly convex on Q(x, to, 7).

Making r a bit smaller if necessary, we can express A; as the infimum over a
family of smooth functions with uniformly bounded C?-norms. For each unit vector
v in T, M,,, let X, be the vector field obtained by extending v by parallel transport
on My, and then using 0, to extend the resulting vectorfield in time directions. For
r small enough, X, has positive length on Q(xg, to,7), so we can set X, := XU/XU,
and then define

Zy(x,t) := Az, t)( Xy (2, 1), Xo(z,1))
for each (z,t) € Q(xo,to, 7). For each (z,t) € Q(zo,ty,r) there holds
M(z,t) == inf{Z,(z,t) : v € T, My, |v] = 1}.

The C*-norm of each of the functions Z, over Q(x, to,7) is bounded independently
of v, so there is a constant A > 0 with the property that Z, — Ak is concave on
Q(zo, Ly, r) for every choice of v. Since the infimum of a family of concave functions
is again concave,

M(z,t) — Ak(z,t) = inf{Z,(x,t) — Ak(x,t) 1 v € T,y My, |v] =1}

is concave. This completes the proof. U
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In particular, Alexandrov’s theorem (see Lemma A.1 in the appendix) now tells
us that \; (and hence f)) is twice differentiable on a set of full measure in M x [0,7T).
Using this property we now verify that f, satisfies the hypotheses of the Stampacchia
procedure as stated in Theorem 2.6.

PROPOSITION 3.21. For each p < po there is a positive constant ko depending
only on n, k, p, @, R "ug(M) and R™>T with the following properties. For each
(z,t) € sp(G, — koR™") there holds \(x,t) € I", and if ¢ is a nonnegative Lipschitz
test function satisfying

sp(p) C sp(fy) Nsp(G, — koR™),

then for almost every t € [0,T),
/ 0Oy fr dpty < _/ <v<107vf77>"/p dpu _/ 90&zj’pqviquvjfn dpit
M M

VAP V|2
on / f,7| | ut+c/ cpﬂd,uﬂrCK/ Al dpse
M fn M

where C' = C(n, k,p).
ProoOF. First recall that we defined
Cs,

K= O
(1+100"Y)a,”,

where g9 = 100~ ockl , and C, is the constant coming from the cylindrical estimate
in Corollary 3.14. By the remark following Theorem 2.6, for each € > 0, there is
a constant C. = C. (n, k p,a R™"puo(M), R*T) such that C. = = C.R™'. We may
therefore write K = KR, where K = K(n,k, p,a, R""uo(M), R~>T). Recall that
the statement

/\(x,t) el'=T @

oy +eo
is equivalent to saying
Gi(z,t) " H(z,t) < a,gl_)l + &o.
To ensure that this holds whenever G,(z,t) > koR™', by the cylindrical estimate

Gh(w,t) " H(z,1) < o)y +20/2 4 Coopa R G, 1)

it suffices to take ky > 26516’50/2.

By the last lemma f, is a semiconvex function on M x [0,7"), so by Alexandrov’s
theorem there is a set @ of full measure in M x [0,7") where f, has two spatial
derivatives and two time derivatives. At any point in @), f,, admits an upper support
v, and at the point of contact there holds

(0 — Awp)fn < (0 — A%)W

We chose kg to ensure that A € IV on sp(G, — kgR™'), so by Lemma 3.19, inside the
set @ Nsp(f,) Nsp(G, — kgR™") there holds
VAP

_ \Y%
(815 - A'yp)fn S CK’A“C?? -C lpfn

IV fol?
hH ’

+C(p '+ KH™)
I
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where C' = C(n, k). We now impose the further restriction ko > K, so that
KH(z,t)' < KR™'G,(z, ) < 1

whenever G(x,t) > koR™'. This ensures that at on QNsp(f,) Nsp(G, — koR™*) there

holds

VAJ? V fol?

VAP | THE

H? I
where Cy = Cy(n, k, p). Here we have also used the fact that f, is bounded in terms
of n and k.
If ¢ is a nonnegative Lipschitz function on M x [0,T) with the property

sp() C sp(fy) Nsp(G, — koR7),

we can multiply the last inequality by ¢ and integrate to get

1 VAP
Qpatfn d,ut S SOA'yp fn d:UJt - C11 prn? d,ut
M M M
|V fol?

+Cl/ QO—th+/ ClK|A|QOd/Lt
M fn M

for almost every ¢ € [0,7). To finish we appeal to Lemma A.3 from the appendix,
which says that since f,, is semiconvex in space and ¢ is nonnegative,

/ SDAvpfn dpy < _/ <V90> an>’vp dpu _/ (P;}./[i;j’pqviquvjfn djug.
M M M

(0 — A [y < CLK|A| = CT

U

All that is left now is to apply the Stampacchia theorem to f, and verify that this
gives the desired estimate.

PrROOF OF THEOREM 3.1. We have already observed that f, is bounded:

5 < w <t

Also, if (x,t) € sp(u) then by the definition of f, there holds
Mz, t) e{ el i A < =ny,(MN)

so for kg as above,
Mz, t)yeI'n{rel: 1r£1j<n Ai < =my,(N)}=T"

for every (z,t) € sp(u) Nsp(G, — koR™*). Since Cyl C I'y, we have I € I" \ Cyl.

Combining these facts with Proposition 3.21, we see that for every p < py and
n € (0,1], the function f, satisfies all of the hypotheses of Theorem 2.6. We conclude
that, for each n € (0, 1], there is a constant

Cn - C’f](”? ka p; R7 :U’0<M)7 T7 K)
such that
Fo(,t) <0+ CyG (@, t) ™

holds for every (z,t) € M x [0,T'). Since we chose K depending only on

n, ka P, Q, R7 MO(M)? T7
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the constant C,, depends only on these quantities and 7.
Using the definition of f,, we obtain

—Ai(z,t) —nGy(x,t) < (n+ C,Gy(x,t) " h(x,t)
<nG,(x,t) + Cp+ Kn+ KG,(z, 1)

Since n can be made arbitrarily small, this gives an estimate of the desired form at
all points where GG, > 1. On the other hand, at points where G,(x,t) < 1 we have

M(z,t) > —=C(n, k, p, &),

so there is nothing to prove. U

5. Curved ambient spaces

In contrast to the Euclidean case, in a general Riemannian background, a family
of hypersurfaces moving by mean curvature flow which is k-convex initially may fail
to be k-convex after a finite amount of time. On the other hand, if the background
geometry is bounded, then it is possible to construct fully nonlinear flows which do
preserve k-convexity, by using a speed which vanishes at the boundary of the k-
positive cone. The k = 1 and k = 2 cases were considered in [And94b] and [BH17],
respectively. Each of the speeds 7, gives rise to a flow preserving k-convexity in a
Riemannian background, and if p is small relative to n and k, then compact solutions
satisfy a convexity estimate. The argument is very similar to the Euclidean case, so
we only sketch the details.

Consider a fixed n > 4 and 3 < k <n — 1. Let (N, g) be a Riemannian manifold
of dimension n + 1, and suppose there is a constant Cy such that

sup |R|; + |[VR|; < Cy,
N
where V and R are the Levi-Civita connection and Riemann curvature tensor of the
metric g. Let F': M x [0,7) — (N, g) be a solution of the equation
O F (z,t) = —v,(A(z,t))v(x, 1),

where M is a compact smooth n-manifold. Then, in an orthonormal basis, the Wein-
garten map satisfies

QAL =V, VG, + ApAyG, + Rley,v,e4,0)G,,
where G,(7,t) := 7,(A(x,t)). Taking the trace with 427 then gives
(0 — Ay,)G, = ’A‘ipGp + "YﬁqR(ew v,eq, V)G,
so since y57 < Cy(n, k, p)gP?, the maximum principle implies that
Gp(x,t) > exp(—Ct) - mj\}n G,(+,0),
where C' depends only on Cjy and C. On the other hand, on the k-positive cone
At N> Gy,

so this estimate shows that the solution remains strictly k-convex for as long as it
exists. If in addition the curvature tensor of N satisfies

R(627€l7€27€1) +oeee R<€k+lyelaek+17€l) >0
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for every set of orthonormal vectors {e;}**}, then
"ygq]?(ep, v,eq,v) >0,

so we even have
(at B A’Yn)GP 2 ’A|'2ypGP 2 C(nu k, p)ilG,zgﬁ

which is sufficient to conclude that G, becomes unbounded in finite time. We may
assume 7" is the maximal time.

Taking the trace of the evolution of the Weingarten map and using Simons’ iden-
tity, one finds that the mean curvature of the hypersurface satisfies

(0 —A,,)H < |A|3PH + gij%q’rsviAqujAm +CH + C,
where C' depends only on Cjy and . Hence

H 1 .. 2 H H
S AL € g I ALV A+ (V=) -,
(at ’Yp)Gp — Gpg ’7,0 \4 quj + Gp<v<Gp> VGP>7 + CGp

P
where C' may now depend additionally on the global spactime minimum of G,. It
follows that G;lH can grow at most exponentially, so there is a constant & depending

on 1" with the property that
H

Mx(o.1) G, =

With minor modifications, the proof of Lemma 2.5 allows us to prove that
IVAP?  C

H H
The constant C' comes from the curvature term in the Codazzi equations, and so
depends only on Cy. The proof of Huisken’s Stampacchia principle also goes through
with minor modifications (see for example the proof of Theorem 3.1 in [BH17]), so
with the good gradient term in hand, we obtain a cylindrical estimate:

H(z,t) < (o, + )G, (x,t) + C.,

where C; has all of the same dependencies as in the Euclidean case, and now depends
additionally on Cy. As before, if G,(z,t) is above a certain threshold depending only
onn, k, p, &, My and N, then

gV A ViAre < —c(n, k, p, @)

NG
Az, t) € Fa,(f,)ﬁso’ g0 := 100 1a,(€21.
The second fundamental form satisfies
(00— A,)Ai > |AR Aij — 29" Ak ALiG, 4+ 5777V AV A — CIA| = C,

where C' depends only on Cjy and C;. On a set @ of full measure in M x [0,7"), with
respect to a principle frame, we have
. , VA |?
(@ — Ay A1 > A2 M+ 3297V A Vi A + 298 Y Nednll o -
Ap— A

Ap>A1
We now form the same pinching function as before,

—>\1—77G
fn = h pa
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where h = G, — pH + K and
1 C.
fe= oo K= ETWOR
2(14 10071y, (1+100"Ya, 7,

On @ Nsp(f,) there holds

1
(0 = A, ) < K’A|2 fn B _(;)'/ﬁqmslequlArs + 2'7;; Z S p1| >

h Ap>AL Ap = At
2 . Al C
+an 5T ALV A, +hvgﬂv,~fnvjh+c’—h‘+ﬁ.

As before, it is possible to choose py = po(n, k) so small that, at points in () where
)\(Z’, t) € Fa](617)1+80’ fn($0,t0) > 0,

there holds

Al? 2
(00— A, fy < KIAR, 2 ——ﬁ;'v | +O(1+H—1)—|ij—”|
n
A
hvprnV h+C “7?*5

The constant C' depends only on n, k, p, &, MO and Cy. This inequality has exactly
the same form as in the Euclidean case, except for the presence of the the last three
terms, which are of lower order and can all be absorbed in the Stampacchia argument.
Hence, as before, we get

M(z,t) > —eH(x,t) — C.,

where C. depends only on ¢, n, k, &, p, My and the geometry of N via Cj,.



CHAPTER 4

Harnack and gradient estimates

In this chapter we establish some regularity results for families of compact embed-
ded hypersurfaces moving by a concave admissible speed. In addition to concavity,
we assume the speed is inverse-concave on the positive cone and such that solutions
satisfy a convexity estimate (see Definition 4.9 for the exact class of solutions we
consider). In particular, the results here apply to the speeds v, considered in the pre-
vious chapter provided p < pg, to the two-harmonic mean, and also to mean curvature
flow (although in this last case, we mostly recover existing results). By combining
the interior noncollapsing estimate from [ALM13] with the convexity estimate and
a generalisation of the induction on scales argument in [BH17][Theorem 6.2], we are
able to establish a global Harnack inequality for the curvature, which can be described
as follows (see Theorem 4.17 for the precise statement). We show that for every large
A there is a curvature threshold C' depending on A and the initial data such that if
the value of G at some point (zo,ty) exceeds C, then G is controlled from above and
below over a backward parabolic neighbourhood of size AG(xg,t)~" about (zg, ).

The Harnack inequality implies a pointwise gradient estimate, which says that at
points where the curvature is sufficiently large relative to the initial data, the estimate

VA2 < CG*

holds for some universal C. Estimates of this kind first appeared in Huisken’s work
on convex solutions of mean curvature flow [Hui84| and in the work of Huisken-
Sinestrari in [HS09] on immersed two-convex solutions of mean curvature flow of
dimension n > 3. In the two-convex case, the proof by Huisken-Sinestrari uses a
cylindrical estimate, but otherwise consists only of an application of the maximum
principle applied to [VA[%2. We note that this kind of gradient estimate cannot hold
for mean-convex solutions of dimension n = 2 - indeed, the gradient estimate fails on
the grim reaper, and it is not difficult to construct solutions which form a singularity
modeled on the product of a grim reaper with R (take a thin torus over a solution of
curve-shortening flow with self intersections as in [Ang91]). The gradient estimate
proven in [HS09] holds as long as the solution is k-convex with 3k < 2n + 1 (see
Theorem 5.4 in [HS15]).

In the fully nonlinear case it is not clear clear whether a pointiwise gradient
estimate can be obtained via the maximum principle. One difficulty seems to be
that, whereas for the mean curvature flow the worst reaction term in the evolution
equation for |V A|? is linear in |V AJ?, for nonlinear speeds there is an additional term
which is quadratic in |V A% A different approach is taken by Brendle and Huisken in
[BH17], who prove a pointwise gradient estimate for embedded solutions moving by
the two-harmonic mean curvature. The key step is an induction on scales argument
(inspired in part by Section 12 of [Per02]) which is combined with the cylindrical

87
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estimate to show that, locally about any point where the curvature is sufficiently
large, the solution is a radial graph over an interior sphere of controlled size. The
existence of the interior sphere is guaranteed by the interior noncollapsing estimate.
The radial graph representation then lets one express the solution locally as a scalar
solution of a fully nonlinear parabolic PDE, and the desired gradient estimate follows
from the regularity theory of Evans and Krylov.

A pointwise gradient estimate of the kind we have been discussing can be inte-
grated along geodesics to obtain a local Harnack inequality for the curvature. This
works on an intrinsic spacetime neighbourhood, but the size of this neighbourhood
is bounded from above on the scale of the curvature. Using this fact it is possible
to establish, for example, that blow-up sequences converge locally in spacetime. To
get global convergence, it is necessary to establish curvature bounds which become
valid over an arbitrarily large spacetime set about any sequence where the curvature
is blowing up. This kind of result is what we refer to as a global Harnack inequality.

We note that differential Harnack inequalities have been established for strictly
convex solutions of mean curvature flow [Ham95], and flows by convex and inverse-
concave admissible speeds [And94c|. These inequalities can be integrated to get
curvature bounds over arbitrarily large spacetime regions. The analysis carried out
in [HS09] to perform surgery also implies curvature bounds at bounded distances near
a singularity. For embedded mean-convex solutions of mean curvature flow, a global
Harnack inequality has been established by Haslhofer-Kleiner in [HK17a][Corollary
3.8]. These authors also make use of ideas from Section 12 of [Per02]. The method
employed by Haslhofer-Kleiner makes use of Huisken’s monotonicity formula [Hui90|
via White’s e-regularity theorem [Whi05], and exterior noncollapsing estimates, nei-
ther of which is available for flows by a concave nonlinear speed function.

The structure of the chapter is as follows. We first look at solutions which can be
written as a radial graph over a sphere in some spacetime neighbourhood, and use
the maximum principle to show that on a smaller neighbourhood, any such solution
satisfies an a priori upper bound for the curvature (this is Theorem 4.3). This bound
depends on how steep the graph is, and the size of the spacetime neighbourhood on
which the solution is graphical. This result is very similar to a theorem of Ecker
and Huisken for solutions of mean curvature flow which can locally be written as a
graph over a hyperplane [EH91|[Theorem 3.1]. Their result was adapted to the case
of radial graphs moving by nonlinear curvature functions in [BH17][Proposition 5.1].
We apply the maximum principle to a slightly different quantity to the one in [BH17],
and in doing so prove an estimate which is stronger on very large spacetime sets. We
then recall the notion of a pseudocone from [BH17], and establish some technical
results needed to prove Theorem 4.11, which is the most difficult step in establishing
the Harnack inequality. This result contains the induction on scales argument adapted
from [BH17|, which is used to show that around any point where the curvature is
sufficiently large, a connected component of the solution is locally a radial graph. It
is at this step that we use the inverse-concavity of the speed, which implies that the
smallest principal curvature satisfies a strong maximum principle (see Corollary 3.8).

By Theorem 4.3, the local graph property gives a local scaling-invariant upper
bound for the curvature in a backward neighbourhood of any point where the curva-
ture is sufficiently large. With some further argumentation, we use this upper bound
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to derive an analogous lower bound in Theorem 4.15. Following this we prove the
main result of the chapter, the global Harnack inequality, in Theorem 4.17. With the
Harnack inequality in hand, scaling-invariant estimates for all of the derivatives of A
quickly follow.

The results proven here can be used to show that, for the class of flows under
consideration, every blow-up sequence subconverges smoothly to a complete convex
ancient solution. Identifying an appropriate notion of convergence and establishing
the necessary compactness theorems are interesting problems in their own right, which
we will address elsewhere.

1. Curvature bounds for radial graphs

We first state some evolution equations which will be used just below. In this
section, v : [' — (0,00) can be any admissible speed - no concavity or convexity
properties are required.

LEMMA 4.1. Let F: M x [0,T) — R"™ be a solution of (CF), where G(x,t) :=
Y(A(z,t)) and v is an admissible speed. Suppose |F| >0 on M x [0,T) and set

o (F-v)?
f= FE
Then the following evolution equations hold:

(0 — A)IF]? = =27 gyj;
(0, — A)F-v=|ALF v —2G;

_ _ 2 -1 _ |F|? 2, 1 2
(F'V)Z i ‘v’FP‘?y
PR\ T e )

ProOF. For the first equation, we compute in normal coordinates
2
0°F 04, (9_F . oF

driors ) 0z Oxd
= —2GF -V + Q’yZJAijF sV — Q’yz]gij,
and since v is a one-homogeneous function, we have the result.
It is well known that since the vectorfield F'4 2tGv generates a parabolic rescaling
of the solution, its normal component satisfies

(0 — A (F +2tGr) - v = |A(F + 2tGv) - v.

A detailed derivation of this fact can be found, for example, in [Lan14|[Lemma 3.4].
Inserting the evolution of the speed, we obtain

(0r—A)F-v=|ARF-v—2G.
From this, we readily obtain
(0 — A (F - v)? =2|AR(F -v)? = 2|V(F - v)|2 —4GF - v

1 2)2
2(F-V)2|V(F V)5 —4AGF - v.

(0, — A)|F|> =2F - ,F — 2F - 4

= 2 AR(F v -
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Applying the parabolic operator to a quotient gives

u 1 U 2 U
(8,5 - A,y)— = ;(315 — A,Y)U - ﬁ(({)t — A’Y)U + ;<V(—) s VU>V,

v v
so for : ,
F-v)
f= W7
we have
1 F.v)?
(0 - A)f = (0 — A)(F -~ L g, ) PP
!FI ||
F
+ (VA VIR,
1 (F-v)
=24 f — ————|V(F - v)?? — 4G
(F-v)*
2 F|?
We may rewrite the first of the gradient terms as follows:
1
- F i 212
PP V(EF-v?)
20F-v)? | [F)P
P2 (F'-v) ’
=——|Vf+ V|F|?
2(F - v)? |F|4 y
|F'[? 2 (F-v)? 2
= F]?)., — F|?
Substituting back in now gives the result. 0

REMARK 4.2. We observe that the final term in the evolution of f is always posi-
tive. Indeed, since V|F|* equals 2F ", where the T denotes projection onto the tangent
space of M, we are done if F'7 is zero. Otherwise, we can choose an orthonormal
frame where e1 = |FT|7YFT and observe that

D T )
7 QZJ_W_ZVM_ |F—|—|27 Z'sz>
=1

We do not make use of this observation here, but it may be useful in other contexts.

We now establish the curvature bound for local radial graph solutions. The only
difference between our result and Proposition 5.1 in [BH17] lies in the choice of the
function w - we work with the scaling-invariant quantity f defined above, as opposed
to I’ - v, which scales like distance. This modification gives rise to an extra reaction
term in the evolution of 1, but this term is only quadratic in ¢ and can be combated
in the same way as the other reaction terms - using the good cubic term which arises
when we divide by w. By working with the modified quantity we gain an extra factor
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of L on the left-hand side of the final estimate, which makes it more powerful at large
distances.

THEOREM 4.3. Fiz constants § > 0, r > 0, K > 0 and L > 1, and a point

p € R Let
F: M x [-K*? 0] — R"!

be a solution of (CF) such that for each t € [—K?r? 0] the hypersurface F(M,t) is
properly embedded and bounds a smooth domain €. Suppose there is a symmetric
cone I @ T such that \(x,t) € TV for every (z,t) € M x [-K?*r?,0], and that
B(p,r) C Q. For each t € [—~K?r? 0], let U; denote the connected component of
Oy, N B(p, Lr) which contains B(p,r), set N, := 0U, N B(p, Lr), and define

N = {(z,t) € B(p, L) x [-K**,0] : x € N,}.
Finally, suppose that for each (x,t) € N there holds
F<:U7t) —-p > 0.
|F(2,t) - pl
Then there is a constant C' = C(n,~,I") such that

v(z,t)-

2,.2
(L 47" - ]a:|2> (t + K*?)2G(x,t) < Cmax{1, K}L?0 %"

for all (z,t) € NN (B(0, Lr/2) x [-K?r%,0]).
PROOF. It will be convenient to identify M x [—K?r? 0] with the set
M = {(x,t) € R"™ x [-K*? 0] : v € M}

via the evolving immersion F. In particular, functions defined on the solution may
equivalently be viewed as functions on M x [—~K?r? 0] or on M. Let us shift the
solution in space if necessary so that p = 0. We define functions

L27“2

=

n(x,t) = — | F(x,1)|?, w(z,t) = f(z,t) — 6%/2, v(x,t) = w(z,t)" 2,

and set
P(x,t) =n(z, t)v(x, t)G(x,t)

for each (z,t) € N. Note that the assumption on the normal of F' says exactly that
w > 6?/2 on N. Since 7 is negative at points which lie outside the ball B(0, Lr/2),
on each timeslice the support of ¢ is compactly contained in ;.

We compute at an arbitrary point in the support of v, writing C for a large
constant which depends only on n, v and I''. From Lemma 4.1, we know that

1

_ 1

Pl IVIFPE
2L _(4idg, — Y
THFR\T Y T TR

(VL VIF[),

- 1
> 2(|A2 = 2|F|7'G) (w + 6% /2) — 5 Vwl?

(w+6%/2)
[VIF
2|F[*

1

L 2y 2
+ |F|2(Vw,V|F] )y — (w+6%/2)
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Let € be a small positive constant to be chosen later, and estimate

1 e IVIFP)2
——(Vw,VI|F|*, > ————————|Vw|]? — Cc! 0%/2)——2
|F|2< w, | ‘ >'Y— 2<w+02/2>| w"y € (’LU—l— / ) |F‘4 )

so that we obtain

(O — Ayyw > 2| AL2 — 2 F|'G)(w + 62/2) — —— |’

= v 2(w + 62/2) v
. o o0 VPP
Using this inequality, we get
(O —Ay)v = —5W 20 — Ay)w — vk [Vwl]
l+e w3
-3 2 -1 2 2
< —w 2(|A\7 —2|F|7G)(w+67/2) + 1w +92/2\Vu}]7
V F 212 3
+ O w2 (w + 92/2)% - Zw—%wwg.
Rewriting Vw in terms of Vo gives
1+4+¢ w3 w3y~ vt
Vwl? = (14 ¢)——= Vol = (1 +e) ——5= IVl
4 w+¢92/2| w|7 ( +€)w+02/2| U'” ( +€)1 —1—821)2/2' U|7’
and
3 s 2 L 2 -1 2
v [Vwl[;, = =3w2|Vu[] = =3v™ [Vl
so we have

_ 1+e¢ _
(&: - A’Y)U S —(|A|3 — 2|F| 1G)(U + 921)3/2) — (3 — m)?} 1|Vv|3
IVIFP|?
-1 2.3 Y
+ Ce (v—|—0v/2)—|F|4 :

We will use the good terms on the right-hand side of the last inequality to control
various other terms appearing in the evolution of  and GG. The evolution of 7 is given
by

(0 = Ay)n = —(0 — &) |z]* = 2397y,

and combining this with the equation for v gives

_ 1+e¢ .
(@ = 8)(0) < (AR = 24 G) o+ 68m02) = (3= o Yo Vol
e IVIFER
+ Ce ™ (nu+ 0°nv° )2) ——7— + 23" g;ju — 2(Vn, Vv),.

[F*
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Incorporating now the evolution of GG, we obtain
(at - Aw)w

1
= —(|A]Z = 2|F|7'G) (G + 0°nv*G/2) — (3 ik

o= —1 2

|V‘F|2|3 244 gi:vG — 2G(Vn, V
|F|4 + 8 gl]U - < n, U)“{
+ |A2nvG — 20(Vn, VG), — 2n(Vv,VG),,.
We simplify
—(|A]2 = 2|F|7'G) (G + 0°nv*G/2) + |AlZnwG
= —(|A]Z = 2|F|7'G)0Pnv°G/2 + 2|F| 'GP
an cancel some of the gradient terms by expanding
20" G| Volg = =207V, Vi), + 2(Vo, V(1G)),
= —20 Vv, Vi), + 2G(Vv, V), + 2n(Vv, VG).,
and substituting back in:
(0.~ 8,)0 = ~(|AR, — 2{F| Q)P G2 + 2 FI 7 Gy

I+e 1 9

(1= _
( 1_1_‘92@2/2)771) G|Vl]
IVIFI?[3

|F[*
— 20(Vn, VG).,, — 20"V, Vi),
Now we write VG in terms of the gradients of ¢, v and 7,
—20(Vn, VG), = =27 (V, V), + 20~ ' G(Vn, V(1))
= =21~ (Vn, Vi), + 2G{Vn, Vo), + 20~ 'wG| V|

+ Ce G + *nvG/2)

+ Ce™ (G + *nvG2)

+ Q”YZ]ngUG

and use

l1+¢ 0?v?/2 — ¢
(1= —— ,1G 2 _ T = = —1G 2
( 1+ 9%2/2)77” Vol = =1 VL

to arrive at
(0 — Ay = —(JA2 = 2|F|'G)*nv° G /2 + 2| F| 'GP
0?v?)2 — ¢
14 6202 /2
+247gi;vG — 207 (Vn, Vi), + 2G(Vn, V),
+ 217_1UG\V77|i — 20" YV, V)).,.
Since (F - v)? < |F|*, we have
=wl=(f-6%/2)7 > 1.
Therefore, taking € = 6?/4 ensures that
020%/2 — e > 020* /4 + 02 /4 — £ > 0%0? /4.

[VIFP
[F*

' GIVu|2 + Ce™ (G + 0*nvG2)

93



94 4. HARNACK AND GRADIENT ESTIMATES

We can use Young’s inequality to estimate,
2,2
2G(Vn, Vu), < %
and inserting the last two inequalities now gives
(00— D)0 < —(JA22 = 2F| 7 G)0*o* G2 + 2| F| ' G
IVIFPP3
|E
1+ 60%?%/2
0202 /4
+ 20 wGIVn2 = 27V, Vib), — 20 (Vo, Vi),
The condition A(z,t) € I implies the bounds
G* < C|A|37 g < C,
and |F'| > r by assumption, so by Young’s inequality we have
A2 =2|F|7'G > C'G* —2r7'G > CT'GP - Cr 2.
Subsituting in these bounds, and writing v in terms of v, we obtain
(0 — A )Y < =C710%n Y% + CO*r—>v*p + 2| F| 'p~to 12
+ OOy + v%/%% + 200 " + %?;24/2
+ 2072 V2 — 207V, V), — 207V, Vi),
We have the bounds 1 < v? < 2072,
[Vnl2 < C|F|? < CL*?,

1+ 60%?%/2

' GIVl? + P

n 'wG|Vn|?

y?

+ C(O°G + *G)2)

n*Y|Vnl2

and -
VIFPE _FTE
il |F[?

<A4|F|2<Cr?
SO
(O = Ay < =C710n 2% + CO =2 + 2r g + 2001y
+ CL07r) )+ CL Py ) — 207 Vi, V), — 20 (Vo, Vi),
Finally, using n? < L*r%, we arrive at
(O — A < =CT10n 2% )2+ CLUO™*r*n ™y + OL*ry*y°
— 277V, Vi), — 207V, Vi),

Let us define )
© = sup{(t + K*r*)2¢(z,t) : (v,t) € N},
let A be a large positive constant, and assume © > A. We are going to choose A so

that this gives a contradiction.
Define

t = inf {t € [-K*r%0] : sup(t + K2T2)%@/J(',t) > A}.

Ny
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Then there is a sequence ¢; > ¢ such that ¢; — ¢ and
(t; + K*r2) 3 (25, 1) > A

for some x; € Ny, N B(0, Lr/2). Passing to a convergent subsequence, we may assume
that the z; converge to a point z € MzN B(0, Lr/2). To conclude that z € Ny we need
to find a path from the origin to z inside Q7 N B(0, Lr), bui this is easily achieved.
Indeed, for each j there is a continuous path a; : [0,1] — ©,, N B(0, Lr) such that
a;(0) = 0 and «a;(1) = z;. Since t < t; each of the paths a; maps into Q; N B(0, Lr),
so by smoothness of (; and the fact that & € B(0, Lr/2), if j is large enough the path
a; can be extended to a continuous a path from the origin to # which stays inside
QN B(O, LT).

Arguing again using smoothness, we conclude that there is a small § > 0 such
that

By (7.0) x [+
is a subset of N and contains (z;,t;) for large j. Consequently,
(t + K2r?)2u(x;,ty) — (E+ K*r)2(z, 8),
hence by the definitions of the (z;,¢;) and (Z,t) it must be the case that
(t+ K222 (z,1) = A
In particular, since A > 0 and % vanishes on 0B(0, Lr/2) and at ¢t = 0, we have
T € B(0,Lr/2) and t > 0. Therefore, making ¢ > 0 smaller if necessary, we can
ensure that
Q(8) := By (7,08) x [-6* + 1,1

is contained in N.

The function )

(1) = (t+ K*r)2(x, 1)

restricted to the set Q(0) attains its spacetime maximum at (Z,%), so by the compu-
tation above

1 1 _ 1
< (7 2,2Y3 7
0= 2(5+K2r2)%¢(x’ﬂ+<t+KT) %p(#.1)
1 1 _ 1
< = N 2 2\1p2 o 2o 3
< SV — O I )G )

+ O(T+ K*)20%(z, 1) 20 (2, D2(L207%r + L0 r*(z, 1) 7).
If (z,t) > 10C'L?0~2r, then rearranging the last inequality gives
CH0%n(z, 6)2(F + K*r*)¢°(2,1) < o(z,1),

so there holds

A= (t+ K*rH)y(z, 1) < 00 < CLY9 *r*,
If on the other hand ¢ (z,t) < 10C*L*0~?r, then

A= T+ K>):(z,1) < CKL0 %2,
Therefore, we can force a contradiction by choosing
A = Cmax{1, K}L?0 %
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for some sufficiently large C', in which case our original assumption © > A must have
been false. Combining © < A with v > 1 we conclude that
n(x, t)(t + KQTQ)%G(LU, t) < Cmax{1, K}L?0 *r*v(x,t) "
< Cmax{l, K}YL?*0*r*

for each (z,t) € N. O

2. Pseudocones

Following Brendle-Huisken [BH17][Section 6], we introduce the notion of a pseu-
docone. This is the name we give to a piece of cone whose boundary has been bowed
outward slightly, so that parallel to its axis of rotation, the boundary has a small but
definite amount of negative curvature. We define a pseudocone C(x,p,r) for each

pair of points z and p in R™"!, and each positive 7, as follows: set
1
@(3)25(5+52), s € [0,1],

and define
C(z,p,r)={(1—=9s)x+sp+7v:5€(0,1),0 <7 <rp(s), (v,p—z) =0}.

The point z is the vertex, and p is the center of the base, which is a solid n-ball of
radius 7. This ball sits in the hyperplane which is orthogonal to p — x and passes
through p. It will also be convenient to give a name to the smooth, outwardly curved
part of the boundary of C(z,p,r), so we set

S(z,p,r)={(1—=8)x+sp+1v:5€(0,1), 7 =rp(s), (v,p—z) =0}.
Observe that
dC (x,p,r) C {x} U S(x,p,r) U B(z,7),

and that near the point z, the region C'(x,p,r) is asymptotic to a cone of aperture

2tan (L>
2|p — |

LEMMA 4.4. Suppose |p — x| > r. Then the smallest principal curvature of
S(x,p,r) is at most

1 T
10[p — x>

PROOF. We can apply a rigid motion taking S(x, p, r) to the hypersurface S(0, dey, ),
where d := |z — p|. Since S(dey,0,7) is given by rotating the graph of the function

f(s) :=rp(ds), s € (0,d)

about the e; axis, at each point of its boundary, there are n — 1 positive principal
curvatures, and the remaining principal curvature is equal to the curvature of the
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graph of f. For the latter we have the estimate

_f//(s) _ —Td_2¢//(d_18>
L+ (P2 (14122 (d1s)]?)?
—rd=?

- 3
2

(I+72d=2(1/2 + d~1s)?)
< —(4/13)2rd 2.

Here we have used d~'s < 1 and d~'r < 1. Since (4/13)2 > 1/10, this completes the
proof. O

Consider positive constants » > 0 and A > 1, and let 2 be an open subset of
B(p, Ar) which contains B(p,r). It is clear that if for each = € €2, the pseudocone
C(z,p,r) is contained in €2, then (2 is starshaped about the point x. If Q is also
smooth, the smooth part of if its boundary has a globally defined outward-pointing
unit normal vectorfield v, and we have the following estimate:

LEMMA 4.5. Let Q be a smooth open subset of B(p,Ar) with the property that
C(z,p,r) CQ for each x € Q. Then for each y € 0N B(x, Ar) there holds

y—p 11
V(y) ’ > T =
ly—pl ~ VBA
where v is the outward-pointing unit normal to O N B(p, Ar).

ProoF. Fix y € 9Q N B(p,Ar). Approximating y by a sequence of points in
QN B(p,Ar), we find that

C(y,z,r) C Q.
The aperture of C(y, z,r) is at least

¢ = 2tan (%),

and the hyperplane tangent to 92 at y lies outside C(y, p,r), so we have

— — 2
() W=P) 5 o (ﬂ ¢> _ r/ _
ly —pl 2 V244 A2
Inserting A > 1 now gives the result. 0

The following is another technical result which we make use of below. It gives us
a way of characterising whether or not a smooth domain is starshaped in terms of
the curvature of its boundary.

LEMMA 4.6. Let Q be a smooth, connected open subset of B(p, Ar) and suppose
that B(p,r) is contained in ). Suppose also that, for some y € 1, the pseudocone
C(y,p,r) is not contained in §2. Then there exists a point x € QN B(p, Ar) such
that C(z,p,r) C Q, but the hypersurface S(x,p,r) makes interior contact with 0 at
some T € B(p,Ar). In particular, if Ay denotes the smallest principal curvature of
the hypersurface 9 N B(p, Ar), then there holds

1
1

L
M) < =8
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PROOF. Let us define
B:={zxeQ:C(x,pr)CQ}.

By assumption, the set 2\ B is nonempty. Therefore, since B is relatively closed in
), and €2 is connected, we conclude that B cannot be relatively open in 2. That is,
there is a point x € B and a sequence z; € )\ B such that x; — x. If the boundary
of C(x4,p,7) is in Q, then C(xz;,p,7) C Q, so there is a sequence ¥; € AC(z;,p,7)
which is such that Z; € B(p, Ar) \ Q. Passing to a subsequence, we may assume the
T; converge to a limit # € 9Q N B(p, Ar).

We recall that

80(1'“]), T‘) C {IZ} U S(xiap7 ’I") U B(pv T)a

and by assumption z; € Q and B(p,r) C Q. It follows then that #; remains at a
uniformly positive distance from both the vertex and base of C(z;,p,r) as i — oo,
and in the limit we get

T € S(x,p,r)NOQ.
The upper bound for A;(z) follows from Lemma 4.4. O

3. A class of solutions

Let v : ' = (0,00) be an admissible speed and consider an evolving embedding
of a compact manifold M,

F:Mx[0,T)— R",

which satisfies (CF), where the normal velocity is G(x,t) := y(A(z,t)). We write Q;
for the smooth open domain bounded by M; := F(M,t), and Q for the subset of
R™™ % [0,T) given by

Q:={Q:te0,T)}.
Similarly, we set

M:={M;:te[0,T)}.

Where there is no chance of confusion we forget about the embedding £’ and refer to
Q and M as solutions of (CF). We may view objects such as the principal curvatures
as being defined on M x [0,T) or on M.

The results in the rest of this chapter all apply to embedded solutions which are
rk-noncollapsed, in the following sense.

DEFINITION 4.7. Fiz an admissible speed v and let Q@ = {€ : t € [0,T)} be
a solution of (CF). Given t € [0,T), we say that )y is k-noncollapsed if for each
x € My, there is a ball of radius kKG(x,t)™! inside Q; which is tangent to M; at x. To
be precise, if we set ' := 1 — kG(x,t) " w(x, 1), then

B(z', kG (z,t)™") C Q.

The evolving embedding F', or the family of domains Q = {Q, : t € [0,T)}, is said to
be k-noncollapsed if this is true for each t € [0,T).
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By work of Andrews in the mean curvature flow case [And12], or Andrews-
Langford-McCoy for flows by a concave admissible speed function [ALM13], a solu-
tion €2 is k-noncollapsed as long as this is true of the initial domain €2y. Hence every
embedded compact solution moving by a concave admissible speed is k-noncollaped
for some k > 0 depending only on €.

In addition to noncollapsing, the results we prove here all assume that high-
curvature regions are becoming convex. We capture this by assuming the solution
is -almost-convex, in the following sense. Note that ¢-almost-convexity follows if
a convexity estimate of the form established in Chapter 3 holds. In this case the
function ¢ depends on the speed v and the solution at the initial time.

DEFINITION 4.8. Fiz an admissible speed v and let Q@ = {Q; : t € [0,T)} be a

smooth solution of (CF). Let ¢ : [0,00) — (0,00) be a non-increasing function such

that
lim @ = 0.

r—oo I

We say that Q is p-almost-convez if for each (x,t) € M there holds

Since we will repeatedly want to refer back to the same class of solutions with
the properties introduced here, let us give this class a name. We recall that inverse-
concavity means the function

A= y(AH D)
is concave on 1.

DEFINITION 4.9. Let v : I' — (0,00) be a concave admissible speed which is
such that 'y C T, and assume the restriction of v to I'y is inverse-concave. Let
Q={Q :t €[0,7)} be a smooth solution of (CF) with precompact timeslices.
We say that €2 is admissible if it is k-noncollapsed, p-almost-conver, and there is a
symmetric cone I'" € " such that

Max,t) e T, V (z,t) € M.

4. High curvature regions are locally starshaped

To ease the language somewhat in some of the proofs below, we introduce the
following terminology. We implicitly use the fact that Q, +h C Q; for every t € [0,T)
and h > 0.

DEFINITION 4.10. Fiz an admissible speed v and let Q = {Q; : t € [0,T)} be a
solution of (CF). Fiz positive constants k > 0 and A > k, let (zo,to) be a point in
M, and define 15" == G(zg,t0). Suppose [—A%r2 + to,to] C [0,T) and that the ball
B(zy, k19) is contained in €y, where

Ty = xo — Krov(Tg, to).

For each t € [—A*r2+tg, to] let U, denote the connected component of ;N B(xy, Arg)
which contains B(xj, kro). We say that Q is (k, A)-starshaped about (xo,to) if for
every t € [—A*r2 +to,to] and p € Uy the pseudocone C(p, xy, kro) is contained in Uy.
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The next theorem is the key technical result of this chapter. It tells us that an
admissible solution €2 is (k, A)-starshaped about any point in M where the curvature
is sufficiently large.

THEOREM 4.11. Let Q = {Q, : t € [0,T)} be an admissible solution in the sense
of Definition 4.9. Then for every A > k there is a constant K = K(n,~v,T", k,p, A)
with the property that if G(xo,ty) > K, then Q; is (k, A)-starshaped about (xg,to).

We make use of the following technical lemma. This is proven using general
regularity results for parabolic PDE, so we defer most of the details to the appendix.

LEMMA 4.12. Fizr > 0 and A > 0. Let Q = {Q; : t € [=A*r? + to,t0]} be a
solution of (CF) such that
Mz, t)eT"el  V(z,t) e M.

Suppose there is a point p € R™ such that B(p,r) C 4, and for each t € [—A*r* +
to, to] let Uy denote the connected component of Q0 N B(p, Ar) which contains B(p,r).
Suppose in addition that there is a positive Ky such that

G(z,t) < Kor™!

for each x € U, N B(p, Ar) and t € [—A*r? + ty, o], and let xy € Uy, N B(p, Ar/2)
be such that
G(xo,t0) > kor ™,

where ko is some positive constant. Then there is a positive constant
§ =0d(n,v, ", A, ko, Ko)
and a smooth function
u: B(0,0r) N Ty My, X [—621% +to, to] = R
such that u(zg,ty) = 0 and the mapping
X(,t) iz = 20+ x4+ u(z, t)v(zo, to)
is a local parameterisation of OU;NB(p, Ar) for each t € [—6%r*+tg,to]. Furthermore,

G(z,t) > % V (z,t) € B(0,67) N Ty My, x [—0°17 + to, to],

and for each m € N the spatial derivatives of u satisfy
D™ u|? < C(n,m,y,T', A, ko, Ko)r—2"+2,

ProOOF. With the upper bound on curvature, it is straightforward to find a § with
the right dependencies such that, locally about (xg, %), the solution is a graph over
B(0,0r) N Ty My, x [—8%r? + to, to] with uniformly bounded first derivatives. Making
0 a bit smaller if necessary, the desired lower bound for G follows from Lemma B.5,
and the derivative bounds are then a consequence of Proposition B.4. U

With the lemma in place, we are set to prove Theorem 4.11. The technique we use
was introduced in [BH17] to prove curvature derivative estimates for a two-convex
embedding evolving by the two-harmonic mean of its principal curvatures. Let us
give our argument and then afterwards discuss differences with the proof of Theorem
6.2 in [BH17].
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PrROOF OF THEOREM 4.11. Step 1: Point-picking. Suppose towards a con-
tradiction that there is a large A > x for which the statement is false. This means
we can find a sequence of spacetime points Z;, € M;, with the property that G(Zy, t)
tends to infinity, but €, fails to be (k, A)-starshaped about (Zj,;). We are going
to modify this sequence using Perelman’s point-picking trick: Let Q(x,A) be the set
of points (z,t) € M with the property that € is (k, A)-starshaped about (z,t). For
each pair of postive integers k and j, let

Upj = {(z,t) e M : t <y, (2,t) € Q(x,N), G(x,t) > 2jr,;1}.

By assumption, Uy ¢ is nonempty, since it contains (%, ;). On the other hand, Uy, ; is
always empty if j is sufficiently large, since G is bounded on the time interval [0, ;).
Therefore, for each k, there is a largest value j; € N such that Uy, is nonempty.
Let (z,tx) be a spacetime point in Uy ;,. By this process we have made sure that if
t <t and G(x,t) > 2G(xy, ty), then (z,t) € Q(k, A).

Step 2: Separating curvature scales. Set 7' := G(xy, 1) and 7}, = 7, —
krpv(xy, ). For each t € [—A%r? + t;, 1], let UF be the connected component of
Oy N B(z), Arg) containing B(x}, krg). Since 1, — 0 and ¢, — 7', we may assume
that —A?r? + t;, > 0. By definition, since (xy,tx) € Q(k,A), there must be some
e € [=A*r} +ty,t;] and a point z; € U,, such that

C(z, Ty, ki) € Uy, .
Therefore, by Lemma 4.6, there is a point g, € U,, such that
C(?)k? x;c? "frk) C UTk7

and the hypersurface S (g, x}, kry) makes interior contact with oU,, N B(z), Ary) at
some point, which we denote by 3. Lemma 4.4 tells us that the smallest principal
curvature of S(f, &}, k%) is at most —5rre|a), — Gk 7%, so we have

1 = - —
Al(ykaTk) < —E/i’l“k|$;€ — yk| 2 < rkl'

K
—  10A2
On the other hand, by the p-almost convexity property there holds

Mk Th) o P(Gyr, )
Glye, ) = Gy m)
There is a potentially large positive constant C' = C(n,~,I"”) such that
Az, t) > —CG(z,t)

holds on M, so we have

ko -1
- 10A2Tk Z _CG(yka Tk)7
which implies that G(yg, 7:) — oo. Hence by the almost convexity,
—1
A
KTy 1Y) 0.

10A2 G (yx, ) — G (Y, Tk)
from which we conclude that
G (Y, )
G(fL’k, tk)
In particular, passing to a subsequence if necessary, the point-picking construction
ensures that € is (k, A)-starshaped about (yg, 7%) for each index k.



102 4. HARNACK AND GRADIENT ESTIMATES

Step 3: Extracting a local limit. Let s, := kG (yx, ) ', and consider the
sequence of rescaled solutions QF = {QF : t € [-xk72A?,0]} defined as follows:

Qf = Slzl(Qm—l—s%t — Yk)-
We write G®) for v(A*®)), and A®) for the principal curvatures of Q*. There holds
G®(0,0) = x7!, and applying a rotation in the ambient space if necessary, we may
assume that
v®(0,0) = e,
in which case the k-noncollapsing says that the ball 9 B(—ey, 1) makes interior contact
with ME := 90k at the origin. Here v is the unit normal to
M" .= {M} . t € [-x2A%,0]}.

Since € is (k, A)-starshaped about (yx, 7%), applying the rescaling, we find that
QF is (1, s~ *A)-starshaped about (0,0). That is, if we define UF to be the connected
component of QF N B(—ey, k~'A) which contains B(—ej, 1), then

C(—ey,p, 1) C UF VpeUF, te[—r2A2%0].
Therefore, by Lemma 4.5, QF satisfies the hypotheses of Theorem 4.3 in
B(—ey, k7 tA) x [—x72A%, 0],
with p = —e;, 7 =r71, L =K = A, and 6 = 0(x, A). We may assume that A is much
larger than one. Thus, by Theorem 4.3, we have a curvature bound
G (x,1) < Ko(n, 7, ", 5, M),
valid for each
x € U N B(—ey, k'A/4), t € [—r2A%/2,0].

Since G*¥)(0,0) = k™!, QF satisfies all of the assumptions of Lemma 4.12 at (0,0).

Hence there is a positive § = d(n,v,I”, k, A) and a sequence of smooth functions
u® : B(0,0) Net x [-62,0] = R
such that «*)(0,0) = 0 and the mapping
X®OC )z z+ub(zt)e

is a local parameterisation of M} for each t € [—462,0]. Furthermore, for each m € N,
the spatial derivatives of u satisfy

|Dmu(k)|2 < C’f’_2m+2,

where C' is independent of k, and the value of G on the graph of «*) is bounded from
below by (2k)7L.

Now we can apply the Arzela-Ascoli theorem to extract a subsequence of the u*
converging smoothly to some 4. The embedding

A

X(x,t) :=x+ a(x,t)e;
satisfies X )

(0, X (x, 1)) = —G(x,1),
and as a consequence of the p-almost-convexity, has nonnegative second fundamental
form. On the other hand, we had A;(yx,7%) < 0 for every index k, so )\gk)((), 0) <0.



4. HIGH CURVATURE REGIONS ARE LOCALLY STARSHAPED 103

It follows that A; vanishes at (0,0), and since we are assuming that ~ is inverse-
concave on I'y, we can invoke the strong maximum pr1n<:1ple of Corollary 3.8. This
tells us that \; vanishes identically, and if v € ker(A) then V,G = 0. Let us define
M, = X(B(0,8) Nei, t) for each t € [—42,0].

Step 4: The rescaled pseudocone. We now want to track the pseudocone
S(Yk, ), ) under the rescaling. Recall that S(gk,z},rr) makes interior contact
with M, at y,. Observe also that since G(yy, 7) blows up much more quickly than
7’,;1 = G(xy, tg), as k — 00, the sequence y; must be approaching the vertex of the
pseudocone - otherwise, the interior contact would imply an upper bound for G (yy, %)
on the scale of r;'.

Let us write

di := si Gk — i
for the rescaled distance from y;, to the vertex of C(, x}, kry). If dp — oo, then for
large k, the rescaled pseudocone

Ck; = Sgl(C(gk, x;g? /i’l"k) - yk:)
is very close to a halfspace, and since v*)(0, 0) = e, we get that
Cr = {z € R"™ : (x,¢;) <0},

and this convergence is smooth on compact subsets of the ambient space. Since
G®)(0,0) = k! for every k, for large enough k this contradicts the fact that Cy makes
interior contact with Mg at (0,0). Therefore, the sequence dj, must be uniformly
bounded from above, and passing to a subsequence in k, we may assume that the dy
approach some limit d > 0.

To recap, whilst Cy may move around as k varies, its boundary always passes
through zero, where its normal agrees with e;, and the distance from the origin to
the vertex is positive, uniformly bounded, and converges to d > 0. Applying a
further rotation (leaving e; fixed) for each k, we may arrange that the vertex of Cj, is
approaching —des. Then, since s,g — 00, the negative curvature in the boundary of
C} is being scaled away, and the Cj must converge to a round round cone K, which
has positive aperture ¢ > 0 depending only on x and A. In addition, K has the
following properties:

e The vertex of K is at —cZel;
e The ray Ey := {sey : s € (—d, 00)} is in 0K
e The vector e; is normal to 0K at each point in Fj.

Step 5: Extending the local limit. The presence of the cone K allows us to
extend the local limiting solution M, defined in Step 3. For each o < 00, let us define
a strip

Sy i={x el |v— (7, e)es] <8/2, (w,e5) €[0,0]},
where ¢ is the constant appearing in Step 3, which comes from the technical lemma.
We claim that for each o < oo, there is a sequence of smooth functions

uko) . S x [—02/4,0] = R
which satisfy u¥?)(0,0) = 0, are such that the maps
X (2,t) i= 2+ u™) (2, t)es
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locally parameterise M, and which converge in C* to a limit 4(”). Moreover, G >
(2k)~! on graph(a(®)(-,t)) for each t € [~6%/4,0]. We use an upper (k,o) to denote
quantities on the graph of u*), while quantities with a hat and upper (o) are defined
on the graph of (7).

We have already proven the claim for ¢ < §/2 in Step 3, so suppose for a contra-
diction that o9 > §/2 is the largest constant for which the claim holds. The family
of hypersurfaces M7 := graph(a(°0) (-, )) solves

0,1 (z, 1) (eq - D0 (1)) = =G (x, 1),

and the lower bound for the curvature G(®) > (2k)~! and convexity estimate ensure
that the second fundamental form of Mt" ° is nonnegative. On the other hand, M{)’ 0
is exterior to K ; the boundary of K contains the ray Fs parallel to eg; and es is in
TOM(‘)’ 9. These properties mean that the function

f(s) :== @99 (se5,0)
is nonnegative and satisfies f'(0). Since f is also convex, we have f = 0, which is
the same as saying that M{° contains the line segment E9° := {sey : s € [0,00]}. In

40

particular, e, is tangent to Mg ° at each point z € EJ°, and lies in the kernel of the
second fundamental form. Hence, by the strong maximum principle of Corollary 3.8,
we have V,,G(9)(-,0) on EJ°, and consequently

G@(-,0) = G (0,0) = x

on E35°.

In particular, é(go)(UOQQ, 0) =k~

2, € graph(u®70(-,0))

! so there is a sequence of points

which converge to oges, and are such that G*9)(z;,0) — k~'. Consequently, for large
k, the curvature of MF at (2, 0) is approximately x~!, and by the point-picking, QF
is (1, k 'A)-starshaped about (z,0). Now we can proceed almost exactly as in Step
3 to get a local limit near (oges, 0). Indeed, the technical lemma (Lemma 4.12) shows
that near (2;,0), MF can be expressed as an evolving graph over the set

B(0,6) N o™ (2, 0)F x [—462,0].

Therefore, since z, — oges and u(k)(zk,()) — ey, for sufficiently large k there is a
smooth function

a0 - B(0,6/2) Net x [—62/4,0]

which gives a local graph representation of M}, and satisfies ﬁ(’“"o)(zk, 0) — 0. More-
over, the technical lemma says that all of the derivatives of the @) are bounded
independently of k, and the value of G on the graph of @#7°) is bounded from below
by (2r)71.

Now, where their domains of definition overlap, the functions u*9) and !
agree, so for o’ := 09 + /2, we can define

w9 (3, 1) = uF0) (z,t)  (x,t) € Sy, X [—02/4,0]
T Yakeo) () (x,t) € Bloge, 6/2) Net x [—62/4,0).

kvaD)
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We have bounds on all of the derivatives of u*“), and G is bounded from below by
(2k)~! on its graph, so passing to a subsequence in k, we get a contradiction to the
maximality of gy.

Step 6: Drawing a contradiction. Let o > 0 be a large constant to be chosen
in a moment, and let

NIg = graph(i@)(-,1))

for each t € [—§2/4,0], where 4*) is the smooth limiting function constructed in the
previous step. We saw that the zero timeslice M{ contains E;N.S,, and M{ lies in the
complement of K. In particular, this means that at the point z := Zey, Mg touches

OK from the outside. On the other hand, there is a purely geometric constant C' such
that the principal curvatures of the hypersurface

{x € OK : (x,e5) = 0/2}
are all bounded from above by Co™!, so we have
G9)(2,0) < C'(n,~,T",0)o .

Since we showed above that G(U)(-,O) = k! on Fy N S,, choosing o sufficiently
large depending only on x and C’, we obtain a contradiction. Hence, our original
assumption must have been false - there is no such sequence (7, tx). U]

The preceding proof diverges from the proof of Theorem 6.2 in [BH17] at Step 3.
In both cases a local limiting solution is obtained by rescaling about ¥, and \; can
be shown to vanish identically on this limit by a strong maximum principle argument.
However, the special structure of the cylindrical estimate in the two-convex case then
implies that the remaining principal curvatures are all equal, so the limit is a piece
of a cylinder with one flat direction. In particular, its curvature is constant, and by
induction, the limit can be extended arbitrarily far out in space. On the other hand,
the limiting cylinder is supposed to contain a cone of positive aperture by the same
argument as in Step 4, which is absurd.

The cylindrical estimate for a general k-convex solution is not strong enough to
conclude from A; = 0 that the local limit has constant curvature. By tracking more
carefully the rescaled pseudocone tangent to vy, and using the inverse-concavity of
the speed, we were able to extend the limit along a ray in the boundary of &', which
turned out to be sufficient. In the end, the contradiction comes from the fact that
the final timeslice of the local limiting solution cannot make exterior contact with
the boundary of a round cone. This is interesting, since the same kind of property is
used by Haslhofer-Kleiner to prove their global convergence theorem (which implies a
global Harnack inequality) in [HK17a][Theorem 1.12], and by Perelman to obtain a
similar result for compact three-dimensional Ricci flow [Per02][Section 12]. In each
of these two arguments and ours, noncollapsing and almost-convexity are combined in
different ways, but at a crucial step the strong maximum principle is used to say that
the final timeslice of a solution with ‘nonnegative curvature’ cannot coincide with (or
in our case make exterior contact with) a round cone.
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5. A Harnack inequality for the curvature

We now know that on an admissible solution, about any point (xg,ty) of suffi-
ciently large curvature, there is a large connected component of the solution which
is starshaped. The curvature bound for radial graphs then tells us that over this
connected component, we have an upper bound for the curvature in terms of its value
at (CC(), to)

LEMMA 4.13. Let Q = {Q, : t € [0,T)} be an admissible solution in the sense of
Definition 4.9. Then for every A > k there is a positive K = K(n,~,1", k, o, A) with
the following property. Suppose ry"' := G(x0,t0) > K, and for each

t € [—A%rd 4 to, to]

let Uy denote the connected component of 2 N B(xg, Arg) which contains B(xy, kro),
where xfy = xo—krov(zo,to). Then for each x € OU,NB(0, Arg) andt € [—A*r2+to, to),
there holds
G(z,t) < C(n,v, T, k)A?ryt,
Proor. We may assume A > 100x. By Theorem 4.11, we can choose K so that

if rg' > K, then Q is (k,4A)-starshaped about (zg,%p). By Lemma 4.5, this means

that
T — x 1

>
|z —2p] T 45

x € 8Ut N B(ﬂ?g, 4ATO), t e [—16A27”(2) + to, to]
Therefore, by Theorem 4.3, if ¢t € [—A*r§ +to, to] and x € OU; N B(xy, Arg) then there
holds

v(z,t) - A1

for each

G(z,t) < C(n,v, T, k)A?*ry?t,
U

Thus the technical lemma implies a pointwise estimate for all of the derivatives
of A which is valid at points of large curvature:

THEOREM 4.14. Let Q = {Q; : t € [0,T)} be an admissible solution in the sense
of Definition 4.9. Then there is a constant K = K(n,~,T", k, ) with the property
that if G(xo,t9) > K, the estimate

|va|2(£C0, tO) < C<n7 k? Y5 F/7 K>G(x07 t0)72k72
holds for each k € N.
PRrROOF. Let K be the constant from Lemma 4.13 with A = 100x. For each
t € [—A°rg + to, to]

let Uy denote the connected component of €, N B(zg, Arg) which contains B(z(, ko),
where x{, = xo—krov(zo, to). Then for each x € OU;NB(0, Arg) and t € [—A*r2+tg, to]
there holds

G(zo,t0) < C(n, v, TV, k)ry*.
Applying Lemma 4.12, we conclude that there is a small positive § = §(n,~, 1", k)
and a smooth function

w: B(0,06r0) N Ty My, x [—6%rE 4 to, to]
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which represents the solution as a graph near (zg,%y). In particular, u(0,0) = 0, the
map
x> o+ x + u(z, t)v(xo, to)

is a local parameterisation of M, for each t € [—d%r3 + o, to], and the derivatives of u
at (0,0) satisfy

|DFul?(0,0) < C(n, k,~,T", k)rg 2.
The quantity |V’“A|§(x0,t0) is bounded in terms of the derivatives of u of order at
most k + 2 at (0,0), so we obtain

’va|Z('TO; to) S C(n’ k.’ fy’ F/’ 5)7’072]{:727
as required. ]

We would now like to establish that, in a large backwards neighbourhood around
any point where the curvature is large, we also have control on the curvature from
below. This is the key to establishing derivative estimates which are valid on increas-
ingly large subsets of spacetime, and not just at a point or on a small neighbourhood.

THEOREM 4.15. Let Q = {Q; : t € [0,T)} be an admissible solution in the sense
of Definition 4.9. Then for every A > K there is a positive K = K(n,v,I" Kk, ¢, A)
with the following property. Suppose ry" = G(x0,ty) > K, and for each
t € [—A%rd 4 to, to]

let Uy denote the connected component of Qy N B(xg, Arg) which contains B(xy, kro),
where x}y = xog—rKrov(To, ty). Then for each x € OU,NB(0, Ary) andt € [—A*r3+tg, to)
there holds
G(x,t) > e(n,v, T, k)N 1rg
Proor. Fix A > 100k. Let p be a small positive constant. Suppose there are
sequences of spacetime points (xy, tx) and (yx, 7¢) in M with the following properties:
o 1.l i=G(ap, b)) — 00;

o 5, = Glyn, ) = uG(p, t);
o 7, € [—A’r} +to, to) and y;, € OUE N B(x), Ary,).

For each t € [—A%r? +tg, o], UF denotes the connected component of Q; N B(x},, Ary,)
which contains B(x}, k1), where 2} := xp — kryv(zy, tg). Using these assumptions,
we are going to prove a lower bound for p of the form

> c(n,y, T K, @) A

This proves the theorem since, for any u violating this inequality, no sequence satis-
fying the above properties can exist.
We first observe that

[ — 2kl < [yh = ynl + lyn — 2l + fox — 2,
< kS + (A + K)ry,
= (k(1+p ") + A)rg,
and B(y,,, ksg) = B(y,, ki~ 'ry.), so for Ag := 10(k(1 + 2u~1) + A) there holds
B(yy,, ksk) C B(x, Aory).
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For each ¢t € [—AZr? + ty, 1], let Uto’k denote the connected component of 2, N
B(z), Agry,) which contains B(z}, k). Notice that UF is always a subset of U>",
since Ag > A. Also, since 7“,;1 blows up as k — oo, if k is sufficiently large then
Theorem 4.11 tells us that C(x, ), kry) C Uto’k for every x € Uto’k. In particular,

since
yi € OUE N B(x}, Ary) C OUY* N By, Ary),

the line segment 2}y is in U%%. Tt follows that each point y € B (Yp, ksk) can be
connected to x}, by a path which lies in 2, N B(z}, Ag7x), namely, the path

i U iy, U iy
This means that B(y;,, ksp) C USF.

The idea now is to let B(y,, ksi) evolve by the flow, so that it remains inside the
solution. Then if 4 is small, there will be a large ball By, inside €, at a controlled
distance from x. If k is sufficiently large then the solution is locally a graph over the
boundary of this large ball, which means that on a large spacetime neighbourhood
around By, the curvature is bounded from above on the order of the inverse of the
radius of By. If By, is too large relative to ry, (i.e. p is too small), we get a contradiction
to the fact that G(xx,t,) = r; "

Let
2.2

RS
27 (1,....1)
so that the boundary of B(y;, Rk (t)) is a solution of the flow, and by the last paragraph
and the avoidance principle, B(y}, Ri(t)) € U>* for all 7, < t < Ty. We have

Rk(t)z = /4325%—2’)/(1,...,1)@—7']{), tSTk = Tk—|—

K252 K2
Tp >ty — A2 + Wk,” =t + <m - AQ,uQ)Sz,
so let us assume p is small enough to ensure
K’ 2 2
) A > 0.

Then T}, > tg, so By, Ri(t)) still has positive radius at time t = ¢;. In particular,
By, Ri(tr)) C UL,
We have the following lower bound for Ry(t) at time ¢ = ¢:
Ri(ty)? = p2k%rg — 29(1, ..., 1) (ty — 72)
> (k% = 29(1,..., D)AHr?

= 7.
We recall from above that |z — y;.| < Agri/10, so if we set
Al = ’I’]_le,

then there certainly holds

Also, since
By, MRi(tr)) C B(xy, Aory, + Arkse),
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if we set Ay := 10(Ag + p~'Ayk), then
B(yp, M Ri(tr)) C B(x), Aary).
For each t € [—A2r? + to, t] let UP* be the connected component of Q, N B(x, Ayry)
which contains B(x}, kry). By the last paragraph
B(yi. Re(t) € U C U™
We are going to show that if k is large then dU" is a radial graph over B(y, Ry(t))
inside
B(y;ﬁ Ale(tk)) X [—A%Rk(tk>2 + 1, tk].
Since zy, € B(yp, A1 Ri(tx)/10), this will imply an upper bound for the curvature at
(l’k, tk> .
We know by Lemma 4.13 that if k is sufficiently large,
G(x,t) < Cn, v, TV k)AL
for each = € QU™ N B(x}, Aory,) and t € [—A2r2 + ty,t]. Suppose for a contra-
diction that there is a time #;, € [~A2r? + t,t;] and a point 2, € U;}c’k such that
C(zk, Yy, Ri(tr)) is not contained in Ufkk Then by Lemma 4.6 there is a point
Zr € Ui’k such that the hypersurface S(Zk, v, Ri(tx)) makes interior contact with
GUti kB ()., Aory) at some point, which we denote by a. In particular, by Lemma
4.6 there holds .
A (a, tr) < —ERk(tk”ik — 7
Since Z; and y}, are both in B(x, Ayry) we can bound

2k — yil < 2097y,
and Ry(tx) > nrg, so there holds

N
40A3

It follows that A (g, %)) tends to —oo as k — oo, and since
G(a’kv gk) > c(n, e 1—‘/)|14| (dk‘a fk) > C(TL, e F/) |)‘1|(5’/€7 gk)

it must be the case that G(ay, ;) — oo. Therefore, by the almost-convexity property,
given any € > 0 there holds

M)  o(Glartr) o

M (g, t) < —

G(dknfk) - G(dk)fk)
for every sufficiently large k. We conclude that
_ n _
—er ' < 40A%rkl

for all sufficiently large k, but this is a contradiction if ¢ is too small. To recap, we have
shown that for each t € [—=A2r2 + 4, #;] and z € UP*, the pseudocone C(z, v}, Ri(t1,))
is contained in Uf’k.

Since B(y, A1 Ry(ty)) C B(x), Asrg) and

ARy (te) < Aikrsg < Aory,
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we can say in particular that if k is sufficiently large, then for each 2z € Uf’]C N
B(y}, AiRi(t1,)) and t € [—A?Ry.(tx)* + t, tx] there holds
C(2, s, Ri(tr)) C UP" 0 B(yp, Ay Re(t).
Invoking Lemma 4.5 we find that for each
x € QUMY N By, A\Ry(ty,)),  t € [~A2Ry(t)? + ty, ty]

there holds .
T yiﬁ > 1
[z =yl — V5
It follows then from Theorem 4.3 that for each

v € QUM 0 By, MRi(th)/4), ¢ € [=AJRy(t)*/2 + by, 4]
there holds G(z,t) < C(n,~,")AR(tx)~'. We chose A; large enough to ensure that
z € B(yy,, A1 Rk (tx)/10), so in particular,

7’1;1 = G(l‘k,tk) < C(n;’}/a F/)A%Rk(tk)il'

v(x,t) - AT

By definition
A% = n_QAg,
and we know that Ry (tx) > nrg, so
A Ry(te) ™ <> Agry
and there holds
it < Cn,y, Dy 2 Agry
Let us write .
L=—.
TN
We recall the definition of 17 and insert the definition of L:
n=p k> —2y(1,...,DA? = (L*k* — 29(1,...,1))A%

Suppose L > 10x~1v(1, ..., 1)% so that we can estimate

Ii2

> —[2AZ
=7

Similarly, using the definition of Ay we can estimate
Ao = 10(k(1+2u7") + A)
= 10(k(1 +2LA) + A)
< 100k LA
as long as L > k! and A > 1. Substituting these bounds back in we get
1< Cln,y, T Af
< O(n,v, TV, k)L A0 L2A?
=C(n,y, IV, rk)ut.
Hence there are two cases: either

L > max{10s 'y(1,...,1)

N

KT}
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and p > ¢(n,7v,T", k), or else
L < max{10s 'y(1,..., 1)%, k1)

and by the definition of L there holds p > c¢(n,v,x)A~!. Putting the two cases
together we get the desired estimate,

p>c(n, v, T, k)AL
0

As a corollary we obtain the following result, which in some sense serves as a
replacement for the exterior noncollapsing estimate available for mean curvature flow.

PROPOSITION 4.16. Let Q = {Q, : t € [0,T)} be an admissible solution in the
sense of Definition 4.9. Then for each A > k there is a constant K = K(n,v, 1", Kk, ¢, A)
with the following property. If (zo,to) € M is such that ry* := G(zg,to) > K then
for each t € [—A?r? + to,to], the set

Qt N B(Io, ATO>
18 connected.

PRrOOF. Fix A > 1. It suffices to show that, for an arbitrary sequence (x;,t;) € M
satisfying rj_l = G(xj,t;) = oo, if j is sufficiently large then

Qi N B(Z’j, AT']')
is connected for every t € [=A*rF +t;,1;].
Fix A > A to be chosen in the course of the proof. We first rescale:
Qf = T]'_I(Qr]?tﬁj — ), t € [~r;?;,0].
We may assume j is so large that [—AZ2 0] is contained in [—7“]-_215]-,0]. For each

t € [-A2,0], let U/ denote the connected component of Q) N B(0, A) which contains

r ' (B(a), kr;) — x;), where @ := x; — krju(x;,t;). Then, if j is sufficiently large

relative to A, Theorem 4.15 tells us that
G(x,t) > co(n,v,I", k)A
for each z € U and t € [-A2,0]. Let us define
fi(t) = dist(9U7 , 0),

and observe that this function Lipschitz continuous on [~A2,0]. At a time of differ-

entiability ¢ for f;, if z € 9U? N B(0, A) is such that f;(#) = |Z| then there holds
£ < ~Gla,1) <~k
Since f;(t) — 0 as t — 0, we conclude that at time ¢ = —A2?, U/ contains the ball
B’ := B(0, ¢oA).
Let us define y; to be the image of z; under the rescaling, i.e.,

yj = 7"]71(:1:; — ;).
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We may assume A > 2k so that each of the balls B(y;, x) is contained in B(0, A).
We claim that if j is sufficiently large and x € Q2 N B’ for some 7 € [—A?% 0] then
7;T C Q2N B'. In fact we prove the stronger statement that

C(x,y;,k/2) C QU NB.
Observe that if x € QY N B’ then there is a small positive p such that
B(z,p) C QN B.
We know by the previous paragraph that B’ C §)_j., so if it is the case that
Cla,y;,5/2) & BN B,
then there must be some final time 7 < 7 such that
C(z,y;,r/2) C UL NDB.

In particular, 0C(z, y;, k/2) touches 8Q£HB’ from the inside. Let the point of contact
be denoted by y. '

Since B(z,p) and B(y;,x) are both contained in €. the point y must lie in
S(x,yj,k/2). Furthermore, there is a path from y; to y which stays inside the pseu-
docone, so y and y; are in the same connected component of Qj% N B’, which means
that y € ﬁUg. On the other hand, by Lemma 4.13 we have an upper bound for the
curvature on aUg which is independent of j, so the almost-convexity property implies
that if 7 is large then the second fundamental form of the solution is becoming non-
negative at (y,7). Since the smallest principal curvature of S(z,y;, x/2) is bounded
from above by a negative constant independent of j, if j is large then we have a
contradiction to the interior contact at y.

To recap, we have shown that

5 € Cla,y;,5/2) C BN B

for every z € QJ and 7 € [~A%0]. In particular, this means that Q/ N B’ has a
single connected component for each ¢t € [—A?, 0], provided that j is sufficiently large.
Therefore, if we take

A>citA,

then B’ = B(0,A) and we have that Q] N B(0, A) has a single connected component for
each t € [—A?,0], provided that j is sufficiently large. This completes the proof. [

Combining the last result with the upper and lower curvature estimates in Lemma
4.13 and Theorem 4.15, we finally obtain the following Harnack inequality. For the
mean curvature flow there is a result of this kind in [HK17a], but the method used
there does not yield any information about how the constants depend on A. It would
be interesting to know whether the dependence of the upper bound on A can be
improved.

THEOREM 4.17. Let Q = {Q; : t € [0,T)} be an admissible solution in the sense
of Definition 4.9. Then for every A > k there is a constant K = K(n,v,T", k,p, )
with the following property. If ry' := G(zq,t0) > K then for each

(z,t) € MN (B(ro,Aro) w [—AZ2 4 to,t0]>,
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there holds
C'_IA_ITO_1 < G(z,t) < C’A27“0_1,
where C'= C(n,v, ", k).

As a consequence, we obtain higher derivative bounds by essentially the same
argument used to prove Theorem 4.14.

COROLLARY 4.18. Let Q = {Q; : t € [0,T)} be an admissible solution in the sense
of Definition 4.9. Then for every A > k there is a constant K = K(n,v,T", k,p, )
with the following property. If ry' := G(x0,t0) > K then for each k € N and

(z,t) € MN (B(xO,ArO) x [~ A2 +t0,t0]>,

there holds
IVFAP (z,t) € Cn kv, T k)rg 2,






APPENDIX A

Semiconvex functions

Let (M, g) be a smooth Riemannian manifold, and U C M an open subset. We
say that f : U — R is semiconvex if there is a smooth function p : U — R such that
f +pis convex. We say that f is locally semiconvex if for each x € U there is a small
ball around x on which f is semiconvex.

Alexandrov showed that a convex function on an open subset of Euclidean space
is almost-everywhere twice differentiable (see Section 6.4 of [EG15]). Since a semi-
convex function is the difference between a convex and a smooth function, semiconvex
functions also have this property. We also have the following result, which is proven
in Section 6.3 of [EG15].

LEMMA A.1. Let U be an open subset of R" and suppose f : U — R is convex.
For each pair of indices i and j, there is a Radon measure p;; on U such that for

every p € CZ(U),
02
R RO

Moreover, the density of the absolutely continuous part of ju;; is %.

The hypothesis on f can be weakened to local semiconvexity using a covering
argument. Hence we can prove the following:

LEMMA A.2. Let (M, g) be a Riemannian manifold and consider a compactly sup-
ported locally semiconvex function f defined on M. Then for each smooth vectorfield
V on M, there is a Radon measure p with the property that

/ V2LV, V) duy + / ody — — / Vilp- Ve V)Y, f dy,
M M M

holds for every ¢ € C3(M).

PrOOF. Let {U,} be an open cover of the support of f such that each U, admits
a coordinate chart (so we can identify U, with an open subset of R"). Let {(,} be a
family of nonnegative smooth functions such that (, is compactly supported in U,,
and the (, are a partition of unity on sp(f). Composing f with a coordinate chart
yields a locally semiconvex function on Euclidean space, so by Alexandrov’s theorem,
f is almost-everywhere twice differentiable. In addition, for each pair of indices k
and [, the previous lemma tells us that there is a (singular) Radon measure p¢, on
U, with the property that if ¢ € C2(U,) then

0*f a 0%
/Ua C@xkaxl de + /Ua ¢ dpi = v, 0xk0z! fdz.
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Since f is locally Lipschitz we may also write this as

o _ ¢ of
/ Ca b o+ y, i = /U o 0t

If V is a smooth vectorfield defined in U,, we apply this formula with

¢ = CpViVi/det g

to obtain:

82
/ C“‘pa kg VRV detgdr + [ CupVFVI/det g dpg
U rrox U
G
= 8C eVEV! fl\/detgdx
—/ C—i(govk\/detg)vla—f\/detgdx
U Oé\/detgam’“ ozt
e V' 0 \/det dx
o PV ok ol

= / OVVIV Vil dp — / Co div(@V)VIV, f dp
Ua

o

CatpVEVLVIV f dp + Cagol—‘km 5 leVm\/det dx,
Ua

We expand the divergence as div(pV) = Vkvk(p + goVka and rearrange to get

Ca VAV V) dp+ | CapVPVI/det g dpd,
Ua Uq

- / NV SViGadi — | VIV du

« U(X
Cap (Vi VIV VEY VYV, f dp
Ua
= / CVEVINLIViCadu — | (G Vi(e - V@ V)V, fdu.
« UO(

Summing over «, we obtain

/ VAV, V) dp+ Z/ CapVEVE/det g du,
M o Uan

. / Vilo-V ® VIV da,
M

so it suffices to define
=X / GV V! detg -y
— Junu,

for each measurable U C M.
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This integration-by-parts formula implies the following inequality, which is used
in the proof of the convexity estimate in Chapter 3. Here v : I' — R can be any
smooth symmetric function which is elliptic (increasing in each of its arguments).

LEMMA A.3. Let M be a smooth hypersurface with principal curvatures in I.
Suppose [+ M — R is locally semiconver and @ : M — R is smooth, nonnegative,
Lipschitz continuous and compactly supported. Then there holds

[ enstans— [ e rdn [ 99,1
M M M
where p denotes the induced measure.

PROOF. It suffices to consider p € CZ(M), since the general case then follows by
approximation. Let {U,} and {(,} be as in the last proof, but where the (, now form
a partition of unity on sp(p). Consider a fixed U, equipped with coordinates {z'}
and let {e'} denote the associated smooth frame of coordinate one-forms. Since 7 is
increasing in each of its arguments the mapping

(w,w) = Y (w,w) =Y ww,

defines a smooth inner product of one-forms, so we can apply the Gram-Schmidt
algorithm to produce from {e’} a smooth frame {¢'} of one-forms such that

y(e' ') =69
We now define a local frame {é;} for the tangent bundle by the condition
&'(e;) =0
With respect to this basis,
=4 d)Eeeg =) &8,
SO We can express Z
ALf =39ViVf =) Vf(eé).

Since ¢(, is nonnegative, we can now use the result from above to estimate
| et tin=3" [ o0 p(e e dn
M — Ju
< Z/ PCaV2f(&,E) du+ Z/ ©Ca dpte,
i YM i JM
b Z/ Vi(¢la - & ® &)V, f du
— Jum

= —/ Vi(pCo - 3)V, f dp.
M
We thus have
/ SCalh f i < — / PGV ATV f dpt / SV (), dp,
M M M
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and since this is true for every a we can sum up to obtain

[ ensins— [ Vaitdn- [ 40V, 1dn
M M M



APPENDIX B

Regularity of graphical solutions

In this section, we establish a number of technical results for graphical hypersur-
faces moving by a concave function of the principal curvatures. The graph condition
allows us to represent the solution purely in terms of a scalar function, which can
be shown to satisfy a fully nonlinear parabolic equation. Using the regularity the-
ory for such equations, it is then possible to establish bounds for derivatives of the
curvature. The results here form the technical basis needed to prove the curvature
derivative estimates in Chapter 4.

What follows is the famous Krylov-Safonov estimate for solutions of linear para-
bolic equations with bounded coefficients [KS80b|[Section 4].

THEOREM B.1. Let u: B(0,1) x [-1,0] = R be a C*' solution of the equation
O = a”(z,t)D; Dju + b (z,t) Dyu + f(z,t)
with a¥, b and f bounded. Suppose the equation is uniformly parabolic, meaning that
MEP < a(z,1)&&; < AJEP,

and that

sup bz, t)| < K.
B(0,1)x[~1,0]

Then for each 6 € (0,1) there holds

u(z,s) —u(y,t
sp MBSOl oy ()
(2,8) (1) €B(0,0)x[-0,0] | T — Y|* + [s — 2|2 B(0,1)x[~T,0]

where o depends only on n, X and A, and C depends on all of these quantities, and
additionally on K and 6.

The next theorem was proven independently by Krylov [Kry82][Theorem 2.1] and
Evans [Eva82|[Theorem 1]. Both of these works make essential use of the Krylov-
Safonov Holder-estimate. We have not tried to state the theorem in the fullest possible
generality - the following version suffices for our purposes.

THEOREM B.2. Let u € C*(B(0,1) x [—1,0]) be a solution of the equation
Ou = ®(D*u, Du,u, x),

where ® € C?(U x B(0,1)), and U is an open subset of Sym(n) x R" x R. We assume
that the equation is uniformly parabolic, in the sense that there are positive constants

A and A for which

0P
MEP <
€ < 52

(Aap) <, I)gzgj < /\|§|2
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for every (A, p,z,z) € U x B(0,1) and £ € R". We also assume that F is conver in
its first argument, by which we mean that
0?d
3Aij8Akl
holds for all (A,p,z,x) € U x B(0,1) and T € Sym(n), and finally, that there is a K
such that

(Avpa 2, x)Eka‘l Z 0

[®llc2wxBo,ny) < K.
Then for each 6 € (0,1), there holds

(Iﬁtu(l’,S) - @u(y,i)l | [Pz, s) - DQU(y;t)!) <c
|z —yl* + s — 12 |z =yl + s — 1>

sup
(z,8)#(y,t)€B(0,0)x[—06,0]

where o depends only onn, A\, A, K, and

sup  |Owu| + |D?u| + |Dul,
B(0,1)x[—1,0]

and C' depends on all of these same quantities, and on 6.

A standard bootstrap argument employing the Schauder estimates for linear par-
abolic equations (see for example [Lie96][Theorem 4.9]) now yields higher regularity:

COROLLARY B.3. Let u and ® now be smooth functions, which otherwise satisfy
all of the same assumptions as in the theorem. Suppose in addition that for each
k € N, the C*-norm of ® over the set U x B(0,1) is bounded by a constant K.
Then, for each k > 3 there is a constant Ly depending only onn, A\, A, Ky_1 and

sup Q| + | D*u| + | Dul
B(0,1)x[~1,0]

such that the C*-norm of u over B(0,1/2) x [—1/2,0] is bounded by Ly,.
Now we will apply the general results stated above to graphical hypersurfaces
moving by curvature. Let v : I' — (0,00) be an admissible speed, which we also

assume to be concave. If M is a smooth hypersurface with principal curvatures A € T’
then we write G(x) for y(A(x)).

PROPOSITION B.4. Fix a positive constant v and consider a smooth function
u: B(0,7) x [-r%,0] = R,
where B(0,r) C R™. Identify R"™ with 6#+1 in R™ 1 and suppose the family of hyper-
surfaces defined by
F(z,t) ==z +u(z,t)e,1, (z,t) € B(0,7) x [—r%,0]
solves the equation
(O,F(x,1))* = =G(x,1).
Suppose further that
V(l'7t) " Entl > 97 |U| < L’l“,

where v is the upward-pointing unit normal. Finally, suppose that for each (x,t) €
B(0,r) x [—r%,0] we have upper and lower curvature bounds and curvature pinching:

Kylr ™ < G(x,t) < Kyr?, Az, t) eI" €T
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Then for each k € N and (z,t) € B(0,r/2) x [—r?/4,0] there holds
|DFul?(z,t) < C(n, k,~,1",0, L, Ko, K{)r~2+2

Equivalently, for each k € N and (x,t) € B(0,7/2) x [—r%/4,0] there holds
|VkA|§(x,t) < C(n,k,v,T",0, L, Ko, Ky)r—272,

where g denotes the induced metric on the graph of u.

PRrROOF. If we can prove the estimates for » = 1, then the general case follows by
scaling, so let us assume r = 1. In order to apply the regularity theory for scalar
parabolic equations, we need to convert the evolution equation for F' into an equation
for u. For this we need expressions for the metric, inverse-metric, and normal in terms
of u:

Gij = 0ij + DjuDju;
DiuDju
1+ |Du\2;
—Du+ e,y
It follows that the coefficients of the second fundamental form and Weingarten map
can be expressed as:

AZ] = )
1+ |Dul?
From these formulae, we see that

(O F (x, 1)) = =G (x,1)

gij = (Sij

DyuDyu ) DyDju

1+ |Dul? ) \/1+ [Dul®

holds if and only if

Ou = — 1+\Du!2fy(— ((5@- -

DiuDku> DyDju >
1+ [Dul?> ) \/1+ |Dul?)

Note that if A is any diagonalisable matrix with eigenvalues A in I'; we define y(A)
to be y(A). The matrix g"*A4y; is not, in general, symmetric, and it is convenient to
replace it with a symmetric matrix having the same eigenvalues. To achieve this we
borrow a trick from Urbas [Urb91|[Equation 2.21] and define

DZ'UD]‘U A
1+ [Dul(1 + /1 + [Dul?)’ Y

Then Ay is symmetric, and since P = g%, one can show that v is an eigenvector of

Pij =0y — = PipAn P

g% Ay; with eigenvalue \ if and only if P~'v is an eigenvector of A with eigenvalue .

Since the value of v depends only on the eigenvalues of its argument, we may write
Dleu )

— T P

1+ [Dul?”

Ou=—+/1+ |DU|27( — Py,

The uniform graph property implies that

V1+ |Dul2 <67,
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so there is a constant C' depending only on é such that
C™oy; < gy < Céyy, C™oy; < g¥ < O
These bounds imply that
|D*uf* < C(O)IA[* < C(n, . I", 0) K7,

and by assumption

|8tU| = v/ 1 + |DU|2|G’ S Q_IKI,

|Owu] + |u| + |Du| + |D*u| < C(n,~,T',0, L, K;).
Let us define functions

P:B(0,2v672 —1) — Sym(n)

so we have

bip;

TP+ VT PP

and
U : Sym(n) x B(0,2v6=%2 — 1) — Sym(n)
(A,p) = Palp)—-2 P, (p)

VIFhP
Let U be the preimage of the set
{SeOT": (2Ky) ' < ~v(9) < 2K}

under W. Then on the set U(U), the derivatives of v up to all orders can be bounded
purely in terms of n, Ky, K; and I, and this implies that all of the derivatives of

d: U HU) - (0,00)
(A7p) = —’y(—\I/(A,p))

are bounded as well. Also, ¢ is convex in A, since W is linear in A and + is concave.
Next we want to verify that the operator

®(D*u, Du) := —v(—V¥(D?*u, Du))

is uniformly elliptic. To this end, we fix A and p and compute

90 0 ( An ;b)yq_w@&p»

—(A,p) =

= (P
0Ap, 0Apg V14 |pl?
1 -
PP (—W(A,p)),
ENTE p Py (=9 )
and so find that for each £ € R™,
0P 1 y
—A’pé’f:—f}/m _quap PfiP§~ZCTL,’}/,F/,9 52'
8qu( )épSa T (—W(A, p)(PE)i(PE); = c( )]

Hence u and @ satisfy all of the hypotheses of Corollary B.3 in B(0,1) x [—1,0].
We conclude that for each k£ € N there holds

|U|Ck(B(0,1/2)x[—1/2,0]) <C(n,k,7, .6, L, Ko, K),
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and this implies that for each k& € N, on the graph of u restricted to B(0,1/2) x
[—1/2, 0] there holds

IVFA2 < C(n, k,~,T",0, L, Ko, K).
]

The last result assumed a lower bound for G over the domain of u. If we only
assume a lower bound for G at the spacetime origin, the result still holds on a small
neighbourhood.

LEMMA B.5. Let u and F' be as in Proposition B.4, except that we only assume
the lower bound
G>Kylrt
to be true at the point (x,t) = (0,0). Then there is a positive
(5 = 5(71, Y, F/, 0, K(), Kl)

such that
inf G > (2Ky) 'rh.
B(0,6r)x[—§27r2,0]
PrROOF. We can assume r = 1, since the general case then follows by scaling. We
are going to apply the Krylov-Safonov estimate to the function v := —d;u. As before,
we write

Dleu >

6ot =2 { - o

Differentiating the equation for u in time gives

at’U = @(\/ 1+ ‘DUPG)

Du - DO -~ 5
— G2 4Py Py Dy Dydsu — 250, Py Py Dy Dy

1+ |Dul?

. 1
— /14 |Du|*4" Py P Dy, Dyu - O,

1+ [Dul?

Using the one-homogeneity of v we find that the last term is equal to

g Du - DO Du - Do
1+ |Du|2ﬁ”PikPljDleuu—tu3 — GM,
(1+ |Dul?)? 1+ |Dul?
so we have
Du - Dv

Oyv = 49 Py Py Dy Do — 237 8, Py P,y Dy Dyu — 2G

1+ [Dul*

Differentiating Py in time yields
DuDy,0pu

V1+|Dul?(1++/1+|Dul?)

DuDiu
+ O(\/1+ |Dul?>(1+ +/1+ |Dul?)),
(1+ |Dul?)(1 + /1 + [Duf?)? H [Dul( [Duf))

O P = —
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which we can simply write as
0 Py, =: (:Dyv + b, Dy,
where |¢;| < C(0) and |b| < C(n,7,1",6, Ky). Hence
Du - Dv

Ay = A Py P DDy — 24 Py Dy Dyu(C; Dyv + 05 Do) — 26— e
V14 |Dul?
= aleleU + kakU,
where we have defined:
o™ =3V Py Py;

3 3 y G
0" = =24 P Dy Dyu - G — 257 Py Dy Dyu - b, — 2—m=—=—=—==Dju.

NEanTE

The assumption that A takes values in IV and the uniform graph property imply
uniform ellipticity,

C(n,v,T",0) 0 < a™ < C(n,~,T',0)6,
and we also have an estimate of the form
V"] < C(n, 7, 1,0, Ky).
Thus the equation solved by v satisfies all of the hypotheses of Theorem B.1, and v
itself is bounded in terms of # and K7, so there holds
. j0(2,8) = v(y,0)

[ S C(”? e Fla 97 Kl)
(2,5)£ () €B(0,1/2)x[-1/2,0] [T — y|* + s — 1|2

In particular, we have
[0, ) = v(0,0)] < C(lz|* + [t]).

Since v = /1 + |Du|? - G and we have a C*-bound for u this implies
|Gz, t) — G(0,0)] < C(Jz]* + [t ).

Since G(0,0) > K; ', we can find a uniform spacetime set where G(x,t) > (2K,)7},
as required. O
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